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CONSTRUCTIONS OF PERIODIC MINIMAL SURFACES
AND MINIMAL ANNULI IN SOL3

CHRISTOPHE DESMONTS

We construct two one-parameter families of minimal properly embedded
surfaces in the Lie group Sol; using a Weierstrass-type representation.
These surfaces are not invariant by a one-parameter group of ambient
isometries. The first one can be viewed as a family of helicoids, and the
second one as a family of minimal annuli called catenoids. Finally we study
limits of these catenoids, and in particular we show that one of these limits
is a new minimal entire graph.

1. Introduction

The aim of this paper is to construct two one-parameter families of examples of
properly embedded minimal surfaces in the Lie group Sol;, endowed with its
standard metric. This Lie group is a homogeneous Riemannian manifold with a
3-dimensional isometry group and is one of the eight Thurston geometries. There
is no rotation in Sols, and so no surface of revolution.

The Hopf differential, which exists on surfaces in every 3-dimensional space
form, has been generalized by Abresch and Rosenberg [2004; 2005] to every
3-dimensional homogeneous Riemannian manifold with 4-dimensional isometry
group. This tool leads to a lot of works in the field of constant mean curvature
(CMC) surfaces in Nils, FEZZ (R) and in the Berger spheres. More precisely,
Abresch and Rosenberg [2005] proved that the generalized Hopf differential exists
in a simply connected Riemannian 3-manifold if and only if its isometry group has
at least dimension 4.

Berdinskii and Taimanov [2005] gave a representation formula for minimal
surfaces in 3-dimensional Lie groups in terms of spinors, but they pointed out
some difficulties for using this theory in the case of Sol;. Nevertheless, some
explicit simple examples of minimal surfaces in Sol; have been constructed in
the past decade. Masaltsev [2006] and Daniel and Mira [2013] gave some basic
examples of minimal graphs in Sol3: x1 = ax; + b, x1 = ae ™3, x1 = axye”*3
and x| = x,e”2*3 (and their images by ambient isometries). Lépez and Munteanu
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[2011; 2012; 2014], Lépez [2014] and Masaltsev [2006] studied minimal surfaces
in Solj invariant by a one-parameter group of ambient isometries. Finally, Ana
Menezes [2014] constructed singly and doubly periodic Scherk minimal surfaces
in Nil3 and Sol;, and Minh Hoang Nguyen [2014] gave conditions for the Dirichlet
problem for the minimal surface equation in Solj to have solutions.

The method that we use in this paper is the one used by Daniel and Hauswirth
[2009] in Nil; to construct minimal embedded annuli: We first construct a one-
parameter family of embedded minimal surfaces called helicoids and we calculate
its Gauss map g. A result of Inoguchi and Lee [2008] shows that this map is
harmonic for a certain metric on C. Then we seek another family of maps g with
separated variables that still satisfies the harmonic map equation, and we use a
Weierstrass-type representation given by Inoguchi and Lee to construct a minimal
immersion whose Gauss map is g. We prove that these immersions are periodic,
so we get minimal annuli. As far as the authors know, these annuli are the first
examples of nonsimply connected minimal surfaces with finite topology (that is,
diffeomorphic to a compact surface without a finite number of points) in Sols.

The model we use for Solj is described in Section 2. In the third section, we
give some properties of the Gauss map of a conformal minimal immersion in
Sols (see [Daniel and Mira 2013]). In the fourth section, we construct the family
(" k) K e]—1;11 of helicoids, and finally we construct the family (Co)gej—1:1[\{0} Of
embedded minimal annuli. The study of the limit case of the parameter of this
family gives another example of a minimal surface in Sols, which is an entire graph.
None of these surfaces is invariant by a one-parameter family of isometries.

Theorem. There exists a one-parameter family (Co)ae]—1:1[\{0} 0f properly embed-
ded minimal annuli in Sols, called catenoids, having the following properties:

(1) The intersection of Cy with any plane {x3 = A} is a nonempty closed embedded
convex curve.

(2) The annulus Cy, is conformally equivalent to C \{0}.

(3) The annulus Cy has three symmetries fixing the origin: rotation by w around
the x3-axis, reflection in {x; = 0} and reflection in {x, = 0}.
2. The Lie group Sols
Definition. The Lie group Sol; is R3 with the multiplication * defined by
(x1,x2,%3) * (1, Y2, ¥3) = (V1€ + X1, 2™ + X2, X3+ »3)

for all (x1,x2,x3), (¥1, ¥2. ¥3) € R3. The identity element is 0 and the inverse
element of (xy,x7,x3) is (x1,X2,x3)" ! = (=x;e*3, —xye™*3, —x3). The Lie
group is noncommutative.
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The left multiplication /, by an element a = (a;,a»,a3) € R? is given for all
x = (x1,x3,x3) € R by

Li(x)=axx = (x1e”® +ay,xe" +ay,az + x3)

=a+ Myx,
where
e ¥ 0 0
M, = 0 e 0
0 0 1

For the metric (-, -) on Solj to be left-invariant, it has to satisfy
(MaXa MaY)a*x = (X, Y)x

foralla,x, X,Y €R3. We define a left-invariant Riemannian metric for x, X, Y € R3
by the formula

(1) (X.Y)y = (M1 X, M1 Y),

where (-, ) is the canonical scalar product on R? and x~! is the inverse element
of x in Sols. The formula (1) leads to the expression of the previous metric

2 dsfc = ¢2%3 dxf 47203 dx% + dx_,z,,

where (X1, X, x3) are canonical coordinates of R>. Since the translations are
isometries now, Sols is a homogeneous manifold with this metric.

Remark. This metric is not the only possible left-invariant one on Sol;. In fact,
there exists a two-parameter family of nonisometric left-invariant metrics on Sols.
One of these parameters is a homothetic one. The metrics that are nonhomothetic
to (2) have no reflections; see [Meeks and Pérez 2012].

By setting
Ey(x) =e 0y, Ex(x)=e"0,, and Ej3(x)=0s,

we obtain a left-invariant orthonormal frame (Eq, E,, E3). Thus, we now have two
frames to express the coordinates of a vector field on Sols; we will use brackets to
denote the coordinates in the frame (E;, E,, E3); then at a point x € Sols, we have

ap e*3a,
3) a1014+ar0,4+azdz3=|ax | =| e Ma,
as as

The following property holds (see [Daniel and Mira 2013]):
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Proposition 1. The isotropy group of the origin of Sols is isomorphic to the dihe-
dral group D4 and generated by orientation-reversing isometries

U:(XI,Xz,X:;)'_)(xz,—XI,—X?,) and T:(XI,XZ,X3)|_>(—XI,X2,X3),
whose orders are 4 and 2, respectively.

While 7 is simply a reflection in the plane {x; = 0}, the generator ¢ can be
described as a rotation by —/3 around E3 composed with reflection in {x; = 0}.
The cyclic group (o) also contains 0> = o~ ! and o2, the reflection in E3 (rotation
by m around E3). The remaining nonidentity elements of the isotropy group
of the origin are o7 and o7, which are respectively the reflections in the lines
{(x1,x1,0)} and {(x;,—x1,0)}, and 0%, which is reflection in the plane {x, = 0}.

We deduce the following theorem:

Theorem 2. The isometry group of Sols has dimension 3.

Finally, we express the Levi-Civita connection V of Sol; associated to the metric
given by (2) in the frame (£, E,, E3). First, we calculate the Lie brackets of the
vectors of the frame. The Lie bracket in the Lie algebra sol3 of Sol; is given by

[X.Y]=(Y3X1 — X371, X3Y, — Y3 X5,0)
forall X = (X1, X5, X3) and Y = (Y7, Y5, Y3). Then we have

[EI’E2]=0’ [EI’E?’]:EI’ [E27E3]=_E2.

Hence,
VE,E1=—-E3, Vg, E; =0, Ve, E1 =0,
VE E; =0, Vi, Ey = Ej3, Ve, E, =0,
VE E3=Eq, Ve, E3=—E,, Vg, E3=0.

3. The Gauss map

Let ¥ be a Riemann surface and z = u + i v local complex coordinates in . Let
X : ¥ — Sol; be a conformal immersion. We set

X1
X3
and we define A € RY by

2(x;, %) = lxu® = xoll? = 2.
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Thus, a unit normal vector field is NV : £ — T Sols defined by

2i M
N=—sz/\xz N>
N3

Hence we define N : ¥ — S?2 C R3 by the formula M,—1 N = f\?, that is,

ex3 0 0 Nle_x3 N1
N = 0 e 0 N2€x3 = N2
0 0 1 N, N,

Definition. The Gauss map of the immersion x is the application
g:cro]V:E—MCU{oo}:(I_J,

where o is the stereographic projection with respect to the southern pole, i.e.,

2R (g)
4 N=——1 239 |,
1 2
+|g| 1_|g|2
N I N
(5) _ NIy
1+ N3

The following result is due to [Inoguchi and Lee 2008]. It can be viewed as a
Weierstrass representation in Sols.

Theorem 3. Let x : ¥ — Sol; be a conformal minimal immersion and g : ¥ — C
its Gauss map. Then, whenever g is neither real nor purely imaginary, it is nowhere
antiholomorphic (g, # 0 for every point for any local conformal parameter z on X0),
and it satisfies the second order elliptic equation
288,85

(©6) 2= 2 g

Moreover, the immersion x = (X1, X3, X3) can be expressed in terms of g by the
representation formulas

_w @ —De: = i &%+ g: v, = 288
g2-g* e R O

whenever it is well-defined. B

Conversely, given a map g : ¥ — C defined on a simply connected Riemann

surface X satisfying (6), then the map x : ¥ — Solz given by the representation
formulas (7) is a conformal minimal immersion with possibly branched points

(7) X1z

whenever it is well-defined, and its Gauss map is g.
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Remark. (1) There exists a similar result for the case of CMC H-surfaces ; see
[Daniel and Mira 2013].

(2) Equation (6) is the harmonic map equation for maps g : ¥ — (C, ds?) equipped
with the metric
|dw!?

2 __
ds® = 3

w2 — @2
This is a singular metric, not defined on the real and pure imaginary axes. See

[Inoguchi and Lee 2008] for more details.

(3) Equation (6) can be only considered at points where g # oco. But if g is a
solution of (6), i/g is also a solution at points where g # 0. The conjugate map g
and every g o ¢, with ¢ a locally injective holomorphic function, are solutions
too. Moreover, if g is a nowhere antiholomorphic solution of (6), and x is the
induced conformal minimal immersion, then i g and 1/g induce conformal minimal
immersions given by ox and tx. Finally, g is the Gauss map of o27x after a
change of orientation.

Definition. The Hopf differential of the map g is the quadratic form

Remark. (1) The function ¢ depends on the choice of coordinates, whereas Q
does not.

(2) As stated in the introduction, the Hopf differential (or its Abresch—Rosenberg
generalization) is not defined on Sol;. If we apply the definition of the Hopf
differential of the harmonic maps on (C, ds?), we get

8z8z 2
= ———dz*,
g% — 22|

but this leads to a nonsmooth differential. Because g2 — g2 is purely imaginary
on each quarter of the complex plane, the definitions are related by multiplication
by i or —i, depending on the quarter. Thus, this “Hopf differential” is defined and
holomorphic only on each of the four quarters delimited by the real and purely
imaginary axes.

4. Construction of the helicoids in Sol3

In this section we construct a one-parameter family of helicoids in Sols: we define a
helicoid to be a minimal surface containing the x3-axis whose intersection with every
plane {x3; = constant} is a straight line and which is invariant by left multiplication
by an element of Solz of the form (0,0, 7') for some T # 0.
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Theorem 4. There exists a one-parameter family (Hk)ke)—1;1[\{0} of properly
embedded minimal helicoids in Sols having the following properties:

(1) Forall K €]—1;1[\{0}, the surface Hg contains the x3-axis.

(2) For all K € |—1;1[\{0}, the intersection of Hg and any horizontal plane
{x3 = A} is a straight line.

(3) For all K € |—1;1[\{0}, there exists Tk such that Hg is invariant by left
multiplication by (0,0, Tg).

(4) The helicoids Hg have three symmetries fixing the origin: rotation by w around
the x3-axis, rotation by w around the (x, x, 0)-axis and rotation by & around
the (x, —x, 0)-axis.

Let K € |—1, 1[; we define a map g : C — C by
gz=u+iv)= e UelbW) —in/4
where b satisfies the ODE

(8) b = /1—Kcos(2b), b(0)=0.

Proposition 5. The map b is well-defined and has the following properties:
(1) The function b is an increasing diffeomorphism from R onto R.
(2) The function b is odd.

(3) There exists a real number W > 0 such that
YVveR, b(v+W)=>b)+m.
(4) The function b satisfies b(kW) =k, forall k € 7.

Proof. Since K € |—1, 1], there exists r > 0 such that 1 — K cos (2b) € |r, 2[; the
Cauchy-Lipschitz theorem can be applied, and b is well-defined. By (8) we have
b’ > 0 on its domain of definition, and /r < b’ < 2. Since b’ is bounded by two
positive constants, b is defined on R, and

lim b(v) = xo0.

v—>=%o00
The function b : v —b(—v) satisfies (8) with Z;(O) = 0; hence h = b and
Q is odd. Finally, there exists W > 0 such that b(W) = 7; then the function
b:v b(v+ W) —m satisfies (8) with b(0) = 0; hence, b = b. O
Corollary 6. We have b(kW /2) = kn/2 forall k € 27 + 1.
Proof. We have

b(5) =)= o)

which gives the formula for k£ = 1, and the corollary easily follows. O
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Proposition 7. The function g satisfies (g% — gz)gzz = 2gg,8;, and its Hopf
differential is

) 0= % dz2.

Proof. A direct calculation shows that g satisfies the equation. Hence, the Hopf
differential is given by

- . 1 _ b/2 .K
0= fzgz_z dzzz—l( )dzzzl—dzz. O
gr—g 8 cos (2b) 8
Thus the map g induces a conformal minimal immersion x = (xp, X3, X3)
such that

_ e (82— 1)g:  (1+ie e 2i0)(1—b)eibel™/* N

Yz g2—g2 4e~ cos (2b) '
s (g2+ l)gz =_(1_ie—Zue—Zib)l-(l_b/)eibein/4 X3
2z g2 —g2 4e~H cos (2b) ’

288 ib'=1)
X3, = = .
3z g2—g% 2cos(2b)

This map is an immersion since the metric induced by x is given by

K2
dw? = ||x,||*|dz|* = ——— cosh® u|dz|*.
(1402
We obtain immediately that x3 is a one-variable function and satisfies
1-0 K
W)= 2

cos (2b(v)) 145 (v)
Remark. For K = 0, we get x3 is constant, and the image of x is a point. In the
sequel, we will always exclude this case.

By setting x3(0) = 0, we choose x3 among the primitive functions.
Proposition 8. (1) The function x3 is defined on R and is bijective.
(2) The function x5 is odd.
(3) The function x5 satisfies
x3(v+ W) =x3(v) + x3(W)
for all real numbers v.

Proof. The map x3 is bijective on R since it is a primitive of a continuous function,
and its derivative has the sign of K. Since the map b is odd, 5" is even, so x7 is even
and x3 is odd. Finally, we have xg v+ W)= x; (v), and the result follows. [
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Hence, the functions
x1(u+iv)= é(cos b(v) —sinb(v))x3e ™3 sinhu,
X2 (u+iv) = %2 (cos b(v) + sin b(v))xse™*? sinhu,
satisfy the equations above.

Theorem 9. Let K be a real number such that |K| < 1 and K # 0, and b the
function defined by (8). We define the function x5 by

K
/
Xy = e x3(0) =0.

Then the map

. 4(0051)(1}) —sinb(v)) x3e 3 sinhu
x:iutiveCr— 4(005 b(v) + sin b(v))x;e*3 sinhu
x3(v)
is a conformal minimal immersion whose Gauss map is
g:u+iveCr— e Uit —in/4

Moreover,
(10) (0,0,2x3(W)) s« x(u+iv)=x(u+i(v+2W))

forall u,v € R. The surface given by x is called a helicoid of parameter K and
will be denoted by Hp .

Proof. Equation (10) means that the helicoid is invariant by left multiplication by
(0,0,2x3(W)). Recall that we have the identity

xX3(v+2W)=x3(v+ W) + x3(W) = x3(v) + 2x3(W)

for all real numbers v. Thus we get the result for the third coordinate and we
prove in the same way that e 23" x, (u + iv) = x;(u + i(v + 2W)) and
23 M) o (u + iv) =x,(u +i (v + 2W)). O

Remark. (1) The surface Hg is embedded because x3 is bijective. It is easy to
see that it is even properly embedded.

(2) The surfaces Hg and H_g are related; if we denote by the indices K and K’
the data describing Hg and H_g, we get

{ b_g(v)=bxk(v+W/2)—n/2,
X3_g (V) =—x3x(v+ W/2)+x3(W/2).
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In particular, x3_g (W) = —x3x (W) and both surfaces have the same period
|x3 g (W)|. Finally,

X_g U 4iv)=(0,0,x35 (W/2)) %03 xg (u+i(v+ W/2)).
Thus, there exists an isometry of Solj that puts H_x on Hg.

Proposition 10. For every real number T, there exists a unique helicoid Hyg (up
to isometry, i.e., up to K <+ —K) whose periodis T.

Proof. We noticed that the period of the helicoid Hg is

K

w
2X3(W):: 2X3K(W):2/0 Tb’(s)ds

du

=2k | VT=Kcos Qu)(1 + /1=K cos (2u)’

with the change of variables u = b(s) and b(W) = z. Seeing x3 g (W) as a function
of the variable K, we get

8X3K(W) /” 1 d
= 7 = u
0K o (1—=Kcos(2u))3/?

(valid for K in every compact set [0, @] C [0, 1], and so in [0, 1[). Then the function
K +— x3 g (W) is injective. Moreover, we have x34(W) = 0 and

1

x31 (W) = du
21 (W) V1 —cos Qu)(1+ /1 —cos (2u))
1

du

/2 sin u(l+ V2 sin u)

/ L+ dt =+
= 400,

Al 112Vt
s0 x3 g (W) is a bijection from ]0, 1] onto ]0, +o0|. O

The vector field defined by

20(g)
=3 | 23
1 2
+ |g| 1— |g|2
/2 cosh +sinb

=2 D sinb —cos b
coshu \/Esinhu
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is normal to the surface. We get

h 140
Vyx, N = —sin (2b) sinh u Xy + (L

—cos (2b) ) xy,
oshu K cosh?u ( )) v

140 ) sinh u
Vi, N = ———— —cos (2b) |x, +sin (2D X,
; (Kcoshzu (25) v+ sin (20) 01
and thus the Gauss curvature is given by
1 2(1+b)cos(2b)  (14+0)? 5 )
K=—-1+ ( — + sin” (2b) ).
cosh? u K K2 cosh? u (

In particular, the fundamental pieces of the helicoids have infinite total curvature
since

K? 2K 2b 1 K?sin% (2b
ICdA:( i+ ——  _cosh®u+ cos (2) sin” ( ))dudv.

(1+b)2 1+b"  cosh?u (1+0)?
We notice that

—x1(u+1iv)
x(—u+iv) = | —x(u +iv) | = o*x(u+iv),
x3(v)

where o and t are the isometries introduced in the first section: the helicoid Hg is
symmetric by rotation by s around the x3-axis, which is included in the helicoid
as the image by x of the purely imaginary axis of C. On this axis we have

g(0+iv) = —ie?®,

Hence, the straight line {(x, x,0) | x € R} is included in the helicoid as the image
by x of the real line. Along this line, we have

gu+i0)= e UeTim/4,
Then we notice that

Xo(u +1iv)
x(u—iv)=|x(u+iv) | =ocrx(u+iv).
—x3(v)

Thus, Hg is symmetric by rotation by 7 around the axis {(x, x,0) | x € R}.

Remark. The straight line {(x, x,0) | x € R} is a geodesic of the helicoid. It’s
even a geodesic of Sols.
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Figure 1. Helicoid for K = 0.4, created with Scilab.

Since the function sinh is odd, we deduce that

—Xxp(u+1iv)
x(—u—iv)=| —x1(u+iv) | =oc3tx+iv).
—x3(v)

Thus, Hg is symmetric by rotation by 7 around the axis {(x, —x,0) | x € R} (but
this axis is not included in the surface).

The helicoid H g has no more symmetry fixing the origin; indeed if it did, there
would exist a diffeomorphism ¢ of C such that x o ¢ = 02 o x (we choose o2 as an
example, but it is the same idea for the other elements of the isotropy group of the
origin of Sol3). By composition, the surface would have every symmetry of the

isotropy group. But if x o ¢ = 7x, the decomposition ¢ = ¢; + i ¢, leads to

x1(p1(u+iv)+igy(u+iv)) —xy(u+iv)
x2(¢>1(u+lv)+l¢2(u+lv)) = Xz(U+l"l))
X3(¢a(u +iv)) X3(v)

Because x3 is bijective, we get ¢, (u +iv) = v for all u, v, and then we get at the
same time sinh (¢; (u + iv)) = sinh# and sinh (¢ (¥ + iv)) = — sinh «, which is
impossible.

5. Catenoids in Sol3

In this section we construct examples of minimal annuli in Solz. Let ¢ € ]—1; 1].
We start from a map g defined on C by

g(z =u-+ jv) — _l'e_”_l’(v)eip(v)’

where p satisfies the ODE

(11) p =y 1—asin*(2p), p(0) =0,
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and y is defined by
(12) y' = —asin(2p), y(0)=0.
Proposition 11. The map p is well-defined and has the following properties:

(1) The function p is an increasing diffeomorphism from R onto R.
(2) The function p is odd.

(3) There exists a real number V > 0 such that
VveR, pw+V)=p)+mr.
(4) The function p satisfies p(kV) =k forall k € 7.

Proof. Since @ € ]—1, 1, there exists r > 0 such that 1 — a2 sin? (2p) € |r, 1]; the
Cauchy-Lipschitz theorem can be applied, and p is well-defined. By (11) we have
p > 0 on its domain of definition, and /7 < p’ < 1. Since p’ is bounded by two
positive constants, p is defined on R, and

lim p(v) = £oo0.

v—>+o0

The function p : v — —p(—v) satisfies (11) with p(0) = 0; hence p = p and
p is odd. Finally, there exists V' > 0 such that p(V) = m; Then the function
p:v p(v+ V) —m satisfies (11) with p(0) = 0; hence p = p. O

Corollary 12. (1) We have p(kV /2) =k /2 for all k € 27 + 1.

(2) We have p(—v+V/2) = —p(v) + Z for all v € R. In particular, p(V /4) = T
and p(3V /4) = L.

Proof. (1) We have

(D)oo )

which gives the formula for &k = 1, and part (1) easily follows.

(2) The functions p* : vi> /2 — p(—v + V/2) and p satisfy equation (11) with
p*(0) = p(0) = 0, s0 p* = p and

p(V/4) = p*(V/4) =% —p(3-1%),
and the result follows. O

Proposition 13. The function g satisfies (g2 — g%)g.z = 2gg, g3, and its Hopf
differential is

(13) 0=-=dz>
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Proof. A direct calculation shows that g satisfies the equation. Hence, the Hopf
differential is given by

~ l(l _p12 _V/Z —2i)//)
N 8sin (2p)

o
dz? = —= dz>. O
4
Thus the map g induces a conformal minimal immersion x = (xp, X2, X3)
such that

(@ —De (@4 De: _2gg:
=¢ 2_ 52 =1e 2_ 52 X3z= 52
88— g e 4 g°—&

This application is an immersion since the metric induced by x is given by

X1z 2z

dw® = ||x,||* |dz|?
= (F"* + a?) cosh? (u + y)|dz|?
B (a4 sin? (2p)
S\ 1+p)?
202
= cosh? (u + y)|dz|?.
T, (u+y)ldz|

/

+ az) cosh? (u + y)|dz|?

In particular,

X3z, = w7
2sin (2p)
that is,
X3 = M) = ——L =,
sin (2p)
/ 2 o
X3p = —23(x3,) = siln (2/1)0) =2 lsj_l 5)2,'0)
Thus

¥ sin (2p(s))

. 2
x3(u+iv)=ou+u«o S.
3(u +iv) / [ 76)

Here we have to choose an initial condition; we set
F(v) =a? /v Mds,
o 1+p(s)
and define
x3(u+iv) =au+ F(v).
The function F is well-defined on R.

Proposition 14. The function F is even and V -periodic.
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Proof. The function F’ is odd because p is odd and o’ is even, so F is even. Then

we get

5 sin (2p(v) + 2m)
1+ p'(v)

so there exists a constant C such that F(v+ V) = F(v) + C for all v € R. By

evaluating at zero, we get C = F(V), that is,

Fw+V)= = F'(v),

5 7 sin (2p(s))
C=u fo 1+,0(s) / H(s)ds
V/4 3V/4 124
= 042{ H(s)ds + / H(s)ds + H(s) ds}
0 V/4 3V /4

2
= Z Ly ().

We can now do the change of variable # = sin (20(s)) in each integral L («), with

du =20/ (s) cos (2p(s)) ds = 2(—1)¥ \/(1 —a2u?)(1 —u?)ds.

1
C =2 udu _
* /—1 (1 + V1 —a2u?)/(1 —a2u?)(1 —u?)

and F is V-periodic. O

Thus,

Proposition 15. The function y is even and V -periodic.
Proof. We prove the proposition in exactly the same way as for the function F. [
The two other equations become

(e—u—y—ip + eu—i—y—i—ip)(l _ IO/ _ l')//)

Mz = 4sin (2p) ’
oy @AV VR gl 1)
Yo =
2z 4sin (2p)
Those equations lead to
—ourf( €T (F in p) e Y (asinp+ F' )
x| =e cos p—a sin p) — ——— (a sin cos p) |,
! 2(1—a) P P20 +a) P g
autF _eu+y( cos p + F'sin p) + e (ct cos p— F’ sin p)
Xy =e —(x i —(x — F'si )
2 2(1+a) P PP 5@—1) p p

Remark. If @ = 0, then x(C) = {0}. This case will be excluded in the sequel.
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Theorem 16. Let o be a real number such that || < 1 and o #£ 0, and p and y the
functions defined by (11) and (12). We define the function F by

UV o3 2
Fo)=a® sin20(s))
o 1+p(s)
Then the map x : C — Sols defined by

e—oeu—F( ety (F' cos p—a sin p) — ﬂ(a sin p + F’ cos ,O))

2(1 —a) 2(1 + )

etutF (ﬂ(a cos p + F’sinp) + ﬂ(CY cos p— F'sin P))
2(1 +a) 2(a—1)

oau + F

is a conformal minimal immersion whose Gauss map is

g:u+iveCr— —ie u=y ) ,ip(v)
Moreover,

(14) x(u+i(v+2V)=xWu+iv)

forallu,v € R. The surface given by x is called a catenoid of parameter o and will
be denoted by C,,.

Proof. The periodicity of C, is an application of Propositions 11, 14 and 15. [

Remark. The surfaces Cy and C_ are related; if we denote by the indices o and —«
the data describing C, and C_q, we get

P—a = Pa>
F_o = Fy,
V—a = —Va-

Thus, we get
X—g(—t +iv) = 02 xq(u + iv).

In particular, there exists an orientation-preserving isometry of Solj fixing the origin
that sends Cy on C—y,.

Now we show that the catenoids are embedded:

Proposition 17. For all A € R, the intersection of Cy with the plane {x3 = A} is a
nonempty closed embedded convex curve.

Proof. This intersection is nonempty: x(A/a +i0) € C, N {x3 = A}. We look at
the curve in C defined by x3(u +iv) = au + F(v) = A, i.e., the curve

c:teRH(#,Z).
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Its image by x is

e_}“( i (F' cos p—a sin p)— e (ozsin,o—I—F’cos,o))
2(1—a) 2(14a)
et )‘( i (acos p+ F'sin p)+ e (ozcos,o—F/sin,o)) -
2(14a) 2(a—1)
c

where § = )‘;—F. The calculation leads to
¢ (0) = a(%;z)(A(t) cosh (% +) + B()sinh ()%F + )/))
with
A=—F"?cosp+ay F cosp—a?p cosp+a®F sinp—a’y sinp
+a?F"cos p—a®F'p' sinp,
B =aF' sinp—a?y’sinp+aF"cosp—aF p sinp—aF'?cosp
+ a2y F'cos p—ap/ cos p.
We remark that B = 0 after simplifications, and
A1) = (F™(t) + o) (@® — 1) cos p(t).
Finally,

—A _
i (1) = —%(F’z(t) + a?) cos p(t) cosh (# + y(t)).

In the same way, we get

—A _
() = —%(F/Z(Z) + a?) sin p(7) cosh (# + y(t)).
Thus

—2i A— F(t
F+ = ea—z(F/z(t) + &%) cosh? (T() + )/(l)) >0,

so the intersection Cy N {Xx3 = A} is a smooth curve; moreover, it’s closed since
c(t+2V)=c(t) forall t € R.

The planes {x3 = A} are flat: indeed, the metrics on these planes are e”‘a’xl2 +
e 22 dx%, S0 up to an affine transformation, we can work in euclidean coordinates,
as we suppose in this proof since affinities preserve convexity.

To prove that ¢ is embedded and convex, we consider the part of ¢ corresponding to
te(=V/2,V/2).0n(=V/2,V/2), wehave cos p(t) > 0, thanks to Proposition 11



160 CHRISTOPHE DESMONTS

Figure 2. Sections with {x; = —1}, {x3 = 0}, and {x3 = 1},
created with Scilab.

and Corollary 12. So ¢{(¢) < 0if & > 0 (and ¢ () > 0 if & < 0) and ¢ is injective
and decreasing if @ > 0 (and increasing if « < 0). We get

dCz
— =t ),
e = tanp(

so dcp/dcy is an increasing function of ¢, and also of ¢y if & < 0 (and a decreasing
function of the decreasing function ¢; if « > 0). In both cases, the curve is convex.

Then, the half of ¢ corresponding to ¢t € (—V'/2, V' /2) is convex and embedded.
Since ¢( + V) = —c(¢), the entire curve is convex and embedded. O

Figure 2 shows sections of the catenoid &« = —0.6 with planes {x3 = constant}.
Corollary 18. The surface Cy, is properly embedded for all @ € 1—1, 1[\{0}.

Proposition 19. For all o € |—1, 1[\{0}, the surface Cy is conformally equivalent

to C \{0}.
Proof. The map x : C/(2iVZ) — C, is a conformal bijective parametrization
of Cy. O

The vector field defined by
e Vsinp
—e Y cosp
sinh u

1
N =
coshu

is normal to the surface.
We have
—x1(u+iv)
xw+iw+V)) = —x2(u+iv) | =0 x W +iv).
x3(u+1iv)

Thus, the surface Cy is symmetric by rotation by s around the x3-axis.
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Figure 3. Catenoid for « = —0.6, created with Scilab.

Remark. The xj3-axis is contained in the “interior” of C, since each curve
Co N{x3 = A} is convex and symmetric with respect to this axis.

We also get
—x1(u+iv)
x(u—iv) = Xo(u+iv) | =tx(u+iv),
x3(u+iv)

and the surface Cy is symmetric by reflection in the plane {x; = 0}, and finally we
have

x(w+i(—v+V) =c tx(u+iv),
and Cy is symmetric by reflection in the plane {x, = 0}.

If Cy, had another symmetry fixing the origin, it would have every symmetry of
the isotropy group of Solj, and we prove as for the helicoid that it is impossible.

6. Limits of catenoids

6.1. The case « = 0. In this part we consider the limit surface of the catenoids Cy
when « goes to zero. For this, we do the change of parameters

W =u+Ina,
v =v.

In these coordinates, the immersion x given in Theorem 16 takes the form
u'+y ae~ WY
cos pF'—asinp)—————
(cosp P— (1)

_u/_y

o e
eotlnoe ou F(

m ((X sin ,0+COS IOF/))

7
oty

20(l1+a)

ae
F'si _—
(o cos p+ F'sin p)+ 2@

e—alna+au’+F( (acosp—F’ Sinp))

—alna+tau'+F
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Letting o go to zero, we get
o — 1d,
F/a — 0,
F'Jao — 0,
y —0,

and so the limit immersion is

Thus, we obtain a parametrization of the plane {x3 = 0}, which is the limit of the
family (Cq) when o — 0.

6.2. The case a = 1. We end by the study of the case o = 1 (the case « = —1 is
exactly the same). We show that the limit surface is a minimal entire graph:
Proposition 20. Let x : R?> — Sol; be defined by

tanh v

— 1424
. DY e
x(u +ZU) =|x,| = & _ Z _ cosh (21))
X3 4 2 4

u + In (cosh v)

Then x is a minimal immersion and there exists a C®-function [ defined on R?
such that the image of x (called S) is the x,-graph of [ given by x, = f(x1,x3).

Proof. We show that this surface is (up to a translation) the limit surface of the
family (Co)oej—1,1f When a goes to 1. For @ = 1, the Gauss map is still given by
gz =u+iv) =—ie ¥ vWeir() byt p satisfies the ODE

(15) p' =cos(2p). p(0) =0,
and y is still defined by
(16) y'=—sin(2p), y(0)=0.

We have explicit expressions for these functions, which are given by
p(v) = arctan e?” — /4 = arctan (tanh v),

y(v) = —% In (cosh (2v)).
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Figure 4. Sections with {x; = 0}, {x3 = 10}, and {x3 = -2},
created with Maxima.

Thus by setting

_ (Y sin(p(s)
F(”)_/O 1+ cos 2p(s)

we obtain F(v) = In (cosh v). Then, the immersion x is given by

—2u —v
— tanh
2 anhv -+ 2coshv
X = e? u  cosh(2v)
4 2 4

u + In (cosh v)
A unit normal vector field is given by

1 2¢e ¥ sinhv

N = —2e ¥ coshv
1 + e—24 cosh (2v)

1 —e™2% cosh (2v)

Thus, we get
g(u+iv) = —ie “(coshv +i sinhv),

which satisfies the harmonic equation (6). The metric induced by this immersion
on the surface is

ds* = (e ** tanh? v + ¢** sinh® u + 1) |dz|2.

This surface is symmetric by reflection in the plane {x; = 1/2} since

1 tanh
oA v(l-i—e_z”) L -
2 2 §+X1(u,v)
x(u+iv)= ﬂ ~u_coshQu) | =| xp(u,v) |.
4 2 4 x3(u, v)

u + In (cosh v)
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and so

x(u—iv)= xp(u,v)

This property is equivalent to the property that the translated surface (—1/2, 0, 0) %
x(u 4 iv) is symmetric with respect to {x; = 0}. This translated surface is the
image of the immersion x defined by

tanh v 1+ e_Z”)

x(u+iv)=(-1/2,0,0) xx(u+iv) = i_z_cosh@v)

4 2 4
u + In (cosh v)

Then, this surface is analytic (like any minimal surface in Solj3), so it is a local
analytic x,-graph around every point where d, doesn’t belong to the tangent plane,
i.e., (N,d;) # 0. But

(N,0,) =0 <= coshve ™ =0,

which is impossible. Thus, S is a local analytic x,-graph around every point. Then,
we consider sections of the surface S with planes {x3 = constant}: on the plane
{x3 = A}, we get the curve

tanh ¢

(1+e 2 cosh? 1)
_ (x1n(0)

o) = o2 A N In (cosh t) _ cosh Q| (xzx(t)) .

4cosh®s 2 2 4

Then,
tanh®>7 —1 e 2*
xli(t)= an 5 —62 (cosh? £ +sinh? ) < 0
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for all # € R. Thus, the curves are injective, so the surface S is embedded. Moreover,
by the implicit function theorem, we deduce that for every A € R, there exists a
function fj such that x5 = fj(x1,). Because the function xy, is a decreasing
diffeomorphism of R, the function f; is defined on R. This calculus is valid for
all A € R, so there exists a function f : R? — R such that x, = f(x1, x3).
Finally, this function f coincides around every point with the local C°°-functions
which give the local graphs, and so f is C°°. d

As a conclusion, we can notice that, for a fixed x3,

e when x; — 400, X, &~ —xe2%3;

e when x; — —00, X5 & xje2%3.
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