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For a free group Fn of rank n, we consider the ring XQ(Fn) of SL(2,C)-
characters of Fn generated by all Fricke characters tr x for x ∈ Fn. Its
ideal J generated by tr x − 2 for all x ∈ Fn is Aut Fn-invariant. We denote
by En(1) the subgroup of the automorphism group Aut Fn of Fn consisting
of all automorphisms which act on J/J2 trivially. The group En(1) is re-
garded as a Fricke character analogue of the IA-automorphism group of
Fn and the Torelli subgroup of the mapping class group of a surface. In
our previous work, we constructed a homomorphism η1 from En(1) into
Hom Q(J/J2, J2/J3) as a Fricke character analogue of the first Johnson
homomorphisms of the mapping class group and Aut Fn.

In this paper, according to Morita’s work for the extension of the first
Johnson homomorphism of the mapping class group, we extend η1 to Aut Fn

as a crossed homomorphism. We see that the obtained crossed homomor-
phism η is not null cohomologous. We also compute the images of Nielsen’s
generators of Aut Fn by η.
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1. Introduction

In a series of works, Dennis Johnson [1980; 1983; 1985a; 1985b] established a
remarkable method to investigate the group structure of the Torelli subgroup of
the mapping class group of a surface. In particular, he constructed in [Johnson
1985b] a homomorphism τ to determine the abelianization of the Torelli subgroup.
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Today, his homomorphism τ is called the first Johnson homomorphism and has been
generalized to those of higher degrees. Over the last two decades, good progress
was made in the study of the Johnson homomorphisms of mapping class groups
through the work of many authors including Morita [1993a], Hain [1997] and
others.

Let Fn be a free group generated by x1, x2, . . . , xn . As is well known, for any
g ≥ 1, the mapping class group Mg,1 of a compact oriented surface 6g,1 with
one boundary component can be embedded into Aut F2g by a classical work of
Dehn and Nielsen. This embedding is induced from the action of Mg,1 on the
fundamental group of 6g,1. The definition of the Johnson homomorphisms of Mg,1

can be naturally generalized to those of Aut Fn . Let H be the abelianization of Fn .
The kernel of the homomorphism Aut Fn→ Aut H ∼= GL(n,Z) induced from the
action of Aut Fn on H , is called the IA-automorphism group of Fn and is denoted
by IAn . The group IAn is a free group analogue of the Torelli subgroup Ig,1 of
Mg,1. Andreadakis [1965] introduced a central filtration

IAn =An(1)⊃An(2)⊃ · · ·

of IAn , and showed that each graded quotient grkAn :=An(k)/An(k+ 1) is a free
abelian group of finite rank. We call the above filtration the Andreadakis–Johnson
filtration of Aut Fn . Johnson studied this type of filtration for the mapping class
groups in 1980s. The general linear group GL(n,Z) naturally acts on each grkAn .
In order to investigate the GL(n,Z)-module structure of grkAn , the k-th Johnson
homomorphism

τk : grkAn→ H∗⊗Z Ln(k+ 1)

is a powerful and useful tool. However, even the GL(n,Q)-structure of (grkAn)⊗Z

Q is not determined in general (see Section 2C for notation, and [Satoh 2009;
2013b] for basic materials concerning the Andreadakis–Johnson filtration and the
Johnson homomorphisms of Aut Fn).

Now, we study a Fricke character analogue of the Andreadakis–Johnson filtration
and the Johnson homomorphisms of Aut Fn . Let R(Fn) be the set of all SL(2,C)-
representations of Fn , and F(R(Fn),C) the set of all complex-valued functions on
R(Fn). Then F(R(Fn),C) naturally has the C-algebra structure coming from the
pointwise product, and Aut Fn naturally acts on F(R(Fn),C) from the right. For
any x ∈ Fn , define tr x ∈ F(R(Fn),C) by

(tr x)(ρ) := tr ρ(x), ρ ∈ R(Fn).

Here tr on the right-hand side means the usual trace of 2× 2 matrix ρ(x). The
element tr x is called the Fricke character of x ∈ Fn . Classically, Fricke characters
were introduced by Fricke and Klein [1897] to study the moduli space of compact
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Riemann surfaces. In this paper, however, we focus on purely algebraic properties of
the Fricke characters. Let XQ(Fn) be the Q-subalgebra of F(R(Fn),C) generated
by all tr x for x ∈ Fn . We call XQ(Fn) the ring of Fricke characters of Fn over Q.
Horowitz [1972] showed that XQ(Fn) is finitely generated by

{tr xi1 · · · xil | 1≤ l ≤ 3, 1≤ i1 < i2 < · · ·< il ≤ n}.

In order to establish the Johnson–Morita theory for XQ(Fn), to begin with, we need
a descending filtration of XQ(Fn) consisting of Aut Fn-invariant ideals. Consider
an ideal

J := (tr′ xi1 · · · xil | 1≤ l ≤ 3, 1≤ i1 < i2 < · · ·< il ≤ n)⊂ XQ(Fn),

where tr′ x := tr x − 2 for any x ∈ Fn . Magnus [1980] showed that J is Aut Fn-
invariant for the case where n = 3, and studied a representation of the quotient
group of IA3 by the inner automorphism group Inn F3 of F3. On the other hand, it
is easily seen that J is Aut Fn-invariant for general n ≥ 3. In this paper we use this
ideal and the descending filtration

J ⊃ J 2
⊃ J 3

⊃ · · ·

in order to define a descending filtration of Aut Fn as an analogy of the Andreadakis–
Johnson filtration. Although each graded quotient grk J := J k/J k+1 is an Aut Fn-
invariant finite-dimensional Q-vector space, by combinatorial complexities, it is
quite difficult to give a basis of grk J for n ≥ 3 in general. In [Hatakenaka and
Satoh 2014] — henceforth abbreviated [HS 2014] — we explicitly give bases of
grk J for k = 1 and 2 (see Section 4 for details).

For any k ≥ 1, set

En(k) := ker
(
Aut Fn→ Aut(J/J k+1)

)
,

where the homomorphism is induced by the action of Aut Fn on J/J k+1. The
groups En(k) define a descending filtration

En(1)⊃ En(2)⊃ · · ·

of Aut Fn . In [HS 2014], we showed this filtration is central, and An(2k)⊂ En(k)
for any k ≥ 1. Furthermore, we determined the first term En(1) to be Inn Fn ·An(2)
where Inn Fn is the inner automorphism group of Fn . Thus, each graded quotient
grkEn := En(k)/En(k+ 1) is an abelian group for any k ≥ 1. In order to study the
structures of grkEn , we have introduced homomorphisms

ηk : grkEn→ HomQ(gr1 J, grk+1 J )
defined by

σ (mod En(k+ 1)) 7→
(

f (mod J 2) 7→ f σ − f (mod J k+1)
)
.
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The homomorphism ηk is a Fricke character analogue of the k-th Johnson homo-
morphism τk . In [HS 2014], we showed that each ηk is an Aut Fn/En(1)-equivariant
injective homomorphism. This implies that each of grkEn is torsion-free, and that
dimQ(grkEn ⊗Z Q) <∞.

In this paper, we concentrate on the homomorphism

η̃1 : En(1)→ gr1En
η1
−→ HomQ(gr1 J, gr2 J ).

Morita [1993b] showed that the composition

Ig,1
τ1
−→ H∗⊗Z L2g(k+ 1)→ (H∗⊗Z L2g(k+ 1))⊗Z Z

[ 1
2

]
of the first Johnson homomorphism of the mapping class group Mg,1 the natural
projection naturally extends to Mg,1 as a crossed homomorphism. He also showed
that this extension is unique up to 1-coboundary. Here Z

[ 1
2

]
means a subring of Q

obtained from Z by attaching 1
2 . The analogous result for Aut Fn was obtained by

Kawazumi [2006], who showed the composition

IAn→ gr1An
τ1
−→ H∗⊗Z Ln(k+ 1)→ (H∗⊗Z Ln(k+ 1))⊗Z Z

[ 1
2

]
of the first Johnson homomorphism of Aut Fn with the natural projection naturally
and uniquely extends to Aut Fn as a crossed homomorphism up to 1-coboundary.
Furthermore, very recently, Day [2013] showed that each Johnson homomorphism
τk of Aut Fn can be extended to Aut Fn as a crossed homomorphism.

The main purpose of the paper is to give a Fricke character analogue of these
results. Namely, according to Morita’s work, we extend η̃1 to Aut Fn as a crossed
homomorphism:

Theorem 3.6. There is a crossed homomorphism η :Aut Fn→HomQ(gr1 J, gr2 J )
such that the restriction of η to En(1) is η1.

At the present stage, we do not know whether the extension η is unique up
to 1-coboundary or not since we cannot determine the first cohomology group of
Aut Fn with coefficients in HomQ(gr1 J, gr2 J ) due to the combinatorial complexity.
By using his extended crossed homomorphisms, Kawazumi [2006] constructed
twisted higher cocycles of Aut Fn , and investigated its restriction to the mapping
class group. In particular, he expressed the Morita–Mumford classes as a cup
product of the twisted cocycles. In order to study the twisted cohomology groups
of Aut Fn with coefficients in modules of the Fricke characters, we are convinced
that our work establishes a foothold as a first step.

In Section 2, we review the definitions of Fricke characters, the Johnson homo-
morphisms τk and the homomorphisms ηk . In Section 3, we extend the homomor-
phism η1 to Aut Fn as a crossed homomorphism. In Section 4, we show that the
crossed homomorphism η is not null cohomologous in the first cohomology group
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of Aut Fn with coefficients in HomQ(gr1 J, gr2 J ). Furthermore, in Section 5, we
calculate the image of Nielsen’s generators of Aut Fn by η.

2. Preliminaries

2A. Notation and conventions. Throughout the paper, we use the following nota-
tion and conventions: Let G be a group and N a normal subgroup of G.

• The abelianization of G is denoted by Gab unless otherwise noted.

• The automorphism group Aut G of G acts on G from the right. For any
σ ∈ Aut G and x ∈ G, the action of σ on x is denoted by xσ .

• For an element g ∈G, we also denote the coset class of g in G/N by g if there
is no confusion in context.

• For any elements x and y of G, the commutator bracket [x, y] of x and y is
defined to be [x, y] := xyx−1 y−1.

2B. The rings of Fricke characters. In this subsection, we review the rings of
Fricke characters of the free group Fn . Let R(Fn) be the set Hom(Fn,SL(2,C)) of
all SL(2,C)-representations of Fn , and F(R(Fn),C) the set of all complex-valued
functions on R(Fn). Then F(R(Fn),C) naturally has a C-algebra structure by the
operations defined by

(χ +χ ′)(ρ) := χ(ρ)+χ ′(ρ),

(χχ ′)(ρ) := χ(ρ)χ ′(ρ),

(λχ)(ρ) := λ(χ(ρ)),

for any χ , χ ′ ∈ F(R(Fn),C), λ ∈ C and ρ ∈ R(Fn). The group Aut Fn naturally
acts on R(Fn) and F(R(Fn),C) from the right by

ρσ (x) := ρ(xσ
−1
) for ρ ∈ R(Fn) and x ∈ Fn,

χσ (ρ) := χ(ρσ
−1
) for χ ∈ F(R(Fn),C) and ρ ∈ R(Fn),

for any σ ∈ Aut Fn . For any x ∈ Fn , we define an element tr x of F(R(Fn),C) by

(tr x)(ρ) := tr ρ(x)

for any ρ∈ R(Fn). Here tr on the right-hand side means the trace of 2×2 matrix ρ(x).
The element tr x is called the Fricke character of x ∈ Fn . The action of an element
σ ∈ Aut Fn on tr x is given by tr xσ . We have the following well-known formulae:

tr xy+ tr xy−1
= (tr x)(tr y),(1)

tr xyz+ tr yxz = (tr x)(tr yz)+(tr y)(tr xz)+(tr z)(tr xy)−(tr x)(tr y)(tr z),(2)

tr[x, y] = (tr x)2+(tr y)2+(tr xy)2−(tr x)(tr y)(tr xy)−2,(3)
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2 tr xyzw = (tr x)(tr yzw)+(tr y)(tr zwx)+(tr z)(trwxy)+(trw)(tr xyz)(4)

+(tr xy)(tr zw)−(tr xz)(tr yw)+(tr xw)(tr yz)

−(tr x)(tr y)(tr zw)−(tr y)(tr z)(tr xw)−(tr x)(trw)(tr yz)

−(tr z)(trw)(tr xy)+(tr x)(tr y)(tr z)(trw)

for any x, y, z, w ∈ Fn . Equations (2) and (4) are due to Vogt [1889]. (For details,
see [Maclachlan and Reid 2003, Section 3.4] for example.) The point of (2) is that
tr yxz can be written as a sum of −tr xyz and a polynomial in tr v, with v a word
in x , y, z of length at most two. Similarly, the point of (4) is that tr xyzw can be
written as a polynomial in tr v with v a word in x , y, z, w of length at most three.

Let XQ(Fn) be the Q-vector subspace of F(R(Fn),C) generated by all tr x for
x ∈ Fn . From (1), it turns out that XQ(Fn) is a Q-subalgebra of F(R(Fn),C). We
call XQ(Fn) the ring of Fricke characters of Fn over Q. Let Q[t] be the rational
polynomial ring

Q[ti1···il | 1≤ l ≤ 3, 1≤ i1 < i2 < · · ·< il ≤ n]

of n+
(n

2

)
+
(n

3

)
indeterminates. Consider the ring homomorphism

π :Q[t] → F(R(Fn),C)

defined by

π(1) := 1
2(tr 1Fn ), π(ti1···il ) := tr xi1 · · · xil .

Clearly, Imπ ⊂ XQ(Fn). By a classical result due to Horowitz [1972], we have:

Theorem 2.1. For any n ≥ 2, the homomorphism π :Q[t] → XQ(Fn) is surjective.

More precisely, Horowitz obtained a generating set of the ring of Fricke characters
of G over Z. Using this and (4), we can obtain the above theorem. Set

I := Kerπ = { f ∈Q[t] | f (tr ρ(xi1 · · · xil ))= 0 for any ρ ∈ R(Fn)}.

Then π induces an isomorphism Q[t]/I → XQ(Fn). In this paper, we always
identify Q[t]/I with XQ(Fn) through this isomorphism, and also call Q[t]/I the
ring of Fricke characters of Fn over Q. We define an action of Aut Fn on Q[t]/I
such that the isomorphism Q[t]/I

∼=
−→XQ(Fn) is Aut Fn-equivariant.

We remark that the structure of the ideal I is quite complicated in general. It
is an open problem to find a generating set for I when n ≥ 4. Horowitz [1972]
showed that I = (0) for n = 1 and 2, and that I is the principal ideal generated by
a quadratic polynomial

t2
123− P123(t)t123+ Q123(t),
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where

Pabc(t) := tabtc+ tactb+ tbcta − tatbtc,

Qabc(t) := t2
a + t2

b + t2
c + t2

ab+ t2
ac+ t2

bc− tatbtab− tatctac− tbtctbc+ tabtbctac− 4.

For n ≥ 4, Whittemore [1973] showed that the ideal I is not principal. However,
very little is known further in this case.

Although we can obtain a representation of Aut Fn by the action of Aut Fn on
XQ(Fn)∼=Q[t]/I , it is an infinite-degree representation, and hence it is not so easy
to handle. In order to construct finite-dimensional representations of Aut Fn , we
consider a descending filtration of Aut Fn-invariant ideals of Q[t]/I , and take its
graded quotients. Set t ′i1···il

:= ti1···il
− 2 ∈Q[t]. For simplicity, we also denote by

t ′i1···il
its coset class in Q[t]/I by abuse of notation. Consider the ideal

J := (t ′i1···il
| 1≤ l ≤ 3, 1≤ i1 < i2 < · · ·< il ≤ n)⊂Q[t]/I

of Q[t]/I generated by all t ′i1···il
s. Then, we have a descending filtration

J ⊃ J 2
⊃ J 3

⊃ · · ·

of Aut Fn-invariant ideals of Q[t]/I . Set grk J := J k/J k+1 for each k ≥ 1. Then
each grk J is an Aut Fn-invariant finite-dimensional Q-vector space. In order to
describe the action of Aut Fn on grk J precisely, we have to find a basis of it. In
general, however, by combinatorial complexities, it is quite a difficult problem. In
[HS 2014], we explicitly gave bases of grk J for k = 1 and 2 (see Section 4). For
k ≥ 3, even the dimension of grk J is not determined.

In [Hatakenaka and Satoh 2015], we studied the rings of Fricke characters of free
abelian groups by a parallel argument as above. We review that work briefly. Let
H be the abelianization of Fn . The (coset classes of) x1, x2, . . . , xn form a basis of
H . Let XQ(H) be the ring of Fricke characters of H over Q. Since

2 tr xyz = (tr x)(tr yz)+ (tr y)(tr xz)+ (tr z)(tr xy)− (tr x)(tr y)(tr z)

in XQ(H) for any x, y, z ∈ H , by using Horowitz’s result as mentioned above, we
can see thatXQ(H) is generated by tr xi for 1≤ i≤n and tr xi x j for 1≤ i< j≤n. Let
JH be the ideal generated by all tr′ xi := tr xi−2 for 1≤ i≤n and tr′ xi x j := tr xi x j−2
for 1 ≤ i < j ≤ n. Then we have a descending filtration JH ⊃ J 2

H ⊃ · · · . We
obtained a basis of the graded quotient grk JH as a Q-vector space for any k ≥ 1:

Theorem 2.2 [Hatakenaka and Satoh 2015]. For any n ≥ 2 and k ≥ 1,
k⋃

l=0

{
(tr′ x p1 xq1) · · · (tr

′ x pl xql )(tr
′ xil+1) · · · (tr

′ xik )∣∣ 1≤ p1 < q1 < · · ·< pl < ql ≤ n, 1≤ il+1 ≤ · · · ≤ ik ≤ n
}

is a basis of grk JH .
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As a corollary, we obtain a lower bound on the dimension of grk J by

dimQ(grk J )≥ dimQ(grk JH )=

k∑
l=0

( n
2l

)(n+k−l−1
k−l

)
through the surjective homomorphism grk J→ grk JH induced from the abelianiza-
tion Fn→ H .

2C. Johnson homomorphisms of Aut Fn. In this subsection, we review the John-
son homomorphisms of Aut Fn (for details, see [Satoh 2013b], for example). Let
ρ :Aut Fn→Aut H be the natural homomorphism induced from the abelianization
of Fn . We identify Aut H with the general linear group GL(n,Z) by fixing the
basis x1, . . . , xn of H . The kernel IAn of ρ is called the IA-automorphism group of
Fn . Let 0n(1)⊃ 0n(2)⊃ · · · be the lower central series of a free group Fn defined
by the rule

0n(1) := Fn, 0n(k) := [0n(k− 1), Fn], k ≥ 2.

We denote by Ln(k) := 0n(k)/0n(k+ 1) the graded quotient of the lower central
series of Fn . For each k ≥ 1, the natural action of Aut Fn on Ln(k) induces that of
GL(n,Z) since IAn acts on Ln(k) trivially.

For each k≥ 1, the action of Aut Fn on the nilpotent quotient group Fn/0n(k+1)
induces a homomorphism

Aut Fn→ Aut(Fn/0n(k+ 1)).

We denote its kernel by An(k). Then the groups An(k) define a descending central
filtration

IAn =An(1)⊃An(2)⊃An(3)⊃ · · ·

of IAn . We call this the Andreadakis–Johnson filtration of Aut Fn; historically, it
was introduced by Andreadakis [1965], who showed:

Theorem 2.3. (1) For any k, l ≥ 1, σ ∈An(k) and x ∈ 0n(l), x−1xσ ∈ 0n(k+ l).

(2) For any k and l ≥ 1, [An(k),An(l)] ⊂An(k+ l).

(3)
⋂
k≥1

An(k)= 1.

In the 1980s, Dennis Johnson studied this type of filtration for the mapping class
group of a surface, and this became known as the Johnson filtration of the mapping
class group.

For each k ≥ 1, the group Aut Fn acts on An(k) by conjugation, and it naturally
induces an action of GL(n,Z) = Aut Fn/ IAn on the graded quotients grkAn :=

An(k)/An(k + 1) by Theorem 2.3(2). In order to study the GL(n,Z)-module
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structure of grkAn , we consider the Johnson homomorphisms of Aut Fn . For each
k ≥ 1, define a homomorphism τ̃k :An(k)→ HomZ(H,Ln(k+ 1)) by

σ 7→ (x 7→ x−1xσ ), x ∈ H.

Then the kernel of τ̃k is just An(k+1). Hence it induces an injective homomorphism

τk : grkAn ↪→ HomZ(H,Ln(k+ 1))= H∗⊗Z Ln(k+ 1).

The homomorphisms τ̃k and τk are called the k-th Johnson homomorphisms of
Aut Fn . We can see each τk is GL(n,Z)-equivariant.

Now, we have a question to ask whether the first Johnson homomorphism can be
extended to Aut Fn or not. Such study and results were given by Morita [1993b] for
the mapping class group of a surface, and by Kawazumi [2006] for the automorphism
group of a free group as mentioned in the introduction. In particular, Kawazumi
showed the first rational Johnson homomorphism

τ̃1 : IAn→ H∗⊗Z3
2 H → (H∗⊗Z3

2 H)⊗Z Q

can be extended to Aut Fn as a crossed homomorphism. In [Satoh 2013a], we
showed that

H 1(Aut Fn, (H∗⊗Z3
2 H)⊗Z Q)∼=Q⊕2,

and that the extension of the first Johnson homomorphism and a crossed homo-
morphism obtained from the Magnus representation form a basis of the above
first cohomology group. These results are free group analogues of Morita’s work
[1993b] for the mapping class group of a surface.

2D. Homomorphisms ηk. In [HS 2014], we introduced homomorphisms ηk which
are Fricke character analogue of the Johnson homomorphisms τk . Here we review
the definition of ηk .

For any k ≥ 1, let

En(k) := Ker(Aut Fn→ Aut(J/J k+1))

be the kernel of a homomorphism Aut Fn→Aut(J/J k+1) induced from the action
of Aut Fn on J/J k+1. Then the groups En(k) define a descending filtration

En(1)⊃ En(2)⊃ · · · ⊃ En(k)⊃ · · ·

of Aut Fn .

Theorem 2.4 [HS 2014]. For any n ≥ 3, we have:

(1) For any k, l ≥ 1, [En(k), En(l)] ⊂ En(k+ l).

(2) En(1)= Inn Fn ·An(2), where Inn Fn is the inner automorphism group of Fn .

(3) For any k ≥ 1, An(2k)⊂ En(k).
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From Theorem 2.4(1), the graded quotients grkEn := En(k)/En(k+1) are abelian
groups for any k ≥ 1. Since each En(k) is a normal subgroup of Aut Fn , the group
Aut Fn naturally acts on grkEn by the conjugation from the right. Namely, for any
σ ∈ Aut Fn and τ ∈ En(k), the action of σ on τ (mod En(k+ 1)) is given by

(τ (mod En(k+ 1))) · σ := σ−1τσ (mod En(k+ 1)).

Furthermore, since {En(k)} is a central filtration, the action of En(1) on grkEn is
trivial. Hence we can consider each grkEn as an Aut Fn/En(1)-module. In order to
investigate the Aut Fn/En(1)-module structure of grkEn , we have introduced

ηk : grkEn→ HomQ(gr1 J, grk+1 J )

defined by

σ (mod En(k+ 1)) 7→
(

f (mod J 2) 7→ f σ − f (mod J k+1)
)
.

In [HS 2014], we showed that each ηk is an Aut Fn/En(1)-equivariant injective
homomorphism. However, the structure of the image of ηk is not well-understood
even in the case where k = 1.

3. An extension of η1 as a crossed homomorphism

In this section, we extend the homomorphism

η̃1 : En(1)→ gr1En
η1
−→ HomQ(gr1 J, gr2 J )

to Aut Fn as a crossed homomorphism, following [Morita 1993b]. Furthermore,
according to the usual convention in homological algebra, for any group G and
G-module M , we consider that G acts on M from the left unless otherwise noted.
Hence, the right actions mentioned above are read as left actions in the natural way.
For example, for any σ ∈ Aut Fn and x ∈ Fn , the left action of σ on the Fricke
character tr x is given by

σ · (tr x)= tr xσ
−1
.

For basic materials for cohomology of associative algebras, see [Cartan and Eilen-
berg 1999, Chapter IX], for example.

First, consider an extension

(5) 0→ J 2/J 3
→ XQ(Fn)/J 3

→ XQ(Fn)/J 2
→ 0

of associative Q-algebras. For an associative ring R, we denote by Aut(Ring)(R) the
ring automorphism group of R. For a Q-vector space M , we denote by Aut(M)
the Q-linear automorphism group of M .
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Proposition 3.1. The natural homomorphism

8 : Aut(Ring)(XQ(Fn)/J 3)→ Aut(Ring)(XQ(Fn)/J 2)

is surjective.

Proof. First, observe the characteristic class θ(idJ/J 2) of the extension (5), where

θ : HomE(XQ(Fn)/J 2)(J
2/J 3, J 2/J 3)→ H 2(XQ(Fn)/J 2, J 2/J 3)

is the connecting homomorphism, and E(XQ(Fn)/J 2) is the enveloping algebra
of XQ(Fn)/J 2. Choose a 2-cocycle c of the algebra XQ(Fn)/J 2 with coefficients
in J 2/J 3, which represents the cohomology class θ(idJ/J 2). Then XQ(Fn)/J 3

can be explicitly described as the product J 2/J 3
× XQ(Fn)/J 2 equipped with the

multiplication given by

(ξ, τ )(ξ ′, τ ′)= (ξτ ′+ τξ ′+ c(τ, τ ′), ττ ′)

for any ξ, ξ ′ ∈ J 2/J 3 and τ, τ ′ ∈ XQ(Fn)/J 2. We denote by 3c this associative
algebra.

For any α ∈ Aut(Ring)(XQ(Fn)/J 2), since the cohomology class of c is the char-
acteristic class induced from idJ/J 2 , the 2-cocycle α](c) should be cohomologous
to c where α] is the induced homomorphism from α. Hence there exists a 1-chain
d : XQ(Fn)/J 2

→ J 2/J 3 such that α](c)− c = δd, where δ is the coboundary
homomorphism. Namely, we have

α−1
· c(α(τ), α(τ ′))− c(τ, τ ′)= τd(τ ′)− d(ττ ′)+ d(τ )τ ′

for any τ, τ ′ ∈ XQ(Fn)/J 2. Define the map α̃ :3c→3c to be

(ξ, τ ) 7→ (α(ξ)−α(d(τ )), α(τ )).

Then α̃ ∈ Aut(Ring)(XQ(Fn)/J 3) under the identification 3c = XQ(Fn)/J 3, and
8(α̃)= α. �

For any f ∈ J , we denote the coset class of f in J/J k by [ f ]k . For any k≥ 2, set

Aut(J/J k) := {σ ∈ Aut(J/J k) | σ([γ γ ′]k)= σ([γ ]k) σ ([γ
′
]k), γ, γ

′
∈ J }.

Note that Aut(J/J 2)= Aut(J/J 2)= GLQ(J/J 2).

Lemma 3.2. The group homomorphism

9 : Aut(Ring)(XQ(Fn)/J k)→ Aut(J/J k),

defined by σ 7→ σ |J/J k , is an isomorphism.
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Proof. Consider the polynomial ring

Q[t ′] :=Q[t ′i1···il
| 1≤ l ≤ 3, 1≤ i1 < i2 < · · ·< il ≤ n]

with indeterminates t ′i1···il
, and the natural surjection π ′ :Q[t ′] → XQ(Fn) given by

1 7→ 1
2(tr 1Fn ) and t ′i1···il

7→ tr′ xi1 · · · xil . The kernel I ′ of π ′ is contained in the ideal
J ′ generated by all t ′i1···il

.
We construct the inverse map of9. For any β ∈Aut(J/J k), define the Q-algebra

homomorphism β̃ :Q[t ′] → XQ(Fn)/J k to be

β̃(1) :=
[ 1

2(tr 1Fn )
]

k, β̃(t ′i1···il
) := β([π ′(t ′i1···il

)]k).

Since I ′ ⊂ Ker β̃ and β̃(J ′) = J , the above β̃ induces a ring homomorphism
XQ(Fn)/J k

→XQ(Fn)/J k , say β̃, by abuse of notation. Since β is an automorphism,
so is β̃. Then we have the homomorphism 9 ′ : Aut(J/J k)→ Aut(XQ(Fn)/J k)

defined by β 7→ β̃, and see that 9 ′ is the inverse of 9. �

From Proposition 3.1 and Lemma 3.2, we obtain the induced surjective homo-
morphism

ϕ : Aut(J/J 3)→ Aut(J/J 2).

Next, we consider an embedding of HomQ(gr1 J, gr2 J ) into Aut(J/J 3). For any
f ∈ HomQ(gr1 J, gr2 J ), define the map f̃ : J/J 3

→ J/J 3 by

f̃ ([γ ]3) := [γ ]3+ f ([γ ]2)

for any γ ∈ J .

Proposition 3.3. With the above notation, for any f ∈ HomQ(gr1 J, gr2 J ), we see
f̃ ∈ Aut(J/J 3), and the map

ι : HomQ(gr1 J, gr2 J )→ Aut(J/J 3),

defined by f 7→ f̃ , is injective.

Proof. First, we show f̃ is a homomorphism. For any γ, γ ′ ∈ J ,

f̃ ([γ ]3+ [γ ′]3)= f̃ ([γ + γ ′]3)= [γ + γ ′]3+ f ([γ + γ ′]2)

= ([γ ]3+ f ([γ ]2))+ ([γ ′]3+ f ([γ ′]2))

= f̃ ([γ ]3)+ f̃ ([γ ′]3).

Thus f̃ is a homomorphism. Furthermore, f̃ satisfies

f̃ ([γ ]3[γ ′]3)= f̃ ([γ γ ′]3)= [γ γ ′]3+ f ([γ γ ′]2)= [γ ]3[γ ′]3

= ([γ ]3+ f ([γ ]2))([γ ′]3+ f ([γ ′]2))= f̃ ([γ ]3) f̃ ([γ ′]3)
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for any γ, γ ′ ∈ J . On the other hand, we have f̃ + g = f̃ ◦ g̃ for any f, g ∈
HomQ(gr1 J, gr2 J ). In fact, for any γ ∈ J ,

( f̃ + g)([γ ]3)= [γ ]3+ f ([γ ]2)+ g([γ ]2),

( f̃ ◦ g̃)([γ ]3)= f̃ ([γ ]3+ g([γ ]2))= [γ ]3+ g([γ ]2)+ f ([γ ]2).

This shows that ι is a homomorphism. On the other hand, for the zero map
0 ∈HomQ(gr1 J, gr2 J ), it is obvious that 0̃= idJ/J 3 . Hence each f̃ has its inverse
map f̃ −1

= −̃ f . This means f̃ an automorphism on J/J 3.
Finally, we show that ι is injective. Assume that f̃ = idJ/J 3 for some f ∈

HomQ(gr1 J , gr2 J ). Then for any [γ ]3 ∈ J/J 3, we have

f̃ ([γ ]3)= [γ ]3+ f ([γ ]2)= [γ ]3.

Hence f ([γ ]2)= 0 for any [γ ]2 ∈ J/J 2, and f = 0. This shows ι is injective. �

Proposition 3.4. The sequence

(6) 0→ HomQ(gr1 J, gr2 J )
ι
−→ Aut(J/J 3)

ϕ
−→ Aut(J/J 2)→ 1

is a split group extension.

Proof. First, we show the above sequence is exact. Namely, it suffices to show
Im ι= Kerϕ. The fact that Im ι⊂ Kerϕ follows from

(ϕ ◦ ι)( f )([γ ]2)= ϕ( f̃ )([γ ]2)= [γ ]3+ f ([γ ]2) (mod J 2)

= [γ ]2

for any f ∈ HomQ(gr1 J, gr2 J ) and γ ∈ J . To show Im ι ⊃ Kerϕ, take any
f ∈ Kerϕ. Define g ∈ HomQ(gr1 J, gr2 J ) to be

g([γ ]2) := f ([γ ]3)− [γ ]3

for any γ ∈ J . The map g is well-defined. In fact, for any γ, γ ′ ∈ J such that
[γ ]2 = [γ

′
]2, if we set γ ′− γ = ε ∈ J 2, then we have

g([γ ′]2)= f ([γ ′]3)− [γ ′]3 = f ([γ + ε]3)− [γ + ε]3

= f ([γ ]3)− [γ ]3+ f ([ε]3)− [ε]3 = f ([γ ]3)− [γ ]3

= g([γ ]2).

Here we remark that f ([ε]3)− [ε]3 = 0 ∈ J 2/J 3 since ε ∈ J 2 and f ∈ Kerϕ. It is
easy to show that g is a homomorphism. Furthermore, for any γ ∈ J ,

g̃([γ ]3)= [γ ]3+ g([γ ]2)= f ([γ ]3).

This shows f = g̃ = ι(g) ∈ Im ι.
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Finally, we construct the section s : Aut(J/J 2)→ Aut(J/J 3) of (6). Take ele-
ments γ1, γ2, . . . , γp ∈ J , γp+1, . . . , γp+q ∈ J 2 such that ([γ1]2, [γ2]2, . . . , [γp]2)

and ([γp+1]3, . . . , [γp+q ]3) form bases of gr1 J and gr2 J , respectively. Then
([γ1]3, [γ2]3, . . . , [γp+q ]3) is a basis of J/J 3.

For any β ∈Aut(J/J 2), there exists an element β̃ ∈Aut(J/J 3) such that ϕ(β̃)=
β. In general, for any 1≤ j ≤ p, the image β̃([γ j ]3) can be written as

β̃([γ j ]3)= a1 j [γ1]3+ · · ·+ apj [γp]3+ ap+1, j [γp+1]3+ · · ·+ ap+q, j [γp+q ]3

for some ai j ∈Q. Since β ∈ Aut(J/J 2), if for any 1≤ j ≤ p we set

v j := a1 j [γ1]2+ · · ·+ apj [γp]2,

then (v1, v2, . . . , vp) is a basis of gr1 J . Let δ = δβ̃ : gr1 J → gr2 J be the Q-linear
map given by

δ(v j )=−(ap+1, j [γp+1]3+ · · ·+ ap+q, j [γp+q ]3)

for any 1≤ j ≤ p. Then we obtain

(δ̃ ◦ β̃)([γ j ]3)

= δ̃(a1 j [γ1]3+ · · ·+ apj [γp]3+ ap+1, j [γp+1]3+ · · ·+ ap+q, j [γp+q ]3)

= a1 j [γ1]3+ · · ·+ apj [γp]3+ ap+1, j [γp+1]3+ · · ·+ ap+q, j [γp+q ]3+ δ(v j )

= a1 j [γ1]3+ · · ·+ apj [γp]3

for any 1 ≤ j ≤ p. Consider the map s : Aut(J/J 2)→ Aut(J/J 3) defined by
β 7→ δ̃◦ β̃. We can see that s is a homomorphism and is the required section. Hence
the exact sequence (6) splits. �

Now, we construct a crossed homomorphism of Aut Fn which is an extension of
η̃1. We provide an easy exercise:

Lemma 3.5. Let

0→ K → G→ N → 1

be a split extension of groups over N with an additive abelian group K . For any g,
there exist unique elements kg ∈ K and ng ∈ N such that g = kgng. Then the map
k : G→ K defined by g 7→ kg is a crossed homomorphism.

By using the above lemma, we obtain:

Theorem 3.6. There is a crossed homomorphism η :Aut Fn→HomQ(gr1 J, gr2 J )
such that the restriction of η to En(1) is η̃1.
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Proof. By applying Lemma 3.5 to the split extension (6), we obtain a crossed homo-
morphism k : Aut(J/J 3)→ HomQ(gr1 J, gr2 J ). Hence by composing k and the
natural homomorphism Aut Fn→Aut(J/J 3), we obtain a crossed homomorphism

η : Aut Fn→ HomQ(gr1 J, gr2 J ).

This is the required homomorphism. �

4. Nontriviality of η as a 1-cocycle

In this section, we give a few remarks about the image of η1 and the nontriviality
of η as a 1-cocycle.

The first Johnson homomorphism τ1 : gr1An→ H∗⊗Z Ln(l + 1) is surjective,
and hence an isomorphism. We can easily see this fact by calculating the images of
Magnus’s generators of IAn , given by

Ki j :

{
xi 7→ x j

−1xi x j ,

xt 7→ xt (t 6= i),

for distinct i, j ∈ {1, 2, . . . , n}, and

Ki jk :

{
xi 7→ xi x j xk x j

−1xk
−1,

xt 7→ xt (t 6= i),

for distinct i, j, k ∈{1, 2, . . . , n} such that j < k. From a viewpoint of a comparative
study, it is a natural problem for us to determine the image of η1. However, this
is complicated for two reasons. One is that we do not have any generating set of
En(1). From our result En(1)= Inn Fn ·An(2), it suffices to obtain a generating set
of An(2). This seems, however, quite difficult in general. The other is that the basis
of gr2 J obtained in [HS 2014] is too lengthy to handle. In fact, consider

T1 := {t ′i | 1≤ i ≤ n} ∪ {t ′i j | 1≤ i < j ≤ n} ∪ {t ′i jk | 1≤ i < j < k ≤ n} ⊂ J

and

T2 := {t ′i t
′

j | 1≤ i ≤ j ≤ n} ∪ {t ′i t
′

ab | 1≤ i ≤ n, 1≤ a < b ≤ n}

∪ {t ′i t
′

abc | 1≤ i ≤ n, 1≤ a < b < c ≤ n}

∪ {t ′i j t
′

ab | 1≤ i < j ≤ n, 1≤ a < b ≤ n, (i, j)≤ (a, b)}

∪ {t ′abt ′abc, t ′act ′abc, t ′bct ′abc | 1≤ a < b < c ≤ n}

∪ {t ′iat ′abc, t ′ibt ′abc, t ′ict ′abc, t ′iat ′ibc, t ′abt ′iac, t ′abt ′ibc, t ′act ′ibc, t ′ibt ′iac |

1≤ i < a < b < c ≤ n}

∪ {t ′jat ′ibc, t ′jbt ′iac, t ′jct ′iab, t ′abt ′i jc, t ′act ′i jb, t ′bct ′i ja | 1≤ i < j < a < b < c ≤ n}

⊂ J 2.
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We showed in [HS 2014] that the Tk form a basis of grk J for k = 1, 2. We cannot
write down the total image of η1 explicitly by hand, because T2 consists of too
many monomials.

Finally, we remark on the nontriviality of the coset class of η in the first co-
homology group of Aut Fn with coefficients in HomQ(gr1 J, gr2 J ). Consider the
automorphism σ := [K21, K23] ∈An(2)⊂ En(1). It satisfies

xσi =
{
[x−1

1 , x−1
3 ]x2[x

−1
3 , x−1

1 ] if i = 2,
xi if i 6= 2.

Hence we see that σ maps t ′123 ∈Q[t]/I to

t ′123− 2(t ′1)
2
− 4t ′1t ′2+ 4t ′2t ′3+ 2(t ′3)

2
+ 2t ′12t ′1− 2t ′12t ′3+ 6t ′13t ′1+ 6t ′13t ′2

+ 2t ′13t ′3+ 2t ′23t ′1− 2t ′23t ′3− 4(t ′13)
2
− 6t ′12t ′13− 2t ′13t ′23+ 4t ′13t ′123

modulo J 3 by a hand calculation. By using the basis T2 of gr2 J , we can see that

η̃1(σ )(t ′123)= (t
′

123)
σ
− t ′123 6= 0 ∈ gr2 J.

Thus the restriction η̃1 of η to En(1) is a nontrivial homomorphism, and so is the
cohomology class of η in

H 1(Aut Fn,HomQ(gr1 J, gr2 J )).

It seems to be a natural and interesting problem to determine the above first coho-
mology group, and show whether η generates it or not.

5. The image of the crossed homomorphism η

In order to calculate the image of η, it is important to know η(σ ) with σ generators
of σ ∈ Aut Fn . In this section, we calculate the images of Nielsen’s generators of
Aut Fn by the crossed homomorphism η.

For any k ≥ 2, let ρk : Aut Fn → Aut(J/J k) be the natural homomorphism
induced from the action of Aut Fn on J/J k . For any σ ∈ Aut Fn , by identifying
Aut(J/J 3) with the semidirect product HomQ(gr1 J, gr2 J )oAut(J/J 2), we have

ρ3(σ )= (η(σ ), ρ2(σ ))= (η(σ ), 1)(0, ρ2(σ ))= (η(σ ), 1)s(ρ2(σ )) ∈ Aut(J/J 3),

and hence

(η(σ ), 1)= ρ3(σ )s(ρ2(σ ))
−1.

From this, in order to compute η(σ ) for any σ ∈ Aut Fn , it suffices to compute
ρ3(σ )s(ρ2(σ ))

−1. Let γ1, γ2, . . . , γp ∈ J and γp+1, . . . , γp+q ∈ J 2 be elements
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such that ([γ1]2, [γ2]2, . . . , [γp]2) and ([γp+1]3, . . . , [γp+q ]3) form bases of gr1 J
and gr2 J . By recalling the arguments in the previous section, we see that for any
1≤ j ≤ p, if ρ3(σ ) satisfies

ρ3(σ )([γ j ]3)= a1 j [γ1]3+ · · ·+ apj [γp]3+ ap+1, j [γp+1]3+ · · ·+ ap+q, j [γp+q ]3

for some ai j ∈Q, then

s(ρ2(σ ))([γ j ]3)= a1 j [γ1]3+ · · ·+ apj [γp]3

for any 1≤ j ≤ n. By using these facts, we can compute the images η(σ ) for any
σ ∈ Aut Fn .

Here let us recall Nielsen’s generators of Aut Fn . Let P , Q, S and U be the
automorphisms of Fn defined as follows:

x1 x2 x3 · · · xn−1 xn

P x2 x1 x3 · · · xn−1 xn

Q x2 x3 x4 · · · xn x1

S x−1
1 x2 x3 · · · xn−1 xn

U x1x2 x2 x3 · · · xn−1 xn

Namely, P is the automorphism of Fn induced from the permutation of x1 and x2,
Q is induced from the cyclic permutation of the basis, and so on. Nielsen [1924]
showed that Aut Fn is generated by P , Q, S and U for any n ≥ 2, and also gave
finitely many relations among the generators P , Q, S and U . This is the first finite
presentation for Aut Fn .

By direct computation, we can see that ρ3(P)s(ρ2(P))−1 satisfies

t ′i 7→ t ′i for any 1≤ i ≤ n,

t ′i j 7→ t ′i j for any 1≤ i < j ≤ n,

t ′i jk 7→

{
t ′12k −{t

′

1t ′2k + t ′2t ′1k + t ′k t ′12− 2(t ′1t ′2+ t1t ′k + t2t ′k)} if (i, j)= (1, 2),
t ′i jk otherwise,

and hence obtain

η(P)=−
n∑

k=3

(t ′12k)
∗
⊗{t ′1t ′2k + t ′2t ′1k + t ′k t ′12− 2(t ′1t ′2+ t1t ′k + t2t ′k)},

where (t ′
•
)∗ means the dual basis in HomQ(gr1 J,Q) of t ′

•
in gr1 J . Similarly, we

can obtain the equalities
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η(Q)= 0,

η(S)=−
n∑

j=2

(t ′i j )
∗
⊗ t ′1t ′j −

∑
2≤ j<k≤n

(t ′1 jk)
∗
⊗ t ′1t ′jk,

η(U )=−(t ′12)
∗
⊗ t ′1t ′2−

n∑
k=3

(t ′12k)
∗
⊗ t ′2t ′1k

+

∑
3≤ j<k≤n

(t ′1 jk)
∗
⊗
{
−(t ′1t ′k + t ′2t ′j + t ′j t

′

k + 2t ′1t ′j + 2t ′2t ′k)

+ (t ′1t ′2 j + t ′1t ′jk − t ′2t ′1 j + t ′2t ′jk + t ′j t
′

12+ t ′j t
′

1k + t ′k t ′12+ t ′k t ′2 j )

−
1
2(t
′

1t ′2 jk−t ′2t ′1 jk+t ′j t
′

12k+t ′k t ′12 j )−
1
2(t
′

12t ′jk−t ′1 j t
′

2k+t ′1k t ′2 j )
}
.

Since P , Q, S and U generate Aut Fn , by using the Leibniz rule, we can calculate
η(σ ) for any σ ∈ Aut Fn .
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