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By a result of Mathas, the basis element T, of the Hecke algebra of a finite
Coxeter group acts in the canonical basis of a cell module as a permutation
matrix times plus or minus a power of v. We generalize this result to the
unequal parameter case. We also show that the image of T,,, in the corre-
sponding asymptotic Hecke algebra is given by a simple formula.

Introduction

0.1. The Hecke algebra # (over A = Z[v, v~'], v an indeterminate) of a finite
Coxeter group W has two bases as an .A-module: the standard basis {7y; x € W}
and the basis {C,; x € W} introduced in [Kazhdan and Lusztig 1979]. The second
basis determines a decomposition of W into two-sided cells and a partial order for
the set of two-sided cells, see [Kazhdan and Lusztig 1979]. Let [ — N be the length
function, let wg be the longest element of W and let ¢ be a two-sided cell. Let a
(resp. a’) be the value of the a-function [Lusztig 2003, 13.4] on ¢ (resp. on wyc).
The following result was proved by Mathas [1996].

(a) There exists a unique permutation u +— u™ of ¢ such that for any u € ¢ we
have T, (—1)!™C, = (—D!wotd'y—atd W C, . plus an A-linear com-
bination of elements C,, with u’ in a two-sided cell strictly smaller than c.
Moreover, for any u € ¢ we have (u™)* = u.

A related (but weaker) result appears in [Lusztig 1984, (5.12.2)]. A result similar
to (a) which concerns canonical bases in representations of quantum groups appears
in [Lusztig 1990, Corollary 5.9]; now, in the case where W is of type A, (a) can be
deduced from [loc. cit.] using the fact that irreducible representations of the Hecke
algebra of type A (with their canonical bases) can be realized as 0-weight spaces of
certain irreducible representations of a quantum group with their canonical bases.
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As R. Bezrukavnikov pointed out to the author, (a) specialized for v =1 (in the
group algebra of W instead of H) and assuming that W is crystallographic can
be deduced from [Bezrukavnikov et al. 2012, Proposition 4.1] (a statement about
Harish-Chandra modules), although it is not explicitly stated there.

In this paper we shall prove a generalization of (a) which applies to the Hecke
algebra associated to W and any weight function assumed to satisfy the properties
P1-P15 in [Lusztig 2003, §14], see Theorem 2.3; (a) corresponds to the special
case where the weight function is equal to the length function. As an application
we show that the image of 7, in the asymptotic Hecke algebra is given by a simple
formula (see Corollary 2.8).

0.2. Notation. W is a finite Coxeter group; the set of simple reflections is denoted
by S. We shall adopt many notations of [Lusztig 2003]. Let < be the standard
partial order on W. Let [ — N be the length function of W and let L — N be a
weight function (see [Lusztig 2003, 3.1]), that is, a function such that L(ww’) =
L(w) 4+ L(w’) for any w, w" in W such that [(ww’) = [(w) + [(w'); we assume
that L(s) > O for any s € S. Let wy, A be as in Section 0.1 and let H be the
Hecke algebra over A associated to W, L as in [Lusztig 2003, 3.2]; we shall
assume that properties P1-P15 in [Lusztig 2003, §14] are satisfied. (This holds
automatically if L = [ by [Lusztig 2003, §15] using the results of [Elias and
Williamson 2014]. This also holds in the quasisplit case, see [Lusztig 2003, §16].)
We have A C A’ C K where A’ =C[v, v '], K=C(v). Let Hx = K @4 H (a K-
algebra). Recall that # has an A-basis {T,; x € W}, see [Lusztig 2003, 3.2] and an
A-basis {cy; x € W}, see [Lusztig 2003, 5.2]. For x € W we have ¢, = ZyeW PyxTy
and T, = Zyew(—l)l(xy)pu,ox,woycy (see [Lusztig 2003, 11.4]) where p, , =1 and
Pyx € v=1Z[v~!] for y # x. We define preorders <., <, </r on W in terms
of {cy; x € W} as in [Lusztig 2003, 8.1]. Let ~,, ~r, ~,r be the corresponding
equivalence relations on W, see [Lusztig 2003, 8.1] (the equivalence classes are
called left cells, right cells, two-sided cells). Let ": A — A be the ring involution
such that v = v™" for n € Z. Let “: H — H be the ring involution such that
T =fo__11 forx € W, f € A. For x € W we have ¢; =c,. Let h — h' be the
algebra automorphism of H or of Hx given by Ty +> (—1)’ (x)Tx__ll for all x e W,
see [Lusztig 2003, 3.5]. Then the basis {ci; x € W} of H is defined. (In the case
where L =1, for any x we have ¢{ = (—1)"®)C, where C, is as in Section 0.1.) Let
h > h" be the algebra antiautomorphism of # given by Ty > T,-1 for all x € W,
see [Lusztig 2003, 3.5]; for x € W we have ci = c,-1, see [Lusztig 2003, 5.8]. For
x,yeWwehave cyey =) oy hayzCos clc; = .cw hxy.zCl, where hy - € A
For any z € W there is a unique number a(z) € N such that for any x, y in W we
have

Rayz = Vi y o v*@ 4 strictly smaller powers of v,



ACTION OF LONGEST ELEMENT ON A HECKE ALGEBRA CELL MODULE 385
where g, , -1 € Zand g, , -1 # 0 for some x, y in W. We have also
Pxyz = Veyo v™%9 4 strictly larger powers of v.

Moreover z — a(z) is constant on any two-sided cell. The free abelian group J with
basis {#,,; w € W} has an associative ring structure given by £ty = " Yy y 1125
it has a unit element of the form ) dep Nata where D is a subset of W consisting
of certain elements with square 1 and ny; = 1. Moreover for d € D we have
Ng=YVYddd-

For any x € W there is a unique element d, € D such that x ~, d,. For a
commutative ring R with 1 we set Jy = R ® J (an R-algebra).

There is a unique .A-algebra homomorphism ¢ : H — J4 such that ¢(c;) =
> deD.zeW:d.—d x.d.zat; for any x € W. After applying C® 4 to ¢ (we regard C
as an A4-algebra via v 1), ¢ becomes a C-algebra isomorphism ¢¢ : C[W] = J¢
(see [Lusztig 2003, 20.1(e)]). After applying K® 4 to ¢, ¢ becomes a K -algebra
isomorphism ¢g : Hx = Jx (see [Lusztig 2003, 20.1(d)]).

For any two-sided cell ¢ let H=¢ (resp. H~°) be the .A-submodule of # spanned by
{c;, x e W, x <,rx' for some x’ € ¢} (resp. {c;, x €W, x <,rx' for some x’ € c}).
Note that H=¢, H~¢ are two-sided ideals in H. Hence H¢ :=H=¢/H = is an (H,H)-
bimodule. It has an A-basis {c], x € ¢}. Let J be the subgroup of J spanned by
{tx; x € c}. This is a two-sided ideal of J. Similarly, J¢ := C® J¢ is a two-sided
ideal of J¢ and J§ := K ® J€ is a two-sided ideal of Jg.

We write E € IrrW whenever E is a simple C[W]-module. We can view E as a
(simple) Je-module E, via the isomorphism ¢ !, Then the (simple) Jg-module
K ®c E,4 can be viewed as a (simple) Hx-module E, via the isomorphism ¢g. Let
E be the simple C[W]-module which coincides with E as a C-vector space but
with the w action on ET (for w € W) being (—1)!™) times the w-action on E. Let
ar € N be as in [Lusztig 2003, 20.6(a)].

1. Preliminaries

1.1. Let 0 : W — W be the automorphism given by w — wowwy; it satisfies
o (S) =S and it extends to a C-algebra isomorphism ¢ : C[W]— C[W]. Fors € S we
have [ (wo) = (wgs)+1(s) =1(o (s))+1(o (s)wo) hence L(wo) = L(wos)+ L(s) =
L(o(s))+ L(o(s)wg) = L(o(s))+ L(wgs) so that L(o (s)) = L(s). It follows that
L(o(w)) = L(w) for all w € W and that we have an A-algebra automorphism
o :H — H where 0(T,) = T, for any w € W. This extends to a K-algebra
isomorphism o : Hg — Hg. We have o (cy) = ¢o ) for any w € W. For any
h € H we have o (h") = (o (h))". Hence we have O‘(CZ)) = c;(w) for any w € W.
We have ho (x),0(y),0() = hx,y,; forall x, y, z € W. It follows that a(o (w)) = a(w)
for all w € W and ¥, (x),0(y),0(z) = ¥x,y,z for all x, y, z € W so that we have a ring
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isomorphism o : J — J where o (t,,) = t5(w) for any w € W. This extends to an
A-algebra isomorphism o : J4 — J4, to a C-algebra isomorphism o : Jc — J¢
and to a K-algebra isomorphism o : Jx — Jx. From the definitions we see that
¢ : H — J4 (see Section 0.2) satisfies po = o ¢. Hence ¢¢ satisfies pco = o ¢
and ¢ satisfies pgo = opgx. We show:

(a) For h € H we have o (h) = Ty,,hT, .

It is enough to show this for 4 running through a set of algebra generators of . Thus
we can assume that & = 7,”! with s € S. We must show that TU_(;)Tw0 =Ty, T,

both sides are equal t0 Ty (5)w, = Twys-
Lemma 1.2. For any x € W we have o (x) ~rr X.

From 1.1(a) we deduce that T, cy Tw_o1 =Cq(x). In particular, o (x) <% x. Replacing
x by o(x) we obtain x </% o(x). The lemma follows.

1.3. Let E €lrrW. We define o : E — E by og(e) =wge for e € E. We have aé =1.
Fore € E,w € W, we have og(we) = o(w)og(e). We can view og as a vector
space isomorphism E, = E,. Fore € E,, w € W we have og(f,e) = t5w)0E(e).
Now o : E, — E, defines by extension of scalars a vector space isomorphism
E, — E, denoted again by of. It satisfies aé =1. Foree E,,w e W we have

o (Tye) = To(w)GE(e)-

Lemma 1.4. Let E € IrrW. There is a unique (up to multiplication by a scalar in
K —{0}) vector space isomorphism g : E, — E, such that g(T,e) = T, ) g(e) for
allwe W, e € E,. We can take for example g =T,,,: E, - E, org =0 : E, > E,.
Hence T,,, = Agog : E, — E, where A € K —{0}.

The existence of g is clear from the second sentence of the lemma. If g’ is another
isomorphism g’ : E,, — E, such that g'(T,ye) = Ty u)g'(e) forall w e W, e € E,,
then for any e € E, we have g~ g/(T,e) = 8 ' T, (uyg'(€) = Twg~'g'(e) and using
Schur’s lemma we see that g~'¢’ is a scalar. This proves the first sentence of the
lemma hence the third sentence of the lemma.

1.5. Let £ € IrrW. We have

(a) > Ty, E) tr(Ty-1, Ey) = fg, dim(E)
xeW

where fg, € A’ is of the form
(b) fE, = fov™2%E 4 strictly higher powers of v

and fy € C— {0}. (See [Lusztig 2003, 19.1(e), 20.1(c), 20.7].)
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From Lemma 1.4 we see that AEI T, acts on E, as og. Using [Lusztig 2005,
34.14(e)] with ¢ = AEI T, (an invertible element of Hg) we see that

(©) Y w(Tyop, Ey) (o ' T, Ey) = fi, dim(E).
xeW

Lemma 1.6. Let E € IrrtW. We have Ag = v"E for some ng € Z.

For any x € W we have

tropcl, E) = Y hra:natr(ogt, Eg) € A
deD,zeW;d=d,

since tr(ogt,, E4) € C. It follows that tr(ogh, E,) € A’ for any h € H. In particular,
both tr(og Ty,. Ey) and tr(Tw_O1 og, E,) belong to A". Thus Ag dim E and AEI dim E
belong to A" so that Ag = bv" for some b € C— {0} and n € Z. From the definitions
we have Ag|y=1 = 1 (for v = 1, Ty, becomes wp) hence b = 1. The lemma is
proved.

Lemma 1.7. Let E € IrrW. There exists €g € {1, —1} such that for any x € W we
have

(a) tr(opi Te, (ET)y) = €p(—1)!C tr(0g T}, E,).

Let (E,)" be the Hg-module with underlying vector space E, such that the
action of h € Hg on (E,)" is the same as the action of 4" on E,. From the proof
in [Lusztig 2003, 20.9] we see that there exists an isomorphism of H x-modules
b:(E)" = (ET),. Lett: (E,)" — (E,)" be the vector space isomorphism which
corresponds under b to o+ : (ET), — (ET),. Then we have tr(cy: Ty, (E"),) =
tr(c Ty, (E)"). Tt is enough to prove that t = 0 as a K-linear map of the vector
space E, = (E,)" into itself. From the definition we have ((T,e) = owyt(e)
for all w € W, e € (Ey)". Hence (=)™ (T, e) = (=1)!"T |, u(e) for all
w e W,e e E,. It follows that t(he) = (—1)/™ T, 4yi(e) for all h € H, e € E,.
Hence ((Ty,e) = Tyt (e) for all w € W, e € E,,. By the uniqueness in Lemma 1.4
we see that t = egog : E, — E, where €5 € K —{0}. Since (> =1, og =1, we see
that ez = +1. The lemma is proved.

Lemma 1.8. Let E € IrrtW. We have ng = —ag + ag+.
For x € W we have (using Lemmas 1.4 and 1.6)

(a) tr(Tugy Ev) = te(Ty, T21, Ey) = 0" tr(op T, Ey).
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Making a change of variable x — wox in 1.5(a) and using that T-1,,, = T,
we obtain

00 (x)~!

fe, dim(E) = ) tr(Tygr Ev) (T )1+ Ev)
xeWw

=0 Y w(op T B (o T, Ey).
xeW

Using now Lemma 1.7 and the equality I(x) = (o (x~!)) we obtain

fe, dim(E) = v Y " te(opi T, (E7)y) tr(op: Ty 1y, (ET))
xeW

=" Y " tr(opi T, (V) tr(Te-10r, (ET)y)
xeW
= Uanf(E’r)u dlm(ET)

(The last step uses 1.5(c) for E7 instead of E.) Thus we have fg, = Uanf(ET)U.
The left-hand side is as in 1.5(b) and similarly the right-hand side of the form

févz"E ~245% 4 strictly higher powers of v

where fp, fé € C—{0}. It follows that —2ar = 2ng — 2ag+. The lemma is proved.
Lemma 1.9. Let E € IrtW and let x € W. We have

(a) tr(Ty, Ey) = (=)' 0™ tr(ty, Ep) mod v~ F!C[u],
(b) tr(op Ty, Ey) = (=)0 tr(opty, Ea) mod v TIClv].

For a proof of (a), see [Lusztig 2003, 20.6(b)]. We now give a proof of (b) along
the same lines as that of (a). There is a unique two sided cell ¢ such that 7,[g, =0
for z € W —e¢. Leta = a(z) for all z € ¢. By [Lusztig 2003, 20.6(c)] we have
a = ag. From the definition of ¢, we see that T, = ZyeW fycy, where f, =1
and f) € v=1Z[v™!] for y # x. Applying ¥ we obtain (—1)”")Txi1l =y fyc;;
applying  we obtain (—1)/¥ 7T, = }° fyc;. Thus we have yew
yeW
(D' tr(opTe, E) = Y fyteorc), E)= Y fyhyaznate(ot., Ey).
yeWw y,2eW
d€D; d=d,

In the last sum we can assume that z € c and d € ¢ so that hy g, = ¥y 4 -1V “
mod v~*1Z[v]. Since fx =1 and ﬁ € vZ[v] for all y # x we see that

(=D tr(og Ty, Ey) = Z Yr.d.—1Nqv “ tr(ogt;, E4) mod vIC).

zec
deDNe
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If x ¢ ¢ then y, ; .1 =0 for all d, z in the sum so that tr(og T, E,) = 0; we have
also tr(ogty, E4) = 0 and the desired formula follows. We now assume that x € c.
Then for d, z as above we have y, ; .-+ =0 unless x = z and d = d, in which case
Yx.d.z—11a = 1. Thus (b) holds again. The lemma is proved.

Lemma 1.10. Let E € IrrW. Let ¢ be the unique two sided cell such that t,|g, =0
for z€ W —c. Let ¢’ be the unique two sided cell such that t.| g+, =0 forze W—c'.
We have ¢’ = wye.

Using 1.8(a) and 1.7(a) we have
@  r(Tuge, Ey) =0"F (0T}, Ey) = 0" ep(—D'® tr(op: T, (EN)y).
Using 1.9(a) for E and 1.9(b) for E T we obtain
tr(Tygrs Ev) = (= D!y ™% ¢z, E,)  mod v T Clw],
tr(op: Ty, (EN)y) = (=1)/v™% tr(opity, E]) mod v TICv].
Combining with (a) we obtain
(—1) wox)y—ae tr(ty,x, Ea) + strictly higher powers of v
= V" egv %t tr(ogity, EI) + strictly higher powers of v.
Using the equality ng = —ag + ag+ (see Lemma 1.8) we deduce
(=)' tr(tyr, Ea) = €g tr(ogity, EJ).

Now we can find x € W such that tr(t,,x, E4) 7 0 and the previous equality shows
that 7, |(g+), 7# 0. Moreover from the definition we have wox € ¢ and x € ¢’ so that
wocN ¢’ # . Since woc is a two-sided cell (see [Lusztig 2003, 11.7(d)]) it follows
that woc = ¢’. The lemma is proved.

Lemma 1.11. Let ¢ be a two-sided cell of W. Let ¢’ be the two-sided cell wyc = cwy
(see Lemma 1.2). Let a = a(x) for any x € c; let a’ = a(x') for any x' € ¢/. The
K -linear map Jg — Jg given by & O wo)& (left multiplication in Ji) is
obtained from a C-linear map J§& — J¢ (with square 1) by extension of scalars from
Cro K.

We can find a direct sum decomposition J& = @} | E i where E' are simple left
ideals of J¢ contained in J&. We have Jg = @7 | K ® E i It is enough to show that
for any i, the K -linear map K ® E! — K ® E' given by the action of ¢ (v* ¢ wo)
in the left Jx-module structure of K ® E' is obtained from a C-linear map E’ — E'
(with square 1) by extension of scalars from C to K. We can find E € IrrW such
that E' is isomorphic to E, as a Jc-module. It is then enough to show that the
action of v“_“/Tw0 in the left H g -module structure of E, is obtained from the map
og : E — E by extension of scalars from C to K. This follows from the equality
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v“‘“/TwO =og : E, — E, (since o is obtained by extension of scalars from a
C-linear map E — E with square 1) provided that we show that —ng =a —a’.
Since ng = —ag + ag+ (see Lemma 1.8) it is enough to show that a = ag and
a’ = ag:. The equality a = ag follows from [Lusztig 2003, 20.6(c)]. The equality
a’ = ag: also follows from [Lusztig 2003, 20.6(c)] applied to E¥, ¢/ = wyc instead
of E, ¢ (see Lemma 1.10). The lemma is proved.

Lemma 1.12. In the setup of Lemma 1.11 we have

(a) ¢(Ua—a/ wo)tx = Z My xty
x'ec

and

(b) PN THTI N =1

forany x € ¢, where my: , € Z.

Now (b) and the fact that (a) holds with m, , € Cis just a restatement of Lemma 1.11.
Since ¢(v”_”' wo) € Ja we have also m, , € A. We now use that ANC =Z and
the lemma follows.

Lemma 1.13. In the setup of Lemma 1.11 we have for any x € c the equalities

(a) v Twoci = Z mxr,xc;
x'ec

and

(b) UZa—Za’TUZ)UC; =

in HE, where my: ,, € Z are the same as in Lemma 1.12. Moreover, if my , # 0 then
x' ~r x.

The first sentence follows from Lemma 1.12 using [Lusztig 2003, 18.10(a)]. Clearly,
if my , # 0 then x” <, x, which together with x’ ~,z x implies x" ~/ x.
2. The main results

2.1. In this section we fix a two-sided cell ¢ of W; a, a’ are as in Lemma 1.11.
We define an A-linear map 6 : H=¢ — A by 6(c]) =1ifx e DNe¢, 6(c)) =0if
x <, x’ for some x" € ¢ and x ¢ DN ¢. Note that 8 is zero on H=° hence it can
be viewed as an A-linear map H¢ — A.

Lemma 2.2. Let x, x' € ¢. We have

(a) O(Ci,, c;) = ng, 8y vV + strictly lower powers of v.
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The left-hand side of (a) is

Z hy-t g = Z Yx—1 . qV" + strictly lower powers of v
deDNe deDNe

=ng, 8y V" + strictly lower powers of v.

The lemma is proved.
We now state one of the main results of this paper.

Theorem 2.3. There exists a unique permutation u — u* of ¢ (with square 1) such
that for any u € ¢ we have

(a) VI Tyl = €.l mod H<C

where €, = £1. For any u € ¢ we have €,-1 = €, = €5) = €,+ and o (u*) =
(o @)* = (W H"H~L

Letu €c. Weset Z=0((v""* Twocl)bv“_“/TwocZ). We compute Z in two ways,
using Lemma 2.2 and Lemma 1.13. We have

Z= G(CZ 024 22 Fy 0(c _lcT) = ng,v" + strictly lower powers of v,

wo Cy
=0(( E my ,C > E My, C ,) E my, um)/ue(c _lc )
yece y'ec y,y'ec

= Z my My g, 8y v+ strictly lower powers of v

y,y'ec
= Z ndym;u v? 4 strictly lower powers of v
yec
= Z ng LU + strictly lower powers of v
yee

where m, , € Z is zero unless y ~ ,g u (see Lemma 1.13), in which case we have
dy = d,. We deduce that Zyec = 1, so that we have m,, , = %1 for a unique
y € ¢ (denoted by u*) and m, , = O for all y € ¢ — {u*}. Then 2.3(a) holds. Using
2.3(a) and Lemma 1.13(b) we see that u — u™ has square 1 and that €,€,» = 1.

The automorphism o : H — H (see Section 1.1) satisfies the equality o () = cl @
for any u € W; note also that w € ¢ <> o(w) € ¢ (see Lemma 1.2). Applying o to
2.3(a) we obtain

v « TwOCJ(u) - euca(u*)

in 7-[“ By 2. 3(a) we have also v?~¢ Twoca(u) = ea(,,)c(a(u))* in H¢. It follows that
€,C U(u*) = eg(u)c(g(u))* hence €, = €5(,) and o (u*) = (o (u))*.
Applying h — h” to 2.3(a) we obtain

a—a' T _ T
v €, -1 Two = Euc(u*)—l
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in H¢. By 2.3(a) we have also

a—a' .t __a—d T _ T
v cu,lTwO =v Twoco(u,l) = €0 C (o (u-1))*

in H°. It follows that eucgu*)_1 = eg(ml)c;(“_l))* hence €, = €,(,-1y and w*) =
(o (u™1))*. Since €xu-1) = €,-1, we see that ¢, = ¢,-1. Replacing u by u~!in
(")~ = (6 (u™"))* we obtain ((u~!)*)~! = (o (u))* as required. The theorem is
proved.

2.4. For u € ¢ we have

(a) u~cu,

(b) o(u) ~g u*.

Indeed, (a) follows from Lemma 1.13. To prove (b) it is enough to show that
o)™~ (u*)~!. Using (a) for o (u)~! instead of u we see that it is enough to

show that (o (u~1"))* = (u*)~!; this follows from Theorem 2.3.
If we assume that

(c) any left cell in ¢ intersects any right cell in ¢ in exactly one element
then by (a), (b), for any u € c,

(d) u™* is the unique element of ¢ in the intersection of the left cell of u with right
cell of o (u).

Note that condition (c) is satisfied for any ¢ if W is of type A, or if W is of type
B, (n > 2) with L(s) =2 for all but one s € S and L(s) = 1 or 3 for the remaining
s € S. (In this last case we are in the quasisplit case and we have o = 1 hence
u* = u for all u.)

Theorem 2.5. For any x € W we set ¥ (X) = Vypa | x.(x5) 1
wox— T

(@) Ifd e Dand x,y € ¢ satisfy Vuod,x,y 0 theny = (x*)~ L.

(b) If x € ¢ then there is a unique d € D Nwoc such that y,, 4 , -1 7 0, namely
d =d, 1. Moreover we have ¥ (x) = x1.

(c) Foru € ¢ we have €, = (—1)!®Dp 9 (u) where d = dypou1-

Applying i +— h' to 2.3(a) we obtain for any u € c:

(d) v (=D MO Tye, =) Scureuc: mod Y Acy.

z€C 77eW—c

We have T, = Zyew(—l)l(“’oy)pl,woycy hence 770 = Zyew(—l)l(w()y)pl’woycy.
Introducing this in (d) we obtain

p4a Z(_])l()’)pl,woycycu = Z‘Sz,u*eucz mod Z Ac,

yew z€C 77eW—c
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that is,

v Z (_l)l(y)pl,wo)'hy,u,zcz=Zaz,u*€ucz mod Z Ac,r.

v,2eW zZ€C 7’eW—c

Thus, for z € ¢ we have

(e) v Z(_l)l(y)pl,woyhy,u,z = 6z,u*€u-
yeW

Here we have hy y . =¥y .1 v™% mod v~?*!Z[v] and we can assume than 7 <z y
so that wgy <g woz and a(wyy) > a(wyz) =da’.

For w ¢ W we set s, = ny if w € D and 5, = 0 if w ¢ D. By [Lusztig
2003, 14.1] we have pq ., = Spv ™™ mod v~ =17[y~1] hence DPlw= Sypv®®)
mod v*™)*+17Z[v]. Hence for y in the sum above we have Plwgy = swoyv“(w‘)”
mod v*™oN*17[y]. Thus (e) gives

va_a Z(_l)l(y)swo)’yy,u,z‘lva(wO}Y)_a - 8z,u*€u [S UZ[U]
yee

and using a(wgpy) = a’ for y € ¢ we obtain
Z(—l)l(y)swoyyy,uyz-u = 8,4 €.
yec
Using the definition of s,,,, we obtain
(f) Y DDy =8 uren
deDNwyc

Next we note that
(2) ifd € Dandx,y € ¢ satisfy Ywya,x,y # 0 thend = d,, 1.

Indeed from [Lusztig 2003, §14, P8] we deduce wod ~, x~ L Using [Lusztig 2003,
11.7] we deduce d ~, wox ! so that d = dwalx,l. This proves (g).
Using (g) we can rewrite (f) as follows.

(h) (_l)l(wO)(_l)l(d)ndywod,u,z_l — SZ,M*GM

where d =d,,, 1.

We prove (a). Assume that d € D and x, y € ¢ satisfy yya.x,y 70,y # (x*)~ L.
Using (g) we have d =d,,, 1. Using (h) withu =x, z= y~! we see that Ywod,x,y =0,
a contradiction. This proves (a).

We prove (b). Using (h) with u = x, z = x* we see that

(i) (=D p Y oyt = €u
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where d = d,, ,-1. Hence the existence of d in (b) and the equality ¥ (x) = %1
follow; the uniqueness of d follows from (g).
Now (c) follows from (i). This completes the proof of the theorem.

2.6. In the case where L =1/, #(u) (in 2.5(c)) is > 0 and %1 hence 1; moreover,
ng=1, (=¥ = (—1)“/ for any d € D N wyc (by the definition of D). Hence we
have ¢, = (—l)l(w(’”“/ for any u € ¢, a result of Mathas [1996].

Now Theorem 2.5 also gives a characterization of u* for u € c; it is the unique
element u’ € ¢ such that y,, 4, ,,-1 # 0 for some d € D Nwyc.

We will show:

(a) The subsets X={d*;d € DN¢} and X'={wod’; d' € DN wyc} of ¢ coincide.

Letd € DNec. By 2.5(b) we have y,, 4 4.4+~ = £1 for some d’ € DN woc.
Hence y4+)-1 yoar.a = £1. Using [Lusztig 2003, 14.2, P2] we deduce d* = wod'.
Thus X C X’'. Let Y (resp. Y’) be the set of left cells contained in ¢ (resp. woc).
We have #(X) = #(Y) and #(X’) = #(Y’). By [Lusztig 2003, 11.7(c)] we have
#(Y) = #(Y"). It follows that £(X) = #(X’). Since X C X', we must have X = X’.
This proves (a).

Theorem 2.7. We have
W Ty) = Y V(d)eaty mod Y At,.

deDNce ueW-—c

We set ¢ (v4~¢ wo) = 2 _yew Putu Where p, € A. Combining 1.12a, 1.13a, 2.3(a) we
see that for any x € ¢ we have

¢(va7a wo)tx = €xlyx,

uece u,yec

hence

It follows that for any x, y € ¢ we have

Z PuVux,y-' = 8y,x*ex-
uec
Taking x = wod where d = d,,,, € D N wyc we obtain
Z Pu ywodwoy,y_l u = 5ys(wodwoy)*Ew()dw()y
uec

which, by Theorem 2.5, can be rewritten as

—1
P10 (V) = By, (wodugy)* €wodugy -
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We see that for any y € ¢ we have

-1
pU()‘*) = Sya(w()dwoy)*ﬂ(y )ew()dwoy °

In particular we have ps(,+) = 0 unless y = (wody,,)* in which case

—1
Po(y) = Paypys = V(Y )€y,

(We use that €y« = €,.) If y = (wody,,)* then y* € X" hence by 2.6(a), y* = d*
that is y = d for some d € D. Conversely, if y € D then wgy™* € D (by 2.6(a)) and
woy* ~, woy (since y* ~, y) hence d,,, = woy*. We see that y = (wody,y)* if
and only if y € D. We see that

S T,,) = > 9@ Neatowy+ Y Pulu-

deDNc ueW-—c

Now d — o (d) is a permutation of DN¢ and ©(d~!) = ¥ (d) =¥ (0 (d)), €5(a) = €a-
The theorem follows.

Corollary 2.8. ¢ (Ty,) = Z H(d)equ @ @Drawody o g,
deD

2.9. Weset Tc =) ,opne U(d)eaty € J¢. We show:

2
(a) ‘Ic = ZdeDﬁc nalq.

(b) 1T = Tty (x) for any x € W.

By Theorem 2.7 we have ¢ (v~ T,,)) = To+& where £ € Jp' :=Y ", cw_o Ktu-
Since J§, J I?/ ~¢ are two-sided ideals of Jg with intersection zero and ¢ : Hx — Jx

is an algebra homomorphism, it follows that
PN ) = (P Ty)) = (Te+8) =T, +8

where &' € JI?/_C. Hence, for any x € ¢ we have (15(1)2“_2“/Tu%0)t,C = Tgtx so that
(using 1.12b): ¢, = ‘Zﬁtx. We see that T% is the unit element of the ring J¢. Thus
(a) holds.

We prove (b). For any y € W we have T,T,,, = T,,,T5(y) hence, applying ¢,

G (TP (V™ Tyy) = d (V™ Ty )b (T (1)),

thatis, ¢ (Ty)(Te+8) = (T +8)P (To(y)). Thus, ¢ (Ty)Te =T (To(y)) +§1 Where
& eld ,‘;V ~¢. Since ¢k is an isomorphism, it follows that for any x € W we have
t:Te = Telory mod J . Thus (b) holds.
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2.10. In this subsection we assume that L = [. In this case Corollary 2.8 becomes

¢ (Ty,) = Z(_1)l(w0)+a(w0d)v—a(d)+a(w0d)td* N
deD
(We use that 9 (d) = 1.)

For any left cell I' contained in ¢ let np be the number of fixed points of the
permutation u +— u* of I'. Now I" carries a representation [I'] of W and from
Theorem 2.3 we see that tr(wg, [I']) = £nr. Thus nr is the absolute value of the
integer tr(wo, [I']). From this the number np can be computed for any I'. In this
way we see for example that if W is of type E7 or Eg and ¢ is not an exceptional
two-sided cell, then nr > 0.
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