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DETERMINANT RANK OF C �-ALGEBRAS

GUIHUA GONG, HUAXIN LIN AND YIFENG XUE

Dedicated to George A. Elliott on his seventieth birthday

Let A be a unital C �-algebra and let U0.A/ be the group of unitaries of
A which are path-connected to the identity. Denote by CU.A/ the clo-
sure of the commutator subgroup of U0.A/. Let i

.1;n/

A
W U0.A/=CU.A/ !

U0.Mn.A//=CU.Mn.A// be the homomorphism defined by sending u to
diag.u; 1n�1/. We study the problem of when the map i

.1;n/

A
is an isomor-

phism for all n. We show that it is always surjective and that it is injective
when A has stable rank one. It is also injective when A is a unital C�-algebra
of real rank zero, or A has no tracial state. We prove that the map is an
isomorphism when A is Villadsen’s simple AH-algebra of stable rank k > 1.
We also prove that the map is an isomorphism for all Blackadar’s unital
projectionless separable simple C �-algebras. Let A D Mn.C.X//, where X

is any compact metric space. We note that the map i
.1;n/

A
is an isomorphism

for all n. As a consequence, the map i
.1;n/

A
is always an isomorphism for any

unital C�-algebra A that is an inductive limit of the finite direct sum of C �-
algebras of the form Mn.C.X// as above. Nevertheless we show that there
is a unital C �-algebra A such that i

.1;2/

A
is not an isomorphism.

1. Introduction

Let A be a unital C�-algebra and let U.A/ be the unitary group. Denote by U0.A/
the normal subgroup which is the connected component of U.A/ containing the
identity ofA. Denote byDU.A/ the commutator subgroup ofU0.A/ and byCU.A/
the closure ofDU.A/. We will study the groupU0.A/=CU.A/. Recently this group
has become an important invariant for the structure of C�-algebras. It plays an
important role in the classification of C�-algebras (see [Elliott and Gong 1996;
Nielsen and Thomsen 1996; Elliott 1997; Thomsen 1997; Gong 2002; Elliott et al.
2007; Lin 2007; 2011; Gong et al. 2015], for example). It was shown in [Lin 2007]
that the map U0.A/=CU.A/! U0.Mn.A//=CU.Mn.A// is an isomorphism for
all n� 1 if A is a unital simple C�-algebra of tracial rank at most one (see also [Lin
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2010b, Corollary 3.5]). In general, whenA has stable rank k, it was shown by Rieffel
[1987] that the map U.Mk.A//=U0.Mk.A//! U.MkCm.A//=U0.MkCm.A// is
an isomorphism for all integers m � 1. In this case U.Mk.A//=U0.Mk.A// D

K1.A/. This fact plays an important role in the study of the structure of C�-
algebras, in particular those C�-algebras of stable rank one, since it simplifies
computations when K-theory involved. Therefore it seems natural to ask when
the map i .1;n/A WU0.A/=CU.A/!U0.Mn.A//=CU.Mn.A// is an isomorphism. It
will also greatly simplify our understanding and usage of the group when i .1;n/A

is an isomorphism for all n. The main tool to study U0.Mn.A//=CU.Mn.A//

is the de la Harpe–Skandalis determinant, studied early by K. Thomsen [1995]
(henceforth abbreviated [Th]), which involves the tracial state space T .A/ of A.
On the other hand, we observe that when T .A/D∅, U0.A/=CU.A/D f0g. So we
focus our attention on the case T .A/ 6D∅. One of the authors was asked repeatedly
if the map i .1;n/A is an isomorphism when A has stable rank one.

It turns out that it is easy to see that the map i .1;n/A is always surjective for all n.
Therefore the issue is when i .1;n/A is injective.

Definition 1.1. Let A be a unital C�-algebra. Consider the homomorphism

i
.m;n/
A WU0.Mm.A//=CU.Mm.A//! U0.Mn.A//=CU.Mn.A//

(induced by u 7! diag.u; 1n�m/) for integers n � m � 1. The determinant rank
of A is defined to be

DurADminfm 2 N j i
.m;n/
A is isomorphism for all n > mg:

If no such integer exists, we set DurAD1.

We show that if A D limn!1An, then DurA � supn�1fDurAng. We prove
that DurAD 1 for all C�-algebras of stable rank one, which answers the question
mentioned above. We also show that DurAD1 for any unitalC�-algebraAwith real
rank zero. A closely related and repeatedly used fact is that the map u!uC.1�e/

is an isomorphism from U.eAe/=CU.eAe/ onto U.A/=CU.A/ when A is a unital
simple C�-algebra of tracial rank at most one and e 2 A is a projection (see [Lin
2007, Theorem 6.7; 2010b, Theorem 3.4]). We show in this note that this holds for
any simple C�-algebra of stable rank one.

Given Rieffel’s early result mentioned above, one might be led to think that, when
A has higher stable rank, or at least when AD C.X/ for higher-dimensional finite
CW complexes, DurA is perhaps large. On the other hand it was suggested (see [Th,
Section 3]) that DurAD 1 may hold for most unital simple separable C�-algebras.
We found out, somewhat surprisingly, that the determinant rank of Mn.C.X// is
always 1 for any compact metric space X and for any integer n� 1. This, together
with previous mentioned result, shows that if AD limn!1An, where An is a finite
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direct sum of C�-algebras of the form Mn.C.X//, then DurAD 1. Furthermore,
we found out that DurAD 1 for all of Villadsen’s examples of unital simple AH-
algebras A with higher stable rank. This research suggests that when A has an
abundant amount of projections then DurA is likely to be 1 (see Proposition 3.6(3)).
In fact, we prove that if A is a unital simple AH-algebra with property (SP), then
DurAD 1. On the other hand, however, we show that if A is a unital projectionless
simple C�-algebra and �A.K0.A// D Z, then DurA D 1. Furthermore, if A is
one of Blackadar’s examples of unital projectionless simple separable C�-algebras
with infinite many extremal tracial states, then DurAD 1. Indeed, it seems that it
is difficult to find any example of unital separable simple C�-algebras for which
DurA is larger than 1. Nevertheless Proposition 3.12 below provides a necessary
condition for DurAD 1. In fact, we find that a certain unital separable C�-algebra
violates this condition, which, in turn, provides an example of a unital separable
C�-algebra A such that DurA > 1.

2. Preliminaries

In this section, we list some notation and basic known facts for convenience, many
of which are taken from [Th] and other sources.

Definition 2.1. Let A be a C�-algebra. Denote by Mn.A/ the n�n matrix algebra
of over A. If A is not unital, we will use zA, the unitization of A, so suppose that A
is unital. For u in U0.A/, let Œu� be the class of u in U0.A/=CU.A/.

We view An as the set of all n� 1 matrices over A. Set

Sn.A/D

�
.a1; : : : ; an/

T
2 An

ˇ̌̌ nX
iD1

a�i ai D 1

�
;

Lgn.A/D
�
.a1; : : : ; an/

T
2 An

ˇ̌̌ nX
iD1

biai D 1 for some b1; : : : ; bn 2 A
�
:

According to [Rieffel 1983; 1987], the topological stable rank and the connected
stable rank of A are defined as

tsrADminfn 2 N j Lgm.A/ is dense in Am for all m� ng

csrADminfn 2 N j U0.Mm.A// acts transitively on Sm.A/ for all m� ng:

If no such integer exists, we set tsrAD1 and csrAD1. These notions are very
useful tools in computing K-groups of C�-algebras (see, e.g., [Rieffel 1987; Xue
2000; 2001; 2010]).

Definition 2.2. Let A be a C�-algebra. Denote by Asa (resp. AC) the set of all
self-adjoint (resp. positive) elements in A. Denote by T .A/ the tracial state space
of A. Let � 2 T .A/. We will also use the notation � for the unnormalized trace
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� ˝Trn on Mn.A/, where Trn is the standard trace for Mn.C/. Every tracial state
on Mn.A/ has the form .1=n/� .

Definition 2.3. For a; b 2 A, set Œa; b�D ab� ba. Furthermore, set

ŒA;A�D

� nX
jD1

Œaj ; bj �
ˇ̌̌
aj ; bj 2 A; j D 1; : : : ; n; n� 1

�
:

Now, let A0 denote the subset of Asa consisting of elements of the form x�y for
x; y 2Asa with xD

P1
jD1 cj c

�
j and yD

P1
jD1 c

�
j cj (convergent in norm) for some

sequence fcj g in A. By [Cuntz and Pedersen 1979], A0 is a closed subspace of Asa.

Proposition 2.4 [Cuntz and Pedersen 1979; Thomsen 1995, Section 3]. Let A be a
C�-algebra with unit 1. The following statements are equivalent:

(1) A0 D Asa.

(2) 1 2 A0.

(3) T .A/D∅.

(4) AD ŒA;A�.

(5) Asa D spanfŒa�; a� j a 2 Ag.

Proof. .1/D) .2/ is obvious.

.2/D) .3/. If T .A/ 6D∅, then there is a tracial state � on A. Since 12A0, it follows
that there is a sequence faj g inA such that bD

P1
jD1 a

�
j aj and cD

P1
jD1 aja

�
j are

convergent in A and 1D b � c. Thus, �.b/D
P1
jD1 �.a

�
j aj /D �.c/ and �.1/D

�.b� c/D 0, a contradiction since �.1/D 1.

.3/D) .1/. This follows from the proof of [Th, Lemma 3.1].

.4/ () .5/. Let a; b 2 A and write a D a1 C ia2 and b D b1 C ib2, where
a1; a2; b1; b2 2 Asa. Then

(2-1) Œa; b�D Œa1; b1�� Œa2; b2�C i Œa2; b1�C i Œa1; b2�:

Put c1 D a1C ib1, c2 D a2C ib2, c3 D a2C ib1 and c4 D a1C ib2. Then, from
(2-1), we get that

(2-2) Œa; b�D
1

2i
Œc�1 ; c1��

1

2i
Œc�2 ; c2�C

1

2
Œc�3 ; c3�C

1

2
Œc�4 ; c4�:

So, by (2-2), (4) and (5) are equivalent.

.5/D) .1/. Let x2spanfŒa�; a� ja2Ag. Then there are elements a1; : : : ; ak 2A and
positive numbers �1; : : : ;�k such that xD

Pj
iD1�i Œa

�
i ; ai ��

Pk
iDjC1�i Œa

�
i ; ai �

for some j 2 f1; : : : ; kg. Put ci D
p
�i ai , i D 1; : : : ; j and c�i D

p
�i a

�
i when
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i D j C 1; : : : ; k. Then x D
Pk
iD1 c

�
i ci �

Pk
iD1 cic

�
i 2 A0. Since A0 is closed,

we get that
Asa D spanfŒa�; a� j a 2 Ag � A0 D A0 � Asa:

.1/ D) .5/. According to the definition of A0, every element x 2 A0 has the
form x D x1 � x2, where x1 D

P1
iD1 z

�
i zi and x2 D

P1
iD1 ziz

�
i . Thus, x 2

spanfŒa�; a� j a 2 Ag and hence Asa D spanfŒa�; a� j a 2 Ag. �

Combining Proposition 2.4 with Definition 2.2, we have:

Corollary 2.5. Let A be a unital C�-algebra with A0 D Asa. Then .Mn.A//0 D

.Mn.A//sa.

Let a; b 2 Asa. Then, for any n� 1,

exp.ia/ exp.ib/
�

exp
�
�i
a

n

�
exp

�
�i
b

n

��n
2DU.A/

and exp.�i.aCb//D limn!1.exp.�ia=n/ exp.�ib=n//n by the Trotter product
formula [Masani 1981, Theorem 2.2]. So exp.ia/ exp.ib/ exp.�i.aCb//2CU.A/.
Consequently,

(2-3) Œexp.ia/�Œexp.ib/�D Œexp.i.aC b//� in U0.A/=CU.A/:

The following is taken from the proof of [Th, Lemma 3.1].

Lemma 2.6. Let a 2 Asa.

(1) If a 2 A0, then Œexp.ia/�D 0 in U0.A/=CU.A/;

(2) If T .A/ 6D∅ and �.a/D �.b/ for all � 2T .A/, then a�b2A0 and Œexp.ia/�D
Œexp.ib/� in U0.A/=CU.A/.

Combining Lemma 2.6(1) with Corollary 2.5, we have

Corollary 2.7. If T .A/D∅, then U0.Mn.A//D CU.Mn.A// for n� 1.

Definition 2.8. Let A be a unital C�-algebra with T .A/ 6D∅. Let PU n0 .A/ denote
the set of all piecewise smooth maps � W Œ0; 1�!U0.Mn.A// with �.0/D 1n, where
1n is the unit of Mn.A/. For � 2 T .A/, the de la Harpe–Skandalis function �n� on
PU n0 .A/ is given by

�n� .�.t//D
1

2�i

Z 1

0

�.� 0.t/.�.t//�/ dt for all � 2 PU n0 .A/:

Note that we use an unnormalized trace � D � ˝ Trn on Mn.A/. This gives a
homomorphism �n WPU n0 .A/!Aff.T .A//, the space of all real affine continuous
functions on T .A/.

We list some properties of �n� . � /:
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Lemma 2.9 [de la Harpe and Skandalis 1984, Lemmas 1 and 3]. Let A be a unital
C�-algebra with T .A/ 6D∅. Let �1; �2; � 2 PU n0 .A/. Then:

(1) �n� .�1.t//D�
n
� .�2.t// for all � 2 T .A/, if �1.1/D �2.1/ and

�1�
�
2 2 U0.

H.C0.S1;Mn.A///:

(2) There are y1; : : : ; yk 2 Mn.A/sa such that �n� .�.t// D
kP

jD1

�.yj / for all
� 2 T .A/ and �.1/D exp.i2�y1/ � � � exp.i2�yk/.

Definition 2.10. Let A be a C�-algebra with T .A/ 6D∅. Let Aff.T .A// be the set
of all real continuous affine functions on T .A/. Define �A WK0.A/!Aff.T .A// by

�A.Œp�/.�/D �.p/ for all � 2 T .A/;

where p 2Mn.A/ is a projection.
Define Pn.A/ to be the subgroup of K0.A/ generated by projections in Mn.A/.

Denote by �nA.K0.A// the subgroup �A.Pn.A// of �A.K0.A//. In particular,
�1A.K0.A// is the subgroup of �A.K0.A// generated by the images of projections
in A under the map �A.

Definition 2.11. Let A be a unital C�-algebra. Denote by LU n0 .A/ the set of
piecewise smooth loops in

U.GC0.S1;Mn.A///:

Then, by Bott periodicity, �n.LU n0 .A//� �A.K0.A//. Denote by

qn W Aff.T .A//! Aff.T .A//=�n.LU n0 .A//

the quotient map. Put�nDqnı�n. Since�n vanishes onLU n0 .A/, we also use�n

for the homomorphism fromU0.Mn.A// into Aff.T .A//=�n.LU n0 .A//. An impor-
tant fact that we will repeatedly use is that the kernel of �n is exactly CU.Mn.A//;

by [Th, Lemma 3.1]. In other words, if u 2 U0.Mn.A// and �n.u/ D 0, then
u 2 CU.Mn.A//.

Corollary 2.12. Let A be a unital C�-algebra and let u 2 U0.Mn.A// for n � 1.
Then there are an a 2 Asa and a v 2 CU.Mn.A// such that

uD diag.exp.i2�a/; 1n�1/v

(in the case nD 1, we define diag.exp.i2�a/; 1n�1/D exp.i2�a//.
Moreover, if there is a u 2 PU n0 .A/ with u.1/D u, we can choose a self-adjoint

element a so that OaD�n.u.t//, where Oa.�/D �.a/ for all � 2 T .A/.
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Proof. Fix a piecewise smooth path u.t/ 2 PU n0 .A/ with u.0/D 1 and u.1/D u.
By Lemma 2.9(2), there are a1; a2; : : : ; am 2Mn.A/sa such that

uD

mY
jD1

exp.i2�aj / and �n� .u.t//D �

mX
jD1

aj for all � 2 T .A/:

Put a0D
nP

jD1

aj . Write a0D .bi;j /n�n. Define aD
nP
iD1

bi;i . Then a2Asa. Moreover,

�n.diag.exp.�i2�a/; 1n�1/u/D 0:

Thus, by [Th, Lemma 3.1], diag.exp.�i2�a/; 1n�1/u 2 CU.Mn.A//. Put v D
diag.exp.�i2�a/; 1n�1/u. Then uD diag.exp.i2�a/; 1n�1/v. �

3. Determinant rank

Let A be a unital C�-algebra. Consider the homomorphism

i
.m;n/
A W U0.Mm.A//=CU.Mm.A//! U0.Mn.A//=CU.Mn.A//

for integers n�m� 1.

Proposition 3.1. Let A be a unital C�-algebra with T .A/ 6D∅. Then

i
.m;n/
A W U0.Mm.A//=CU.Mm.A//! U0.Mn.A//=CU.Mn.A//

is surjective for n�m� 1.

Proof. It suffices to show that i .1;n/A is surjective. Let u 2 U0.Mn.A//. It follows
from Corollary 2.12 that uD diag.exp.i2�a/; 1n�1/v for some a 2 Asa and v 2
CU.Mn.A//. Then i .1;n/A .Œexp.i2�a/�/D Œu�. �

Lemma 3.2. LetA be a unitalC�-algebra with T .A/ 6D∅. Assume u2U0.Mm.A//.

(1) If�n.diag.u.t/; 1n�m/2�n.LU n0 .A// for some n>m, where fu.t/ W t 2 Œ0; 1�g
is a piecewise smooth path with u.0/D 1m and u.1/D u, then, for any � > 0,
there exist a 2Mm.A/sa with kak < �, b 2Mm.A/sa, v 2 CU.Mm.A// and
w 2 LU n0 .A/ such that

(3-1) uD exp.i2�a/ exp.i2�b/v and �.b/D�n� .w.t// for all � 2 T .A/:

(2) If �m.u.t// 2 �A.K0.A// for some u 2 PUm0 .A/ with u.1/D u, then, for any
�>0, there exist a2Mm.A/sa with kak<�, b2Mm.A/sa and v2CU.Mm.A//

such that

(3-2) uD exp.i2�a/ exp.i2�b/v and Ob 2 �A.K0.A//;

where Ob.�/D �.b/ for all � 2 T .A/.
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Proof. Let � > 0. For (1), there is a w 2 LU n0 .A/ such that

(3-3) supfj�n� .u.t//��
n
� .w.t//j W � 2 T .A/g< �=3�:

There is an a1 2Mm.A/sa by Corollary 2.12 such that

(3-4) �.a1/D�
n
� .u.t//��

n
� .w.t// for all � 2 T .A/:

Combining (3-3) with [Cuntz and Pedersen 1979] and the proof of [Th, Lemma 3.1],
we can find a 2Mm.A/sa such that �.a/D �.a1/ for all � 2 T .A/ and kak< �=2� .
There is also a b 2 Asa such that �.b/D��n� .w.t// for all � 2 T .A/. Put

(3-5) v.t/D exp.�i2�bt/ exp.�i2�at/u.t/ for t 2 Œ0; 1�

and vDv.1/. Then�n.v.t//D0. It follows from [Th, Lemma 3.1] that v2CU.A/.
Then uD exp.i2�a/ exp.i2�b/v.

For (2), there are an integer n�m and projections p; q 2Mn.A/ such that (for
a piecewise smooth path fu.t/ W t 2 Œ0; 1�g with u.0/D 1n and u.1/D u)

(3-6) k�m� .u.t//� �.p/C �.q/k< � for all � 2 T .A/:

Let b 2 Mm.A/sa such that �.b/ D �.p/� �.q/ for all � 2 T .A/ (see the proof
above); there is an a 2Mm.A/sa with kak< � such that

(3-7) �.a/D�m� .u.t//� �.p/C �.q/ for all � 2 T .A/:

Let v D u exp.�i2�a/ exp.�i2�b/ and v.t/ D u.t/ exp.�i2�at/ exp.�i2�bt/.
Then �n� .v.t//D 0. It follows from [Th, Lemma 3.1] that v 2 CU.Mm.A//. �

Let A be a unital C�-algebra. Let DurA be defined as in Definition 1.1. It follows
from Corollary 2.7 that if T .A/D∅ then DurAD 1.

Proposition 3.3. Let A be a unital C�-algebra. Then, for any integer n� 1,

Dur.Mn.A//�
jDurA�1

n

k
C 1;

where bxc is the integer part of x.

Proof. Note that n.b.DurA� 1/=ncC 1/� DurA. �

Theorem 3.4. Let A be a unital C�-algebra, and I � A a closed ideal of A such
that the quotient map � W A! A=I induces the surjective map from K0.A/ onto
K0.A=I /. Then Dur.A=I /� DurA.

Proof. Let mD DurA and n > m. Let u 2 U0.Mm.A=I // be a unitary such that
diag.u; 1n�m/ 2 CU.Mn.A=I //. We will show that u 2 CU.Mm.A=I //.
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Let � > 0. By Lemma 3.2, without loss of generality we may assume that there
are a1; b1 2 .Mm.A=I //sa such that

(3-8)
uD exp.i2�a1/ exp.i2�b1/v;

v 2 CU.Mm.A=I //; ka1k< � and �.b1/D �.q1/� �.q2/;

where q1; q2 2MK.A=I / are projections for some largeK �m, for all � 2T .A=I /.
By the assumption, without loss of generality we may assume further that there
are projections p1; p2 2 MK.A/ such that ��.Œp1 � Œp2�/ D Œq1� � Œq2�, where
�� WK0.A/!K0.A=I / is induced by � . Let b2 2 .Mm.A//sa such that �.b2/D
�.p1/��.p2/ for all � 2T .A/. There exists an a2 .Mm.A//sa such that �m.a/Da1,
where �mWMm.A/!Mm.A=I / is the map induced by � . Then, by (3-8),

(3-9) �m.exp.i2�a//�m.exp.i2�b2//u� 2 CU.Mm.A=I //:

Put u1D �m.exp.i2�a//�m.exp.i2�b2//. Let wD exp.i2�b2/. Then �.w/D 0.
Since m D DurA, this implies that w 2 CU.Mm.A//. It follows that �m.w/ 2
CU.Mm.A=I //, which implies by (3-9) that dist

�
u;CU.Mm.A=I //

�
< �. �

Theorem 3.5. Let AD limn!1.An; �n/ be a unital C�-algebra, where each An
is unital. Suppose that DurAn � r for all n. Then DurA� r .

Proof. We write �n1;n2 WAn1!An2 for �n2 ı�n2�1ı� � �ı�n1 and �n1;1 WAn1!A

for the map induced by the inductive limit system. Let u 2 U0.Mr.A// such
that u1 D diag.u; 1n�r/ 2 CU.Mn.A// for some n > r . Let � > 0. There is a
v 2DU.Mn.A// such that

(3-10) ku1� vk<
�

8n
:

Write v D
QK
jD1 vj , where vj D xjyjx

�
j yj and xj ; yj 2 U0.Mn.A// for j D

1; 2; : : : ; K. Choose a large N � 1 such that there are v0 2 U0.Mr.AN // and
x0j ; y

0
j 2 U0.Mn.AN // such that

(3-11) ku��N;1.u
0/k<

�

8nK
and k�N;1.x

0
j /� xj k<

�

8nK

for j D 1; 2; : : : ; K. Then we have by (3-10) and (3-11)

(3-12)




�N;1.u01/� KY

jD1

�N;1.v
0
j /





< �

4n
;

for j D 1; 2; : : : ; K, where u01 D diag.u0; 1n�r/ and v0j D x
0
jy
0
j .x
0
j /
�.y0j /

�. Then
(3-12) implies that there is an N1 >N such that

(3-13)




�N;N1.u01/� KY

jD1

�N;N1.v
0
j /





< �

2n
:
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Put U D �N;N1.u
0/, U1 D diag.U; 1n�r/ and wj D �N;N1.v

0
j /, j D 1; 2; : : : ; K.

Note that �N1;1.U /D�N;1.u
0/. There is an a2 .Mn.AN1//sa (by (3-13)) such that

(3-14) U1 D exp.i2�a/
KY
jD1

wj and kak< 2 arcsin
�

8n
:

There is a b 2 .Mr.AN1//sa such that

(3-15) �.b/D �.a/ for all � 2 T .A/ and kbk< 2n arcsin
�

8n
:

PutW Ddiag.U exp.�i2�b/; 1n�r/; thenW 2CU.Mn.AN1//. Since DurAN1�r ,
we conclude that U exp.�i2�b/ 2 CU.Mr.AN1//. It follows that

�N1;1.U exp.�i2�b// 2 CU.Mr.A//:

However, by (3-10), (3-11), (3-15),

ku��N1;1.U exp.�i2�b//k

� ku��N;1.u
0/kCk�N1;1.U /��N1;1.U exp.�i2�b//k

<
�

8nK
Ck1� exp.�i2��N1;1.b//k<

�

8nK
C �=4 < �:

Therefore, DurA� r . �

Proposition 3.6. Let A be a unital C�-algebra with T .A/ 6D ∅. Let a 2 Asa and
put Oa.�/D �.a/ for all � 2 T .A/.

(1) If exp.2�ia/ 2 CU.A/, then Oa 2 �A.K0.A//.

(2) If u2U0.A/ and for some piecewise smooth path fu.t/ W t 2 Œ0; 1�g with u.0/D
1 and u.1/D u, �1.u.t// 2 �kA.K0.A// for some k � 1, then diag.u; 1k�1/ 2
CU.Mk.A//.

(3) If �1A.K0.A//D �A.K0.A//, then DurAD 1.

Proof. Part (1) follows from [Th].

(2) By applying Corollary 2.12, there exists a v 2 CU.A/ such that

uD exp.i2�a/v and �.a/D�1� .u.t// for all � 2 T .A/:

So for any � 2 .0; 1/, there are projections p1; : : : ; pm1 , q1; : : : ; qm2 2Mk.A/ such
that

(3-16) sup
�ˇ̌̌̌ m1X
jD1

�.pj /�

m2X
jD1

�.qj /� �.a/

ˇ̌̌̌
W � 2 T .A/

�
<

arcsin.�=4/
�

:
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Set b D
m1P
jD1

pj �
m2P
jD1

qj and a0 D diag.a;

.k�1/‚ …„ ƒ
0; 0; : : : ; 0/. Then a0; b 2Mk.A/sa and

j�.a0/� �.b/j<
arcsin.�=4/

k�
for all � 2 T .Mk.A//

by (3-16). Thus, by the proof of [Th, Lemma 3.1], we have

inffka0� b� xk j x 2 .Mk.A//0g

D supfj�.a0� b/j j � 2 T .Mk.A//g �
arcsin.�=4/

k�
:

Choose x0 2 .Mk.A//0 such that ka0� b� x0k< 2 arcsin.�=4/=k� . Put y0 D
a0�b�x0. Then ky0k� 2 arcsin.�=4/=k� . Put u1D diag.u; 1k�1/ exp.�i2�y0/.
Define

w.t/D diag.u.t/; 1k�1/ exp.�i2�y0t /
m1Y
jD1

exp.�i2�pj t /
m2Y
jD1

exp.i2�qj t /

for t 2 Œ0; 1�. Then w.0/D 1, w.1/D u.1/ exp.�i2�y0/D u1 and, moreover,

�k� .w.t//D �.a/� �.y0/�

� m1X
jD1

�.pj /�

m2X
jD1

�.qj /

�
D �.a/� �.a0/C �.b/� �.x0/� �.b/

D �.a/� �.a0/D 0 for all � 2 T .A/:

It follows that w.1/D u1 2 CU.Mk.A//. Then

kdiag.u; 1k�1/�u1k D kexp.i2�y0/� 1kk< �:

(3) Let u 2 U0.A/ such that diag.u; 1n�1/ 2 CU.Mn.A//. Let u.t/ be a piecewise
smooth path with u.0/D 1 and u.1/D u. Then

�1.u.t// 2 �A.K0.A//D �
1
A.K0.A//:

By Part (2), u 2 CU.A/. This implies that DurAD 1. �

Proposition 3.7. Let X be a compact metric space. Then Dur
�
Mn.C.X//

�
D 1 for

all n� 1.

Proof. By Proposition 3.3, it suffices to consider the case AD C.X/. One has

�1A.K0.A//D C.X;Z/D �A.K0.A//:

It follows from Proposition 3.6(3) that DurAD 1. �

Combining Theorem 3.5 with Proposition 3.7, we have:
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Corollary 3.8. LetAD limn!1.An; �n/, whereAmD
Lm.n/
jD1 Mk.n;j /.Xn;j / and

each Xn;j is a compact metric space. Then DurAD 1.

Theorem 3.9. LetA be a unitalC�-algebra with real rank zero. Then �1A.K0.A//D
�A.K0.A// and DurAD 1.

Proof. By Corollary 2.7, we may assume that T .A/ 6D∅: SinceA is of real rank zero,
by [Zhang 1990, Theorem 3.3], for any n�2 and any nonzero projection p2Mn.A/,
there are projections p1; : : : ; pn 2 A such that p � diag.p1; : : : ; pn/ in Mn.A/.
Thus, �.p/ D

Pn
jD1 �.pj / for all � 2 T .A/ and, consequently, �1A.K0.A// D

�A.K0.A//. It follows from Proposition 3.6(3) that DurAD 1. �

Theorem 3.10. Let A be a unital C�-algebra with T .A/ 6D∅. If csr.C.S1; A//�
nC 1 for some n� 1, then DurA� n.

Proof. Let u2U0.Mn.A// such that diag.u; 1k/2CU.MnCk.A// for some integer
k � 1. Let fu.t/ W t 2 Œ0; 1�g be a piecewise smooth path with u.0/ D 1n and
u.1/D u. By [Th], �nCk.diag.u.t/; 1k// 2�nCk.LU

nCk
0 .A//. It follows from

Lemma 3.2(1) that, for any � > 0, there are a; b 2Mn.A/sa and v 2 CU.Mn.A//

with kak< 2 arcsin.�=4/=� such that

(3-17) uD exp.i2�a/ exp.i2�b/v and �.b/D�nCk� .w.t// for all � 2T .A/;

where w 2LU nCk0 .A/. Since csr.C.S1; A//�nC1, by Proposition 2.6 of [Rieffel
1987] there is a w1 2 LU n0 .A/ such that diag.w1; 1nCk/ is homotopy to w. In
particular, �n� .w1.t// D �

nCk
� .w.t// for all � 2 T .A/. Consider the piecewise

smooth path

U.t/D exp.�i2�at/ exp.i2�bt/w�1 .t/; t 2 Œ0; 1�:

Then U.0/D 1n and U.1/D exp.i2�b/. We compute that �n� .U.t//D 0 for all
� 2T .A/. It follows by [Th, Lemma 3.1] that exp.i2�b/2CU.Mn.A//. By (3-17),

Œu�D Œexp.i2�a/� in U0.Mn.A//=CU.Mn.A//;

Therefore dist
�
u;CU.Mn.A//

�
� kexp.i2�a/� 1nk< �. �

Corollary 3.11. Let A be a unital C�-algebra of stable rank one. Then DurAD 1.

Proof. This follows from the inequality csr.C.S1; A// � tsrAC 1 (see [Rieffel
1983, Corollary 8.6]) and Theorem 3.10. �

We end this section with the following:

Proposition 3.12. Let A be a unital C�-algebra. Suppose that there is a projection
p 2M2.A/ such that, for any x 2K0.A/ with �A.x/D �A.Œp�/, no unitary in U. zC/
represents x, where C D C0..0; 1/; A/. Then DurA > 1.
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Proof. There exists an a 2 AC such that �.a/D �A.Œp�/.�/ for all � 2 T .A/. Put
uD exp.i2�a/ and vD diag.u; 1/. Then it follows from Proposition 3.6(2) that v 2
CU.M2.A//. This implies that i .1;2/A .Œu�/D 0. Now we show that u 62CU.A/. Let

w.t/D exp.2i.1� t /�a/ for all t 2 Œ0; 1�:

Then w.0/D u and w.1/D 1A. If u2CU.A/, then, by [Th, Lemma 3.1], there is a
continuous and piecewise smooth path of unitaries � 2 zC , where C DC0..0; 1/; A/,
such that

(3-18) �� .�.t//D �.p/ for all � 2 T .A/:

The Bott map shows that the unitary � is homotopic to a projection loop which
corresponds to some x 2 K0.A/ with �A.x/ D �A.Œp�/, which contradicts the
assumption. �

4. Simple C�-algebras

Let us begin with the following:

Theorem 4.1. Let A be a unital infinite-dimensional simple C�-algebra of real rank
zero with T .A/ 6D∅. Then

�1A.K0.A//D Aff.T .A// and U0.A/D CU.A/:

Proof. Let p 2A be a nonzero projection, let �D n=m with n;m 2N and let � > 0.
Then by Zhang’s half theorem (see [Lin 2010a, Lemma 9.4]), there is a projection
e 2 A such that max�2T.A/ j�.p/�n�.e/j< n�=m. Thus,

max
�2T.A/

j��.p/�m�.e/j< �;

and consequently r�A.p/ 2 �1A.K0.A// for all r 2 R.
Let a2Asa. SinceA has real rank zero, a is a limit of the form

Pk
jD1 �jpj , where

p1; p2; : : : ; pk are mutually orthogonal projections in A and �1; �2; : : : ; �k 2 R.
Therefore Oa 2 �1A.K0.A// by the above argument, where Oa.�/ D �.a/ for all
� 2 T .A/. Since Aff.T .A//D fOa j a 2Asag by [Lin 2007, Theorem 9.3], it follows
from Theorem 3.9 that

Aff.T .A//� �1A.K0.A//D �A.K0.A//� Aff.T .A//;

that is, Aff.T .A//D �1A.K0.A//.
Note that

�1A.K0.A//��
1.LU 10 .A//� �A.K0.A//D �

1
A.K0.A//:
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So �1.LU 10 .A//D �
1
A.K0.A//D Aff.T .A//. Thus, �1 D 0 (see Definition 2.11),

and the assertion follows. �
For unital simple C�-algebras, we have:

Theorem 4.2. Let A be a unital infinite-dimensional simple C�-algebra. Then
DurAD 1 if one of the following holds:

(1) A is not stably finite.

(2) A has stable rank one.

(3) A has real rank zero.

(4) A is projectionless and �A.K0.A//D Z (with �A.Œ1A�/D 1).

(5) A has property (SP) and has a unique tracial state.

Proof. (1) In this case, there is a nonunitary isometry u 2Mk.A/ for some k � 2.
Since Mk.A/ is also simple, every tracial state on Mk.A/ is faithful if T .A/ 6D∅.
This implies that T .A/D∅. The assertion follows from Corollary 2.7.

(2) This follows from Corollary 3.11.

(3) This follows from Theorem 4.1 or Theorem 3.9.

(4) By the assumption, we have �1A.K0.A//D �A.K0.A//DZ. By Proposition 3.6,
DurAD 1.

(5) Let � > 0 and let � 2 T .A/ be the unique tracial state. Let k � 1 be an integer
and p 2 Mk.A/ a projection. Since A has (SP), there is a nonzero projection
q 2 A such that 0 < �.q/ < 1

2
� (see, for example, [Lin 2001, Lemma 3.5.7]).

Then, there is an integer m � 1 such that jm�.q/� �.p/j < �. This implies that
�1A.K0.A//D �A.K0.A//. Therefore, by Proposition 3.6, DurAD 1. �

For a unital simple C�-algebra A, Theorem 4.2 indicates that the only case when
DurA might not be 1 is when A is stably finite and has stable rank greater than 1.
The only example of this that we know so far is given by Villadsen [1999].

However, we have the following:

Theorem 4.3. For each integer n� 1, there is a unital simple AH-algebra A with
tsrAD n such that DurAD 1.

Proof. Fix an integer n > 1. Let A D limk!1.Ak; �k/ be the unital sim-
ple AH-algebra with tsrA D n constructed by Villadsen [1999]. Then A1 D
C.Dn/. The connecting maps �k are “diagonal” maps. More precisely, �k.f /DPn.k/
jD1 f .
k;j /˝ pk;j for all f 2 Ak , where pk;1 is a trivial rank-1 projection,

AkC1 D �k.idAk /M.r.k/.C.Xk//�k.idAk / (for some large r.n/) for some spaces
Xk , and 
k;j W XkC1 ! Xk is a continuous map (these are �1iC1 and some
point evaluations as denoted in [Villadsen 1999, p. 1092]). Clearly A1 contains
a rank-1 projection. Suppose that Ak , as a unital hereditary C �-subalgebra of
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Mr.k/.C.Xk//, contains a rank-1 projection ek (of Mr.k/.C.Xk//). Then, since
.idAk ı
k;1/ ˝ pk;1 � �k.idAk /, we have .idAk ı
k;1/ ˝ pk;1 2 AkC1. Then
ek ı 
k;1˝pk;1 2 AkC1, which is a rank-1 projection.

The above shows every Ak contains a rank-1 projection.
Now let p 2Mm.A/ be a projection. We may assume that there is a projection

q2Mm.Ak0C1/ such that �k0C1;1.q/Dp. Let ek0 2Ak0C1 be a rank-1 projection.
Then there is an integer L� 1 such that L�.ek0/D �.q/ for all � 2 T .Ak0C1/. It
follows that

L�.�k0C1;1.ek0//D �.p/ for all � 2 T .A/:

So �1A.K0.A//D �A.K0.A// and hence DurAD 1 by Proposition 3.6. �

Theorem 4.4. Let A be a unital simple AH-algebra with (SP) property. Then
DurAD 1.

Proof. By Proposition 3.1, it suffices to show that i .1;n/A is injective, and by
Proposition 3.6 it suffices to show that �1A.K0.A//D �A.K0.A//.

Let p be a projection in Mn.A/. Since A is simple, inff�.p/ j � 2T .A/gDd >0.
Given a positive number � < minf1

2
; 1
2
dg. Choose an integer K � 1 such that

1=K < 1
2
�. Since A is a simple unital C�-algebra with (SP), it follows from [Lin

2001, Lemma 3.5.7] that there are mutually orthogonal and mutually equivalent
nonzero projections p1; p2; : : : ; pK 2A such that

PK
jD1 pj � p. We compute that

(4-1) �.p1/ < �=2 and �.p1/ < d=K for all � 2 T .A/:

Since A is simple and unital, there are x1; x2; : : : ; xN 2 A such that

NX
jD1

x�j p1xj D 1A:

Let A D lim
 ��
.Am; �m/, where Am D

Lr.m/
iD1 Pm;jMR.m;j /.C.Xm;j //Pn;j for

each m, Xn;j is a connected finite CW-complex and Pm;j 2MR.m;j /.C.Xm;j // is
a projection. Without loss of generality, we may assume that, there are projections
p01 2Am, p0 2Mn.Am/ and elements y1; y2; : : : ; yN 2Am such that �m;1.p01/D
p1, �m;1.yj /D xj , .�m;1˝ idMn/.p

0/D p and

(4-2)




 NX
jD1

y�j p
0
1yj � 1A





< 1:
Write p01 and p0 as

p01 D p
0
1;1˚p

0
1;2˚ � � �˚p

0
1;r.m/ and p0 D q1˚ q2˚ � � �˚ qr.m/;
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where, for each j D 1; : : : ; r.m/, p01;j 2 Pm;jMR.m;j /.C.Xm;j //Pm;j and qj 2
Mn.Pm;jMR.m;j /.C.Xm;j //Pm;j / are projections. Note that (4-2) implies that
p01;j 6D 0 for j D 1; 2; : : : ; r.m/. Define

r1;j D rankp01;j and rj D rank qj for j D 1; 2; : : : ; r.m/:

Then rj D lj r1;j C sj , where lj ; sj � 0 are integers and sj < r1;j . It follows that

(4-3)
ˇ̌̌̌
t .p0/�

r.m/X
jD1

lj t .p
0
1;j /

ˇ̌̌̌
< t.p01/ for all t 2 T .Am/:

Define q1;j D �m;1.p01;j / for j D 1; : : : ; r.m/. Then each q1;j is a projection
in A. Note that for each � 2 T .A/, � ı�m;1 is a tracial state on Am. So, by (4-3),ˇ̌̌̌

�.p/�

r.m/X
jD1

lj �.q1;j /

ˇ̌̌̌
< �.p1/ < � for all � 2 T .A/:

This implies that �1A.K0.A//D �A.K0.A//. �

Lemma 4.5. Let A be a unital simple C�-algebra with T .A/ 6D ∅, and let a 2
AC n f0g. Then, for any b 2 Asa, there is a c 2 Her a such that b� c 2 A0.

Proof. Since A is simple and unital, there are x1; x2; : : : ; xm 2 A such thatPm
jD1 x

�
j axj D 1A. Set c D

Pm
jD1 a

1=2xj bx
�
j a

1=2. Then c 2 Her a and

�.c/D

mX
jD1

�.a1=2xj bx
�
j a

1=2/D

mX
jD1

�.bx�j axj /D �.b/ for all � 2 T .A/:

It follows from Lemma 2.6(2) that b� c 2 A0. �

A special case of the following can be found in [Lin 2010b, Theorem 3.4]:

Theorem 4.6. Let A be a unital simple C�-algebra and let e 2 A be a nonzero
projection. Consider the map U0.eAe/=CU.eAe/ ! U0.A/=CU.A/ given by
ie.Œu�/D ŒuC.1�e/�. This map is always surjective, and is also injective if tsrAD1.

Proof. To see that ie is surjective, let u 2 U0.A/. Write uD
Qn
kD1 exp.iak/ for

ak 2 Asa, k D 1; 2; : : : ; n. By Lemma 4.5, there are b1; : : : ; bn 2 eAe such that
bk�ak 2A0. Put wD e

Qn
kD1 exp.ibk/. Then w 2U0.eAe/. Set vDwC.1�e/.

Then v D
Qn
kD1 exp.ibk/. Thus, by Lemma 2.6(1),

ie.Œw�/D Œv�D

nX
kD1

Œexp.ibk/�D
nX
kD1

Œexp.iak/�D Œu� in U0.A/=CU.A/;

that is, ie is surjective.
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To see that ie is injective when A has stable rank one, let w 2 U0.eAe/ such
that wC .1� e/ 2 CU.A/. Since A is simple, there are z1; : : : ; zn 2 A such that
1� e D

Pn
jD1 z

�
j ezj . Set

X D

264ez1 0 � � � 0:::
:::
: : :

:::

ezn 0 � � � 0

375 2Mn.A/:

Then

(4-4) diag.1� e;

n�1‚ …„ ƒ
0; : : : ; 0/DX�X; XX� � diag.

n‚ …„ ƒ
e; e; : : : ; e /:

Equation (4-4) indicates that Œ1� e�� nŒe� in K0.A/. Since tsrAD 1, we can find
a projection p 2Ms.A/ for some s � n and a unitary U 2MsC1.A/ such that

(4-5) diag.

n‚ …„ ƒ
e; : : : ; e;

r‚ …„ ƒ
0; : : : ; 0/D U diag.1� e; p/U �;

where r D s�nC 1. Write v D wC .1� e/ as v D
�
w
1�e

�
, and set

W D

�
e

U

�
and QD diag.

n‚ …„ ƒ
e; : : : ; e;

r‚ …„ ƒ
0; : : : ; 0/:

Then W diag.e; 1� e; p/MsC2.A/ diag.e; 1� e; p/W � �MnC1.eAe/˚ 0 and

(4-6) W

�
v

p

�
W � D

�
w

U diag.1� e; p/U �

�
D diag.w;Q/;

by (4-5). Note that diag.v; p/ 2 CU.diag.e; 1� e; p/MsC2.A/ diag.e; 1� e; p//.
So, by (4-6),

diag.w;
n‚ …„ ƒ

e; : : : ; e / 2 CU.MnC1.eAe//:

Since tsr.eAe/D 1, it follows from Theorem 4.2(2) that w 2 CU.eAe/. �

Lemma 4.7. LetC be a nonunitalC�-algebra andBD zC . Assume u1; u2; : : : ; un2
U.Mk.B// for some k � 2. Then, there are unitaries u01; u

0
2; : : : ; u

0
n 2M

k
. zC/ with

�
k
.u0j /D 1k and w; zj ; Nuj 2 U.Mk

.C// for j D 1; : : : ; n such that

nY
jD1

uj D

� nY
jD1

u0j

�
w; with u0j D z

�
j uj Nu

�
j zj for j D 1; : : : ; n;

w D �k

nY
jD1

uj ;
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where �.xC�/D � for all x 2C and � 2C and �k is the induced homomorphism
of � on Mk.B/.

Moreover, if uj 2 U0.Mk.B//, then we may assume that each u0j 2 U0.BMk.C //

for j D 1; : : : ; n.

Proof. Put Nuj D �k.uj / 2 U.Mk.C//. If nD 2, then

u1u2 D u1 Nu
�
1. Nu1u2 Nu

�
1/. Nu1 Nu

�
2 Nu
�
1/. Nu1 Nu2 Nu

�
1 Nu1/

D u1 Nu
�
1. Nu1u2 Nu

�
1/. Nu1 Nu

�
2 Nu
�
1/. Nu1 Nu2/:

Put u01 D u1 Nu
�
1 , u02 D Nu1u2 Nu

�
1 Nu1 Nu

�
2 Nu
�
1 , w1 D Nu1 Nu2, z1 D 1k , z2 D Nu1. Then

�k.u
0
1/D 1k; �k.u

0
2/D �k. Nu1.u2 Nu

�
2/ Nu
�
1/D 1k; w1 D �k.u1u2/:

Thus the lemma holds if nD 2. Suppose that the lemma holds for s. Then

u1u2 � � �ususC1 D .u
0
1u
0
2 � � �u

0
s/wsusC1;

where u0j 2 M
k
. zC/ are unitaries with �

k
.u0j / D 1k and u0j D z

�
j uj Nu

�
j zj , where

zj ; Nuj 2 U.Mk
.C//, j D 1; : : : ; s and ws D �k

Qs
jD1 uj . It follows that

sC1Y
jD1

uj D

� sY
jD1

u0j

�
wsusC1w

�
s .ws Nu

�
sC1w

�
s /.ws NusC1/:

Put u0sC1DwsusC1w
�
s .ws Nu

�
sC1w

�
s /Dws.usC1 Nu

�
sC1/w

�
s , zsC1Dw

�
s andwsC1D

ws NusC1. Then

�s.u
0
sC1/D �k.ws/�.usC1 Nu

�
sC1/�k.w

�
s /D 1k;

wsC1 D ws NusC1 D �k

�� sY
jD1

uj

�
usC1

�
D �k

sC1Y
jD1

uj :

The first part of the lemma follows.
To see the second part, we first assume that uj D exp.iaj / for some aj 2

.Mk.B//sa. Note that Nuj Dexp.i Naj /, where Naj D�k.aj /2 .Mk.C//sa, j D1; : : : ; n.
Consider the path u0j .t/D exp.i taj / exp.�i t Naj / for t 2 Œ0; 1�. Note that, for each
t 2 Œ0; 1� and j D 1; : : : ; n,

�k.exp.i taj / exp.�i t Naj //D exp.i t�k.aj // exp.�i t�k.aj //D 1k :

It follows that u0j .t/ 2BMk.C/ for all t 2 Œ0; 1� and j D 1; : : : ; n. The case that
uj D exp

�Qmj
kD1

.iak/
�

follows from this and what has been proved. �
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Lemma 4.8. Let C be a nonunital C�-algebra and B D zC . Suppose that z D
aba�b�, where a; b 2 U0.Mk.B//. Then z D yw, where y 2 CU.BMk.C // with
�k.y/ D 1k and w 2 CU.Mk.C//. Moreover, if u D

Qn
jD1 zj , where each

zj 2 CU.Mk.B//, then u D yv, where y 2 CU.BMk.C // with �k.y/ D 1k and
v 2 CU.Mk.C//.

Proof. Let Na D �k.a/ and Nb D �k.b/. Then Na; Nb 2 U.Mk.C//. It follows from
Lemma 4.7 that for j D 1; 2 there are aj ; bj 2U0.BMk.C// with �k.aj /D�k.bj /D
1k and zj 2 U.Mk.C// such that

ab D a1b1w1; a1 D a Na
�; b1 D z

�
1b
Nb�z1; w1 D Na

Nb;(4-7)

baD b2a2w2; b2 D b
Nb�; a2 D z

�
2a Na
�z2; w2 D

Nb Na:(4-8)

Set x1 D w1w
�
2z
�
2 and x2 D w1w

�
2z1. Then x1; x2 2 U0.Mk

.C// and

aba�b� D a1b1.w1w
�
2z
�
2 .a Na

�/z2w2w
�
1 /.w1w

�
2 .b
Nb�/w2w

�
1 //w1w

�
2

D a1b1.x1a
�
1x
�
1 /.x

�
2b
�
1x2/w1w

�
2

by (4-7) and (4-8).
Write a1 D

Qm1
jD1 exp.iy1j / and b1 D

Qm2
kD1

exp.iy2k/, where y1j ; y2k 2
.Mk.C //sa, j D 1; : : : ; m1, k D 1; : : : ; m2. Let

y1j D y
C
1j �y

�
1j and y

2k
D yC

2k
�y�2k;

with yC1j ; y
�
1j ; y

C

2k
; y�
2k
2 .Mk.C //C for j D 1; : : : ; m1 and k D 1; : : : ; m2. Set

c1 D

m1X
jD1

.yC1j C x1y
�
1jx
�
1 /C

m2X
kD1

.yC
2k
C x2y

�
2kx
�
2 /;

c2 D

m1X
jD1

.y�1j C x1y
C
1jx
�
1 /C

m2X
kD1

.y�2kC x2y
C

2k
x�2 /;

d1 D

m1X
jD1

.yC1j Cy
�
1j /C

m2X
kD1

.yC
2k
Cy�2k/;

d2 D

m1X
jD1

.y�1j Cy
C
1j /C

m2X
kD1

.y�2kCy
C

2k
/:

Then c1; c2; d1; d22 .M2.C //C and clearly c1�d1; c2�d22 .Mk.C //0. Therefore,
.c1�c2/�.d1�d2/2 .Mk

.C //0. Put yDa1b1.x1a
�
1x
�
1 /.x

�
2b
�
1x2/ andwDw1w

�
2 .

Then y 2 U0.BMk.C // with �k.y/D 1k and w D Na Nb Na� Nb� 2DUk.C/. Moreover,
in U0.BMk.C //=CU.BMk.C //,

Œy�D Œexp.i.c1� c2//�D Œexp.i.d1� d2//�D Œa1�Œb1�Œa�1 �Œb
�
1 �D 0:
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This proves the first part of the lemma. The second part follows. �

Theorem 4.9. Let A be an infinite-dimensional unital simple C�-algebra with
T .A/ 6D∅ such that there is an m� 1, for every hereditary C�-subalgebra C , with
Dur zC �m. Then DurAD 1.

Proof. Let n � 1. By Proposition 3.1, it suffices to show that i .1;n/A is injec-
tive. Let u 2 U0.A/ with diag.u; 1n�1/ 2 CU.Mn.A//. Since A is simple and
infinite-dimensional, we can find nonzero mutually orthogonal positive elements
c1; : : : ; cm 2 A and x1; : : : ; xm 2 A such that

x�j xj D c1 and xjx
�
j D cj ; j D 2; 3; : : : ; m:

Put Her c1 D C and B D zC . Then Her.c1C c2C � � �C cm/ŠMm.C /. Note that
Mm.B/ is not isomorphic to a subalgebra of Mm.A/.

By Lemma 4.5, we may assume, without loss of generality, that uD exp.2�ib/
for some b 2 Csa. Then, by Proposition 3.6(1), Ob 2 �A.K0.A//.

Since A is simple and C is � -unital, it follows from [Brown 1977, Theorem 2.8]
that there is a unitary element W in M.A˝K/ (the multiplier algebra of A˝K)
such that W �.C ˝K/W D A˝K, where K is the C�-algebra consisting of all
compact operators on l2. Note that since A is a unital simple C�-algebra, every
tracial state � on C is the normalization of a tracial state restricted on C . Therefore

(4-9) Ob 2 �A.K0.A//D �B.K0.C //� �B.K0.B//:

Viewing b in Bs:a, consider v D exp.i2�b/ 2 U0.B/ and v.t/ D exp.i2�tb/,
t 2 Œ0; 1�. Then (4-9) implies that �1.v.t// 2 �B.K0.B//. By Lemma 3.2(2), for
any � > 0, there are a 2 Bsa with kak < �, d 2 Bsa with Od 2 �B.K0.B// and
v0 2 CU.B/ such that

(4-10) v D exp.i2�a/ exp.i2�d/v0:

Choose projections p; q 2 Mn.B/ for some n > m such that for all � 2 T .B/,
�.diag.d; 0.n�1/�.n�1///D�.p/��.q/. So diag.exp.i2�d/; 1n�1/2CU.Mn.B//

by Lemma 2.6(2). By assumption, i .m;k/B is injective for all k > m. Therefore, we
have diag.v; 1m�1/ 2 CU.Mm.B// by (4-10).

Let �>0. Then there is a v12DU.Mm.B// such that kdiag.v; 1m�1/�v1k< 1
2
�.

We may write v1 D
Qr
jD1 zj , where zj 2Mm.B/ is a commutator. It follows from

Lemma 4.8 that there are y 2CU.BMm.C //with �m.y/D1m andw2DU.Mm.C//

such that v1 D yw. Noting that w D �m.w/ D �m.v1/ and �.v/ D 1, we have
k1m�wk<

1
2
�. Thus kdiag.v; 1m�1/�yk<�. Set v0Dv�1 and y0Dy�1m. Then

(4-11)
diag.v0; 0.m�1/�.m�1//; y0 2Mm.C /;

kdiag.v0; 0.m�1/�.m�1//�y0k< �:
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By identifying 1mCMm.C /with a unitalC�-subalgebra 1ACHer.c1Cc2C� � �Ccm/
ofA, we get that kexp.i2�b/�yk<� by (4-11). Since y 2CU.BMm.C //�CU.A/

and hence u 2 CU.A/, we have DurAD 1. �

Corollary 4.10. Let A be a unital simple C�-algebra. Suppose that there is an
integer K � 1 such that csr.C.S1; C //�K for every hereditary C�-subalgebra C .
Then DurAD 1.

Proof. It follows from Theorem 3.10 that Dur zC � maxfK � 1; 1g. Theorem 4.9
then applies. �

Definition 4.11. Let A be a C�-algebra with T .A/ 6D∅. Define

D
�
�1A.K0.A//; �A.K0.A//

�
D sup

˚
dist

�
x; �1A.K0.A//

�
j x 2 �A.K0.A//

	
D sup

˚
dist

�
x; �1A.K0.A//

�
j x 2 �A.K0.A//

	
:

Theorem 4.12. Let A be a unital simple C�-algebra with T .A/ 6D∅ such that there
is an M > 0 with D

�
�1C .K0.C //; �C .K0.C //

�
< M for all nonzero hereditary

C�-subalgebras C of A. Then DurAD 1.

Proof. Let u 2 U0.A/ such that diag.u; 1n�1/ 2 CU.Mn.A//. By Corollary 2.12,
we may assume that u D exp.i2�a/ for some a 2 Asa. Then Oa 2 �A.K0.A// by
Proposition 3.6(1).

Given � > 0, choose an integer N � 1 such that M=N < �=2� . There are
mutually orthogonal nonzero positive elements c1; c2; : : : ; cN in A and elements
x1; x2; : : : ; xN 2 A such that

(4-12) x�j xj D c1 and xjx
�
j D cj ; j D 2; 3; : : : ; N:

Let C DHer c1 and B D zC . It follows from Lemma 4.5 that there is a b 2Csa such
that a� b is in A0, i.e., �.a/D �.b/ for all � 2 T .A/. Therefore Œexp.i2�a/�D
Œexp.i2�b/� in U0.A/=CU.A/ by Lemma 2.6(2).

Since A is a unital simple C�-algebra and C is �-unital, it follows from the
proof of Theorem 4.9 that �C .b/ 2 �C .K0.C //. Therefore, by assumption, there
are projections p1; p2; : : : ; pk1 ; q1; q2; : : : ; qk2 2 C such that

sup
�2T.C/

ˇ̌̌̌
�.b/�

� k1X
iD1

�.pi /�

k2X
jD1

�.qj /

�ˇ̌̌̌
<M:

Put d D
Pk1
iD1 pi �

Pk2
jD1 qj and f D b�d . Then exp.i2�d/ 2 CU.A/ by (2-3)

and Œexp.i2�f /�D Œexp.i2�b� 2 U0.A/=CU.A/. Moreover, from

inffkf � xk j x 2 C0g D supfj�.f /j j � 2 T .C /g<M
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(see the proof of [Th, Lemma 3.1]), there are f0 2C0 and f1 2Csa with kf1k<M
such that f D f1Cf0. By Lemma 2.6(1), exp.i2�f0/ 2 CU.A/. Since f1 2 Csa,
by (4-12), for i D 1; 2; : : : ; N there are gi 2 Her ci with

(4-13) kgik � kf1k=N and �.gi /D �.f1=N/ for all � 2 T .A/:

Set g D
Pn
iD1 gi 2 A. Then, by (4-13),

(4-14) kexp.i2�g/�1Ak<M=N <� and �1.exp.i2�f / exp.�i2�g//D 0:

So exp.i2�f / exp.�i2�g/2CU.A/ and consequently dist.ei2�a; CU.A//<�. �

Bruce Blackadar [1981] constructed three examples of unital simple separable
nuclear C�-algebrasA;A4; AH with no nontrivial projections. By [Blackadar 1981,
Theorem 4.9],K0.A/DZ with a unique tracial state. It follows from Theorem 4.2(4)
that DurAD 1. We turn to his examples A4 and AH , which may have rich tracial
spaces. It should be also noted that, as Blackadar showed, when 4 is not trivial
(for example), M2.A4/ has a projection p with �.p/D 1 for all � 2 T .A4/. In
particular, this implies that

�1A4
.K0.A4// 6D N�A4.K0.A4//:

However, DurA4 D 1 as shown below. It follows that there is a unitary u 2 zC ,
where C D C0..0; 1/; A/, which represents a projection q with �.q/ D 1 for all
� 2 T .A4/.

Proposition 4.13. Let B be a unital AF-algebra and � an automorphism of B . Put
M� D ff 2 C.Œ0; 1�; B/ j f .1/D �.f .0//g. Then DurM� D 1.

Proof. Clearly, T .M� / 6D∅. From the exact sequence of C�-algebras

0 �! C0..0; 1/; B/ �!M� �! B �! 0;

we obtain the exact sequence of C�-algebras

(4-15) 0 �! C0..0; 1/�S
1; B/ �! C.S1;M� / �! C.S1; B/ �! 0:

Since B is an AF-algebra, it follows from [Nistor 1986, Corollary 2.11] that

csr.C.S1; B//D csr.C.S1//D 2;

csr.C0..0; 1/�S1; B//D csr.C0..0; 1/�S1//D 2;

and consequently, applying [Nagy 1987, Lemma 2] to (4-15), we get

csr.C.S1;M� //�maxfcsr.C.S1; B//; csr.C0..0; 1/�S1; B//g � 2:

Therefore DurAD 1 by Theorem 3.10. �

Corollary 4.14. DurA4 D 1 and DurAH D 1.
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Proof. Both C�-algebras are of the form limn!1An, where each AnŠM� , where
M� is as in Proposition 4.13, and thus DurAn D 1. By Theorem 3.5, DurA4 D 1
and DurAH D 1. �

5. C�-algebras with Dur A > 1

In this section, we will present a unital C�-algebra C such that DurC D 2. In
particular, we will show that there are C�-algebras which satisfy the condition
described in Proposition 3.12.

5.1. We first list some standard facts from elementary topology. We will give a
brief proof of each fact for the reader’s convenience.

Fact 1. Let

Bd .0/D
˚
.x1; x2; x3; x4/ 2 R4 j

p
x21 C x

2
2 C x

2
3 C x

2
4 � d

	
:

Let f W Bd .0/� S1! S3 D SU.2/ be a continuous map which is not surjective.
Then there is a homotopy

F W Bd .0/�S
1
� Œ0; 1�! S3 D SU.2/

such that F.x; ei� ; 0/ D f .x; ei� /, F.x; ei� ; s/ D f .x; ei� / if kxk D d (i.e., if
x 2 @Bd .0/) and g.x; ei� /D F.x; ei� ; 1/ satisfies

g.0; ei� /D F.0; ei� ; 1/D

�
1 0

0 1

�
2 SU.2/D S3:

Proof. Assume that f misses a point z 2 S3 D SU.2/ and that z 6D
�
1
0
0
1

�
2 SU.2/.

Then S3 n fzg is homeomorphic to D3 D f.x; y; z/ j x2Cy2C z2 < 1g, with the
identity matrix mapping to .0; 0; 0/. Without loss of generality, we can assume that
f is a map from Bd .0/�S

1 toD3. Let F WBd .0/�S1�Œ0; 1�!D3 be defined by

F.x; ei� ; s/D f .x; ei� /maxf1� s; kxk=dg;

which satisfies the condition. �

Fact 2. Let f; g W S4�S1! SU.n/�U.n/DUn.C/ (where n� 2) be continuous
maps. If f is homotopic to g in U.n/, then they are also homotopic in SU.n/.

Proof. This follows from the fact that there is a continuous map � W U.n/! SU.n/
with � ı i D id jSU.n/, where i W SU.n/! U.n/ is inclusion. �
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Fact 3. Let � 2 S4 be the north pole. Suppose that f; g W S4�S1! SU.n/ are two
continuous maps such that

f .�; ei� /D 1n D g.�; e
i� /

for all ei� 2 S1. If f and g are homotopic in SU.n/, then there is a homotopy

F W S4 �S1 � Œ0; 1�! SU.n/

such that F.x; ei� ; 0/Df .x; ei� /, F.x; ei� ; 1/Dg.x; ei� / for all x 2S4, ei� 2S1

and F.�; ei� ; t /D 1n for all ei� 2 S1.

Proof. Let G W S4�S1� Œ0; 1�! SU.n/ be a homotopy between f and g. That is,
G. � ; � ; 0/D f and G. � ; � ; 1/D g. Let F WS4�S1� Œ0; 1�! SU.n/ be defined by

F.x; ei� ; t /DG.x; ei� ; t /.G.�; ei� ; t //�:

Then F satisfies the condition. �

5.2. We will describe the projection P 2M4.C.S
4// of rank two which represents

the class of .2; 1/ 2 Z˚ Z Š K0.C.S
4// as follows: One can regard S4 as the

quotient space D4=@D4, where

D4 D f.z; w/ 2 C2 j jzj2Cjwj2 � 1g:

It is standard to construct a unitary

˛ WD4! U4.C/D U.M4.C//

such that ˛.0/D 14 and such that, for any .z; w/ 2 @D4 (i.e., jzj2Cjwj2 D 1),

˛.z; w/ WD

2664
z w 0 0

� Nw Nz 0 0

0 0 Nz �w

0 0 Nw z

3775, �ˇ.z; w/ 0

0 ˇ.z; w/�

�
;

where ˇ.z; w/ D
�

z
� Nw

w
Nz

�
, for .z; w/ 2 @D4 D S3, represents the generator of

K1.C.S
3//. Define P W S4! U4.C/ by

P.z;w/, ˛.z; w/
�
12 02
02 02

�
˛�.z; w/:

Note that ˛ is not defined as a function from S4DD4=@D4 to U.4/, but P is, since

P.z;w/D

�
12 02
02 02

�
for all .z; w/ 2 @D4

and @D4 is identified with the north pole � 2 S4. Hence P.�/D
�
12
02

02
02

�
.
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5.3. In the rest of the paper, for a compact metric space X with a given base
point and a C�-algebra A, by C0.X;A/ we mean the C�-algebra of the continuous
functions fromX to A which vanish at the base point (and C0.X;C/ will be denoted
by C0.X/). (Most spaces we used here have an obvious base point, which we will
not mention afterward.) Let AD C0.S1; PM4C.S

4/P /. Let zA be the unitization
of A. Let B D C0.S1; C.S4//. Since A is a corner of M4.B/ and B is a corner
of M2.A/ (note that a trivial projection of rank 1 is equivalent to a subprojection
of P ˚ P ), A is stably isomorphic to B . Let zB be a unitization of B . Then
zB D C.S4 �S1/ and

K1. zA/ŠK1.A/ŠK1.B/ŠK1. zB/Š Z˚Z:

5.4. For a unitary u2M4.C.S
4�S1//, in the identification of Œu�2K1.C.S4�S1//

with Z˚Z, the first component corresponds to the winding number of

S1 ,! S4 �S1
detu
����! S1 � C;

that is, the winding number of the map

ei� ! detu.�; ei� /;

where � is the north pole of S4. Hence, if u W S4 � S1 ! SU.n/, then the first
component of Œu� 2K1.C.S4 �S1//Š Z˚Z is automatically zero.

Lemma 5.5. Let u W S4 �S1! SU.2/. Then u 2M2.C.S
4 �S1// represents the

zero element in K1.C.S4 �S1//. In other words, if u 2 SUn.S4 �S1/ represents
a nonzero element in K-theory, then n� 3.

Proof. Let f WS4�S1!S5 be the standard quotient map sending f�g�S1[S4�f1g
to a single point. Consider u WS4�S1! SU.2/. Without loss of generality, assume
u.�; 1/D 12 2 SU.2/. Then ujS4�f1g W S

4! SU.2/D S3 represents an element in
�4.S

3/Š Z=2Z. Therefore u2jS4�f1g W S
4! SU.2/D S3 is homotopically trivial,

with .�; 1/ 2 S4�S1 as a fixed point. Evidently, u2jf�g�S1 W S
1! S3 D SU.2/ is

homotopically trivial with .�; 1/ 2 S4 �S1 as a fixed point. Consequently

u2jS4�f1g[f�g�S1 W S
4
� f1g[ f�g �S1! S3

is homotopically trivial with .�; 1/ 2 S4 � S1 as a fixed base point. There is a
homotopy

F W .S4 � f1g[ f�g �S1/� Œ0; 1�! S3

with F. � ; 0/D u2jS4�f1g[f�g�S1 and

F.x; 1/D 12 for all x 2 S4 � f1g[ f�g �S1:
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The following is a well-known easy fact: For any relative CW complex .X; Y /
(Y � X), any continuous map Y � I [X � f0g ! Z (where Z is any other CW
complex) can be extended to a continuous map X � I !Z.

Hence, there is a homotopy G W .S4�S1/� Œ0; 1�! S3 with G. � ; 0/D u2, and
GjS4�f1g[f�g�S1�Œ0;1�DF . Let v WS4�S1!SU.2/ be defined by v.x/DG.x; 1/;
then Œv�D Œu2� 2K1.C.S4�S1// and v maps S4�f1g[ f�g�S1 to 12 2 SU.2/.
Consequently, v passes to a map

v1 W S
5 , S4 �S1=S4 � f1g[ f�g �S1! S3 D SU.2/

and represents an element in �5.S
3/DZ=2Z. Hence v21 WS

5!S3 is homotopically
trivial, and therefore v2 is as well. So we have

4Œu�D 2Œu2�D 2Œv�D Œv2�D 0 2K1.C.S
4
�S1//;

which implies Œu�D 0 2K1.C.S4 �S1//. �

Remark 5.6. In the proof of Lemma 5.5, we in fact proved the following fact:
For any u WS4�S1!SU.2/, the map u4 WS4�S1!SU.2/ is homotopically trivial.

5.7. Note that P 2M4.C.S
4// can be regarded as a projection in M4.C.S

4�S1//,
still denoted by P , i.e., for fixed x 2 S4, P.x; � / is a constant projection along the
S1 direction. Then

(5-1) K1.A/ŠK1. zA/ŠK1.C.S
4
�S1//ŠK1.PM4.C.S

4
�S1//P /;

where AD C0.S1; PM4.C.S
4//P / is defined in Section 5.2. Let

EDf.�; u/ W � 2S4�S1; u2M4.C/ with P.x/uP.x/Du; u�uDuu�DP.x/g;

SE D f.�; u/ 2E W det.P.x/uP.x/C .14�P.x//D 1g:

ThenE!S4�S1 and SE!S4�S1 are fiber bundles with fibers U.2/ and SU.2/,
respectively. Also the unitaries in PM4.C.S

4 �S1//P correspond bijectively to
the cross-sections of a bundle E! S4�S1. For this reason, we will call a unitary
(of PM4.C.S

4�S1//P ) with determinant 1 everywhere a cross-section of a bundle
SE! S4 �S1.

Theorem 5.8. If u 2 PM4.C.S
4 �S1//P has determinant 1 everywhere, i.e., if u

is a cross-section of SE! S4 �S1, then Œu�D 0 in K1.PM4.C.S
4 �S1//P /.

Proof. Note that SE! S4�S1 is a smooth fiber bundle over the smooth manifold
S4 � S1. By a standard result in differential topology, u is homotopic to a C1-
section. Without loss of generality, we may assume that u itself is smooth. Identify
the north pole � 2 S4 with 0 2 R4 and a neighborhood of � with B�.0/� R4 for
� > 0. Since B�.0/ is contractible, SEjB�.0/�S1 is a trivial bundle. Note that the
projection P 2M4.C.S

4�S1// is constant along S1, hence SEŠSEjS4�f1g�S
1
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and SEjB�.0/�S1 Š SEjB�.0/�f1g �S
1; in other words, the fiber is constant along

S1 and SEjB�.0/�f1g is trivial and isomorphic to .B�.0/� f1g/� SU.2/. There is
a smooth bundle isomorphism

(5-2) 
 W SEjB�.0/�S1 ! .B�.0/�S
1/�SU.2/:

Then

 ıujB�.0/�S1 W B�.0/�S

1
! .B�.0/�S

1/�SU.2/

is a smooth map with

�1 ı .
 ıu/jB�.0/�S1 D idB�.0/�S1 ;

where �1 W .B�.0/ � S1/ � SU.2/! B�.0/ � S
1 is the projection onto the first

coordinate. Define � D �2 ı .
 ıujB�.0/�S1/, where �2 W .B�.0/�S1/�SU.2/!
SU.2/ is the projection onto the second coordinate. Since � is smooth, �jf�g�S1 is
not onto SU.2/ (note dim.SU.2//D 3 and dim.S1/D 1). Therefore, if � is small
enough, �jB�.0/�S1 is not onto. By Fact 1 of Section 5.1, � is homotopic to a
constant map �1 W B�.0/�S1! SU.2/ with

(5-3) �1.f�g �S
1/D

�
1 0

0 1

�
and �j@B�.0/�S1 D �1j@B�.0/�S1 ;

via a homotopy F W .B�.0/�S1/� Œ0; 1�! SU.2/ with F.x; ei� ; t / constant with
respect to t if x 2 @B�.0/.

Let u1 W B�.0/�S1! SE be the cross-section defined by

u1.x; e
i� /D 
�1..x; ei� /; �1.x; e

i� // 2 SE:

Then u1.x; ei� /Du.x; ei� / if x 2@B�.0/. We can extend u1 to S4�S1 by defining

u1.x; e
i� /D u.x; ei� / if .x; ei� / … B�.0/�S1:

Hence u1 is a section of SE with

u1.�; e
i� /D

�
12 02
02 02

�
D P.�/ for all ei� 2 S1:

Moreover, u1 is homotopic to u by a homotopy that is constant on .S4nB�.0//�S1

(on which u1 D u) and that agrees with F on B�.0/ � S1. Hence Œu� D Œu1� 2
K1.PM4.C.S

4 �S1//P /. Recall that S4 is obtained from

D4 D f.z; w/ 2 C2 j jzj2Cjwj2 � 1g

by identifying
@D4 D f.z; w/ 2 C2 j jzj2Cjwj2 D 1g
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with the north pole � 2 S4. Recall that P 2M4.C.S
4// (viewed as a projection in

M4.C.S
4 �S1// constant along the S1 direction) is defined as

P.z;w/D ˛.z; w/

�
12 02
02 02

�
˛�.z; w/;

where ˛.z; w/ is defined as in Section 5.2.
Define

v.z; w; ei� /D ˛�.z; w/u1.z; w; e
i� /˛.z; w/:

Then we have that

(i) v.z; w; ei� /D

�
12 02
02 02

�
for all .z; w/ 2 @D4;

and therefore v can be regarded as a map from S4 �S1 to M4.C/. Moreover,

(ii) v.z; w; ei� /D
�
12 02
02 02

�
v.z; w; ei� /

�
12 02
02 02

�
for all .z; w; ei� /2S4�S1:

By considering the upper-left corner of v (still denoted by v), we obtain a unitary
v W S4 �S1! SU.2/. By Lemma 5.5 and Remark 5.6, v4 is homotopically trivial.
Furthermore, by Fact 3 of Section 5.1, there is a homotopy F W S4 �S1 � Œ0; 1�!
SU.2/ such that

F.z;w; ei� ; 0/D v4.z; w; ei� / for all .z; w/ 2 S4; ei� 2 S1;(iii)

F.�; ei� ; t /D 12 for all ei� 2 S1;(iv)

F.z;w; ei� ; 1/D 12 for all .z; w/ 2 S4; ei� 2 S1:(v)

Define G WD4 �S1 � Œ0; 1�!M4.C/ by

G.z;w; ei� ; t /D ˛.z; w/

�
F.z;w; ei� ; t / 02

02 02

�
˛�.z; w/:

Then, by (iv), for .z; w/ 2 @D4 we have

G.z;w; ei� ; t /D

�
12 02
02 02

�
:

Hence G defines a map (still denoted by G) from S4 � S1 � Œ0; 1� ! M4.C/.
Furthermore G.z;w; ei� ; t / 2 P.z;w/M4.C/P.z; w/, and

G.z;w; ei� ; 0/D ˛.z; w/

�
v4 02
02 02

�
˛�.z; w/D u41:
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That is, G defines a homotopy between u41 and the unit P 2P
�
M4.C.S

4�S1//
�
P .

Consequently Œu41� D 0 and Œu1� D 0 2 K1
�
P
�
M4.C.S

4 � S1//
�
P
�
. Moreover,

Œu�D 0 2K1.C.S
4 �S1//, as desired. �

5.9. We identify P
�
M4.C.S

4 � S1//
�
P as a corner of M4.C.S

4 � S1//; then
K1
�
P.M4.C.S

4 �S1///P
�

is isomorphic to K1.C.S4 �S1//D Z˚Z naturally.
Let a 2 P

�
M4.C.S

4 �S1//
�
P be defined by

a.x; ei� /D ei�P.x/:

On the other hand, a could also be regarded as a unitary in M4.C.S
4 � S1// as

a.x; ei� /D ei�P.x/C.14�P.x//. Then Œa�D .2; 1/2Z˚ZŠK1.C.S
4�S1//,

since Œa� is the image of ŒP � 2K0.C.S4// under the exponential map

K1.C.S
4//!K1

�
C0.S

1; C.S4//
�
;

and ŒP �D .2; 1/ 2K0.C.S4//Š Z˚Z.

Theorem 5.10. No element .1; k/ 2K1.C.S4 �S1// can be realized by a unitary
b 2 PM4.C.S

4 �S1//P .

Proof. We argue by contradiction. Assume b 2 PM4.C.S
4 � S1//P satisfies

Œb�D .1; k/ 2 K1.PM4.C.S
4 � S1/P //. Without loss of generality, we assume

that b.�; 1/D P . Then

Œb2a��D .0; 2k� 1/ 2K1.PM4.C.S
4
�S1//P /:

In particular, the map

ei� ! det
�
P.�/.b2a�/.�; ei� /P.�/ 0

0 14�P.�/

�
8�8

has winding number 0. That is, it is homotopically trivial. Hence

.x; ei� /
h
��! det

�
P.�/.b2a�/.x; ei� /P.�/ 0

0 14�P.�/

�
8�8

defines a map h WS4�S1!S1 such that h� W�1.S4�S1/!�1.S
1/ is the zero map.

Hence there is a lifting Qh W S4 �S1! R with h.x; ei� /D exp.i Qh.x; ei� //. Define
a unitary b1 2 PM4.C.S

4�S1//P by b1.x; ei� /D exp.i 1
2
Qh.x; ei� //P.x/. Then

Œb1�D02K1.C.S
4�S1//, and b2a�b�1 2U.PM4C.S

4�S1/P / has determinant 1
everywhere. By Theorem 5.8, Œb2a�b�1 �D 02K1.C.S

4�S1//. On the other hand,

Œb2a�b�1 �D Œb
2a��D .0; 2k� 1/¤ 0 2K1.C.S

4
�S1//;

which is a contradiction. �
Remark 5.11. Similarly, we can show that for any unitary u2PM4.C.S

4�S1//P ,
Œu�D l Œa�D .2l; l/ 2K1.C.S

4 �S1// for some l 2 Z.
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Corollary 5.12. Let A D C0.S1; PC.S4/P /, and let zA be the unitization of A.
Then there is no unitary u 2 zA such that Œu�D .1; k/ 2 K1.A/. In particular, no
unitary u can correspond to a rank-1 projection in M4.C.S

4//.

Proof. Note that we may view P as a projection in M4.C.S
4 � S1// which is

constant along the direction of S1 (Section 5.7). So we may view zA as a unital C�-
subalgebra of PM4.C.S

4�S1//P . Thus, by the identification (5-1), Theorem 5.10
applies. �

Theorem 5.13. Let AD PM4.C.S
4//P . Then DurAD 2.

Proof. There is a projection e 2M2.A/ which is unitarily equivalent to a rank-1 pro-
jection in M8.C.S

4// corresponding to .1; 0/2K0.C.S4//. Let C DC0..0; 1/; A/.
By Corollary 5.12, there is no unitary in zC which represents a rank-1 projection. It
follows from Proposition 3.12 that DurA > 1.

However, since �C
�
K0.M2.C //

�
D
1
2

Z and M2.C / contains a rank-1 projection
(with trace 1

2
), by Proposition 3.6(3), Dur.M2.C //D 1. It follows that DurC D 2.

�
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