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ON CERTAIN DUAL ¢-INTEGRAL EQUATIONS
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We consider three different systems of dual g-integral equations where the
kernel is the third Jackson g-Bessel functions. We solve the first system by
applying the multiplying factor method (ansatz solution) and the second by
employing the fractional g-calculus, and we use the g-Mellin transform to
reduce the third system to a Fredholm g-integral equation of the second
kind. Examples are included.
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1. Introduction

Dual integral equations arise in a natural way while solving certain mixed boundary
value problems. See [Sneddon 1966; Sneddon and Lowengrub 1969; Titchmarsh
1986]. Many of the dual integral equations are of the form

/00 ww) AWK (u, x)du =1(x), O0<x<a,
0

/OO Aw)K (u, x)du = pu(x), a<x <oo,
0

where w(u) is the weight function, K (x, u) is the kernel function. Several authors
have described various methods to solve dual integral equations, especially when
the kernel is a Bessel function. Busbridge [1938], Tranter [1951], Noble [1955;
1963], Sneddon [1960], Copson [1961], Peters [1961], Williams [1961], Erdélyi and
Sneddon [1962], Nasim [1986] and others have described different methods to solve
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dual integral equations. An account of these methods is given in the introduction of
[Erdélyi and Sneddon 1962] and, at greater length, in [Sneddon 1966, Chapter IV].

We now briefly mention three methods whose g-analogs will be treated in this
work. The first approach, developed by Noble [1955] and Copson [1961], is the
multiplying factor method. This approach involves the application of a certain
multiplying factor, and after some manipulations we can solve the dual integral
equations. The second approach uses fractional calculus to solve dual integral
equations, and was developed by Erdélyi and Kober [1940] and Erdélyi [1951].
Their technique became a standard tool for solving dual integral equations. For
example, see [Erdélyi and Sneddon 1962; Love 1963; Kesarwani 1967]. Finally,
the third approach uses the Mellin transform to reduce the dual integral equations
to a Fredholm equation of the second kind which can then be solved numerically.
See [Williams 1961; Nasim 1986; Titchmarsh 1986].

In this paper, we are interested in solving dual g-integral equations when the
kernel is the third Jackson g-Bessel function defined in (2-14) below and the g-
integral is Jackson’s g-integral. This paper is organized as follows. Section 2
includes the main notions and terminology from g-analysis which we need in
our investigations. It also includes some g-integrals involving the third Jackson
g-Bessel function. Section 3 includes the fractional g-integral operators and their
calculus, which we need in our analysis. In Section 4, we apply the multiplying
factor method to solve certain dual g-integral equations. In Section 5, we solve
certain dual g-integral equations by using the fractional g-calculus method. In the
last section, Section 6, we solve dual g-integral equations by using the g-Mellin
transform introduced in [Fitouhi et al. 2006].

2. Preliminaries; g-notation

In the following, g is a positive number which is less than one. Let A,, B,, and
R, + be the sets defined by

2-1) Agi={q" :meNp}, By,:={qg " :meN}, R,;:=A,UBy,

where Ng = {0,1,...} and N = {1,2,...}. We introduce some of the needed
g-notation and results. The g-shifted factorial, see [Gasper and Rahman 2004], and
the multiple g-shifted factorial are defined by

n—1

@ qo:=1, (aq)n:=]]1-ag",

(2-2) k=0

k
(a1, az, ..., a5 qQ)n = H(Clj; D
j=1
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n

The limit lim,,_, o (a; q), exists and is denoted by (a; ¢)so. For y € C, aqg” #q™",
n € N, we define (a; g), to be

(a3 q)oo
(2-3) (@ q)y = ———.
T (ag7; @
The g-hypergeometric series (or basic hypergeometric series) ,¢; is defined by
(2_4) r¢s(al7a2,---sar;bl,bZ,--- s,q,Z)

o

01,02, .. 7ar;Q)n ng_ (n—l)/2 n(s—r-i—l)
=2 @ brba bt T '
n:()q 1, 2a-~'7 Sin
The series representation for ¢, converges absolutely for all z € C if r < s and
converges only for |z] < 1if r =s+1.

Lemma 2.1 [Koornwinder and Swarttouw 1992]. If |z| < 1, then form,n € Z,

o0
(q" 1 )
> 610" g, 2P
P (45 oo
m+k+1
sz-i-m (q ’q)ool¢ (0 qm+k+l’q z ) (Snm
(q; 9o

If u € R, a subset A of R is called a u-geometric set if uz € A for all z € A.
Let f be a function, real- or complex-valued, defined on a g-geometric set A. The
g-difference operator is defined by

2-5) D, f(z) =19 =TED o,

7—4z2
If 0 € A, the g-derivative at zero is defined by

Dy f(0) := lim W, ze€ A\ {0},

if the limit exists and does not depend on z. See [Annaby and Mansour 2012]. The
nonsymmetric g-product rule is

(2-6) Dy(f8)(x) =g(x)Dy f(x)+ f(gx)Dyg(x).

A right inverse to Dy, the Jackson g-integration [Jackson 1910], is

z oo
@-7) | rodpi=za-0 Y a" ren. zea
0 n=0
provided that the series converges, and

b b a
f f(@0)dgt ::f f(t)dqt—/ f(0)dgt, a,beA.
a 0 0
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If Ais q_l—geometric, then the g-integration over [z, 00), z € A, is defined by
00 o0
(2-8) f F@dgt:=>"2g7"(1—q) f(zg™"),
< n=1

and defined on (0, co) by

00 o]

(2-9) | S0dt = > q"A—a)f(g".

n=—oo

The g-integration by parts rule is

(2-10) /0 f(qt)Dqg(t)dql=f(a)g(a)—nli)ngof(qn)g(qn)—/o Dy f(1)g(1) dyt.

For n € C and a function f defined on R, ,, we define the spaces
o0
Loy @®g ) =11 lg ::/ 7 (O dyt < oo},
0

1
Lqy(Ag) =17 1flla,n 3=/0 [t f ()| dyt < oo},

Lgn(Bg) =1 118, :=/1 It"f(t)ldqt<oo},

and
Ly(C) = Lgo(C), C €{Ay By, Ry},

Clearly, Ly ,(Ry 1) = Ly, (Ag) N Ly, (By).

Lemma 2.2. For a € C, we have

2-11)

U ot @ @Dn k(@ gDk
Zq 2. 2 =1
prs (@7 4 n—k

Proof. The left-hand side of (2-11) is

% Zn g% (@ qPn—k
=@ gDk (@7 4Pk
= (g™ qHn lim2¢1(g™ >, &5 97 "2, ¢, ¢%)
e—0
2—2n—2u .2
2w, 2 1o (@ /€9 . 2a 2
(g™ ¢%)n lim (T gy lim(g™e; 7n = 1;

here we used [Gasper and Rahman 2004, (1.9), (I.6)]. This completes the proof. [J
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The g-gamma function [Jackson 1904; Gasper and Rahman 2004] is defined by

(2-12) I = LD |y e gl <1,

(G% Qoo

where we take the principal values of g% and (1 —g)!~%. The g-binomial theorem
(see [Andrews et al. 1999, p. 488]) takes the form

o @ Dn _, (a2 Qoo
2-1 "= 1.
@19 gm;q)f Er

The third Jackson g-Bessel function J,) >(z q) for z € C, (see [Jackson 1905; Ismail
2005]) is defined by

(q
4 @)oo

B ( v+la‘])oo v n(n+l)/2 2n

@ e ;( @ Dn@

2-14) Lz q)=J%zq) = 10100; ¢ g, 92%)

and satisfies

1-v,_ —

(2-15) Dyl() "I (-1 gD = 2 I_Zq 1 (g2 47,

ZU
(2-16) Dyl(-)" 11 M@ = +— — BRTCAT E
see [Koornwinder and Swarttouw 1992; Swarttouw 1992]. The g-Bessel function

Ju(-;g%), v > —1, satisfies

(_qZ; q2)w(_q2v+2; 612)00 qnv if n > O,
(@% 9¥ oo g" vt if <.

2-17) (g% ¢>)| <

See [Koelink 1994]. The following identity, which was introduced by Koornwinder
and Swarttouw [1992], is useful in our investigations.

(g%~ i qz)oo - (t+1) 2
’ _ n(t n.
(2-18) W_ E q Jo(q";q7),

’ 0 —00

where ¢t and o are complex numbers such that 0 (r) > —N(«) — 1. We recall that
the functions cos(z; ¢) and sin(z; ¢) are defined, for z € C, by

. . (q2§q2)oo —1/2,1 _ 172 _ )
COS(z,q)-——(q.qz) (zg~ (A =g "1 =q) /a5 q7)

(@% 4o

@ - aN'? D= q); ¢°).

sin(z; q) ==
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Proposition 2.3 [Koelink and Swarttouw 1994, p. 694]. For %(v) > —1, x > 0,
and a, b € C\ {0}, we have

(2-19) (a*—b?) / tJy(aqt; ¢*)J,(bqt; g*) d,t
0

=(1—q)q" "xlaJ,y1(agx; ¢*) Jo(bx; g*) —bJ,(ax; ¢*) i1 (agx; g*)].

Koornwinder and Swarttouw [1992] introduced the following inverse pair of
g-integral transforms under the side condition f, g € L; (Ry,+):

(2-20) g(A) = /0 F)Ox; gPxdyx,  f(x) = fo g I (Ax; ¢P)hdyh,

where A, x € R, 4. This pair of g-integral transforms is a g-analog of the Hankel
transform pair

g()»)ZfOO S ), (Ax)x dx, f(X)Z/oog()»)Ju(M)kd)»-
0 0

The following result is a discrete g-analog of the Weber—Schaftheitlin integral.

Proposition 2.4 [Koornwinder and Swarttouw 1992, p. 455-456]. Let o, B, and y
be complex numbers and &, p € Ry . Then

1 ©
—— | VI G gD Ispt g7 dyt
1—q Jo
B ﬂg(yfﬁfl) (qa—ﬁ+y+1’q2/3+2; qz)oo
=7 (@7 +1 g2 gD
2
Co— _ P
% 2¢1 (qﬁ o y+1’qﬂ+a y+1;q2ﬂ+2;q2’ ?CI ﬂ+a+y+l>
if
R—=B+a+y+1)=0, p<& or R(—P+a+y+1)>0, p<§;
and
1 OO -y 2 2
— 17" Ja(§ 1597 p(pt; q7) dyt
I—q Jo
B goz (y—a—1) (qﬁfa+y+l, q2a+2; qz)oo
o (gPre=r+1, 42 g%
2
X 21 (qa—ﬂ—y-i-l, qﬂ+a—y+1; q2a+2; ql’ %q—a-i-ﬂ—ﬁ—y—}—l)
if

R—a+p+y+1D=0,E<p or R—a+p+y+1)>0 &=<p.
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Lemma 2.1 gives us the orthogonality relation

[ele] l—q
(2-21) /O 1Ja(E1; 7)) Jo(pt; ¢°) dyt = 7 O @) > -1,

where p, & are in R, 4 and §, ¢ is the Kronecker delta. The following is a g-analog
of the Sonine—Schafheitlin integral. If in Proposition 2.4 we take y =1 and o = g3,
we obtain

(I—q)/(1—g*)(p/&) ifp <&,
(I—q)/(1—g*)(&/p)* if§<p.
Corollary 2.5. Leta, B €C, p,t € R, 1. If R(B) > N(a) > —1, then

/oo (65 47) Julp t; ¢°) dgt = {
0

o0
(2-22) / B 1 ) o 1 ) dyt
0

0 if&>p,

1-B+a
=10-9)(1—¢% —2a-2,2£2/,2. 2 ;
£ pP 2222 % qPpar I E < p.
(B —a) pre
Proof. This follows from Proposition 2.4 by taking y = —«a — 1. U

Corollary 2.6. Let m, n be nonnegative integers and v > —n —m — k. Then

00 0 ifm#n,
(2'23) / t_l-]v+2n+k(t; qz)-]v+2m+k([§ 42) dqt = 1— q
0

1— q2v+4n+2k lfm =n.

Proof. This result follows by applying Proposition 2.4 with y =1, « = v 4 2m + &,
B=v+2n+k,andé =p=1. |

The little g-Jacobi polynomial [Gasper and Rahman 2004, p. 27] is defined by

,abq""; aq; q, qx).

n

pn(x;a,blq) :=2¢1(q"
Corollary 2.7. Let R(v) > —1, p,t € R, . Then

o0
(2-24) [ ' Ty (6 gD (0 5 %) dyt
0
0

p>1,

— (1 _q)pV(qu-i-ZpZ, q2m+2k, q2v+2; q2)oo

(q2m+2kp2’ q2v+2m+2, q2; qz)oo

(@ p% g% 2 g% 1¢® p <.

Proof. This result follows by applying Proposition 2.4 with y =k—1, « =v+2m+k,
B =v,and £ = 1, in addition to the transformation

_ (abz/c; @)

2p1(a, b;c;q,2) = : 2p1(c/a, c/b; c; q,abz/c). U
(Z5 @)oo
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Corollary 2.8. Let %(v) > —1, p,t € R, 4. Then

(2-25)  Jusomsk(t; %)

_ (1 _q)tk(q2m+2k’ q2v+2; qz)oo
(q2v+2m+2; q2; qz)oo

1
X/ P @2 0% gM -1 (0t ¢ P (@™ 0% a* 72 4% 1 g% dyp.
0

Proof. This follows from Corollary 2.7 and the g-Hankel transform pair (2-20). [J

Proposition 2.9. Let x, u, and o be complex numbers. If NW(y + B) > —1 and
N(B) > —1, then
X
@26 [ @R P dpturi ) dy
0

_ xy-i-ﬂ-i—luﬂ(l _q)(q2ﬁ+2’ q2a+y+ﬂ+3; qz)oo
- (q20(+2’ qy—i-ﬁ—i-l; q2)

X 202(0, g7 TAHL; 2BF2 g2ty B3, 02 02522,

In particular, if y = B+ 1, then
X
(2-27) f PGP 12 ) ) Jp(ut; g7 dgt
0
=xP T 1 — ) (1 = gH) T e (o + 1) Jas pr1 (xus g2).

Proof. According to (2-14), we have

(2:28) f (P25 qPads s q) dyt

2,3+2 )oo o (_1)qu(k+l)u2k+,3

_(q

X
y+B+2k, 2,2 ,.2, 2
(q ,qz)oo — (q2§q2)k(q2’3+2;612)k/0 t (@712 4 ) gl

By using (2-3) and the g-binomial theorem with base ¢? instead of ¢ on the inner
series in (2-13), we obtain

X
(2-29) / RGP 1 ) dt
0

B (1 _q)x2k+y+ﬁ+1(q2; qZ)oo(q2k+2a+y+/3+3; qz)oo

(q2%2; g2) oo (P H7HB+L g2) o

Substituting (2-29) in (2-28) and using (2-4), the desired result follows. The
particular case follows by direct substitution in (2-26) and the definition (2-14). [
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Proposition 2.10. Let v and o be complex numbers such that X(v) > —1. For
x,u€Ry 4,

(o.¢]
(2-30) [ 2/ %) a7V (tus gP) dyt
X

2
ey “(1—q>% J-alxu/g: ¢°)

Proof. Using the ¢ transformation (see [Gasper and Rahman 2004, p. 29])

(€ @oo191(0;a; q,2) = (2; Q) o0191(05 25 g, ©)

and (2-14), one can verify that

(‘] 2)00 C]
Jo(z; 2y z¥ 11 jg+H___ 4
(z;97) = E (=D D,

Hence,

o0
(2-31) f 2/t qPa 17 0 (tu; g7 dyt
X

00 24 iinyi
u’ C[J +j4+2vj

oo
e Dl ey f (/1% g a1t g 20U M) oo dyt.
b ]:O b

Using Lemma 2.2, we can prove that

o0
(2-32) / (x2/1% gD a1 (g T u?; ) o dyt
X

2. .2
— (1_ )ufZa (q ' q )OO 720!j+2(¥(x2u2 2],

- (4% %) o o

for x, t € R, ;. Substituting (2-32) into (2-31) yields the desired result. ]

3. Fractional g-calculus

In this section, we introduce fractional g-integral operators and their properties which
we need in our fractional g-calculus approach for solving certain dual g-integral
equations. A comprehensive study of the fractional g-calculus and equations is
in [Samko et al. 1987; Butzer and Westphal 2000; Annaby and Mansour 2012].
Al-Salam [1966] defined a two-parameter g-fractional operator by

g x"
Fq(a)

Kl (x) = (x/t: Q1" P(1q' ™) dyt,
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where o # —1, —2, ... . This is a g-analog of the Erdélyi and Sneddon fractional
operator (see [Erdélyi 1951; Erdélyi and Sneddon 1962])

KT F 00 = 5o

The following operator is a slight modification of the operator K,’“, which we
found very convenient in our analysis. This operator, denoted by #*, is defined as

/oo(t —0)* T @) dr.

g x"
(3-1) o =L / (/12 Qart™" Bty diyt,
where o = —1, —2, ... . Using (2-8), the operator 57{2’ has the series representation
o a0 (%5 @n
(3-2) HPOP(x) =(1—g)* Y q"——L¢(xqg™"),
= (@9

which is valid for all «.

Proposition 3.1. Let n € C. If ¢ € Ly _,—1(By), then ?{Z’aqb(x) exists for all
x € Ry 4 and belongs to L ,,(B,) for any u € C such that R(u) < —N(n) — L.

Proof. Let m € Z. Since

(g% @n _
f]{na my — (1 — E ny m=ny
v =tmar (4: @)n Gan "
we obtain
N (_qm(a); Q)oo > R
(3-3) |57{Z~°‘¢(qm)| <(1-— q).l(d)W § qn.l(n)|¢(qm—n)|.

Therefore, if m > 0, we obtain
(B-4) K Pg™)

N(ar) mm(n)( q e, s 4)oo - —kR(n) k 1
<(1—g)"@gmN——— =N g H g (g Mg 1918,.-1-0)-

@D\
If m < O, then

o m o m: ( ) )OO
(33 PP <1 -g)" g nop S Doy
(45 9)oo

Consequently, K, (x) exists forall x e R, ;. If £ € C and V(1) < —R(n)—1, then
o0
(3-6) / |t“f7fg’a¢(t)|d t
1

o
< (1 et S D 7 D2 115,12 3 g~ < oo,
’ 0]

j=0
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where N(u) < —MN(n) — 1. Thus 3(2’“(]) € Ly . (By). O
Al-Salam [1966, p. 138—139] proved formally the semigroup identity
(3-7) KUK Pp(x) = KPP (x),

where 7, «, and 8 are complex numbers and without imposing any conditions on
the function ¢. Using the same technique we can prove that the semigroup property

(3-8) PRI (x) = HIHPp(x)

holds for x € R, + whenever ¢ € L, _,,_o—1(By), n, o, B are complex numbers and
N(a) < 0. Therefore, if we take f = —a in (3-8) and note that 3{2’0 is the identity
operator, we obtain

(3-9) GO o) =AY (x),  x €Ry 4,

forany ¢ € L, _,_o—1(By), and n, o are complex numbers.
Agarwal [1969] defined the two-parameter family

X 1

I'y()

of fractional g-integral operators, which can be written as

(3-10) 1] (x) := /(qt/x Da-1"P M) dgt,  a #0, —

(3-11) ¢ (x) = (1—¢)* Zq(“””(qf—q”(p(xq"),
= (43 @)

which is valid for all «. The special case I;)’“ is the g-analog of the Riemann—
Liouville fractional operator introduced in [Al-Salam 1966] and is denoted by [ 5‘.
Hence,

(3-12)  I¢(x):=

e )/ @1/%: Dar (D) dyt, @ £0, —

In [Annaby and Mansour 2012, p. 121], the authors solved the g-analog of the
Abel integral equation on a continuous domain of the form [0, a]. In the following
we state without proof a modified version of [ibid., Theorem 4.7] which holds when
the domain of solution is discrete.

Theorem 3.2. The g-Abel integral equation

e )/ (qt/x; Qa—190) dgt = f(x) (0<R(a) <1, x €Ay

has a unique solution ¢ € L,(A,), given by

¢ (x) = Dy I, f(x),
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if and only if f and Iq1 Y f are Ly (Ay) functions with Iq] Yf0) =

Proof. The proof is similar to the proof of [Annaby and Mansour 2012, Theorem 4.7]
and is omitted. U

Proposition 3.3. Let n and o be complex numbers. If ¢ € L, ,(A,), then 1,7 Yo (x)
exists for all x € R, 4 and belongs to Ly ,,(A,) for all i € C such that R(ju—n) > 0.

Proof. Assume that ¢ € L, ,(A,). Then

oo
_ (q%; @n—
I](q") = (1 —gq)*q~rHim y 7 grtin 2 g g,
= (@: Dn-m

Thus, if m > 0, we obtain

g 8 (—¢"®); q)
I (g™)] < (1—9)" g ”“'“*”’"—""nqsqu 0
(q,Q)oo

and if m < 0, we obtain

R .
7™ < (1—g)"@g —om+nm T4 oo
(@ Do

(Z I+ 1, ”) -

k=m
Moreover,
L -1 (4" Doc i)
1Y) < (1 —q) ﬁnasn anq < 00,
0 00 =0
provided that i (u — n) > 0. This completes the proof. O
Proposition 3.4. Let n and a be complex numbers, and R(a) <0. If p € Ly 4o (Ay)
then
(3-13) (I~ = e

Proof. This follows by noting that

(G-14) 1] (x)

— ok (@% Dk ey @ D g
= Zq(n+ ) et Zq(n+ +a)m.—¢(q ey,
o @ De = (@5 Dm

Make the substitution n = m + k on the inner series of (3-14). This gives

o.¢] o
- —ak @5 i 1+ @ Dn—k
(3-15) 1Mot "g(x) = 2 ak_z (1+1+a)n #(g").
e k=0q (q: @ ,,:kq @ s



ON CERTAIN DUAL ¢-INTEGRAL EQUATIONS 75

If R(o) <O and ¢ € Ly ;14(Ay), then the double series in (3-15) is absolutely
convergent and we can interchange the order of summation to obtain

—ak @5 Dk (@7 Pk
G Dk (G5 Pn—k

o] n
(-16) [P G x0) = Y g p(g"x) Y g
k=0

n=0
o0
@%@ (@75 q)
=Zq(n+1+2a)n¢(qnx) . n — n
= (@9 (q 5 @n

=¢(x),
where we applied [Gasper and Rahman 2004, Equation (IL.6)] to the inner series. [

A direct calculation gives
179xP f (o) = xP 1P (),

where 7, a, B are complex numbers, and f € L, ,4+5(A,). Agarwal [1969] also
proved the following semigroup identity when 7, A, and p are positive constants:

(3-17) LAY (x) = 1P () = 1L (x)

R NTR TR W _ 0t g,

= Iq’7 “Iq“ T (x) = Iq” ® I; P (x).
But, using the same technique introduced in [ibid.], we can prove that
(3-18) I () = (), x € Ry

holds for complex numbers 71, A, and  whenever ¢ € L, ,1,(A,), and RH(1) < 0.
It should be mentioned here that in most of the proofs of the semigroup properties
in [Agarwal 1969; Al-Salam 1966], the domain where the fractional integrals and
the related properties hold is not determined precisely.
Let S,'} "* be the operator defined by

—a/2 00
(3-19) S (x) = (’;_q) /0 Y s (VEVs P () dy v,
=x"2 3" "D g (Vag (™).

n=—o0

This operator is a g-analog of the modified Hankel transform operator introduced
by Erdélyi and Kober [1940]; it is also a modification of the g-Hankel transform
operator introduced in [Koornwinder and Swarttouw 1992] and defined by

#y (Nx) = fo T G ¢ (0P dy

Proposition 3.5. Let n and o be complex numbers such that R(2n+o) > —1. If ¢ €
Ly, (Ry2 1) then Sqnz’aqﬁ(x) exists for all x € Ry2 | and belongsto L2 o (R2 ).
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Proof. Let ¢ € qu,n(quﬁ—)' From (2-17),if x € qu,-i-’ there exists M > 0 such that

o
<M Y O] < 0o

n=—o0

[e.¢]
> " hyra(Vrg" gD (™)

n=—oo

because ¢ € L2 ,(R,2 ). Thus, Sq”g“(q&) (x) exists for all x € R 2 . Now we prove
that Sqnz,a €Ly 1o (Ry2 1), Indeed,

o0
(3-20) / (IS ()] dot
0

1 0 o _

=5 qu |z"+“/2|/ Y2 e WYE g 160 dy2y d ot
- 0 0

1

1—g¢2

=

o0
11, / R sup [y g (i g2 det.
0

yeR 2 |
Using the estimates (2-17), the g-integral on the third line of (3-20) is convergent
when N(2n 4+ «) > —1, and the proposition follows. U

Proposition 3.6. Sqnz,a defines a one-to-one linear operator from L2 ,(R,2 ) into
Ly yia(Ry2 ). Also,

-1 _
(3-21) (SE 7 =85

Proof. Clearly Sq"z’a is linear. To prove that it is one-to-one, assume that there is a
function ¢ € L2, (R,2 ;) such that Sq"gaqb(x) =0 forall x € R . Hence,

o0
(3-22) Y "G hnra(q"E g7 =0 forall x €Ry 4.

n=—0o0

Multiplying both sides of (3-22) by & J5,44(q"&; g?) (r € 7), calculating the g-
integration for & € (0, 00), then applying (2-21), we obtain

o0
> "G (@*g " 8 = 0.

n=—oo

That is, ¢ (¢>") =0 for all r € Z, and Sq"z’a is a one-to-one operator. Now we prove
(3-21). From (3-19), for j € Z, we have

o¢]
SEESH T @) = a7 Y g Dyra@? T 4SS P (™.
n=—o0

Hence,

(3-23) LS 9(qY)

00 o0
=q /" Z q*" Janra(@ ™ g% Z q" ) byya (@5 4P (0.

n=—oQ k=—00
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Using (2-17) and ¢ € L (R, +), we can prove that the series on the left-hand side
of (3-23) is absolutely convergent. Consequently, we can interchange the order of
summation to obtain

SHESH T ™)

o0 o0

k=—o0 n=—oo

Therefore, from (2-21),

oo
(324 880G N =aT a7 Y Vo8 = 9@,
k=—00

and the desired result follows. ]
The next result gives another sufficient condition for the existence of Sq"z’“.

Proposition 3.7. Let n and o be complex numbers satisfying R(2n + o) > 0. Let ¢
be a function defined on R 2 ... If there exists i € C such that

Glas € Lyy(Ap).  lg, € Lo u(Bp).
then Sqnz’a¢(x) exists forall x € Rz .
Proof. Let x € R,2 . From (2-17), there exists M > 0 such that
| Tanta(VXG"; ¢7)) < M@ @) for all m € No.
Since ¢>|Aq2 € L, ,(A2), then

o0
< quzn(m(n)+1)|¢(qzn)| < 00,
n=0

o0
> 4" hyra (VX" 4P (g7

n=0

(3-25)

From (2-17), there exists K > 0 such that
| Tosa(VEG" gD < Kg" OOt forall n e 77

Since ¢|qu €L, ,(B), then

o0

Y a7 (Vg g0

n=1

(3-26)

o
— 9 2 _
< K Zq 2n(—N(n+a)+1/2)+n |¢(q 2n)| < 0.

n=1

Combining (3-25) and (3-26), we can then conclude that ;% (x) exists for all
q
X € Rq2’+. ‘:’
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Proposition 3.8. Let «, B, and A be complex numbers such that R(2n +a) > —1.
Ifp e Ly, Ry ), then

[P0 =1 =g SE o) (xeRp ).
Proof. Let x € R2 , be fixed. Using definitions (3-10) and (3-19) we get
x—n—a—l
(1- qZ)qu(ﬁ)
* 2 .2 n+a/2 oz/ J d
X (q t/x9q )ﬂ—lt 2?7-‘1-0[(\/_ q )¢()’) q y qzr
0 0

From (2-17), there exists M > 0 such that

(3-27) 1P (x) =

[ nsa (V1Y gD < M) TP forall y, 1€ R,z

Consequently,

FZ(ﬁ)/ @t/ Pt [y (V5 P00 ey dye

12,y

/ (q%t/x; %) p—1t*"F d ot
0

<
= r2())|

M
= ———|pll,2 x> B, (B, 20+ + 1)| < oo,
2 q-,n q
IT2(B)|

since N(2n + «) + 1 > 0. Hence, the series is absolutely convergent, and we can
interchange the order of summation to obtain

—n—a—1

T2 (B)(1—q)
00 x

x/ y‘“/2¢(y)/ (q°t/x3 4% g1t Do (VY1 47 dypt d2y
0 0

(3-28) IS (x) =

Using

(3-29) f f)d, 2t— tf(t /x) dyt
and (2-27), we obtain

(3-30) /0 gt/ qP) 11" Doy a (V1y: %) d ot d oy

l+g 22,0, 2 2 1 Y. 2
:x1+’7+°‘/2/ (@717 /x5 q7) g7 Dy o [ 1 L dyt

= (1—g*)Py PRI PR 2 (8) Boyrat s (VX3 ).
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Substituting (3-30) into (3-28) yields the desired result and completes the proof. [J

Proposition 3.9. Let o, B, and n be complex numbers. If § € L2 4o, (Ry2 1) for
some y € C, N(y) > max{0, N(x)}, then

(3-31) WL P px) = (1= gH)*SH g (x)
Jorallx €e Ry 4.

Proof. Using definitions (3-2), (3-19), (2-8), and (2-9) we get

(3-32) X
ISP (x) = FZZ )" / (/15 a1 (S ) 1) d ot
Fz(a)/ (q*x/t; g% 1(S"+°‘ﬁ</>)(t)d 2t

= —5—— (q°x/t; g% qrt "7 F
(1- q2>rqz<a> /q( ’
o0
x / Y P2 pi2asp (VT 40 () dqzy) dpt.
0
Setc:=—1—-R2n+ B+ 2« —2y). From (2-18), there exists C > 0 such that

(3-33) | Japs2as8(q s g < Cq" D (r e 2).

Hence,

o0 o0
fz (LIZX/t;qz)a—ﬂ_”‘l_ﬁ/z/ Y PP D20 g (VT qDG (3 dyy dot
q°x 0
< Clpllyiay @3/t gDa—1t*7 " dpt] < 00

whenever 9 (y) > R(«). Hence, the double qz—integration in (3-32) is absolutely
convergent, and we can interchange the order of g2-integration to obtain

n

qu (@)

KESE g () =
o0 o0

x/ Yoy /2 @%x/1:4%) a1t ™" PRy 0 g (VYT g dipy 2y
0 q-x

Using

[l f@)dpt= T/a l‘f(z) dgt
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and Proposition 2.10, one finds that
o
/ (@x/1qDa T T Dy g (VYT 67 dgy
q°x

= (1+q)(g*0)"P"? / '

o t
i /1% g% g1t ﬂJ2n+2a+ﬂ(qi'q2) dgy
q3x

@2 —n—(a 4% q*)
=(4+q)y” /21— (+ﬂ)/2(61 » q )oo Jonia (V7 /—q

Hence,

[e.¢]
KRSE P o) = (1 — g?)e !yt / Yy PRG () Janva (VXY 47) d 2y
0
=(1—g)*s5 P (x). O

Proposition 3.10. Let n, o, and B be complex numbers satisfying H(B +a) > 0
and R2n+a) > —1. Ifp € L2 ,(Ry2 ), then

PP S = L =g) P ) (xR ).
Proof. Let x € Rz , be fixed. Using definitions (3-10) and (3-19) we get

—B/2 00
X —
(3-34) SLPShp () = f <r CEDR Pyi2atp(Vix: 47)

(1=¢%)? Jo
o
x / Y Ionsa (V1Y 47 () dqzy) dt
0
From (2-17), there exists M > 0 such that
[ J2n+a (V1Y 7)) < May)" 2 forall y, 1 € Ry

Consequently,

00 o0
/ DR g p (Vi 612)/ Y Do (V1Y 47V (9) dypy d ot
0 O

o0
f " P2 Iy paasp (VX q7) d ot
0

= Ml®llz2.y < 00.

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

wf qn.e xPPA+ ) (%,
gl s o0 =" | (y 2o

x
x / P s p (WAL G7) oo (VY 47 dqt) dpy
0
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Therefore, applying Corollary 2.5 with i (8+«) > 0 and 9 (2n+a) > —1, we obtain

(1—gH Pyt
LB+
= (1= P ), O

B S (x) = |y Pspe100) dpy

Proposition 3.11. Let 1, o, and B be complex numbers satisfying R(B + «) > 0
and R2n+a) > =1 Ifp € L2 1o (Ry2 1), then

S0 = (1- g FuL () (v eRpe ).
Proof. Let x € Rz, be fixed. Using definitions (3-10) and (3-19) we get
—a/2
(1—¢?)?

o0
X f Y P 20t s (V1Y 4 () dqzy) dt.
0

o0
0

From (2-17), there exists M > 0 such that

[ Tant2ats (V5 g2 < M(ry) P2 forall y, 1 € Ry .

Consequently,

o0 o0
/0 PR o (Vixs g?) fo Y PP 0 p (V1Y gD (3) doy d ot

= M”d)“qz,rﬁ»(x < ©0.

00
f t'7+0!/2_]2n+a (Wtx; qz) dqzl‘
0

Hence, the series is absolutely convergent, and we can interchange the order of
summation to obtain

704/2(1 +q) 00
g)rl,OtSVH‘Ol,IS (x) — X ( -B/2 ( )
q2 L]2 ¢ (1 _q2)2 0 y ¢ y

[e.¢]
X / P 2t p (VY @) Janra (VX5 G dqt) dpy.
0
Therefore, applying Corollary 2.5 with R(8+«) > 0 and R(2n+a) > —1, we obtain

(1—g»)F g x"
qu(ﬂ + )
= —qz)—f‘—“fjgg"‘*%(x). O

oo
PRSP () = / Y NG XY 4P p19(@P V) dppy
X
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4. The multiplying factor method
Titchmarsh [1986, p. 334-339] solved the dual integral equations

/ 2 (610, (pE) dE = f(p), (0 < p < 1),
4-1) 0

(o)
/ V() (p§)dE =0, (1 < p),
0
for o > 0 by using difficult analysis involving Mellin transforms. His techniques
were extended to the case o« > —1 by Busbridge [1938]. Sneddon [1960] used the
Abel integral formula to solve the system in the case when v =0 and o = :I:%. The

technique was generalized by Copson [1961] for any « satisfying —1 <o < 1, o #0,
and v > —1. In this section, we introduce and solve a g-analog of Copson’s result.

Theorem 4.1. Let @ and v be complex numbers such that R(v) > —1 and let f be
a function defined on A,. Consider the dual q-integral equations

4-2) fo E 6V, (0E: gk = f(0), p € Ay,

4-3) /0 V(E) (08 ¢OdyE =0, peB,.

We consider three cases:

Case I. If a =0, N(v) > —1, then the g-integral equations (4-2)—(4-3) (which are
now not dual) have a solution of the form

1
(4-4) w(é)zli/ 21, (Et; g f (1) dyt,
—4q Jo

provided that 1" f (1) € L 2(A,2).

Case II. If0 < N(a) < 1 and R(v + «) > 0, the dual g-integral equations (4-2)—
(4-3) have a solution of the form

4-5) ¥(§)
11—« 1
= (1_52(1_612)“/0 1T 0 (61167 LAY F (V@) dyt,
provided that

@-6) LALC)"2 fF (VD10 and I57'1(-)" £ (V)1(p?) are Lp(Age) functions.
Case III. If —1 < N(a) < 0 and R(v + o) > —1, the dual g-integral equations
(4-2)—(4-3) have a solution of the form
Elfa
1—g)(1—

1
D) v = T fo T e G5 gD IALC) P F(VONEP) dyt,
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provided that
@-8) IS[()"2 f (VDI and I £ (V0% are Ly (Ag2) functions.

Proof. Let ¢ € Ly ,1o—2(Ay) be a function which shall be defined later on. Define
the function ¢ on R, ; by

(49) Y(E) =€ /0 SO vralti 4 dyt.

Hence v is a well-defined function. We now prove that i satisfies (4-3). Indeed,

(4-10) /O TR0 ) dygE |
=fooosl°‘fu(ps;q2>fo D) Jora(EL: g7) dgt dyt.

From (2-17), there exists M > 0 such that

|Jora(E 15 g% < MI(E 1)

forall&,7in R, 1. Also, ¢ € Ly ,14—2(A,) implies that ¢ € L, ,14(A,). Conse-
quently,

‘/0 z/f(sm(ps;qz)dqssM||¢||Aq,v+af0 £ T (0 &5 ¢7)| dyE < o0

whenever N(v) > —1, where we applied again (2-17). Therefore, the double
g-integration in (4-10) is absolutely convergent and we can interchange the order
of g-integration to obtain

(4-11) fo VEVI (P E: g7 dy
1 o)
_ /0 (1) fo T (pE: D) ysa s D) dyf dy .

Thus, by replacing «, 8 by v, v + «, respectively, and applying Corollary 2.5,
the g-integration in (4-11) vanishes, and this proves (4-3). In the following we
prove (4-2). We distinguish among three cases.

Case I. « =0 and 9 (v) > —1. By (4-11), (2-21), Equation (4-2) is reduced to

1— 1
(4-12) pzq /O $ (D350 dyt = £ ().
that is,
2
(4-13) pip) = 2L
l—¢q

Substituting (4-13) in (4-9), we obtain (4-4).
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Case II. 0 < M(x) < 1 and R(v + &) > 0. From (2-15), we obtain

1
YE) =—¢" T 1 - /0 SO TID, [ T T Ty a1 (g EL gD dyt

Applying the g-integration by parts rule (2-10), we obtain

Y& =1—-q)§" fo 1 Dy " o1t T Typa1 (515 g7) dyt
— (=) e p () ora1(qg &5 %)

+ (1= q)g " TE™ lim ¢(g") ora-1(q" '8 ).

Since ¢ € Ly, y+q—2(A,), we have
nli)l,lgoqn(v-i-ot—l)(p(qn) -0
Therefore,
@-14) Y& =1—-qE fo 1 Dy [t (01t a1 (B g7) dyt
—(1=@)g" " E YD Tyra—1(q'E: 4.

Substituting (4-14) into (4-2), we obtain

@-15) f(p)=—1—q)q" " 'p(1) /O E% Jypa1(q &5 7)o (0E; q7) dyE

00 1
+(1—g) / g / OO Ty 1 1 g2 1o (08 ) dygt dyE.
0 0
where for the convenience of the reader, we set

(4-16) 0(t) == Dy 1" ()] (1 € Ap).

Since p € Ay, then from Corollary 2.5, the first g-integral in (4-15) vanishes. As for
the second double g-integral, the conditions on ¢ imply that ¢ € L,(A,). Therefore,
under the conditions on v and «, the double g-integration is absolutely convergent;
and we can interchange the order of g-integration to obtain

1 00
f(p)=(1—q)f0 w(t)tl”“/o E% Jyra—1(Et; ¢ Do (pE; ¢ dyE dyt.

But under the conditions that i () < 1 and R(v + «) > 0, we have

/0 E Ty a1 (1 D) T (pE: ) dyf

(1—g)(1—g»*
= (1l —a)
0 otherwise.

rrelpT g2 p g g i p 21,
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Therefore,

(1=9)*(1=¢»" _, o [*
@17 f(p)= quz(l_a) p 2/0 @1 /0%; 47 -0 (1) dyt

_(1_4)2(1—q2)“p_(v+2“) /pz 9 o (JT)
GET ) @1/0% 4™ dpot.

Now, we apply the g-Abel integral (Theorem 3.2) under the conditions in (4-6).

This gives

¢(p) _ (I+4)
(1-¢)*(1—g?

From (4-16) and the fact that ¢ € Ly ,14-1(A4), we obtain

(4-18)

2 (DaI3e) (0%, g(p®):=p"f(p), p €Ay

o) =17Vt /0 o(p)dyp.
Thus, from (4-18),
(14g)tt—v—
(1—q)*(1—g>~
tl—v—a £2
T =21 —g)*" /0 (DpL38)(0) dg2p

(l-v—a

T (-2 —g»"
Hence, ¥/ (-) is given by (4-9).
Case III. —1 < N(w) <0 and N(v+«) > —1. We substitute (4-9) in (4-2) to obtain

(4-19) (1) =

t
f p(Dyp158)(p*) dyp
0

(I59)(t?).

00 1
(4-20) flp) = fo got! fo () JoraEL; gD Ty (pE; q7) dyt dyE.
If ¢ € Lyvia(Ay) and R(v + a) > —1, the double g-integration in (4-20) is

absolutely convergent. Therefore, we can interchange the order of g-integration
to obtain

1 0
F(p) = /O 6(1) /0 U a6 g (0E: @) dy dyt.

Since N (a) < 0, then R(v) > N(v +«) > —1. Thus applying Corollary 2.5 yields

_ p—v—Za—Z(l_q) p2 th' 5 (rta1)/2
f(p)—rqz(_a)(l_qz)_a A <7’q)_a_1t P(V1)dpt.
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Since f satisfies (4-8), we can apply the g-Abel integral (Theorem 3.2) to obtain

1—v—a
P
¢ (p) = =Dy 2 IS () F ()P
(I=g)(1 —g=)~ 4
4-21) pl-v—
— TET( - v/2 B 2 ,
Tl R ANAN
where p € A,. Thus, substituting (4-21) into (4-9) gives (4-7) and completes the
proof of the theorem. O

Example 4.2. If v = % and o = }L, then the solution of the system

:( )_" f w(s>sm(

o112
V() f s—zw@sm( P

2) dek = f(p), p€Aq,

qz) dg =0, pe B,

18
£3/4
(1 —g)*(1 —
where 1”4( YW £V and 1‘3/4[( )4 F (/AP are Lo (A,2) functions.
In partlcular if f(r) =132, then
53/4Fq2(3/2) ! 7/4 )
(=P (01— )T, (7/4) [, e

and by (2-16), we obtain

1
V) = e f P Iyaens LT PO dyt,

V(€)=

[2(3/2)
— q —1/4] ) .
VO = T a et e
Example 4.3. If v=2and « = —%, then the solution of the system

/0 E @) 0k D) dyE = f(p), pe A,

/0 V(E)I(pE: dyE =0, peB,,

is
%—3/2(1 _ q2)1/2

1
¢(§)=Tq)/o 2 B g L) O dyt,

where qu”z[( (/) and Iqlz/z[( ) F(WOIE?) are L2 (A,e) functions.
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In particular, if we take f(t) = t~! then

£32(1—¢»'2T2(3/2) ! _
q q)‘f 172 035 (E13 g7) dyt,
- 0

and by applying (2-15), we can see that

q(1—¢*Tp(3/2) (qlé. )
sin ;q)—E&.
T,(1/2) 1—g¢

V(€)=

V() =—

5. The fractional g-calculus approach

In this section, we solve certain dual g-integral equations by using the fractional
g-calculus approach. Peters [1961] solved the dual integral equations

/0 ETW(E) ], (208)dE =F(p) (O<p<1),

/O 7P (E)],(206)dE =G(p) (p> 1),

by using fractional calculus. Here we give a g-type analog of Peters’ problem.
Theorem 5.1. Let o, B, u, and v be complex numbers and let
A= %(M+v)—(a—,8) > —1.
Assume that
Rw) > -1, RW)>-—-1, RA)>-1, and RNA—pu—2a)>0.
Let f € Ly 04a(Ap2) and g € L2 _ /54— 1(By2). Then the dual q>-integral

equations

g /0 P YD) pE Do = FE) (€ € A,
(5-1)

b /0 P U(0) (/0 D pp = 5(€) (& € B,

have the solution

1
Y(E) = (1 — g7y v g/ amn/ae / B 0E LT T f () dyep

0
o
+ (1= g?) Vg A/ / L(pg: a0 g (o) dyp,
1
inLp po®pe )NLeyn g(Re2 )N Ly n g (Ry2 L), for y satisfying
(5-2) 14+9RW) > R(y) > max{0, R(v —A)}.
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Proof. We shall extend the domain of the functions f and g in (5-1) to be R, | by
introducing the functions f; and g;, where

Si=fonA, and fi=0o0nBp,

g1=0onA, and g =gon By,
respectively. From (3-19), (5-1) can be written as
(=S @) = f(§) (€ Ap),

2-8,2

=Sy =@ (¢ eBp).

Under the conditions on the functions ¥, f, and g, we can apply Propositions 3.8
and 3.9 to obtain

1;12/2+a,)»—uf($) I;;/2+a,k—uS/§/2—a,2aw(s)
2—o, A—u+2
1 =1 ! = ShTIT Ry )

(5-3)

(1 _ qZ)A—u+1 (1 _ q2))»—u+1
and
n/2—o,v—>A w/2—a,v—>XA qv/2—B,28
%qz g(§) . %qz qu V(&) _ Su/z—a,k—u+2aw(§)
(1— q2)v—)»+1 - (1— q2)v—k+1 - Mg :
Thus, the last two identities can be described by
(5-4) SEPTEITIR @) = h(E) (€ € Rp ),

where # is the function defined by
R L g R ) s e Ap,
T la-gy e e @) its e By

Thus, applying the inversion formula in Proposition 3.6 yields

w(s) _ Sq—z;l,/2+0l+k,—)\+u—2ah(%_).

In other words,
1
(5-5) Y(€) = (1— g} vHe2gh/ron/zte f Bpg aHL T f(pydiep
0
[o.¢]
+ (1 — g7y g / 5/ 0E; g g (o) dyep.

1

From (2-18), the qz—integral on [1, 0o) in (5-5) is absolutely convergent, and from
Proposition 3.3, one can verify that if R(A — 1 — 2a) > O then the g*-integral on
[0, 1] in (5-5) is absolutely convergent. Hence, the function ¢ is well defined. Also,
using (2-18),

VeLpunoaRpe )NLpyp gRe2 )NLeypn g (Rpz )
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when y satisfies the condition in (5-2). 0
Example 5.2. If v = 3, t = —3, & =0, and § = 3, then A = 5 and the solution of
the system
—1/4
Vi—gp 1/4 Varg |
r,2(1/2) / § 7Y @) co ( —, ) deE =) peAp,
_ —3/4
\/7—’0 —3/4 . (VP daE— 5
r,2(1/2) /0 d WS)S“’(l_q’q pE=g8(p). peBp,
is
¢ 1 —1/4 g VPE 1/41
Ve (1—¢2)32T,2(1/2) e G f(p)dep
51/4 > —1/4 v p§
— dp.
+(1—q2)3/2[‘q2(]/2) psin| g )g(p)dyep

The solution is in L2 _1,4(Rp2 )N Ly _y/4—,, (Rp2 1), where 0 < R(y) < %
In particular, if f(p) =g(p) = p~ /4 then

1/4 1
Y€)= d / sin(—ﬁp; )dq,O
(1—q)y/1—¢°T,2(3/2) Jo l—gq

+ ¢ /OO sin(@'q>d 0;
(1 —V/1—g’T,p(1/2) )i 1—q 7))

and by applying (2-15) and Proposition 2.10, we obtain

I [ a” | ]cos( £ -q>+ £
J1=q2LT2(1/2) T,2(3/2) S INCE 1—¢°Tp(1/2)
6. g-Mellin transform method

Nasim [1986] showed that the dual integral equations
(00)
/ 2 1)1+ w®)]p@)dt = f(x), O0<x<l,
0

foo 7P I, (xp() dt = g(x), 1<x <o0,
0

where w is an arbitrary weight function, can be reduced to a single (rather com-
plicated) Fredholm equation of the second kind by using the Mellin transform. In
this section we give a g-analog of Nasim’s problem where we employ the g-Mellin
transform to reduce certain dual g-integral equations into a Fredholm g-integral
equation of the second kind.
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First, we write down some definitions and results which we use later on. Fitouhi
et al. [2006] defined a g-analog of the Mellin transform through the identity

My (f)(s) = fo O F () dt.

Let @ and B be real numbers and J(/LZ’ﬁ be the space of all functions defined on R, 1
such that

f|Aq € Lq,a—l(Aq) and f|Bq € Lq’,g_1(Bq).

The next lemma includes a sufficient condition for the existence of the g-Mellin
transform which is slightly different from the one introduced in [Fitouhi et al. 2006].

Lemma 6.1. Let «, B be real numbers such that « < . If f € ./(/tf]{’ﬂ , then the
q-Mellin transform of the function f exists on the strip o < Ji(s) < B.

Proof. Assume that f € J(/L‘;’ﬁ . Then, using that

o0

1
A/L,,f(s):/ ts_lf(t)dqt—l-/ 7 () dyt,
0 1
and the inequalities

[°] <t for R(s) > and all ¢ € [0, 1],

and
1| <t? for R(s) <Bandallte[l,00),
we obtain
1 00
Mg £ ()] < / t“_1|f(t)|dqt+/ PN (@) dyt < o0,
0 1
and the desired result follows. O

By (ay, ., By, r) we mean the fundamental (largest) strip on which the g-Mellin
transform exists for s € C such that a; r < N(s) < By, 7.

Lemma 6.2. Let «, B be real numbers such that o« < B. If f € ./l/tzl"S , then
My f(s) is an analytic function on the simply connected domain defined by the

strip (g, 1, By, 1)-
n
Proof. If we set F,(s) := (1 —¢)Y_q* f(g¥), we can verify that:

—n
(1) F,(s) is an entire function for each n € Ny;
(2) F,(s) tends uniformly to Jil, f(s) as n tends to oo for N(s) € (g, £, By, £)-

Hence, ., f (s) is an analytic function in the domain defined by the strip R (s) €
(g, 1 By, f)- U
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A direct consequence of the previous lemma is that

[t ds=a-0 Y 1@ [ vt

for any contour that lies in the interior of the domain defined by the strip N(s)
(ag,f» By, ). Fitouhi et al. [2006] chose C to be the contour that connects the
points ¢ —im/log(q) and ¢ +im/log(q), where ¢ € (ay, ¢, By, ), to introduce and
prove the g-Mellin inversion formula

lOg(q) c+im/log(q) B
(6-1) )= My (f)(s)x™ds, x€eR, 4.
f 2”7(1 - 61) c—im/log(q) 1 f oF

In addition, they introduced a g-Parseval’s formula for the Mellin transform, under
suitable conditions on the functions f and g,

log(q) c+im/log(q)

(6-2) fo f g dyt = My (£)(s)dlg () (1—5)x" ds,

2i7‘[(1 - Q) c—im/log(q)
where c is in the fundamental strip of defining f, g. They also proved:

Theorem 6.3. Let K and g be a pair of functions defined on R,  such that the
strip Ig,g = (Bg.k» g, k) V(1 = By g, 1 — g ) is not empty. If

f(X)Z/O gM)K (xt)dyt,
then
My (f)(s) =My (K)(s)My()(1 —5), €Ik

The g-Mellin transform of the third Jackson g-Bessel has been calculated in [Fi-
touhi et al. 2006] by using the identity of Koornwinder and Swarttouw [1992, p. 449]:

("2 @)oo _ it"z" % @)oo

¢1(0; 2% g, ¢"),
(tZ; 4) oo ;9o

—00

where ¢t and z are complex numbers such that 0 < |¢| < |z|~'. Using the same
technique, we can prove that

(6-3) My (2P Ju(z; ¢*)(s))

_ (1= g1 — gyt LGt

To(Gla@—s—B+2)

N(s) > —NR(ax + B).

The following two lemmas are needed in the sequel.
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Lemma 6.4. If9i(s) < v+ 2a and

h*._W( LGy —3s+a) )
1= 1 1 ’
LpeGur—3s+8+1)

then
(I +q)x
qu(—%v—l—%u—a%—ﬂ—i—l)

(6-4) hj(x)= @ /%% 4P upppjratp (6 €RGL).

Proof. Applying (6-1) we obtain
1 c+im/log(qg)
BE) = — 0g(q)

2in(1 = q) Je—in108(q)

log(q) ctiz/log@) - Ta(3v—35+a)

= - X

2in(1 —q) Je—ix/108(9) ToGu—1%s+B+1)
B log(q)(l _qZ)u/Z—v/Z—a-i-ﬁ-i-l /c-i-in/log(q) (qu—s+2ﬂ+2; qz)oo

C

—s
2in(1—q) —in/log(q) (qV=5%2%; ¢%) 0

My (h7)(s)x " ds

ds

ds.

Applying the g-binomial theorem (2-13) with z = ¢"~*+2* and for R(s) < v + 2a,
we obtain

log(g)(1 _q2)u/2—u/2—a+,3+1 0 (q,u—v—2a+2/3+2
2in(l —q) — 42 4%

n
c+in/log(g)
X / (¢"x)"% ds.
c—im/log(q)

.42
h’f(x) = 4 )" n(v+2a)

Therefore, if x := g™ (m € Z),

/C-Hﬂ/log(q) q—s(l’H-m) s — {Zln/log(q) ifm= —n,
c—im/log(q) 0 if m 75 —n.
Hence, h7j(¢™) = 0 for m € N; and for m € —Np,

q—m(v+2a)(1 _qZ)u/Z—v/Z—cl-‘r,B-‘rl (qu—v—2a+2ﬁ+2; q2)

hi(g™) = i P
_ q_m(v+2a)(1 +q) o
- qu(%ﬂ—%v—owrﬁﬂ)( $4 )2y /2t -
Thus A7 (x) is given by (6-4) for all x € R, 4. -

Lemma 6.5. If9i(s) > —v + 20+ 2 and

1 1

B e (! qu(§v+§s—ot—1)

2 q Fo(p+1s—
2+ 35 —B)
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then, for x € Ry 4,

(1 4 q)xv—2oz—2 5 5 5
(6-5) h3(x) = (q°x7597)_ _8-
2 qu(—%v+%/t+0l—,3+l) v/24+u/2+a—p
Proof. The proof is similar to the proof of Lemma 6.4 and is omitted. |

In the following, we use the g-Mellin transform to reduce the dual g-integral
equations

/ w2 Y @ +w), (up: ¢°) dgu = f(p), p € Ag,
(6-6) e
/0 u Py ), (up; ¢*) dgu = g(p), p € By,

to a Fredholm g-integral equation of the second kind. Before we start our mission,
we set the following notation. Let {H}, H{'} and {H>, H}} be the pair of functions
defined by

s—2a—1 qu(%v+%s—oz)
qu(%v — %s +a+ 1)’

Hi(s) = My ™ Ty (u; ¢*))(s) = (1 — @) (1 — ¢*)

H 1 1
f(6) e (1 — g2yr/2-nirva—p LGV s Ha+ D)
1 s):=0—-¢g9 1 ] ’
FpGu—3s+8+1D

where 20 — v < N(s) <2+ 2« + v and

Hy(s) = Mg (P 1, (u; gP)(s) = (1 —q)(1 — g*)* 7! "21(2“ — P
TGu—s3s+B+1)
1 1
vj2-p2—atp Lg?(V + 35 —a)
T2(Gu+is—pB)

where N(s) > max{28 — u, 2o — v}. It is worth noting that for

H;(s):=(1—q%

max{2a — v, 28 — u} < R(s) <242a+v,

we have
(6-7) H\(s)H{ (s) = Ha(s)H; (s) = K (5),
where K (s) is the function defined for N (s) > 2a — v by
K (s) =My (k@))(s),  k(u) :=u">"""P ], s arps ¢°).
Theorem 6.6. Let o, B, y, and v be real parameters satisfying

v>0 and max{2a—v,28—u} <2+20+v.
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Let f and g be functions defined on A, and By, respectively. Let fi and g, be the
extensions of f and g defined on R, ; by

fi=()™f(-)onA,;, fi=0o0nB,,
gr1=00n Ay, gi1=(-)"g(-)onB,.

Assume that the g-Mellin transforms of the functions ¥, Yy w, f1, and g exist on
Q, Q1 # ¢, where

Q= (g, 11, By i) N (@q 15 Bgg) VA = Bgys 1 =gy ) V(L= By wy, 1 =g uwy).
Set
771=—21‘V+%,U*+%a+%:3+1’ A=v—u—2a—-28-2.

Then the system (6-6) can be reduced to a Fredholm qg-integral equation of the form
o.¢]
Y(0) = A(r) — (H/2TVre b / w2 Py w ) Lt w) dyu,
0
where
A(t) — (1 _ qZ)v/2—p,/2+Ot—ﬂ+1
X SPH(H(1 = p)p~ 72, R (2 (U )1(07))
+ (1 _ qZ)V/27M/2+(¥*/3+1

R e D Ve o A S PICRVED) ()

H (x — a) is the Heaviside function defined to be 1 if x > 0 and 0 otherwise; and

(1 . q)qv/2+u/27a+}3

2 —y?

L(t,u)
) 1. 2
X [t 24 2—atB+1(t: @) Joj2ujr—asp(q” us q°)

—udy a1 U3 G Do pprnp—asp (@'t qz)]-

Proof. Assume that &, @, F|, and G are the g-Mellin transform of the functions
¥, Yw, f1, and g, respectively, on ;. Let

Q:={s € C:Ns € Q1 and Ns > max{2c — v, 28 — v}}.
Applying Theorem 6.3 gives
(6-8) Hi($)[V(A =)+ P(A—s5)]=Fi(s), H(s)V(—s5)=Gi(s).
Multiplying the first equation in (6-8) by H;*(s) and the second by H;'(s) yields

K(s)W(1—s) = H(s)[Fi(s) — Hi($)P(1 —5)],

(6-9)
K(s)W(1—s)=H;(s)G1(s),
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for N(s) €e Q: =2 N{s € C: max{2a — v, 28 — u} < R(s) <2+ 2a + v}, where
we used (6-7).
In the following we calculate the value of the g-integral

o0
(6-10) | ke wer,p.
We distinguish two cases:

Case 1. p € A;. In this case, from (6-2) and (6-9), we obtain

(6-11) fo k(pD) ¥ (1) dgt

lo c+im/log(q)
_ _loel@) K(s)W(1—s)p~" ds,
2it(1—q) Je—in/108(9)

log(q) c+im/log(q) -
_ 2& H{ (5)[Fi(s) — Hi(s)®(1 —s)]p~* ds.
it(1—=q) Je—in/tl0a(q)

Substituting

, 1—g¢g ,
—-s __ —v—2a+1 v—s+2u
p = 1— qv—s+2a’0 Dq*p’o

into the third line of (6-11), we obtain

612 [ konw dy

_ log(q)p~"~2*! b
i (1 — g2) v/ 2—ak Bl TP
c+in/log(q) Foly, 1 i
X/ [Fl(S)—Hl(s)QD(l—s)]pv—s+2a ql(z : 2 )
c—im/log(q) TeCu—Ls+p+1)
log(q)p~"~2*+! b2

B 2im (1 — g2)—v/2Hn/2-at+p+] Dy pp

c+im/log(qg)
X/ [Fi(s) — L)% (s)p ™" ds
c—in/log(q)
—v—20+1

= _(lqz_)i]v)/gw/z—wﬁ“ Dq,ppwzafo Lf1(D) —l(f)]h]k(é)%dqt’

qu(%l) — %s +a)
ToGu—3s+B+1)
1(p) = Mg (Hi (5)®(1 = 5)).

where 77 (s) := hi(x) is given by Lemma 6.4, and
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On the other hand, using the g-Mellin transform inversion formula and the
g-Parseval relation in (6-2), we obtain

IOg(q) c+im/log(q)

lp)=5—F—= H\()®(1 —s)p~"ds
217((1 _CI) c—im/log(q) :

_ p—Za fooo u—zav/(u)w(u).]v(u,o; 612) dqu'

On simplifying (6-12), using (6-4), we obtain, for p € A,,

(1— qZ)v/Z—M/2+a—ﬂp—v—2a+l

(6-13) fo k(pt) ¥ (1) dgt =

Ta(—ivtlp—atrprn 77

o)
x /O P T L) = 1ONG* 0% 0D v ppp et p dat-

Hence,

0
| kv
0
(1 _q2)v/2—,u/2+oz—/3p—v—2a+1

S Tp(-tvtlp—a+ B+

P 00
—~ f RSy & N / w2y wyw () Jy (ut; g%) dqudqr].
0

0

P
Dq,p[/o " () (g o qz)—u/2+u/2—a+ﬂ dgt

Since v > 0, we can apply Proposition 2.9 to obtain

0
/0 " o qz)_u/z_g_,l/z_a_;_,s-]v(m; 7% dgt

B pz”u“(l _q)(qu+v—2a+25+2; qz)oo
- (1 _q2v)(qufv72a+2ﬂ+2; 2)

X2¢2(0,q2|}’q2v+2’ qU+l»L 2(1+2,6+2’ q q p MZ).

Therefore,

(6-14) | kenw 0 d=m) =1~ 1,

where

I = F(0)dgt

(1_q2)v/2—u/2+a—ﬂp—v—2a+] P q l
a0 | 1
—v/24p/2—a+p

—q
To(—v+iu—a+B+1) p?
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and
(1 _ q)(qv+u—2a+2ﬁ+2; qz)oo
(1 —=4*)(9% ¢*)o

X Dy pp*’ / VT ()w ()22 (0, g7': g* 2, g TR g2 g7 pPu?) dyu.
0

1—v—2«

12 =

Using (2-14) and (2-12), we obtain

Dq’pp2v2¢2(0’ q2v; q2v+2’qv+u 2a+2,3+2’q q ,0 u

(qZ; qz)oo(l _q2v)p3v/2—,u/2+ot B— 1u—v/2 n/2+a—p

J _ u; 2.
T T R e B

Thus,

o0
L= p*mirmesh f w22 Wy w ) S 2-arp (P15 g7) dyu.
0

Applying [Annaby and Mansour 2012, Lemma 1.12], one can verify that

L q2t2
(6-15) Dq,p/ z“(—z;f) f(t)dyt
0 p —v/24u/2—a+B

r v—1 q t
:/ t Dq,p< 5 ,q> f@)dyt.
0 P —v/24pn/2—a+B

“2c1-—
1—

/f(t)dt—1+

(C/p g g1 and

/ f(\/_)

Since Dy ,(c/p*; %) = p3

we obtain

L (4 s
(6-16) Dq,p/ - (_Z;Q) FWD)dyt
0 p —v/24+u/2—a+p

1— —v+u—2a+2p p? l‘
(I=g)p 0 p? 0240/ 2—atf—1

Hence, from (3-12),

R e P (O R (VAN (75}

The g-integral in (6-14) is now
(6-17) my(p) = (1 — g*)"/> /4o pm 22 VM (Y2 £ (S ](p7)

oo
_ pv/l—u/2—a—ﬂ/ uv/z_u/z_a_ﬂw(u)w(u)Jv/2+u/27(x+ﬁ(pu; q2) dqu
0
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Case 2. p € B;. From (6-2) and (6-9), we obtain

log(q) c+im/log(q)

2in(1 = q) Je—in/108(q)
log(q) c+im/log(q)

(6-18) /00 k(pt)y(t)dyt = K@)V (l—s)p*ds
0

=t H3 (5)G1(s)p™" ds.
2int(1 —q) Je—in/1og(9) ?

Substituting

_ e l—q e
0 s =,OU 2a ll_q_s_,,+2a+2Dq,pp s—v+2a+2

in the second line of (6-18), we obtain

619 [ kv dyt =maie)
log(q)qv72a72pv72a71
_21-7[(1 _ q2)—v/2+u/2+a—f3+l
c+in/log(g)

X Dq’pp—v+2a+2/ Gl(s)%i(s)qsp—s ds
c—im/log(g)

— _(1 _q)(l _qQ)V/Z—;,L/Q—Ol-‘rﬁ—]qU—Za—ZpV—ZOI—l

> P1
% Dq,pp_v+2a+2f gl(t)h;(-)—dqt,
0 qt/t

where 75 (s) = qu(%v + %s —a— 1)/qu(%u+ %s — ) and h3(p) is given by
Lemma 6.5. On simplifying (6-19), using (6-5), we get
(1 _ q2)v/2—,u/2—ol+,3pv—2a—l

To(—v+in+a—B+1)

o 2
g(u) (P 2)
» / S A 3 q dgu.
Dy.p , urm2et2p=1 2 —v/24p/2+a—p !

In similar steps as in simplifying /; and by (3-1), we obtain

(6-20) ma(p)
= _q2)v/2—u/2—a+ﬂp—2ﬂ3{;2/2—a+ﬂ,—v/2+ﬂ/2+a—ﬁ[g(q—lf)](pz).

ma(p) = —

If we set m(p) to be
ma(p) if p € By,
then combining (6-17) and (6-20) gives

m(p)={

o0
(6-21) p"/2- w2 f VR it p (O @D (1) dgt = m(p).
0
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Hence, from (2-20) and (6-21), we obtain
(6_22) w(t) — t—v/2+ll/2+0t+}3+l

o
x_/ p IR ot parp (015 ¢PIm(0) dy .
0

Substituting for m(p) in (6-22), we obtain

1
W (t) =t~/ 2retbEl f p AR B g i a—asp (1 P (0) dyp
0

+t—v/2+u/2+a+ﬂ+lpr—v/2+u/2+a+ﬂ+lJ
1

o2 2—atp (1; gma(p) dyp.
Returning to (6-17) and (6-20), we obtain

Y (t) = N1+ N2 — N3,
where

Ny = (1 _qZ)v/27u/2+a713tfv/2+pb/2+ot+/f3+l

1
X/ p—v/Z—M/z"‘"‘_ﬂ_lJv/2+u/2—a+ﬂ(pt;qz)
0

x [P (D107 dyp,

Ny = —(1— qZ)v/27u/270l+,3tfv/2+u/2+ot+/3+l
o0
X/ p VAP g (O )
1
2— ,—v/2 2+o— _
E S e PICRNE (CO EA
Nj = t—v/2+u/2+a+ﬂ+1
! 2 o 2 2
x / (pJv/z+M/z_a+,s(pr;q ) f uVl2mHRm By (wyw (u)
0 0

X Jo2tuj2-atp(OUt; 4°) dqu) dyp.

Assuming that the weight function w satisfies Y w € L; (R4,+), then the double
g-integrals defining N3 is absolutely convergent, and therefore we can interchange
the order of g-integration to obtain

o
(623) W0 = A(@) =3 [ L) dy,
0
where L(¢, u) comes from (2-19). Thus, the solution of the single integral equation
in (6-23) gives us the value of the unknown function v (¢), which is the solution of
the dual g-integral equation in (6-6), as well. (]
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In particular, if we replace o by —« in (6-6), and set w =g =0, § =0, and
v = i, we obtain the dual g-integral equations (4-2)—(4-3), and from Theorem 6.6,
its solution is given by

1—«

1
(6-24) '/’(t):a[—W/o P! o (pts GBI (VD10 dyp.

This coincides with the result of Section 4.

Example 6.7. If v = % U=—s5a=p= —%, then the solution of the system

1—q2p 112
T,2(1/2)

1—¢q 1/2 up /. )
Tﬂ)f o (u )cos( -, ,q) dju=g(p), peBy,

takes the form

/¢<u>[1+w(u>1sm(1 ,q)du—f(p) peA,

y(t) = At

(1—q) /:o uy (ww(u)L(t, u) dgu,

where
1
Ltu)= 52 S (1N %) o(g™ i q?) = udi (s ) Jo(g ™' 47)]

and
1
An =0 —q2>”2[ /0 P~ Jolpt; L IO P10 dyp

- /1 Jolot; ¢H 1M Plea™ !V )](p2)dqp]-
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