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THE WELL-POSEDNESS OF
NONLINEAR SCHRÖDINGER EQUATIONS

IN TRIEBEL-TYPE SPACES

SHAOLEI RU AND JIECHENG CHEN

Sufficient and necessary conditions for embeddings between F s
p;q (Triebel

spaces) and N s
p;q (new spaces constructed by combining frequency-uniform

decomposition with Lp.`q/) are obtained. Moreover, we study the Cauchy
problem for generalized nonlinear Schrödinger equations in Lr.0; T; N s

p;q/.

1. Introduction and notation

We study NLS (nonlinear Schrödinger equations) by using frequency-uniform
decomposition techniques. Suppose that Qk is the unit cube centered at k and
fQkgk2Zn is a decomposition of Rn. Such decompositions go back to the work of
N. Wiener [1932], and we call them Wiener decompositions of Rn. We can write

(1) �k � F�1�QkF for k 2 Zn;

where �E denotes the characteristic function on the set E. Since Qk is just a
translation of Q0, the�k have the same localized structures in the frequency space,
and are called the frequency-uniform decomposition operators.

Compared with the dyadic decomposition, the frequency-uniform decomposition
has many advantages for the Schrödinger semigroup. It is known that

S.t/D eit� W Lp! Lp

if and only if p D 2. This is one of the main reasons that we can not solve NLS in
Lp.p¤2/. However, if we consider the frequency-uniform decomposition, we have

k�kS.t/f kLp . .1Cjt j/nj1=2�1=pjk�kf kLp ;

which enables us to solve NLS in frequency-uniform decomposition spaces.
Roughly speaking, combining dyadic decomposition operators with function

spaces Lp .̀ q/, we can introduce Triebel spaces [Triebel 1992]. Combining frequen-
cy-uniform decomposition operators with function spaces Lp.`q/, we can introduce
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Triebel-type spaces. From a PDE point of view, the combination of frequency-
uniform decomposition operators and Banach function spaces Lp.`q/ seems to be
important in making nonlinear estimates, which contains an automatic decomposi-
tion on high-low frequencies.

We now give an exact definition on frequency-uniform decomposition operators.
Since �Qk is not differentiable, one needs to replace �Qk in (1) by a smooth cut-off
function. We first denote j�j1 WDmaxiD1;:::;n j�i j. Let � 2 S.Rn/ W Rn! Œ0; 1� be
a smooth radial bump function adapted to f� W j�i j16 1g with �.�/D 1 if j�j16 1

2
,

and �.�/D 0 if j�j1 > 1. Let �k be a translation of �:

�k.�/D �.� � k/; k 2 Zn:

Since �k.�/D 1 in the unit closed cubeQk W f� 2Rn W j��kj16 1
2
g and fQkgk2Zn

is a covering of Rn, one has that for all � 2 Rn,
P
k2Zn �k.�/> 1. Set

�k.�/D �k.�/

�X
k2Zn

�k.�/

��1
; k 2 Zn:

Then we have

(])

8̂̂̂<̂
ˆ̂:
j�k.�/j> c � 2Qk;

supp �k � f� W j� � kj1 � 1g;P
k2Zn �k.�/� 1 for all � 2 Rn

jD˛�k.�/j6 Cj˛j; for all � 2 Rn; ˛ 2 .N [f0g/n:

Hence, the set
‡n D ff�kgk2Zn W f�kgk2Zn satisfies (])g

is nonempty. Let f�kgk2Zn 2 ‡n be a function sequence. We call f�kgk2Zn

the frequency-uniform decomposition operators, where �k WD F�1�kF , k 2 Zn.
If we combine these decompositions with Lp.`q/, we can introduce a new type
of function spaces as follows. For any k 2 Zn, we set jkj D jk1j C � � � C jknj,
hki D 1Cjkj. If 0 < p <1, 0 < q 61, for any s 2 R, we denote

N s
p;q.R

n/ WD

�
f 2 S 0.Rn/ W kf kN sp;q D





�X
k2Zn

hkisqj�kf jq
�1=q





p

<1

�
:

If p D1, 0 < q 61, for any s 2 R, we set

(3) N s
1;q.R

n/ WD
n
f 2 S 0.Rn/ W 9ffk.x/g

1
kD0 � L

1.Rn/ such that

f D
1P
kD0

F�1�kFfk 2 S 0.Rn/ and khkisfkkL1.Rn;`q/ <1
o
;

and
kf kN s1;q.Rn/ D inf khkisfkkL1.Rn;`q/;
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where the infimum is taken over all admissible representations of f in the sense of (3).
One purpose of this paper is to study the semilinear estimates, dual estimates,

Strichartz estimates and time-space estimates in the Triebel-type spaces. Further-
more, from the definitions, we see that Triebel spaces and Triebel-type spaces are
rather similar; both of them are the combinations of frequency decomposition oper-
ators and function spaces Lp.`q/. In fact, we have the following inclusion results:

Theorem 1.1. Let 0 < p <1, 0 < q 61, s1; s2 2 R.

(a) If s1 > s2C �.p; q/ (when �.p; q/D 0, s1 > s2), then N s1
p;q � F

s2
p;q , where

�.p; q/Dmax
n
0; n

�
1

p
�
1

q

�
; n
�
1�

1

q
�
1

p

�o
:

(b) If s1 > s2C �.p; q/ (when �.p; q/D 0, s1 > s2), then F s1p;q �N
s2
p;q , where

�.p; q/Dmax
n
0; n

�
1

q
�
1

p

�
; n
�
1

q
C
1

p
� 1

�o
:

Theorem 1.2. Let 0 < p <1, 0 < q 61, s1; s2 2 R.

(a) If F s1p;q �N
s2
p;q , then s1 > s2C �.p; q/, where

�.p; q/Dmax
n
0; n

�
1

q
�
1

p

�
; n
�
1

q
C
1

p
� 1

�o
:

(b) If N s1
p;q � F

s2
p;q , then s1 > s2C �.p; q/, where

�.p; q/Dmax
n
0; n

�
1

p
�
1

q

�
; n
�
1�

1

q
�
1

p

�o
:

In recent decades, a large amount of work has been devoted to the study of
well-posedness in Besov and modulation spaces (for example, see [Kato 1987;
1989; 1995; Cazenave and Weissler 1989; 1990; Wang 1993; Kenig et al. 1995;
Pecher 1997; Nakamura and Ozawa 1998; Cazenave 2003; Wang et al. 2006; 2009;
2011; Wang and Huang 2007; Wang and Hudzik 2007; Chen and Fan 2011]). Our
second goal is to explore solutions of NLS in the Triebel-type spaces. We will use
the smooth effect estimates, together with the frequency-uniform decomposition
techniques, to study NLS, and we show that it is locally well-posed in a class of
Triebel-type spaces.

Theorem 1.3. Assume f .u/D ujujk , k D 2m, m 2 ZC, 26 p 6 kC2, r > kC2;
then for any initial data u0 2H s , s > 1

2
n, there exists T � WD T �.ku0kH s / > 0 such

that the initial value problem

u.t/D S.t/u0� i

Z t

0

S.t � �/f .u.�// d�



328 SHAOLEI RU AND JIECHENG CHEN

has a unique solution

u 2 C.0; T �;H s/\Lrloc.0; T
�
IN s
p;2/:

Moreover, if T � <1, then

kukC.0;T �;H s/\Lr .0;T �IN sp;2/
D1;

where S.t/D F�1e�it j�j
2

F .

Theorem 1.4. Assume f .u/D ujujk , k D 2m, m 2 ZC, 26 p 6 kC2, r > kC2,
p0 6 q 6 p, then for any initial data u0 2N s

p0;q , s > n.1� 1
q
/, there exists T such

that the initial value problem

u.t/D S.t/u0� i

Z t

0

S.t � �/f .u.�// d�

has a unique solution

u 2 Lrloc.0; T IN
s
p;q/:

The rest of this paper is divided into five sections and an appendix. In Section 2
we will state some properties ofN s

p;q , which are useful to establish the embedding in-
clusions between Triebel spaces and N s

p;q . In Section 3 we will prove Theorems 1.1
and 1.2. Section 4 is devoted to considering the multiplication algebra ofN s

p;q . Some
dispersive smooth effects for the Schrödinger semigroup will be given in Section 5
and Theorems 1.3 and 1.4 will be proved in Section 6. The Appendix derives a com-
plex interpolation in Triebel-type spaces (Theorem A.14) and shows some properties
of the modulation spaces (Theorems A.1–A.8) that are used in Sections 2–5.

Notation. Throughout the paper, we set

Lr.R; N s
p;q/ WD

�
f 2 S 0 W

�Z
R

kf krN sp;q
dt

�1=r
<1

�
:

We shall sometimes write X . Y to denote the estimate X 6 CY for some C . For
any s 2 R, 0 < p; q �1, we set

M s
p;q.R

n/D

�
f 2 S 0.Rn/ W kf kM s

p;q
D

�X
k2Zn

hkisqk�kf k
q
Lp

�1=q
<1

�
I

M s
p;q WDM

s
p;q.R

n/ is called a modulation space, first introduced by Feichtinger
[2003] in the case 16 p; q 61.
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2. Basic properties of N s
p;q

In order to study the Cauchy problem in N s
p;q , we first give some properties of N s

p;q:

Proposition 2.1. Let �1 < s < 1, 0 < p < 1, 0 < q 6 1. The following
inclusions hold:

(1) Let q1 � q2. Then

N s
p;q1
�N s

p;q2
:

(2) Let "q2 > n. Then

N sC"
p;q1
�N s

p;q2
:

(3) Let p <1. Then

M s
p;p^q �N

s
p;q �M

s
p;p_q:

Proof. Since `p � `pCa; a � 0, we can get (1) directly. Let us observe that�X
k2Zn

hkisq2 jakj
q2

�1=q2
D

�X
k2Zn

hki.sC"/q2hki�"q2 jakj
q2

�1=q2
. sup
k2Zn
hkisC"jakj ."q2 > n/:

Taking ak D�kf , we can show that (2) holds with the help of (1).
Finally we prove (3). Let bk D hkis�kf . There are two cases:

Case 1. q � p. In this case, we have

kbkk`p.Lp/ � kbkkLp.`q/ � kbkk`q.Lp/:

Actually, noticing that `q � `p , we have kbkk`p.Lp/ D kbkkLp.`p/ � kbkkLp.`q/.
So, the first part of the above inequality holds. Moreover, by Minkowski’s inequality,
we have

kbkkLp.`q/ D





 1X
kD0

jbkj
q





1=q
Lp=q
6
� 1X
kD0

kjbkj
q
kLp=q

�1=q
D kbkk`q.Lp/:

This proves the second part.

Case 2. p � q. By Minkowski’s inequality and `p � `q , we have

kbkk`q.Lp/ D

�



Z
Rn
jbkj

p dx






`q=p

�1=p
6
�Z

Rn
kjbkj

p
k`q=p dx

�1=p
D kbkkLp.`q/ 6 kbkk`p.Lp/; �
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Proposition 2.2 (completeness). For any s 2 R, 0 < p <1; 0 < q 61, we have:

(1) N s
p;q is a quasi-Banach space. Moreover, if 16 p <1, 16 q 61, then N s

p;q

is a Banach space.

(2) S.Rn/�N s
p;q � S 0.Rn/.

(3) If 0 < p; q <1, then S.Rn/ is dense in N s
p;q .

Proof.

Step 1. Thanks to [Wang and Hudzik 2007], we obtain that S �M s
p;1 � S 0.

Step 2. We prove that S � N s
p;q . From Step 1, we have that S � M sC"

p;1 . By
Proposition 2.1 and Theorem A.5, we know that M sC"

p;1 �M
s
p;p^q �M

s
p;q \N

s
p;q

(" > n=p^ q). Thus, we have the desired result.

Step 3. Similarly to Step 2, we can also prove that N s
p;q � S 0 (by M s

p;p_q � S 0).
We omit the details of the proof.

Step 4. N s
p;q is a quasinormed space. Now we prove completeness. Let ff`g1`D1

be a Cauchy sequence in N s
p;q (with respect to a fixed quasinorm in N s

p;q). Part (2)
of the theorem shows that ff`g1`D1 is also a Cauchy sequence in S 0. Because S 0

is a complete locally convex topological linear space, we can find a limit element
f 2 S 0. Then F�1�kFf` converges to F�1�kFf in S 0.Rn/ if `!1. On the
other hand, fF�1�kFf`g1`D1 is a Cauchy sequence in Lp.Rn/ (N s

p;q �M
s
p;q_p).

By Theorem A.2, it is also a Cauchy sequence in L1.Rn/. This shows that the
limiting element of fF�1�kFf`g1`D1 in Lp.Rn/ (which is the same as in L1.Rn/)
coincides with fF�1�kFf g. Now it follows by standard arguments that f belongs
to N s

p;q and that f` converges in N s
p;q to f . Hence, N s

p;q is complete.

Step 5. We prove that if �1 < s < 1 and 0 < p; q < 1, S.Rn/ is dense in
N s
p;q.R

n/. Let f 2N s
p;q; then we put

fN .x/D

NX
kD0

F�1�kFf:

Note fN 2N s
p;q.R

n/. Consequently (by Theorem A.6),

kf �fN kN sp;q.Rn/ 6 c




� 1X

kDN

1X
rD�1

hkisqjF�1�k�kCrFf j
q

�1=q




Lp.Rn/

6 c




� 1X

kDN

hkisqjF�1�kFf j
q

�1=q




Lp.Rn/

:

Lebesgue’s bounded convergence theorem proves that the right-hand side of above
inequality tends to zero if N !1. Hence, fN approximates f in N s

p;q.R
n/. Next,
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we let '2S with '.0/D1 and suppF'�fy W jyj61g. Let fı.x/D'.ıx/f .x/with
0< ı <1. Then .fN /ı 2S.Rn/ approximates fN in L�p WD ff 2L

p W supp Of ��g
with �D fy W jyj 6 2NC2g if ı! 0. But this is also an approximation of fN in
N s
p;q.R

n/. This proves that S.Rn/ is dense in N s
p;q.R

n/. �

Proposition 2.3 (dual space). Assume �1< s <1. The following inclusions hold:

(a) Let 16 p <1 and 1 < q <1. Then

.N s
p;q/
�
DN�sp0;q0 :

(b) Let 0 < p < 1 and 0 < q 6 1. Then

.N s
p;q/
�
DM�s1;1:

Proof.

Step 1. For 1 6 p <1, 0 < q <1, [Triebel 1983] showed similar results for
Triebel spaces. We can prove the result similarly as for Triebel spaces, and omit
the details.

Step 2. For 0 < p < 1 and 0 < q 6 1, by the property of N s
p;q , we have

M s
p;p^q.R

n/�N s
p;q.R

n/�M s
p;p_q.R

n/�M s
1;1.R

n/:

Then by Theorem A.3, we have

M�s1;1.R
n/� .N s

p;q.R
n//� �M�s1;1.R

n/:

This proves the second part of this proposition. �

Proposition 2.4 (equivalent norm). Assume f�kgk2Zn , f�kgk2Zn 2‡n, 0<p <1,
0 < q 61. Then f�kgk2Zn and f�kgk2Zn generate equivalent norms on N s

p;q .

Proof. Recall that [Feichtinger 2003; Wang and Hudzik 2007] showed the equiva-
lence of k �k�k

M s
p;q

and k �k�k
M s
p;q

. By a similar argument as for modulation spaces and

by Theorem A.6, we can obtain the claimed equivalence of k�k�k
N sp;q

and k�k�k
N sp;q

. �

Lemma 2.5. Assume .I ��/s=2f DF�1.1Cj�j2/s=2Ff , 0<p<1, 0<q61.
Then we have

k.I ��/s=2f kNp;q � kf kN sp;q :

Proof. Analogously to the case of modulation spaces, by Theorem A.6 we can
prove the consequence, and the details are omitted. �

Theorem 2.6. Assume 16 p2 6 p1 <1, 16 q 61. Then we have

kukN sp1;q
. kukN sp2;q :
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Proof. By the definition of N s
p;q , we have

kukN sp1;q
D





�X
i2Zn

hiiqsj�iujq
�1=q





Lp1

D





�X
i2Zn

hiiqs
ˇ̌̌̌
�i

X
j`j161

�iC`u
ˇ̌̌̌q�1=q





Lp1

6




�X

i2Zn

hiiqs
ˇ̌̌̌
j�_i j �

ˇ̌̌̌� X
j`j161

�iC`u
�ˇ̌̌̌ˇ̌̌̌q�1=q





Lp1

.




�X

i2Zn

hiiqs
ˇ̌̌̌� X
j`j161

�iC`u
�ˇ̌̌̌q�1=q





Lp2

.




�X

i2Zn

hiiqsj�iujq
�1=q





Lp2

;

which implies the result. In the above equation, we used Theorem A.7 and
kj�_0 j �f kLp1 6 kf kLp2 (p1 > p2, Young’s inequality). �

Theorem 2.7. Assume f 2 L2. Then for any s 2 R, we have

kf kH s � kf kN s2;2 :

Proof. First, we prove that kf kL2 . kf kN2;2 . By Plancherel’s inequality, we have

kf kL2 D

�Z
Rn

ˇ̌̌̌X
i2Zn

�if
ˇ̌̌̌2
dx

�1=2
D

�Z
Rn

ˇ̌̌̌X
i2Zn

�iFf

ˇ̌̌̌2
dx

�1=2
.
�Z

Rn

X
i2Zn

j�iFf j
2 dx

�1=2
D

�Z
Rn

��X
i2Zn

jF�1�iFf j
2

�1=2�2
dx

�1=2
D kf kN2;2 :

The inverse inequality can be proved similarly
� P
i2Zn
j�iFf j

2 .
ˇ̌̌ P
i2Zn

�iFf
ˇ̌̌2�

. �

Theorem 2.8. Assume s1; s2 2 R, 0 < q1; q2 61, 0 < p <1. Then, for q2 < q1,
s1� s2 > n=q2�n=q1, we have

N s1
p;q1

.Rn/�N s2
p;q2

.Rn/:
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Proof. By Hölder’s inequality, we have

kf k
N
s2
p;q2

D





�X
k2Zn

hkis2q2 j�kf jq2
�1=q2





Lp

D





�X
k2Zn

hki.s2�s1/q2hkis1q2 j�kf jq2
�1=q2





Lp

6 kf k
N
s1
p;q1

�X
k2Zn

hki.s2�s1/q1q2=.q1�q2/
�.q1�q2/=.q1q2/

:

Then by q2 < q1, s1� s2 > n=q2�n=q1 and

X
k2Zn

hki.s2�s1/q1q2=.q1�q2/ .
1X
iD0

hii.s2�s1/q1q2=.q1�q2/;

we obtain the results. �

3. Embedding between N s
p;q and Triebel spaces

The embedding theorem is of importance for the study of nonlinear PDEs and we
give the details of the proof. We start with the embedding for the same indices p, q.

Proof of Theorem 1.1.

Step 1. For 0 < p <1, 0 < q 61, " > 0 (a small positive number), we have

Np;q � Fp;q for all q 6 1^p;(4)

N n.1=.p^1/�1=q/C"
p;q � Fp;q for all 0 < p 6 q:(5)

Let akDmax.0; 2k�1�
p
n/, bkD2kC1C

p
n. We can easily find that�k�if D0

for ji j 2 Œak; bk�. First, we show the inclusion (4).

Case 1. p > 1, q 6 1. By Theorem A.6, we have

k�kf kLp.`q/ D





�X
k

j�kf j
q

�1=q




Lp
6




�X

k

ˇ̌̌̌ X
i2Zn

ji j2Œak ;bk�

�k�i�if
ˇ̌̌̌q�1=q





Lp

6 C




�X

k

X
i2Zn

ji j2Œak ;bk�

.jF�1.'k�i /F�if j/q
�1=q





Lp

. C




�X

k

X
i2Zn

ji j2Œak ;bk�

j�if jq
�1=q





Lp
. C





�X
i2Zn

j�if jq
�1=q





Lp
:
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Case 2. p < 1, p D q. By Theorem A.1, we have

Np;p �Mp;p � Bp;p � Fp;p:

Then by combining Cases 1 and 2, we obtain the result (4).
Next, we show the second inclusion. By Theorem A.1, we obtain that

N n.1=.p^1/�1=q/C"
p;q �M n.1=p^1�1=q/C"

p;q � B"p;q � Bp;p � Fp;q:

This proves (5). In the above discussion, we used Theorem A.15.

Step 2. We prove the following inclusions:

(a) If 0 < q 6 2, " > 0 (a small positive number), then we have

(6) F
n.1=q�1=2/C"
2;q �N2;q:

(b) If p > 2, " > 0 (a small positive number), then we have

(7) N n.1�1=p/C"
p;1 � Fp;1:

By Theorem A.1, one has that for 0 < q 6 2,

B
n.1=q�1=2/
2;q �M2;q:

Then by the embedding estimates in Proposition 2.1 and Theorem A.15, we have

F
n.1=q�1=2/C2"
2;q �F

n.1=q�1=2/C"
2;1 �B

n.1=q�1=2/C"
2;1 �B

n.1=q�1=2/
2;q �M2;q�N2;q;

which implies the result (6).
For the case p > 2, by Theorem A.1 and Proposition 2.1, we have that

N n.1�1=p/C"
p;1 �M n.1�1=p/C"

p;1 � B"p;1 � Bp;p^1 � Fp;1:

This proves (7).

Step 3. Assume 16 p <1, 16 q 61. Then for

�.p; q/Dmax
�
0; n

�
1

p^p0
�
1

q

��
and s1 > s2C �.p; q/ (if �.p; q/D 0, s1 > s2), we have

(8) N s1
p;q � F

s2
p;q:

Actually, thanks to (5), (7) and the dual versions of (6), we have

N nC"
p;1 � Fp;1; 16 p <1;

N n.1�1=p/C"
p;1 � Fp;1; p > 2;

N
n.1=2�1=q/C"
2;q � F2;q; 26 q 61:
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Taking p D 1;1� (i.e., a sufficient large number) and q D1, we have

N nC"
1;1 � F1;1; N

n=2C"
2;1 � F2;1; N

n.1�1=1�/C"
1�;1 � F1�;1:

Applying the complex interpolation theorem to these three estimates, we obtain

Nmax.n=p;n=p0/C"
p;1 � Fp;1; 16 p <1:

Moreover, by (4), we have

(9) Np;1 � Fp;1; 16 p <1:

Recall that

(10) N2;2 D F2;2:

Applying the complex interpolation theorem separately to the above three estimates
again, we obtain

N �.p;q/C"
p;q � Fp;q:

(When �.p; q/D 0, we apply the complex interpolation theorem to (9) and (10).)

Step 4. We show the sufficiency of N s1
p;q � F

s2
p;q . By Step 3, we see that the

conclusion holds if 1 6 p < 1, 1 6 q 6 1. By Step 1, we have the result if
0 < p 6 1 or 0 < q < 1.

Next, we prove the sufficiency of F s1p;q �N
s2
p;q . Set

R2CC D

n�
1

p
;
1

q

�
W
1

p
> 0;

1

q
> 0

o
;

S1 D
n�
1

p
;
1

q

�
2 R2CC W

1

q
> 1

p
;
1

p
6 1
2

o
;

S2 D
n�
1

p
;
1

q

�
2 R2CC W

1

q
<
1

p
;
1

p
C
1

q
6 1

o
;

S3 D R2CC� .S1[S2/:

Step 10. For 16 p <1, q D1, we have

(11) Fp;1 �Np;1:

Actually, by the definition of Np;1, Fp;1 and Theorem A.7, we have (ıj is the
Littlewood–Paley decomposition)

kf kNp;1 D



 sup
i2Zn
j�if j





Lp
D





 sup
i2Zn

ˇ̌̌̌
F�1�i

4X
`D�4

ıjC`Ff

ˇ̌̌̌




Lp

6



 sup
j2Zn
jF�1ıjFf j





Lp
D kf kFp;1 :
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Step 20. For 0 < p 6 1, we have

(12) F n.1=p�1/p;1 �Np;1:

By Theorem A.6, we have that for ji j 2 Œ2j�1; 2j /,

kf kNp;1 D



 sup
i2Zn
j�if j





Lp

D





 sup
i2Zn

ˇ̌̌̌
F�1�i

4X
`D�4

ıjC`Ff

ˇ̌̌̌




Lp

. k2�js�i .2j � /kHxkf kF sp;1 .s > n.1=p� 1//

. kf kF sp;1 .s > n.1=p� 1/; k2�js�i .2j � /kHx . C/;

which implies the result (12).

Step 30. .1=p; 1=q/ 2 S3, �.p; q/D n.1=pC 1=q� 1/. Let

1

p0
D
1

p
C
1

q
;

1

q0
D 0;

1

p1
D
1

2
;

1

q1
D
1

p
C
1

q
�
1

2
:

Assume � D 1=q.1=pC 1=q� 1
2
/�1, we have

1

p
D
1��

p0
C
�

p1
;

1

q
D
1��

q0
C
�

q1
;

1

p
C
1

q
� 1D .1� �/

�
1

p0
� 1

�
C

�
1

q1
�
1

2

�
�:

By (6) and (12), we have

F
n.1=q1�1=2/C"
2;q1

�N2;q1 ; F n.1=p0�1/p0;1
�Np0;1:

A complex interpolation yields

F n.1=pC1=q�1/C"p;q �Np;q:

Step 40. .1=p; 1=q/2S1, �.p; q/Dn.1=q�1=p/. Let .1=p; 1=q/2 PS1 (inner point
of s). Then .1=p; 1=q/ 2 PS1 is a point at the line segment connecting .1=1�; 0/
and some point .1=p1; 1=q1/ 2 f.1=p; 1=q/ W p D 2; q < 2g. By (11), Step 30 and
complex interpolation, we have

F n.1=q�1=p/C"p;q �Np;q:

Step 50. .1=p; 1=q/ 2 S2, �.p; q/D 0. We can obtain the results by F2;2 � N2;2
and the dual version of (4), i.e., for 16 p <1, Fp;1 �Np;1. �
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Proof of Theorem 1.2.

Step 1. For the first part, we need to show that for any 0<��1, F �.p;q/��p;q ªNp;q .

Case 1. .1=p; 1=q/2S3, �.p; q/D1=pC1=q�1. Let f DF�1ıj , j�1. We have

kf k
F
�.p;q/��
p;q

D





�X
j

2j.�.p;q/��/qj�jf j
q

�1=q




Lp

.
1X

`D�1

2j.�.p;q/��/.jC`/kF�1ıjC`ıj kLp . 2jn=q�j�:

Denote

ƒ0 D fk 2 Zn W B.k;
p
n/\f� W j�j 2 Œ0; 2/g ¤∅g;

ƒj D fk 2 Zn W B.k;
p
n/\f� W j�j 2 Œ2j�1; 2jC1/g ¤∅g:

If k 2 ƒj , then jkj � 2j . Noticing that at most O.2nj / unit cubes intersect with
ƒj , we have

kf kNp;q D





�X
k

j�kf jq
�1=q





Lp
>




� X

k2ƒj

j�kf jq
�1=q





Lp

&




� X

k2ƒj

jF�1�kıj j
q

�1=q




Lp
& 2jn=q:

Based on the above observation, we have

kf kNp;q & 2
�j
kf k

F
�.p;q/��
p;q

;

which implies that F �.p;q/��p;q ªNp;q .

Case 2. .1=p; 1=q/ 2 S2, �.p; q/ D 0. We consider the case q D 1. Taking
k.j /D .2j ; 0; : : : ; 0/ and f D F�1�k.j /, we have that

kf kNp;1 & 1& 2
�j
kf kF��p;1 :

If q <1, we need to show that

(13) Np;q ª F "p;r ; 16 p <1:

Assume f 2 S, supp Of � f� W j�i j< 1
2
; i D 1; : : : ; ng. Let N � 1, 0 < "� 1,

k.j /D .2Nj ; 0; : : : ; 0/ 2 Zn;

yF .�/D

1X
jD1

2�"Nj Of .� � k.j //:
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We see that

kF kNp;q D





�X
i

j�iF jq
�1=q





Lp

.




�X

j

X
j`j161

2�"Nqj jF�1�k.j /C` Of . � � k.j //j

�1=q




Lp
. 1

On the other hand, letting s > ", we have

kF kF sp;r D





�X
j

2jrsj�jF j
r

�1=r




Lp

D





�X
j

2NjrsjF�1ıNj 2
�"Nj Of . � � k.j //jr

�1=r




Lp

&




�X

j

2Njr.s�"/jF�1ıNj Of . � � k.j //j
r

�1=r




Lp

&




�X

j

2Njr.s�"/jF�1ıNj�Qk.j/
Of . � � k.j //jr

�1=r




Lp

D





�X
j

2Njr.s�"/jF�1�Qk.j/
Of . � � k.j //jr

�1=r




Lp

&1 .let ı.�/D 1; if j�j 2 Œ3
4
; 5
4
�/;

which implies (13). Then by its dual version, we obtain the claimed results.

Case 3. .1=p; 1=q/ 2 S1, �.p; q/D n.1=q� 1=p/. Let �k.�/D 0 if

� 2 QQk WD f� W j�i � ki j6 5
8
; 16 i 6 ng

and ıj .�/D 1 if � 2Dj WD f� W 542
j�1 6 j�j6 3

4
2jC1g. Assume

Aj D fk 2 Zn W zQk �Dj g; j � 1:

Let f 2 S, supp Of � B.0; 1
8
/ and

g.x/D
X
k2Aj

eixk.�kf /.x/; �kf D f . � � k/:
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It is easy to see that supp b�kf �B.0; 18/ and supp �k.b�kf /\supp �`D∅, if k¤ `.
Then, we have

kgkNp;q D





�X
i

j�igjq
�1=q





Lp
D





�X
i

ˇ̌̌̌
�i

X
k2Aj

eixk.�kf /.x/

ˇ̌̌̌q�1=q




Lp

D





�X
i2Aj

jF�1�iFgj
q

�1=q




Lp
D





�X
i2Aj

jF�1�0.b�kf /jq
�1=q





Lp

& 2jn=q:

On the other hand, by supp yg � f� W 2j�1 6 j�j6 2j g, we have

kgk
F
n.1=q�1=p/��
p;q

D





�X
j

2jq.n.1=q�1=p/��/j�jgj
q

�1=q




Lp

. 2j.n.1=q�1=p/��/k�jgkLp

. 2j.n.1=q�1=p/��/kgkLp

. 2j.n.1=q�1=p/��/kgk1�2=pL1 kgk
2=p

L2
:

By Plancherel’s identity, we have

kgkL2 D kygkL2 D

�Z
Rn

X
k2Aj

j�k.e
�ik� Of .�//j2 d�

�1=2
. 2nj=2:

We can further assume that f .x/D f .jxj/ is a decreasing function on jxj. Then
jf .x�k/j. .1Cjx�kj/�N , N � 1 and a straightforward computation will lead
to jg.x/j. 1.

Based on the above observation, we have

kgk
F
n.1=q�1=p/��
p;q

. 2nj=q��j :

This proves the results.

Step 2. We study the second embedding estimate. Set

R1 D
n�
1

p
;
1

q

�
2 R2CC W

1

q
> 1

p
;
1

p
C
1

q
> 1

o
;

R2 D
n�
1

p
;
1

q

�
2 R2CC W

1

q
6 1

p
;
1

p
> 1
2

o
;

R3 D R2CC� .R1[R2/:

We consider three cases:
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Case 10. .1=p; 1=q/ 2R1. We have discussed it in Case 2 (dual version).

Case 20. .1=p; 1=q/ 2 R3. For 1 6 p; q <1, we obtain the claimed results by
Case 1. For the case q D1, letting f D F�1ıj , we have

kf kFp;q & 2
jn.1�1=p/ and kf k

N
n.1�1=p/
p;1

. 2jn.1�1=p/;

which implies the result.

Case 30. .1=p; 1=q/ 2R2. Assume f 2 S, f .0/D 1 and

supp Of �Q0 WD f� W j�i j6 1
2
; 16 i 6 ng:

Choose 0 < a� 1. Denote fa.x/D f .x=a/. Then

supp Ofa �Q0;a WD
n
� W j�i j6

1

2a
; 16 i 6 n

o
:

Let

Dj D f� W
5
4
2j�1 6 j�j6 3

4
2jC1g and Qk.i/;a WD k.i/CQ0;a:

One has that Qk.i/;a and Dj overlap at most O.an2jn/ cubes. Moreover, there is
a ˇ > 0 such that fa.x/ > 1

2
, x 2B.0; ˇ/. Let Aj D fk.i/ W i D 1; : : : ; O.an2jn/g

and g.x/D
P
k2Aj

eixk.�kfa/.x/. By a straightforward computation, we obtain

kgkFp;q & .aˇ/
n=p2jn=p and kgk

N
n.1=p�1=q/
p;q

. 2jn=p:

This finishes the proof. �

4. Multiplication algebra

It is well known that Bsp;q is a multiplication algebra if s > n=p; see [Cazenave and
Weissler 1990]. The regularity indices, for which N s

p;q constitutes a multiplication
algebra, are quite different from those of Besov space. Set

R2CC D

n�
1

p
;
1

q

�
W
1

p
> 0;

1

q
> 0

o
; D1 D .0; 1�� Œ0; 1�;

D2 D
n�
1

p
;
1

q

�
2 R2CC W

1

q
� 1 <

1

p
6 1
q
;
1

q
> 1

o
;

D3 D
n�
1

p
;
1

q

�
2 R2CC W

1

p
> 1
q
;
1

p
> 1

o
:
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Theorem 4.1. Assume that p > 0, 1� 1=.pC 1/ < q 61 and

s >

8̂̂̂̂
<̂̂
ˆ̂̂̂:

n
�
1�

1

q

� �
1

p
;
1

q

�
2D1;

0
�
1

p
;
1

q

�
2D2;

np
�
1

p
�
1

q

� �
1

p
;
1

q

�
2D3:

Then N s
p;q is a multiplication algebra, i.e.,

kfgkN sp;q . kf kN sp;qkgkN sp;q

holds for all f; g 2N s
p;q .

Proof.

Step 1. 0 < p <1, q D1.

Case 1. 1 6 p <1, q D 1, s > n. Let ƒi;j D fk 2 Zn W ji � j � kj < C.n/g.
Then it is easy to see that �ifg D�i

P
j �jf

P
k.i;j /2ƒi;j

�k.i;j /g. Suppose
f; g 2N s

p;q , by Theorems A.6, 2.6, 2.8 and kai �bik`1 6 kaik`1kbik`1 , we have

kfgkN sp;1 D



sup
i

hiisj�ifgj




Lp

D





sup
i

hiis
ˇ̌̌̌
�i
X
j

�jf
X

k.i;j /2ƒi;j

�k.i;j /g
ˇ̌̌̌




Lp

.




sup
i

hiis
X
j

j�jf jj�k.i;j /gj





Lp

.ji � j � k.i; j /j< C.n//

.




sup
i

X
j

.hj isChk.i; j /is/j�jf jj�k.i;j /gj





Lp

.



sup
i

hiisj�igj




Lp1





X
j

j�jf j





Lp2

C




sup
i

hiisj�if j




Lp1





X
j

j�jgj





Lp2

. kgkN sp1;1kf kNp2;1 Ckf kN sp1;1kgkNp2;1 . kf kN sp;1kgkN sp;1 ;

where 1=p D 1=p1C 1=p2.
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Case 2. 0 < p < 1, q D1, s > n. By the similar argument as in Case 1, we have

kfgkN sp;1 .




sup
i

X
j

.hj isChk.i; j /is/j�jf jj�k.i;j /gj





Lp

.



sup
i

hiisj�igj




Lp





X
j

j�jf j





L1

C




sup
i

hiisj�if j




Lp





X
j

j�jgj





L1

:

On the other hand, by Theorem A.7, we have



X
j

j�jf j





L1
D





X
j

ˇ̌̌̌
�j

1X
`D�1

�jC`f
ˇ̌̌̌




L1

.




X
j

j�_j j�

ˇ̌̌̌ 1X
`D�1

�jC`f
ˇ̌̌̌




L1
.




X
j

j�jf j





L1
D kf kN1;1 :

Then by Proposition 2.1 and Theorem A.5, we have

kf kN1;1 D kf kM1;1 6 kf kM s
p;1
6 kf kN sp;1 for s > n:

This finishes the proof of Case 2.
Combining Cases 1 and 2, we have kfgkN sp;1 . kf kN sp;1kgkN sp;1 for s > n.

Step 2. 0<pDq61. Suppose f; g2Np;p; from Proposition 2.1 and Theorem A.4,
we have

kfgkNp;p D kfgkMp;p 6 kf kMp;pkgkMp;p D kf kNp;pkgkNp;p :

Step 3. 16p <1, qD 1, s > 0. Suppose f; g 2N s
p;q . By Theorems A.4, A.7, 2.6

and kai � bik`1 . kaik`1kbik`1 , we have

kfgkN sp;1 D





X
i

hiisj�ifgj





Lp

6




X
i

hiis
ˇ̌̌̌
jF�1.�i /j �

�X
j

�jf
X

k.i;j /2ƒi;j

�k.i;j /g
�ˇ̌̌̌





Lp

.




X
i

X
j

�
hj isj�jf j

X
k.i;j /2ƒi;j

hk.i; j /isj�k.i;j /gj
�





Lp

.




�X

i

hiisj�if j
��X

i

hiisj�igj
�





Lp
. kf kN sp;1kgkN sp;1 ;

where we used the fact that ji � j � k.i; j /j< c.n/.
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Step 4. Let .1=p; 1=q/ 2 D1. It is easy to see that .1=p; 1=q/ is a point of the
line segment connecting .1=p; 0/ and .1=p; 1/. At the point .1=p; 0/, in Step 1,
we have shown that N s

p;1 is a multiplication algebra if s > n. For .1=p; 1/, in
Step 3, we have shown that N s

p;1 is a multiplication algebra if s > 0. Using
complex interpolation (Theorem A.14), we obtain that for .1=p; 1=q/ 2D1, N s

p;q

is a multiplication algebra if s > n.1� 1=q/.
If .1=p; 1=q/ 2D2, then it belongs to the segment by connecting .1=p0; 1/ and

.1= Np; 1= Np/, where 1=p0<1=p�1=qC1 and NpD 1�p.1�q/.1�p0/=.p�p0q/.
In Step 3, we see that for s > 0, N s

P0;1
is a multiplication algebra; in Step 2, we see

that N Np; Np is a multiplication algebra, if s > 0. Then complex interpolation between
them gives that for .1=p; 1=q/ 2D2 and s > 0, N s

p;q is a multiplication algebra.
If .1=p; 1=q/ 2D3, then one can make a line segment connecting .1=p; 1=p/

and .1=p; 0/. For .1=p; 1=p/, we see that once s > 0, N s
p;p is a multiplication

algebra. For .1=p; 0/, we see that once s > n, N s
p;1 is a multiplication algebra.

Then we use complex interpolation to obtain that N s
p;q is a multiplication algebra

if s > np.1=p� 1=q/. �

Remark. Assume that k 2 ZC, p > 0, 1� 1=.pC 1/ < q 61 and

s >

8̂̂̂̂
<̂̂
ˆ̂̂̂:

n
�
1�

1

q

� �
1

p
;
1

q

�
2D1;

0
�
1

p
;
1

q

�
2D2;

np
�
1

p
�
1

q

� �
1

p
;
1

q

�
2D3:

Then N s
p;q is a multiplication algebra, i.e.,

kukkN sp;q . kuk
k
N sp;q

holds for all u 2N s
p;q (for p > 1, we obtain kukkN sp;q . kuk

k
N s
kp;q

).

Proof. We obtain the result by the similar argument as for the above theorem. �

5. Smooth effects of the Schrödinger semigroup

In this section we will discuss a kind of Strichartz estimates. This kind of estimate
was first introduced by R. S. Strichartz [1977], then developed by Pecher [1984],
Ginibre and Velo [1995] and Wang, Han, and Huang [2011]. Set

S.t/D F�1e�it j�j
2

F:

Our aim is to derive the estimates of S.t/ in the spaces N s
p;q .
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Theorem 5.1. Assume 2 6 p <1, p0 6 q 6 p, and 1=pC 1=p0 D 1. Then, for
any s 2 R, we have

kS.t/f kN sp;q . .1Cjt j/
�n.1=2�1=p/

kf kN s
p0;q

:

Proof. By Proposition 2.1 and Theorem A.8, we have

kS.t/f kN sp;q 6 kS.t/f kM s
p;q
6 .1C t /�n.1=2�1=p/kf kM s

p0;q

6 .1C t /�n.1=2�1=p/kf kN s
p0;q

:

In view of the estimates above, the theorem is proved. �

Theorem 5.2. Assume r>1, p06q6p, 26p<1, andAf D
R t
0 S.t��/f .�/ d� .

Then for any s 2 R, we have

kAf kLr .�T;T IN sp;q/ . T
2=r
kf kLr0 .�T;T IN s

p0;q
/:

Proof. By Theorem 5.1, we have

kAf kLr .�T;T IN sp;q/ 6




Z t

0

kS.t � �/f .�/kN sp;q d�






Lr .�T;T /

6




Z t

0

.1Cjt � � j/�n.1=2�1=p/kf .�/kN s
p0;q

d�






Lr .�T;T /

.




Z 1
0

��2Œ0;t�kf .�/kN s
p0;q






Lr .�T;T /

. T 1=r
�Z T

�T

kf .�/kr
Lr
0
.�T;T;N s

p0;q
/
dt

�1=r
. T 2=rkf kLr0 .�T;T IN s

p0;q
/: �

Theorem 5.3. Assume r > 1 and 26 p <1. Then we have

kS.t/f kLr .�T;T;N sp;2/ . T
1=r
kf kH s :

Proof. We show that for any T >0; ID.�T; T /, '2S and 2Cc.Œ0;T /;C1c .R
n//,ˇ̌̌̌Z T

�T

.S.t/';  .t// dt

ˇ̌̌̌
. T 1=rk'k2k kLr0 .I;Np0;2/:

Actually, we haveˇ̌̌̌Z T

�T

.S.t/';  .t// dt

ˇ̌̌̌
. k'k2





Z T

�T

S.�t / .t/ dt






2

:
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Thanks to Theorem 5.2, we have



Z T

�T

S.�t / .t/ dt





2
2

D

ˇ̌̌̌Z T

�T

�
 .t/;

Z T

�T

S.t � �/ .�/ d�

�
dt

ˇ̌̌̌
. k kLr0 .I;Np0;2/





Z T

�T

S.t � �/ .�/ d�






Lr .I;Np;2/

. T 2=rk k2
Lr
0
.I;Np0;2/

:

Then by k.I ��/s=2f kNp;2 � kf kN sp;2 (Lemma 2.5) and density, we are done. �

Lemma 5.4. Assume f .u/ D ujujk , k D 2m, m 2 ZC. Assume also r > k C 2,
2 6 p 6 k C 2, p0 6 q 6 p and A.f / D

R t
0 S.t � �/f .u.�// d� . Then for any

s > n.1� 1=q/, we obtain

kA.f /kLr .0;T IN sp;q/ . T
1�k=r

kukkC1
Lr .0;T IN sp;q/

:

Proof. By Theorems 2.6, 5.2 and 4.1, we have

kA.f /kLr .0;T IN sp;q/ D





Z t

0

S.t � �/f .u.�// d�






Lr .0;T IN sp;q/

. T 2=rkf kLr0 .0;T IN s
p0;q

/

D T 2=r
�Z T

0

kf .u.�//kr
0

N s
p0;q

d�

�1=r 0
. T 2=r

�Z T

0

ku.�/k
.kC1/r 0

N s
.kC1/p0;q

d�

�1=r 0
. T 2=r

�Z T

0

ku.�/krN sp;q
d�

�.kC1/=r
T .r�k�2/=r

. T 1�k=rkukkC1
Lr .0;T IN sp;q/

: �

Lemma 5.5. Assume f .u/ D ujujk , k D 2m, m 2 ZC. Assume also r > k C 1,
1 6 p 6 2.k C 1/ and A.f / D

R t
0 S.t � �/f .u.�// d� . Then for any s > 1

2
n,

we obtain
kA.f /kC.0;T IH s

2 /
. T 1�.kC1/=rkukkC1

Lr .0;T IN sp;2/
:

Proof. By Theorems 2.6, 2.7, 4.1 and 5.1, we have

kA.f /kC.0;T IH s
2 /
6
Z T

0

kf .u.�//kH s
2
d� 6

Z T

0

kukkC1
N s
2.kC1/;2

d�

6
Z T

0

kukkC1
N sp;2

d� 6 T 1�.kC1/=rkukkC1
Lr .0;T IN sp;2/

: �
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6. Well-posedness of nonlinear Schrödinger equations

In this section we study the well-posedness of the Schrödinger equations

iut C�uD f .u/; u.0; x/D u0.x/:

The solution, u.x; t/, of the above Cauchy problem is given by

(14) u.t/D S.t/u0� i

Z t

0

S.t � �/f .u.�// d�;

where S.t/D F�1eit j�j
2

F .

Proof of Theorem 1.3. Fix T > 0, ı > 0 to be chosen later. Let

DD fu 2C.0; T IH s/\Lr.0; T IN s
p;2/ W kukLr .0;T IN sp;2/ < ı; kukC.0;T IH

s/ < ıg

be equipped with the metric

d.u; �/D ku� �kLr .0;T IN sp;2/\C.0;T IH s/:

It is easy to see that .D; d / is a complete metric space. Now we consider the map

J W u.t/! S.t/u0� i

Z t

0

S.t � �/f .u.�// d�:

We shall prove that there exists T; ı > 0 such that J W .D; d /! .D; d / is a strict
contraction map.

By the nonlinear term estimate (Theorems 4.1, 5.4 and 5.5) and Theorem 5.3,
we have

kJukLr .0;T IN sp;2/ . T
1=r
ku0kH s CT 1�k=rkukkC1

Lr .0;T IN sp;2/

and
kJukC.0;T IH s/ . ku0kH s CT 1�.kC1/=rkukkC1

Lr .0;T IN sp;2/
:

Then we let
ı D 2Cku0kH s ; T < 1

and take T such that
2CT .1�.kC1/=r/ık 6 1

2
:

Then we have
kJukC.0;T IH s/\Lr .0;T IN sp;2/

< ı

and

kJu�J�kC.0;T IH s/\Lr .0;T IN sp;2/
6 1
2
ku� �kC.0;T IH s/\Lr .0;T IN sp;2/

:
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In this way, we obtain that J W .D; d /! .D; d / is a strict contraction map. So,
there exists a u 2 D satisfying (14). Using standard argument, we can extend the
solution (considering the mapping

(15) J W u.t/! S.t �T /uT � i

Z t

T

S.t � �/f .u.�// d�;

and noticing that u.T / 2H s [Li and Chen 1989], we can use the same way as in
the above to solve (15)). And we can find a maximum T � > 0 which satisfies the
conditions in the theorem. �

Proof of Theorem 1.4. Fix T > 0, ı > 0 to be chosen later. Let

DD fu 2 Lr.0; T IN s
p;q/ W kukLr .0;T IN sp;q/ < ıg;

which is equipped with the metric

d.u; �/D ku� �kLr .0;T IN sp;q/:

It is easy to see that .D; d / is a complete metric space. Now we consider the map

J W u.t/! S.t/u0� i

Z t

0

S.t � �/f .u.�// d�:

By the nonlinear term estimate (Theorems 4.1 and 5.4) and Theorem 5.1, we have

kJukLr .0;T IN sp;q/ . T
1=r
ku0kN s

p0;q
CT 1�k=rkukkC1

Lr .0;T IN sp;q/
:

Then we let

ı D 2Cku0kN s
p0;q

; T < 1

and take T such that

2CT .1�k=r/ık 6 1
2
:

Then we have

kJukLr .0;T IN sp;q/ < ı

and

kJu�J�kLr .0;T IN sp;q/ 6
1
2
ku� �kLr .0;T IN sp;q/:

In this way, we proved that J W .D; d /! .D; d / is a strict contraction map. So,
there exists a u 2 D satisfying (14). �
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Appendix

We list some properties of modulation spaces and some inequalities used in this
paper; most of them are well-known to those familiar with PDEs. Moreover, we
sketch a proof of complex interpolation on N s

p;q .

Theorem A.1. Assume 0 < p; q 61 and s1; s2 2 R. Then we have:

(1) Bs1p;q �M
s2
p;q if and only if s1 > s2C �.p; q/, where

�.p; q/Dmax
n
0; n

�
1

q
�
1

p

�
; n
�
1

q
C
1

p
� 1

�o
:

(2) M s1
p;q � B

s2
p;q if and only if s1 > s2C �.p; q/, where

�.p; q/Dmax
n
0; n

�
1

p
�
1

q

�
; n
�
1�

1

q
�
1

p

�o
:

For details of the proof, refer to [Toft 2004; Wang et al. 2006; Sugimoto and
Tomita 2007].

Theorem A.2. Assume 0<p6q61. Let��Rn be a compact set, diam�<2R.
Then there exists C.p; q;R/ > 0 such that

kf kLq 6 Ckf kLp for all f 2 Lp�;

where Lp� D ff 2 L
p W supp Of ��g.

For details of the proof, refer to [Wang et al. 2009; 2011].

Theorem A.3. Suppose 0 < p; q <1. Then we have

.M s
p;q/
�
DM�s.1_p/0;.1_q/0 :

For details of the proof, refer to [Han and Wang 2012].

Theorem A.4. Assume that

s >

8̂<̂
:
n
�
1� 1^

1

q

�
;

�
1

p
;
1

q

�
2D1;

n
�
1_

1

p
_
1

q
�
1

q

�
;
�
1

p
;
1

q

�
2D2:

Then M s
p;q is a multiplication algebra, i.e.,

kfgkM s
p;q
. kf kM s

p;q
kgkM s

p;q

holds for all f; g 2M s
p;q .

For details of the proof, refer to [Han and Wang 2012]. Note that

D1 D
n�
1

p
;
1

q

�
2 R2C W

1

q
> 2

p
;
1

p
6 1
2

o
; D2 D R2CnD1:
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Theorem A.5 (embedding). Assume s1; s22R and 0<p1; p2; q1; q261. We have:

(a) If s2 6 s1, p1 6 p2, q1 6 q2, then M s1
p1;q1 �M

s2
p2;q2 .

(b) If q2 < q1, s1� s2 > n=q2�n=q1, then M s1
p;q1 �M

s2
p;q2 .

For details of the proof, refer to [Wang et al. 2011; Han and Wang 2012].

Theorem A.6 (further multiplier assertions). Let 0 < p <1 and 0 < q 61. Let
�D f�kg

1
kD0

be a sequence of compact subsets of Rn. Let dk > 0 be the diameter
of �k . If x > n.n=min.1; p; q/� 1

2
/, then there exists a constant C such that

kF�1MkFfkkLp.`q/ 6 C sup
i

kMi .di � /kHxkfkkLp.`q/

holds for all systems ffkg1kD0 2 L
p
�.`

q/ and all sequences fMk.x/g
1
kD0
�Hx .

For details of the proof, refer to [Triebel 1983]. Note that Lp�.`
q/ is defined as

ff W f D ffkg
1
kD0 � S

0; suppFfk ��k if kD 0; 1; 2; : : : and kfkkLp.`q/ <1g:

Theorem A.7. Let 0 < p; q 61 and .X; �/; .Y; �/ be two measure spaces. Let T
be a positive linear operator mapping Lp.X/ into Lq.Y / (resp. Lq;1(Y)) with
norm A. Let B be a Banach space. Then T has a B-valued extension ET that maps
Lp.X;B/ into Lq.Y; B/ (resp. Lq;1.Y; B/) with the same norm.

For details of the proof, refer to [Grafakos 2004].

Theorem A.8. Assume s 2 R, 26 p <1, 0 < q <1 and 1=pC 1=p0 D 1. Then
we have

k�kS.t/f kLp . .1Cjt j/�n.1=2�1=p/k�kf kLp0 ;

kS.t/f kM s
p;q
. .1Cjt j/�n.1=2�1=p/kf kM s

p0;q
:

For details of the proof, refer to [Wang et al. 2011].
We start with some abstract theory about complex interpolation on quasi-Banach

spaces. Let S D fz W 0 < Re z < 1g be a strip in the complex plane. Its closure
fz W 06 Re z 6 1g is denoted by S. We say that f .z/ is an S 0-analytic function in
S if the following properties are satisfied:

(a) For every fixed z 2 S, f .z/ 2 S 0.Rn/.

(b) For any ' 2 S.Rn/ with compact support, F�1'Ff .x; z/ is a uniformly
continuous and bounded function in Rn �S.

(c) For any ' 2 S.Rn/ with compact support, F�1'Ff .x; z/ is an analytic func-
tion in S for every fixed x 2 Rn.
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We denote the set of all S 0-analytic functions in S by A.S 0.Rn//. The idea we
used here is due to [Triebel 1983; Han and Wang 2012].

Definition A.9. Let A0 and A1 be quasi-Banach spaces, and 0 < � < 1. We define

F.A0; A1/D
n
'.z/ 2 A.S 0.Rn// W '.`C i t/ 2 A`; `D 0; 1; for all t 2 R;

k'.z/kF.A0;A1/ D max
`D0;1

sup
t2R

k'.`C i t/kA`

o
and

.A0; A1/� D
n
f 2 S 0 W 9'.z/ 2 F.A0; A1/;

such that f D '.�/; kf k.A0;A1/� D inf
'
k'.z/kF.A0;A1/

o
;

where the infimum is taken over all '.z/ 2 F.A0; A1/ such that '.�/D f .

The following three propositions are essentially known in [Triebel 1983; Han
and Wang 2012].

Proposition A.10. Adopt the notation in Definition A.9; then

..A0; A1/� ; k � k.A0;A1/� /

is a quasi-Banach space.

Proposition A.11. Adopt the notation in Definition A.9; then we have

kf k.A0;A1/� D inf
'

�
sup
t2R

k'.it/k1��A0
sup
t2R

k'.1C i t/k�A1

�
;

where the infimum is taken over all '.z/ 2 F.A0; A1/ such that '.�/D f .

Proposition A.12. Let T be a continuous multilinear operator from

A
.1/
0 �A

.2/
0 � � � � �A

.m/
0

to B0 and from A
.1/
1 �A

.2/
1 � � � � �A

.m/
1 to B1, satisfying

kT .f .1/; f .2/; : : : ; f .m//kB0 6 C0
mY
jD1

kf .j /k
A
.j/
0

;

kT .f .1/; f .2/; : : : ; f .m//kB1 6 C1
mY
jD1

kf .j /k
A
.j/
1

;

f .j / 2 A
.j /
0 \A

.j /
1 :

Then T is continuous from .A
.1/
0 ; A

.1/
1 /� � .A

.2/
0 ; A

.2/
1 /� � � � � � .A

.m/
0 ; A

.m/
1 /� to

.B0; B1/� with norm at most C 1��0 C �0 , provided 06 � 6 1.
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Theorem A.13 (complex interpolation). Suppose 0 < � < 1, 0 < p0; p1 < 1,
0 < q0; q1 61 and

s D .1� �/s0C �s1;
1

p
D
1��

p0
C
�

p1
;

1

q
D
1��

q0
C
�

q1
;

then we have

.N s0
p0;q0

; N s1
p1;q1

/� DN
s
p;q:

Sketch of proof. Let g 2 N s
p;q.R

n/ and gk.x/ D F�1�kFg. Let also  k.x/ DP1
`D�1 �kC`.x/ for k D 0; 1; 2; : : : (with ��1 D 0). In particular,  k.x/ D 1 if

x 2 supp �k .
Set

g�k.x/D sup
x2Rn

jgk.x�y/j

1Cjhkiyja
; x 2 Rn; a >

n

min.p; q/
:

For z 2 S, we write8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

a1.z/D sq
�
1�z

q0
C
z

q1

�
� .1� z/s0� zs1;

a2.z/D p
�
1�z

p0
C
z

p1

�
� q

�
1�z

q0
C
z

q1

�
;

a3.z/D 1�p
�
1�z

p0
C
z

p1

�
;

a4.z/D q
�
1�z

q0
C
z

q1

�
:

We put

f .z/D

1X
kD0

F�1 kF

�
hkia1.z/

� kX
`D0

jh`isg�` j
q

�a2.z/
q

kh`isg�` k
az3
Lp.Rn;`q/

g
a4.z/

k
.x/

�
:

Obviously, f .z/ 2 A.S 0/ and f .�/D g. Direct calculation shows

kf .`C i t/k
N
s`
p`;q`

. kgkN sp;q ; `D 0; 1:

This proves that N s
p;q � .N

s0
p0;q0 ; N

s1
p1;q1/� .

Conversely, let f 2 F.N s0
p0;q0 ; N

s1
p1;q1/. If ' 2 A.S 0/ such that '.�/ D f , for

some � 2 .0; 1/, we can find two positive functions�0.�; t/ and�1.�; t/ in .0; 1/�R

satisfying

jf .z/jr 6
�

1

1� �

Z
R

jf .it/jr�0.�; t/ dt

�1���1
�

Z
R

jf .1C i t/jr�1.�; t/ dt

��
;
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with 1=.1� �/
R

R
�0.�; t/ dt D 1=�

R
R
�1.�; t/ dt D 1. Taking the N s

p;q norm of
both sides and then applying Minkowski’s inequality imply that

kf kN sp;q 6 sup
t2R

khkis0F�1�kF'.it/k
1��
Lp0 .R;q0/

� sup
t2R

khkis1F�1�kF'.1C i t/k
1��
Lp1 .R;q1/

6 kf k
F.N

s0
p0;q0

;N
s1
p1;q1

/
:

This proves that .N s0
p0;q0 ; N

s1
p1;q1/� �N

s
p;q . �

Theorem A.14 (complex interpolation). Let�1<s0; s1<1, 0<p.j /0 ; p
.j /
1 <1,

0 < q
.j /
0 ; q

.j /
1 61, j D 1; : : : ; m. If T is a continuous multilinear mapping from

N
s
.1/
0

p
.1/
0 ;q

.1/
0

� � � � �N
s
.m/
0

p
.m/
0 ;q

.m/
0

to N s0
p0;q0 with norm M0, and also continuous multilinear from

N
s
.1/
1

p
.1/
1 ;q

.1/
1

� � � � �N
s
.m/
1

p
.m/
1 ;q

.m/
1

to N s1
p1;q1 with norm M1, then T is continuous and multilinear from

N s.1/

p.1/;q.1/
� � � � �N s.m/

p.m/;q.m/

to N s
p;q with norm at most M 1��

0 M �
1 , provided 06 � 6 1, and

s.j / D .1� �/s
.j /
0 C �s

j
1 ;

1

p.j /
D
1� �

p
.j /
0

C
�

p
.j /
1

;
1

q.j /
D
1� �

q
.j /
0

C
�

q
.j /
1

; j D 1; : : : ; m

This theorem is a natural consequence of Proposition A.12 and Theorem A.13.

Theorem A.15. Let s 2R, 0 < p; q 61. We have:

(1) If " > 0, then
F sC"p;q1

� F sp;q2 ; BsC"p;q1
� Bsp;q2 :

(2) If p <1, then
Bsp;p^q � F

s
p;q � B

s
p;p_q:

For details of the proof, refer to [Triebel 1983].
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