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EFFECTIVE DIVISORS ON THE PROJECTIVE LINE HAVING
SMALL DIAGONALS AND SMALL HEIGHTS
AND THEIR APPLICATION TO ADELIC DYNAMICS

YUSUKE OKUYAMA

We establish a quantitative adelic equidistribution theorem for a sequence
of effective divisors on the projective line over the separable closure of a
product formula field having small diagonals and small g-heights with re-
spect to an adelic normalized weight g in arbitrary characteristic and in a
possibly nonseparable setting. Applying this quantitative adelic equidistri-
bution result to adelic dynamics of f, we obtain local proximity estimates
between the iterations of a rational function f € k(z) of degree > 1 and a
rational function a € k(z) of degree > 0 over a product formula field k of
characteristic 0.

1. Introduction

Let k be a field and denote by k; the separable closure of k in an algebraic closure
k. For every d € NU {0}, let k[ po, p1]a be the set of all homogeneous polynomials
in two variables over k of degree d. A k-effective divisor Z on P! (k) is a divisor
on P! (k) defined by the zeros in P! (k) of some P € UdeN klpo, p1la taking into
account their multiplicities, and is said to be on P! (k) if supp Z  P!(k,). The
defining polynomial P (pyg, p1) of Z is unique up to multiplication in k* (= k& \ {0}),
and is called a representative of Z. Effective divisors include Galois conjugacy
classes of algebraic numbers, and are also called Galois stable multisets in P! (k).

Our first aim in this article is to establish a quantitative adelic equidistribution
of sequences of k-effective divisors on P! (k,), where k is a product formula field,
having not only small g-heights (with respect to an adelic normalized weight g)
but also small diagonals in arbitrary characteristic and in a possibly nonseparable
setting. Secondly, we contribute to the study of the local proximities between the
iterations of a rational function f € k(z) of degree > 1 and a rational function
a € k(z) of degree > 0 on a chordal disk D of radius > 0 in the projective line
P!(C,) for each place v of k, in the setting of adelic dynamics of characteristic 0.
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1.1. Arithmetic over a product formula field. A ficld k is a product formula field
if k is equipped with

(1) aset M of all places of k, which are either finite or infinite,

(i) aset{|-], : v e My}, where for each v € Mg, |- |, is a nontrivial absolute value
of k representing v (and then by definition | - |, is nonarchimedean if and only
if v is finite), and

(iii) a set {N, : v € My}, where N, € N for every v € My

such that the following product formula holds: if z € k \ {0} then we have |z|, # 1
for at most finitely many v € M} and moreover

(PF) [Tz =1

UEMk

Product formula fields include number fields and function fields over curves, and
a product formula field is a number field if and only if it has at least one infinite
place (see, e.g., the paragraph after Definition 7.51 of [Baker and Rumely 2010]).

Let k be a product formula field. For each v € My, let k, be the completion of
k with respect to | - |, and C, the completion of an algebraic closure of k, with
respect to (the extended) | - |,. We fix an embedding of k into C, which extends that
of k into k,; by convention, the dependence on v € My of a local quantity induced
by | - |, is emphasized by adding the suffix v to it. A family g = {g, : v € M} is an
adelic continuous weight if

(i) for every v € My, gy is a continuous function on the Berkovich projective line
P!(C,) such that
M{’,’ =Agy+ Qcan,v

is a probability Radon measure on PI(C,) (see (2-2) for the definition of the
probability Radon measure Q¢ , on P!(C,), and (2-3) for the normalization
of the Laplacian A on P'(C,)), and

(ii) there is a finite subset E, in M} such that g, =0 on PI(C,) forall v e My \ E,.
Moreover, g is called an adelic normalized weight if, in addition,

(iii) the g,-equilibrium energy V, of P!(C,) vanishes for every v € M; (see
Section 2.1 for the definition of V).

For an adelic continuous weight g = {g, : v € M}, the family u8 := (u:ve M)
is called an adelic probability measure (compare [Favre and Rivera-Letelier 2006,
Définition 1.1]). An adelic continuous weight g = {g, : v € M} is said to be
placewise Holder continuous if for every v € My, g, is Holder continuous on
P1(C,) with respect to the small model metric d, on PI(C,) (see (3-1) for the
definition of d,).
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Given P € UdeN k[po, p1]a and an adelic continuous weight g = {g, : v € My},
the g-height of a k-effective divisor Z on P! (k) represented by P is
Mg, (P)

(1-1) he(2):=)_ N, dog P’

UEMk

where, for every v € My, M, (P) is the logarithmic g,-Mahler measure of P (see
(2-10) for the definition of M, (P) and Section 2.3 for a proof that he(2) € R);
by (PF), hy(2) is well defined. For every v € M, letting §s be the Dirac measure
on P'(C,) ata point S € PI(C,), a k-effective divisor Z on P! (k) is regarded as a
positive and discrete Radon measure >  (ord,, Z)8, on P!(C,), still denoted by
Z. Then the diagonal wesupp 2

(2 x 2)(diagpi ) = Y (ordy, 2)°
wesupp Z

of Z is independent of v € M}. For a sequence (Z,,) of k-effective divisors on P! (IE)
satisfying lim,,_, o, deg 2, = 0o, we say (Z,) has small g-heights with respect to an
adelic normalized weight g if limsup, _, . hy(Z,) <0, and we say (Z,) has small
diagonals if lim,, . oo ((Z, x Z,)(diagp: )/ (deg Z,)* = 0.

1.2. Quantitative adelic equidistribution of effective divisors. The following is one
of our main results; for the Galois conjugacy class of an algebraic number, this was
due to Favre and Rivera-Letelier [2006, Théoréme 7]. For the definitions of the C'-
regularity of a continuous test function ¢ on P! (C,), the Lipschitz constant Lip(¢),
on (P!(C,), d,), and the Dirichlet norm (¢, ¢), of ¢ for each v € M, see Section 7.

Theorem 1. Let k be a product formula field and k the separable closure of k in k.
Let g = {gy : v € My} be a placewise Holder continuous adelic normalized weight.
Then for every v € My, there is C > 0 such that for every k-effective divisor Z on
Pl (ky) and every test function ¢ € C'(P'(C,)),

Z
(degz )
/;‘(Cv)(b deg Z Ho

C-max{Lip(¢)y, (¢, ¢>}/2}\/max{hg(2), (logdeg Z)

(1-2)

=

(Z XZ) (diagpl (kx))
(deg 2)? '

In Theorem 1, if v € M}, is an infinite place, or equivalently, C, = C, then the
estimate (1-2) gives a quantitative estimate of the Kantorovich—Wasserstein metric

W(degz’ M‘ﬁ) - S;l)p /P](C)¢d(de§2;’ B M§>

between the probability Radon measures Z/deg Z and u$ on PL(C,)) = P (),
where ¢ ranges over all Lipschitz continuous functions on P! (C) whose Lipschitz
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constants equal 1 with respect to the normalized chordal metric [z, w] on P (C)
(see Remark 4.2). For the details of the metric W including its role in the optimal
transportation problems, see, e.g., [Villani 2009].

The next theorem is a qualitative version of Theorem 1. For a sequence of
Galois conjugacy classes of algebraic numbers, this was due to Baker and Rumely
[2006, Theorem 2.3], Chambert-Loir [2006, Théoreme 4.2], and Favre and Rivera-
Letelier [2006, Théoréme 2]; see also [Szpiro, Ullmo, and Zhang 1997; Bilu 1997;
Rumely 1999; Chambert-Loir 2000; Autissier 2001; Baker and Hsia 2005; Baker
and Rumely 2006; Chambert-Loir 2006; Favre and Rivera-Letelier 2006], and, most
recently, [Yuan 2008] on big line bundles over arithmetic varieties.

Theorem 2 (asymptotically Fekete configuration of effective divisors). Let k be a
product formula field and k its separable closure in k. Let g = {g, : v € My} be
an adelic normalized weight. If a sequence (2, of k-effective divisors on P (k)
satisfying lim,,_, o, deg Z,, = 0o has both small diagonals and small g-heights, then
for every v e My, (2,) is an asymptotically g,-Fekete configuration on P'(C,). In
particular, lim,,_, o, Z,/deg Z, = ws weakly on PL(C)).

In Theorem 2, the assertion that (Z,,) is an asymptotically g,-Fekete configu-
ration on P1(C,) (see (2-7) for the definition), which is also called a g,-pseudo-
equidistribution on P'(C,), is stronger than the final equidistribution assertion. For
a relationship between the Kantorovich—Wasserstein metric W and (asymptotically)
Fekete configurations on complex manifolds, see [Lev and Ortega-Cerda 2012, §7].
For a recent result on the capacity and the transfinite diameter on complex manifolds,
see [Berman and Boucksom 2010] (on C”, we also refer to the survey [Levenberg
2010]); for the convergence of (asymptotically) Fekete points on complex manifolds,
see [Berman, Boucksom, and Nystrom 2011].

1.3. Quantitative equidistribution in adelic dynamics. For rational functions f, a
over a field k and for n € N, the divisor [ f" = a] defined by the roots of the equation
f" =ain P! (k) is a k-effective divisor on P! (k) if f" # a.

Let &k be a product formula field. For a rational function f € k(z) of degree d > 1,
let g7 :={gr. : v € My} be the adelic dynamical Green function in the sense that
for every v € My, gy, is the dynamical Green function of f on P!(C,), so that
pf,y = ué v is the f-equilibrium (or canonical) measure on PI(C,) (see Section 9
for details). The family g is in fact an adelic normalized weight, and the g;-height
function £;, coincides with the Call-Silverman f-dynamical (or canonical) height
function. For every rational function a € k(z), the sequence ([ f"* = a]) has strictly
small g¢-heights in that lim sup,,_, .. (d" +dega)- hg,f ([f" =a]) < oo (Lemma 9.2).
Hence the following are consequences of Theorems 1 and 2, respectively.

Theorem 3. Let k be a product formula field and kq its separable closure in k. Let
f € k(z) be a rational function of degree d > 1 and a € k(z) a rational function.
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Then for every v € My, there exists a constant C > 0 such that for every test function
¢ € CY(P(C,)) and every n € N,

[frl — a]
WGt ramga ~ ")
LI(CD)¢ d"+dega K

< C - max{Lip(@),, (¢, ¢>,‘/2}\/

(1-3)

n-([f" =alx[f" = al)(diagp: )
(d"+dega)?

if f* # a and the divisor [ f" = a] on P (k) is on P! (ky).

Theorem 4. Let k be a product formula field and ky its separable closure in k. Let
f € k(z2) be a rational function of degree d > 1 and a € k(z) a rational function.
If the sequence ([ f" = a]) has small diagonals and the divisor [ f" = a] is on
Pl (ky) for every sufficiently large n € N, then for every v € My, ([ f" = a)) is an
asymptotically gy . -Fekete configuration on PY(C,). In particular,

[f"=al _

n—oco dn4+dega Ko

weakly on P1(C,).

The final equidistribution assertion in Theorem 4 has been established in [Brolin
1965; Ljubich 1983; Freire, Lopes, and Maii¢ 1983] in complex dynamics, and
in [Favre and Rivera-Letelier 2010] in (not necessarily adelic) nonarchimedean
dynamics (of characteristic 0 when dega > 0). For every constant a € P! (k), the
estimate (1-3) in Theorem 3 has been obtained in [Okuyama 2013b, Theorems
4 and 5] in complex and (not necessarily adelic) nonarchimedean dynamics of
characteristic 0. In complex dynamics, for every f € C(z) of degree d > 1, every
constant a € P!(C), and every ¢ € C*(P!(C)), a finer estimate than (1-3) has been
obtained in [Drasin and Okuyama 2007, Theorem 2 and (4.2)].

1.4. Application to a motivating question. Let K be an algebraically closed field
that is complete with respect to a nontrivial absolute value |- |, and [z, w] be the
normalized chordal metric on P! = P'(K) (see (2-1)). A subset D in P! is called a
chordal disk (in P if D = {z € P! : [z, w] < r} for some w € P! and some radius
r > 0. Even in the specific case a = 1d (see, e.g., [Cremer 1928; Siegel 1942; Brjuno
1971; 1972; Herman and Yoccoz 1983; Yoccoz 1988; 1995; Pérez-Marco 1993;
2001]), which is one of the most interesting cases and is related to the difficulty
of small denominators in nonarchimedean and complex dynamics, the following
question has not been completely understood.

Question. How uniformly close on a chordal disk D of radius > 0 can the sequence
(f") of the iterations of a rational function f € K (z) of degree > 1 be to a rational
function a € K (z) of degree > 0?
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For a study of this question on the projective space PV (K), see [Okuyama 2010].
The following estimate of the local proximity sequence (supp| f", aly) is an appli-
cation of Theorem 3 to this question in the setting of adelic dynamics.

Theorem 5. Let k be a product formula field of characteristic 0. Let f € k(z) be a
rational function of degree > 1 and a € k(z) a rational function of degree > 0. Then
for every v € My, and every chordal disk D in P'(C,) of radius > 0, as n — oo,

(-4)  logsup[f".aly=0 (- (L =al x [ = al) (diagpr ) )-

Here, the implicit constant in O (-) possibly depends on f and a.

In the case that a =1d, we will see that ([ /" =1d] x [ f" =1d]) (diagp: ) = O (d")
as n — oo in Section 10. Hence Theorem 5 concludes the following.

Theorem 6. Let k be a product formula field of characteristic 0. Let f € k(z) be a
rational function of degree d > 1. Then for every v € My and every chordal disk D
in P1(C,) of radius > 0,

(1-5) logsup[f",1d], = O(¥nd") asn — cc.
D

1.5. The unit D*(p). The next result generalizes the obvious fact that the discrim-
inant of a polynomial in one variable over a field £ is in k. The unit D*(p) plays
an important role in the nonseparable case and might have been studied before, but
we could find no relevant literature.

Theorem 7. Let k be a field and kg the separable closure of k in an algebraic
closure k of k. For every p(z) € k[z] of degree > 0, let {z1, ..., 2} be the set of
all distinct zeros of p(2) in k so that p(z) = a - ]_[';-1:1(2 — zj)df in k[z] for some
a € k \ {0} and some sequence (dl')? yin N If{zy, ..., Zm) C kg, then

D*(py:=[] [ G -z ek\ (0},

j=liti#j
where, a priori, this D*(p) is always in k \ {0}.

1.6. Organization of this article. In Section 2, we recall background from potential
theory and arithmetic on the Berkovich projective line. In Section 3, we extend
Favre and Rivera-Letelier’s regularization [ - ] of discrete Radon measures and
establish required estimates on them, and in Section 4 we see the negativity of
regularized Fekete sums and a Cauchy—Schwarz inequality. In Sections 5 and
6, we compute the g-Fekete sums (Z, Z), and estimate the regularized g-Fekete
sums (2, Z¢), with respect to a k-effective divisor Z on P! (k). In Section 7, we
prove Theorems 1 and 2; the arguments are more or less adaptions of those in the
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proofs of [Favre and Rivera-Letelier 2006, Théoréme 7] and [Baker and Rumely
2010, Theorem 10.24], respectively. In Section 8, we review background from
nonarchimedean and complex dynamics. Finally, we prove Theorems 3 and 4 in
Section 9, Theorems 5 and 6 in Section 10, and Theorem 7 in Section 11.

2. Background from potential theory and arithmetic

Notation 2.1. For a field k, the origin of k2 is also denoted by 0 = 0, and we write
7w =g k*\ {0} = P' = P!(k) for the canonical projection, so that 7 (0, 1) = oo
and 7 (po, p1) = p1/po if po # 0. Set the wedge product (zg, z1) A (wg, wy) :=
0w —Z1Wwo on kz.

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |, which is said to be nonarchimedean if the strong triangle
inequality |z + w| < max{|z|, lw|} holds, and archimedean otherwise. On K2, let
l(po, p1)]l be either the maximal norm max{|pg|, | p1|} (for nonarchimedean K) or
the euclidean norm +/|po|? + | p1|? (for archimedean K). The normalized chordal
metric [z, w] on P! = P!'(K) is the function

2-D (z, w) = [z, wl=Ip Agl/(Ilpll - ligl) < 1

on P! xP!, where p e 77(z), ¢ € ' (w). The metric topology on P! with respect
to [z, w] agrees with the relative topology on P! from the Berkovich projective
line P! = P!(K), which is a compact augmentation of P! containing P! as a dense
subset, and is isomorphic to P! if and only if K is archimedean (see Section 3.2
for more details when K is nonarchimedean). Letting s be the Dirac measure on
P! at a point S € P!, set

) for nonarchimedean K,
(2-2) Qean 1= { Sean

w for archimedean K,

where Sc,, is the canonical (or Gauss) point in P! for nonarchimedean K (see
Section 3.2 for the definition), and w is the Fubini-Study area element on P!
normalized as w(P!) = 1 for archimedean K. For nonarchimedean K, the general-
ized Hsia kernel [S, S']can on P! with respect to Scan 1s the unique (jointly) upper
semicontinuous and separately continuous extension of the normalized chordal
metric [z, w] on P! (xP') to P! x P! (see (3-4) for a more concrete description). By
convention, for archimedean K, the kernel function [S, 8']can is defined by [z, w]
itself. Let A = Ap: be the distributional Laplacian on P! normalized so that for
each S’ e P!,

(2-3) Alog[-, S can =85 — Qcan  on PL.
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For the construction of the Laplacian A in the nonarchimedean case, see [Baker
and Rumely 2010, §5; Favre and Jonsson 2004, §7.7; Thuillier 2005, §3] and also
[Jonsson 2015, §2.5]. In [Baker and Rumely 2010], the opposite sign convention
for A is adopted.

2.1. Potential theory on P! with external fields. For the foundation of the potential
theory on the (Berkovich) projective line, see [Baker and Rumely 2010; Favre and
Rivera-Letelier 2010; Thuillier 2005], and also [Jonsson 2015; Tsuji 1959, I §11]
([Thuillier 2005] is on more general curves than lines and [Tsuji 1959, III §11] is
on P(C)). We also refer to [Saff and Totik 1997] for the generalities of weighted
potential theory, i.e., logarithmic potential theory with external fields.

A continuous weight g on P! is a continuous function on P! such that

w8 = Ag+ Qcan

is a probability Radon measure on P!. For a continuous weight g on P!, the g-
potential kernel on P! (or the negative of an Arakelov Green kernel function on P!
relative to u® [Baker and Rumely 2010, §8.10]) is the function

(2-4) (S, S :=10g[S, S'lean — 8(S) — g(S") on P! x P!,

and the g-potential of a Radon measure v on P! is the function
(2-5) Ugv(-) :=/<I>g(-,8’) dv(S) onP'.
p!

By Fubini’s theorem, AU, , = v — v(PHYus on P'. The g-equilibrium energy
V, € (=00, +00) of P! is the supremum of the g-energy functional

(2-6) V> d,d(v xv) =/ Ug,,dv
Pl xP! P!

on the space of all probability Radon measures v on P'; indeed, V, > —00 since
Ve > fplprQDg d(Qcan X Lcan) > —00. A probability Radon measure u on P! at
which the g-energy functional (2-6) attains the supremum V, is called a g-equi-
librium mass distribution on P'; in fact the unique g-equilibrium mass distribution
on P! is w#, and moreover, Uy ;s =V, on p! (for nonarchimedean K, see [Baker
and Rumely 2010, Theorem 8.67, Proposition 8.70]). For a discussion on such a
Gauss variational problem, see [Saff and Totik 1997, Chapter 1].

A normalized weight g on P! is a continuous weight on P! satisfying V, = 0; for
every continuous weight g on P!, g := g + V, /2 is the unique normalized weight
on P! such that & = 8.

For a continuous weight g on P! and a Radon measure v on P!, the g-Fekete
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sum with respect to v is

(v, v)g = / D, d(v xv),
P‘xP‘\diagPl(m

which generalizes the classical Fekete sum associated with a finite subset in C (see
[Fekete 1930a; 1930b; 1933]). If supp v is a discrete (so finite) subset in P!, i.e., if
v is a discrete measure on P!, then (v, v) ¢ 1s always finite (even if suppv C Ph.

For a continuous weight g on P!, a sequence (v,) of positive and discrete
Radon measures on P! satisfying lim,,_, o v, (P1) = oo is called an asymptoti-
cally g-Fekete configuration on P! if the sequence (v,) not only has small diag-
onals in that (v, x v,)(diagp:g)) = o(v,(PH?) as n — oo but also satisfies
1imy— 00 (Vn, Vn)g/(1a(P1)? = V,; under the former small diagonals condition,
the latter one is equivalent to the weaker

.. (s, Vn)g
e R Py
since we always have
(2-8) lim sup U e v,

n—00 (Vn(Pl))z B

(see, e.g., [Baker and Rumely 2010, Lemma 7.54]). By a classical argument (see
[Saff and Totik 1997, Theorem 1.3 in Chapter III]), if (v,) is an asymptotically
g-Fekete configuration on P!, then lim,,_, o v, /v, (P!) = ¢ weakly on P!

2.2. Local arithmetic on P1. Let k be a field.

Definition 2.2. A field extension K/k is an algebraic and metric augmentation
of k if K is algebraically closed and (topologically) complete with respect to a
nontrivial absolute value | - | (e.g., C, is an algebraic and metric augmentation of a
product formula field & for every v € My).

For every P € UdeN k[po, p1la, there is a sequence (qP) egP in k2 \ {0} giving

a factorization

deg P
(2-9) P(po, pv) =[] ((po. p1) A a))

j=1
of P ink[po, p1l. Setz —n(qp) eP! (k) foreach j {1, 2, . ., deg P}. Although
the sequence (qP )Gl glp 1s not unique, the sequence (z )Gl £ in I]:I> (k) is independent
of the choice of (q i ) up to permutations. Let in addltlon K be an algebraic
and metric completlon of k. Then the sum M*(P) := qugp log ||q | is also
1ndependent of the choice of (qP )jeglp, and for every continuous Welght g on

P! = P1(K), the logarithmic g- Mahler measure of P is
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deg P
(2-10) Mg(P):= )" g(z})+M"(P).

j=1

The function Sp := |P(- /|| - )] on K2\ {0} descends to P!(K) and in turn

extends continuously to P! so that log Sp = Z}‘.iiglp log[-, Zf]can + M*(P) on P!,
which can be rewritten as log Sp — (deg P)g = Z;liglp D (- ,zf’) + M,(P) on
Pl. Integrating both sides against dié over P!, by U, ,« = V, on P!, we have the
Jensen-type formula

2-11) M,y (P) =/ (log Sp — (deg P)g) du® — (deg P)V,.
p!

2.3. A lemma on global arithmetic. Let k be a product formula field. The proof
of the next result is not based on a field extension of k.
Lemma 2.3. For every P € | J k[po, p1la, we have > N, - M*(P), € Rxo.

deN veMy
Proof. Let (g ]‘.D )31“;1[) be a sequence in k2 \ {0} giving a factorization (2-9) of P,
and let L(P(1,-)) € k\ {0} be the coefficient of the maximal degree term of
P(1,z) € k[z]. Setting g7 = ((¢] )y, (¢]),), for each j € {1,2,...,deg P}, we

have
L(P(l,-))z(—l)degp—d°gw”< I1 (qf)l)( I1 <61f’)o>

Jjm(gP)=00 Jim(g))#oo
since for each j € {1, 2, ..., deg P},

P i(q}’)o-(l, n(q])) ifm(g]) # oo,
P l@h o i) = e,

Thus we have ZveMk N, - M*(P), > ZveMk Nylog |L(P(1,-))|, =0, where the
final equality is by (PF).

For each i,j € NU {0} satisfying i + j = deg P, if the coefficient a; ; € k of
the expansion P(pg, p1) = Zi—i—j:degP ai,jpf)p{ in k[ po, p1laeg p does not vanish,
then by (PF), there is a finite subset E; ; in M; such that |g; ;|, = 1 for every
v € Mg\ Ei j. Set Ep := {infinite places of k} U ; jenu(oya, 20 Ei.j- For every
v € My \ Ep, by the strong triangle inequality, | P (po, p1)|» is bounded above by

max{max{|poly, |p1lo)"* :i,j € NU{0}, i + j = deg P} = [|(po, po)IIE”

on @%, so that log Sp., <0 on P!(C,) and in turn on P!(C,). Set g := {g8 (v e M}
with g =0 on P!(C,) for every v € ](\)/Ik; then gO is an adelic continuous weight.
For every finite v € My, we have uy = 8s,,, on P'(C,) and moreover Vo =
log [Scan,vs Scan,vlcan,y = 0, so that by the Jensen-type formula (2-11), we have
M*(P), = My (P) =log Spy(Scan,v)- Hence, M*(P), < 0 for every v € My \ Ep,
and we conclude that ZveMk N, - M#(P), < oo since #Ep < 00. O
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3. Regularization of discrete Radon measures whose supports are in P!

Let K be an algebraically closed field complete with respect to a nontrivial absolute
value | - |.

3.1. The small model metric d and the Hsia kernel |S — S8’|«. The kernel func-
tion [S, 8']can is not necessarily a metric on P! = P!(K); indeed, for every S € Pl
[S, Slean vanishes if and only if S € P! = P'(K). The small model metric d on P!
is the function

[S, Slean +[S', 8'Jcan
2

which extends the normalized chordal metric [z, w] on P! (but this d does not
induce the topology of P!; see [Baker and Rumely 2010, §2.7; Favre and Rivera-
Letelier 2006, §4.7] for details). On the other hand, the Hsia kernel |S — 8’|, on
the Berkovich affine line A' = A'(K) = P!\ {oo} is the function

(3-1) d(S,8) =[S, Slean — n P! x P!,

(3-2) IS — 8| :=[S, 8'lean - [S, 0011 - [S', 00]L  on Al x Al

can can

although the difference S — &’ itself is not defined unless both S, 8’ € K (for details,
see [Baker and Rumely 2010, Chapter 4]). The kernel |S — §'| is the unique
(jointly) upper semicontinuous and separately continuous extension of the function
|z—w|on K x K to Al x Al

3.2. A short description of P! for nonarchimedean K. Suppose that K is non-
archimedean. A subset B in K is called a (K-closed) disk in K if it has the form
B={ze K :|z—a| <r}forsomea € K and some radius r > 0. By the strong triangle
inequality, two disks in K either nest or are disjoint. This alternative extends to any
two decreasing infinite sequences of disks in K such that they either infinitely nest or
are eventually disjoint, and so induces a cofinal equivalence relation among them.

Example 3.1. Instead of giving a formal definition of the cofinal equivalence class
S of a decreasing infinite sequence (B,) of disks in K, let us be practical: each
z € K is regarded as the cofinal equivalence class of the constant sequence (B),) of
the disks B, = {z} in K (of radii =0). More generally, for every cofinal equivalence
class S of a decreasing infinite sequence (B,) of disks in K, the intersection
Bs :=(),en B is independent of the choice of the representatives (B,) of S, and
if Bs # @, then By is still a disk in K and the S is represented by the constant
sequence (én) of the disks f?n =Bsin K.

As a set, the set of all cofinal equivalence classes S of decreasing infinite
sequences (B,) of disks in K and in addition oo € P! is nothing but P! ([Berkovich
1990, p. 17]; see also [Baker and Rumely 2010, §2; Favre and Rivera-Letelier 2006,
§3; Benedetto 2010, §6.1]): for example, the canonical (or Gauss) point Scyy in
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P! is represented by the ring of K-integers Ok :={z € K : |z| < 1}, which is a
disk in K. The above alternative induces a partial ordering > on P! such that for
every S, S’ € P! satisfying Bs, Bs # @, we have S > S’ if and only if Bs D By
(the description is a little complicated when one of Bs, Bs' equals &). For every
S, S’ € P! satisfying S = &', the segment between S and S’ in P! is the set of
all points S” € P! satisfying S > §” > &', which can be equipped with either the
ordering induced by > on P! or its opposite. All those (oriented) segments make
P! a tree in the sense of Jonsson [2015, §2, Definition 2.2]. The (Gelfand) topology
of P! coincides with the (weak) topology of P! as a tree.
For each S € P! \ {00} represented by (B,,), set
diam S := lim diam B, (= diam Bg if Bs # 9),

n—o0

where diam B denotes the diameter of a disk B in K with respect to | - |; by
convention, for S = 0o, we set By, := K and diam oo := +00. The hyperbolic
space is H' = H'(K) := P'\ P! = {S e P! : diam S € (0, 4+-00)}. The big model (or
hyperbolic) metric p on H! is a path metric on H! (but does not induce the relative
topology of H! induced by P') so that for every S, S’ € H! satisfying S > &/,

(3-3) 0(S, 8" =log(diam S/ diam S”)

(see, e.g., [Baker and Rumely 2010, §2.7]). In terms of p, the generalized Hsia
kernel [S, 8"]can With respect to Scay is interpreted as a Gromov product

(3-4) 10g[S, 8'lean = —p(S”, Sean) on H' x H',

where S” is the unique point in H! lying between S and S’, between S’ and Sean,
and between S¢an and S (see [Favre and Rivera-Letelier 2006, §3.4]). Similarly, for
every S, S’ e Al,

(3-5) |S — &' |oo =diam S”,

where S” is the smallest point in A! satisfying both S” > S and S” > S’ with respect
to the partial ordering > on P!.
For every € > 0, a continuous mapping

71€:A1—>A1

is defined by 7.(S) :=S” for every S € Al, where S” € {S € P! :diam S € [¢, +00)}
is the unique point between oo and S satisfying diam S” = max{e, diam S} (see
[Favre and Rivera-Letelier 2006, §4.6] for details).

3.3. Regularization on Pl. When K is archimedean, fix a nonnegative smooth
decreasing function & : [0, co) — [0, 1] such that supp & C [0, 1] and fooo E(x)dx=1,
and set &.(x) :=&(x/e)/e on [0, +00) for each € > 0. For every z € K and every
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€ > 0, the e-regularization [z]. of §, is the convolution &, * §, on P!, i.e., for any
continuous test function ¢ on P!,

(Ec#8.)(¢) = fé(r)dr 7 et rei®y 40
€ € 27_[

0
When K is nonarchimedean, for every z € K and every € > 0, the e-regularization
[z]e of &, is defined by [z]e := (7t¢)+S; = 8z, (;) ON P! [Favre and Rivera-Letelier
2006, p. 343]. In both cases, [z]¢ is a probability Radon measure on Pl the chordal
potential Pl5SH— fPl log [S, 8']can d[2]e (S”) of [z]e is a continuous function on
P!, and for every z, w € K and every € > 0, the estimate

log|z—w| if z#w,

3-6 log|S — 8| d S, 8) >
(3-6) '/A1><A1 og | loo d([z]e x [w]e)( ) > {Cabs+10g€ ifz—w

holds, where C,ps < 01s an absolute constant and in fact C,,s =0 for nonarchimedean
K [Favre and Rivera-Letelier 2006, Lemmes 2.10, 4.11, and their proofs].

Let us extend the e-regularization [ - ] and the estimate (3-6) to P. Set ((z) :=
1/z € PGL(2, K), which extends to an automorphism on P! (see Fact 8.2), so that

=1Id on P! and [((S), t(8)]ecan = [S, 8'lcan (30 d(1(S), 1(S")) = d(S, S’)) on
P! x P!. For every € > 0, set [00]¢ := t4[0]c.

For every z € P! and every € > 0, we have

(3-7) supp [z]le C{S € P! :d(S,z2) <€),

as follows immediately from the definitions of |S — &’|« (and (3-5)), d, and [z]e
when z € K, and from (3-7) applied to z = 0 and the invariance of d under ¢ when
7z = 00. Moreover, for every z € K and every € > 0,

(3-8) sup |log[S, 00]can —log [z, 00| <€
Sesupp [z]e

by a direct computation of log[ -, 00]can — log [z, 00] on K, using that supp [z]c C
{S e P!:|S — 7| < €} and the density of K in Al.

Lemma 3.2. Let g be a continuous weight on P! having a modulus of continuity n
on (P, d). Then for every € > 0 and every z, w € P!,

(3-9) @, d([z]e x [wle)
PlxP!
D, (z, w) —2€ —2n(e) ifz#w,
> 1 Caps +1oge —2¢e +2log [z, 00] —2n(e) —2g(2) ifz=weK,
Caps +log e —2¢ — 2n(e) —2g(00) ifz7=w=o0.

Proof. Since ®4(S,S’) =10g[S, S'lcan — g(S) — g(S) on P! x P, by (3-7), we
can assume g = 0 (and = 0) on P! without loss of generality. For every z, w € K,
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by the definition (3-2) of |S — &'|~ and (3-8),
f 1og [S, 8'lcan d([z]e X [w]e)(S, S")

PlxP!

> / log |8 — &'|oe d([z]e X [w]e)(S, S') —2¢ +log [z, 00] +log [w, o],
AlxAl

which with the estimate (3-6) yields (3-9) (for g = n = 0) in this case. The
estimate (3-9) (for g = n =0) in the case z = w = oo follows from [c0]c = t14[0]e,
[t(S), t(S)]can =[S, S']can, and the estimate (3-9) for z = w = 0.

There remains the case that z=o00 and w € K (so z # w). If K is nonarchimedean,
then for every w € K and € > 0, the equalities [00] = t,[0]¢ and [¢(S), t(S)]can =
[S, 8'lcan, together with the interpretation (3-4) of [S, 8']can, yield

/Pl Pllog [S, §'lcan d([00]e X [w]e)(S, S)

= / 10g [S, Sl]can d([0]e x tx[w]e)(S, S/) = 10g [776(0), t(me (W) ]can
P!xP!
> log [0, t(w)] = log[oo, w] > log [co, w] — 2¢,

which implies the estimate (3-9) (for g = n = 0) in the case z = oo and w € K
when K is nonarchimedean. If K is archimedean, then for every w € K and every
r,r’ > 0, we have

2 2
dé | ioy_ 1 _|do
/0 2 /0 log|(O+re™) w+r'el? | 2m
2 2
:/0 max{—log |w +r¢'?|, logr} 3y —fo log|(w +7'e'?) — 0| o
so that for every w € K = Al and every € > 0,
f log S — 800 d([0]e X t,[w]e)(S, S)
Al xAl

=/ 1og | = t(8N) |00 d([0]e x [w]e)(S, S') > — f 10g |8’ = 0loo d[w]e (S).
AlxAl Al

On the other hand, for every w € K and every € > 0, by the definition (2-1) of the
chordal metric [z, w] on P' = P! (and [0, co] = 1),

/ log [S/» 00]can d(t*[w]e)(s/) = / log [8/5 Olcan d[w]e (S/)
Pl pl

=f10g|3/—0|ood[w]e(3/)+/10g [S’, 00]can d[w]e(S").
Al p!

From these computations and (3-8), for every w € K and every € > 0, we get
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f 10g [S, S/]can d([oo]e x [w]e)(S, S/)
P! xP!

_ / 102 [S, 8'Tean d([0]c X t3[w]e)(S, S
Pl xP!

= / log [S, 00]can d[0]c(S) + / log [S/s O] can d[w]e(sl)
Pl Pl

> log [0, oco] + log [w, oo] — 2¢ = log [w, 0o] — 2¢,

which implies the estimate (3-9) (for g = n = 0) in the case z = oo and w € K
when K is archimedean. O

4. The negativity of regularized Fekete sums
and a Cauchy—Schwarz inequality

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |. For every € > 0 and every discrete measure v on P! = P!(K)
whose support is in P! = P!(K), the e-regularization of v is

Ve 1= Z v({whH[w]e onP.

wesupp v

For every continuous weight g on P!, let us call (v, v) ¢ the e-regularized g-Fekete
sum with respect to this v.

4.1. C'-regularity and the Dirichlet norm. Recall the description of P! given in
Section 3.2. For nonarchimedean K, a function ¢ on P! = P(K) is in C'(P') if

(i) ¢ is continuous on P! and locally constant except for a union 7 of at most
finitely many segments in H! = H!(K), which are oriented by the partial
ordering > on P! and

(ii) the derivative ¢’ with respect to the length parameter induced by the hyperbolic
metric p on each segment in 7 exists and is continuous on 7.

The Dirichlet norm of ¢ € C'(P') is defined by <¢ @)% :=([(¢")* dp)'/?, where
dp is the 1-dimensional Hausdorff measure on H! with respect to p (for details, see
[Favre and Rivera-Letelier 2006, §5.5]). When K is archimedean, the Cl—regularity
and the Dirichlet norm of a function ¢ on P! = P! is defined with respect to the
complex (or differentiable) structure of P!. For completeness, we include a proof
of the following.

Proposition 4.1. Every ¢ in C'(P') is Lipschitz continuous on (P!, d).

Proof. When K is archimedean, this is obvious. Suppose that K is nonarchimedean
and let ¢ € C'(P'). By definition, ¢ is locally constant on P! except for a union
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T of at most finitely many segments in H!, and is Lipschitz continuous on 7~ with
respect to p. The set 7 is compact in (H!, p), and for every S, S’ € H!, by the
definition (3-1) of d, (3-4), and (3-3), if Scan = S > &', then

diamS+diam S’ _ diamS—diam S’ _ diam &’
2 - 2 - 2
and similarly, if Scan < S < &', then d(S, ') > p(S, S')/(2diam S’). Hence we

conclude that ¢ is also Lipschitz continuous on 7 with respect to d, and in turn on
the whole P! with respect to d. (]

d(S, S') = diam S — (S, S,

The Lipschitz constant of a Lipschitz continuous function ¢ on (P!, d) is denoted
by Lip(¢).

Remark 4.2. When K is archimedean (so P! = P'), we have (¢, ¢)'/? <Lip(¢) for
every ¢ € C'(P'). Moreover, every Lipschitz continuous function ¢ on (P!, [z, w])
is approximated by functions in C'(P!) in the Lipschitz norm.

4.2. The negativity of (v, v¢) g and a Cauchy-Schwarz inequality. For every Ra-
don measure u on P! satisfying u(P') = 0, if the chordal potential of 1, which is
defined by S fpl log [S, S'can d1(S”), is continuous on P!, then we have the
positivity property fPlel (—log|S — 8'oo) At x )(S,S") > 0 (see [Favre and
Rivera-Letelier 2006, §2.5 and §4.5]) and in fact the Cauchy—Schwarz inequality

/ ¢dp
p!

for every test function ¢ € C'(P!) (see [Favre and Rivera-Letelier 2006, (32) and
(33)D.

In particular, for every € > 0, every normalized weight g on P!, every test
function ¢ € C'(P'), and every discrete measure v on P! whose support is in P!,
the computation

2
(4-1) = (9.9 '/Pl Pl(—log S = S'loo) A1 x 1)(S, S

0= /p (710218 = 8'loe) d((ve = (P11 x (ve = (PSS
= /P] bl (—Pg) d((ve — (V(Pl)),ug) X (Ve — (U(Pl)),ug)) = —(Ve, Ve)g

(recalling U, ¢ = 0 on P1) yields not only the negativity (v, Ve)g < 0 but, with
the Cauchy—Schwarz inequality (4-1) and the triangle inequality, also the estimate

(4-2)

_ ‘ /P (0 )+ (e — (deg V)

< (degv) Lip(¢)e + (¢, )/ - (—(ve, ve)o) /2.

[ a0 =)
p!
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5. Computations of Fekete sums (2, Z),
Let k be a field. For a k-effective divisor Z on P!(k), set

D*(ZU;) — 1_[ 1_[ (w _ w/)(ordw Z)(ord, Z) c E \ {0}’

wesupp Z\{oo} w’esupp Z\{w,o0}

which is in fact in k£ \ {0} by Theorem 7 if Z is on P! (k). For every P €
UdeN k[po, p1la, let L(P(1,-)) € k\ {0} be the coefficient of the maximal degree
term of P(1, z) € k[z] (appearing in Section 2.3).

Lemma 5.1. Let k be a field. Let Z be a k- eﬁ‘ective divisor on P (k) represented
by P € U en klpo. p1la, and let (qP)Gleg be a sequence in k*\ {0} giving a
factorization (2-9) of P. For each j € {1 2 deg P}, set qj = ((qj )0 (6]1 )o)
and 7 = JT(qP ) € Pl(k). Suppose (q ) is normalized with respect to a
distinguished zero wg € P' (k) of P so thatfor each jel{l,2,...,deg P},

(5-1) {(‘11 Yo=1 ifz; &{wo, oo},
(C]] )1:1 l.fwo;éZJ'ZOO.
Then
_ . (gP)y  if wo # o0,
5-2 L(P 1" = (—1 deg P degocP'{l_[].z_, wo\1j /0
(5-2) (P(,-))=(1 szzj:wo(q}?)l if wy = 00
and
deg P
s3 1 IT @ ~ad
J=1 izi#z)

= (1)t PlePdess ) g (p(1, )28 Pden P pr(z k).

Proof. Without normalizing the sequence (qP ) gl we have, by direct computation,
deg P
s I T @'rad
j=1 izi#z;
=[] (@o@)) - TT=@H@hHo) - TT (@Ho@!ozi—2z)
Jizj=00 Jizj#00 Jizj#00
i:z;7#00 i:2j=00 i:z; ¢{z,00}
_ deg P—d
— (_l)degooP(degP deg,, P) . ( l_[ <(q] eg oo P 1_[ (q; )O>)
Jizj=00 i:7; 700
deg P—deg,, P— deg P _
: ( [ <<q,”>o - 11 (q,-P>o)> - D*(Z1k).
Jizj#00 i:z;¢{zj,00}

Let us normalize (q ) so that the normalization (5-1) holds with respect to a
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distinguished zero wq € P! (k) of P. Then (5-2) follows from

L(P(l,->>=(—1)d°g”‘d‘°'g°°”-( I1 %”)1)( I1 <q}°>o)

Jizj=00 Jizj#00
and the normalization (5-1).
Let us show (5-3). If wy = oo, then under the normalization (5-1), the equality
(5-4) yields

deg P
[T IT @ ~ad>
j=1 iz,

— (—1)de80 Pldeg P—degoo P) ( 1_[ (qf)l -1-D*(Z|k),

)Z(deg P—deg., P)
Jizj=00

which with (5-2) implies (5-3) when wg = oo. If wg # oo, then under the normal-
ization (5-1), the equality (5-4) yields

deg P
[T I] @'~aD
j=1 izi#z;

2deg,,
= (=1 )degoo P(deg P—deg,, P) . l—[ (CI,P)O)

iizj=

deg P—deg,, P—deg, . P
<l—[((q])0g g g, 1))

Jizj=wp
: ( I1 (1 11 (qf’>o)> - D*(Zlk)
Jjzj ¢{wo, 00} i:zi=wo
2deg,, P+2(deg P—deg,, P—degwo P)
— (_1)degOC P(deg P—deg,, P) ( 1_[ (qu)0> . D*(ZV;),
i Zi=
which with (5-2) implies (5-3) when wg # oo. O

Lemma 5.2 (local computation). Let k be a field and K an algebraic and metric
augmentation of k (see Section 2.2). For every continuous weight g on P! = P1(K)
and every k-effective divisor Z on P! (k) represented by a homogeneous polynomial

P € Uyen kLpos pila, we have
(5-5 (2,2)+2 - ) (ordy 2)’log[w,00] =2 - Y (ordy, 2)’g(w)
wesupp Z\{oo} wesupp Z
=2(deg Z) log |L(P(1, -))| +log |D*(Z[k)| — 2(deg Z) M, (P).

Proof. Let Z and P be as in the statement and let (qP )deg be a sequence in

k?\ {0} giving a factorization (2-9) of P and satisfying the normahzatlon (5-1) with
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respect to a distinguished zero wg € P'(k) of P. Set Zj = n(qf) € P! (k) for each
je{l,2,...,deg P}. Since by definition

Dy(z,2) =loglz,7'1— g(z) — g(2)
on P'(K) x P!(K), we have

deg P deg P

(2, 2), =10g( [T [T 14" nra? |) 2.3 Y (e +log llg” I;
Jj=1 izi#z; Jj=1 izi#z;
by (5-3),
deg P
log( IT 11 |qf’Aq}’|>:2(deg P —deg,, P)log|L(P(1,-))|+log|D*(Z|k)|,
=1 izi#z;
and we also have
deg P
>0 (s +logligh )
j=1izi#z;
deg P deg P deg P
=Y > (e +loglgll) = > Y (e +loglig”ll)
j=1 i=1 j=1izi=z;
deg P deg P
= (deg PYMy(P) — ) (deg, P)g(zj) =) logllg/ I,
j=1 Jj=1 izi=z;

where the final equality is by the definition (2-10) of M, (P). Hence

(Z, 2)g =2(deg P) log|L(P(1,-))| +log|D*(Z|k)| — 2(deg P)M,(P)
deg P

+2 )" (ord, Z)2g<w>—2<<degw0P)log|L<P<1,-))|—Z > log ||qf’||).

wesupp 2 j=lizi=z;

For each j € {1, 2, ..., deg P}, also set q]P = ((qf)o, (qJ‘.D)O). If co & supp Z, then
wo # 00, and by the normalization (5-1) and the equality (5-2),

deg P
(deg,, P)log|L(P(1,- )| = > > loglig”|
Jj=lizi=z;
deg P deg P
=—Y Y (logllg”ll—logl(g/)ol) =D > loglzi, oc]
j=1izi=z; j=lizi=z;
= Z (ord,, 2)2 log [w, 00] = Z (ord,, 2)2 log [w, 00].

wesupp Z wesupp Z\{oo}
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If co € supp Z, then we can set wy = oo, and by the normalization (5-1) and the
equality (5-2) (and ¢/ = (¢), - (0, 1) when z; = c0),

deg P
(deg,, P)log|L(P(1,- )| = > Y  loglig”|

Jj=1 izi=z;
==Y Y (oglig” I —loglig/l) = > > (loglig/ Il —log 1(g")ol)

Jizj=00 izi=z; JiZj#00 1:7i=2z;
= D> D loglzool = ) (ordy 2)*log[w, ool
Jizj#oo iizi=z; wesupp Z\{oo}

This completes the proof. U

Lemma 5.3 (global computation). Let k be a product formula field and ks the
separable closure of k in k. Then for every adelic continuous weight g ={g, : v € My}
and every k-effective divisor Z on P! (k),

5-6) Y NU((Z, 2)g,+2 Y (ordy, 2)’log[w, oo]v)

veMy wesupp Z\{oo}
= —2(deg 2)*hg(2)+2) Ny Y (ordy 2)*gy(w).

veEM;  wesupp Z

Proof. Let P € | 4en k[Po, p1la be a representative of Z. Summing up the product
of N, and (5-5) (for this P) over all v € M}, we have

>N, ((Z, 2)g,+2 Y (ordy 2)*log[w, 00], —2 > (ord, Z)ng(w)>

veMy wesupp Z\{oo} wesupp Z
= —2(deg 2)*hy(2)

by the product formula (PF) (since L(P (1, -)) € k \ {0} and, under the assumption
that Z is on P! (k,), D*(Z|k) € k \ {0}) and the definition (1-1) of he(2). O
6. Estimates of regularized Fekete sums (2., Z.),

6.1. Local estimate. Let k be a field and K an algebraic and metric augmentation
of k. Let Z be a k-effective divisor on P! (k), which we regard as the Radon measure

> (ordy, 2)8y,

wesupp Z

on P! = P!(K), and let g be a continuous weight on P! such that g is a 1/k-Holder
continuous function on (P!, d) for some « > 1 having the 1/x-Holder constant
C(g) =0.
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Lemma 6.1. For every € > 0,

(Ze, 2942 (2,2)+2 Y (ordy 2)*log[w, 00] =2 Y (ordy, 2)*g(w)
wesupp Z\{oo} wesupp Z

+ (Caps +log €) - (2 x 2)(diagp: ) — 2(deg 2)*(e + C(g)e'/*).
Proof. Set n(e) = C(g)el/K. For every € > 0, using (3-9),
(267 Ze)g - (Zv Z)g

- /1 D d(Ze x Z0) ~ D, d(Z x Z)
P!xP

Plel\diagpl(K)

= Z (ord,, Z)Z/ D, d([w]e x [w]e)
P! xpP!

wesupp Z

+ Y (/P cbg<8,8’>d<[z]ex[wk)(s,S’)—cbg(z,w))

(z.w)eP! xP!\diagp, 'xP!
> > (ordy 2)*(Caps +loge — 2¢ + 2log [w, 00] — 2n(€) — 2g(w))
wesupp Z\{oo} 2
+ (2({00})) " (Caps +log € — 2¢ — 21(€) — 2g(00))
+ ((deg 2)* — (2 x 2)(diagp: ) (—2€ — 2n(€))
= ((Z X Z)(diagpl(,;))) (CabS +loge —2¢ — 27)(6))

+2 ) (ordy, Z)’log[w,00] =2 Y (ord, Z)*g(w)

wesupp Z\{oo} wesupp Z
+ ((deg 2)* — (2 x 2)(diagp 1)) (—2€ — 2n(€)),
which completes the proof. U

6.2. Global estimate. Let k be a product formula field, and Z a k-effective divisor
on P (k). Let g={g,:ve M} bea placewise Holder continuous adelic normalized
weight, so for every v € My, g, is a normalized weight on PI(C,) andisa 1 JKy-
Holder continuous function on (P'(C,), d,) for some «, > 1 having the 1/«,-Holder
constant C(g,) > 0.

Lemma 6.2. For every vg € My and every € > 0,
Nuy(Ze. Z)g,, = —2(deg 2)*hg(2)+(Caps+log€) (2 x 2)(diagpi,) - > Ny
veEU{vo}

—2(deg 2)> Y Ny(e+Clgye'/w).

veEgU{vo}

Proof. Fix vy € M. We use, for every v € My, the notation
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Wy i=(2,2)g,+ 2 Y (ordy, 2)*log[w,00l, — 2 Y (ordy, 2)*g,(w).
wesupp Z\{oo} wesupp Z

Since (2, Z¢),, < 0 for every € > 0 and every v € M (see Section 4.2), using also
Lemma 6.1, we have

Nu(Ze. 2)gy = D Nu(Ze, 2oy,

veE,U{vo}
> Y NWy+ (Cans +loge) - (2 x 2)(diagpig) - Y, No
veEg,U{vp} veE,U{vo}
—2(deg 2)> Y Ny(e+C(gy)e'/w).
veEg U{vp}

Moreover, since for every v € My \ Eg, g, =0 on P(C,) and (Z, Z)g, <0, using
also (5-6), we have

Y ONW, = Y ONW, = —2(deg 2)*hy (2),

veE,U{vo} veMy

which completes the proof. U

7. Proofs of Theorems 1 and 2

Proof of Theorem 1. Fix vy € My. For every v € My, g, is a 1 /x,,-Holder continuous
function on (P!(C,), d,) for some «,, > 1 having the 1/k,-Holder constant C(g,) > 0.
Set € = 1/(deg Z)*w. For every test function ¢ € C'(P! (Cyy)), by (4-2) and
Lemma 6.2,

Z
oaZz-13)|
/F)I(Cv0)¢ deg Z Fap )| =

. (2 ~hg(2) + (—Caps + 2Ky, log deg Z) -

Lip@), (6, Pl
(deg 2)>0 ~ NI/2

(Z X Z) (diag[pl (ks))

.ZNU

2
(deg Z) veEU{vo}
Clen) 1/2
8v
2 T (Gt )
veE Ouo) (deg Z)*0  (deg Z)
which completes the proof. U

Proof of Theorem 2. Fix vg € My. For every n € N, we have (Z,, Z,), <0 if
v e M\ E,. Hence by (2-8), (5-6), and the assumption that V, = 0 for every
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v € M}, we obtain

(va Zn)gv (va Zn)g
— 2+ #E,-0(1) > N,———
" (deg Z,)? ¢ vngk * (deg 2,)?
Z, x Z,)(dia
>—-2-h (Zn)—Z( - ) (diagp 1)) Ny, sup |gy| asn— oo;
§ deg Z,,)? P
(deg Z) veE, PL(C,)

thus, under the assumption that (Z,) has both small diagonals and small g-heights,
we have liminf, o (Z,, Z,),,, /(deg Z)?>0= Vs,,- Hence (2-7) holds for gy,
and (Z,), and the proof is complete. U

8. Nonarchimedean and complex dynamics

Fact 8.1. Let k be a field. For a rational function ¢ € k(z), we call

Fy = ((Fp)o. (Fp)1) € | &Ipo, prla x k[po, pila)
deNU{0}

aliftofpif roFy=¢om on k*\ {0} and, in addition, F¢_1 (0) ={0} when deg ¢ > 0.
The latter nondegeneracy condition is equivalent to the nonvanishing of Res(Fy) :=
Res((Fy)o, (Fp)1); for the definition of the homogeneous resultant Res(P, Q) € k
for P, Q € UdeNU{O} k[po, p1la, see, e.g., [Silverman 2007, §2.4]. Such a lift Fy of
¢ is unique up to multiplication in k¥, and is in fact in k[ po, p1ldegp X k[P0, P1ldego-

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |.

8.1. The dynamical Green function gy on PL. For the foundation of a potential-
theoretical study of dynamics on the Berkovich projective line, see [Baker and
Rumely 2010; Favre and Rivera-Letelier 2010] for nonarchimedean K and, e.g.,
[Berteloot and Mayer 2001, § VIII] for archimedean K (= C).

Fact 8.2. Let ¢ € K (z) be a rational function of degree dy € NU {0}. The action of
¢ on P! =P!(K) uniquely extends to a continuous endomorphism on P! = P!(K).
When dy > 0, the extended ¢ is surjective, open, and discrete and preserves P!
and H! = H!(K), the local degree function z deg, ¢ on P! also canonically
extends to P!, and the (mapping) degree of the extended ¢ : P! — P! still equals
dyp (see [Baker and Rumely 2010, §2.3, §9; Benedetto 2010, §6.3]): in particular,
the extended action of ¢ on P! induces a push-forward ¢, and a pullback ¢* on the
spaces of continuous functions and of Radon measures on P!. When dy = 0, the
extended ¢ is still constant, and we set ¢* := 0 on P! for every Radon measure p
on P! by convention. Let Fy € K[po, p1laegy X K[po, P1ldeg be a lift of ¢. The
function
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(8-1) Tr, =log| Fs(- /|- )| =log || Fy |l — (deg ¢) log | - |

on K2\ {0} descends to P! and in turn extends continuously to P!, satisfying
ATf, = ¢ Qcan — (deg @) Qcan ON P! (see, e.g., [Okuyama 2013a, Definition 2.8]).
Moreover, ¢ is a Lipschitz continuous endomorphism on (P!, d) and Tf, is a
Lipschitz continuous function on (P!, d) (for nonarchimedean K, see [Baker and
Rumely 2010, Proposition 9.37]). For every n € N, the homogeneous polynomial
F(Z € K[ po, pl]deg¢" x K[po, pl]deg¢" is a lift of ¢".

Let f € K(z) be a rational function of degree d > 1, and consider a lift
F € K[po, pi1la X K[po, p1la of f. The uniform limit gg :=lim,_, o, TFn/d" on
P! exists, and more precisely, for every n € N,

Tgn
dn

su T
< ppi ITF|

(8-2) sup S Td=1)

p!

8F —

The limit g is called the dynamical Green function of F on P! and is a continuous
weight on P!. The probability Radon measure
A n *S’z .
pri=ps" = Agp + Qcan = nlgrgo (fil—”m weakly on p!

is independent of the choice of F and satisfies f*us=d - s on P!. It is called the
f-equilibrium (or canonical) measure on P'. Moreover, g is a Holder continuous
function on (P!, d) (for nonarchimedean K, see [Favre and Rivera-Letelier 2006,
§6.6]). The remarkable energy formula

log |Res F|
dd—1)

was first established by DeMarco [2003] for archimedean K and was generalized to
rational functions defined over a number field by Baker and Rumely [2006] (for a
simple proof of (8-3) which also works for general K, see [Baker 2009, Appendix
A] or [Okuyama and Stawiska 2011, Appendix]). The dynamical Green function
gr of f on P! is the unique normalized weight on P! such that 48" = uy, i.e., for
any lift F of f, gr =gr + V,./2 on Pl

(8-3) Ve = —

8.2. A Berkovich space version of the quasiperiodicity region £¢. For nonarchi-
medean dynamics, see [Baker and Rumely 2010, §10; Favre and Rivera-Letelier
2010, §2.3; Benedetto 2010, §6.4]. For complex dynamics, see, e.g., [Milnor 2006].

Let f € K(z) be arational function of degree > 1. The Berkovich Julia set of f is

J(f):={SeP‘: N (U f"(U))=P1\E(f>},

U open in P! containing S “neN

where E(f):={aeP:# ],y f " (a) <00} is the exceptional set of f. The
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Berkovich Fatou set is F(f) := P!\ J(f). By definition, J(f) is closed and F(f)
is open in P!, both J(f) and F(f) are totally invariant under f, and J(f) has
no interior point unless J(f) = P!. The classical Julia set J(f) N P! (resp. the
classical Fatou set F(f) N P') coincides with the set of all nonequicontinuity points
(resp. the region of local equicontinuity) of the family { f” : n € N} as a family of
endomorphisms on (P!, [z, w]).

A component U of F(f) is called a Berkovich Fatou component of f, and is said
to be cyclic under f if f"(U) = U for some n € N, which is called a period of U
under f. Following [Fatou 1920, §28], a cyclic Berkovich Fatou component U of
f having a period n € N is called a singular domain of f if f*:U — U is injective.
Let & be the set of all points S € P! having an open neighborhood V in P! such
that liminf,,_, o supy~p1 [f", Id] =0, which is a Berkovich space version of Rivera-
Letelier’s quasiperiodicity region of f. When K is archimedean, £ coincides with
the union of all singular domains of f, and when K is nonarchimedean, & is still
open and forward invariant under f and is contained in the union of all singular
domains of f (see [Okuyama 2013a, Lemma 4.4]).

The following function 7 is Rivera-Letelier’s iterative logarithm of f on EfN P!,
which is a nonarchimedean counterpart of the uniformization of a Siegel disk or a
Herman ring of f.

Theorem 8.3 ([Rivera-Letelier 2003, §3.2, §4.2]. See also [Favre and Rivera-Lete-
lier 2010, Théoreme 2.15]). Suppose that K is nonarchimedean and has character-
istic 0 and residual characteristic p. Let f € K(z) be a rational function on P! of
degree > 1 and suppose that £y # @, which implies p > 0 by [Favre and Rivera-
Letelier 2010, Lemme 2.14]. Then for every component Y of & not containing oo,
there are kg € N, a continuous action T : Z, x (Y NK) 3 (w,y) = T“(y) e Y NK,
and a nonconstant K -valued holomorphic function T, on Y N K such that for every
meZ, (fo)y"=T" onY N K, that for every w € Z,, T is a biholomorphism on
Y N K, and that for every wy € Z,,
. T —-T® .

(8-4) lim —— =T,oT® locally uniformly on Y N K.

Zps30—>wy W—Q
8.3. The fundamental relationship between ps and J(f). If K is archimedean,
the inclusion supp uy C J(f) is classical, but it is not trivial from the definition of
J(f) when K is nonarchimedean. For an elementary proof, see [Okuyama 2013a,
proof of Theorem 2.18]. Actually the equality supp uy = J(f) holds, but we will
dispense with the reverse (and easier) inclusion J(f) C supp .

9. Proofs of Theorems 3 and 4

Let k be a product formula field. The proof of the following is based not only on
(PF) but also on elimination theory (and the strong triangle inequality).
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Theorem 9.1 [Baker and Rumely 2006, Lemma 3.1]. Let k be a product formula
field. For every ¢ € k(z) and every lift Fy € k[po, pilaegy X k[P0, P1ldegop Of ¢»
there exists a finite subset Er, in My containing all the infinite places of k such that
Jor every v € My \ Ef,, we have |Res Fg|, = 1 and || Fp(-)lly = | - ||Seg¢ on ([32

Let f € k(z) be a rational function of degree > 1 and F € k[ po, p1la X k[ po, p1la
a lift of f. Then the family g, = {g;, : v € M} is an adelic normalized weight,
where g , is the dynamical Green function of f on P1(C,) for every v € My. Indeed,
letting g, be the dynamical Green function of F on P!(C,) for each v € M; and E
be a finite subset in M}, obtained by Theorem 9.1 applied to F', for every v e M\ Ef
we have Tg», =0 on PI(C,) for every n € N, giving gr, = gr,y =0o0n PL(C,).
We call the adelic normalized weight s = {g,, : v € M} and the adelic probability
measure (i 1= w8 the adelic dynamical Green function of f and the adelic f-
equilibrium (or canonical) measure, respectively. Here, for every v € My, uyr, :=
U8 = uﬁf (as in Section 1) is the f-equilibrium (or canonical) measure on PI(C,).

Lemma 9.2. Let k be a product formula field. Let f, a € k(z) be rational functions
and suppose d :=deg f > 1. Then the sequence ([ f"* = a)) of k-effective divisors
on P (k) has strictly small gy-heights in that

limsup(d" +dega) - hg, ([f" = al) < occ.

n—oo

Proof. Let F € k[po, pila X k[po, pila and A € k[po, pilacga X k[P0, P1laega be
lifts of f and a, respectively. Then F" A A € k[po, p1lantdega X k[P0, P1lan+dega
is a representative of [ f" = a] for every n € N such that f" s£a. Let Er, E4 be
finite subsets in M; obtained by applying Theorem 9.1 to F, A, respectively, so
that for every v € My \ (EF U E,4) and every n € N, we have Tpn , = T4, =0
and gr, = 0 on P!(C,). For every v € M; and every sufficiently large n € N,
since |[F" AAl, < || F"|lv||Ally on C% \ {0}, we have log Sprpa.p < Tpny+ T4 ON
P!(C,) and in turn on P'(C,) (recalling that Spapa . = [(F* AA)(- /] - lv)|» o0
P1(C,)), so using also g, = grv + Vg, /2 On P!(C,), we obtain
log Spn Tpn T,
d§+ngg; 8w = ;"’i—gegAc;v - (gF’” + %Vg”> on P(Cy).

Hence, by the definition (1-1) of Ay, the Jensen-type formula (2-11), the energy
formula (8-3) (with Res F € k \ {0}) and (PF), we have

T n +TA 3
hy L7 =a) < Z /PI(C) C;-T-degav gF’v) d'uf’”_i Z No-Ver,

veMjy veMy
Tpny+Ta
= Z Ny (%_gﬁz) d:uf,v
veEpUE, PL(C,) d +dega

=0(Wd™) asn— oo,
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where the final order estimate is by (8-2) and #(Er U E4) < 00. O

With the help of Lemma 9.2, Theorems 3 and 4 follow from Theorems 1 and 2,
respectively.

We omit the proof of the following characterization of hg., which we will
dispense with in this article.

Lemma 9.3. Let k be a product formula field. Then for every rational function
f € k(z) of degree d > 1, the gs-height function hg, coincides with the Call—
Silverman f-dynamical (or canonical) height function in that for every k-effective
divisor Z on P (k), ( f«Z is also a k-effective divisor on P! (k), and) the equality
(hg, o f:)(Z2) = (d - hg)(2) holds.

10. Proofs of Theorems 5 and 6

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |. For subsets A, B C P!, set [4, B] := infyeq yeplz, 71

Let f,a € K(z) be rational functions and suppose that d := deg f > 1. Let
N e N be so large that f" #£a if n > N. Then (Un>N supp [ f"* = a]UJ(f)) N P!
is closed in P!,

Lemma 10.1. Suppose that K has characteristic 0. Let D be a chordal disk in P!
of radius > 0 satisfying liminf,_, o supp [ f", a]l = 0. Then:

(i) a(D) C &.

(i) D\ (U,-nsuppf" =alUJ(f)) # 2.
(iii) There is a chordal disk D" in P'\ J(f) of radius > O such that

lirggf[f”(D'), a(D")] > 0.

Proof of (i). Since liminf,_, o supp[f”, a] = 0, there is a sequence (n;) in N
such that lim;_, o supp[f"/,a]l = 0 and lim;_,(n;41 —nj) = co. For every

zeD,set D" :={w e P!':[w, a(z)] < r}in a(D) for r > 0 small enough.
Then liminf;_, oo sup /[ /717", 1d] < limsup;_, o, supp [ f"/*!, f"7] =0, so that
a(z) € & . Hence a(D) C &. O

Proof of (i1). When K is archimedean, let Y be the component of £; containing
a(D), which is by the first assertion either a Siegel disk or a Herman ring of f.
Setting ko := min{n € N : f"(Y) = Y}, there are a sequence (n;) and an N in
N with the properties that f"¥(D) C Y, that ko | (n; —ny) for every j > N, and
that a = limj_, oo (f%0)®i="W/k0 o 18 yniformly on D. Then DN J(f) = @. Let
A € C be the rotation number of Y, so that there exists a holomorphic injection
h:Y — Csuchthat hof* =X.hon Y. Then |A| = 1 but A is not a root of unity (by
d > 1). Choosing a subsequence of (n ) if necessary, A, :=1im;_, Ani—nn/ko e €
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exists. For every n > ny, if kof(n —ny), then D Nsupp [ f" = a] = &, whereas
if ko|(n —ny), then ho f" —hoa = A" W/k _ 3 ). (ho f*™) on D, so
(D \ (h of”N)_l(O)) Nsupp [ f"* = a] = @ if n is large enough.

When K is nonarchimedean, let ¥ be the component of £; containing a(D).
Without loss of generality, we assume that co ¢ Y, and then applying Theorem 8.3 to
this Y, we obtain p € N, kg € N, T, and T as in the theorem. There are a sequence
(n;) and an N in N such that f"¥(D) C Y, ko | (n; —ny) for every j > N, and
a= limj_)oo(fk")(”f_”’”/ko o f™ uniformly on D. Then DN J(f) = @. Choosing
a subsequence of (n;) if necessary, w, :=1im;_,o(n; —ny)/ko € Z, exists. For
every n >ny, if kof(n —ny), then DNsupp [ " = a] = &, whereas if kg | (n —ny),
then

(10-1) f"—a= (T(n—nzv)/ko —T®)o fmN

on D. Choose b € D\ {oo} and r € |K*| small enough that the (K-closed) disk
B ={z € K :|z—b| <r}is contained in D, and fix € € |K*| so small that
for Z. := UweBm(T*oTw,,oan),l(o){z € B:|z—w| <€}, we have B\ Z. # &. The
maximum modulus principle from rigid analysis (see [Bosch, Giintzer, and Remmert
1984, §6.2.1, §7.3.4]) gives minze rv g\ z,) | Tx o T“(z)| > 0, so that by the uniform
convergence (8-4) and the equality (10-1), (B\ Z,) Nsupp[f* =al =D if n is
large enough. U

Proof of (iii). By the first assertion, there is a unique singular domain U of f
containing a(D). Fix ng € N such that f"(U) = U, and set C := U;'(’;Ol f1(U).
Then there is a component V of f~1(C) \ C since f : C — C is injective and
d > 1. Fix a chordal disk D” of radius > 0 in a~'(V) N (P! \ J(f)), so that
a(DycVc fle\c Ifa(dHn UneNU{O} f™(D") = @, then we are done
by setting D' = {z € P! : [z, b] < r} for some b € D” and r > 0 small enough.
But if there is N € N U {0} such that a(D”) N fN(D") # @, then by setting
D' :={zeP!:[z,b] <r} forsome b € D"N f~N(a(D")) and r > 0 small enough,
we get liminf,_ o[a(D’), f"(D")] > 0 from

adhn | J @) ca@)nl ] fra@d)cvne=ao. O
n>N+1 neN

Lemma 10.2. For every wg € P!\ (Un>N supp [ f" = a]UJ(f)), there is a function
¢o € C1(P") such that ¢o = log [wo, - lcan 01 |~ y supp [f" = a]l U J(f).
Proof. Fix wg € P!\ (Un>N supp[f* =a]U J(f)). Without loss of generality, we

can assume that wy # oo, and fix € > 0 so small that

{SePl:IS—woloofe}CPl\( U supp[f”:a]UJ(f))
n>N

(recall Sections 3.1 and 3.2 here).
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When K is nonarchimedean, by the definition of the map 7. : A' — Al, we have
{SePl:S=<m (wy)}={SeP!:|S—wpyls < €}. The function

log [wo, e (Wo)lcan 1 S < 7e(wo),

S+ ¢o(S) = { n P!

log [wo, Slcan otherwise

is in C'(P!) since it is continuous on P!, locally constant on P! except for the
segment Z in H' joining 7. (wo) and Sean, and linear on Z with respect to the length
parameter induced by the hyperbolic metric p on H'. When K is archimedean (so
P! = P), there is a function ¢y € C' (P") satisfying

1 d if |z — <€/2
2> do(z) = Jpi log [wo, w]d[z]e/2(w) 1 |z —wol <€/2,
log [wo, z] if |z —wg| = € or z = 0.
In both cases, the given ¢o € C!(P') satisfies the desired property. U

Fact 10.3. For rational functions ¢, ¥ € K(z), the chordal proximity function

S+ [¢, ¥lean(S) on P!

between ¢ and ' is the unique continuous extension of the function z — [¢ (z), ¥ (z)]
on P! to P! (see [Okuyama 2013a, Proposition 2.9] for its construction, as well as
Remark 2.10 of the same paper), and for every continuous weight g on P!, we also
define its weighted version by ®(¢, V), :=1og[@, Y]can — g0 d —go ¥ on Pl

For every n € N such that f" # a, recall the Riesz decomposition
(10-2)  ®(f", a)gf = Ugr.lfr=al—(d"+dega)uy — Ugfsa*ﬂf +/lq>(f", a)gf dus
P

on P!, and also Uy, 4+, = 87 0a + Ug; a*@en — Jp1 (87 ©a@) djuy on P! [Okuyama
2013a, Lemma 2.19].

Proof of Theorem 5. Let k be a product formula field of characteristic 0. Let
f € k(z) be a rational function of degree d > 1 and a € k(z) a rational function of
degree > 0. Let N € N be so large that f" £a if n > N. Fix ve M. Let Dbe a
chordal disk in P!(C,) of radius > 0, and assume that lim inf,_, o suppl f", al, =0;
otherwise we are done. By Lemma 10.1, there are not only a point wg € D \
(Un>N[f" =aluU J(f)v) but also a chordal disk D’ in P!(C,) \ J(f), of radius
> 0 such that liminf,_, [ f"(D’), a(D")], > 0. Fix a point w; € D’. Then also
wi € P\ (U,on /" =alUJ(f)y).
For every n € N large enough and every j € {0, 1}, by (10-2),

(10-3)  log[f"(w)), a(w)ly — gr.v(f" (W) — gr.(a(w;))

= gf.vs[fn:a]_(dn+dega)l/vf,v(wj) - Ugf,vva*.uff.v (w]) + /1 q)(f”’ a)gf.v d/"l’fvv’
P1(Cy)
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so that taking the difference of both sides in (10-3) for each j € {0, 1} and noting
that g7, and Ugsarpy., ar€ bounded on P!(C,), we have

log [f" (wo), a(wo)ly —log [ f*(w1), a(wi)]y

= f c 10g [w07 Sl]can,v d([fn = Cl] - (dn + deg a)ﬂf)(s/)
PI(C,)

_ / o Jogl1, S ey 0(Lf" =a] = @+ deg ey () + O
PI(C,

as n — oo. In the left hand side, by the choice of wy and w;, we have
log sup[ /", aly > log [ f" (wo), a(wo)lv
and ?
liminflog [f"(w1), a(w1)], > lim inflog [f"(D"), a(D")], > —oo,
so that as n — o0,

log s%p[f", aly +O0(1) >log[f" (wo), a(wo)], —log [ f"(w1), a(wi)]y.

In the right hand side, for each j € {0, 1}, by Lemma 10.2 applied to w;, the
inclusion supp .y C J(f), and Theorem 3 (and k; = k in the characteristic 0 case),
we have

/PI(C )10g [wj, S/]can,v d([fn =a]—(d" +dega),uvf)(5/)

= 0(\fn- (1f" =al x If" = a]) (diaggir)) ) asn— oc.
These estimates complete the proof of (1-4) for this v € M. U

Fact 10.4. For a rational function f(z) € k(z) over a field &, a point w € Pl (k) is
called a multiple periodic point of f if [ /" = Id]({w}) > 1 for some n € N. For
a rational function f(z) € k(z) over a field k of characteristic O, there are at most
finitely many multiple periodic points of f in P!(k); this is well known in the case
that k = C (see, e.g., [Milnor 2006, §13]), and holds in general by the Lefschetz
principle (see, e.g., [Eklof 1973]).

Proof of Theorem 6. As noted above, f has at most finitely many multiple
periodic points in P!(k), and for every multiple periodic point w of f, setting
p=py:=min{n e N: [ f* =1d]({w}) > 1}, by the (formal) power series expansion
fP()=w+ (z —w)+ C(z —w)/=MUwD ... of £7 around w, we also have
sup,enLf" = Id]({w}) < [f? = Id]({w}) under the characteristic 0 assumption.
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n_
Hence SupneN(Supwesupp[f”zld][f - Id]({w})) < 00, so that

(Lf" =1l x [ " =1d])(diagp: ) < (@"+1) - sup  [f"=Id]({w}) = O@d")
wesupp [ f"=Id]

as n — o0o. Now (1-5) follows from (1-4). O

11. Proof of Theorem 7

Let k be a field and &, the separable closure of k in k. Let p(2) € k[z] be a polynomial
of degree > 0 and {z1, ..., z»} the set of all distinct zeros of p(z) in k so that
p)=a- ]_[’;7:1 (z —zj)df in k[z] for some a € k\ {0} and some sequence (dj);f’zl in
N. For a while, we do not assume {z1, ..., 2} Cks. Let {p1(2), p2(2), ..., pn(2)}
be the set of all mutually distinct, nonconstant, irreducible, and monic factors of
p(2) in k[z], so that p(z) =a - ]_[2/:1 pe(z)* in k[z] for some sequence (Sg)évzl in
N. For every £ € {1, 2, ..., N}, by the irreducibility of p,(z) in k[z], p¢(z) is the
unique monic minimal polynomial in k[z] of each zero of p,(z) in k, so p¢(z) and
Pn(2) have no common zeros in k if £ # n. Hence for each j € {1, 2, ..., m}, there
is a unique £ =: £(j) € {1, 2, ..., N} such that p,(z;) =0.

Now suppose that {z1, z2,...,2m} C ks. Then for every € € {1,2,..., N},
pe(z) = ni:@(i):ﬁ (z — z;) in k[z], so that

(11‘1) dl‘ISg(i)

forevery i € {1,2, ..., m}. For every distinct £, n € {1,2,..., N},

(11-2) [T J]@-20= ] puz) = Rpe. p),
ji(H=¢ it(i)=n jie(H=e

where R(p, q) € k is the (usual) resultant of p(z), ¢(z) € k[z]. The derivation p)(z)
of py(z) in k[z] satisfies

Pi= Y (H(z—a))

Rt (h)y=¢ N izizh,
£3)=¢

in k[z]. Hence for every £ € {1,2, ..., N},

(11-3) [T [lG -2 =1]] riz) = Rpe. pi).
ji(H=¢t é(l);ﬁ_jz J(H)=¢

By (11-1), (11-3), and (11-2), we have
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D* (P l_[ l_[ (Z] _Zl)dd] _ l_[ l_[ (Zj —z )Y@(,)w(})

1iti#j j=liti#j

(IT((Ie-=7)(T1 TTe-e))

J(H=t¢ itiF#],
2(i)=¢

(R(pe,m)”- [T Rpe. pa )“’”")

n:n#L

:]2 T:]z

~
Il

1

which is in &k \ {0}. Now the proof is complete. U
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