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For a free group F, of rank n, we consider the ring Xq(F,) of SL(2, C)-
characters of F, generated by all Fricke characters trx for x € F,. Its
ideal J generated by tr x — 2 for all x € F, is Aut F,-invariant. We denote
by &,(1) the subgroup of the automorphism group Aut F,, of F, consisting
of all automorphisms which act on J/J? trivially. The group &,(1) is re-
garded as a Fricke character analogue of the IA-automorphism group of
F, and the Torelli subgroup of the mapping class group of a surface. In
our previous work, we constructed a homomorphism #; from &,(1) into
Homq(J/J? J?*/J?) as a Fricke character analogue of the first Johnson
homomorphisms of the mapping class group and Aut F,,.

In this paper, according to Morita’s work for the extension of the first
Johnson homomorphism of the mapping class group, we extend 5; to Aut F,,
as a crossed homomorphism. We see that the obtained crossed homomor-
phism 7 is not null cohomologous. We also compute the images of Nielsen’s
generators of Aut F, by 5.
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1. Introduction

In a series of works, Dennis Johnson [1980; 1983; 1985a; 1985b] established a
remarkable method to investigate the group structure of the Torelli subgroup of
the mapping class group of a surface. In particular, he constructed in [Johnson
1985b] a homomorphism t to determine the abelianization of the Torelli subgroup.
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Today, his homomorphism 7 is called the first Johnson homomorphism and has been
generalized to those of higher degrees. Over the last two decades, good progress
was made in the study of the Johnson homomorphisms of mapping class groups
through the work of many authors including Morita [1993a], Hain [1997] and
others.

Let F, be a free group generated by xi, x2, ..., X,. As is well known, for any
g > 1, the mapping class group M, | of a compact oriented surface X, ; with
one boundary component can be embedded into Aut F>, by a classical work of
Dehn and Nielsen. This embedding is induced from the action of M, | on the
fundamental group of X, . The definition of the Johnson homomorphisms of M, ;
can be naturally generalized to those of Aut F),. Let H be the abelianization of F,.
The kernel of the homomorphism Aut F,, — Aut H = GL(n, Z) induced from the
action of Aut F;, on H, is called the IA-automorphism group of F), and is denoted
by IA,. The group IA, is a free group analogue of the Torelli subgroup Z | of
M 1. Andreadakis [1965] introduced a central filtration

IA, =A,(1) DA (2)D---

of IA,, and showed that each graded quotient gr¥A, := A, (k)/A,(k + 1) is a free
abelian group of finite rank. We call the above filtration the Andreadakis—Johnson
filtration of Aut F),. Johnson studied this type of filtration for the mapping class
groups in 1980s. The general linear group GL(n, Z) naturally acts on each gr¥A,,.
In order to investigate the GL(n, Z)-module structure of gr¥A,, the k-th Johnson
homomorphism

T grkAn — H"®Q7L,(k+1)

is a powerful and useful tool. However, even the GL(n, Q@)-structure of (grkA,,) Rz
Q is not determined in general (see Section 2C for notation, and [Satoh 2009;
2013b] for basic materials concerning the Andreadakis—Johnson filtration and the
Johnson homomorphisms of Aut F},).

Now, we study a Fricke character analogue of the Andreadakis—Johnson filtration
and the Johnson homomorphisms of Aut F,,. Let R(F;) be the set of all SL(2, C)-
representations of F,, and F(R(F,), C) the set of all complex-valued functions on
R(F,). Then F(R(F,), C) naturally has the C-algebra structure coming from the
pointwise product, and Aut F, naturally acts on F(R(F},), C) from the right. For
any x € F,, define trx € F(R(F,), C) by

(rx)(p) :=trp(x), p€R(F,).

Here tr on the right-hand side means the usual trace of 2 x 2 matrix p(x). The
element trx is called the Fricke character of x € F),. Classically, Fricke characters
were introduced by Fricke and Klein [1897] to study the moduli space of compact
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Riemann surfaces. In this paper, however, we focus on purely algebraic properties of
the Fricke characters. Let Xg(F},) be the Q-subalgebra of F(R(F},), C) generated
by all trx for x € F,,. We call Xq(F),) the ring of Fricke characters of F,, over Q.
Horowitz [1972] showed that Xg(F,) is finitely generated by

{trog---x;, |1 <13, 1<iy<ip<---<ip<n}

In order to establish the Johnson—Morita theory for Xg(F,), to begin with, we need
a descending filtration of Xg(F},,) consisting of Aut F,-invariant ideals. Consider
an ideal

Ji='x; x| 1<1<3, 1 <iy<ip<---<ij<n)CXq(F),

where tr' x ;= trx — 2 for any x € F,. Magnus [1980] showed that J is Aut F},-
invariant for the case where n = 3, and studied a representation of the quotient
group of [A3 by the inner automorphism group Inn F3 of F3. On the other hand, it
is easily seen that J is Aut F,-invariant for general n > 3. In this paper we use this
ideal and the descending filtration

JDJ*>JP o

in order to define a descending filtration of Aut F), as an analogy of the Andreadakis—
Johnson filtration. Although each graded quotient gr J := J*/J**1 is an Aut F,-
invariant finite-dimensional (Q-vector space, by combinatorial complexities, it is
quite difficult to give a basis of gr¥J for n > 3 in general. In [Hatakenaka and
Satoh 2014] — henceforth abbreviated [HS 2014] — we explicitly give bases of
grk J for k =1 and 2 (see Section 4 for details).

For any £ > 1, set

Ea(k) := ker(Aut F, — Aut(J/J*T)),

where the homomorphism is induced by the action of Aut F,, on J/J**!. The
groups &, (k) define a descending filtration

E()D&ER)D---

of Aut F,,. In [HS 2014], we showed this filtration is central, and A, (2k) C &, (k)
for any k > 1. Furthermore, we determined the first term &, (1) to be Inn F}, - 4, (2)
where Inn F,, is the inner automorphism group of F;,. Thus, each graded quotient
grk&, := &,(k)/E,(k + 1) is an abelian group for any k > 1. In order to study the
structures of gr"é’n, we have introduced homomorphisms

Nk : grké'n — Homg(gr!J, grk+1 J)
defined by

o (mod &,(k + 1)) > (f (mod J) > f°— f (mod Jk+1)).
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The homomorphism 7y is a Fricke character analogue of the k-th Johnson homo-
morphism . In [HS 2014], we showed that each 7y is an Aut F,, /&, (1)-equivariant
injective homomorphism. This implies that each of grX&, is torsion-free, and that
dimg (gr*&, ®7 Q) < oco.

In this paper, we concentrate on the homomorphism

n &) — grlé'n KN Hom@(gr1 J, ngJ).
Morita [1993b] showed that the composition
Tei = H* ®7 Log(k +1) — (H* ®7 Log(k+1)) ®7 Z[ 1]

of the first Johnson homomorphism of the mapping class group M, ; the natural
projection naturally extends to My | as a crossed homomorphism. He also showed
that this extension is unique up to 1-coboundary. Here Z[%] means a subring of Q
obtained from Z by attaching % The analogous result for Aut F,, was obtained by
Kawazumi [2006], who showed the composition

1A, — gr' Ay = H* ®7 Ly (k+1) — (H* ®z L, (k+1)) ®2 Z[ 5]

of the first Johnson homomorphism of Aut F;, with the natural projection naturally
and uniquely extends to Aut F), as a crossed homomorphism up to 1-coboundary.
Furthermore, very recently, Day [2013] showed that each Johnson homomorphism
7, of Aut F, can be extended to Aut F;, as a crossed homomorphism.

The main purpose of the paper is to give a Fricke character analogue of these
results. Namely, according to Morita’s work, we extend 7, to Aut F,, as a crossed
homomorphism:

Theorem 3.6. There is a crossed homomorphism 1 : Aut F, — Homg(gr' J, gr> J)
such that the restriction of n to £,(1) is 1.

At the present stage, we do not know whether the extension 7 is unique up
to 1-coboundary or not since we cannot determine the first cohomology group of
Aut F,, with coefficients in Homq_;p(gr1 J, gr2 J) due to the combinatorial complexity.
By using his extended crossed homomorphisms, Kawazumi [2006] constructed
twisted higher cocycles of Aut F),, and investigated its restriction to the mapping
class group. In particular, he expressed the Morita—Mumford classes as a cup
product of the twisted cocycles. In order to study the twisted cohomology groups
of Aut F,, with coefficients in modules of the Fricke characters, we are convinced
that our work establishes a foothold as a first step.

In Section 2, we review the definitions of Fricke characters, the Johnson homo-
morphisms t; and the homomorphisms 7. In Section 3, we extend the homomor-
phism 7 to Aut F,, as a crossed homomorphism. In Section 4, we show that the
crossed homomorphism 7 is not null cohomologous in the first cohomology group
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of Aut F,, with coefficients in Hom@(gr1 J, grz.] ). Furthermore, in Section 5, we
calculate the image of Nielsen’s generators of Aut F), by 7.

2. Preliminaries
2A. Notation and conventions. Throughout the paper, we use the following nota-
tion and conventions: Let G be a group and N a normal subgroup of G.
« The abelianization of G is denoted by G* unless otherwise noted.

e The automorphism group AutG of G acts on G from the right. For any
o € Aut G and x € G, the action of o on x is denoted by x°.

« For an element g € G, we also denote the coset class of g in G/N by g if there
is no confusion in context.

o For any elements x and y of G, the commutator bracket [x, y] of x and y is

defined to be [x, y] :=xyx~1y~L

2B. The rings of Fricke characters. In this subsection, we review the rings of
Fricke characters of the free group F,,. Let R(F},) be the set Hom(F),, SL(2, C)) of
all SL(2, C)-representations of F},, and F(R(F},), C) the set of all complex-valued
functions on R(F,). Then F(R(F},), C) naturally has a C-algebra structure by the
operations defined by

x+xH(p) == x(p)+ x'(p),
xx)P) = x(P)x'(p),
Ax)(p) :==A(x(p)),

for any x, x' € F(R(Fy,),C), > € C and p € R(F,). The group Aut F,, naturally
acts on R(Fy) and F(R(F,), C) from the right by

% (x) = p(x"fl) for p € R(F,) and x € F,,,

X°(p)=x(p") for x € F(R(F,),C) and p € R(F,),
for any o € Aut F,,. For any x € F,, we define an element tr x of F(R(F,), C) by

(trx)(p) :=tr p(x)

for any p € R(F},). Here tr on the right-hand side means the trace of 2 x2 matrix p (x).
The element tr x is called the Fricke character of x € F,,. The action of an element
o € Aut F,, on trx is given by trx?. We have the following well-known formulae:
() trxy—i—trxy_1 = (trx)(try),
(2) trxyz+tryxz = (trx)(tryz)+ (try)(trxz) 4+ (trz)(trxy) — (tr x) (tr y) (tr z),
(3) trlx, y] = (trx)* + (try)> + (troy)® — (wx) w y) (tray) =2,
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4) 2trxyzw = (trx)(tr yzw) 4+ (tr y) (tr zwx) + (tr z) (tr wxy) + (trw) (tr xyz)
+ (trxy)(trzw) — (tr xz) (tr yw) + (tr xw) (tr yz)
—(trx)(try)(trzw) — (tr y) (tr z) (tr xw) — (tr x) (tr w) (tr yz)
—(trz)(trw)(tr xy) + (tr x) (tr y) (tr 2) (tr w)

for any x, y, z, w € F,. Equations (2) and (4) are due to Vogt [1889]. (For details,
see [Maclachlan and Reid 2003, Section 3.4] for example.) The point of (2) is that
tr yxz can be written as a sum of —tr xyz and a polynomial in tr v, with v a word
in x, y, z of length at most two. Similarly, the point of (4) is that trxyzw can be
written as a polynomial in tr v with v a word in x, y, z, w of length at most three.

Let Xg(F},) be the Q-vector subspace of F(R(F,), C) generated by all tr x for
x € F,. From (1), it turns out that Xq(F},) is a Q-subalgebra of F(R(F},), C). We
call Xg(F,) the ring of Fricke characters of F,, over Q. Let Q[z] be the rational
polynomial ring

Qe |1 <1<3, 1<iy <ia<---<ij<n]
of n+ () + (3) indeterminates. Consider the ring homomorphism

7 : Q] - F(R(F,), C)
defined by

()= 3(rlg),  w(ti.q) =X x;.
Clearly, Imm C Xg(F,). By a classical result due to Horowitz [1972], we have:
Theorem 2.1. For any n > 2, the homomorphism 7 : Q[t] — Xq(F},) is surjective.

More precisely, Horowitz obtained a generating set of the ring of Fricke characters
of G over Z. Using this and (4), we can obtain the above theorem. Set

I:=Kerm ={f Q]| f(trp(x;,---x;)) =0 for any p € R(F,)}.

Then 7 induces an isomorphism Q[¢]/I — Xg(F,). In this paper, we always
identify Q[¢]/1 with Xg(F,) through this isomorphism, and also call Q[¢]/] the
ring of Fricke characters of F,, over Q. We define an action of Aut F;, on Q[t]/1
such that the isomorphism Q[¢]/1 >Xg(F,) is Aut F, -equivariant.

We remark that the structure of the ideal [ is quite complicated in general. It
is an open problem to find a generating set for / when n > 4. Horowitz [1972]
showed that I = (0) for n = 1 and 2, and that [ is the principal ideal generated by
a quadratic polynomial

thy — P13 ()t + Q123 (1),
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where
Pabc(t) = tapte +tactp + tpeta — talple,
. 2 2 2 2 2 2
Qabc(t) = ta + tb + tc + tab + tac + tbc — tatptap — talelac — toletpe + tabtpelac — 4.

For n > 4, Whittemore [1973] showed that the ideal [ is not principal. However,
very little is known further in this case.

Although we can obtain a representation of Aut F,, by the action of Aut F, on
Xo(F,) =Q[r]/1, it is an infinite-degree representation, and hence it is not so easy
to handle. In order to construct finite-dimensional representations of Aut F),, we
consider a descending filtration of Aut F),-invariant ideals of Q[¢]//, and take its
graded quotients. Set ti/r--i/ = T 2 € Q[t]. For simplicity, we also denote by

tl'/l"'l'[ its coset class in Q[¢]/ by abuse of notation. Consider the ideal

Ji=(t , 11<1<3, 1<ij<ip<---<ij<n)CQt]/]

iy

of Q[¢]/1 generated by all tz'/l...ns- Then, we have a descending filtration
JDJPDIP D

of Aut F,,-invariant ideals of Q[r]/I. Set grk J = J"‘/J"Jrl for each k > 1. Then
each gr¥ J is an Aut F,,-invariant finite-dimensional Q-vector space. In order to
describe the action of Aut F,, on grf J precisely, we have to find a basis of it. In
general, however, by combinatorial complexities, it is quite a difficult problem. In
[HS 2014], we explicitly gave bases of gr®J for k = 1 and 2 (see Section 4). For
k > 3, even the dimension of gr¥ J is not determined.

In [Hatakenaka and Satoh 2015], we studied the rings of Fricke characters of free
abelian groups by a parallel argument as above. We review that work briefly. Let
H be the abelianization of F),. The (coset classes of) xi, x», ..., x, form a basis of
H. Let Xg(H) be the ring of Fricke characters of H over Q. Since

2trxyz = (trx)(tryz) + (tr y)(trxz) + (tr z)(trxy) — (trx) (tr y) (tr z)

in Xg(H) for any x, y, z € H, by using Horowitz’s result as mentioned above, we
can see that X (H ) is generated by trx; for | <i <mandtrx;x; for1 <i < j <n. Let
Jp be the ideal generated by all tr’ x; :=trx;—2for 1 <i <mand tr’ x;x; :=trx;x; —2
for 1 <i < j < n. Then we have a descending filtration Jg D 1121 D---. We
obtained a basis of the graded quotient gr¥ Jy as a Q-vector space for any k > 1:

Theorem 2.2 [Hatakenaka and Satoh 2015]. Foranyn >2 and k > 1,

k

U@ xp,xg) - -+ (0 xpxg) (0 X,) -+ - (0 x5,)
=0 . .
[l<pi<qi<-<pi<q<n 1<ig < <iy<n}

is a basis of gr¥ Jy.
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As a corollary, we obtain a lower bound on the dimension of gr* J by

k
_ , ny\ n+k—I1—1
dimg(gr* J) = dimg(gr Ju) = Z(zz)( k—I )

through the surjective homomorphism gr¥ J — gr¥ J induced from the abelianiza-
tion F,, —> H.

2C. Johnson homomorphisms of Aut F,. In this subsection, we review the John-
son homomorphisms of Aut F,, (for details, see [Satoh 2013b], for example). Let
o : Aut F;, — Aut H be the natural homomorphism induced from the abelianization
of F,. We identify Aut H with the general linear group GL(n, Z) by fixing the
basis xq, ..., x, of H. The kernel IA,, of p is called the [A-automorphism group of
F,.Let',(1) DT, (2) D --- be the lower central series of a free group F;, defined
by the rule

Lw(1) := Fy, (k) :=[Cptk = 1), Fpl, k=2

We denote by L, (k) :=T,(k)/ T, (k+ 1) the graded quotient of the lower central
series of F),. For each k > 1, the natural action of Aut F,, on £, (k) induces that of
GL(n, Z) since 1A, acts on L, (k) trivially.

For each k > 1, the action of Aut F,, on the nilpotent quotient group F,,/ ', (k+1)
induces a homomorphism

Aut F,, — Aut(F,/ T,k +1)).

We denote its kernel by A, (k). Then the groups A, (k) define a descending central
filtration
A, =A,(1)D A4,2)DA4,3)D---

of IA,,. We call this the Andreadakis—Johnson filtration of Aut F},; historically, it
was introduced by Andreadakis [1965], who showed:
Theorem 2.3. (1) Foranyk,1> 1,0 € A,(k) and x € T, (1), x " 'x® e T, (k +1).
2) Forany k andl > 1, [A,(k), A, ()] C A, (k +1).
3 N A =1.
k>1
In the 1980s, Dennis Johnson studied this type of filtration for the mapping class
group of a surface, and this became known as the Johnson filtration of the mapping
class group.
For each k > 1, the group Aut F,, acts on .4, (k) by conjugation, and it naturally
induces an action of GL(n, Z) = Aut F,,/ IA,, on the graded quotients grkAn =
An(k)/ A, (k + 1) by Theorem 2.3(2). In order to study the GL(n, Z)-module
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structure of gr¥A,, we consider the Johnson homomorphisms of Aut F,. For each
k > 1, define a homomorphism 7 : A, (k) - Homz(H, L, (k + 1)) by

o (x —~ x_lx”), x e H.
Then the kernel of 7 is just A, (k+1). Hence it induces an injective homomorphism
T - gr¥ A, > Homz(H, L,(k+ 1)) = H* @7 L, (k + 1).

The homomorphisms 7; and t; are called the k-th Johnson homomorphisms of
Aut F,. We can see each t is GL(n, Z)-equivariant.

Now, we have a question to ask whether the first Johnson homomorphism can be
extended to Aut F;, or not. Such study and results were given by Morita [1993b] for
the mapping class group of a surface, and by Kawazumi [2006] for the automorphism
group of a free group as mentioned in the introduction. In particular, Kawazumi
showed the first rational Johnson homomorphism

71 1A, > H*®7 A’H — (H* ®7 A’H) @7 Q

can be extended to Aut F,, as a crossed homomorphism. In [Satoh 2013a], we
showed that
H'(AutF,, (H* ®7 A’H) ®7 Q) = Q%?,

and that the extension of the first Johnson homomorphism and a crossed homo-
morphism obtained from the Magnus representation form a basis of the above
first cohomology group. These results are free group analogues of Morita’s work
[1993b] for the mapping class group of a surface.

2D. Homomorphisms 5. In [HS 2014], we introduced homomorphisms n; which
are Fricke character analogue of the Johnson homomorphisms ;. Here we review
the definition of ;.

For any k > 1, let

&, (k) == Ker(Aut F, — Aut(J/J*1))

be the kernel of a homomorphism Aut F,, — Aut(J/J k+1) induced from the action
of Aut F,, on J/J k+1 Then the groups &, (k) define a descending filtration

EMDER)D---DEMK)D -
of Aut F,.
Theorem 2.4 [HS 2014]. For any n > 3, we have:
(1) Foranyk,1 > 1, [E,(k), E,(D] C E(k+1D).
) £,(1) =Inn F;, - A,,(2), where Inn F,, is the inner automorphism group of F,,.
3) Forany k > 1, A,(2k) C &, (k).
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From Theorem 2.4(1), the graded quotients grkEn =E&,(k)/E,(k+ 1) are abelian
groups for any k > 1. Since each &, (k) is a normal subgroup of Aut F;,, the group
Aut F,, naturally acts on grk&, by the conjugation from the right. Namely, for any
o € Aut F,, and t € &,(k), the action of o on 7 (mod &, (k + 1)) is given by

(r (mod &,(k+1))) -0 :=0 'to (mod &,(k + 1)).

Furthermore, since {&,(k)} is a central filtration, the action of &,(1) on grk¢, is
trivial. Hence we can consider each grké',, as an Aut F,, /&, (1)-module. In order to
investigate the Aut F, /&, (1)-module structure of grké'n, we have introduced

e - gr*&, — Homg(gr! J, gr* 1)
defined by

o (mod & (k+1)) > (f (mod J?) > f7 — f (mod J**1)).

In [HS 2014], we showed that each n; is an Aut F, /&, (1)-equivariant injective
homomorphism. However, the structure of the image of 7y is not well-understood
even in the case where k = 1.

3. An extension of 57 as a crossed homomorphism

In this section, we extend the homomorphism
&) — grle, RN Homg(gr! J, gr?J)

to Aut F, as a crossed homomorphism, following [Morita 1993b]. Furthermore,
according to the usual convention in homological algebra, for any group G and
G-module M, we consider that G acts on M from the left unless otherwise noted.
Hence, the right actions mentioned above are read as left actions in the natural way.
For example, for any o € Aut F,, and x € F),, the left action of o on the Fricke
character tr x is given by

-1
o-(trx)=trx® .
For basic materials for cohomology of associative algebras, see [Cartan and Eilen-

berg 1999, Chapter IX], for example.
First, consider an extension

(5) 0— J2/J? = Xq(F,)/J° — Xg(F,)/J? — 0

of associative QQ-algebras. For an associative ring R, we denote by Aut(ring)(R) the
ring automorphism group of R. For a Q-vector space M, we denote by Aut(M)
the (D-linear automorphism group of M.
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Proposition 3.1. The natural homomorphism
O : AutRing) (Xa(Fy)/J°) = Autring (Xa(Fn)/J?)
is surjective.

Proof. First, observe the characteristic class 6(id;,;2) of the extension (5), where
0 : Hompgxy(r,) 2 (J2 /17, I 107 — H*(Xa(F,)/J?, J?)J?)

is the connecting homomorphism, and E(Xq(F,)/J 2 is the enveloping algebra
of Xg(F,)/J?. Choose a 2-cocycle ¢ of the algebra Xg(F,)/J? with coefficients
in J2/J3, which represents the cohomology class 6(id;,2). Then Xao(Fy)/J?
can be explicitly described as the product J2/J3 x Xq(F,)/J? equipped with the
multiplication given by

¢ DE ) =E+1E +c(r, 1), 77

for any £, & € J?/J3 and 7, 7' € Xo(F,)/J*. We denote by A, this associative
algebra.

For any a € AutRring) (X (Fn)/J 2), since the cohomology class of c is the char-
acteristic class induced from id;, ;2, the 2-cocycle a*(c) should be cohomologous
to ¢ where o is the induced homomorphism from «. Hence there exists a 1-chain
d: Xo(F,)/J> = J?*/J3 such that a”(c) — ¢ = 8d, where § is the coboundary
homomorphism. Namely, we have

ale(a(n), a(®) —c(r,t) =td(T) —d(zt) + d(1)7’
for any 7, ' € Xg(F,)/J?. Define the map & : A. — A to be
&, )= (@) —a(d(r)), a(1)).

Then & € Aut(ring) (Xa(Fy,)/J>) under the identification A, = Xq(F,)/J>, and
d@) =a. O

For any f € J, we denote the coset class of f in J/J* by [ f]i. For any k > 2, set
Aut(J/J1") = {0 € Aut(J /I o vy T = oyl o (Iy' 10, v. v € J).
Note that Aut(J/J?) = Aut(J/J?) = GLg(J/J?).
Lemma 3.2. The group homomorphism
W : Aut(ing) (Xa(F)/J*) — Aut(J /5,

defined by o > o'|y;sx, is an isomorphism.
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Proof. Consider the polynomial ring

Q'] :=Q[z/

,,...i/|1§l§3, 1<ij<iry<---<ij<n]

with indeterminates ti/r--i/’ and the natural surjection " : Q[¢'] - Xq(F}) given by

1~ %(tr 1f,) and t{lml., > tr’ x;,- - - x;,. The kernel I’ of 7’ is contained in the ideal

J' generated by all 7]

iy o
We construct the inverse map of W. For any 8 € Aut(J/J¥), define the Q-algebra
homomorphism g : Q[¢'] — %@(Fn)/J" to be

B :=[5(r1g)],. B ;) =BUx' ¢ ).

Since I’ € Kerf and B(J’) = J, the above B induces a ring homomorphism
Xa(F,)/J*— Xa(F,)/J*, say B, by abuse of notation. Since f is an automorphism,
so is . Then we have the homomorphism W’ : Aut(J/J*) — Aut(Xg(F,)/J%)
defined by 8 B, and see that W’ is the inverse of W. O

From Proposition 3.1 and Lemma 3.2, we obtain the induced surjective homo-
morphism
¢ :Aut(J/J?) - Aut(J/J?).

Next, we consider an embedding of Homg(gr! J, gr>J) into Aut(J/J?3). For any
fe Hom@(gr1 J, grz.]), define the map f : J)J? = J)J? by

Fy1) :=lyl+ fArh)
for any y € J.

Proposition 3.3. With the above notation, for any f € Homg(gr' J, gr’J), we see
f € Aut(J/J?), and the map

L Hom@(gr1 J, gr2J) — A_ut(J/J3),
defined by f > f, is injective.
Proof. First, we show f is a homomorphism. For any y, y’ € J,

fy+Y 1 =fly+y 1) =ly +v' L+ fdy +v'1)
=(yL+fAyL)+ ¥+ FUA¥Y'1)
= F(y]) + F(y']s).

Thus f is a homomorphism. Furthermore, f satisfies

fyily' ) =fAyy' ) =lyy'l+ fAyy'R) =lyhiy's
=(yL+ fIy)0Y' B+ FIY' 1) = FAy1) f (Y1)
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for any y, ¥’ € J. On the other hand, we have f+g = fo g forany f, g €
Homg(gr! J, gr?J). In fact, for any y € J,

(F+ )1 =yl + £y + gy ).

(fod) Iyl = flyls+gyl) =yl + gyl + f [y

This shows that ¢ is a homomorphism. On the other hand, for the zero map
0 € Homg(gr'J, gr?J), it is obvious that 0=id 7,3 Hence each f has its inverse
map f - :j” . This means f an automorphism on J/J3.

Finally, we show that ¢ is injective. Assume that f=id /g3 for some f €
Hom@(gr1 J, gr2 J). Then for any [y]3 € J/J3, we have

frln =lyk+ fylk) =yl
Hence f([y]) =0 for any [y]> € J/J?, and f = 0. This shows ¢ is injective. [J

Proposition 3.4. The sequence
(6) 0 — Homg(gr' J, gr2J) = Aut(J/J%) 5 Aut(J/J?) — 1
is a split group extension.

Proof. First, we show the above sequence is exact. Namely, it suffices to show
Im¢ = Ker ¢. The fact that Im¢ C Ker ¢ follows from

(@o)(NHUyl) =e(HUylh) =yl + f(yl) (mod J?)
=[ylh

for any f € Homg(gr!'J,gr?J) and y € J. To show Im: D Kerg, take any
f € Ker ¢. Define g € Hom@(gr1 J, grz.l) to be

gyl :=fUy1z) —1Iyls

for any y € J. The map g is well-defined. In fact, for any y, ¥’ € J such that
lyh=I[y'l,ifwesety —y=¢¢€ J2, then we have

gy ) =fy' 1) -y 3= fly +¢l3) — [y +¢€l3
= f(lylz) —lylz+ flelz) —[els = fy]3) —[v]s
=gy ).

Here we remark that f([e]3) —[¢]3=0¢€ JZ/J3 since ¢ € J? and f eKergp. Itis
easy to show that g is a homomorphism. Furthermore, for any y € J,

gyl =yl +eglyrh) = fyls).
This shows f =g =1(g) € Im..
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Finally, we construct the section s : Aut(J/J?) — Aut(J/J>) of (6). Take ele-

ments ¥1, 2, ..., ¥p € J, Vptis - - s Vpig € 2 such that ([y112, [12]2, ... [¥p]2)
and ([yp+1l13. ..., [Vp1ql3) form bases of grlj and gr2], respectively. Then

(In113, [y213. - .;[prrq]g) is a basis of J/J3. o )
For any g € Aut(]/]z), there exists an element 8 € Aut(J/J3) such that p(8) =
B. In general, for any 1 < j < p, the image ,5([yj]3) can be written as

Byl =aijlyils+ - +ap[vpls +ape1, j[yps1s + - +apig i [Vprqls

for some a;; € Q. Since B € Aut(J/J?), if forany 1 < j < p we set
vii=aijyila+---+apilyple,

then (v, v2, ..., vp) is a basis of gr!'J. Let§ = 85 gr' J — gr?J be the Q-linear
map given by

§(vj) = —(ap+1,jlypr1l3+ - -+ apiq,jlVp+q13)
for any 1 < j < p. Then we obtain
(0 B)(lyjls)
=8l + - +apilypls +ap1, j[Vprils+ - +dpiq, i [Vprqgl3)

=ajlyils+---+apilypls +apir,jlvprils +- -+ apiq,jlvprqgls +8(v))
=ajlyilzs+---+aplyyls
for any 1 < j < p. Consider the map s : Aut(J/J?) — Aut(J/J?) defined by

B+ 80 B. We can see that s is a homomorphism and is the required section. Hence
the exact sequence (6) splits. ([

Now, we construct a crossed homomorphism of Aut F,, which is an extension of
1. We provide an easy exercise:

Lemma 3.5. Let
0O K—->G—N-—1

be a split extension of groups over N with an additive abelian group K. For any g,
there exist unique elements k, € K and ny, € N such that g = kgng. Then the map
k : G — K defined by g — kg is a crossed homomorphism.

By using the above lemma, we obtain:

Theorem 3.6. There is a crossed homomorphism n : Aut F,, — Hom@(gr1 J, gr2 J)
such that the restriction of n to £,(1) is 1.
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Proof. By applying Lemma 3.5 to the split extension (6), we obtain a crossed homo-
morphism k : Aut(J/J3) — Homg(gr'J, gr?J). Hence by composing k and the
natural homomorphism Aut F,, — Aut(J/J?), we obtain a crossed homomorphism

n:AutF, — Hom@(gr1 J, ngJ).

This is the required homomorphism. O

4. Nontriviality of 5 as a 1-cocycle

In this section, we give a few remarks about the image of n; and the nontriviality
of n as a 1-cocycle.

The first Johnson homomorphism 77 : gr A, - H*®7 L,(l + 1) is surjective,
and hence an isomorphism. We can easily see this fact by calculating the images of
Magnus’s generators of 1A,,, given by

Xi — xj_lx,-xj,
K,‘j . .
Xt > X; (t # l)7
for distinct 7, j € {1, 2, ..., n}, and
X = xixjxkxj_lxk_l,
Kiji : :
X > x (E#1D),
for distinct i, j, k€ {1, 2, ..., n}suchthat j <k. From a viewpoint of a comparative
study, it is a natural problem for us to determine the image of ;. However, this
is complicated for two reasons. One is that we do not have any generating set of
&,(1). From our result £,(1) = Inn F,, - A, (2), it suffices to obtain a generating set

of A, (2). This seems, however, quite difficult in general. The other is that the basis
of gr?J obtained in [HS 2014] is too lengthy to handle. In fact, consider

Tii={tf|1<i<njU{t;|1<i<j<njU{fy|l<i<j<k<n}CJ

and

TZ::{ti’t}|1§i§j§n}U{ti’t;b|1§i§n, l1<a<b<n)

U{tjtpe |1 <i<n,1<a<b<c=<n}
U{t ity |1 <i<j<n, 1<a<b<n, (i j)<(a,b)
U{tt/lhtc/tbc’tc/wt;bcvtéct;bc |l1<a<b<c=<n}

a v v a /a /oL ’o v
U {tiatabc’ tibtabc’ tictabc’ tiatibc’ tabtiac’ tabtibc’ tactibc’ tibtiac |
l<i<a<b<c<n}

’o Y ro Y ro ’o . .
U {tjatibc’ tjbtiac’ tjctiab’ tabtijc’ tact'jb’ tbctija | l<i< J<a< b<c=< n}

l
cJ
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We showed in [HS 2014] that the 7} form a basis of grk J for k =1, 2. We cannot
write down the total image of n; explicitly by hand, because T, consists of too
many monomials.

Finally, we remark on the nontriviality of the coset class of 7 in the first co-
homology group of Aut F, with coefficients in Homg(gr' J, gr?J). Consider the
automorphism o := [K71, K»3] € A,(2) C &,(1). It satisfies

o [l Il =2,
N EY ifi#2.

Hence we see that o maps t123 e Q[z]/1 to
1103 — 2(t])% — 41] 8y + 4thts 4 2(8})* + 21],1] — 2t],1} + 6t]5t] + 6151}
+ 27383 + 2551] — 23315 — A(13)? — 6t{5t3 — 211315 + 41513
modulo J3 by a hand calculation. By using the basis 7> of gr’J, we can see that
71(0)(H3) = (1123)" — o3 #0 € gr®J.

Thus the restriction 7; of 1 to &,(1) is a nontrivial homomorphism, and so is the
cohomology class of 1 in

Hl(Aut F,, Hom@(grl J, gr2 J)).

It seems to be a natural and interesting problem to determine the above first coho-
mology group, and show whether 1 generates it or not.

5. The image of the crossed homomorphism 7

In order to calculate the image of 5, it is important to know 1 (o) with o generators
of o € Aut F,,. In this section, we calculate the images of Nielsen’s generators of
Aut F, by the crossed homomorphism 7.

For any k > 2, let p; : Aut F,, — Aut(J/J*) be the natural homomorphism
induced from the action of Aut F,, on J/J*. For any o € Aut F,, by identifying
Aut(J/J?) with the semidirect product Homg (gr! J, gr?J) x Aut(J/J?), we have

p3(0) = (1(0), p2(0)) = (N(@), 1)(0, p2(0)) = (n(0), Ds(p2(0)) € Aut(J/J?),
and hence

(@), 1) = p3(a)s(pa(0)) ™"

From this, in order to compute (o) for any o € Aut F,,, it suffices to compute
03(0)s(p2(0))~ 1. Let Y Ves oo Yp €Jand ypi1, .., Vpag € J? be elements
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such that ([y1]2, [2]2, - - . [¥p)2) and ([yp+113, - -, [Vp+q]3) form bases of gr'J
and gr?J. By recalling the arguments in the previous section, we see that for any
1 <j<p,if p3(o) satisfies

p3(@)([yiz) =aijlvils+---+apilypls +aps,jlyps1ls+- -+ apiq, i[¥piql3
for some a;; € Q, then
s(p2(0)(yjl3) = aijlvils+---+apilypls

for any 1 < j < n. By using these facts, we can compute the images (o) for any
o € AutF,.

Here let us recall Nielsen’s generators of Aut F,,. Let P, Q, S and U be the
automorphisms of F,, defined as follows:

X1 X2 X3 - Xp—1 Xp
P x» x1 x3 -+ Xu_1 Xp
QO x2 X3 X4 -+  Xp X
S )cl_1 X2 X3 - Xp—1 Xp
U x1xp xp X3 -+ Xpo1 Xy

Namely, P is the automorphism of F), induced from the permutation of x; and x;,
Q is induced from the cyclic permutation of the basis, and so on. Nielsen [1924]
showed that Aut F}, is generated by P, Q, S and U for any n > 2, and also gave
finitely many relations among the generators P, O, S and U. This is the first finite
presentation for Aut F,.

By direct computation, we can see that p3(P)s(p2(P))~! satisfies

/1 forany 1<i<n,

! ! . .
1 > 1 forany 1 <i < j <n,

VR Hox — 15 + 051, + 131, =2 1t + 0t} if (@ j) = (1, 2),
ijk 1! ik otherwise,

and hence obtain

n
N(P) == (t]0)" ®{t]th + thtix + 111, — 201}t + 11 + 121},
k=3

where (z/)* means the dual basis in Hom@(gr1 J, Q) of ¢ in gr1 J. Similarly, we
can obtain the equalities



460 TAKAO SATOH
n(Q) =0,
n
n(S) ==Y @ ®tti— Y () @1t
j=2

2<j<k=<n
n
n(U) = —(11)" ® 1ty — Z(lfzk)* ® fHtlx
k=3

+ ) W@ =+ )+t + 20t + 2651)
3<j<k<n
+ (11t + 1 — bt + Ot Gt Gt Gt + 1 )
1 !4/ !4/ /v I 1 / !/ !/ /! !/ !/
—z(tlfzjk—tztljk+tjt12k+tkt12j)—E(tlztjk—tljf2k+t1kt2j)}~
Since P, O, S and U generate Aut F,,, by using the Leibniz rule, we can calculate
n(o) for any o € Aut F,,.
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