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UNIQUENESS RESULT ON NONNEGATIVE SOLUTIONS
OF A LARGE CLASS OF DIFFERENTIAL INEQUALITIES
ON RIEMANNIAN MANIFOLDS

YUHUA SUN

We consider a large class of differential inequalities on complete connected
Riemannian manifolds and provide a sufficient condition in terms of vol-
ume growth for the uniqueness of nonnegative solutions to the differential
inequalities.

1. Introduction

The purpose of this paper is to give a sufficient condition for the uniqueness of
nonnegative solutions to a large class of the differential inequalities

(1-1) Lu+V(x)u® <0

on a connected geodesically complete noncompact N-dimensional Riemannian
manifold MY with N > 2. Here the operator L is defined by

(1-2) Lu =div(A(x, u, Vu)),

where A(x, n, &) = (A;(x, n, &)) is a vector field on MV, andfori=1,...,N
the A; (x, n, &) are Carathéodorian functions defined on M N % [0, 00) x TM", and
TM" is the tangent bundle of M". The function V is positive, measurable, and
locally integrable on M™ .

Let m > 1 be an arbitrary given number. We say that the operator L belongs to
the class A(m) if there exists a positive constant C such that, for almost all x € M,
all n €[0,00),and all §, ¢ € T. MV, the following conditions hold:

{(A(x,n,é'),é)ZO, 1
[(ACx, 1, ), D) < C(A(x, 0, ), )" [,

where (-, -) is the inner product given by the Riemannian metric, and || is the
norm of ¢ in T, M".

(1-3)
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The definition of such a class operator A(m) was first introduced by Miklyukov
[1979; 1980]. Actually, the operators of such a class are quite common. Let us
mention some examples:

(1) m-Laplacian operator:
(1-4) Liu =div(|Vu|"2Vu), m> 1.

(2) Mean curvature type operators:

(1-5) Lou = di ('V”Vnzv”) |
- u=divl ——), m>1.
g JTFVu™
and
Vu|" 2V
(1-6) Liu = div(|u|—u), m > 1.
V1+|Vul?
(3) Nonlinear operator:
(1-7) Lqu =div(a(x, u, Vu)quIm_ZVu), m > 1.

The definition of L in (1-3) is less restrictive than the one defined by

(1-8) |AGx, 0, O < C1IE™Y, [(Alx, 1, 8), )] = G|,

for some positive constants C;, C,. For example, by choosing a(x, n, &) of (1-7)
appropriately, the operator L4 belongs to A(m) but does not necessarily satisfy (1-8).

Generally speaking, the operator Lu defined by (1-3) may meanwhile belong
to several classes denoted by A(my), ..., A(my), where m; <my <--- <my. For
example, the operators of L, L3 belong to both A(m — 1) and A(m). Throughout
the paper, when we say that L belongs to the class of A(m), we always mean m is
the largest value my.

The purpose of this paper is to provide a very simple geometric condition of
volume growth on MY to suffice that the only nonnegative solution u of (1-1)
is identically zero. Let us emphasize that there is no curvature assumption on
manifolds throughout the paper.

First, let us give our setting on manifolds. Let MY be a connected geodesically
complete noncompact Riemannian manifold. Denote by ¢ the Riemannian measure,
and by B(x, r) the geodesic ball on M" of radius r centered at x € M". Given
that d( -, -) is the geodesic distance and that xg is a reference point on M, define
B, := B(xp, r) for simplicity, where r = d(x, xg). Assume also throughout the
paper that V (x) € L. (MV).

The problem of investigating the uniqueness of nonnegative solutions has attracted
a lot of attention, especially in the Euclidean space. For example, if MY = R" with
N > 2, in the case of V (x) =1, the problem (1-1) was systematically investigated by
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Kurta [1999]. By using the nonlinear capacity arguments, he obtained nonexistence
results concerning different differential inequalities. For a specific operator L,
let us recommend a series of papers of Mitidieri and Pokhozhaev [1998; 1999;
2001] for a more comprehensive description. Related problems have also been
studied in massive literatures; see [Caristi et al. 2008; Caristi and Mitidieri 1997;
D’ Ambrosio 2009; D’ Ambrosio and Mitidieri 2010; Ni and Serrin 1985; 1986] and
the references therein.

Let us turn to the results in the Riemannian manifolds setting. The celebrated
idea of studying the uniqueness of nonnegative solutions in terms of the volume of
the geodesic ball was due to Cheng and Yau [1975]. They obtained the following
marvelous result: if the volume estimate

w(B,) < Cr?

holds for all large enough r, then any positive solution to Au < 0 is identically
constant.

The amazing point of Cheng and Yau’s result is that there is no assumption
on either curvature or the behavior of the solution near infinity, only in terms of
volume growth.

Very recently, this idea was used and developed in [Grigor’yan and Kondratiev
2010; Grigor’yan and Sun 2014; Sun 2014] to investigate the differential inequality
of the form

(1-9) div(A(x)Vu) + V(x)u® <0,
where o > 1. Particularly, when A(x) =1Id and V(x) = 1, (1-9) becomes
(1-10) Au+u’ <0.
In [Grigor’yan and Sun 2014] it is proved that if
w(B,) < Cr% lnwfl—1 r

holds for all large enough r, then the only nonnegative solution of (1-10) is identi-
cally zero. Moreover, the exponents 20 /(o0 — 1) and 1/(o — 1) are sharp and cannot
be relaxed.

Let us define the weak nonnegative solution of (1-1). For convenience, we
introduce the notation

(1-11) A, =(A(x,u,Vu), Vu)

and

(1-12) Wor (MY = {f | feLPr.(MY), VfeLm (M),

loc loc loc
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and denote by W1 (M) the subspace of Wlf)’cm (MN) of functions with compact
support.

Definition 1.1. A function u on MV is called a weak nonnegative solution of
(1-1)ifu € WIL’C'" (MN)and A, € LIIOC(MN) and if, for any nonnegative function
v € Whm(MN), the following inequality holds:

(1-13) —/ (A(x,u,Vu),Vlﬁ)d,u-l-/ Vx)uydu <0,
MN MV

where (-, -) is the inner product in T, (M") given by a Riemannian metric.

Remark 1.2. If u# is a weak nonnegative solution of (1-1), and the operator L
belongs to the class A(m), we know

m=1
/(A(x,u,vm,vdesC/ VYA du
MN MN

1 m=1
5c(/ |V1p|’"du> (/ Aud/,L> < 0.
MN supp(y)

Hence, by the definition of the solution, we know the second integral in (1-13) is
bounded.

Define
_ mo _ m—1
To-m+1 1T o —m+r

and introduce a new measure v defined by

(1-14) P

(1-15) dv =V & dp.

Assume that V satisfies the following condition: for some nonnegative constants
81, &2, the estimate

V) ar < V(x) <Cr®
holds for all large enough r.

Theorem 1.3. Assume that operator L in (1-1) belongs to the class of A(m) with
1 <m < o+ 1. Assume also that (V) holds with &1, 6, > 0. If the inequality

(1-16) v(B,\ B)) <CrfInir
holds for all large enough r, then the only nonnegative solution of (1-1) is identically
zero.

Remark 1.4. It is not clear that the sharpness of exponents p and ¢ in (1-16) holds
for all the operators of the class A(m). However, in many specific cases, the expo-
nents p, g are sharp; one can refer to [Grigor’yan and Sun 2014; Sun 2014; 2015].
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Notation. The letters C, C’, Cy, Cq, ... denote positive constants whose values are
unimportant and may vary at different occurrences.

In Section 2, we show the proof of Theorem 1.3. In Section 3, we present two
examples to show that our result is very inclusive.

2. Proof of Theorem 1.3

Let u be a nonnegative solution of (1-1). Fix some ball Bg, where R > 0 is to be
chosen later. Take a Lipschitz function ¢ on MY with compact support, such that
0<¢ <1 and ¢ =1 in a neighborhood of Bg. Particularly, ¢ € WCL’”(MN ). We
use the following test function for (1-13):

(2-1) Yo () = p(x)* (U +p) 7",

where p > 0 is a parameter near zero, and s will be chosen to be a large enough
fixed constant, and ¢ will take arbitrarily small positive values near zero.
Since 1/(u+ p) is bounded, v, has compact support and is bounded. The identity

Vi = —1¢* (u+p) " Vi +5¢" w+p) Ve
implies that Vi, € L™ (M"), hence, v, € W™ (M"N). We obtain from (1-13) that
(2-2) t/ G u+p) 1A du —i—/ ' Vu®(u+p)dp
MV My
<s / o'+ p)(A(x, u, Vu), Vo) dp.
MN
Estimate the right-hand side of (2-2) by the Young inequality
(2-3) / fedu 56/ | f170 d;H-Ce/ 81" dp,
MN MN MN

where 1/po+1/p, = 1. Letting pg =m/(m — 1), and using (1-3), we obtain

S/ o'+ p)(A(x, u, Vu), Vo) dp
MN

m—1
SCS/ o lu+p) A" |Voldu
MN

1l

1 s 4l m=1 B | 1-==
MN tPo

t s
< 5/ P u+p) " Audp+C—— | @ "+ p)" Vel dp.
MN t MN
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Substituting the above into (2-2), and canceling out half of the first term in (2-2),
we obtain

t
(2-4) 5/ 0 u+p) " A, dMJrf ¢ Vu’(u+p)~dp
MmN MV

sm

<C

prvm fM T )" Ve dp.

Using the Young inequality again in the right-hand side of (2-4) with

_o—t , o—t
L pl_a—m+1’
we obtain
s |
25 f O+ p)" |Vl dps
t MN

m

s ot s S-m_ _ L
=/N[¢”1V”1 (u+p)n ][;m_ﬁ/’”l v "llvwlm]du
M

1
< —/ ¢’ V@u+p)° " du
MN

2

o—t

s\ o—m+I gomlo=n  meinl m(o—1)

+ C (/) o—m+1 V o—m+1 |V(p| o—m+1 d/"L'
tm_l MN

Using in the right-hand side of (2-5) the simple inequality

o—t a
Sm o—m+1 - sm o—m+1
tm—l - tm—l

and combining (2-5) with (2-4), we obtain that

t . )
06 / o+ p) " Ay dpi + f O VUt p) du
MN MN
1
5—/ ¢'V(u+p)°"du
2 MN

o(m—1) m(o—t m(o—t)

) m—t—1
-|— C[_m / ¢s_o—m+l V= o—m+1 |V(p|a—m+l du’
MN

where the value of s is absorbed into the constant C.
It is easy to obtain from the definition of the solution the boundedness of the term

/ N(ps Vu®(u+p) " du.
M

Then the boundedness of f v @V (u+ 0)? " du follows by the boundedness of

/ ., @' Vu’ (u+p)~"du,
M
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and by the fact that V ¢ LIOC(MN).
By the dominated convergence theorem, we know

lim O’ Vu+p)° du= / e*Vudu.
010 JynN MN
Letting p | 0 in (2-6) and applying the monotone convergence theorem, we have

t )
_/ gDSM—I—IAM dﬂ+/ gDs‘/ua—t d,bL
2 MN MN

5% / <PSVu“"du+Ct‘mf @ VTS V| P d,
MN MN
which is
t 1
(2_7) _/ (psu—t—lAu dM+—/ (psvuc—t d/fL
2 MN 2 MN

o(m—1) m(o—t) m—t—1 m(o—t)

< Ct_am+l/ (ps o—m+1 /' ~ o—m+1 |V(p|a —m+1 du
MN

Applying (1-13) once more, using another test function ¢ = ¢*, we obtain
(2-8) / ' Vu®du
MN
< s/ ¢ "N A, u, Vu), Vo) dp
MN

m—1
<Cs / ¢ TA |Voldu
MN

m—1 1

< CS(/ (psu—t—lAu dM) " (/ (ps—mu(l+l)(m—l)|v(p|m d,bL)m
MV MV

From (2-7), we obtain

o(m—1) m(o—t) m(o—t)

/ @SM_Z_IAM dM < C[_l_amﬂf gps o-m+1 Vo= m+l |V(p|o m+1 d'u
MN MN

Substituting into (2-8) yields

m—1
o(m—1) n(o—t)

(2_9) f (pSVuG dl’L S C[Z‘IUHH»I/ (ps o— 771+l V o— m+1 |V(p|<’; m+1 du} "
MN MN

1
% / (ps—mu(t—',-l)(m—l)|vga|m dl'L "
MN

Recalling that V¢ = 0 on Bg and applying the Holder inequality to the last term of
(2-9) with the Holder couple

o ;L o
G+hm—1" 2T txDm-1

P2 =
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we obtain

(2_10) / N¢S_mu(t+1)(m_l)|v§0|m d/-/L
M

s S — _ L
=/N (¢P2 Vp2u(t+1)(m_l))((p”2 mV P2|V(p|m)d
M\ Bg

(t+D(m=1)

=< (/ e Vu® du)
MN\Bg
—(t+D(m—1)

s— mo (t+1)(m—1)
X @ o +Dm=1 Y~ o—=G+DHm—D |Vg0| o— (H'])(m D dl,(/
MN\Bg

Substituting (2-10) into (2-9), choosing s large enough, and noting that ¢ < 1, we
obtain

m—1

— a(mfl)2 m(o—t
(2 11) / Q@ Vu du <Ct m1 m(o—m+1) (/ V= o= m+1 |V¢|a m+: du)
MN

o—(+Dm—1)

(t+1)(m—1) mo
X V o—(t+1)(m—1) |V(p|a (H—l)(m ) d/'L
MN

a+DH(m=1)

X (/ ' Vu® du) v
MN\Bg

From the definition of the solution, we know f MN(pS Vu?® dpu is finite. It follows
from (2-11) that

1
(2-12) (/ goSVu"d,u>
MN

m—1
_m=l__ U(m*I)Z m(o—t) mn
S C[ m m(oc—m+1) V o—. m+l |V(p|o m+1 d/J,
MN

+Dm=1)
X V o—G+D)im— |)|V(p|a (H—l)(m 5 d,LL
MN

Note that the first integral in the right-hand side of (2-12) has the estimate

_ (+hHm=1
mo

o—(t+D(m—1)
mo

(2-13) / ks, |V¢|7ffnl')1 du 5/ |v(p|7fifnl'i Vo= d,
MN MN

where we have used that dv = V=721 d . Similarly, the second integral in the
right-hand side of (2-12) can be estimated as follows:

(2_14) NV o— (t+l(;n(ml)l) |V¢|J (H—l)(m 1) d/’L
M

to(m—1)

mo
< / |V(p| o—@+Dm=1) | ~ lo—G+Dm—DIc—m+D) .
MN
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Substituting (2-13) and (2-14) into (2-11), we have

(2-15) P Vu® du
MN

m—1

_m—1_ 0(77171)2 m(o—t) t m
< Ct m m(o—m+1) |V(p|afm+1 V o—m+1 dy
MN
o—(t+D(m—1)

mo _ to(m—1) mo
X |V(p| o—(t+1)(m—1) V [o—(t+1)(m—1)](c —m+1) dv
MN

t+DH(m—-1)

X (/ @*Vu® du) v
MN\Bg
Substituting (2-13) and (2-14) into (2-12), we obtain

(2-16) </ gosVu"d,u>
MN |

_m=1_ o (m—1)2 m(o—t) t m
< Ct™ ~m ~ mlo—m+D |V(p| o—m+1V o=m+1 dp
MN
o—(t+1)(m—1)

mo _ to(m—1) mo
X |V¢| o—(t+1)(m—1) V [o—(+1)(m—1)](c —m+1) dv
MN

Let {¢x}ren be a sequence for which each ¢ is a Lipschitz function such that
supp(@x) C By, and ¢x = 1 in a neighborhood of By-1, and

1— (t+D)(m—1)
mo

<& forxe Bk \ Boi-1
(2-17) V@il 2 ’
% _ o

otherwise,

where C does not depend on k.
Fix some n € N and set

1
(2-18) t=—
n
and
2n ~
(2-19) on = —Z":;“ 3

Note that ¢, = 1 on By, and ¢, = 0 outside By, and 0 < ¢, <1 on M N Note
that, for any a > 1, using that supp(V¢y) are disjoint, we have

2n ~
D imns V@i

nll

(2-20) IVen|* =

It is easy to see that
1
on € W (MM).
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Consider the integral
@-21) v = [ VeV au,
MN

where a, b are taking values from

(m(a—t) t )

— o—m+1’ o—m+1/>

(2-22) (a,b) = ( mo _ to(m—1) )
o—(+)(m—-1)° [o—(+1)m—1D)](c—m+1)/"

We write a in the form
(2-23) a=p+lt,

with the corresponding two values of [,

(2-24) =——" = mo (m — 1)
[0 -G+ Dm—D]o—m=+1)

’

Co—m+1

where p =mo/(c —m+1).
For b > 0, we know

(2:25) J(a.b) = f IVl V? dv
MN
2, ~
[ ZalVal,
MN né
= V@]
< / Ljvb dv
k=nt1” Bt \Bymr Tt
2n 21_k a
<C Z / <—) r% dv
k=n+1 sz\sz—l n
2n 21,]( a
<C (—) (2% v(By \ By)
k=n+1 n

Note thata = p+If,and n + 1 <k < 2n, and

1—k\a —kN\P /n—k\ !t
(2-26) (2—) (2]‘)52b = (2_) <2_) (2k)52b
n n n
—k\P —k\ It
o) ()
n n+1<k<2n\ N

—k
<C (2_)[)(216)8217.
n

IA
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Substituting (2-26) into (2-25), and using the volume growth (1-16), we obtain

2n 2—k\P
227)  Ju(a.b)<C ) (7) @)™ v(By \ By)

k=n+1
& (27RY k\82b Ak k
< C _ 2 P 1n4
< Z(n)a) (27 1 (2)
k=n+1
o(m—1)

2n
1
< C_p E kq2k82b < qu+l—p22n52b < Cn—mzzn(hb‘
n
k=n+1

Similarly, for the case of b <0, we obtain

(2-28) J,(a,b) < Cn— 5t =2n0ib,

Taking the sequence {¢,} in (2-16), we obtain
(2-29)

(i)
MN
_m=1_ _om-1? m(o —t) t o
E Ct m m(oc—m+1) Jl’l s
o—m+1 o—m+1
o—(+D)(m—1)

8 (J ( mo —to(m—1) )) mo
"NNo—@t+D)m—=1"[oc—@+D(m—D](c—m+1)

Substituting (2-27) and (2-28) and noting that t = 1/n, we obtain

1— (t+1)(m—1)
mo

G +pen-1
- mo

1

(2-30) (/ o Vu®du
MN

m—1

m=1 o (m—1)>2 _om=1) 5. s Lo\E=
< Cn m m(o—m+1) <n n—m+12 n 2U7m+l)

oty 2, Lom-1) o—(L+Dm-1)
olm—
% <n7707m+12 lo—(E+D)0m—1)1@—m+1) ma

m=12 21+ (m—1)
< Cn n(c—m+1) 2 m(o—m+1) .

Noting that ¢, = 1 on By and taking the lim sup of both sides in (2-30) as n — o0,
we obtain

(2-31) / Vu® dp < C < oo.
MN
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Applying similar arguments to (2-15), we obtain that

(L+10m-1)

(2-32) / GVu® du < c(/ O Vu° d,u) v
MmN M\ By

Since ¢, = 1 on By, we have

(L+D0m-1)

(2-33) / Vu®du < C(/ o, Vu’ d,u) v
B M

2n N\an

Combining this with (2-31) and letting n — oo, we obtain that

/ Vu®du =0,
MN

since V > 0 for almost all x € MY . Thus u = 0. O

3. Examples

Our result can cover many known results in the case of M"Y = RV. Let us mention
two of these examples.

Example 1. Let us investigate the inequality
(3-1) div(|Vu|">Vu) + V(x)u® <0, in RV,

where V(x) = 1/|x|¥ for |[x| > 1, and N > m > max{l, y},and 0 > m — 1.
By [Filippucci 2009, Corollary 1.5], we know if

_(N=y)m—1)

(3-2) o< N—m

then (3-1) has no positive solutions in some natural class. Compared to our result
of Theorem 1.3, we know for large r
— __m-l " oymen Ny N4 2=
(3—3) U(Bl’ \ Bl) = 7V o—m+1 d/,(/ = WpN S§o—m+l g dS I~ Cr o—m+1 s
B\B; 1

where wy is the surface area of the unit ball in RV, and p is the Lebesgue measure,
and the sign =~ means that both the inequalities < and > are satisfied but with
different values of different constants ¢, C.

By (3-3), it follows that the condition (1-16) is equivalent to

y(m—1) - mo

3-4 N+ - —= =—
(3-4) +U—m+1_p o—m-+1

which in turn is equivalent to (3-2).
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Example 2. Consider the differential inequality

v
(3-5) div<—”> +u” <0, inRV,

V1+|Vul?

where N > 2, o > 1. This problem was investigated in [Mitidieri and Pokhozhaev
1999]. They obtained that if

(3-6) <N
= o s
T N-=-2

then (3-5) has no positive solutions. Note that the operator in (3-5) belongs to the
class of A(2), and that v(B,\ B;) = (B, \ B;) = Cr". By Theorem 1.3, we know if

20

o—1’

(-7 N =<

then (3-5) has no positive solution. It is easy to check that (3-6) and (3-7) are
equivalent.
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