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I dedicate this work to the memory of Robert Steinberg, having in mind both a nice encounter in
Los Angeles and the representations named after him, which play such a fundamental role in the
representation theory of reductive p-adic groups.

We give basic properties of the parabolic induction and coinduction functors
associated to R-algebras modelled on the pro-p Iwahori Hecke R-algebras
Hr(G) and H g (M) of areductive p-adic group G and of a Levi subgroup M
when R is a commutative ring. We show that the parabolic induction and
coinduction functors are faithful, have left and right adjoints that we de-
termine, respect finitely generated R-modules, and that the induction is a
twisted coinduction.

1. Introduction 499
2. Levi algebra 503
3. Induction and coinduction 517
4. Parabolic induction and coinduction from H,; to H 520
Acknowledgements 528
References 528

1. Introduction

We give basic properties of the parabolic induction and coinduction functors as-
sociated to R-algebras modelled on the pro-p Iwahori Hecke R-algebras Hg(G)
and Hr(M) of a reductive p-adic group G and of a Levi subgroup M when R is a
commutative ring. We show that the parabolic induction and coinduction functors
are faithful, have left and right adjoints that we determine, respect finitely generated
R-modules, and that the induction is a twisted coinduction.

When R is an algebraically closed field of characteristic p, Abe [2014, §4] proved
that the induction is a twisted coinduction when he classified the simple H(G)-
modules in terms of supersingular simple H g(M)-modules. In two forthcoming
articles [Ollivier and Vignéras > 2015; Abe et al. > 2015], we will use this paper
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to compute the images of an irreducible admissible R-representation of G by the
basic functors: invariants by a pro- p-Iwahori subgroup, left or right adjoint of the
parabolic induction.

Let R be a commutative ring and let H be a pro-p Iwahori Hecke R-algebra,
associated to a pro-p Iwahori Weyl group W (1) and parameter maps & —1> R,
S(1) = R[Z;] [Vignéras 2013a, §4.3; 2015b].

For the reader unfamiliar with these definitions, we recall them briefly. The pro-p
Iwahori Weyl group W (1) is an extension of an Iwahori-Weyl group W by a finite
commutative group Zi, and X (1) denotes the inverse image in W (1) of a subset X
of W. The Iwahori—-Weyl group contains a normal affine Weyl subgroup W3'; & is
the set of all affine reflections of W, and q is a W-equivariant map & — R, with W
acting by conjugation on & and trivially on R; cis a (W (1) x Z;)-equivariant map
&) — R[Z], with W (1) acting by conjugation and Z; by multiplication on
both sides.

The Iwahori—Weyl group is a semidirect product W = A x Wy, where A is the
(commutative finitely generated) subgroup of translations and Wy is the finite Weyl
subgroup of W4T,

Let S be a set of generators of W such that (W3, §3) is an affine Coxeter
system and (Wy, S := S* N W) is a finite Coxeter system. The Iwahori—Weyl
group is also a semidirect product W = W2 x Q, where Q denotes the normalizer
of S in W. Let £ denote the length of (W, §2) extended to W and then inflated
to W(1) such that 2 C W and Q(1) C W (1) are the subsets of length-0 elements.

Let w € W(1) denote a fixed but arbitrary lift of w € W.

The subset & C W2 of all affine reflections is the union of the W*T-conjugates
of $% and the map q is determined by its values on S2T; the map c¢ is determined
by its values on any set St - S (1) of lifts of S in W (1).

Definition 1.1. The R-algebra H associated to (W (1), g, ¢) and S s the free
R-module of basis (T3)sew(1) and relations generated by the braid and quadratic
relations

ToTy = Tois T =) +c®T;

for all @, w’ € W(1) with £(w) + £(w’) = £(ww’) and all § € S¥T(1).

By the braid relations, the map R[2(1)] — H sending & € 2(1) to T; identifies
R[Q(1)] with a subring of H containing R[Z;]. This identification is used in the
quadratic relations. The isomorphism class of 7 is independent of the choice of S

Let Sy be a subset of S. We recall the definitions of the pro-p Iwahori Weyl
group Wy (1), the parameter maps &y ~¥> R, & (1) ~4> R[Z;] and S2 given in
[Vignéras 2015b].

The set Sy, generates a finite Weyl subgroup Wy, o of Wy, Wiy := A x Wy o
is a subgroup of W, Wy, (1) is the inverse image of Wy, in W(1), Gy (1) =
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S(1) N Wy (1), qp is the restriction of q to Gy, and ¢y is the restriction of ¢
to G (1). The subgroup Wl"i‘;f := W' N Wy, € Wy is an affine Weyl group and
ngf denotes the set of generators of W;f containing Sy, such that (Wf,,ff, S}‘{;f) is an
affine Coxeter system.

Definition 1.2. For S3; C S, the R-algebra H,, associated to (W, (1), qar, ¢pr) and
Saff is called a Levi algebra of H.

M
Let (T5") gew,, (1
Sj;f and £;; the length of Wy, (1) associated to Sﬁf.

denote the basis of H,, associated to (Wy(1), qa, car) and

Remark 1.3. When Sy, = S, we have Hy = H, and when Sy = &, we have
Hay = R[IA(D].

In general when Sy # S, S}‘},‘;f is not Wy, NSt and #,, is not a subalgebra of #;
it embeds in # only when the parameters q(s) € R for s € S*T are invertible.

As in the theory of Hecke algebras associated to types, one introduces the

subalgebra ’H,T,, C H,, of basis (Tufj"[ )i W, (1) associated to the positive monoid

W+ = {w e Wy | w(ET - 2} c 5+,

where X, C X are the reduced root systems defining W}i‘f C W, the upper
index indicates the positive roots with respect to S, Sf{;f , and X% is the set of
affine roots of . One chooses an element iy central in Wy, (1), in particular of
length £ (fipr) = 0O, lifting a strictly positive element p in Apy+ := AN Wyy+.
The element T of Hy is invertible of inverse Tﬁ"{ ., but in general Tj,, is not
invertible in H. "

Theorem 1.4. (i) The R-submodule Hy+ of basis (Tlé” )
of Hy, called the positive subalgebra of Hyy.

(i) The R-algebra Hy = HM+[(T/~%)_1] is a localization of Hy+ at T[%‘

Dew, . (1) 15 @ subring

(iii) The injective linear map Hy—>H sending Tﬁ]}/[ to Ty for w € Wy (1) restricted
to Hy+ is a ring homomorphism.

(iv) As a O (Hp+)-module, H is the almost localization of a left free 60 (H yi+)-module
Vy+ at T/; e

The theorem was known in special cases. Part (iv) means that H is the union
over r € N of

VYur ={x eH| T[iMx €Vy+t, Vyr= ®deMW09(HM+)TJ-

Here MW, is the set of elements of minimal lengths in the cosets War.0\Wp and
d € W(1) is an arbitrary lift of d. The theorem admits a variant for the subalgebra
H - C Hpr associated to the negative submonoid Wy, inverse of Wy,+, for the
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linear map H AN Y, sending (Tuéw )* to Tui}“ for w € Wy (1) [Vignéras 2013a, Propo-
sition 4.14], and with left replaced by right in (iv): Hy = Huy- [T/{VA]J ], 0* restricted
to H - is a ring homomorphism, and the right 6*(# ;- )-module H is the almost
localisation at T~*_| of a right free 6*(#y-)-module V?,_ of rank |Wy 0|~ |Wol,

meaning that H 1s "the union over r € N of

Wi = e HIx(TL) eV V= > TI0* (M)
dewy!
Here W}/ is the inverse of ¥ Wj.

For a ring A, let Mod,4 denote the category of right A-modules and 4 Mod the
category of left A-modules. Given two rings A C B, the induction — ® 4 B and the
coinduction Homy4 (B, —) from Mod, to Modp are the left and the right adjoint of
the restriction Resﬁ. The ring B is considered as a left A-module for the induction,
and as a right A-module for the coinduction.

Property (iv) and its variant describe H as a left 8 (H ,+)-module and as a right
0* (H - )-module. The linear maps 6 and 6* identify the subalgebras H s+, H -
of H s with the subalgebras 6 (H+), 0 (Hp-) of H.

Definition 1.5. The parabolic induction and coinduction from Mody,,, to Mody
are the functors I;;‘M =— @0 H and I]ﬁM = HomHM,,e* (H, —).

We show the following:

Theorem 1.6. The parabolic induction I;jM is faithful, transitive, respects finitely
generated R-modules, and admits a right adjoint Homy  (Hy, —).
If R is a field, the right adjoint functor respects finite dimension.

The transitivity of the parabolic induction means that for Sy C Sy C S,
IHM = I?-t ) I ModHM — Mody,;,, = Mody, .

Let wg denote the longest element of Wy, Sy, s the subset woSy wo of S, and
w(’)” = wowp 0, Where wyy o is the longest element of Wy, o. A lift 11)(1)” e Wo(1)
of w)! defines an R-algebra isomorphism

(1) HM — Hwo(M)v Ta]}/] = T,;]j)/‘(’)l%,)])ﬁ”)—l for w e WM(I),
0 0

inducing an equivalence of categories
105
MOdHM I MOd'HwO(M)

of inverse mwO(M) defined by the lift (w{!)~! € Wy(1) of wwO(M) (wih=1.

Definition 1.7. The wo-twisted parabohc induction and coinduction from Mody,,,

to Mody are the functors 177_[{ Jon © mo and I]H Jon © mo .
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Up to modulo equivalence, these functors do not depend on the choice of the lift
of w(’)"’ used for their construction.

Theorem 1.8. The parabolic induction (resp. coinduction) is equivalent to the
wo-twisted parabolic coinduction (resp. induction):

H ~ JH ~M H ~H
I oy, IHM 0

~M
Hu — " Huwgon = Hugon ° MWy -

Using that the coinduction admits a left adjoint and that the induction is a twisted
coinduction, one proves the following:
Theorem 1.9. The parabolic induction 1771/\4 admits a left adjoint equivalent to

= wo(M)
0

10 o(— ®7-1,wo(M)_’9* Huwon)) : Mody — MOdeO(M) — Mody,, .

When R is a field, the left adjoint functor respects finite dimension.
The coinduction satisfies the same properties as the induction:

Corollary 1.10. The coinduction I]%M is faithful, transitive, respects finitely gener-
ated R-modules, and admits a left and a right adjoint. When R is a field, the left
and right adjoint functors respect finite dimension.

Note that the induction and the coinduction are exact functors, as they admit a
left and a right adjoint.

We prove Theorem 1.4 in Section 2, and Theorems 1.6, 1.8 and 1.9 in Section 4.
Remark 1.11. One cannot replace (H, H,,, HL) by (H,H,,, H,;) to define the
induction IﬂM.

When no nonzero element of the ring R is infinitely p-divisible, is the parabolic
induction functor

H
MOdq.,gM ﬂ) MOde

fully faithful? The answer is yes for the parabolic induction functor

00 Indg 00
when M is a Levi subgroup of a parabolic subgroup P of a reductive p-adic
group G and Mod% (G) the category of smooth R-representations of G [Vignéras
2014, Theorem 5.3].

2. Levi algebra

We prove Theorem 1.4 and its variant on the subalgebra %, C £, its image in H,
on Hs as a localisation of .6;,1 and on H as an almost left localisation of 9(.67(,1),
and almost left localisation of 6*($);,).
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2A. Monoid Wye. Let Sy C S and € € {+, —}. To ST is associated a submonoid
Wye C Wy defined as follows.

Let X denote the reduced root system of affine Weyl group W3, V the real
vector space of dual generated by X, X = ¥ 4 7 the set of affine roots of ¥ and
9 = {Kery(y) | y € 22T} the set of kernels of the affine roots in V. We fix a W-
invariant scalar product on V. The affine Weyl group W identifies with the group
generated by the orthogonal reflections with respect to the affine hyperplanes of £).

Let 2 denote the alcove of vertex 0 of (V, $9) such that S is the set of orthogonal
reflections with respect to the walls of 2 and S is the subset associated to the walls
containing 0. An affine root which is positive on 2 is called positive. Let X3+
denote the set of positive affine roots, =t := ¥ N E;Zf, yaff—.— _yaff— and
YT i=-3T .

Let Ay denote the set of positive roots & € £ such that Ker « is a wall of 2
and the orthogonal reflection s, of V with respect to Ker « belongs to Sy, Xy C X
the reduced root system generated by Ay, and X5, := X, N X%

Definition 2.1. The positive monoid Wy + C Wy, is
{we Wy |wEt -3 c .

The negative monoid Wy- := {w € Wy, | w™! € Wy+} is the inverse monoid.

It is well known that the finite Weyl group W)y ¢ is the W-stabilizer of € — X, .
This implies

Ware = Apye X Wyr0,  where Appe := AN Wye.

Let A —% V denote the homomorphism such that A € A acts on V by translation
by v(p).
Lemma2.2. Ayc={Ae€A|—(yov)(A) >0 forally € X — Z},}.

Proof. Let A € A. By definition, A € A+ if and only if A(y) is positive for all
y € 27 — 7. We have A(y) = y — v()). The minimum of the values of y on 2
is 0 [Vignéras 2013a, (35)]. So y(v —v(A)) > 0fory € ¥* — = and v € A is
equivalent to —(y ov)(A) >0 for all y € >t — Z;CI. O
When Sy C Sy C S, we have the inclusion X}, C X7, the inverse inclusion
X — Xj, C ¢ — XY, and the inclusions Wy, C Wy and W, C Wy,,.
Remark 2.3. Set D¢ :={v € V | y(v) > 0 for y € ¢} and A€ := (—v)~ (D).
The antidominant Weyl chamber of V is D~ and the dominant Weyl chamber is D*.
Careful: [Vignéras 2015a, §1.2(v)] uses a different notation: A€ = W) ~H(D9).
The Bruhat order < of the affine Coxeter system (Wt gafty extends to W: for
wi, wr € WAy us € Q, we have wiuy < wous if uy = up and wy < wy [Vignéras
2006, Appendice]. We write w < w’ if w < w’ and w # w’ for w, w’ € W. Careful:
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the Bruhat order <,; on W}, associated to (Waff, Sﬁ,ﬁf) is not the restriction of <
when Sﬁ,gf is not contained in S [Vignéras 2015b].

Remark 2.4. The basic properties of (W, §2T) extend to W:
() Ifx <yforx,ye W ands e S,

sx <(yorsy), xs<(yorys), (xorsx)<sy, (xorxs)<ys

[Vignéras 2015a, Lemma 3.1, Remark 3.2].
(i) w=_| reac WoA Wy [Henniart and Vignéras 2015, §6.3, Lemmal].

(iii) For A € A", WoA W, admits a unique element of maximal length wy = woA,
where wy is the unique element of maximal length in Wy, and £(w; ) = £(wp) +
£()) [Vignéras 2015a, Lemma 3.5].

(iv) For 2 € A%, {w € W |w < w3} D [,en+
Lemma 3.5].

<k Wou Wy [Vignéras 2015a,

Remark 2.5. The set {w € W |w < w,} is a union of (Wy, Wp)-classes only if
A, € AT, u < wok implies 1 < A. I see no reason for this to be true.

Lemma 2.6. The monoid Wy« is a lower subset of Wy for the Bruhat order <;:
for w € Wye, any element v € Wyy such that v <p; w belongs to Wye.

Proof. See [Abe 2014, Lemma 4.1]. O

An element w € W admits a reduced decomposition in (W, S w =51 su
with s; € Sy € Q. Asin [Vignéras 2013a], we set for w, w’ € W,

2) G =0a(sD) a0, Gy = @y dpu) -

This is independent of the choice of the reduced decomposition. For w, w’ € Wy
and s; € Sﬁf, u e Q. let gy w, gum w.w denote the similar elements. They may be
different from gy, qu -

Lemma 2.7. We have Sj,’;f N Wye € S and Quaw =qMuw.w f w, w € Wye.
In particular, £y (w)+Lp (W) — Ly (ww)=L(w)+L(w")—L(ww') if w, w' € Wyye.

Proof. See [Abe 2014, Lemma 4.4, proof of Lemma 4.5]. ([

An element A € Ay« such that all the inequalities in Lemma 2.2 are strict is
called strictly positive if € = 4, and strictly negative if € = 4. We choose

a central element [Ly; of Wy (1) lifting a strictly positive element [y of A.

We set juy+ = oy and [, = ;1;,1. The center of the pro-p Iwahori Weyl
group Wy, (1) is the set of elements in the center of A(1) fixed by the finite Weyl
group Wy, o [Vignéras 2014]. Hence jiy- is an element of the center of A(1) fixed
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by Wy 0 and —y ov(upye) > 0 forall y € € — X5,. We have y o v(ppe) =0 for
y € Xy. The length of ppe is 0 in Wy, and is positive in W when Sy # S.

Let H e denote the R-submodule of the Iwahori—-Hecke R-algebra Hj; of M
of basis (T) and Hy —> H the linear map sending T} to T, for
w e Wy (1).

The proofs of the properties (i), (ii), (iii) of Theorem 1.4 and its variant are as
follows:

HeWye (1)°

(1) H e 1s a subring of s, because T£4 T£,4 is a linear combination of elements
T; such that v <p; ww’ [Vignéras 2013a].

(iii) We have 9(T£’1’T£’2’)=Tw, T;, and 9*((T£’1’)*(Tﬁ])‘/2[)*)=T£l T3 for wi, wyeWpye.
This follows from the braid relations if £, (w1) + £ (w2) = £ (wjw,) because
C(wy) + L(w) = £(wyws) (Lemma 2.7). If wy = s € S with €3 (wy) — 1 =
£y (wys), this follows from the quadratic relations

Ty Ts = Ty 5-1 (9() B)* + T5¢()) = () Toy5 + T, e (5),
TETE = q()TE s — T2, c),

15

s €S ¢(wy)—1=~£(w;s) (Lemma 2.7) and q(s) = qur (), ¢(5) = cps(5) [Vignéras
2015b]. In general the formula is proved by induction on £, (w7) [Abe 2014, §4.1].
The proof of [Abe 2014, Lemma 4.5] applies.

(1) Hy = HMe[(Tl%E)*l], because for w € Wy, there exists » € N such that
j,’,w € Wyye.

Remark 2.8. If the parameters q(s) are invertible in R, then H,+ —> H extends
uniquely to an algebra homomorphism #Hj; < H, sending Taf"fe,w to TI;A; Ty for
W e W+ (1), 7 €N, "

Remark 2.9. The trivial character x; : H — R of H is defined by
x1(Ty) =qu (we W()).

When H is the Hecke algebra of the pro-p-Iwahori subgroup of a reductive p-adic
group G, we know that A acts on the trivial representation of G by x;. Note that
the restriction of the trivial character of H s to 8 (Hy+) is not equal to x; o 6 when

Cy(pr) =0, £(upy) #O.
2B. An anti-involution {. The R-linear bijective map
(3) H <> suchthat ¢(Ty) =Tz forwe W(l)

is an anti-involution when ¢ (h1hy) = ¢ (h2)¢ (hy) for hy, hy € H because ¢ o ¢ = id.
For Sy C S, let H Lu, ‘Hpr denote the linear map such that ;(Tuf}"[ ) = Tal)v{ , for
we Wy ().
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Lemma 2.10. 1. The following properties are equivalent:

(1) ¢ is an anti-involution.

(i) £(c(3)) = c(z)-1 for § € M (D).
(iii) Coc=rco (=)', where &(1) = R[Z] is the parameter map.

2. If ¢ is an anti-involution then £y is an anti-involution.
Proof. Let w =5 - - - Syt be a reduced decomposition, s; € SH(1), i1 e W(1),
€(ii) = 0 and let § € S¥(1). Then,
C(Ty) = Ty = Tz 7}[(11”) e Tg;l = (1) (T, - - - ¢(T5),
QT =T =) > +c@E T,
The map ¢ is an antiautomorphism if and only if £ (¢(5)) = ¢(5~!) for § € $4(1).
This is equivalent to ¢ oc = co(—)~! because &(1) is the union of the W(1)-conjugates

of S¥(1), ¢ is W (1)-equivariant and { commutes with the conjugation by W (1).
If ¢ satisfies (iii), its restriction ¢ys to Sy, (1) satisfies (iii). O
Lemma 2.11. When H ="H(G) is the pro-p Iwahori Hecke R-algebra of a reductive

p-adic group G, we have that ¢ is an anti-involution.

Proof. Let s € G, 5 be an admissible lift and ¢ € Z;. Then ¢(5) is invariant by ¢
[Vignéras 2013a, Proposition 4.4]. If u e Uj fory =a +r € @ then u~! € U,

red’
and mq ()~ = mg(u™"). Hence the set of admissible lifts of s is stable by the
inverse map. As the group Z; is commutative, we have
(Coc)t5) =C(te(s)) =t e(s) =c(s)r ™ = (57" O

From now on, we suppose that ¢ is an anti-involution. We recall the involutive
automorphism [Vignéras 2013a, Proposition 4.24]

H—>H  suchthat «(T;) = (—1D)TE forw e W(),
and [Vignéras 2013a, Proposition 4.13 2)]:
@ TF:=T;—c@) for§es(),  Tr:=TF - T;T; forweW()
of reduced decomposition W = Sy - - - Sg(w) .
Remark 2.12. We have {(T}) = T(Tb)*l for w e W(1), ¢ and « commute, £y (Hpe) =
Hy  and@oly =C06,0%0ly = 0b*

2C. e-alcove walk basis. We define a basis of H associated to € € {4+, —} and an
orientation o of (V, ), which we call an e-alcove walk basis associated to o.

For s € S, let oy denote the positive affine root such that s is the orthogonal
reflection with respect to Ker o;. For an orientation o of (V, $), let D, denote the
corresponding (open) Weyl chamber in (V, £), 2, the (open) alcove of vertex 0
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contained in D,, and o.w the orientation of Weyl chamber wl(®,) forwe W.
We recall [Vignéras 2013a]:

Definition 2.13. The following properties determine uniquely elements E, () € H
for any orientation o of (V, $3) and w € W(1). For w € W(1), § € $2T(1), it € Q(1),

T; if o i ti Ay,
) Eo) = { a | 11 IS nERENE O £
T =T.—c(s) if as is positive on 2A,,
(6) E,(u) =T;,
(7) Eo(g)Eo.s (ID) = ('Is,wEo(EJ))-

They imply, for w' € W, A € A,
®)  Eo(0)Epuw (1) = qu.wEo ('),  E¢(A)Eo() = gy, w Eo(AD).

We recall that A acts on V by translation by v(1). The Weyl chamber D, of the
orientation o is characterized by

9) E(,(X) = TX when v()) belongs to the closure of D,.

The alcove walk basis of H associated to 0 is (E,(W))gew 1) [Vignéras 2013a]. The
Bernstein basis (E (w))gew 1) is the alcove walk basis associated to the antidominant
orientation (of Weyl chamber D). By Remark 2.3 and [Vignéras 2013a],

EW) =Tz forweATUW,, EW)=T; forweA™.
Definition 2.14. The e-alcove walk basis (Ej(w))gew (1) of H associated to o is

E, () ife =+,

10 Fo(w):= :;<Eo<w—1>> ife=—.

Lemma 2.15. The elements E_ (w) for any orientation o of (V, ") and w € W(1)
are determined by the following properties. For v € W(1), 5 € (1), it € Q(1),
(1) E; () =E,S$), E, @) =E,®u),
(12) E, (W E; ($) = qusE; (WS).
They imply, for w' € W, X € A,
(13)  E (DE, () =quwE, @), E, @D)E, }A)=quiE, (@h).
Proof.

E;(3)=t(E,((5)™)) = E,(),

E; (Wit) = ¢ (E,((wit) ™) = ¢(E, (@)~ (@) ™) = ¢(Tay-1 E, ()~ h)
= ¢(E,(W)"")Tz = E, ()T,
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E; (W)E, () =¢(E, (W) NCE(G) ™) =¢(E, () HE, ((@)™")
=501 C(Eo ()T @) ™) = qu s S(E(05) 1) = qu s E,, (05).

We used that ¢,, = q,,-1 implies

-1 1/2 —1
! = (qwrlqwglqwl—lwz—l) /2 = (qw,qwzqwzwl)

wy

1/2 _
- qwz,wl

q
for wy, wo € W. |
The e-alcove walk bases satisfy the triangular decomposition

(14) ES() — Ty € Z RT;.

WeW (L), <

Remark 2.16. The basis E_(w) introduced in [Abe 2014] is the — alcove walk
basis associated to the dominant Weyl chamber, satisfying E_(w) =T if w € Wy
and E_(A) =T; if Ae A™.

Let V) be the real vector space of dual generated by X, with a W)y g-invariant
scalar product and the corresponding set 3, of affine hyperplanes.
Lemma 2.17. If €, €’ € {+, —} and oy is any orientation of (Vy, Hu), then
(Es,, (tb))west(l) is a basis of H .

When q(s) =0, see [Abe 2014, Lemma 4.2].

Proof. A basis of H e is (Taj;u)weWMe (1) As w < w’ and w'e Wy implies we W e
(Lemma 2.6), the triangular decomposition (14) implies that (E(f;w (W) 5 Wype (1) is
a basis of H pye.

Lemma 2.18. The e-Bernstein basis satisfies E€(w) = Ty if w € AU W,.
Proof. The inverse of AT U Wy is A~ U Wy; hence
E~(@) = ¢(E(@) ™) = ¢ (T)) = Ty O
The e-Bernstein elements on Wy (1) are compatible with 6 and 6*:

Proposition 2.19 [Ollivier 2010, Proposition 4.7; 2014, Lemma 3.8; Abe 2014,
Lemma 4.5].

0(Ey (W) = 0" (Ey(w)) = E<(w) for w € Wye(1).

Proof. It suffices to prove the proposition when the q(s) are invertible. Let w € W (1).
We write W = Al = A1 (X2) i with u € Wy, and A, A, in A€. We have

EGDE(G) ) =g, ;nEQ), EG)E(G)™) =g, ;01 =aq,
EG)E(G) ™ VE@ = q; ;1. E@W).
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We suppose the q(s) are invertible. Then,

(15) EW) = q5,(q; ;1900 EGDEG) ™ E@),

T. T-'T. if e =+

-1 A oAy U ’

= q}\z(%h ,)L’lq)x,u) ! 2 —1 .
1:42 T;l (T){';) Tﬁ ife=—.

We suppose now w € Wy, that is, A € Aye,u € Wy o. Note A€ C Apye and

qM.u = ¢ (Lemma 2.7). If € = +, we have

Ep(W) = qm.a(qy 5, ,A;lq'\v“)_l TXﬁI(TXAZ)_l 7',
and
OCEm () = qur Gy 00Ty, T T,

1 - -
ZQM,AZ(QM,)LI,)LZ—IQA,M) lqkz Q)LI,)LZ—IQ)L,ME(W)

= QM,)Q(qM,}Ll’)LZ*ICIAz)_lqM,)LEIE(w)-

The triangular decomposition of E,;(w) and E(w) implies

—1
QM,Az(qM,}Ll’)LZ*ICIAz) q;hl’)hzfl =1

and 0 (Ey (w)) = E(w) for w € Wy+. If € = —, the same argument applied to 6*
gives 0*(Ey(w)) = E(w) for w € Wy,-.

By Remark 2.12, £ 00 =0 0y, 00" =60 0y, Wy is the inverse of Wyye
and E~ (@) = ¢(E((w)~")). Hence for w € Wy,

E~ () = (¢ o) (En((@)™") = 0 o ti)(Ep (W) 1) = 0(E; ().
Similarly, for w € Wy+, we have E~(w) = 0*(E,,(w)). O

2D. wo-twist. Let Sy C S, wo denote the longest element of Wy and Sy,m) =
woSywo C woSwo = S. The longest element wyy o of W)y o satisfies wa,0(X5,) =
> and wyr o(X€ — 2f,) = X€ — X,. The longest element w.(ary,0 of Wga),0
is wow pr,0wo.

. . M
Let w(])” :=wowyy.o. Its inverse Mwg:=wy owo is wé”"( ) and w(])‘l(EL):EG

wo(M)*
This implies that w (z4€) = Zzg(;,[) Indeed the image by w) of the simple r(:)(ot)s
of Xy is the set of simple roots of 3,,,(u), and this remains true for the simple affine
roots which are not roots. Note that the irreducible components X ; of X, have a
unique highest root ayy ;, and that the —ay,; 4 1 are the simple affine roots of X
which are not roots. We have wé”(—aM,i +1) =wowpr,0(—am,;i+1) =wolam,i)+1.
The irreducible components of 2,,,(s) are the wo(Xy,;) and —wo(ay ;) is the
highest root of wo (X ;).
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We deduce
Msﬁ(wtl)w)_l = Sif(f(M),
ff - £f M My—1
Wi, Wit,0(wg ! 13_1)0(M,)0’ wy Wao(wy )™ = Wy y0-
We have A = wi! A(wd")™" and wg' AS, (wgh) ™" = ALS ) Recalling Wy =
A X Wy 0, Waye = Apye X Wy 0 and the group €2j of elements which stabilize 21y,
we deduce
w Wi (wih) ™" = W)

(16) _
o' (wiH ™ = Quoany. W) WM‘(w(I)W) = W)

Let vy, denote the action of Wy, on V), and A, the dominant alcove of (Vyy, ).
The linear isomorphism

M
Vi 5 Vo, (@ x) = (il (@), wi (x))  fora € Ty,

satisfies
wo ovy(w) = va(M)(w0 w(w0 )~ )o wM for w € Wy,.

It induces a bijection Hy — Hy,ar) sending Ay to Ay mr), @ bijection Dy +—
wé” (® ) between the Weyl chambers, and a bijection oy wé” (opm) between
the orientations such that ’DwM(o . = wé” ®o,,)-

Proposition 2.20. Let Y € Wy(1) be a lift of wO The R-linear map

wo(M)

HML>'Hw0(M), TMI—> T ()

forw e Wy (1),

is an R-algebra isomorphism sending Hye onto Hy,m-< and respecting the
€’-alcove walk basis

J(ES, (@) = Egy,, (@' B ") for b € Wy(1)

for any orientation oy of (Vy, Hy) and €, €' € {+, —}.

Proof. The proof is formal using the properties given above the proposition and the
characterization of the elements in the €¢’-alcove walks bases given by (5), (6), (7)
if ¢/ =+ and (11), (12) if € = —. O

We study now the transitivity of the wg-twist. Let Sy C Syr C S. We have
the subset wy oSywmr0 = SwM’O(M) of S and we ass001ate to the conjugation
by a hft w0 of wyp o in W(1) an isomorphism 3y N Huw,y o(m) Similar to
Hy —L> Huy(m) in Proposition 2.20. We will show that j factorizes by ;.
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A .
We have w) = wi wif,, where wil, := wyr owwm o (equal to wi if § = Sy),

M M —1
WwM’_O(M) = wM/WM(wM/)
M M\—1 I
Wagany = wg' Wy, W' )™ = wy Wy, (wg')™

For Sy, C Sy, let W < C Wy, denote the submonoid associated to Sig, as in
Definition 2.1 and replace the pair (X — E,T,,], sty by (TF, — E+ Eaff .
We note that

_ ..M MN—1
WwM’,O(M)ig’M, = wM/ WME (wM/) .

M M'\—1 -
Wy (my-< = wy WwM/O(M)*f»M' (wy )™ =wy WM‘(wO )

Let wo ,wé” , wM, be in Wy(1) lifting wy ,wg” , wM, and satisfying wo =

w{)"[ wy, - The algebra isomorphisms

Hit = Huyy gnys Hrr == Hugnry,  Har =5 Hugin

defined by w¥,, w}!’, W} respectively, as in Proposition 2.20, send the €-subalgebra
to the —e- subalgebra and are compatible with the ¢’-Bernstein bases. We cannot
compose ;' with the map j” defined by w , but we can compose j' with the
bijective R-linear map defined by the conjugation by wO "in W(1)

W ,0(M) wo (M)
w i ngf’w(w’)fl

Huyy o (M) -5 Moo i) for w € Wy, ;on)(1).

Proposition 2.21. We have j = k" o j' and k" is an R-algebra isomorphism re-
specting the e- subalgebras and the € Bernsteln bases: k" (Hw,, omye) = Huwg e
and K"(Eg, ) (@) = Eg 3 (03" D037 for € € {4, =}, w € Way,, .

Proof. The relations between the groups W, and W, imply obviously that j =k" o’
and that k" respects the e-subalgebras.

Now, k" is an algebra isomorphism respecting the €’-Bernstein bases because j, j’
are algebra isomorphisms respecting the €’-Bernstein bases and k" = j o (j/)~'. O

2E. Distinguished representatives of Wy modulo Wy . The classical set Mw,
of representatives on Wy 0\ Wy is equal to yy D| = p D,, where

(17) uDy:={deWy|d~'(Z}) e =7},

(18) uDy :={d € Wy | &L(wd) = £(w) + £(d) for all w € Wy o}

[Carter 1985, §2.3.3]. The properties of ¥ W, used in this article that we are going
to prove are probably well known. Note that the classical set of representatives of

Wo\W is studied in [Vignéras 2015a], that 4 can be replaced by € € {4, —} in the
definition of 4 D, that Mw, = War,0Wo € MW, and that MWyN S = S — Sy.
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Taking inverses, we get the classical set Wé” of representatives on Wo/ Wy o
equal to Dy 1 = Dy 2, where

(19) Dy1:={d e Wy |d(Z}) cz},
(20) Dy = {d € Wy | £(dw) = £(d) + £(w) for all w € Wy o).

The length of an element of W is equal to the length of its inverse, and [Vignéras
2013a, Corollary 5.10] gives that for A € A, w € Wy,

@1) Lowy=" Y [BovMl+ Y [=Bov(M)+1],

BeZtnw(Zt) Bed,,

where @, ;== ET Nw(T7). If w = 515 i a reduced decomposition in
(W, S), Oy = {a5, 1 Us1(Dy,y) and £(w) is the order of ®,,. If w € Wy o, we have
o, C E;C,. Let £5(Aw) denote the contribution of 8 € >t to the right side of (21).

We show now that Wy, ¢ can be replaced by W+ in (18) and by Wy~ in (20)
(taking the inverses). It is also a variant of the equivalence £(Aw) < £(X) +£(w) &
Bov(r) > 0 for some B € ®,, for A, w as in (21).

Lemma 2.22.
L(wd) = (w)+£(d) forw e Wy+ and d € MW,
£(dw) = €(d) +L(w) forwe Wy- and d e W)
() Ifre A,we Wyo,de MWo, then £(hwd) < LOww) + £(d) is equivalent to
w(B)ov(A) >0 and d '(B)eX™ forsomeBpeXt — E;r,[.

Proof. [Ollivier 2010, Lemma 2.3; Abe 2014, Lemma 4.8]. Let A € A, w €
Wyo.de™Wyand B e T+,

Suppose B € X};. Then £4(d) =0, 4 = @ because d~!(Z,) C =€ by (17), and
Lp(Awd) = Lg(hw) because w(B) € 2€¢ & wl(B) e T, = d 'w1(B) € X€
by (17).

Suppose B € ¥ — =) . Then w™1(B) € T+ — £} and Lg(Aw) = |Bov(X)|.

The number £(d) of B € - EAJC, such that d‘l(,B) € X7 is equal to the number
of € £ — X}, such that (wd)~'(B) e ™.

When A € Ay+ and (wd)~'(B) € =, we have B ov(L) <0 and Lg(Awd) =
|Bov(A)|+ 1. Therefore £(Awd) = £(Aw) + £(d), which gives (i).

When A &€ A — Ay+, £0owd) < €(Aw) + £(d) if and only if there exists
e Xt — %, suchthat Bov(r) > 0and d~'w~!(B) € £~. This gives (ii) because
B+ w'(B) is a permutation map of T* — X . O

®

Lemma 2.23. (i) For A € A, w € Wy, we have g, = qy5-1, Quw = Guowwy> and
£(wp) = £(w) + £(w wg) = L(wow ™) + £(w).

(i) For w € Wy 0, we have q,, = G w1+
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Proof. (i) See [Vignéras 2013a, Proposition 5.13]. The length on W is invariant by
inverse and by conjugation by wg because woSwo = S and by [Bourbaki 1968, VI,
§1, Corollaire 3].

(i1) We have ¢ 1= Gy i1 for w e Wiy . O

w = Gy qusy
Lemma 2.24. W = WM wil = wo Wl wy, .
Proof. By (19),
deW) < d(Z)) C 2T = dwiH ™ (2] 1) CET e dwhh) ™ e W™,
This proves the equality Wé"’ = Wé” 0(M) wg” . The equality Wé” = wy Wé” W0,
follows from
dwgh ™' (S ) € =1 = wodwmowo (T ) C T

&= wodwy o(Zy;) C T~ <= wodwyoe Wy, O
Remark 2.25. Wy = A x Wiy 0 but gruw = g, ;)1 could be false for A € A,
w € Wy o such that £(lw) < £(X) + £(w).
Lemma 2.26. We have £(w)!) = €(wj'd™") + €(d) for any d € WJ'.
Proof. For d € W}, we have £(dw,0) = £(d) +€(wp,0) by (20) and w = w)d ™!

satisfies wo =wdw 0 and £(wg) =£(w)+L(dwyp,0). We have wé"[ =wow,y, g =wd
and E(wg”)=E(w0)—€(wM,0)=£(w)+£(d). O

The Bruhat order x < x’ in Wy is defined by the following equivalent two
conditions:

(i) There exists a reduced decomposition of x” such that by omitting some terms
one obtains a reduced decomposition of x.

(ii) For any reduced decomposition of x’, by omitting some terms one obtains a
reduced decomposition of x.

A reduced decomposition of w € Wy followed by a reduced decomposition of
w’ € Wy is a reduced decomposition of ww’ if and only £(ww’) = £(w) +£(w’). A
reduced decomposition of d € Wé” cannot end by a nontrivial element w € Wy, g.

Lemma 2.27. For w,w' € Wy o,d,d’ € Wé"l, we have dw < d'w’ if and only if
there exists a factorisation w = wyw, such that £(w) = £(w1) + £(wy), dwy <d’
and wy < w'.

Proof. We prove the direction “only if” (the direction “if” is obvious). If dw < d'w’,
a reduced decomposition of dw is obtained by omitting some terms of the product
of a reduced decomposition of d” and of a reduced decomposition of w’. We have
dw =dywy with dy <d’, wr, < w’ and £(djw,) = £(d;) + £(w,). We have d| =
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dwi, wi :=ww, . As w, wy € wyo and d € W, we have £(dw;) = £(d) +£(wy)
and £(dw) = £(d) + £(w). Hence £(w;) + £(w;) = £(w). O
Lemma 2.28. Let d’' € WM W, d e Wé"’.

(i) If there exists u € Wy o, u' € Wéw such that v = w(’)"lu <w=du',thend = wg/l.

(i) We have d'd € w}! Wy o if and only ifd'd = w}!.

Proof. (i) As £(w) = £(d) + £(u’), we have u = uju, with wé"’ul <d,ur <u' and
uy, up € Wy o (Lemma 2.27). We have

Cwiluy) = Ll +€uy) = el d™") + £(d) + L(uy)
(Lemma 2.26). Hence d = w)!, u; = 1.

(ii) If there exists u € Wyo such that d = d'~'wju, we have d = d'~'w}! because
d'wi € W} (Lemma 2.24). O

2F. H as a left 0 (H y+)-module and as a right 0* (H ;- )-module. We prove
Theorem 1.4(iv) on the structure of the left 6 (# +)-module H and its variant
for the right 0*(# ;- )-module H. We suppose Sy 7#= S.

Recalling the properties (i), (ii), (iii) of Theorem 1.4, H y; = H -+ [(T~ )~'is the
localisation of the subalgebra H s+ at the central element TM The algebra Hy+
embeds in H by 6. Recalling (17), (18) we choose a lift de W(l) for any element d
in the classical set of representatives MW of War.0\Wo. We define

(22) Ve = Y 0(Hy)Ty
deMw,
Proposition 2.29. (i) Vy+ is a free left 0 (Hy+)-module of basis (Tj)gemw,-
(i1) For any h € H, there exists r € N such that TfIMh € Vyr+.
(i) If 9 =0, Ty,, is a left and right zero divisor in H.

For GL(n, F), (ii) is proved in [Ollivier 2010, Proposition 4.7] for (q(s)) = (0).
When the q(s) are invertible, Ty is invertible in H for w € W(1).

Proof. (i) As MW, is a set of representatives of Wy+\W, a set of representatives
of Wy (D\W (1) is the set {d | d € M Wy} of lifts of ¥ Wy in W (1). The canonical
bases of H y+ and of H are respectively (T3) (wyew,,+ (1) a0d (T;) (@.d)eW, 4 (1)xM Wo>
and T ; = T;; T; by the additivity of lengths (Lemma 2.22).

(il) We can suppose that & runs over in a basis of 7. We cannot take the Iwahori—
Matsumoto basis (Ty)gew (1) and we explain why. For w = Wyd with Wy €
W+ (1), d € MW, we choose r € N such that ihywy € Wy+(1). By the length
additivity (Lemma 2.22) Tarw =Ty, Ty lies in 6 (H p+) T}, but we cannot deduce
that Tll;w T; lies in Q(HM+)T0;.
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We take the Bernstein basis satisfying Lemma 2.18 and we suppose that q(s) = ¢;
is indeterminate (but not invertible) with the same arguments as in [Ollivier 2010,
Proposition 4.8]. Then EWd) = T; ford e MW,. If we prove that E (i), w) lies
in O(Hpy+)T; then E(jiy)" Eo(w) = qM»M,wE(ﬁyutD) lies also in 6 (Hp+)T;. This
implies TI{M E,(w) € 0(Hp+)Tj.

Now we prove E (fi},, W) € 0 (Hp+)T;. We write Wy = Ay, 2 € A(1), War0 €
Wir0(1). Recalling E(x) = T, for x € Wy(1) and the additivity of the length
(Lemma 2.22),

Gy wu0d E (WD) = E (@ M E (a0d) = E(ihy M Ty, 5= E ([ 2) Ty o Ty
= qu o E (W) T
The monoid Wy is a lower subset of (Wy;, <;7) (Lemma 2.6). The triangular

decomposition (14) implies £, (it} w,,) € H,,,. By Proposition 2.19, E(i},w,,) €
6 (Hy+) and by the additivity of the length (Lemma 2.22),

Quyod = Quyodds  duirwyod = Quirwyodd>
implying

-1 _ -1 .
ql/#'/.w)hqu,Odqll;u)»wM‘Od - qumqu,oqumwM,o’

hence quihwmod = Quhhwio-
(iii) We have £(u ) # 0 and equivalently, v(uy) # 0 in V. We choose w € Wy

with w(v(up)) # v(uy). Then viwpyw D = w(uy)) and v(wy) belong to
different Weyl chambers. The alcove walk basis (E,(w))zew (1) of H associated to
an orientation o of V of Weyl chamber containing v(uts) satisfies

E()(IL’ZM) = TﬁMv
Eo(fmn) Eo(fin®™") = Eo(D iy ® ™) Eo(iin) = 0. O
The properties of the left 8 (H y,+)-module H transfer to properties of the right

0* (H - )-module H, with the involutive antiautomorphism ¢ ot of H (Remark 2.12)

exchanging Ty and (—l)z(w)T("l‘D)_] forw € W(1), 0(Hy+) and 6*(Hp-), Vy+ and

(23)

(24) Vir = Y T50*(Huo),
dew!

where Wé” ={d'~'|d € MW,) is the set of classical representatives of Wo/ Wy, o
(19),and d = (d")"'ifd =d'~".

Corollary 2.30. (i) V},_ is a free right 0* (H-)-module of basis (T;)
(ii) For any h € H, there exists r € N such that h(T(’;M)_])r eV

dewit”

(iii) If q=0, T;_l is a left and right zero divisor in H.
M
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3. Induction and coinduction

3A. Almost localisation of a free module. In this chapter, all rings have unit ele-
ments.

Definition 3.1. Let A be aring and a € A a central nonzero divisor. We say that a left
A-module B is an almost a-localisation of a left A-module Bp C B of basis D when:

(i) D is a finite subset of B, and the map ®4cpA — B, (x4) = Y_ x4d, is injective,
(ii) for any b € B, there exists r € N such that a’b lies in Bp :=)_,., Ad.

Example 3.2. Our basic example is (A, a, B, D) = (Hy+, Ty, H, (T5) gemw,)
(Proposition 2.29).

As a is central and not a zero divisor in A, the a-localisation of A is ;JA = A, =
UpenAa™". The left multiplication by a in A is an injective A-linear endomorphism
A — A, x — ax, and the left multiplication by a in B is an A-linear endomorphism
ap : x — ax of B which may be not injective; hence B may be not a flat A-module.
The ring B is the union for r € N of the A-submodules

+Bp = {b €B | a'be BD},
and looks like a localisation of Bp at a.

Definition 3.3. Let A be aring and a € A a central nonzero divisor. We say that a
right A-module B is an almost a-localisation of a right A-module p B of basis D if:

(i) D is a finite subset of B, and the map ®4epA — B, (xg) — >_d xg4, is
injective,
(i) for any b € B, there exists r € N such that ba" € pB :=)_ ;. p dA.

The ring B is the union for r € N of the A-submodules
pB,={be B|ba" € pB}.

Example 3.4. Our basic example is (A, a, B, D) = (Hy-, Tl%l, H, (Tj)dewg”)
(Corollary 2.30).

We note that (A,, B) = (Hp, H) in Example 3.2 and in Example 3.4.

3B. Induction and coinduction.

3B1. For aring A, let Mod4 denote the category of right A-modules, and 4 Mod
the category of left A-modules. The A-duality X — X™* :=Hom4 (X, A) exchanges
left and right A-modules.

A functor from Mod4 to a category admits a left adjoint if and only if it is left
exact and commutes with small direct products (small projective limits); it admits a
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right adjoint if and only if it is right exact and commutes with small direct sums
(small injective limits) [Vignéras 2013b, Proposition 2.10].
For two rings A C B, we define two functors

the induction If =—Q®q B,

the coinduction I]Algg := Homyu (B, —) : Mod4 — Modg,

where B is seen as an (A, B)-module for the induction, and as a (B, A)-module for
the coinduction. For M € Mody, we have (im @ x)b =m ® xb, (fb)(x) = f(bx)
ifx,be Band m e M, f € Homu (B, M).

The restriction Resﬁ : Modp — Mod, is equal to Homp(B, —) = — ®p B,
where B is seen first as an (A, B)-module and then as a (B, A)-module. The
induction and the coinduction are the left and right adjoints of the restriction
[Benson 1998, §2.8.2].

For two rings A and B and an (A, B)-module 7, the functor

—®4 J :Mody — Modgp is left adjoint to Hompg (7, —) : Modp — Mod,.
Let M € Mods, N € Modg. The adjunction is given by the functorial isomorphism
Homp(M®4 J, N) <> Homa (M, Homg (T, N)),  f(m®x) =a(f)m)(x),

for f e Homg(M ®4 J,N),m € M, x € J [Benson 1998, Lemma 2.8.2].
For three rings A C B, A C C, the isomorphism « applied to M =C, J = B
gives an isomorphism

Hompg(C ®4 B, —) ~ Homu (C, —) : Modg — Mod¢ .

3B2. Let A C B be tworings and a € A a central nonzero divisor. Let A, = Ala™"]
denote the localisation of A at a. There is a natural inclusion A C A,. The restriction
Mod,, — Mod, identifies Mody, with the A-modules where the action of a is
invertible. For M, M’ in Mod,,, we have

(25)  Homy, (M, M) =Homy(M, M), M®s, M =M@4 M.

For f € Homy (M, M), m € M, m’ € M’, we have f(aa"'m) =af(a"'m) =
a~'fm)=fa'm),andm@a"'m' =ma"'a®@a"'m' =ma"'@m’ in MR, M.
We view Mod,, as a full subcategory of Mody.

The restriction followed by the induction, respectively the coinduction, Mod 4 —
Modjp defines an induction, respectively coinduction,

Ifa = If oResﬁ“ =—Q®uB, ﬂﬁa = I]ﬁ oResﬁ“ =Homy (B, —) : Mod4, — Modp,
even when A, is not contained in B. The induction / fa admits a right adjoint

I]Q“ oResﬁ =Homu(A,, —) : Modp — Mody,
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because the restriction Resﬁ“ and the induction [ f admit a right adjoint: the
coinduction I]ﬁ" and the restriction Resﬁ. The coinduction I]ﬁa admits a left adjoint

I:“ oResﬁ =—Qa Aq : Modp — Mody,

because the restriction Resi“ and the induction / f admit a left adjoint: the induction
Aq . . B
Iy and the corestriction Res);.
When a is invertible in B, we have A, C B and they coincide with the induction
and coinduction from A, to B.
The induction and the coinduction of A, seen as a right A,-module, are the
(A,, B)-modules

(26) I (A)) =A.®4 B, 1§ (A,) =Homu(B, A,).

Lemma 3.5. Let M € Mody,. Then 15 (M) =M ®a, I (A,) in Modgp.
Proof. M @4 B=(M®u, As) @4 B=MQ,, (As ®4 B). O
3B3. Let (A, a, B, D) satisfy Definition 3.1. Let M € Mod,,. As R-modules,

(27) I (M)=M®4 Bp

because the action of a on M is invertible; hence M ®4 ,Bp = M ®4 Bp for
r € N. In particular, we have the following:

Lemma 3.6. The left A,-module Ifa (Ap) is free of basis (1 @ d)gep.

Remark 3.7. The A-dual (Bp)* of the left A-module B is the right A-module
@aepd* A of basis the dual basis D* = {d* | d € D} of D. Let M € Mod,,. We
have canonical isomorphisms of R-modules

DgepM —> M ®4 Bp —> Homy ((Bp)*, M),

(xq) = Zxd ®d > (d* — Xg)gep-
deD

The tensor product over A by a free A-module is exact and faithful; hence the
induction is exact and faithful.

Let R C A be a subring central in B. The ring R is automatically commutative
and a central subring of the localisation A, of A. The modules over A, or B are
naturally R-modules.

Let M €Mod,, be a finitely generated R-module. The R-module M®y, 1 fa (Ap)
is finitely generated.

Let N € Modp be a finitely generated R-module. The R-module Homa (A,, V)
is finitely generated if R is a field by the Fitting lemma applied to the action
of a on A. There exists a positive integer n such that N is a direct sum A =
N, @ N, where a" acts on N, as an automorphism and a” is 0 on ). Then,
Homy (A,, N) >~ N, is finite-dimensional.
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We obtain the following:

Proposition 3.8. Ler (A, a, B, D) satisfy Definition 3.1. The induction functor
Ifa =—®4 B :Mod,, — Modp

is exact, faithful and admits a right adjoint Rffa :=Homy (Ag, —).
Let R C A be a subring central in B. Then I fa respects finitely generated
R-modules. If R is a field, Rfa respects finite dimension over R.

3B4. Let (A, a, B, D) satisfy Definition 3.3.

For M € Mody, the set M, of f € Homy(p B, M) vanishing on D — {d} is
isomorphic to M by the value at d. The A-dual (p B)* of p B is a free left A-module
of basis D*. We have

(28)  Homa(pB, M) = ®gepMa = Bgrep M Qd* = M Q4 (pB)*.

The A-modules M, and M ® d* are isomorphic by f +— f(d) ® d*.
For M € Mod,,, we have linear isomorphisms

15 (M)=Homy(B, M)~Homu(pB, M), M®4(pB)*=M®4A.®4(pB)*.

Ford € D, let f; € Homu (B, A;) equal to 1 on d and O on D — {d}. We deduce
from these arguments:

Lemma 3.9. Ler (A, a, B, D) satisfy Definition 3.3. The left A,-module ﬂﬁa (Ap)
is free of basis (fa)aep and 1 (M) =~ M ®a4,15(A,).

Let R C A be a subring central in B. Let M € Mod,, be a finitely generated
R-module. The R-module M ®4, I]ﬁu (A,) is finitely generated. If R is a field, and
the dimension of A € Modp is finite over R, then N ®4 A, = N, ®4 A, = N, has
finite dimension over R by the Fitting lemma, as in the proof of Proposition 3.8.
We obtain the following:

Proposition 3.10. Let (A, a, B, D) satisfy Definition 3.3. The coinduction
15 =Hom,(B, —) : Mods, — Modp

is exact, faithful, and admits a left adjoint Lﬁa =— Q4 Ag
Let R C A be a subring central in B. Then I]ﬁa respects finitely generated
R-modules. If R is a field, Lﬁa respects finite dimension over R.

4. Parabolic induction and coinduction from #{,; to H

We prove Theorems 1.6, 1.8 and 1.9 giving the properties of the parabolic induction
from H s to H.
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4A. Basic properties of the parabolic induction and coinduction. Example 3.2
satisfies Definition 3.1 and Example 3.4 satisfies Definition 3.3. In these two
examples, (A,, B) = (Hy, H). The first one,

(A,a, D)= (0(Hm+), Tips (TPacmw,)

where we identify H+ with 6(#Hy+), defines the parabolic induction I;_Ll‘M =
— ®%,,+.6 H :Mody,, — Mody. The second one,

(A, a, D) = (9*(HM7)7 T(ZM)—M (Tdik)dGWéw)’
where we identify - with 6*(H - ), defines the parabolic coinduction I]%M =
Homy,, . (H, —):Mody,, — Mody. Propositions 3.8 and 3.10 imply:

Proposition 4.1. The parabolic induction I;j and the coinduction I]z are exact,
M M

faithful and respect finitely generated R-modules. The parabolic induction admits a
right adjoint

R} =Homy, , o(Hy, —): Mody — Mody,, .
The parabolic coinduction admits a left adjoint
I]_zM = — ®,,- .00 Hm : Mody, — Mody,,, .
If R is a field, the adjoint functors R%M and [L;:‘LM respect finite dimension over R.

4B. Transitivity. Let Sy C Sy C S. Let Wyemr = A e X Wiy o denote the sub-

monoid of W, associated to Sj{;f, as in Definition 2.1 (see before Proposition 2.21),

and
Ayerw =ANWyew ={he A|—(yov)(A) >0forall y € X}, — Xj,}.

By the properties (i), (ii), (iii) of Theorem 1.4, the R-submodule H ;v of Hp of
basis (Tﬁj)” ) is a subring of H s, the restriction to H . » of the injective

' BEW, ¢y (1)°
linear map

Hy 5y, T TM forw e Wy (1),
respects the product, and Hyr = H e [(Tﬂ% . )~!1. Obviously, the map H Y]
satisfies 0 = 0y 0 0’ for the linear map
Hop 2w, TM T, forwe Wy (D).
Lemma 4.2. We have:
() Wy C Wi, Wayge = Wygewr N Wapre, 0" (Hage) = 0" (H pger) N Hppre,

(1) fipge fipge is central in Wy (1), satisfies —(y o v)(yepipre) > 0 forall y €
%€ — Xy, and the additivity of the lengths £(ppge pypre) = €(pre) + L (pprre),

(i) MWo =MWy oM Wo.
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Proof. (i) We have Wy 0 C Wy o and A ye = Ay N A ppe. Therefore

Wy =AXWyoCAXWyo=Wy,

and
Wygenwr "Wy, = (Ayge X War o) N (A?W X Wy o)

= (Aye NApre) X Waro
= AMG X WM’() = WME'

(i) Now fi is central in Wy (1), which contains Wy, (1), and i« is central in
W (1); hence i< Ly is central in Wy, (1). We have

—(yov)(up<) >0 forally e X€—X5,,
—(yov)(upy<)=0 forall y € Xy,
—(yov)(upe) >0 forally e € — XY,
—(yov)(upe) =0 forall y € Xy.

Hence —(y o v) (e peprre) > 0 for all y € € — X, and
C(pupge ppre) = L(ppre) +L(ppre).
(iii) Let u € MWy 9, v € ™ Wy and let w € Wy 9. We have
Lwuv) = L(wu) +£(v) = L(w) +£€(u) + £(v) = €(w) + £(uv);

hence uv € ¥ W,. The injective map (u, v) — uv : MWy o x M Wy — MW, is
bijective because

M Wol = [War.0\Wol = [War.0\Warr.ol | Warr 0\ Wol = 1M Wz o] [M Wol,
where | X| denotes the number of elements of a finite set X. U

Proposition 4.3. The induction is transitive:
Ing = I;_L'[M, o I;j{(‘f : Mody,, — Mody,, — Mody .
The coinduction is also transitive. This is proved at the end of this paper.

Proof. By Lemma 3.5, the proposition is equivalent to

Hm 1ypr H=Hu ®HM+‘M/ Hy Qu . H

iax
in Mody. As Hyr = HM/+[(TI£V’/+)_]] is the localisation of the ring H,,+ at the
! M,
central element T;’I . € Hyyp+, the right H-module Hy ®9 ,, H is the inductive
! M/
limit of (T[i” )" ®H for r € N with the transition maps
M/

M’ — M —r—1
(TQM/Jr) ! ®x = (TIIM/+) r ®TﬂM/+)C f()r.x S H
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As Hy = Hyem [(TM ) ] is the localisation of the ring H,,, » at the central
element T~ s € HM+ w, the right H-module Hy @y e Hy @, H is the
inductive 11m1t of (TM VP QHM Qn - H fors e N w1th the transition maps

(T O ®yl—>(T~ D 1®TM Ly foryeHy @y . H

Mt

Using that T~ o is central in H ;- and T~ L€ H g+, we have, for y = (TM )T ®x,

T oy =T (T )T ex =T )T @x=T )TeT, .«

Ryt

Altogether, the right H-module Hy Q@ e o @y ‘H is the inductive limit of
(TM )T ® (TM ) "®@H forr, s € N with the transition maps

(T~ D ®(T~M )r®x1—>(T~ )3_1®(T~M DTeT, | x,

TE )@@ ) exm (T )o@ )T, o«

+

The right #-module Hy ®1 e HM ®H v RS also the inductive limit of the
modules (T~ ) "® (TM ) " ® H for r € N with the transition maps
M - M - —r—1 —r—1
(@) O @ )T o (T )T e @M ) T, T

By Lemma 4.2Gi), T, T+ = Tji\4 2, - Hence, in Mody, we have
Hy O,y o\ Ht' @1,y H = lim H.

xl—)T,;MJrﬂMer

On the other hand, Hy = HM+[(T~ L y+) 7' is the localisation of H -+ at
;Z\Iﬁu .(Lemma4.2); hence Hy @ +?‘-l is the inductive limit of (Tlf/[w ) QH
forr e N with the transition maps

vre

NM+/1M/+

We deduce that

)" ®x|—>(T

—r—1
1237} +Hv /+) ' ®T~

~ X
Mopp+ Hoppr+

Hy @,y H = lim  H
'_>T11M+ﬂM/+x

is isomorphic to H y ®H,,. Hm @, H in Mody. O

4C. wy-twisted induction is equal to coinduction. We prove Theorem 1.8. When
‘H = HRr(G) is the pro- p Iwahori Hecke algebra of a reductive p-adic group G over
an algebraically closed field R of characteristic p, Theorem 1.8 is proved by Abe
[2014, Proposition 4.14]. We will extend his arguments to the general algebra 7.

Let w)! € W, (1) lifting w!. The algebra isomorphism Hy > Hu) defined
by IZJO (Propos1t10n 2.20) induces an equivalence of categories

M

(29) Mody,,, o, Modeo( w
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called a wo-twist. Let M be a right #/-module. The underlying R-module of
rﬁg” (M) and of M is the same; the right action of Tuéw on M is equal to the right
action of 7™ _, on 10! (M) for € Wy (1). The inverse of 1o}/ is the algebra
. . W' w(g’) ~ M1 1e e

isomorphism induced by (w;" )™ lifting

M wo(M)

(M1 — —
wo 1= (W)™ = Wy oWy = WoWoWyy oWy = Wy

Remark 4.4. The lifts of w)! are tw)! = w)!¢’ with 1,1 € Z, the elements
th” eH,,, T,wO(M) € Huy(m) are invertible, and the conjugation by 7; in Hy, by
7,20 in Hwo(m) induce equivalences of categories

Mody,, LN Mody,,, Mody, SN Mods,, )
such that )/ =tow)! = ot =]t
Remark 4.5. The trivial characters of 7 and H,u) correspond by o).
We will prove that, for all S3; C S, the coinduction
Modyy,, D%—"B Mody

is equivalent to the wo-twist induction
H

wM 13
0 wq (M)
MOdHM —> 1\/[0(1’,!.[1“()(}\,[> _— MOd'H .

This proves Theorem 1.8 because

(30) Giw =B o™ = L, =i, o
Indeed, if the left-hand side is true for all Sy; C §, permuting M and wo(M) we
have Iy, =~ It o %S’O(M), and composing with (rBOw‘)(M))*l, we get
I, =0, 0 (g M1 ~ 07, o 010
as w(l)” o) (wé"’ )~ 1. The arguments can be reversed to get the equivalence.

Let M € Mody,,,. We will construct an explicit functorial isomorphism in Mody:
~M b
(31) (I,i‘wow) ooy ) (M) > 17 (M).
From Lemmas 3.5, 3.6, 3.9 and Examples 3.2, 3.4, we get

1) Igf " (HwO(M)) = HwO(M) ®HWO<M>+,9 H is a left free H,,(am)-module of basis
HXO
1 ® T for d' € YoM W, and

(1;1%% o 105") (M) = 107" (M) @34, Iﬁw) (Huy1))-

(i1) I]g_fM (Hm)=Homy, _ g«(H, H), where H is seen as aright 6™ (H y,-)-module,
is a left free H p7-module of basis (fg)dew(j”’ where f;(TJ*) =1and f;(Ti*) =0
for x € W —{d}, and

177, (M) = M &3, U7 (Hu).
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It is an exercise to prove that the left H ,-module I]%M (Hpr) admits also the basis
(f(;)dewéu, where f5(T;) =1 and f;(T;) =0 for x € Wé"’ —{d}. We will prove
that the linear map
(32) m@Ty > m® fnTy : Bgevany, 05 (M) ® Ty —> By M ® £
is a functorial isomorphism in Mody,. The bijectivity follows from the bijectivity
of the map d’ — d’_lwg’l oM Wy — Wé"[ (Lemma 2.24) and the following:
Lemma 4.6. The map fu Ty — f(g-1,py liesin @ cym  q1,0 M® f.
Proof. For d € WM, we have

(fauTg)(Tg) = fam (T3 Ty) = fam (T ) +x,
where x € ) Rfi}g/l(Tﬁ)) and the sum is over the w € W (1) with w <d'd and w €
wy! Wy o- I d'd g wl' Wy, , there is no w € wi’ W,  with w < d'd (Lemma 2.26).
We have d'd € w)!W,, , if and only if d = d’~'w{ (part (i) of Lemma 2.28). [J

The restriction

H .
ReusO(M) .0 Mody — ModeO ot

is left adjoint to — @, a1y H, and the H,,,(m)+-equivariance of the linear map
(33) mi>m® fau 0 (M) = 1 (M)

implies the H-equivariance of (31), i.e., of (32). Let Hy N Huw,(ar) denote the
isomorphism induced by 11)3” (Proposition 2.20), and 6y the linear map H; —2> H.
The .y (a)+-invariance of the map m i m ® f;u is equivalent to

(34) FapOwony () = j~ () fu for h € Huyqary-

We can suppose that / lies in the Bernstein basis of H,,m)+. Let w € Wy, )+ (1)
and h = E ) (W). As Oyymr) (Ewymy (W) = E(w), and G (Ew () (w)) is equal
to E M((ﬁ)g’l )l ﬁ)&)g” ), (34) is equivalent to the following:

Proposition 4.7. For w € Wy, (u)+, we have fuv(’)” E(w) = EM((II)(I)‘/I)*III)rI)g/I)fﬁ)éw.

Proof. By the usual reduction arguments, we suppose that the q(s) are invertible in R.
Using W+ = Awony+ X Wagan),0, the product formula (8) and Lemma 2.23,
we reduce to w € Ay, )+ U Wyoar),0. By induction on the length in W, ar),0 with
respect to Sy, (m), we reduce to w € Ay v+ U Swoar)-

Letd € W)!. We have (fau E@)(Ty) = fau(E@)T;) in Hy. We must prove

0 if d#uwl,
(35) fw(E(w)Td)_{EM((wgf)—lwwgf) it d=w

for w € Ayomy+ U Swo(M)-
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(1) Suppose w = A € Ayym)+. Let A denote the subalgebra of H of basis
(E(X))zea(n) [Vignéras 2013a, Corollary 2.8]. By the Bernstein relations [Vignéras
2013a, Theorem 2.9], we have

EGQ)T;=T;E(d) ')+ Y _ Taas,

where ay € A and the sum is over w € Wy(1), w <d. If d # wé”, the image by f; M of

the right-hand side vanishes because w € w0 WM ow=d 1mp11es w=d= w(’)"’ ;

hence f; M(E()\.)T ) = 0 as we want. For d= w0 , using (w )~ 1Aw0 € Wy
we have 5 3
Fap(EG) Ty = fau(Tam E((g") ™ Rig")

= 0*(E((wp") ™" Awg"))
= Ep(@)H~'aagh.
(ii) Suppose w =5 € Syym). We have woswy € Sy, wesww,, o < Wy, o and
swg’l = SWoWyy o = WoWoSWoW s o > WoWyy o = wé”.
Assume sd < d. We deduce d # wo Assume d = s(sd) Then
EST; =T,T; = T Ty = (q(s)(s) +c($)TH)T, o) = q(s)(s) o) T «(8)T;.

We deduce that f;; M(E(s)T )=

Assume sd > d We write sd diii withdy € WMy e Wy, 0 Then T.T; =
Ty =Ty, . Therefore f; M(E(s)T ) = fa M(Td ) =0if d; ;é wO We suppose
now d; = wo We have d < wo <sd; hence w =d or w0 = sd. In the latter
case, a reduced decomposition of wo starts by s. But this is incompatible with
s € Swy(m) because w(’)"[ = w0y, We deduce that d = wé"’. Ford = 1])3’1, we have

Jam (E@)Tgp) = fou (T ) = fgm (T Tymy-155m)
= fﬁ}gxl(Ti)M Einy-15g0) = 0*(E(w34)_1mg4))
= Em((0y") ™ 5wg").
This ends the proof of Proposition 4.7, and hence of Theorem 1.8. (]

Corollary 4.8. The right H-modules Hy ®,,. oH and HomeO(M)_ o0+ (H, Huym))
are isomorphic.

4D. Transitivity of the coinduction. Let Sy C Sy C S. By Proposition 2.21, the
algebra isomorphisms

Hu = Huoany,  Har = Huyy o(m) -5 Hu)
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. ~ ~ ~ ! ~
corresponding to W), M., WM, W) =w) Wi, satisfy j =k"o j’. The associated
equivalences of categories, denoted by

- M =M M’

0, mM/
(36) Moy —> Mayon, Moy —— MH“"M/,()(M)

satisfy 10} = 1o}, o 04, We refer to this as the transitivity of the wo-twisting.

Hwo(M ) ~

Lemma 4.9. The functors mo o I and I o mo X . from Mody, oD

) Huwg (M)
to Mody,, are isomorphic.

(M)
The proof gives an explicit isomorphism.

Proof. Let M eMody,, , ,- The R-module M®H
action of Hym) deﬁned by

oH pr with the right

(M)+a

(x ® T~ )TWO(M) =X ® TﬁM/ ﬁM

"M/ ( M/) 1

Hop
forx e M,u,ve Wy,is mo oIHw /o<M>(M)'

As K" (M, ymy+) = Huou)+ (Proposition 2.21), the R-linear map

M ®R 7-[M, - t%Oyk('/\/l) ®HWO(M)+’9 HWQ(M/)

defined by x @ TM — x ® Tfu,f}fM )M,)

Wy

_, 1s the composite of the quotient map

M®RHM/—>m0 OM®H Hu,

wpr oDF
and of the bijective linear map

=M M
o
mo IHU)M/,O(M)

~ M/
(M) = 1051 (M) ®3¢,, 11,6 Hug()-
The above map is clearly H,,(m)-equivariant. O
Proposition 4.10. The coinduction is transitive.

Proof. By the transitivity of the wo-twisting (36), Lemma 4.9, and the transitivity
of the induction (Proposition 4.3), we have

H ~
- IHwo(M’ IH::((A]Z m34k o l‘OM,
B IHwo(M’) ° ?75(?(%/) o vy’
= I?-l o) tb(])u = H%M 0

Proof of Theorem 1.9. The induction I;_'fM is equivalent to I]gjf o © 1{‘)8’[ . The
coinduction I]zM is the composite of the restriction Mody,, — Mody,,_ and

of Homy;, _ ¢«(H, —) : Mody,,_ — Mody. These functors admit left adjoints,
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the restriction Mody — Mody,, _ for Homgy,  ¢+(H, —), and the induction
— ®%,,- Hm : Mody,, . — Mody,,, for the restriction Mody;,, — Mody, _; hence
— ®%,,-.0* Hy : Mody — Mody,,, for sz and

~ _ ~ M
(05" ™" 0 (= ®34,, 00 Huoa) = 05" 0 (= @34,y - 00 Hurg()

" ~M
for I]HwO(M) oty . O
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