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In the paper in question, equation (2-23) is incorrect, and hence so are

equations (3-6) and (3-9). We correct the statements in this note. All other
statements in the paper, including the main theorems, are unaffected.

In [Knightly and Li 2012], equation (2-23) was quoted from an early draft of
[Knightly and Li 2015], which at the time contained an error. It should read

(p+1)¢ . (—qw—Gw
(2-23) 2@ =—— Z wp(w)fp| ————
20p@d)  @rray P
for g = (,, d’gz) € (pzz,,; ( Z)Z;). It is a twisted Kloosterman sum.
Proposition 0.1 (Corrected Proposition 3.4). Let § = ( (). so that
J oy __ o 0 -y 0 () k/2—s g%
s(s, f7) = f 1 Op(rx)dx xp(W Iyl d"y.
Q:Q,
Then
(PH*> 7 p(p + Dwp(=rp?) Fpir
(3-6)  Js(s, fO)=Js(s, f7) = 28 xp(P?) ’
0 otherwise,
and
(3-7) Is(s), =0.

Proof. By (2-22), the matrix (0 ) never belongs to Supp(f), so Js(s, f7) =
Js(s, f5). Note that ({ ™) e Supp(fy) if and only if

-2
« .
p DX rZ, Z,
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In this case, we may write y = —p u for u € Z*, and x" = px € Z,. Then
dx' = p~'dx, and dropping the ’ from the notation, we have
Js(s, f3)

0 p? — - —s %
T e

3yk/2—s —
_ P pp )@, (p) a)p(w)/wp(u)/ ( ) ( rx) dxd*u
p
by (2-23). Replacing u by (—uw)~!, the above is equal to
3\k/2—s - —
PP i) g / oy (=) / %%) dxd*u.

3
2xp(P7) we(Z/p2)*
3
2xp(p?) welZ oD
Observe that w is eliminated, and the sum over w contributes p — 1. Furthermore,

/Gp (tu —r)x dx — 1 ifuce t'_lr +pZ,,
p 0 otherwise.

P

In particular, it vanishes if p | r. Assuming p{r,

(PH2=Sp(p + DEw,(p)

J(;(S, fa) = 2Xp(p3) (P - 1) / a)p(_u) d*u
t~r+pZ,
k/2—s
(p ) p(p+Diwp(p) w0, (=t7'r)

2xp(P?)
since the coset has multiplicative measure 1/(p — 1). Equality (3-6) now follows,
using the fact that
twp(p)  Lwp(p)®  wy(p)?
wp(t) — wp(p) ¢
For fixed ¢, summing (3-6) over £¢ gives 0. Thus I5(s), =), Js(s, f7)=0. O

Proposition 0.2 (Corrected Proposition 3.5). Fora € Q*, let §, = ( 7(1)), so that

I (5. ) = / / (D)) aem ax ot

Then Js, (s, f{) vanishes unless a € p2Zp and p{r. In this case, writing a = p“rag
for ag € Z, NQ*, we have
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lal¥*p(p+Dwp(p®) (m r) fao= 1 mod

— == ifap = ,

(3-8) Js, (s, f7) = 25, (@?) \ip? 0 P
0 otherwise.

The integral Js,(s, f; ) vanishes unless a € p*7 p- For such a,

(P2 p(p+ Dwp(=pr) (_t_a) iptr
(3-9) s, (s, 7)) = 2%, (P "\ rp? ’
0 otherwise.

Finally, Is,(s) , vanishes unless p{r and a = p®r

If these conditions are satisfied, then

(3-10)

Is, (S)pz

ap fora, >2and ap=1 mod pZ,.

la|%~* p(p+1) @, (p*)0,(— %)
Xp(az)

p—1 ifa,>2,
-1 ifa,=2.

Ay(a) for A, (a)—{

Remark. Only (3-9) differs from the original statement.
Proof of (3-9). Consider

Js, (s, f3) =/_/f26 ((yla y(XC;— D))&K—rX)dxxp(y)lyI’;/z_s d*y.
@ Q,

By (2-23), the integrand is nonzero precisely when

P ya y(xa—1)\ _ (pya pyxa—=1\ _(Z, p°Z,
p 1 X “\p pX pZ, Z, )

Taking the determinant, this says, in particular, that p’y p_IZ”;,, SO wWe may write
y=u/p’ forue Z,,. Replacing px by x, we have

J ) = o p* p AP 0 dx d*u.
Sa (S fz ) Xp(p3) J . f2 D X )4 p X

From the upper left entry, the integrand is nonzero only if a, > 2. Assuming the

: -2
latter, we also have xa/p — 1 € Z},, so the upper right entry belongs to p~~Z;, as
required. Hence by (2-23), the above is equal to

(p3)k/2—sp(p—|—1)§a)p(p) / ( uaw)
E (w) wp )b,
2Xp(P3) welZ/n2)* @r P p3

A L e _
pr(%— )9p< a (”p ) v )0,,( ;X)dxd*u.

Zp
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Note that w,(xa/p — 1) = w,(—1) since p? | a. For the same reason,

_ -1 _
—ixu 1(% - 1) w 1 [u_lw_l_x
0, . =0,(—,—):

Therefore the above integral over Z,, equals

wp(—l)/ap((_r+tu_lw_l)x)dx _ {a)p(—l) ifuetr—tw! +pZ,,
p
Z,

0 otherwise.
P

In particular, Js, (s, fy’) =0if p|r. Assuming p{r, J5,(s, f5) equals

3\k/2—s _
(p") " p(p+Dwp(—p) Y o) / W%(—w)d*u

3 3
2xp(P?) we(Z/pZy* tr-'wl4pzZ, ’
(PH > p(p+1)Cw,(—p) @, (W), (tr— w1 e :
— 2xp(P?) P Y. opeptr~tw e, —— -1
p\P we(Z/p2)* ! ’
_ P p(p A0y (—p) s (1
= 2 3 wp(tr ) )
xp(P°) P
Equation (3-9) follows upon using {w,(p)/w,(t) = w,(p)?/¢. O
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