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Symplectic field theory is the study of .J-holomorphic curves in almost com-
plex manifolds with cylindrical ends. One natural generalization is to re-
place “cylindrical” by ‘“‘asymptotically cylindrical”. We generalize a num-
ber of asymptotic results about the behavior of J-holomorphic curves near
infinity to the asymptotically cylindrical setting. We also sketch how these
asymptotic results allow compactness theorems in symplectic field theory to
be extended to the asymptotically cylindrical case.
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1. Introduction

Introduced by Gromov [1985], J-holomorphic curves have been studied inten-
sively in closed symplectic manifolds. Hofer [1993] studied the behaviors of
J-holomorphic curves in symplectizations of contact manifolds, which are noncom-
pact. Shortly after that, Eliashberg, Givental and Hofer [2000] invented symplectic
field theory, which greatly helps us understand symplectic manifolds and contact
manifolds. In most of the previous literature, the almost complex structure J is
cylindrical near the ends of the noncompact symplectic manifolds. Here cylindrical
means that J is independent of the radial direction. In [Bourgeois et al. 2003] the
notion was introduced of an asymptotically cylindrical almost complex structure,
which is a natural generalization of a cylindrical almost complex structure. How-
ever, no results corresponding to the notion of asymptotically cylindrical almost
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complex structures in that paper have been proven. Intuitively, we expect similar
results as in the cylindrical case. However, the original proofs rely heavily on
the cylindrical nature of the almost complex structure, which prevents us from a
direct generalization to the asymptotically cylindrical case. In this paper, we give a
modified definition of asymptotically cylindrical almost complex structure, which
includes an exponential decay condition that is satisfied in all interesting examples,
and prove some parallel analytical results as in the cylindrical case. Based on these
results we can compactify the moduli space of J-holomorphic curves in almost
complex manifolds with asymptotically cylindrical ends by adding the holomorphic
buildings introduced by [Bourgeois et al. 2003].

This generalization is needed for application purposes, since in many cases the
natural almost complex structure is only asymptotically cylindrical (see Examples
2.5 and 4.1). For instance, we can use the generalized results to prove Gromov’s
monotonicity theorem with multiplicity (see [Bao 2014]). We also take this chance
to fill in some gaps in the literature.

In the asymptotically cylindrical case, the proofs of some theorems are signif-
icantly different and more sophisticated than the proofs in the cylindrical case
(see the proofs of Proposition 3.4, Theorem 2.8 and Theorem 3.7, for exam-
ple). The extra difficulties mainly come from the following two facts: (1) the
translations in the cylindrical almost complex manifold are not J-holomorphic
anymore; (2) the unmodified Hofer energy is not positive when restricted to J-
complex planes, and the modified Hofer energy is not closed. Crucial uses of
Gromov’s monotonicity theorem are the main ingredients to overcoming these
extra difficulties.

In Section 2, we give the definition of asymptotically cylindrical almost complex
manifolds and the definition of Hofer energy of J-holomorphic curves in this context.

In Section 3, we give the proofs of the main results listed in Section 2. The
proofs follow the schemes of [Hofer 1993; Hofer et al. 2001; Hofer et al. 2002;
Bourgeois 2002; Bourgeois et al. 2003].

In Section 4, we give the definition of almost complex manifolds with asymptot-
ically cylindrical ends and the definition of Hofer energy in this context. Finally
we state and outline the proof of the compactness result in this context.

2. Asymptotically cylindrical almost complex structures

2A. Definitions. Let V be a smooth closed oriented manifold of dimension 2n+ 1,
and let J be a smooth almost complex structure in W := R™ x V. Assume that
the orientation of W determined by J is the same as the orientation coming from
the standard orientation of R™ and the orientation of V. Let R := J(9/9r) be
a smooth vector field on W, and let £ be a subbundle of the tangent bundle TW
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defined by & ,) = (Ox T, V)NJO X T, V) C T(y,yW, for (r, v) € W. The tangent
bundle TW splits as TW = R(d/0r) ® R(R) D §&.

Define a 1-form A on W by A(§) =0, A(3/9r) =0, L(R) =1, and a 1-form o
on Wbyo(§)=0, c(d/dr)=1, o(R) =0.

We call a tensor on W translationally invariant if it is independent of the
r-coordinate. Let f; : W — W be the translation along the R™-direction defined by
fir,v) = (r+s,v).

Definition 2.1. Under the above notation, J is called asymptotically cylindrical at
positive infinity if, for all [ € Z5, the following five conditions are satisfied:

(AC1) There exists a smooth translationally invariant almost complex structure J
on W and constants K l+ , 8; > 0 such that

(nH || Vl(] — JOO)l[r,+oo)><V ||C0 < Kl-‘re—élr

for all » > 0, where || - ||co is computed using a translationally invariant
metric gy, on W (for example, g, = dr*+ &), and V is the corresponding
Levi-Civita connection. We further require that K 1+ is sufficiently small
such that the w defined in Equation (2) satisfies requirements (a) and (b) in
Section 2B. (Remark 2.2 explains that K 1+ being small is not restrictive.)

(AC2) i(Roo) dhog =0, where Ro :=1imy_, oo f*R, Aoo :=lims_, f*A, and both
limits exist by (AC1).

(AC3) Ry (r,v) = Jso(0/0r) e 0 x T, V.
(AC4) There exists a closed 2-form ws, on V such that i (Rso)weo = 0.
(ACS) woo( -, Joo +) is a metric on &4, Where & = lim,_ o £*&.

Remark 2.2. The definition we use is slightly different from the one in [Bourgeois
et al. 2003]. We require that J converges to J,, exponentially fast in condition (AC1).
This is the accurate condition to guarantee that the J-holomorphic curve converges
to the periodic orbits of R, exponentially fast by the footnote of formula (35). If
we are only interested in the behavior of a J-holomorphic curve near infinity, then
the requirement that K [+ is small can be achieved by restricting W to r > rq for
some large ry.

We can restate the above conditions using the notion of hamiltonian structure
as in [Eliashberg 2007]. That the 2-form w, has rank 2z says that (V, w) is a
hamiltonian structure. The conditions (AC3), i (Rso)weo = 0 = i (Ry) dAso and
Aoo(Roo) = 1 say that (V, ws) is a stable hamiltonian structure. The condition
£ = ker Ao, that Jo, is an almost complex structure on &4, and that J, is
compatible with ws (by (ACS)) imply that (A, Jxo) 18 @ framing of (V, weo). If
in addition weo = dXioo, then we say (V, wso) is of contact type.
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We call (A, J) defined as above an asymptotically cylindrical framing of the
stable hamiltonian structure (V, wso).

Similarly, we can define the notion of J being asymptotically cylindrical on
R™x V at —oo. When we say J is asymptotically cylindrical, we choose @0
without mention.

The following definition is the case considered in [Hofer 1993; Hofer et al. 2001;
Hofer et al. 2002; Bourgeois 2002; Bourgeois et al. 2003].

Definition 2.3. An almost complex structure J on R¥x V is said to be a cylindrical
almost complex structure at oo if J is an asymptotically cylindrical almost complex
structure at +0o0 and J is translationally invariant near f-oo.

An almost complex structure J on R x V is said to be a cylindrical almost
complex structure if J is asymptotically cylindrical at both oo and —oo and J is
translationally invariant.

Example 2.4 (Symplectization). Assume (V, &) is a contact manifold with contact
1-form A and Reeb vector field R, i.e., £ =ker A, A A (dL)" #0, igd) =0, and
A(R) = 1. Let wse = dA and let J; be an almost complex structure in & such that it
is compatible with w |, i.€., dA(-, Jg - ) is a metric on §&. We extend Jg to R x V
by setting J(d/dr) = R. Then J is a cylindrical almost complex structure and, in
particular, an asymptotically cylindrical almost complex structure at +o0.

Refer to [Bourgeois et al. 2003] for other interesting examples of cylindrical
almost complex structures.

Example 2.5. Assume J is a smooth almost complex structure on R*'*2 with
J(0) = Jp(0), where Jy is the standard complex structure on R2"+2. Consider
R?"*+2\{0} and pick a polar coordinate chart

¢ R~ x SZn-i—l — R2n+2\{0}, (r’ @) — €r®,

where we view $2"*! as the unit sphere inside R>"+2. Let A_, be the standard
contact form on §?**!. Define the 2-form w_,, on R~ x $?"*! by w_oo = dA_oo.
Now it is clear that J|p-,g2#+1 is an asymptotically cylindrical almost complex
structure near —oo.

By (AC1) and (AC3) we can see that R, is a translationally invariant vector
field on W and that it is tangent to each level set {r} x V, so we can view R, as
a vector field on V. Let ¢ be the flow of Ry, on V, i.e., let ¢' : V — V satisfy
(d/dr)¢' = Roo 0 ¢'. Then we have

d
Z[(QSI)*)\OO] = (¢")" (i (Roo) dhoo + di (Roo)Aoo) = 0.

Hence ¢’ preserves Ao and thus also &,. Similarly, ¢’ preserves woo.
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Let’s denote by P the set of periodic trajectories, counting their multiples, of
the vector field Ry restricting to V. Notice that any smooth family of periodic
trajectories from P has the same period by Stokes’ theorem.

Definition 2.6. A T-periodic orbit y of Ry is called nondegenerate if dé” |¢__ (o))
does not have 1 as an eigenvalue, where ¢’ is the flow of R.,. We say that J is
nondegenerate if all the periodic solutions of R, are nondegenerate.

A weaker requirement for J than nondegenerate is Morse—Bott.

Definition 2.7. We say that J is of the Morse—Bott type if, for every T > 0, the
subset Ny C V formed by the closed trajectories from P of period T is a smooth
closed submanifold of V such that the rank of w|y, is locally constant and
T,Nr =ker(d¢! —1d),,.

We always assume J is of Morse—Bott type in this paper.

2B. Energy of J-holomorphic curves. Let J be an asymptotically cylindrical al-
most complex structure on W := R* x V. Let’s denote the projections from
TW =R(9/0r) @ R(R) @& to each subbundle by 7, g and 7¢. It is convenient
to introduce a 2-form w on W by
) w(x, ¥) = oo (e X, T Y) + 000 (Jex, Jey)].
It is easy to check that i (3/0r)w = 0 = i (R)w. We assume that K;r in (AC1) is
sufficiently small for all [ € Z~( such that w satisfies the following two conditions:
(@) wlg(-, J ) is a metric on §.

(b) There exist constants g;, §; > 0 such that, for all r > 0,

” (0 — wxo) |[r,+oo)><V ” c! = 813_8”-

Let (X, j) be a punctured Riemann surface (with or without boundary) and let
u=1(a,u): (%, j)— (W, J) be a J-holomorphic curve, i.e., Tio j = J(u)o Tu.
The following definition is a modification of Hofer energy in the cylindrical almost
complex structure case. The w-energy and A-energy are defined, respectively, as

E,(u) =/ﬁ*w, Ex(ﬁ)zsup/ﬁ*@(r)cr/\k),
¢peC
X

z

where C = {¢ € C°(R, [0, 1]) : f_Jr;O ¢(x)dx =1}', and X, o are defined as in the
beginning of Section 2A. Let’s define the energy of it by
E(u) = E,() + Ej.(u).

I1n [Bourgeois et al. 2003], the set C is given by C = {¢ € C°(R, RY): fj—gs ¢(x)dx =1}. Itis
easier to get uniform energy bounds using the modified definition in the case when the almost complex
structure is only asymptotically cylindrical.
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Equip R x S! with the standard complex structure and coordinate (s, ), and
consider a J-holomorphic map i = (a, u) : R*x S! — W. Here we view S' as R/Z.
Notice that

(3) ii*o = o (rgiiy, J (i) meis) ds Adt,
4) i*(p(r) o AL) = ¢(a)lo(iis)? + Aliis)* ds Adt.
Thus, we have E, (i) > 0 and E; (1) > 0.

2C. Main results. The next two theorems tell us the behaviors of J-holomorphic
curves near infinity.

Theorem 2.8. Suppose that J is an asymptotically cylindrical almost complex
structure on R* x V at +00, and suppose that J is of the Morse—Bott type. Let
i=(a,u): REx R/Z — RTx V be a finite energy J-holomorphic curve. Suppose
that the image of ii is unbounded in R x V. Then there exists a periodic orbit y
of Roo of period |T| with T # 0 such that, in C*®(S),

. .a(s, 1)
lim u(s,t) =y (Tt) and lim =
s— 300

s—F00 Ky

T.

The above theorem tells us that when |s| is large enough u(s, t) lies inside a small
neighborhood of y. We will construct a coordinate chart for such a neighborhood
U C S'x R* — V, and then we can view the map i as

ii(s, 1) = (a(s, 1), 0(s, 1), 2(s, 1)) € REx R x R*,
where ¥ is the coordinate of the universal cover of §' = R/Z.

Theorem 2.9. Under the same assumption as in Theorem 2.8, there exist constants
Mg, dg, ag, Vo, so > 0 such that
|DPla(s, t) — Ts —ap}| < Mpe™%",
|DP{9 (s, 1) — Tt — Do}| < MpeTU%*,
|IDPz(s, )| < Mﬂe;dﬂs,
foralls > soand B = (B, B2) € Z>0 X Z>o.

3. Proof of main results

The proofs for Rtx V and R™x V are almost the same, so we will focus on the RTx V
case. The proof is done in three steps. The first step is to show that the gradient of
a finite Hofer energy J-holomorphic curve & = (a, u) is bounded. The second step
is to show “subsequence convergence”: briefly, given a sequence of numbers Ry
converging to infinity, we want to show that there exists a subsequence Ry, such
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that u(Ry, , t) converges to a periodic solution of the vector field Ry,. The third
step is to get an exponential decay estimate and then prove Theorems 2.8 and 2.9.

3A. Gradient bounds. We cite the following two lemmata for later use.

Lemma 3.1 [Hofer 1993]. Let (X, d) be a metric space. The following statements
are equivalent:

(a) (X, d) is complete.

(b) For every continuous map ¢ : X — [0, +00) and a given x € X, € > 0 there
exist x' € X, ¢ > 0 such that
e &' <e, ¢ = p(x)e,
o d(x,x") <2e,
e 20(x")=¢(y) forall y € X withd(y, x') <&

Let J be an asymptotically cylindrical almost complex structure on W =R x V
at oo, and let # = (a, u) be a J-holomorphic map from B(0, R) to W, where
B(zo, R) :=z={s++—1t € C:|z—z9| < R}. Define

&) IVal:= sup [Vi(s, 1)
(5,)€B(O,R)

and
k

lill ko, Ry, w) = sup Z|Vlb7(x)|,
xeBO.R) 1=

where the norm |- | is taken with respect to the standard metric ds®+dt* on B(zg, R)
and to a translationally invariant metric g, on W (for example, g, = g, + dr?),
and V is the Levi-Civita connection with respect to g, on W. The following lemma
says that the gradient bound implies a C* bound.

Lemma 3.2 (Gromov-Schwarz). Fix0 <¢e <1 andk € N. If |Vii| < C' < 400,
then there exists a C(k, C') > 0 such that

il cxcpo,R—e),w) < C(k, C),
where C(k, C') does not depend on 1.

Proof. This is a standard result. Using the gradient bound of i, we can find uniform
coordinate charts both in domain and in target, then we can apply Proposition 2.36
in [Audin and Lafontaine 1994]. [l

The following proposition, whose proof reveals the relation between the w-energy
and trajectory of R, is one of the key steps in [Hofer 1993].

Proposition 3.3 [Hofer 1993]. Suppose J is a cylindrical almost complex structure
onRx V andletu = (a,u) : C— R x V be a finite Hofer energy J-holomorphic
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plane (i.e., E(i1) = E; (1) + E, (i) < +00). If E,,(it) = 0 and | Vit|| < C for some
C > 0, then u is constant.

Proof. Suppose u is not constant. By (3), mgity = 0 = mzu,. Hence mg o T is the
zero section of i*& — C. Therefore we have u(s, t) =xo f(s,t), wherex :R— V
satisfies x = R(x) and f : C — R is a smooth function. Consequently, f; = —a;
and f; = a;. Hence ® := f +ia is a holomorphic function on C. Since ||Vi| is
bounded, |V®| is bounded; thus @ is a linear function. By (4),

E; (i) :sup/¢>(a)(a§+a,2) ds Adt = +00,
¢peC
C

via a linear change of variables. U

The proposition below generalizes Proposition 27 in [Hofer 1993] to the asymp-
totically cylindrical case.

Proposition 3.4. If J is an asymptotically cylindrical almost complex structure
on W =R x V at oo, and it is a J-holomorphic map from C to W satisfying
Em) < 400, then ||V < +o0.

Proof. Suppose to the contrary that there exists a sequence of points z; € C satisfying
|zk| = 00, Ry :=||Vii(zx)|| — 0o, as k — oo. By Lemma 3.1, we can modify z;
such that there exists a sequence of g; > 0 satisfying ¢y — 0, &Ry — +00, and
|Vi(z)| < 2Ry for z € B(zx, &¢). Now there are two cases.

Case 1: {a(zx)}rez is unbounded.

Then there exists a subsequence of zi, still denoted by z, such that a(zz) — +00
or a(zx) — —oo. Without loss of generality, let’s assume a(z;) — +00. Pick a
further subsequence of z; such that a(zx) > 2K+2 et 812 := min{gy, 2¢ /Ry}. Then
we have g, — 0, & Ry — 400, and |a(z) —a(zp)| < 2&, Ry < 2025 /R Ry = 2K+,
for |z —zx| < ;. Thus, a(z) > a(zx) — 2K > 2k+2 _2k+1 = 2k+1 ‘for |z — 7| < ¢].

Since # is J-holomorphic, we have

(6) JW)oTu="Tioli.
Thus
@) Jo@)oTiu=Tioi+ (Joo— J)(@)oTu.

By (AC1), we have, as k — +00,?
sup  [[(Joo — D)@ (2))|| — 0.

2€B(zx,8])

2Actually, to prove Proposition 3.4, Proposition 3.5 and Theorem 3.7 we only need f;*J — Joo
in Cll0 . ass = 0o0. We need the stronger condition (AC1) to prove exponential decay in Section 3C
and thus the main theorems.
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Define maps iy (z) = (a(zx + z/Rx) — a(z), u(zx + z/Ry)) from Cto R x V.
For any R’ > 0, when k is large, ||Viig(z)|| <2 for z € B(0, R"). By Lemma 3.2,
for any n € Z-, there exists a C(n, R’) satisfying

(8) lirllcngo.r—1y.w) < C(n, R').
We also have

(€)) Vg (0)| =1,

(10) |Vig(z)| <2 forall |z] < e Ry.

We apply the Ascoli—Arzela theorem to get a subsequence, still called iy, satisfying
Uy — U in C°

e a8 k — oo. Here o : C — R x V is a Joo-holomorphic map
satisfying

Vi) =1 and |[Vil <2.
Indeed, 1y satisfies
(11) Joo () T = Tuyi + oy,

where lokllcom 0.6/ re)) = 0 as k — oo. Therefore, il iS Joo-holomorphic.
Now let’s look at its energy:

(12) / U Woo = / o+ f i (0 — wso).
B(0,R") B(zi,R'/Ry) B(zk, R'/ Ry)

From E (1) < +00 we see that fB(Zk R'/RY) u*w — 0as k — +00. We also have

/ (0o — )| < / (2Rk)2‘(woo—w)<2”7fk,2”—ék) ds Adt
B(zk,R'/Ry) B(zk,R'/Ry)
R’ ’
<m|— (2Rk) Cp —> 0,
Ry
where
o055 35 )
= sup  |(woo — )| ——, — ||,
2€B(zi.)) oo 2Rk 2R

and by (AC4) ¢y — 0 as k — oo. Therefore,

E,. (ix) = / U oo = 0.
C
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Moreover, we have Ej_ (ilo) < +00. Given ¢ € C, define ¢y (r) :=¢ (r —a(zx)) €C.
Then we have

(13) ‘/ﬁk(¢(r)drAkoo)'
B(O,R")

S‘ /tﬁk(a)ft*(a/\)»)'—i- fqbk(a)ﬁ*(drAkoo—o/\A).

Bz R'/Ry) Bz R'/Ry)

We also have

(14) ' / (@)i* (0 A )| < / (@) (0 AN)| < Ex (i)
B(zk,R'/Ry) C

and

(15) / ¢k(a)ﬁ*(dr/\)noo—c7/\)»)‘

B(zx, R’/ Ri)

< f 61 (@) 2R ds ndt

B(zk, R'/Ri)

iy 0
Adr Adeo — 0 A A , ——
@riteo—0 )<2Rk 2Rk)

R \?
< (supp(x)) 2Ry *rem (R—) -0,
k

xeR
where

rr o= sup
2€B(zk, R'/ Ry)

(dr/\)LOO—GAA)(ﬂ, L) —

as k — oo. Combining (13), (14) and (15), we get the following result: given
R’ > 0 and ¢ € C, there exists a constant K such that, for all k > K,

/ ug(p(r)dr A hoo)

B(O,R")

Therefore, E, (iioo) < E, (1) + 1. Altogether, we get a Jo-holomorphic map
Uoo : C— W satisfying

[Visoll =2, Vi) =1, Eu (leo) =0, E(licc) <+00.

By Proposition 3.3, we get a contradiction, which finishes the proof for Case 1.

Case 2: {a(zy)}rez 1s bounded.
Now let us define iy, differently from Case 1, by

up(z) :=uoly = (azr +z/Ri), u(zk + 2/ Ry)).
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Then u;, satisfies

|Vig(z)] <2 for z € B(0, &xRy),
{113 (0)}xez+ is bounded,
|Va(0)| = 1.
Similar to Case 1, by applying the Ascoli—Arzela theorem we get a subsequence,

still called iy, converging t0 itoo = (deo,Ueo) : C — W in the C} sense. Here it
is J-holomorphic, satisfying

(16) Vi (0)] = 1,

(17) Vil <2,

(18) o= / o —0 as k— +oo.
B(0,¢ Ri) B(zk,k)

Thus, E, (i) = f@ i o = 0. Moreover, given R’ > 0 and ¢ € C, we have

/ uglg(ryo Axl= / W'lpr)o AA]—0
B(0O,R’) B(zi,R'/Ri)
as k — 4-o00. This means fB(O’R,) ull¢(r)o ALl =0, and so E; (iis) = 0. Hence,
lioo 18 constant, contradicting (16). Ul

Proposition 3.5. Suppose J is a cylindrical almost complex structure on R x V.
Let v : Rt x S' — W be a J-holomorphic map with respect to the standard complex
structure on Rt x S', and assume E (D) < 4+00. Then we have

Vo|| < 400, where |[Vv|:= sup |Vo(s,t)],
(s,1)eR+x S1
and the norm |-| is taken with respect to the standard metric ds>+dt* on R*x S' and
to a translationally invariant metric gy, on W, and V is the Levi-Civita connection
with respect to gy,.

Proof. The proof is almost the same as the proof of Proposition 3.4. ([

Remark 3.6. Actually, we can see that we can get a gradient bound with respect
to a metric g, on the domain and a translationally invariant metric g, on W, as
long as the injectivity radius of g, is bounded away from 0.

3B. Subsequence convergence.

Theorem 3.7. Let J be an asymptotically cylindrical almost complex structure
on RTx V, and let v = (a,v) : R¥x S! - R*x V be a J-holomorphic curve
with E(¥) < +00. Suppose that 9(R*x S') is unbounded. Then for any sequence
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k, — +00, there exists a subsequence k,, such that v(k,,, -) converges in C>(S 1
toamap S' — V given by t — x(tT), where x : R — V is a | T|-periodic solution
of X = Roo(x).

Proof. We prove this theorem for the case R x V. The proof for the R~ x V case
can be carried out similarly, and hence is omitted. By Proposition 3.5 we have
V3] < C for some C > 0. Since 7(RTx S!) is not bounded, there exists a sequence
of points (sg, #r) € RT x S! such that |a(sg, t)| — +00. Now there are two cases.
Case 1: a(sg, ty) — +o0.

Suppose that there exists a sequence of points (s;, 1) € Rt x § ! such that
a(s,’c, t,i) < Q for some constant Q. Pick a subsequence of (s, #x), still called (s, #),
and a subsequence of (s, #;), still called (s, #;), so that they satisfy s; <s; <s; 4y for
all k. This is possible because s — +o00. Since || V0| <C, we have a(s;, t) < Q+C
for € S'. Consider the compact manifold N :=[Q, Q+2C]xM C W =R*x V.
Pick a ¢ € C such that ¢|[p 0+2c] > 0. By Gromov’s monotonicity theorem (see
for example Theorem 1.3 in [Hummel 1997]), there exists an ¢ > 0 such that

/ w+dr)oAA=1>0
B([sy.s61x 81
for all k. This contradicts the fact that E(v) < 4-00. Thus a(s, t) — 400 uniformly

intass — +00.
Define

V,(s,t) = (a(s +k,,t)—ak,, 0), v(s +k,,1)).

Then the sequence v, (0, 0) = (0, v(k,, 0)) is bounded. Since v is J~holomorphic, by
Lemma 3.2 and the Ascoli—Arzela theorem, there exists a subsequence, still called v,,,
converging to Do = (b, Vo) : Rx S' — W in Ch.- We know v is Joo-holomorphic.
Define the translation map 7, : R x S > Rx S! by t,(s,t) = (s + k,, t). Now
observe that

(19) / Uy oo = / *w + / U (oo — ).
[—R,R]xS! [— Rk, R4+kn]1x S [—Retkn, R+kp]x S!

For the first term on the right-hand side we have

(20) f *w — 0

[—R+kn, R+k,]1x S

as n — oo, since E, (v) is finite. By (AC4), the second term satisfies, as n — 400,

2D / U (oo — @) < / [(woo — @) (Vg, V)| ds Adt — 0.

[—R+ky, R+ky]x S! [—R+kn, R+ky,]1xS!
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Combining (19), (20) and (21), we can see that f[—R,R]xSl U} woo = 0 and hence
E,_(Vs) =0, so there exists a smooth map f : R? — R such that 9o = (b, x o f),
where x : R — V is the solution of x = R, (x). Let @ be the holomorphic
function defined by ® = b 4+ if. Since |V®| < C, we know that ® is linear.
Thus, ®(s,t) = a(s +it)+ B, where « =T +il, 8 =m +in € C are constants.
But b(s,t) — b(s,t + 1) = 0 implies [ =0, and b(0, 0) = 0 implies m = 0. Thus,

(22) f=Ti+n,
(23) b=Ts.

Therefore, ag(k,,, t) — T uniformly in ¢ as n — +oo (recall the notation v = (a, v),
Uso = (b, Vso)). Moreover, we have

(24) /17:0)»002 / Aool(Voo): ] dt = / bydt=T.

{0}x ! {0}x S1 {0} x S!

Claim: 7 # 0.
It follows from the claim and (22) that 1 is not constant. Indeed, by (22),
fG,t+D)=TE+1)+n,s0x(T(t+1)+n)=x(Tt+n). Hence, x is T-periodic.

Proof. Suppose T = 0. Since a(s,t) — 400 uniformly in ¢t as s — +00, we
can choose a subsequence k,, of k, and a sequence t,, € S ! 5o that we have
akn,.,,, tme1) —a(ky,,, tn) = 4C. Denote a(ky,,, tn) by a,. Then from ||Vu| < C
we get

(25) a(ky,,t) €lay —C,a,+Cl,
(26) a(k t) > an +3C.

Nm+1°
Let ¥, : R — [0, 1] be a smooth map, satisfying v, (r) = %(r —am + %C) for

r € [am — C,ay +5C] and ¢,, = ¢, € C. If we further require C > 1, then
Om(r) < % < 1. Observe that

/ U d (WY (r)A) = / U (Y (r)A) — / U (Y (r)1).

Uk Kinyy 4 1% S {knyy 1S ki }x S1

We also have, as m — 400,

' f ﬁ*(«pm(r)x)‘:‘ / U (B)0(50) dt| < / (@) di — T =0.

{k”m+1 }xs! {k"m+1 pxs! {k"m+1 pxs!
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Similarly, f{kn 1 §1 0* (Y (r)A) — 0. Thus, by Stokes’ theorem,

27 / 0 d (Y (r)A) = 0.

[y K, 1S
Observe that

(28) / V(@ (r) o AL

k1S

= / V(P (r) dr A L) + / U [ (r) (6 —dr) A L.

[k”m’k”z:1+]lxsl [k”m’k"m+]JXSl
For the first term on the right-hand side, we have, for some ¢ > 0, ¢, > 0,
(29) ’ / V" (P (r) dr /\k)‘
[knm ’k”m+l ]XS1

<

/ o d(wm(r)x)‘ + f [0 (Y (1) d1)]

Ky ki, 1% Ky ki, 1% 8!
< ‘ / E*d(wm(r)k)‘—i— / V*(cw+cpo AN).
Ky oKy 1 1% Ky ki 1%

The second inequality is due to the fact that cwo+c;, o AA is positive on all J-complex
planes; also since dA — dAo and i (0/0r) dAoo =0 =i(Ro) dAso, We can require
that c is independent of m and c,, goes to 0 as m — +oo. Similarly, we have

(30) ' / V[P (r) (6 —dr) AL]| < / V*[cw+cpo AL

[kn,11vknm+|]xsl [knn1vknm+|]><sl

When £ is large, from (28), (29) and (30) we get

(31)
f ﬁ*(aﬁm(r)oM)fDH / 5*d(wm(r)k)‘+ / va)}

(Knyy Ky 1% S WKy sk 1% S Ky ok 1% S

Mm+1 Tm+1

for some constant D > 0 which does not depend on m and v. The term

/ 0 (cp 0 AA)

gy Ky 4 1% S
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does not show up on the right-hand side of (31) because it is absorbed by the

left-hand side, since ¢y, &, xSt = 1/7. Since E,(v) is finite,

/ 7w — 0.

kg ki 1% 51

Together with (27), we get

/ (¢ (r) dr A L) — 0.

(K +Kiny 1S

nm s

Summing up, we have, as m — 400,

(32) / 7 (0 + G (r)dr AL) — 0.
kg oKy 1S

Now consider N,, = [a,, + C, a, +3C] x V € W with an almost complex
structure J,, := J|y, and a nondegenerate 2-form €2, := @ + ¢, (r) o A Alp,,.
Because of the asymptotic condition, we can find uniform constants Cy, ro > 0
such that by Gromov’s monotonicity theorem, for any J,,-holomorphic curve
hy (S, j) = (Nm, Jm), where (S, j) is a Riemann surface with boundary, if
the boundary 4,,(0S) is contained in the complement of the ball B(h,,(so), ),
where sg € Int S,, and r < ro, then we have

Q,, > Cor?.
B (S)NB Ay (50),7))

By (25) and (26) we can see ii(k,, , S))NInt N,, = @ and ii (k,, ., SHNInt N, = @.

Nm+1
This contradicts (32). Thus, T # 0. O
Case 2: a(sg, ty) = —o0.
We deal with this case similarly. ([

Corollary 3.8. Under the assumptions of Theorem 3.7, there exists a number T > 0
such that, as s — +00,

(33) Bﬂ[a(s, t)—Ts]—0
uniformly in t, provided 8 = (B1, p2) € Z>0 X Z>p and |B| = 1 + B2 > 1.

Proof. By Theorem 3.7, there exist a number 7' > 0 and a sequence of numbers s,
such that s, — 400 and v(s;,-) — x(T -), for some T-periodic orbit x of Ru.
Suppose (33) is not true for this 7. Then there exists a sequence of points (si, #x)
such that sy — +o0 and 3#[a(s, 1) — Ts]|(s;,5) — ¢ as k — +o0 for some |B| > 1,
where c¢ is a nonzero constant (or £00). Define ai (s, t) :=a(s+si, t +tx) —a(sk, tx)
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and then a (0, 0) = 0. From the proof of Theorem 3.7 we get a subsequence of k,
still called k, and a T"“periodic orbit x" of R such thatay — T's in C;2 (RTx S I R).
By a straightforward modification of the proof of Proposition 2.1 in [Hofer et al.
2001] to the Morse—Bott case, we can show that x” and x lie in the same component
of Nt (see Definition 2.7) and in particular 7/ = T. Thus,

3Plals, 1) — Ts|(s.0) = 8P [a(s + sk, t + 1) — alsy, ) — Tsl0.0)
= 3P (@ (s, 1) = T5)| 0.0
— 0,
which contradicts the assumption. ([

To prove Theorems 2.8 and 2.9, we need to obtain exponential decay estimates.

3C. Exponential decay estimates. In this subsection, we will follow the schemes
in [Bourgeois 2002] to prove Theorems 2.8 and 2.9. The strategy is as follows: firstly,
we pick a neighborhood U of the orbit y, restrict the J-holomorphic curve & to a
sequence of cylinders inside the domain so that the images lie in the neighborhood
and satisfy certain inequalities, and estimate the behaviors of each finite cylinder
by the behaviors of boundaries of the cylinder. Secondly, since we have a sequence
of circles in the domain whose images lie in U, we get that the cylinders bounded
by the circles also lie in U, based on the estimates. We also show that near the end
of the domain # satisfies the inequalities. Once these are achieved, Theorems 2.8
and 2.9 follow easily.

In order to study the J-holomorphic curve equation around y, we need to intro-
duce a good coordinate chart around a neighborhood of y.

Lemma 3.9 [Bourgeois et al. 2003]. Suppose that J, is a cylindrical almost
complex structure of the Morse—Bott type on R* x V at co. Let N be a component
of the set Ny C V (see Definition 2.7), and let y be one of the orbits from N.

(a) If T is the minimal period of y then there exists a neighborhood U Dy in V
such that U N N is invariant under the flow of R, and one finds coordinates
(0 X1, ooy Xny Y15 - - - » Yn) Of U such that

N:{xl,...,xp:O, y17---qu:0},

for0<p, g <n,and

Ryly = 55 @ooly = woln,

where wy =Y +_, dx; Ady;.

(b) If y is an m-multiple of a trajectory y of a minimal period T /m then there
exists a tubular neighborhood U of y such that its m-multiple cover U together
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with all the structures induced by the covering map from U — U from the
corresponding objects on U satisfy the properties of part (a).

Proof. Refer to Lemma A.1 in [Bourgeois et al. 2003]. O

Using this coordinate chart, we can work locally in U C (R/TZ) x R*" and make
T the minimal period of y. Denote by zj, the coordinate (xi, ..., xp, y1,..., Yg)
and by zoy the coordinate (x,—p41, ..., Xn, Ya—p+1, - .-, Yu). We easily obtain the
following lemma about the behavior of a J-holomorphic curve in the z,, direction.

Lemma 3.10. Let J be an asymptotically cylindrical almost complex structure on
W =R*x V, and let it be a finite Hofer energy J-holomorphic curve from Rt x S!
to W. Suppose [my, ni] is a sequence of intervals in R™ with m; — +oo and
d([my, ng]l x SY C U. Then we have, as k — +00,

sup 8P zou(s, 1) — 0

(s,t)€[my,ni]xS!
forall B € Z>o x Z>o.
Proof. The proof is very similar to the proof of Corollary 3.8, so we omit it here. []

Let’s study the J-holomorphic curve equation in RTx U € Rt x (R/TZ) x R*".
Define 0 := [sg, s1] x S! for some sy < s; and let it = (a, 9,z): 0 - Rx U be a
J-holomorphic curve. Then we have

(34) (as, Vs, z5) + J (W) (ar, ¥, 2) = 0.

Rewriting this equation according to its z-, -, and a-components we get?

(35) Zs+ Mz, + Szou+ L =0,
(36) as_ﬂt+BZout+B/Zt+N:0,
(37) ar+ 0+ Czou+C'zs+ 0 =0,

where M, S, B, B/, C, C’ depend on a(s, t), 9 (s, 1), z(s, t) and are bounded by
a constant Cy, and L, N, O depend on a(s, t), ¥ (s, t), z(s, t) and are bounded
by Coe™%.

Define an operator A(s) : W'2(S!, R?") — L2(S', R?") by

(A()w)(#) = =M (u(s, 1))wy (1) — S(u(s, 1)) wour (7).
Then by (35) we get
(38) A(s)z(s,-)=zs+ L.

3From (35) we can see that if we require z, zg and z; to decay exponentially, L must decay expo-
nentially. The condition f;*J — Joo in CI%OC is not enough to guarantee that L decays exponentially.
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Notice that A(s) depends on the map it = (a, ¥, Zin, Zout)- If We do not use the
original J-holomorphic curve & and instead we substitute ¥ (s, t) = ¥ (so, 0) + Tt,
a(s,t) =Ts, zou(s,t) =0, and ziy (s, 1) = zin (50, 1), then we get another operator
denoted by A(s). We can easily see that limg_, A(s) exists and denote the
limiting operator by Ag. Similarly, we get two matrices My(¢) and Sy(¢), and then
we have

Mo(1)* = —id,
and

(39) (Aow) (1) = —Mo(t)w; (1) — So (1) Wou.

Consider an inner product on L2(S!, R*") defined by

1
(40) (u, v)o = / (u, —JoMyv) dt,
0

where the inner product is given by (-, -) = wo(-, Jo-), and Jp is the standard
complex structure on R?". With respect to the inner product (-, - )o, one can check
directly that My is antisymmetric and that Ay is self-adjoint.

Remark 3.11. Ay is injective if and only if y is nondegenerate.

It is not hard to see that ker Ao consists of the constant vector fields in N along yy.
Denote by Py the projection onto ker Ay with respectto (-, - )o, and let Qg :=1— Py.
It is easy to check the following lemma.

Lemma 3.12. Qy satisfies

(Qow)r =w;,  (Qow)s = Qows, (Qow)out = Wour, QoA = Ao Qo.

The following lemma will be needed in proving Lemma 3.14.

Lemma 3.13. There exists a constant C > 0 such that

A0 Qowllo = C([[Qowllo + I(Qow):llo)
for w e WH2(SY, R, where | - ||o is defined using the inner product (-, - ).

Proof. To prove the lemma we only need to prove that || AgQow]|lo = C’||Qowllo
for some C’ > 0, because by definition we have

(41) AgQow = —My(Qow); — So Qow.

Suppose to the contrary that there exist an &, — 0 and w, € W'2(§', R?") satisfying
| Qownllo=1and [|AgQownllo < &,. Then we have

1(Qown)ello < IMoAoQowyllo + 1MoSoQownllo < &, +C”.
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Therefore, Qow, is bounded in W'2(S', R?"). Since W!2(S!, R*") embeds com-
pactly in L2(S!, R?") we get a subsequence of wy,, still denoted by w,, such that
Qow, is a Cauchy sequence in L?(S', R?"). But it is easy to see that (Qow,,); is
also a Cauchy sequence in L>(S!, R*"). Therefore, Qow, converges to some 7
in WH2(S!, R?"), so 7 is an element of ker Ag. Because 7 also lies in the orthog-
onal complement of ker Ag, we must have n = 0, which contradicts the fact that
Inllo =1lim,—o | Qownllo = 1. U

Define ko (s) := (¥ (s9, 0) — ¥ (s, 0), Zin (50, 0) — Zin(s, 0)), go(s) := 3/ Qoz () 3.
Lemma 3.14. There exist 6 =6(B8) > 0, b =b(B) > 0 and k = k(B) > 0 such that

if, for any multi-indices B,

a(s0,0) > b, |ko(so)| <k,  sup |8Pzou(s, 1) <86,
(s,1)€b6

and, for any multi-indices B with |8| > 0,

sup 8% (a(s, 1)=Ts)| <8, sup [0 (O (s,1)—Tt)| <8,  sup |8Pzin(s, 1) <3,
(s,t)eb (s,t)eb (s,t)eb

then we have, for s € [s, 5],
80(s) > c*go(s) — cre 16750,

where
s := sup{s € [so, s1]: |ko(s")| <k forall s" € [sg, s]},
and c, c1, co > 0 are constants independent of sy and s.

Proof. All constants in the proof may depend on §. Notice that from the assumption
we have

sup [3F (9 (s, 1) — 0 (s,0) = Tt)| <8,  sup |3°(zin(s, 1) — zin(s, 0))| <6,
(s,t)€b (s,1)eb

for all multi-indices 8.

Define an operator A(s)w = —M@i(s, 1))w,(t) — S>@i(s, 1)) wou (¢) in the same
way as A(s) but using J instead of J.

From (38) we get

42)  zy= Aoz + (Do + Aoko)z + (Ag + Aoko)zZow + [A(s) — A(s)]z — L.
Applying Qg to (42) gives us

(43)  (Qoz)s = AgQoz + Qo(Ao + Aoko)(Q02):
+00(Ag+ Agk0)(Q02)out + QolA(s) — A(s)]z — QoL,
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where Ag = My — M and Ag = So — S, satisfying for any multi-indices 8

sup 8% Ag(s, 1) < C8,  sup [8PAq(s, 1) < C8,
(s,t)€b6 (s,t)€b6

and AOKO = My — M and Agko = So — So, satisfying for any multi-indices S

sup |8PAg(s, 1) <C, sup |8PA(s, 1) <C.
(s,t)€b (s,t)eb

We can require 0 < 6 < 7/2, and then we get

T T
a(s, 1) z a(so, 0) + = (s —s0) =8 = (b = 8) + (s —s0)-
Because J is an asymptotically cylindrical almost complex structure, we get
1QoLIlo < coe™ 00D g0z (5 =s0)

J(h—
for some constants co, ¢, > 0. Define ¢ := ¢{T/2 and c; := coe =% Then
we have
|QoLllp < cre™ 150,

We also have
(44) P [A(s) — A(s))zllo < c2e™ '™ Qozllg w2

for multi-indices B, by picking c¢ larger if necessary.
Now we are ready to estimate g;(s). Obviously we have

g(/)/(s) > (Qozss, Qoz)o-

Now let’s compute the right-hand side of the above inequality. Differentiating (43)
with respect to s, we obtain

(Q02)ss = Ao Qozs + Qo(Ag + Agko) (Q02)s + Qo(Ag + Aogko)s (Q02);
+ Q0(Ag + Agk0) (Qozs)out + Qo(Ao + Agko)s (QoZ)out
+ QolA(s) — A($)]5z + QolA(s) — A(s)]zs — QoLs.

Thus we see that (Qozss, Qoz)o contains 8 terms. When we are estimating these
terms, each time we see Q¢zs, we replace it using (43). A straightforward calculation
using Lemma 3.13 and the fact that

TG0 e S0 Oz IS s

—e2e” 1T [ Qozllo w2 = —cae
gives us

g0(s) = (1 =10C8 — 10C|ko| — 10Ccre™ 1 70)) gy (s) — coe™ 1750,
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From the definition of ¢, we can see that if b is large enough, ¢> can be very close
to 0. Therefore,
80(5) = *go(s) — coe™ 10,

We can require further that ¢; > ¢ > 0. O
From Lemma 3.14 we easily obtain the following lemma.

Lemma 3.15. Under the same assumption as in Lemma 3.14, we have for s) <s <s,

cosh[c(s — %)] ¢y sinh(c(s —s))
8o(s) < max{go(so), go(s)} osh(c552) 2 sinh(c(s —s0))”
Proof. Let
a cosh[c(s — Sozrs)] ¢ 1
h(S) = maX{gO(SO)’ gO(s)} OSh(C%) C% —C2 Sil’lh(C(S—S()))

x {sinh(c(s — 5)) 4+ e~ sinh(c(s — s9)) — e =<'~ sinh(c(s — s0))}.
Then A(s) satisfies
h'(s) — c?h(s) = —cpe 16750
(45) h(so) = max{go(so), go(s)},
h(s) = max{go(so), go(s)}.
Let [(s) := go(s) — h(s). Then I(s) satisfies
"(s) —c?l(s) > 0,
(46) I(sg) <0,
I(s) <0.

Then by the maximal principle we get [(s) < 0 for sg < s < s. Now the lemma
follows from the fact that

e 1670 sinh(c(s — 59)) — <175 sinh(c(s — 50)) <O. O
Now let’s study the component zjy.
Lemma 3.16. Let e be a unit vector in R*" with eqy = 0. Under the assumption of

Lemma 3.14 and for s € [sg, 5], we have

[{z(s), )0 — (z(s0), €)ol| < STC max (|| Qoz(s0) llo, | Qoz(s)llo) + o(c2),

where o(c2) satisfies lim., .0 0(c2) =0, and C is a constant independent of s, s1.

Proof. The inner product of the Cauchy—Riemann equation (35) with e gives

d
£<Z7 e)o + <Mzts e)O + (SZOut’ e)O + <L7 e)O =0.
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From
1
(MZz,e)o=/ wo(M(Qoz):, Moe) dt
0

1 1
= —/ wo(M; Qoz, Mpe) dt —/ wo(M Qoz, (My),e) dt
0 0
we can see that
[(Mz;, e)ol < CllQozllo-

Together with the facts |(Szou, €)o| < C|Qozllo and |(L, e)o| < coe €175 we get
s
(z(s), e)o — (z(s0), €)o 5/ [2C11Qoz(®)llo + c2e™ ' E] dy
\Y

50
N C2
< ZC/ V280(¥) dr + o
S0
The proof is finished with a straightforward calculation using Lemma 3.15 and
the fact that ~/coshu < /2 cosh(u/2). U

Remark 3.17. By requiring b to be sufficiently large, we can make c; sufficiently
small.

Now let’s estimate the derivatives of z.

Lemma 3.18. There exist § =5(8) > 0, b =b(B) > 0 and k = k(B) > 0 such that
if, for any multi-indices B,

sup 18P zow(s, )| <8, a(so, 0) >b,
(s,t)eb

and, for any multi-indices B with |8| > 0,

sup |88 (a(s, t)—Ts)| <8, sup [8P(0(s,1)—1)| <8,  sup |8Pzin(s, 1) <3,
(s,t)eb (s,t)€b (s,1)€b6

then we have, for s € [sg, 5],

4 ’ h _ Sots
1972(5)llo < Gy max. (11Q0d” =(sw)lo IIQoaﬁz(ﬁ)Ilo}\/ = (e1(s = %))

osh(c1 (*52))
+ Dplca) sinh(c(s — s9)) e ,

5 := sup{s € [so, s1]: [ko(s)| <k forall s’ € [sg, 51},

where
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and Cg, ci > 0 are constants independent of sy and s1, and Dg(c2) is a function
of ¢3 independent of sy and sy, satisfying lim., .o C B(cy) =0, and 1 is the integer
in Definition 2.1.

Proof. Let’s prove the estimate for || = 1. The proof of the estimates of the higher
derivatives is almost the same. Refer to Lemma A.6 in [Bourgeois et al. 2003] for
the estimates for all derivatives in the cylindrical case.

Equation (42) can be rewritten as

“47) Zs = Apz + AZI + AZout + AZ - L,

with A = Ao+ Agko, A = Ag+ Agkg, and A = [A(s) — A(s)]. If we define
W = (Qoz, 9/3s(Q0z), Ao Qoz, 3/3s(A9Qoz)), then W satisfies

W, = AW + QoAW, + QoA Wou + AW — L,

where Ay = diag(Ag, Ao, Ao, Ag), Qo = diag(Qo, Q0. Qo Qo). and A, A, A, £
satisfy similar estimates as A, A, K, L respectively. Indeed, for || = 1 we can
derive this equation by direct computation. For general 8, we can derive it by
induction on |8]. This equation is of the same type as (47). Copying the proofs of
Lemmata 3.14, 3.15 and 3.16, we can get the desired estimate for W. In particular,
we get the estimates for (Qoz)y and AgQoz.

From the equation z; = MyAoQoz + Mo QoSozour We get the estimate for z;.
Applying Py to (47), we get

(POZ)S = POAZt + POAZOUt + P()KZ — PyL.

This equation together with the estimate of Az (see (44)) gives us the desired
estimate for Pyzy. Then the estimate for z; follows from z; = Pyzs + Qozs. |

Lemma 3.19. Define

1 1
190:/ [0 (2=, 1) — 71] dr, a0=/ [a(#5, 1) — Tso) dr.
0 0

and definea = a(s,t) — Ts —ay and O = (s, t) — Tt — ¥y. Under the assumptions
of Lemma 3.18, we have, for s € [so, 5] and every multi-index f,
197 (s, 117, 187 @ (s, 0)1?

<C; max {Q00% z(s0)113, 1Q0d” z(s)113)
B’ I<IB1+3

+ Crmax{[la(so, - )I* + 19 (so, - II% llacs, I+ 19, - )1*} + o(c2),

where || - || is the L*>-norm, o(cz) satisfies lim.,—.g 0(c2) =0, and C1 is a constant
independent of u.
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Proof. We can modify the proofs of Lemmata 3.8-3.13 in [Hofer et al. 2002] in
the obvious way, similar to what we did in the proof of Lemma 3.14, and then use
Lemma 3.18 to prove this lemma. We omit the proof here, since it is essentially
not new.* (]

Remark 3.20. When s is infinity, we can get a better exponential decay estimate
using the same proof, and in that case the term o(c») can be replaced by cye™¢ 50,

Proof of Theorem 2.8. Let’s follow the proof in [Bourgeois 2002]. By Theorem 3.7,
we can find a sequence sg,, — 0o such that

lim u(som, ) =y (Tt), lim a(som,?) = £oo
m— 00 m— 00

for some T-periodic orbit y of R.,. From the proof of Theorem 3.7, we can further
require for any multi-indices o with || > O we have sup, ¢ [[0%z(Som. 1)|| = O
as m — +00.

Given o > 0, let &, > 0 be the largest number such that u(s, t) € S'x [—o, o>
for all s € [Som, Som + Cm]- Let 6 := [Som, Som + &m] X S! and let ko (s) =
(U (Som, 0) — 9 (s, 0), zin(Som, 0) — zin(s, 0)). Now we can define the operator A,
similar to how it was defined before, in the obvious way.

By Corollary 3.8, given § > 0 we have

sup |8%(a(s, 1) —Ts)| < $
(S7t)€9m

for those multi-indices 8 with |8| > 0, when m is large. This implies that
a(som, 0) = 400 as m — +o00. Notice that the other requirements in Lemmata 3.14
and 3.18 are also satisfied; i.e., given § > 0, there exists an m; such that for m > mg
we have

sup 9P zou(s, 1) < 8
(s,t)€6,,

for multi-indices $, and

(48) sup |87 (9 (s, 1) — Tr)| <38,
(s,t)€6,,

sup 8P zin(s, 1) < 8
(s,t)€6,,

for those multi-indices 8 with || > 0. Indeed, if {(sy,, i, )} violates one of these
properties, we can define

U (5, 1) = (a(S — Spys t — b)) — Sy b)) U(S — Sy s £ — Tiy)).

4The proof of Proposition 3.4 in [Bourgeois 2002] is inaccurate, and this lemma fills in the gap.
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By Ascoli—Arzela, we can extract a subsequence, still called i, (s, t), such that
Um, (s,1) converges in C7 to a Je-holomorphic cylinder i, over a periodic
orbit ' € N. Since i, must satisfy those three properties, we get a contradiction.

By construction, |(z(som), €)om| — 0 and || Q0 3“z(som)|| — 0O, for all multi-
indices o with || > 0. Let k,, be the “k” in Lemmata 3.14 and 3.18 applied
to ulg, and let s, := sup{s € [Som, Som + Cm] : |Kom(s")| < ki, for all s € [s0, 51},
and notice that «,, can actually be chosen independent of m. We can extract a
subsequence so that u(s,,, t) converges to a closed Reeb orbit y” € N. Therefore,
| Q0m0%z(s,) || — O, for all multi-indices o with |«| > 0. Since (z(s,,), e)o — O
and sup, .1 [(3/01)zin(s, t)| — 0, we obtain sup, g1 |Zin(5m, )] — 0. By Lem-
mata 3.14 and 3.18, we have

(49) sup  [18%2(s)lom — O

SE[S0m»5m]

for |B| < k. Therefore,
sup  |zin(s, ) = sup  ||zin(s, )l cogsy)
(S,Z)G[S()m,sm]XSl SE[S0m,5m]

E C Sup ”Ziﬂ(s9 : )||W12(Sl)
SE[S0m »5m ]

=aif s 1@/00zn6, o+ sp llzints, o

SE[s0m»5m] SE[S0m»5m ]

— 0.

Lemma 3.19 and formula (48) imply that |9 (s,,,, 0) — ¥ (sos, 0)] = 0 as m — oo.
Thus, we have s,, = so,, + &, for m large enough, and

sup lz(s, )] = 0
(s,1)E[S0m »S0m +§m]XS1

as m — oo. Therefore, ¢, = +o0o for m large. ]

Furthermore, we can show that the convergence of a J-holomorphic curve is
exponentially fast.

Proof of Theorem 2.9. Now with the help of the previous lemmata, the proof of the
third inequality is almost evident. Indeed, since s = 4-00, Lemma 3.15 becomes

go(s) < (gQ(So) + C%C_ZLQ)e—C(s—so)‘

Consequently, in the proof Lemma 3.16, we can get

+00
l{z(s), e)ol < / [2C | Qoz(¥)llo + cre” " E 0] dp < Cle 650,

N
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where C’ is independent of s. Similarly, we can get the corresponding statement of
Lemma 3.18 for s = +o0.

The proof for the rest is a straightforward modification of the original proof in
[Hofer et al. 2001]. (]

So far we have studied the behaviors of a finite energy J-holomorphic curve
whose domain is an infinite cylinder. In order to compactify the moduli space of
holomorphic curves, we also need to understand the behavior of a finite energy
J-holomorphic curve whose domain is a long but finite interval and whose w-energy
is small. To do that, we need the following lemma.

Lemma 3.21 (bubbling lemma [Bourgeois et al. 2003; Hofer and Viterbo 1992]).
Let J° be a cylindrical almost complex structure on W = Rt x V. There exists
a constant h > 0 depending only on (W, JO, a)o) where J° = Jgo and o° = a)go
(see Definitions 2.1 and 2.3 and Section 2B), such that the following holds true.
Let (J", w},) be a sequence of pairs satisfying (AC1)—(ACS) on W and converging
to (JO, @°) in the Cp. sense. Consider a sequence of J"™holomorphic maps i, =
(an, uy) from the unit disc B(0, 1) to W satisfying E,(it,,) = En (4,)+E;, (t,) <C
(see Section 2B) for some constant C, such that the sequence a,(0) is bounded,
and such that ||Vi,(0)|| — +00 as n — +00. Then there exists a sequence of
points z,, € B(0, 1) converging to 0, and sequences of positive numbers &, and R,

satisfying
&, —>0, R,— +00, &,R,— +00, |z4l+e&, <1,
such that the rescaled maps

i%:B(0,e,R,) = W, z+>ii,(za+ R, '2)

converge in ClloC to a Jo-holomorphic map i° : C — W which satisfies E (ii°) < C

and E .o (ii°) > h.

Moreover, this map is either a Jy-holomorphic plane asymptotic as |z| — o0 to
a periodic orbit of the vector field R° defined by R® = Jo(3/9r), or extendable to a
Jo-holomorphic sphere P' — W by Gromov’s removal of singularity theorem.

A similar statement is also true for R~ x V.

Proof. See [Hofer and Viterbo 1992]. U

The following theorem studies the behavior of a long cylinder having small
w-area. It is needed in order to prove the compactness results for the moduli space
of J-holomorphic curves in symplectic field theory. Refer to [Hofer et al. 2002;
Bourgeois et al. 2003] for the cylindrical case.

Theorem 3.22. Suppose that J is an asymptotically cylindrical almost complex
structure on W = Rt x V at +00, and suppose that J is of the Morse—Bott type.
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Given Ey > 0 and ¢ > 0, there exist constants o, ¢ > 0 such that for every R > ¢
and every J-holomorphic cylinder ii = (a,u) : [-R, R] x S — W satisfying
the inequalities E,(i1) < o and E(u) < Eo, we have u(s,t) € B.(u(0, 1)) for all
se[—R+c,R—clandallt € S".

Proof. The proof follows the scheme in [Bourgeois et al. 2003] with some modifi-
cation.

By contradiction, assume that there exist sequences ¢, — +o0, R, > ¢, and
iy = (an, uy):[—Ry, Ry]1x S'— W. The sequence it,, is J-holomorphic, satisfying
E(u,) < Ey, E, (i) — 0, and u,, (sn, 1) € B(u,(0, t,), &) for some s, € [—ky, k],
k, = R, —c, and t,, € S'. By the proof of Proposition 3.4 together with the bubbling
lemma (Lemma 3.21), ||Vi,| is uniformly bounded on each compact subset. We
can extract a subsequence of 7, still denoted by n, such that a, (s,, t,) — £00. This
is because, otherwise, we can get a contradiction as in the proof of Proposition 3.4.
Now define i1 (s, 1) := (a°, u%) = (an (s, ) —an (sp, tn), (s, t)). By Ascoli-Arzela,
we can extract a subsequence, still called i#°, converging to a J,-holomorphic
cylinder it : R x S — R x V. Since i satisfies E,,(it) =0 and E (i) < Eo, we have
that # is a trivial cylinder over some periodic orbit y. Let’s choose a neighborhood
around y, and pick the coordinate as in Lemma 3.9, and show that

(50) sup 18P zourn (s, 1) — 0
(s,t)e[—k,,,k,,]xS‘

for multi-indices 8 and

(51) sup 18P (an(s, 1) — Ts)| — 0,
(s,t)e[—kn,k,,]xsl
(52) sup 18P zinn(s, )] — 0,
(s,t)e[fkn,kn]xS1
(53) sup 8P (9,(s,1) —Tt)| — 0

(5,0 €[~k kn]xS!

for multi-indices 8 with |8| > 0, when n — +-o00.

If this were not true, suppose there exists a subsequence of {n}, still denoted
by {n}, such that (s,, #,) violates one of these properties. Then we can make the
same argument using (s, ¢,) instead of (s,, #,) as above and get a trivial cylinder
contradicting the fact that (s,, #;) violates one of these properties.

Define Ag, and Qg, in the obvious way using y and sg, = 0. Then apply Lem-
mata 3.14-3.16 and 3.18 to each i, [, x,] t0 get sup;c(_x. x.1 1Qonzn(s)llo.n — O.
Then the Sobolev embedding theorem tells us that «g, — 0 as n — +oc. This
contradicts the assumption that u, (s,, t,) ¢ B(u,(0, 1), €). [l

We need the following theorem later to prove the surjectivity of the gluing map
in the subsequent paper. After proving all the previous lemmata and theorems, the
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proof of the following theorem is standard. For the case when J is cylindrical and
nondegenerate and V is a contact manifold, the proof is given in [Hofer et al. 2002].

Theorem 3.23. Suppose that J is an asymptotically cylindrical almost complex
structure on W =R x V at 0o, and suppose that J is of the Morse—Bott type. Given
Eo > 0 and sufficiently small ¢ > 0, there exist constants o, c,b, v > 0 such that,
for every R > ¢ and every J-holomorphic cylinder it = (a,u) : [-R, R] x §' —
(b, 00) x V satisfying the inequalities E (i) < o and E (1) < Ey, there exists either
a point w € W such that u(s,t) € Bs(w) fors € [—R+c,R—clandt € s, or
a T-periodic orbit y of Ry such that u(s, t) € B.(y(Tt)) fors e [—R+c¢, R — c]
andt € S'. In the second case, we have a coordinate around y as in Lemma 3.9
such that

|Dﬂ{a(s, t) —Ts — a0}|2 < EZM,B COSh(2US) C e*Cﬁ(H»Rfc)’
N cosh(2v(R —¢))
IDP(9 (s, 1) — Tt — Do} > < e My cosh(2vs) ey -y
N cosh(2v(R —¢))
cosh(2vs)

|D'BZ(S»Z)|2 fé‘zM C e—Cﬁ(S-i-R—c)’

P cosh(2v(R — )
forse[—-R+c,R—c], t € st and B € N x N such that |B| <1 — 3, where Mg,
Cg, cg are constants independent of i and e, and Cg converges to 0 as b converges
to +00, and Mg and cg are independent of b.

A similar statement is also true for R-x V.

4. Almost complex manifolds with asymptotically cylindrical ends

In this section, we introduce the notion of almost complex manifolds with asymp-
totically cylindrical ends.

4A. Definitions. Let (Wj, »’) be a closed symplectic manifold with boundary
dWo=V,UV_, where V, is an oriented closed manifold. Let W be the noncompact
smooth manifold obtained by attaching £y := REx Vi to Wy along {0} x V1 and V.
Suppose that there exists an almost complex structure J on W such that J|y, is
compatible with @’ and (E, J|, ) is asymptotically cylindrical at c0. We assume
that the orientation of E determined by J|g, coincides with the orientation coming
from the standard orientation of R* and the orientation of V.. This assumption
distinguishes V. from V_. Furthermore, we assume '|y, = @400, Where wiq is
the 2-form on V4 from Definition 2.1. In this case, we say (W, J) is an almost
complex manifold with asymptotically cylindrical ends.

Example 4.1 [Bourgeois et al. 2003]. Let (X, ', J) be an almost Kéhler manifold,
and let Y C X be an embedded closed almost Kidhler submanifold. We claim
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that (X\Y, J|x\y) has an asymptotically cylindrical negative end. Let N be the
normal bundle of Y in X with the metric '(-, J - )|y, let V be the associated
unit sphere bundle of N defined by V ={u € N : |u| = 1}, and let U, be the disc
bundle of N defined by U, = {u € N : |u| < ¢}. For small enough ¢ > 0, we have
that U, is diffeomorphic to a tubular neighborhood of Y in X via the exponential
map with respect to the metric @'(-, J-). Since U.\Y is also diffeomorphic
to (—oo,loge] x V via the map u +— (log |ul|, u/|u|), one can check that this
makes (X\Y, J|x\y) an almost complex manifold with an asymptotically cylindrical
negative end.

In particular, if we pick Y to be a point in X, we get Example 2.5 as a special
case.

4B. Energy of J-holomorphic curves. Let w be a J-holomorphic map from a
punctured Riemann surface (X, j) to (W, J), and define

Esymp(w) = / w*w/’

w1 (W)
E,(w) = / wrw + / wrw,
wl(Ey) wl(E-)
E, (w) = sup / w*(p o AA)+ sup / w*(po AL,
peCy ¢peC_
w=(Ey) wl(E_)

where
C+:{¢GC§.’°(R+,[O, 1]):/¢>:1}, c,:{gsec;?O(R—,[o, 1]):/¢=1},

and
E(w) = Esymp(w) + Ey(w) + E; (w).

Theorem 4.2. Suppose (W, J) is an almost complex manifold with asymptoti-
cally cylindrical ends, and suppose that J is of the Morse—Bott type. Let w be a
J-holomorphic curve from a punctured Riemann surface ¥ to W with E(w) < oo.
Then around each puncture, either w can be extended holomorphically over the
puncture, or one can choose a holomorphic coordinate chart RT x §' or R™x S!
in S around the puncture such that w converges to a Reeb orbit in E or E_ in the
sense of Theorems 2.8 and 2.9.

Proof. If w is bounded around a puncture, then Gromov’s removal of singularity

theorem implies that w can be extended holomorphically over the puncture.
Suppose that w is not bounded around a puncture. We pick a holomorphic

cylindrical coordinate R* x S! around the puncture of X. By Proposition 3.5,
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|Vw| < C with respect to the standard metric on RT x S!. If w keeps coming
back to a compact region of W and also escaping to the positive (or negative)
end of W, we can find an ry such that w touches {rg} x V4 and {ro £ 3C} x V.
infinitely many times. Then we can apply Gromov’s monotonicity theorem to w
in the region [ro & C, ro =2C] x V4 as in the argument of Case 1 in the proof of
Theorem 3.7, and get E(w) = oo, which contradicts the assumption. Therefore,
near the puncture, w converges to oo or —oo in E or E_. Then Theorem 4.2
follows from Theorems 2.8 and 2.9. ]

Proposition 4.3. Suppose (W, J) is an almost complex manifold with asymptoti-
cally cylindrical ends, and suppose that J is of the Morse—Bott type. Then there
exists a constant gy > 0 such that if th < &9, where Kat is the constant in (AC1),
the following holds.

Let w be a J-holomorphic curve from a punctured Riemann surface ¥ to W
such that, around punctures of X, we have that w converges to the periodic orbits

Vi y, inside Vi andy| ,...,y, inside V_. Then
p q

E(w)fclz/)»oo—szfkoo+C3{ /w*a)oo—i- fw*a/—i— /w*woo},
=y =hy; wl(E+) wol (W) w(E)

where C1, C,, C3 are positive constants that are independent of w. In particular,
E (w) only depends on the homology class of w in Hy(W, (UI_; ) U( ;1.:1 y}.‘)).

Proposition 4.3 is the asymptotically cylindrical version of Proposition 6.13 in
[Bourgeois et al. 2003]. The extra work to prove it for the asymptotically cylindrical
case is essentially carried out in the Appendix of [Bao 2014] where we assume
W10 = dAoo. For the sake of completeness, we reproduce the proof here.

Proof. First, we restrict ourselves to £ and denote w := w|,-1(g,). Note that,
when restricted to J-complex planes, we have

(54) |0 — woo| < g6 ¥ (W+0 AL),
(55) ldhoo| < Co+ge7 %0 A A,
(56) |0 AL —dr Adoo| < g % (0 AL+ w),

where C is a positive constant and the constant ¢ > 0 can be chosen to be small
if K is small. Since [;° 8e™* ds = 1, we get

* * * &
ww < W Weo + € w w—i—EEA(er),

w(Ey) wl(Ey) wH(Ey)
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where

E;(w+) := sup / w*(po AX).
¢eCt
w1 (Ex)

Absorbing the second term on the right-hand side to the left-hand side, we get

(57) Eu(w)) <Cy / W wne + Cre Ex (w3,
wl(Ey)
for some constants Cy, C, where E,(w4) 1= fw,l(Ei) wrw.

For any ¢ € C4, let ®(s) = fos ¢ (I) dl. Then using (55) and (56) we have

/ w o AA

w(E4)
= / W dr A oo + / W (o AL —dr Adis)
w(E4) w(E4)
< / w* d(Proo) — / w*® drs + / w*ee 5P (o AL+ w)
wl(Ey) w(E4) wl(Ey)

p
§Z/Aoo+ /w*(Cerse“aM)Jr /w*seﬁf¢(am+w)

—
Tyt wl(E4) wl(Ey)

p
EZ/AOO+CEw(w+)+8EA(w+),

where in the last inequality we get the constants C and & by slightly abusing the
notations, but we can still have ¢ small. Taking the sup over ¢, we get

p
(58) Eiw) £ Y [ ot CEow) +eEx ().

i=1",
i

Therefore, by (57) and (58) we have

(59) Eu(ws) + Ey(wy) < C) / ho+ o / o

Y+ w(Ey)

where constants C| and C; are not necessarily the same as before.
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For E_, by the proof of Theorem 10 in [Bao 2014], if K, is small we have

q
(60)  Eu(w-)+ Ex(w-) < C| Egymp(w) +C f wow —C5 ) / hso,
j=1"*_
J

w™I(E_)

where C{, C}, C} are positive constants independent of w. Here we recall that

61) Egymp(w) = / w'.
w=! (W)
Now by (59) and (60) we have
E(w) = Ey(wy) + Ex(wy) + Ep(w-) + Ex(wy) + Esymp(w)
<a(Ep(wy) + Ej(wy)) + ax(Ep(w-) + E;(wy)) + a3Esymp(wO)
<C /AOO—CZ/A_OO+C3{ / w*weo + / wro + / w*a)oo},
Y+ = w-(Ey) w1 (W) w(E)

where aj, ay, a3 > 1 are positive constants chosen in a way such that the last

inequality holds for some positive constants Cy, C, and Cs. ]

Let ./\/l?’ g (y1+, R y; sV s Yq s J) be the moduli space of J-holomorphic

curves of genus g in W that converge to periodic orbits yf’, ey yp+ inside V and

Yy s---» ¥, inside V_ and represent the homology class A, which is an element
P+ q - A + - -.

of Ho(W, (U ") U (UiZ v)))- Let My, (s vi v s vg s )

be the compactification of the space M?,erq(VfL’ ey y;r, Yis---s Vg3 J) byal-

lowing stable holomorphic buildings. See Theorems 8.1 and 8.2 in [Bourgeois
et al. 2003] for the definition of stable holomorphic buildings in manifolds with
cylindrical ends and the topology of the moduli space of holomorphic buildings.
Finally, let us state the compactness results.

Theorem 4.4. Suppose (W, J) is an almost complex manifold with asymptot-
ically cylindrical ends, and suppose that J is of the Morse—Bott type. Then
/\Z?’pﬂ(yf’, e y;, Vi s--os ¥y s J) is compact.

Proof. The extra difficulty of proof that comes from J being asymptotically cylin-
drical is taken care of by Theorem 4.2; the rest of the proof is a straightforward
modification of [Bourgeois et al. 2003]. For the sake of completeness, we outline
the proof as follows.

Suppose that (X,,, w,) is a sequence of J-holomorphic maps from a punctured
Riemann surface %, with E(w,) < C.

First, we add additional marked points to X, to stabilize ¥,, and we use the
unique hyperbolic metric on %, to decompose ¥, into e-thick part Xtk and
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e-thin part " according to the injectivity radius, for ¢ > 0. Take a subse-
quence of X, still called X,, such that 3, converges to a nodal surface X, in the
Deligne—-Mumford sense. By continuing to add marked points to X, if necessary,
one can keep track of all the sphere bubbles of w, as n — oco. Eventually, for fixed
& >0, we achieve that w,,| 5p-thick has a uniformly gradient bound. By Ascoli—Arzela
and elliptic estimates, we can extract a convergent subsequence of w,, still called w,,.
Now letting ¢ tend to 0 and picking a diagonal subsequence, we get a convergent
subsequence of w,, still called w,, with the limit (X, Weo|x, ). By Theorem 4.2,
we know that, around a puncture, the limit ws |5, either has a removable singularity
or converges to a Reeb orbit. But at the current stage, ws may not be defined
around the nodal points.

Secondly, for e sufficiently small, the e-thin part is a disjoint union of finite
cylinders or half-finite cylinders. If E,, (w,| E;_thin) — 0 as n — oo, then the behavior
of wn|zg_thin is controlled by Theorem 3.22. In this case, the convergence of w,, in
the thick part can be continuously extended over X,,. Otherwise, w;,| se-thin CaN have
the additional broken trajectory degeneration. By adding more marked points to keep
track of all of the broken trajectory, one has that E,, (w, |23_thin) —0asn—o00. O
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