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Dedicated to George A. Elliott on his seventieth birthday

Let A be a unital C*algebra and let Ug(A) be the group of unitaries of
A which are path-connected to the identity. Denote by CU(A) the clo-
sure of the commutator subgroup of Uy(A). Let ijl’") :Up(A)/CU(A) -
Uy(M,,(4))/CUM,(A)) be the homomorphism defined by sending u to
diag(u, 1,—1). We study the problem of when the map if’") is an isomor-
phism for all n. We show that it is always surjective and that it is injective
when A has stable rank one. It is also injective when A is a unital C*-algebra
of real rank zero, or A has no tracial state. We prove that the map is an
isomorphism when A is Villadsen’s simple AH-algebra of stable rank k > 1.
We also prove that the map is an isomorphism for all Blackadar’s unital
projectionless separable simple C *-algebras. Let A = M,(C(X)), where X
is any compact metric space. We note that the map iff '™ is an isomorphism
for all n. As a consequence, the map i;l’") is always an isomorphism for any
unital C*-algebra A that is an inductive limit of the finite direct sum of C*-
algebras of the form M, (C(X)) as above. Nevertheless we show that there

is a unital C*-algebra A such that i;l’z) is not an isomorphism.

1. Introduction

Let A be a unital C*algebra and let U(A) be the unitary group. Denote by Up(A)
the normal subgroup which is the connected component of U(A) containing the
identity of A. Denote by DU (A) the commutator subgroup of Uy(A) and by CU(A)
the closure of DU(A). We will study the group Ug(A)/ CU(A). Recently this group
has become an important invariant for the structure of C*-algebras. It plays an
important role in the classification of C*-algebras (see [Elliott and Gong 1996;
Nielsen and Thomsen 1996; Elliott 1997; Thomsen 1997; Gong 2002; Elliott et al.
2007; Lin 2007; 2011; Gong et al. 2015], for example). It was shown in [Lin 2007]
that the map Uy(A4)/CU(A) — Ug(Mp(A))/CUMy(A)) is an isomorphism for
all n > 1if A is a unital simple C*-algebra of tracial rank at most one (see also [Lin
Huaxin Lin is the corresponding author.
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2010b, Corollary 3.5]). In general, when A has stable rank k, it was shown by Rieffel
[1987] that the map U(Mg (4))/ Uo (Mg (A)) = UMy 1, (4))/ Uo (Mg 1 (A)) is
an isomorphism for all integers m > 1. In this case UMy (A))/Up(Mg(A4)) =
K1(A). This fact plays an important role in the study of the structure of C*
algebras, in particular those C*-algebras of stable rank one, since it simplifies
computations when K-theory involved. Therefore it seems natural to ask when
the map i{gl’") :Up(A)/CU(A) —» Up(Mp (A))/ CUM, (A)) is an isomorphism. Tt
will also greatly simplify our understanding and usage of the group when 1'1‘(11 )
is an isomorphism for all n. The main tool to study Up(My(A))/CUMy(A))
is the de la Harpe—Skandalis determinant, studied early by K. Thomsen [1995]
(henceforth abbreviated [Th]), which involves the tracial state space 7(A) of A.
On the other hand, we observe that when T (A) = @, Uy(A4)/CU(A) = {0}. So we
focus our attention on the case T(A) # &. One of the authors was asked repeatedly
if the map ilgl’") is an isomorphism when A has stable rank one.

It turns out that it is easy to see that the map if(ll’n) is always surjective for all n.
Therefore the issue is when i (' is injective.

A i

Definition 1.1. Let A be a unital C*-algebra. Consider the homomorphism
ig"": Uo(Mm (4))/ CUMm(4)) = Up(Mn(4))/ CUM, (4))

(induced by u +— diag(u, 1,,—,)) for integers n > m > 1. The determinant rank
of A is defined to be

Dur A = min{m € N | if(lm’") is isomorphism for all n > m}.

If no such integer exists, we set Dur A = oo.

We show that if A = lim,— oo 4, then Dur A < sup,,-.;{Dur A, }. We prove
that Dur A = 1 for all C*-algebras of stable rank one, which answers the question
mentioned above. We also show that Dur A =1 for any unital C *-algebra A with real
rank zero. A closely related and repeatedly used fact is that the map u — u + (1—e)
is an isomorphism from U(eAe)/CU(eAe) onto U(A)/ CU(A) when A is a unital
simple C*-algebra of tracial rank at most one and e € A is a projection (see [Lin
2007, Theorem 6.7; 2010b, Theorem 3.4]). We show in this note that this holds for
any simple C*algebra of stable rank one.

Given Rieffel’s early result mentioned above, one might be led to think that, when
A has higher stable rank, or at least when A = C(X) for higher-dimensional finite
CW complexes, Dur A is perhaps large. On the other hand it was suggested (see [Th,
Section 3]) that Dur A = 1 may hold for most unital simple separable C*-algebras.
We found out, somewhat surprisingly, that the determinant rank of M, (C(X)) is
always 1 for any compact metric space X and for any integer n > 1. This, together
with previous mentioned result, shows that if A = lim,_, A5, Where A, is a finite
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direct sum of C*algebras of the form M, (C (X)), then Dur A = 1. Furthermore,
we found out that Dur A =1 for all of Villadsen’s examples of unital simple AH-
algebras A with higher stable rank. This research suggests that when A has an
abundant amount of projections then Dur A is likely to be 1 (see Proposition 3.6(3)).
In fact, we prove that if A is a unital simple AH-algebra with property (SP), then
Dur A = 1. On the other hand, however, we show that if A is a unital projectionless
simple C*-algebra and p4q(Ko(A)) = Z, then Dur A = 1. Furthermore, if A is
one of Blackadar’s examples of unital projectionless simple separable C *-algebras
with infinite many extremal tracial states, then Dur A = 1. Indeed, it seems that it
is difficult to find any example of unital separable simple C*-algebras for which
Dur A is larger than 1. Nevertheless Proposition 3.12 below provides a necessary
condition for Dur A = 1. In fact, we find that a certain unital separable C*-algebra
violates this condition, which, in turn, provides an example of a unital separable
C*algebra A such that Dur 4 > 1.

2. Preliminaries
In this section, we list some notation and basic known facts for convenience, many
of which are taken from [Th] and other sources.

Definition 2.1. Let A be a C*algebra. Denote by M, (A) the n x n matrix algebra
of over A. If A is not unital, we will use A, the unitization of A, so suppose that A
is unital. For u in Uy(A), let [u] be the class of u in Uy(A)/CU(A).

We view A" as the set of all n x 1 matrices over A. Set

n
Za?ai = 1},

i=1

Su(A4) = {(al,...,an)T € A"

n
Zbiai =1 for some by,...,b, € A} .
i=1

Lg,(A) = {(al,...,an)T e A"

According to [Rieffel 1983; 1987], the topological stable rank and the connected
stable rank of A are defined as

tsr A = min{n € N | Lg,,(A) is dense in A” for all m > n}

cst A = min{n € N | Up(M,,(A)) acts transitively on Sy, (A) for all m > n}.
If no such integer exists, we set tsr A = oo and csr A = co. These notions are very

useful tools in computing K-groups of C*-algebras (see, e.g., [Rieffel 1987; Xue
2000; 2001; 2010]).

Definition 2.2. Let A be a C*algebra. Denote by A, (resp. A4) the set of all
self-adjoint (resp. positive) elements in A. Denote by 7T'(A) the tracial state space
of A. Let t € T(A). We will also use the notation 7 for the unnormalized trace
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7 ® Tr, on My, (A), where Tr, is the standard trace for M,, (C). Every tracial state
on My, (A) has the form (1/n)zt.

Definition 2.3. For a, b € A, set [a, b] = ab — ba. Furthermore, set

n
(4, 4] = %Z[aj,bj] ‘a,-,b,- ed, j=1,....n, n>1}.
j=1
Now, let Ag denote the subset of Ag, consisting of elements of the form x — y for
X,y € A withx =372 ¢jcfand y =372 cfc; (convergent in norm) for some
sequence {c; } in A. By [Cuntz and Pedersen 1979], Ay is a closed subspace of Ag,.

Proposition 2.4 [Cuntz and Pedersen 1979; Thomsen 1995, Section 3]. Let A be a
C*-algebra with unit 1. The following statements are equivalent:

(1) Ao = Asa.
2) 1€ Ay.
(3) T(A) = 2.

4) A =4, 4.
(5) Asa = span{[a*,a]|a € A}.

Proof. (1) = (2) is obvious.

(2) = (3).If T(A) # @, then there is a tracial state T on A. Since 1 € Ay, it follows
that there is a sequence {a; } in A such thatb = Z;’;l aj’.ka jandc = Z;‘;l aj a}‘ are
convergent in A and 1 = b —c. Thus, 7(b) = Z}’il r(a;.‘aj) =1(c)and (1) =
(b —c¢) = 0, a contradiction since 7(1) = 1.

(3) = (1). This follows from the proof of [Th, Lemma 3.1].
(4) < (5). Let a,b € A and write a = a1 + iap and b = by + iby, where
ai,az, by, by € Ag,. Then

(2-1) la,b] = [a1,b1] — a2, b2] +iaz, b1] +i[a1, b2].

Putci =ay1+ib1,cp =az+iby, c3 =a+iby and c4 = a1 + iby. Then, from
(2-1), we get that

(2_2) [a’b] = E[Cl ’ C]] - Z[CZ’CZ] + 5[63 ’ C3] + 5[64’ C4]'

So, by (2-2), (4) and (5) are equivalent.

(5)=>(1).Let x espan{[a*,a] |a € A}. Then there are elements ay, ..., ax € A and
positive numbers A,,...,A, such that x = Y Ala¥a]— Z§=j+1 Ailar,a;]
for some j € {I,....k}. Putc; = VAja;, i =1,...,j and ¢ = V/A; a] when
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i=j+1,....k Thenx =YY% cre; — P c;cF € Ay. Since A is closed,
we get that

Aga = span{[a*,a] |a € A} C Ag = Ag C Asa.

(1) = (5). According to the definition of Ay, every element x € Ag has the
form x = x; — x,, where x; = Y72, z*z. and x, = > 72, z,zF. Thus, x €

span{[a*,a] | a € A} and hence A, = span{[a*,a] | a € A}. O

Combining Proposition 2.4 with Definition 2.2, we have:

Corollary 2.5. Let A be a unital C*-algebra with Ay = Agy. Then My (A))o =
My (4))sa-

Let a,b € Ag,. Then, for any n > 1,

exp(ia) exp(ib) (exp(—i%) exp(—i %))n e DU(A)

and exp(—i(a + b)) = lim, oo (exp(—ia/n) exp(—ib/n))" by the Trotter product
formula [Masani 1981, Theorem 2.2]. So exp(ia) exp(ib) exp(—i(a+b)) € CU(A).
Consequently,

(2-3) [exp(ia)][exp(ib)] = [exp(i(a +b))] in Up(4)/CU(A).
The following is taken from the proof of [Th, Lemma 3.1].
Lemma 2.6. Let a € Ag,.
(1) Ifa € Ao, then [exp(ia)] = 0in Up(A)/CU(A);
Q) IfT(A)# D and t(a)=1t(b) forallt € T(A), thena—b € Ag and [exp(ia)] =
[exp(ib)] in Up(A)/CU(A).
Combining Lemma 2.6(1) with Corollary 2.5, we have
Corollary 2.7. If T(A) = @, then Uy(M,,(A)) = CUMy(A)) forn > 1.

Definition 2.8. Let A be a unital C*algebra with 7 (A4) # @. Let PU['(A) denote
the set of all piecewise smooth maps & : [0, 1] — Up(M, (A)) with £(0) = 1,,, where
1, is the unit of M, (A4). For v € T'(A), the de la Harpe—Skandalis function A? on
PU{ (A) is given by

1 1
AEW) = 5 [ H@ @G forall € € PUF (),

Note that we use an unnormalized trace T = 7 ® Tr, on M, (A). This gives a
homomorphism A" : PU['(A) — Aff(T (A)), the space of all real affine continuous
functions on T'(A).

We list some properties of A7 (-):
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Lemma 2.9 [de la Harpe and Skandalis 1984, Lemmas 1 and 3]. Let A be a unital
C*algebra with T(A) # @. Let §1,§2.§ € PU['(A). Then:

(1) AZ(E1(0) = A7 (52(0)) for all T € T(A), if §1(1) = §2(1) and

£185 € Up((Co(S', My (4))).

k
(2) There are y1,...,yr € My(A)sa such thar AT(E(t)) = > t(y;) for all
te€T(A)and £E(1) = exp(i2my1) - - - exp(i27w ). J=1

Definition 2.10. Let A be a C*-algebra with T'(A4) # . Let Aff(T(A)) be the set
of all real continuous affine functions on 7'(A). Define p4 : Ko(A) — Aff(T(A)) by

pa([pD(r) = (p) forall z € T(A),

where p € M, (A) is a projection.

Define Py, (A) to be the subgroup of Ky(A) generated by projections in My (A).
Denote by p’{(Ko(A)) the subgroup p4(Py(A)) of pa(Ko(A)). In particular,
p}l (Ko(A)) is the subgroup of pg(Ko(A)) generated by the images of projections
in A under the map p4.

Definition 2.11. Let A be a unital C*algebra. Denote by LUg(A) the set of
piecewise smooth loops in

U(Co(S', Mn(A)))-
Then, by Bott periodicity, A" (LU (A)) C pa(Ko(A)). Denote by
q" : Aff(T (A)) — Aff(T(A))/ A" (LU} (A))

the quotient map. Put A” = q"oA”. Since A" vanishes on LU} (A), we also use A
for the homomorphism from Up(My(A)) into Aff(T'(A))/A"(LUJ (A)). Animpor-
tant fact that we will repeatedly use is that the kernel of A" is exactly CU(M, (A)),
by [Th, Lemma 3.1]. In other words, if u € Uy(M,(A4)) and A”(u) = 0, then
ue CUM,(A)).

Corollary 2.12. Let A be a unital C*-algebra and let u € Uy(My,(A)) for n > 1.
Then there are an a € Ag, and a v € CUMy, (A)) such that

u = diag(exp(i2wa), 1,-1)v

(in the case n = 1, we define diag(exp(i2ma), 1,—1) = exp(i2ra)).
Moreover, if there is au € PU{ (A) with u(1) = u, we can choose a self-adjoint
element a so that @ = A" (u(t)), where a(t) = t(a) for all t € T(A).
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Proof. Fix a piecewise smooth path u(t) € PUg (A) with u(0) = 1 and u(1) = u.
By Lemma 2.9(2), there are ay,as, ... ,am € My (A)s such that

m m
U= 1_[ exp(i2ra;) and AT(u(t)) =t Z aj forall T € T(A).
j=1 ji=1

Putag = Z aj. Write ag = (b;,j )nxn. Define a = Z b; ;. Thena € As,. Moreover,
j=1 i=1
A" (diag(exp(—i2ma), 1,—1)u) = 0.
Thus, by [Th, Lemma 3.1], diag(exp(—i2ma), 1,—1)u € CUM,(A)). Put v =
diag(exp(—i2ma), 1,—1)u. Then u = diag(exp(i27a), 1,—1)v. O

3. Determinant rank
Let A be a unital C*algebra. Consider the homomorphism
iy : Uo(Mim(4))/ CUMm(4)) — Up(Ma (4))/ CUM (4))
for integers n > m > 1.

Proposition 3.1. Let A be a unital C*-algebra with T(A) # &. Then
i Up(Mpn(4))/ CUMp (A)) = Up(My (A))/ CUMp(A))

is surjective forn > m > 1.

Proof. It suffices to show that ifll ) s surjective. Let u € Up(My, (A)). It follows

from Corollary 2.12 that u = diag(exp(i2wa), 1,—1)v for some a € Ay, and v €
CUM,(A)). Then i "™ (fexp(i2ra)]) = [u)]. O

Lemma 3.2. Ler A be a unital C*-algebra with T (A) # @. Assume u € Uy(M,,, (A)).

(1) If A™(diag(u(t), 1p—m) € A" (LU (A)) for some n>m, where {u(t):t €[0, 1]}
is a piecewise smooth path with u(0) = 1,, and u(1) = u, then, for any € > 0,
there exist a € My, (A)sa with ||la|| < €, b € My, (A)sa, v € CUM,,(A)) and
w € LU (A) such that

(3-1) u=-exp(i2na)exp(i2nb)v and t(b) = AL(w(t)) forall v € T(A).

(2) If A™(u(t)) € pa(Ko(A)) for some u € PUG"(A) with u(1) = u, then, for any
€ >0, there exist a € My, (A)sa with ||a|| <€, b €My, (A)sy and v e CU(My, (A))
such that

(3-2) u =exp(i2nwa)exp(i2nb)v and be p4(Ko(A)),
where lg(r) = t(b) forall Tt € T(A).
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Proof. Let € > 0. For (1), there is a w € LU (A) such that

(3-3) supt] A% (u (1)) — A% (w(1)] : T € T(A)} < /3.
There is an a; € My, (A)sa by Corollary 2.12 such that

(3-4) t(a1) = AT(u(t)) — AT(w(r)) forall T € T(A).

Combining (3-3) with [Cuntz and Pedersen 1979] and the proof of [Th, Lemma 3.1],
we can find a € M, (A)s, such that 7(a) = t(a;) forall T € T(A) and ||a|| < €/27.
There is also a b € A, such that 7(b) = —AZ(w(¢)) for all T € T(A). Put

(3-5) v(t) = exp(—i2nbt) exp(—i2mwat)u(t) for t €[0,1]

and v =v(1). Then A" (v(¢)) =0. It follows from [Th, Lemma 3.1] that v € CU(A).
Then u = exp(i2mwa) exp(i2nwb)v.

For (2), there are an integer n > m and projections p, g € M,,(A) such that (for
a piecewise smooth path {u(z) : ¢ € [0, 1]} with u(0) = 1, and u(1) = u)

(3-6) AT (u(t)) —t(p)+(q)|| <e forall v eT(A).

Let b € My, (A)sa such that t(b) = t(p) — t(g) for all © € T(A) (see the proof
above); there is an a € M, (A)sa With ||a|| < € such that

(3-7) t(a) = AT (u()) —t(p) +t(q) forall v e T(A).

Let v = uexp(—i2ma) exp(—i2nb) and v(t) = u(t) exp(—i2mwat) exp(—i2nbt).
Then A” (v(¢)) = 0. It follows from [Th, Lemma 3.1] that v € CUM;,(4)). O

Let A be a unital C*algebra. Let Dur A be defined as in Definition 1.1. It follows
from Corollary 2.7 that if T(A) = & then Dur A = 1.

Proposition 3.3. Let A be a unital C*-algebra. Then, for any integer n > 1,
Dur(My (4)) = | A= ] 4,
where | x| is the integer part of x.

Proof. Note that n(| (Dur A —1)/n] + 1) > Dur A. d

Theorem 3.4. Let A be a unital C*-algebra, and I C A a closed ideal of A such
that the quotient map 1w : A — A/l induces the surjective map from Ky(A) onto
Ko(A/I). Then Dur(A/I) < Dur A.

Proof. Let m =Dur A and n > m. Let u € Uy(M,,(A/ 1)) be a unitary such that
diag(u, 1,—m) € CUM, (A/1)). We will show that u € CUM,,(A/T)).
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Let € > 0. By Lemma 3.2, without loss of generality we may assume that there
are ay, by € My, (A/1))s, such that

u =exp(i2mway)exp(i2mwhy)v,

3-8
(3-8) ve CUM(A/I)), |lai||l<e and t(by)=1t(q1)—1(q2),

where g1, > € Mg (A/I) are projections for some large K >m, forallt € T(A/I).
By the assumption, without loss of generality we may assume further that there
are projections p1, p» € Mg (A) such that 7.([p1 — [p2]) = [91] — [¢2], where
7x . Ko(A) = Ko(A/I) is induced by 7. Let by € (M, (A))sa such that t(by) =
7(p1)—t(p2) forall T € T(A). There exists an a € (My; (A4))s, such that 7, (@) =a;,
where 7,: My, (A) — My, (A/1) is the map induced by 7. Then, by (3-8),

(3-9) Tm (exp(i 27 a)) mwm (exp(i27hy))u™ € CUMp(A/1)).

Put u1 = 7, (exp(i27a)) wm (exp(i 27h2)). Let w = exp(i27wby). Then A(w) = 0.
Since m = Dur A, this implies that w € CU(M,,(A)). It follows that 7, (w) €
CU(Mn(A/1)), which implies by (3-9) that dist(u, CUMp(4/1))) <e. O

Theorem 3.5. Let A = limy— o0 (Ay, ¢n) be a unital C*-algebra, where each A,
is unital. Suppose that Dur A,, <r foralln. Then Dur A <r.

Proof. We write ¢, n, : Any — An, for ¢, op, 100y, and ¢y 00 : An, = A
for the map induced by the inductive limit system. Let u € Uyp(M,(A)) such
that u; = diag(u, 1,—,) € CUM,(A)) for some n > r. Let € > 0. There is a
v € DU(M,;,(A)) such that
€
(3-10) [y — vl < .
8n
. K .
Write v = [[;; v;, where vj = xjijj’.kyj and x;,y; € Uy(M, (4)) for j =
1,2,...,K. Choose a large N > 1 such that there are v/ € Uyp(M,(Ax)) and
x]/., yj’. € Up(M,,(Apn)) such that

€ €
(3-11) [ — N,00 ()| < e and  [[¢n,00(x}) —x; | < K

for j =1,2,..., K. Then we have by (3-10) and (3-11)

€
<_7
4n

K
(3-12) H¢N,oo<ua> T weo@))
j=1

for j =1,2,..., K, where u} = diag(u’, 1,—) and v; = x}yj’.(xj/.)*(yj/.)*. Then
(3-12) implies that there is an N1 > N such that

K
(3-13) H¢N,N1 @) =[] ovm @)

Jj=1

€
< —.
2n
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Put U = ¢n N, ('), Uy = diag(U, 1,—,) and w; = ¢n.N, (v}), j=12,....K.
Note that 7, .00 (U) =N 00 (u’). Thereisana € (Mp (AN, ))sa (by (3-13)) such that

K
(3-14) U, = exp(i27m)jlj[1 w; and |la| < 2arcsin 8in

There is a b € (M, (AN, ))sa such that
(3-15) t(b) =1(a) forall € T(A) and |b| <2n arcsin 8i
n

Put W =diag(U exp(—i2nb), 1,—,); then W e CUM, (Ap,)). Since Dur Ay, <r,
we conclude that U exp(—i2xb) € CUM,(An,)). It follows that

$N,.00(U exp(—i27h)) € CUM,(4)).
However, by (3-10), (3-11), (3-15),

[t = Ny ,00(U exp(—i2nh))||
= 14 = ¢N,00 W)l + [9N1,00(U) — Ny ,00 (U exp(—i2zh))|

< —8;K + 11 —exp(=i 27, 00 (b)) || < %LK te/b<e

Therefore, Dur A <r. O

Proposition 3.6. Let A be a unital C*-algebra with T(A) # @. Let a € Ay, and
put a(t) = t(a) forall T € T(A).
(1) Ifexp(mia) € CU(A), then a € pg(Ko(A)).

(2) Ifu € Ug(A) and for some piecewise smooth path {u(t) : t € [0, 1]} withu(0) =
lLandu(l) =u, A'(u(t)) e pﬁ(KO(A))for some k > 1, then diag(u, 1;,_1) €
CUMg(A)).

(3) If p}(Ko(A)) = pa(Ko(A)), then Dur A = 1.
Proof. Part (1) follows from [Th].
(2) By applying Corollary 2.12, there exists a v € CU(A) such that

u =exp(i2mwa)v and (a) = A%(u(t)) forall T € T(A).

So for any € € (0, 1), there are projections p1,..., Pm,> 41, ---+qm, € Mg (A) such
that

mi m>

D e =) t(g) —t(a)

Jj=1 Jj=1

(3-16) sup{ :teT(A)

} - arcsin(e/4)'
7
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k—1
mi m> ,_(/;
Setb= ) p;— > q; and ap = diag(a,0,0,...,0). Then ag,b € Mg (A)s, and
j=1 j=1

(t(a0) — t(b)] < /D)
km

by (3-16). Thus, by the proof of [Th, Lemma 3.1], we have

for all T € T(My(A))

inf{[lap —b — x|/ | x € Mg (A))o}
arcsin(e/4)
kxm
Choose x¢ € (Mg (A))o such that |jag —b — xo|| < 2arcsin(e/4)/kmx. Put yo =
ag—b—xg. Then || yo| <2arcsin(e/4)/km. Put uy =diag(u, 1;_1) exp(—i2myy).
Define

=sup{|t(ag—>b)|| T € TMg(A))} <

mi mp
w(t) = diag(u(t), 1x_1) exp(—i2m yot) l_[ exp(—i2mp;t) l_[ exp(i2mq;t)
j=1 j=1

forz € [0, 1]. Then w(0) = 1, w(l) = u(1) exp(—i2mwy¢) = u; and, moreover,

A¥(w(1)) = T(a) — 7(v0) - (Z ) -y r(cm)
j=1 j=1
= 1(a) —t(ao) + 1(b) — 7(x0) —7(b)
=1(a)—1(ap) =0 forall t € T(A).

It follows that w(l) = u1 € CUMj(A)). Then
l[diag(u, 1x—1) —u1ll = llexp(i2yo) — x|l <.

(3) Let u € Uy(A) such that diag(u, 1,—1) € CUM;(A)). Let u(¢) be a piecewise
smooth path with #(0) = 1 and u(1) = u. Then

Al (1)) € py(Ko(A)) = py (Ko(A)).
By Part (2), u € CU(A). This implies that Dur 4 = 1. O

Proposition 3.7. Let X be a compact metric space. Then Dur(Mn (C(Xx ))) =1 for
alln > 1.

Proof. By Proposition 3.3, it suffices to consider the case A = C(X). One has
pa(Ko(4)) = C(X.Z) = py(Ko(A)).
It follows from Proposition 3.6(3) that Dur A = 1. O

Combining Theorem 3.5 with Proposition 3.7, we have:
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Corollary 3.8. Let A =1limyso0(An. ¢n). where Am =B Mi(n, j)(Xn.;) and
each X, j is a compact metric space. Then Dur A = 1.

Theorem 3.9. Let A be a unital C*-algebra with real rank zero. Then p}l(KO (4)) =
pa(Ky(A)) and Dur A = 1.

Proof. By Corollary 2.7, we may assume that 7'(A) # &. Since A is of real rank zero,
by [Zhang 1990, Theorem 3.3], for any n > 2 and any nonzero projection p € M, (A4),
there are projections pq,..., pn, € A such that p ~ diag(p1,..., pn) in M, (A).
Thus, t(p) = 2‘7:1 7(p;) for all T € T(A) and, consequently, p}l(KO(A)) =
p4(Ky(A)). It follows from Proposition 3.6(3) that Dur A = 1. O

Theorem 3.10. Let A be a unital C*-algebra with T(A) # @. Ifcsr(C(S!, A)) <
n + 1 for some n > 1, then Dur A < n.

Proof. Letu € Up(M,, (A)) such that diag(u, 1) € CUM,,+x (A)) for some integer
k > 1. Let {u(t) : t € [0, 1]} be a piecewise smooth path with u(0) = 1, and
u(1) = u. By [Th], A" ¥ (diag(u(r), 1)) € An+k (LU(;’H‘ (A)). It follows from
Lemma 3.2(1) that, for any € > 0, there are a,b € M, (A)s, and v € CUM(A))
with ||a|| < 2arcsin(e/4)/m such that

(3-17) u=exp(i2na)exp(i2nb)v and t(b)= A;’Jrk (w(?)) forall T € T(A),

where w € LU(;Hk (A). Since csr(C(S!, A)) <n+1, by Proposition 2.6 of [Rieffel
1987] there is a wy € LU[' (A) such that diag(wy, 1,4¢) is homotopy to w. In
particular, A (wq(?)) = A¥+k (w(t)) for all T € T(A). Consider the piecewise
smooth path

U(t) = exp(—i2mat) exp(i2nbt)wi(¢), t€][0,1].

Then U(0) = 1, and U(1) = exp(i27wb). We compute that A” (U(t)) = 0 for all
7 € T(A). It follows by [Th, Lemma 3.1] that exp(i2rh) € CU(M, (A)). By (3-17),

[u] = [exp(i2ma)] in Up(Mn(A4))/CUM,(A)),
Therefore dist(u, CUMz(A))) < |lexp(i27a) — 1| <e. O
Corollary 3.11. Let A be a unital C*-algebra of stable rank one. Then Dur A = 1.

Proof. This follows from the inequality csr(C(S!, A)) < tsr A + 1 (see [Rieffel
1983, Corollary 8.6]) and Theorem 3.10. O

We end this section with the following:

Proposition 3.12. Let A be a unital C*-algebra. Suppose that there is a projection
p € My (A) such that, for any x € Ko(A) with pg(x) = pa([p]), no unitary in U(C)
represents x, where C = Co((0, 1), A). Then Dur A > 1.
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Proof. There exists an a € Ay such that t(a) = p4([p])(z) for all T € T(A). Put
u =exp(i2ra) and v = diag(u, 1). Then it follows from Proposition 3.6(2) that v €
CU(M3(A)). This implies that i/(ll’z)([u]) = 0. Now we show that u &€ CU(A). Let

w(t) =expRi(l —t)ma) forall ¢ €]0,1].

Then w(0) =u and w(1) = 14. If u € CU(A), then, by [Th, Lemma 3.1], there is a
continuous and piecewise smooth path of unitaries £ € C, where C = Cy((0, 1), A),
such that

(3-18) A:(E@))=1(p) forall Tt € T(A).

The Bott map shows that the unitary £ is homotopic to a projection loop which
corresponds to some x € Ko(A) with pg(x) = pg([p]), which contradicts the
assumption. O

4. Simple C *-algebras
Let us begin with the following:

Theorem 4.1. Let A be a unital infinite-dimensional simple C*-algebra of real rank
zero with T(A) # @. Then

py(Ky(A)) = Aff(T(A)) and Up(A) = CU(A).

Proof. Let p € A be a nonzero projection, let A =n/m with n,m € N and let € > 0.
Then by Zhang’s half theorem (see [Lin 2010a, Lemma 9.4]), there is a projection
e € A such that max;e7(4) [t(p) —nt(e)| <ne/m. Thus,

(ax |At(p) —mz(e)| <e,
and consequently rp4(p) € p}(Ko(A)) for all r € R.

Leta € Ag,. Since A has real rank zero, a is a limit of the form Zle Ajpj, where
p1, p2, ..., pr are mutually orthogonal projections in 4 and A1, A3,..., A € R.
Therefore a € p}l(KO(A)) by the above argument, where d(t) = t(a) for all
7 € T(A). Since Aff(T(A)) ={a | a € Ag,} by [Lin 2007, Theorem 9.3], it follows
from Theorem 3.9 that

Af(T(4)) C py(Ko(A)) = py (Ko (4)) C AFE(T(A)),

that is, Aff(T'(4)) = p}(Ko(A)).
Note that

pa(Ko(A)) C AN (LUG (A)) C pa(Ko(A)) = p}(Ko(A)).
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So AL(LUZ (4)) = p}(Ko(A)) = Aff(T(A)). Thus, Al = 0 (see Definition 2.11),
and the assertion follows. O

For unital simple C*algebras, we have:

Theorem 4.2. Let A be a unital infinite-dimensional simple C*-algebra. Then
Dur A = 1 if one of the following holds:

(1) A is not stably finite.

(2) A has stable rank one.

(3) A has real rank zero.

(4) A is projectionless and pg(Ko(A)) = Z (with p4([14]) = 1).
(5) A has property (SP) and has a unique tracial state.

Proof. (1) In this case, there is a nonunitary isometry u € My (A) for some k > 2.
Since My (A) is also simple, every tracial state on My (A) is faithful if T(A4) # @.
This implies that T (A) = @. The assertion follows from Corollary 2.7.

(2) This follows from Corollary 3.11.
(3) This follows from Theorem 4.1 or Theorem 3.9.

(4) By the assumption, we have p}l (Ky(A)) = p,(K,(A)) =Z. By Proposition 3.6,
Dur4 =1.

(5) Let € > 0 and let T € T(A) be the unique tracial state. Let kK > 1 be an integer
and p € My (A) a projection. Since A has (SP), there is a nonzero projection
g € A such that 0 < t(gq) < %e (see, for example, [Lin 2001, Lemma 3.5.7]).
Then, there is an integer m > 1 such that |mt(q) — t(p)| < €. This implies that
,0/11 (Ky(A)) = pa(Ko(A)). Therefore, by Proposition 3.6, Dur A = 1. O

For a unital simple C*algebra A, Theorem 4.2 indicates that the only case when
Dur A might not be 1 is when A is stably finite and has stable rank greater than 1.
The only example of this that we know so far is given by Villadsen [1999].

However, we have the following:

Theorem 4.3. For each integer n > 1, there is a unital simple AH-algebra A with
tst A = n such that Dur A = 1.

Proof. Fix an integer n > 1. Let A = limg_ oo (Ag, ¢x) be the unital sim-
ple AH-algebra with tsr A = n constructed by Villadsen [1999]. Then A4; =
C(D"). The connecting maps ¢y, are “diagonal” maps. More precisely, ¢ (f) =
Z?ikl) S(Vk,j) ® pk,j forall f € Ay, where py ; is a trivial rank-1 projection,
A1 = ¢ (idg, )M () (C (X)) pr (idg, ) (for some large r(n)) for some spaces
Xk, and yg ; © Xgy1 — X is a continuous map (these are JTi1+1 and some
point evaluations as denoted in [Villadsen 1999, p. 1092]). Clearly A; contains
a rank-1 projection. Suppose that Ay, as a unital hereditary C *-subalgebra of
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M, (k) (C(Xk)), contains a rank-1 projection e (of M, x)(C(X))). Then, since
(iday °Vk,1) ® pk,1 < ¢k (ida, ), we have (idg, oyk,1) ® pr,1 € Ag+1- Then
€k © Vk,1 ® Pk,1 € Ak+1, which is a rank-1 projection.

The above shows every Ay contains a rank-1 projection.

Now let p € My, (A) be a projection. We may assume that there is a projection
q €My (Agy+1) such that ¢+ 1.00(q) = p. Let eg, € Ag,41 be arank-1 projection.
Then there is an integer L > 1 such that Lt(eg,) = t(q) for all T € T(Ag,41). It
follows that

Lt(Pky+1,00(€k,)) = T(p) forall T € T(A).
So p}i (Ko(A)) = p4(Kp(A)) and hence Dur A = 1 by Proposition 3.6. O

Theorem 4.4. Let A be a unital simple AH-algebra with (SP) property. Then
Dur4 = 1.

Proof. By Proposition 3.1, it suffices to show that ilgl’”) is injective, and by

Proposition 3.6 it suffices to show that ,0/11 (Ky(A)) = pa(Ko(A)).

Let p be a projection in M, (A4). Since A is simple, inf{t(p) |71 €T(A)} =d > 0.
Given a positive number € < min{%, %d}. Choose an integer K > 1 such that
1/K < %6. Since A is a simple unital C*-algebra with (SP), it follows from [Lin
2001, Lemma 3.5.7] that there are mutually orthogonal and mutually equivalent

nonzero projections pp, pa, ..., pg € A such that Zle pj < p. We compute that
4-1) 7(p1) <€/2 and 1(p1) <d/K forall T € T(A).
Since A is simple and unital, there are x1, x2,...,xy € A such that

N

*
X puxy = lLa.
j=1

Let A = lim(Am, ¢m), where Ay = BIY Py ;Mr(m, jy(C(Xm, ;) Pn,; for
each m, Xy ; is a connected finite CW-complex and Py, ; € Mg(m, j)(C(Xm,;)) is
a projection. Without loss of generality, we may assume that, there are projections
P1 € Am, p' € My (Ap) and elements y1, y2, ..., yN € Ay such that ¢y, oo (p]) =
P1s $m.oo (Vi) = Xj, (dm.co ®idm, ) (p') = p and

(4-2) < 1.

N
2_Vipiyi—la
=1

Write p} and p’ as

PI=Pia®pis® 0P o ad P'=q1 @R O Grm
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where, for each j =1,...,r(m), p} ;€ P iMRm, ) (C(Xm, ;) Pm,j and q; €
M, (P, jMR(m, j)(C(Xm,j)) Pm,;) are projections. Note that (4-2) implies that
P} ;#0for j =1,2,...,r(m). Define

r,j =rankp/1’j and r; =rankg; for j =1,2,...,r(m).
Then r; =1;ry,; +s;, where [;,s; > 0 are integers and s; < rq_ ;. It follows that

r(m)

1p') =Y Lit(ph ;)

Jj=1

(4-3) <t(py) forall t € T(Ap).

Define q1,j = ¢m,c0(P] j) for j =1,...,r(m). Then each q1,; is a projection
in A. Note that for each t € T(A4), T 0 ¢m, 0 18 a tracial state on A,,. So, by (4-3),

r(m)
(p)— Z lit(q1,j)| <t(p1) <e forall t € T(A).
j=1
This implies that p} (K (A)) = p, (Ky(A)). O

Lemma 4.5. Let A be a unital simple C*-algebra with T(A) # &, and let a €
A4\ {0}. Then, for any b € Ag,, there is a ¢ € Hera such that b — ¢ € Ay.

Proof. Since A is simple and unital, there are xy,Xx2,...,X, € A such that

mok o —Nm 12, gk 1/2
Y j=1Xjax; =14 Setc =3 ;_a / xjbxta /2. Then ¢ € Hera and

m m
t(c) = Z T(al/zijxj’-"al/z) = Z t(bxjax;) =t(b) forall v €T (A).
J=1 Jj=1
It follows from Lemma 2.6(2) that b — ¢ € Ay. O

A special case of the following can be found in [Lin 2010b, Theorem 3.4]:

Theorem 4.6. Let A be a unital simple C*-algebra and let e € A be a nonzero
projection. Consider the map Uy(eAe)/CU(eAe) — Uy(A)/CU(A) given by
ie([u]) =[u+(1—e)]. This map is always surjective, and is also injective if tst A = 1.

Proof. To see that i, is surjective, let u € Ug(A). Write u = [} _; exp(iay) for
ay € Asa, k =1,2,...,n. By Lemma 4.5, there are by, ...,b, € eAe such that
by —ay € Ag. Put w =e [[;_; exp(ibg). Then w € Up(ede). Setv =w + (1—e).
Then v = [[;_; exp(ibg). Thus, by Lemma 2.6(1),

ie(w]) =[] =Y [exp(ibp)] = Y _lexp(iar)] = [u] in Up(4)/CU(A),

k=1 k=1

that is, i, is surjective.
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To see that i, is injective when A has stable rank one, let w € Up(eAe) such
that w 4+ (1 —e) € CU(A). Since A is simple, there are z1,...,z, € A such that
l—e=37_, zjezj. Set

ez1 0 --- 0
X=|: 1 1| eMy(A).
ez, 0 --- 0
Then
n—1 n
] " * * . / =
(4-4) diag(l —e,0,...,0) =X"X, XX™ <diag(e,e,...,e).

Equation (4-4) indicates that [1 —e] < n[e] in Ko(A). Since tsr A = 1, we can find
a projection p € Mg(A) for some s > n and a unitary U € M;41(A) such that

n r

. N —— .
4-5) diag(e,...,e,0,...,0) = Udiag(1 —e, p)U*,
wherer =s—n+1. Writtv=w+ (1 —e)asv = [w 1_e],and set

r

e . r—-’n‘*\f-"\
W=|: U] and Q = diag(e,...,e,0,...,0).

Then Wdiag(e, 1 —e, p)Ms4+2(A) diag(e, 1 —e, p)W* C M, +1(eAe) & 0 and

v « _|w .
(4-6) W[ p}W _[ Udiag(l_e’p)U*]—dlag(w,Q),

by (4-5). Note that diag(v, p) € CU(diag(e, 1 —e, p)M;s42(A) diag(e, 1 —e, p)).
So, by (4-6),
n

diag(w,e,...,e) € CUM,+1(ede)).

Since tsr(eAe) = 1, it follows from Theorem 4.2(2) that w € CU(eAe). O
Lemmad.7. Let C be a nonunital C*-algebra and B = C. Assume U1, U2, ..., Uy €
UMy (B)) for some k > 2. Then, there are unitaries u'y, u, ..., u, € M, (C) with

nk(u}) =l andw,z;,u; € UM, (C)) for j =1,....n such that

n n
_ / . o ko, =% -
uj—(l_[uj)w, with Uj =Z;UjUu;z; forj=1,...,n,
J=1

Jj=1

n
w=m []u.
Jj=1
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where w(x +A) = A forall x € C and A € C and ry, is the induced homomorphism
of T on My (B).

Moreover, if u; € Up(M(B)), then we may assume that each u; e Uy(My(C))
forj=1,...,n

Proof. Put u; = i (uj) € UM (C)). If n = 2, then
Uy = iy (T Uiy ) (i iy ) (l i)
=iy (U uyity) (i iy ) (i iy).

Put v =u uj, uy = u,i s Wy =Uly, 2y =1, z, =1;. Then
) =1y, () = m (i (upiz)iy) = 1, wy = my (uguy).

Thus the lemma holds if n = 2. Suppose that the lemma holds for s. Then

A ’
UgUp e Uglg g = (UqUy U WUy g,

where u eM (C) are unitaries with nk(u ) =1, and uj = Zj uju/ zZ;, where
;€ U(M (C)) j=1,...,sand wg =m, ]_[ . It follows that

s+1
[Tw = (n )w 5 05 05 g ).
Jj=1 =1

/ _ * — % *\ _ — % * " _
Putug = woug wi(wgig, wg) =w(ug Uy, Jwg, zo  =wiandwg, | =

WUy, ;- Then

Hs(u;-i-l) = nk(ws)n(us+lﬁ:+l)nk(w:) =1,
Ky s+1

Ws+1 = Wslst] = Jfk((l—[ uj)us+1) = 7y 1_[ Uj.

Jj=1 Jj=1

The first part of the lemma follows.

To see the second part, we first assume that u; = exp(ia;) for some a; €
(Mg (B))sa. Note thatu; =exp(ia;), where a; =mp(a;) € Mg (C))sa, j =1,...,0
Consider the path u} (t) =exp(ita;)exp(—ita;) for t € [0, 1]. Note that, for each
tef0,1]and j =1,...,n

mi(exp(itaj)exp(—ita;)) = exp(itmy(a;))exp(—itmi(a;)) = 1.

It follows that v () € Mk(C) forall t € [0,1] and j = 1,...,n. The case that
u; = exp([];2 s (zak)) follows from this and what has been proved O
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Lemma 4.8. Let C be a nonunital C*-algebra and B = C. Suppose that z =
aba*b*, where a,b € Uy(My(B)). Then z = yw, where y € CUM(C)) with

7, (y) = 1 and w € CUMg(C)). Moreover, if u = ]_[7:1 zj, where each

zj € CUMg(B)), then u = yv, where y € CUMy(C)) with ni(y) = 1x and
v e CUMg(C)).

Proof. Let a = my(a) and b = 7z (b). Then a, ée\U/ (Mg (C)). It follows from
Lemma 4.7 that for j =1, 2 there are a;, b; € Up(My (C)) with my (a;) = np (b)) =
1 and z; € U(Mg/(C)) such that

4-7) ab=abyw,, a,=aa*, b,=z}bb*z;, w,=ab,
(4-8) ba = byay,w,, by,=bb*, a,=ziaa*z,, w,=ba.
Set x; = w,w5z; and x, = w w5 z;. Then x,, x, € Uy(M, (C)) and
aba*b* = a;by (wyw3z3 (@d*)zwywt) (w3 (b wywi))wiws

= a;by(x1a7x7) (x3b7 xp)wyw;

by (4-7) and (4-8).
Write a1 = [/, exp(iy1;) and by = [];'2, exp(iyax), where yi;, yor €
Mp(Csay j=1,...,m,k=1,...,ms. Let
oyt — vt v
Yiy ==y and Yo = Vo = Vors

with y;rj,yl_j,y;c,yz_k e Mp(C))4forj=1,....myandk =1,...,mp. Set

mi m>
= Z(y;rj +x1y1;x7) + Z(szrk + X2 V5%3),
j=1 k=1

mi m>
€y = Z()’fj +x1y1+jxik) + Z(yZ_k +x2J’;¢x;)v
j=1 k=1

mi ma
dy =Y O +yi)+ D + 3,
i=1 k=1

mi my
dy =) (i + i)+ Dok + v
j=1 k=1
Then ¢y, ¢2,d1, dy € M3(C))+ and clearly ¢y —d, ca—dr € Mg (C))o. Therefore,
(c;—cy)—(d;—d,) € M, (C))y. Puty =a,; b, (x;aix7)(x3b7x,) and w = w, w;.
Then y/e\Uo/(l\//Ik\(C—'/)Mnk(y) = 1y and w = aba*b* € DU, (C). Moreover,
in Up(Mg (C))/ CUM(C)),

[v] = lexp(i(c1 —c2))] = [exp(i (d1 — d2))] = [a1][b1][aT][bT] = O.
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This proves the first part of the lemma. The second part follows. O

Theorem 4.9. Let A be an infinite-dimensional unital simple C*-algebra with
T (A) # & such that there is an m > 1, for every hereditary C*-subalgebra C, with
DurC <m. Then Dur A = 1.

Proof. Let n > 1. By Proposition 3.1, it suffices to show that if(il’n) is injec-

tive. Let u € Up(A) with diag(u, 1,—1) € CUM,(A)). Since A is simple and
infinite-dimensional, we can find nonzero mutually orthogonal positive elements

Cc1,...,cm € Aand x1, ..., x; € A such that
xfx.=c; and x.xF=c; i =2.3 m
7Tl i T J =20

Put Herc; = C and B = C. Then Her(ci +¢c2 + -+ cm) = M, (C). Note that
M,,, (B) is not isomorphic to a subalgebra of M,,(A).

By Lemma 4.5, we may assume, without loss of generality, that u = exp(27ib)
for some b € Cs,. Then, by Proposition 3.6(1), be p4(Ko(A)).

Since A is simple and C is o-unital, it follows from [Brown 1977, Theorem 2.8]
that there is a unitary element W in M (A ® K) (the multiplier algebra of A ® K)
such that W*(C  K)W = A ® K, where K is the C*algebra consisting of all
compact operators on /2. Note that since A is a unital simple C*algebra, every
tracial state T on C is the normalization of a tracial state restricted on C. Therefore

(4-9) b € pa(Ko(A)) = pa(Ko(C)) C pp(Ko(B)).

Viewing b in B; g4, consider v = exp(i2nb) € Up(B) and v(t) = exp(i2nth),
t €0, 1]. Then (4-9) implies that A (v(¢)) € pp(Ko(B)). By Lemma 3.2(2), for
any € > 0, there are a € By, with ||a| < €, d € B, with de o8 (Ko(B)) and
vg € CU(B) such that

(4-10) v =-exp(i2ma)exp(i2nd)vy.

Choose projections p,q € My (B) for some n > m such that for all t € T(B),
t(diag(d, Ogr—1)x(n—1))) =7(p)—7(q). Sodiag(exp(i27d), 1n—1) € CUMn(B))
by Lemma 2.6(2). By assumption, i l(;m’k) is injective for all kK > m. Therefore, we
have diag(v, 1,,—1) € CUM,,(B)) by (4-10).

Let € > 0. Then thereis a vy € DU(M,,(B)) such that ||diag(v, 1,,—1)—v1|| < %e.
We may write v; = ]_[Jr~=1 zj, where z; € M, (B) is a commutator. It follows from
Lemma 4.8 that there are y € CU(M,, (C)) with 7w, (v) = 15, and w € DU(M,,, (C))
such that v; = yw. Noting that w = 7, (W) = 7, (v1) and 7(v) = 1, we have
m—w| < %e. Thus ||diag(v, 1,,—1)—y|| <€. Setvg=v—1 and yg = y—1;,. Then

diag(vo, Ogn—1)x(m-1))s Yo € M (C),
[diag(vo, Ogn—1)x(@m—1)) — Yol <e.

4-11)
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By identifying 1,, +M,,(C) with a unital C *-subalgebra 14 +Her(ci+c2+---+cm)
of A, we get that ||exp(i27b)—y|| <€ by (4-11). Since y e CUM,,(C)) CCU(A)
and hence u € CU(A), we have Dur 4 = 1. O

Corollary 4.10. Let A be a unital simple C*-algebra. Suppose that there is an
integer K > 1 such that cst(C(S', C)) < K for every hereditary C*-subalgebra C.
Then Dur A = 1.

Proof. It follows from Theorem 3.10 that Dur C < max{K — 1, 1}. Theorem 4.9
then applies. O

Definition 4.11. Let A be a C*-algebra with T'(A) # &. Define

D (ps(Ko(A)). p4(Ko(A))) = sup{dist(x. oy (Ko(A))) | x € py(Ko(A))}
= sup{dist(x, 9}1 (KO(A))) | x €py (KO(A))}.

Theorem 4.12. Let A be a unital simple C*-algebra with T (A) # & such that there
is an M > 0 with D(plc (Ko(C)), pc (KO(C))) < M for all nonzero hereditary
C*-subalgebras C of A. ThenDur A = 1.

Proof. Let u € Up(A) such that diag(u, 1,—1) € CUMy(A)). By Corollary 2.12,
we may assume that u = exp(i2ma) for some a € Ag,. Then a € pg(Ko(A)) by
Proposition 3.6(1).

Given € > 0, choose an integer N > 1 such that M/N < ¢/2x. There are

mutually orthogonal nonzero positive elements cq, ¢z, ..., cy in A and elements
X1,X2,...,XN € A such that

3k _ k .
(4-12) X;X;=0c and Xix; =cj, j=2,3,...,N.

Let C =Hercq and B = C. It follows from Lemma 4.5 that there is a b € Csa such
that a — b is in Ay, i.e., T(a) = ©(b) for all T € T(A). Therefore [exp(i27a)] =
[exp(i27th)] in Uy(A)/CU(A) by Lemma 2.6(2).

Since A is a unital simple C*algebra and C is o-unital, it follows from the
proof of Theorem 4.9 that pc (b) € pc (Ko(C)). Therefore, by assumption, there
are projections p1, p2,..., Pk,»41,42, - - -, 4k, € C such that

k1

k>
() - (Zr(p»— Zr@,-))
=1

i=1

sup <M.

teT(C)

Putd =Y i1, pi— Y ¥2 q; and f = b —d. Then exp(i2rd) € CU(A) by (2-3)
and [exp(i27 f)] = [exp(i27b] € Up(A)/ CU(A). Moreover, from

inf{|| f — x|l | x € Co} = sup{|z(f)| |t e T(C)} < M
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(see the proof of [Th, Lemma 3.1]), there are fy € Co and f1 € C, with || f1|| < M
such that f = f1 + fo. By Lemma 2.6(1), exp(i27 fo) € CU(A). Since f1 € Cs,,
by (4-12), fori = 1,2,..., N there are g; € Her ¢; with

(4-13) lgill = ll/1l/N and 7(gi) =t(f1/N) forall r € T(A).

Set g =Y "_; g € A. Then, by (4-13),

(4-14) |lexp(i2mg)—14|| <M/N <€ and Zl(exp(i27rf) exp(—i2mg))=0.
Soexp(i2n f) exp(—i2mg) € CU(A) and consequently dist(e’2"%, CU(A)) <e. O

Bruce Blackadar [1981] constructed three examples of unital simple separable
nuclear C*-algebras A, Aa, Ay with no nontrivial projections. By [Blackadar 1981,
Theorem 4.9], Ko(A) = Z with a unique tracial state. It follows from Theorem 4.2(4)
that Dur A = 1. We turn to his examples A and Ag, which may have rich tracial
spaces. It should be also noted that, as Blackadar showed, when A is not trivial
(for example), Mz (A ) has a projection p with t(p) =1 forall t € T(Aa). In
particular, this implies that

Py, (Ko(Ap)) # pan (Ko(Ap))-

However, Dur Ao = 1 as shown below. It follows that there is a unitary u € C ,
where C = Cy((0, 1), A), which represents a projection g with 7(g) = 1 for all
T E T(A A)-

Proposition 4.13. Let B be a unital AF-algebra and o an automorphism of B. Put
My ={f €C([0,1],B) | f(1) =0(f(0))}. Then Dur My = 1.

Proof. Clearly, T(My) # @. From the exact sequence of C*-algebras
0— Co((0,1), B) — My — B — 0,
we obtain the exact sequence of C*algebras
(4-15) 0—> Co((0,1) xS, By — C(S', My) — C(S!, B) —> 0.
Since B is an AF-algebra, it follows from [Nistor 1986, Corollary 2.11] that
cst(C(SY, B)) = csr(C(SY)) =2,
esr(Co((0,1) x ST, B)) = esr(Co((0, 1) x S1)) =2,

and consequently, applying [Nagy 1987, Lemma 2] to (4-15), we get

est(C(S1, My)) < max{csr(C(S!, B)), csr(Co((0,1) x ST, B))} < 2.
Therefore Dur A = 1 by Theorem 3.10. O
Corollary 4.14. Dur Ap = 1 andDur Ag = 1.
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Proof. Both C*-algebras are of the form lim,—,~ Ay, where each A, =~ M, where
M is as in Proposition 4.13, and thus Dur A, = 1. By Theorem 3.5, Dur Ap =1
and Dur Ay = 1. O

5. C*-algebras with Dur A > 1

In this section, we will present a unital C*algebra C such that DurC = 2. In
particular, we will show that there are C*algebras which satisfy the condition
described in Proposition 3.12.

5.1. We first list some standard facts from elementary topology. We will give a
brief proof of each fact for the reader’s convenience.

Fact 1. Let

B4(0) = {(x1, %2, x3,x4) € R* | Va2 + x2 +x2 +x2 <d).

Let f: Bg(0) x S — §3 = SU(2) be a continuous map which is not surjective.
Then there is a homotopy

F:Bz(0)x S'x[0,1]— S3 =SU(2)

such that F(x,e'?,0) = f(x,e'?), F(x,e'?,s) = f(x.e?) if |x| = d G.e., if
x € 9B;(0)) and g(x,e'?) = F(x,e'?, 1) satisfies

10

g(0.¢"") = F(0.'", 1) = [O X

] esSu@) = S3.

Proof. Assume that f misses a point z € S = SU(2) and that z # [(1) (1)] € SU(2).
Then $3\ {z} is homeomorphic to D3 = {(x, y,z) | x2 + y2 + z2 < 1}, with the
identity matrix mapping to (0, 0, 0). Without loss of generality, we can assume that
f isamap from Bz (0)x S to D3. Let F: B;(0)x S x[0, 1] = D3 be defined by

F(x,e® 5)= f(x.e'®) max{l —s.||x||/d}.
which satisfies the condition. O

Fact2. Let f,g:S*x S! — SU(n) C U(n) = Uy, (C) (where n > 2) be continuous
maps. If [ is homotopic to g in U(n), then they are also homotopic in SU(n).

Proof. This follows from the fact that there is a continuous map 7 : U(n) — SU(n)
with w oi = id |gy(,), Where i : SU(n) — U(n) is inclusion. O
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Fact 3. Let £ € S* be the north pole. Suppose that f,g: S*x S! — SU(n) are two
continuous maps such that

fE e =1, =g %)
forall e'? € S, If f and g are homotopic in SU(n), then there is a homotopy
F:8*xS!'x][0,1] - SU(n)

such that F(x,e'?,0) = f(x,e'?), F(x,e!? 1) =g(x,e!?) forall x e $*, ¢!% € S!
and F(£,e'% 1) = 1, for all ¢'? € S.

Proof. Let G : S* x S x [0, 1] — SU(n) be a homotopy between f and g. That is,
G(-,-,0)= fand G(-,-,1)=g. Let F: S*x S x[0, 1] — SU(n) be defined by

F(x,e'? 1) = G(x,e'?, 1) (G, 9, 1)) .
Then F satisfies the condition. O

5.2. We will describe the projection P € M4(C(S#)) of rank two which represents
the class of (2,1) € Z@ Z = Ko(C(S*)) as follows: One can regard S* as the
quotient space D*/dD*, where

D*={(z,w) e C?| |z + |w|* < 1}.
It is standard to construct a unitary
o : D* — Us(C) = U(M4(C))

such that «(0) = 14 and such that, for any (z, w) € dD* (i.e., |z|> + |w|?> = 1),

zw 0 O
_|lmwz 0 0fal|B(zw) 0
aEZw)i=1 0 0 5y _[ 0 Bz,w)*|
00w z
where B(z,w) = [_é lg], for (z,w) € dD* = S3, represents the generator of

K1(C(S?)). Define P : S* — U4(C) by

P(z,w) 2 a(z,w) [(1)2 gi] a*(z,w).

Note that « is not defined as a function from S* = D*/9D* to U(4), but P is, since

I 02

P(z,w)= |:02 02] for all (z,w) € dD*

and dD* is identified with the north pole £ € S*. Hence P(£) = [(l)i gi].
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5.3. In the rest of the paper, for a compact metric space X with a given base
point and a C*algebra A4, by Co(X, A) we mean the C*-algebra of the continuous
functions from X to A which vanish at the base point (and Co (X, C) will be denoted
by Co(X)). (Most spaces we used here have an obvious base point, which we will
not mention afterward.) Let A = Co(S!, PM4sC(S*)P). Let A be the unitization
of A. Let B = Co(S', C(S*)). Since 4 is a corner of M4(B) and B is a corner
of M, (A) (note that a trivial projection of rank 1 is equivalent to a subprojection
of P & P), A is stably isomorphic to B. Let B be a unitization of B. Then
B=C(S*xS') and

Ki(A) = K{(A)=K\(B)~K|(B)~7&7Z.
5.4. For aunitary u € M4(C(S*xS1)), in the identification of [u] € K1 (C(S*xS1))
with Z @ Z, the first component corresponds to the winding number of

Sles §4x st &, sl ¢,

that is, the winding number of the map
e — det u(g, eie),

where £ is the north pole of S*#. Hence, if u : S* x S! — SU(n), then the first
component of [u] € K1 (C(S*x S')) = Z & 7 is automatically zero.

Lemma 5.5. Letu : S* x S1 — SU(2). Then u € Ma(C(S* x S1)) represents the
zero element in K1(C(S*x S1)). In other words, ifu € SU,(S* x S1) represents
a nonzero element in K-theory, then n > 3.

Proof. Let f:S*xS! — S° be the standard quotient map sending {£}xSTUS*x{1}
to a single point. Consider u : S% x ST — SU(2). Without loss of generality, assume
u(g, 1) =12 € SU(2). Then u|gayqy - S§* - SU(2) = S3 represents an element in
74(S3) = 7/27. Therefore u2|S4X{1} : 8% — SU(2) = S3 is homotopically trivial,
with (£,1) € S* x S! as a fixed point. Evidently, u2|{§}xsl ST §3=8SU(2) is
homotopically trivial with (£, 1) € §% x S! as a fixed point. Consequently

U |saxqyuigxst - ST X{IJU{E} x ST > 83

is homotopically trivial with (£,1) € $* x S! as a fixed base point. There is a
homotopy

F:(S*x{1}u{e}xSHx[0,1]— S3
with F(~ ,()) = u2|S4X{1}U{§-}X51 and

F(x,1) =1, forall xeS*x{1}U{} xS
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The following is a well-known easy fact: For any relative CW complex (X, Y)
(Y C X), any continuous map ¥ x I U X x {0} — Z (where Z is any other CW
complex) can be extended to a continuous map X x I — Z.

Hence, there is a homotopy G : (S* x S1) x [0, 1] — §3 with G(-,0) = u?, and
Glsaxryugeyxsixo,1] = F- Letv: S4xS§1 - SU(2) be defined by v(x) = G(x, 1);
then [v] = [u?] € K1 (C(S*x S1)) and v maps S* x {1} U{£} x S to 1, € SU(2).
Consequently, v passes to a map

v1: ST 2 S S1/Stx {11 UErx ST —> §3 =SU(2)

and represents an element in 75(S 3)=7/27. Hence v% : S° — §3 is homotopically

trivial, and therefore v?2 is as well. So we have

4lu] =2 =2[v] = [v?] =0 € K (C(S* x S1)),
which implies [u] =0 € K1(C(S* x S1)). O

Remark 5.6. In the proof of Lemma 5.5, we in fact proved the following fact:
Forany u: §*xS! — SU(2), the map u*: S*x S — SU(2) is homotopically trivial.

5.7. Note that P € M4(C(5#)) can be regarded as a projection in M4 (C (S x S1)),
still denoted by P, i.e., for fixed x € S4, P(x,-) is a constant projection along the
S1 direction. Then

(5-D)  Ki(4) = Ki(d) = K (C(S* x 1)) = K1 (PM4(C(5* x S1) P),
where A = Co(S!, PM4(C(S*))P) is defined in Section 5.2. Let

E={(u):teS*xS!, ueMy(C) with P(x)uP(x)=u,u*u=uu*=P(x)},
SE ={(,u)e€ E :det(P(x)uP(x)+ (14— P(x)) = 1}.

Then E — S*x S! and SE — S*x S are fiber bundles with fibers U(2) and SU(2),
respectively. Also the unitaries in PM4(C(S* x S1)) P correspond bijectively to
the cross-sections of a bundle E — S* x 1. For this reason, we will call a unitary
(of PM4(C(S*xS1)) P) with determinant 1 everywhere a cross-section of a bundle
SE — S*x S,

Theorem 5.8. Ifu € PM4(C(S* x SY)) P has determinant 1 everywhere, i.e., if u
is a cross-section of SE — S* x S, then [u] =0 in K{(PM4(C(S* x S1)) P).

Proof. Note that SE — S% x S is a smooth fiber bundle over the smooth manifold
S4 x S1. By a standard result in differential topology, u is homotopic to a C*°-
section. Without loss of generality, we may assume that u itself is smooth. Identify
the north pole £ € S* with 0 € R* and a neighborhood of & with B¢(0) C R* for
€ > 0. Since B¢(0) is contractible, SE|p_(g)xs! is a trivial bundle. Note that the
projection P € M4(C(S*x S1)) is constant along S, hence SE =~ SE|gaxg1yX S!
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and SE|p_0)xs1 = SE|p.(0)x{1} X S1; in other words, the fiber is constant along
St and SE|p, (0)x{1} 1s trivial and isomorphic to (B¢(0) x {1}) x SU(2). There is
a smooth bundle isomorphism

(5-2) y 1 SE|p_yxs1 — (Be(0) x S') x SU(2).

Then
youlp (oyxst : Be(0) x ST — (Bc(0) x S1) x SU(2)

is a smooth map with

mro(you)lp.oyxst =1idp (o)xs1>

where 71 : (Be(0) x S1) x SU(2) — Bc(0) x S! is the projection onto the first
coordinate. Define ¢ = 72 o (y ou|p_(gyxs1), Where 72 : (B¢ (0) x SHxSUQ2) —
SU(2) is the projection onto the second coordinate. Since ¢ is smooth, @[z, g1 18
not onto SU(2) (note dim(SU(2)) = 3 and dim(S') = 1). Therefore, if € is small
enough, @|p_(g)xs! is not onto. By Fact 1 of Section 5.1, ¢ is homotopic to a
constant map ¢ : Be(0) x ST — SU(2) with
1 10
(5-3) n({§ixS) = [0 1] and  ¢lp (0)xs1 = P1laB. (0)xs!-

via a homotopy F : (B¢(0) x S1) x [0, 1] — SU(2) with F(x, e'?, ) constant with
respect to ¢ if x € dB¢(0).
Let uy : Be(0) x S — SE be the cross-section defined by

ui(x, %) =y (x.e'%). $1(x. ') € SE.
Then u(x, e'?) =u(x, e'?) if x € dBc(0). We can extend u; to S*x S by defining
uy(x, eie) = u(x,eie) if (x, eie) ¢ Bc(0)x St
Hence u is a section of SE with

ui(€,e'?) = [(1)2 82] = P(¢) forall ¢ e St

Moreover, 1 is homotopic to u by a homotopy that is constant on (S*\ B¢(0)) x S'!
(on which u; = u) and that agrees with F on B¢(0) x S'. Hence [u] = [ui] €
K1(PM4(C(S* x S1))P). Recall that S* is obtained from

D*={(z,w) € C* | |z]* + |w]* < 1}
by identifying
D* ={(z,w)eC?||zP+ |w*=1}
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with the north pole £ € S*. Recall that P € M4(C(S*)) (viewed as a projection in
M4(C(S* x S1)) constant along the S direction) is defined as

12 02

P(z,w)=a(z,w) [02 0y

}a*(z, w),

where a(z, w) is defined as in Section 5.2.
Define

v(z,w, eio) =a*(z,w)u1(z, w, eie)a(z, w).

Then we have that

1) v(z, w,eie) = 12 0, for all (z, w) € dD*,
02 02

and therefore v can be regarded as a map from S* x S to M4(C). Moreover,

. 1 o T1 4
(i) v(z,w,e'%) = |:02 82] v(z,w,e'?) [02 82] for all (z,w,e'?)es*xS!.
2 02 2 02

By considering the upper-left corner of v (still denoted by v), we obtain a unitary
v:8%xS! - SU(2). By Lemma 5.5 and Remark 5.6, v* is homotopically trivial.
Furthermore, by Fact 3 of Section 5.1, there is a homotopy F : $* x S! x [0, 1] —
SU(2) such that

(iii) F(z,w,ei9,0)=v4(z,w,ei9) for all (z,w)€S4,ei9 est,
(iv) FE % =1, for all ¢'? € ST,
) F(Z,w,eig,l): 1, for all (Z,w)eS4,ei'9 est.

Define G : D% x S1 x [0, 1] = M4(C) by

F(z,w,eie,t) 0,

i0 _
Gz, w,e'”,t) =a(z,w) |: 0, 0,

] a*(z,w).
Then, by (iv), for (z, w) € dD* we have

i9 _ |12 02
G(z,w,e'”,t)= [02 02].

Hence G defines a map (still denoted by G) from S* x S x [0, 1] — M4(C).
Furthermore G (z, w, ¢'?, 1) € P(z, w)M4(C)P(z, w), and

, 4
G(z,w,e'?,0)=a(z,w) v" 02 a*(z,w) = uf.
0, 0o
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That is, G defines a homotopy between u{ and the unit P € P (M4(C(S*x S1))) P.
Consequently [u7] = 0 and [u1] = 0 € K1 (P (Ms(C(S* x S1))) P). Moreover,
U] =0 e K{(C(S*x S1)), as desired. O

5.9. We identify P(M4(C(S4 X Sl)))P as a corner of M4(C(S* x S1)); then
K (P(M4(C(S4 X Sl)))P) is isomorphic to K1 (C(S* x S1)) = Z @ Z naturally.
Leta € P(M4(C(S4 X Sl)))P be defined by

a(x,eig) = eieP(x).

On the other hand, a could also be regarded as a unitary in M4(C(S* x S1)) as

a(x,e’?) = P(x)+ (14— P(x)). Then[a] = (2,1) e ZHZ = K1 (C(S*x S1)),

since [a] is the image of [P] € Ko(C(S*)) under the exponential map
K1(C(8*) — K1(Co(S', C(5%))),

and [P]=(2,1) € Ko(C(S*) = Z @ Z.

Theorem 5.10. No element (1,k) € K1(C(S* x S1)) can be realized by a unitary
b e PM4(C(S*x SH)P.

Proof. We argue by contradiction. Assume b € PM4(C(S* x S1))P satisfies
[b] = (1,k) € K1(PM4(C(S* x S1)P)). Without loss of generality, we assume
that b(¢,1) = P. Then

[b2a*] = (0,2k — 1) € K1(PM4(C(S* x S1)) P).
In particular, the map
. 2 % i6
0 gor [P@)(b a*)ECHPE) 0 }
0 14 - P(S) 8x8
has winding number 0. That is, it is homotopically trivial. Hence
6y N P(€)(b*a*)(x,e'%) P (§) 0 ]
x,e'?) s det [
( ) 0 14 - P(S) 8x8

definesamap /: S*xS! — S such that 1, : 11 (S*xS1) — 71 (S1!) is the zero map.
Hence there is a lifting h:S*xS! - R with h(x,e'?) = exp(i};(x, e'%)). Define
a unitary by € PM4(C(S*x S1))P by by(x,e'?) = exp(i%};(x, ¢'%)) P(x). Then
[b1]=0€ K1 (C(S*xS1)), and b2a*bF € U(PM4C(S*xS!) P) has determinant 1
everywhere. By Theorem 5.8, [b%a*b}] =0¢€ K{(C(S*x S1)). On the other hand,

[b2a*b] = [b%a*] = (0,2k —1) #0 € K1 (C(S* x §1)),
which is a contradiction. O

Remark 5.11. Similarly, we can show that for any unitary u € PM4(C(S*xS1)) P,
[u] =I[a] = (21,1) € K1(C(S* x S1)) for some | € Z.
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Corollary 5.12. Let A = Co(S!, PC(S*)P), and let A be the unitization of A.
Then there is no unitary u € A such that [u] = (1,k) € K1(A). In particular, no
unitary u can correspond to a rank-1 projection in M4(C(S*)).

Proof. Note that we may view P as a projection in M4(C(S* x S1)) which is
constant along the direction of § 1 (Section 5.7). So we may view A as a unital C*
subalgebra of PMy4(C(S*x S1))P. Thus, by the identification (5-1), Theorem 5.10
applies. O

Theorem 5.13. Let A = PM4(C(S*))P. Then Dur A = 2.

Proof. There is a projection e € M»(A) which is unitarily equivalent to a rank-1 pro-
jection in Mg(C(S*#)) corresponding to (1, 0) € Ko(C(S*)). Let C = Cy((0, 1), A).
By Corollary 5.12, there is no unitary in C which represents a rank-1 projection. It

follows from Proposition 3.12 that Dur A > 1.
However, since pc (Ko(M2(C))) = 3Z and M(C) contains a rank-1 projection
(with trace %), by Proposition 3.6(3), Dur(M,(C)) = 1. It follows that Dur C = 2.
O
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