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DIFFERENTIAL HARNACK AND
LOGARITHMIC SOBOLEV INEQUALITIES
ALONG RICCI-HARMONIC MAP FLOW

ABIMBOLA ABOLARINWA

This paper introduces a new family of entropy functionals which is proved
to be monotonically nondecreasing along the Ricci-harmonic map heat flow.
Some of the consequences of the monotonicity are combined to derive gradi-
ent estimates and Harnack inequalities for all positive solutions to the asso-
ciated conjugate heat equation. We relate the entropy monotonicity and the
ultracontractivity property of the heat semigroup, and as a result we obtain
the equivalence of logarithmic Sobolev inequalities, conjugate heat kernel
upper bounds and uniform Sobolev inequalities under Ricci-harmonic map
heat flow.

1. Introduction

Let (M, g) and (N, &) be compact Riemannian manifolds (without boundary) of di-
mensions m and n respectively. Let a smooth map u : M — N be a critical point of the
Dirichlet energy integral E (u) = |, ! Vu 1>du ¢» Where N is isometrically embedded
inR?, d>n, by the Nash embedding theorem. The configuration (g(x, t), u(x, t)),
t €10, T), of a one-parameter family of Riemannian metrics g(x, t) and a family
of smooth maps u(x, t) is defined to be a Ricci-harmonic map flow if it satisfies
the coupled system of nonlinear parabolic equations denoted by (RH),

0

8tg()c, t)=—2Rc(x,t)+2aVu(x,t) @ Vu(x, t),

(1-1)

d
gu(x, 1) =tgu(x,1t),

where Rc(x, t) is the Ricci curvature tensor for the metric g, () =« > 0 is a
time-dependent coupling constant and t,u is the intrinsic Laplacian of u# which
denotes the tension field of the map u. The system (1-1) was first studied by B. List
[2008] in a special case, N € R and « = 2, where the flow was modified by the
Lie derivative of g with respect to a gradient vector field to give a gradient flow
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of an energy functional whose stationary points are solutions to the static Einstein
vacuum equations arising in general relativity. This has since been generalised by
R. Miiller [2012] to the general case N < R, for sufficiently large d. Precisely,
the system couples together the Ricci flow of Hamilton [1982] and the heat flow
for harmonic maps of Eells and Sampson [1964]. The system (RH),, is closer to
the former in behaviours, such as in existence and singularities, though may be less
singular than both. Hence, the analysis of the flow is usually done along the line
of Ricci flow and for this, Perelman’s works [2002; 2003b; 2003a] on Ricci flow
are very applicable to the theory and applications of the Ricci-harmonic map flow.

In this paper we study the behaviour of all positive solutions to the associated
conjugate heat equation along the Ricci-harmonic map flow. Leth, H: M x[0, T) —
(0, 00) satisty

(Q—Ag)hzo and (—%—AﬁR—alWIi)H:O,

ot
with
/ f th,bLgdt / [ ———A +R—a|Vul )Hd,ugdt
where A, is the usual Laplace—Beltrami operator and [J* := —9/0t — A, + R —

ot|Vu|§, is the standard conjugate to the heat operator [1:=9/dt — A,. We say h
and H are respectively solutions to the heat equation and conjugate heat equation.
The main idea here is to solve the Ricci-harmonic map flow forward in time and
solve the conjugate heat equation backward in time. Fixing the coordinate (y, s),
H = H(x,t;y,s) will be called the conjugate heat kernel (the positive minimal
solution) if it tends to a 6-function as ¢t — 7.

Our main results in the first part of this paper are Perelman’s differential Harnack
estimates for f € C®(M x [0, T)) satisfying H(x, T; y, s) = (4m1) "/ 2e D),
t=T-—1t,

(1-2) Lry@.0 =3 (VP +8,0, 0 2,

and Li—Yau Harnack estimates for all positive solutions to the conjugate heat
equation

H(xz, 1) o\ |
(1-3) mf(g) exp(EA (ly" ()] +Sg(7/(f),f)df),

where S, = Ry —a|Vu |§,. (The proofs of (1-2) and (1-3) are delayed until Section 4).
Both results stated above are consequences of a monotonicity formula for a new
entropy functional W, . introduced in Section 3, where we obtain the Harnack
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inequality for 0 < €2 < 47,

€27 ) me?
(1-4) E(zAf—Wﬂ +Sg)+f—E§0

for all time ¢ and prove that
(1-5) hm/ —(2Af IV £ +Sg)+ f — thMg—>0

with the condition that €2 — 47 as t — T. Monotonicity formulas are generally
useful in controlling solutions of evolution equations. This entropy is also intimately
related to the logarithmic Sobolev inequality of Gross [1975]. Perelman used this
property to obtain upper bounds for the fundamental solution to the adjoint heat
equation via his reduced length. This leads to the proof of the noncollapsing theorem
on Riemannian manifolds and, consequently, to the completion of R. Hamilton’s
program on the Poincaré conjecture. See [Perelman 2002; 2003b; 2003a; Cao et al.
2003]. Among several examples, Perelman’s entropy and the gradient estimates of
Li and Yau [1986] are important ones that show close relations between entropy
monotonicity and the gradient estimate for the heat equation (forward or backward
in time). Lei Ni [2004] has also considered a case for the linear heat equation
on a static manifold with nonnegative Ricci curvature. We notice that coupling
a heat-type equation with geometric flow began with [Hamilton 1993] and it has
since become a very active research area and has led to numerous physical and
geometric applications; for examples, see [Bailesteanu et al. 2010; Bdilesteanu and
Tran 2013; Cao and Zhang 2011; Kuang and Zhang 2008; List 2008; Miiller 2012;
Ni 2006; Zhang 2007] and the references therein.

Another important application of Perelman’s W-entropy monotonicity is in the
derivation of uniform Sobolev inequalities by Q. Zhang [2007]; see also [Hsu 2008;
Ye 2007]. In the second part of this paper, we relate the entropy monotonicity and
the ultracontractivity property of the heat semigroup, and as a result we establish the
equivalence of logarithmic Sobolev inequalities, conjugate heat kernel upper bounds
and uniform Sobolev inequalities under Ricci-harmonic map heat flow. Precisely,
let Ag and By be finite positive constants depending only on m, go, the lower bound
for the Ricci curvature and the injectivity radius of M. For any v € W2(M, g¢)
such that

(1-6) lvll2m/m—2) < AollVvll2 + Bollv|l2,

where m >3 and | - ||, = (fM |- ]9 d,ug)l/q, 1 < p < o0, we have the following
result.

Theorem. Let M be a compact Riemannian manifold of dimension m > 3. Let
the solution to the (RH)y-flow exist for all times t € [0, T). Assume the Sobolev
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embedding (1-6) holds; then for finite positive constants A and B depending on m,
Ao, By, the lower bound for Ry, and T,

(m—=2)/2
(1-7) (/M uz'"/(m—Z)dMg) 5A/M(|VU|2+ngu2)dug+BAvzdug

and

(1-8) /1;,1 v? Inv? dig(r

< 0’2/ @4IVV2 4 Sv)) dptgry — 2 Ino? + (1 +02)B1 + 2 1n ma
M 2 2 2e
hold for each t € [0, T) and v € W'2(M) if Ao =infjy,=1 [}, (41VVI*+ Sv?) d i g,
that is, Ay is the first eigenvalue of the operator —A + }‘Sg.
Finally, for some constant C depending onm, t, T, Agy, By and sup Sg( -, 0), the
estimate

(1-9) H(x,T;y)<CT™"?
for the positive solution to the conjugate heat equation associated to (RH), holds.

The three results in the above theorem are essentially equivalent, and their proofs
occupy Sections 5 — 7. The approach to the proof here is Sobolev inequality (1-7)
=> log-Sobolev inequality (1-8) => heat kernel upper bound (1-9) = Sobolev
inequality (1-7). Indeed, any of them can be derived from the other. The results of
the above form [Hsu 2008; Ye 2007; Zhang 2007] yield a long time x -noncollapsing
estimate which generalises Perelman’s short time result [2002] along the Ricci flow.

We recall that the nonnegativity of the scalar curvature Ry is preserved along
Ricci flow [Chow and Knopf 2004], so the nonnegativity of S, is also preserved
as long as (RH),, exists. Indeed, S, evolves by a reaction-diffusion equation which
helps to visualise its behaviour up to singular time (we discuss this in the next
section). The condition S, = R, — 01|Vu|§, > 0 at the starting time ¢ = 0 must now
be considered. The assumption is not necessary for the derivation of (1-7) since
additional geometric data are not usually required to derive a Sobolev inequality from
either a log-Sobolev inequality or the heat kernel bound. The assumption is required
for the condition that a certain eigenvalue A, for the initial metric is positive, which
is required to pass to (1-8). The class of manifold (M, gg) with 4,0 > 0 is a very
large one and significant from a geometric point of view. Moreover, if 1,0 > 0 for
S¢(0)>0(.e., Ry (0) > (0) |Vu(0)|?) then A, B are independent of time and B =0.
Corollary 7.5 below presents corresponding versions of (1-7) and (1-8) in this case.

In the next section we discuss necessary background on Perelman—Miiller entropy
monotonicity formulas for (RH),.
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2. Background on entropy formulas for (RH),-flow

Let (M, g) be a compact Riemannian manifold. For the metric g, any smooth
functions u € C*°(M, N), u(M) C N — R", f € C*°(M) and constant o > 0,
Perelman and Miiller’s energy functional [Miiller 2012] is defined on the triple

(g, u, f) by
(2-1) Falgu, f) :=fM(Rg+|Vf|§—a|W|§>e—fdug,

which can also be written in two other ways,

Fulgou, )= /M (Se+ Agfre dug
:/ (ZAgf_lvflz"i‘Sg)eifd,uga
M

since [}, A(e™/) =0 = [,,(=Af +|VfI2)e ) du,. For any diffeomorphism
¢: M — M, we have Fo(¢*g, o*u, ¢* f) = Fo (g, u, f). If (g, u) is a solution to
the system (1-1), Miiller [2012] proved that the F,-functional is nondecreasing
under the flow and showed that the system is equivalent (after pulling back with
a diffeomorphism generated by a vector field) to the gradient flow system for the
energy functional F,, locally written as,

d
agl’j = _2Rij +2aViu® Vju + ZV,'ij,

(2-2) %u = tou— (Vu, V.f),

%f — _Rta|Vul>—Af.
More precisely,

@3) L Fugu )

= 2[ (| Rc —aVu@Vu+VVf|2+a|rgu—<Vu, Vf)|2) e/ dpg > 0.
M

An application of this is that F, is constant if and only if (g, u) is a steady gradient
soliton.
Define

ra(g) =inf{.7:a(g,u, N:f ECOO(M),/ e_fdug = 1}.
M

Then A (g) is the first eigenvalue of the operator —4A+S,, where the nondecreasing
property of F, implies A,(g) is nondecreasing and we have, by setting v = e=//2,
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the corresponding normalised eigenvector,
—4Av+ Sev = Aq(g)v.

Hence
ra(g, u):inf{/ (4|Vv|2+ng2)d/Lg:/ vzd,ugzl}.
M M

Similar to the case of Hamilton’s Ricci flow, all geometric quantities associated
with the source manifold evolve along (RH),. For instance, we consider those
quantities that are directly relevant at the present; the metric inverse, volume element,
Laplace-Beltrami operator and S, evolve as follows:

%gijzzsij’ %Agzzsijvivj—2atgu(Vu,V'),
D dpg = —Sedpg. LS, = AS,+2I8; > +2alroul?
;e = TOgdltg, o3 = Adg N o

where S;; = Rc —aVu ® Vu and g"/ S;; = S,. The nonnegativity of the curvature
operator and S, are preserved during the flow; for example, the evolution of S, =
R, — o|Vu|? is governed by the differential inequality

d 2 @
a7 Se = ASg+ =S,

since @ > 0 and |S,-j|2 > (l/m)ng. Suppose Sg, > p. We can use the maximum
principle by comparing the solution of the above inequality with that of the ODE

dY®) _ 2 0
= (),

(2-4) dt
v(0)=p,
solving to
o ml
Therefore,
1
(2-5) Seiry =Y (1) = l——lt
o m

for all + > 0 as long as the flow exists. We remark that (2-5) implies

(Omi - Sg(O)min
min — .
1 — (2t/m)Sg0)min

Sg

Clearly, Sg(0ymin > 0 implies S, (ymin — 00 in finite time Te¢ < m/(2Sg©0)min) < OO.

This also implies that Rg(;)min — 00 as t — T, and thus g(7) becomes singular in
finite time Tgingular < Te < 00.
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Recall the Perelman—Miiller W, -entropy functional also introduced in [Miiller
2012] as

et
(AmT)m/?
where T € R is a real number, f € C®°(M x [0, T)), @ > 0 is a constant and
u e C®(M, N) is a harmonic map between the m-dimensional manifold M and the
n-dimensional manifold NV, which by the Nash embedding theorem is isometrically
embedded in R? for sufficiently large d. The above entropy functional is analogous
to Perelman’s W-entropy for shrinkers [2002] under the Ricci flow. W, is equally
used for shrinkers under Ricci-harmonic map flow as can be traced back to List
[2008]. As pointed out in [Perelman 2002], such an entropy is invariant and
monotone. In fact, given a constant A > 0 and a diffeomorphism ¢ of M, under
simultaneous scaling of g and t, we have

W()[()\'g7 u9 fv )\'T) :W()[(gauv f7 T)s

and under the pullback of g, u and f, we have

Wa (@8, ¢"u, ¢ f. ) =Wal(g, u, f, 7).
More importantly, we have the following monotonicity formula.

Proposition 2.1 [List 2008; Miiller 2012]. Let (g(t), u(t), f(@), r(t)), tel0,T)
be a solution of the system

26 Walg.u. f.7) :=fM(r<Sg+|Vf|§)+f—m) i,

%g:—2Rc+2aVu®Vu,
au—ru
Zu=r,u,
2-7) o ,
(_Q_Ag+R—a|Vu|2)—e " __p
ot 8) (AmT)m/2
ir=—1.
ot
Then the Wy -entropy is nondecreasing with
28 L, —or [ |Re—avuavu+vvi— Lo < 4
(2-8) 1 (g, u, f,7)=21 M’ c—aVu®Vu+ f_Zg Gny2 Mg
—|—2r/ alto — (Vu. V FP—E— ap
o ’ (dmrym/2 "0

Notice that the third equation in the above system is equivalent to the following
backward heat equation
af

_ 2 2, M
(2-9) E_—Agf—i-lVﬂg—R—l-aIVulg-i-Z,
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A monotonicity formula of the above type is used to rule out any periodic solution
to the (RH),-flow other than those that are striking and Einstein [List 2008; Miiller
2012; Perelman 2002].

Similar to A, (g, u) above, define the minimizing problem

o2 = nf Wi e, 002 7 € R, [ ey e g =1}
M
replacing f by v =e~//2. We have an equivalent minimizing integral
Wa(g: u,v, T) = / (T(4|Vv|2 + ngz) _ U2 In U2 _ va)(4jTt)—m/2 d,ng
M

for functions v € H' (M) with f M v2(4mrr) "2 d pg = 1. Then v satisfies the Euler—
Lagrange equation, and it follows that (g, u, T) is achieved by a minimizer f;
satisfying

TQAfe — IV [P+ 8g) + fr —n = (g, 7).

By the result of Perelman, it is well understood that for any metric g on a compact
manifold M and 7 > 0, we have u(g, u, T) > —oo and it approaches zero as t — 0.

3. A new entropy monotonicity formula

In this section we introduce a new family of dual entropy formulas, which are dual
in the sense that they generalise Ni’s entropy formula [2004] for the forward heat
equation on the one hand and generalise Perelman and Miiller’s WW,-entropy on
the other hand. A similar family of entropy functionals was constructed by Kuang
and Zhang [2008]. The monotonicity property discussed here is very crucial to the
derivation of our results in the rest of this paper.

Definition 3.1. Let f : M x [0, T] — R be smoothly defined with normalisation
condition

e/ d
_  _du,=1.
/M (4mrT)m/2 He

We define a generalised family of entropy by

(3-1)
m 471) e/

Wee(g, u, f, 1) / GZT(S +IVID+ f m€2+ 1 d
,u, f,7)= — ——t—In—|)l—F ,

a,e(8 W\ 4 8 g 4 2 €2 (4 T)m/? KHg

where 7(1) =T —1 > 0,0 < €* < 4m and S; = S, (x, 1) = (Rg — &[Vu[})(x, 1).

Let H = H(x,t) be a positive solution to the conjugate heat equation on a
complete compact manifold with metric g = g(x, t), evolving by the (RH),. Let
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H=(4nt)™?¢/ and [,, Hdu, = 1. Then
(3-2) (—% — Ag+Sg)H =0.
Theorem 3.2. Suppose that (g(t), u(t)),t €[0, T), solves RH), witha(t)=a >0
and t is a backward time with 9t /dt = —1. Suppose that H : M x [0, T) — (0, o0)
solves the conjugate heat equation (—93/3t — Ag+S,) H = 0. The entropy functional
Wa.e is nondecreasing by the formula
4
dt
€t

2
>—— (‘Rc—avmvwvw—ig +a|tgu—(Vu,Vf)|2>Hd,ug
2w Jy 2t

(3_3) Wa,e(g’u’ f,'L')

for0 < € < 4.
Remark 3.3. We remark that if €2 = 47, we recover Perelman and Miiller’s

We-entropy.

Scaling and diffeomorphism invariance of Wy, .. Before we prove the monotonic-
ity formula (3-3), we shall first establish the invariance of our new entropy with
respect to dilation and diffeomorphism.

Lemma 3.4 [Chow and Knopf 2004, Lemma 6.57]. If g and h are two Riemannian
metrics on an n-dimensional Riemannian manifold and they are related by the
time-scale factor A (i.e., g = MAh), then the various geometric quantities scale as
follows:

.. 1 .. k k
lj — = lj -
g =h" Ty =Tijgy
Rlijn(e) = R'ijk(h),  Riju(g) = ¢Riju(h),
1
Rij(&) = Rij(h). Ry =7 Raw, dig = A d .

Lemma 3.5. Let A > 0 be any constant and ¢ : M — M be a one-parameter family
of diffeomorphisms. Then

W()l,é()"ga uv f! )"T) - Wa,e(g’ ua fa t)v
Wa,e(¢*g’ ¢*M’ ¢*fv T) = WO(,E(g: u9 fv T)

Proof. By a straightforward computation, we have

Wee(hg,u, f, A7) = f (6 AT (R(ug)—a(hg) ! Viu@Vu+(ng) Vi £V, f)
M

m, 4w
- In Vdet(Ag)d
+f +2 )(471)\ 72 et(Ag)dx
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) § ’
:/ (eéli()x_lR(g)—a)»_lgl]Viu®vj”+)‘_1gljvif ViP)
M T

2 f
+ f—";—€+%ln4—g>e— W det(g) dox
T €

A2 (4 T)m/2

2
=/ (ﬁ(Rg—oemFHVfF)
M 4

+f——+@1 4—”)

~f
e
2 3 i

(4mT)m/
e (g u, f,7).

The invariance under diffeomorphisms is trivial since (RH),-flow is equivalent
to the flow modified by the time-dependent diffeomorphism ¢ generated by the
gradient of f, where ¢*g is the pulled-back metric and ¢*f = f o ¢. For the
harmonic map u, the invariance holds if we combine the following facts: ¢ is a
C°°-diffeomorphism and u € C*°(M, N) is a harmonic map with respect to (M, g);
then ¢*u =uo¢p € C*®°(M, N) is a harmonic map with respect to (M, ¢*g) with
the identity

f|w|§dug=/ V(0 d)[Geg diges.
M M

Then, all the geometric quantities are invariant under (RH),-flow and the diffeo-
morphism invariance of W, . follows. (]

Proof of Theorem 3.2 (the monotonicity formula for W, e).

Proof. The entropy functional can be rewritten as
Wa,é(ga u, f’ T)
€2 2 4
= [t r-mmdngr (1= ) [ o+ 20T
47 M 2 €2
By direct computation we obtain the evolution equation
(3-4) 4 w P a1 | van +(1——)3 | rHap
@ErS? 47 ot 8 4/ 9 s
where
(3-5) Vi= QA+ S, —IVfH+f—mH

since fM(Agf — |Vf|§,)e‘f dg =0 on a closed manifold M. We make two claims
here, which we shall prove in the next two propositions, namely,

(3-6) 3( / Vdug>= | oV = Switeu fo
ot \Juy 1, dt
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and

d m
- — H =—-F +—>0.
(3-7) 81‘([ f d,ug) (g, u, ) e >0
With the above two claims, we arrive at

(3-8) Wae(g»” =Ly g, T)+——J"' (g u, f),

4 dt

which proves the monotonicity formula (3-3) for 0 < €2 < 4. (]
Proposition 3.6. With the assumptions of Theorem 3.2, the quantity

Vi=(tQAf+Se— IVFID + f—m)H
satisfies

2
(3-9) "V = —ZI(‘RC VU@ Vu+ VYV f — %g‘ +alteu— (Vu, Vf)|2)H
and
(3-10) iWOl(g’M7 f’ T)=_/ D*Vdﬂg
Moreover if H tends to a 5-functionast — T,then V <0forallt < T with H(x, T)
replaced with H(x, T; y, 0), the fundamental solution.
Proof. Let P=12Af — |Vf|2+Sg)+f—n, and 0,7t = —1 since t =T —¢. Thus,
VW=(—0;—A+S,)(PH)

=—(0+A)PH—-2(VP,VH)

and
H'O' = —@@,+ AP +2(VP, V)

since f = —In H — (m/2) In(4rt) implies that V f = —H !V H. Let us compute
(0; + A) P as follows:

P _ 2y, 0¢ D
a1y 2= —oar-jvsp +S>+r [QAf = IV TS+ o f.

Note that
2 m
Of =—Dgf =S +IVIl+ 5
31y = ASg +218;; 15 + 2at|Toul;.

Then a straightforward computations yields

(3-12) 2%(Af) =48, ViV; f —datu(Vu, V) +20(=Af + V> =S,),

(3-13) %Ivflz _ %(gijvifvjf) :2Sijvifvjf+2<Vf, V%f).
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Combining (3-11)—(3-13) with the identity AP=t(2A(Af)—A|Vf|2+ASg)+Af,
we have

<%+A)P = —2Af 2|V fP-25,+ 2
+T(48;;ViV; f—datau(Vu, V £)+A|V fI*4+2(V f, VAS)
—28:; Vi fV; fH218: 12420 tou P =2(V £, V|V £ 4+2(V £, VS,)).
Similarly,
2AVP, V) =2V QAf = |IVfP+S5—) + ). Vf)
=20(2(VAL, V) = (VIVFIR V) +(VS,, V) +2|V fI2

Therefore,

—<%+A)P+2<VP, V)

- (2Af+25g—;"—f)—r(4s,-jvl~vjf—4argu<w, V)+AIV
—2UV [, VAF)=28:;V; £V} 428 1> +2a|teul?)
= (287 +28,— 3% )~ (45, V,V; f+2IVV £ 242153 2)
—2ta(|teu+(Vu, V )2 =21,u(Vu, V f))

1
=27 (ZSijviij+|VVf|2—|—|Sij|2—?(Af‘f’R_Zl_T))

—2ra(|tyu—(Vu, V )P

=21 ((S,-j—I—Viij)z—%(Af—i—R—%))—%a(lrgu—(Vu, VAP

2
B —2ra(|tau—(Vu, V),

1
Sij+ViVif—5_8ij

where we have used the following calculation by Bochner’s identity:
AV =2V, VAS) =28 Vi fV; f =2IVV [P+ 2(Rij = Sip)Vi fV; f
=2|VV f|?+2a(Vu, V f)>.
Hence,
_ 1 2
H'O'V = _2T)Sij FVVf - Zgij) —2ra(|tgu — (Vi Vf)?)

and

2
"V = —2¢ H —2ta(|teu — (Vu, V) H.

1
Sij+ ViV f— 3¢ 8ii

The consequence of which is a localised version of Perelman’s WW-entropy mono-
tonicity formula. Thus,
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dw 3 2
== Vdu,= [ 3V —-RV Vul2V)d
7 3t/M Mg /M(z +alVul,V)du

=L(—D*V—AgV)dug=/1‘4—D*Vdug

=2(T—t)/M(

+a(zgu - (Vu, V1))

1 2
Sij + ViV f — 2(T—_t)gij’

e_f
@y e

Proposition 3.7. With the assumptions of Theorem 3.2, we have

(3-14) %( fM FH dug> -0,

Proof. By direct computation,

%(/MfHdu):/NI(%fHJrf%H—ngH)dug

_ _ 2 _ m
_/M( Ao +IVSIE =Sy + 35 ) Hdpg

+/ f(—AgH+SgH)du—/ Sef Hdjug
M M

(. 2 m
_/M( 2Agf+|Vf|g)Hdu+/M(2T Sg)HdpLg,

where we used integration by parts on — [, yDgfH=— /  JAgH. Rearranging
the above, we have

0 / 2 m
— fHdu :/(—S —2A, f+I|Vflo)Hdu +—/ Hdu
8t< M g) M § 8 8 &7 27 M 8

_ 2 m
_—/M(Sg—I—Wflg)Hd,ug—l-Z

m

=_]:a+21’

where Fo = |, u(Se +IVf |§,)H d g is the Perelman energy functional introduced
in [Miiller 2012], which we discussed in Section 2. Next is to show that

J __ m
(3-15) g(/;wfud,u>_ ]:“+2r > 0.
Recall the evolution of F,:
(3-16)

%fa(g, f):Z/ (IRc —aVu® Vu+ VV fI* +altgu — (Vu, V f)1*) H d iy
M
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Straightforward analysis, using an elementary inequality and the Cauchy—Schwarz
inequality, gives

(3-17) |Rc—aVu®Vu+VVf|22%(Rg—aWuli,-i—Agf)z
so that

1/2 1/2
/(Sg—i-Agf)Hdugf (/(Sg—i—Agf)sz,ug) (/Hdug) :

which implies

2
(/ (Sg+ A f)H du> 5/ (Sg+ Ag f)*H d .
M M
Hence by (3-16) and (3-17), we obtain

d 2
(3-18) E]:a > E//;{(Sg—{—Agf)ZHdMg—k/M 2a|teu — (Vu, Vf>|2Hd,ug.
We can then solve 4 5
T FaZ =g Faz0

This implies
dF, _ 2 | 1 1 2

> = dt ——| > =(T —1t —_—> =
2" T 5 P T T R TR T r

N R U U
Fo(t) —m Fo(T)

From here we can conclude as follows:

(1) Suppose Fy(T) > 0. Then
1 2t . m
m = ot e, Fo(t) < 27
(i1) Suppose Fo(T) < 0. Then F,(t) <0 <m/(27) for all t € [0, T'), since we
know that d 7, /dt = 0.

Hence m
Fot) < — fortel0,T),
2T

which proves the claim (3-15). O

4. Differential Harnack estimates

In this section we obtain Perelman’s differential Harnack-type estimate which holds
for the fundamental solution and, of course, all positive solutions to the conjugate
heat equation coupled to the Ricci-harmonic map flow. There is an improvement
over some known results as there is no explicit restriction on the curvature and no
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recourse to Perelman’s reduced distance. In what follows, we want to show that the
local entropy satisfies a pointwise differential inequality for the positive minimal
solution. Define a differential Harnack quantity

i _me
€2 4r

Theorem 4.1. Let M be a closed manifold with bounded Ricci curvature and
H(x,v,t)=H = (4nt)""%e~/ satisfy O*H = 0, where H tends to a 8-function
ast — T and satisfies fM Hdpg=1. Then forallt <T and €* > 4w ast — T,
we have

2
Po=SLQAf—IVFP+S)+f+ L
4 2

2 2
(4-1) ELQAF—IVIP+S)+f -2 <o,
47 47

Proof. Let h be any compactly supported smooth function for all 7y > 0. Suppose
h(-,t) is a positive solution to the ordinary heat equation (d; — A)h = 0O (this is
Perelman’s argument in [2002, Corollary 9.3]). Then, it is clear that

if HhdV =0
ot ).,

and we have by direct calculation that
%/ hP.Hdju, =/ (0¢h(PeH) + ho,(P.H) — Sg P.H) d g
M M
= / (0 = MA(PH) +h(d, + A — So) PeH)) d g
M

:_/ h*(P.H) du,
M

_€e
4 Jo,

hO*Vedpg > 0.

The inequality is due to Proposition 3.6. We are left to show that for the everywhere
positive function A( -, t), the limit of f vy "Vedug is nonpositive as t — T. We
assume the claim a priori, i.e, lim,_, 7 fM hVedug =0, with

4
v, = (r(2Af—|Vf|2+Sg)+E—2f—m)H,

and conclude the result. O

For completeness, we devote the next effort to justifying the claim
(4-2)
4

,ll,n} MthdugSO = IILH} MhPEHdugfztlgr}(lne—zv/Mth,ug)

Our argument follows from [Ni 2006; Perelman 2002] and can be compared with
the recent preprint [Bailesteanu and Tran 2013, Proposition 4.2] (see also [Chow
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et al. 2008, Section 16.4]), where we know that lim,_, fM Vhdp, <0 (where V
is as defined in Proposition 3.6). To see this clearly, we write

4

P.H = —V + — ln—H,
¢ 4 2 €2
which implies
. 4
(4-3) [lgr} hP.Hdu, = E thm Vehdpg + — > " In ) tll)rr} " hH djg.

If H tends to a Dirac §-function, say at a point p € M, for T — T, then f satisfies
f(x, 1) — d*(p, x)/4t. This is in relation to the /-length of Perelman. This yields

d*(p, x) m
4-4) hm th dtg < limsup ———hHdwug,=—h(p,T).
=0 M 4t 2

Meanwhile, by the strong maximum principle, we have A(x, T) > 0 and

lim | hHdu,=h(x,T).

=0/
Hence by a scaling argument, we assume that i(x, T) = 1. Rewriting P, and using
integration by parts, we have

2 2
€T 2
P.hHdw,= —(v S.d )th _E€T | N EVRYHAV
/M ¢ He /M4JT VST Se g 2T He 21 ( f, V)

m 4 62
+/Mthd/Lg+E(ln€—2——) | Hhdpg.

We should also note that since &( -, ty) is compactly supported and by the strong
maximum principle, we have that 4( -, fy), |[Vh(-, tp)| and |Ah(-, tp)| are bounded
on M. This implies that there exists a bounded solution (-, fy). Now we claim
that the first three terms on the right-hand side of the last equation vanish as T — 0.
We can see this, for instance, in the following argument: By integration by parts
and the fact that VH = —HV f, we have

(4-5) —r/ (VF, Vh)Hy,g:‘L’/ (VH, thg:—r/ HAhp,
M M M

is bounded since |A#h| is bounded as stated earlier. Thus, the second term in right-
hand side of the preceding equation is bounded and goes to zero as t — 0, so the
same is true for first terms (which follows from gradient estimates [Chow et al.
2008, Lemma 16.47]). Thus the analysis is reduced to showing that

(4-6) lirr%) Vehdpg, < C(m) <0.

T—>
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By the monotonicity formula for W, ., we have
—/Pth ”a | Vendpg 20
By the mean value theorem, there exists a sequence 1z — 0 such that

2
lim rk/ (‘Rc—aVu@Vu—l—VVf—%g‘ +a|rgu—(Vu,Vf)|2>th,ug:O.
M k

7. —>0

Applying the Cauchy—Schwarz and Holder inequalities, we have

2 2
Re-aVu@ Vit vV = shgl = L (R alvull + 4,7 - )

and

/Mrk (sg+Af—2inc)thug

) 1/2 1/2
< (r,f/ (Sg+Af—i) thug> (/ thug>
1P 1/2 1/2
< M(r,ff ‘Rc —aVu®Vu+VVf——| Hh dug(rk)) (/ thug) 0
as 7y — 0, since a|teu — (Vu, vV £)|?
Then we have

>0 and limy, ¢ [,, Hh d g, is finite.

lim | Vhdug

t—T

2
€ vi%
= li — 0 QAf —|VfI?+S)+—f—m |Hhd
lim, M(4n'fk( f=IVilr+ g)+€2Tf m) Mg

I / AN f+Se——))Hha
= 11m _— S
t=>T Jy 4 & 27 e

2 2
+1im | (S Ar =1V JHhdpg+1im | (F—22 )Hhdp,
M\ 4m =T Jy 8

t—T

li "N fha
= m —
ILT M f 87'[ Mg’

where we have used the identity

/ (Af — IV fP)H du = —/ AHdp=0
M M

for any positive solution H and the fact that each quantity in (4-5) is bounded to
obtain lim, 7 ¢ f,,(Af — IVFIP)Hhdpg =0.
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By (4-4) and the asymptotic behaviour of the heat kernel, i.e, f &~ d?/(41) as
T — 0, we have (see [Ni 2006, Theorem 2.1])

d*(x, y)

H(x,y, 1)~ (4rt)"/? exp( 1
T

x

) D uite,y, 0T i=wilx, y, 1)
j=0

as T — 0, where d?(x, y) is the distance function and wy (x, y, t) satisfies

8d*(x,
U)k(.x, y, 'L') — O(Tk+1_m/2 eXp(#))
T

uniformly for all x, y € M and § is just a number depending only on the geometry
of (M, g). The function can be chosen such that ug(x, y,0) = 1. Though, the
above asymptotic result does not require any curvature assumption, a result due to
Cheeger and Yau [1981] states that on a manifold with bounded Ricci curvature
(which is our case), the heat kernel satisfies

d*(x,
H(x,y, t)> (4rt)™"m/? exp(#),
T

which implies

d*(x,
fx, 1)< (x y).
4T
Therefore,
2 d2 2
lim e th;Lgflimsup/ C00) _METN D H Gy, T g
=0 Sy 8 10 JM 4T 8w
d2 ’ 2\ ,—d*(x,y)/4t
zlimsup/ (x y)_me ¢ h(y,t)dg.
0 JIm 47 87 ) (dmwrT)m/2

It is easy to see that for any & > 0, the integration of the above integrand in the
domain d(x, y) > § converges to zero. Therefore,

. me?
(4-7) lim (f——)thug
8

t—0 M

d2(x ) me? e—dz(x,y)/(4t)
< lim ( L )
t—0 d(x,y)f(? 4t 87'[ (47Tt)m/2
Whenever § is chosen sufficiently small, d(x, y) is asymptotically sufficiently

close to the Euclidean distance. Then by a standard approximation using local
coordinates, we have

2 2
(4-8) lim/ (d *x,y) me )thMg
M

t—0 4¢ 8

|x - y|2 m€2 e_lx_YIz/(4T)
=li — h dy,
0 Rm< 47 87 ) (4rTym/? p () dy

h(y,t)dpg.
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where h ), is the pullback of i (-, 0) from the region d(x, y) < § to the Euclidean
space.
Splitting the last integrand as in [Kuang and Zhang 2008], we are left with
x—y[2  me2\ e ly/@n
4r > (4 T)m/?

./ P erbPeny o ome
=0 Jgm \ 4T (4mT)m/2 YT g

. me?
lim f—— hHdpg, <h, (x)hr% .

d
t—0 8 g

=h,(-) lim

Lastly, we have that the right-hand side evaluates to a constant C (m) < 0 by using
the standard Gauss integral

/ |y[? e~ ¥I?/@0) P
g \ 4T (4mT)"/? Y75

and the condition € — 2,/ as T — 0. The claim then follows.

Finally in this section we prove Perelman’s differential Harnack estimates for f
as an application of Theorem 4.1 and the monotonicity of W, 4. A corollary to this
gives estimates of Li—Yau type for all positive solutions H (x, 7).

Proposition 4.2. Let the assumptions of Theorem 4.1 hold. Then for any smooth
curve y(t) in M, we have the estimate

(4-9) Lrr@.0 =5 (W ©OF + 8,00, 0 - ).

After the usual integration of (4-9) along the path y () and exponentiation, we
have the following result.

Corollary 4.3. With the notation and assumptions of Theorem 4.1, the following
Li—Yau Harnack estimate holds:

4-10) H(xp. 1) _ T—t1>m/4 (1 lz( OF + S, (1), 1) dt
) H(xlatl) - (T—tz 28 5\/t| |y | g )4 s )

Proof of Proposition 4.2. Precisely from (4-1), we have
2 2
me 2 me
< = <=
L N T AL
since Af +8,—m/(21) >0 by the monotonicity formula (3-3). Now multiplying
(4-1) through by 27/ (€%7), we have

Af = 4VSP 1S+ -2 <o,

Using Af = —0; f + |V f|>— S, +m/(27) from (2-9), we obtain

(4-11) ~Of + VP < 18— 2tf
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By Young’s inequality, we have
—%f(y(r), D=8, (@), 1)~ (V (). ).y (©)
<=0 f+3IVIP+3ly @
= Y @F + 18,/ (0). 1) = 2y (0)7)

on the path y (). The result follows by using the fact that f < me?/(87). ([

5. Log-Sobolev inequalities along (RH),-flow

By the results of Aubin [1976] and Hebey [1996] for complete manifolds whose
Ricci curvature is bounded from below and injectivity radius is positive and bounded
from above, we can assume the Sobolev embedding on the initial metric, since
(M, g(0)) is a compact Riemannian manifold. Let Ag, By < 0o be positive constants
such that for all v e W"2(M, go),

(5-1) Ilvll2m/m-2) < AollVvll2 + Bollvll2,

where Ay and By depend only on m, g, the lower bound for the Ricci curvature
and the injectivity radius. We can then write (5-1) as
(5-2)

(m—2)/m
(/ v2m/<m—2>dug0> SA/ (4|Vv|2+sgv2)dug0+3/ v djug,
M M M

where
A:%Ao and B:}‘AosupSg_(',O)-i-Bo

since Sg(x, 0) + sup Sg_(- ,0) = S; (x,0) — Sg_ (x,0). We will assume that (5-2)
holds uniformly for g(¢), + > 0, and different A and B in order to prove the
logarithmic Sobolev inequalities.

The usual way of deriving logarithmic Sobolev inequalities follows from a careful
application of Holder’s and Jensen’s inequalities since log v is a concave function,

in which case
/vzlnvq_zdufln/qu,u

with the assumption that | v?>du = 1. Then

q 1/q
/vzlnvduf ln(/quu) .
q—2

Taking ¢ = 2m/(m — 2), we have

(m—2)/2m
/vzlnvdufgln(/ vzm/(m_z)du) ,
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and by multiplying both sides by 2 we obtain the following result.

Lemma 5.1. For any ve W"“2(M, go) with ||v|> =1,

(5-3) /M vzlnvzdugosgln(/& fM <4|Vv|2+sgv2)dugo+3).

See [Hsu 2008; Ye 2007; Zhang 2007] for similar proofs. Inequalities of the
form (5-3) are usually estimated further by the application of an elementary in-
equality of the form Iny <8y —In6 — 1, where 6, y > 0. Precisely, taking

y= A/ @4|Vv]* + Sev?) dpug, + B
M

in (5-3) gives us

(5-4) / v?Inv dugof—( /(4|Vv| +Sgv )dMgO+B>——(l+lna)

””QA/ @IV 4802 dptg + 0B g,

We will now modify the arguments in both [Ye 2007] and [Zhang 2007] to prove
the following result which says the monotonicity of the W, -entropy implies a

logarithmic Sobolev inequality (not with the best constant). Here we assume the
flow exists for all time.

Theorem 5.2. Let (M, g) be a compact Riemannian manifold of dimension m > 3
and the metric g(t) evolved by the (RH)-flow. Assume that an L*-Sobolev embed-
ding (5-2) holds true with respect to the initial metric g(0) = go. Then, we have

(5-5)
/ vzlnv2dug(t)§/ 0’2(4|Vv|2+ngz)d,bLg(t)— Ino+(t1+o )ﬂl—{—mln%
M M

where o > 0, i =4A5180+sup S;(-,O) and
Ago = inf / (4| Vv* + Sev?) dpig,;
[lvll2=1 Jpg

that is, Aa is the first eigenvalue of the operator —4A + S,.
Moreover, if Ly is strictly positive for Sg(-,0) >0 (i.e., R(-,0) > a(0)|Vu(0) %),
then
(5-6)
mA

/ v In v’ dpg) < / O VU +S07) ditgy =5 o +(1+o?)fot- 5 In T2
M M €

holds with By =0, i.e., By = sup Sg_( -, 0).
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We first discuss some vital issues that will help put the proof of the above theorem
in perspective. Now take an L2-solution H = H (x, t) of the conjugate heat equation

(5-7) OH=—AH+S,H

to be H = (4wt)"/2¢~/. Relating the entropy W, . with the idea of logarithmic
Sobolev inequalities, we consider a function

o112
(5-8) V= \/ﬁ = W

such that fM v? dp=1. We also notice that (5-8) implies f =—1In v2—(m/2)Int—
(m/2) In(4m); hence the entropy (3-1) is rewritten as

2 2
(5-9) We(g,v,r)=€—f (T (4Vv]* 4+ Sv?) —v* Inv?) dp — L in<

A 2
m 4
—4——1n(471)+ 1—— /fv dpL— o Ell’le—2
Define
2
(5-10) Wi, v, 1) = ~— [ x4V + Sev?) —v>Inv?) du
4 Jy,
and
(5-11) Mj(g,v,ﬂ:inf{wj(g,v,r):[ vzduzl}.
M
SetT*=t*4+c?and t(t) =T* —t for0 <t <t*, o > 0. Then
d
Ewe(g,v,t)
d me* d /
=W (g, -2 2 1—— Zdu > 0,
ar Ve & DTy “+ fv +

where the last inequality is due to the monotonicity of W, (g, f, 7), the proof of

which also reveals that
0 2 m
9 du = — m
at /]w fv I’L Fa + 2_[ )

where F, = f uSe +IV S |)v? du is Perelman and Miiller’s energy functional.
Let A0 be the first eigenvalue of the operator —4A + S,. Then, we know that
Aqo = inf,,=1 F. Therefore we arrive at

d ne? d €2
vzt (1= )k
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To continue this argument, we should note that either (5-7) or (5-8) implies that the
function f = f(¢) satisfies the following backward heat equation

af ) m
5-12 —=-A VII©— S+ —,
(5-12) ” f+IVFI st o2
with v = v(x, t) satisfying
(5-13) W aus VUL S
- —=—-Av+——+—v
ot v 2

on [0, *] with a given terminal value at t + t* with g = g(¢*).

Let vy be a minimizer of the entropy We (g, f, 7o) for all v with f Y, v% ditg =1.
We can then solve heat equation (5-12) backward in time with initial data f (#) = fo
and vg chosen at ¢ = fy. Let u; be the value of the conjugate heat equation (5-13)
at t =t;. We can define functions f;, j =1, 2, by

eff J / 2
Uj=———-—n,
(4mtjyn/
Then by the monotonicity of W, (g, f, 7)-entropy, using Perelman’s approach we

have
me(g(t), T(r)) = | linf 1We(g(fl), fo, 1) = We(g(t), f1,11)

vollge)=

i=12.

<We(g(t2), f2.12) = | inf IWe (&), f,12) = ne(g(t2), T(12)).

vollgay)=

It follows from the above that
2

wE(g(t), 1)) < (g (), T(1)) + ’;in n 2

1)
for any t; < fp, where 7; = ©(¢;), j = 1, 2. Choosing t; =0 and 1, =t*, we then
obtain

2 * 2
(5-14) M), 17 +0%) = (e, o) + 5 In T
Since 0 < t* < T is arbitrary, we can write (5-14) as
2 2
* 2 * 2 ne o
(5-15) Me(g),0%) = pn (g0),t+o )+§ln o2

forall € [0, T). | We now state the proof.

Proof. We now apply (5-4) with g = go to estimate u}(g(0), t + o?). For any
function v € W'2(M, g) with |[v]|> = 1 and using
mo A 8(t+0?)

2
— =1 = 0=
2 to nAo

! The case r =0 is optimal, as equality is attained.
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the inequality in (5-4) becomes

m 8(t + o>
‘/ vzmlﬁdugos<t+ol>/1«HVUF—%S¢P>dum-%—~5————3B
M M 2 mAy
m._ 8t+0?) m
T Ilp=_

2 nAg 2
:(t+a2)f 4|Vol* + Sov?) dpag, +4(t +0*) BAy!
M
m 2 m
=S I +0%)+ (I Ag+Inm —3In2—1).

Choosing €2 < 47 as before, it then follows that

(5-16) i (g(0), 1 +0?)
2
Zmé (%ln(t—l—az)—i(t+‘7)BA51_%(mAO"'_lnm_?’lnz_l))'
4 m

Combining (5-15) and (5-16), we obtain
(5-17)

2 2 2
* 2 me 2 me 2 -1 me . _
ne(g(t),o”) > TS Ino — (t+07)BA, S (InAg+Inm—31In2—1),

which implies

2
j—/ (02 @I V> + Sgv*) — v Inv?) dp
T Jm

me? > me? 2 _1 me* . mAp
Zglna —T(t‘f’o— )BAO —gln Se
Therefore,
(5-18)
/ vzlnvzdusf 24|V P +SvY) du—" no?+4(1+0%)BA; - n Ao
M M 2 2 8e

Choosing B = 4BAy" = 4A;" (By+ Asup S; (x,0)) and A = Ag/4, we obtain
the result. We can also derive (5-6) in a similar manner. O

6. Heat kernel bound via log-Sobolev inequalities

We apply the logarithmic Sobolev inequality obtained in the last section to derive
an upper bound for the conjugate heat kernel along the Ricci flow, demonstrating
that there is a lot of geometric information embedded in such inequalities. The
basic ideas, due to Davies and Simon [1984], relate Nelson’s hypercontractivity (see
[Gross 1975]) to ultracontractivity (see also [Davies 1989]). These ideas always
yield estimates with sharp constants. We modify the argument in [Zhang 2007]
(see also [Lieb and Loss 1997; Zhang 2011]) to prove our result.
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Theorem 6.1. Suppose there exists a solution to the (RH)q-flow with m > 2 and let
H(x, t; y) be the fundamental solution to the conjugate heat equation

(6-1) (=0 — A+ Sy(x, 1)) w(x, 1) =0.

Then, for some nonnegative finite constant C depending on n,t, T, Ag, By and
sup Sg_( -, 0), the estimate

(6-2) H(x,T;y)<CT™"?
holds, where 0,1 = —1 and Ag, By are as defined in the last section.

Without loss of generality, we may assume w = w(x, f) to be a nonnegative
solution of the conjugate heat equation (6-1) on the interval [0, T'], where 0,7 = —1.
Let 7T > 0and r(t):[0, T] — [1, oc] be a continuously differentiable increasing
function such that »(0) = oo and r(T) = 1. The function r(7) = T/t gives a perfect
example as we shall see below.

The idea here follows from the fact that if

wee,) = [ e ) dut)
solves the heat equation, where H (x, t; y) is the heat kernel, then

.t
w(-, Do —sup Hx. 11 y).
w20 [wCL, 0 vy

We may obtain an estimation of the time derivative for the logarithms of the quantity

1/r(t)
lwlly ¢y = ( /M lw|"® dMg(z))

T
d L
/ —In ”w”r(t) dt =1n M
oo lw (- 0l

as follows:

Proof. By routine computation,

1/r(v)
I llwllr@y = 0 <f |w|r(t) dﬂg(r))
M

@

r2(t)

1—r(
Jw| !

r(7) . r(®) ] d
—r(T) (r(t)/Mw nwdg(r)

+r(7) / (WO N (—Aw + Sew) +w P (=58y)) dﬂgm).
M

Wl In w2 +
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r(7)

r(z)> We have

Multiplying both sides by r2(0)|wl|

2
P2 wlie)  lwllre)

. +1 .
= —+@lwlL S In wll(D + r@HO Wl / w O Inudpge)
M

ROl [ 0 80 ditgy + O lwlo
M
< [ WO S g =l [ w78, disgo
M M
By the application of integration by parts, we have

POl [ 0 =80 ditgr
M

=P@luliy [ V@OV di
M

= @) @) = Dlwlho / WOV dig.
M

2
PO dllwllre)

. +1 .
= —F@lwlLS " In wllD +r@FHO Wl f w @ Inwdpge)
M

+ @) (@) = Dl f WOV dig
M
+r(@)(r (@) = Dlwllr f Se w' dpigry.
M
Further dividing both sides by ||w]|,(r), we obtain

(6-3) r2(OllwlE) 8 0n i)

= —F (D) lull/{) In ||w||:g§+r(r);>(r)f w O Inwdg e
M

+r2 (@) (r(r) = 1) /M w @2 Vw|? dpg)

@) = 1) f Se W™ djiyin.
M

Using
w' @72 , w®
V= ——M _
r(t)/2 r(r)’
w7, ol



SOBOLEV INEQUALITIES ALONG RICCI-HARMONIC MAP FLOW 283

we have
2
r-(t
|Vu|? = @ w 2| V|?
A

r(t

and
nv? =Inw® —Inlw|5).

Therefore,

w' @

f(t)/ v Inv? dptg(r =f(t)/ — (nw® —1n w5 ) dig(r)
% ]l
_r(@)r(r)

- ()
lwl’E) S

r(t)

w @ Inw @ dpgy —FInfw| ).

Plugging these into (6-3), we arrive at

r? ()3, (In [[wllr)) = (7) /M V2 Inv d g +4(r (t)—1) /M IVolPdpgr
+r(‘r)(r(t)—1)/MRv2dug(,)
:i(t)/;Wvzlnvzdug(f)—l-(r(t)—l)fM(4|Vv|2—|—ngz)dMg(,)
+(r(r)—1)2/Mng2d;Lg(f).

Using the choice r(t) = T/t, we have r(t) = —T/t?andr(t)—1=(T — 1)/t
so that we write the last equality as

T T—
r2(7)9,(In ||w||,(,)):—§/ v21nv2dug(f)+7’f (4| Vo> +S,v?) d g (r)
M M

T — 2
+< t) / Sev® ditg(e)
T M
_£<M/ (4|Vv|2+ng2)d,ug(,)—/ vzlnvzdugm)
T M M

=5
T— 2
+(==5) f Sev?d g (o).
T M

From the log-Sobolev inequality (5-5) point of view, we may choose

o2 = 4t(T —1) - T
T -4’
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and we get
(6-4)  r2(T)d,(In ||l

T (m > m, mA 2 T —1\2 2
Zﬁ(alnﬁ —Elﬂz—e—(m'ﬂf ),31>+( . >/M5gv ditg(r)

and

(6-5) 9 (In[|wll;))
l(ﬂ In drt(T—7t) m, mgA

— — 2 —_— - .
: ; 2 in 2 — 1+ 0By — T sup S, ( ,0)).

Notice that (since o2 < T/4)

>
- T

(t+02)B1+T sup R (-, 0) = 4(to+02) (A ' Bo+5sup S, (+,0)+T sup S, (-, 0)
< (410+T) Ay Bo+5(4t0+5T) sup S, (-, 0).

Denoting D by

ngl mzLA—i—(mo—l—T)A By,

substituting into (6-5) and integrating the result from O to 7', we have
a Nlw(-, T)lry - m len At (T —1)
lw(, Dllro — 2T
m n
=7 In(@m)—ZInT—n+nln T—D—;(410+5T) sup S, (-, 0)

dt—D—%(4f0+5T) supR™(-,0)

- %1n(47rT)—m—D—(4to+5T) sup Sy (-, 0).
This then yields

nM T1(4nT) m— D——(4to+5T)supS( ,0),
lw(-, Tllec — 2
which implies
exp(3 (420 +5T) sup S; (-, 0) + D +m)

lw (-, T oo < (-, Tl (4 Tym/2

Because
w(x,T)zf H(x, T; y)w(y,0)du(y)g),
M

where H (x, T; y) is the conjugate heat kernel,

xp(mD)

HO T50) S o

exp(3 (420 +5T) sup S, (-, 0)).

This ends the proof of the estimate (6-2). (]
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7. The Sobolev inequality along (RH),-flow

In this section we show that global bounds on the heat kernel to the conjugate
heat equation imply a uniform Sobolev inequality under Ricci-harmonic map flow.
This type of proof is standard as contained in [Davies 1989, Chapter 2]. The same
procedures have been adapted in [Zhang 2007] for Kdhler—Ricci flow; see also [Ye
2007; Hsu 2008]. For completeness we give the summary of the approach.

For any t € [0, T'), we define the operator

Sg+supy Sg

1 .
Since Rg(-, 1) > —supyRy(-, 1), we know that & = i(Sg + supMS;) > 0,
® e L*°(M). Then L > 0 and is essentially a self-adjoint operator on L3*(M)
with the associated quadratic form

(7-1) L:=—A,+

(7-2) Q(v):/ (IVu]* + ®vh)dp, VYve Wh(M).
M
By the heat kernel convolution property, we have

(7-3) ey = / Hx, £ yywo(y) dieg(y),
M

where e~'% is a self-adjoint positivity preserving semigroup for all ¢ > 0. It is also

a contraction on L>®°(M) and L' (M) for all ¢ > 0. Then

(7-4) lle™ Fwolloo < Cot ™™/l wol|;.

The next step is to apply a theorem in [Davies 1989], which we state below as a
lemma.

Lemma 7.1. If m > 2, then a bound of the form

(7-5) le™ wolloe < Cre~™Hlwoll2

forallt > 0 and all wy € L>(M) is equivalent to a bound of the form
(7-6) 1woll3, jm—2) < C2Q(wo)  Ywo € WH3(M).

By Lemma 7.1 we can prove that

(m=2)/2
(7-7) (/Mv”"/(m—”dug) SAOfM(IVvIz—i-%(Sg—i-s[lll/IpS;)vz)dug

using an estimate of the form (1-9). The only thing remaining for us to show is that
estimates (7-4) and (7-5) are equivalent. We do this via the following lemma and
the Holder inequality.
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Lemma 7.2. Suppose m > 2 and T < co. Let C| > 0 be the same as Cy in (7-5).
Then we have

—tL —m/4 1
(7-8) lle™ " woll2 < Crt ™™ *lwolli  Vwo € L' (M).
Now write e "Fwg = e~ 1/21L¢=1/21Ly)5 and by assuming (7-5), we have
—tL —m/4y —1/2tL 2,—m/2
le™ wolloo < Cit7"/*le™ 2 gl < CFe~"2|wolls.-

Similarly, combining the fact that e~ 'L is a contraction on L* (M) with bound (7-4)
gives us (7-5). Indeed,

—tL
lle™ wolloo =

/ H(x,t; y)wo(y) dug(y)‘
M

) /¢ 1/4 )
< (/ H (x,t;y)ug(y)> </ wgug(y)> < Ct™ " |y,
M M

for all wg € LY(M) with 1/g=1—1/q’ and fM H(x,t:y)dug <1. Here we take g
to satisfy 1 < g < m for obvious reason. (Though, by the Riez—Thorin interpolation
theorem, the above holds for any 1 < ¢ < oo since e 'L is a contraction on L' (M)
and L®°(M).)

The main result of this section is as follows.
Theorem 7.3. With the conditions of the theorem in the introduction, we claim that
estimate (1-8) implies the uniform Sobolev inequality (1-7).

Proof. Based on the previous argument and a modification of the calculation in
[Zhang 2007], we define the operator L = L+ 1, which also has all the properties
of L, (Z > 0 and generates a symmetric Markov semigroup). Then for any positive
constant ¢ depending on m, T, a lower bound for R,, and an upper bound for Ao
such that for all # € [0, T) and v € Dom(L) € W4 (M),

(7-9) 1L 2 Wllng jm—gy < clwlly, Yw € Wy (M)

holds for m > 3. Since L~/2 is of weak type (p,q), p =mq/(m — q) for any
1 < g <m. A simple analysis and the Marcinkiewicz interpolation theorem tell us
that Z='/2 is a bounded operator from L? to L? and that (7-9) holds.

Define v(x, r) = L~'/2w(x, t), which implies w(x, t) = L'/?v(x, ). Taking
q =2, we have

||w||§=/ Zl/zvzl/zvdung (Zv)vdung (L+Dv)vdug.
M M M

Combining with (7-9) and (7-6), we obtain the Sobolev inequality

(7-10) [T ER—— ch(Q(v) + f vzug),
M

whereby (1-7) follows with A =cC, and B = leC Ca(supy, Sg +1). O
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Remark 7.4. Fixing 7y during (RH),-flow, it is clear that H = e~ 'H is the heat
kernel of L and that

/ﬁ(x,t;y)dug(y)ff H(x,t;y)dpg(y) < 1.
M M

By the upper bound for H, we are sure that H obeys the global upper bound
Hx,t; y)dug(y) < Ct™?%, 10,
where C depends on m, Ag, By, tp and T. Similarly,
le™Fwllog = lle™e™Ellog < e~ CrPwlly = E 2]l

As a corollary, suppose
Aoo = inf f 4|Vv* + S,vP) dpig, > 0.
lvll2=1 Jps

It can be proved by following [Zhang 2007] that Sobolev inequality (5-2) holds
with B = B(t =0) = 0 on a compact manifold (M, go); i.e.,

m=2)/m
(7-11) ( / vz’"“’"‘”dugo) < Ao f AVl + Sgv°) d g,
M M

where A depends only on m, go and A,g. Therefore, we have the following result.

Corollary 7.5. Let (M, g) be a compact Riemannian manifold of dimension m > 3
and the metric g(t) evolved by the (RH)q-flow. Assume that L?-Sobolev embedding
(7-11) holds true with respect to the initial metric g(0) = go. Then, there exists a
positive constant Zdepending on Xo such that for allve WH2(M, g(1)),t €0, T),

(m—=2)/m
(7-12) ( / vz’”/(’"_z)dﬂgu)) < 7 [ @Vl +5,0) i
M M

and

m, mA

(7-13) / uzlnvzdug(,)gozf(4|Vv|2+5gv2)dug(,)—ﬂ1n02+—1n—,
y u 2 2 2e

where o > 0.

Remark 7.6. The smallest eigenvalue is an important quantity that gives a better
understanding of the geometric nature of the underlying manifold. For instance, con-
sider the operator semigroup e~'% generated by L := — A+ ®, with ® € L®(M, g).
By spectral decomposition, we write a positive solution on M as

oo

U=e'lu= Ze_kftlﬁj(u, Vi)

j=1
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for u € L?(M) satisfying the Cauchy problem

0
E(e_tLu) =—Le 'y,

UIIZO =u,

and the eigenvalue problem L1 = A, where {{ J'}?O:I forms a complete set of
L?-orthonormal eigenfunctions of L and the corresponding eigenvalues can be
arranged in a nondecreasing order A; < A < ---, with A; — 00. An interested
reader will find the books [Davies 1989] and [Schoen and Yau 1994] useful in
this respect.
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