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FOR THE d-NEUMANN PROBLEM
ON WEAKLY PSEUDOCONVEX DOMAINS

R. MICHAEL RANGE

The main result is a pointwise a-priori estimate for the 3-Neumann problem
that holds on an arbitrary weakly pseudoconvex domain D. It is shown that
for (0, ¢)-forms f in the domain of the adjoint 3* of 3, the pointwise growth
of the derivatives of each coefficient of f* with respect to z; and in complex
tangential directions is carefully controlled by the sum of the suprema of
f,3f,and 3*f over D. These estimates provide a pointwise analog of the
classical basic estimate in the L? theory that has been the starting point for
all major work in this area involving L? and Sobolev norm estimates for the
complex Neumann and related operators.

1. Introduction

The L? theory of the -Neumann problem on pseudoconvex domains has been
highly developed for many years. In particular, J. J. Kohn [1979] introduced the
technique of subelliptic multipliers which led to the proof of subelliptic estimates in
the case where the boundary is of finite type [D’ Angelo 1982; Catlin 1987; Siu 2010].
The starting point for these and other investigations has been the following basic
estimate, valid on any smoothly bounded pseudoconvex domain D (see [Folland and
Kohn 1972; Kohn 1979] for more details). Let us fix a point P € bD and a smooth
orthonormal frame for (1, 0)-forms w1, w2, ..., ®w, on a small neighborhood U of
P with w,, = y(¢)dr, where r is a defining function for D. Let Ly,..., L, be the
corresponding dual frame for (1, 0) vector fields. One defines

Dg(D) = C§ (D) Ndomd*,

and one denotes by D,y those forms in D4 (D) which have compact support in
D NU. Then f € Dyy can be written as > f !cT)J , where the summation is
over strictly increasing g-tuples J. Since f € dom d*, one has fy =0onbD NU
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whenever n € J. In case ¢ = 1, the “L? basic estimate” states that there exists a
constant C such that

Ak r e fhd < 572 3% £12 2
%:IIL/fkll +/bDnUE(,Cf) S@Q < ClIafIZ+ 10" £ 1% + £ 1I7]

forall f =) fror € D1y, where %= (fi,..., fn). The norms here are the
standard L2 norms over D N U, and £ is the Levi form of the defining function
r with respect to the frame {L;, ..., L,}. Since f € domd*, one has f,, = 0 on
bD, so that pseudoconvexity implies that £(r, ¢; f#) > 0 on bD. Furthermore, it
readily follows from f, |,pny = O that one then also has the estimate

/a1 < Calld full® < C2[ 10717 + 19" £ 11+ 11£1%]-

Here || |1 is the full 1-Sobolev norm, i.e., || f» ||% is the sum of the squares of the
L? norms of all first order derivatives of f;,.

Over the years there has been much interest in obtaining corresponding results
involving pointwise and Holder estimates. Techniques of integral representations
have been most successful on strictly pseudoconvex domains, where the Levi
polynomial provides a simple explicit local holomorphic support function (see
[Range 1986] for a systematic exposition). Holomorphic support functions also
exist on convex domains, and some results have been obtained in that setting in the
case of finite type [Cumenge 1997; Diederich et al. 1999]. However, it has long
been known that in general there are no analogous holomorphic support functions,
even in very simple pseudoconvex domains of finite type [Kohn and Nirenberg
1973]. This obstruction has blocked any progress on these questions in the case of
more general pseudoconvex domains.

Recently the author has introduced a nonholomorphic modification of the Levi
polynomial to obtain new Cauchy—Fantappié kernels on arbitrary weakly pseudo-
convex domains which reflect the complex geometry of the boundary and satisfy
some significant partial estimates [Range 2013]. In this paper we use the new
kernels in the integral representation formula developed by I. Lieb and the author
in the strictly pseudoconvex case (see [Lieb and Range 1983; 1986]) to prove a
pointwise analog of the classical basic L2-estimate, as follows. This result was
already announced in [Range 2011]. We define

k k D %

fork =1,2,..., and we denote by qu‘U those forms in ’D’;(D) that have compact

support in D NU. We shall use the frames wi, s, .. .,op and Lq,...,L, as
above. Vector fields V' act on forms coefficientwise, i.e., if f = Z/J f. JCl_)J , then
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V(f)=Y"V(f7)d’. Fora C!-form f of type (0,q) on D we define the norm
J -_
Qo(f)=1flo+13flo+17flo.

where ¥ is the formal adjoint of 9, and |¢|o denotes the sum of the supremum norms
over D of the coefficients of ¢. For 0 < § < 1, |¢|s denotes the corresponding
Holder norm of order §.

Main Theorem. There exists an integral operator SbP (0 )(bD) —-C ©. q)(D)
which has the following properties. If bD is (Levi) pseudoconvex in a neighborhood
U of the point P € bD and if U is sufficiently small, there exist constants Cg
depending on § > 0, so that one has the following uniform estimates for all f € D; U

1<g=<n,andze DNU:

() |f —SPP(f)ls < CsQo(f) forany § < 1.
(i) |L;SPP(f)(2)| < Cs dist(z, bD) "1 Qo(f) for j =1,....n and any § < 3.

(iii) |L; SbD(f)(z)| < Csdist(z, bD)3~1Qo(f) for j = 1,...,n — 1 and any

8<§

Furthermore, if f. y&” is a normal component of f with respect to the frame
w1,...,0n, one has

| f71s <CsQo(f) forany §<3ifnel.

Note that if one also had an estimate analogous to (iii) for the normal derivative
L,SPP(f)(z) for some § > 0 (with § < %), standard results would imply the
Holder estimate | S?P (f)|s < Cs Qo(f); by using (i) one therefore would obtain
an estimate

|fls = CsQo(f),

i.e., the Holder analog of a subelliptic estimate. It is known that such an estimate does
not hold on arbitrary pseudoconvex domains. On the other hand, the Main Theorem
provides a starting point in a general setting which, combined with additional
suitable properties of the boundary such as finite type, might be useful to obtain
appropriate estimates for L, S?2(f). In particular, the author is investigating
analogs of Kohn’s subelliptic multipliers in the integral representation setting
underlying the Main Theorem (see [Range 2011] for an outline of such potential
applications).

2. Integral representations

We briefly recall some fundamentals of the integral representation machinery. We
follow the terminology and notation from [Range 1986], where full details may
be found. A (kernel) generating form W((¢, z) for the smoothly bounded domain
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D cC"isa (1,0)-form W = 27=1 w; d{; defined on bD x D with coefficients
of class C! which satisfies Y w;({; —z;) = 1. For 0 < g < n — 1, the associated
Cauchy—Fantappié (= CF) form of order ¢ is defined by

Qq(W) = cngW A Q@ W)" 171 A (9, W)4.1

Q4(W) is a double form on bD x D of type (n,n —q —1) in { and type (0, ¢) in
z. One also sets Q1 (W) =Q, (W) =0

With B = |¢ — z|?, the form B = 08/8 = Z?=1 (& —zj)/1—z[*d¢j is the
generating form for the Bochner—-Martinelli-Koppelman (= BMK) kernels. One
has the following BMK formula (here and in the following, the integration variable
is always ¢): if f € C(o )(D) then for z € D,

(1) f(z)= /b J@ A2 (B) = /D FE) A Qg1 (B)— /D 3./ (6) A Q(B).

The next formula, due to W. Koppelman, describes how to replace 2,(B) by
some other CF kernel Q4 (W) on the boundary bD. Since Q2,(B) = 0, we shall
assume g < n from now on. Given any generating form W on bD x D, one has

f(Z)—/ FOANQQW)+3:T) (/) +T @) for feCyp(D),zeD.

Here the integral operator Tq )(D) — C(0,q—1)(D) is defined by

(0 q
TV (f) = /b AR OV B) - [D FO A Q1(B)

for any 0 < g < n, where the “transition” kernels 2,1 (W, B) involve explicit
expressions in terms of W and B which will be recalled later on.

Remark. For D strictly pseudoconvex, Henkin and Ramirez have constructed a
generating form W HR (¢, z) that is holomorphic in z, so (WH Ry =0onbD for
g > 1. Consequently, if f isa d-closed (0 q) form on D, one has f =0, TW R( ),
with an explicit solution operator TW . Based on the critical 1nforrnat10n that
the Levi form of the boundary is pos1t1ve definite in this case, it is well known
that this solution operator is bounded from L° into Ay,,. Furthermore, one also
has the a-priori Holder estimate | /|1, < CQo(f) forall f € p! U (see [Lieb and
Range 1986]). Attempts to prove corresponding estimates on more general domains
ultimately run into the obstruction of the example by Kohn and Nirenberg [1973]
mentioned above, i.e., in general it is not possible to find a corresponding reasonably
explicit holomorphic generating form on weakly pseudoconvex domains—even if
of finite type—except under very restrictive geometric conditions.

Leng = ((=)4@=D12)2ziym) (")
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Incase f €® ; (D), one may transform formula (1) into

f= [ F AQe(B)+ @1, dwg) + (9. Deog).
bD

where w, denotes the fundamental solution of [J on (0, g)-forms, ¥ denotes the
formal adjoint of 9, so that 9 f = 9* f, and (-, -) denotes the standard L2 inner
product of forms over D (see [LR 1983] and [Range 1986]). The fundamental
solution wy is an isotropic kernel whose regularity properties are well understood.
In particular, the operator

S50 f = S8(f) = (01, 0wq) + (V1. Ywg)
satisfies a Holder estimate
) 1S%°(f)]s < CsQo(f) forall feCf \(D)andany§<1.

Consequently, the essential information regarding all pointwise estimations is
contained in the boundary integral S?2 (f) = Jop f A2q(B). The kernel of Q4(B)
is isotropic; it treats derivatives in all directions equally, and direct differentiation
under the integral in [, ;, f A Q4(B) leads to an expression that will in general
blow up like dist(z, bD)~!. So this general representation of the operator S22
does not provide any useful information.

Note that since €, (B) = 0, the Main Theorem holds trivially with S?2 = 0
when g = n.

By the Koppelman formulas, given any generating form W on bD x D, one can
transform S®2 (f) into

(3) SbD(f):/ fAQq(W)—{—f 5fAQq(W,B)+/ fAIQ4-1(W, B).
bD bD bD

The proof of the Main Theorem relies on formula (3) on a weakly pseudoconvex
domain D € C", applied to the nonholomorphic generating form W*(¢, z) intro-
duced in [Range 2013]. Let us briefly recall the key properties of W% (¢, z). Given
a sufficiently small neighborhood U = U(P), on (bD NU) x (D NU) the form
WE(L, z) is represented explicitly by

Y18/ & 2)dy
Pk (L, 2) ’

where ®g (¢, z) = Z}l=1 gj (&, z)(¢j — z;) for { € bD. The (nonholomorphic)
support function @ is defined by

WE,2) =

Px (L 2) = FO2)—r(Q) + KIE -z,
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where F () (¢, z) is the Levi polynomial of a suitable defining function r, and K >0
is a suitably chosen large constant. We note that W~ (¢, z) is C™ in z for z # ¢.
Recall from [Range 2013] that the neighborhood U, the constant K, and ¢ > 0 can
be chosen so that for all £,z € D N U with |¢ —z| < ¢, one has

@) |0k 22 [|Im FOE ) +r O +1r () +L0r, & mf (=) + K[tz ].

Here né (¢ — z) denotes the projection of ({ — z) onto the complex tangent space
of the level surface M, (¢) through the point ¢, and L(r, {; Jré (¢ —z)) denotes the
Levi form of r at the point {. As shown in [Range 2013], the defining function
r can be chosen so that £(r, {; Jré ((—z))=0forall L € DNU. We also recall
that—as in the classical strictly pseudoconvex case—r (¢) and Im F) (¢, z) can be
used as (real) coordinates in a neighborhood of a fixed point z.

Note that since | —z |3 is real and symmetric in ¢ and z, it follows from the known
case K =0 (see [Range 1986], for example) that if one defines ®% (¢, z) = Pk (2. {),
one has the approximate symmetry

(5) Qf — Op = &5.2

In the following, we simplify the notation by dropping the subscript K, i.e., we
will write ® instead of ®g.
For 0 < g < n we thus consider the integral representation formula

(6) f=582(f)+S%(f) for feD, (D).

SbD

where the boundary operator is given by

(7) / f/\Qq(W’C)-i—/ éfAszq(Wﬁ,B)Jr/ fA0Q4-1(WE, B),
bD bD bD

for f € ’D(l), q (D). Corresponding formulas hold locally on U N bD whenever the
boundary is Levi pseudoconvex in U . Itis then clear that property (i) in the Main The-
orem is satisfied. The main difficulty involves establishing the estimates (ii) and (iii).

The proof of the Main Theorem involves a careful analysis of the boundary
integrals in formula (7). In contrast to [Lieb and Range 1983], which we henceforth
abbreviate [LR 1983], for the most part we deal directly with the integrals over bD,
thereby simplifying the analysis. However, for the most critical terms we will need
to apply Stokes’ theorem and introduce the Hodge * operator as in [LR 1983] to
transform the integrals into standard L? inner products of forms over D N U, and
exploit certain approximate symmetries in the kernels.

28j denotes a smooth expression which satisfies |£;| < C|{ — z|/.
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3. The integral [, f AR, (W*)

When D is strictly pseudoconvex, W* can be chosen to be holomorphic in z for
¢ close to z, so that the estimations become trivial if ¢ > 1, since then 9, W = 0
near the singularity. In the general case considered here, this integral needs to be
carefully estimated as well. The analysis of this integral involves straightforward
modifications of the case ¢ = 0 discussed in [Range 2013], as follows.

We only consider ¢, z with [ —z]| < %8, so that we can use the explicit form of
W¥£ = g/ ® recalled above, and the local frames {1, ...,w,} and {Ly,...,L,}.
Recall that for j =0, 1,2, an expression & jﬁ denotes a form which is smooth for
¢ # z and that satisfies a uniform estimate |5 | < |¢ —z|/, and whose precise
formula may change from place to place. While dD is not holomorphic in z, one has
9,d = Eg, furthermore, one has sz.cb = é’f for j <n,while LZ® #0at{ =z.

By the properties of CF forms, on bD one has

gA(0:g)" 17 A (0:9)1
Qu(WE) = eng J o

The coefficients g; of g =) g;d{; are given by

#
g = (G — zk) + &5.
’ 34“1 2 Z 3?; 3C
The form of g implies that
gzar(§)+£1+€#, 5§g:58r(§)+8ﬂ, and E_)Zg:é'f.

It follows readily that for 0 <¢ <n —1 one has

t

t
gA @) = 0rQ) A Y 1ar @1 ED T + > [Bor@]F e,
k=0

k=0

where (51ﬁ )® denotes a generic form of appropriate degree whose coefficients are
products of s terms of type £7 in the case s > 1, or a term of type & ! for 5 = 0,—1.

Note that since t* (w, A @,) = 0 on bD, the pullback of dr () A [88r(§)] to bD
involves only tangential components tan[ddr (¢)], while the pullback of [0dr (¢)]¥
alone will involve exterior products of at least k — 1 different tangential components.

When estimating integrals involving these expressions, we make use of the
fact that—in suitable z-diagonalizing coordinates (see [Range 2013]) —each
tangential component tan[0dr ()] in the numerator of the kernel reduces the order
of the vanishing of the corresponding factor ® in the denominator from three to an
estimate > |¢; — z;|?, i.e.,

®) | tan[93r (9)]/®| < 1/(Ir ()| + 16 — 1),
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where {; is an appropriate complex tangential coordinate. Similarly,
€1/ S 1/(r@)|+1g -2 P).

In order to keep track of these estimates, we introduce forms L[u] of Levi weight
u as follows. If u > 1, we say £[u] has Levi weight u if each summand of £[u]
contains at least p factors which either are (different) purely tangential components
of 99r (), or of type Sf. We also set L[u] = & if u < 0. It then follows that

g (9eg) = L[]
on the boundary, and consequently the numerator of Q2,4 (W) satisfies
©) g @) T A (0:9) = LIn—1].
Proposition 1. For any g with 0 < g <n — 1, the operator
T : Co.9)(bD) = CF (D),

defined by

PO BV AU TEE!
satisfies the estimates
(10)  |LE(Tf f(2)] < Cs| flodist(z.bD)’™"  for § <3 and1<j <n,
(1) |LA(TF f(2))| < Cs| flodist(z, bD)* " for §<land j <n-1,
for suitable constants Cg.

Given the estimation (9) of the numerator of 2 ( (W£), the proof given in [Range
2013] for the case ¢ = 0 and for the derivatives LZ carries over to the general case.

To prove the estimate (11), one uses LZ ®=£ i for j <n—1, which implies that
|LZ ®/®| < dist(z, bD) /3. The estlmatlons then proceed as in [Range 2013].

Remark. There is no corresponding estimate for the differentiation with respect to
LZ,i.e., in the normal direction, since L?® # 0 for { = z; therefore the operator
ch is not smoothing, i.e., there is no Holder estimate

|Tq£f|8 <Csl|flo forany &> 0.

Proposition 1 provides a partial smoothing property:

Definition 2. A kernel T'({, z), or the integral operator Tt : C«(D) — CL(D)
defined by it, is zZ-smoothing of order § > 0 if Tt satisfies the estimates (10).
Similarly, we say that I" (or 7T) is tangentially smoothing of order § if TT satisfies
the estimates (11) for LJZ. and L_]Z forj=1,...,n—1.

Here C, denotes spaces of forms of appropriate type.
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4. Boundary admissible kernels

Before proceeding with the analysis of the integrals involving the transition kernels,
we introduce admissible kernels and their weighted order by suitably modifying
corresponding notions from [LR 1983]. We say that a kernel I"(¢, z) defined on

bD x D —{(¢,¢): L € bD}

is simple admissible if for each P € bD, there exists a neighborhood U of P, such
that on (hD NU) x (D NU) there is a representation of the form

Llp)Eh/
F = (I)tl IBI,}() ’

where all exponents are > 0. Note that j may be a noninteger, in which case (8‘1i )/
denotes a form which is estimated by C|¢ —z|/. Such a representation is said to
have (weighted) boundary order > A (A € R) provided:

i)iff; > 1 and p > 1, then
2n—14j —1—2max(0,min(¢;y — 1, u)) —3max(t; — 1 — u,0) — 219 > A;
while if 4 <0 then
2n—1+4+j —1—3max(t; —1,0) —2¢9 > A;

or
ii) if #; = 0, then
2n—14j—2t > A.

This definition of order takes into account that the dimension of D is 2n — 1, and
that one factor ® may be counted with weight 1, since by estimate (4) one has
|®| = |Im F"|, and Im F" (-, z) serves as a local coordinate on the boundary in a
neighborhood of z.

A kernel T is admissible of boundary order > A if it is a finite sum of simple
admissible kernels with representations of boundary order > A.

The results in the previous section show that £, (W *) is admissible of boundary
order > 0.

As in the strictly pseudoconvex case considered in [LR 1983], an admissible
kernel I' of boundary order A > 1 is smoothing of some positive order §. This
follows from an estimate

IVZTr(f)(2)] < Cs| flo dist(z, bD) ™19,

for any vector field V'# of unit length acting in z. On the other hand, admissible
kernels of boundary order A = 0 are not smoothing in general.
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More precisely, we have:

Theorem 3. Let ') be an admissible kernel of boundary order > A, and let

he = [ I0EaIdse.
bD
J)(2) has the following properties:
(@) If A >0, then supp J)(z) < oc.
(b) If A =0, then Jo(z) < dist(z, bD)™ for any a > 0.

(¢) If A > 1, then I')_is smoothing of order § for any § < %, tangentially smoothing
of order § < %, and z-smoothing of order § < 1.

. . 2
(d) If A > 2, then Ty, is smoothing of order § for any § < 3.

Proof. Part (a) was essentially proved in [Range 2013] for the kernel Qo(W*).
The general case follows by the same arguments. Part (b) follows from (a) by
noting that dist(z, bD)* < |¢ —z|% for { € bD. For (c), note that given a vector
field VZ, all terms in V?T) are of boundary order > A — 1 > 0, except those
where differentiation is applied to ®; in that case use VZ(P™%) = (d~° )[Sf)t /®] and
|1/®| < |r(z)|72/3/|¢ — z)| to see that V2T is estimated by |r(z)|~2/3 multiplied
with a kernel of order > 0. Similarly, in the case where V'# is tangential, one can
replace |r(z)|~2/3 by |r(z)|~'/3, and in the case VZ = L_]Z one uses L_J?(CD_S) =
(o )[6’2ti / ®] to see that L_]Z I';, is of order > 0. The required estimates then follow
from (b). Finally, (d) follows by appropriately modifying the proof of (c). O

The most significant part of this paper is the analysis of the kernels of order zero.
Such kernels are not smoothing in general. However, as we saw for Qq(Wﬁ), it
turns out that in many cases they are at least z-smoothing and tangentially smoothing
of some positive order. On the other hand, one readily checks that kernels of type
such as é’f /B" (e.g., those appearing in the BMK kernels) or 1/(®B"~!), which
are of boundary order zero, do not give preference to tangential or zZ-derivatives,
and consequently such kernels are not zZ-smoothing of any positive order. Therefore
one needs to analyze the kernels of boundary order > 0 that arise in the current
setting more carefully in order to obtain the estimates stated in the Main Theorem.
It will be convenient to introduce the following notation:

Definition 4. The symbol I'y denotes an admissible kernel of (boundary) order
> A. We denote by I'y |, (resp. I'§ , /) an admissible kernel of order > 0 which

0,1/ 0,2/
is Z-smoothing of any order § < % (resp. § < %) and tangentially smoothing of any
order § < %

According to this definition, Proposition 1 states that Qq(W'C) is a kernel of
type Fg,z /3 Similarly, we note that by Theorem 3 a kernel of type I'y is (better

than) of type Fg 2/3° and, in fact, is smoothing of order § < % in all directions.
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5. The integrals f;,, 0 f ARQg(W%,B) and f;;, f A3:Q4-1(W~, B)

We recall (see [LR 1983] and [Range 1986], for example) that for 0 <g <n —2
the transition kernels Qq(WE, B) are defined by
n—q—-2 ¢
(12) QW . B)=Qri)™ > Y a,kqW*ABA@WE"
u=0 k=0

A (@ BT A9, WEE A (32B)T7F,
where the coefficients a, x 4 are certain rational numbers, while €2, (W~,B)=0.
Again, it is enough to consider | —z| < %8, so that W% = g/®. It then follows
from (12) and standard results about CF form that on 5D the form Qq(Wﬁ, B) is
given by a sum of terms

Aujeg 8 NIBA(0gg)" A (028)% A (0¢0B)" 17271 A (3,08)7F
(27.”')11 dltutk 'Bn—,u—k—l ’

(13) Ag k=

where a;, s € Q,0<pu <n—g—2and 0 <k <g. As in the case of the kernel
Qq(W*), it follows that

LlEHE g

L —
Aquk (W™, B) = Pltutk ﬂn—u—k—l'

Consequently the kernels 4,4,k (W~, B) are admissible of boundary order > 1. The
integral [, ,, Af A Q,(W¥~, B) is therefore covered by Theorem 3(c); in particular,
its kernel is smoothing of order § < %

Next, one checks that

a_ZAq,Mk(WL:’ B)

CLEHE & cluEHrE & CluEH* &
T pliutk lgn—,u—k—l Pltut+k+1 ﬁn—,u,—k—l dltutk ﬂn—u—k'

This shows that the kernels 8_ZAq, 1k (W¥~, B) are admissible, and one easily verifies
that 9, A, .k is of boundary order > 0.

Recallthat 0 <pu<n—g—2and 0 <k <g,sothat 0 < u+k <n—2. We first
consider the case 4+ k > 1, which occurs only when n > 3.

Lemma 5. Suppose . +k > 1. Then 9, zAg, uk(W , B) is a kernel of type FO 12

Proof. We saw that 9, Ag, Mk(Wﬁ, B) is of order > 0. Applying a derivative with
respect to z; to a factor 1/® in any of the summands of 9, Aq, Mk(WE B) results
in a term estimated by a kernel T’y of order > 0 multiplied by |£5/®|, and since
|®| > |r(z)|* 8¢ — |38 the factor £} /®| will be bounded by |¢ — z|%|r(z)[ 1+
for some o > 0 if § < 2 3. By Theorem 3(a), the kernel |{ — z|*|T| is integrable
uniformly in z if o > 0. For the other differentiations, note that since i +k > 1, each
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summand in a_ZAq,;,(,k has at least one factor £[1]/® or €f/<I> with weight > —2 in
addition to the one factor 1/® which is counted with weight > —1 in the calculation
of the order of 8_2qu k- Differentiating the numerator of any such factor of weight
> —2 results in a term £/ P, which can be estimated by (1/]¢—z|3%)(1/|r (z)|'~%),
where the factor 1/]¢ — |3 is of weight > —2 for any § < % If the differentiation
is applied to any of the remaining factors in each of the summands, the order of
the kernel decreases at most by one without affecting any of the factors £[1]/®
or Sf /®. In order to compensate for this decrease, one must extract a factor &£

from such a factor of weight —2, leaving a factor of weight —2 multiplied with a
suitable power |r(z)| 119, This follows as before for a factor Elﬂ /P, since 1/® is
estimated by 1/(]¢—z|?|r(z)|'/3). For factors £[1]/ ®, note that according to (8) —
after introducing z-diagonalizing coordinates — one may estimate | tan 99r/®| by
terms of the type

1 < 1 < 1 glﬁ
lr@|+ 16 —z11> ™ |5 — 21128 r ()18 ™ g — 2|28 r(2)] 18

for a suitable  <n—1 (see [Range 2013] for details). Here the factor 1/[{;—z; |26+1
is of weight > —2 for any 8 < 5. Altogether we thus proved that 3, Ag juk 18 Z-
smoothing of any order § < 5 Flnally, if one con51ders a tangential derivative Lz
Jj <n—1, the same arguments apply as long as § < 3 D

Remark. Note that this last argument restricts the order of Z-smoothing to § <

1
2 ”
while in all other previous instances one has the stronger estimates of order § < g

6. The kernel 3_qu_1,00

We are thus left with 9, Ag—1,00. This is the critical and most delicate case. Note
that this kernel contains a term £y /(®B" 1) (of order > 0); however, differentiation
with respect to Z; will result, among others, in a term £ /(®B") which is estimated,
at best, by |€1/8"||r(z)|”!. We see that 8_ZAq_1,00 contains terms which are not
z-smoothing of any positive order § > 0. In order to proceed we need to identify
these critical terms and exploit certain approximate symmetries in analogy to the
method introduced in [LR 1983].
We begin by applying Stokes’ theorem to replace the integral

S NOzAg—1,00
bD
by an integral over D. For this purpose we first extend A;—1,00 — that is, W~
and B — from the boundary into D without introducing any new singularities, as
follows. By the estimate (4) for |®|, as long as —¢ < r({) < 0, one has |®| = |r({)|.
Choose a C ™ function ¢ on D so that ¢(¢) = 1 for —%8 <r(¢) and ¢(¢) =0 for
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r(¢) < —%8. We then define the (0, 1)-form

WEL. 2) = (OWE (L. 2)
on D x D —{(¢,¢): ¢ ebD}, so that ITV\‘:(E, z) = WE(,z) for ¢ e bD.

We also define
B, 2)= . where P({,2) =B, 2) + o
P(8.z) [ar () [|lor ()]l
on D x D —{(,¢): ¢ ebD}. (Note that r(r(z) > 0 for {,z € D.) Clearly
B(C z) = B(,z) for £ € bD. By replacing W* with WL and B with B in Ag-1,00s
one can therefore assume that 441,00 extends to D x D —{(¢,¢) : ¢ € bD} without
any singularities.
It then follows that

f A0z Aq-1,00 =/ 3_§f/\3_z/1q—1,00+(—1)q/ f AD¢0zAg—1,00-
bD D D

Remark. When one considers kernels that are integrated over D, the definition of
admissible kernels and of their weighted order needs to be modified appropriately.
First of all, the dimension of the domain of integration is now 2, which leads to an
increase in order by one. Also, each factor 7(z) or r({) in the numerator increases
the order by at least one. Furthermore, since both r(¢) and Im F ) (¢, z) are used
as coordinates in a neighborhood of z for dist(z, bD) < ¢, the weighted order is
adjusted to account for the fact that by estimate (4), now up to two factors ® are
counted with weight > —1 (see [LR 1983, Definition 4.2] for more details). In
particular, it follows that the (extended) kernel 8_ZAq_1,00, which is admissible of
boundary order > 0, is admissible of order > 1 over D.

d¢p 2r(§)r(z)

It is straightforward to prove the analogous version of Theorem 3 for kernels
integrated over D. In particular, one then obtains:

Lemma 6. The operator T_, C(O qul)(D) — C(O q)(D) defined by

Tq—1,00(W)=/DW/\3_qu—1,oo

is smoothing of any order § < % and z-smoothing of any order § < 1.

Note that because of the term K |¢ — Z|3 contained in ®, the kernel 3_ZA,1_1,00 is
only of class C! jointly in (£, z) near points where ¢ = z.

We are left with estimating integrals of the kernel 8_;8_2Aq_1’00 = a_za_;Aq_l,oo
over D. This kernel is readily seen to be of order > 0, but it contains terms that are
not z-smoothing of any order § > 0.

Proceeding as in [LR 1983], we introduce the kernel l; = (=1)7%Ag4—1,00 for
1 < g <n—1, where * is the Hodge operator acting on the variable ¢ with respect
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to the standard inner product of forms in C". Note that in [LR 1983] the definition
of Lq—1 involved Qg1 (W~ , B), while here we only take those summands Ag.uk
with  +k = 0. Since A4—1,00 = — * L4—1, one then obtains

(—1)90; Ag—1,00 = * * 0¢ Ag—1,00 = * (%0 )(— * Lg—1) = *0¢ Lg—1,

where ¢ = — * d¢ * is the (formal) adjoint of d. It follows that

(—1)¢ fD A8 Agor00 = /D f A%TiLgo = (f.9¢ L)

where the inner product is taken by integrating the pointwise inner product of forms
over D. Since d, commutes with *¢, one has

(—l)q/ f Az0:Ag—1,00 = (f.9:0¢Lg—1)D.
D
Let us introduce the Hermitian transpose K* of a double form K = K(¢, z) by

K*(£.2) = K(z.0).

Note that K*(¢, z) is the kernel of the adjoint T* of T : f — (f, K(-,z))p, i.e.,
T*(f)— (. K*(-.2)p.

One now writes
(f.0z9¢Lg—1)p = (f.0:0¢ Lg—1 —[0:0¢ Lg—1]")p + (f.[0:9¢ Lg—1]")D.

Since [0,0¢ Lg—1]* = 8;192 g—1-if f €dom d*, one may integrate by parts in the
second inner product, resulting in ( f, 8;19 Ly_pp= 0" f9:L;_1)p.

Expanding the definition of admissible kernels to allow for factors ®*, with
corresponding definition of order, one verifies that the kernel 19 L _; is admissible
of order > 1, and consequently it is smoothing of order § < &, and z-smoothing of
order § < 1.

7. The critical singularities

We now carefully examine 0,9 Ly—1 —[0;0¢ Lg—1]* and verify that there is a can-
cellation of critical terms, so that the conjugate of this kernel is partially smoothing
as required for the Main Theorem.

We use the standard orthonormal frame w1, ..., w, for (1, 0)-forms on a neigh-
borhood U of P €bD, with w,, = dr(&)/||dr ({)||. After shrinking &, we may assume
that B(P, &) C U. As usual, we shall focus on estimating integrals for fixed z € D
with |z—P| < %8, and integration over { € D NU with r(¢) > ——8 and [ —z| < 5 8
Let L1,..., Ly be the corresponding dual frame of (1, O)—Vectors acting on the 4
variables. If L = Y"p _; ax(£)d/3¢, we denote by L? = Lg =Y %1 ar(0)d/0z
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the corresponding vector field acting on the z variables. A similar convention
applies to a)jz , which we denote by 6;.
One then readily verifies the following equations:

(@) 9r(¢) = @lldr@)|;

(b) 3B =27 (L;jB)w; and 3 = 37, (L; B);;
(©) 00 =23"_, @j Awj + &1

(d) 308 =-23"7_,0; noj + &1

(e) Lf,B =—Lif+&and L; LB =¢&x;

(f) L;yP =& and LJZ.P =& for j <n.

Somewhat more delicate are the following two formulas. They are the analogs
of [LR 1983, Lemmas 5.9 and 5.35], with the differences due to the fact that in the
present paper the defining function is not normalized, as it is restricted to a special
form so that its level surfaces remain pseudoconvex. The definition of the extension

‘P has been modified accordingly. Since both formulas require exact identification
of the leading terms, we include the details of the proofs.

Lemma7. L2P = —ﬁé + Eor (O (z) + E1r (§) + &

Proof. We fix { € U. After a unitary change of coordinates in the ¢ variables, one
may assume that dr/9¢; ($) = 0 for j <n and dr/9¢, () > 0, so that ||0r ({)|| =
V20r/9¢,(2) and (LZ), = ~/20/0zy 4 E1. Then Lir(z) = ~/20r/3z,(0) + &1 =

107 (&) || + £1. In this coordinate system one has
V28,2 = V2 L) G + = V0
= 0r @) (Gn — zn) — V21 (0) + &2,

and
2r(§) Lir(z)
[or (Ol [[or (2) |l

LiP(C.2) = —N2(Cn—zn) + &2 + + Eor (D)r(z)

= VA= Za) + 2 1+ E1]+ E0r QOrE)
2r(¢)
= —V2(¢n —zn) + B +E&+Er Q) + Er(Q)r(2)
/3

= or (E)II[”a rONCn—zn) = V2r (0]
+8z+51r(§)+€or(§)r(2)-

The proof is completed by combining these two equations. O
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n—1

2 2
Lemma 8. 2P — JZ|L iBl- = —||8 Ol )||| |“ 4+ &3 + Ear (0).

Proof Here we fix z, and after a unitary coordinate change in { we may assume that
L; = fa/ag, +€1, so that L; 8 = «/_(ZJ —zj) + &. Hence ZJ_I |L;iB|* =
221_1 ¢ —zj|* + €3, and therefore

- 4r (O ()
14 2P — LBI>=2 n— n2 M (AN NI
(14) P2 ILiBP =21 —anl” + s

Jj=1

+ &3.

Furthermore,
N ﬁ%ﬁ(z)@n TI) 62— V()
= 10r (2)||(Gn — 2n) — V21 () + &2,

It follows that
2|®(¢,2))?

= 0r()|(Gn — zn) V2D —2r ()P + E@

= 10r (2)1%[¢n — zn|* + 107 @) Gn — 20)[=V2r () + E2] = 2r () D + £,

=110 @) I121n — zn]* = V2r (OO @) Gn — zn) + V2B] + E3 + E2.
By (5) one has

V20 = V20* + & = [|ar()|(zn — &n) — V2r (2) + &
= —[18r ()| (Gn — 2n) — V2r (2) + &2,

where we used that ||dr ()| = ||dr(z)|| + £1. Inserting this equation into the
previous one and using £, ® = E3 + E,r (), results in

2|05, 2)* = [3r () 1216n — 2a > = V2r () (—V2r (2) + &) + 3+ E27 ()
= [8r ()1 (1en = 2a|* +2r(O)r(2) + E + E20(0)

4r(§)r(z)

1 2

=-||37(§)||||3r(2)||[2|§ —Znl" + e [+ &3+ Ear (D).
2 S TG E TN

The lemma follows after inserting (14) and rearranging. O

We now identify precisely the kernel L, and the critical highest order singular-
ity of 9,90 L4—1 with respect to the standard frames introduced above. To simplify
notation we replace ¢ — 1 with g and consider A; 00 and Ly for 0 <g <n —2.
The computations follow closely those for the case u = 0 in [LR 1983]; therefore
we just state the relevant formulas, and provide more details only where critical
differences arise.
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From (13) one sees that

ag g NP A BB A (3:08)7

A =
P00 @riy oprT
_ag Orndp /\(ataﬁ)n 92 A (3,0B)4 +52
© Qmi)n opr—1
Then
L. = (_1)q+1 % A —C 4+ &
- 4,00 = g (I)'pn—l ’
where
C, = (—1)at1 . or AP A(:9B)" 172 A (D 987
1 Q2mi)n opn—1
It follows that .
9.7 —9 9.0, 2
020 Lg = 0:0¢ Cq + 9200 o

Remark. Note that in contrast to [LR 1983], the kernels Ly = Cy 4 &2/ (dPr1
and d;; L, analyzed here only involve the term corresponding to p = 0 in the
same reference. Since in this paper we are concerned with Z-smoothing, we need
to consider the conjugates Lq, Cq, and 0, z?;Lq, which are the kernels that appear
in the integral [ f A*3;0¢Lq = (f,0:9¢Lg)p-

— &
Lemma 9. 8219;Wr2l_1 is of type T'y.

Proof. The proof of this lemma involves a straightforward verification. Note that
&/ (®P" 1) is of order > 3. Differentiation with respect to ¢ reduces the order by
one only, since after differentiating 1/ ® the resulting factor 1/®2 has weight —

Similarly, since 9, ® = 6’5, subsequent application of 9, also reduces the order by
one only. O

Next we represent Cy in terms of the local orthonormal frames. By utilizing the
various formulas recalled above, it follows that

—_Vq||37(§)|| ) o o
Ca=ngpn1 * ¢ > on ALiB)wj A (@ Aw) AP b +q>'])n o
1Q1=q
J<n

where y, is a real constant. The summation is over all strictly increasing g-tuples
O withn ¢ Q, over j <n with j ¢ Q, and J is the ordered (n — g — 2)-tuple
complementary to njQ in {1,...,n}. Since *[w™C A (& A w)’] = bqi”w”jQ,
where by is real, it follows that

. _ &
Cq_yq||al’(§)|| Z CD’P" Apn—1 anA9Q+q)fpn—1’
|Q|=q

j<n
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for another real constant y;. By using Lemma 9, it then follows that

e o - L; o
TGy = Tlor QI Y i oni® age] 4.
|1Q1=q

j<n

Let us introduce

The heart of the analysis of d;¢ Ly —[0;0¢ L4]™ is contained in:
Theorem 10. For 0 < g <n —2 the kernel

is of type Fg,z/y
Corollary 11. The operator

f—=( azﬁg‘Lq—l - [azﬁqu—ll*)D

is z-smoothing of order § < % and tangentially smoothing of order § < % for
I1<g=<n-1

Proof. This follows from Theorem 10 by using Lemma 9 and also by observing that
the differentiation of ||dr(&)|| results in an error term of type I'1. Similarly, when
considering the difference [---]—[---]*, the substitution ||dr({)|| = [|9r (2)||+ &1
leads to an error term of the same type. O

Remark. In order to be consistent with the notation and formulas in [LR 1983], in
the proof of Theorem 10 we analyze Ay = 9% C (? — [0z C(?]*. In the end we

must verify that its conjugate A_q is of type I 5’2 /3

Since C g is a double form of type (0, ¢ + 2) in ¢ and type (¢, 0) in z, the form
0,0¢ C(? is of type (0, + 1) in ¢ and type (¢ + 1, 0) in z. Consequently,

0,9;C) =9:0,C)= > ( > AKLcT)K)/\QL,
[Ll=g+1 “|K|=g+1

where the sums are taken over all strictly increasing (¢ + 1)-tuples L and K. It
follows that

0:0:CY —[0:9:C* = Y~ (
|Ll=q+1

Y Ak (ALK)*]CT)K) ner.
|K|=q+1
In the next section we identify the coefficients Ak, precisely in order to verify

that [Axz, — (AL k)*] is of order > 0 and that its conjugate is at least of type Fg 23
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8. The approximate symmetries

The computation of ;9 C, (? uses the expressions for d, and ¥, in terms of the stan-
dard adapted boundary frames plus error terms which do not involve differentiation.
These error terms — in the end — result in kernels which are conjugates of admis-
sible kernels of order > 1, and hence will be ignored in the discussion that follows.

As usual elLQ denotes the sign of the permutation which carries the ordered
(g + 1)-tuple /Q into the ordered (g + 1)-tuple L if /Q = L as sets, and SZLQ =0
otherwise. We introduce m;; = (I/CT))LIZ(L_,',B/P”_I) forl<j<nandl<[<n.

Lemma 12. For any K, L one has
Ak = — Z SILQSZJKQ (Lkmlj) + Fg’2/3 +I7.
0
Jil,k
Proof. This lemma is the analogue of [LR 1983, Lemma 5.6]. In the present case,
the computation shows that the error term is of the form £3 /[®3P" 1] 4 I'y, where
the first term is only of order zero. (In the case where D is strictly pseudoconvex,
and hence |®| = |¢ —z|?, this term is Ty as well.) However, one readily checks that
its conjugate £3/[®3P" 1] is of type rs 23 O

We are therefore left with
0 .
(15) AQ) == 3" el 8 (L),
o
J 1k

Only terms with j < n appear with nonzero coefficients. In the following it will
be assumed that j < n.
For [ < n one has

—28;; LiBL; €
(16) my = —"2-—(n—1) ’_ﬁ L 1
T oprd opr opn—1
while by using Lemma 7 one obtains
L[ L7LiB (L;P)L;B
a7 mnj = 5[ e R Ul h
_2-DL;p &1 Eir(Qr(z) +&r(6) + &3
[or&1 P*  epr-t o '

Note that all the error terms are of order > 2, and that they have only one factor
@ in the denominator. Consequently, applying Ly to the error terms results in I';
terms. So only the leading terms of m2;; identified above need to be considered in
the following analysis.



428 R. MICHAEL RANGE

Proof of Theorem 10. Since all relevant error terms are of type I'Z ., or better, it is

enough to examine

0,2/3

A(O) A(LOI):, where Agz =— Z eL Ek Q(Lkmlj)

7 l k
We need to consider separate cases, depending on whether n is in K (resp. L), or not:
Casel.ne Kandn € L.
In this case the computations in [LR 1983] apply without further changes, subject

to the adjustments due to the fact that the defining function r is not normalized.
Combined with ||dr ()| = ||0r (2)] + &1, it follows that

(0) 0)* _
A —Apg =T

Case 2. ngéKandn ¢ L.
In this case & k X 75 0 only for k = n. Hence

A%))L = ZnggnK (Lymy;) +T1 =~ Z sl]“Qe}(Q(anlj) +TI7.

9 leL
J»l JjeK

Lemma 5.21 in [LR 1983] needs to be replaced by:
Lemma 13. L,m;; — (Lym;;)* = l"g a3 for j.l<n.
Assuming the lemma, one obtains (after replacing j with [ in the last equation)
0 . . —_—
ALK == 2 elpet” (Lamij)" + Ty = = 3 efoer® (Lamjn) + 15 55

J,l<n jeL
leK

= AQ) +TZ,.

To prove the lemma, one uses (16). The calculation of L,m;; proceeds as in [LR
1983] with the obvious changes. By using ||dr(¢)|| = ||0r(z)|| + £1 one obtains

(anjl)* _anlj

_ 251,||ar(:)||[ 1}_4%(’1—1) [3*_9}
R = B E G K

(- 1) LZBLiBlar ()] 17 20— LIBLIBTO* @ T
o P [cp*z cpz} EZGINE Lp*—g] :
In the strictly pseudoconvex case the differences in [ - - - ] are of higher order than the
terms individually, resulting in (L,m ;)* — L,m;; = I'1. In the present case, only
a weaker result holds, as follows. Note that— after taking conjugates — one has
1 1 (®—D*)(D+ D% &3 &3
P*2 - a = d*2P2 = d*2P + O*P2’
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where we have used the approximate symmetry (5) in the second equation. It now
readily follows that £3/[P"~1®*2®] and & /[P~ ®*d?] (while of order zero,
and hence not smoothing as in the strictly pseudoconvex case) are in fact of type
Fg,z /3 Since £ /P" is estimated by £/P" !, the same argument works for the
third term above. For the conjugate of the second term, note that

1[5 5}_ 1{@@-@5]_ 1 &

pr|d* &| pn * P ~ pn d*d

o+ @ I

The fourth term is estimated the same way by first estimating £, /P" 1 by & /P".

Case 3. The mixed case n € K andn ¢ L.

As in [LR 1983], this is — computationally — the most complicated case. On the
other hand, aside from the differences as noted, for example, in Lemmas 7 and 8,
the details of the proof essentially carry over from [LR 1983] to the case considered
here, with the result that one has

(0) (0% _
Ay —Ar g =Ty

In more detail, since n € K, there is exactly one ordered g-tuple J such that

K = J U {n}, and one then has eKJA(O) Agn)J)L
Note that we need to identify the leading terms of both A&?}d and A(LOI)< Let us

first consider the simpler term A( ) After interchanging L and K in (15), one has

0
(LI)( == Z 81Q8 (Lkmlj)+r1

jlk

Since n ¢ L, the factor ¢, Qe ;é 0 only if k = n and [ = n, and furthermore
Q = J. Therefore the leadlng term of A(L I)(’ i.e., the sum, is different from zero
only if J C L so that SL # 0 only for that unique j for which L = J U {j}. It
follows that for j < n one has

o)

JK (0)
GDnny =L engApg + 1= —Lamyj +T1.

Since L,P = (LZP)*, Lemma 7 implies that

L,P=-— 2 <I>*+€0r(§)r(z)+51r(z)+52.
[ar ()]

By using this equation and (17), it follows that

4© _ dn(n—1) Iﬁ_'/g(b*
GDED = ar @) l1r (z)]) Prtt

(18) +TI7.
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Finally we calculate A?L. With J as before, one has

0
}(K')L = Z 51Q5k Q(Lkml]) + T =¢f Z 81Q8k1 (Lkml]) +I'y.

n¢Q
7 l k Jyl,k<n

Continuing with the intricate calculations as in [LR 1983, pp. 237-239, Case 1d)]
and using Lemma 8 above in place of [LR 1983, Lemma 5.35], one obtains

0) _.nJ dn(n—1) LZ,B)QD
e = ||8r(z)||||ar(z>||Z 1 T

Here the only nonzero term in the sum arises for that unique /, for which L = J U{/}.
Consequently, the last formula implies

o an(n—1) (Lip)®
(19) Aanan = " roiier@] P

+I7.

+TI'.

Let us now consider A}?}d — A]EOI)(*. As the preceding formulas show, each sum-
mand is of type 'y except in the case that for the unique g-tuple J C {1,2,...,n—1}
with K = J U {n}, L satisfies L = J U {/} as sets for some unique / < n. In this
latter case, equations (19) and (18) imply
PIONEIOE 4n(n—1)

()T~ AN @) T ||8r(§)|| |dr(z)| Pr+1

The last equation holds because (LI_,B)* = L7p.
Case4.n¢ K andn € L.
This is reduced to Case 3 by noting that

(0) 0% (0)  (0)%*
AKL_ALK __(ALK_AK ) .

[(L7B)P—(L,B)* @] +T; =T}.

It thus follows that for all K and L one has Ag?]{ A(O)* = Fg 23" This

completes the proof of Theorem 10. O

9. Proof of the Main Theorem

In Sections 4-8, we have analyzed the integrals that appear in the representation (3)
of the boundary operator bD, By combining these results, it follows that for all
f €Dy and z € DNU one has the estimates

|L_]Z.SbD(f)(z)| <Cg dist(z,bD)S_lQo(f) for j=1,...,nand any § < 3,
|LZSPP (f)(2)| < Cs dist(z,bD)* " Qo(f) for j =1,....,n—1and any§ < 3.

We have thus completed the proof of claims (ii) and (iii) of the Main Theorem.
As noted earlier, (i) follows trivially from the classical estimate (2) for S°.
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Finally we prove the statement about the normal components of f. We use the fol-
lowing lemma, which is a routine variation of classical estimates for the BMK kernel.
For0 <o« <1, set C . (D) {g € C(0,1)(D) :sup,cp |g(2z)|dist(z, bD)¥ < oo},
with the norm |g|—q deﬁned by the relevant supremum.

Lemma 14. The operator TBM (0 1)(D) — C(D) defined by

TEM (g) = [ ¢(6) A Q0(B)
D

satisfies the estimate
(20) TP ()], o S18l-a forany o >a.

Now suppose [ eDlU and let f; be anormal component of f, sothat £y |,p=0.
Decompose f7 = hy + [S®°(f)]s, where h = SPP(f). We already know by
estimate (2) that |S™°( f)|q < Qo(f) for any a < 1. Note that on bD N U one

has by = —[S"™°( /)]s, so that [(hs |spre)le < 1S™°()la £ Qo(f) as well. By
standard properties of the BM kernel Q2o(B), it follows that [, ;, hy20(B) satisfies

the same estimate on D N U if o > 0. By the case ¢ = 0 of the BMK representation
formula (1) applied to & 7, one has

(1) thf hy QO(B)—/ dhy AQo(B).
bD D

Given § < 5, choose 8" with § < &' < 3 L By part (ii) of the Main Theorem, dh; €

c (=¥ )(D), with |0h 7 l—1-5) < Cg/QO(f). It then follows from Lemma 14 that

0,1)
| TBM (3hy)|5 < Qo(f).

Each summand in the representation (21) therefore satisfies the desired Holder
estimate, so that

|hJ|A8(50U) < QO(f)
Since f7 =hy+[S®(f)], the required estimate | £7|s < Qo(f) holds as well. [J
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