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MOTION BY MIXED VOLUME PRESERVING
CURVATURE FUNCTIONS NEAR SPHERES

DAVID HARTLEY

In this paper we investigate the flow of hypersurfaces by a class of symmet-
ric functions of the principal curvatures with a mixed volume constraint.
We consider compact hypersurfaces without boundary that can be written
as a graph over a sphere. The linearisation of the resulting fully nonlinear
PDE is used to prove a short-time existence theorem for hypersurfaces that
are sufficiently close to a sphere and, using centre manifold analysis, the
stability of the sphere as a stationary solution to the flow is determined. We
will find that for initial hypersurfaces sufficiently close to a sphere, the flow
will exist for all time and the hypersurfaces will converge exponentially fast
to a sphere. This result was shown for the case where the symmetric func-
tion is the mean curvature and the constraint is on the (n 4+ 1)-dimensional
enclosed volume by Escher and Simonett (1998).

1. Introduction

Given a sufficiently smooth hypersurface Q¢ = Xo(M") C R"*! that is compact
without boundary, where M" is an n-dimensional manifold, we are interested in
finding a family of embeddings X : M" x [0, T) — R"*! such that

(1)

X (hx—F(x)) X(-,00=X h ! / F(k)Ers1d
_— _ K))V , cy = s = K s
a1 k Q 0 k an Ek+l th . k+1a My

where k = (k1, ..., kn), k; are the principal curvatures of the hypersurface 2, =
X(M", t)=X;(M"), vg, and dpu, are the outward pointing unit normal and induced
measure of €2, respectively, and k is a fixed integer between —1 and n — 1. Here

E; denotes the [-th elementary symmetric function of the principal curvatures:
1 ifl =0,
E = .
Zl§i|<---<i/§nKilKi2"'Kil ifl=1,...,n,

and F'(x) is a given smooth, symmetric function that satisfies (3 F/d«;) (ko) > 0,
where ko = (1/R, ..., 1/R) for some fixed R € RT. The flow can be seen to
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preserve the (n — k)-th mixed volume of the hypersurface (see Corollary 2.2). Note
that while such a quantity is usually only defined for convex hypersurfaces, there is
an obvious extension to all hypersurfaces (see Section 2).

This flow has been studied previously in [McCoy 2005]. There it was proved that
under some additional conditions on F', for example homogeneity of degree one and
convexity or concavity, initially convex hypersurfaces admit a solution for all time
and the hypersurfaces converge to a sphere as t — c0. This result had previously
been proved for the specific case where F (k) = H, the mean curvature, in [McCoy
2004] and, if in addition, k = —1 (in which case the flow is the well-known volume
preserving mean curvature flow), in [Huisken 1987]. Other results for the volume
preserving mean curvature flow include average mean convex hypersurfaces with
initially small traceless second fundamental form converging to spheres (see [Li
2009]) and hypersurfaces that are graphs over spheres with a height function close
to zero, in a certain function space, converging to spheres (see [Escher and Simonett
1998b]). Techniques similar to those in this paper were used to study volume
preserving mean curvature flow for hypersurfaces close to a cylinder in [Hartley
2013] and spherical caps in [Abels et al. 2015].

The situation where F has homogeneity greater than one has been considered
in [Cabezas-Rivas and Sinestrari 2010]. There it was proved that if k = —1 and
F(k) = HE, withmB > 1 and H,, = (”;)_IEm the m-th mean curvature, the flow
takes initially convex hypersurfaces that satisfy a pinching condition to spheres; the
pinching condition is of the form E, > CH" > 0, where C is a constant depending
on the parameters of the flow.

The main result of this paper is:

Theorem 1.1. Let F be a smooth, symmetric function of the principal curvatures
satisfying (0F /0k,) (ko) > 0fora=1,...,n and some R € RT. If Qq is a graph
over the sphere ¥’y with height function sufficiently small in h2te (R 0<a <1
(see Section 2), then its flow by (1) exists for all time and converges exponentially
fast to a sphere as t — oo, with respect to the h*+ (F"%)-topology.

Part (c) of the main result in [Escher and Simonett 1998b] proves a similar result
for the specific case of the volume preserving mean curvature flow. Some differences
include that Escher and Simonett are able to use the quasilinear nature of the flow to
prove the hypersurfaces are smooth after the initial time. This also allows them to
obtain convergence with respect to the C’ (¥';)-topology, for any fixed /, and only
requires the initial height function to be small in 2!7%(¥%). In contrast, the current
paper deals with flows that are, in general, fully nonlinear, so the methods we use
require the initial height function to be small in 42 (%), which gives a condition
on its curvature, and only give convergence in the >+ (Sg)-topology. The key
theorems for nonlinear flow appear in [Lunardi 1995] and have been included in
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the Appendix for the reader’s ease.

In Section 2 of this paper we convert the flow (1) to a PDE for the graph function
and also introduce the spaces and notation that will be used throughout the paper.
The section ends with a corollary proving the flow preserves a certain mixed volume.
In Section 3 we consider the problem as an ODE on Banach spaces and determine
the linearisation of the speed. This leads to a new short-time existence theorem for
the flow that includes some initially 42+ (¥'%) hypersurfaces. In the final section
the eigenvalues of the linearised operator are determined and a centre manifold is
constructed. The proof of the main result is finished by showing that the centre
manifold consists entirely of spheres and is exponentially attractive.

We note here that the (n — k)-th mixed volumes, for k > 1, are only well defined
for convex hypersurfaces (see [Andrews 2001]). However, we will refer to the flow
(1) as mixed volume preserving for any €29, with the understanding that it preserves
a quantity that coincides with the (n — k)-th mixed volume when 2 is convex (see
Corollary 2.2).

2. Notation and preliminaries

In this paper we consider M" = ¥, a given sphere of radius R, and hypersurfaces
that are normal graphs over ¥%, X, (p) = p + p(p)vy:(p), p € . The volume
form on such a hypersurface will be denoted by d, and we let 1(p) be the function
such that du, = u(p) dio. We now proceed as in [Escher and Simonett 1998b] and
convert the flow to an evolution equation for the height function p : ¥} x [0, T) — R.
Up to a tangential diffeomorphism the flow (1) is equivalent to solving the PDE

@) _ iR eppm F 0) =
FYe m Pl ( k(p) — (Kp)), p(-,0) = po,
where A (p) = fg),;? Er+1(p)F(kp) d“’)/fffﬁ’e Er+1(p) dp, k, is the principal cur-
vature vector of the hypersurface defined by p( -, ¢), and V denotes the gradient on
I (see [McCoy 2005]).

The graph functions p are chosen in the little Holder spaces, h!* (%), for
o € (0, 1), 1 e N. These spaces are defined for an open set U C R" and a multi-index

B=(Bi..... B with || = 1_, B as follows:

h“(l_]):{peC“(U):lim sup M:O},
r=>0 e X=yI¢
O<|x—y|<r

WOy ={p e @) : DPp e h*(U) for all B, |B| =1},

where D is the derivative operator on R” and C%, C!* are the Holder spaces (see
[Lunardi 1995]). The norm on the little Holder space h'*® is inherited from C'*¢.



440 DAVID HARTLEY

The little Holder spaces can be extended to ¥, by means of an atlas. In addition,
it is known that the little Holder spaces are the continuous interpolation spaces
between themselves (see [Guenther et al. 2002, Equation 19]), that is, for real
numbers 0 < a < 8 we have

3) (h*( SR, WP (FR)), = hP~0T (S,

provided (8 — «)0 + « ¢ Z, where (-, -)g is an interpolation functor for each
6 € (0, 1), defined for Y C X as
X, Y)o={xeX: lim, tPK(t,x, X,Y) =0},
—

where K(t,x,X,Y) = in)i;(||x —allx +tlally).
ae

We will often abuse notation and use p to represent both a function on ¥’ x [0, T')
and the mapping from [0, T') to a space of functions such that p(t) = p(-, t) for
all t € [0, T'). In this regard we define the spaces C(/, X) and ck(1, X) consisting
of continuous and continuously k-differentiable functions from an interval / C R
to a Banach space X. They have the norms ||| cx (s x) =~Z];:0 sup,c; 1o ()l x-

For an operator between function spaces G : Y — Y we denote the Fréchet
derivative by dG. A linear operator, A : Y C X — X, is called sectorial if there
exist 0 € (%, 71), w € R and M > 0 such that

@ p(A) D Spw={reC:a #w, larg(A — w)| < 0},

1) IR, Allex,x) <

| o] for all A € Sp 4.

Here p(A) is the resolvent set, R(A, A) = (A — A)~! is the resolvent operator, and
Il - llcx, x) is the standard linear operator norm (see [Lunardi 1995]).
For all closed, compact hypersurfaces 2 C R"*!, we define the quantity

Vi(Q) = i((”“r D) Sy Enidp if1=0,...,n,
Vol(®) ifl=n+1,

where @ is the (n + 1)-dimensional region contained inside €2; for convex hyper-
surfaces this agrees with the mixed volumes.

Lemma 2.1. For a family of hypersurfaces 2, satisfying (1), the Weingarten map,
volume form and mixed volumes satisfy the evolution equations

on, D(dp)

_ lmv VF hy — F hl hm, ) o —FYH A ,
at =g (hie — F)h,, h; 5 (he — F)H d
avi {o ifl =
dr (n+1) fM nt1—1(hy — F)dp lfl_l n+1.
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Proof. The first two equations are well known; see [Andrews 1994], for example.
The last equation, except for the / = n 4 1 case, which can be found in [Cabezas-
Rivas and Sinestrari 2010], is given in Lemma 4.3 of [McCoy 2005] for the case
where the €2, are convex hypersurfaces. McCoy uses the definition of mixed
volumes of convex hypersurfaces (see [Andrews 2001]), which is not valid unless
the hypersurface is convex. To obtain the result for all solutions to the flow we use
the following identity, found in Equation (5.86) of [Gerhardt 2008]:

oE ; . 0E
(@) — L — B8 —n)
8hj dh;,
where a =0, ..., n (in the a = n case we use the convention E,; = 0). Now if

we take the divergence of this identity, we obtain

. D1 . 0E, . . (9E,
glw’"( on' = 8" VnEBa= g™V héaht — &gV Ohi,

ok, Ik, i i oE
_g]mv hP — g gjpv h glmhiyvm(ahla)
q

JdIE, Lo P JAE,
= g g’”V hzq ahp glmgjpvphmq% _glmhévm<8hl )

q
h] lmv aE
ahy

using the Codazzi equation to get to the second last line. Since gimVi(
vanishes, we see this equation implies

%)
on'

, oE
gWVi(ah’:) =0 forall a=0,...,n.
J

We can now derive the evolution equation:
n+ ()4
dt

0E,_
_ / Ly (he — FYHE,_1du
M Ot

—/ 0E, -1 1) +(hy — F)HE,_;d
- y ahl 97 k n—l A

dE
:/ nl §"VuV,;F — (hk—F) "lh’hm—i—(hk—F)HEnldu
LY Oh',
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0E, ;|
:/ vm< b ’g”"ij)
w on’

c(OE, 11—
+0u—F >hin( a’};‘ - En_zw) + (hx — F)HE, 1 dp
m

— (41 —l)/ (i = F)Enpr_1 dit,
M

where the second last line is due to (4) and the last line is due to the homogeneity
of En+1—l- O

Corollary 2.2. For a compact hypersurface without boundary, 2, the flow (1)
preserves the value of Vi, i.e., Vi (2;) = Vy—i (20) as long as the flow exists.
3. Graphs over spheres

The flow in (2) can be considered as an ordinary differential equation between
Banach spaces. Set 0 < o < 1 and define

G : W (P — h(S),
G(p) :=L(p)(hi(p) — F(kp)), L(p):= \/1

R2 )
+ —|Vpl|2.
(R+p)2| 4

The flow (2) is then rewritten as

) p' (1) =G(p®), p0)=py ™ (Fp).

Lemma 3.1. The linearisation of G about zero is given by

oF n n
8G(0)u=a—’q(/co) E—FA% u—ﬁ S%uduo ,

foru € h2F (7).

Note that only the derivative of F (x) with respect to k| appears in this formula
for convenience, since (3 F/dk) (ko) = (0 F/dk;) (ko) foralli =1, ..., n. We also

use the notation f,,., fdu:= [\ fdp/ [y dp.

Proof. Firstly note L(0) = 1 and 0L (0) = 0. By linearising the curvature function,
we find

n

oF
IF ()] g =D _ 35— (kp)Oki(p)
i=1

9F " oF
p:(): a_lq(KO) ; dk;(0) = a—lq(KO)aH(O)-
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It follows that for u € h>™($"%),

ohy (0)u
1
=9 E F d
(fg,% Ep1(p)(p) dpo /sf; st (ep)ile) MO) p:ou
1
- 2< | B duoa< | B F o dMo) u
(fg»}z? Ei41(0) d o) % S p=0

—/ Ej+1(0) F (ko) dno 3<[f Er1(0)n(p) duo) M)
® Sr p=0

_ 1
fgr;e Er11(0)dpo

X (/ym (Ek+l(0) OF (kp)| ,_gu + F (ko) a(Ek+1(,0)/L(,0))|p:0u)dM0

R

— F (ko) / d(Ers1(p)(p)) |p:0bt dMo)
oF i
= 8—(/(0)][ O0HO)u d .
K1 o

It was shown in [Escher and Simonett 1998a] that

n
0H(0) = —<F+A5f'1;),

so combining these results gives, for u € h>+ (FR)s

6) G O)u = —(/co)(( + Agn ) ][ (R2 —|—Agm>u d,uo).

The divergence theorem gives the result. (|

Lemma 3.2. For any o such that 0 < ag < «, there exists a neighbourhood, O,
of 0 € h>+ (S'R) such that the operator dG(p) is the part in h* (¥y) of a sectorial
operator A, h2+°‘° (FR) = h*(F%) for all p € 0.

Proof. We set G: h2+°‘0(9)”) — h*(S%) with G(p) := L(p)(he(p) — F(kp)) so
that with A, = 3G (p) it is clear that 3G (p) is the part in h*(¥%) of A,. It remains
to show that there exists Oy such that A, is sectorial for p € O;.

As dH(0) = —(n/R* + Agn) is a uniformly elliptic operator on a compact
manifold without boundary, its negative is sectorial as a map from A%+ (FR);
see [Guenther et al. 2002, Lemma 3.4], for example. Now the operator Ag :
R0 () — h*0(F"), defined by

n n
Aou = (F—FA%)M_F][WMCZMO’
R
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is sectorial by the perturbation result in Proposition 2.4.1(ii) of [Lunardi 1995],
since the map u — —(n/R?) fyn udpg is in LRFTE (L), K20 (7). This then
implies, by Proposition 2.4.2 of [Lunardl 1995], that A, = Ao+ (8G(,0) 3G (0)) is
sectorial for all p in a neighbourhood of zero, O, C K2+ (¥"%). The result follows
by setting Oy = 0> N> (F%). O

Theorem 3.3. There are constants 8, r > 0 such that if || po|| n+a(gny ST, then (5)
has a unique maximal solution:

p € C([0,8), K> (F%)) N C'([0, 8), h* (Fy)).

Proof. This existence theorem is a result of Theorem A.1, which is Theorem 8.4.1 in
[Lunardi 1995], by setting u = 0. In order to satisfy the assumption of the theorem
it must be shown that there exists a neighbourhood of zero, O C h2+°‘(8";e), such
that G and G are continuous on O and for every p € O the operator dG (p) is the
part in h* (%) of a sectorial operator A : h2teo (FR) = h*(F%).

As in [Andrews and McCoy 2012, Remark 1], since F is a smooth symmetric
function of the principal curvatures, it is also a smooth function of the elementary
symmetric functions, which depend smoothly on the components of the Weingarten
map. We now consider a neighbourhood of zero, O3, such that if p € O3, then
fff’fe Ei1(p)dp, > 0and p(p) > —R for all p € % (note if k = —1 the former
is always satisfied). It is easily seen that the Weingarten map depends smoothly
on p € O3 C h** (), so that G depends smoothly on p € O3. The sectorial
condition was established in Lemma 3.2 for a neighbourhood O, so the proof is
complete by setting O = O3 N O;. ([

4. Stability around spheres

As we are considering the flow locally about p = 0, it is convenient to rewrite (5)
highlighting the dominant linear part:

(7) P ) =3G0)p@)+G(p(), Gu):=Gu)—IGO0u.

Lemma 4.1. The spectrum, o (0G(0)), of dG(0) consists of a sequence of isolated
nonpositive eigenvalues where the multiplicity of the 0 eigenvalue is n + 2.

Proof. This follows from [Escher and Simonett 1998b], as dG(0) is a positive
constant multiple of the linear operator in that paper. To be exact, we calculate all
the elements of the spectrum. Since h2te (¥¢) is compactly embedded in h* ($7%),
the spectrum consists entirely of eigenvalues. To characterise the spectrum we first
look at the spectrum of the L2-self adjoint operator:

=T (2 4 a
uUu=—I(K n
K1 V\ R2 Tk
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The eigenvalues of the spherical Laplacian are well known to be —I(I +n — 1)/R?
for [ € NU {0} with eigenfunctions the spherical harmonics of order /, denoted
by Y p, 1 < p < M;, where

<l+n> _ <l+n—2) it1>2.
n n

(l+”) if 1 e {0, 1).

n

M, =

Therefore the eigenfunctions of A are also the spherical harmonics with eigenvalues

oF n Il+n-1) oF (-1 +n)
& = E)_Iq(KO)(F - T) = _B_M(KO)T'
Returning to the spectrum of dG(0), Yy 1 =1 is still an eigenfunction but with
eigenvalue Lo = 0. The operator G (0) is also self-adjoint with respect to the
L? inner product on h>+* (%). Therefore we need only consider eigenfunctions
orthogonal to Y ; in order to characterise the remainder of the spectrum. This
means that for an eigenfunction # we assume

/ udpo =0,
g

&
and hence by Lemma 3.1, 0G(0)u = Au. The remaining eigenfunctions of dG (0)

are then the remaining eigenfunctions of A, with the same eigenvalues. So the
spectrum of dG(0) consists of the eigenvalues

0 if1 =0,
M=1{ 9F I(l+n+1)

- ifl e N,
ot (ko) 72 i

with eigenfunctions

YO,l lfl:p:(),

upp = .
" W, if1eNULOL 1< p < M.

The multiplicity of the O eigenvalue is then M| +1=n+2. U

In what follows, we set P to be the projection from h%(¥%) onto the A =0

eigenspace given by
n+1

Pu:= Z(u, Uo, p) U0, p

p=0

where we use (-, - ) to denote the L? inner product on 7% (¥). Because dG(0) is
self-adjoint with respect to this inner product, clearly POG(0)u =dG(0)Pu =0
for every u € h**¢ (¥%). Due to this, h2te (¥;) can be split into the subspaces
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X¢=Ph*(Fy)) and X* = (I — P)(h*te (%)), called the centre subspace and
stable subspace, respectively. We are now in a position to apply Theorem A.3,
which is Theorem 9.2.2 in [Lunardi 1995].

Theorem 4.2. For any | € N, there is a function y € C'='(X¢, X*) such that y !~V
is Lipschitz continuous, y (0) = 0y (0) =0, and M° = graph(y) is a locally invariant
manifold for (7) of dimension n + 2.

Note that by locally invariant it is meant that there exists a ball around zero,
B,(0) C X¢ with r > 0, such that if py € graph(y|p, (o)) then the solution to (7) is
in graph(y|p,(0)) for all time or until Pp(¢) ¢ B,(0). We now set

S = {,0 € h*te (%) : graph(p) is a sphere}.
Lemma 4.3. ¢ coincides with the set F in a neighbourhood of zero, A C h*+¢ (FR)-

Proof. By Theorem 2.4 in [Simonett 1995], the equation y’ (1) =9 G (0)| xs y(¢)+ f (¢)
has a unique continuous, bounded solution for any continuous, bounded f : R —
(I — P)(h*(Y"%%)). Furthermore the solution is given by y(t) = (K f)(t), with
K € £(BCy(R, (I — P)(h*(¥%))), BC,(R, X*)) for any n € [0, —A,), where

BCy(R, X):={g € C(R, X) : |igll, :== SungeXp(—nltl)llg(t)llx < oo},
te

This is the key condition that allows us to apply Theorem 2.3 in [Vanderbauwhede
and looss 1992] and conclude that JL¢ contains all equilibria of (7) with Ppg € B, (0).
It was shown in [Escher and Simonett 1998b] that (along with M) & is locally
a graph over X¢, so since ¥ N (B,(0) x X*) C JM°, we conclude that ¥ and M
coincide locally. Note that while [Vanderbauwhede and looss 1992] proves the
existence of a centre manifold differently than [Lunardi 1995], the two manifolds
can be seen to be equal over B, (0), possibly making r smaller. ([

We now prove the main result.

Proof of Theorem 1.1. By Proposition A.4, which is Proposition 9.2.4 in [Lunardi
1995], when ||,0()||h2+oz(y>%) is small enough we obtain the decay in (11), with x(¢) =
Pp(t) and y(t) = (I — P)p(t), for any w € (0, —A1) and as long as Pp(¢) € B,(0).
However, by using (11) evaluated at t = 0, we obtain

X1 nermny < NIPpollne oy + 1 Ppo — X llne ()
=< IPpollnegn) + C@)III = P)po — ¥ (Ppo) |2+ gy

and since y is Lipschitz and P is bounded, this leads to a bound of the form
1% || per () < C (@)l po ||h2+oz(9”11e). Therefore we can ensure that x € P(A) N B, (0) by
taking || poll 2+« (g small enough, and Lemma 4.3 then implies that the function
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X + y (x) defines a sphere. Hence x 4 y (x) is a stationary solution to (2), which in
turn means that z(¢) = x is the solution to (12). So we can restate (11) as

@) NPp(t) = Xllne(sy) + I = P)p(t) =y (X) | p2ta (o)
< C(@)e ™ |I(I = P)po — ¥ (Ppo) l+eyn)s

for as long as Pp(t) € B,(0). However, using this bound and our bound for x, it
follows that ||P,O(t)||ha(§f’}e) < C(Cl))”p()”hZ-%—m(gfrlle) as long as ”Pp([)”ha(y’k) <r. By
choosing || ool h2ta ) small enough, we can therefore ensure || Ppo(t)|| he () < r/2
for all ¢+ > 0. Thus (8) is true for all # > 0, and this proves that p(¢) converges to
X + y(x) as t — oo, which is the height function of a sphere. ([

Corollary 4.4. Let 2y be a graph over a sphere with height pg such that the solution,
p(t), to the flow (2) with initial condition pg exists for all time and converges to
zero. Suppose further that (3F /3k;)|«,, > 0 forallt € [0,00) andi =1, ..., n.
Then there exists a neighbourhood, O, of pg in h>T¢ (%), 0 <« < 1, such that
for every ug € O the solution to (2) with initial condition ug exists for all time and
converges to a function near zero whose graph is a sphere.

Proof. This follows by the same arguments given in [Guenther et al. 2002] for
the Ricci flow. First we set U C h*t® () to be the neighbourhood of zero
given in Theorem 1.1. Since p(r) converges to zero in the h>t%-topology, there
exists a time T such that p(T) € U and, as U is open, there exists an open ball
Be(p(T)) C U of radius € centred at p(T'). The condition that (3 F/9k;)|,,, > 0
forall t € [0,00) andi =1, ..., n ensures that the operator L(p)F (k) is elliptic
around the point p(¢) for every ¢ € [0, 0co) (see [Andrews 1994]). As the global
term is in L(h*HP (FR), h*(S)) for any B < a, we can use Proposition 2.4.1(i)
in [Lunardi 1995] to conclude that the linear operator dG (o (t)) is sectorial for all
t € [0, T], and hence in a neighbourhood of each point. By Theorem A.2, which
is Theorem 8.4.4 in [Lunardi 1995], the flow depends continuously on the initial
condition in a neighbourhood of pg. Therefore there exists a ball Bs(pg) such that
if ug € Bs(po), then the solution, u(¢), to (2) with initial condition u( exists for
t €0, T] and u(T) € Be(p(T)). Since u(T) is in U, by Theorem 1.1, the solution
to (2) with initial condition u(7T") converges to a function near zero that defines a
sphere. By uniqueness of the flow we get the result. (]

Appendix: Key theorems

In this appendix we restate the key theorems from [Lunardi 1995] using the notation
of this paper. In the following, E|, Eq and E will represent Banach spaces with
EiCEyCE.
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Theorem A.1 [Lunardi 1995, Theorem 8.4.1]. Let Oy C E| be a neighbourhood of
Oandlet G: 01 — Eyand 0G : Oy — L(E1, Ey) be continuous. Assume that for
every v € Oy, the operator 0G (v) : E| — Ey is the part in Eq of a sectorial operator
A:D CE— E suchthat Ey~ (E, D)g and E\ ~{x € D: Ax € (E, D)y}, for some
0 € (0, 1). Then for every u € O there are § > 0, r > 0 such that if |luo —ul|g, <r,
then the problem

)] W(t)=Gu@), 0<t=<8, u0)=ug
has a unique solution u € C([0, 8], E1) N C'([0, 81, Eo).

Theorem A.2 [Lunardi 1995, Theorem 8.4.4]. Let G be as in Theorem A.1. For
every u € Oy and for every T € (0, T(u)), where t(v) is the maximal time of a
solution to (9) with ug = v, there is r > 0 such that if ||ug—ullp <r, then t(ug) > 7
and the mapping

®: B, (i) > C([0, T], ENNC'([0, 7], Eo), P () =u(-;v),

where u(-; v) solves (9) with uy = v, is continuously differentiable with respect
to v. If in addition G is k times continuously differentiable or analytic, then so is P.

We now set Eg = (E, D)g, Ey ={x € D: Ax € (E, D)y} for some 6 € (0, 1),
and let O; be a neighbourhood of 0 € E;. For a finite-dimensional space X we
also define 1 : X — R to be a cutoff function such that 0 < n(x) <1 forall x € X,
n(x) =1if [x[lx <1, and n(x) = 0if |lx|lx > 2.

Theorem A.3 [Lunardi 1995, Theorem 9.2.2]. Let A: D C E — E be a sectorial
operator such that o (A)\R_ consists of a finite number of isolated eigenvalues,
each with finite algebraic multiplicity. Let G € C'(01, Eg) be a nonlinear function
such that G(O) =0 and BG(O) = 0. Then there exists ry > 0 such that forr <r
there is a Lipschitz continuous function y : P(Eg) — (I — P)(E}) such that the
graph of y is invariant for the system

x(1)

(10) x/(t):Alp(Eo)x(t)-l—PG(n<T)x(t)+y(t)), x(0) = xo € P(Eo),

/ ~ x(t)
Y () =Alg-pyE)yt)+U — P)G(n<7)x(t) —i—y(t)),
y(0) =yoe (I — P)(Ey),

where P is the spectral projection associated with the set of nonnegative eigenvalues.
If in addition G is k times continuously differentiable, with k > 2, then there exists
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rx > 0 such that if r < ry, then y € C*~V1 and for x € P(Ey),

ay (x) <A|P(E0)X + Pé(n ()r—c)x + y(x)))

~ x
= Alg-pryEpyx)+U — P)G<77<;)x + )/(X))-
Proposition A.4 [Lunardi 1995, Proposition 9.2.4]. Take A and G as in Theorem A.3.
For every w € (0, w_), where w_ = — sup{9i(A) : L € 0 (A) NR_}, there is C(w) >0
such that if ||xo|| g, and ||yollg, are small enough, then there exists x € P(Ey) such
that for all t > 0,

(A1) x@) —z®llEe, + (@) —y@E) e, < Clw)exp(—wi)|lyo—y (xo) £,
where (x(t), y(t)) is the solution to (10) and z(t) is the solution to
7(1)

(12) Z() = AlpEyz(t) + PG(n(T>z(t) + y(z(t))>, z(0) =x.

Note that throughout the paper we considered, for O < oy < o < 1, the spaces
E; = h*t¢ (FR)» Eg = h*(¥%) and E = h*(S%), with D, the domain of a linear
operator A, given by h>+e0 (¥%). The characterisation of 2% (¥’;) as an interpolation
space between h*° (%) and h2teo (¥ is given in (3).
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