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CONSTANT-SPEED RAMPS

OSCAR M. PERDOMO

It is easy to show that if the Kinetic coefficient of friction between a block and
a ramp is j; and this ramp is a straight line with slope — .z, then this block
will move along the ramp with constant speed. A natural question to ask is
the following: besides straight lines, are there other shapes of ramps such
that a block will go down the ramp with constant speed? Here we classify all
possible shapes of these ramps, and, surprisingly, we show that the planar
ramps can be parametrized in terms of elementary functions: trigonometric
functions, exponential functions and their inverses. They provide basic ex-
amples of curves explicitly parametrized by arclength. A video explaining
the main results in this paper can be found at http://youtu.be/iBrvbb0efVk.

1. Introduction

It is known experimentally that when a block slides on a surface under the presence
of gravity, besides the force exerted on the block by the surface — called the normal
force — there is a second force on the block, with direction opposite to the direction
of the velocity vector of the block and with length proportional to the length of the
normal force. This second force is called the friction force. If we use symbols in a
bold font to denote vectors and we use the same symbols (not in bold) to represent
their magnitudes, then the friction force F satisfies

(1-1) F=uN,

where N is the normal force and w is a constant called the kinetic coefficient
of friction.

In this paper we will assume that (1-1) holds true, even though in real life it is
just a good approximation and its formal deduction from basic physical laws is
not known. Let us quote [Feynman et al. 1963] in this regard: “It is quite difficult
to do accurate quantitative experiments in friction, and the laws of friction are
still not analyzed very well, in spite of the enormous engineering value of an
accurate analysis. Although the law F = u N is fairly accurate once the surfaces
are standardized, the reason for this form of the law is not really understood.”

MSC2010: 53Z05.
Keywords: friction, constant speed, ramps, sliding.
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Figure 1. A block sliding down under the effect of gravity and the
friction force. This figure shows the three forces acting on the block.
The dashed forces are just a decomposition of the gravity force.

We will take (1-1) and the discussion of the direction of the forces in the previous
paragraphs as a definition of the friction force and the kinetic coefficient of friction.
One of the difficulties dealing with friction forces is that they are not continuous,
due to the fact that their direction must be opposite to the velocity vector of the
block. For example, friction forces are responsible for making a car stop; they
produce a force opposite to the motion of the car, but once the car has stopped, this
force disappears.

A basic computation shows that given a kinetic coefficient of friction wg, the
angle of a linear ramp can be adjusted so that a block on this ramp will move down
with constant speed. In order to cancel the gravity, friction, and normal forces, it is
enough to take a ramp given by a line with slope —pu, that is, we must take the
inclination of the ramp to be 8y with tan 8y = k. See Figure 1.

In this paper we study other ramps on which a block can slide down with constant
speed under only the effect of gravity and the friction force. Let us mention some
of the differences and similarities between the motion on a linear ramp and on these
other ramps: (i) As happens for linear ramps, if a block is moving with constant
speed on any ramp only under the effect of gravity and the friction force, then the
velocity vector of the block must have a negative vertical component, that is, the
motion must be downward (see Proposition 3.9). (ii) When the ramp is linear, the
angle of the ramp (i.e., the shape of the ramp) is independent of the velocity of the
block; it depends only on the coefficient of friction. For other ramps, the shape of
the ramp depends on the desired constant speed of the block. Corollary 4.2 provides
an exact procedure for changing the shape of the ramp according to the desired
constant speed of the block.

Let us assume that we want a block to move down with speed vy and we know
that the kinetic coefficient of friction is p,. In this note, we classify the shapes of
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Figure 2. The graph of the curve &, which has two horizontal asymp-
totes, separated by a distance of 7 /a.

all possible ramps on which this block will move down with speed vy. We now
construct the 2-dimensional constant-speed ramp. Given vg and u; = tan g, define
a=g/ (v(z) sin §), where g is the acceleration due to gravity, and

(1-2) a(s) = (S + 1 In(1+e724), 2 arccot(efas)>.
a a

This curve « has a “U” shape with two horizontal asymptotes: one at y =0 and
the second one at y = r/a. See Figure 2.

If we rotate the curve a clockwise through an angle § (see Figure 3), then the
highest point divides this rotated curve into two ramps, on which a block can move
down with constant speed vy under the assumption that the kinetic coefficient of
friction is p; = tan$.

The sequence of pictures in the Appendix shows the motion on the ramps when
the desired speed is Sm/s and p; = 0.5. The pictures also display the three forces
acting on the block under the assumption that the mass is 1 kg and g = 9.81 m/s?
(recall that g changes from place to place on earth). On the highest part of the ramp
on the left, the normal force is zero. Also, although the normal force in the upper
part of this ramp is pointing down, the block does not fall down due to its speed.

15F

10 C—
05 ¢ ——
00—t ——

—0.5
-1.0¢
~15¢
20t

Figure 3. Graph of the two constant-speed ramps. At the highest
point, a block with speed vy must be placed on top if we want to
use the ramp to the right of this highest point, and it must be placed
underneath if we want to use the ramp to the left of this highest point.
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n(s)

o(s)

o/(s)

Figure 4. Given that s is the arc-length parameter, the vectors
a'(s) = (cosO(s), sinf(s)) and n(s) = (—sinf(s), cosO(s)) are
perpendicular.

In Section 2 we provide a first proof of the classification of 2-dimensional ramps.
In Section 3 we provide a formal definition of ramp in order to state the result
as a mathematical theorem. This section may be skipped. Section 4 deals with
3-dimensional ramps.

2. A first approach

Let us find every possible 2-dimensional curve with the property that a block, sliding
down on it, will move with constant speed v > O under the assumption that the
kinetic coefficient of friction is 4 = tan § for some constant § between 0 and 7 /4
radians. Start by assuming that this curve is parametrized by arclength; that is, if
a(s) = (x(s), y(s)) denotes such a curve, then |&’(s)| = 1. Under this assumption
we can assume that for a smooth function 6 (s) we have

x'(s) =cosf(s) and y'(s)=sin6(s).

The function 6 (s) will help us describe the curve «. It is clear that the vector
n(s) = (—sin6(s), cos 6(s)) is a unit vector perpendicular to a’(s), and the chain
rule gives that o”(s) = 6’ (s)n(s). Figure 4 shows these two vectors.

Let us assume that §(f) = a(vt) describes the motion of the block. Since
s = vt and s is the arc-length parameter, the speed of the block is the constant v.
Since we have that ”(¢) = v’ (vt), we can write the free-body diagram for the
constant-speed problem on « with speed v as in Figure 5.

As the free-body diagram shows, the following equation must hold true (a free-
body diagram is essentially a picture that shows the forces acting on a body. For
further discussion on free-body diagrams, see [Beer et al. 2010]):

2-1) mv29/(s)n(s) = A(s)n(s) — tan(8)A(s)at'(s) — (0, mg).
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2
N —n mLL (5 = m6 (sym

— e (s) /

0, —mg)
Figure 5. By Newton’s second law, the sum of the normal force N,
the weight (0, —mg) and the friction force —uia’(s) must be m B’ (s).

By applying the inner product with the vector ’(s) to both sides of (2-1) we
obtain

A(s) = —mgcotdsinO(s).

Likewise, applying the inner product with the vector n(s) to both sides of (2-1), we
obtain that mv?6’ = A — mg cos §. Therefore, with a = g/(v?sin §),

vZsiné

Since the differential equation (2-2) does not have the variable s, all the solutions
differ by a horizontal translation. That is, if (s) is a solution, then 6 (s 4 ¢) is also
a solution for every real number c. Due to the geometry of our problem we do not
need to consider an integrating constant, since just one solution will give us all the
solutions a(s). Recall that the equilibrium solution of (2-2) is 8(s) = —§ for all s.
This solution corresponds to the case a(s) = (cos(8)s, — sin(8)s), which is the
straight line ramp shown in Figure 1. When we solve this differential equation by
separation of variables we notice that we need to integrate the function csc(6 + §).
Instead of using the classical formula f cscudu = — In(csc u + cotu) we will use
the formula f cscu du = In(tan(u/2)), which leads to the formula

(2-2) 0'(s) =

sin(@(s) +8) = —a sin(6(s) +8).

0(s) = —8 + 2 arctan(e™**).

It is clear that if y(s) = (z(s), w(s)) denotes a counterclockwise rotation of &
radians of the curve a(s), then

7/ (s) = cos(2arctan(e ™)) and w’'(s) = sin(2arctan(e”%*)).
Integrating the equations above we obtain that

In(1 —2as 2
z2(s) =5+ M and w(s) = — arccot(e™ ).
a a
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The curve (z(s), w(s)) is shown in Figure 2. As mentioned in the introduction,
the solution that we are looking for is a clockwise rotation of the curve y by an
angle 4. In the next section we give a more detailed explanation of this solution.

3. Understanding the solution of the ODE:
a mathematical definition of ramps

With the intention of setting up notation, let us start with the following well-known
definition (see, for example, [do Carmo 1976]).

Definition 3.1. We will say that a curve y : [a;, a2] — R2 is regular if y’(t) never
vanishes. We say n : [a1, az] — R2 is a normal of the curve y if n(¢) has length 1
and the inner product of n(¢) and p’(¢) is zero, that is, rn(r) - y (t) = 0 for all 7.

Intuitively, we can think of a planar ramp as a 2-dimensional region whose
boundary is a curve. It is clear that the interesting part of the ramp is a portion of
the boundary of the region. The following definition provides an alternative way to
describe a ramp without mentioning the 2-dimensional region. Figure 6 provides
the interpretation of our definition.

Definition 3.2. A ramp in the plane R? is an ordered pair (y,n), where y :
[a;,a2] — R?is a regular curve and n : [a;, a] — R2 is a normal to y. We
will interpret the ramp (y, n) as a portion of the plane whose boundary contains y
and whose outer normal vector is n.

Example 3.3. The pairs (y;, n1) and (p», n»), mapping [0, 7] — R? and given by
y1(t) =5(cost,sint) and n;(t) = (cost,sint),
»2(t) =5(cost,sint) and ny(t) = —(cost, sint),
are examples of ramps, shown in Figure 6.
The following definition is based on Newton’s second law:

Definition 3.4. A ramp with external force is atriple (y, n, F), where F : [a, ax] —
R? is a smooth function and (y, n) is a ramp. Given a positive number m, a solution
of the ramp with external force (y, n, F) is given by a curve 8(¢) = y(h(t)) and a
nonnegative function A : [a;, az] — R such that

F(h(®) +r(®)n(h(t)) =mp"(t).
(Notice that B is just a reparametrization of the curve y and is completely determined
by the function 4 : [a;, a2] — R.)

Remark 3.5. In Definition 3.4, the term A(¢)n(¢) represents the force that the
surface of the ramp is exerting on the object under the action of the external force F.
By Newton’s third law, —A(#)n(¢) is the force that the object is exerting on the
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6f ny(t) 6r ny(t)

Figure 6. A normal vector of a curve helps us to define the part
of a curve where we want a object to slide on a ramp

ramp. The condition A > 0 is needed so that the object stays on the ramp. Also
notice that the curve f(¢) describes the position of the object at time ¢.

Example 3.6. If (y, n) is a ramp, m > 0 and F(¢) = (0, —mg), where g is the
gravitational acceleration, then the triple (y, n, F) represents the action of gravity
on a particle with mass m that moves on the ramp without friction.

The following easy example illustrates that not every ramp with external force
has a solution.

Example 3.7. Let us consider the ramp (y, n) where y, n:[—1.5, 1.5] — R? are
given by

y(@) =t t*) and n(t)=< 2 , ! )
VA1 Az 41

If we assume that the mass of the block is 1 kg, and F (t) = (0, —9.81), then the
ramp with external force (y, n, F) has no solution. Figure 7 shows this ramp.

Proof. Let us argue by contradiction. If a solution exists, there will exist a positive
function A(¢) and a function A4 (¢) such that

© —981)+A(t)( 2h(t) ! )—ﬂ”(t)
- VAR +1 anrn+1)

= (@), 20/ ©))* +2h (K" 1)).

If we take the dot product with the vector (2A(¢), —1) on both sides of the equation
above we obtain the equation

9.81 4+ A(H)V4h2(1) + 1 = =2(h' (1))>.

This is impossible because we assumed that A(¢) is a positive function. U
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1 . . . .
-1.5 —-1.0 —0. 0 0.5 1.0 1.5

Figure 7. This ramp with the external force F(t) = (0, —9.81)
does not have a solution.

The definition of the solution of a particle moving on the ramp under the action
of the force F is provided by Definition 3.4. In the case that F denotes all the
forces acting on the particle that moves on the ramp except the friction force, the
definition of the solution needs to be changed to:

Definition 3.8. Given a ramp with external force (y, n, F) defined on the interval
[ai, ax] and two positive numbers u < 1 and m, a solution of the ramp with
external force (y, n, F) and kinetic coefficient of friction | is given by a curve
B(t) =y (h(r)) and a nonnegative function A : [a;, a;] — R such that

B _
1B'(1)]
Intuitively, when we think of a block moving with constant speed on a ramp, we think

of the block moving down. The following proposition shows, using Definition 3.8,
that indeed the block must move down.

F(h(t)) +2(0)n(h(1)) — pA(r) mpB”(t).

Proposition 3.9. Let us assume that F = (0, —mg) is the gravitational force,
where m is a mass, and [ is a kinetic coefficient of friction. Let us further assume
that B(t) = y(h(t)) is a solution of the ramp with external force (y,n, F) and
kinetic coefficient of friction . If the speed of the solution is constant, then the
velocity vector of the solution B cannot point up; that is, for any t, the dot product
B'(t) - (0, 1) cannot be positive.
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Proof. Since we are assuming that the curve y is regular, we can find a reparametriza-
tion p that is parametrized by arclength (see for example [do Carmo 1976]). That
is, we can write y () = p (u(¢)). We therefore have that

B(t) =y (h(t)) = p(u(h(t)) = p(h(t)), where h=uoh.

Since y is parametrized by arclength and we are assuming that the speed of B is
constant, we have that the function 4’ is constant; that is /’(r) = v for all ¢ and for
some nonzero real number v. Therefore B”(t) = v>p”(¢). Since we are assuming
that B is a solution of the ramp with external force (y, n, F) and kinetic coefficient
of friction wu,

B (1) _
1B’ (1)]

Multiplying the equation above by the velocity vector 8/(¢) = vy’(¢) and keeping
in mind that (i) this velocity vector is perpendicular to the normal vector r» and

0, =mg) + A(O)n(h(1)) — nuA(r) mpB”(1).

(ii) the acceleration vector §” is parallel to the normal vector n, we obtain

—mgp'(t) - (0, 1) — puA(t)|v| =0.
From the equation above we conclude that 8/(¢) - (0, 1) cannot be positive. O

Remark 3.10. Let us define an elementary function to be a function of one variable
with real values built from a finite number of trigonometric, exponential, constant,
n-th power functions and their inverses, through composition and the four basic
elementary operations (4, —, X, =). When we want to define basic examples of
curves parametrized by arclength (that is, if we want to define y (s) = (x(s), y(s))
such that x’(s)% 4 y'(s)? = 1 for all t), the first thing that comes to mind is to find
easy possibilities for x"(¢) and y’(¢). The easiest one would be a pair of numbers ¢,
and ¢, such that c%-i—c% = 1. If we make x'(s) = ¢y and y’(s) = ¢, then, after an easy
integration, we obtain that the curve p is a straight line. If we want to use the fact that
cos?(as)+sin*(as) = 1 and we decide to make x'(s) = cos(as) and y’(s) = sin(as),
then, after an easy integration, we obtain that y should be a circle. The most
important curves in this paper are those that are obtained by using the identity

tanh® ¢ +sech’r =1 for all 7.
That is, we will be using curves that satisfy x’(s) = tanh(as) and y’(s) = sech(as).

The following lemma is a direct computation and provides a definition of the
curve o« whose graph is shown in Figure 2.
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Lemma 3.11. For any nonzero real number a, the curve
(3-1) a(s) = (x(s), y(s)) = (s + al In(1 + e 2%, %arccot(e_‘”))
is an arc-length parametrized curve. Moreover,

x'(s) =tanh(as) and V'(s)=sech(as).

Lemma 3.12. For any positive number § smaller than 7w /2, suppose a5 represents
the curve obtained by rotating the curve a = (x(s), y(s)) defined in Lemma 3.11
through an angle of é radians; that is, let

os(s) = (x5(s), ys(s))
= (cos(8)x(s) +sin(8) y(s), — sin(8)x(s) + cos(8) y(s)).

Then the maximum value for ys is achieved when s = arcsinh(cot§)/a. Also, we
have that

(3-2) oy (s) - (y5(s), —x5(s)) = a sech(as).
The graph of the curve as is shown in Figure 3.

Proof. A direct computation using Lemma 3.11 shows that
ys5(s) = — sin  tanh(as) + cos & sech(as),

and so the only solution of the equation y5(s) = 0 is s = arcsinh(cot §)/a. In order
to prove the identity (3-2) we point out that since the inner product is invariant
under rotations, this identity is equivalent to showing that e’ (s) - (y/(s), —x'(s)) =
a sech(as), which follows because

x"(s)y'(s) — y"(s)x'(s) = a sech® as + a tanh? as sech as
=asechas (sech2 as + tanh? as) =asechas. |

Remark 3.13. In this proof, we obtained yj(s) = — sin § sech(as)(sinh(as) —cot §).
It follows that y;(s) > 0 if s < 50 and y5(s) <0 if s > s0.

Definition 3.14. For any positive number § smaller than /2 and any a > 0, we
define the ramps (s, ns) and (ys, i) on the interval [0, co) by

Ys(s) = as(so—s), ns(s) = (ys(so — ), —x5(s0 —5)),
Ps(s) =as(s +50),  fs(s) = (—ys5(s +50), x5(s +50)),

where sg = arcsinh(cot §)/a and the map s and the functions x5 and ys are defined
in Lemma 3.12. These two ramps are shown in Figure 8.

Let us state and proof the main theorem in this section:
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Figure 8. The two ramps given in Definition 3.14.

Theorem 3.15. Given an angle § between 0 and 7 /4 radians and a speed v > 0,
set jp =tané, a = g/(v?>sind) and F(t) = (0, —mg), where g is the acceleration
due to gravity. We have:

(a) For the ramp (ys, ns) given in Definition 3.14,
B(t) =ys(vt) and A(t) =mgcotd ys(so— vr)

is a solution for the ramp with external force (ys, ng, F) and kinetic coefficient
of friction tan é.

(b) For the ramp (ys, iig) given in Definition 3.14,
B(t) =yps(vt) and A(t) = —mg cotd ys(so+ vt)

is a solution for the ramp with external force (ys, i, F) and kinetic coefficient
of friction tan 4.

(c) Since in both cases |B’'(t)| = v, these motions have constant speed.

Proof. Let us prove part (a). First of all, notice that, as is required by Definition 3.8,
A > 0 by Remark 3.13. From the definition of § we obtain that

B'(t) = —va(so—vt) and B"(t) = v’ af(so — vt).
Therefore, the equation

gw .,
F(h(t)) +A2(0)n(h(1)) — w\(t)m =mp(1)

is equivalent to
(3-3) (0, —mg) + A(t)ns(vt) + tan SA(r) s (so — vi) = mv? o (1).

Notice that the vectors u; = ns(vt) and u = a5(so — tv) form an orthonormal
basis. Therefore, in order to establish (3-3) it is enough to prove that the dot products
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with u; and u; of the left-hand side and right-hand side of the equation are the
same. The dot product of the LHS of (3-3) with u, is equal to

mg x5(so—vt)+Ar(t) = mg x5(so—vt)+mg cot 8y (so—vt)
=mg (cos é tanh(a(sg—vt))+siné sech(a(sg— vt)))
+mg cot §(— sin é tanh(a(so—vt))+cos § sech(a(so—v1)))
mg

= —— sech(a(sog—vt)).
sin g

Using (3-2) we get that the dot product of the RHS of (3-3) with u, is equal to

mv’a sech(a(sg —vt)) = E sech(a(sg — vt)).

sin &
Therefore, LHS -u; = RHS - u;. It is easy to check that the dot product of the RHS
of (3-3) with u, vanishes. On the other hand, the dot product of the LHS of (3-3)
with u; equals

—mg ys(so — vt) + vtan§ A = —mg y5(so — vt) + tan § mg cot 8y;(so — vt) = 0.

Therefore, part (a) follows. Part (b) is similar. Part (c) follows because |a’| =1,
and, since a is a rotation of &, we have |as| = 1 and B'(r) = —va'(sg — vt), so

1B’ ()] =v. O

4. Three-dimensional ramps

In this section we describe ramps in the space on which an object can move with
constant speed vg under the assumption that the kinetic coefficient of friction is u.
We will prove that, if vy and w are fixed, then for every continuously differentiable
unit tangent vector field in the southern hemisphere there will correspond a constant-
speed family of ramps. In the correspondence that we will establish, the ramp that
we defined in Section 2 corresponds to a particular choice of a tangent vector field.

For curves that represent planar ramps, we obtained a description by studying
their velocity vector. Recall that the function 6(s) was used to describe a point
in the lower part of the semicircle that represented a possible velocity vector of
the curve that described the ramp. When this curve is free to move in the whole
3-dimensional space, the tangent unit vector to the curve lies in the unit sphere, and
since the block must go down the ramp we can assume that the tangent unit vector
of the ramp lies in the southern hemisphere. See Figure 9.

In order to completely determine the ramp, we need to specify the desired
direction of the normal to the ramp; see Figure 10. We can do this by choosing a
unit normal vector field H (y) defined in the lower hemisphere and requesting the
normal vector of the ramp to be equal to N(y) any time the tangent unit vector to
the ramp is the vector y. See Figure 11.
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1, y2)

Figure 9. The unit tangent vector of a possible ramp in the plane
lies in the lower part of the unit semicircle. If the ramp does not
lie in a plane, but instead in the whole space, then the unit tangent
vector lies in the lower hemisphere of the unit sphere.

We will prove that for any continuously differentiable choice of a normal field
n(s) in the lower hemisphere, there exists a family of ramps on which a motion
with constant speed is possible under the effect of the forces of gravity and friction.

More precisely, we have the following theorem:

Theorem 4.1. Let = = {(y1, y2. y3) € R* : y7 + y3 + y; = 1 and y3 < 0} be the
southern hemisphere and let N : ¥ — R> be any continuously differentiable unit
tangent vector field. That is, for any y € X, N(y) has norm 1 and is perpendicular
to y. For any positive numbers m, v and i < 1, and any yy € X, there exists a unique
curve a(s) parametrized by arclength, such that a(0) = (0, 0, 0) and o' (0) = yy.
Furthermore, the motion B(t) = a(vt) in the ramp given by

R(s,r) =a(s) +ra'(s) x N(a'(s))

represents a solution of Newton’s second law for a block with mass m moving on
the ramp under the assumption that the only forces acting on the block are gravity
and friction with kinetic constant coefficient (. Recall that since the parameter s is
the arclength, |B’(t)| = v for all t; that is, the motion has constant speed v.
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Figure 10. To build a ramp we need to choose a normal direction
at every point in the ramp.

Proof. Recall that we denote by u - w the inner product of the vectors u and w.
A direct computation shows that if e3 = (0, 0, 1), then e3T : ¥ — R3 given by
el (y) =e3— (e3-y)y is a tangent vector field. Notice that el (y) must be in the
tangent space 7, % because e3T (y)-y=0.

/§S) = (¥1, Y2, ¥3)

Figure 11. We will make the choice of the normal direction on
the ramp to depend on the unit tangent vector.
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Let A : ¥ — R be the function given by
8 8
Ay)=——e3-y=—=y3.
0 0

Since y3 <0, A >0 and A only vanishes on the boundary of X. (Recall that the bound-
ary of X is given by the equation y3 = 0.) Let us consider the tangent vector field

1
(1) X =G —ANG) ==& (e + 2Np).

Observe that along points in the boundary of X, X (y) =—(g/ v?) e3 points toward 2.
It follows that any integral curve of the tangent vector field X remains in X. Let y (s)
be the integral curve of the vector field X that satisfies y (0) = yo. We will prove
the theorem by showing the curve a(s) given by

o(s) = /S y (W) du
0

satisfies all the conditions in the theorem.

Clearly, a(0) = (0,0, 0) and &’(0) = y(0) = yo. We also have that s is an
arc-length parameter because |o'(s)| = |y (s)| = 1. A direct computation shows
that the normal vector of the surface (or ramp) R along the curve « (along points
in the surface with » = 0) is given by N (p(s)).

We will now prove that Newton’s second law holds true for 8(z) = a(vt). Notice
that since v is constant, B/(t) = ve’(vt) = vy (s) and B” (vt) = v?y’(vt) = V' (s).
If m denotes the mass of the particle and A is defined as in the beginning of the
proof, we have

1
mB' (1) = mv?y'(s) = —mv’ — (g el () AN (¥))
=m(~gestges- 1)y —Ees- ) Ny)
=—mgez + mAN(y(s)) —mAipy(s).

From the equation above, we conclude that the normal force imparted by the
ramp onto the block has magnitude mA. Notice that the last equation above is
Newton’s second law. (I

It is clear that the form of the ramp depends on the desired constant speed of the
block. For example, if the block is to travel upside down on some portion of the
ramp and the speed v is not much, then the curvature of that portion of the ramp
must be big so that the block does not fall off the ramp. The following corollary
explains how to change the ramp if we want to change the constant speed or if we
want to change the gravity force:
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Corollary 4.2. Suppose that a ramp R C R allows a block to move down with
constant speed v under a gravity g. Then, for any positive k, the ramp Kk R =
{k(x,y,2):(x,y,z) € R} allows a block to move down

(a) with constant speed /xv and gravity g, or
(b) with constant speed v and gravity g/xk.

Proof. This corollary is a consequence of the definition of the vector field X in
(4-1). We can check that if py(¢) is an integral curve of the vector field X and
o(s) = f(‘; y (1) du, then y(t) = y(t/x) is a solution of the vector field (1/x)X,
which can be interpreted as either the vector field coming from the tangent unit
vector field N (y) with velocity /k v and gravity g or can be interpreted as the
vector field coming from the tangent unit vector field N(y) with velocity v and
gravity g/k. The result follows by noticing that

&(s)z/osf(u)duzfoxy<%) du=/</0‘v/’(y(v)dv=xa<%). O

Remark 4.3. If a ramp R on earth has the property that an object will fall down
with constant speed v, then, if we dilate this ramp by a factor of 6, the same block
will move down with the same constant speed v on this dilated ramp when it is
placed on the moon.

Appendix: Graphs

The graphs show snapshots of the motion on the longer part of the ramps, followed by
snapshots of the motion on the shorter part. For a proper animation and explanatory
video, see http://youtu.be/iBrvbbOefVk.
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SURFACES IN [R{f"_ WITH THE SAME
GAUSSIAN CURVATURE INDUCED BY
THE EUCLIDEAN AND HYPERBOLIC METRICS

NILTON BARROSO AND PEDRO ROITMAN

We show how to construct infinitely many immersions into the upper half-
space such that the Gaussian curvatures induced from the ambient Eu-
clidean and hyperbolic metrics coincide. We show how these immersions
are related geometrically to classical minimal surfaces in Euclidean space
and timelike minimal surfaces in Minkowski space.

1. Introduction

The typical scenario in problems about the geometry of submanifolds is usually
given by a Riemannian manifold M and the search for a submanifold S C M with
some special geometric property with respect to the Riemannian ambient metric
on M.

In the present work we will treat a problem that generalizes the above setting in
the following sense. Instead of just one Riemannian metric on M, we will consider
a pair of such metrics, say g; and g», and look for a submanifold S C M with a
special property that depends on both metrics g and g. Of course, if the metrics
g1 and g, are arbitrary, it is hard to imagine that an interesting question will show
up from this setup. However, assuming that g; and g, are in the same conformal
class of metrics, we believe that there is a fertile and still unexplored field waiting
for geometers. In this spirit, we will consider here an example that shows how it is
possible to have a nice interplay between the geometric aspects induced by the two
metrics g; and g,. Specifically, we will treat the problem below.

Let S be an immersed surface in Ri = {(x1, x2, x3) € R3 | x3 > 0}, and let dse2
and ds% be the Euclidean and hyperbolic metrics on R3 , respectively, given by

2 2 2 2 o ds;
ds; =dxi+dx; +dx; and ds;=—.

2
X3

MSC2010: primary 53A10, 53A35; secondary 35L70, 35J96.
Keywords: minimal surfaces, Euclidean geometry, hyperbolic geometry, Gaussian curvature,

Monge—-Ampere equations.
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We will denote by K, and K}, the Gaussian curvatures of the metrics on S induced
by dse2 and ds}%, respectively.

Problem. Find surfaces immersed in Ri such that K;, = K,.

To simplify our exposition, these surfaces will be called isocurved surfaces.
To get a naive feeling of the problem, locally one can represent an isocurved
surface as a graph (u, v, ¢(u, v)), with ¢(u, v) > 0 defined in a domain contained
in 8Ri = {(x1, x2, x3) € R? | x3 = 0}. The function ¢ must then be a solution of a
Monge—Ampere equation; see (2-2).

This is a mixed type equation, and — according to the type of Monge—Ampere
solution associated to it— we divide isocurved surfaces into three classes: elliptic,
parabolic, and hyperbolic.

As often happens in the field of differential geometry of surfaces, it is very hard to
find explicit solutions of PDEs describing geometric objects and clearly some kind
of geometric method is necessary to find nontrivial examples of isocurved surfaces.

Our strategy to attack the problem is based on a surprising geometric relation
between isocurved surfaces and minimal surfaces in R? (for the elliptic case) and
timelike minimal surfaces in Minkowski space I (for the hyperbolic case). This
geometric relation, together with the well-known machinery to generate minimal
surfaces, provides a relatively simple and efficient method to generate isocurved
surfaces.

Our geometric construction stems from the curious fact that isocurved surfaces
appear in a one parameter family of parallel surfaces in the sense of hyperbolic
geometry. It is therefore natural to seek a method that enables one to consider this
one parameter family of isocurved surfaces as a whole. This is achieved by looking
at the congruence of geodesics of hyperbolic geometry that have isocurved surfaces
as orthogonal surfaces.

We will present a technique to construct such congruences of geodesics by
starting with an appropriate simply connected minimal surface. This technique
yields an explicit constructive method to generate isocurved surfaces that are either
elliptic or hyperbolic from minimal surfaces in R* or [.°,

We have organized this paper as follows. In Section 2 we present the simplest
examples of isocurved surfaces and the PDE for isocurved graphs. We also show
that isocurved surfaces appear in a one parameter family of parallel surfaces with
respect to d s,%. In Section 3 we show how elliptic and hyperbolic isocurved surfaces
can be constructed from minimal surfaces. We offer a detailed discussion about
the elliptic case in Section 3A, and apply the theory to construct many examples in
Section 3B. In Sections 3C and 3D we deal with the case of hyperbolic isocurved
surfaces and give some examples. Section 4 is devoted to some final remarks about
isocurved surfaces.
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2. Basics about isocurved surfaces

2A. Simple examples. Throughout this work we will use (x1, x2, x3) as coordi-
nates in R3. We will also adopt the following terminology. A geodesic of hyperbolic
geometry will be called an h-geodesic. We recall that in the upper half-space model
([R{i) these geodesics are represented either by circles orthogonal to B[Ri or by
vertical lines. Accordingly, the parallel surfaces in hyperbolic geometry will be
called h-parallel surfaces.

We now start our study of isocurved surfaces with a description of the simplest
examples. The trivial example is a horizontal plane x3 = const. > 0 (horosphere in
hyperbolic geometry), since K, = Kj, = 0 for any such plane. In fact, any surface
that is flat with respect to the Euclidean and hyperbolic metrics is isocurved. For
instance, if we consider the part of vertical right circular cone with vertex at BIRE’r
that lies in the region x3 > 0, it is well-known that K, = Kj = 0 for this surface.
A not so obvious example of this type is provided by the surface with horizontal
rulings orthogonal to a tractrix contained in a vertical plane and asymptotic to dR3 ;
see Figure 1.

An example that is not flat is simply a (round) sphere properly placed in IR}F.
To see that this is true, consider any sphere in [Ri. Of course, K, is invariant with
respect to vertical Euclidean translations, but such motion clearly changes K. Note
that for a given sphere with fixed Euclidean radius, if we vertical translate upwards,
then K, increases without limit as we go up and if we translate downwards then K},
tends to zero as we approach BRi. So, by continuity, there is a specific placement
of the sphere such that K, = K.

A particular feature of all these examples is the following: if S is one of the
examples cited above, then the h-parallel surfaces are also examples.

This is clear for the horizontal planes and the circular cones, and a simple
computation shows that it is also true for spheres and the ruled example. In fact, as
we shall see in Theorem 2.2, this property is valid for any isocurved surface.

Figure 1. Flat ruled surface generated by a tractrix.
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2B. The PDE for isocurved graphs. We will now present a PDE that is related to
isocurved surfaces. The straightforward approach we adopt here is to consider an
isocurved surface that is the graph of some function defined in a domain in 8Ri
and study the corresponding PDE that has ¢ as a solution.

To derive this PDE, we start by recalling that K, and K, are related by

(2-1) Ky =x3K,+2H,x3n3 +n3 — 1,

where x3 is the third coordinate in R, n3 is the third coordinate of a unit normal
vector in the Euclidean sense, and H, is the mean curvature with respect to the
Euclidean metric. Equation (2-1) follows easily from the well-known expression
relating the principal curvatures of an immersed surface in [Ri with respect to ds?
and ds,% [Lépez 2001] and the Gauss equation

Kext= Kh + 1,

relating K, to the extrinsic curvature K¢y of a surface induced by the ambient
metric ds,f.

Using the well-known expressions for K., H,, n3 for a graph (u, v, ¢(u, v)) over
a domain in the boundary of R3 , we conclude that ¢ is a solution of the PDE:

det vzﬁo —g 1+ sﬂg)%u —20uPupuy + (1 +(p,,2¢)¢vl)
1+|Vel|? 1+|Vel|?

where det V29 = ., @u — @7, and |Vo|* = o7 + 7.

Equation (2-2) is a Monge—Ampere mixed type PDE. It turns out that the ana-
lytical classification of such equations can be interpreted geometrically, and the
method to construct isocurved surfaces depends on the type of the equation. It is
then appropriate to recall the classification of the solutions of this class of PDEs. A
nice discussion about Monge—Ampere equations from a geometric point of view
can be found in [Ivey and Landsberg 2003].

Consider a PDE of the form

(2-2) (1—¢?) +|Ve|?=0,

(2-3) A(@uuPov — Puv) + Boyy +2C@up + Doy + E =0,

where A, B, C, D, and E are functions of u, v, ¢, ¢,, and ¢,, and define the
quantity A = AE — BD + C2. Equation (2-3) (or its solutions for some authors) is
called elliptic if A < 0, hyperbolic if A > 0, and parabolic if A = 0.

The proposition below shows that the criteria for deciding whether (2-1) is
elliptic, parabolic, or hyperbolic admits a geometric interpretation.

Proposition 2.1. Let S be an isocurved surface that is the graph of a function
o(u, v) defined in a domain of the plane x3 = 0. For points (u, v, ¢(u, v)) such that
the normal vector to S is not vertical, i.e., |V| # 0, let p(u, v) be the Euclidean
radius of the circle orthogonal to x3 = 0 that represents the geodesic in hyperbolic
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geometry passing through (u, v, (u, v)) and orthogonal to S at this point. Then
the solution ¢ of (2-2) is
elliptic <= either p>1o0r|Ve|=0,
parabolic < p=0,
hyperbolic <— p <.

Proof. Writing (2-2) in the form (2-3) yields A = (1 — ¢?), B = —¢(1 + ¢,),
C =ppupu, D=—¢(1+¢,), and E = (1492 +¢2)(p2 +¢?2). Direct computation
shows that

A=—(1+|VpP)(*(1 + Vel — |Vol).

Thus ¢ is elliptic at points where |Vg| = 0. For points such that |[Vg¢| # 0, an
elementary computation shows that p is given by

o/ 14+ |Vol|?
p=——""
Vol

To finish the proof just use the above expressions for p and A. (I

2C. An invariance property of isocurved surfaces. Even though the Euclidean
and hyperbolic metrics enter on equal footing in the definition of isocurved surfaces,
the following property suggests that these surfaces might have some alternative
geometric description only in terms of hyperbolic geometry.

Theorem 2.2. Let S be an isocurved surface and S be the h-parallel surface at
distance t. If S' is smooth, then it is also an isocurved surface.

Proof. The equation that defines an isocurved surface can be rewritten as
(2-4) Kext(1 — x3) —2Hyns +n3 +x3 =0,

where K. and Hj, denote the extrinsic and mean curvatures with respect to the
hyperbolic metric, respectively. So, we have to prove that if (2-4) holds for S, then

(2-5) KL (1—(x5)%) —2Hns + (n5)? + (x5)? =0,

holds for §’, where the quantities with upper index ¢ are relative to S’. To do this,
it is convenient to start by writing S and S’ in the hyperboloid model to obtain
manageable expressions in the upper half-space model.

Let P = (P, P>, P3, Py) and n = (11, n2, 03, n4) be the vector position and unit
normal field of S in the hyperboloid model of H3. Then the parallel surface S’ in
this model has vector position and unit normal field given by

P" =coshtP +sinhtn, n' =sinhtP + cosht.
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Now, consider the map

u u 1
<I>(u1,u2,u3,u4)=< 2 =3 >,
Ul—Uq4 UL—U4 ULl— U4
that maps the upper sheet of the hyperboloid —u% + u% + u% + ui = —1 onto the
upper half-space. After some computations we obtain the following expressions for
the third coordinates of the position and Euclidean unit normal vector of S and S”:

1 ni—14
2- = = ——
( 6) X3 P1 _ P4’ n?, P] _ P4 )
1 _S(P1—=P4)+c(y1—n4)

27 X

t
= s n, =
c(Py—Py)+sm1—n4) 3

where ¢ = cosh ¢ and s = sinh .
We also need expressions for K., and H}i as functions of K.y and Hj:

c(Pi1—Py)+si—n4)’

/ 2 Kext — 2Hpsc + 52
(2-8) Ko = §2Kext —2Hps¢ + 2’
(€ + 5P Hy —sc(Kexe + 1)
- §2Kext —2Hpsc+¢2
See (2-8) and (2-9) for more details about [Tenenblat 1998, Proposition 3.2, page 24].
Now, using (2-6), Equation (2-4) is equivalent to

(2-10)  Kext((Py — Pg)* — 1)+ 2Hy,(P; — Py) (71 — na) + (q1 — 12)*> + 1 =0.

(2-9) H}

Using (2-7), (2-8), and (2-9), and performing some computations, we conclude that
the left hand side of (2-5) vanishes if and only if

Kext[(P1 = P)*(c® = 5°)* — ¢ +57]
+2Hy,(Py — Py)(n1 — na)(c* —s7)?
+ (2 = sH[(* = s —ma)* + 1] =0.

Using the fact that ¢ — s? = 1, we see that the expression above coincides with
(2-10) and so S is isocurved. O

3. Isocurved surfaces from minimal surfaces

We are now in position to present a geometric method that allows us to construct
infinitely many nontrivial examples of isocurved surfaces. Actually, our method
of construction works only for elliptic and hyperbolic isocurved surfaces and we
don’t have a general method to construct examples of parabolic isocurved surfaces.

The basic ingredient of our method is a simply connected minimal surface in
R3 (for elliptic isocurved surfaces) or simply connected timelike minimal surface
in [* (for hyperbolic isocurved surfaces). For both cases, starting with a minimal
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surface, we will show how to construct a congruence of geodesics of hyperbolic
space (h-geodesics) that has isocurved surfaces as orthogonal surfaces. Since there
are slight variations between the two cases, we will discuss them separately.

3A. Elliptic isocurved surfaces. We first introduce a process to induce from a
given simply connected immersed oriented surface ¥ in R® a congruence of
h-geodesics Cy whose elements are represented either by circles orthogonal to
the plane x3 = 0 or by vertical lines in R3..

A circle orthogonal to the plane x3 = 0 is determined by its (Euclidean) center o
that lies in the plane, its radius R, and a horizontal unit vector e; in the Euclidean
sense that together with ez = (0, 0, 1) defines the vertical plane where the circle
lies. The case of vertical lines can be treated as a limiting case.

For simplicity, we will consider only the h-geodesics that are circles. In other
words, from now on we will assume that for every p € X, the tangent plane 7, % is
not horizontal. From the surface ¥ with unit normal vector field N, we will define
the congruence of h-geodesics as follows.

Let Ppor be the orthogonal projection onto the horizontal plane x3 = 0, let
J :R?— R? be the % counterclockwise rotation in this plane, and let N = (n1, n, n3)
be a unit vector field normal to X.

For p € ¥ we define the center of the circle o (p) as

(3-1) o (p) = Phor(p),

the direction e (p) as

J (Phor(N(p)))
3-2 ="
G2 = T (NG|
and the radius R(p) as
1
3-3 Rp)= —o« .
G P = N )]

We now pose the question: what is the condition on the surface X such that the
congruence of h-geodesics Cy admits orthogonal surfaces?

If we knew in advance that Cy, defines a distribution of planes (the planes of the
distribution being the ones orthogonal to the h-geodesics), then we could use the
geometric version of the Frobenius theorem to verify the condition for the existence
of integral surfaces to this distribution.

However, even though the statements that follow become a bit clumsy, it is
interesting to consider the general situation where Cy, does not necessarily define a
distribution of planes. As we shall see, this procedure allows the consideration of
self-intersections and singularities for isocurved surfaces in a natural way.
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So we ask a weaker question, namely, about the existence of a differentiable map
Y: % — R3 defined by

(3-4) Y =0 4+ R(cosfHe| +sinfes),

where o, e, and R are defined by (3-1), (3-2), and (3-3), respectively, and 6 : ¥ — R
is an unknown differentiable function such that, for any point p € ¥ where Y is
an immersion, the tangent plane of Y at Y (p) is orthogonal to the geodesic of Cyx
associated to p. If Y satisfies the condition above we say that Y has the orthogonal

property.

The geometric condition above can be rephrased in terms of a system of Frobenius
type for the unknown function 8. The next proposition shows that, up to a degenerate
case, the function 0 exists if and only if ¥ is a minimal surface.

Theorem 3.1. Let X be an oriented simply connected surface in the upper half-
plane such that T, % is not horizontal for every p € X. The function 0 that appears
in the expression of the map Y given by (3-4) and such that Y has the orthogonal
property exists if and only if ¥ is either a minimal surface or vertical cylinder over
a planar curve in the plane B[Rﬁ.

Proof. First suppose that % is the graph of a function ¥ defined in a domain
QC aRi. A local chart for X is given by

X(u,v)=(u,v, ¥(u,v)).

The function 6 can be written in these local coordinates as a function 6 : Q — R.
Since we are assuming that Y has the orthogonal property, we have

(dY, —sinfe; +cosBez) =0,

where (-, -) is the usual inner product of Euclidean space.
Writing n = — sinf e; + cos 6 e3, we find

0= (Yu,n)
= (0, + R,(cosBe; +sinbe3) + R(cosBe; +sinbes),, n)
= (o, + (R, cosd — RO, sinfB)e; + R cosB(ey), + RO, cosbes, n)
= RO, —sinb {0y, e1),
and in the same fashion,
0= (Yy, n) = RO, —sinb {0y, e1).
We conclude that

(3-5) 6= ey, 6, =095, ¢p).
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The change of variables sin 8 = 1/ cosh § and cos # = tanh g, transforms (3-5) into

(3-6) B, = _%, By = — <ovke1>’

and the Frobenius condition for the integrability of the system is

(Uu’el> _ <UU,€]>
G ( R )_( R )

Since
(3-8) J(uv U) == (M, v, O)’
2
(3-9) R YITIVYIT
V|
(—=Yv, Yu)
3-10 = TU T
G-10) T v

Equation (3-7) implies that
A+ YDV = 20uboVun + A+ YDV =0,

that is, 6 (u, v) exists if and only if ¥ is a minimal surface.

Given a general parametrization for X, a long but straightforward computation
shows that the integrability condition for 6 is always satisfied for points where the
normal vector N is horizontal, and —as we have seen—if N is not horizontal,
then the mean curvature must vanish. So there two possibilities for X: either it is a
minimal surface or it is a vertical cylinder over a plane curve in 8[@1. (Il

Remark 3.2. If ¥ in our construction is a vertical cylinder over a planar curve,
then it is easy to check that map Y is not an immersion anywhere. On the other
hand, as we shall see later on, if ¥ is a minimal surface, we cannot guarantee in
general that the Y is an immersion everywhere.

From Theorem 3.1, we may start from a minimal surface ¥ and construct Cx,
that admits orthogonal surfaces. But it is not clear if these orthogonal surfaces have
any geometric property. We will now show that, if the map Y associated to Cy, is
an immersion, then Y (X) is an isocurved surface.

To prove this, we will start with an arbitrary immersed oriented surface S in Ri
and find the conditions on S such that S is orthogonal to the h-geodesics of Cy in-
duced by some surface ¥ via our geometric method. This leads us to our next result.

Theorem 3.3. Let S be an immersed surface in Ri. If S is orthogonal to the
h-geodesics of the congruence Cyx induced by an oriented immersed surface X,
then S is an isocurved surface.

Proof. Let p € S. Without loss of generality, we can assume that 7, S is not vertical.
In fact, if we had 7, S vertical, then we could replace S with §;, i.e., the parallel
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surface to § at distance ¢ with respect to the hyperbolic metric. For ¢ small enough,
S; is also an immersed surface and the tangent plane 7}, S; is not vertical. For the
following argument, we will also assume that 7, S is not horizontal, and we will
treat this situation as a limiting case at the end of the proof.

In a neighborhood of p, the surface S is the graph of a function ¢ defined in a
domain €2 in the plane x3 = 0. We will use u# and v as coordinates and write this
graph as

Y(u,v) = (u,v, pu, v)).

Now we reverse the steps in our geometric construction that induces a congruence
of h-geodesics from a given oriented surface. In other words, we will compute the
center o, the radius R, and the direction e; for the family of h-geodesics that are
orthogonal to S.

The direction e is the projection of the normal vector of S in the plane x3 = 0:

_ (—Pu, —@v)
Vol

To find the center o we proceed as follows. The normal field to S is given by

n=(=@u, —pu, 1) =|Voles +es.

Let J : R2 — RZ be the counterclockwise rotation of % 5 radians in the plane
spanned by e and e3. Consider the line starting from (u, v, go(u v)) in the direction
of Jn, parametrized by £(r) = Y +¢J 7. This line intersects 8R3 at o, so we obtain

PPu (A
(3-11) o*(u,v):(u— ,V— ,0).
IVo|? Vo|?

Finally, the radius R is the Euclidean distance from o to Y (u, v), that is,
_ eV1+1Vel?
Vol

If S is orthogonal to the h-geodesics of Cy, then there is a differentiable function
Y defined in €2 such that ¥ is locally parametrized by the map X given by

(3-12)

(3-13) X =0+ Yes.

Let N be the normal field of ¥ and 6 be the angle between N and the horizontal
plane. From our geometric construction, we have that the projection of N into the
horizontal plane is —Je; and R = (cos 6)~!. Thus,

RZ—1

N =cosf(—Jej) +sinfez = —%]el + R e
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The orthogonality condition (d X, N) = 0 yields the following system for :

(3-14) g, = Jevon e o)
CVR-1 T VR—T

The Frobenius integrability condition for this system is given by

(3-15) ((Jel, 014)) _ <<J61,0v>) -0
VRZ=-1/), \VRZ =1/,
Using equations (3-2), (3-11), (3-12), and performing some computations, we obtain

(Jer, 04) _ _%fp,% + ©PuPuy — PPy Puu + §03

(3-16) — ,
VRI=T X+ Vo) — Vel | Ve P?
(3-17) (Jer, ov) _ </’u<,05 + QP Puy — PP Py T+ (/73

VRT=1 /@2 (1 +|VeP?) — Ve |Ve|?

After the substitution of the expressions given by (3-16) and (3-17) into (3-15)
and some straightforward computations, we see that (3-15) is in fact equivalent to
(2-2). So, the function v exists if and only if S is an isocurved elliptic surface.

To finish the proof, recall that we have assumed that p € § was such that 7,,S was
not horizontal. Suppose now that 7,,S is horizontal, then either there is a neighbor-
hood U of p in S such that the tangent plane is horizontal for any point of U, or there
is a sequence of points {p,} of S converging to p such that 7, S is not horizontal.
For the first situation U is part of a horizontal plane, so it is an isocurved surface.
For the second case, since the isocurved condition is satisfied for all the points in
{pn}, by continuity, it must also be satisfied at p, so S is an isocurved surface. [

Remark 3.4. The proof of Theorem 3.3 shows that if we start with an elliptic
isocurved surface, then the map (3-13) is well defined but it is not necessarily
an immersion. In the case where X is an immersion, it is also minimal due to
Theorem 3.1.

A careful analysis shows that if we define

g11=<Xu7 Xu)a 812=<Xu» Xv)a 822=(Xu, Xv>,
hit = (Xuu, N),  hio=(Xuy, N), ho= (X, N),
then
g11ha —2gi12h12 + g2h11 =0.

In other words, if we start with an elliptic isocurved surface S, we can always
locally associate to S a generalized minimal surface in the following sense: we
have the two maps X and N satisfying the equation above, but not necessarily
211822 — g12821 > 0. We will exhibit an example of this situation in the next
subsection.
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3B. Examples of elliptic isocurved surfaces. We now wish to apply the relation
between minimal and isocurved surfaces to generate explicit examples of isocurved
surfaces. Some apparent difficulties arise if we stick to the local analysis using
graphs that we have adopted until now. Using graphs, we would have to start with
an explicit minimal graph and then have the trouble to integrate the system (3-6).
Since there aren’t many explicit minimal graphs, our method would not be very
useful to generate new examples.

Fortunately, the function g that appears in (3-6) has a nice geometric interpre-
tation and this frees us from the graph representation. In fact, if we consider a
simply connected minimal surface X, we can associate to it the so-called conjugate
surface * It turns out that 8 is the height function (i.e., x3 coordinate) of ¥* This
can be seen quite easily by using the expressions (3-8), (3-9), and (3-10) to rewrite
(3-6) as follows:

(3-18) fum D By =

VI+IVel? VI+IVeP
It is well-known that the system above coincides with the one for the conjugate
height function; see, for instance, [Mazet et al. 2007].

Now that we don’t need graphs anymore, we will generate examples with minimal
surfaces constructed using the classic Weierstrass representation. For the examples
below, let (f, g) be the Weierstrass data for the starting simply connected minimal
surface 3. The conjugate surface X* is defined by the data (if, g).

Example (Rotational isocurved surfaces). Let z € C, z = x + iy and consider
f(z) =ie* and g(z) = ce %, where ¢ € R, ¢ # 0. The corresponding minimal
surface is a helicoid, and the associated isocurved surface is a surface of revolution
(with respect to the x3-axis). For instance, choosing ¢ = 2 yields the following
parametrized surface.

X (x,y) = (a(x)siny, a(x)cosy, y(x)),

where
) 1 (—e> 48e3* +45e¢* —8e™* +16e *)siny
alx)=—
4 (de 2 +1)(e* +1)

9

and

() = 1 e3y/1+8e2x+16e—*
v =5 e 1

This surface is seen in Figure 2. Note that even though we have started with a
smooth minimal surface, the corresponding isocurved surfaces has singularities.

Example (The isocurved surface associated to a point). If we choose f(z) =0 and
g(z) = z and use the Weierstrass representation we don’t get a minimal surface;
the result is just the point (0, 0, 0) together with the Gauss map defined by g(z).
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Figure 2. An isocurved surface of revolution.

However, this data, a surface in the space of contact elements of R3, is enough to
use our machinery. For this simple example the associated isocurved surface is the
elliptic region of the vertical circular right cone parametrized as

tanh k(1 +7r2) . tanh k(1 +r?) 1472
—— X sint, — coSt, s
2r 2r 2r cosh k

X (r, t)=(

where z = re'’ and k € R is a parameter used to describe the family of parallel
surfaces in hyperbolic geometry.

Example (A 1-periodic isocurved surface). With f(z) = z and g(z) = 1/z, the
associated isocurved surface is parametrized by

X(I", t)=X1(V, t)+X2(r’ t)’

where X »
r“+1)(e rsmt_l) .
Xi(r, 1) = @) (sint, cost, 0),
and
Xo(r, 1) = 2Inr 4+r3(1 —2(cost)?) t+r’sintcost (r2+ 1)e’sint
2 " B 4 ' 2 ’ r(62rsint+ 1) :

This example is invariant under Euclidean translations in the x, direction by a
multiple of . A view of part of this surface is shown in Figure 3.
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Figure 3. A piece of a 1-periodic isocurved surface.

Example (A Scherk-type isocurved surface). We end our list of examples showing
the isocurved surface obtained from Scherk’s minimal surface that can be written

as the graph of the function
cosy

@(x,y)=1In :
cos x
It is known — see [Nitsche 1989] — that the conjugate function in this case is
¢*(x, y) = arcsin(sin x sin y).
Using our geometric method we obtain the map

X(x,y)=(x—Aysinycosx,y— Ajsinxcosy, Ar),

where
A /cos2 x +cos? y — cos? x cos? y tanh(arcsin(sin x sin y))
1= - : ;
sin® x cos? y + sin® y cos2 x
A /cos2 x +cos? y — cos? x cos? y
2 =

cosh(arcsin(sin x sin y))/cos? x 4 cos? y — 2 cos? x cos? y
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Figure 4. A 2-periodic isocurved surface obtained from Scherk’s surface.

Extending this fundamental domain to the whole plane minus the lattice
{(%—I—mn, %—i—nn) eR*|m,ne Z}

in the obvious way, we obtain a 2-periodic surface, with singular curves that project
into lines in the x3 = O plane having the form {(mm/2,s) | m € Z,s € R} or
{(s,mm/2) | m € Z,s € R} and, surprising, circular holes. Part of this surface is
depicted in Figure 4.

3C. Hyperbolic isocurved surfaces. A slight variation of the geometric method
used to construct elliptic isocurved surfaces from a minimal surface in R>, allows
us to construct hyperbolic isocurved surfaces from timelike minimal surfaces in
Minkowski space L, that is, R® with the Lorentzian metric ds; = dx} +dx3 — dx3.

For a given oriented timelike surface ¥ immersed in > with unit normal N (in
the Minkowski metric), we induce a congruence of h-geodesics, Cy, in the following
way. We define the center o and the vertical plane containing the circle exactly as
we did before. The only difference is the choice of the radius. Again, we consider
the radius as the inverse of the size of the horizontal projection of N. But since
now we are using the Minkowski metric, the size of this projection is bigger or
equal to one. In this way, our radius function R will be smaller or equal to one.

Since the ideas and techniques are the same as the ones in Section 3A, we will
limit ourselves to state the results without giving detailed proofs.
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As before, we will search for a differentiable map ¥ : ¥ — [R{i defined by
(3-19) Y =0 4+ R(cosfHe| +sinfes),

where o, €1, and R are defined, respectively, by (3-1), (3-2), and (3-3), where N is
now a unit (spacelike) normal field to ¥ with respect to the Minkowski metric, and
6 : ¥ — R is, as before, an unknown differentiable function such that, for any point
p € X where Y is an immersion, the tangent plane of Y at Y (p) is orthogonal to
the h-geodesic of Cy associated to p. If Y satisfies the condition above, then we
say that Y has the orthogonal property.

Our next theorem is analogous to Theorem 3.1.

Theorem 3.5. Let X be an oriented surface in > with unit normal vector field N
and such that T, X is not horizontal for every p € X. The function 0 that appears
in the expression of the map Y given by (3-19) and such that Y has the orthogonal
property exists if and only if X is either a minimal timelike surface or a vertical
cylinder over a planar curve in the plane x3 = 0.

Proof. The proof follows exactly the same lines of the proof given for Theorem 3.1.
The only difference is that if we write X locally as the graph of a function i, then
the radius function is given by

VIVePE=1
V|2
The integrability condition associated to the existence of 8 now becomes
A+ YD Vuu = 2% + A+ Y)Y =0,

and this is the PDE associated to a minimal surface in .3, O

Now we state the theorem analogous to Theorem 3.3.

Theorem 3.6. Let S be an immersed surface in I]_i. If S is orthogonal to the
h-geodesics of the congruence Cyx induced by an oriented immersed surface X,
then S is an isocurved surface.

Proof. The proof follows the lines of the proof of Theorem 3.3. We only note that
in the present case, the relation between the radius function R and the (Euclidean)
angle formed by N and the horizontal plane is

R=+1—tan?6. O

3D. Examples of hyperbolic isocurved surfaces. We now apply the geometric
method to construct examples of hyperbolic isocurved surfaces. As in the elliptic
case, the function g that appears in (3-6) has a geometric interpretation and we do
not need minimal graphs to apply our method.
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Figure 5. An Enneper-type hyperbolic isocurved surface.

For a simply connected minimal timelike surface ¥ in L3, there is a notion of
conjugate surface ¥* and also a sort of Weierstrass representation; see [Milnor
1990]. It turns out that 8 in (3-6) is now given by B = —x3, i.e., the negative of the
height function of X*.

We now use some known examples of timelike minimal surfaces to construct
hyperbolic isocurved surfaces.

Example (Enneper-type). Following [Inoguchi and Toda 2004], we consider the
Enneper-type timelike minimal surface given by

X(x,y) =Ax)+ B(y),
where

3 3

1 1 3 3
A(x) = 5<x2,nx - %,x—l—%) and B(y) = 5(_);2, y— y? —y— y?)

A piece of this surface appears in Figure 5.

Example. Our last example is induced from a timelike minimal surface that is the

graph of the function
y

tanh x’

Y(x,y) =

that appears in [Milnor 1990]. The conjugate height function ¢ * in this case can
be found by direct integration and is given by

Y= —\/y2 — 1+ cosh? x.

Our method yields the isocurved immersion that is illustrated in Figure 6. The
actual expression of the immersion is rather complicated and we will omit it.

4. Final remarks

4A. Parabolic isocurved surfaces. We have shown how to locally construct ex-
amples of elliptic and hyperbolic isocurved surfaces from minimal surfaces in
R3 and 1. As far as parabolic isocurved surfaces go, we have not found a
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Figure 6. Hyperbolic isocurved surface.

geometric way to generate them. However, we note that there is an interesting
family of examples of parabolic isocurved surfaces that was presented by Robert
Bryant in his answer to a MathOverflow question posed by the second author; see
http://mathoverflow.net/a/108813/53193. Bryant’s examples have the form

X(s,t) = (a(s) +coss(t —tanht), b(s) +sins (¢t —tanht), secht)),
where a(s) and b(s) are functions such that
a'(s)coss +b'(s)sins =0.

The simplest choice, a(s) = b(s) =0, yields a surface of revolution with respect to
the x3-axis that has a tractrix as the profile curve.

It is also worth mentioning that there are smooth isocurved surfaces that change
their type (from elliptic to hyperbolic) and have a smooth curve where the surface
is parabolic. The simplest example of such surface is provided by the right circular
cones with vertical axis.

4B. Anti-isocurved surfaces. In our study of hyperbolic isocurved surfaces, we
have used timelike minimal surfaces in [.>. One could ask what happens if instead
of a timelike surface we start with a spacelike surface in > with vanishing mean
curvature (these are known as maximal surfaces). The answer is that the associated
congruence of h-geodesics admits orthogonal surfaces and it turns out that for these
surfaces K;, = —K,, a class of surfaces that could be called anti-isocurved surfaces.


http://mathoverflow.net/a/108813/53193
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In this context, we recall that there are smooth surfaces in L* such as the graph

of the function
cosh x

coshy’

p(x,y)=In

that have zero mean curvature and change their type (i.e., from spacelike to timelike),
and each element of the induced family of orthogonal surfaces will be divided into
a region where it is isocurved and another region where it is anti-isocurved.
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COHOMOLOGY OF LOCAL SYSTEMS ON THE MODULI
OF PRINCIPALLY POLARIZED ABELIAN SURFACES

DAN PETERSEN

Let A, be the moduli stack of principally polarized abelian surfaces. Let VV
be a smooth £-adic sheaf on A, associated to an irreducible rational finite-
dimensional representation of Sp(4). We give an explicit expression for the
cohomology of V in any degree in terms of Tate-type classes and Galois
representations attached to elliptic and Siegel cusp forms. This confirms
a conjecture of Faber and van der Geer. As an application we prove a di-
mension formula for vector-valued Siegel cusp forms for Sp(4, 7) of weight
three, which had been conjectured by Ibukiyama.

1. Introduction

Let Y = I'\$ be a modular curve, given by the quotient of the upper half-plane
by a congruence subgroup I' C SL(2, Z). An irreducible rational representation
V of SL(2) defines a local system on Y, since V is in particular a representation
of m(Y) =T" C SL(2). After work of Eichler, Shimura, Thara, Deligne, and many
others after them, we understand extremely well the cohomology groups H*(Y, V).
The cohomology classes can be described group-theoretically in terms of modular
forms for the group I', and the mixed Hodge structure on the cohomology groups
has a natural splitting in which the pure part corresponds to cusp forms and its
complement to Eisenstein series. We can think of V also as a smooth £-adic sheaf
(and Y as defined over a number field, or a deeper arithmetic base), in which case
the étale cohomology H*(Y, V) can be expressed in terms of Galois representations
attached to the same modular forms [Deligne 1971].

There is a vast theory describing the generalization of the above to moduli spaces
of higher-dimensional abelian varieties with some extra structure (polarization,
endomorphism, and level), and to more general Shimura varieties. But there is not
a single example where our understanding is as complete as in genus one.

This work was carried out at KTH Royal Institute of Technology, supported by the Goran Gustafsson
foundation, and in the group of Pandharipande at ETH Ziirich, supported by grant ERC-2012-AdG-
320368-MCSK.
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In this article we consider one of the simplest higher-genus examples and give
a quite explicit description of the cohomology in this case. Namely, consider the
moduli space A, of principally polarized abelian surfaces, and let V be a smooth
£-adic sheaf associated to an irreducible representation of Sp(4). The main theorem
of this article is an explicit expression for the (semisimplification of the) ¢-adic
Galois representation H*(A,, V) for any k and any V in terms of Tate-type classes
and Galois representations attached to level-1 elliptic/Siegel cusp forms.

These cohomology groups are natural objects of study for algebraic geometers,
in particular because of applications to moduli of curves. The results of this paper
are used in [Petersen 2013] to prove that the Gorenstein conjecture fails for the
tautological rings of the spaces M;tn for n > 8. There is some history of algebraic
geometers studying the cohomology of V, ; for small values of a + b by ad hoc
methods for such applications; see, e.g., [Getzler 1998, Section 8; Bergstrom 2009;
Petersen and Tommasi 2014, Section 3]. Let us also mention [Faber and van der
Geer 2004], who used point counts over finite fields to conjecture an expression for
the virtual £-adic Galois representation

D (=DMHS (A2, V)] € Ko(Gal)
k

for any V, ;; see also [Bergstrom et al. 2014, Section 6] for a more detailed
description. The results in this paper confirm Faber and van der Geer’s conjecture.
When V has regular highest weight, their conjecture was proven in [Weissauer
2009b] (and later independently in [Tehrani 2013]).

Using the BGG-complex of Faltings, one can relate the results of this paper to
the coherent cohomology of the bundles of Siegel modular forms for Sp(4, Z), as
we explain at the end of Theorem 2.1. A direct consequence of our main theorem is
a proof of a dimension formula for vector-valued Siegel modular forms for Sp(4, Z)
of weight 3, which had been conjectured in [Ibukiyama 2007b]. This result has
been independently obtained in [Taibi 2014] using Arthur’s trace formula.

The strategy of our proof is as follows. Up to semisimplification, the cohomology
is the direct sum of the Eisenstein cohomology and the inner cohomology. The
Eisenstein cohomology on .4; of an arbitrary local system was determined in
[Harder 2012], so we need only to find the inner cohomology. Now we use that
the inner cohomology contains the cuspidal cohomology and is contained in the
intersection cohomology, and both of these can be understood in terms of data
attached to discrete spectrum automorphic representations for GSp(4). There is a
very large body of work dealing with automorphic representations on GSp(4) (due
to Piatetski-Shapiro, Soudry, Arthur, Weissauer, Taylor, Hales, Waldspurger and
many others) since it is one of the first test cases for the general Langlands program.
Since we will only work in level 1, we can work with PGSp(4), in which case
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all necessary information on the discrete spectrum automorphic representations is
worked out and described very explicitly in [Flicker 2005]. These results allow us to
determine both the cuspidal and the intersection cohomology of these local systems,
and to deduce after comparing with Harder’s results that the inner cohomology
coincides with the cuspidal cohomology in these cases.

In Section 2, I state the main theorem and explain the applications to vector-valued
Siegel cusp forms. Section 3 contains a brief review of automorphic representations
and the cohomology of Shimura varieties. I hope that this will help make the
arguments accessible for algebraic geometers without this background. Section 4
specializes to PGSp(4) and contains the proof of the main theorem.

2. Statement of results

Let A; denote the moduli stack of principally polarized abelian surfaces. Let
f: Z — Aj be the universal family. We have a local system (smooth £-adic sheaf)
V =R!f£,Q, on A, of rank 4 and weight 1, and there is a symplectic pairing

NV = Qu(—1).

Here Qy(—1) denotes the Tate twist of the constant local system on .4;. Recall
Weyl’s construction of the irreducible representations of Sp(4) [Fulton and Harris
1991, Section 17.3]: if V is the standard 4-dimensional symplectic vector space,
then the irreducible representation with highest weight a > b > 0 is a constituent of
V@@+h) where it is “cut out” by Schur functors and by contracting with the sym-
plectic form. For instance, the representation of highest weight (2, 0) is Sym>(V),
and the representation (1, 1) is the complement of the class of the symplectic form
inside /\2V. Weyl’s construction works equally well in families, and so for each

(a+b) 1n

a > b > 0 we obtain a local system V, ; which is a summand in Ve
this paper we determine the cohomology of V, ;, considered as an £-adic Galois
representation up to semisimplification.

Note that every point of A, has the automorphism (—1), given by inversion on
the abelian variety. This automorphism acts as multiplication by (—1)¢*? on the
fibers of V, ;. This shows that the local system has no cohomology when a + b is
odd. Hence, we restrict our attention to the case when a + b is even.

Before we can state our main results we need to introduce some notation. For
any k, let sy denote the dimension of the space of cusp forms for SL(2, Z) of
weight k. Similarly, for any j > 0, kK > 3, we denote by s; ; the dimension of the
space of vector-valued Siegel cusp forms for Sp(4, Z), transforming according to
the representation Sym’ @ det*.

To each normalized cusp eigenform f for SL(2, Z) of weight k is attached a
2-dimensional £-adic Galois representation p s of weight k — 1 [Deligne 1971]. We
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define S =P # P to be the direct sum of these Galois representation for fixed k.
By the main theorem of [Weissauer 2005], there are also 4-dimensional Galois
representations attached to vector-valued Siegel cusp eigenforms for Sp(4, Z) of
type Sym’ ® det* with k > 3, and we define S j.k analogously. So dim Sy = 2s; and
dim Sj,k = 4Sj,k.

Moreover, we introduce s, : this is the cardinality of the set of normalized cusp
eigenforms f of weight k for SL(2, Z) for which the central value L ( 1 %) vanishes.
In this paper all L-functions will be normalized to have a functional equation relating
s and 1 —s. The functional equation shows that the order of L(f,s) ats = % is
always odd if k =2 (mod 4) and is even if k =0 (mod 4). Hence, in the former case,
sk =Sy in the latter case, 0 < s; < s;. In our results, the quantity s; will only occur in
the case k =0 (mod 4), and in this case it is conjectured that s; =0. Indeed, [Conrey
and Farmer 1999] proved that this vanishing is implied by Maeda’s conjecture;
Maeda’s conjecture has been verified numerically for weights up to 14000 [Ghitza
and McAndrew 2012].

Finally we define S jk= gtj“erk_3S j,ks in other words, we consider only the part of
S« which satisfies the Ramanujan conjecture. Counterexamples to the Ramanujan
conjecture arise from the Saito—Kurokawa lifting: for a cusp eigenform f of
weight 2k for SL(2, Z), where k is odd, there is attached a scalar-valued Siegel
cusp form of weight k + 1 for Sp(4, Z) whose attached ¢-adic Galois representation
has the form

Qe(=k+1) & py & Qu(—k),

where p is the Galois representation of weight 2k — 1 attached to f. By [Weissauer
2009b, Theorem 3.3], these are in fact the only Siegel cusp forms violating the
Ramanujan conjecture. Thus, S j.k =Sjunless j =0 and k is even, in which case
S j.k 1s obtained from S; ; by removing the two summands of Tate type from each
Saito—Kurokawa lift.

Note that the definitions of s, Sy, s« and S; used in [Faber and van der
Geer 2004] are different from ours: theirs is not only a sum over cusp forms, but
includes in the case k = 2 (resp. j = 0, k = 3) the contribution from the trivial
automorphic representation. This allows for a compact expression for the virtual
Galois representation Y_;(—1)'[H! (A2, V, ;)] but will not be used here.

Theorem 2.1. Suppose (a, b) # (0, 0), and that a + b is even. Then:
(D) HC/‘(AQ, Vg p) vanishes for k ¢ {2, 3, 4}.
(2) In degree 4 we have

Qu(=b—=2) ifa=>b i
HY( Ay, V) = isa+b+4 « ) ifa even

0 otherwise.
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(3) In degree 3 we have, up to semisimplification,

Hf (A27 \/a,b) = ga—b,b-i—3 + Sa+b+4sa—b+2(_b - 1) + Sa+3
n SppraQe(=b—1) if a=b even,
Sa+p+4Qe(—b — 1) otherwise,
Q; ifa=b odd,
0 otherwise,
Qu(—1) ifb=0,
. { e(=1) if

0 otherwise.

(4) In degree 2 we have, again up to semisimplification, that

H?(A2,Vap) = Spi2 + Sa—p+2Q¢
N {Sé+b+4®z(—b —1) if a=b even,
0 otherwise,
{@e if a>b>0 and a, b even,
0 otherwise.

To exemplify the notation: s,4514S,—p+2(—b — 1) means a direct sum of 5,454
copies of the Galois representation S,_p7, Tate twisted b + 1 times.

As remarked earlier, it is conjectured that both occurrences of s, in the above
theorem can be replaced by 0.

Remark 2.2. It will be clear from the proof that the result is valid (and even a
bit easier) also in the category of mixed Hodge structures. Harder’s computation
of the Eisenstein cohomology is valid in this category, and our computation of
the inner cohomology identifies it with the cuspidal cohomology, which obtains a
natural Hodge structure from the bigrading on (g, K )-cohomology. This bigrading
is compatible with the one obtained using the “filtration béte” and the BGG-complex
of [Faltings and Chai 1990, Theorem VI.5.5.].

Remark 2.3. It is conjectured that the Galois representations HLk (A2, V, ) are
not semisimple in general. Suppose that @ = b = 2k — 1. Then our expression
for the semisimplification of HC3 (A2, Vg p) contains the terms s4x4+2Q;(—2k) and
Sar+2, the latter being the “Saito—Kurokawa” summand of §0,2k+2. Harder [1993,
pp. 81-82] has conjectured that they form a nontrivial extension

0— S4k+2@g(—2k) - M — S4k_|_2 — 0.

Note that if f is a Hecke eigenform of weight 4k +2 and p is the attached Galois
representation (or “motive”), then conjectures of Deligne, Bloch and Beilinson
[Gross 1994, Section 1] predict that

dim Ext! (Qq(—2k), py) = ord,_1 L(f, s),

-1
—2
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and the functional equation for L(f, s) forces it to vanish at s = % Here the Ext
group is computed either in the category of £-adic Galois representations, or (even
better) in the category of mixed motives. I do not know whether there exists a cusp
form for the full modular group whose L-function vanishes to more than first order
at the central point.

Application to dimension formulas for Siegel modular forms. A consequence of
Remark 2.2 is that our main theorem can be applied to produce dimension formulas
for vector-valued Siegel modular forms. Leti: Ay — Aj be a toroidal compact-
ification. Let 7j for j, k € Z, j > 0, be the vector bundle on fiz whose global
sections are vector-valued Siegel modular forms of type Sym’ ® det*. Similarly,
let 7 x(—Ds) be the vector bundle of Siegel cusp forms. The BGG-complex
(resp. the dual BGG-complex) is a resolution of iV, , ® C (resp. i1V, , ® C) in
terms of the vector bundles 7} i (resp. ¥ x(—Dxo)). Then [Faltings and Chai 1990,
Theorem VI1.5.5] asserts that the hypercohomology spectral sequence of the BGG-
complex degenerates, and that the Hodge filtration on the cohomology of V, ; can
be defined in terms of a filtration of the BGG-complex. There is also an analogous
statement for the dual BGG-complex and the compactly supported cohomology.
Specialized to our case, their theorem (in the case of the dual BGG-complex) asserts
the following (see [Getzler 1998, Theorem 17]):

Theorem 2.4 (Faltings—Chai). The cohomology groups H:(Az, V,, ® C) have a
Hodge filtration with Hodge numbers in the set {a +b+3,a+2,b+1,0}. The
associated graded pieces satisfy

g% H? (A2, Vo p ® C) = H* (s, Yamp,—a(— Do),
gth T H? (A2, Vo ® ©) = H ™ (Ao, Yitpi2,—a(— Do),
gt 2 (Ag, Vo ® C) = H2(As, Yispa2,1-5(— Do),
g H (A, Vi p ® ©) = H 3 (Ao, Yo pas(— Do)

We record three immediate consequences of this theorem combined with our
main theorem. The first of these is a proof of a conjecture of Ibukiyama, whereas
the second two are new proofs of results which are already known (by admittedly
much more direct arguments).

(1) The bundles 7; x (— Do) have no higher cohomology for any j >0, k > 3, with
the sole exception of H 3(/12, %.3(—Ds)) = C. (To prove this, consider gt‘}{”’%.)
An explicit formula for the Euler characteristic of the vector bundles 7 x (— Do)
was calculated in [Tsushima 1983] using Hirzebruch-Riemann—Roch; thus, we
obtain a dimension formula for vector-valued Siegel cusp forms for all j > 0, k > 3.
Tsushima himself proved that these bundles have no higher cohomology when k > 5
using the Kawamata—Viehweg vanishing theorem, and conjectured that it can be
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improved to k > 4. The fact that this vanishing result can be extended to k > 3 is
particular to the case of the full modular group and was conjectured in [Ibukiyama
2007b, Conjecture 2.1]. The resulting dimension formula for £k = 3 can be stated as

x36

2_sjav = (1 —x9(1 —x5)(1 —x10) (1 —x12)°

j=0

This result has also been proven in [Taibi 2014, Section 5].

(2) There are no vector-valued Siegel modular forms of weight 1 for the full modular
group. (Put b =0 and consider gt’};r2 to prove the case Sym’ ® det with j > 2; the
cases j < 2 require a separate (easy) argument.) This result was previously known
by [Ibukiyama 2007a, Theorem 6.1].

(3) The Siegel ®-operator is surjective for any j > 0, k > 3. Recall that the ®-
operator maps Siegel modular forms of type Sym’ ® det* to elliptic modular forms
of weight j+k, and that the image of ® consists only of cusp forms if j > 0. Now, the
dimension of the part of gt‘}*bHH 3(Az, V, 5, ®C) given by Eisenstein cohomology
is exactly the dimension of the image of the ®-operator for Sym“~” ® det’*3, since
the part given by inner cohomology coincides with the dimension of the space of
cusp forms. But the dimension of this part of Eisenstein cohomology is 5,43 unless
a = b is odd, in which case it is 5,43 + 1. The result follows from this. Surjectivity
of the ®-operator is known more generally for arbitrary level when £k > 5 and j > 0
by [Arakawa 1983]. The scalar-valued case is a classical theorem of Satake. The
case k =4 (and k = 2) is [Ibukiyama and Wakatsuki 2009, Theorem 5.1].

Only Siegel modular forms of weight two are inaccessible via the cohomology
of local systems. In a sequel to this paper we will use similar arguments to derive
dimensional results for Siegel modular forms with nontrivial level.

3. Résumé of automorphic representations

In this section I briefly recall some (mostly standard) facts from the theory of
automorphic representations that are needed for this paper. Rather than providing
detailed references everywhere, I will give general references at the beginning of
each subsection.

Automorphic representations. See [Borel and Jacquet 1979; Cogdell et al. 2004].
Let G be a reductive connected group over Q. Let A = Ag, x R be the ring of
(rational) adeles. Let Z be the center of G, and w a unitary character of Z(A)/Z(Q).
We define L?(G(Q)\G(A), w) to be the space of measurable functions f on
G(Q)\G(A) which are square-integrable with respect to a translation-invariant
measure, and which satisfy f(zg) = w(z) f(g) for any z € Z(A). The group
G (A) acts on this space by right translation. A representation of G(A) is called
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automorphic if it is a subquotient of L*(G(Q)\G(A), w) for some w. We call @
the central character of the automorphic representation.

The space L*(G(Q)\G(A), w) contains a maximal subspace which is a direct
sum of irreducible representations. This subspace is called the discrete spectrum,
and an automorphic representation occurring here is called discrete. The orthogonal
complement of this subspace is the continuous spectrum. Langlands identified the
continuous spectrum with “Eisenstein series™; it is the direct integral of families of
representations induced from parabolic subgroups of G(A). The discrete spectrum,
in turn, also decomposes as the direct sum of the cuspidal and the residual spectrum.
The cuspidal spectrum is defined as the subspace spanned by functions f such that
the integral over N(Q)\N(A) of f, and all its translates under G (A), vanishes for
N the unipotent radical of any proper parabolic subgroup. Langlands proved that the
residual spectrum is spanned by the residues of Eisenstein series, and that all residual
representations are quotients of representations induced from a parabolic subgroup.

Any irreducible automorphic representation 7 of G(A) is a completed (restricted)
tensor product of local representations 7, of G(Q,), where p ranges over the prime
numbers, and an archimedean component 7. Let K, C G(Q,) be a special
maximal compact subgroup. We say that 7 is spherical at p if m, contains a
nonzero vector fixed by K, in which case this vector will be unique up to a nonzero
scalar. The representation 7 is spherical at all but finitely many primes. The word
“restricted” in the first sentence of this paragraph means that the component of
the representation at p should be equal to the spherical vector for all but finitely
many p.

The archimedean component 7, can be identified with an irreducible (g, K )-
module, where g is the Lie group of G(R) and Ko, C G(R) is a maximal compact
subgroup. The center of the universal enveloping algebra of g acts by a scalar
on . The resulting map Z(Ug) — C is called the infinitesimal character of 7.

Local factors. See [Borel 1979]. Suppose 7 is spherical at p. We define the
spherical Hecke algebra 7 g, to be the convolution algebra of K ,-bi-invariant,
Q-valued functions on G(Q,). This algebra acts on the one-dimensional space of
spherical vectors, and 7, is uniquely determined by this action. Hence, specifying
a spherical representation is equivalent to specifying a homomorphism 7 x, — C.
We should therefore understand the ring 75, K, and this we can do via the Satake
isomorphism. For this we need the notion of the dual group. If G is defined by
a root datum, then the dual group G is obtained by switching roots and coroots,
and characters and 1-parameter subgroups. The Satake isomorphism states that the
Hecke algebra J#; g, and the ring of virtual representations Ko (Rep(@)) become
isomorphic after an extension of scalars: one has

H.x, ® C= Ko(Rep(G)) ® C.
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In particgl\ar, a homomorphism 5 x, — C is identified with a homomorphism

Ko(Rep(G)) — C. But the latter is determined by a semisimple conjugacy class

cpin G (©). (You evaluate such a class on a representation V via Tr(c,|V).)
Now suppose instead that we have an £-adic (or A-adic) representation

p: Gal(Q/Q) — G(Qy).

For all but finitely many primes, p is going to be unramified, which means in
particular that the expression p (Frob ) is well defined up to conjugacy. If we choose
an isomorphism C = Qy, then it makes sense to ask whether ¢ p and p(Frob,) are
conjugate for almost all p. If this holds, then we say that p is attached to the
automorphic representation 7. We remark that this definition would make sense
also if we replaced Gal(Q/Q) by the absolute Weil group, or the conjectural global
Langlands group, as in both cases p (Frob,,) should be well defined up to conjugacy
at unramified primes.

By the Chebotarev density theorem, there is at most one Galois representation
attached to a given automorphic representation. The strong multiplicity one theorem
shows the converse when G = GL(n), but in general there will be several automor-
phic representations with the same attached Galois representation. Conjecturally,
two automorphic representations will have the same attached Galois representation
if and only if they lie in the same “L-packet”. However, the notion of a packet has
not been rigorously defined in general.

One of many conjectures within the Langlands program says roughly that there
should in fact be a bijection between packets of automorphic representations for G
and ¢-adic Galois representations into the dual group. As stated, this conjecture is
however false, and making the conjecture precise is a rather delicate matter. For
a formulation in terms of the hypothetical Langlands group, see [Arthur 2002],
and for a more restrictive formulation only in terms of Galois representations, see
[Buzzard and Gee 2014].

Often one fixes once and for all : G < GL(n). Then the conjugacy class c,
can be described by specifying an n x n diagonal matrix diag(ty, ..., ,). The
numbers #; are called the Langlands parameters of w at p. Moreover, one can then
attach an L-function to any automorphic representation. At a prime p where 7 is
spherical, the local L-factor is given by

det(1, — p~*r(c,) "

On the other hand, given r we also obtain from p an n-dimensional ¢-adic Galois
representation, which also has an attached L-function. Thus, the Langlands pa-
rameters can be identified with the Frobenius eigenvalues of the attached Galois
representations. Usually the notion of p being attached to r is defined in terms of
an equality of L-functions, but L-functions will play only a minor role in this paper.
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Shimura varieties. See [Deligne 1979; Harder 1993, Kapitel II]. For G as above,
suppose that #: Resc/r G, — G /g is a homomorphism satisfying axioms 2.1.1.1-
2.1.1.3 of [Deligne 1979]. Let Ko be the stabilizer of 4 in G(R). Let Ky, be
any compact open subgroup of G (Agy,). For K = Kg, X Ko, we can consider the
quotient

Sk =G(@\GA)/K = G@D\X X G(Afin)/ K,

the Shimura variety associated to K. Here X = G(R)/K . For Kg, small enough,
Sk is, in fact, a smooth algebraic variety which is naturally defined over a number
field (the reflex field), but in the case we will consider in this paper we will actually
need to think of Sk as an orbifold or Deligne—Mumford stack.

Example 3.1. Siegel modular varieties are Shimura varieties. Let G = GSp(2g)
and put

N 7 PR
hix +iy)= |:_ng xlg] .

Then X = H, U ﬁg is the union of Siegel’s upper half-space and its complex
conjugate. If we choose K¢y, = G(Z), then G(Ag,) = G(Q) - K¢, and

Sk = G@\X x G(Agin)/Kiin = (G(Q) N Kin)\ X = G(D\X.

Now G(Z)\X is naturally isomorphic to the stack A, parametrizing principally
polarized abelian varieties of dimension g. Had we chosen Kg, smaller, Sx would
instead be a disjoint union of finite covers of A, parametrizing abelian varieties
with “Kgy,-level structure”.

Let V be an irreducible finite-dimensional rational representation of G. To V
we can attach a local system on Sk, which we also denote by V. As the reader
may already have noticed, we (sloppily) use “local system” as a catch-all term to
describe several different structures: we obtain a locally constant sheaf of (D-vector
spaces on the topological space Sk (C) which in a natural way underlies a variation
of Hodge structure; moreover, V ® Q,; can (for any ¢) be identified with the base
change of a smooth ¢-adic sheaf on Sk over the reflex field. The étale cohomology
groups of said £-adic sheaves are (after base changing to C) related to the ordinary
singular cohomology groups by a comparison isomorphism, and we may think
informally of V as a “motivic sheaf” and H*(Sk, V) as a “mixed motive” with a
compatible system of £-adic and Hodge-theoretic realizations.

Decomposing cohomology. See [Arthur 1996]. In this subsection we will find
the need to compare several different cohomology theories. We will use the
phrase “ordinary cohomology” to refer to the usual cohomology of the topological
space Sk (C).
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The spectral decomposition of L*(G(Q)\G(A)) contains much information
about the cohomology of Shimura varieties for G. The connection to automorphic
representations is most transparent if we work transcendentally and consider the
sheaf V ® C on Sk (C). Then, instead of the usual de Rham complex, one can
consider the complex of forms w such that w and dw are square-integrable; the
cohomology of this complex is called the L2-cohomology. The L*-cohomology
has an interpretation in terms of (g, K. )-cohomology:

H{, (Sk(€), VR C) = H*(g, Koo: V® LA (G(@Q)\G (A)K™m).

According to [Borel and Casselman 1983, Section 4], the contribution from the
continuous spectrum to the (g, K, )-cohomology vanishes in many natural cases
(including all Shimura varieties); in fact, the contribution is nonzero if and only
if the L2-cohomology is infinite-dimensional. In particular, we may in our case
replace L2(G(@)\G(A)) by the direct sum €D, m () over the discrete spectrum,
giving instead the expression

Hp) (Sk(©),VRC) = B m(m)mi™ @ H (g, Koo: V@ oo).

7 disc.

In this decomposition, each nﬁlzﬁ“ is a module over the Hecke algebra, giving the
cohomology a Hecke action. Each H*(g, Ko; V ® 7~ ) has a natural (p, g)-
decomposition, defining a pure Hodge structure on each cohomology group
H, (S (C), V).

We say that an automorphic representation w is cohomological if there exists
a representation V for which H*(g, Koo; V ® 7o) # 0. Wigner’s lemma gives a
necessary condition for this nonvanishing of (g, K. )-cohomology, namely that
T and VY (denoting the contragredient) have the same infinitesimal character.
For cohomological representations, the infinitesimal character is the bookkeeping
device that tells you to which local system the automorphic representation will
contribute L?-cohomology.

The natural map from L?-cohomology to ordinary cohomology is in general nei-
ther injective nor surjective. One can however also define the cuspidal cohomology
as the direct summand

H3o (Sk(©),VRC) = P m(m)mgy™ ® H*(g. Koot V @ 7o)

T cusp.

of the L?-cohomology, and it injects naturally into the ordinary cohomology [Borel
1981, Corollary 5.5].
Finally, one can consider the inner cohomology, which is defined as

H!(Sk,V) =Image(H;(Sk,V) = H*(Sk,V)).
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When we extend scalars to C, the inner cohomology is sandwiched between the
cuspidal and the L%-cohomology. Indeed, the map from compactly supported
cohomology to ordinary cohomology always factors through the L?-cohomology,
since the orthogonal projection of a closed, compactly supported form to the space
of harmonic forms is square-integrable. This shows that the inner cohomology is a
subquotient of the L2-cohomology. On the other hand, the aforementioned result
of Borel shows that the cuspidal cohomology injects into the inner cohomology.

The “complement” of the inner cohomology is called the Eisenstein cohomology.
Formally, it is defined as the cokernel of H!(Sg, V) — H*(Sk, V). One could also
consider the kernel, which gives the compactly supported Eisenstein cohomology.
We denote these Hg; and H_ g, respectively. We will consider G = GSp(2g),
in which case each local system V is isomorphic to its dual, up to a twist by the
multiplier. Indeed, the restriction of the representation V to Sp(2g) satisfies V=V,
with the symplectic pairing providing the isomorphism. In this case, we see that
either one of Hg; and H; g determines the other via Poincar¢ duality.

The Zucker conjecture, proven independently in [Looijenga 1988; Saper and
Stern 1990], gives an isomorphism between the L2-cohomology of Sx and the
intersection cohomology of the Baily—Borel-Satake compactification Sk :

H}y) (Sk(©), V® ©) = H'(Sk (0), juV ® C),

where j : Sx — Sk is the inclusion and Ji+ denotes the intermediate extension.
This isomorphism is compatible with the Hecke algebra action. But the intersection
cohomology makes sense algebraically, and we can decompose the intersection
cohomology of V into irreducible Hecke modules already over some number field F'.
We thus get a decomposition

H*(Sk, juV® F) = P 7™ @ H* (in).-

Tlfin

Here the sum runs over the finite parts of all discrete automorphic representations,
and H*(mg,) ® p C is isomorphic to @nm Mm(TanR@Too) H* (g, Koo; V®moo). For any
nonarchimedean place A of F' we also get a structure of A-adic Galois representation
on each H*(mgs,) ® F) by a comparison isomorphism with the étale intersection
cohomology. If we do not insist on a decomposition into absolutely irreducible
Hecke modules we can take F = Q, as in Theorem 2.1, where we, for example,
consider a summand corresponding to all cusp forms of given weight, instead of a
decomposition into Galois representations attached to individual cusp forms. See
[Blasius and Rogawski 1994, Conjecture 5.2] for a conjectural formula expressing
H*(mq,) ® Fy in terms of Galois representations attached to 7.
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4. The case of A,

Consider again the stack A, of principally polarized abelian surfaces. As in
Example 3.1, we may think of it as a Shimura variety for GSp(4). However,
we would prefer to work with G = PGSp(4), and there is a minor issue here. If we
put K = G(Z), then the corresponding Shimura variety is

Sk = PGSp(4, Z)\ (52 LI H,),

which fails to be isomorphic to A, as a stack. Indeed every point of A, has £1 in
its isotropy group, but a general point of Sk has trivial isotropy. The projection
GSp(4) — PGSp(4) defines a map 7 : A, — Sk which induces an isomorphism
on coarse moduli spaces, but which is a p»-gerbe in the sense of stacks.

The finite-dimensional irreducible representations of G are indexed by integers
a > b > 0 for which a + b is even. The local systems on Sx obtained in this
way are strongly related to the local systems V, ;, that we defined in Section 2.
Specifically, if a + b is even, then we may Tate twist the local system V, ;, on Aj; to
be a weight-zero variation of Hodge structure/¢-adic sheaf; its pushforward under =
is the one that is naturally attached to an irreducible representation of PGSp(4).
Since Rn,\V, , = 7.V, p, it will suffice to compute the cohomology of the local
systems on Sk . From now on we tacitly identify the local systems on .4, and on Sk
with each other.

In this section we will see how the results in [Flicker 2005] allow the computation
of the cuspidal and intersection cohomology of these local systems on .4;. Let me
emphasize that, as mentioned in the above paragraph, by our definition the V, ; are
Weil sheaves of weight a + b; this is the cohomological normalization, which is
the most natural from the point of view of algebraic geometry. There is also the
unitary normalization, where V, , has weight 0, which is used in Flicker’s work. If
a+ b is even, as in our case, then the two differ only by a Tate twist. We will from
now on always make this Tate twist whenever we quote results from Flicker’s book,
without explicitly mentioning it.

Since A, is the complement of a normal crossing divisor in a smooth proper
stack over Spec(Z), and the local systems V,, ; are also defined over Spec(Z), the
cohomology groups H*(A3, V, » ® Qy) must define Galois representations of a
very special kind: they are unramified at every prime p # £ and crystalline at £.
The same phenomenon is clear also on the automorphic side. If néiﬁ“ # 0 and
Kq, = G(Z), then 7, must be spherical at all primes by definition, since G(Z))
is a special maximal compact subgroup of G(Q,). Conversely, if 74, is spherical
everywhere then nfﬁﬁ“ is exactly one-dimensional.

Considering PGSp(4) rather than GSp(4) is the same as only considering auto-
morphic representations of GSp(4) with trivial central character. The reason we
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can do this is that we are considering only the completely unramified case (i.e., the
case of the full modular group); in general, the image of a congruence subgroup of
GSp(4) in PGSp(4) will no longer be a congruence subgroup. We restrict ourselves
to PGSp(4) in this paper as this is the situation considered in [Flicker 2005].

We note that Flicker’s work assumes that all automorphic representations
occuring are elliptic at at least three places. This is explained in Section 1.2g of
Part 1 of the book. This assumption is present in order to replace Arthur’s trace
formula with the simple trace formula of [Flicker and Kazhdan 1988]. However, he
also notes that this assumption is only present in order to simplify the exposition —
the same results can be derived assuming only that 7 is elliptic at a single real
place, using the same ideas used to derive the simple trace formula in [Flicker
and Kazhdan 1988], as detailed in [Laumon 1997; 2005]. In particular, Flicker’s
classification of the cohomological part of the discrete spectrum carries through
(an archimedean component which is cohomological is elliptic).

We begin by determining H*(A», ji+V,). This amounts to determining all
representations in the discrete spectrum of PGSp(4) which are spherical at every
finite place and cohomological, and the corresponding Galois representation H* (7 7)
for each of them. All these things are described very precisely by Flicker. Then we
shall see that H?  ,(A2, V, ) is well defined as a subspace of the étale intersection

cusp
cohomology, and that it coincides with the inner cohomology.

The Vogan—Zuckerman classification. Recall that an automorphic representation
Thn @ T 1S cohomological if w4 has nonzero (g, K~ )-cohomology with respect
to some finite-dimensional representation V. If o, is in the discrete series, then
is always cohomological. The cohomological representations which are not in the
discrete series can be determined by [Vogan and Zuckerman 1984]. We recall from
[Taylor 1993, p. 293] the result for GSp(4):

In the regular case there are no cohomological ones apart from the two discrete
series representations, which we denote by 7 and 7" (we omit the infinitesimal
character from the notation). The former is in the holomorphic discrete series and
the latter has a Whittaker model. Both have 2-dimensional (g, K )-cohomology,
concentrated in degree 3: their Hodge numbers are (3, 0) and (0, 3), and (2, 1)
and (1, 2), respectively.

The representations 7w with 7w =

correspond bijectively to cuspidal Siegel
modular eigenforms. If F is a holomorphic modular form on Siegel’s upper half-
space of genus g, then by the strong approximation theorem it defines a function
on G(A), where G = GSp(2g). If it is modular for the full modular group, then
we obtain a function with trivial central character. The subspace spanned by all
right translates of this function is the sought-for automorphic representation (or a
sum of several copies of it). Conversely, any automorphic representation 7 with
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archimedean component in the holomorphic discrete series uniquely determines
a holomorphic vector-valued cusp form by considering the one-dimensional space
of lowest K o-type in m, and nfﬁﬁ“ being one-dimensional forces it to be an
eigenvector for all Hecke operators. See [Asgari and Schmidt 2001] for more details.

For singular weights there are further possibilities. If » = O there is a unitary
representation 77! whose (g, K+)-cohomology is 2-dimensional in degrees 2 and 4,
with Hodge types (2, 0), (0, 2), (3, 1) and (1, 3).

If @ = b there are two unitary representations 72+ and 72~. One is obtained
from the other by tensoring with the sign character. Both have one-dimensional
(g, K~ )-cohomology in degrees 2 and 4, with Hodge types (1, 1) and (2, 2).

Finally if a = b =0 we must in addition consider one-dimensional representations,
which have cohomology in degrees 0, 2, 4 and 6; we will ignore this case.

Packets and multiplicities. In Flicker’s book, the discrete spectrum of PGSp(4) is
partitioned into “packets” and “quasipackets”, and he conjectures that these coincide
with the conjecturally defined L-packets and A-packets. However, in the totally
unramified case the situation simplifies. In general, the (conjectural) A-packets
are products of local A-packets, which specify the possible local components 7.
The local packets at nonarchimedean v are expected to have exactly one spherical
member. Since we are only going to consider representations which are spherical
at every finite place, we thus see that 77 and 7" will be in the same A-packet if and
only if they are in the same L-packet if and only if 7z, = /. . For this reason we
simply write packet everywhere in what follows.

In Flicker’s classification there are five types of automorphic representations in
the discrete spectrum. In the first three types, the corresponding packets are stable:
each representation in the packet occurs with multiplicity exactly 1 in the discrete
spectrum. Types 4 and 5, however, are unstable. This means that the multiplicities
are not constant over the packets: in general, some representations in the packet
occur with multiplicity O and others with multiplicity 1. Flicker [2005, Section 2.11.4]
gives explicit formulas for the multiplicities of the representations in the packet.

In general there are local packets at each prime p in the unstable case, which
consist of either one or two elements. We write such local packets as {Hj} and
{H;, IT),}, respectively. An element of the global packet is specified by choosing
an element of the local packet at each p. All but finitely many of the local packets
will be singletons, so each packet is finite. When p = oo we always have IT; = mH.
If 7 lies in an unstable packet, its multiplicity in the discrete spectrum depends
only on the parity of the number of places p where 7, =1II .

However, as we have already mentioned, the local packet contains only one
element for a prime p where 7 is spherical. More generally, certain local represen-
tations need to be discrete series in order for IT, to be nonzero. Since we are in
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the level 1 case, this means that the representations in the packet can differ only in
their archimedean component, and the multiplicity formulas simplify significantly:
they depend only on whether or not 7, = .

To each discrete spectrum automorphic representation 7, one can attach a 4-
dimensional Galois representation whose Frobenius eigenvalues at p are given by the
Langlands parameters at p of . (Here we fix the 4-dimensional spin representation
of Spin(5), the dual group of PGSp(4).) If 7 is in a stable packet, then H*(rrgy) is
4-dimensional and coincides with this attached representation. In the unstable case,
the attached Galois representation is always a sum of two 2-dimensional pieces,
and H*(mgy,) is given by one of these two summands. Which of the two halves
contributes nontrivially is decided by a formula similar to the multiplicity formula;
see [Flicker 2005, Part 2, Section V.2]. In particular it again has the feature that
it depends on the parity of the number of places where 7, = I}, and simplifies
significantly in the completely unramified case.

The discrete spectrum of PGSp(4). The discrete spectrum automorphic representa-

tions which can contribute nontrivially to H(‘z) (A2, V, p) have an archimedean com-

ponent with infinitesimal character (a, b)+(2, 1). A complete classification into five

types is given in [Flicker 2005, Theorem 2, pp. 213-216]. We deal with each type

separately. This classification is the same as the one announced by Arthur [2004]

for GSp(4), except that the ones of Howe—Piatetski-Shapiro-type do not appear.
We write in parentheses the names assigned to these families by Arthur.

Type 1 (general). These are exactly the ones that lift to cuspidal representations
of PGL(4).

Each of these lies in a packet of cardinality 2, where the elements in the packet are
distinguished by their archimedean component: one is in the holomorphic discrete
series and the other has a Whittaker model. Both elements of the packet occur with
multiplicity 1 in the discrete spectrum. Packets of this type correspond bijectively to
vector-valued cuspidal Siegel eigenforms which are neither endoscopic (a Yoshida-
type lifting) nor CAP (a Saito—Kurokawa-type lifting). The contribution from this
part of the discrete spectrum to H *(As, J1xVg p) 1s concentrated in degree 3 and
is the sum of the Galois representations attached to the Siegel cusp forms. We
shall see that the Yoshida-type liftings do not occur in level 1. We denote this
contribution to the cohomology by Sf‘f’b’ b3

Type 2 (Soudry). These packets are singletons, and the archimedean component is
m!, and will therefore not occur unless b = 0. Every packet is obtained by a lifting
from a cuspidal representation IT of GL(2), corresponding to a cusp eigenform of
weight a + 1 whose central character £ is quadratic, £ # 1, and £I1 = I1. This is
obviously impossible in level 1 for several reasons: for one, a must be even, and
there are no modular forms of odd weight for SL(2, Z).
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Type 3 (one-dimensional). These are the representations with 7, one-dimensional
and will only occur when a = b = 0; for our purposes this case can clearly be
ignored.

Type 4 (Yoshida). This is the first unstable case. All these 7 have 7o, € {77, 7V}
and their L-function is the product of L-functions attached to cusp forms for GL(2).
For each pair of cuspidal automorphic representations I'1; and I1, of PGL(2) whose
weights are a + b +4 and a — b + 2, respectively, there is a packet {w} of Yoshida
type. As explained earlier, the fact that we are in the unramified case implies that
members of the packet can only differ in their archimedean component, so we
should consider only 74, ® 7 and 76, ® 7" The multiplicity formula simplifies
(since we are in the unramified case) to

mrgp@r?) =0, m@Emer")=1,

and so g, ® 7V will contribute a 2-dimensional piece of the cohomology in
degree 3. The trace of Frobenius on this part of cohomology is also calculated by
Flicker and we find the Galois representation pr, ® Q(—b — 1), where pr, is the
2-dimensional representation attached to 1. Summing over all I[1; and I1,, this
part therefore contributes

Sa+b+4Sa—b+2(—b —1)

to H3(Az, jiVap).

We note in particular that there are no Yoshida-type liftings to Siegel cusp forms
in level 1: these would correspond to a w with 7o, = ¥ and multiplicity 1.

The required liftings and multiplicity formulas for the endoscopic case have also
been established for GSp(4) in [Weissauer 2009a, Theorem 5.2].

Type 5 (Saito—Kurokawa). This case appears only when a = b. Here there are four
possible archimedean components: 77, 7%, 72* and 7%~. Every packet contains
precisely one of 772+ and 72~ For each cuspidal automorphic representation IT of
PGL(2) of weight a + b + 4 and for £ € {1, sgn}, we get a Saito—Kurokawa packet
{r}. Since we are in level 1, we can ignore the character £ (it must be trivial),
which means that 72~ will not appear.

I should also say that there is a minor error at this place in Flicker’s book. Flicker
states that the Langlands parameters at a place u are (his notation)

diag(éuq;/zzluv $u61,y222u, ‘é;-uqu_]/ZZZMa SLtqu_l/zzlu)s

when they should be

diag(z1u, guq;ﬂ’ Suqu_l/z, 22u)-
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Let us then consider the multiplicities, which again simplify since we are in the
level 1 case: we find

m(Thn ® o) = (1 +(M1, §) - (=1)"),

where n =1 if 7o, = 7 and n = 0 otherwise, and 8(1'[, %) = (—D)* if IT is attached
to a cusp form of weight 2k.

We thus see that, if a = b is odd, the only representation in the packet with
nonzero multiplicity is 7g, ® 7, which should correspond to a Siegel modular
form. The Siegel modular forms obtained in this way are precisely the classical
Saito—Kurokawa liftings, and the contribution in this case is exactly S;4p4.

For a = b even we could a priori have both 74, ® 7" and 74, ®7 2t with nonzero
multiplicity. But we can see by studying the Frobenius eigenvalues that 7" will not
appear. Indeed, the representation 75, ® 7" would contribute to the intersection
cohomology in degree 3, as we see from the (g, K,)-cohomology of w". Then its
Frobenius eigenvalues are pure of weight a 4+ b 4 3. But the Frobenius eigenvalues
at p will be p?*! and p”*2, as determined by Flicker, a contradiction. On the other
hand, we know that 75, ® 72 is automorphic: it is the Langlands quotient of

PGSp(4.A
Ind}, or (M@ 1),
where P is the Siegel parabolic (whose Levi component is PGL(2) x GL(1)),
and the multiplicity formula shows that it has multiplicity 1 in the discrete spec-
trum. The representations of this form will contribute a term s,454+4Q¢(—b — 1) to
H*(Az, j1Vap) and sq4p+4Qe(—b —2) to H* (A2, jiVa ).

Remark 4.1. That 7., = 7" does not occur in the Saito—Kurokawa case is men-
tioned as a conjecture of Blasius and Rogawski in [Tilouine 2009, Section 6].
The argument above will prove this conjecture for PGSp(4). Probably a proof for
GSp(4) in general can be obtained by a similar argument, or by considering the
possible Hodge numbers of H*(7gy).

The inner cohomology and the proof of the main theorem. From what we have
seen so far, we can completely write down the L?-cohomology and the intersection
cohomology of any local system on .4;. Summing up the contributions from all

parts of the discrete spectrum, we see that
— Sa+b+4 if a=5b odd
H3(Ay, jiuVap) =S5° + SatbraSa—bi2 + . ’
JieVab) = Sappas + Satbrada-by 0 otherwise.

The cohomology vanishes outside the middle degree in all cases except when a = b
is even, when we have

- . o |5a1p44Qe(—b—1) if a=>b even,
H2 A , \/ >~ a+
(A2, juVab) {O otherwise,
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and H*(Ay, jiVap) = H*(A2, j1Vap)(—1).
Note that the sum

Sge Satb+4 if a =5 odd,

b3t {0 otherwise,
is exactly what was denoted §a_;,,;,+3 in Theorem 2.1, since there are no Yoshida-
type liftings in our case.

If we wish to determine in addition the cuspidal cohomology, then we need to
understand which of the above representations are in the residual spectrum. The
residual spectrum of GSp(4) is completely described in [Kim 2001, Section 7].
We see that there is exactly one case above where the representation is residual:
namely, the Langlands quotient of Indlz,c(}glsm’m(n ® 1) is residual if and only if
L(l'[, é) is nonzero. We deduce that the cuspidal cohomology coincides with the

L2-cohomology except in degrees 2 and 4 when a = b is even, where we have
cusp(AZ’ a, b) = sa+b+4@(_b -1

(so, conjecturally, it vanishes) and similarly for H Cu&p We also observe that, for all
packets, either all discrete representations are cuspidal or all are residual, so that
the cuspidal cohomology makes sense also as a summand of the étale intersection
cohomology (a priori it is only a summand in the L?-cohomology), and we can talk
about the Galois representation on the cuspidal cohomology.

The Eisenstein cohomology of any local system on .4, has been completely
determined in any degree, considered as an ¢-adic Galois representation up to
semisimplification, in [Harder 2012]. From that paper and the above discussion we

may deduce the following:

Proposition 4.2. The natural map Cusp(Ag, a,b) = H (A2, Vg p) is an isomor-
phism for any a, b.

Proof. Recall that one has

H* (A3, jueVap) = Hlyp (A2, Vap) @ Hi (A2, Vap)
and
Wirars H (A2, Vo p) = HF (A2, Vb)) @ Wirars H (A2, Vi ).

Moreover, the map H* (A2, j1xVap) = Witarp H (A2, V, p) is surjective and maps
the cuspldal cohomology into the inner cohomology Hence, if H reb(Az, V,.p) and
Wiaarp H Em (A2, V4 p) have the same dimension, H, Cusp (A2, Vyp) = H!k (A2, V)
is an isomorphism.

We have seen that Hreg(Az, V,4.») 1s nonzero only for k € {2,4} and a = b
even, so these are the only cases where Cmp(Az, a.b) = H (A2, V) is not
automatically an isomorphism. The dimension of H{ k (A, Va.p) 1S Sgtbt4 —st/l htd
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in these cases. From [loc. cit.] we see that Wk+a+bHéis(A2, Va.p) # 0 only for
k =2 and a = b even, in which case its dimension, t0o0, iS S;+p+4 —sé 444 But then
H,p (A2, Vap) = HP(A2,V, ) is an isomorphism by the preceding paragraph,
and then it is an isomorphism also in degree 4 since both the cuspidal and the inner
cohomology satisfy Poincaré duality. (]

Remark 4.3. The equality of dimensions above is not surprising, since Harder
explicitly constructs these pure Eisenstein cohomology classes as residues of Eisen-
stein series associated to cusp forms for SL(2, Z) with nonvanishing central value.
So, in a sense, the dimension argument in the preceding theorem is unnecessarily
convoluted. See also [Schwermer 1995], which describes in general all possible
contributions from the residual spectrum to the Eisenstein cohomology of a Siegel
threefold.

The main theorem of the paper follows from this result, as we now explain.

Proof of Theorem 2.1. Up to semisimplification we have
H: (A2, Vap) = HY (A2, Vap) ® H; i (A2, Vi b),

and Hc.,Eis(‘Az’ V. ») was— as already remarked — determined in [Harder 2012].
By the preceding proposition we have H' (A, V) = Hc'usp(Az, Va.p), and the
latter has been determined already in this section. Summing up the Eisenstein

cohomology and the cuspidal contribution gives the result. U
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ON CERTAIN DUAL ¢-INTEGRAL EQUATIONS

OLA A. ASHOUR, MOURAD E. H. ISMAIL AND ZEINAB S. MANSOUR

We consider three different systems of dual g-integral equations where the
kernel is the third Jackson g-Bessel functions. We solve the first system by
applying the multiplying factor method (ansatz solution) and the second by
employing the fractional g-calculus, and we use the g-Mellin transform to
reduce the third system to a Fredholm g-integral equation of the second
kind. Examples are included.
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1. Introduction

Dual integral equations arise in a natural way while solving certain mixed boundary
value problems. See [Sneddon 1966; Sneddon and Lowengrub 1969; Titchmarsh
1986]. Many of the dual integral equations are of the form

foo ww) AWK (u, x)du =1(x), 0O0<x<a,
0

/OO AWK (u,x)du = u(x), a<x <oo,
0

where w(u) is the weight function, K (x, u) is the kernel function. Several authors
have described various methods to solve dual integral equations, especially when
the kernel is a Bessel function. Busbridge [1938], Tranter [1951], Noble [1955;
1963], Sneddon [1960], Copson [1961], Peters [1961], Williams [1961], Erdélyi and
Sneddon [1962], Nasim [1986] and others have described different methods to solve

MSC2010: primary 45F10; secondary 34B30, 31B10, 26A33, 35R11.
Keywords: g-Fourier transform, fractional g-integral operator, g-special functions, g-dual integral
equations.
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dual integral equations. An account of these methods is given in the introduction of
[Erdélyi and Sneddon 1962] and, at greater length, in [Sneddon 1966, Chapter IV].

We now briefly mention three methods whose g-analogs will be treated in this
work. The first approach, developed by Noble [1955] and Copson [1961], is the
multiplying factor method. This approach involves the application of a certain
multiplying factor, and after some manipulations we can solve the dual integral
equations. The second approach uses fractional calculus to solve dual integral
equations, and was developed by Erdélyi and Kober [1940] and Erdélyi [1951].
Their technique became a standard tool for solving dual integral equations. For
example, see [Erdélyi and Sneddon 1962; Love 1963; Kesarwani 1967]. Finally,
the third approach uses the Mellin transform to reduce the dual integral equations
to a Fredholm equation of the second kind which can then be solved numerically.
See [Williams 1961; Nasim 1986; Titchmarsh 1986].

In this paper, we are interested in solving dual g-integral equations when the
kernel is the third Jackson g-Bessel function defined in (2-14) below and the g-
integral is Jackson’s g-integral. This paper is organized as follows. Section 2
includes the main notions and terminology from g-analysis which we need in
our investigations. It also includes some g-integrals involving the third Jackson
g-Bessel function. Section 3 includes the fractional g-integral operators and their
calculus, which we need in our analysis. In Section 4, we apply the multiplying
factor method to solve certain dual g-integral equations. In Section 5, we solve
certain dual g-integral equations by using the fractional g-calculus method. In the
last section, Section 6, we solve dual g-integral equations by using the g-Mellin
transform introduced in [Fitouhi et al. 2006].

2. Preliminaries; g-notation

In the following, g is a positive number which is less than one. Let A,, B, and
R, + be the sets defined by

2-1 Ay ={q" :meNy}, By:={qg " :meN}, R,;;:=A,UB,,

where Ng = {0, 1,...} and N = {1, 2,...}. We introduce some of the needed
g-notation and results. The g-shifted factorial, see [Gasper and Rahman 2004], and
the multiple g-shifted factorial are defined by

n—1
@ qo:=1, (aq)n:=]]1-ag",

2-2) k=0

k
(a1, a2, ...,a;q)n := ]_[(aj; Qn-
j=1
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The limit lim,— o (a; q), exists and is denoted by (a; ¢)o. For y € C, aq? #q™",
n € N, we define (a; g), to be

_ @9
@q”; @)oo
The g-hypergeometric series (or basic hypergeometric series) ,¢; is defined by

(2-4) F¢S(alaa27"'7ar;b19b29"'abs;qaz)

o .
_ Z (ar,ao,...,ar; q)n Zn(_q(n_n/z)n(s_r_H)
(qv blv b27 ceey bS; Q)n

(2-3) (a;q)y:

n=0

The series representation for ¢, converges absolutely for all z € C if » < s and
converges only for |z|] < 1ifr =s+1.

Lemma 2.1 [Koornwinder and Swarttouw 1992]. If |z| < 1, then form,n € Z,

o0 1
(@ )
Z Zk+n(.—)ool¢1(0§ qn+k+l§ q, Zz)
k=—00 9> 9) k]
"™ q)
x S 222 61(0; ¢ g, ) = S
(45 @)oo

If 1 € R, a subset A of R is called a u-geometric set if uz € A for all z € A.
Let f be a function, real- or complex-valued, defined on a g-geometric set A. The
g-difference operator is defined by

@ f(q2)
Z

(2-5) D, f(z):= = ., ze€A\{0}.

If 0 € A, the g-derivative at zero is defined by
f(zq") — f(0)

qu(O) = nlingo zq"

z€ A\ {0},

if the limit exists and does not depend on z. See [Annaby and Mansour 2012]. The
nonsymmetric g-product rule is

(2-6) Dy (f8)(x) = g(x) Dy f(x) + f(qx) Dgg(x).

A right inverse to Dy, the Jackson g-integration [Jackson 1910], is

z oo
(2-7) / fWdgt:=2(1-9)) q"f(zq"), z€A,
0 n=0
provided that the series converges, and

b b a
/ f@)d,t ::/ f(t)dqt—/ f@®ydst, a,beA.
a 0 0
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If A is ¢~ '-geometric, then the g-integration over [z, 00), z € A, is defined by

(2:8) | r0di=3 a0,
< n=1

and defined on (0, co) by

(2-9) /0 fOdgr:="Y " q"A=q)f(q").

The g-integration by parts rule is

@10 [ £anDye0 dyi = f@g@— lim £~ [ D0 dyt

For n € C and a function f defined on R, , we define the spaces
o
LgnRg1):=17:11fllg.n 3=/ [t7 f ()| dyt < oo},
0

1
Lgn(Ag) =17 1fla,.n 22/0 1" f (1) dgt < oo},

Lgn(Bg) = :1fllB,n 2=/1 1" f (1) dgt < oo},

and
Lq(C) = Lq,O(C)a Ce {AQa Bq’ IRq,-i-}'

Clearly, L, ,(Ry.4) = Ly ,(Ag) N Ly ,(By).

Lemma 2.2. For a € C, we have

@11 anqz,{a @ a4 @ a0k _
pors (4% q*)n—x

Proof. The left-hand side of (2-11) is

LIS 2": g (%5 qPn—k
TGP gDk @ gDk
= (4% ¢Pn lim 201007 857 4%, ¢?)
2—2n—2u 2
_ 2, 2 . (C] /E;Q)" n__ 1 200 .. 2\ 1.
= (g™ g% lim (e ), ' =lim(g™e: g7 =1

here we used [Gasper and Rahman 2004, (1.9), (IL.6)]. This completes the proof. [
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The g-gamma function [Jackson 1904; Gasper and Rahman 2004] is defined by

(2-12) P = LD (| _yie e, gl <1,

(9% 9)oo
where we take the principal values of g% and (1 — ¢)!~%. The g-binomial theorem
(see [Andrews et al. 1999, p. 488]) takes the form

(@ Qn_, (a2 @)oo
19 g(Q;Q)nZ BCT R

The third Jackson g-Bessel function J,,G) (z; q) for z € C, (see [Jackson 1905; Ismail
2005]) is defined by

v+1.

Q-14) Iy q)=153>(z;q>;=% "161(0: " g, g2)

B ( ,Q)oo v n(n+1)/2 2n

T @D nX_:( O q)n(q““ Dn’
and satisfies

1—v_—v

(2-15) Dyl IO (1 g?@) = =TI (42 ),
(2-16) D) IO (- g)]) = Z—J(”l(z 7%);

see [Koornwinder and Swarttouw 1992; Swarttouw 1992]. The g-Bessel function
Ju(- 5 g%), v > —1, satisfies

(4% 4%)oo(—4%"% 4% o0 [q™ if n >0,
(4% 4P oo q”z_(”H)" ifn <0.

2-17) (g™ ¢?)| <

See [Koelink 1994]. The following identity, which was introduced by Koornwinder
and Swarttouw [1992], is useful in our investigations.

q ) an(t—i-l)J (6] q )

(qa t+1.

(2-18) (qe++1 g
where ¢ and o are complex numbers such that % (¢) > —NR(«) — 1. We recall that
the functions cos(z; g) and sin(z; ¢) are defined, for z € C, by

DN (q2§q2)oo —1/2,1 _ 12 _ )
cos(z; q) == o (zg~ (A =@) " J-1pE@( =) /G597,
(47 4o

G G- Q)" =q); ¢?).

sin(z; q) =
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Proposition 2.3 [Koelink and Swarttouw 1994, p. 694]. For R(v) > —1, x > 0,
and a, b € C\ {0}, we have

(2-19) (@ —b?) f £, (aqt: 4o (bqts %) dyt
0

=(—=q)q" "xlaJs41(agx; g2 ), (bx; g*) — by (ax; ¢*) Jys1(agx; g°)].
Koornwinder and Swarttouw [1992] introduced the following inverse pair of
g-integral transforms under the side condition f, g € Lfl (Ry,+):

(2-20) g(k)Z/o f @) (x; g7)x dyx, f(X)Z/O g, (hx; gH)hdgh,

where A, x € R, . This pair of g-integral transforms is a g-analog of the Hankel
transform pair

g0 = / T @R Onxdx,  f) = / e GAdA.
0 0

The following result is a discrete g-analog of the Weber—Schatheitlin integral.

Proposition 2.4 [Koornwinder and Swarttouw 1992, p. 455-456]. Let «, B, and y
be complex numbers and &, p € R, . Then

1 oo —y 2 2
— 177§t q7) g(pt; q7) dyt
I—qJo
1) (qoz—ﬂ-i-)/-i-l’ q2/3+2; 612)00
(qetP=v+1 g2 g% oo
2
o _ P
X 2by <qﬂ o y+l’qﬂ+a y+1;q25+2. 2 ﬁ+a+y+1)

— pﬁg(y—

9 q aé_zq
if
RN—B+a+y+1)=0, p<& or N(—B+a+y+1)>0, p=<§;
and
1 * -y 2 2

— 17" Ju (1 q7)Ip(pt; g7) dyt
l—qgJo

3 &_a (y—a—1) (qﬂ—a-i-}/-i-l’ q2a+2; qz)oo

s (qPHe—r+1 g% %) oo

_p_ _ g2 _
X2¢1 <qa B y—&-l’qﬂ—ka y+1;q2a+2;q2’ ;q a+p+y+1

if

R—a+B+y+1)>0,E<p or R—a+B+y+1)>0, & <p.
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Lemma 2.1 gives us the orthogonality relation

q

o0
1— |
(2-21) /0 tJa(sr;q2>Ja<pt;q2>dqr=5—26,},;, Ri) > —1,

where p, & are in R,  and §, ¢ is the Kronecker delta. The following is a g-analog
of the Sonine—Schafheitlin integral. If in Proposition 2.4 we take y =1 and o = g3,
we obtain

(1—g)/(1—=q**)(p/E)* ifp <&,
(1 —q)/(1 —g**)(E/p)* ifE <p.
Corollary 2.5. Leta, B € C, p,t € Ry 1. If R(B) > N(ew) > —1, then

/ t‘lfa(ét;qz)Ja(pt;qz)dqt={
0

(2-22) f B 1 gD (0 15 ) dyt
0

0 if&>p,

I—B+a
=109 -¢ 2 ,
z £ pP 22?8 p? qP g1 I E <.
q* (ﬂ - a)
Proof. This follows from Proposition 2.4 by taking y = —a — 1. ]

Corollary 2.6. Let m, n be nonnegative integers and v > —n —m — k. Then

00 0 ifm#n,
(2-23) / ™ o2k (15 ) Joramin (4P dgt =1 1—¢ N
0 T m=n
q
Proof. This result follows by applying Proposition 2.4 with y =1, « = v 4 2m +k,
B=v+2n+k,and& =p=1. 0

The little g-Jacobi polynomial [Gasper and Rahman 2004, p. 27] is defined by

,abq"*'; aq; q, qx).

n

pn(x;a,blq) =2¢1(q"
Corollary 2.7. Let Ki(v) > —1, p,t € R, 4. Then

o0
(2-24) / Ty pama (6 gD (0 5 %) dyt
0
0

p>1,

=10 =qp (@ 2p% g™ g? g RIS

w2
(g2 2K 2, v +Imt2 g2 g2y pm(q " 1q) p<l

Proof. This result follows by applying Proposition 2.4 with y =k—1, « =v+2m+k,
B =v,and & = 1, in addition to the transformation

_ (abz/c; @)oo

2p1(a, bic;q,2) = —— 201(c/a, c/b; c; q, abz/c). O
(75 @)oo
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Corollary 2.8. Let R(v) > —1, p,t € R, 4. Then

(2-25)  Juiomik(t; %)
_ (1 _q)tk(q2m+2k’ q2v+2; qz)oo
- (q2u+2m+2; q2; qz)oo

1
< / P G207 Pt oot ) om @ 0% 22 P 1 4P dyp.
0

Proof. This follows from Corollary 2.7 and the g-Hankel transform pair (2-20). [J

Proposition 2.9. Let x, u, and o be complex numbers. If %i(y + B) > —1 and
N(B) > —1, then

X
(2:26) f 7 G232 gD Tputs g7 dyt
0
B x7+ﬁ+1ul3(1 —q)(qzﬁ“, q2a+y+ﬂ+3; qz)oo
- (q2a+2’ qerﬂJrl; q2)

X 22(0, gV TAHL, g2BF2 g2ty B3, 02 02 x2u?).

In particular, if y = B+ 1, then
X
(2-27) / PGP /3% 4P Tput; 4°) dyt
0
=" (1 = ) (1= ¢*) Ty (@ + D e prr (15 ¢°).
Proof. According to (2-14), we have

(2-28) f 17 (g% )x%; gD Jp(ut; %) dyt

(q2ﬁ+2 ) o0 (_l)qu(k+1)u2k+ﬁ

Y S e A U D C R DT

X
0

By using (2-3) and the g-binomial theorem with base ¢? instead of ¢ on the inner
series in (2-13), we obtain

* 2k .
(2-29) /O VPR (G212 Ix % g g dyt

_ (1 _q)x2k+y+ﬁ+l(q2. qZ) (q2k+20l+y+/3+3; qz)oo

(q2a+2 2) (q2k+y+,3+1 2)00

Substituting (2-29) in (2-28) and using (2-4), the desired result follows. The
particular case follows by direct substitution in (2-26) and the definition (2-14). [
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Proposition 2.10. Let v and o be complex numbers such that X(v) > —1. For
x,ueR, 4,

(2-30) / (2 /1%5 gB a1t I (tu; %) dyt
= x U (1 - q)% Jo—a(xu/q; 4°).
Proof. Using the ;¢ transformation (see [Gasper and Rahman 2004, p. 29])
(€1 )o0191(0; a: g, 2) = (25 9)o0191(0; 25 ¢, ©)

and (2-14), one can verify that

(q 2)oo q
Jo(z: — z" NgiG+h___ 41
(z:¢%) = E =g D,

Hence,

o0
(2-31) / 2/t qHa 117 (tu; g7 dyt
X

u’ iquJrHZ”j /oo 2,0, 2 da—1, 2j42,2. 2. 2
= (X7/t75 g ) a1t (g7 T U g7 ) o dgt -
(4% 4%)e0 5 (@747 U ¢ =

Using Lemma 2.2, we can prove that

o0
(2-32) / 2/ a2 G0 oo dyt
X

—(l— ) —2a (612 qZ)OO —2a]+20t(x2 2. 2j

= (2a 2) J])oo

for x,t € R, 4. Substituting (2-32) into (2-31) yields the desired result. O

3. Fractional g-calculus

In this section, we introduce fractional g-integral operators and their properties which
we need in our fractional g-calculus approach for solving certain dual g-integral
equations. A comprehensive study of the fractional g-calculus and equations is
in [Samko et al. 1987; Butzer and Westphal 2000; Annaby and Mansour 2012].
Al-Salam [1966] defined a two-parameter g-fractional operator by

q’?ﬂ
Ly (er)

KD (x) = / (/1 @att™" G 1g1 ) dt,
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where o #% —1, —2, ... . This is a g-analog of the Erdélyi and Sneddon fractional
operator (see [Erdélyi 1951; Erdélyi and Sneddon 1962])

K" f(x) =

x* Oo a—1,—n—1
F(oz),/x & —x)*" " f(t) ds.

The following operator is a slight modification of the operator KZ] **, which we
found very convenient in our analysis. This operator, denoted by H('“, is defined as

=1 yn

G e =T [T v dg,

where o # —1, =2, ... Using (2-8), the operator J,"“ has the series representation
o o4 n ( )n -n

(3-2) WP () = (1—q) Z "(q q) $lrg™),

n=0
which is valid for all «.

Proposition 3.1. Let n € C. If ¢ € Ly, _,,—1(By), then ?{Z’aqﬁ(x) exists for all
x € Ry 4 and belongs to L ;,(B,) for any u € C such that R(u) < —R(n) — L.

Proof. Let m € Z. Since

WP =(1—9)" Y g '“7((" q))"¢( e,
n=0 n
we obtain
(o).
(3-3) 9P (g™ < (1 - q)"‘“‘)M Z g™ pg" ™I
@D =

Therefore, if m > 0, we obtain

(3-4) [P (g™)]

s 4™ @) i 1
<(1—q)"@gm W ——— == Z 16 (g )+, 1)
(4 9)oo =0 1—gq

If m <0, then

g s (=@ q)
(3-5) P (g™ < (1= )" @M= =g,
(45 9)oo

Consequently, Kg’“(x) exists forall x e R, ;. If uw € Cand N(n) < —N(n)—1, then
(3-6) / t“%” (1) dyt

(=¢"; q) s
<(1—g)"@" 1—( bl an PMATRED oo,
45 49) =0
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where R(w) < —R(n) — 1. Thus Ky %¢ € L, . (By). O
Al-Salam [1966, p. 138-139] proved formally the semigroup identity
(3-7) Ky K]l (0) = K P ),

where 7, «, and B are complex numbers and without imposing any conditions on
the function ¢. Using the same technique we can prove that the semigroup property

(3-8) HPOHITP P (x) = KPP (x)

holds for x € R, + whenever ¢ € L, _,,_o—1(By), n, &, B are complex numbers and
N(a) < 0. Therefore, if we take f = —a in (3-8) and note that 3{2’0 is the identity
operator, we obtain

(3-9) GO () =HITC TP (x),  x €Ry 4,

forany ¢ € L, —,—o—1(By), and 1, o are complex numbers.
Agarwal [1969] defined the two-parameter family

X 1
(3-10) 1)@ (x):= @ )/ (qt/x; @a—1t"P(t) dyt, o #0,—-1,-2,....
of fractional g-integral operators, which can be written as
s (% 9)
(3-11) 1990 = (1 — ) Y gD g gm,
= (@5 @n

which is valid for all «. The special case [, g"" is the g-analog of the Riemann—
Liouville fractional operator introduced in [Al-Salam 1966] and is denoted by /.
Hence,

(3-12)  Ij¢(x):= /(qt/x Da—1¢t) dgt,  a#0,—

F()

In [Annaby and Mansour 2012, p. 121], the authors solved the g-analog of the
Abel integral equation on a continuous domain of the form [0, a]. In the following
we state without proof a modified version of [ibid., Theorem 4.7] which holds when
the domain of solution is discrete.

Theorem 3.2. The g-Abel integral equation

e )/ (qt/x; Q)a—190 M) dgt = f(x) (O <R(a) <1, x € Ay)

has a unique solution ¢ € L,(A,), given by

¢(x) =Dy 1, f(x),
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if and only if f and Iql_“f are L4(Ay) functions with Iql_"‘f(O) =0

Proof. The proof is similar to the proof of [Annaby and Mansour 2012, Theorem 4.7]
and is omitted. O

Proposition 3.3. Let n and a be complex numbers. If ¢ € Ly ,(A,), then an’a¢(x)
exists for all x € Ry 4 and belongs to L, ,(Ay) for all i € C such that R(u—n) > 0.

Proof. Assume that ¢ € L, ,(A,). Then

- % Qn—m
e my — (1 —g)* (n+1Dm (n+Dn n
19" = (1-9)%q § .

n=m

Thus, if m > 0, we obtain

(S (— q »‘I)
I (g™)] < (1 —¢9)" g ”‘“””’"—wnmq 0
(45 oo

and if m < 0, we obtain

NR(a).
17 (g™ < (1 — ) g—0tn+m (T4 @oc
q f—

(45 ) oo
(Z qk(m(n)+1)|¢(q )| + —||¢||Aq ,7) <0
k=m
Moreover,
1 _ M@, Sl
[ i< gt L gy, 5 gieen <o,
0 (45 oo pars
provided that X(u — n) > 0. This completes the proof. U
Proposition 3.4. Let n and a be complex numbers, and R(a) <0. Ifp€ L, 1o (Ay)
then
=1 _ pnta,—
(3-13) (L =17

Proof. This follows by noting that
(3-14) LT (x)

00 o. o0

N (+Dk q%; @k m+l+aym\d 5 9)m G % @m k+m

=D gy o A2
P @Dk 1= (43 @m

Make the substitution n = m + k on the inner series of (3-14). This gives

> (@% i q@ % q)
, ,— _ — » 4k 1+a)n > 4)n—k n
(B-15) IO g(x) =Y g RTINS g (g ),
4 — (q: @k “— (G Dn—k
k=0 n=k
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If N(o) <O and ¢ € L, ;14(Ay), then the double series in (3-15) is absolutely
convergent and we can interchange the order of summation to obtain

_ = B @ Dk (@ @nk
(3-16) 117,0{[77+a, a¢(x) — (?7+1+Ol)n¢( n)C) ok
v ,;Oq 1 gq @5 Dk (g5 Dk

o
@ % On (@75 @)
:Zq(n+1+2a)n¢(qnx) . L
e (q:9)n (g S @n

=¢(x),
where we applied [Gasper and Rahman 2004, Equation (II.6)] to the inner series. [

A direct calculation gives
n.a..p — Bt
1%x7 f(x) =x" 1 fx),

where 7, a, B are complex numbers, and f € L, ,15(A,). Agarwal [1969] also
proved the following semigroup identity when 5, A, and p are positive constants:

(3-17) ARG (x) = 1P (x) = IR I (x)
I TNTR IR — g,
=1L () = 1L ().
But, using the same technique introduced in [ibid.], we can prove that
(3-18) I = (), x e Ry

holds for complex numbers 1, A, and  whenever ¢ € L, ,4,(A,), and R(1) <O.
It should be mentioned here that in most of the proofs of the semigroup properties
in [Agarwal 1969; Al-Salam 1966], the domain where the fractional integrals and
the related properties hold is not determined precisely.
Let Sg ** be the operator defined by

x—o:/2 o0
(3-19) S =g | Y e (VX )9 (3) dyy,
o
=x2 Y "D W (Vxg" P )b ().

n=—o

This operator is a g-analog of the modified Hankel transform operator introduced
by Erdélyi and Kober [1940]; it is also a modification of the g-Hankel transform
operator introduced in [Koornwinder and Swarttouw 1992] and defined by

¥, (f)(x) =/O FO T (xt; g% (x0) /2 dyt.

Proposition 3.5. Let n and o be complex numbers such that R(2n+o) > —1. If ¢ €
Ly, (Ry2 1) then Sq"z’aqﬁ(x) exists for all x € Ry> | and belongsto L (R, 1).
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Proof. Letp € L2 ,(R,2 ;). From (2-17), if x € Ry2 ., there exists M > 0 such that

(o.¢]

SM Z an(51t(n)+1)|¢(q2n)|<oo

n=—oo

o
> 4" e (Vrg" g (g™

n=—oo

because ¢ € L2 (R, ). Thus, ST () (x) exists for all x € R,2 4. Now we prove
that Sq"z’a € Ly pyo(Ry2 ). Indeed,

o
(3-20) fo t”+°‘|Sq"2’a¢(t)|dqzt

o0 o0
-1 | [ a5 N80 ey it
- 0 0

1 & o
<——lel, / 1) sup |y T o (Vi g7 dyat.
l—¢ 0 yeR 2,

Using the estimates (2-17), the g-integral on the third line of (3-20) is convergent
when 91(2n + o) > —1, and the proposition follows. ([

Proposition 3.6. Sq"ga defines a one-to-one linear operator from L2 ,(R,2 ) into
qu’n+a(Rq2’+). AZSO,

(3-21) (B~ =g

Proof. Clearly Sq"z’a is linear. To prove that it is one-to-one, assume that there is a
function ¢ € qu,n(quz’Jr) such that Sq"z’aqﬁ(x) =0forallx € [F\qu’Jr. Hence,

0
(3-22) > 4" V9@ anralq"E P =0 forall x € Ry 4.

n=—oo

Multiplying both sides of (3-22) by & J2,1(q"§; g% (r € 7), calculating the g-
integration for & € (0, o), then applying (2-21), we obtain

oo
D d" Vb S =0,

n=—oo

That is, ¢ (¢*") = 0 for all » € Z, and S’;* is a one-to-one operator. Now we prove
(3-21). From (3-19), for j € Z, we have

o0
SEESE T @) =a7 Y 4" Dayaa @ DS D ().
n=—o00

Hence,

(3-23) SEUSL ()

00 o
=g~ ) " hsa@ 0D Y0 0O Dl a6,

n=—o00 k=—00
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Using (2-17) and ¢ € L, ,, (R, 1), we can prove that the series on the left-hand side
of (3-23) is absolutely convergent. Consequently, we can interchange the order of
summation to obtain

SHESH T D (g)

o0 oo
=q77 > 4™ Y 4P @ 4D T ra @ P,

k=—00 n=—0o0

Therefore, from (2-21),

oo
(324 SESTOT0@ N =g g7 Y M08 = b (¢,
k=—00

and the desired result follows. ]
The next result gives another sufficient condition for the existence of Sq"ga.

Proposition 3.7. Let n and a be complex numbers satisfying R(2n + o) > 0. Let ¢
be a function defined on R 2 .. If there exists u € C such that

Blas € Loy(Ap),  ln, € Lo (Bp),
then Sqnz’aqﬁ(x) exists forall x € R .
Proof. Let x € R,2 . From (2-17), there exists M > 0 such that
| 2o (Vxq"; g < Mg™ @7 for all m e Ny.

Since ¢|A,,z € L, ,(Ap2), then

o
(3-25) <MY g g (g*)] < oo,

n=0

o0
> 4" Dy (VX" 4 (g™

n=0

From (2-17), there exists K > O such that
| Tansa(WEG": g2 < Kg =@t forall p e 7.

Since ¢|qu €L,

g2, (B;2), then

o0

D g Dy (Vg " gD (g )

n=1

(3-26)

o0
<K Zqun(fSH(ﬂ+ot)+1/2)+n2|¢(q72n)| < 00,

n=1

Combining (3-25) and (3-26), we can then conclude that Sq"z’“¢(x) exists for all
X € Rq2’+. D
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Proposition 3.8. Let o, B, and A be complex numbers such that R(2n +a) > —1.
Ifp € qu,n(qu,-l-)’ then

1P () = (1= o) (xeRp ).
Proof. Let x € R,2 | be fixed. Using definitions (3-10) and (3-19) we get

—n—a—1
(1—¢>T,2(B)
X fo (@%t/x; gH 11"t/ /0 "2 D a (WY 4P () d,py d ot

From (2-17), there exists M > 0 such that

(3-27) 1P (x) =

|Jan+a (V1Y: gD < M) /2 forall y,t e R,z .

Consequently,

1 x 5 5 w 00 o ,
Fé(ﬂ)fo i )ﬂ“tn+//0 3 Do (VY 4B dypy dipt

142,y

- ZL /‘X(qzt/x; q2)ﬁ_1t2n+a dqzl
T2(8)| 0

M
= 5 10l T By (B 20+ o+ )] < 00,
2 q=,n q
2B

since M (2n + ) + 1 > 0. Hence, the series is absolutely convergent, and we can
interchange the order of summation to obtain

—n—a—1
LB —g?)
x /0 Y 2P (y) /0 (@°1/x: g 11" D (VT3 gD dypt d oy

(3-28) 1P (x) =

Using

(3-29) / f@)dpt=—— tf(t /x)dgt
0

and (2-27), we obtain

X
(3-30) / @2t/33 @) Doy (T ) dpt doy
0

l+gq 2. 2 2n+a+l1 Y. 2
1+n+a/2f (q°1°/x% q?) g1t o 1 4 dqt

= (1—g*)Py PRI PR 2 (8) Byt p (VY3 7).
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Substituting (3-30) into (3-28) yields the desired result and completes the proof. []

Proposition 3.9. Let «, B, and n be complex numbers. If ¢ € L2 oo, (Ry2 1) for
some y € C, N(y) > max{0, N(x)}, then

(3-31) HLESE P H(0) = (1 - gD S P ()
Jorallx e Ry 4

Proof. Using definitions (3-2), (3-19), (2-8), and (2-9) we get
(3-32)

HIT S e
42 g2 x) =

f (x/t; ¢ 1(S”+a Po)(q? 1) dt

f (@*x/t; gD 1(S"+a’3¢)(t)d 2t
2(Ot)

= | (@x/1:¢P)qrt77P2
( —qz)rqzw) /q( :
o
2 f y_ﬁ/212n+2a+,3 (\/y_t, q2)¢()7) dq2y> dqzt'
0
Setc:=—1—N2n+ B+ 2« —2y). From (2-18), there exists C > 0 such that

(3-33) |Jags2048(q 5 g < Cq D (r e 2).

Hence,

o0 o0
/ ) (@%x/t; P g1t 17 17F2 /0 Y P Dy 208 (VYT PP () d2y d ot
q X
< Cllly2yray @5/ 1: gPam117 " dpt] < 00

whenever 3(y) > N(«). Hence, the double qz—integration in (3-32) is absolutely
convergent, and we can interchange the order of ¢-integration to obtain

xn
[ ()

00 00
x/ v () /2 (@°x/1: gD a1t ™" PP Dy 00 p (VYT 47 dyp d2y.
0 q-x

anzﬂsqnzﬂ’ﬂ(P (x) =

Using

/a f@dpt=—= / i/ (5) dyt
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and Proposition 2.10, one finds that

o
fz (@)t qDa1t" PR Dy a0 s (VYT qz)dqzt
q*x

= (14¢g)( 2 )n+/3/2 oo( 4 2/1‘2' 2) t_zn_l_ﬂj tﬁ‘ 2\ 4

= q)\qg x x q x 4 )a—1 2+2a+8 —qﬁ,q a2t
- (q q)

= (L +q)y /a1 PR 2 o (VX5 67).

(@5 ¢%)oo

Hence,

[e.e]
KLOSE P g(x) = (1 —gh)ex@hr f Y PG (3) P (V331 47 g2
0
= (1=g)*s5 P (x). 0

Proposition 3.10. Let n, o, and 8 be complex numbers satisfying R(B +«) > 0
and R(2n+a) > —1. If¢p € L2 (R, ), then

PSP () = (=g P o) (xeRp ).

Proof. Let x € R,2 | be fixed. Using definitions (3-10) and (3-19) we get

—-B/2 o0
X —
(3-34) KPS (x) = f (z CE Doy s2asp (Vx5 ¢7)

(1—¢2?2 Jo
o0
x / Y oo (V1Y 4P (Y) dqzy) dpt.
0
From (2-17), there exists M > 0 such that
[ Janta (V1Ys 2] < May)" 2 forall y, t € Ry,

Consequently,

o0 0
/ AP e p (Vi qz)/ Y e (V1Y; gD (V) d 2y dot
0 0

(o)
/ " PP Dyoasp(Vix; q7) d ot

0

< M| ollg2.y < 00.

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

o o x PP +q) [ —
ff;;r ’ﬂSqnz’ ¢(X)=W ; (y /2¢()’)

00
X f tl_'B_a J2n+2(x+ﬂ (\/)_Ct; qz)JZrH—a (ﬁt; qz) dqt) dqzy'
0
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Therefore, applying Corollary 2.5 with R(8+«) > 0 and R(2n+a) > —1, we obtain
(1—g»)Pex ]
LB+
= (1=¢) " P ). O

X
1P S (x) = | @i a9 dey
0

Proposition 3.11. Let n, o, and B be complex numbers satisfying H(B +a) > 0
and R2n+o) > =1L If ¢ € L2 1o (Rp2 1), then

S p ) = (1= )P K o) (xreRp ).
Proof. Let x € R,2 , be fixed. Using definitions (3-10) and (3-19) we get
—a/2
(1-g%»?

X /0 Y P D0 s (V1Y gD O (Y) dqzy) dt.

(.¢]
(3-35) SHUSL g = / (z—<“+ﬁ>/212n+a<¢§; q*)
0

From (2-17), there exists M > 0 such that

| P20 (V1Y: g < M(1y)"THHP2 forall y, 1 e Ry .

Consequently,

0 (o8]
/O t“”ﬁ)/zlzwa(x/tx;qz)/o Y PP Dyiaars (V1Y gD (¥) d 2y d ot

o0
/ t'7+“/2J2,7+a(\/tx; q%) dpt
0

= M||¢I|q2,7’/+0l < 0.

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

—01/2(1 +q) [e's]
Efﬂ,aSn+a,ﬂ (x) — x— ( —B/2 ( )
q2 q2 ¢ (1 _ q2)2 0 y ¢ y

o
X / P Dot (U 40 Popa (VX ¢7) dqt> dgy.
0

Therefore, applying Corollary 2.5 with X(8+4«) > 0 and R(2n+a) > —1, we obtain

(1—g})~F g~ "x"
[ B+a)
= (1—¢») P (x). 0

oo
PRSP (x) = / VNG Parp19(@7y) dgpy
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4. The multiplying factor method

Titchmarsh [1986, p. 334-339] solved the dual integral equations

/ EXY(E)J,(pE)dE = f(p), (0 < p < 1),
4-1) °

oo
/ V() J,(p§)dE =0, (1 < p),
0
for & > 0 by using difficult analysis involving Mellin transforms. His techniques
were extended to the case « > —1 by Busbridge [1938]. Sneddon [1960] used the
Abel integral formula to solve the system in the case when v =0 and o = j:%. The

technique was generalized by Copson [1961] for any « satisfying —1 <o < 1, o #0,
and v > —1. In this section, we introduce and solve a g-analog of Copson’s result.

Theorem 4.1. Let @ and v be complex numbers such that R(v) > —1 and let f be
a function defined on A,. Consider the dual q-integral equations

4-2) /0 EY (€)1, (0E: gk = f(0). p € Ay,

4-3) fo V&) (0k: P)dgE =0, peB,.

We consider three cases:

Case I. Ifa =0, R(v) > —1, then the g-integral equations (4-2)—(4-3) (which are
now not dual) have a solution of the form

1
(4-4) 1//($)=1$Tq/0 I (15 ¢°) f (1) dyt,

provided that t"T1 f (1) € Lp(Ap).

Case II. If0 < N() < 1 and R(v + «) > 0, the dual g-integral equations (4-2)—
(4-3) have a solution of the form

(4-5) ¥(&)
11—« 1
=0z q)i(l — fo H T e 515 ¢ LALC)2 F (VI dyt,
provided that

4-6) I5[(-)"2f (S )I(P?) and I57()"2 f(V))(0) are Ly2(Agz2) functions.

Case III. If —1 < N() < 0 and RN(v + o) > —1, the dual g-integral equations
(4-2)—(4-3) have a solution of the form
gl—a

1
B _ 1—v—a a2 T \Vv/2 3 2
4-7) w(‘g)_(l—q)(l—q%“/ot Jora &1 gD L)Y F (VD107 dyt,
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provided that
@-8) I3[ f (V)10 and I f (V)% are Ly (Ag2) functions.

Proof. Let ¢ € Ly ,1o—2(Ay) be a function which shall be defined later on. Define
the function ¥ on R, + by

(4-9) yE) =¢'" /0 1 G (1) Jvra(Et; q7) dyt.

Hence i is a well-defined function. We now prove that i satisfies (4-3). Indeed,

@wio [ T O 0E D dgE |
=/Ooosl—“fu<ps;q2>/o D) Joya (€L g7) dgt dyE.

From (2-17), there exists M > 0 such that

[ Jora (€ 15 %) < MIE )"
forall §,7in R, 1. Also, ¢ € L, ,1oq—2(A,) implies that ¢ € L, 14 (A,). Conse-
quently,

‘fo Y (E) (0 E: %) dgé sM||¢||Aq,U+a/O 1§V T (p &; g dyE < o0

whenever R(v) > —1, where we applied again (2-17). Therefore, the double
g-integration in (4-10) is absolutely convergent and we can interchange the order
of g-integration to obtain

@-11) /0 VE T ) dgk
1 o0
= /0 o(1) fo EV (08 gD Jura Gty gD dyE dyt.

Thus, by replacing «, 8 by v, v + «, respectively, and applying Corollary 2.5,
the g-integration in (4-11) vanishes, and this proves (4-3). In the following we
prove (4-2). We distinguish among three cases.

Case I. « =0 and R (v) > —1. By (4-11), (2-21), Equation (4-2) is reduced to

1—¢q 1
(4-12) = fo B8, dgt = £(p).
that is,
2
(4-13) o(p) = 2P
l—¢q

Substituting (4-13) in (4-9), we obtain (4-4).
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Case II. 0 < () < 1 and R(v + ) > 0. From (2-15), we obtain

1
Y(E) =—q"T (1 —q)E /O GO TID, [t T T a1 (g gD dyt

Applying the g-integration by parts rule (2-10), we obtain

YE) =1—qE ™" fo 1 Dy [t o1 ™ Jypam1 (813 g7 dyt
— (=) e ¢ (D) Jyra-1(g & %)
+(1=q)g" e Tim ¢(g") ura1(q"'E g7,
Since ¢ € Ly v1o4—2(Ay), we have
lim qn(v+a—1)¢(qn) —0.

n—oo
Therefore,

1
@-14) yE =1—-q& " fo Dy [t ()1 ™ Ty g1 (B2 g7 dyt
~(1 =g " e (D Iyra—1(q "6 g7,
Substituting (4-14) into (4-2), we obtain

@-15) f(p)=—1—q)g" " '¢(1) /0 E% Jyya1(q 7 E; g2 o (pE; %) dyE

00 1
+(1—¢9) / £ f Q)1 g 1(E8 g7 )0 (05 ¢7) dyt dyE,
0 0
where for the convenience of the reader, we set

(4-16) @(t) 1= Dy " 'p ()] (€A,

Since p € Ay, then from Corollary 2.5, the first g-integral in (4-15) vanishes. As for
the second double g-integral, the conditions on ¢ imply that ¢ € L,(A,). Therefore,
under the conditions on v and «, the double g-integration is absolutely convergent;
and we can interchange the order of g-integration to obtain

1 00
Fo)=(1—q) fo (D) /O E Ty a1 (€1 g2V (pE: q2) dyf dyt.

But under the conditions that N («) < 1 and N(v + @) > 0, we have

fo E% Jyya1 (185 7)o (pE; q7) dy

(1= =¢" 1\
= qu(l —Ot)
0 otherwise.

PTG p% gD e iTp =1,
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Therefore,

1— 2 1— 2\a p
@1 fio = ST [N ) o) d
q
(=P (A—g)p 0 Pt (VD)
= T Ut - f (q7t/p" ) - NG dgt.

Now, we apply the g-Abel integral (Theorem 3.2) under the conditions in (4-6).
This gives

o) _ (+q)
1-¢)*(1—¢?)
From (4-16) and the fact that ¢ € Ly ,1¢—1(A4), we obtain

(4-18)

2 (Dplp) (0%, g(0®) = p"f(p), p € Ay.

¢ (1) =t_”+°‘_1/0 9(p)dgp.

Thus, from (4-18),

14+qg)tl-v—o t
(4-19) ¢ (1) = (1(—q>?(t1 = /O P (D20 dyo
tl—v—a 2 .
- (1— q)2(1 _ qZ)a /0 (qulng)(/)) dqu
tl—v—a

— o 2
=g = (L28)(17).

Hence, ¥ (-) is given by (4-9).
Case III. —1 < RN(x) < 0 and R(v + ) > —1. We substitute (4-9) in (4-2) to obtain
00 1
(4-20) flp)= / got! / &) ya(EL; q7) 0 (0E; q7) dyt dyE.
0 0
If ¢ € Lyvia(Ay) and R(v + a) > —1, the double g-integration in (4-20) is

absolutely convergent. Therefore, we can interchange the order of g-integration
to obtain

1 0
f(p)= fo o (1) /0 £ Ty (Et; gD o (pE; g dyE dyt.

Since N(a) < 0, then R(v) > R(v + o) > —1. Thus applying Corollary 2.5 yields

—v—2a—2 2,02
% (I1-q) [* (q ! 2) (vta—1)/2
_ — t t)d »t.
T (=) —gH)™ Jo \ p? I —a—1 /D,
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Since f satisfies (4-8), we can apply the g-Abel integral (Theorem 3.2) to obtain

1-v—«a
60 = = = P IO A6
l—v—a

__p
(I-—g)(d—g?>=1

where p € A,. Thus, substituting (4-21) into (4-9) gives (4-7) and completes the

(4-21)

1412 F (D1,

proof of the theorem. (]
Example 4.2. If v = % and o = }l then the solution of the system
p 12
P 1l—g* r§
/ w(é)sm( ,q)dS fp), peAy,
T2(3) —q

1/ -1 P$ 2

is
%-3/4
(1-¢)*(1—g¢

where 11/4 ()Y £/ and 1‘3/4 ()" (/1) are L2 (A,p) functions.
In partlcular if £(r) =12, then

£°T,2(3/2) :
V()= (l—q)2(1—22)1/41“q2(7/4)/0 174 ya(Et; ¢ dyt,

and by (2-16), we obtain

1
Y(E) = 57 / TG e LT PO dyt,

r,(3/2)

—1/4 )
(1=g)d —42)1/41“,12(7/4)5 J1a(: 4°).

V(€)=

Example 4.3. If v=2 and o = —%, then the solution of the system
o
| e v@nes i =ro. pea,
0

fo V() (p€; ¢P)dyE =0, pe By,

is
%-3/2(1 _ q2)1/2

1
0©) = [ e O SO dy,

where 13'2[() f(/)1(t?) and I

1/2

[(-)f(/](?) are L,2(A,2) functions.
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In particular, if we take f(¢) =t~! then

321 —¢H'?T23/2) ! _
(l—q)q ; 1712 10 (6t g7) dyt,

and by applying (2-15), we can see that

q(1 —gHT,2(3/2) . (q—ls, )
— sin ;q)—§.
T,2(1/2) l—gq

V(€)=

(€)=

5. The fractional g-calculus approach

In this section, we solve certain dual g-integral equations by using the fractional
g-calculus approach. Peters [1961] solved the dual integral equations

fo ETW(E)J,(2p8)dE =F(p) (0<p<1),

o.¢]
/ EPW(E) 1 (2p6)dE =G(p) (p>1),
0
by using fractional calculus. Here we give a g-type analog of Peters’ problem.
Theorem 5.1. Let «, B, u, and v be complex numbers and let

A=tu+v)—(@—p) > -1

Assume that
Np) >-1, RAWw)>-1, RA)>-1, and RA—u—2a)>0.

Let f € Ly n4a(Ap2) and g € L2y piq—1(By2). Then the dual q>-integral
equations

£ f P V(P (VP& qDdpp = f(E)  (E € Ap),
(5-1)

0
et /0 D PY (D) I (PE: P)dyep = g€) (& € By,
have the solution
1
Y(E) = (1 — gty 2 2gh 2 /0 B PE gL (o) dyep

o0
+ (1= g?) gt / B/ o&: aH T g0y dypp,
1

in qu,M/Z—a(qu,-i-) N qu,v/Z—ﬂ(qu,—i-) N qu,U/z—,B—V (qu’+),f0r Y satisfying
(5-2) 14+ %) > R(y) > max{0, R —1)}.
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Proof. We shall extend the domain of the functions f and g in (5-1) to be R, , by
introducing the functions f; and g, where

fi=fonA, and fi=0on B,

g1=0onA, and g3 =gon By,
respectively. From (3-19), (5-1) can be written as

2—a,2

(I=g)S " @ = f(&) (€ Ap),
(=S PPy =g®) (¢ eBp).

Under the conditions on the functions v, f, and g, we can apply Propositions 3.8
and 3.9 to obtain

24a,1— 24a,1— 2—a,2
N B e e 19
(1—g2i-ntt = (1—g?)rn+!

(5-3)

— Sq;é/Z—a,)u—;L-‘rZ(xw(%_)

and

n/2—a,v—Ar n/2—a,v—A ov/2—B,28
I g() B I Sy V() _ ghradent2ay o)
(1- q2)v—k+l - (1— q2)v—k+1 — Mq? :
Thus, the last two identities can be described b
y
(5-4) SETEITIR Y @) = h(E) (€ € Rp ),
where £ is the function defined by
e Lo g p @) i e Ap,
&)= e
(1 —qz)k—v—lﬂfq@/z “The() if& € Bp.

Thus, applying the inversion formula in Proposition 3.6 yields

I/I(S) _ Sq—zu/2+a+k,—k+u—2ah($).

In other words,
1
(5-5) (&) = (1 — g2y}~ vHe2gh/2mnize /0 5./ o€ g f(pydyap

[e.8]
—v— _ 2—v/2—B.v—
+ (1 —gH e "/““f 5/0&: aH P g (o) dypp.
1

From (2-18), the qz—integral on [1, 0o) in (5-5) is absolutely convergent, and from
Proposition 3.3, one can verify that if R(A — 1 — 2«) > O then the g>-integral on
[0, 1] in (5-5) is absolutely convergent. Hence, the function v is well defined. Also,
using (2-18),

Ve qu,,u/Z—a(qu,-‘r) N qu,v/2—ﬂ(Rq2,+) N qu,v/Z—ﬂ—y (qu,—i-)
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when y satisfies the condition in (5—2). O
Example 5.2. If v = % n=—5a=0,and B = %, then A = % and the solution of
the system
1_ —1/4 4 /q S
(—1/2)/ £ /w<s)cos( — )dzs fp), peAp,
1_ 3/4 3 /,Oé:
T/Z)/ g/ 1//(E)sm( q;CI)dngzg(,O), p € Bp,
is
51/4 —1/4 VP& —1/4,1
= —q|l,’" d

§1/4 Oo —1/4 - \/,0_“3.
T —q»)32T2(1/2) p Sm(l—, q>g(p)dqu.

The solution is in L2 _1,4(Ry2 ()N L2 _y/4—,, (Ry2 1), where 0 < M(y) < %
In particular, if f(p) = g(p) = p~1/4, then

gl f <«/_/0 )
_ d
Ve (1= )/ T—¢’T,2(3/2) 1—q 7)) %P

+ £ /OO sin(@'q>d 0;
(1 —gV/1—g’T,(1/2) )i I—q ")

and by applying (2-15) and Proposition 2.10, we obtain

—1/4 3/2 —1/4
Y€)= § [ l — ! ] cos( Ve ;q>+ d .
/1—q2 qu(1/2) qu(3/2) (I—-9)/q ,/1—q2qu(1/2)

6. g-Mellin transform method

Nasim [1986] showed that the dual integral equations
[e.¢]
/ 72T, +w(@)]p (@) dt = f(x), 0<x <1,
0

f 7P, (xt)p (1) dt = g(x), 1 <x < o0,
0

where w is an arbitrary weight function, can be reduced to a single (rather com-
plicated) Fredholm equation of the second kind by using the Mellin transform. In
this section we give a g-analog of Nasim’s problem where we employ the g-Mellin
transform to reduce certain dual g-integral equations into a Fredholm g-integral
equation of the second kind.
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First, we write down some definitions and results which we use later on. Fitouhi
et al. [2006] defined a g-analog of the Mellin transform through the identity

My (f)(s) ::/0 () dyt.

Let @ and B be real numbers and MZ”B be the space of all functions defined on R,
such that

f|Aq € Lq,a—l(Aq) and f|Bq € Lq,ﬂ—l(Bq)-

The next lemma includes a sufficient condition for the existence of the g-Mellin
transform which is slightly different from the one introduced in [Fitouhi et al. 2006].

Lemma 6.1. Let o, B be real numbers such that « < 8. If f € Jl/LZ’ﬂ, then the
q-Mellin transform of the function f exists on the strip a < (s) < B.

Proof. Assume that f € M2?. Then, using that

1 00
Jl/tqf(s)zf r‘—lf(t)dqr+f o f) dyt,
0 1
and the inequalities

|£°] <t* for R(s) >a and all ¢ € [0, 1],

and
1151 <t?  for M(s) < B and all t € [1, 00),
we obtain
1 o)
iy £ (s)] < / £ )] dygt +/ Y £ ()] dgt < o0,
0 1
and the desired result follows. O

By (ay, 7, By, r) we mean the fundamental (largest) strip on which the g-Mellin
transform exists for s € C such that o, r < R(s) < By, 7.

Lemma 6.2. Let «, B be real numbers such that o« < B. If f € JI/LZ”3 , then
My f(s) is an analytic function on the simply connected domain defined by the

strip (g, , By, f)-
n
Proof. If we set F,(s) := (1 — q)qu“'f(qk), we can verify that:

—n
(1) F,(s) is an entire function for each n € Ny;

(2) Fy(s) tends uniformly to ., f(s) as n tends to oo for N(s) € (g, 1, By, £)-

Hence, Jl, f (s) is an analytic function in the domain defined by the strip R(s) €
(g, £+ Bg.f)- g
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A direct consequence of the previous lemma is that
o
/ x My f(s)ds =(1—¢q) Z 75 / x~'q" ds
C = C

for any contour that lies in the interior of the domain defined by the strip N(s) €
(ag,f» By, ). Fitouhi et al. [2006] chose C to be the contour that connects the
points ¢ —im/log(q) and ¢ +im/log(q), where ¢ € (ay, ¢, By, r), to introduce and
prove the g-Mellin inversion formula

log(q) c+im/log(q)

(6-1) fx) =

S My ()(s)x ds, xeR, 4.
2im(l —q) c—im/log(q) ! o

In addition, they introduced a g-Parseval’s formula for the Mellin transform, under
suitable conditions on the functions f and g,

log(q) c+in/log(g)

(6-2) /O Fxn)g(t) dgt = My (f) () Mg (8)(1—5)x" ds,

Zin(l - CI) c—im/log(q)
where c is in the fundamental strip of defining f, g. They also proved:
Theorem 6.3. Let K and g be a pair of functions defined on R, y such that the
strip Ig.o = (By k- 0g, k) V(1 = By g, 1 — g o) is not empty. If
o
fx)= / g(1)K(xt)dyt,
0

then
My (f)(s) = Mg (K)(s)My(g)(A —5), s€lky.

The g-Mellin transform of the third Jackson g-Bessel has been calculated in [Fi-
touhi et al. 2006] by using the identity of Koornwinder and Swarttouw [1992, p. 449]:

% = ithnM1¢l(o' 24.4"h
(tz; C])oo 050 (C]; (I)oo o |

where ¢ and z are complex numbers such that 0 < |¢| < lz| 7. Using the same
technique, we can prove that

(6-3) My (2P Jo(z5 g7 (5))

— (g1 gyt [G@r D)

TpGle—s—B+2)

N(s) > —NR(a+ p).

The following two lemmas are needed in the sequel.
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Lemma 6.4. If9i(s) < v+ 20 and

*:Ju—l( T3y —Ls+a) )
! T\LpGu—ts+8+1)

then
(1 + q)x—v—Za
T2 (—3v+iu—a+p+1)

(6-4) hi(x)= @ /554D v piprarp X ERGL).

Proof. Applying (6-1) we obtain

log(q) c+in/log(q)

hi(x) My (A7) ()x ™ ds

" 2in(1=q) Jein/toa()

R R N e

T 20— @) Jecimpostr T TpGu—Ls+p+1)

_ log(q) (1 — g2y 2=v/2=e+p+1 /C—Hn/log(q)x_s (gh—sT2B+2; g2y
2i(1—q) c—in/log(q) (@"5%2%; ¢H) oo

ds.

Applying the g-binomial theorem (2-13) with z = ¢g"~*"2* and for R(s) < v + 2,
we obtain

log(q)(1 — g*)*2 27t SN (@h 2 ) s
2in(l—q) —~ (4 q*)n

c+im/log(q)
X / (g"x)ds.
c—im/log(q)

hi(x) =

Therefore, if x := g™ (m € 7),

/c+in/10g(q) q—s(n+m) s — {Zzn/log(q) ifm=—n,
c—in/log(q) 0 it m # —n.
Hence, h7(g™) = 0 for m € N; and for m € —N,

q—m(v+2a)(1 _q2),u/2—v/2—0t+ﬁ+l (qu—v—2a+2ﬂ+2; qZ)_m

hig™) =
: 1—¢q (q% q*)—m
q—m(v+2a)(1 +q) - )
= (@5 9 uj2—v/2-a+p-
TpGu—tv—a+p+1) wiEmvRmeath
Thus A7 (x) is given by (6-4) forall x € R, ;. O

Lemma 6.5. If R(s) > —v+ 20+ 2 and

B e A (qu(%v-i- Is—a— 1))
"\ TpGu+is—p)
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then, for x € R, 4,

(1 +q)xv—20(—2
To(—sv+iu+a—p+1)

(6-5) i (x) = @3 4D upripy2rap

Proof. The proof is similar to the proof of Lemma 6.4 and is omitted. (I

In the following, we use the g-Mellin transform to reduce the dual g-integral
equations

[ w2y )1+ w)Jy(up; ¢*) dyu = f(p), pe Ay,
(6-6) 0

oo
/0 Py ) Ju(ups g*) dgu =g (). p € By,
to a Fredholm g-integral equation of the second kind. Before we start our mission,

we set the following notation. Let {H, H;'} and {H>, H;} be the pair of functions
defined by

Co(lvtls—«
H(s) = My (™ Jy(u: gP))(s) = (1 —g)(1 —g*)* 7>~ ‘121(2 — )
LpGGv—3s+a+1)
1 1
v/z_u/ﬂa_ﬂqu(jv—zs—l-oH—l)
To(Gu—3s+B+1)

where 2o — v < N(s) <2+ 2o + v and

H{(s) = (1-¢°)

qu(%/’l“"l_ %S _ﬁ)

Ho(s) i= A, (=2 T, (u: ¢ — (1 — V(] — g2y 261 ,
2(s) q(u w3 g))(s) =1 —g)(1—g°) qu(%u—%s+,3+1)

qu(%v + %s —a)
(it 35 —B)

where N (s) > max{28 — u, 2o — v}. It is worth noting that for

HZ*(S) - (1 _qZ)V/Z—/,L/Z—OH-ﬂ

max{2«c — v, 28 —u} < N(s) <2420+,

we have
(6-7) H(s)H{ (s) = Ha(s)Hy (s) = K (s),
where K (s) is the function defined for M (s) > 2a — v by
K(s) = dlg(k@)(s), k() :=u"> M0 aip(us ).
Theorem 6.6. Let o, B, v, and v be real parameters satisfying

v>0 and max{2o0—v,28—u}<2+20+v.
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Let f and g be functions defined on A, and By, respectively. Let fi and g\ be the
extensions of f and g defined on R, ;. by

fi=()f(-yonA,, fi=0on By,
g1=0o0nA,, glz(-)*zﬂg(-)oan.

Assume that the q-Mellin transforms of the functions ¥, Yw, fi, and g exist on
Q1, Q21 # ¢, where

Ql = (aq,fp ,Bq,ﬁ)m(aq,gu ,Bq,g|)m(1_:3¢1ﬂ//’ l_aqsv/)m(l_ﬂq’ww’ l_aq’w‘//).
Set
ni=—gutiutie+ il Ai=v—p—20-26-2.

Then the system (6-6) can be reduced to a Fredholm g-integral equation of the form
q q
o.¢]
V() = A() — 2Vt / ut PRy yw ) Lt ) dgu,
0
where
A(Z) — (1 _ qz)u/Z—u/2+a—/3+1
2= = /2+u)2—
X SpH(H (L= p)p #TH2,EIERR()YR £ ()(07))
+ (1 _ qZ)V/Z—M/2+a—/3+1

X SPH(H(p =g Hp 2Pag 2o B g (7L (7))

H (x — a) is the Heaviside function defined to be 1 if x > 0 and 0 otherwise; and

1— v/24+p/2—a+p
Lit.u) = (1-g)q

2,2
) 1.2
X [ty j24u/2—atp+1E @) Joprpsr—asp (@™ us %)
— wdyprpy2—at et (U5 @) o r—arp (@'t 612)]-

Proof. Assume that ¥, @, F}, and G are the g-Mellin transform of the functions
¥, Yyw, f1, and gj, respectively, on ;. Let

Q:={s € C:Ns € Q1 and Rs > max{2a — v, 28 — v}}.
Applying Theorem 6.3 gives
(6-8) Hi)WVA —s)+ P —s)]=Fi(s), H(s)W(l—5)=G(s).
Multiplying the first equation in (6-8) by H,*(s) and the second by H;'(s) yields

K(s)W(1 —s) = H{(s)[Fi(s) — Hi($)®(1 —5)],

(6-9)
K(s)W(1—s) = H;(s)G1(s),
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for N(s) €e Q: = N{s € C: max{2x — v, 28 — u} < N(s) <2+ 2a + v}, where
we used (6-7).
In the following we calculate the value of the g-integral

(6-10) /0 KU dyt (p Ry ).

We distinguish two cases:

Case 1. p € A;. In this case, from (6-2) and (6-9), we obtain

(6-11) /0 k(pt)y (1) dgt
log(q) c+im/log(q)

_logl@) K(s)W(1—s)p~"ds,
2it(1 = q) Je—izn/108(9)

1og(q) c+in/log(q) -

o8 H{ ($)[Fi(s) — Hi(s)® (1 —5)]p ™" ds.
2in(1 = q) Je—in/108(q)

Substituting

l—g
—s __ —v—2a+1 v—s+2a
p = 1— qv—s+2a Dq,p/O

into the third line of (6-11), we obtain

(6-12) fo k(o)W (1) dyt

B log(q)p~"~2e+! b
- 2in(l — q2)—v/2+,u/2—a+,3+1 7P
c+in/log(g) TaGv—1s+a)
« f LF1(s) — Hy(5)®(1 —5)]p¥=>+2 2"
c—in/log(q) FpoGu—3s+B+1)
o —v—20+1
g(CI)P Dq’ppv+2a

= 2im(l — q2)—v/2+u/2—oz+ﬂ+l

c+in/log(q)
X / [Fi(s) — L()]%T(s)p ™" ds
c—im/log(q)

(1 - q)p_u_2a+l V2« o * 1Y 1
= (1 — g2)~v/2+n/2—a+p+1 Dy P [) LA @ =11 (?); dqt

qu(%v — %s + o)
ToGu—3s+p+1D]
1(p) = Mg (Hi(5)®(1 = 5)).

where 9] (s) :=

hi(x) is given by Lemma 6.4, and
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On the other hand, using the g-Mellin transform inversion formula and the
g-Parseval relation in (6-2), we obtain

log(q) c+im/log(q)

lp)=s—F—=
2in(1 = q) Je—in/t108(q)

=p7 fo w2 Y yw ), (wp; q°) dgu.

Hi(s)®(1—s)p " ds

On simplifying (6-12), using (6-4), we obtain, for p € A,

(1 _ q2)v/2—lt/2+a—/§p—v—2(x+l

To(—v+in—a+B+1)

(6-13) fo kw0 dyt = 4.6
x /0 R (1) KOG 0% ) st

Hence,

| " ko 0 dyt

(1_ql)v/l—u/2+a—ﬂp—v—2a+l pv—l o o
= Fo(—totly—at B+ Dq,p[fot F@OWG /075 97) vt pjr—atp dgt
q 2 2

p 00
_/O t”_l(q2t2/p2; qz)v/2+u/2a+ﬁ/() w2y (w)w () J, (ut; qz) dyu dqt].

Since v > 0, we can apply Proposition 2.9 to obtain

0
fo NG 0% 4 o sr—arp It 47) dyt

B pZVMV(l _q)(qu+v—2a+2ﬂ+2; qz)oo
- (1— q2v)(qu—v—2a+2;3+2; qZ)OO
X 2¢2(O’q2v; q2V+2’qU+/L*20l+2ﬂ+2; qz’q2p2u2).

Therefore,

(6-14) /0 k(O () dgt =m1(p) = I — I,

where

I (1_q2)v/27u/2+otﬂ3pfv72a+l b P - q2t2. p
1-= F 1 1 q,p 2 q f(t) qt
q2(—§U+§M—a+ﬂ+l) 0

2
P )—v/2+,u/2—oz+ﬁ
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and

(1 _q)(qv+u—2a+2ﬂ+2; 612)00 v
(1=¢*")(q% M)

oo
xDq,ppz“/ WY WwW)aga (0, g*; g, g TN g2 02 p%uP) dyu.
0

I :=

Using (2-14) and (2-12), we obtain
Dq,ppzv2¢2(05 q2v; q2V+2’qV+lL 20{"1‘2/3"1‘2’ q q ,02 2)
B (qZ; q2)00(1 _qZV)pa’v/Z—,u/Z-i-a B— lu—v/Z n/24a—p

J, _ u; 2.
@ T2 2D gy e ()

Thus,

o
L= p"Prep / w" PR B Yy w () Sy 2wt p (P15 G7) dgu.
0

Applying [Annaby and Mansour 2012, Lemma 1.12], one can verify that

P ) q2t2 5
(6-15) Dq,p/ A <—2;q) S (@) dyt
0 Y —v/2411)2—a+B
P t
:f z”‘]Dq,p(q - ,q) f(t)dyt.
0 1Y —v/24u)2—a+p
2 q”’ l_q 2
Since D, ,(c/p?; qH)o = P (¢/p*; g*)a—1 and
/ f(t)dt— / f(“/_)dt
l+4 Jo Vi

we obtain
242

P
(6-16) Dq,p/ t”_1<q—2;q2) f(Wt)dgt
0 p —v/24u/2—a+B

1— q7v+M72a+2ﬁ 02 qzt
= o / 1V/? — q° f(/1) dpt.
(1—=g)p 0 P )24/ 2—atB—1

Hence, from (3-12),

— B —nu-28-25—v/2 2—
I = (1= )" PH/PHesp pri 2B 2 p VB 2 £ ()0

The g-integral in (6-14) is now

(6-17) m(p) = (1 — g2/ /24 pmu=2p =2 WERUIZCHB ()22 £ (/7)) (0?)

(e.¢]
— pVArnzmah / PR B Y w () o242 -atp (015 G7) dyut.
0
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Case 2. p € B,. From (6-2) and (6-9), we obtain

log(q) c+im/log(q)

(6-18) /00 k(pt)y(t)dyt = K(@s)W(l—s)p*ds
0

2in(1 = q) Je—in/108(g)

Io ( ) c+im/log(q) B
= % Hi(s)G1(s)p~* ds.
it(l1—q) c—im/log(q)

Substituting

l—gq
—s _ v—=2a—1 —s—v+20+2
p =P 1— q—s—v—i-2oz+2 Dq’p

in the second line of (6-18), we obtain

(6-19) /0 k(o (1) dyt = ma(p)

log(q)qv—Za—va—2a—l

T 2in (1 — g2)—v/2+n/2+e—p+1

c+im/log(q)
% Dq,pp_v+2a+2/ G](S)%i(s)qs,o_s ds
c—in/log(q)
— _(1 _ q)(l _ qZ)U/Z*M/Z*a‘l’ﬂ*lql)fzafzpvfzcxfl

* P 1
% Dq’pp—v+2a+2/ g](t)h;<_)—dqt,
0 qt/t

where €3 (s) = qu(%v + %s —o— 1)/qu(%u+ %s — B) and h3(p) is given by
Lemma 6.5. On simplifying (6-19), using (6-5), we get

(11— qZ)v/Z—M/Z—a+ﬂpv—2a—l

my(p) = —
To(—3v+ipn+a—B+1)

00 2
g(u) (,0 2)
x D / ——— =9 dyu.
q.p - - ; p
w2 r2p-T ()2 i/t

In similar steps as in simplifying /; and by (3-1), we obtain

(6-20) m2(p)
——(1—- q2)v/2—u/2—a+ﬂp—25 3{;2/2_“+’3’_”/2+“/2+“_’3[g(q_lf)](pz),
If we set m(p) to be
mi(p) if p € Ay,
may(p) if p € By,
then combining (6-17) and (6-20) gives

m(p) = {

oo
(6-21) p/2miEmesh / 1R ] ek p (01 4P)Y () dgt = m(p).
0
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Hence, from (2-20) and (6-21), we obtain
(6-22) () = ¢ V/2TH/2Hatprl

oo
XA ,0_‘)/2+M/z+a+ﬂ+1‘]U/2+M/27(¥+,B(pt; qZ)m(p) dqp

Substituting for m(p) in (6-22), we obtain

1
Y (t) =t~V et h / p VAR BEL g p (P gPM () dyp

0

(o.¢]
+t—v/2+u/2+0t+,3+1/ p—v/2+ﬂ/2+a+/3+1Jv/2+M/2_a+ﬁ(pt; qZ)mZ(p) dqp
1

Returning to (6-17) and (6-20), we obtain
Y(t) = Ni+ Ny — N3,
where

Np:=(1— qz)V/Z—M/2+Ol—/3t—v/2+,u./2+oz+ﬂ+1

1
X/o p e g a—atrp (P15 )
—v/2 2—
x [ IR £ (D107 dy
Ny :=—(1— qZ)v/2—u/2—a+ﬂt—v/2+u/2+a+/3+1
o0
X/I p VERIAR B -t (O @)
2—atB—v/24 )24 a— _
X o TR TR g (g7 (p?) dy
N3 = t—v/2+,u/2+ot+,3+1

1 0
x / (pfv/zwz_aﬂs(pr;qz) f /2B g (wyw ()
0 0

X Ju/2tp/2—a+p(OU; g7 dqu) dgp.-

Assuming that the weight function w satisfies Yy w € L[II (Ry,+), then the double
g-integrals defining N3 is absolutely convergent, and therefore we can interchange
the order of g-integration to obtain

oo
(6-23) Y(1) = A(r) — ¢"/>7V/2retf f w2 By yw () L (1, w) dgu,
0
where L(t, u) comes from (2-19). Thus, the solution of the single integral equation
in (6-23) gives us the value of the unknown function v (¢), which is the solution of
the dual g-integral equation in (6-6), as well. U
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In particular, if we replace o by —« in (6-6), and set w = g =0, § =0, and
v = u, we obtain the dual g-integral equations (4-2)—(4-3), and from Theorem 6.6,
its solution is given by

tl—(x 1 o
624) v =" s / P oot GBI (VD10 dyp.
- 0
This coincides with the result of Section 4.
Example 6.7. If v = % n = —5,a=f = —q, then the solution of the system
V=22

/wmu)[l +ww)] sm(ﬂ; q)dyu=f(p). peA,
Lp(1/2) I—gq

/1 12
2(1//02) / ¢ (u) cos

takes the form

)dq” =g(p), p€By,

Y(t) = A(t /OO uy (u)wu)L(t, u) dyu,
0

-9

where

L(t,u)=

[t (gD Jo(q ™ us g% — udy (u: ¢°) Jo(g ™' 15 g7)]

and
1
AN =(1- qz)”z[[o o™ doot; gL PO D10 dyp
- / Jotots %1 g gV >](p2)dqp].
1
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ON A CONJECTURE OF ERDOS
AND CERTAIN DIRICHLET SERIES

TAPAS CHATTERJEE AND M. RAM MURTY

Let f:7/qZ — Z be such that f(a) =x1for 1 <a <gq,and f(q) =0. Then
Erdds conjectured that ), _, f(n)/n # 0. For q even, it is easy to show that
the conjecture is true. The case g = 3 (mod 4) was solved by Murty and
Saradha. In this paper, we show that this conjecture is true for 82% of the
remaining integers ¢ = 1 (mod 4).

1. Introduction

In a written communication with Livingston, Erd6s made the following conjecture
(see [Livingston 1965] ): if f is a periodic arithmetic function with period g and

+1 ifg1n,
0 otherwise,

o= |

then
ca n=31" %o
n=1

where the L-function L(s, f) associated with f is defined by the series

) Ls, )= féf).
n=1

In 1973, Baker, Birch and Wirsing, using Baker’s theory of linear forms in log-
arithms, proved the conjecture for g prime [Baker et al. 1973, Theorem 1]. In
1982, Okada [1982] established the conjecture if 2¢(g) + 1 > ¢g. Hence, if g is
a prime power or a product of two distinct odd primes, the conjecture is true. In
2002, R. Tijdeman [2002] proved the conjecture is true for periodic completely
multiplicative functions f. Saradha and Tijdeman [2003] showed that if f is

Research of the first author was supported by a postdoctoral fellowship at Queen’s University, and
that of the second by an NSERC Discovery grant and a Simons fellowship.
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periodic and multiplicative with | f(p*)| < p — 1 for every prime divisor p of ¢
and every positive integer k, then the conjecture is true.
It is easy to see that
o

a, =y

n=1

exists if and only if 23:1 f(n) =0. If g is even and f takes values =1 with
f(g) =0, then ZZZI f(n) # 0. Hence the conjecture holds for even g.

In 2007, Murty and Saradha [2007] proved that if g is odd and f is an odd
integer-valued odd periodic function then the conclusion of the conjecture holds.
In 2010, they proved that the Erdés conjecture is true if ¢ = 3 (mod 4) [Murty
and Saradha 2010, Theorem 7]. Thus the conjecture is open only in cases where
g =1 (mod 4). However, it seems that a novel idea will be needed to deal with
these cases. In this paper, we adopt a new density-theoretic approach which is
orthogonal to earlier methods. Here is the main consequence of our method:

Theorem 1.1. Let S(X)=|{g=1 (mod 4), g < X| Erdds conjecture is true for q}|.
Then

. X)
lim inf
X—oo X/4

>0.82.

In other words, the Erdés conjecture is true for at least 82% of the integers
g =1 (mod 4). Our method does not extend to show that the Erd6s conjecture is
true for 100% of the moduli ¢ =1 (mod 4). We examine this question briefly at the
end of the paper. It seems to us that more ideas are needed to resolve the conjecture
fully.

These questions have a long history beginning with Baker, Birch and Wirsing
[Baker et al. 1973]. Their work was generalized by Gun, Murty and Rath [Gun
et al. 2012] to the setting of algebraic number fields. The paper [Chatterjee and
Murty 2014] gives new proofs of some of the background results of this area. We
also refer the reader to [Tijdeman 2002] for an expanded survey of the early history.

2. Notations and preliminaries

From now onwards, we denote the field of rationals by Q, the field of algebraic
numbers by @, Euler’s totient function by ¢ and Euler’s constant by . We say a
function f is Erd6sian modulo g if f is a periodic function with period ¢ and

+1 ifgin,
0 otherwise.

=]
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Also we will write f(X) < g(X) to mean

i f(X)
1m sup
X—o00 g(X)

<I.

Similarly, we write f(x) 2 g(x) to mean

lim inf FX)
X—o0 g(

> 1.

2A. Okada’s criterion.

Proposition 2.1. Let the g-th cyclotomic polynomial ®, be irreducible over the field
QfQ), ..., f(q)). Let M(q) be the set of positive integers which are composed
of prime factors of q. For any integer r and prime p, let v, (r) be the exponent of p
dividing r.

Then L(1, f) =0 if and only if the following conditions are satisfied:

f(am) .
Z =0 foreverya withl <a < q and (a,q) = 1, and

q
Z f(r)e(r, p) =0 for every prime divisor p of q,

r=1
(r,q)>1

where
vp(r) ifv,(r) <vp(q),

1 .
v,y(q) + F otherwise.

This proposition is a modification, due to Saradha and Tijdeman [2003], of a result
of Okada [1986]. Note that Okada deduced the sufficient condition 2¢(g) + 1 > ¢
stated in the introduction from his original version of this criterion.

2B. Wirsing’s theorem. The following proposition is due to Wirsing [1961].

Proposition 2.2. Let f be a nonnegative multiplicative arithmetic function, satisfy-
ing
| f(p)| < G for all primes p,

> p7'f(p)logp ~Tlog X,
p<X

with some constants G > 0, T > 0 and

Y Y PN < 00

P k=2
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if 0 <t <1, then, in addition, the condition

Y 1 (PHI=0(X/log X)
P k=2
pr<x

is assumed to hold. Then

_ X et fp) . fpH
,;f(n)_(l+0(l))@r(f)IE(<1+T+ o +>

2C. Mertens’ theorem. We also need a classical theorem of Mertens in a later
section. We record the theorem here (see, for example, [Murty 2008, page 130]):

1
Proposition 2.3. lim log X 1_[ (1 — —) =e 7.
X—o00 p<X p

3. Exceptions to the conjecture of Erdos

We say that the Erdds conjecture is false modulo g, if there is an Erddsian function f
for which L(1, f) =0. The following proposition plays a fundamental role in our
approach.

Proposition 3.1. [f the Erdds conjecture is false modulo q with q odd, then

1

1<) —.
PRAL,
d>3

Proof. By the hypothesis, there is an Erddsian function f (mod g) for which, we
have L(1, f) =0. Applying Okada’s criterion, we get

f(b)
2 —==0.
@) 2. = =0
beM(q)
Let d = (b, q), so that b = db; with (by, g/d) = 1. Then (2) can be written as

—f(1)=25 Z f(dbl)'

by
dlq bieM(q)
d>3  (b1,q/d)=1

Taking absolute value of both sides, we get

1 1
(3) 152Z > o
51|q3 breM(d) 1
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Notice that the inner sum can be written as

e )T

breM(d) pld

Hence from (3), we get

1
1< —_ O

e

d>3

Corollary 3.2. If g is a prime power or a product of two distinct odd primes, then
the Erdds conjecture is true modulo q.

Proof. This is a pleasant elementary exercise. (I

Hence we have recovered the two basic cases of the conjecture which were given
in the introduction, of course, also as a consequence of Okada’s criterion.
Let d(n) be the divisor function, that is, d(n) is the number of divisors of n.

Corollary 3.3. If the smallest prime factor of q is at least d(q), then the Erdds
conjecture is true for q.

Proof. Let [ be the smallest prime factor of g. From the above proposition, if the
Erdds conjecture is false modulo ¢, then we have

1
=200
PRAL,
d>3
1 d(g)—2
< _l) 1= l——]’
@( i
d>3

the strict inequality in the penultimate step coming from the fact that g has at least
two prime divisors. Thus, / < d(g). Hence if [ > d(q), then the Erdds conjecture is
true modulo q. (I

Note that, Corollary 3.3 was not known previously. It implies that the conjecture
is true for any squarefree number ¢ with k prime factors, provided the smallest
prime factor of ¢ is greater than 2*. Proposition 3.1 opens the door for a new
approach to the study of Erdds’s conjecture. Let us consider the following:

Si1(X) = |{q =1 (mod 4), g < X | Erd6s conjecture is false modulo q}|.
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Then, we have

Si0= Y Z%

|A
M
<
§\~
™

q=<X dlq 3<d=<X q=<X

g=1 (mod 4) d>3 d odd g=1 (mod 4)
dlq
1 X 1 X 1
< +0(1)) < ——+0< —)

2 alato0)= 2 s 2
d odd d odd T
> I X + 0(log X),
3<d<X (d) 4d
d odd

where we have used the well-known fact that (see, for example, [Murty 2008,
page 67])

1

de

Hence, we get

S1(X)

NiS
M

J5dd
Sﬁ(l—[( pw(p) pwl(pz) ”)_1)
5§(H( p(p—l) 3<pl—1>+”'>_1>
5%(“( p(p—l) 1+i2+#+...)>_1>
fé(f!( o) )

The product is easily computed numerically and we have S;(X) < 0.33(X/4). The
following is an immediate corollary.

Corollary 3.4. |{g =1 (mod4), g < X| Erdds conjecture is true for q}| = 0.67%
3A. Refinement using the second moment. By considering higher moments, we
can improve the lower bound in the above corollary. We begin with the second

moment. We include these estimates since they are of independent interest and self
contained.

o o . . . X
Proposition 3.5. |{g=1 (mod 4), g < X| Erdds conjecture is true for q}| = 0.78 T
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Proof. Let us first consider the following inequality:

2
s % (Eh)

q=X dlq
g=1 (mod4) d=>3

1
=D DR DAY

q=<X dilq.d2lq
g=1 (mod 4) 3<d,,dr<q

1
= X caed

3<di,dr<X q<X
dy,d> 0dd g=1 (mod 4)
dilq.d2|q
> o
3<dy <X p(d)e(d2) i=x
dy,d> odd g=1 (mod 4)
[d1.d2]lq
> o (o)
i o(d))p(dr) \4ldy, d>]
d],d2 odd

Hence, we have

SixX) <> )3 1 ¢ Ot 1)
bl . |
1 - 3<d;,dr<X p(d)e(dr)ld,, da] &

dy,d> odd

By a simple numerical calculation, we deduce that
X
S1(X) < 0.222.
Hence the conjecture holds for at least 78% of the positive integers congruent to
1 (mod 4). Il

Similarly one can compute higher fractional moments to get an optimal result.
For any r > 1, we have

1 r
s ¥ (o)
g=X dlq ¢(d)
g=1 (mod4) d=>3

We study this as a function of . Using Maple we computed that the minimal value
occurs at 7 ~ 3.85! and we get

X
$1(X) $0.187-

LCode available at www.mast.queensu.ca/~murty/maplecode.pdf.
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Thus, we get [{g = 1 (mod4), g < X| Erd6s conjecture is true for g}| 2> 0.82%,
that is,

.. X)
lim inf
X—o00 X/4

> 0.82.

Hence, we have shown Theorem 1.1: the conjecture holds for at least 82% of the
numbers congruent to 1 (mod 4).

3B. An alternative approach. In this subsection, we discuss an alternative ap-
proach to this problem. It leads to a slightly weaker result. However this method is
of independent interest, so we record it here. We begin with a further refinement of
Proposition 3.1 by considering fractional moments there. From Proposition 3.1, if
the Erd6s conjecture is false for odd ¢, then

1

1<) —.
PRAL,
d=3

Adding 1 to both sides of the above inequality, we get

1<y L
R dCO)
which can be rewritten as
1<iy L
T2 ed)

Hence for any « > 0, Proposition 3.1 can be rewritten as follows.
Proposition 3.6. If Erdds conjecture is false for odd q, then
()
1= (Y1)
- o
27 o)

As before, S1(X) = |{g =1 (mod 4), g < X| Erd6s conjecture is false for g}|.
Then from the above proposition, we get

1 1 \“
S100 < 5 Z(Zaﬂ.

g=X dlg
g=1 (mod 4)

o
Let fu(q) = (Z dig 1/ (p(d)) and x be the nontrivial Dirichlet character mod 4.
Then the above inequality becomes

1
“ $1(X) < W(Z fal @)+ x(q)fa(q)>-

q=X q=X
g odd g odd
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Again, note that f,(q) is a multiplicative arithmetic function. One can check that it
also satisfies all the other hypotheses of Wirsing’s theorem (Proposition 2.2) with
G =2% and T = 1. So in light of Wirsing’s theorem, we get

—y 2
> fa(q)~X—IZgX ]‘[(1+f“(”)+f“(’2’ )+~-)

g=X p=X P p
g odd p#£2

and

2 2
1—[<1+X(p)fa(p)+x(p ) fa(p )+...>,

e_y
(G) ~ X ——
> " x(@) fulq) ) 2

q=<X log X p<X

g odd p#2

Again, from Mertens theorem we know that

[Ta-1/p~

pP=X

Hence we have

2
Zfa(Q)N_l_[(l 1/p )( fa(p) foz(l;)_i_)

q=<X p=X p
g odd p#2

( )
~ — sa
2p1 y

and

X ” 2 : 2
ZX(Q)fa(Q)”E H(l—l/p)<l+X(p)I{ (p)+x(p )J; (p )+...>

g=X p=X p
g odd p#2

2 pa Gsay)
~ — p> (say).
5 P2(say
Now using the above two inequalities, (4) becomes
X
$1(0 S 2oz 1+ p2)-

Finally, using Maple” we find that the quantity on the right hand side is minimized
ata ~ 8.11 and we get

X
S1(X) 50.201.

2Code available at www.mast.queensu.ca/~murty/maplecode.pdf.
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Hence, we get

.. S(X)
lim inf > 0.80.
X—o0 4

Remarks. One cannot hope to obtain 100% by these methods. In fact, one can
show that there is a positive density (albeit small) of ¢ for which the inequality of
Proposition 3.1 holds. Indeed, since

Zw( )_ (Hﬁ)

we can make the product (and hence the sum) arbitrarily large by ensuring that
q is divisible by all the primes in an initial segment. We can even ensure that
these primes are congruent to 1 (mod 4). We then take numbers which are divisible
by this ¢ and congruent to 1 (mod 4) and deduce that for all these numbers, the
inequality in the proposition holds. Since the product on the right diverges slowly
to infinity as we go through such numbers ¢, we obtain in this way a small density
of numbers for which the inequality holds.
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Real-analytic Levi-flat codimension-two CR singular submanifolds are a
natural generalization to C™, m > 2, of Bishop surfaces in C2. Such sub-
manifolds, for example, arise as zero sets of mixed-holomorphic equations
with one variable antiholomorphic. We classify the codimension-two Levi-
flat CR singular quadrics, and we notice that new types of submanifolds
arise in dimension three or higher. In fact, the nondegenerate submanifolds,
i.e., higher order perturbations of z,, = z,z, + Ef, have no analogue in
dimension two. We prove that the Levi foliation extends through the singu-
larity in the real-analytic nondegenerate case. Furthermore, we prove that
the quadric is a (convergent) normal form for a natural large class of such
submanifolds, and we compute its automorphism group. In general, we find
a formal normal form in C3 in the nondegenerate case that shows infinitely
many formal invariants.
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1. Introduction

Let M C C"*! be a real submanifold. A fundamental question in CR geometry is
to classify M at a point up to local biholomorphic transformations. One approach
is to find a normal form for M.

A real-analytic hypersurface M C C"*! is Levi-flat if the Levi form vanishes
identically. Roughly speaking, a Levi-flat submanifold is a family of complex sub-
manifolds. Intuitively, a Levi-flat submanifold is as close to a complex submanifold
as possible. In the real-analytic smooth hypersurface case, it is well known that M
can locally be transformed into the real hyperplane given by

(D) Imz; =0.

We therefore focus on higher codimension case, in particular on codimension two.
A codimension-two submanifold is again given by a single equation, but in this case
a complex valued equation. A new phenomenon that appears in codimension two
is that M may no longer be a CR submanifold. Let 77 M C T, M be the largest
subspace with JT;M = T;M, where J is the complex structure on crtl A
submanifold is CR if dim 7); M is constant.

Real submanifolds of dimension 7 4+ 1 in C* ™! with a nondegenerate complex
tangent point has been studied extensively after the fundamental work of E. Bishop
[1965]. In C?, he studied the submanifolds

2) w=zZ+y(>+2%)+ 0(3),

where y € [0, oo] is called the Bishop invariant, with y = oo interpreted as w =
224224 0(3). One of Bishop’s motivations was to study the hull of holomorphy of
the real submanifolds by attaching analytic discs. His work on the family of attached
analytic discs has been refined by Kenig and Webster [1982; 1984], Huang and
Krantz [1995], and Huang [1998]. The normal form theory for real submanifolds
for Bishop surfaces or submanifolds was established by Moser and Webster [1983];
see also Moser [1985], Gong [1994a; 1994b; 2004], Huang and Yin [2009a], and
Coffman [2010]. We mention that the Moser—Webster normal form does not deal
with the case of vanishing Bishop invariant.

The formal normal form and its application to holomorphic classification for
surfaces with vanishing Bishop invariant were achieved by Huang and Yin [2009a]
by a completely different method. Real submanifolds with complex tangents have
been studied in other situations. See, for example, [Lebl et al. 2014], where CR
singular submanifolds that are images of CR manifolds were studied. Normal forms
for the quadratic part of general codimension-two CR singular submanifolds in
C3 was completely solved by Coffman [2009]. Huang and Yin [2009b] studied
the normal form for codimension-two CR singular submanifolds of the form w =
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|z|? + O(3). Dolbeault, Tomassini and Zaitsev [2005; 2011] and Huang and Yin
[2012] studied CR singular submanifolds of codimension-two that are boundaries
of Levi-flat hypersurfaces. Burcea [2013] constructed the formal normal form for
codimension-two CR singular submanifolds approximating a sphere. Coffman
[2006] found an algebraic normal form for nondegenerate CR singular manifolds
in high codimension and one-dimensional complex tangent.

To motivate our work, we observe that in Bishop’s work, the real submanifolds
are Levi-flat away from their CR singular sets. Our purpose is to understand such
submanifolds in higher dimensional case with codimension being exactly two.
Notice that the latter is the smallest codimension for CR singularity to be present
in (smooth) submanifolds. Regarding CR singular Levi-flat real codimension-two
submanifolds on C”*1 as a natural generalization of Bishop surfaces to C"*1, we
wish to find their normal forms. For singular Levi-flat hypersurfaces and related
work on foliations with singularity, see [Bedford 1977; Burns and Gong 1999;
Brunella 2007; Cerveau and Lins Neto 2011; Lebl 2013; Fernandez-Pérez 2013].

Our techniques revolve around the study of the Levi map (the generalization of the
Levi form to higher codimension submanifolds) of codimension-two submanifolds.
Extending the CR structure through the singular point via Nash blowup and then
extending the Levi map to this blowup has been studied previously by Garrity
[2000].

A CR submanifold is Levi-flat if the Levi map vanishes identically. Locally,
all CR real-analytic Levi-flat submanifolds of real codimension two can be, after
holomorphic change of coordinates, written as

3) Imz; =0, Imz,=0.

If a submanifold M is CR singular, denote by Mcg the set of points where M is
CR. We say M is Levi-flat if Mcr is Levi-flat in the usual sense. A Levi-flat CR
singular submanifold has no local biholomorphic invariants at the CR points, just
as in the case of Bishop surfaces.

A real, real-analytic codimension-two submanifold that is CR singular at the
origin can be written in coordinates (z, w) € C" x C = C"*! as

4) w = p(z,2)

for p that is O(2). We will be concerned with submanifolds where the quadratic
part in p is nonzero in any holomorphic coordinates. We say that such submanifolds
have a nondegenerate complex tangent. For example, the Bishop surfaces in C? are
precisely the CR singular submanifolds with nondegenerate complex tangent.

First, let us classify the quadratic parts of CR singular Levi-flats, and in the
process completely classify the CR singular Levi-flat quadrics, that is, those where
p is a quadratic.
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Theorem 1.1. Suppose that M C C"tl n>2isa germ of a real-analytic real
codimension-two submanifold, CR singular at the origin, written in coordinates
(z,w)eC"xCas

5) w=A(z,Z)+ B(.Z) + 0(3),

for quadratic A and B, where A+ B #£ 0 (nondegenerate complex tangent). Suppose
that M is Levi-flat (that is, Mcr is Levi-flat).

(1) If M is a quadric, then M is locally biholomorphically equivalent to one and
exactly one of the following:

(A.1) w=Zz7,

(A.2) w = z? 422,

(A.n) w:Z%+Z§+---+Z}%,
(B.y) w=|z1>+yz}, y=>0,
(C.0) w=Zz1z7,

(C.1) W= Z125 + 73,

(i1) If M is real-analytic, then the quadric
(6) w=A(z,z) + B(z,2)

is Levi-flat, and can be put via a biholomorphic transformation into exactly
one of the forms above.

By part (ii), the quadratic part in (5) is an invariant of M at a point. We say the
type of M at the origin is A.x, B.y, or C.x depending on the type of the quadratic
form. Following Bishop, we call types B.y and A.1 Bishop-like, and we could
think of y = oo as A.1.

By type being stable we mean that the type does not change at all complex
tangents in a neighborhood of the origin under any small (or higher order) per-
turbations that stay within the class of Levi-flat CR singular submanifolds. As a
consequence of Theorem 1.1 and because the rank is lower semicontinuous, we
get that the only types that are stable are A.n and C.1, although A.n are degenerate
because the form A(z, Z) is identically zero. See also Proposition 15.1.

The quadrics A.k for k > 2 do not possess a nonsingular foliation extending
the Levi foliation of Mcg through the origin. In fact, there is a singular complex
subvariety of dimension one through the origin contained in M. See Section 6.

In the sequel, when we wish to refer to the quadric of certain type we will use
the notation M1 to denote the quadric of type C.1.
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The quadratic form A(z, zZ) carries the “Levi map” of the submanifold. Type C.1
is the unique quadric that is stable and has nonzero A. Having nonzero A is also
stable in a neighborhood of the origin under any small (or higher order) perturbations.
Therefore, we say a type is nondegenerate if it is C.1 and we focus mostly on such
submanifolds. First, we show that submanifolds of type C.x possess a nonsingular
real-analytic foliation that extends the Levi foliation, due to the form A(z, z):

Theorem 1.2. Suppose that M C C"tl n>2isa real-analytic Levi-flat CR
singular submanifold of type C.1 or C.0, that is, M is given by

(7) w=7Z1z2+ 724+ 003) or w=7z1z2+ 0(3).

Then there exists a nonsingular real-analytic foliation defined on M that extends the
Levi foliation on Mcr; and consequently, there exists a CR real-analytic mapping
F:U CRZ2xC* ! — C**! such that F is a diffeomorphism onto F(U) =M NU’,
for some neighborhood U’ of zero.

Here the CR structure on R% x C*~! is induced from C? x C"~1. As a corollary
of this theorem we obtain in Section 8§ using the results of [Lebl et al. 2014] that the
CR singular set of any type C.1 submanifold is a Levi-flat submanifold of dimension
2n — 2 and CR dimension n — 2.

The Levi foliation on a type C.x submanifold cannot extend to a whole neigh-
borhood of M as a nonsingular holomorphic foliation. If it did, we could flatten
the foliation and M would be a Cartesian product, in particular Bishop-like. Thus,
the study of normal form theory for the special case when the foliation extends to a
neighborhood is reduced to the case of Bishop surfaces, which have been studied

extensively.
A codimension-two submanifold in C" can arise from
() f(iZ,z2)=0

for a suitable holomorphic function f in m variables. The zero set admits two
holomorphic foliations. We are interested in the case where one of foliations has
leaves of maximum dimension m — 2, while the other has leaves of minimum
dimension zero. Therefore, we will assume that z’ = zy and z” = (z3,...,2Zm).
Functions holomorphic in some variables and anti-holomorphic in other variables,
such as (8), are often called mixed-holomorphic or mixed-analytic, and come up
often in complex geometry, the simplest example being the standard inner product.
An interesting feature of the mixed-holomorphic setting is that the equation can be
complexified into C™, so the sets share some of the properties of complex varieties.
However, they have a different automorphism group if we wish to classify them
under biholomorphic transformations. Such mixed-analytic sets are automatically
real codimension two, are Levi-flat or complex, and may have CR singularities. We
study their normal form in Section 9. See also Theorem 1.3 below.
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When a type C.1 CR singular submanifold has a defining equation that does not
depend on Zz5, ..., Z, we prove that it is automatically Levi-flat, and it is equivalent
to Mc;.

Theorem 1.3. Let M C C*T1, n > 2, be a real-analytic submanifold given by
©) w=Z122+Z] +r(21.21,22. 23 .. .. Zn).

where r is O(3). Then M is Levi-flat and at the origin and M is locally biholomor-
phically equivalent to the quadric Mc 1 submanifold

(10) w =725+ 73,

The theorem is also true formally; given a formal submanifold of the form (9), it
is formally equivalent to M¢ 1.

A key idea in the proof of the convergence of the normalizing transformation
is that the form B(zZ,Z) = Z% induces a natural mixed-holomorphic involution on
quadric M¢ ;1. This involution also plays a key role in computing the automorphism
group of the quadric in Theorem 12.4.

Finally, we also compute the automorphism group for the quadric Mc 1; see
Theorem 12.4. In particular we show that the automorphism group is infinite-
dimensional.

Not every type C.1 Levi-flat submanifold is biholomorphically equivalent to the
C.1 quadric. We will find a formal normal form for type C.1 Levi-flat submanifolds
in C3 that shows infinitely many formal invariants. Let us give a simplified statement.
For details, see Theorem 14.3.

Theorem 1.4. Let M be a real-analytic Levi-flat type C.1 submanifold in C3. There
exists a formal biholomorphic map transforming M into the image of

(11) 9(z,.2,§) = (z+ Az.§, wywn. §, w)

withn =z + %S and w = zZ& + 2. Here A = 0, or A satisfies certain normalizing
conditions.

When A # 0, the formal automorphism group preserving the normal form is finite
or one-dimensional.

We do not know if the formal normal form above can be achieved by convergent
transformations, even if A = 0.

2. Invariants of codimension-two CR singular submanifolds

Before we impose the Levi-flat condition, let us find some invariants of codimension-
two CR singular submanifolds in C"*! with CR singularity at zero. Such a
submanifold, locally near the origin, can be put into the form

(12) w=A(z,z2)+ B(z,z) + O(3),



CR SINGULAR CODIMENSION-TWO LEVI-FLAT SUBMANIFOLDS 121

where (z, w) € C" x C and A and B are quadratic forms. We think of A and B as
matrices and z a column vector and write the forms as z*Az and z*BZ respectively.
The matrix B is not unique. Hence we make B symmetric to make the choice of
the matrix B canonical. The following proposition is not difficult and well known.
Since the details are important and will be used later, let us prove:

Proposition 2.1. A biholomorphic transformation of (12) taking the origin to itself
and preserving the form of (12) takes the matrices (A, B) to

(13) (AT*AT,AT*BT),

for T € GL,(C) and A € C*. If (Fy,..., F,,G) = (F, G) is the transformation,
then the linear part of G is A~ w and the linear part of F restricted to z is Tz.

Let us emphasize that A is an arbitrary complex matrix and B is symmetric, but
not necessarily Hermitian.

Proof. Let (F1,..., Fy,,G) = (F, G) be a change of coordinates taking

(14) w=A(z,Z)+ B(Z,Z2) + 0(3) = p(z, Z)
to

(15) w=A(z,Z)+ B(Z,2) + 0(3).
Then

(16) G(z,p(z,2))

=A(F(z,p(z,2)), F(z,p(Z,2))) + B(F(z,p(z, 2)), F(Z,p(Z,2))) + O(3)
is true for all z. The right hand side has no linear terms, so the linear terms in G
do not depend on z. That is, G = A~ 1w + O(2), where 1 is a nonzero scalar and
the negative power is for convenience.

Let T = [T}, T»] denote the matrix representing the linear terms of F. Here T}
is an n x n matrix and 75 is n x 1. Since the linear terms in G do not depend on
any z;, T1 is nonsingular. Then the quadratic terms in (16) are
(17) A"Y(A(z,2) + B(2.2)) = z* T AT,z + z*T}'BT, =
In other words as matrices,

(18) A= AT}AT; and B =AT}BT;. O

We will need to at times reduce to the three-dimensional case, and so we need:
Lemma 2.2. Let M C C*"t1 n > 3, be a real-analytic Levi-flat CR singular
submanifold of the form

(19) w=A(z,Z2)+ B(z,2) + O(3),
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where A and B are quadratic. Let L be a nonsingular (n —2) x n matrix. If A+ B
is not zero on the set { Lz = 0}, then the submanifold

(20) M, =MnN{Lz=0}
is a Levi-flat CR singular submanifold.

Proof. Clearly, if My, is not contained in the CR singularity of M, then My is a
Levi-flat CR singular submanifold. My is not contained in the CR singularity of
M for a dense open subset of (7 —2) x n matrices L. If My, is a subset of the CR
singularity of M, pick a CR point p of M}, then pick a sequence L, approaching
L such that My, are not contained in the CR singularity of M. As A + B is not
zero on the set {Lz = 0}, then My, is not a complex submanifold, and therefore a
CR singular submanifold. As the Levi form of M, vanishes at all CR points of
My, , the Levi form of My, vanishes at p, so My, is Levi-flat. O

3. Levi-flat quadrics

Let us first focus on Levi-flat quadrics. We will prove later that the quadratic part
of a Levi-flat submanifold is Levi-flat. Let M be defined in (z, w) € C"* x C by

Q1) w = A(z,Z) + B(Z, ).

Being Levi-flat has several equivalent formulations. The main idea is that the
T@LO A 5 TOD A vector fields are completely integrable at CR points and we
obtain a foliation of M at CR points by complex submanifolds of complex dimension
n — 1. An equivalent notion is that the Levi map is identically zero; see [Baouendi
et al. 1999]. The Levi map for a CR submanifold defined by two real equations
p1 = p2 = 0 (for p; and p, with linearly independent differentials) is the pair of
Hermitian forms

(22) iddp; and i9dpa,

applied to T@0 A vectors. The full quadratic forms i ddpy and i ddp, of course
depend on the defining equations themselves and are therefore extrinsic information.
It is important to note that for the Levi map we restrict it to T@LO M vectors. We
can define these two forms i 85,01 and iaép2 even at a CR singular point p € M.

These forms are the complex Hessian matrices of the defining equations. For our
quadric M, they are the real and imaginary parts of the (n + 1) x (n + 1) complex
matrix

~ (A0
(23) A:[O 0]’

where the variables are ordered as (z1, ..., Zy, W).
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For M to be Levi-flat, the quadratic form defined by A has to be zero when
restricted to the (n — 1)-dimensional space spanned by Tp(l’O)M for every p € Mcr.
In other words, for every p € Mcg,

(24) v¥Av =0 forall ve T\"OM.

The space TI,(I’O)M is of dimension n — 1, and furthermore, the vector d/dw is not

in Tp(l’O)M . Therefore, z*Az = 0 for z € C" in a subspace of dimension n — 1.
Before we proceed, let us note the following general fact about CR singular
Levi-flat submanifolds:

Lemma 3.1. Suppose that M C C" Tl pn>2isa Levi-flat connected real-analytic
real codimension-two submanifold, CR singular at the origin. Then there exists a
germ of a complex analytic variety of complex dimension n — 1 through the origin,
contained in M.

Proof. Through each point of Mcg there exists a germ of a complex variety of
complex dimension n —1 contained in M. The set of CR points is dense in M. Take
a sequence py of CR points converging to the origin and take complex varieties of
dimension n — 1, W, C M with pj € Wy. A theorem of Fornass (see [Kohn 1979,
Theorem 6.23] for a proof using the methods of Diederich and Fornass [1978])
implies that there exists a variety through W C M with 0 € W and of complex
dimension at least n — 1. O

Let us first concentrate on n = 2, in which case 710 a1 is one-dimensional at
CR points. Write

25) A= |:6111 012:|’ B |:b11 512:| '
az1 az bi2 baa

Note that B is symmetric. A short computation shows that the vector field can be
written as

26) e o
where

B1 = 2121 +axnZs + 2b1221 + 2b2225,
(27) B2 = —a1121 —a12Z> — 2b1121 — 2b1222,

a=ari1z1p1 +axzz2f1 +a12z1 B2 +axzrfa.

Mcr is dense in M, since the CR singular set is defined by 8; = B2 = 0. Thus for
M to be Levi-flat we need to check that the following product is identically zero:

o8) 5 a5 o|[4]=#as

o
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If A is the zero matrix, then M is automatically Levi-flat. We diagonalize B via
T into a diagonal matrix with ones and zeros on the diagonal. We obtain (recall
n = 2) the submanifolds

(29) w=73 or w=z? 433

The first submanifold is of the form M x C, where M C C? is a Bishop surface.
Let us from now on suppose that A # 0.
As M is Levi-flat, then through each CR point p = (z,, wp) € Mcr we have a
complex submanifold of dimension one in M. It is well known that this submanifold
is contained in the Segre variety (see also Section 4)

(30) w=A(z,Zp) + B(Zp,Zp), Wp=A(Ep,2)+ B(z,2).

By Lemma 3.1 we obtain a complex variety V' C M of dimension one through the ori-
gin. Suppose without loss of generality that V' is irreducible. V has to be contained
in the Segre variety at the origin, in particular w = 0 on V. Therefore, to simplify
notation, let us consider V' to be subvariety of {w = 0}. Denote by V the complex
conjugate of V. Then as V is irreducible, V x V is also irreducible (the smooth
part of V is connected and so is the smooth part of V x V; see [Whitney 1972]).
Hence, by complexifying, we have A(z, £) + B(£,&) =0forallze V and £ € V.

If B #0, then setting z =0, we have B(£, £) =0on V. As B is homogeneous and
V is irreducible, V is a one-dimensional complex line. If B = 0, then A(z, E) =0
for z, ¢ € V as mentioned above. We consider two cases. Suppose first that every
212:1 aij f ; is identically zero for all { € V and i = 1,2. Then V is contained in
some complex line ij-=1 aij¢j = 0. Suppose now that A(z, Zs) is not identically
zero for some Cx € V. Then V is contained in the complex line A(z, Z+) = 0. This
shows that V' is a complex line.

Thus as A(z, zZ) + B(Z, z) is zero on a one-dimensional linear subspace, we make
this subspace {z; = 0} and so each monomial in A(z, z) + B(z, Z) is divisible by
either zq or z;. Therefore, A and B are matrices of the form

31) [: ;} ,

that is, az» = 0 and by, = 0.
To normalize the pair (A4, B), we apply arbitrary invertible transformations
(T, 1) € GL,(C) x C* as

(32) (A, B)— (AT*AT,AT*BT).
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Recall that we are assuming that A 7 0. If az; = 0 or a12 = 0, then A has rank
one, and via a transformation 7" of the form

/ / / /
(33) Z1 =12y, Zp=25+cCZ or Iy, =12y, Z]=2Zy+cz

and rescaling by nonzero A, the matrix A can be put in the form

e oo) o Lo

The transformation 7" and A must also be applied to B and this could possibly make
ba» # 0. However, we will show that we actually have by, = 0. Thus B = 0 on
z1 = 0 still holds true.

Let us first focus on

10
(35) A:[O o]'

We apply the 70 vector field computed above. Only aj; is nonzero in A.
Therefore B*AB, which must be identically zero, is

(36) 0= ,B*Aﬂ = ,3_1,31 = (251221 + 252222)(251221 —|—2I;2222)
= 4(|b12[*2121 + |b22|* 2272 + b12baoZ122 + b12banz1%2).

This polynomial must be identically zero and hence all coefficients must be identi-
cally zero. So b1 = 0 and by, = 0. In other words, only by in B can be nonzero,
in which case we make it nonnegative via a diagonal T to obtain the quadric

(37) w=|z1>+yz2, y=>0.

Next let us focus on

01
(38) A:[O 0].

As above, we compute S*Af:

(39) 0= B*AB = P1B2 = (2b1271 + 2b2222)(—Z2 — 2b1121 — 2b1272)
= —2b122122 — 2baab112122 — 4b11b122121 —4b12b122122
— 2]9225% — 4b22b122222.

Again, as this polynomial must be identically zero, all coefficients must be zero.
Hence b1, = 0 and b5 = 0. Again only by is left possibly nonzero.
Suppose that by; # 0. Then let s be such that b1152 = 1, and let f = 1/5. The

matrix 7 =[5 ] is such that T*AT = A and T*BT = [ o] If b11 = 0, we have
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B = 0. Therefore we have obtained two distinct possibilities for B, and thus the
two submanifolds

(40) W =2Z1zp Or w=5122+2%.

We emphasize that after A is normalized by a transformation of the form (33),
only one coordinate change is needed to normalize by and this coordinate change
preserves A. Both are required in a reduction proof for higher dimensions.

We have handled the rank-one case. Next we focus on the rank-two case, that is,
az1 # 0 and aqs # 0 (recall ap, = 0). We normalize (rescale) A to have ajp = 1
and take

all 1
41 A= .
@) o]
Again, let us compute S*AB. In the computation for the rank-two case, recall that

we have not done any normalization other than rescaling, so we can safely still
assume that byy = 0,

42)  0=p*AB =ai1Bi1B1 + B1f2+axpiB2

= a11(a2171 + 2b1221)(a2171 + 2b1271)

+ (@2121 +2b1221)(=a@1121 — 22 — 2b1121 — 2b1222)

+ a1 (—a1171 — 22 — 2b1121 — 2b1222)(@2171 + 2b1221)

= (—4|b12|* — |a21]*)7122 + (other terms).

All coefficients must be zero. So a>1 = 0, and A would not be rank two.
Let us now focus on n > 2. First suppose that A = 0. Then as before, M is auto-
matically Levi-flat and by diagonalizing B we obtain the n distinct submanifolds

w=2f,

=2 |, =2
w=z7+z5,
43) 1 2

w=Zzf+75 4+ 22

Thus suppose from now on that A # 0. As before, we have an irreducible
(n — 1)-dimensional variety V' C M through the origin, such that w = 0 and
A(z,Z)+ B(z,z) =0on V.

We wish to show that A(z,Z) + B(Z,z) = 0 on an (n — 1)-dimensional linear
subspace. For any £ € V, we obtain A(z,£) + B(§,£) =0forallz € V. If V is
contained in the kernel of the matrix A*, then V is a linear subspace of dimension
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n — 1. So suppose that § is not in the kernel of the matrix A’. Then for a fixed é ,
we obtain a linear equation A(z,&) + B(§,§) =0forz e V.

Therefore, as A(z,z) + B(Z,Z) needs to be zero on an (n — 1)-dimensional
subspace, we can just make this {z; = 0} and so each monomial is divisible by
either zq or z;. Therefore, A and B is of the form

* 0 - 0
(44) e
* 0 - 0

that is, only first column and first row are nonzero. We normalize A via
(45) (A, B)— (AT*AT,AT*BT),

as before. We use column operations on all but the first column to make all but the
first two columns have nonzero elements. Similarly we can do row operations on all
but the first two rows to make all but first three rows nonzero. That is, A has the form

* % 0 .-+ 0
* 000
* 000
(46) 000 -0
L0000 - 0]
By Lemma 2.2, setting z3 = --- = z, = 0, we obtain a Levi-flat submanifold

where the matrix corresponding to A is the principal 2 x 2 submatrix of A. This
submatrix cannot be of rank two and hence either a;5 =0 oraz; =0. If a1 =0
and a1a # 0, then setting zp = z3 and z4 = --- = z,, = 0, we again must have a
rank-one matrix and therefore az; = 0.

Therefore, if a1, # 0 then all but @11 and a1, are zero. If a;p = 0, then via a
further linear map not involving z; we can ensure that as3; = 0. In particular, A4 is
of rank one and can only be nonzero in the principal 2 x 2 submatrix. At this point
B is still of the form (44).

Via a linear change of coordinates in the first two variables, the principal 2 x 2
submatrix of A can be normalized into one of the two possible forms

@7 |:(1) g:| and [g (1):|

Recall that A = 0 was already handled.
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Via the two-dimensional computation we obtain that by, = b1y = by = 0. We
use a linear map in z; and z; to normalize the principal 2 x 2 matrix of B, so that
the submanifold restricted to (z1, z2, w) is in (B.y), (C.0) or (C.1).

Finally we need to show that all entries of B other than b;; are zero. As we
have done a linear change of coordinates in z; and z,, B may not be in the form
(44), but we know bjx =0 as long as j > 2 and k > 2.

Now fix k = 3,...,n. Restrict to the submanifold given by z; = Az, for A =1
orA=—1,and z; =0 forall j =3,...,n except for j = k. In the variables
(z2, zx, w), we obtain a Levi-flat submanifold where the matrix corresponding to
Ais [é 0]. The matrix corresponding to B is

[ b1 b1k+lbzk]

48
(“8) bietAboy O

Via the two-dimensional calculation we have by + Abo; = 0. As this is true for
A=1and A = —1, we get that by = by = 0.

We have proved the following classification result. It is not difficult to see that
the submanifolds in the list are biholomorphically inequivalent by Proposition 2.1.
The ranks of 4 and B are invariants. It is obvious that the A matrix of B.y and C.x
submanifolds are inequivalent. Therefore, it is only necessary to directly check that
B.y are inequivalent for different y > 0, which is easy.

Lemma 3.2. If M defined in (z,w) € C" xC, n > 1, by
(49) w=A(z,z2)+ B(z,Z2)

is Levi-flat, then M is biholomorphic to one and exactly one of the expressions
(A.1)—(C.1) of Theorem 1.1.

The normalizing transformation used above is linear.

Lemma 3.3. If M, defined by

(50) w=A(z,Z) + B(z,2) + 0(3),
is Levi-flat at all points where M is CR, then the quadric
5D w=A(z,z)+ B(z,2)

is also Levi-flat.

Proof. Write M as

(52) w=A(z,2)+ B(z,2)+r(z,2),

where r is O(3).
Let A be the matrix giving the quadratic form A(z, Z) as before. The Levi map
is given by taking the n X n matrix
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9%r
(53) L=L(p)=A+ =
0z;0Zk ik

and applying it to vectors in 77 (7 (19 M), where 7 is the projection onto the {w = 0}
plane. That is, we parametrize M by the {w = 0} plane, and work there as before.
Let

aj :_IZZJ _EZJ —fzj,
(54) b=/Tzl+Ezl+lev
c=aj(Az; + Bz, +rz) +b(Az; + Bz; +71z)).

Then for j =2,...,n, we write the 719 vector fields as
0 i

55 X = b—+c—
(55) J a]81+ 821+68w
Hence
(56) 0 +b 9

i — —

79z, 0z;

are the vector fields in (719 M).
Notice that a;, b, and ¢ vanish at the origin. Furthermore, if we take the linear
terms of a;, b, and the quadratic terms in c, that is,

aj=—Az; — B,
(57) b= A4z + B,
& =a;(Az, + Bz)) + (A, + Bz)).
then away from the CR singular set of the quadric,

~ d

~ 0 d
58 Xi=a — bh— o
(58) J =4 dz1 + 0z; +caw

span the 719 vector fields on the quadric w = A(z,z) + B(Z, 2).
Since M is Levi-flat, then we have that
(59) 7(Xj) Ly (X;) = 0.
The terms linear in z and Z respectively in the expression 7« (X;)* L« (X;) are
(60) e (X)) A (X)).

As this is identically zero, the quadric w = A(z, z) + B(Z, z) is Levi-flat. O
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4. Quadratic Levi-flat submanifolds and their Segre varieties

A very useful invariant in CR geometry is the Segre variety. Suppose that a real-
analytic variety X C CV is defined by

(61) p(z,2) =0,

where p is a real-analytic real vector-valued with p € X. Suppose that p converges
on some polydisc A centered at p. We complexify and treat z and z as independent
variables, and the power series of p at (p, p) converges on A x A. The Segre variety
at p is then defined as the variety

(62) 0p={z€A:p(z, p)=0}.

Of course the variety depends on the defining equation itself and the polydisc A.
For p, it is useful to take the defining equation or equations that generate the ideal
of the complexified X in CN x CV at p. If p is polynomial we take A = CV .

It is well known that any irreducible complex variety that lies in X and goes
through the point p also lies in Q. In the case of Levi-flat submanifolds, we
generally get equality as germs. For example, for the CR Levi-flat submanifold M
given by

(63) Imz; =0, Imz, =0,

the Segre variety Q¢ through the origin is precisely {z; = z, = 0}, which happens
to be the unique complex variety in M through the origin.
Let us take the Levi-flat quadric

(64) w=A(z,Z) + B(Z,%).

As we want to take the generating equations in the complexified space we also need
the conjugate

(65) w=A(Z,z)+ B(z,z).
The Segre variety is then given by
(66) w=0, B(z,z)=0.

Through any CR singular point of a real-analytic Levi-flat M, there is a complex
variety of dimension n — 1 that is the limit of the leaves of the Levi foliation of
McR, via Lemma 3.1. Let us take all possible such limits, and call their union Q;,.
Notice that there could be other complex varieties in M through p of dimension
n— 1. Note that @), C Qp.

Let us write down and classify the Segre varieties for all the quadric Levi-flat
submanifolds in C"*1:
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Type Segre variety Q¢ | Qg singular? | dim¢ Qo | Qo C M? | O,
Al w =0, Z%ZO no n—1 yes Qo
w=0
Ak Z%+-~-+Z§=O yes n—1 yes Qo
w=20
B.O w=0 no n no z1 =0
B.y,y>0 w=0,z%=0 no n—1 yes Qo
w=20
CO0 w=0 no n no 21 =0
C.1 w =0, Z%=O no n—1 yes Qo

The submanifold C.0 also contains the complex variety {w = 0, z, = 0}, but this
variety is transversal to the leaves of the foliation, and so cannot be in Qy,

Notice that in the cases A.k for all k, B.y for y > 0, and C.1, the variety Qg
actually gives the complex variety Qy contained in M through the origin. In these
cases, the variety is nonsingular only in the set theoretic sense. Scheme-theoretically
the variety is always at least a double line or double hyperplane in general.

5. The CR singularity of Levi-flat quadrics
Proposition 5.1. Let M C C**! be given by
(67) w = p(z,2),

where p is O(2), and M is not a complex submanifold. Then the set S of CR
singularities of M is given by

(68) S={(z,w):9p=0,w=p(z,2)}

Proof. This is well-known; we give a proof for convenience. In codimension two,
a real submanifold is either CR singular, complex, or generic. A submanifold is
generic if 3 of all the defining equations are pointwise linearly independent (see
[Baouendi et al. 1999]). As M is not complex, to find the set of CR singularities,
we find the set of points where M is not generic. We need both defining equations
for M,

(69) w=p(z,zZ) and w=p(z,2).

As the second equation always produces a d w while the first does not, the only
way that the two can be linearly dependent is for the 9 of the first equation to be
zero. In other words, dp = 0. O

Let us compute and classify the CR singular sets for the CR singular Levi-flat
quadrics:
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Type CR singularity S dimg S | CR structure of §

Ak z1=- =z =0, w=0|2n—-2k complex

B.O z1=0,w=0 2n-2 complex

B.% zZ14+z1=0,w=0 2n—1 Levi-flat
B.y,y>0,y7é% z1=0,w=0 2n—2 complex

Cc.o z7=0,w=0 2n—2 complex

C.1 2+22 =0, w=—3z5 | 2n—2 Levi-flat

By Levi-flat we mean that S is a Levi-flat CR submanifold in {w = 0}. There is
a conjecture that a real subvariety that is Levi-flat at CR points has a stratification
by Levi-flat CR submanifolds. This computation gives further evidence of this
conjecture.

6. Levi foliations and images of generic Levi-flats

A CR Levi-flat submanifold M C C" of codimension two has a certain canonical
foliation defined on it with complex analytic leaves of real codimension two in M .
The submanifold M is locally equivalent to R? x C"~2, defined by

(70) Imz; =0, Imz,=0.

The leaves of the foliation are the submanifolds given by fixing z; and z, at a real
constant. By foliation we always mean the standard nonsingular foliation as locally
comes up in the implicit function theorem. This foliation on M is called the Levi
foliation. It is obvious that the Levi foliation on M extends to a neighborhood of
M as a nonsingular holomorphic foliation. The same is not true in general for CR
singular submanifolds. We say that a smooth holomorphic foliation £ defined in a
neighborhood of M is an extension of the Levi foliation of Mcg, if £ and the Levi
foliation have the same germs of leaves at each CR point of M. We also say that
a smooth real-analytic foliation £ on M is an extension of the Levi foliation on
Mcg if £ and the Levi foliation have the same germs of leaves at each CR point of
M . In our situation (real-analytic), Mcr is a dense and open subset of M. This
implies that the leaves of £ and £ through a CR singular point are complex analytic
submanifolds contained in M. The latter could lead to an obvious obstruction to
extension. First let us see what happens if the foliation of Mg is the restriction of
a nonsingular holomorphic foliation of a whole neighborhood of M.

The Bishop-like quadrics, that is, A.1 and B.y in C"*!, have a Levi foliation
that extends as a holomorphic foliation to all of C"*!. That is because these
submanifolds are of the form

(71) N xC" L.
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For submanifolds of the form (71) we can find normal forms using the well-
developed theory of Bishop surfaces in C2.

Proposition 6.1. Suppose M C C"*! is a real-analytic Levi-flat CR singular
submanifold where the Levi foliation on Mcr extends near p € M to a nonsingular
holomorphic foliation of a neighborhood of p in C"*1. Then at p, M is locally
biholomorphically equivalent to a submanifold of the form

(72) N xC" 1,

where N C C? is a CR singular submanifold of real dimension two. Therefore if M
has a nondegenerate complex tangent, then it is Bishop-like, i.e., of type A.1 or B.y.

Furthermore, two submanifolds of the form (72) are locally biholomorphically
(resp. formally) equivalent if and only if the corresponding N s are locally biholo-
morphically (resp. formally) equivalent in C2.

Proof. We flatten the holomorphic foliation near p so that in some polydisc A, the
leaves of the foliation are given by {g} x C"~1 N A for g € C2. Let us suppose that
M is closed in A. At any CR point of M, the leaf of the Levi foliation agrees with
that of the holomorphic foliation and therefore the leaf that lies in M agrees with a
leaf of the form {g} xC"~! as a germ and so {g}xC" !N A C M. As Mcg is dense
in M, then M is a union of sets of the form {g}x C" !N A and the first part follows.

It is classical that every Bishop surface (two-dimensional real submanifold of
C? with a nondegenerate complex tangent) is equivalent to a submanifold whose
quadratic part is of the form A.1 or B.y.

Finally, the proof that two submanifolds of the form (72) are equivalent if and
only if the N's are equivalent is straightforward. O

Not every Bishop-like submanifold is a cross product as above. In fact the Bishop
invariant may well change from point to point. See Section 15. In such cases the
foliation does not extend to a nonsingular holomorphic foliation of a neighborhood.

Let us now focus on extending the Levi foliation to M, and not to a neighborhood
of M. Let us prove a useful proposition about recognizing certain CR singular
Levi-flats from the form of the defining equation. That is, if the r in the equation
does not depend on z, through Zz,.

Proposition 6.2. Suppose that near the origin M C C* 1 is given by
(73) w=r(217217227z3,'~-,zn)7

where r is O(2) and dr/0z1 % 0. Then M is a CR singular Levi-flat submanifold
and the Levi foliation of Mcr extends through the origin to a real-analytic foliation
on M. Furthermore, there exists a real-analytic CR mapping F:U C R>xC"~! —
C**1, F(0) = 0, which is a diffeomorphism onto its image F(U) C M.
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Near zero, M is the image of a CR mapping that is a diffeomorphism onto its
image of the standard CR Levi-flat. The proposition also holds in two dimensions
(n = 1), although in this case it is somewhat trivial.

Proof. As in [Lebl et al. 2014], let us define the mapping F' by

(74) (x,,8) > (x+iy, § r(x +iy,x—iy,§)),

where £ = (£,...,&,) € C"1. Near points where M is CR, this mapping is a CR
diffeomorphism and hence M must be Levi-flat. Furthermore, since F' is a diffeo-
morphism, it takes the Levi foliation on R x C"~! to a foliation on M near zero. [

Lemma 6.3. Let M C C"*! be a CR singular real-analytic Levi-flat submanifold
of codimension two through the origin.

Then M is a CR singular Levi-flat submanifold whose Levi foliation of Mcr
extends through the origin to a nonsingular real-analytic foliation on M if and only
if there exists a real-analytic CR mapping F:U C R> xC"~! — C**1, F(0) =0,
which is a diffeomorphism onto its image F(U) C M.

Proof. One direction is easy and was used above. For the other direction, suppose
that we have a foliation extending the Levi foliation through the origin. Let us
consider Mcgr an abstract CR manifold. That is a manifold Mcg together with the
bundle 7@V Mg € C® TMcr. The extended foliation on M gives a real-analytic
subbundle W C TM. Since we are extending the Levi foliation, when p € Mcg,
then Wy, = T; M, where T; M = J(T,; M) is the complex tangent space and J is
the complex structure on C"*1. Since Mcg is dense in M, then JW =W on M.
Define the real-analytic subbundle V C C® TM as

(75) Vo ={X+iJ(X): X e Wp}.

At CR points V,, = Tp(O’I)M (see, for example, [Baouendi et al. 1999, p. 8]). Then
we can find vector fields X!, ..., X"~ ! in W such that

(76) XL J(xh X2 Jx?,. X

is a basis of W near the origin. Then the basis for V is given by
(77) XU 4id (XY, X2 +iJ(X?), ..., X" L pigxnh.

As the subbundle is integrable, we obtain that (M, V) gives an abstract CR manifold,
which at CR points agrees with Mcr. This manifold is Levi-flat as it is Levi-flat on a
dense open set. As it is real-analytic, it is embeddable; and hence there exists a real-
analytic CR diffeomorphism from a neighborhood of R? x C"*~! to a neighborhood
of zero in M (as an abstract CR manifold). This is our mapping F'. |
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The quadrics A.k, k > 2, defined by
(78) w=Zf+-+7I},

contain the singular variety defined by w = 0, Z% + -+ Z]% = 0, and hence the
Levi foliation cannot extend to a nonsingular foliation of the submanifold. The
quadric A.1 does admit a holomorphic foliation, but other type A.1 submanifolds
do not in general. For example, the submanifold

(79) w =z +73

is of type A.1 and the unique complex variety through the origin is 0 = z? + z3,
which is singular. Therefore the foliation cannot extend to M.

7. Extending the Levi foliation of type C.x submanifolds

Let us prove Theorem 1.2, that is, let us start with a type C.0 or C.1 submanifold
and show that the Levi foliation must extend real-analytically to all of M. Equiva-
lently, we show that the real-analytic bundle 719 Mg extends to a real-analytic
subbundle of C ® TM . Taking real parts we obtain an involutive subbundle of TM
extending 7€ Mcgr = Re(T 19 McR).

Proof of Theorem 1.2. Let M be the submanifold given by
(80) w=2122+62%+r(2,2),

where € = 0, 1. Let us treat the z variables as the parameters on M. Let & be
the projection onto the {w = 0} plane, which is tangent to M at zero as a real 2n-
dimensional hyperplane. We will look at all the vector fields on this plane {w = 0}.
All vectors in 77(T (19 M) can be written in terms of d/0zj for j =1,...,n.

The Levi map is given by taking the n x n matrix

[010---0
000 ---0
000 -0 0%r

(81) L=L(p)= + = (p)
T dz;0Zg Jk
000 - 0]

to vectors v € n(T(l’O)M ) (7t is the projection) as v*Lv. The excessive term in L
vanishes at zero.

Notice that for p € Mcg, n(Tp(l’O)M ) is (n — 1)-dimensional. As M is Levi-flat,
then v*Lv vanishes for v € JT(Tp(l’O)M). Write the vector v = (vq,...,v,)". The
zero set of the function

(82) (z,v) € C" x C" % v*L(z, 5)v
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is a variety V' of real codimension two at the origin of C” x C" because of the form
of L. That is, at z = 0, the only vectors v such that v*Lv = 0 are those where
v1 = 0 or va = 0. So the codimension is at least two. And we know that v*Lv
vanishes for vectors in Jr(Tp(l’O)M ) for p € M near zero, which is real codimension
two at each z corresponding to a CR point. Therefore, V' N (z(Mcr) x C") has a
connected component that is equal to a connected component of the real-analytic
subbundle JT(T(I’O)MCR). We will verify that the latter is connected.

We show below that this subbundle extends past the CR singularity. The key point
is to show that the restriction of 77 (79 (Mcg)) extends to a smooth real-analytic
submanifold of 709 C". Write

(83) o(z,v) :U11_)2+Zajk(2)vjl_)k,

where a ;. (0) = 0.
By Proposition 5.1, 7 (M \ Mcr) is contained in

(84) Zo +2€z1 +rz, =0.
Thus Mcr is connected. Assume that v-(d/0z) € TP(I’O)M at a CR point p. Then

(85) (z2 +2€z1 +rz)v1 + ngj v; =0.
j>1

When p is in the open set Us C w(Mcgr) defined by |z5 + 2¢€z;| > %|z| and
0 < |z| <6, v is contained in

(86) Ve:lvil = |vl/C.
When § is sufficiently small, ¢(z, v) = 0 admits a unique solution
(87) v = f(z,v3,...,0y), v2=1

by imposing v € V. Note that f is given by convergent power series. For |z| < 8,
define

(88) w; = (w;1(2),....,wjn(2))eVe, j=2,....n
such that ¢(z, w;(z)) =0 and
(89) wjz =1, wjr=08k, J>2,k>2.

To see why we can do so, fix p € Us. First we can find a vector wy in E, =
n(Tp(l’O) M(cr) such that vy = 1. Otherwise, E, C V¢ cannot have dimension n — 1.
Let E ;, be the vector subspace of E, with vo = 0. Then E ; has rank n — 2 and
remains in the cone V¢. Then E ; has an element w, with v, component being one.
Repeating this, we find w», ..., w, in Ej, such that the v; component of w; is zero
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for 2 < j <i. Using linear combinations, we find a unique basis {wo, ..., w,} of
E, that satisfies condition (89).

Assume that C is sufficiently large. By the above uniqueness assertion on
¢(z,v) = 0, we conclude that when p € Us, {wa(p),...,w,(p)} is a basis of
n(Tp(l’O)MCR). Also it is real analytic at p = 0. Define

0
(90) a)j(z)zwj(z)-g, |z| < 8.

We lift the functions w; via 7 to a subbundle of C ® TM; let us call them ®;.
Then consider the vector fields w]* =2Red; = 0; + 63_J and wy; | ;
J =2,...,n. Above CR points over Us, w; is in TMcr ® C and so tangent to M.
We thus obtain a (2n — 2)-dimensional real-analytic subbundle of TM that agrees
with the real-analytic real subbundle of 7Mcr induced by the Levi foliation above
Us. Since Mcr and the subbundles are real analytic and McR is connected, they
agree over Mcg.

The real-analytic distribution spanned by {} has constant rank 2n — 2 every-

where and is involutive on an open subset of Mcr and hence everywhere. O

= Ima; for

8. CR singular set of type C.x submanifolds

Let M C C"*! be a codimension-two Levi-flat CR singular submanifold that is an
image of R? x C*~! via a real-analytic CR map, and let S C M be the CR singular
set of M. In [Lebl et al. 2014] it was proved that near a generic point of S, exactly
one of the following is true:

(1) § is a Levi-flat submanifold of dimension 2n — 2 and CR dimension n — 2.

(ii) S is a complex submanifold of complex dimension n — 1 (real dimension
2n —2).

(ii1) S is a Levi-flat submanifold of dimension 2n — 1 and CR dimension n — 1.

We only have the above classification for a generic point of S, and S need not be a
CR submanifold everywhere. See [Lebl et al. 2014] for examples.

If M is a Levi-flat CR singular submanifold and the Levi foliation of Mcr
extends to M, then by Lemma 6.3 at a generic point S has to be of one of the above
types. A corollary of Theorem 1.2 is:

Corollary 8.1. Suppose that M C C"*', n > 2, is a real-analytic Levi-flat CR
singular type C.1 or type C.0 submanifold. Let S C M denote the CR singular set.
Then near the origin S is a submanifold of dimension 2n — 2, and at a generic point,
S is either CR Levi-flat of dimension 2n — 2 (CR dimension n — 2) or a complex
submanifold of complex dimension n — 1.

Furthermore, if M is of type C.1, then at the origin S is a CR Levi-flat submani-
fold of dimension 2n — 2 (CR dimension n — 2).
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Proof. Let M be given by
On w=2122+62f+r(z,2),

where r is O(3) and e =0 ore = 1.
By Proposition 5.1 the CR singular set is exactly where

(92) zo+€2Z147rz,(2,2) =0 and rgj(z,Z):O forall j =2,...,n.

By considering the real and imaginary parts of the first equation and applying the
implicit function theorem, the set S = {z : z + €2Z] + rz,(z,z) = 0} is a real
submanifold of real dimension 2n — 2 (real codimension two in M). Now S C S ,
but as we saw above that S is of dimension at least 21 —2. Therefore S = S near the
origin. The conclusion of the first part then follows from the classification above.

The stronger conclusion for type C.1 submanifolds follows by noticing that when
€ = 1, the submanifold

(93) 22 +2z21+715(2,2) =0

is CR and not complex at the origin. O

9. Mixed-holomorphic submanifolds

Let us study sets in C” defined by

(94) f(fl,Zz,...,Zm)=0,

for a single holomorphic function f of m variables.

Such sets have much in common with complex varieties, since they are in fact
complex varieties when z; is treated as a complex variable. The distinction is that
the automorphism group is different since we are interested in automorphisms that
are holomorphic, not mixed-holomorphic.

Proposition 9.1. If M C C™ is a submanifold with a defining equation of the form
(94), where f is a holomorphic function that is not identically zero, then M is a
real codimension-two set and M is either a complex submanifold or a Levi-flat
submanifold, possibly CR singular. Furthermore, if M is CR singular at p € M, and
has a nondegenerate complex tangent at p, then M has type A.k, C.0, or C.1 at p.

Proof. Since the zero set of f is a complex variety in the (Z1, z2, ..., Z;m) space,
we get automatically that it is real codimension two. We also have that as it is a
submanifold, then it can be written as a graph of one variable over the rest.

Let m = n + 1 for convenience and suppose that M C C**! is a submanifold
through the origin. By factorization for germs of holomorphic functions and by the
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smoothness assumption on M we may assume that df (0) # 0. Call the variables
(z1,...,2zy,w) and write M as a graph. One possibility is that we write M as

95) w=p(z1,...,2n),

where p(0) = 0 and p has no linear terms. M is complex if p = 0. Otherwise M is
CR singular and we rewrite it as

(96) w=pCG1,....2n).

We notice that the matrix representing the Levi-map must be identically zero, so
we must get Levi-flat. If there are any quadratic terms, we obtain a type A.k
submanifold.

Alternatively, M can be written as

(97) w=p(Z1,22,...,2n),

with p(0) = 0. If p does not depend on z; then M is complex. Assume that p
depends on z;. If p has linear terms in Z;, then M is CR. Otherwise it is a CR
singular submanifold, and near a nonCR singular point it is a generic codimension-
two submanifold. The CR singular set of M is defined by dp/0dz; = 0.

Suppose that M is CR singular. That M is Levi-flat follows from Proposition 6.2.
We can therefore normalize the quadratic term, after linear terms in z, ..., z, are
absorbed into w.

If not all quadratic terms are zero, we must have an A.k, C.0, or C.1 type
submanifold. O

Let us now study normal forms for such sets in C2 and C, m > 3. First in two
variables we can completely answer the question. This result is surely well known
and classical.

Proposition 9.2. If M C C? is a submanifold with a defining equation of the form
(94), then it is locally biholomorphically equivalent to a submanifold in coordinates
(z,w) € C? of the form

(98) w =734

ford =0,1,2,3,...,where d is a local biholomorphic invariant of M. If d =0,
M is complex; if d = 1, it is a CR totally-real submanifold; and if d > 2, then M is
CR singular.

Proof. Write the submanifold as a graph of one variable over the other. Without
loss of generality and after possibly taking a conjugate of the equation, we have

(99) w= f(2)
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for some holomorphic function f. Assume f(0) = 0. If f is identically zero, then
d = 0 and we are finished. If f is not identically zero, we apply a holomorphic
change of coordinates in z, and the rest follows easily. O

In three or more variables, if M C C**T1, n > 2, is a submanifold through the
origin, then when the quadratic part is nonzero we have seen above that it can be a
type A.k, C.0, or C.1 submanifold. If the submanifold is the nondegenerate type C.1
submanifold, then we will show in the next section that M is biholomorphically
equivalent to the quadric Mc¢ ;.

Before we move to type C.1, let us quickly consider the mixed-holomorphic
submanifolds of type A.n. The submanifolds of type A.z in C"*! can in some sense
be considered nondegenerate when talking about mixed-holomorphic submanifolds.

Proposition 9.3. If M C C" ! is a submanifold of type A.n at the origin of the form
(100) w=Z+-+Z; +7(2),

where r € O(3). Then M is locally near the origin biholomorphically equivalent
to the A.n quadric

(101) W=z 422,

Proof. The complex Morse lemma (see, e.g., [Ebeling 2007, Proposition 3.15])
states that there is a local change of coordinates near the origin in just the z variables
such that

(102) Zp -t zp 7 (z)
is equivalent to Z% 4.+ z,%. O

It is not difficult to see that the normal form for mixed-holomorphic submanifolds
in C* 1 of type A.k, k < n, is equivalent to a local normal form for a holomorphic
function in n variables. Therefore, for example, the submanifold w = Zf + Z;’ is of
type A.1 and is not equivalent to any quadric.

10. Formal normal form for certain type C.1 submanifolds I

In this section we prove the formal normal form in Theorem 1.3. That is, we prove
that if M C C"*1 is defined by

(103) W=7Z12y+ 22 +1(21. 21,22, 23, . . . » Zn),
where r is O(3), then M is Levi-flat and formally equivalent to
(104) W= Z12y +Z3.

That M is Levi-flat follows from Proposition 6.2.
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Lemma 10.1. If M C Crtl on>2is given by
- _2 -
(105) w=2Z1z22+2z7+r(z1.21,22.23,....2Zn),

where r is an O(3) formal power series, then M is formally equivalent to M¢ 1
given by

(106) w=Z12y + 73,
In fact, the normalizing transformation can be of the form

(107) (z.w) = (z1,....zn, W) = (21, f(z,w), 23,...,2Zn, g(z, W)),
where f and g are formal power series.

Proof. Suppose that the normalization was done to degree d — 1, then suppose that
(108) w=2Z122 +Z% +r1(21,21,22, .. ,Zn) +r2(21,21,22,. .. ,Zn),

where ry is degree-d homogeneous and r, is O(d + 1). Write

k
(109) M@ ) =Y Y ¢aF] 2%

j=0lal+j=d

where k is the highest power of Z; in rq, and « is a multiindex.
If k is even, then we use the transformation that replaces w with

(110) w+ Y cjawk/?z%
la|+k=d
Let us look at the degree-d terms in
= =2 = =2:\k/2 o
(111) (Z1z2+2z7) + Z Cja(Z1za+27) 'z

la|+k=d )
=122+ 27 +r1(21. 21, 22, . . ., Zn).

We need not include r; as the terms have degree d + 1 or higher. After canceling
out the new terms on the left, we notice that the formal transformation removed all
the terms in r; with a power Z’f and replaced them with terms that have a smaller
power of z;.

Next suppose that k is odd. We use the transformation that replaces z, with

(112) Z2— Z cj w252,
lee| +k=d
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Let us look at the degree-d terms in
(113) Zyzp+ 7%

=Z1(zz— Z cj,aw(k_l)/zz“)+Zf+r1(zl,21,22,...,zn).
la|+k=d

Again we need not include r, as the terms have degree d + 1 or higher, and we need
not add the new terms to z5 in the argument list for r; since all those terms would
be of higher degree. Again we notice that the formal transformation removed all
the terms in 1 with a power Z’f and replaced them with terms that have a smaller
power of z;.

The procedure above does not change the form of the submanifold, but it lowers
the degree of z; by one. Since we can assume that all terms in r; depend on z1,
we are finished with degree-d terms after k iterations of the above procedure. [

11. Convergence of normalization for certain type C.1 submanifolds

A key point in the computation below is the following natural involution for the
quadric M¢ 1. Notice that the map

(114) (z1,22, ... zZn, W) > (—Z2— 21, Z2, ..., Zn, W)

takes Mc 1 to itself. The involution simply replaces the z; in the equation with

—zp — z1. The way this involution is defined is by noticing that the equation

w=2z122+ Z% has generically two solutions for Z; keeping z, and w fixed. In the

same way we could define an involution on all type C.1 submanifolds of the form

w=2z1z2+ Z% +r(z1,22,...,2n), although we will not require this construction.
We prove convergence via:

Lemma 11.1. Let my,...,my be positive integers. Suppose T(z) is a formal
power series in z € CV. Suppose T(t™' vy, ... ,t"™Nvy) is a convergent power
seriesint € C forallve CN. Then T is convergent.

The proof is a standard application of the Baire category theorem and the Cauchy
inequality. See [Baouendi et al. 1999, p. 153, Theorem 5.5.30], where all m; are
one. For m; > 1 we first change variables by setting v; = wjr."j and apply the
lemma with m; = 1.

The following lemma finishes the proof of Theorem 1.3. By absorbing any
holomorphic terms into w, we assume that (21,0, 25, ..., z) = 0. In Lemma 10.1
we have also constructed a formal transformation that only changes the z, and w
coordinates, so it is enough to prove convergence in this case. Key points of this
proof are that the right hand side of the defining equation for M¢ ; is homogeneous,
and that we have a natural involution on M¢ 1.
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Lemma 11.2. If M C Crtl on>2is given by
(115) w=7Z120 4+ 72 +7(21.21. 22, 23+ . . ., Zn),

where r is O(3) and convergent, and r(z1,0, z2, ..., zy) = 0. Suppose that two
formal power series f(z,w) and g(z, w) satisfy

(116) g(z,Z122+2})
=Zlf(Z,lez+Z%)+Z%+I‘(Zl,21,f(Z,Z]Zz-i-Z%),Zg,,...,Zn).

Then f and g are convergent.

Proof. Equation (116) is true formally, treating z; and z; as independent variables.
Notice that (116) has one equation for two unknown functions.

We now use the involution on M ¢ ; to create a system that we can solve uniquely.
We replace z; with —z, —z;. We leave z; untouched (treating as an independent
variable). We obtain an identity in formal power series:

(117) g(z,7122+23) = (—22—71) f(z, 2122 + 23) + (=22 — 71)?

+r(z1. (—22—21), f(z. 2122 + 21). 23, .. .. Zn).
The formal series & = f(z,Z1z2 + Z%) and w = g(z,z122 + Z%) are solutions of
the system
(118) a)221§+2f+r(21,21,§,23,...,zn),
(119) o= (—z2—Z2D)E+ (—22—Z1)> +7(z1,(~22—21),£,23,. .., Zn).

We next replace z; with 7z; and Z; with ¢Z1 for ¢ € C. Because Z125 + Z7 is
homogeneous of degree two, we obtain that the formal series in ¢, given by £(¢) =
f(tz,t?>(Z1z2 + Z%)), w(lt)=gtz,t>(Z1z2 + Z%)) for every (z1,21,22,...,2n) €
C"*1, are solutions of the system
(120) @ =tZ1E + 1222 4 r(tz1.t21.E. 123, ..., 12,),

(121) w =t(~z2 = Z2))E + 13 (—z22—Z1)* +r(tz1,t(~22 = 21), £, 123, . . . , 1 25).
We eliminate w to obtain an equation for &,
(122) 1221 + 22)(§ —122)

=r(tz1,t(—z2—21), &, tz3, ..., tzy)—1(tz1,t21, 6,123, ..., 1 Zy).

We now treat £ as a variable and we have a holomorphic (convergent) equation.
The right hand side must be divisible by #(2z1 + z»): It is divisible by ¢ since r
is divisible by z;. It is also divisible by 2z; 4 z, as setting z, = —2z; makes the
right hand side vanish. Therefore,

r(tzy,t(—z2—121),&6,t23,...,tzy) —r(t21,121,€,123, ..., 1 2Zp)

(123) &—tzp= t(2z1 + z2) ’
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where the right hand side is a holomorphic function (that is, a convergent power
series) in z1, Z1, Z2, ..., Zn, t, £. For any fixed z1, Z1, z2, ..., zy, we solve for £ in
terms of ¢ via the implicit function theorem, and we obtain that £ is a holomorphic
function of z. The power series of & is given by £(¢) = f(tz, t2(2122 + Z%)).

Let v € C" 1 be any nonzero vector. Via a proper choice of zy, zy, z2,..., 2,
(still treating Z1 and z; as independent variables) we write v = (z,Z,z, + Z%). We
apply the above argument to £(t) = f(tvy,...,tvn,t%vp41), and £(f) converges
as a series in 7. As we get convergence for every v € C"™!, we obtain that f
converges by Lemma 11.1. Then via (120) we obtain that g(tv1, ..., v, 12Vp41)
converges as a series in ¢ for all v, and hence g converges. O

12. Automorphism group of the C.1 quadric

With the normal form achieved in previous sections, let us study the automorphism
group of the C.1 quadric in this section. We will again use the mixed-holomorphic
involution that is obtained from the quadric.

We study the local automorphism group at the origin. That is the set of germs at
the origin of biholomorphic transformations taking M to M and fixing the origin.

First we look at the linear parts of automorphisms. We already know that the
linear term of the last component only depends on w. For M¢.; we can say more
about the first two components.

Proposition 12.1. Let (F,G) = (F1,..., Fy, G) be a formal invertible or biholo-
morphic automorphism of Mc.1 C C"1, that is the submanifold of the form

(124) w =712y 4 73,

Then Fi(z,w) =azy+aw+ O02), Fr(z,w) =azy+Bw+ 0(2),and G(z,w) =
a*w + 0(2), where a # 0.

Proof. Leta = (ay,...,a,) and b = (by,..., by,) be such that
Fiz,w)y=a-z+aw+0Q2) and F(z,w)=b-z+ Bw+ OQ).

Then from Proposition 2.1 we have

0
(125) L =Ae ]



CR SINGULAR CODIMENSION-TWO LEVI-FLAT SUBMANIFOLDS 145

Therefore Aa1b, =1, and a;by = 0 for all (j, k) # (1,2). Similarly,

1000 100 - 0]
000---0 000--0]||;

(126) R S (A A
000---0 000---0

Therefore )Lc_z% =1,and a;a; =0 forall (j, k) # (1, 1). Putting these two together
we obtain that a; =0 forall j # 1, and as a; # 0 we get b; =0 for all j # 2. As
A is the reciprocal of the coefficient of w in G, we are finished. O

Lemma 12.2. Let Mc.; C C3 be given by
(127) w =712y + 73,

Suppose that a local biholomorphism (resp. formal automorphism) (Fy, F2, G)
transforms Mc .1 into Mc.1. Then Fy depends only on z1, and F» and G depend
only on zo and w.

Proof. Let us define a (1, 0) tangent vector field on M by

3 _ 9
(128) Z=— 47—,

Write F = (Fy, F>,G). F must take Z into a multiple of itself when restricted to
Mc.1. That is, on M1 we have

oF, _ 0F;

12 el Nl
(129) 025 ta ow ’
oF oF
(130) 2,572 ),
025 ow
G G —
(131) i n Y ARG D),
dzo Jw

for some function A. Let us take the first equation and plug in the defining equation
for M,

1 _ _ _ 0F _ _
(132) @(21,22,2122 +Z%) +21W(21’22’2122 +Z%) =0.

This is true for all z € C2, and so we may treat z; and z; as independent variables.
We have an involution on M ; that takes Z; to —z, —Z1. Therefore we also have

F1 _ _ _ 0F _ _
(133) 5(21,22,2122+Z%)+(—22—21)%(21’22’21224'2%)=0-

This means that 0F; /dw and therefore 0F;/dz, must be identically zero. That is,
F; only depends on zj.
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We have that the following must hold for all z:
(134)  G(z1,25. 7125+ 27) = F1(2) F(21, 23, 5125 + 21) + (F ().

Again we treat z; and z; as independent variables. Differentiate with respect to zy:
_ _ - _ 0F _ _
(135) 8—21(21,22, Z,2,+23) = F, (ZI)E(ZP 25,2125 + Z3).
We plug in the involution again to obtain
0G _ _ — _ 0F _ _
(136) E(zl,zz, Z12y, +23) = Fy (=2, _ZI)E(ZP Zy, 2125+ 22).

Therefore as F; is not identically zero, then as before both dF>/0dz; and dG/dz
must be identically zero. O

Lemma 12.3. Take Mc.1 C C? given by
(137) w =72, + 71,

and let (F1, F>,G) be a local automorphism at the origin. Then F| uniquely
determines F» and G. Furthermore, given any invertible function of one variable
F1 with F1(0) = 0, there exist unique F, and G that complete an automorphism
and they are determined by

Fy(25.212, + 27) = F1(Z)) + F (-2, — 2,),
G(zy.2,2y +27) = —F () F (=%, — 2).

We should note that the lemma also works formally. Given any formal Fp, there
exist unique formal F> and G satisfying the above property.

(138)

Proof. By Lemma 12.2, F; depends only on z; and F, and G depend only on
zp and w. We write the automorphism as a composition of the two mappings
(F1(z1), z2,w) and (z1, F2(z2, w), G(z2, w)).

We plug the transformation into the defining equation for M¢.; and obtain

- - = - _ = - \2
(139) G(z5,712y + 21) = F (3 Fy(25, 7125 + 23) + (F1(31))".

We use the involution (z1, z2) — (—Z1 — 22, z2) which preserves M. and obtain
a second equation

_ — = _ _ _ = — 2
We eliminate G and solve for F»:

_ _ (F1(—2 —Zz))z—(f*_l (51))2
141 Fy(zy, 512y +52) = 2 -
(141) 222,517+ 5 F1(Z1) = F1(=21—22)

= F1(Z1) + F1(—21 — 22).
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Next we note that trivially, F5 is unique if it exists: its difference vanishes on M¢ ;.

If we suppose that F; is convergent, then just as before, substituting z, with
tzo and Z; with tZ;, we are restricting to curves (tz, t>w) for all (zo, w). The
series is convergent in ¢ for every fixed z; and w. Therefore if F, exists and F7 is
convergent, then F, is convergent by Lemma 11.1.

Now we need to show the existence of the formal solution F,. Notice that the
right hand side of (141) is invariant under the involution. It suffices to show that
any power series in Z1, z» that is invariant under the involution is a formal power
series in z, and Z,z, + Z%. Let us treat £ = Z; as an independent variable. The
original involution becomes a holomorphic involution in &, z5:

(142) 1:§>—E—25, zp— 2.

By a theorem of Noether we obtain a set of generators for the ring of invariants
by applying the averaging operation R(f) = %( f =+ f ot) to all monomials in &
and z, of degree two or lower. By direct calculation it is not difficult to see that &,
£z, + £2 generate the ring of invariants. Therefore any invariant power series in z5,
£ is a power series in £, £z5 + £2. This shows the existence of F,. The existence
of G follows in the same way.

The equation for G(z,,z,z, + Z%) = —Fl (21)I<:1 (=Z; — z,) is obtained by
plugging in the equation for F5. Its existence, uniqueness, and convergence in the
case where I converges, follow exactly the same as for F,. O

Theorem 12.4. If M C C*"*1, n > 2 is given by
(143) w=2z,+ 3,

and (F1, F>, ..., F,, G) is a local automorphism at the origin, then Fy depends
only on z1, F> and G depend only on zp and w, and Fy completely determines F,
and G via (138). The mapping (21, z2, F3, ..., Fy) has rank n at the origin.

Furthermore, given any invertible function F of one variable with Fy(0) =
0, and arbitrary holomorphic functions Fs, ..., F, such that F;j(0) = 0, and
(z1,z2, F3, ..., Fy) has rank n at the origin, then there exist unique F, and G
so that (Fy, ..., Fy, G) is an automorphism.

Proof. Let (F1,..., Fy, G) be an automorphism. Then we have
(144) G(z1,...,zp, w)
:Fl(zl,---7ZnaJ))F2(le-~~sZn’w)+(F1(le-~szn’w))2-

Proposition 12.1 says that the linear terms in G only depend on w, the linear terms
of F; depend only on z; and w, and the linear terms of F, only depend on z; and w.
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Let us embed Mc C C3 into M via setting z3 = a322,...,2Zn = OyZza, for
arbitrary a3, ..., oy. Then we obtain
(145) G(z1,z2,0322,...,0p22, W)
= F1(Z1,22. @322, ..., 0nZ2, W) F2 (21,22, @322, ..., A 22, W)
+ (F1(Z1.22, @32, ..., 8GnZ2, 1))
By noting what the linear terms are, we notice that the above is the equation for
an automorphism of M¢ . Therefore by Lemma 12.2 we have

0F, 0F; 0G
146 — =0, —— = (), d — = 0,
(146) ow 021 an dz1
as that is true for all a3, ..., a,. Plugging in the defining equation for M¢ 1, we

obtain an equation that holds for all z and we can treat z and Z independently. We
plug in z = 0 to obtain

(147) O = Fl (21’ 22’&322’ ] 6‘}1229 O)FZ(O» . ~-_9 O» 2%

Differentiating with respect to &; we obtain dF7/0z; =0, for j =3,...,n. We set
@; = 0 in the equation, differentiate with respect to Z, and obtain that F; /dzp = 0.
In other words, Fj is a function of z; only. We rewrite (145) by writing F; as a
function of z; only and F, and G as functions of z5, ..., z,;, w, and we plug in
w=2Zzz,+ Z% to obtain

(148) G(z2,0322,.... 0022, 2122 + Z7)
= F1(G1) Fa(z2, 0322, ..., Qnz2, 2122 + 73) + (F1(51)).

By Lemma 12.3, we know that F; uniquely determines F5(z3, @322, ...,0,22, W)
and G(z2,a322,...,0,22, w). These two functions therefore do not depend on
a3,...,0,, and in turn F, and G do not depend on zs, ..., z, as claimed. Further-
more F; does uniquely determine /> and G.

Finally since the mapping is a biholomorphism, and from what we know about
the linear parts of F, F», and G, it is clear that (z1, z2, F3, ..., Fy,) has rank n.

The other direction follows by applying Lemma 12.3. We start with Fp, determine
F, and G as in three dimensions. Then add F3,..., F, and the rank condition
guarantees an automorphism. O

13. Normal form for certain type C.1 submanifolds II

The goal of this section is to find the normal form for Levi-flat submanifolds
M c C"*! given by

(149) w=7Zz,+ 7 +Re f(2),
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for a holomorphic f(z) of order O(3).
Since f(z) can be absorbed into w via a holomorphic transformation, the goal
is really to prove:

Theorem 13.1. Let M C C"*! be a real-analytic Levi-flat given by
(150) W=7z, + 21 +1(2),

where r is O(3). Then M can be put into the Mc.1 normal form
(151) w =%z, + 73,

by a convergent normalizing transformation.
Furthermore, if r is a polynomial and the coefficient of Zf in r is zero, then there
exists an invertible polynomial mapping taking Mc.1 to M.

In Theorem 1.3, we have already shown that a submanifold of the form
(152) W=7z, + 71 +7(Z;)

is necessarily Levi-flat and has the normal form M¢ ;. The first part of Theorem 13.1
will follow once we prove:

Lemma 13.2. I[f M C C"t1 is given by
(153) w =722, + 21 +1(2),
where r is O(3) and M is Levi-flat, then r depends only on z;.

Proof. First let us assume that n = 2. For p € Mcg, TI,(I’O)M is one dimensional.
The Levi map is the matrix

010
(154) L=({000
000

applied to the T (10 M vectors. As M is Levi-flat, then the Levi map has to vanish.
The only vectors v for which v*Lv = 0, are the ones without d/dz; component or
d/0z, component, that is, vectors of the form

0 0 0 d

155 a—+b— or a—+b—.
(153) d0z1 + ow 022 + ow
We apply these vectors to the defining equation and its conjugate and we obtain in
the first case the equations
ar

(156) b =0, a(Zz +2z1 + —) =0.
821
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This cannot be satisfied identically on M since this is supposed to be true for all z,
but a cannot be identically zero and the second factor in the second equation has
only one nonholomorphic term, which is z,.

Let us try the second form and we obtain the equations

.
(157) b=az, a(—r) —0.
822

Again a cannot be identically zero, and hence the second factor of the second
equation 07 /dz, must be identically zero, which is possible only if r depends only
onzj.

Finally, it is possible to pick b = Z; and a = 1, to obtain a T (19 vector field

(158) 9 +z 9
—_— Z R
dzy | low’

and therefore these submanifolds are necessarily Levi-flat.
Next suppose that n > 2. Notice that replacing z; with A& for k > 2 and then
fixing Ay for k > 2, we get

(159) W =ZAE 422 47 (Z1, Aok, .. A,E).

By Lemma 2.2, we obtain a Levi-flat submanifold in (z1,§, w) € C3, and hence
can apply the above reasoning to obtain that r(Z1, 12§, ..., 1,£) does not depend
on £. As this was true for any Ay, we have that r can only depend on Z;. O

It is left to prove the claim about the polynomial normalizing transformation:
Lemma 13.3. Suppose that M C C"1 is given by
(160) w =2z, + 7] + (),

where 1 is a polynomial that vanishes to the fourth order. Then there exists an
invertible polynomial mapping taking Mc.1 to M.

Proof. We will take a transformation of the form

(161) (z1, 22, w) = (21, 22 + f(22, W), w + g(22, w)).

We are therefore trying to find polynomials f and g that satisfy

(162) 2,2y + 22 4 g(25. 2125 + 22) = 2, (2y 4 f(29. 2,25 + 22)) + 22 + 1 (3)).
If we simplify, we obtain

(163) 9(25.2125 +23) =2, f(29. 2125 + 23) = 1 (Z)).

Consider the involution S:(zZ1, z2) — (—Z1 — 22, z2). Its invariant polynomials
u(Zz1, z2) are precisely the polynomials in z,, z,Z; + Z%. The polynomial r(Z1) can
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be uniquely written as
(164) r+(22, Z1Z5 + Z%) + (Zl + %22)7‘_(22, Z12 + Z%)

in two polynomials r*. Taking f = —r~ and g =r+ + %er_, we find the desired
solutions. O

14. Normal form for general type C.1 submanifolds

In this section we show that generically a Levi-flat type C.1 submanifold is not
formally equivalent to the quadric M¢.; submanifold. In fact, we find a formal
normal form that shows infinitely many invariants. There are obviously infinitely
many invariants if we do not impose the Levi-flat condition. The trick therefore is,
how to impose the Levi-flat condition and still obtain a formal normal form.

Let M C C3 be a real-analytic Levi-flat type C.1 submanifold through the
origin. We know that M is an image of R? x C under a real-analytic CR map that
is a diffeomorphism onto its target; see Theorem 1.2. After a linear change of
coordinates we assume that the mapping is

(165) (x,y,6) eR*xCr> (x +iy +a(x,y,£), £+ b(x,y,£),
(x —iy)§ + (x —iy)* +r(x, y.£)).

where a, b are O(2) and r is O(3). As the mapping is a CR mapping and a local
diffeomorphism, then given any such a, b, and r, the image is necessarily Levi-flat
at CR points. Therefore the set of all these mappings gives us all type C.1 Levi-flat
submanifolds.

We precompose with an automorphism of R? x C to make b = 0. We cannot
similarly remove a as any automorphism must have real-valued first two components
(the new x and the new y), and hence those components can only depend on x and
y but not on &. So if a depends on &, we cannot remove it by precomposing.

Next we notice that we can treat M as an abstract CR manifold. Suppose we
have two equivalent submanifolds M; and M5, with F being the biholomorphic
map taking M, to M,. If M f is the image of a map @ then note that ¢ lis CR
on (M,)cg. Therefore, G = @5 o F o ¢, is CR on (F 0 ¢,)~!((M,)g), which
is dense in a neighborhood of the origin of R? x C (the CR singularity of M, is a
thin set, and we pull it back by two real-analytic diffeomorphisms). A real-analytic
diffeomorphism that is CR on a dense set is a CR mapping. The same argument
works for the inverse of G, and therefore we have a CR diffeomorphism of R? x C.
We conclude:
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Proposition 14.1. If M; C C3, j = 1,2 are given by the maps o

®j .
(166) (x.y.6) €R*xCr> (x +iy +a;(x.y.8). §+b;(x.y.5).
(x = iy)§ + (x —iy)* + 17 (x, 5. ),
and My and M3 are locally biholomorphically (resp. formally) equivalent at zero,

then there exist local biholomorphisms (resp. formal equivalences) F and G at zero,
with F(M1) = M, G(R? x C) = R? x C as germs (resp. formally) and

(167) @2 =Fogpi0G.

In other words, the proposition states that if we find a normal form for the
mapping, we find a normal form for the submanifolds. Let us prove that the
proposition also works formally.

Proof. We have to prove that G restricted to R2 x C is CR, that is, dG/9& = 0. Let
us consider

(168) 920G = Fog.

The right hand side does not depend on § and thus the left hand side does not either.
Write G = (G!, G?, G?). Let us write b = by and r = r; for simplicity. Taking
derivative of ¢, o G with respect to £ we get

1 c 2 1 2 3 _

Gg + bx(G)Ggl + by(G)ng + bg(G)Gg’ =0,
(Ggl —iG§)G3 + (G! —iGz)Gg +2(G! —iGz)(Gg —iGg)
+ rx(G)Ggl + ry(G)Gg + rg(G)Gg =0.

(169)

Suppose that the homogeneous parts of G/ are zero for all degrees up to d — 1. If
we look at the degree-d homogeneous parts of the first two equations above we
immediately note that it must be that G! +iG2 = 0 and G2 = 0 in degree d. We
then look at the degree-(d + 1) part of the third equation. gRecall that [- ]z is the
degree-d part of an expression. We get

(170) [G; —iGF141G* +2G" ~i2G?), =0.
As G is an automorphism we cannot have the linear terms be linearly dependent
and hence Gg = ng =0 in degree d. We finish by induction on d. |

Using the proposition we can restate the result of Theorem 1.3 by parametrization:

Corollary 14.2. A real-analytic Levi-flat type C.1 submanifold M C C3 is biholo-
morphically equivalent to the quadric Mc 1 if and only if the mapping giving M is
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equivalent to a mapping of the form

(171 (x,3.6) eR*xCr> (x +iy, £ (x —ip)E + (x —iy)> +7(x,1.§)).

That is, M is equivalent to Mc 1 if and only if we can get rid of the a(x, y, §)
via pre and post composing with automorphisms. The proof of the corollary
follows as a submanifold that is realized by this map must be of the form w =
Z1Zy + Z% +p(z,.Z,,z,) and we apply Theorem 1.3.

We have seen that the involution T on M, in particular when M is the quadric, is
useful to compute the automorphism group and to construct Levi-flat submanifolds
of type C.1. We will also need to deal with power series in z, z, £. Thus we extend
7, which is originally defined on C2, as follows:

(172) 0(z,2,§) =(z,—-z—£&,§).

Here z, Z, £ are treated as independent variables. Note that z, £, w = Z§ + 72 are
invariant by o, while n =z + %S is skew invariant by o. A power series in z, z, £
that is invariant by o is precisely a power series in z, &, w. In general, a power
series ¥ in z, Z, § admits a unique decomposition

(173) u(z,Z,$)=u+(z,§, w) +nu (z,& w).

First we introduce degree for power series u(z, z, ) and weights for power series
v(z, &, w). As usual we assign degree i + j + k to the monomial z'Z/ €5, We
assign weight i + j + 2k to the monomial z/ £/ wk. For simplicity, we will call
them weight in both situations. Let us also set

= i =j ek
Ma(z.2.6)= Y wz'z/E,
i+j+k=d

DlaGgw) = Y vt/ wk.

i+j+2k=d

(174)

Set [u]/ = [u]; +--- + [ul; and [v]/ = [v]; + -+ [v]; fori < j.

Theorem 14.3. Let M be a real-analytic Levi-flat type C.1 submanifold in C3.
There exists a formal biholomorphic map transforming M into the image of

(175) 9(z,2,§) = (2 + Az.§, wwn. §, w)

withn =1z + %E and w = Z§ + z2. Suppose further that A # 0. Fix ix, jx. k« such
that jy is the largest integer satisfying A;, .k, 7 0 and ix + jx +2ks = 5. Then
we can achieve

(176) AiyGatn)her =0, n=1,2,....
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Furthermore, the power series A is uniquely determined up to the transformation
(177) Az, £, w) = &3 A(cz, ¢€,E%w), ¢ e C\{0}.

In the above normal form with A # 0, the group of formal biholomorphisms that
preserve the normal form consists of dilations

(178) (z, £, w) — (vz, DE, V2w),
satisfying V3 A(vz, vE, v2w) = A(z, £, w).

Proof. Tt will be convenient to write the CR diffeomorphism G of R? x C as
(G1, G2) where G is complex-valued and depends on z, z, while G, depends on
z,z,&. Let M be the image of a mapping ¢ defined by

(179) (2.2.6) > (2 +a(z.5,£), £, ZE+ 22 +7(2.2.6))

with a = O(2),r = O(3). We want to find a formal biholomorphic map F of C3
and a formal CR diffeomorphism G of R? x C such that

(180) FPG =g

with ¢ in the normal form.

To simplify the computation, we will first achieve a preliminary normal form
where r = 0 and the function a is skew-invariant by o. For the preliminary normal
form we will only apply F and G that are tangent to the identity. We will then use
the general F' and G to obtain the final normal form.

Let us assume that F and G are tangent to the identity. Let M = F(@(R? x C))
where ¢ is determined by a, 7. We write

(181) F=1+(f1./2./3), G=1+(g1.82).
The & components in ¢G = F§ give us
(182) §2(2.2,8) = fo(z +a(z,2,£), £, 26 + 2% +7(2, 2, §)).

Thus, we are allowed to define g by the above identity for any choice of f> = O(2).
Eliminating g in other components of ¢ G = F ¢, we obtain

(183) fiop—g1=aoG—a,
(184) f30@-2fr09=roG-T+281+ 81 /00 +47,
where g1(z,z) = g1(z,z) and

(185) (@aoG)(z,%,8) :=a(G1(z,%2),G1(Z,2), Ga(z, Z, £)).



CR SINGULAR CODIMENSION-TWO LEVI-FLAT SUBMANIFOLDS 155

Each power series r(z, z, £) admits a unique decomposition
(186) r(z,2,8)=rT(z,&,w) + nr(z, £, w),

where both r* are invariant by o. Note that r(z, Z, £) is a power series in z, £, and
w, if and only if it is invariant by o, i.e., if ¥~ = 0. We write

(187) rt=wt(k) or wt(r™) >k,

if rabc =0fora+b+2c <k. Define r~ = wt (k) analogously and write nr— =
wt (k) if r~ = wt (k —1). We write r = wt (k) if (r*,nr~) = wt(k). Note that

(188) r=0(k)=r=wtk), wt(rs)=>wt()+ wt(s).

The power series in z and Z play a special role in describing normal forms. Let
us define 7% via

(189) u(z,z) = (THu)(z. &, w) + (T u)(z. £, w)n.

Let S ]:r (resp. S; ) be spanned by monomials in z, Z, § which have weight k£ and
are invariant (resp. skew-invariant) by o. Then the range of n7'~ in S, is a linear
subspace Rj. We decompose

(190) ST = R ®(S; O Ry).

The decomposition is of course not unique. We will take

(191) SceRe= P czePucy
a+b+2c=k—1
c>0

Here we have used n =z + %E, n”?=w+ %52, and

(192) T+M(Z,§,U)) Z Z ul_]( ) w+4$) ( S)] 20[»

1,j>00<a<j/2

(193) T u(z, & w)

i 1£2\@ 0 1g\/—20—1
- Z Z (2 + 1)Zl(w+15 ) (_55) .
i>0 0<a<j/2
j>0
In particular, we have
(194) T u(z.£.0)= Y (1) tu;z'e/ 7"

i>0
j>0
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This shows that

(195) T_u(z,$,0)=—E(u(z,—é)—u(z,O)).

We are ready to show that under the condition that g; (z, Z) has no pure holomorphic
terms, there exists a unique (F, G) which is tangent to the identity such that 7 = 0,

1

(196) aeN:=PNe. Ne:=S; ©Rs.
We start with terms of weight two in (183) and (184) to get

(197) [f1l2 —[g1]2 = [al2 —nl@ 1.
(198) [f3]2 =0.

Note that f;~ = 0. The first identity implies that

(199) =TT gila=["]L [T"ali=@li-lkh
The first equation is solvable with kernel defined by

(200) Al =TT g1lk =0.

for k = 2. This shows that [g1] is still arbitrary and we use it to achieve
(201) nfa~]h € S5 © Ry = {0}

Then the kernel space is defined by (200) and

(202) [g1(2.2) —£1(z.0)]k =0

with k = 2. In particular, under the restriction

(203) [g1(z.0)]x =0,

for k =2, we have achieved @~ € N3 by unique [ f1]2, [21]2, [ f2]1, [ f3]2- By induc-
tion, we verify that if (203) holds for all k, we determine uniquely [ 1]z and [g1]z by
normalizing [@]; € Nj. We then determine [ /3] and [ f3]x 41 uniquely to normalize
[Flk+1 = 0. For details, let us find formulae for the solutions. We rewrite (183) as

(204) T7g1=—(acG—-a— fi09)7,
(205) (fiop)t =(@oG-a)t +Ttg.
Using (194), we can solve

(206) 1)/ g1;=—(@oG)Nigj—no, Jj=1i+j=k.
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Then we have

(207) @ )ijo =0, i) =k—1;
(208) (@ )ijm=aoG— fio@+g1) Dijmi m=1,i+j+m=k—1.

Note that —[g1]x(z,—2) = Z[(@a o G —a) " |x_1(z,Z,0). We obtain
(209) [81lk(z.2) =Z[(a° G —a) " Jx—1(z, —Z.0).

Having determined [g1]z, we take

(210) [filk =l@oG—a+g) Ik

We then solve (184) by taking

@11) ol = [E7Tk. [fslesr = [(E =362 T ]y
(212) E:=roG—7+2ng1 +8 /200 +&>

We have achieved the preliminary normalization.
Assume now that

(213) 9(z.2.§)=(z+a (z.§ w)n.§ w),
(214) ¢(z,2,§) =(+a (z.§w)n.§ w)

are in the preliminary normal form, i.e.,

(215) wla (z,€,w), wl|a (z,€w).

Let us assume that

(216) a (z,E,w)=wt(s), [a"]s£0, a (z,& w)=wt(s).
We assume that oG = F ¢ with

(217) F(z.§, w) =1+ (/1. f2, /3),
(218) G(Z,Z,é):(Z‘}—gl(Z,Z),S‘}—gz(Z,Z,E)).

Here f;, g; start with terms of weight and order at least two. In particular, we have

(219) fi=wt(N), gi=wt(N), i=1,2;
(220) f3 = wt(N'), N >N >2.

Set (P, Q,R):=¢G. Using N > 2, s > 2, and Taylor’s theorem, we obtain
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(221) P=z+g1(z.2) +a" (z.E.wn+a” (2.6, w)(g1(Z.2) + 582(2. 2. §))
+ Uva_(z, E, U))(gl(Z,Z), gZ(Z’ z, E)’ (E + ZE)gl(z’ Z) + ZgZ(Za z, E))
+wt(s+ N +1),

(222) Q =& +g2(2,2,8),
(223) R=w+ (22 +£)g1(3,2) + 2g2(2. 2, ) + wt 2N).

We also have (P, Q, R) = F¢. Thus

(224) P=z+a (z,§wn+ fi(z,§w) + 0. f1(z,§, w)a (z,& w)n
+wt(N +s+1),

(225) Q=&+ fa(z 6 w) +0; fa(z 6 w)a (z, &, w)n+wt(N +s+ 1),
(226) R=w+ f3(z, &, w) + 3, f3(z, &, w)a (z, &, w)n+ wt(N' + s+ 1).

We will use the above six identities for P, O, R in two ways. First we use their
lower order terms to get

27 fiz.E.w) =g1(z.2) +(a (z.§,w)—a (z,§, w))n+wt(N +5),
(228)  fa(z.§,w) = g2(2,2,8) + wi(N + ),
(229) f3(z,E,w) =Rz +£)g1(Z,2) +282(2,2, ) + wt(2N) + wt(N' +5).

Hence, we can take N’ = N + 1. By (227) and the preliminary normalization, we
first know that

(230) a=a+wt(N+s—1),

(231) fiz,§,w)=b(z)+wt(N +5), gi1(z,2) =b(z) + wt(N +5).

We compose (229) by o and then take the difference of the two equations to get
(232)  falz. £, w) = —b(Z)—b(—Z —&) +wt (2N — 1) + wt(N + ),

(233)  f3(z. &, w) = —Zb(—=Z — &) + (Z + £)b(Z) + wt(2N) + wt(N + s + 1).
Here we have used N’ = N +1. Let b(z) = by z¥ +wt (N +1). Therefore, we have
234)  g2(z,2.8) = by (ZV + (=2 —&)N) +wr (N + 1),

(235)  21(2,2) +382(2.2,8) =nby ) 2 (25N +wi(N + 1),
(236)  (2Z24+6)§1(Z.2)+2g2(2.2, &) =bn EN '+ (=2=6)N " Hw+wr (N +2).

Next, we use the two formulae for P and (231) to get the identity in higher weight,

(237) @ =a +g{ +Lby+wt(N+s), fi—g =wt(N+s+1).
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Here we have used f;~ =0 and
(238) Lby(z,&E, w):=
~NbyzVaTls(z 6 w) — 07Tz £ w)by Y2 (-2 =N

i
+ Va5 (byzN by EV + (—Z=6)M) by wE T+ (=2 -5V ).
Recall that w | @~ and w | a—. We also have that w | Lby(z,&, w) and Lby
is homogenous in weighted variables and of weight N 4 s — 1. This shows that

(g1 (2,§,0)]N+s—1 = 0. By (194), we get
(239)  [21(z.2)IN+s = [81(2.0)N+s. [@ ls+nN-1=[a"]s+N-1+ LbN.

Let us make some observations. First, Lby depends only on b and it does not
depend on coefficients of b(z) of degree larger than N. We observe that the first
identity says that all coefficients of [g1]xn s must be zero, except that the coefficient
g1,(N+s)o is arbitrary. On the other hand Lby, which has weight N +s—1, depends
only on g1 no, while N 4+ s —1 > N. Let us assume for the moment that we have
Lby # 0 for all by # 0. We will then choose a suitable complement subspace

N 45— in the space of weighted homogenous polynomials in z, §, w of weight
N +s—1for Lby. Thena™ ew Y .1 Ny, will be the required normal form.
The normal form will be obtained by the following procedures: Assume that ¢ is
not formally equivalent to the quadratic mapping in the preliminary normalization.
We first achieve the preliminary normal form by a mapping F° =1+ (f, £, f3)
and G® =1 + (g(l), gg) which are tangent to the identity. We can make F° and G°
to be unique by requiring f;'(z,0) = 0. Then a is normalized such thatad = a7
with [a~]s being nonzero homogenous part of the lowest weight. We may assume
that [a]s4+1 = [@]s+1. Inductively, we choose fll,Noo (N =2,3,...) to achieve
[@7IN+s—1 € WNy ;. In this step for a given N, we determine mappings
Fl =1+ (fll,le,f31) and G! = I + (g, g}) by requiring that f}!(z,&, w)
contains only one term £V, while fl £l g1, g3 have weight at most N and f3!
has weight at most N + 1. In the process, we also show that [f11 (z,&, w)]év"'s
depends only on z, if we do not want to impose the restriction on fll. Moreover,
the coefficient of £V +5=1 of f11 can still be arbitrarily chosen without changing
the normalization achieved for [ 7|y 45—1 Vvia [ fll] ~. However, by achieving
[@7IN+s—1 € WNy (_; via F 1'and G!, we may destroy the preliminary normal-
ization achieved via Fy and Go. We will then restore the preliminary normalization
via F2 =1 + (f2 7. /). G? =1 + (g3, g3) satisfying g7(z,0) = 0. This
amounts to determining g% = g1 and f12 = f1 via (204) and (205) for which the
terms of weight at most N 4 s have been determined by (237), and then f22 = fa,
f32 = f3, g% = g, are determined by (211), (212), and (182), respectively. This
allows us to repeat the procedure to achieve the normalization in any higher weight.
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We will then remove the restriction that the normalizing mappings must be tangent
to the identity. This will alter the normal form only by suitable linear dilations.
Suppose that by # 0. Let us verify that

(240) Lby #0.

We will also identify one of nonzero coefficients to describe the normalizing con-
dition on a. We write the two invariant polynomials

(241) V(2N =angV + ) piaz'Ewk,
j<N
@42) Y F(E -V =2y #V T Y g’ wk
i Jj<N-1

If we plug in w = Z2 + Z£, we obtain two polynomial identities in the variables
z,z,and &:

(243) N p (2N =anEV + Y 8 @ 425,
J<N
) Y F(z-pN T = ay gV Y s @z
i J<N-1

If we set Z = z = 0, we obtain that
(245) Ay =My = (=DV.

Recall that j is the largest integer such that (a™);, j,k, 7 0and ix+ jx+2ksx =s.
Since w | [a™]s, then k4 > 0. We obtain

(246) (LbN)i, (jutN—1ykr = (@ )iy juka BN (—Ay_y — judn—1 + kudn) # 0.
Therefore, we can achieve
(247) (a_)i*(j*+n)k* =0, n=1,2,....

This determines uniquely all by, b3, .. ..

We now remove the restriction that F' and G are tangent to the identity. Suppose
that both ¢ and ¢ are in the normal form. Suppose that Fo = ¢G. Then looking
at the quadratic terms, we know that the linear parts of /' and G must be dilations.
In fact, the linear part of F' must be the linear automorphism of the quadric. Thus
the linear parts of ' and G have the forms

(248) G':(z,6) = (vz,pE), F'(z,&w) = (vz,DE, v2w).

Then (F’)~'$G’ is still in the normal form. Since (F')~! F is holomorphic and
(G")~1G is CR, by the uniqueness of the normalization, we know that F’ = F and
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G’ = G. Therefore, F and G change the normal form a~ as follows,
(249) a(z,&,w) =va (vz,vE, v?w), veC\{0}.

When [a7]s = [a"]s # 0, we see that |v| = 1. Therefore, the formal automorphism
group is discrete or one-dimensional. O

Coffman [2006] used an analogous method of even/odd function decomposition
to obtain a quadratic normal form for non Levi-flat real-analytic m-submanifolds
in C" with a CR singularity satisfying certain nondegeneracy conditions, provided
%(n 4+ 1) <m < n. He was able to achieve the convergent normalization by a
rapid iteration method. Using the above decomposition of invariant and skew-
invariant functions of the involution o, one might achieve a convergent solution for
approximate equations when M is formally equivalent to the quadric. However,
when the iteration is employed, each new CR mapping ¢ might only be defined on
a domain that is proportional to that of the previous ¢ by a constant factor. This is
significantly different from the situations of [Moser 1985; Coffman 2006; 2010],
where rapid iteration methods are applicable. Therefore, even if M is formally
equivalent to the quadric, we do not know if they are holomorphically equivalent.

15. Instability of Bishop-like submanifolds

Let us now discuss stability of Levi-flat submanifolds under small perturbations that
keep the submanifolds Levi-flat, in particular, we discuss which quadratic invariants
are stable when moving from point to point on the submanifold. The only stable sub-
manifolds are A.n and C.1. The Bishop-like submanifolds (or even just the Bishop in-
variant) are not stable under perturbation, which we show by constructing examples.

Proposition 15.1. Suppose that M C C"*tl n > 2, is a connected real-analytic
real codimension-two submanifold that has a nondegenerate CR singular at the
origin. M can be written in coordinates (z, w) € C* x C as

(250) w=A(z,Z) + B(Z,Z) + O(3),

for quadratic A and B. In a neighborhood of the origin all complex tangents of M
are nondegenerate, while ranks of A and B are upper semicontinuous. Suppose
that M is Levi-flat (that is, Mcr is Levi-flat). The CR singular set of M that is not
of type B.} at the origin is a real-analytic subset of M of codimension at least two,
while the CR singular set of M that is of type B.1 at the origin has codimension at
least one. A.n has an isolated CR singular point at the origin and so does C.1 in
C3. Let So C M be the set of CR singular points. There is a neighborhood U of the
origin such that for S = So N U we have:

(1) If M is of type A.k for k > 2 at the origin, then it is of type A. j at each point
of S for some j > k.
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(i1) If M is of type C.1 at the origin, then it is of type C.1 on S. If M is of type C.0
at the origin, then it is of type C.0 or C.1 on S.

(iii) There exists an M that is of type B.y at one point and of C.1 at CR singular
points arbitrarily near. Similarly there exists an M of type A.1 at p € M that
is either of type C.1, or B.y, at points arbitrarily near p. There also exists an
M of type B.y at every point but where y varies from point to point.

Proof. First we show that the rank of A and the rank of B are lower semicontinuous
on Sy, without imposing the Levi-flatness condition. Similarly the real dimension
of the range of A(z, Z) is lower semicontinuous on Sg. Write M as

(251) w = p(z,2),

where p vanishes to second order at zero. If we move to a different point of Sy via
an affine map (z, w) — (Z 4 zo, W + wg). Then we have

(252) W +wo = p(Z + zo, Z + Zo).

We compute the Taylor coefficients

0 0 - 92
(253) W= P(z0.20)- Z + oo(20.20) - Z + Z*| (20, 20)| Z
0z 0z 0z0z
9p 9%p -
VA Z0)|Z + L1 z* Z0)|Z :
+3 [azaz (2o, Zo)i| +3 [8282 (Zo,Zo)] +0(3)

The holomorphic terms can be absorbed into W. If (3p/dZ)(zo, Zo) - Z is nonzero,
then this complex defining function has a linear term in W and a linear term in Z
and the submanifold is CR at this point. Therefore the set of complex tangents of

M is defined by

o
i
and each complex tangent point is nondegenerate. At a complex tangent point at the
origin, A is given by [(0%p/020Z)(zo, Z9)] and B is given by %[(azp/azaz) (zo, Zo)].
These matrices change continuously as we move along S. We first conclude that all
CR singular points of M in a neighborhood of the origin are nondegenerate. Further
holomorphic transformations act on A and B using Proposition 2.1. Thus the ranks
of A and B and the real dimension of the range of A(z, Z) are lower semicontinuous
on Sp as claimed. Furthermore as M is real-analytic, the points where the rank

(254) 0,

drops lie on a real-analytic subvariety of Sg, or in other words a thin set. Let U
be a small enough neighborhood of the origin so that S = So N U is connected.
Imposing the condition that M is Levi-flat, we apply Theorem 1.1. By a simple
computation, unless M is of type B.1, the set of complex tangents of M has
codimension at least two; and A.n has an isolated CR singular point and so does
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C.1in C3. Item (i) follows as A.k are the only types where the rank of B is greater
than one, and the theorem says M must be one of these types. For (ii), note that
since A is of rank one when M is C.x at a point, M cannot be of type A.k nearby.
If M is of type C.1 at a point then the range of A must be of real dimension two
in a neighborhood, and hence on this neighborhood M cannot be of type B.y.
Examples proving (iii) are given below. O

Example 15.2. Define M via
(255) w=|z,|*+yit +7,2,25.

It is Levi-flat by Proposition 6.2. At the origin M is of type B.y, but at a point
where z1 = z» = 0 and z3 # 0, the submanifold is CR singular and it is of type C.1.

Example 15.3. Similarly we obtain a CR singular Levi-flat M via
(256) W =Z{ 42,2525

this M is A.1 at the origin, but C.1 at nearby CR singular points.
Example 15.4. If we define M via

(257) w=yIi + |z, [z,

then M is a CR singular Levi-flat type A.1 submanifold at the origin, but type B.y
at points where z7 = 0 but z, # 0.

Example 15.5. The Bishop invariant can vary from point to point. Define M via
(258) w =z, P+ 2 (1 (1 —25) + 7,22),

where y1, y2 > 0. It is not hard to see that M is Levi-flat. Again it is an image of
C? x R? in a similar way as above.

At the origin, the submanifold is Bishop-like with Bishop invariant y;. When
z1 = 0 and z, = 1, the Bishop invariant is y,. In fact when z; = 0, the Bishop
invariant at that point is |y1 (1 — z2) + y222|.

Proposition 6.2 says that this submanifold possesses a real-analytic foliation
extending the Levi foliation through the singular points. Proposition 6.1 says that
if a foliation on M extends to a (nonsingular) holomorphic foliation, then the
submanifold would be a simple product of a Bishop submanifold and C. Therefore,
if y1 # y» then the Levi foliation on M cannot extend to a holomorphic foliation
of a neighborhood of M.
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MEASUREMENTS OF RIEMANNIAN TWO-DISKS
AND TWO-SPHERES

FLORENT BALACHEFF

We prove that any Riemannian two-sphere having area at most 1 can be
continuously mapped onto a tree in such a way that the topology of the fibers
is controlled and their length is less than 7.6. This result improves previous
estimates and relies on a similar statement for Riemannian two-disks.

1. Introduction

In this article we are interested to describe the possible geometries of Riemannian
two-disks and two-spheres in the same way a tailor determines the geometry of
a body: by taking some relevant measurements. We denote by A(-) the area
functional and | - | the length functional. Our main result deals with measurements
of two-disks:

Theorem 1.1. If D is a Riemannian two-disk, then for any € > 0 we can find a
continuous map to a trivalent tree such that the preimage of a terminal vertex is
either an interior point or the boundary 0D, the preimage of an interior point
of an edge is homeomorphic to a circle, the preimage of a trivalent vertex is
homeomorphic to the 0 figure, and fibers have length at most

(1+€) max{|dD| +/A(D), 4+ 11v/3/4)yA(D)}.

This theorem should be compared to a result by Y. Liokumovich [2014] which
states that any Riemannian two-disk D admits a Morse function f : D — R which
is constant on the boundary and whose fibers have length at most 52,/A(D) + |3 D|.

Using Theorem 1.1, we are able to estimate the measurements of two-spheres in
terms of their area.

Theorem 1.2. If M is a Riemannian two-sphere with area less than 1, then it admits
a continuous map to a trivalent tree such that the preimage of a terminal vertex is
a point, the preimage of an interior point of an edge is homeomorphic to a circle,
the preimage of a trivalent vertex is homeomorphic to the 0 figure and fibers have

length at most 2+/3 +33/8 ~ 7.6.

MSC2010: 53C23.
Keywords: Curvature-free inequalities, Bers constant, closed geodesic, isoperimetric inequalities,
width.
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This improves a previous estimate by Liokumovich [2014] proving such a result
with 8+/3 4 12 ~ 26 as upper bound on the length of the fibers. Note nevertheless
that the main result of Liokumovich is stronger: he proved the existence of a Morse
function f : M — R whose fibers have length at most 52. Also note that L. Guth
[2005] proved the existence of maps such as in Theorem 1.2 with the upper bound
120/(24/7) =~ 34 on the length of the fibers under the weaker assumption that the
1-hypersphericity is less than 1/(24/7). Finally we point out that the constant 7.6
in Theorem 1.2 is within a factor at most 6 from the optimal one; see Remark 2.8.

The interest in obtaining precise measurements for Riemannian two-spheres is
illustrated by the fact that we can derive upper bounds on the shortest length of a
closed geodesic, on the shortest length of a simple loop dividing the sphere into
two subdisks of area at least A/3, and on the maximal length of a shortest pants
decomposition for punctured spheres. More precisely, we are first able to recover the
result of C. Croke [1988] on the existence of short closed geodesics for Riemannian
two-spheres: we will deduce from Theorem 1.2 that any Riemannian two-sphere
with unit area carries a closed geodesic of length at most >~ 10.1; see Theorem 2.7.
This is not as good as the current best constant, due to R. Rotman [2006] and equal
to 4+/2 >~ 5.7, but it is not too far from it. Moreover, using Theorem 1.2, we can
also recover Theorem VI of [Alvarez Paiva et al. 2013] on the existence of a short
closed geodesic for Finsler (eventually nonreversible) two-spheres. The precise
statement is the following.

Theorem 1.3. Let M be a Finsler (eventually nonreversible) two-sphere with
Holmes—Thompson area less than 1. Then it carries a closed geodesic of length at
most 2./7 (113/3 4+ 16) ~ 31.1.

This improves the current best constant, due to Liokumovich [2014, Theorem 4].
We also easily deduce from Theorem 1.2 the following result, which also improves
one of Liokumovich [2014, Theorem 1].

Theorem 1.4. Let M be a Riemannian two-sphere. Then there exists a simple loop
of length at most (2+/3 + 33/8) JA(M) dividing M into two subdisks of area at
least A(M)/3.

Finally, it is straightforward to see that Theorem 1.2 implies the following.

Theorem 1.5. Let M be a Riemannian punctured two-sphere with area less than 1.
Then there exists a decomposition of M into 3-holed spheres such that each boundary
curve has length at most 2+/3 +33/8 ~7.6.

This improves the current best bound, even for hyperbolic metrics; compare with
[Balacheff and Parlier 2012].
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The paper is organized as follows. The first section presents Besicovich’s lemma
and some of its useful corollaries: Papasoglu’s lemma [2009] and the disk subdivi-
sion lemma of Liokumovich, A. Nabutovsky and Rotman [Liokumovich et al. 2014].
We also define an invariant called the 0-width, reformulate Theorem 1.1 in terms
of this invariant, and show how to prove Theorems 1.2 and 1.3 from Theorem 1.1.
In the second section, we prove Theorem 1.1. Our strategy is inspired by the proof
of [Liokumovich et al. 2014, Theorem 1.6] where it is shown that the boundary of
Riemannian two-disks with uniformly bounded diameter and area can always be
contracted through closed curves of bounded length. We show that it is enough
to consider the case where the length of the boundary is short in comparison with
the area. This step is performed using Besicovich’s lemma. Then we use the disk
subdivision lemma to argue by induction on the area.

2. Preliminaries

As we deal only with surfaces, we will use the terms of disk and sphere for two-
disk and two-sphere. We denote by A(-) the area functional and | - | the length
functional.

Besicovich’s lemma and consequences. In order to prove our results, we will
use the following fundamental result of metric geometry as well as some of its
consequences.

Lemma 2.1 [Besicovitch 1952]. Let ¥ be a Riemannian square. Then there exists
a simple geodesic path connecting two opposites sides of length at most \/JA(Y).

In particular, any Riemannian disk D whose boundary satisfies |3 D| > 4+/A(D)
can be subdivided into two subdisks of smaller perimeters (divide its boundary into
four equal parts and apply Besicovich’s lemma).

P. Papasoglu used Besicovich’s lemma to derive the following estimate.

Lemma 2.2 [Papasoglu 2009]. Let M be a Riemannian two-sphere. For any 6 > 0
there exists a simple closed curve of length at most 2+/3/A(M) +8 and subdividing
M into two disks of area at least A(M) /4.

Liokumovich, Nabutovsky and Rotman [2014, Proposition 3.2] apply Papasoglu’s
result to cut Riemannian disks into two parts of sufficiently big area by a curve of
controlled length. We reformulate their result as follows.

Lemma 2.3 (disk subdivision). Let D be a Riemannian two-disk. For any A < 1/4
and 8 > 0 there exists a subdisk D' C D such that A\A(D) < A(D") < (1 —-A)A(D)
and |dD'\ dD| < 23/3JA(D) + 6.
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Technical width. We now introduce our main tool, the 8-width, reformulate Theorem
1.1 in terms of this invariant, and show how to derive Theorems 1.2 and 1.3.

Definition 2.4 (6-width). Let M be a compact Riemannian surface (possibly with
nonempty boundary). We define the 6-width, denoted by Wy (M), as the infimum
of the L > 0 such that there exists a continuous map f from M to a trivalent tree T’
satisfying the following conditions:

(W1) f(0M) C T and the preimage of a terminal vertex is either an interior point
or a connected component of d M.

(W2) The preimage of an interior point of an edge is homeomorphic to a circle.
(W3) The preimage of a trivalent vertex is homeomorphic to the letter 6.
(W4) The preimage of any point has length at most L.

Observe that in particular Wy (M) > | M|.

Our results are consequences of the following estimate.

Theorem 2.5. Let D be a Riemannian two-disk. Then

Wo(D) < max{|dD| +A(D), 4+ 11+/3/4)JA(D)}.

We will prove this theorem in Section 3. It is straightforward to check that it
implies Theorem 1.1. Observe that it also implies the following statement, of which
Theorem 1.2 is a direct consequence.

Corollary 2.6. Let M be a Riemannian two-sphere. Then
Wo(M) < (2+/3+33/8) JA(M).

Proof of Corollary 2.6. Let M be a Riemannian two-sphere. First divide M into
two disks D and D, of area at least A(M)/4 by a simple closed curve of length at
most 3+/3+/A(M) by choosing 8 = +/3+/A(M) in Papasoglu’s result (Lemma 2.2).
Observe that choosing a better constant than 3+/3 does not lead to any improvement
in our final estimate. Now for each subdisk we have the following bound according
to Theorem 2.5:

Wo(D;) < max|[dD;| 4+ vA(D), (4+113/3/4)JA(D)))
< (2v/3+33/8) JA(M)

as A(D;) < (3/4)A(M) for i = 1,2 and |dD;| = |3 D3| < 3+/3JAM). 1t is
straightforward to check that

W (M) < max|Wy(D1), Wo(D2)} < (2v/3 +33/8)VA(M). O
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Existence of short closed geodesics. 1t is classic to derive for spheres the existence
of short closed geodesics from bounds on the 8-width. In particular:

Theorem 2.7. (1) A Riemannian two-sphere with area 1 carries a closed geodesic
of length at most 8/~/3+11/2 ~ 10.1.

(2) A Finsler reversible two-sphere with Holmes—Thompson area 1 carries a closed
geodesic of length at most /72 (8/3/3+11/2) ~ 12.7.

(3) A Finsler possibly nonreversible two-sphere with Holmes—Thompson area 1
carries a closed geodesic of length at most /3 (8/~/3+11/2) ~31.1.

Proof. It follows from [Alvarez Paiva et al. 2013, Section 4.4] that:

o If any Riemannian sphere M with unit area satisfies Wy(M) < C, then
any reversible Finsler sphere M’ with unit Holmes—Thompson area satisfies

Wo(M') < /m/2C.
« If any reversible Finsler sphere M with unit Holmes—Thompson area satisfies

Wy (M) < C, then any Finsler sphere M" with unit Holmes—Thompson area
satisfies Wy(M') < /6 C.

Now fix a Finsler sphere M. We denote by sys(M) the systole of M, defined as the
length of a shortest closed geodesic. By Corollary 2.6 it remains to prove that

(2-1) sys(M) < 3 Wp(M).

The existence of a closed geodesic on M can be proved through a minimax
argument on the one-cycle space %;(M; Z). We refer the reader to [Balacheff and
Sabourau 2010] and the references therein for additional information. Loosely
speaking, this space arising from geometric measure theory is made of multiple
curves (unions of oriented loops) endowed with some special topology. This space
allows us to define a minimax process on the Finsler sphere M using F. Almgren’s
isomorphism between the relative fundamental group 71 (¥#,(M; Z), {0}) and the
second homology group H>(M; Z) >~ Z. From a result of J. Pitts, the minimax
quantity

inf sup |z,

(z1) 0<r<1
where (z;) runs over the families of one-cycles inducing a nontrivial element of
w1 (#1(M; Z), {0}), bounds from above the systole.

We argue by contradiction. Suppose that sys(M) > %Wg (M). Fix € > 0 such
that sys(M) > % Wp (M) + €. By definition there exists a continuous map f from
M to a trivalent tree T satisfying (W1)—(W4) with length L = Wy(M) + €.

Let v be a trivalent vertex. Its preimage, denoted by 6(v), is made of three
disjoint oriented arcs o, o, and a3 with the same endpoints, ordered such that
li| < |az| < |er3|. Denote by B;; for 1 <i < j <3 the concatenation of the oriented
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arcs a; with —aj. As sys(M) > |B;;| we can continuously contract each of the
Bij to a point curve through a length decreasing homotopy by using a Birkhoff
process; see [Croke 1988, pp. 4-5]. We denote by {,ij},e[o,l] this homotopy with
the convention that /38. = B; i We define an element of 71 (¥,(M; Z), {0}) by

f (I)_ {_13112_2t+'8113_2t ifre [O’ %]’

T pr! ifr €[5, 1].

This gives rise to an element [ f,] € Hy(M, Z) such that | f,(t)| < %W@ (M) + € for
any t € [0, 1].

Now fix an edge e = [vg, v1] = [0, 1] which is not terminal. We denote by «;
the preimage of an interior point of e corresponding to the parameter ¢ € ]0, 1[ and
orient it in a coherent way. For i =0, 1, denote by «; the oriented curve obtained
as the limit of the curves «; when ¢t — i. The curve «; is a simple closed curve
contained in 6(v;). As before we can contract ¢; to a point through a homotopy
{Olf}te[o,l]- We define an element of 7 (¥,(M; Z), {0}) by

ozé_3’ fort e [O, %],
fe®)=qaz_, forte[s, 3],
al™? fort e [% 1].
This gives rise to an element [ f,] € Hy(M, Z) such that | f,(t)| < Wp(M) + € for
any ¢ € [0, 1].
Finally, fix a terminal edge e = [vg, v1] =~ [0, 1], with the terminal vertex corre-

sponding to 0. With the same notation as above, the curve « is reduced to a point
curve. We define an element of 71 (¥#,(M; Z), {0}) by

£ = {azt for t € [0, 31,
‘ a%’_l forte[%,l].

This gives rise to an element [ f,.] € Hy(M, Z) such that | f,(¢)| < We(M) + € for
any t € [0, 1].
It is straightforward to see (compare with [Balacheff 2003-2004, Section 1.3]):

(1= ) e [fel+ Y &1
ecE(T) veV(T)

for some choice of coefficients ¢, and ¢, in {—1, 1}. Here E(T) and V (T') denote
the set of edges and the set of vertices of T, respectively. This implies that there
exists an edge e such that [ f,] # 0 or a vertex v such that [ f,] # 0. According to
the minimax principle on the one-cycle space, we conclude that

sys(M) < 3 Wo(M) +e,

which is a contradiction. O
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Remark 2.8. Using the estimate (2-1), we observe that the flat metric with three
conical singularities of angle 27r/3 on the two-sphere obtained by gluing two flat
equilateral triangles of side 1 along their boundary satisfies

This proves that the constant in Theorem 1.2 is within a factor at most 6 from the

optimal one.

=]

3. The 0-width of a Riemannian disk

In this section we prove Theorem 2.5. For this we adapt the strategy of the proof of
[Liokumovich et al. 2014, Theorem 1.6] to control our invariant Wy.

Reduction to the short boundary case.

Lemma 3.1. Let D be a Riemannian two-disk and C > 0. Suppose that there exists
n > 0 such that for any subdisk D' C D for which

10D'] < (4+m)VA(D"),

Wo(D') < (1+n) max{|d D'| +/A(D'), Cy/A(D)}.
Then, for any subdisk D' C D,
Wo(D') < (1+n) max{|d D'| +/A(D'), Cy/A(D)}.

In the sequel, we will use this lemma with constant C = 0 (small area case) and

C=Cry=4+2n+2V3+—=—"——+1-
o 1 f(l 277)

we have

for0 < A < % and n > 0 (general case).

Proof. For any subdisk D’ C D we define n(D’) to be the smallest integer n such

that
10D'] < (4+n(3)")VAD.

Let D’ be a subdisk such that n(D’) = 0. Equivalently, we have that |3 D’| <
(4 +n)+/A(D’), and so we are done by assumption.

Now fix an integer n and suppose that for any subdisk D’ C D such that n(D’) <
n — 1, we have proven that

Wo(D') < (1+n) max{|d D'| +/A(D'), Cy/A(D)}.

Let D’ C D be a subdisk with n(D’) = n. In particular we have |0 D’| > 4,/JA(D’),
so we can subdivide D’ into two subdisks D} and D) of smaller perimeters using a
Besicovich cut « of length v/A(D’) (Lemma 2.1). More precisely,
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|aD}| < 21aD'| +VA(D")
<30 (3) +4NA(D/)+JA(D/
<((3)"" +4)VAD)

son(D)) <n-—1.

Let € > 0 be small enough so that all points of D’ at a distance at least € from
d D' form a subdisk denoted by D” C D’. The subdisk D" is itself subdivided by
the Besicovich’s cut « into two subdisks D;" C D] for i = 1, 2. By considering €
smaller if necessary, we can suppose that 3D is sufficiently close to 9 D; so that
|0D!'| < |dD’| and n(D]') <n — 1. In particular,

Wo(D}') < (14 n) max{|dD}|+/A(D]), C\/A(D])}

for i =1, 2 by the induction assumption, which implies that

Wo(D}) < (1 +n) max{|dD’'| + A(D"), C/JA(D)}.
Claim 3.2. Wy(D") <max{|dD'| +A(D") + o(e), Wo(D}), Wa(D5)}.

Proof of Claim 3.2. Indeed forany 6 >0andi =1, 2, let f; : D/ — T; be a continuous
map to a trivalent tree 7; satisfying conditions (W1)-(W4) with length strictly less
than Wy(D/) + §. Denote by v; the terminal vertex of 7; corresponding to the
boundary 9 D!. Consider a new edge e ~~ [0, 1] and define a new trivalent tree T
obtained from 77, T3, and e by identifying vy, vy, and the vertex of e corresponding
to {1} into the same vertex denoted by v. The trees 7| and 7> can be thought as
subgraphs of T. Denote by {y;};c[0.1] @ monotone isotopy from 9D’ to d D" formed
by level sets of the distance function to d D’. Tt satisfies |y;| < |0 D’| + o(¢€).
We define a new map f : D’ — T as follows:

fitx) ifxeD\dD;,
fxy=1 v ifxeaD{UdD],
t if x € y, fort € [0, 1].

By construction we have that the length of the preimages is always strictly less than
max{|dD'| + A(D') + o(€), Wo(D}) +38, Wo(D3) + 8}.

It is easy to check that f : D’ — T satisfies conditions (W1)—-(W3), which yields
the claim if we let § — O. O

Now Claim 3.2 implies

Wo(D') < (14n) max{|dD’| +/A(D"), CyA(D")}

by letting € — 0, and we are done by induction. (]
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The small area case.

Lemma 3.3. Let D be a Riemannian two-disk and n > 0. There exists € > 0 such
that any subdisk D' C D with A(D’) < € satisfies

Wo(D") < (1+1) (19D'| 4+ VA(D")).

Proof. According to Lemma 3.1 with C =0, it is enough to prove the lemma for
subdisks D’ with

19D < (4+n) Ve,

As observed in the proof of [Liokumovich et al. 2014, Lemma 2.3], for r small
enough, every ball of radius r is (1 4 O (r))-bilipschitz homeomorphic to a convex
subset of R?. Hence for € small enough the condition [0 D’| < (4 + n) \/€ ensures
that D’ is (1 4 n)-bilipschitz to a subset U C R? with analytic boundary. It is
easy to continuously contract the boundary of U into a point through a continuous
one-parameter family of closed multicurves — that is, the union of a finite number
of closed curves—of U with decreasing length. For this, consider a supporting
line £ of U. We linearly translate this line in the inner orthogonal direction until
we sweep out U and denote by {£,};¢[0,1] this family of translated lines (with the
convention that £o = £). For each t € [0, 1] the intersection £, NU consists of a finite
number of disjoint segments. By transversality we can assume that this number of
disjoint segments changes at each step by at most 1, and because the boundary is
analytic the number of such steps is finite.

Consider the family of closed multicurves y; defined as the boundary of the union
User.1y U M€ This is a continuous one-parameter family of closed multicurves of
U with decreasing length that contracts dU to a point. The multicurves involved in
this family are not disjoint, but it can be done by slightly perturbing the family in
the neighborhood of dU without significantly increasing their length. Finally, it
is classic to derive from this family amap f : U — T with T a trivalent tree and
satisfying conditions (W1)—-(W4), with L as close as wanted from |dU |; compare
with [Gromov 1983, p. 128]. In particular Wy(U) < |dU| which in turn implies
that Wy(D') < (1+n)|dD’|. O

The general case.

Let D be a Riemannian disk. Fix n > 0and 0 < A < 4—11 and define

Crp=4+21+2V3+ =% L /T=%
V3(1-2n)

We will argue by induction and prove that for any subdisk D’ C D,

Wy(D") < (1+n) max{[dD'| + A(D'), CryVA(D)}.
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This implies the conclusion of Theorem 2.5 by letting n — 0 and A — 21;- According
to Lemma 3.1 with C = C,_,, it is enough to estimate the 6-width of D’ under the
stronger assumption that [dD’| < (4 + ) ~/A(D').

Let € > 0 such that the conclusion of Lemma 3.3 holds. For any subdisk D’ C D
we define m(D’) to be the smallest integer m such that

o0 =e( ;)"

Let D’ be a subdisk such that m(D’) = 0. Equivalently, A(D’) < € and we are done
according to Lemma 3.3.

Now fix a positive integer m and suppose that for any subdisk D’ C D with
m(D") <m — 1 we have proven that

Wo(D") < (1+n) max{[dD'| + VA(D"), C;., JA(D))}.

Let D’ C D be a subdisk with m(D’) = m.
By Lemma 2.3 there exists a subdisk D, C D’ such that

AA(D") < A(D)) < (1—MA(D") and [9D)\3dD'| < (2v/3+n) VAD).

First case. If 9Dy N dD" # @, then D’ decomposes into an union of subdisks
Dy, ..., D; with disjoint interiors such that A(D) < (1-1)A(D’) fori =0, ..., k.
In particular for each i,

Wo (D)) < (1+ 1) max{|dD}| + /A(D}), C;.,/A(D))}

as m(D}) <m — 1, and the inductive assumption applies.
Using a similar argument to that of Claim 3.2, it is straightforward to check that

Wy (D") < (1++n) max{[|d D'|+|0 DG\ D' |+~/1 — A/A(D'), C; yv/1 — A/A(D")}

as [D)| < |dD'|+1dD)\ dD'| and A(D}) < (1 — W)A(D') fori =0, ..., k.
Combined with the fact that |0 D’| < (4 + n) /A(D’), this implies that

Wy (D") < (1+n) max{(4+2n + 234+ V1= 2)VAD), Cy.yvVA(D)}
< (14+n) max{|dD'| + /A(D"), Cs,vVA(D"},
as claimed.

Second case. 1f dD{NdD’ = &, then D" decomposes into the union of the disk D,
and an annulus «. Recall that

9D < (44 1) VA(D", A < (1 =AD",
0DG| < V3 +mVAD),  A(Dy) < (1= NAD).
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Thus m(Dy) < m — 1, so that, by the inductive assumption,

Wo(Dg) < max{|d Dyl ++/ A(Dp), Crnv/AD)} < Cyy VA(D").

Denote by h(s) the height of the annulus, that is, the distance between its two
boundary curves. We say that sd decomposes into a stack of annuli if there exist a
finite number of annuli 1, ..., d; with disjoint interiors such that «{ = Ule A;
and sd; Nsd; | = B; is a common boundary simple closed curve fori =1, ..., k—1.
The following lemma will help us to estimate the 0-width of D’.

Lemma 3.4. The Riemannian annulus 3 decomposes into a stack of annuli A,
Ar, ..., A such that

h(d) < VA fori=1,...,k,

2«/_(1—277)
|,3i|_2\/\/i7\/14(5ﬁ) fori=1,... . k—1.
Proof. Suppose that
h(sA A(A
b= 2f(1—2 )‘h

Consider for every 0 < ¢ < h(s) the 1-cycle ¢; formed by points of s{ at distance ¢
of Bo. By the coarea formula

(I=mh(st)

A(ler |7 € nh(sh), (1 —mh(sh)]}) 2/ e[ dt < A(SA),

nh(s)
so that there exists some ¢ € [nh(A), (1 — n)h(s4)] such that
2V/3
| < VA(A);

otherwise, we derive a contradiction. The cycle ¢; can be approximated by a union
of smooth closed simple curves with total length at most

2341
— JA(A).
T VA(A)
So i« decomposes into a stack of two annuli &; and «, such that sd; N, is a
simple closed curve of length at most

2347
— VA
Jion (sd)

and such that 2(sd;) < (1 —n)h(«A) fori =1, 2. By iterating this process, we derive
the lemma. O
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We suppose that the stack decomposition is ordered in such a way that D
and o, are adjacent. In the sequel we will denote by Sy the boundary curve of
s corresponding to 9D, and by B the one corresponding to dD’. Observe in

particular that
181l < V3 4+ 1) VA(D)
fori =0,...,k—1 and that

1Bkl < (44 ) VA(D').

Now it remains to estimate the 6-width of D’ using this stack decomposition.
For each annulus #; of the decomposition, choose a minimizing simple path «;
between its two boundary curves. Cutting then along the curve «; yields to a disk
we denote by D] whose boundary consists in the concatenation of 8;_1, a copy of
o;, B; and another copy of «;. Observe that

0D] < (4+mVAD) + (V3 + wmu(— H) Alsd)
2V/3(1 —2n)

< (4+2n+2«/§+ A(D").

1—A )
V3(1-2n)
Since A(D;) = A(sd;) < (1 —A2)A(D'), we have m(D)) <n—1fori=1,... k,
so that

Wy(D;) <max{|9dD]| 4+ /A(D}), C;.,v/A(D))}
< max{(4+ 2n4+2vV3+ % +/1— A)\/A(D/), CM\/A(D/)}
—2n
< G yvA(D').

by the inductive assumption.

Lemma 3.5. Fori=1,...,k,
Wo(DyU---U D) <max{Wy(DyU---UD_), Wy(D})}.

In particular, Wy (D') < max{Wy (D), ..., Wo(D})} < Cy ,+/A(D), which con-
cludes the proof of Theorem 2.5.

Proof. Fix § > 0 and i € [[1, k]]. Choose a trivalent tree T; (resp. Tl/ ) together
with a continuous map f; : D; — T; (resp. f/ : DjU---UD._, — T/) satisfying
conditions (W1)-(W4) with associated length strictly less than Wy (D;) 4§ (resp.
Wo(DyU---UD._,)+36).

We now fix some notation; see Figure 1. Let v; denote the terminal vertex
of T; whose preimage is 9D}, and v; the terminal vertex of 7; whose preimage is
Bi-1 =9(D{U---UD;_,). Denote by U; C T; a small neighborhood of v; € T;, by
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Figure 1. The annulus s near D;.

U/ C T! a small neighborhood of v; € T/, and by V; the closure of the union of the
preimages fi_1 (U;) and f’ i_l (U/). The set V; is isomorphic to a sphere with three
boundary components. One of these components is f;; the other two are denoted
by yi1 and y;», as in Figure 1.

Observe that y;1 is a small deformation of 8le viewed as a curve in D; , while
¥i2 is a small deformation of ;_; C DjU---U D;_,. In particular,

lyitl = 19D;| +o(e) and |yp| = |Bi—1]+o(e).

We will define a new map from Dy U --- U Dj to a trivalent tree by using the
restriction of the previous maps f; and f; on the complementary regions of V;, and
completing it on V; using the following map, whose straightforward construction is
depicted in Figure 2 on the next page.

Claim 3.6. There exists a map f : V; — Y where Y is a tripod (a trivalent tree
with only three edges) and satisfying conditions (W1)—(W4) with associated length
|0 D;| 4+ o(€). O

We apply the claim as follows. Consider the trivalent tree 7;” obtained from the
disjoint union of 7; \ U;, T/ \ U/, and Y after identification of the terminal vertices
of T; \ U; and Y corresponding to y;; and the one of Tl/ \ Ul./ and Y corresponding



180 FLORENT BALACHEFF

b8
-
B> 3

Figure 2. Themap f:V; — Y.

to y;2. We then define f”: DyU---U D; — T/ as follows:

filx) ifxeD;\V,
filx)=1f/(x) ifxeDyu---UD/_\V;,
fx) ifxeV,.

By construction we have that the length of the preimages is always less than
max{Wy(DyU---UD_))+38, Wy(D))+38, |0D]]| + o(e)}.

This concludes the proof by letting € — 0 and § — 0 as Wy (M) > |d M| for any
Riemannian surface M. (]
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HARMONIC MAPS FROM C” TO KAHLER MANIFOLDS

JIANMING WAN

We prove that a harmonic map from C” (r > 2) to any Kéhler manifold must
be holomorphic under an assumption on energy density. This can be con-
sidered as a complex analogue of the Liouville-type theorem for harmonic
maps obtained by Sealey.

1. Introduction

The classical Liouville theorem says that a bounded harmonic function on R" (or
holomorphic function on C") has to be constant. Sealey [1982] (see also [Xin
1996]) gave an analogue for harmonic maps. He proved that a harmonic map of
finite energy from R” (n > 2) to any Riemannian manifold must be a constant map.
In this paper we consider the complex analogue of Sealey’s result by asking: Must
a harmonic map with finite 9-energy from C" (n > 2) to any Kdhler manifold be
holomorphic?

On the other hand, from Siu and Yau’s proof of the Frankel conjecture [1980]
(the key is to prove that a stable harmonic map from S? to CP” is holomorphic or
conjugate holomorphic), we know that it is very important to study the holomor-
phicity of harmonic maps. So the above question is obviously interesting. We hope
that it is true. But we do not know how to prove it. Our partial result can be stated
as follows:

Theorem 1.1. Let f be a harmonic map from C" (n > 2) to any Kdhler manifold.
Let e(f) be the energy density and e (f) the d-energy density. If

1
(1-1) e(He"(fH)p)=0 (W)]

for some o > 0, where R denotes the distance from the origin to p, then f is a
holomorphic map.

The research is supported by the National Natural Science Foundation of China 11301416.
MSC2010: 53C55.
Keywords: harmonic maps, holomorphic maps.

I'The notation O means e(fe’(f)(p) < C/R4"+"‘ for some C > 0 and sufficiently large R.
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The condition (1-1) implies that the d-energy is finite. Since

R4n+oz

1
e”(f) = 0(w).

/ e’ (f)dv < c0.

1
(Juwzsdfw%fr=0(———>,

one has

This leads to

Note that we do not have any curvature assumption for the target manifold.

We should mention some other related results on holomorphicity of harmonic
maps. For instance, Dong [2013] established many holomorphicity results under
the assumption of the target manifolds having strongly seminegative curvature. Xin
[1985] obtained some holomorphicity results on harmonic maps from a complete
Riemann surface into CP".

If the target manifold is C™ (in this case every component of the map is a
harmonic function), then the answer of above question is positive (see [Wan 2010]).

The main idea of the proof of Theorem 1.1 is to consider a one-parameter family
of maps and study the d-energy variation.

The rest of the paper is organized as follows. Section 2 contains some basic
materials on harmonic maps. In Section 3, we study the first variation of the
d-energy. Theorem 1.1 is proved in Section 4.

2. Preliminaries

The materials in this section may be found in [Xin 1996].

2A. Basic concepts of harmonic maps. Let f be a smooth map between two
Riemannian manifolds (M, g) and (V, h). We can define the energy density of f by

Z (f«ei, fxei),

where {¢;} (i =1, ..., m =dim M) is a local orthonormal frame field of M. The
energy integral is defined by

e(f)= —traceldf|

l\)l'—‘

MﬂzerMu
M

If we choose local coordinates {x'} and {y®} in M and N, respectively, the energy
density can be written as

1 Af%(x) afP
@b ()0 =3 w>2?)§@

hap(f (x)).
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The tension field of f is
T(f) = (Ve df)(ei),

where V is the induced connection on the pullback bundle f~!T N over M from
those of M and N.

Definition 2.1. We say that f is a harmonic map if T(f) =0.

From the variation point of view, a harmonic map can be seen as the critical point
of the energy integral functional. Let f; be a one-parameter family of maps. We
can regard it as a smooth map M x (—e¢, €) — N. Let fo = f and (df;/dt)|;—0 = v.
Then we have the first-variation formula (see [Xin 1996])

(2-2) iE(ft)L_O:/ didev—/ (v, 7(f)) dv,
dt - M M

where W = (v, fiej)e;. If M is compact, then fM div W dv = 0. We know that a
harmonic map is the critical point of the energy functional.

2B. ('_)-energy. Let us consider the complex case. Let f be a smooth map from
C" to a Kéhler manifold N. Let J be the standard complex structure of C" and J’
the complex structure of N. Let w and " be the corresponding Kihler forms of
C"and N (i.e., (-, -)=(J-,-Yand @™ (-,-)=(J'-,-)). The E_)—energy density is
defined by
"(N)=1f1P =1fd = I £l

= 3(freil? +1fudeil’ =200 fuer, fder))

= 3(e(f) = (fFo™, o)),
where {e;, Je;} (i =1, ..., n) is the Hermitian frame of C" and ( f*w", w) denotes
the induced norm. We say that f is holomorphic if f,J = J'f,. Obviously, f is
holomorphic if and only if |3 f|*> = 0.

It is well known that a holomorphic map between two Kéhler manifolds must be

harmonic (see [Xin 1996]).
We denote the d-energy by

EsH=| |0f1*dv.

3. 5-energy variation

Let us consider the one-parameter family of maps f;(x) = f(tx) : C" — N,
te(l—e,14¢€)and f; = f. Let Bg denote the Euclidean ball in C" of radius R
around 0. We write

E(R,1) = / 101, dv.
Bg
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Lemma3.1. E(R,t) =t>2"E(Rt, 1).
Proof. Under the standard Hermitian metric of C*, g¥/ = §;; j» from (2-1) we have

e(f(x) = 1%e(f)(1x).
By using the natural coordinates, it is easy to show that
(fio", o)) = (o, w)(tx).
So we get
8fi2(0) = 213 17 (tx).

It is easy to check that

f|5f,|2dv:t2‘2”/ 101 |* dv.
BR BRt

Thus we obtain the lemma. O

We now prove the following variation formula for 3-energy:

A

Proof. Let {ey, ..., ey, = d/0r} be a local orthonormal frame field, where d/0r
denotes the unit radial vector field. By the definition of f;(x), it is easy to see that
the variation vector field of f; atr =1 1is

0

df
dt |_; gk ar’

JE(R,t
Lemma 3.2. ¥

vV =

The proof is separated into two steps.

Step 1. From (2-2), we have

=/ div(v, fie >ejdv—/ (v, T(f))dv
=1 Br B

:/aBR<v,f*;—r)dv=R/aBR £,

Since f is harmonic, we know that the tension field 7(f) is 0, and the second
equality follows from the divergence theorem.

d
— d
ar ls e(fi)dv

912
—‘ dv.
0
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Step 2. On the other hand, from [Xin 1996] we know that (d/dt) f,*a)N = déb;,
where 6, = fi(fi« d/3t)w" . Since (df;/dt)|,—1 = rf.d/0r, we get 6] =6 =
rf*i(f.9/9r)wN. Then

i *N
o B( w) dv

- =/BR(d6,a>)dv
=/ d(@/\*a))-l—/ (0, 0w)dv
Br Bg
:/ QA*w—/ 0, *de" "y dv
3B B
:/ 0 A xw
3B
=—/83R9(e,-)a)<e,-, 8%) dv
= —R/;BR (f* f*e) (ei, 8%) dv
:_R/M <J f* f*e,><Jel~, 88_r>dv

:R./a (v fuis o Yo

Noting that {(d6, w) dv = dO A xw, the second equality follows from the differential
rules, where & and * are the codifferential and star operators. By Stokes’ theorem
and the definition of §, the third equality holds. The fifth equality follows from
direct computation. Since we may choose e; = J d/dr, the last equality holds.

Combining Steps 1 and 2, we obtain

_R (
2 JoBk

Remark 3.3. If M is a compact manifold, [, (f*»", ®")dv is a homotopy in-
variant. This was observed first by Lichnerowicz [1970].

d Z 02
i BRlale dv

R VS VRS PR

t=1

4. Proof of Theorem 1.1

We use a similar trick to [Sealey 1982].
By Lemma 3.1, we obtain
0E(R, 1) 0E(R, 1)

=Q2-2nE(R,1 R
|, = QT WER DR
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On the other hand, from Lemma 3.2 and the condition (1-1), one has

dE(R,1), R 3 |? ), 0 i)
BT |r=1—5/BBR(f*a—r (g £ 55

R 9 |2 0 0
Zj/aBR(f*E R p ) av
R 0 0 0
=72 | Fogr || P = [ 5 | v
R on1 1
E_ER R2n+a/2c

__ER—a/Z’

where C is a positive constant. Hence for any € > 0, there exists an Ry such that

dE(R, 1)
_— —€
for all R > Ry. Therefore
dE(R, 1)

for R > Ry.
If E(00, 1) = [, 10f|*dv = E > 0, then there exists an R; such that for all
R > Ry we have E(R, 1) > Ey > 0. Since n > 2, we can choose a sufficiently small
€ such that
dE(R, 1)

when R > R, = max(Rg, R;). Then

_ A
E(oc0, 1) = |8f|2dvz/ —dR = .
on & R

2

This is a contradiction. Therefore f@n |0f]>dv =0. Hence f is a holomorphic map.

Remark 4.1. Compared with the real case [Sealey 1982], Lemma 3.2 has the term
(J'f«(8/0r), fiJ(3/0r)). We need to use condition (1-1) to control it.

Remark 4.2. If we consider the d-energy density ¢'(f) = [3f|? = | fuJ + J'f+|?,
the corresponding result of Theorem 1.1 also holds; i.e., if the condition (1-1)
is replaced by e(f)e'(f)(p) = O(1/R*"*%), then the conclusion is that f is a
conjugate holomorphic map (|3f]? = 0).
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EIGENVARIETIES AND INVARIANT NORMS

CLAUS M. SORENSEN

We give a proof of the Breuil-Schneider conjecture in a large number of
cases, which complement the indecomposable case, which we dealt with
earlier. In this paper, we view the conjecture from a broader global per-
spective. If U;r is any definite unitary group, which is an inner form of
GL(n) over K, we point out how the eigenvariety X(K?) parametrizes a
global p-adic Langlands correspondence between certain n-dimensional p-
adic semisimple representations p of Gal(@llC) (or what amounts to the
same, pseudorepresentations) and certain Banach-Hecke modules 5 with
an admissible unitary action of U(F ® Qp), when p splits. We express
the locally regular-algebraic vectors of 5 in terms of the Breuil-Schneider
representation of p. As an application, we give a weak form of local-global
compatibility in the crystalline case, showing that the Banach space repre-
sentations B; ¢ of Schneider and Teitelbaum fit the picture as predicted.
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1. Introduction

Let X be a number field. The Fontaine—Mazur conjecture [1995] predicts a charac-
terization of all (irreducible) Galois representations r : I'x = Gal(Q|K) — GL, (Qp)
occurring naturally — by which we mean some Tate twist of r is a subquotient of
the étale cohomology H*(X, Qp) of some smooth projective variety X /. Itis a
major result (due to Tsuji and others) that every such r is geometric, which means it
is unramified at all but finitely many places, and potentially semistable at all places

MSC2010: 11F33.
Keywords: Galois representations, p-adic Langlands, eigenvarieties, automorphic forms.

191


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2015.275-1
http://dx.doi.org/10.2140/pjm.2015.275.191

192 CLAUS M. SORENSEN

above p. Fontaine and Mazur assert the converse: that every geometric r occurs in
cohomology (up to a Tate twist). The potentially semistable representations are now
more or less completely understood, by work of Colmez and Fontaine [2000]. They
are given by admissibly filtered (¢, N)-modules (with Galois action), which are
objects of a more concrete combinatorial nature. The p-adic Langlands program,
still in its initial stages, attempts to link p-adic Hodge theory with nonarchimedean
functional analysis. Locally, if K is a fixed finite extension of Q,, and L|Q, is
another sufficiently large finite extension (the coefficient field), one hopes to pair
certain Galois representations r : 'y — GL,, (L) with certain Banach L-spaces with
a unitary admissible GL, (K)-action. This is now well understood for GL,(Qp)
thanks to recent work of Berger, Breuil, Colmez, Paskunas, and others. See [Berger
2011] for a nice survey.

The goal of this paper is to shed some light on a global analogue, for any n,
and any CM field K. To give the flavor, if £|Q is a quadratic imaginary field in
which p splits, we will set up a bijection between certain Galois representations
r : ' — GL, (L) (actually, pseudorepresentations) and certain Banach—Hecke
modules with a unitary admissible GL, (Qp)-action. This is most likely folklore.
We emphasize that this bijection is based on matching Satake parameters and
Frobenius eigenvalues at places away from p. More importantly, we relate the
algebraic vectors to the p-adic Hodge theory on the Galois side. The word certain
here has a precise meaning. It means those representations which come from an
eigenvariety, of some fixed tame level K?. We will be precise below.

We model the discussion on the GL,(Qp)-case: To any continuous Galois!
representation p : I'g,, — GL3(L), the p-adic Langlands correspondence associates
aunitary Banach L-space representation B(p) of GL»(Q,). Moreover, p is de Rham
with distinct Hodge—Tate weights precisely when there are nonzero locally algebraic
vectors: B(p)¥¢ # 0. Here we use the notation from [Breuil 2010, p. 7]. Some
authors prefer to write B(p)"2. (Recall that a vector is locally algebraic if some
open subgroup acts polynomially. They were studied in detail in [Schneider and
Teitelbaum 2001]. See Section 3.2 below for more details.) Conversely, if p is de
Rham with (distinct) Hodge—Tate weights, {0, 1 — k} (with the convention that the
cyclotomic character has weight —1), then the locally algebraic vectors are given
by

B(p)*& = Sym“(L?) @ 7(p)

for a smooth generic representation 7 (p), possibly reducible, obtained by a slight
modification of the classical local Langlands correspondence.

The Breuil-Schneider conjecture. The local p-adic Langlands program is somewhat
vague, and a precise conjectural framework is still developing beyond the case

UIn the introduction, we will denote global Galois representations by r, local ones by p.
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of GL2(Q),), where pretty much everything is known. However, there is a weak (but
precise) version formulated in [Breuil and Schneider 2007], which we now recall.
We keep our finite extension K|Q,, and a finite Galois extension thereof, K'| K.
Pick a third field of coefficients L C @p, finite over Qp, but large enough so that it
contains the Galois closures of K and K(’) (the maximal unramified subfield of K’).
The roles of these fields are the following. We consider potentially semistable
representations p : 'y — GL, (L), which become semistable when restricted
to Tx’. As mentioned above, such p correspond to (¢, N) x Gal(K’| K)-modules D
with an admissible filtration. This makes use of Fontaine’s period ring By,

D = (By ®a, P)FK/-

This is a finite, free K{j ®q, L-module of rank n with a semilinear Frobenius ¢, a
(nilpotent) monodromy operator N such that N¢ = p¢ N, a commuting action of
Gal(K’|K), and an admissible Galois-stable filtration on Dg-. Note

K'®q, L~ [] K ®k:L.
t€Hom(K,L)

Accordingly, Dgs ~ [], Dk,r, and each K "®k ¢ L-module Dk . is filtered.

» Hodge—Tate numbers. For each v : K < L, we let i1 ; <--- < iy . denote the
jumps in the Hodge filtration (listed with multiplicity). That is,

g (Dgro) 0 < i €{it ... in).

We will denote this multiset of integers by HT:(p) ={i;:j =1,...,n}.

o Weil-Deligne representation. If we forget about the filtration, the resulting
(¢, N) x Gal(K’| K)-module corresponds to a Weil-Deligne representation,
once we fix an embedding K, < L; see Proposition 4.1 in [Breuil and
Schneider 2007] for details on this correspondence. Basically, one looks at the
n-dimensional L-vector space

DL =D®K6®@pL L,

with the induced N coming from By, and with r : Wxg — GL(Dy,) defined
by r(w) = ¢~2@) o . Here @ denotes the image of w in Gal(K’|K), and
d(w) gives the power of arithmetic Frobenius which w induces. The ensuing
Weil-Deligne representation becomes unramified upon restriction to Wg-. We
will denote it by WD(p) = (r, N, D) throughout the text.

The Breuil-Schneider conjecture asks for a characterization of the data arising
in this fashion, assuming all Hodge—Tate numbers are distinct. To state it, start
with abstract data. Firstly, for each embedding 7 : K < L, say we are given
n distinct integers HT; = {ij,; < --- < in,z}. Secondly, say we are given some
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n-dimensional Weil-Deligne representation WD, with coefficients in L, which
becomes unramified after restriction to Wg-. With this data, we will associate
a locally algebraic representation BS of GL,(K), with coefficients in L. The
algebraic part is defined in terms of the HT ;, the smooth part in terms of WD. Our
data should come from a Galois representation p, as above, precisely when BS has
a GL, (K)-stable Op -lattice, the unit ball of an invariant norm.

The following was also announced as Conjecture 4.1 in Breuil’s [2010] ICM
address:

The Breuil-Schneider conjecture [2007, Conjecture 4.3]. The following are equiv-
alent:

(1) The data HT; and WD arise from a potentially semistable p.

(2) BS admits a norm || - ||, invariant under the action of GL, (K).
Before we recall the status of the conjecture, we return to the definition of BS.

e Algebraic part. Introduce bj ; = —ip+1—j,r —(j —1). That is, write the i; ;
in the opposite order, change signs, and subtract (0, 1,...,n—1). We let &;
be the irreducible algebraic L-representation of GL,,, of highest weight

bl,t = b2,t <.--=< bn,r

relative to the lower triangular Borel. Their tensor product £ = @), &7, with
7 running over Hom(K, L), is then an irreducible algebraic representation of
GL, (K ®q, L) over L. We will view & as a representation of GL, (K).

» Smooth part. By the classical local Langlands correspondence [Harris and Tay-
lor 20011, the Frobenius semisimplification WDF** is isomorphic to recy, (77°)
for some irreducible admissible smooth representation 7 ° of GL,, (K), defined
over @p. Here rec, is normalized as in [loc. cit.]. To define it over @p, we
need to fix a square root ¢ /2 where q = #Fg. By the Langlands classification,
one has

Indp(Q(A1) ®---® Q(A,)) = 7°,

a unique irreducible quotient, where the Q(A;) are generalized Steinberg
representation built from the A;, which are segments of supercuspidals, suitably
ordered. The smooth part of BS is now defined to be

7=Indp(Q(A1)® - 0(A,))® |det|(1_”)/2,

or rather its model over L, which is independent of the choice of q1/2. Note
that 77 ~ 77° ® |det| Y =)/2 if and only if 7° is generic (that is, has a Whittaker
model). For that reason, the association WD — r is often called the generic
local Langlands correspondence.
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We let BS = £ ® 7, following [Breuil and Schneider 2007] (although they do
not use the notation BS). In fact, we will find it more convenient to work with
a different normalization. In the above construction there is a choice of a sign,
essentially reflected in whether one twists by |det|(1_”)/ 2 or its inverse. The latter
is more commonly used in the references we rely on. The resulting representation
is just a twist of BS by a harmless explicit p-adically unitary continuous character.
Namely, ~

BS=BS®.u""", w(g) = Nkjg,(detg),

where a™ = ala|p = BS(Xcyc)(a) € Z; denotes the unit factor of an a € Q. Of
course, BS has an invariant norm if and only if BS does, so it makes no real
difference. It reflects a Tate twist: ﬁé(p) is nothing but BS(p ® X’C’y_cl).

The implication (2) = (1) in the conjecture is in fact completely known. After
many cases were worked out in [Schneider and Teitelbaum 2006; Breuil and
Schneider 2007], the general case was settled by Y. Hu in his thesis [2009]. In
fact, Hu proves that (1) is equivalent to the Emerton condition, which is a purely
group-theoretical condition:

3) JpBS)ZN=X £0 = VzeZi |55 @)@ <1.

Here Jp is Emerton’s generalization of the Jacquet functor [2006a; 2007]. The
heart of Hu’s proof is to translate (3) into finitely many inequalities relating the
Hodge polygon to the Newton polygon. In the vein of [Fontaine and Rapoport
2005], he is then able to show the existence of an admissible filtration compatible
with the given data. The implication (2) = (3) is relatively easy.

What remains is to produce an invariant norm on BS(p), for any potentially
semistable p (with distinct Hodge—Tate weights). One of the main motivations
for writing this paper was to make progress in this direction, (1) = (2). The
supercuspidal case was dealt with in [Breuil and Schneider 2007] by purely local
methods (see Theorem 5.2 in [loc. cit.]). The desired norm can be found either by
compact induction, or by looking at matrix coefficients.

When WD(p) is indecomposable (in other words, 7° = Q(A) is generalized
Steinberg), we proved (1) = (2) in [Sorensen 2013]. Here (as in the supercuspidal
case) the Emerton condition boils down to just integrality of the central character, and
in fact the resulting conjecture was stated explicitly as Conjecture 5.5 in [Breuil and
Schneider 2007]. The key point of [Sorensen 2013] was to make use of the fact that
QO (A) is a discrete series representation, and therefore admits a pseudocoefficient.
Inserting this as a test function in the trace formula for a certain definite unitary group,
one can pass to a global setup (a la Grunwald—Wang). Finally, the desired norm was
found by relating classical algebraic modular forms to the completed cohomology
for the definite unitary group, HO. (This is within the framework of [Emerton
2006b], in which completed cohomology was defined and studied extensively for the
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tower of locally symmetric spaces — for any reductive group. In our case, however,
these constructions boil down to just continuous functions on profinite sets, and
Emerton’s general machinery is not needed.) The argument in [Sorensen 2013] is
purely group-theoretical, and in fact carries over to any connected reductive group
over Qp, exploiting a compact form (using a Galois cohomological computation
of Borel and Harder, which shows the existence of locally prescribed forms).

The purpose of this paper is to prove results which complement those of [Sorensen
2013]. The idea of relating algebraic modular forms to HO, already present in
[Emerton 2006b], can be pushed further, now that local-global compatibility at
p = £ is available in the “book project” context. This was proved recently by
Barnet-Lamb, Gee, Geraghty, and Taylor in the so-called Shin-regular case [Barnet-
Lamb et al. 2014], and this regularity hypothesis was then shown to be unnecessary
by Caraiani, as part of her Harvard Ph.D. thesis — see [Caraiani 2012]. This results
in the following somewhat vague Theorem A, which we will make more precise in
Theorem B below.

Theorem A. The Breuil-Schneider conjecture holds for representations p that
come from stable automorphic representations w on definite unitary groups, of
regular weight (that is, restrictions p >~ ry |r, , at places w|p, of irreducible
automorphic Galois representations 1, of regular weight).

Eigenvarieties. We will combine the approaches of [Chenevier 2009; Emerton
2006b]. Thus let IC be a CM field, with maximal totally real subfield F. Let D be
a central simple KC-algebra of dimy (D) = n?, equipped with an anti-involution »
of the second kind (that is, x| is conjugation). We introduce the unitary F-group
U = U(D, %), an outer form of GL(n), which becomes the inner form D> over K.
It will be convenient to also introduce G = Resp|g(U). We will always assume
that U is a totally definite group. In other words, we assume that G(R) is a compact
Lie group, which is therefore a product of copies of U(n).

We will fix a prime number p such that every place v|p of F splits in K,
and such that D5 ~ GL, (K, ) for every w|v. To be safe, we fix an isomorphism
Dy, => M, (Ky) once and for all (uniquely determined up to inner automorphisms).
To keep track of various identifications, it is customary to choose a place v of K
above every v|p. Once and for all, we also choose an isomorphism ¢ : C = @p.
This gives rise to an identification

Hom(F, R) = Hom(F, C) ~ Hom(F, @) = |_|Hom(F,. Q).
v|p

and similarly for Hom(/C, C). By assumption F, >~ Ky, for w|v, so the choices {v}
just amount to fixing a CM-type @, which is ordinary for ¢, in the sense of [Katz
1978]. This will ensure that the various identifications we make are compatible.
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The eigenvariety for G depends on the choice of a tame level K? C G(A;’ ). It
is a reduced rigid analytic space X, g, where we take E to be the Galois closure of
F in Q,, with additional structure:

1 X—=>T, A:H(KP)P = OX).

Here YA“/ E 1s weight space, parametrizing locally analytic characters of T(Qp),
and H(KP)*" is the spherical central subalgebra of the Hecke E-algebra H(K?).
Finally, O(X) is the Banach algebra of rigid functions on X. Moreover, there is a
Zariski-dense subset X C X(@p) such that the evaluation

X(@p) —> (T x Spec H(KP)P)(Qp),  x +> (xs Ax)s

identifies X with the set of classical points: roughly this means that, first of
all, yx = ¥y - Ox is locally algebraic (1« is the algebraic part, 6, is the smooth
part), and there exists an automorphic representation 7 of weight ¥, such that
Ty < Indg (0x), and H(KP)®" acts on JT;(D # 0 by the character A,. (The
condition that 7, embeds in a principal series is the analogue of the “finite slope’
requirement showing up in the classical works of Coleman, Mazur and others. The
choice of a 6y is called a refinement of 7r.) Thus a classical point x carries a little
more information than just an automorphic representation 7y ; it keeps track of
the refinement 0. We refer to Section 4 below for more details on eigenvarieties,
which contains references to their various constructions.

]

It is of utmost importance to us that the eigenvariety carries a family of Galois
representations. To be more precise, if we let ¥ = X (K?) be the set of ramified
places, there is a unique continuous n-dimensional pseudorepresentation into the
unit ball O(X)=! of O(X), say

T :Trs — OX)=!,
associated with A : H(KP?)®" — O(X), in the sense that for all places w ¢ X,
T (Froby) = A(bwlv(hw))-

Here hy, is the element of the spherical Hecke algebra for GL, (ICy, ), which acts
via the sum of the (integral) Satake parameters on spherical vectors, and

bwlv : H(GL, (Ky), GL, (Ok,,)) — H(U(Fy), Ky)

is the standard base change homomorphism between the pertaining spherical Hecke
algebras, see (4.2) on p. 17 in [Minguez 2011], and his Theorem 4.1. Here K, is
the factor of K7 at v. It is a hyperspecial maximal compact subgroup of U(Fy)
(note that this does not determine K, up to conjugation when n is even, but our
K? is fixed from the outset). In particular, for each x € X(@p) there is a unique
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semisimple Galois representation
rx:Tes — GLn(@p), Tx = tr(ry).

In fact, the way 7 is constructed is by first defining ry for regular classical
points x € X, by which we mean the dominant character v, is given by a strictly
decreasing sequence of integers (at some place). We will denote this subset of
points by X;ee C X,i. Thanks to [White 2012, Theorem 6.1, p. 28] (now superseded
by [Kaletha et al. 2014]) this guarantees that 7 has a base change to GL, (Ax) of
the form IT = HH IT;, where the I1; are cohomological cuspidal (as opposed to just
discrete) automorphic representations to which one can attach Galois representations.
Now, Xe; can be shown to be Zariski dense, and a formal argument in [Chenevier
2004] interpolates the pseudocharacters tr(pox) for x € Xy, by a unique 7, which
one can then specialize at any point x € X(@p).

We can now rephrase the statement in Theorem A in terms of eigenvarieties:
if x € Xyeg is a (classical) point such that ry is irreducible (as a representation of
[x), and w|p is a place of K, then rx|r,., is potentially semistable, and its locally
algebraic representation BS(rx|ry., ) admits a GL;, (Ky,)-invariant norm.

Our main result. The actual construction of an invariant norm ||-|| is more interesting
than its mere existence. It comes out of a much more precise result, which we
now describe. Fix a finite extension L|E. At each point x € X(L), we have a
pseudorepresentation 7y : I',x — L (the trace of an actual representation py, which
may or may not be defined over L). On the other hand, to x € X(L) we associate
the Banach L-space

Bx = (L®g H(KP)"™x,

where h = H(K?)*P" is shorthand notation. This space is really very concrete. The
completed cohomology H°(K?) is here nothing but the space of all continuous
functions

f:Y(KP)—>E, Y(KP)=1limY(K,K"), Y(K)=G@\G(As)/K
Kp

with supremum norm. The superscript h = A, means we take the eigenspace
for the character Ax : h — L (not the generalized eigenspace). Note that By is
much more than just a Banach L-space: For one thing, it is a Banach module for
the Banach—Hecke algebra ’;[(K P) (see [Schneider and Teitelbaum 2006] for a
detailed discussion of these). For another thing, there is a natural 7/-\[(K P)-linear
action of G(Q),) by isometries of By, which is admissible (meaning that its mod p
reduction By is a smooth admissible representation of G(Qp) over Fz, in the usual
sense). Now, for two points x, x" € X(L),

Tx =Tx &= Ax = Ay < By = By,
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since each by, |, is onto; see Corollary 4.2 in [Minguez 2011] (a fact also used on
p- 10 of [Clozel et al. 2011]). In other words, the set of all pairs (7, By) is the
graph of a bijection between the set of pseudorepresentations {7 : x € X(L)}, and
the set of Banach representations {5y : x € X(L)}. That is, there is a one-to-one
correspondence:

n-dimensional pseudo- Banach 7z, (K?)-modules B
representations 7 : I'x x — L » <— with admissible unitary
coming from X (L) G (Qp)-action, coming from X(L)

Here 7 <> B means there is a point x € X(L) such that 7 = 75 and B = B,.. (We
say that a pseudocharacter 7 : ' s — L comes from X(L) if it is of the form 7
for a point x € X(L), and similarly for Banach modules.)

To ease the exposition, let us assume we have split ramification. That is,
S(K?) C Splg|p. Then local base change is defined everywhere, and there is
a unique automorphic representation 7, associated with a point x € X such that
ryx is irreducible (indeed its global base change is cuspidal and determined almost
everywhere). Experts have informed us that m(r,) = 1, but we have not been able
to locate it in the literature. Our main result in this paper is the following, which
will be proved in Section 6.

Theorem B. Assume S(K?) C Sply . For each classical point X € Xteg N Xirr, de-
fined over L, such that m(my) = 1, there is a unique (up to topological equivalence)
Banach space B(ryx) over L with an admissible unitary G(Qp)-action such that:

(1) B(ry)™e ~ l%(rx) = ®v|p lf3\§(rx|r,cﬁ) is dense in B(ry).

(2) There is a G(Qp) x H(KP)-equivariant topological isomorphism,

B(m)@(@nﬁ)%

vip
(Here B?lg denotes the closure of the locally regular-algebraic® vectors in By.)

(3) If rx is crystalline above p, there is a continuous G(Qp)-equivariant map with

dense image,
Bg, ¢ — B(rx),

which restricts to an isomorphism Hg ¢ — B(rx)™2. (Here Hg ¢ and Bg ¢
are the spaces introduced by Schneider and Teitelbaum [2006], and we take &
of highest weight ., and Cx to be the eigensystem of 0.)

2 Apparently “regularity” is no longer an issue here (see Section 2.3 below). We warn the reader
that the terminology “regular-algebraic” can be misleading here. It is stronger than “cohomological”.
It means the Hodge—-Tate gaps (for some embedding 7) are at least two. The condition arises in
endoscopy when base-changing to GLj,.
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Since Theorem B is exclusively about classical points, it can be formulated
purely in terms of automorphic Galois representations (thus refining and extending
Theorem A): for instance, it says that ®U| » ﬁé(rmtlr,cﬁ) admits a unitary Banach
completion B(ry,) such that

Blra) ® (r1)K” =5 FO(KP) [,

The eigenvariety formulation of Theorem B is more amenable to generalization, and
is meant to signal what we expect to be true. Namely, say x € X(L) is a point which is
not a priori known to be classical, but which behaves like a classical point—in that
rx|ry,, is potentially semistable of regular weight, for all w|p. Then Theorem B
should hold verbatim for x, which essentially means x is necessarily classical
(cf. the Fontaine—-Mazur conjecture). Furthermore, if a p-adic local Langlands
correspondence exists in this generality, we believe that B(ryx) = ®U| »B(rx |F;<5)
should satisfy something along the lines of (2), for any point x: the representations
Ty v are still defined for v  p, via classical local Langlands, and we would hope
that B(ry) ® (®v tp n,{f 5) at least embeds into By (perhaps assuming the local
restrictions 7y |l";<5 are irreducible for v|p).

Caraiani, Emerton, Gee, Geraghty, Paskunas, and Shin [Caraiani et al. 2014]
have recently announced spectacular work in the principal series case. They employ
a delicate variant of the Taylor—Wiles—Kisin patching method (allowing the weight
and p-level to vary freely), and construct a candidate for the p-adic local Langlands
correspondence for GL,, (F') via deformations of Galois representations. This makes
use of auxiliary global data, and they are unable to show the proposed candidate only
depends on the local data at p. However, they are able to say enough about their
construction to reduce the Breuil-Schneider conjecture to folklore conjectures in the
automorphy lifting world. For instance, they prove that BS(p) admits an admissible
unitary Banach completion for potentially crystalline p : 'r — GL,(E) which
lie on an automorphic component of a certain potentially crystalline deformation
ring — which is expected to always hold. Morally, we show Breuil-Schneider for
P = ra.lry, > and [Caraiani et al. 2014] shows it for potentially crystalline lifts p
of 7'z,|rp,, — which of course is more general, but their techniques rely on heavy
machinery.

Organization of the paper. Section 2 sets up notation used throughout the paper, and
recalls how to attach Galois representations to automorphic forms on definite unitary
groups. We work out the relation between Breuil-Schneider’s normalization BS
and our preferred normalization BS, which is what occurs naturally in cohomology.
In Section 3 we briefly discuss completed cohomology in this context, which
boils down to just H° — continuous functions on a profinite set, and relate its
locally algebraic vectors to algebraic modular forms. This is crucial for the general
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strategy of our paper (and its prequel [Sorensen 2013]). At the end we prove
Theorem A. Section 4 introduces eigenvarieties X and the (semisimple) Galois
representations p, they carry — fundamental notions in Section 5, which discusses
the Banach representations B, associated with arbitrary points x on X, and sets up
the bijection py <> By in Theorem B. Section 6 goes into detail about how one can
naturally complete BS and get a “rough” candidate for a p-adic local Langlands
correspondence B(ry,) < Bx when x is classical, and explains to what it extent it
satisfies local—global compatibility. We specialize to the crystalline case, and show
that our candidate B(ryx) is (almost) a quotient of the purely locally defined Banach
representation Bg ¢ of Schneider and Teitelbaum — as predicted. Section 7 is
logically independent of the rest of the paper, and we include it here only for future
reference. It gives an in-depth treatment of “Zariski density of crystalline points” in
this context, by expanding on an argument of Emerton (building on work of Katz)
in the case of GL(2),q. Density should be important in future work on extending
parts of Theorem B to (a priori) nonclassical points.

2. Automorphic Galois representations

We start out by summarizing what is currently known about attaching Galois
representations to automorphic representations of definite unitary groups. Due to
the work of many people, we now have an almost complete understanding of this,
and below we merely navigate the existing literature. We claim no originality in
this section. Our goal is simply to state the precise result. Particularly, we want to
emphasize the local-global compatibility at p = £, recently proved in [Barnet-Lamb
et al. 2014; Caraiani 2012], which is fundamental for this paper.

2.1. Definite unitary groups. Throughout this article, we fix a totally real field F,
and a CM extension K. We let ¢ denote the nontrivial element of Gal(X|F). The
places of F will usually be denoted by v, and those of X by w. We are interested
in outer forms U of GL(n) r, which become an inner form D> over K. Here D
is a central simple K-algebra, of dimx(D) = n?. These forms are unitary groups
U = U(D, %), where x is an anti-involution on D of the second kind (x| = ¢).
Thus, for any F-algebra R,

UR)={xe(D®F R)* :xx* =1}.

We will always assume from now on that U(F ®g R) is compact. Thus, by making
a choice of a CM-type ®, the group may be identified with U(n)Hom(F:R) (yp
to conjugation). It will be convenient to work over the rationals, and introduce
G = Resp|g(U). With the same ® one identifies G(C) with GL,, (C)Hom(F.R)

2.2. Weights of automorphic representations. Following standard notation in the

subject, (Z")iom(K’C) will denote the set of tuples a = (ar)reHom(k,c)> Where each
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ar = (as,;) itself is a decreasing tuple,
ar = (a‘r,l ZAgp = = ar,n),

of integers. In the obvious way, we can identify a,; with a dominant weight for
GL(n), relative to the upper triangular Borel. We say a; is regular if all the
inequalities above are strict. We say a is regular if a. is regular for some t.

Now, let 7 = o ® 7y be an automorphic representation of U(Afg). We will
define what it means for 7 to have weight a: Every embedding t : L < C restricts
toa o : F — R, which corresponds to an infinite place v = v(o) of F. With this
notation, 7 identifies U(Fy) >~ U(n), under which 7, should be equivalent to the
contragredient Var, or rather its restriction. Here V, is the irreducible algebraic
representation of GL,, (C) of highest weight a;.

Remark. We must have V. = Va,- In other words, d¢,; = —arnt+1—;.

2.3. Associating Galois representations. We have introduced enough notation in
order to formulate the following main result, the foundation for our work. As
mentioned already, this is the culmination of collaborative efforts of a huge group
of outstanding mathematicians, as will become clear below.

Theorem 1. Choose a prime p, and an isomorphism ¢ : C = @p. Let  be an
automorphic representation of U(AF) such that ms has regular weight a. Then
there exists a unique continuous semisimple Galois representation

pry T = Gal(@lic) — GL, (@p)

such that the following properties are satisfied.:
(@) Py /Ofr,t ® G?yzl’

(b) For every finite place v, and every w|v (even those above p),
WD (o1, YEss ~ trec(BCyy )y (y) ® |det|1(v1_”)/2)

whenever BCy|y, () is defined, namely if my is unramified or v = ww® splits.

(©) prlry,, is potentially semistable for all w|p, with Hodge—Tate numbers

HTLr(Pn,LlF;Cw) ={ac;+(n—j):j=1,...,n}

for every T : K < C such that 1t lies above w. A word about our normalization
here: px, ®z.x,, Ck,, () has no I, -invariants unless i is of the above form,
in which case they form a line. Thus HT ¢ (€cyc) = {—1}.

Proof. Ngo’s proof of the fundamental lemma makes endoscopic transfer widely
available. In particular, weak base change from any unitary group associated
with K| F to GL,(Ax) has matured. Building on work of Clozel and Labesse,
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White [2012] worked out the cohomological case completely. In our given setup,
7Ty 18 automatically discrete series for all v|oo, in which case Theorem 6.1 in [White
2012] —or rather the pertaining remarks 6.2 and 6.3 — yields an automorphic
representation

n=I,8\---BII,

of GL,, (Ax) which is an isobaric sum of mutually nonisomorphic conjugate self-
dual cuspidal automorphic representations IT; of some GL,; (Ax) such that

My = BCva(”v)

for all w|v, where v is split or archimedean, or 7, is unramified. The regularity of
oo ensures that the I1; are cuspidal (as opposed to just discrete), which in turn
implies the previous equality at the archimedean places w|v. Let us spell it out in
that case: Fix an embedding t : < C inducing K, ~ C. Then,

o, - C*=We~ Wi, = GL,(C)
maps
(Z/E)—hl—i—(n—l)/z

Z =

’

(2/5)—hn+(n—1)/2

for certain h; € Z, which are given in terms of the weight by h; = a, ; + (n — j).
This last formula is worked out in [Bergeron and Clozel 2005], for example (see their
Proposition 5.3.1, p. 63, which gives the Langlands parameters of cohomological
representations of U(a, b)). These h; are distinct, so each I1; ® |det|,(c”i_”)/ 2 is
regular-algebraic, essentially conjugate self-dual, and cuspidal. By Theorem A of
[Barnet-Lamb et al. 2014], and the references therein, we can associate a Galois
representation 7, , to it satisfying the properties analogous to (a)—(c). As a remark,
in [loc. cit.] local—global compatibility at p is proved assuming Shin regularity,
which is much weaker than regularity. In any case, the Shin regularity assumption
was removed by Caraiani [2012]. It is then straightforward to check that the
representation

Py =T, D -Drm,,
has the desired properties. It is uniquely determined by (b), by Tchebotarev. [

Remark. It appears within reach to extend the previous argument to the irregular
case. By [White 2012], one still has a weak base change HElf:l I1;, but the IT; are
only discrete, not cuspidal. By Shapiro’s lemma in (g, K)-cohomology, these IT;
should still be cohomological (of Speh type). By the Moeglin—Waldspurger de-
scription of the discrete spectrum of GL(#;), one can in turn express each I; as an
isobaric sum of cusp forms, with which one can associate Galois representations.
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After having consulted several experts in the field, we are quite optimistic about
this line of argument, and that the ubiquitous regularity® assumption (appearing
throughout this paper) can safely be dropped. However, we have not made any
serious attempt to work out the details. We are hopeful that the recent joint work
of Kaletha, Minguez, Shin, and White [Kaletha et al. 2014], which complements
[Mok 2014], should provide the strengthenings of [White 2012] needed.

2.4. The Breuil-Schneider recipe. We attach to a potentially semistable represen-
tation p : I',, — GL, (@p), with distinct Hodge—Tate numbers, a locally algebraic
representation BS(p) of GL, (/) on a @p—vector space, as in the introduction.
The Breuil-Schneider conjecture is the mere existence of an invariant norm on
BS(p). Our first goal is to prove the conjecture for p = px |1y, for any place w of
K above p. We will achieve this below. For now, we will compute BS(pz .|y, )
explicitly, by relating it to the classical local Langlands correspondence.

In fact, we prefer to use a slightly different normalization: There is a choice
of a sign involved in the recipe on p. 16 in [Breuil and Schneider 2007]. Instead
of twisting by |det|$_”)/2, we prefer to twist by |det|(u','_1)/2 to make it more
compatible with the previous notation. Consequently, BS(p) becomes twisted by
an integral character.

Definition 2. For a € @; we let a* = ala|, denote its unit part. We introduce

det Niwlap

p:GLy (Ky) — Ky, — Q, —> @;/pZ ~7,.
That is, u(g) = Nk, |0, (det g)™. We will normalize BS(p) as follows:

BS(p) :=BS(p) ®g, u"".
(Of course, this has an invariant norm precisely when BS(p) does.)
Lemma 3. BS(p) = BS(p(n — 1)).

Proof. Note that the character a — a™ (which maps p + 1, and is the identity on
Z;) corresponds to the p-adic cyclotomic character ycy : I'q, — Z; via local class
field theory @; — F&l;. For any p-adic field K /;it follows that BS(ycyc) is simply
the character a — Nk, (a)™. Consequently, BS(p) = BS(p ® ng_cl)- O

We compute it in the automorphic case. Given the local-global compatibility
results of [Barnet-Lamb et al. 2014] (generalized in [Caraiani 2012]), this is basically
just “bookkeeping”.

3We emphasize that the use of “regularity” here is admittedly poor terminology, and should not
be confused with “cohomological”. It is stronger, in that the gaps between the Hodge—Tate weights
should be at least two. Thus dropping the regularity assumption does not signal that we can say
anything for GL;(Q) ) about weight-one forms, for instance.
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Corollary 4. Let 7w be an automorphic representation of U(Af) of regular weight a.
Assume pg,, is absolutely irreducible (as a representation of the full Galois group
k). Let v|p be a place of F, either split in IC, or such that 1y, is unramified. Then,
for any place w|v of K, we have

ﬁé(ﬂnﬁrw):( R V) ®3, (BCujy(m) ®c, @),

0: Ky —>0p

(We abuse notation, and let V,_ denote the irreducible algebraic representation
of GL,(Qp) of highest weight ar, as opposed to the complex representation from
earlier chapters.)

Proof. What is denoted 7t in [Breuil and Schneider 2007] equals, in our case,
BCyy(my) ® |det|$_n)/2 (more precisely, ®C’L Qp). When it is generic, the
smooth part of BS(p) is

7t |det|(1 /2 = (BCyy (1) ® |det| ™) ®c, Qp.

In the nongeneric case, 7"™¢ has to be replaced by a certain parabolically induced
representation. However, if we assume pr, is (globally) irreducible, we see that
IT = BCxr (r) must be cuspidal, and in particular IT,, is generic. The algebraic
part of BS(p) is constructed out of the Hodge—Tate numbers: What is denoted
ijo in [Breuil and Schneider 2007], for an embedding o : Ky — @p, equals
Az pn+1—; + (j —1) in our notation, where o = (7. In (8) on p. 17 of [Breuil and
Schneider 2007], the numbers become

by,j = —in+1-jo —(J —1) =—ar,; —(n—1).

Breuil and Schneider’s py is the irreducible algebraic representation of GL;, (@p)
of highest weight by ; <--- < b, relative to the lower triangular Borel. Relative
to the upper triangular Borel, ps has highest weight bep = -+ > by 1, so that
Po = Va ® det! ™ (more precisely, ®C . @p) Altogether, the algebraic part is

£ = ®Pa —®(Va ®det1 )
T|w

(the tensor product ranging over 7 : K < C such that (7 induces w). Here we
abuse notation a bit, and use V,, to denote the irreducible algebraic representation
of GL, (@p) of highest weight a;. As a representation of GL, (ICy,), embedded
diagonally in [ ], . K>y GL, (@p), the algebraic part becomes

(@ o)t e

0:Kyw—Qp

which yields the result. O
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3. Completed cohomology

In this section we will prove the Breuil-Schneider conjecture [2007, Conjecture 4.3],
for the potentially semistable representations p = pr,.|r,, above. This will make
heavy use of ideas of Emerton [2006b]. The basic idea is to view 1,3\§(,0) as a
component of the p-adic automorphic representation 7 = 7, ® Jr;) attached to m,
which in turn embeds into the completed cohomology HO for G.

3.1. The p-adic automorphic representation. We keep our automorphic repre-
sentation 7w of U(AF) of regular weight a. Recall that we introduced the group
G = Resg|g(U). Interchangeably, below we will view 7 as an automorphic
representation of G(A). We will follow p. 52 in [Emerton 2006b] in attaching
a p-adic automorphic representation to 7. (The G there will be our G, and F
there will be @.) This can be done for W-allowable 7, where W is an irreducible
algebraic representation of G(C), which in this case (where G is compact at infinity)
simply means 7o 2~ W|g (). See Definition 3.1.3 in [Emerton 2006b].

To make this more explicit, in terms of the weight @, we need to make some
identifications. Let us choose a CM-type ®. For each ¢ : F < R we let ¢ denote
its lift in ®. Thus the two extensions to K are {,5¢}. Via the choice of ®,

G(C) =>4 GL, (O™ R G(R) =>g U(n)"TomFR),
We immediately infer that W ~ ®06Hom( F.R) Va;, under these identifications. Via
t: C = Q) we identify W with an algebraic representation of G(Q,). Now
G(@p) e 1—[ GL, (@p)Hom(Fv,@p)
vlp
allows us to factor our p-adic W accordingly, as W ~ ®v| » W, where we let

Wo= Q) Vs

o €Hom(F,R)
olv

In the same vein, G(Qp) = ]—[v| p U(Fy). To go any further, from this point on we
assume every v|p splits in K, and that D, >~ M, (K,,) for each divisor w|v. Then
U(Fy) = GL,(Ky), defined up to conjugation. If we assume (as we may) that
our CM-type @ is ordinary at ¢, in the sense of [Katz 1978], then ® singles out a
place v of K above each v|p of F. With this selection of places at hand,

G(@p) => [ [ GLa(K5).
v|p

Moreover, the inclusion into G(@p) corresponds to the diagonal embeddings

GL, (Kﬁ) = GL, (Fv) — GL, (@p)Hom(Fv’@p)'
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The following is Definition 3.1.5 in [Emerton 2006b], except that we are working
with representations over (Q,, instead of descending to a finite extension of Q.

Definition 5. The classical p-adic automorphic representation of G(Ay) over @p
attached to the W-allowable automorphic representation 7 of G(A) is

Ti=Tp ®g, n;’, mp =W g, 7p.
Here G(Q)) acts diagonally on W ®g, p and G(Ajf ) acts through the second

factor 7 jf’ . (Abusing notation, we write 7, instead of 7, ®c,, @p and so on.)

At each v|p we introduce 7, = W, ®g, BCj)y (1), a locally algebraic repre-
sentation of GL, (K5), which depends on the choice of an ordinary CM-type .
Moreover, 77p > &), v under the isomorphism G(Qp) = [],, GLx (K5).

This leads to the main result of this section.

vlp

Proposition 6. Suppose every v|p of F splits in K, and Dy, >~ M, (Ky) for all w|v.
For each v|p of F pick a place v|v of K (this amounts to choosing an t-ordinary
CM-type). Let w be an automorphic representation of U(AF) of regular weight,
and assume pr, is (globally) irreducible. Then, for all v|p of F,

ﬁé(ﬂn,thﬁcﬁ) ~ Ty,

which embeds into |Gy, () (Where we restrict via U(Fy) = GL, (K3)).

Proof. This follows from the preceding discussion, combined with the computation
of the Breuil-Schneider representation in Corollary 4 above. O

3.2. Algebraic modular forms. We will study the space of modular forms for G of
a given weight. To put things in a broader perspective, we will use the cohomological
framework of [Emerton 2006b], although we will only work with H 0 which is
explicit and of a combinatorial nature. In our situation, G(R) is compact and
connected, so things simplify tremendously, and we only have cohomology in degree
zero. Indeed, for every compact open subgroup K C G(Ay), the corresponding
arithmetic quotient is a finite set:

Y(K) = G(@\G(Ay)/K.

An irreducible algebraic representation W of G(C) defines a local system Vi on
each Y(K), and H°(Y(K), Vjy) is identified with the space of modular forms of
level K and weight W. That s, all functions f : G(Ar) — W which are K-invariant
on the right and such that f(yg) = yf(g) for all elements y € G(Q). Then

H(Vy) :=limH'Y(K). Vi)~ @ me(n)ns
K Moo =W
is a smooth, admissible, semisimple representation of G(Af), which we wish to
suitably p-adically complete. Via our choice of « : C = Qp, we will view W as



208 CLAUS M. SORENSEN

a representation of G(@p) and so on. Occasionally it will be convenient to work
over a field E C @p, finite over Q. It suffices to take E large enough so that it
contains the image of every embedding F — @p. In that case G splits over E, and
by highest weight theory W may be defined over E. Thus, from now on, H O(VW)
is an E-vector space with a smooth admissible G (Ay)-action.

Definition 7. For each tame level K? C G(Aj‘lf7 ), following [Emerton 2006b], we
introduce

H*(K?,0p/w}y) :=1lim H*(Y(K,K?), O [w}).

Kp

and
A(K?):=E ®o, lim H*(K?, O /w}).
s
The latter is an E-Banach space with a unitary G(Qp)-action, commuting with
the action of the Hecke algebra H(K?) of compactly supported K?-biinvariant
E-valued functions on G(A; ). In fact, it becomes a Banach module over the
completion H(KP?). Also,
H® :=1im H°(K?),
—>
Kr

a locally convex E-vector space with an action of G(Ay).

In our simple setup, they can all be realized very explicitly. For example,

A%(KP) = {continuous Y(K?) 1> E}. Y(KP?)= lim Y (K, K?)
KP

with the supremum norm || - ||. The connection to modular forms is via their locally
algebraic vectors. We recall their definition:

Definition 8. Let V' be a continuous representation of G(Q,) over E, and let W
be an absolutely irreducible algebraic representation of G(Qp) over E. We assume
E is large enough for Endg(q,) (W) = E to hold. The space of locally W-algebraic
vectors Viyy.ae C V' is the image of the natural “evaluation” map

WQ®E HomG(@p)(W, V)= VW—alg cV.

The space of locally algebraic vectors is Vs = @ Viwealg. The subspace of
locally regular-algebraic vectors is Vigy, = @/W Vw.alg, with W ranging over
representations of regular weight (in the sense of Section 2.2).

The key ingredient, which relates completed cohomology to modular forms, is
the isomorphism:
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Lemma 9. For any absolutely irreducible algebraic representation W,
WRE HO(VW) - (ﬁO)W—alg-
(When W is only irreducible over E, tensor over Endg(W), where g = LieG(Qp).)

Proof. This is Corollary 2.2.25 in [Emerton 2006b] (also spelled out in [Sorensen
2013] for H). Let us briefly sketch the main idea. For any tame level K7, one
shows that

W ®r HY(K? Vi) =limW &g HY(Y(K,K?), Vip) => H(KP) ..
Kp
This goes as follows: H?(Y(K »K?), V) is a space of classical p-adic modular
forms, and it is an easy exercise to identify it with Homg , (W, H 0(KP)). Now,

W ® g Homg,, (W, H(KP)) &5 A0(K?)

is injective since W is absolutely irreducible, even when restricted to K, (which
is Zariski dense). The image of this evaluation map is the W-isotypic subspace of
H O(KP). As K p varies, the maps are compatible, and produces a map out of the
direct limit onto H 0K P)W.alg» as desired. O

Remark. For higher-degree cohomology H' there is an analogous canonical G(Ar)-
equivariant map, W @ g H' Vi) — (H i)W_alg, which occurs as the edge map of
a certain spectral sequence, but the map is not known to be injective for groups
other than GL(2)g (and groups G which are compact at infinity modulo center).
Injectivity is what makes the whole machinery of [Emerton 2006b] work; see his
Theorem 0.7 and Proposition 2.3.8 on p. 47, for example. In particular, it is available
in our case, where G(R) is compact. In general, one would have to localize the
spectral sequence at a “cohomologically” non-Eisenstein maximal ideal m (which
means it does not contribute to mod p cohomology outside the middle degree).
This is expected to hold when the Galois representation py, is absolutely irreducible
(which is what it means for m to be non-Eisenstein), but this is difficult to show.
Partial results are now available for U(2, 1); see Theorem A in [Emerton and Gee
2013].

From the previous discussion, we get decompositions of completed cohomology:

Proposition 10. (1) @p RF (HNO)W_alg ~ @n:noo:W mg (7).
(2) Qp ® HY(KP)watg ~ Brino o M6 (1) (7 ®g, (11)K").
Now, suppose h C H(K?) is a central subalgebra. It then acts on (n]{’ YK” by a

character A, : h — @p. Conversely, say we start out with A : h — @p. Then,

Qe AK gy~ @ me@(@ @g, )H*).

T Moo =W, Agr=A
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As always, we assume W has regular weight, so we know how to attach Galois
representations. If i contains the spherical part 7£(K?)*P", all the 7 contributing to
the right-hand side have the same Galois representation p,, by Chebotarev, which
we assume is irreducible. By Proposition 6, we may factor the above,

KP

p— ~ =A ~

QpRE HO(KP)?}V_alg: (®BS(pA|r,€ﬁ)) ®@p( @ m(;(n)nfp) .
v|p Moo >=W,Ar=A

This has the form of a G(Qp) ~ ]_[U| p» GLn (Ky)-representation tensor an H(K?)-

module. In particular, since H°(K?) carries a G(Qp)-invariant norm, we finally

deduce the Breuil-Schneider conjecture for automorphic Galois representations:

Theorem 11. If 7 is an automorphic representation of U(AF) of regular weight
such that pr, is irreducible, then BS(px,, IF;cw) admits a GL, (Ky )-invariant norm
for all places w|p of K.

The discussion leading up to this theorem strongly suggests a better formulation
in terms of eigenvarieties. We will employ this machinery in the next section.

4. Eigenvarieties

Eigenvarieties are rigid analytic spaces interpolating Hecke eigensystems occurring
in spaces of automorphic forms of varying weight. Historically, the first example is
the Coleman—Mazur eigencurve for GL(2)q, revisited by Buzzard, Emerton, Urban,
and others. There are different constructions for any reductive group G, which each
have their drawbacks and limitations. When G(R) is compact, however, the theory
is in good shape, and all constructions are compatible. Below we will combine the
approach of [Emerton 2006b] with that of [Chenevier 2009] (for arbitrary totally
real F), extending parts of [Bellaiche and Chenevier 2009] (when F = Q).

4.1. The classical points. By our hypotheses, Gg, ~ ]_[v| » Resi; 10, GL(n) is
quasisplit, and we pick the Borel pair (B, T'), defined over Q,, corresponding to
the product of the upper triangular pairs in each GL, (Ky).

As in [Emerton 2006b], let 7 denote the weight space. That is, the rigid an-
alytic variety (over the coefficient field £ introduced in the introduction) which
parametrizes the locally analytic characters on 7'(Qp). In other words,

T (A) = Homy,(T(Qp), A™)

for any affinoid E-algebra A. It comes with a universal map 7(Qp) — O(YA")X.
The eigenvariety depends on the choice of tame level K? C G(A}’ ), which

we will always assume is decomposable as [], +p Kv, where K, is a compact

open subgroup of U(Fy) that is hyperspecial for all but finitely many v — say, for



EIGENVARIETIES AND INVARIANT NORMS 211

all v ¢ S(KP). Correspondingly, the Hecke algebra factors as a tensor product,

H(KP) = Q) H(Ky) = H(KP)™*™ @ g H(KP)P",
vip
Here, H(KP?)%P = ®v¢S(K,,) H(K) sits as a central subalgebra of H(K?); hence
it acts by a character on 7X” for any automorphic 7 with K?-invariants.

We now make precise which points we wish to interpolate by an eigenvariety.
Definition 12. Let £(0, K?) C (f x Spec H(KP)Ph) (@p) be the subset of pairs
x = (x. A) for which there exists an irreducible G(Ay)-subquotient 7 of Q) ® g
H O(VW), where W is an irreducible algebraic representation of G, such that:

(a) y =0, where 9 is the highest weight of W (relative to B), and 6 is a smooth
character of 7(Qp) such that 7, < Indg((glf )) 0),

(b) n]{(p £ 0, and H(KP)" acts on it via A.
This is the definition, and notation, used on p. 5 in [Emerton 2006b].

4.2. Eigenvariety conventions. Emerton defines the degree-zero cohomological
eigenvariety of G, of tame level K7, to be the rigid analytic closure of E(0, K?)
in T x Spec H(K?)**", By the uniqueness part of Theorem 1.6 in [Chenevier 2009],
it coincides with the eigenvariety defined there. We will intertwine the two points
of view. Thus, with E(0, K?) is associated a quadruple (X, y, A, X.1), consisting
of the following data:

* X/ g is an equidimensional reduced, rigid, analytic variety,
e y: X — T is a finite morphism (Theorem 0.7 (i) on p. 6 in [Emerton 2006b]),
o L:H(KP)Ph — O(X) is an E-algebra homomorphism,
e X C X(@I,) is a Zariski-dense subset,
satisfying various properties (listed in Theorem 1.6 in [Chenevier 2009], for ex-
ample), the most important of which is the following: the canonical evaluation

map _ R _
X(Qp) —> (T x Spec H(K?)™") (@), x> (x> Ax),

induces a bijection
Xcl - E(Oa KP)CL

Moreover, there is a classicality criterion, analogous to Coleman’s “noncritical
slope implies classical”, which we will not use directly (we will use that X is
Zariski dense, though). More properties will be recalled below when needed, such
as the connection with Emerton’s Jacquet functor.

Notation. Following standard usage, by X(@p) we mean the union (or direct limit)
of all X(L) =Homg (Sp(L), X), where L ranges over all the finite extensions of E.
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Remark. Loeffler [2011] spells out how Chenevier’s construction is related to
Emerton’s (in the case where G(R) is compact). In addition, he introduces so-
called intermediate eigenvarieties, where one replaces B with an arbitrary parabolic
subgroup (and drops the assumption that G should be quasisplit at p). It would
be interesting to adapt our arguments to that setting, and thereby make progress
towards the Breuil-Schneider conjecture when 7, does not embed in a principal
series (induced from the Borel). This ought to put the results of this paper, and
that of [Sorensen 2013], under the same roof. However, at this point we are only
producing norms at classical points — where the eigenvariety formalism, strictly
speaking, is unnecessary — but the goal is to reach the nonclassical points by
somehow p-adically varying the norms | - || at classical x. We hope to return to
these questions elsewhere.

4.3. The Galois pseudocharacter. At each point x € X(@p) we will assign a con-
tinuous semisimple Galois representation py : ' — GL,, (@p), which is unramified
outside ¥ = X (K?), the places of K above S(K?). This is first done at a dense
set of classical points, then by a formal argument one interpolates tr(p,) by a
pseudocharacter. We refer to Chapter 1 of [Bellaiche and Chenevier 2009] for an
extensive elegant introduction to pseudorepresentations, a notion going back to
Wiles for GL(2), and to Taylor for GL(n).

Definition 13. Let X, C X be the subset of points x such that yx = /6y, where
Yy = ®U€H0m(p’@p) Vx5 1s a regular character of 7. That is, some ¥, 5 is a
regular dominant character of Ty (,) in the usual sense.

This is a Zariski-dense subset of X(@p); see p. 18 in [Chenevier 2009] and
the references given there. Now let x € Xy, and look at the corresponding
pair (Xx»Ax), where yx = ¥x0x. There exists an irreducible G(Ay)-summand 7y
in @p ® E H O(VW ), where Wy has regular highest weight 1//x, such that (K ?)*Ph
acts on th ” £ 0'via Ay, and Ty — Indg&% )(6). Thus (= nf is the finite part
of an automorphic representation of U(A F) of regular weight Wy, unramified
outside S(K?), to which we can associate a continuous semisimple Galois repre-
sentation

px e — GLn(@p)
with the following properties:
(a) py =~ p§ ®ell.

(b) For every finite place v } p of F outside S(K?), and every w|v of K, the local
representation px|r,, is unramified, and satisfies the identity

tr px (FI’Obw) = Ax(bw|v(hw))'
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(Here, Frob,, is a geometric Frobenius and /,, is the element of the spherical
Hecke algebra for GL, (Ky,) acting on an unramified Iy, by ) o;, where the
o; are the integral Satake parameters. Finally, the map

bylv : H(GLy (Kw), Kyw) — HU(Fy), Ky)

is the base change homomorphism between the spherical Hecke algebras. See
[Minguez 2011] for a careful useful discussion of this latter map.)

(¢) For every finite place v|p of F, the local representation ,oxlr,Cﬁ is potentially
semistable. Furthermore:

(1) The semisimplification of the attached Weil-Deligne representation is

n
WD(px 1, )** = DO 0 Arti)).
i=1
(Here 0, = ®v| p Ox.5, where 0y 5 is a smooth character of the diagonal
torus Tgr(n) (Kg) = (K3)", factored as a product 9)(611)7 R 0}5’%.)
(ii)) The Hodge-Tate numbers are, for any embedding 7 : Ky — @p,

HTt(Px|I‘;cl~)) ={arj+Mm—j):j=1,...,nj,

where the tuple (a¢, ;) corresponds to the dominant character ¥y ,; of
TG1(n)- (Here we factor ¢y = ®v‘p ®T:’ij;)@p Yx,v,z.)

Observe that there may be many automorphic representations associated to a given
point x € X, but they are all isomorphic outside S(K?) (and of the same weight).
In particular, by (b) and Chebotarev, the Galois representation is independent of the
choice of 7 ¢, justifying the notation py.

Proposition 14. There exists a unique continuous n-dimensional pseudocharacter
T : Ti,x = OX)=! such that T (Froby,) = Aby |y (hw)) for all places w ¢ X.

Proof. We are in the situation of Proposition 7.1.1 in [Chenevier 2004]: X is reduced,
O(X)=! is a compact subring, and for all x € X reg» @ Zariski-dense subset, we have
a representation py of I,z such that tr px (Froby,) = A(byy (hw))(x). O

Corollary 15. Forevery x € X(@p), there is a unique continuous semisimple Galois
representation py : I'c s — GLn(Qp) such that tr px (Froby) = Ax (by |y (hw)) for
alw ¢ .

Proof. This follows from Theorem 1 of [Taylor 1991]. O

In particular, this applies to the classical point x € X, not in Xe,. One of the
goals of [Chenevier 2009] was to extend properties (a)—(c) above to this setting.
This was partially accomplished; see his Theorems 3.3 and 3.5.
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5. Banach space representations

With each point x € X(L), we have associated an n-dimensional continuous pseudo-
character Ty : I'xc — L, unramified outside X (K?). Here we will associate a
Banach 7z (K?)-module By, with an admissible unitary G(Q)p)-action, such that
the pairs (7, Bx) form the graph of a one-to-one correspondence. We explicitly
compute the locally (regular) algebraic vectors in By for x € X, such that 7y is
absolutely irreducible, in terms of the Breuil-Schneider representation attached
to T, or rather, its corresponding Galois representation p,. As a result, we prove
the Breuil-Schneider conjecture for such py.

A global p-adic Langlands correspondence. With the eigenvariety language set up,
we can reformulate our findings at the end of Section 2. We let X, C X(Qp) be
the points x for which py is irreducible.

Theorem 16. Let x € Xoq N Xir, corresponding to (Yx0x,Ayx). Let Wy be the
irreducible algebraic representation of G of highest weight Vx. Then,

Qp @ HO(KP)j s ~ (QB Bi(pxm)) ®g, ( b me(n)(n;’ﬂ“’),

v|p T Moo =Wy,
Ar=Ax

where we write h = H(KP)** for simplicity.
This formula suggests the following definition.

Definition 17. At each point x € X(@p), we introduce the eigenspace
By :=(Qp ®p HO(KP))"=*~.
This is a Banach 7(K?)-module with a (commuting) unitary G(Qp)-action.
We remind ourselves that By is nothing but the space of continuous A x-eigenforms
f 1 Y(K?) — Qp. This sets up a one-to-one correspondence px <> By. That is,

px = px' = Ax = Ay & By =By

for any two x, x" € X(@p). Let us say that a Galois representation p comes from X
if p >~ py for some x € X(@p), and similarly for Banach modules B >~ 5.

This leads to the main result of this section, which in some sense is the genesis
of what follows.

Theorem 18. The eigenvariety X mediates a one-to-one correspondence between:

o The set of continuous semisimple Galois representations p : I'x — GL, (@p)
coming from X. (In particular, p is unramified outside ~(K?).)

o The set of Banach H(KP)-modules B, with unitary G (Qp)-action, from X.
We write p <> B when there is a point x € X(@p) such that p >~ py and B >~ By.
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(1) Let x € X(@p). If there is a regular W for which B)I;V_alg # 0, then py is
potentially semistable at all places w|p of K.

(2) Let x € Xe. Then BY*™¢ £ 0, and BY ™ = 0 for all regular W # W.

(3) For x € Xeg N Xiry, the locally regular-algebraic vectors of By are

;alg _ le-alg ~ (® ],-3\§(,0x|1'*,Clj )) ®@p ( @ WlG(n)(n;’)K”).

v|p T Moo >=Wy,
Ar=Ax

Remark. This is a strengthening of Theorem 11, which in the notation of the above
Theorem 18 merely says that ﬁé(pﬂp,cﬁ) admits an invariant norm. We stress
that x is a classical point here (so that py is irreducible, of regular weight). Thus
Px = px, for an automorphic 7 as in Theorem 11. Part (3) of Theorem 18 is stronger,
in that it makes precise how lf3\§(,ox |F;<l~)) factors into the Banach representation By
of p-adic modular forms. Another key point is that Theorem 18 emphasizes the
correspondence px <> By, which is defined for all points x on the eigenvariety X
(classical or not).

Proof. First, (1) follows from Proposition 10, which shows there is an automorphic 7,
with 7w, >~ W, such that h acts on anp by Ax. Since W is regular, we know how
to associate a Galois representation pr , with the usual local properties, which must
be px by Tchebotarev.

For (2), we follow the same line of argument. Since x € X, there is an automor-
phic 7 contributing to BY* €. Moreover, if By & + 0, there is an automorphic 7,
of regular weight W, for which pz, >~ px. From pz , we can recover W through its
Hodge-Tate numbers, and similarly for py, even if x is not in Xe, (this is shown
in Section 3.15 of [Chenevier 2009], based on results of Sen, Berger and Colmez).
Therefore, W = W,. O

Remark. As remarked earlier, we are optimistic that one can remove the regularity
hypotheses in the theorem. Indeed it seems possible to attach Galois representations
to automorphic 7 of U(AF) of irregular weight. When m;, is of finite slope (that
is, embeds in a principal series), this can be done by means of eigenvarieties, as in
[Chenevier 2009]. In general, it seems likely that one can push the ideas from the
proof of Theorem 1. By [White 2012], there is always a base change EE|f-=1 I1;,
where the I1; are discrete automorphic representations of GL,; (Ax), which in turn
(by the Moeglin—Waldspurger classification) are isobaric sums of cohomological,
essentially conjugate, self-dual cusp forms, with which one can associate Galois
representations. Local-global compatibility at p follows from [Caraiani 2012].
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6. Compatibility with classical local Langlands

In this section we deduce from our previous results that l%(px) admits an invariant
norm such that the completion ﬁg(px)’\ satisfies local—global compatibility (see
Corollary 19 below for the precise statement). However, we cannot show that this
completion I?é(px)/\ only depends on the restrictions of py to places above p —
which seems to be an extremely difficult problem at the heart of the p-adic Langlands
program. In Section 6.2 we will restrict ourselves to the unramified case, and prove
a “weak” version of local-global compatibility (somewhat similar to part (1) of
Theorem 1.2.1 in [Emerton 2011]) —it is “weak” since we only get a nonzero
map (with a huge kernel) instead of an embedding. We refer the reader to part (b)
of Theorem 21: the p-adic local Langlands correspondence, still mysterious in
higher rank, is replaced by the coarse version in [Schneider and Teitelbaum 2006],
which associates a huge Banach representation Bg ¢ with a pair (£, ) satisfying
the Emerton condition (here £ is an irreducible algebraic representation, and ¢ is a
suitable Weyl-orbit in the dual torus). The philosophy propounded in [Schneider
and Teitelbaum 2006; Breuil and Schneider 2007] is that the (almost) quotients
of Bg ¢ should somehow correspond to the crystalline representations of type (£, {).
This is well understood for GL,(Q),), where the admissible filtration is usually
unique (see Theorem 2.3.2, p. 8, of Berger’s [2011] survey), and Bg ¢ essentially is
the local p-adic Langlands correspondence in the (irreducible) crystalline case. We
provide evidence supporting this philosophy of Breuil, Schneider, and Teitelbaum
for n > 2.

6.1. Completions of the space of algebraic vectors.

Split ramification and the automorphic representation w,. Throughout, we will
make the assumption that we have split ramification. That is, S(K?) C Sply|f-
This has the effect that the local base change BC,,), is defined at all places v. We
fix a point x € Xyeg N Xj, as above. Under our ramification hypothesis, there
is a unique automorphic representation 7 of U(AF) contributing to the (regular)
algebraic vectors B;alg in Theorem 18(3). Indeed, any such 7 has an irreducible
Galois representation pr,, > px, and therefore BCy| (1) must be cuspidal, and
it is uniquely determined at the infinite places, and away from X (K?). By strong
multiplicity one for GL,, the base change is unique. Locally, BCy, is injective
(see Corollary 4.2 in [Minguez 2011]), and therefore r is uniquely determined. We
denote it 7y = ) mx,p. Its local components 7y , are given by

WD(px|F’Cw )F‘SS = reC(BCwlv(nx,v) ® |det|$_n)/2)

We think of {mr} as a family of automorphic representations interpolated by X. In
general (without split ramification) the 7, will be L-packets, not singletons.
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With this notation, part (3) of Theorem 18 becomes: for all x € Xyeg N Xy,

! ey m(7y)
BY'® ~ BS(px) ® (®nf;j) .

vtp

Most likely, m(m,) = 1, and this may already be in the literature. However, we
have not been able to find a suitable reference. Now, since ), o nf pisa 51mple
H(K?)-module, we may think of BS(px)m(”x) as its multiplicity space in By g

B‘g(px)m(nx) —> Homy, (g r) (® ”55, Bralg)
vip

as representations of G(Q,). We will view the right-hand side as sitting inside a
Banach space of continuous transformations. For that purpose, we first look at each
local component 7, 5, where v { p. When v splits, it can be identified with a p-
integral irreducible representation of GL, (Fy). By Theorem 1 in [Vignéras 2004],
it has a unique commensurability class of stable lattices. Correspondingly, mx , has
a unique equivalence class of GL,, (Fy)-invariant norms || - ||,. (By Theorem 1 in
[Vignéras 2010], the completion 7, is a topologically irreducible unitary Banach
space representation of GL, (F).) When my , is unramified, its Satake parameters
are p-units, and one easily finds a stable lattice in a suitable unramified principal
series, again resulting in a U(Fy)-invariant (supremum) norm | - ||, which we
may normalize so that a given spherical vector has norm one. The tensor product
norm (see Proposition 17.4 in [Schneider 2002]) on ), tp Tx,v is then invariant
under G(Ap ). By restriction, the finite-dimensional space ), tp nfv inherits a
norm, and becomes a Banach-module for H(K P). With this extra structure at hand,

1
HomH(Kp)(® ]'[557 Bra g) > ﬁﬁ(K”)(@ nf’g, Bx).
vtp vip

(Here £ denotes the space of continuous linear transformations equipped with
the usual transformation norm; see Corollary 3.2 in [Schneider 2002].) We have

to check that any #(K?)-equivariant map ), tp nf, Y i) By is automatically

continuous. If ¢ # 0, it must be injective (by simplicity), and thus |[¢(-)| 5,
Ky . . .

defines a norm on ®v tp Tx,0- However, all norms on a finite-dimensional space

are equivalent (Proposition 4.13 in [Schneider 2002]), so that ||¢(u)||3x < C||u|

for some constant C > 0 and all u. Altogether, this embeds BS(,ox) into a Banach
space (Proposition 3.3 in [Schneider 2002]):

(1) BS(py)" ") < LH(K,,)(® nXy, Bx).
vip

If we restrict the transformation norm to B\é(px)m(”x), we arrive at:
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Corollary 19. Let x € Xeg N X be a point such that m(wy) = 1. Then there is
a G(Qp)-invariant norm || - | on BS(px) such that the corresponding completion
BS(px)" satisfies the following: There is a topological isomorphism

o (@) = 5

vip

alg . . alg .
where By ¢ is the closure of the regular-algebraic vectors By © in Bx. Moreover:

. ﬁé(px)’\ is an admissible unitary Banach space representation of G(Qp).

e [ts regular-algebraic vectors ]?é(px) form a dense subspace.

Proof. We obtain || - || by restricting the transformation norm to ]?é(px). Thus (1)
becomes an isometry, and extends uniquely to an isometry

]?é(px)’\ — ﬁﬁ(}(p)(@ ﬂfyl{,, Bx)~

vip

To ease the notation, let us write M = ), tp nfj throughout this proof; M is a
finite-dimensional simple #(K?)-module. We tensor the isometry by this M :

j ZEé(Px)A QM r_)[:’;’.\[(Kp)(Mv Bx) @ M = Bx[M].

Here Bx[M] denotes the closure of the sum of all closed H(K?)-submodules of
By isomorphic to M (a topological direct sum of a subcollection, by Zorn). Note
that Endyy g ry(M) = Q ». Note also that the tensor products (equipped with their
tensor product norms, as on p. 110 in [Schneider 2002]), are already complete,
as M is finite-dimensional. The above isomorphism with By[M] is a topological
isomorphism by the open mapping theorem (Proposition 8.6 in [Schneider 2002]),
but not necessarily isometric. Consequently, im(j) C By is a closed subspace,
containing B;alg by Theorem 18. In fact, im() is the closure of Bgflg in By, since
]§§(px) is dense in the completion ﬁg(px)/\. Again invoke the open mapping
theorem to see that j is a topological isomorphism onto B;alg. Admissibility of
lfB\é(px)’\ follows from admissibility of By. |

Remark. Equivalently, there is a G(Qp)-equivariant topological isomorphism

]§§(px)A N 5@(1{1)) (® nf;;, Bralg)
vip

We like to think of this Banach space representation ﬁé(,ox)’\ as a rough candidate
for a p-adic local Langlands correspondence, at least when the various restrictions
Ox |cm are irreducible. Of course, to really justify this point of view, one would
need to show that the completion BS(,ox)A only depends on the restrictions py |1~,C~
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at p, and that it factors as a tensor product ®U| p of appropriate completions
BS(px |1~,C ). Both appear to be very difficult questions.

6.2. Universal modules and the crystalline case. We now specialize to the crys-
talline case, where we can relate ]/3\Sf(px)/\ to the Schneider—Teitelbaum universal
modules Bg ¢, which are given by a purely local construction at p. They are
expected to be quite large. However, for n > 2 it is not even known that Bg ¢ # 0
(Conjecture 6.1, p. 24 in [Breuil and Schneider 2007]). For n = 2 this is a deep
result of Berger and Breuil. We will prove nonvanishing when (&, ) “comes from
an eigenvariety”. This will be a by-product of a stronger result.

Definition 20. A classical point x € X is called old if py is crystalline at all places
above p. That is, Homgz,)(Wx, Bx) # 0. Equivalently, y y is unramified for
all v|p. We denote the set of old points by Xg.

Thus, from now on, we fix a point x € Xeg N Xjr N Xo1q. By Proposition 6,
BS(px) = Wi ® 7x, p > Wy ® Ind§ (),

where 0y is unramified smooth. (Indeed, for any point x, 7y , embeds into the
(unnormalized) principal series Indg (6y). Since x is old, my, , is unramified, and
hence so is 0. Furthermore, as x € Xjy, the base change BCyr (1) is cuspidal,
and therefore generic. In particular, 7y, , must be generic. As is well known, this
implies that 7y , must be the full unramified principal series.)

As in [Schneider and Teitelbaum 2006], we express my, p > Indg (Bx) in terms
of the universal module. This goes back to Borel and Matsumoto, and is defined
as follows. For any algebra character ¢ : H(G, K) — @p (where K = G(Zp) is
hyperspecial when p is assumed to be unramified in /') we introduce the smooth
representation

M = c—IndIG{(l) ®2(G,K).¢ @p =C.(K\G, @p) ®2(G,K),¢ @p.

The pair (M¢, 1) is a universal initial object in the category of pairs (V, v), where
V' is an unramified smooth representation of G(Q,), and v € VX is a nonzero vector
on which H(G, K) acts via {. That is, there is a unique G(Qp)-map M; — V
which maps 1g + v. The image of this map is the span of the orbit Gv (since M
is generated by 1g). In what follows we will take ¢, = §x, the eigensystem of
Indg (6x)X. The choice of a spherical vector yields

~

Mg, — Ind§ (6x), {x = Ox.

It is a general fact that the two representations have the same semisimplification
(see the Ph.D. thesis of X. Lazarus [2000] for a thorough discussion in greater
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generality). Under our assumptions, Indg (6x) is irreducible, and therefore the
above must be an isomorphism. Consequently, we may identify

BS(px) =~ Wy ® M¢, =~ c-Ind$ (6x) @, (6.5).c. Qp = Hg, ¢,

Here we have changed notation &, := W, to aid comparison with [Schneider
and Teitelbaum 2006]. The algebra He (G, K) consists, by definition, of the
G-endomorphisms of (:—IndIG< (&x); or, more concretely, of compactly supported
K-biequivariant functions G — End(£,) with convolution. However, since £ is an
irreducible representation of G (viewed as a representation of K), as on p. 639 in
[Schneider and Teitelbaum 2006] one can identify the algebras

H(G, K) = Mg, (G, K),  hi=> (g h(g)Ex(g)).

In the definition of Hg ¢ we view {x as a character of H¢ (G, K) via this isomor-
phism, as at the bottom of p. 670 in [Schneider and Teitelbaum 2006], where Hg ¢
is defined.

The representation Hg ¢ has a natural locally convex topology, being a quotient
of c—IndIG< (6x), which has a supremum norm: Pick any norm || - [[¢, on &y which
is invariant under (the compact group) K. They are all equivalent since &y is
finite-dimensional (Proposition 4.13 in [Schneider 2002]). For f € C—Indg (&%), we
let

£ g, .00 = SUPgec (@Il /(&) g, <00

This defines an norm |||, .o on the compact induction, which is obviously invariant
under G(Q)), and it induces a quotient seminorm on the representation

He, ¢, = (c-Ind§ (£x))/ (ker {x) (c-Ind§ (£x)).

We will show below that in fact this is a norm, but this is far from clear a priori!
Following [Schneider and Teitelbaum 2006], on p. 671 where they define B ¢,
we introduce the space

Bg, ¢, = Hg ¢, = (Hg, ¢, /10D,

the Hausdorff completion of Hg ¢ . (We refer to Proposition 7.5 in [Schneider
2002] for a general discussion of Hausdorff completions.) We have defined a
Banach space Bg, ¢, with a unitary G(Qp)-action. However, it is not clear at all
that it is nonzero. This is in fact a fundamental problem! Conjecture 6.1 on p. 24
in [Breuil and Schneider 2007] says that Bg ¢ # 0 whenever the Emerton condition
is satisfied (the converse is known). This follows from our methods when the pair
(&, ¢) comes from an eigenvariety, that is, when it is of the form (&, ) for an old
irreducible point x. What we prove is a strengthening:
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Theorem 21. Let x € Xy N Xy N Xo1q be a classical point such that m(my) = 1.
Then Hg ¢ is Hausdorff and Bg, ¢ # O is its universal completion. Furthermore:

(@) There is a continuous map, with dense image, Bg ¢ — ﬁé(px)/‘ (into the com-
pletion from Corollary 19) which restricts to an isomorphism Hg,_ ¢ —~>BS(px)
onto the regular-algebraic vectors.

(b) There is a nonzero G(Q,) x H(KP)-equivariant continuous map

e ® (@8y) — 5"
vip
with dense image.

Proof. From (2) of the previous section, we have a G(Qp)-embedding
HSX:;X = fg\é(Px) — ‘C?’-\[(Kp)(M, Bx),

where we keep writing M = @), tp n,f v- We claim this map is automatically
continuous when we equip the L£-space with the transformation norm and Hg, ¢,
with the quotient seminorm induced by | - ||¢, 0. Since Hg ¢ gets the quotient
topology, we just have to check continuity of the inflated map

c-IndZ (Ex) > He, z, > Liyxr) (M. By).

This is simply Frobenius reciprocity made explicit. In particular, the seminorm on
Hg ¢, is actually a norm (as the kernel of the above map is closed). Therefore,
Hg ¢, is Hausdorff, and Bg ¢ is its universal completion. That is, there is an
isometry with dense image,

He, 5. = Bg, .
(s0 Bg, ¢, is nonzero). By continuity of the initial map, it has a unique extension
Bty = Liyxry(M, By),

which is continuous (but not necessarily injective) and maps into the completion
BS(px)” from Corollary 19, with dense image (but not necessarily onto). O

Remark. This fits perfectly with the picture suggested in the papers [Schneider and
Teitelbaum 2006; Breuil and Schneider 2007]. If there is a local p-adic Langlands
correspondence p = B(p), these references speculate that Bg ; maps to each 25(p),
with dense image, for all crystalline representations p of type (£, {).

7. Zariski density of crystalline points

In general, it is not expected that B;lg is dense in By. In this section, we will adapt
(and elaborate on) an argument from Sections 5.3 and 5.4 in [Emerton 2011], which
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builds on ideas of Katz—and which shows the density of crystalline points. This
is not needed for this paper, but we include it here for future reference.

7.1. Injectivity of certain modules. We fix a finite extension L|Q,, and we will
write O = Of, and w = @y, and so on. We will look at locally constant functions
f :Y(K?) — A taking values in various finite O-modules 4 = O/@w*O, where
s is a positive integer. These functions form a (discrete) torsion @-module, denoted
H%(K?, A), carrying a natural action of the Hecke algebra (K ?), and a com-
muting smooth G(Q),)-action, which is admissible in the following sense: for every
compact open subgroup of G(Qp), its invariants form a finite O-module (torsion
and finitely generated means finite cardinality, since A is a finite ring).

Lemma 22. Suppose K? is sufficiently small (for example, it suffices that K, has
no p-torsion for some v t p). Then, for any compact open subgroup K, C G(Qp),

H°(K?,0/w’0) is an injective smooth (O /w* O)[Kp]-module for all s > 1.
Consequently, every direct summand of H?(KP?,O/w*0) is an injective* module.

Proof. We have to show the exactness of the functor sending a module M to
Hompg,|(M, H(K?,0/w*0)).
Here M is an O[Kp]-module with w*M = 0. Therefore, it has Pontryagin dual
MY =Homp(M, L/O) = Homo(M, w *0/0) >~ Homp/zso(M, O/’ 0).

(Here M is smooth, so we equip it with the discrete topology.) The initial module
above can then be identified with that consisting of all functions

fiY(KP)—> MY, f(gh) =k~ f(g)

for k € K. Choosing representatives g; € G(Ay) for the finite set Y (K, K?), and
mapping f to the tuple of all f(g;), then identifies the latter with the direct sum
b, M V)Ti  where the T; are certain finite subgroups of K, having prime-to-p
order by assumption. This ensures that (-)T7 is exact, by averaging. Also, taking
the Pontryagin dual is exact (L /O is divisible). Finally, as is well known (and easy
to check) every summand of an injective module is itself injective. O

Examples. Let us first introduce certain finite-type Hecke algebras. For each K,
we let T(K,K?) denote the image of h° = Ho(K?)** in the endomorphism
algebra Endp H®(Y(K, K?), ©). Thus T(K, K?) is finite free over (the PID) O,
and we endow it with the @ -adic topology. If we have a subgroup K 1,) C Kp, there

4The injectivity (of modules) addressed here should not be confused with the injectivity of the
maps discussed in the remark on p. 209.
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is a natural restriction map T(K ;, K?) — T(K,K?), and we take the limit

T(K?):=limT(K,K?) C Endp H°(K?)°,
Kp

the closure of the image of Ho (K ?)*". This defines a reduced, commutative, com-
plete, topological O-algebra. Moreover, T(K?) has only finitely many®> maximal
ideals: they correspond to the maximal ideals of T(K?) ® F, which is the image of
h° in Endg H?(K?, F). Hence, the maximal ideals are in bijection with the (Galois
conjugacy classes of) eigensystems h° — [F which occur in H®(K?,F). If K, is any
pro-p group, they all must occur in H°(Y (K, K?), F), which is finite-dimensional.
Therefore, since O is complete, we have

T(K?) = [ [T(K?)m,

where the product extends over the finitely many maximal ideals m C T(K?), and
T(K?)y denotes the corresponding localization, a complete local O-algebra. (We
refer to Chapter 4 of [Darmon et al. 1997] for a discussion of the commutative
algebra needed.) We will use this product decomposition as follows: Obviously,

HY(KP)°/w*HY(KP)° ~ HY(K?,0/w’0)
carries an action of T(K?). This gives rise to a direct sum decomposition,

HO(K?,0/w*0)=> @) H'(K?.0/w* O)y.
m

into localized smooth admissible G(Qp)-submodules over O/w*O
HO(K?,0/w*O)n:= H*(K?,0/w*0) @1k r) T(K?)m,

which are then injective (O/w*O)[Kp]-modules for every compact open K.

To connect this to the previous discussion, one could take the maximal ideal
my = ker(A) for a point x € X(L). A priori, this is a maximal ideal in h°, but it
is the pull-back of an ideal m C T(K?), since A, occurs in tame level K2,

7.2. Projective modules over certain Iwasawa algebras. To simplify notation, we
write A = O/w@*O in this section, where s > 0 is fixed for the moment. We will
briefly recall known facts about the Pontryagin duality functor M — MY, which
sends a discrete A[Kp]-module M to the compact

MY = Homp(M, L/O) ~ Homy (M, A).

5The finiteness of the number of cohomological mod p Hecke eigensystems has been proved in
much greater generality by Ash and Stevens [1986].
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If M is smooth, M = lim, M H with H running over normal open subgroups
of Kp, and therefore its dual MY = lim, (M H)V becomes a module for the
Iwasawa algebra
A[Kp] = lim A[K /H].
H

Conversely, if X is an A[K,]-module, X /I X becomes a module for A[K,/H],
where /g is the kernel of the natural projection A[K,]| = A[K,/H]. It follows
that XV is again a smooth A[K}]-module, since

XV ~(X/IgX)".

Thus, duality sets up a one-to-one correspondence M <> X between smooth discrete
A[Kp]-modules and compact A[[K,]-modules which reverses arrows.

Lemma 23. Suppose M is a smooth A[K p|-module, with Pontryagin dual M .

(i) M is admissible <= M is finitely generated over A[[K,].
(i) M is injective <= M" is a projective A[[Kp]-module.

Proof. For part (i), if X is finitely generated over A[[K,]], we deduce that X /Iy X
is finitely generated over A[K,/H], which is a ring of finite cardinality. Therefore
its dual M ¥ is (physically) finite. For the converse, suppose M is admissible.
Then, first of all, MV is profinite, so we may apply the “converse” (topological)
Nakayama lemma discussed in depth in [Balister and Howson 1997] (specifically,
their main theorem in Chapter 3, Section (1), and its corollary): to verify that M v
is finitely generated over the compact ring A[[K, ], it suffices to check that X /Iy X
is finitely generated over A[Kj/H| for some H such that If; — 0 as n — oo. This
limit holds for any pro-p-group H; see Lemma 3.2 in [Schneider and Teitelbaum
2002], for example. Finiteness of X /I X, or rather its dual M, is admissibility.

For part (ii), use that Pontryagin duality is exact (divisibility of L/O). It follows
that Homy(g,1(—, M) is exact if and only if Homgqg, (M"Y, —) is exact. O

From the last two lemmas, we immediately conclude the following:

Proposition 24. Suppose K? is sufficiently small. Then, for any compact open
subgroup K, C G(Qp), the dual H°(K?, A)Y is a projective finitely generated
module over A[[Kp]| for all s > 1. The same is true for any direct summand, such
as the localized module H°(K P, A)Y. for any maximal ideal m.

For later use, we will record the following fact here. Often, the Iwasawa algebra
A[[Kp] is viewed as a distribution algebra. Indeed, there is a natural pairing with
the continuous (that is, locally constant) functions C(K, A).

Lemma 25. A[K,]| = C(Kp, A), as modules over A[[K,].
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Proof. For any normal open subgroup H, there is a canonical integration pairing,

C(Kp/H. A) < AIKp[H] > A, (f)e> Y, o FORK),

which is nondegenerate, and therefore defines an isomorphism
A[Kp/H] =5 C(Kp/H A, > (= p).

This is easily checked to preserve the A[K),/H ]-module structures on both sides.

Moreover, as H varies, these isomorphisms are compatible with the transition maps.

Passing to the projective limit lim,, gives the lemma. O
pLL

In other words, C(K,, A) <> A[Kp]| under the correspondence discussed above.

7.3. Local Iwasawa algebras of pro- p-groups. A local ring is a (possibly non-
commutative) ring R whose Jacobson radical J(R) is a two-sided maximal ideal
mg. In other words, there is a unique maximal left ideal, and a unique maximal right
ideal, and they coincide. Nakayama’s lemma even holds for noncommutative local
rings, as is easily checked. In particular, a finitely generated projective R-module is
free, a key fact we will make use of below, by taking R to be the Iwasawa algebra
of a pro-p-group, which turns out to be local. We first assemble the following
well-known facts.

Lemma 26. Let K;, be a pro-p-group, and let A be any p-ring (that is, its cardi-
nality is a finite power of p, such as for A = O/w?®O). Then:

(1) Let M be a left A[Kp]-module, and H C K, an open normal subgroup. Then
M/Ig M has a nonzero Ky-invariant element if M # Iy M.

(2) Kp acts trivially on any simple left A[Kp]-module.

(3) Ik, C J(A[Kp]D).

(4) A local = A[Kp]l local. (Furthermore, J(A[Kp])) =mg + Ik,,.)
(The same is true when left modules are replaced by right modules.)

Proof. This is all standard. We cannot resist briefly outlining the argument. For
(1) it is clearly enough to show that a p-group K, fixes a nonzero element of
any A[Kp]-module M # 0. This is basic group action theory; the fact that A4 is
a p-ring allows us to count fixed points modulo p. For (2), if M is a simple left
A[[Kp]-module, we must have /g M = M or Iy M = 0 for all H. There must be
some H for which Ig M # M, since M # 0 is the inverse limit of all quotients
M/Ig M. Now (1) shows that M X» = 0. By simplicity, K, acts trivially on M.
For (3) just use that /g, is generated by elements k — 1 with k € K. We see from
(2) that /g, acts trivially on any simple left A[[K]-module, and therefore, by the
very definition of the Jacobson radical, we have the inclusion as claimed. Now



226 CLAUS M. SORENSEN

(4) is immediate from (3). Indeed any maximal left ideal of A[K,]] must be the
pull-back of my under the augmentation map. O

Together with Proposition 24, we will apply this to A[K,]] with A = O/w*O.

Proposition 27. Suppose K? is sufficiently small, and let K, C G(Qp) be an open
pro-p-group. Then there exists an integer r > 0 such that

H°(KP)° ~C(K,,0)

as O[Kpl-modules. Moreover, for any maximal ideal m C T(K?), the localization
HO(KP)2 sits as a topologically direct summand.

Proof. Since A[[K,] is local, Nakayama’s lemma (and Proposition 24) tells us that
HO(K?, A)V is afree A[[Kp]-module, of finite rank r, say. Taking the Pontryagin
dual then yields an isomorphism of smooth A[Kj]-modules

H(K?,0/w*0) ~C(K,, O/w*O)'s.

Now, we claim that r, is in fact independent of s > 0 (and we will just write r
instead of rg). To see this, scale both sides of the isomorphism by w, compare the
corresponding quotients, take H -invariants for some H, and compare dimensions
over [F. This shows that r; = r1. This allows us to take the inverse limit over s to
obtain an isomorphism of modules over O[K)]

A°(K?)° =1im HO(K?,0/w*0) ~ C(K,.0)",
S

or, in other words, an isometry H 0(KP)~C(K », L)" of Banach representations
of K. Finally, we may localize at any maximal ideal m C T(K?”) and realize
HO(KP)2 as a (topologically) direct summand of C(K,, O)". |

7.4. Mahler expansions and full level at p. Proposition 27 already shows that
the algebraic vectors are dense in HO(KP ) (by employing Mabhler expansions, as
below). In fact, this is even true for the unit ball A 0(KP)°. However, we can
be more precise, and prove density of the smaller set of G(Z)-locally algebraic
vectors, those f € HY(KP) such that (G(Zp) f) is an algebraic representation
of G(Zp):

Proposition 28. H°(K?)G(Z»)2 is dense in HO(KP) (similarly for HO(K?)y).

Proof. Pick an open, normal pro- p-subgroup K, C G(Z,). From Proposition 27,
we have an isometry H%(K?) ~ C(K p, L) of Banach space representations of
K,. We take the topological dual space £(—, L) on both sides, and get

HO(KP)Y ~ L[K,". L[K,] :=L ®0 O[K,].
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Here L[K] is identified with the distribution algebra C(K,, L) (equipped with
the bounded-weak topology) as in [Schneider and Teitelbaum 2002], so H 0(KP)Y
is a free L[[Kp]-module of rank r. It follows that H 0(KP)V is projective over
L[G(Zp)], as

Homy 167,y (A °(K?)". =) = Homp g, (H°(K?)", —) 0K

is exact: HO(KP)V is projective over L[[K pl, and taking invariants under the finite
group G(Zp,)/ K, is exact, by averaging (we are in characteristic zero). Being
projective, H O(KP)V is a direct summand of a free module (of finite rank by finite
generation). That is, there is an s > 0, and a submodule Z, such that

H°(KP)Y & Z ~ LIGZp)]’.

Again, undoing the dual, and invoking Corollary 2.2 and Theorem 3.5 in [Schneider
and Teitelbaum 2002],

HYKP)® 72V ~C(G(Zp), L) .

Comparing the G(Zp)-algebraic vectors on both sides, we see that it suffices
to show that they are dense in C(G(Zp), L). Now, topologlcally, we identify
G(Zp) = [1y|p GLa(Oz) with a closed—open subset of [, O” ~ 7},, where
we have introduced ¢ = [F : Q]n?. Any continuous function on G(Zp) therefore
extends (nonuniquely) to a continuous function on Z., which has a (multivariable)
Mabhler power series expansion [1958], which shows that the polynomials are dense
inC(Z%, L). Finally, observe that polynomials obviously restrict to G(Z,)-algebraic
functions in C(G(Zp), L). At last, localize at m. O

7.5. Density and locally algebraic vectors. Following [Emerton 2011, Section 5.4],
we deduce from the previous proposition that “crystalline points are dense”.

Corollary 29. The submodule @) ¢ H~0(Kp)alg[k] is dense in H°(KP), where
C denotes the collection of Hecke eigensystems A : H(KP)®" — @p associated
with an automorphic 7, which is unramified at p (and of tame level KP). Thus, the
set of points ker(A), with A € C, are Zariski dense in Spec T(K?)[1/p].

Proof. First off, recall from Section 3.2 that we have a decomposition

HO(KP)¥e = @W@HO K?vip) = P me@mW L"),

W mmeo=W

In particular,

AO KPS =y P mom) (W @rfw) & ()K",
W mmeco=W
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which is dense in H°(KP?). A fortiori, so is the G (Qp)-submodule it generates,

(I’_"IO(KP)G(Zp)-alg>G(®p) — @ @ me(m)(W ® JTpr).
W mimeo=W,
an(Z"’;éo

We decompose the latter into eigenspaces for the action H(K?)*h. That is, as

(HO(KP) 0 ) 6,y = D HO(KP)™ 2]
A

where A : H(KP)® — Q, runs over all eigensystems of the form A = A for
some automorphic 7, of tame level K?, which is unramified at p (and of some
weight W). Thus, elements of (), ¢ ker(A) act trivially on H°(K?). O
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THE HEEGAARD DISTANCES
COVER ALL NONNEGATIVE INTEGERS

RUIFENG QIU, YANQING ZOU AND QILONG GUO

We prove two main results: (1) For any integers n > 1 and g > 2, there is
a closed 3-manifold M; admitting a distance-n, genus-g Heegaard splitting,
unless (g, n) = (2,1). Furthermore, M g can be chosen to be hyperbolic
unless (g, n) = (3,1). (2) For any integers g > 2 and n > 4, there are
infinitely many nonhomeomorphic closed 3-manifolds admitting distance-n,
genus-g Heegaard splittings.

1. Introduction

Let S be a compact surface with x (§) < —2 but not a 4-punctured sphere. Harvey
[1981] defined the curve complex C(S) as follows: The vertices of C(S) are the
isotopy classes of essential simple closed curves on S, and & + 1 distinct vertices
X0, X1, - . . , Xx determine a k-simplex of C(S) if and only if they are represented
by pairwise disjoint simple closed curves. For two vertices x and y of C(S), the
distance of x and y, denoted by dc¢(s)(x, y), is defined to be the minimal number
of 1-simplexes in a simplicial path joining x to y. In other words, d¢(s)(x, y) is the
smallest integer n > 0 such that there is a sequence of vertices xo =x, ..., x, =,
such that x;_; and x; are represented by two disjoint essential simple closed curves
on § for each 1 <i < n. For two sets of vertices in C(S), say X and Y, d¢s)(X, Y)
is defined to be min{d¢(s)(x,y) | x € X,y € Y}. Now let S be a torus or a once-
punctured torus. In this case, the curve complex C(S) is defined as follows: The
vertices of C(S) are the isotopy classes of essential simple closed curves on S, and
k + 1 distinct vertices xg, x1, . . ., Xy determine a k-simplex of C(S) if and only if
x; and x; are represented by two simple closed curves ¢; and c; on S, such that ¢;
intersects ¢; in just one point for each 0 <i # j <k.

Let M be a compact orientable 3-manifold. If there is a closed surface S which
cuts M into two compression bodies V and W such that S = 9,V = d; W, then
we say M has a Heegaard splitting, denoted by M = V Ug W, where 0,V (resp.
a4 W) is the positive boundary of V (resp. W). Let D(V) (resp. D(W)) be the set

Qiu is supported by NSFC 11171108, Zou and Guo are supported by NSFC 11271058.
MSC2010: primary 57M27; secondary 57M50.
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of vertices in C(S) such that each element of D(V) (resp. D(W)) represents the
boundary of an essential disk in V (resp. W). Then the distance of the Heegaard
splitting V Ug W, denoted by dc¢(s)(V, W), is defined to be d¢s)(D(V), D(W));
see [Hempel 2001].

It is well known that a 3-manifold admitting a high distance Heegaard splitting
has good topological and geometric properties. For example, Hartshorn [2002]
and Scharlemann [2006] showed that a 3-manifold admitting a high distance
Heegaard splitting contains no essential surface with small Euler characteristic
number; Scharlemann and Tomova [2006] showed that a high distance Heegaard
splitting is the unique minimal Heegaard splitting up to isotopy. By Geometrization
theorem and Hempel’s work [2001] in Heegaard splittings of Seifert manifolds, a
3-manifold M admitting a distance at least three Heegaard splitting is hyperbolic.
From this point of view, Heegaard distance is an active topic in Heegaard splitting.
Here we give a brief survey on the existences of high distance Heegaard splittings.
Hempel [ibid.] showed that for any integers g > 2, and n > 2, there is a 3-manifold
that admits a distance at least n Heegaard splitting of genus g. Similar results were
obtained using different methods in [Evans 2006; Campisi and Rathbun 2012].
Minsky, Moriah and Schleimer [Minsky et al. 2007] proved the same result for knot
complements, and Li [2013] constructed the non-Haken manifolds admitting high
distance Heegaard splittings. In general, generic Heegaard splittings have Heegaard
distances at least n for any n > 2; see [Lustig and Moriah 2009; 2010; 2012].
By studying Dehn filling, Ma, Qiu and Zou announced that they had proved that
distances of genus-two Heegaard splittings cover all nonnegative integers except
one. Recently, Ido, Jang and Kobayashi [Ido et al. 2014] proved that, for any
n > 1 and g > 1, there is a compact 3-manifold with two boundary components
which admits a distance-n Heegaard splitting of genus g; Johnson informed us
that he had proved that there is always a closed 3-manifold admitting a distance-n
(> 5), genus-g Heegaard splitting and a genus larger strongly irreducible Heegaard
splitting.

The main result of this paper is the following:

Theorem 1.1. For any integers n > 1 and g > 2, there is a closed 3-manifold M
which admits a distance-n Heegaard splitting of genus g unless (g, n) = (2, 1).
Furthermore, Mg can be chosen to be hyperbolic unless (g,n) = (3, 1).

Remark 1.2. (1) It is well known that there is no distance-one Heegaard splitting
of genus two.

(2) Hempel [2001] showed that any Heegaard splitting of a Seifert 3-manifold has
distance at most two. Now a natural question is: For any integer g > 2, is there a
closed hyperbolic 3-manifold admitting a distance-2 Heegaard splitting of genus g?
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When g = 2, Eudave-Muiioz [1999] proved that there is a hyperbolic (1, 1)-knot
in 3-sphere, say K. In this case, the complement of K, say Mg, admits a distance-
2 Heegaard splitting of genus two. By the main results in [Scharlemann 2006;
Kobayashi and Qiu 2008; Agol 2010], there is an essential simple closed curve r
on d Mk such that the manifold obtained by doing a Dehn filling on Mk along r,
say My, is still hyperbolic. Hence M} admits a distance-2 Heegaard splitting of
genus two. Maybe the answer to this question has been well known for g > 3, but
we find no published paper or book related to it.

(3) If M admits a distance-1 Heegaard splitting of genus three, then M contains an
essential torus. Hence M is not hyperbolic.

(4) The proof of Theorem 1.1 implies the following fact: Let n be a positive

integer, let {F1, ..., F,} be a collection of closed orientable surfaces, and let / and
J ={1,...,n}\I be two subsets of {1, ..., n}. Then, for any integers
g> maX{Z g(F), g(Fj)}
iel jeJ

and m > 2, there is a compact 3-manifold M admitting a distance-m Heegaard
splitting of genus g, denoted by M = V Ug W, such that F; C 9_V fori € I,
F; C 0_W for j € J. We omit the proof.

By the arguments in Theorem 1.1, we have:

Theorem 1.3. For any integers g > 2 and n > 4, there are infinitely many nonhome-
omorphic closed 3-manifolds admitting distance-n Heegaard splittings of genus g.

We organize this paper as follows. In Section 2, we introduce some results on
curve complex. Then we will prove Theorem 1.1 for n # 2 in Section 3, forn =2
in Section 5 and Theorem 1.3 in Section 4.

2. Preliminaries of curve complex

Let S be a compact surface of genus at least one and C(S) the curve complex of S.
We say that a simple closed curve c in S is essential if ¢ bounds no disk in S and is
not parallel to 9. Hence each vertex of C(S) is represented by the isotopy class
of an essential simple closed curve in S. For simplicity, we do not distinguish the
essential simple closed curve ¢ and its isotopy class c.

Lemma 2.1 [Minsky 1996; Masur and Minsky 1999; 2000]. C(S) is connected,
and the diameter of C(S) is infinite.

We say that a collection G = {ag, ay, . .., a,} is a geodesic in C(S) if a; C co(8)
and dc¢(sy(ai, aj) = |i — j|, for any 0 <i, j < n. And the length of G, denoted by
L(G), is defined to be n. By the connectedness of Cl(S), there is always a shortest
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path in C'(S) connecting any two vertices of C(S). For any two vertices o, 8 with
ds(a, B) = n, we say that a geodesic G connects o, §if G ={ap =, ..., a, = B}.
Now for any two subsimplicial complex X, Y C C(S), we say that a geodesic G
realizes the distance between X and Y if G connects a vertex o € X and a vertex
B €Y such that L(G) = dc(s)(X, Y).

Let F be a compact surface of genus at least one with nonempty boundary.
Similar to the definition of the curve complex C(F), we define the arc and curve
complex AC(F) as follows. Each vertex of AC(F) is the isotopy class of an essential
simple closed curve or an essential properly embedded arc in F', and a set of vertices
forms a simplex of AC(F) if these vertices are represented by pairwise disjoint arcs
or curves in F. For any two vertices which are realized by disjoint curves or arcs,
we place an edge between them. All the vertices and edges form the 1-skeleton
of AC(F), denoted by AC'(F). For each edge, we assign it length one. Thus for
any two vertices @ and 8 in ACY(F), the distance d ac(F)(a, B) is defined to be the
minimal length of paths in AC!(F) connecting o and . Similarly, we can define
the geodesic in AC(F).

When F is a subsurface of S, we say that F is essential in S if the induced map
of the inclusion from 7| (F) to m1(S) is injective. Furthermore, we say that F is
a proper essential subsurface of S if F is essential in S and at least one boundary
component of F is essential in S. For more details, see [Masur and Minsky 2000].

If F is an essential subsurface of S, there is some connection between AC(F) and
C(S). Forany « € C%(8), there is an essential simple closed curve oy, representing
a such that the geometric intersection number i (@geo,  F') is minimal. Hence each
component of ageo N F is essential in F. Now for a € C(S), let kr(a) be the
collection of isotopy classes of the essential components of ageo N F.

For any y € C(F), we define the set oz (y) as follows: y’ € op(y) if and only if
y’ is the essential boundary component of a closed regular neighborhood of y U F.
Set op (D) = &. Now let g = op o kp. Then the map 7 links C(F) and C(S),
which is the subsurface projection map in [ibid.].

We say o € CO(S) cuts F if np () 0. Ifa, B e CO(S) both cut F, we denote
dc(p)(a, ,3) = diamc(p)(np(ol), ﬂp(ﬂ)) And if dc(g)(ot, ,3) = 1, then

dacry(a, B) <1,
dery(a, B) <2,

observed by H. Masur and Y. N. Minsky. When the two vertices o and § have
distance k in C(S), we have a direct consequence of the above observation:

Lemma 2.2. Let F and S be as above, G = {«y, . .., ai} be a geodesic in C(S) such
that o; cuts F for each 0 <i < k. Then dcry(ao, ar) < 2k.

Moreover, Masur and Minsky [ibid.] proved:
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Lemma 2.3 (bounded geodesic image theorem). Let F be an essential proper
subsurface of S, and let y be a geodesic segment in C(S), so that wp(v) # O for
every vertex v of y. Then there is a constant M depending only on S so that
diame( gy (mp(y)) < M.

When S is closed with g(§) > 2, there is always a compact 3-manifold M with S as
its compressible boundary. Let D(M, S), called the disk complex for S, be the subset
of vertices of C(S), where each element bounds a disk in M. For an essential simple
closed curve on S, say ¢, we say that it is disk-busting if S —c is incompressible in M.

Now let’s consider the subsurface projection of disk complex. The following disk
image theorem is proved by Li [2012], Masur and Schleimer [2013] independently.

For any I-bundle J over a bounded compact surface P, dJ = d,J U d,J, where
the vertical boundary 9, J is the I-bundle related to d P, and the horizontal boundary
dpJ is the portion of dJ transverse to the I-fibers.

Lemma 2.4. Let M be a compact orientable and irreducible 3-manifold. S is a
boundary component of M. Suppose OM — S is incompressible. Let D be the disk
complex of S, and let F C S be an essential subsurface. Assume each component of
o F is disk-busting. Then either

(1) M is an I-bundle over some compact surface, F is a horizontal boundary of
the I-bundle and the vertical boundary of this I-bundle is a single annulus. Or,

(2) The image of this complex, kp (D), lies in a ball of radius three in AC(F). In
particular, k p (D) has diameter six in AC(F). Moreover, mr (D) has diameter
at most twelve in C(F).

Hempel introduced a full simplex X on § which is a dimension 3g(S) —4 simplex
in C(S). Then after attaching 2-handles and 3-handles along the vertices of X on
the same side of S, there is a handlebody Hx with dHxy = S.

Lemma 2.5 [Hempel 2001]. Let S be a closed, orientable surface of genus at least
two. For any positive number d and any full simplex X of C(S), there is another full
simplex Y of C(S) such that dc(s)(D(Hx), D(Hy)) > d.

Through subsurface projection, the bounded geodesic image theorem links the
geodesic in the curve complex of the entire surface to the curve complex of a proper
subsurface. Since the diameter of the curve complex is infinite, we can construct a
geodesic of any given length in the curve complex. Furthermore, we require that
the constructed geodesic satisfies that both the first and last vertices are represented
by separating essential simple closed curves.

We organize our results:

Lemma 2.6. Let g, n,m, s, t be integers such that g, m,n>2,1<t,s <g—1. Let
S¢ be a closed surface of genus g. Then there are two essential separating curves o
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Figure 1. Self-banding.

and B in Sg such that dcs,) (o, B) = n; one component of S¢ — a has genus t; one
component of S¢ — B has genus s. Furthermore, there is a geodesic

G={lap=o,ai,...,a,-1,a, = B}
in C(S,) such that

(1) a; is nonseparating in Sg for 1 <i <n—1, and

(2) mM+2 <dcsaiy(ai-1, aiy1) <mM+6, where S is the surface S — N (a;)
for1 <i <n—1and M is the constant in Lemma 2.3.

Proof. Let o be an essential separating curve in S such that one component of
S¢ —a, say Si, has genus 7.

Suppose first that n = 2. Let b be a nonseparating curve in S, which is disjoint
from «. Let S? be the surface S¢ — N(b), where N (b) is an open regular neighbor-
hood of b in S,. Then S? is a genus-(g — 1) surface with two boundary components.
Furthermore, « is an essential separating simple closed curve in S?.

By Lemma 2.1, C'(S") is connected and its diameter is infinite. Hence there is
an essential simple closed curve ¢ in S” with desn(a, ) = mM + 4. Note that
g — 1> 1. If ¢ is separating in S”, then there is a nonseparating essential simple
closed curve ¢* in S? such that ¢ N ¢* = @. Hence decsry(c, c®) =1, and

m/\/l —+ 3 < dc(sb)(ol, C*) < mM + 5
So there is a nonseparating essential simple closed curve c in S” such that
mM+3 < dc(sh)(a, C) < mM 4+ 5.

Let I be a nonseparating simple closed curve in S? such that [ intersects ¢ in
one point, and let e be the boundary of the closed regular neighborhood of c U/ in
S?. Then e bounds a once-punctured torus T containing / and c. Since s < g — 1,
there is an essential separating simple closed curve g in S” such that g bounds a
once-punctured surface of genus s containing 7" as a subsurface, see Figure 1.
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So B is also separating in S,. Now we prove that
d(;(sg)(O{, ,3) =2 and dc(Sg)(Ol, C) =2.

SinceaNb=g, Nb= and cNb =, dc(gg)((x, B) <2and dc(sg)(a, c) <2.
Since ¢ N B = &, by the assumption on d¢ v (e, ©),

mM +2 < dC(Sb)(a’ ﬂ) < mM +6.

Sodes,) (B, ) =2. Forifdcs,)(a, B) < 1, then, by Lemma 2.3, d¢sv) (a0, B) < M,
a contradiction. Similarly, d¢s,) (@, ¢) = 2. And

Gg={ap=a,a1=b,a, =B} and G'={ap=a,a;1=>b,a;=c}

are two geodesics of C(S,). Furthermore, G satisfies the conclusion of Lemma 2.6.
Now we prove this lemma by induction on #n.
Assumption. Let k > 2. Suppose that there are two essential separating simple
closed curves o and B, and a nonseparating simple closed curve c in S, such that

degs,) (o, B) =k,
desy (@, ¢) =k,

and one component of S, — « has genus ¢ while one component of S, — 8 has
genus s. Furthermore, there is a geodesic G* = {«, ay, .. ., ax—1, ax = ¢} where q;
is nonseparating in S, for each 1 <i < k, satisfying

mM+3 <desay(ai-1, aiy1) <mM +5 forany 1 <i <k-—2,
mM+3< dC(S“k—l)(ak_z, ¢) <mM+5,

and a geodesic G = {o = agp, ay, . .., ax—1, B} satisfying the conclusions (1) and (2)
of Lemma 2.6.

Let S be the surface S, — N(c), where N(c) is an open regular neighborhood
of ¢ in §,. Since c is nonseparating in S,, S¢ is a genus-(g — 1) surface with
two boundary components. Since G* = {a, ay, ..., ar—1, c} is also a geodesic
connecting « to ¢, ax— is an essential nonseparating simple closed curve in S¢. By
the above argument, there is an essential nonseparating curve 4 and an essential
separating curve e in S¢ such that

(1) e bounds an once-punctured torus 7* containing /;
) mM+3 <dcsey(h, a—1) <mM+5;

B)mM+2 <dcse(e, ax—1) <mM+6.
And there is also an essential separating simple closed curve y which bounds a
genus-s subsurface of S¢ containing 7* as a subsurface, while y is also separating
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Figure 2. Heegaard splitting 1.

in §,. Since £ is disjoint from y,
mmM+2 < dC(SC)(Va ag—1) <mM+6.

Now we prove that dc(gg)(a, h)y=k+1, dc(gg) (o, y)=k+1.

Suppose, on the contrary, that dc(s,) (o, h) = x < k. Then there exists a geodesic
g = {oz =bgy,...,by = h}. Note that each of « and % is not isotopic to ¢ and
the length is less than or equal to k. Since dcs,)(a, ¢) =k, b; is not isotopic to ¢
for 1 < j < x — 1. This means b; cuts §¢ for each 0 < j < x. By Lemma 2.3,
de(sey(a, h) < M. Since des,) (@, ¢) =k, a; is not isotopic to ¢ for 0 < j <k — 1.
By using Lemma 2.3 again, dse(a, arg_1) < M. Then dc(sc)(ak_1, h) <2M. It
contradicts the choice of A.

Now g’ ={apy=w,ay,...,ar—1,¢c,y}and g” ={ay=a,ai,...,ar_1,c, h}are
two geodesics satisfying the conclusion. (]

3. Proof of Theorem 1.1 (n # 2)

In this section, we will prove:

Proposition 3.1. For any positive integers n # 2 and g > 2, there is a closed
3-manifold which admits a distance-n Heegaard splitting of genus g unless (g, n) =
(2, 1). Furthermore, Mg,’ can be chosen to be hyperbolic unless (g,n) = (3, 1).

Proof. We first suppose that n > 3.

Let S be a closed surface of genus g. By Lemma 2.6, there are two separating
essential simple closed curves o and B such that d¢(s) (o, B) = n forn > 3. Let
V be the compression body obtained by attaching a 2-handle to § x [0, 1] along
o x {1}, and let W be the compression body obtained by attaching a 2-handle to
S x [—1,0] along 8 x {—1}. Then V Ug W is a Heegaard splitting where S is the
surface S x {0}; see Figure 2.

Since V contains only one essential disk B with d B = « up to isotopy and W
contains only one essential disk D with 0D = B up to isotopy, dcs)(V, W) =n.

Let F| and F, be the components of 0_V, and S; and S, the two components
of § — «. Similarly, let F3 and F4 be the components of d_ W, and S3 and S, the
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Figure 3. A spanning annulus.

two components of S — 8. Now B cuts V into two manifolds F; x I and F, x I,
and D cuts W into two manifolds F3 x I and F4 x I; see Figure 2. By Lemma 2.6,
we assume that S3 is a once-punctured torus.

We first consider the compression body V. We assume that F; = F; x {0},
SiUB=F; x{1}for1<i<2. Let fr, : S;UB — F; be the natural homeomorphism
such that fr (x x {1}) =x x {0} fori =1, 2. And fF, is well defined. Then, for
any two essential simple closed curves ¢, 6 C S; U B,

der)(fR(C), f(0)) =des,upy(¢,0) fori=1,2;

see Figure 3. Hence fF, induces an isomorphism from C(S;UB) to C(F;), forany i =
1, 2. Denote the isomorphism by fF, too. Note that the shaded disk in Figure 3 is B.

Let¢:S; — S; U B be the inclusion map for i = 1, 2. Note that 9.S; contains only
one component. If ¢ is an essential simple closed curve in S;, ¢(c) is also essential
in S; U B. So, for any two essential simple closed curves ¢, 6 C S;,

des;up)(L(2),1(0)) <ds, (¢,0) fori=1,2.

Hence ¢ induces a distance nonincreasing map from C(S;) to C(S; U B), for any
i =1, 2. Denote the inclusion map by ¢ too. Then we define

WF, = fFi OLOJTSi.
Since dc¢(s)(a, B) =n > 2, o N B # &. By the argument in Section 2,
diames;) (s, (B)) < 2.

Hence,
diame(g) (YE (B)) < 2.

We start to attach a handlebody to V along F;. Then we have two cases:

(a) F is a torus. By Lemma 2.1, there is an essential simple closed curve r in Fj
such that

(D dery(Yr (B),r) = M+ 1.
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Figure 4. Heegaard splitting II.

Let J, be a solid torus such that dJ, = Fj, and r bounds an essential disk in
J-. In this case, J, contains only one essential disk up to isotopy. Let Vf, be the
manifold V U J,.

(b) g(F1) = 2. By Lemma 2.5, there is a full simplex X of C(F7) such that

dery(D(Hx), ¥r (B) = M+1,

where Hy is the handlebody obtained by attaching 2-handles to F; along X then
3-handles to cap off the possible 2-spheres. In this case, we denote the manifold
VU Hx by VF| .

In a word, Vp, is a compression body with only one negative boundary component
F>, where 04V, = 04 W; see Figure 4. Hence Vg, Ug W is a Heegaard splitting.

Claim 3.2. The Heegaard distance dcsy(Vr,, W) is n.

Proof. Suppose, otherwise, that d¢s)(Vr,, W) =k < n. Since W contains only one
essential disk D up to isotopy where 0 D = §, there is an essential disk B; in Vf, such
that des)(0B1, B) =k <n—1, i.e, there is a geodesic G ={ap =B, ..., ar = 9B},
where k <n —1. U

Claim 3.3. a; NS #9, forany 0 < j < k.

Proof. Suppose thata; N S| =& forsome 0 < j <k. If ;NS =2, then By C F, x1
and Bj is inessential in Vf,. So j #k. Since ap=f, j #0. Hence there is a geodesic
G*={B=ap,...,a;j,a}. It means that d¢(s)(a, B) < k < n, a contradiction. []

By Lemma 2.3, decs,up)(dB1, B) < M and der)y(Yr, (3B1), i, (B) < M.
Depending on the intersection between B; and B, there are two cases:

(a) B1 N B = @. Since By is not isotopic to B, ¥r, (3 B1) bounds an essential disk
in Hy or J, depending on g(F;), where Hx and J, are constructed as above. Then
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Figure 5. Heegaard splitting III.

by Lemma 2.3,

der)(Yr (0B1), Yr (B)) < M,
dery(r, Ve (B) <M if g(Fy) =1,
der)(D(Hx), Yr (B)) <M if g(F1) = 2.
It contradicts the choice of X or r.

(b) BiN B # &. Let a be an outermost arc of By N B on B;. It means that a,
together with a subarc y C d By, bounds a disk B, such that B, N B =a. Since B
cuts Vg, into a handlebody H which contains F and an I-bundle > x I, B, C H.
Hence a curve in ¥/r, (3 B1) bounds an essential disk in Hy or J,. By the argument
in (a), it is impossible.

Now VF, is a compression body which has only one minus boundary component
F>. Since d¢(sy (o, B) =n >3, BN S, # . By Lemmas 2.1 and 2.5, there is always
a simplex Y on F, such that d¢(r,)(D(Hy), ¥r,(B)) > M+ 1, where Hy is the
handlebody or the solid torus obtained by attaching 2-handles to F> along ¥ and
3-handles to cap off the possible 2-spheres. Let Vf, r, be the manifold obtained
by attaching Hy to VF, along F>; see Figure 5. Then VF, f, is a handlebody where
0+VFr, r, = 0+ W. Hence VF, r, Us W is also a Heegaard splitting.

Claim 3.4. The Heegaard distance dc(s)(VF, r,, W) is n.

Proof. Suppose, on the contrary, that d¢s)(VF, r,, W) = k < n. Since W con-
tains only one essential disk D up to isotopy such that 0D = B, there is an
essential disk B in VF, f, such that d¢(s)(0 B2, B) = k, i.e., there is a geodesic
G={ap=p,...,ar = 0By}, where k < n — 1. By the definition of Heegaard
distance, a; N 3S, #d for0 < j <k—1whenk > 1.

Note that 0 B = «. Depending on the way of intersection between B, and B,
there are two cases:

(a) BN B =@. Since d¢s)(a, B) =n > k, B, is not isotopic to B. By the proof
of Claim 3.2, d B, does not lie in S;. Hence 9B, C S,. It implies that g, (3 B2)
bounds an essential disk in Hy. By Lemma 2.3, d¢s,)(0 B2, ) < M. Hence

der)y (VR (0B2), ¥R, (B)) <M,  der)(D(Hy), ¥r,(B)) < M.
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It contradicts the choice of Y.

(b) BN B # @. Let a* be an outermost arc of B, N B on B;. This means that a*,
together with a subarc y* C dB,, bounds a disk B, such that B, N B =a*. By
the proof of Claim 3.2, y* C S,. Thus v, (9 B2) bounds an essential disk in Hy.
By the same argument in Claim 3.2 again, it is impossible. (]

Until now, we get a distance-n genus-g Heegaard splitting Vg, g, Us W. In this
case, Vi, r, 1s a handlebody, and W contains only one essential disk D such that
dD = B. Furthermore, we cut S along 8 into two components S3 and Sy, and
cut W along D into two manifolds F3 x I and F4 x I such that F; = F; x {0},
and S; U D = F; x {1} for i = 3, 4. Now the shaded disk in Figure 3 is D. Let
fF. 1 SiUD — F; be the natural homeomorphism such that fr, (x x {1}) =x x {0}
for i =3, 4. Then, for any two essential simple closed curves ¢,6 C S; U D,

der)(fF(8), fr(0)) =dcs;up) (¢, 0) for i =3,4;

see Figure 3. Hence fFr, induces an isomorphism from C(S; U D) to C(F;), for any
i =3, 4. Denote the isomorphism by fr, too.

Let¢:S; — S; U D be the inclusion map for i = 3, 4. Note that 9S; contains only
one component. If ¢ is an essential simple closed curve in S;, ¢(c) is also essential
in S; U D. Now, for any two essential simple closed curves ¢, 6 C S;,

des,upy(L(8),1(0)) <ds,(§,0) fori=3,4.

Hence ¢ induces a distance nonincreasing map from C(S;) to C(S; U D), for any
i =3, 4. Denote the inclusion map by ¢ too. Then we define

'g//[:[, :fE olLoTg;.

Since VF, r, Us W is a distance-n (> 3) Heegaard splitting of genus g, and W
contains only one essential disk D up to isotopy, S3 and Sy are incompressible in
VE,.F,- Hence B =053 = 954 is disk-busting in VF, r,. Since the Heegaard distance
n >3 and g(S3) =1, VF, F, is not an I-bundle over some compact surface with S;
a horizontal boundary of the I-bundle while the vertical boundary of this I-bundle
a single annulus for i = 3, 4. By Lemma 2.4, diamg, (D(VF, r,)) < 12 fori =3, 4.
Hence diampg, (Y, (D(VF,.F,))) < 12.

Since F3 is a torus and diampg, (Y r, (D(VF,,F,))) < 12, by Lemma 2.1, there is an
essential simple closed curve § in F3 such that de(r,) (Y r, (D(VE, F,)), §) > M+ 1.
Let Wp, be the manifold obtained attaching a solid Js to W along F3 so that §
bounds a disk in Js. Then W, is a compression body.

Since diamp, (Y r, (D(VF,.F,))) < 12, by Lemmas 2.1 and 2.5, there is a simplex
Z of C(Fy) such that

dery(D(Hz), Yr,(D(VE, ) > M+1,



HEEGAARD DISTANCES COVER ALL NONNEGATIVE INTEGERS 243

F ‘
F;3 Fy ‘ Fy
90 € »

Figure 6. Heegaard splitting I'V.

F | Fy Fs

==

S

F]{Fz

where Hyz is the handlebody or the solid torus obtained by attaching 2-handles to
F4 along Z then 3-handles to cap off the possible 2-spheres. In this case, let Wg, F,
be the handlebody WF3 U Hz where 0 WF3,F4 =04 VE,.F- Now VF,.Fp, Us WF3,F4
is a Heegaard splitting of a closed 3-manifold; see Figure 6.

Claim 3.5. The Heegaard distance dc(sy(VF, . F,, Wr; F,) is n.

Proof. Let D be the essential disk in Wg, g, bounded by 8. Suppose, on the contrary,
that the Heegaard distance is k < n. Then there is a geodesic

G={ap=0B1,...,a, =0Dy},

where k <n —1, Bj is an essential disk in VF, f,, and D; is an essential disk in
Wr, F. ;NP # I, forany 0 <i <k — 1. If not, the distance of Vg, g, Us W
would be at most k < n. Similarly, D; is not isotopic to D.

Then we have two cases:

(a) D1N D = @. Then 9 Dy lies in one of S5 and S;. We assume that 9 D; lies in S5.
The other case is similar. Hence ¥r, (0 D) =4§. By Lemma 2.3, diamg, (D(G)) < M.
Since 7g,(0B1) € ws,(D(VF,,F,)), we have

decsy) (s, (D(VE,F,)), 0D1) < M.
Hence,
dery (W (D(VE,R)), Y (0D1) =68) <M,
a contradiction.

(b) D1 N D # &. Let ¢ be an outermost arc of Dy N D on D;. This means that c,
together with a subarc §* C d Dy, bounds a disk D, such that D.N D =c¢. We assume
that d D, C S4. The other case is similar. By Lemma 2.3, diamg, (G) < M. Hence

dery)y (W E,(D(VE, R,)), YE,(0D1)) < M.
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Note that ¥, (0 B1) € D(Hz). Then by the same argument in (a), it is impossible. [

Now we prove the proposition for n = 1. It is known that if a Heegaard splitting
has distance 1, there are on the Heegaard surface two disjoint nonisotopic essential
simple closed curves that bound essential disks in different compression bodies.
That is to say, a distance-1 Heegaard splitting is always weakly reducible. For a
reducible Heegaard splitting, since there is an essential simple closed curve in the
Heegaard surface bounding essential disks in both of these two compression bodies,
it has distance zero. Hence it is only needed to prove the proposition for weakly
reducible and irreducible Heegaard splittings.

Let M| and M, be two 3-manifolds with homeomorphic connected boundary.
For any homeomorphism f from dM; to dM>, let My be the manifold obtained
by gluing M and M; along f. Suppose M; has a Heegaard splitting V; Us, W; for
i =1, 2. In this case, My has a natural Heegaard splitting called the amalgamation
of Vi Us, W and V, Ug, W,. The following facts are well known:

(1) If the gluing map f is complicated enough, then the amalgamation of V;Ug, W)
and V, Ug, W> is unstabilized; see [Lackenby 2004; Bachman et al. 2006; Li
2010].

(2) If both V| Ug, Wy and V> Ug, W5 have high distance, then the amalgamation
of Vi Ug, Wi and V, Ug, W, is unstabilized and irreducible; see [Kobayashi
and Qiu 2008; Yang and Lei 2009].

Now let M; = V; Ugs, W; be a Heegaard splitting of genus two such that 0 M; is
a torus, and d(S;) > 8 for i = 1, 2, then, by the main result in [Kobayashi and Qiu
2008], the amalgamation of V; Ug, W1 and V, Ug, W5, say V Ug W, is unstabilized.

Suppose that g > 4. By the above argument, there exist a Heegaard splitting
M;=V1Ug, Wj of genus g —1 such that g(d M) =2 and d (1) > 2g, and a Heegaard
splitting V2> Ug, W> of genus three such that g(dM>) =2 and d(S2) > 2g. Hence
both M| and M, are hyperbolic. By the main result in [ibid.], the amalgamation of
ViUs, Wi and Vo Ug, Wa, say M = V Ug W, is unstabilized and weakly reducible.
Furthermore, g(S) = g. By Thurston’s theorem, both M; and M, have hyperbolic
structures with totally geodesic boundaries. Hence M is hyperbolic. ([

Remark 3.6. The strongly irreducible Heegaard splitting V Ug W where both V
and W contain only one essential separating disk up to isotopy independently is
always a minimal Heegaard splitting of M = V Ug W. Li [2010] defined a sub-
complex U(F1), for F1 C 0_V and proved that for any handlebody H attached to
M along Fi, if d¢r)(U(F1), D(H)) is larger than a constant K which depends
on M and H, then the new generated Heegaard splitting Vr, Ug W is still the
minimal Heegaard splitting of M1 = V, Ug W. Similar to the other boundaries
of M. Now in our construction of distance-n (> 2) strongly irreducible Heegaard
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splitting (for n = 2, see Section 5), we can choose a full simplex X in F; such that
dery(Yr (D(W)), D(Hy)) is large enough and d¢r,) (U(F1), D(Hy)) is larger
than C. Then the new Heegaard splitting Vp, Us W is still the minimal Heegaard
splitting of Mt = Vi, Ug W and has the same distance.

4. Proof of Theorem 1.3

Proposition 4.1. For any integers g > 2 and n > 4, there are infinitely many
nonhomeomorphic closed 3-manifolds which admit distance-n, genus-g Heegaard
splittings.

Proof. Let S be a closed surface of genus g. By Lemma 2.6, for each m > 2, there
is a geodesic G" ={a =a(', a}", ..., a,"_,,a, = pB"}in C(S,) such that
(1) a;" is nonseparating in S, for 1 <i <n—1, « and B are two essential separating

simple closed curves on Sy,

(2) mM+2 <desi"y (@], a’ ) <mM+6, where S is the surface § — N (a;)
forl1 <i<n-—1,and

(3) one component of S, — ™ has genus one.

Without loss of generality, we assume that M > 6. Let M,, be the manifold
obtained by attaching two 2-handles to S, x [—1, 1] along o x {—1} and 8™ x {1}.
We also use S, representing the surface S, x {0}. Now M,, has a Heegaard splitting
as Vin Us, Wy, where V,,, is the compression body obtained by attaching a 2-handle
to S x [—1, 0] along o x {—1}, and W, is the manifold obtained by attaching a
2-handle to S x [0, 1] along 8 x {1}. Then 0_V,, contains two components F}
and F3, and 0_W,, contains two components F3" and F"; see Figure 7.

By the proof of Theorem 1.1 (n # 2), there is a closed 3-manifold M,; which
admits a distance-n Heegaard splitting V,;Us W, where V7 is obtained by attaching

m

handlebodies Hx, and Hy, to V,, along F| and F,, and W’ is obtained by attaching

m

handlebodies Hy, and Hy, to W, along F3" and F," such that

dery(Wr ("), D(Hy,)) > M+15 fori=1,2,
dc(ﬂ)(lﬁpi (Ol), D(HY,)) = M + 15 fori= 3, 4.
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Replace M, V» and W by M,,, V,, and W,,. Now

g"={a=ay,al",....a, |, a,; =p"}

is a geodesic of C(Sg) realizing the distance of M,, = Vi, Ug, Wiy

Claim 4.2. Let
g:{b097bl1}

be a geodesic of C(S,) realizing the distance of Vi, Us, Wy Then
bl' = af”
forany 1 <i<n-—1.

Proof. Let Sy and S be the two components of S, — . We assume that by bounds
a disk By in V,,, and b, bounds a disk D,, in W,,. We first prove that « (resp. ™)
is disjoint from b (resp. b,_1).

Let B be the essential disk bounded by « in V,,. Suppose, on the contrary, that
a N by # . Hence by is not isotopic to a;' = . Then there are two cases:

(a) BoN B # &. Let a be an outermost arc of ByMN B on By. It means that a, together
with a subarc of y C d By, bounds a disk B, such that B, N B = a. We assume that
y C S1. The other case is similar. By the argument in Section 3, ¥, (9 Bp) bounds
an essential disk in Hx,. But with by N9 S # @, it implies that d¢(s,)(bo, by) < M.
Hence dc(ry) (Y, (bn), D(Hy,)) < M.
(b) BN B = @. Since by N # I, By is not isotopic to B. Then 9 By is essential
in Sy or S;. We assume that 0 By C S;. The other case is similar. Hence by the
arguments in the previous case, de(r,) (Y, (by), D(Hx,)) < M.

However, since the Heegaard distance is at least four and @ = 95; = 9.5, bounds
an essential disk in V™, the curve « is disk-busting for W and W™ can not be the
I-bundle over S; or S;. Then by Lemma 2.4,

diamc(sl)(D(Wm)) <12
and

diamc(sz) (D(Wm)) <12.

Hence diam¢ (g (¥ F, (D(W™))) <12 and diam¢ (g, (Y F, (D(W™))) < 12. Together
with (a) and (b), by the triangle inequality, we have

dery(Yr, (B™), D(Hyx,)) < M+ 12.

It contradicts the choice of X in Fj.
Let G* ={a =ag,b1,...,by—1,a,'} be a new geodesic realizing the distance
of Vi Us, Wy,. Now we prove that b, is isotopic to ai". The other case is similar.
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Suppose, otherwise, that b, is not isotopic to a{". Note that b; is not isotopic
to ay'. Otherwise, the distance of V,, Us, Wi would be at most 7 — 1. Let S be the
surface S, — N (al"), where N (a!") is an open regular neighborhood of a}' on S,-
By Lemma 2.3,

deeseiy (et (ay'), wsei' (ay,')) < M.

Now let’s consider the shorter geodesic
g ={ay,....a, ;,a' =p"},
which is a subgeodesic of

g"={a=agy,ay",...,a, |, a, =Bp"}.

By the definition of geodesic in the curve complex, ;" is not isotopic to a}" for any

i > 2. By Lemma 2.3 again,

deesei'y(wset' (ay'), wsei' (a,,)) < M.
Hence
deesi'y (et (ag'), wsei' (ay')) < 2M.

This contradicts our assumption on mM <dc(s") (s (ag'), s (ay')) and m > 2.
Hence b is isotopic to af". O

Replace M,,, = V), Us, Wi by M, =V, Usgn W.
The following claim reveals the connection between geodesics in the curve
complex and closed 3-manifolds:

Claim 4.3. Foranyt,s suchthat2 <t # s € N, either

(H M, =V, Usé W, and My = V; Usé Wy are two different 3-manifolds up to
homeomorphism, or,

(2) M; is homeomorphic to My, but V; U st W; and Vi U S Wy are two different
Heegaard splittings of M, up to homeomorphic equivalence.

Proof. Suppose that M, is homeomorphic to M, for some ¢, s € N where 2 <¢, s and
t #s. If (2) fails, then V;U st W, and V,U S W, are homeomorphic. It means that there
is a homeomorphism f from M, to M such that f((S’; V;, W,)) = (S3; Vi, Wy).
We assume that f(V;) = Vi and f(W;) = W,. The other case is similar. It is well
known that f induces an isomorphism from C (S;,) to C(S‘gf), still denoted by f.
Then for the geodesic

gt={a=a(t)7aiv""a;_]’a;;:ﬁt}

which realizes the distance of V; U st W:, f(G) is also a geodesic in C (S;) realizing
the distance of V; Usg W,. By Claim 4.2, f(a;.) is isotopic to a; forl<j<n-—1.
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Since f(ab) is isotopic to aj, we can perform an isotopy on S, such that the
composition of f with the isotopy gives an homeomorphism f* from S;, to Sg,
and f*(aé) =a3, f*(Vi) = Vs, f*(W;) = W;. It’s also true that f* induces
an automorphism from C(Sg,) to C(Sg,), denoted by f* too. Thus f*(G") is also a
geodesic realizing the distance of VU S5 Ws. By Claim 4.2 again, forany 1 <j <n—1,
f *(a.ti) is[still isotopic to aj. Hence f *(a}) (resp. f*(a})) is isotopic to a] (resp. a3).

Let S% be the surface S; —N (aé), where N (aé) is an open regular neighborhood
of a§ on Sg,, and let S% be the surface of SZ, — N(a3). Then f*(S“é) = S"Etand
f*|s% is a homeomorphism. Hence f* also induces an isomorphism from C(5%) to
C(8%), still denoted by f*. Now we also assume a! Na} = @ and a} Na’, = @. Thus
fr@)Hn(f*(@h) =a3) =@ and f*(@)N(f*(a}) =a3) = . Thendes4)(al, ay) =
dC(Sag)(f*(ai), f*(c}é)). On the other hand, f*(ai) (resp. f*(a3)) must be isotopic
to aj (resp. a3) in §%. Forsif not, then after removing possible bigon capped by them,
they bound no annuli in $§°2, and thus they bound no annuli and bigon in S;. By bigon
criterion [Farb and Margalit 2012, Proposition 1.7], they realize the geometry inter-
section number. Since they are isotopic in S,, they must bound an annulus in S,. So

de(say(ay, ay) = dessy(f* (@), f*(ah)),
deis3)(f* (@), f*(a3)) =deiss)(ai, a3).
It means that
deesy(ay, ay) = deessy(ai, a3).
However, by the assumption,

IM+2 <dcsy(al, ay) <tM+6,
SM4+2< dc(saé)(ai, ag) <sM+6,
M=>6,
we have
de(sy(ay, ay) # dess)(ay, a3),
a contradiction. O

The Waldhausen conjecture proved by Johanson [1990; 1995] and Li [2006;
2007] implies that, for any positive integer g, an atoroidal closed 3-manifold M
admits only finitely many Heegaard splittings of genus g up to homeomorphism.
Since M, admits a Heegaard splitting with distance at least four, it is atoroidal for
any ¢ > 2; see [Hartshorn 2002; Scharlemann 2006]. Now Theorem 1.3 immediately
follows from Claim 4.3 and the Waldhausen conjecture. U
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5. Proof of Theorem 1.1 (n =2)

We rewrite the second part of Theorem 1.1:

Proposition 5.1. For any integer g > 2, there is a closed hyperbolic 3-manifold
which admits a distance-2 Heegaard splitting of genus g.

Proof. By Remark 1.2(2), there is a hyperbolic closed 3-manifold which admits a
distance-2 Heegaard splitting of genus two. So we only need to prove it for g > 3.

Assumption 1. Let S be a closed surface of genus g. By Lemma 2.6, there are two
separating essential simple closed curves « and y such that

(D deesy(a, y) =2,
(2) one component of § — «, say S;, has genus one while the component of § — «,
say $», has genus g — 1,

(3) one component of S — y, say S3, has genus one, while the component of § — y,
say S4, has genus g — 1,

(4) there is a nonseparating slope 8 on S such that « and y are disjoint from S, and
degsey(at, v) > 4, where SP is the surface S — n(B), and

(5) BC SN 84

Let V be the compression body obtained by attaching a 2-handle to S x [0, 1]
along a separating curve « x {1}, and let W be the compression body obtained by
attaching a 2-handle to S x [—1, 0] along a separating curve y x {—1}. Denote
S x {0} by S too. Then V Ug W is a Heegaard splitting. Since V contains only one
essential disk B with 9 B = « up to isotopy, and W contains only one essential disk
D with 9D = y up to isotopy, dcs)(V, W) = 2.

Let F and F, be the components of d_V, such that F; is homeomorphic to
S; U B fori =1, 2. Similarly, let F3 and F4 be the components of d_ W such that
F; is homeomorphic to S; U D for i =3, 4. Then both S| and S5 are once-punctured
tori, and F| and F3 are two tori; see Figure 2. Furthermore, both F3 and Fy have
genus at least two. Now B cuts V into two manifolds F; x I and F, x I, and D
cuts W into two manifolds F3 x I and Fy x 1.

Since des)(V, W) =2,y NS; #fori =1,2,and a N S; # & fori =3, 4.
Hence ¥r (y) # @ fori =1, 2, and Y, () # & for i =3, 4, where ¢ is defined
in Section 3.

Assumption 2. (1) Let é be an essential simple closed curve on the torus F; such
that de(ry) (Y, (), 8) = 5.

(2) Let X be a full complex of C(F3) such that d¢(r,) (VF,(v), D(Hx)) > 24, where
Hy is the handlebody obtained by attaching 2-handles to F, along the vertices of
X then 3-handles to cap off the spherical boundary components.



250 RUIFENG QIU, YANQING ZOU AND QILONG GUO

Figure 8. Essential annulus.

Let Vi, = VU Hy, and let Vf, r, be the handlebody obtained by doing a surgery
on Vf, along the slope § on Fj. By Assumption 1, g(S3) =1, g(S4) > 2, VF, F, is
not an I-bundle over S; for i =3, 4. By Lemma 2.4, diam¢s,) (s, (D(VF, F,))) < 12
fori =3, 4.

Assumption 3. (1) Let r be an essential simple closed curve on the torus F3 such
that dery) (WF, (D(VE, 1)), 1) = 24.

(2) Let Y be a full complex of C(Fy) such that de(r,) (Y r, (D(VF,,F,)), D(Hy)) > 24,
where Hy is the handlebody obtained by attaching 2-handles to Fy along the vertices
of Y then 3-handles to cap off the spherical boundary components.

Let Wg, = WU Hy, and let WE, g, be the handlebody obtained by doing a surgery
on W, along the slope r on F3. Now both M* =V, UsWp, and Vf, r,Us WE, F, are
Heegaard splittings. Furthermore, we can prove that these two Heegaard splittings
have distance two by arguments in the proof of Proposition 3.1.

Now we consider M* = Vg, Us Wg,. Note that M* has only two toroidal
boundary components. Since the distance of Vi, Ug Wp, is two, M* is irreducible
and 0-irreducible.

Claim 5.2. M* is atoroidal.

Proof. Suppose, on the contrary, that M* contains an essential torus 7. Since the
distance of Vg, Us Wg, is two, Vi, Ug W, is strongly irreducible. By Schultens’
lemma [Schultens 1993], we may assume that each component of 7' N S is essential
onboth 7" and S. Hence each component of TNVE, and TNWg, is an incompressible
annulus in Vp, or Wg,.

Let A be one component of 7' N VE,. We first prove that there is one component
of dAy, say agp, not isotopic to 8.

Now Vp, contains a d-compressing disk B* of Ap. Note that Ay has a 9-
compression disk B* in Vp,. By doing a surgery on Ag along B*, we get a disk By
in VE,. Since Ay is essential, By is essential. Suppose that the two components of
d Ay are isotopic to . Since B is nonseparating on S, d By bounds a once-punctured
torus containing ; see Figure 8.

By Assumption 1, 8 C S,. Since $; has genus g — 1 > 2, 9By is not iso-
topic to a = 9052. By standard outermost disk argument, ¥r, (d Bp) bounds an
essential disk in Hy. Therefore d¢(r,)(D(Hx), ¥, (B)) < 1. Since y N = &,
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dery) (YR (B), ¥R, (y)) < 2. Hence de(r,)(D(Hx), ¥r,(y)) < 3. It contradicts
Assumption 2.

Let A; be a component of T N Wg, which is incident to Ag at ag. This means
that g is one component of d A;. We consider two cases:

Case l.apNa = and agpNy = 2.
Recall the definition of the surface S#. Since ay is not isotopic to 8, agN S? # @.
Since o, y C Sh,

desy) (msp(ao), o) < 1,

decsey (v, wsp(ao)) < 1.

Hence d¢ sy (a, ) < 2. This contradicts Assumption 1.

Case 2. apN(aUy) # @.

We assume that ag N # &. By the above argument, By is an essential disk in
VF, such that 0 By is disjoint from ag. Furthermore, d By is not isotopic to ¢«. Since
B cuts Vp, into I x I and a handlebody H such that S UB =0H, 0By N Sz # 2.
Furthermore, all outermost disks of By N\ B on By lie in H. Hence a curve in
7s,(0Bp) bounds an essential disk in H. This means a curve in ¥r, (0 Bp) bounds
an essential disk in Hy.

If apNy = @, then

der) (YR, (0Bo), Y5, (1))
<dcr)(¥YF,(0Bo), VF,((a0)) +dcr) (Y E (ao), YE(y)) <4.

It contradicts Assumption 2. Hence ag Ny # &, and Yr, (ap) # <.

Since A is an essential annulus in Wg,, there is an essential disk Dy obtained by
doing boundary compression on A; in Wp,. Furthermore dDyNag=&. Since D cuts
Wk, into F3 x I and a handlebody H* containing Hy, all outermost disks of DN D
in Dy lie in H*. Hence ¥, (0 D) bounds an essential disk in Hy. Hence a curve in
75, (0Dg) # <. Since d DpNap =, by Lemma 2.2, dc(54)(7T54(aD()), s, (ap)) < 2.
According to the definition of Y f,, de(r,) (WF, (Do), ¥r,(ap)) < 2.

Recall that the essential disk By is obtained by doing a boundary compres-
sion on Agp in Vg,. Since the distance of Vg, Us W, is two, 0By Ny # .
Since g(S3) =1 and g(S4) > 2, Vp, is not an I-bundle over S;. By Lemma 2.4,
dc(s4)(7'[s4(aB()), 7T54(O()) < 12. Hence

dery (W, (0By), ¥, () < 12.
Since 0ByNag = 9,

dery (VR (0By), ¥, (ap)) < 2.
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The above inequalities implies that

de(ry(YE, (Do), YE, ()
<dcr,)(YF, (Do), ¥, (a0)) +dcry) (VE,(dBo), ¥, (ao))
+dery) (VE,(0Bo), VE,(a))
< 16.

It contradicts Assumption 3. U
Claim 5.3. M* is anannular.

Proof. Since the distance of M* = Vg, Ug W, is two, M* = Vg, Ug W, is strongly
irreducible and boundary irreducible. Suppose, on the contrary, that M* contains
an essential annulus A. Then there are two cases:

(a) 0A lies in the same boundary component of M*. Without assumption, we
assume that dA C F,. Hence the boundary of closed regular neighborhood of
F> U A consists of three tori, denoted by F;, 71 and 7>. By Claim 5.2, both T}
and T, are inessential in M*. Since the boundary of M* is not connected, one of
Ty and T3, says Ty, is compressible and the other one is boundary parallel. This
means that M* is a Seifert manifold, whose orbifold is an annulus with at most one
cone point. By [Moriah and Schultens 1998], each irreducible Heegaard splitting
of M* is vertical or horizontal. Hence each irreducible Heegaard splitting of M*
has genus two. So each genus at least three Heegaard splitting of M* is stabilized
and reducible. A contradiction.

(b) dA lies in different boundary components of M*. Then the boundary of AUJdM*
consists of three tori, denoted by T', F» and Fs. By Claim 5.2, T is inessential in
M*. Tt is not hard to see that T is not boundary parallel to F> or Fy. Then T is
compressible in M*. So M* is a Seifert manifold, whose orbifold is an annulus
with at most one cone point. By [ibid.] again, each irreducible Heegaard splitting
of M* is vertical or horizontal. Hence each irreducible Heegaard splitting of M*
has genus two. So each genus at least three Heegaard splitting of M* is stabilized
and reducible. A contradiction. (]

Now M* is a hyperbolic 3-manifold, M* = Vi, Ug W, is a distance-2 Heegaard
splitting of genus g. Furthermore, M* contains two toral boundary components F;
and F3. By the main results in [Agol 2010; Lackenby and Meyerhoff 2013], there
are at most ten slopes § on Fj such that the manifold M*(§) obtained by doing Dehn
filling on M* along § is nonhyperbolic. By Assumption 2, there are infinitely many
slopes § so that M*(5) has a distance-2 Heegaard splitting of genus g. Hence there is
at least one slope § on Fj such that M*(8) is hyperbolic and M*(§) admits a distance-
2 Heegaard splitting of genus g. Similarly, by Assumption 3, there is a hyperbolic
closed manifold which admits a distance-2 Heegaard splitting of genus g. (]
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