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STABLE CAPILLARY HYPERSURFACES IN A WEDGE

JAIGYOUNG CHOE AND MIYUKI KOIsO

Let X be a compact immersed stable capillary hypersurface in a wedge
bounded by two hyperplanes in R"*1. Suppose that ¥ meets those two
hyperplanes in constant contact angles > /2 and is disjoint from the edge
of the wedge, and suppose that X consists of two smooth components with
one in each hyperplane of the wedge. It is proved that if 3X is embedded
for n =2, or if each component of dX is convex for n > 3, then X is part of
the sphere. The same is true for X in the half-space of R"*! with connected
boundary 9X.

1. Introduction

The isoperimetric inequality says that among all domains of fixed volume in the
(n 4 1)-dimensional Euclidean space R"*! the one with least boundary area is the
round ball. What happens if the boundary area is a critical value instead of the
minimum? For this question the more general domains enclosed by the immersed
hypersurfaces have to be considered, hence one needs to introduce the oriented
volume (as defined in (1)). Then the answer to the question is that given a compact
immersed hypersurface ¥ in R"T!, its area is critical among all variations of X
preserving the oriented volume enclosed by X if and only if ¥ has constant mean
curvature (CMC).

So, H. Hopf [1989, p. 131] raised the question as to whether there exist closed
surfaces with CMC which are not spheres. To this question, W.-Y. Hsiang [1982]
obtained a counterexample, a CMC immersion of S? in R* which is not round, and
Wente [1986] constructed a CMC immersion of a torus in R>.

Is there an extra condition on a CMC surface ¥ which guarantees that X is a
sphere? There are some affirmative results in this regard:

Choe supported in part by NRF, 2011-0030044, SRC-GAIA. Koiso supported in part by Grant-
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2 JAIGYOUNG CHOE AND MIYUKI KOISO

(1) Aleksandrov [1962a; 1962b] showed that every compact embedded hypersur-
face of CMC in R"*! is a sphere,

(i) Hopf himself [1989] proved that an immersed CMC 2-sphere is round, and

(iii) Barbosa and do Carmo [1984] showed that the only compact immersed stable
CMC hypersurface of R"*! is the sphere.

A CMC hypersurface X is said to be stable if the second variation of the n-
dimensional area of X is nonnegative for all (n 4-1)-dimensional volume-preserving
perturbations of X.

A CMC surface with nonempty boundary along which it makes a constant contact
angle with a prescribed supporting surface is called a capillary surface. It is an
equilibrium surface of the sum of the area and the wetting energy on the supporting
surface (we call it the total energy of the surface) for volume-preserving variations
(see Section 2). Such a surface is said to be stable if the second variation of the total
energy is nonnegative for all volume-preserving variations. In this paper, we prove
the following uniqueness result (Section 4, Theorem 1) which is a generalization of
the theorem by Barbosa and do Carmo [1984] mentioned above:

Let ¥ be a compact immersed stable capillary hypersurface in a wedge
bounded by two hyperplanes in R"', n > 2. Suppose that ¥ meets
those two hyperplanes in constant contact angles > w /2 and does not hit
the edge of the wedge. We also assume that 0% consists of two smooth
embedded (n — 1)-dimensional manifolds, one in each hyperplane of the
wedge, and that each component of 0% is convex when n > 3 (see figure).
Then X is part of the sphere. Also, the same conclusion holds if ¥ is in
the half-space of R"*! and 9% is connected.

We emphasize that there is a stable capillary surface between two parallel planes
which is not part of the sphere [Vogel 1989]. Our result shows that, if the initial
supporting surface is the union of two parallel planes and we consider a stable
nonspherical capillary surface, then the configuration changes discontinuously on
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infinitesimal tilting of one of the planes. Such discontinuity was pointed out already
in [Concus et al. 2001] without the stability of the surface.

The idea of our proof is motivated by Wente [1991]. He simplified Barbosa
and do Carmo’s proof by using the parallel hypersurfaces and the homothetic
contraction. We have found that Wente’s method carries over nicely to our capillary
hypersurfaces in a wedge and in the half-space. On the other hand, the Minkowski
inequality for 0% is indispensable in our arguments. Wente informed us that recently
Marinov [2012] obtained the same result when ¥ is in R and 9% is in a plane.

Here we mention some additional related results. McCuan [1997] and Park
[2005] proved that an embedded annular capillary surface in a wedge in R? is
necessarily part of the sphere. The question then arises whether one can extend the
theorems of Aleksandrov, Hopf, and Barbosa—do Carmo to the case of capillary
surfaces in a wedge or in the half-space. That is:

(i) Does there exist no compact embedded capillary surface of genus > 1 in a
wedge (or in the half-space) of R3?

(i1) Is there a compact immersed annular capillary surface of genus O (or higher)
in a wedge (or in the half-space) which is not part of the sphere?

(iii)) Which hypothesis of McCuan’s and Park’s can be dropped or generalized if
the capillary surface is stable?

As mentioned above, in this paper we give an answer to (iii). To question (i),
McCuan [1997] gave an affirmative answer with the contact angle condition 6; <7 /2.
In relation to question (ii), Wente [1995] constructed noncompact capillary surfaces
bifurcating from the cylinder in a wedge.

Finally, it should be mentioned that the stable capillary surfaces in a ball also
have been studied very actively. To begin with, Nitsche [1985] showed that a
capillary disk in a ball C R? is a spherical cap (for a simpler proof, see [Finn and
McCuan 2000, Appendix]). Ros and Souam [1997] proved that a stable capillary
surface of genus O in a ball in R? is a spherical cap. They also proved that a
stable minimal surface with constant contact angle in a ball C R? is a flat disk or a
surface of genus 1 with at most three boundary components. Moreover, Ros and
Vergasta [1995] showed that a stable minimal hypersurface in a ball B C R" which
is orthogonal to 9B is totally geodesic, and that a stable capillary surface in a ball
C R? and orthogonal to 3B is a spherical cap or a surface of genus 1 with at most
two boundary components.

2. Preliminaries

Let IT; and IT, be two hyperplanes in R"*! containing the (n — 1)-plane {x, =0,
Xn+1 = 0} and making angles o and —« (with 0 < o < 7 /2) with the horizontal
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hyperplane {x,1; = 0}, respectively. Let 2 C {x, > 0} be the wedge-shaped
domain bounded by IT; and IT,. We denote by  the closure of Q. Denote by
X : (Z,9%) — (2, 9R) an immersion of an n-dimensional oriented compact
connected C* manifold ¥ with nonempty boundary into €2 such that X (£°) C Q
and X (0X) C 012, where X°:= X — 0X. The (n — 1)-plane

[Mo:=T1 NI, = {x, =0, x,4+1 =0}

is called the edge of the wedge 2. In this paper we are concerned only with the
immersed surfaces X (X) which connect I to [T, without intersecting ITg.

For the immersion X : (X, 9%) — (2, 9R2), the n-dimensional area %" (X) is
written as

" (X) :/ ds,
>

where d S is the volume form of ¥ induced by X. The (n + 1)-dimensional oriented
volume V (X) enclosed by X (%) is defined by

1

(1 V(X)=m E(X, v)ds,
where the Gauss map v is the unit normal vector field along X with orientation
determined as follows. Let {ey, ..., e,} be an oriented frame on the tangent space

T,(X), pe X. Then {dX,(e1),...,dX(e,), v} is a frame of R"*+! with positive
orientation.

In this paper X (X) is immersed while X (dX) is assumed to be embedded. X (dX)
influences the area #" (X) through the wetting energy. Set C; = X (0X) NII; and let
D; C TI1; be the domain bounded by C;. The wetting energy W (X) of X is defined
b

’ W(X) = 013" (D1) + 023" (D7),

where w; is a constant with |w;| < 1 and #"(D;) is the n-dimensional area of D;.
Then we define the toral energy E(X) of the immersion X by

E(X) = %" (X) +W(X).

Note that ¥ U D; U D, is a piecewise smooth hypersurface without boundary. We
can extend v : ¥ — S” to the Gauss map v: X U DU D, — §". Since the origin of
R**1 is on the edge I1p of 2, (X, v) =0 on D; U D,. Hence the oriented volume

L / (X,v)dS
n+1 Jsup,up,
coincides with V (X).

Let X,: (2, 9X) — (R, 92) be a 1-parameter family of immersions with Xo=X.
It is well known [Finn 1986, Chapter 1] that a necessary and sufficient condition for
X to be a critical point of the total energy for all variations X, for which the volume

) V(X)=
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V(X ;) 1s constant is that the immersed surface have constant mean curvature H
and that the contact angle 6; of X (X) with I1; (measured between X (X) and D;)
be constant along C; (see figure on page 2). More precisely,

cos; = —w; on C;.

The hypersurface X (X) of constant mean curvature with constant contact angle
along C; will be called a capillary hypersurface. A capillary hypersurface is said to
be stable if the second variation of E(X;) at t = 0 is nonnegative for all volume-
preserving perturbations X, : (X, 8%) — (2, 9Q) of X(X).

A capillary hypersurface X (X) in Q has a nice property called the balancing
formula [Choe 2002; Concus et al. 2001; Korevaar et al. 1989]:

Lemma 1. We have
3) nHY"(D;) = —(sin6) %" (C;), i=1,2.

Proof. We first remark the following fact. Let 3 be an m-dimensional oriented
compact connected C*° manifold, and Y : 3 — R™t! 3 continuous map which is a
piecewise C*° immersion. Also let U be the Gauss map of Y. Then, by using the
divergence theorem, we obtain
/A vdS=0.
by

AsX =nHv

Now integrate

on X to get
2
Z/nds:nH/vdE,
i=1YCi z

where 7 is the outward-pointing unit conormal to X on X. Then, use the above
remark to obtain

2 2
4) Z/nds=—nHZ/vdS.
i=1 VCi i=1 Y Di

Denote by N; the unit normal to I1; that points outward from 2. Denote by n; the
inward pointing unit normal to C; in IT;. Set

1 ifv=N; D;,
5) . _:{ if v ; on D

—1 ifv=—N;on D;.
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Then from (4) we obtain

2 2
Z/ ((sin)e; N; — (cos0)n;) ds + > nHH"(D;)e;N; =0,
i=17Ci

i=1

that is, for the (n — 1)-dimensional area %"~ 1(C;),
2 2 2
> (sin6;)e; %"~ (Ci)N; — Y (cos ei)/ nids+Y nHH"(D;)e;N; =0.
im1 i=1 Gi i=1

Using the above remark again, we obtain
2

(nH%€" (D;) + (sin6) %"~ (C;))N; = 0.
=1

1

Since Ni and N, are linearly independent, we obtain the formula (3). |

Another tool that will be essential in this paper is the formula for the volume
of tubes due to H. Weyl [1939]. Given an immersion X of a compact oriented
n-manifold M into R"*!, let X, = X + v be the one-parameter family of parallel
hypersurfaces to X. Thanks to the parallelness of X; one can easily see that X; has
the same unit normal vector field as X and that the area #" (X,) is a polynomial of
degree n in t. Namely, if k1, . .., k,, are the principal curvatures of X, then

n
(6) %”(X,):/ [[a-knds
M
=ap+ait +axt’ + - +ayt",
ag = #"(Xo),
a) = —/ nHdS,
M

a = kik; dS,

[, Lo

i<j

agz(—1)‘5/ > kikiy ki dsS.
M i1 <--<iy
Moreover, the oriented volume V (X;) satisfies
d
%V(Xt) = %n(Xt)-
Hence

V(X)) =vo4vit +vat> 4+ -4 vt

vy =ap, 2v2=a,
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3. Admissible variations

Here we assume that our capillary hypersurface X : (X, 9%) — (2, 9Q) has a
nonempty boundary component on each I1;, i = 1, 2. But the case when X is in
the half-space and dX is connected can be treated similarly.

To check the stability of X one needs to deal with its volume-preserving variations
X, (Z,0%) = (2, 9Q). The specific variation that we use arises from the parallel
hypersurfaces

X} =X+1tv.
But X/ does not satisfy the boundary condition X, (9X) C 32 unless 6; = 7r/2. To
move the boundary to a desired place in 0€2, we apply a translation

X} (p)=p +1a
for some a € R"*!. The vector a is determined in such a way that
X?o X! (0%) Cc 9Q.

Clearly such a vector uniquely exists as can be seen in the figure.

However, X,2 o X! is not volume-preserving. One way of making it into a
volume-preserving variation is to deform it by a homothetic contraction

(7) X, :=s(t)X?o X/,
where s(¢) satisfies
®) V(X)) = V(Xo) = vo.
In order to compute f/\(X ;) we first must consider the oriented volume f/\(X tzoX ,1)
enclosed by th ) X}(E) U Di U Dé, where Df C II; is the domain bounded by

IT; ﬂth oth (0X). Note here that since th oth (X)u D’l U Dé is closed, the oriented
volume V (X?o X/) as computed by (2) is independent of the translation X2. While
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t increases by At, the oriented volume V(X 20 X!) increases by #"(X? o X!) At
on X? o X! (Z) and by — cos 6, %" (D!) At on D!. Hence

©) LYo x}) =9 (X7 o X)) = cos 0,5 (D).

l
Calling — ", cos 6;9¢"(D!) the wetting energy W(X? o X}) of X? o X} (%), we
define the total energy by
E(X?oX)=%"(X?o X)) +W(X? o X]).
The tube formula (6) for the capillary hypersurface X yields

%"(X?oX,l) =ap+ait +axt> + - - -+ ayt",

ag=#"(X), a =-nHay, a2=/2kikde,
b

i<j

d =~
(10) EV(X?OX}):E(X?oX,]).

Recall C; = X (0%) NII;. Since X,2 o X}(Z) has constant contact angle with 92

for all ¢, X,2 o th (C;) are the parallel hypersurfaces of py, (th(C[)), where pr,

denotes the projection of R"+! onto I1;. Also recall dD; = C;, D; = Dio. The

distance between th o th (Ci) and ppy, (X,z(Ci)) is ¢ sin 6;. Hence again by the tube

formula for %"~ (X? o X} (C;)), we obtain

9" (DY) = %" (D) + %" (C;) tsin6; — %( (n—DH d§>t2 sin’ 6;
C;

+---+(—1)"—1%</ léléz---iénldS)t"sin"ei,
Ci

where H and k; are, respectively, the mean curvature and the principal curvature of
C; in I1; with respect to the outward unit normal, and d S is the (n — 1)-dimensional

volume form of C;.
Then (9) gives

%V(Xzz o X)) =ap —Zcos 0; %" (D;) — (nHao + Zcos@i sin 0; %”_1(Ci))z
i i
+</ Zk,-kde—i-%ZcosQ,- sin29,-/ (n—l)ﬁdE)t2+... .
X i Ci
Hence if we write

E(thoth)=eo+elt+---+ent",
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then (10) yields

ey =dap— ZCOS@I‘%”(DI'),

1

el =—nHay— Zcos 0; sin0; %"~ 1(C)),

4
ez=/ Zkikde—i-%Zcos@isiani/ (n—1)H dS.
by Ci

i<j i

(11)

On the other hand, if we let
Grv2 1y _ 2 n+l
V(XIOX,)—U()-{-U]t-FUZZ + -t Upgat ,
then it follows from (7), (8), and the binomial series that

s = “g/("+l)(v0+v1t+vzt2+---+vn+1t”+1)_”/("“)

2n+1) (v1\2 n (v 2
e (B )
n+1\vy + 2(n+1)2 \ vy n+1\vy *

Thus

(12) E(X,)=s@®)"E(X?o X! (%))
=t (el i (%)e‘))t

_n (v M(ﬂ)z_n(g> 2
+(82 n—i—l(vo)el—i_2(n—i—1)2 ) €0 n+1\vg cJt

4+,

From (10) we have
(13) vy =ep, 2v=ey,

and the fact that E’(0) = 0 in (12) implies

2

n e

14 Vo = 2
(14) 0= 11 e

Substituting the identities of (13) and (14) into the coefficient of 2 in (12) yields

" 1 2
E"(0)/2 = M(Zneoeg — (n—Dey).
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Hence from (11) we get

neoE"(0) =2n (ao - Z os 6; %"(Di))

(/ > kik; dS+220050 sin’ 6; f (n—l)HdS)

i<j

2
—(n— 1)(nHa0 + Zcos 0; sin 6; %”_I(Ci)) .
i

Then the balancing formula (3) yields
2 2
(nHao +Z cos 0; sin 0; %”I(C,-)> = n’H? (ao — Z cos 9,-%”(D,-)> .

i i

Therefore,

neoE" (0) = (ao — Z cos 6; " (D,»))

><< /Zkk dS—i—anosQ sin 9/(n—1)ﬁd§

1<j

—/ n*(n—1)H*dS+n*(n—1)H* ) _ cos Gi%”(D,-)>
z i

= (ao — Z cos 6; 9¢" (D,-))

x( S (ki —k; )2d5+nzcos9 sin 9/(n—1)ﬁd§

Yi<j

+n%(n—1)H? Zcos 9,%"(0,-)).

Applying the balancing formula (3) again, this gives

(15) neyE"(0) = (ao—Zcose%"(D)>< /Z(k —k)*dS

i<j
B N 7 oe, #N(C)?
+ (n 1)200891 sin” 6); (n /CinS-i- ¥ (D;) ))

We shall see in the next section that

gen— 1(8D)2
/HdS+ ooy =0
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4. Theorem

We are now ready to state the theorem of this paper.

Theorem 1. Let W be a wedge in R"*! bounded by two hyperplanes T1 and T1,.
Let ¥ C W be a compact oriented immersed hypersurface that is disjoint from
the edge T11 NI, of W, having smooth embedded boundary 0% C I1; U I, and
satisfying 0X N I[1; = dD; for a nonempty bounded connected domain D; in I1;.
Suppose that ¥ is a stable capillary hypersurface in W. In other words, X is an
immersed constant mean curvature hypersurface making a constant contact angle
0; > 7 /2 with D; such that for all volume-preserving perturbations (for the oriented
volume enclosed by ¥ U D1 U D»), the second variation of the total energy

E(X) =%#"(X) —cos 6, %" (D) — cos 9,3" (D,)
is nonnegative.
(1) If n =2, then X is part of the 2-sphere.
(i1) Ifn > 3 and Dy and D, are convex, then % is part of the n-sphere.

Conversely, if ¥ is part of the n-sphere, then it is stable.
Moreover, the same conclusion holds when X is in the half-space of R*™! and
0% is connected.

Proof. We prove the theorem for ¥ in a wedge, and the proof for X in the half-space
is similar.
When n = 2, (15) becomes

2e0E"(0) = (ao — Z cos ai%z(pi)> (— / (k) — k)% dS
i >
+Xi:cos9i sin29i(2/; kds+ %)),

D;

where k is the geodesic curvature of 0 D; with respect to the outward unit normal
along dD;. Note that on the smooth Jordan curve 9D, f op Kk ds = —2m. Hence the
isoperimetric inequality of D; and the angle condition cos §; < 0 yield

E"(0) <0.

Therefore ¥ needs to be umbilic everywhere if it is stable.
When n > 3, Minkowski showed that for a convex domain D C R" with mean

curvature H on 0D,
gen— 1(8D)2
f |H|dS < 5 (D)

[Osserman 1978, p. 1191]. Hence it follows from (15) that the stable ¥ is all
umbilic.
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If ¥ is part of the n-sphere, then X is the minimizer of the energy £ among all
embedded hypersurfaces in 2 enclosing the same volume [Zia et al. 1988]. The
proof is similar to that of Theorem 4.1 in [Koiso and Palmer 2007]; the method is
essentially the same as in [Winterbottom 1967]. Hence X is stable for all n > 2. [J

Remark 1. Our contact angle condition 6; > /2 is quite natural because McCuan
[1997] proved the nonexistence of embedded capillary surfaces with §; < 7 /2 in
a wedge of R>. Also it had been experimentally observed that a wedge forces the
liquid drops (bridges) with 6; < m /2 to move toward its edge.

5. Minkowski’s inequality

The Minkowski inequality is not well known among geometers and its proof is not
easily available in the literature. So in this section we sketch a proof of it. First we
need to introduce the mixed volume [Schneider 1993].

The Minkowski sum of two sets A and B in R” is the set

A+B={a+beR"'":acA,be B}

Given convex bodies K, ..., K, in R", the volume of the Minkowski sum A K +
-+« + A K, (for A; > 0) of the scaled convex bodies A; K; of K; is a homogeneous
polynomial of degree n given by

r

HOAK L+ 40K = D V(Ko Kk o4y,
jl ~~~~~ anl
V(Kj, ..., Kj,) is called the mixed volume of K, ..., K; . The mixed volume

is uniquely determined by the following three properties:
1) V(K,...,K)=#"(K), (i) V issymmetric, (iii) V is multilinear.
A remarkable property of the mixed volume is the Aleksandrov—Fenchel inequality:
V(Ki, K2, K3, ..., Kp)? > V(K1, K1, K3, ..., Ky) - V(K2, Ko, K3, ..., K.

For a convex body K C R" and a unit ball B C R", the mixed volume
n—j times J times

W;(K)=V(K,K,...,K,B,B,...,B)

is called the j-th quermassintegral of K. The Steiner formula says that the quer-
massintegrals of K determine the volume of the parallel bodies of K:

%" (K +1B) = Z( )Wj(K)tj.

n
i=0 J
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Comparing the Steiner formula for a convex domain D C R" with its tube formula,
one can obtain

Wo(D) = %" (D),
nWi (D) =%#""'(dD),

wWa(0) = [ s,
9D
n(n —1)(n —2)Ws(D) = 2f > kik;dS.
aD i<j
The Aleksandrov—Fenchel inequality for the quermassintegrals yields
W1(D)* = Wo(D)Wa(D),
Wa(D)? = Wi (D)W3(D).

Consequently,
%n—l(aD)Z
(16) ”/{;D|H|dS§W,
2
g~ 1= @=2) (fyp |H1dS)
(17) /BDZk,k, ds < 5 T OD)

i<j
_(=DH@®r=2) "~ 1(dD)3
- 2n? ¥n(D)?

where (16) is the desired Minkowski inequality.

Remark 2. We note that (16) is the isoperimetric inequality when D is a domain
in R2, and so is (17) when D C R3, because

f |k|ds =2r and / kikodS =4m.
dDCR? dDCR?

Remark 3. Let D, C R" be the parallel domain with distance ¢ to D. Then (16) is
equivalent to
" %'~'(D,) _ (n=1)%"(D,)’
#r=1@Dy) =  H(Dy)

or equivalently,

() o

Hence the isoperimetric quotient H"=1(dD,)" /#" (D;)"~! decreases as ¢ increases.
Indeed, the parallel domain D, becomes rounder and rounder as ¢ increases.
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Given a 3-manifold that can be written as the double of a compression
body, we compute the Chern—Simons critical values for arbitrary compact
connected structure groups. We also show that the moduli space of flat
connections is connected when there are no reducibles.
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1. Introduction

Let G be a Lie group with Lie algebra g. Given a principal G-bundle P — Y over
a closed, oriented 3-manifold Y, one can define the Chern—Simons function

CS: A(P) — R/Z,

where A(P) is the space of connections on P. The set of critical points of CS is the
space of flat connections Ag,(P) C A(P), and the critical values are topological
invariants of Y. In general, computing the critical values of CS is fairly difficult.
Nevertheless, various techniques have been developed to handle certain classes of 3-
manifolds; for example, see [Kirk and Klassen 1993; Auckly 1994; Reznikov 1996;
Nishi 1998; Neumann and Yang 1995; Dostoglou and Salamon 1994; Wehrheim
2006]. Most of these techniques are specific to the choice of Lie group G, common
examples being SU(2), Sp(1) and SL¢(2).

In the present paper we compute the Chern—Simons critical values for any 3-
manifold Y that can be written as a double

Y =HUyy H,

MSC2010: primary 53CO07; secondary 53C0S5.
Keywords: Chern—Simons invariants.
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where H is a compression body, H is a copy of H with the opposite orientation,
and the identity map on 3 H is used to glue H and H; see Figure 1. For us, the
term compression body means that

e H is a compact, connected, oriented cobordism between surfaces X_, ¥,
o H admits a Morse function f:H — [—1, 1] with critical points of index 0 or 1,
« all critical values of f are in the interior of (—1, 1), and

o f7I(£]) =24

It follows that, up to homotopy, H can be obtained from X by attaching 2-handles.
These topological assumptions imply that X is connected; there is no bound on
the number of components of X_. (Note that not every 3-manifold can be realized
as the double of a compression body; the Poincaré homology sphere is a simple
counterexample.)

Throughout this paper we work with an arbitrary compact, connected Lie group
G, and we assume the bundle P is obtained by doubling a bundle over H in the
obvious way.

Figure 1. Pictured above are two possibilities for Y. The first has
¥_ = &, making H a handlebody. In the second figure, ¥_ is connected.

Before stating the main result, we mention that the definition of CS requires a
choice of normalization. When G is simple this choice can be made in an essentially
unique way. However, for arbitrary compact G the situation is not as simple. It
turns out that, in general, this normalization can be fixed by choosing a faithful
unitary representation pg : G — U(W), where W is a finite-dimensional Hermitian
vector space. One upshot of this approach is that certain computations reduce to
the case where G is a classical group; see Remark 2.2. It is convenient to phrase
the main result in terms of a lift CS, : A(P) — R of the Chern—Simons function
CS; this lift can be defined by fixing a flat reference connection a € Agy (P). See
Section 2B for more details.
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Theorem 1.1. Let G be a compact, connected Lie group. There is a positive integer
Ng such thatif H, P, Y, py are as above, then all critical values of CS, : A(P) —> R
are integer multiples of 1/ N¢.

The dependence of these critical values on the choice of pg is only up to an overall
integer multiple. In particular, if the representation py has image in SU(W) C U(W),
then all critical values are multiples of 2/Ng. If po is the complexification of a
faithful orthogonal representation of G (see Remark 2.2), then all critical values
are multiples of 4/ Ng.

Following Wehrheim [2006], the integer N appearing in Theorem 1.1 can be
defined explicitly as follows. Consider the integer

nG = sup {|mo(C(G},
G'<G

where the supremum is over all subgroups of G, and C(G’) denotes the centralizer
in G. Then ng is finite since G is compact. We define Ng to be the least common
multiple of {1, 2, ..., ng}. Thus Ng > 1 is an integer depending only on G.

The definition of Ng can often be refined if one has certain knowledge about
G or P. In particular, the proof will show that we can take Ng = 1 provided the
following hypothesis holds.

Hypothesis 1. For each connected component S C X_, the identity component of
the gauge group acts trivially on Aga(P|s).

For example, Hypothesis 1 holds trivially when ¥_ is empty. When X_ is
nonempty, the hypothesis holds when G = SO(3) and the restriction of P to each
component of X_ is nontrivial. More generally, this hypothesis is satisfied if
G = U(r) or PU(r) and the integer c;(P)[S] is coprime to r for all connected
components S C X_; see [Wehrheim and Woodward 2009]. On the other hand,
Hypothesis 1 is never satisfied if the bundle P is trivial, due to the trivial connection.
That being said, it is perhaps worth mentioning that there are other hypotheses that
allow one to replace Ng by 1. For example, an argument by Wehrheim [2006] can
be used in our proof below to show that when G = SU(2), one can always replace
Nsu(2) by 1 in the statement of Theorem 1.1. We also point out that Hypothesis 1 is
not assumed in Theorem 1.1; our primary motivation for introducing this hypothesis
is to simplify the discussion at various times.

Motivated by the techniques of [Dostoglou and Salamon 1994, page 633] and
[Wehrheim 2006], our strategy for proving Theorem 1.1 is to show that all flat
connections are gauge equivalent to a connection in a certain canonical form. As
a consequence, Theorem 1.1 can be viewed as a statement about the connected
components of Agy(P). For example, we arrive at the following corollary; see
Remark 3.5.
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Corollary 1.2. Let P — Y be as in Theorem 1.1. Assume Hypothesis 1 is satisfied
and either

o G =U(r) or SU(r) and py is the standard representation, or
o G =PU(r) and pyg is the adjoint representation.

Ifa,a’ € Ay (P), then there is a gauge transformation u such that u*a and a’ lie
in the same component of Aga(P). Moreover, two flat connections a, a’ lie in the
same component of Aqa(P) if and only if CS(a) = CS(a’).

Our proof also identifies precisely when flat connections on P exist. To state
this, consider the commutator subgroup [G, G] € G. Then the quotient P/[G, G]
is a torus bundle over Y. For example, if G is semisimple then P/[G, G] =Y, and
if G = U(r) then this quotient is the determinant U (1)-bundle. The next result
follows from the proof of Proposition 3.3 below.

Corollary 1.3. Let P — Y be as in Theorem 1.1. The space Ay (P) of flat
connections is nonempty if and only if (i) the restriction P /|G, G]|yg is the trivial
bundle, and (ii) for any spherical component S*> C dH, the restriction P| is the
trivial bundle.

The author’s primary interest in Theorem 1.1 is due to its implications for the
instanton energy values on certain noncompact 4-manifolds; see [Duncan 2013b].
These 4-manifolds are those of the form R x H®°, where

(1) H™® := H U,y ([0, 00) x dH)

is obtained from a Riemannian 3-manifold H by attaching a cylindrical end on its
boundary. Given a principal G-bundle P — H, define P*° — H similarly. Then
the “manifold at infinity” of R x H* is the double of H (see Section 3C).

Corollary 1.4. Suppose G is a compact, connected Lie group and H is a compact,
oriented 3-manifold with boundary. Let A be any finite-energy instanton on R x
P> — R x H®, with the instanton equation defined using the product metric. Then
there is a flat connection a, on H Uyy H such that the energy of A is CS,(ay).

Note that the assumptions on G and H are very general. Corollary 1.4 is proved in
Section 3C using an extension of a standard argument; see [Taubes 1982; Dostoglou
and Salamon 1994; Salamon 1995; Wehrheim 2006; 2005; Nishinou 2010]. See also
[Yeung 1991; Etesi 2013] for similar results on instanton energies and characteristic
numbers for noncompact manifolds.

2. Background

Given a vector bundle E — X, we will write Q*(X, E) := & Q¥ (X, E) for the
space of differential forms on X with values in E. We use the wedge product given
by uAnv=pu®v—v® u for real-valued 1-forms u, v.
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Let G be a compact Lie group, and pg : G — U(W) the faithful unitary represen-
tation from the introduction. Then define a bilinear form (-, - ) on the Lie algebra
g by setting

(2) (m,v) = Tr((po)«it - (p0)xV), VYu,veg,

2n?

where the trace is the one on u(W). (The normalizing factor 1/272 is chosen so
that the quantities (4) and (6) below are integers. If pg has image in SU(W) then the
more familiar 1 /47'[2 can be used.) Since we have assumed py is faithful, it follows
that (-, - ) is nondegenerate, and so this defines an Ad-invariant inner product on g.

Suppose 7 : P — X is a principal G-bundle over a smooth n-manifold X; we
assume G acts on P on the right. Given a right action p : G — Diff(F) of G on
a manifold ¥ we will denote the associated bundle by P xg F :=(P x F)/G. If
F =V is a vector space and G — Diff(V) has image in GL(V) C Diff(V), then
P x V is a vector bundle and we will write P(V) := P xg V. Pullback by
induces an injection

7 QX, P(V))—> Q*(P,PxYV)

with image the space of forms that are equivariant and horizontal.

We will write P (g) for the adjoint bundle associated to the adjoint representation
G — GL(g). The Lie bracket [ -, - ] on g is Ad-invariant, and so this combines with
the wedge to define a bilinear map © ® v — [ A v] on Q*(X, P(g)), endowing
Q°*(X, P(g)) with the structure of a graded algebra. Similarly, the Ad-invariance
of the inner product (-, - ) implies that it induces a fiberwise inner product on the
vector bundle P (g). This combines with the wedge to give a graded bilinear map

QNX, P(g) @ Q (X, P(g) — QT (X), n@ve> (nLAv).

2A. Gauge theory. We denote by A(P) the set of all connections on P. By defi-
nition, A(P) consists of the elements of Q!(P, P x g) that are both G-equivariant
and vertical. It follows that A(P) is an affine space modeled on QN (X, P(g) =
QY(X, P(g)). We will write A'(P) for the completion of A(P) with respect to the
H'-Sobolev norm; we will always assume A' (P) is equipped with the H'-topology.
The space A' (P) is well-defined when X is compact; when X is noncompact the
H'-norm depends on the choice of a smooth reference connection at infinity.

Given any representation p : G — GL(V), each connection A € A(P) determines
a covariant derivative

dap:Q (X, P(V) = QX P(V)), s (097 (d(" 1)+ pu(A) AT 1),

where d is the trivial connection on P x V. When considering the adjoint repre-
sentation, we will write d4 := d s aq. The curvature endomorphism curv(dy ,) €
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Q2(X, End(P(V))) is defined by the relation
dapodapp=curv(dy p) A
for all u € Q°(X, P(V)). We define the curvature (2-form) of A by
Fa= (""" (dA+3[AAA]) € QX (X, P(g)).

The curvature 2-form Fj4 recovers the curvature endomorphism curv(dy ,) in any
representation p in the sense that

3 psxFa =curv(dy ).

Taking p = Ad, we therefore have curv(ds) Apu =[FaAu] forall u e Q*(X, P(g)).
Given any A € A(P), the covariant derivative and curvature satisfy

dasp=da+Iun-], Fasp=Fa+dap+zlpnApl,

for all € Q'(X, P(g)). We also have the Bianchi identity d4 F4 =0. A connection
A is flat if F4 =0, and we denote the set of all smooth (resp. H 1) flat connections
on P by Apa(P) (resp. A, (P)).

Suppose X is a closed, oriented 4-manifold. Then associated to the fixed repre-
sentation pg : G — U(W) from the introduction, we obtain a complex vector bundle
P (W) equipped with a Hermitian inner product. In particular, this has well-defined
Chern classes ¢; := ¢;(P(W)) € H* (X, Z). The usual Chern—Weil formula says

K (P) =« (P; po) = (c? —2c2)[X] = Tr(curv(da,p,) Acurv(da ,,)) € Z,

4n2 Jy
for any connection A € A(P); the Bianchi identity shows this is independent of the
choice of A. Here Tr(u A v) is obtained by combining the wedge with the trace on
u(W). Then equations (2) and (3) show

@ =5 [ (FEann.

Remark 2.1. This characteristic number can be equivalently defined as follows. Let
BU(W) be the classifying space for the unitary group, and let k € H*(BU(W), Z)
be given by the square of the first Chern class minus two times the second Chern
class. Then k(P) € H*(X,Z) = Z is obtained by pulling back « under the map
X — BG — BU(W); here the first arrow is the classifying map for P, and the
second is induced by the representation pp : G — U(W).

It follows immediately from the definition that « (P) is even if the mod-2 reduction
of ¢ vanishes. Now suppose pg is obtained by complexifying a (real) orthogonal
representation G — O(V). Then P(W) = P (V)¢ is the complexification of the real
vector bundle P (V) and so ¢; = 0 vanishes. If, in addition, X = S IxYisa product,
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then a characteristic class argument shows that ¢; is even (e.g., see [Duncan 2013a,
Section 4.3]), and so « (P) is a multiple of 4.

For example, consider the case where G = SO(r) with r > 2, and pg = Ad¢
is the complexified adjoint representation. Then « (P) = 2(r — 2) p1 (P(R"))[X],
where p;(P(R*)) is the Pontryagin class of the vector bundle associated to the
standard representation of SO(r).

As a second example, consider G = SU(r). Then the integers ¥ coming from
the complexified adjoint and standard representations are related by

k(P; Adc) = 2r « (P; standard).

A gauge transformation on P is a G-equivariant bundle map P — P covering
the identity. The set G(P) of gauge transformations on P forms a group, called
the gauge group. One may equivalently view the gauge group as the set of G-
equivariant maps P — G. Here G acts on itself by conjugation of the inverse,
making it a right action. A third equivalent way to view G(P) is as the space of
sections of the bundle P xg G — X, where P xs G is formed using the same
action of G on itself.

Denote by Gy = Go(P) the connected component of the identity in G(P). We
need to specify a topology on G(P) for the term “connected component” to be
meaningful, and we do this by viewing G(P) as a subspace of the space of functions
P — G, equipped with the H?-topology (however, any other Holder or Sobolev
topology would determine the same connected components). We denote by G>(P)
the completion of G(P) in the H>-topology. Note that this depends on a choice of
faithful representation of G (see [Wehrheim 2004, Appendix B]), and we take pg
for this choice.

The gauge group acts on Q°(P, P x g) and A(P) C Q°(P, P x g) by pullback.
When the dimension of X is three or less, this action is smooth with the specified
topologies [Wehrheim 2004, Appendix A]. We note that the action of a gauge
transformation u on a connection A can be expressed as

(5) wWA=u"Au+u""du,

where the concatenation on the right is matrix multiplication and du is the lineariza-
tion of u : P — G. In dimensions three or less, Equation (5) combines with the
Sobolev multiplication theorem to show that if u, A and u*A are all of Sobolev
class H', then u is actually of Sobolev class H?.

The group G(P) also acts on Q2°(X, P(g)) by the pointwise adjoint action
(€, u) — Ad(u~")&. In particular, the curvature of A € A(P) transforms under
uegG(P) by

Fpp=Ad(u"HFy.
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We introduce a notation convention that is convenient when the dimension of the
underlying space X is relevant. If dim X =4, then we use A, U for connections
and gauge transformations; if dim X = 3, then we use a, u for connections and
gauge transformations; if dim X = 2, then we use «, u for connections and gauge
transformations. For example, this provides an effective way to distinguish between
a path of gauge transformations u : I — G(P) on a surface X, and its associated
gauge transformation u € G(I x P) on the 3-manifold / x X defined by ul)xp =

u(t).

2B. The Chern—Simons functional. Fix a closed, connected, oriented 3-manifold Y,
as well as a principal G-bundle P — Y. The space of connections admits a natural
1-form A € Q'(A(P), R) defined at a € A(P) by

Ag : TLA(P) — R, v|—>/(v/\Fa).
Y

The Bianchi identity shows that this is a closed 1-form. Since .A(P) is contractible
it follows that A is exact. Fixing a reference connection agp, this exact 1-form
can therefore be integrated along paths from ag to obtain a real-valued function
CS,, : A(P) — R. One can compute that CS,, is given by the formula

CSy(a) == / (Fay AV) + 3{dagv AV) + £ {[v AV] A D),
Y

where we have set v:=a —ag € Q' (Y, P(g)). We will typically choose ag to be flat,
but this is not always convenient. In general, however, changing a¢ changes CS,,
by a constant. Projecting CS,,, to the circle R/Z, one obtains the Chern—Simons
function CS : A(P) — R/Z from the introduction; we will refer to the lift CS,, as
the Chern—Simons functional. Moreover, CS,, has a smooth extension from the
smooth connections A(P) to the H'-completion A'(P).

Suppose a,a’ € A(P). Any path a(-) : [0, 1] — A(P) from a to a’ can be
interpreted as a connection A on [0, 1] x P — [0, 1] x ¥ by requiring that it restricts
to a(t) on {t} x Y. It follows from the definitions that

/ 1
CSaO(a)—CSao(a)zzf (Fa N Fy).
IxY

In the special case where a’ = u*a, with u € G(P), the connection A descends to a
connection on the mapping torus

P,:=1xP/0,u(g))~(,q),
which is a bundle over S' x Y. Then the above gives

©) €Sy (u"a) —CS a) = 1 /S (FAAFa) =k(P) €7,
Ixy
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where we used (4) in the second equality. It follows that the value of this depends
only on the path component of u in G(P). Equation (6) also shows that CS,, is
invariant under the subgroup of gauge transformations u with « (P,) =0 (the ‘degree
zero’ gauge transformations), and that the circle-valued function CS : A(P) — R/Z
is invariant under the full gauge group G(P).

Remark 2.2. The discussion following Equation (4) shows that if the mod-2 reduc-
tion of ¢; (P,(W)) vanishes, then (6) is even. Similarly, if the fixed representation
po 1s the complexification of a real representation, then (6) is a multiple of 4.

For completeness we show that the space of flat connections on P is locally
path-connected. This implies, for example, that the Chern—Simons critical values
are always isolated since the moduli space Aga(P)/G(P) is compact and CS,, is
constant on the path components of Agy (P).

Proposition 2.3. The space A}iat(P) of flat connections is locally path-connected.

In particular, the path components are the connected components.

Proof. Rade [1992] used the heat flow associated to the Yang—Mills equations
to show that there is some €p > 0 such that if « € A!(P) is a connection with
| Fyll;2 < €p, then there is a nearby flat connection

Heat(a) € AL (P).

Rade shows that the map a — Heat(a) is continuous, gauge equivariant and restricts
to the identity on A}ht(P).

Let ag, a; € .Ailiat(P). We want to show that if ag and a; are close enough (in
H"'), then they are connected by a path in A}iat(P). Consider the straight-line path
a(t) =ap+1t(a; —ap). Then

2
t
Fa@ry = tdgy (a1 — ag) + 3[611 —ap Aaj — apl,

and so
2 2
| Faoll 12 < llday (a1 — ao)ll 2 + llar — aollze < C(llar — aoll g1 + llar — aoll51),

where we have used the Sobolev embedding H' < L*. Then a(¢) is in the realm
of Rade’s heat flow map for all ¢ € [0, 1], provided ||a; — ag|| ;1 < min{l, €p/2C}.
When this is the case, t — Heat(a(?)) € .AIIM(P) is a path from ag to ay, as desired.

O

3. Chern-Simons values and instantons

We prove Theorem 1.1 and Corollary 1.4 in Sections 3B and 3C, respectively. We
take a TQFT approach to the proof of Theorem 1.1 in the sense that we treat each
connection on Y = H Uy H as a pair of connections on H that agree on the boundary.
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This reduces the problem to a study of the flat connections on H and d H, which is
the content of Section 3A.

3A. The components of the gauge group and the space of flat connections. In
this section we fix a principal G-bundle P — X, where X is a manifold with
(possibly empty) boundary. Unfortunately, the action of the gauge group is rarely
free. To account for this, it is convenient to consider the based gauge group
G, = G,(P) defined as the kernel of the map G(P) — G given by evaluating
u: P — G at some fixed point p € P. If X is connected, then G, acts freely on
A(P) (in general, the stabilizer in G(P) of a connection A € A(P) can be identified
with the image in G of the evaluation map u — u(p)).

Let G — G be the universal cover. We will be interested in the subgroup
‘H = H(P) of gauge transformations u : P — G that lift to G-equivariant maps
ii : P — G, where the (right) action of G on G is induced by the conjugation action
of G on itself.

Lemma 3.1. The subgroup H is a union of connected components of G(P). In
particular, H contains the identity component Go of G(P).

Proof. Consider the aforementioned right action of G on G. Use this action to define
a bundle P xg G— X , and consider the natural projection P X ¢ G— P xgG.
Viewing a gauge transformation u as a section of P X G — X, the defining condi-
tion of H is equivalent to the existence of a sectionit : X — P Xg G lifting u. It fol-
lows from the homotopy lifting property for the covering space P X g G—> PxgG
that u is an element of H if and only if u can be connected by a path to an element
of H. O

Lemma 3.2. Suppose G is compact and connected, and that X has the homotopy
type of a connected 2-dimensional CW complex. Then H NG, is connected, and the
inclusion G, € G(P) induces a bijection 7o(G,) = mo(G(P)). Consequently, H is
the identity component Gy of G(P).

Proof. First we show that N G, is connected. For u € H, let u be a lift as above.
Note that if u € G, then i (p) € Z(é) is in the center and so ii(p)~'i is another
equivariant lift of u. In particular, by replacing i with it (p)~'i, we may assume i
has been chosen so that ii(p) = e € G. Moreover, by homotoping u we may assume
that u (hence i) restricts to the identity on 7 ~!(B), where B C X is some open
coordinate ball around x = 7 (p). The topological assumptions imply that B can be
chosen so the complement X — B deformation retracts to its 1-skeleton. Since G is
connected, the restriction P|x_p — X — B is trivializable. By equivariance, we
may therefore view & simply as a map

ii:(X—B,dB)— (G,e).
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Now we show 7¢(G,) = mo(G(P)). We may homotope any gauge transformation
u: P — G so that it is constant on 7 ~'(B) C P, with B as above. Just as above
Plg — B is the trivial bundle, so gauge transformations on P| 5 are exactly maps
B — G. Since G is connected, we can obviously find a homotopy rel 3B of
u:(B,dB)— (G, u( p)) to a map that sends x € B to the identity. This shows that
u can be homotoped to an element of G,.

Finally, by Lemma 3.1 we have Gy C H, while the reverse inclusion follows from
the conclusions of the previous two paragraphs. ([l

Fix x € X as well as a point p € P over x. It is well-known that the holonomy
provides a map hol : Aga(P) — hom(mr (X, x), G). This intertwines the action
of G(P) on Ag,(P) with the conjugation action of G on itself in the sense that if
Y (S, 1) > (X, x) is a smooth loop, then

hol,«a(y) = u(p)~ " hola (y)u(p)

for all gauge transformations u € G(P) and flat connections A; see [Kobayashi
and Nomizu 1963, Proposition 4.1] and [Atiyah and Bott 1983]. Moreover, the
holonomy descends to a topological embedding

Afiat(P)/Gp — hom(m (X, x), G)

with image a union of connected components that are determined by the topological
type of the bundle P. To determine this set of image components for a given
bundle P, it is useful to consider the following variation dating back to Atiyah and
Bott [1983]. Let j : G — P denote the embedding g +— p-g~' (recall G acts on P
on the right), and let j, denote the induced map on . Consider the universal cover
G — G and denote by t:m(G) — Z (5) the natural inclusion into the center of G.
Then there is a homeomorphism

(7) Aﬂat(P)/(ngp) = {,0 € hom(mw (P, p), 6) ’ PO jx= t}.
We defer a proof of (7) until the end of this section.

Proposition 3.3. Assume G is compact and connected. Suppose X is either a
closed, connected, oriented surface, or X = H is a compression body. Then the
space of flat connections Aga(P) is connected when it is nonempty.

Proof. By Lemma 3.2, the group H NG, = Gy NG, is connected. Moreover, it acts
freely on Aga(P) since this is the case with G,. We will show the space on the
right-hand side of (7) is connected. The proposition follows immediately by the
homotopy exact sequence for the bundle Agy (P) — Agac(P)/(HNG)).

First assume X is a surface of genus g > 0. For g =0, the space Ag(P)/(GoNGp)
is either a single point or empty, depending on whether P is trivial or not. We
may therefore assume g > 1. The bundle P — X is determined up to bundle



28 DAVID L. DUNCAN

isomorphism by some 8 € 71(G) C Z (G). Since G is simply-connected, it follows
that G = G x ... x G x R! for some simple, connected, simply-connected Lie
groups Gy, ..., Gk. Write § = (81, . .., 8, r) according to this decomposition.
Now we compute (P, p). Let U be the complement in X of a point y, and let
V be a small disk around y. Applying the Seifert—van Kampen theorem to the sets
Py, Ply C P, one finds a presentation for 1 (P, p) that consists of generators and

relations coming from 71 (G), as well as additional generators ay, B, ..., o, B
subject to the relation

g
®) H aj, Bi] =

as well as further relations asserting that each element of {«;, 8;}; commutes with
each generator coming from 771 (G). Alternatively, the relation (8) can be viewed as
arising when one compares trivializations of P|y and P|y on the overlap UNV. It
follows that Aga(P)/Go NG, can be identified with the set of tuples (A;;, B;j)i,j,
forl <i<k+1land1<j<g, where

@) Aij, Bij € G;, and ni:l[Aij’ Bij] =g;forl <i<k;
(i) Axj, Byj € R, and [15_,[Axj, Bijl=r

Since R/ is abelian, the tuples (Ag j» Bkj)j appearing in (ii) can only exist if r = 0.
This shows that Ag, (P) is empty if r # 0, so we may assume r = 0. (Note that
r = 0 if and only if the torus bundle P/[G, G], from the introduction, is the trivial
bundle.)

For 1 <i <k, given any §; € G it can be shown that (a) there always exist
tuples (A;j, Bij); C Gl.zg satisfying H?:l[Aij’ B;;] = 6;, and (b) the set of such
(Ajj, Bjj); is always connected; see [Alekseev et al. 1998], [Ramadas et al. 1989,
Section 2.1] or [Ho and Liu 2003, Fact 3]. It follows that Aga(P)/Go NG, is a
product of connected spaces and is therefore connected. This finishes the proof in
the case where X is a surface.

Now suppose X = H is a compression body. Then there is a homotopy equiva-
lence H =~ (\/_; ;) v (\/;_, S) onto a wedge sum of closed, connected, oriented
surfaces X; and circles; note that the surfaces can be identified with the components
of the incoming end ¥_ C dH. It follows from (7) that Aga(P)/Go NG, is
homeomorphic to

{p ehom(mr(P)), G) | poji =1} x...x{p €hom(n((Py), G) | poji=1} x (G,

where P; — %; is the restriction of P to the surface ¥; C H. By the previous
paragraph this is a product of connected spaces, and so is itself connected. (]
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Remark 3.4. The above proof shows that, when H is a compression body, restrict-
ing to the incoming end X£_ C 9 H yields a surjective map

Apa(P) Aftac (P1) v Atac (Ps)

GoNGy,  Go(PONG, (P Go(P) NGy, (Py)

that is a (trivial) principal G'-bundle. Similarly, restricting to the outgoing end
¥4 C 0H yields an injection

Aa(P) Apa(P4)

GoNGy — Go(P)NGp, (P1)
where Py — X is the restriction of P. In particular, a flat connection on P — H is

determined uniquely, up to Go(P) NG, (P), by its value on the boundary component
Y., and hence by its value on 0 H.

Now we verify (7). This can be viewed as arising from the G-valued holonomy,
which we now describe. Let A € A(P) be a connection. Given a smooth loop
y :S' =R/Z — P, consider the induced loop in the base 7 oy : S' — X. Use this
to pull P back to a bundle over the circle (roy)*P — S ! The standard (G-valued)
holonomy determines a lift hol, (7 o ) of the quotient map [0, 1] < S' = R/Z:

(Toy)*P
SO

‘Q\Q\P}/ ’

-,

©)

s

[0,1] — S!

and this lift is unique if we require that it sends 0 to ¥ (0) € (;r o y)* P. On the other
hand, y determines a trivialization of this pullback bundle

(o) PES'xG, y@)— (t,e).

Compose the lift in (9) with this isomorphism and then with the projection to the
G-factor in S' x G to get a map

(10) hols(woy):[0,1] > G,

which we denote by the same symbol we used for the standard holonomy. Then the
map in (10) sends O to the identity e € G and the value at 1 recovers the standard
holonomy for A around y. Viewing G—>Gasa covering space, holy (r o ) lifts
to a unique map hol al@oy):[0,1] —> G that sends 0 to e. Then we declare the
G-valued holonomy of A around y to be the value at 1:

hol€ () := hola ( 0 y)(1) € G.

As with the standard holonomy, one can check that this is multiplicative under
concatenation of paths y. Similarly, this is equivariant in the following sense.
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Suppose u € H and so u lifts to a G-equivariant map & : P — G. Setting g :=u(p),
we have

hol, , (y) = g ' hol§ (y)g.

Next, suppose A is a flat connection. Then holg(y) depends only on the homo-
topy class of y. It follows from the above observations that the G-valued holonomy
defines a map Agy(P) — hom(m (P, p), 5), and this intertwines the actions of H
and G. Moreover, from the definition of G, we have that the G-valued holonomy
is invariant under the action of # N G,. We therefore have a well-defined map
Agac(P)/H NG, — hom(m(P), 5). It follows from the definitions above that
the image lies in the right-hand side of (7). That this map is a homeomorphism
follows from the analogous argument for the standard holonomy, together with the
commutativity of the following diagram.

Apat(P)/(HNGp) — {p € hom(m(P), G) | po ju =1}

Afiat(P)/G(P) ————— hom(7;(X), G)/G

3B. Proof of Theorem 1.1. Write Y = H Uyy H, where H is a compression body.
Fix a collar neighborhood [0, €) x 0 H < H for d H, and use this to define the
smooth structure on Y. This smooth structure is independent, up to diffeomorphism,
of the choice of collar neighborhood, see [Milnor 1965, Theorem 1.4]. The product
structure of this collar neighborhood can be used to define a vector field v on Y
that is normal to 0 H and that does not vanish at 0 H. Moreover, we assume v has
support near d H, and so v lifts to an equivariant vector field on P that we denote
by the same symbol.

Restriction to each of the H factors in ¥ = H Uyy H determines an embedding

blag = clyH,
AP {0, 0) € Al (Pl x Al (Pl | _ 710 = <lon )
—ublag = wclon

given by

an ar (alg, aly).

A few comments about the defining conditions in the codomain are in order: (i) we
are treating v = v|g as a vector field on H, viewed as the second factor in HUyy H;
(ii) the negative sign is due to the reversed orientation of the first factor; and
(iii) restriction to the hypersurface d H C Y extends to a bounded linear map
HY(Y) — L*(3H) (see, e.g., [Adams 1975, Theorem 6.3]), and so these equalities
should be treated as equalities in the L? sense.
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Suppose (b, ¢) is in the codomain of (11). These define a connection a on Y
by setting a|z = b and a|y = b. It is straightforward to check that if b and ¢ are
both smooth, then a is continuous and of Sobolev class H! on Y. Since the smooth
connections are dense in A!, it follows that (11) is surjective, and so we may treat
(11) as an identification.

The bijection (11) singles out a preferred subspace that we call the diagonal

(12) {(b, b) € Ay (Pli) x Ajy (P11) | by = 0} C A (P).

It is convenient to consider a slightly larger space C C Aéat(P) defined to be the set
of flat connections that can be connected by a path to an element of the diagonal (12).

Claim. The diagonal (12) is path-connected. In particular, C is also path-connected.

To see this, consider diagonal elements (bg, bg), (b1, b1). It suffices to prove the
claim under the assumption that by, b; are both smooth and satisfy

(13) wholy =ubily =0

on some neighborhood U of 3 H (this is because the H'-completion of the space
of these connections recovers (12) and the path-components are stable under com-
pletion). By Proposition 3.3 there is a path of flat connections t +— b, € Agac(P|g)
connecting by and b;. We will be done if we can ensure that ¢,b; |3y = 0 for all
t € [0, 1]. We will accomplish this by putting b, in a suitable ‘v-temporal gauge’,
as follows. Restrict attention to the bicollar neighborhood (—€,€) x 0H C Y
obtained by doubling the collar neighborhood from the beginning of this section.
Let s denote the variable in the (—e, €)-direction and fix a bump function 8 for U
that is equal to 1 on d H. For each ¢ € [0, 1], define a gauge transformation u, at
(s, h) € (—e, €) x dH by the formula

)
u;(s, h) = exp<—/ LBv(o,h)bi (0, h) dcr).
0
Then u, depends smoothly on all variables, and a computation shows
tgy(uyby) =0.

Moreover, it follows from (13) that u, is the identity gauge transformation when
t =0, 1. The claim follows by extending u, to all of Y using a bump function.

It follows from the claim that the Chern—Simons functional is constant on C,
since CSy, is locally constant on its critical set A}m(P). Suppose Hypothesis 1
holds. We will show that every flat connection in A}ht(P) is gauge equivalent to
one in C; Theorem 1.1 will then follow immediately from Remark 2.2. In fact,
by another density argument, it suffices to show that every smooth flat connection
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is gauge equivalent to one in C. So we fix a € Aga(P). As in the proof of the
claim, by applying a suitable gauge transformation, we may assume that ¢(,a = 0.
Use (11) to identify a with a pair (b, c) € Aga(P|r) X Agat(Plg). Then b, ¢
agree on the boundary, so by Remark 3.4, there is some gauge transformation
u € Go(Plg) NG, (P|y) for which u*c = b. Here we have chosen p € H to lie in
¥4 C dH, and we are thinking of the H that appears here as the second factor
in Y = H Uyy H. Our immediate goal is to show that u restricts to the identity
gauge transformation on the boundary 0H = ¥, U X_. Since p € X, it follows
that the restriction u|y, lies in G,(P|x, ), which acts freely. Since b and c agree
on X, it must be the case that u|yx_ is the identity. Turning attention to X_, for
each component X" C ¥ _, the restriction u|y lies in the identity component of the
gauge group. In particular, by Hypothesis 1 we have that u|yy = e is the identity.
At this point we have that u is a gauge transformation on H C Y that is the identity
on all of H. Then u extends over H C Y by the identity to define a continuous
gauge transformation ‘") = (e, u) on P. This is of Sobolev class H!. We also
have (uV)*a e C, since under (11) the connection (u‘V)*a corresponds to the pair
(b, b) = (b, u*c) and we have assumed ¢,a = 0. Finally, since uV g and (uM)*a
are all H', it follows from (5) that «") is H?. This finishes the proof of Theorem 1.1
under Hypothesis 1.

Remark 3.5. Continue to assume Hypothesis 1, and suppose a, a’ are flat connec-
tions. Then the construction of the previous paragraph shows that there is a gauge
transformation w € H(P) such that w*a and «’ lie in the same path component. If
we further assume that CS,,(a) =CS,,(a’), then it follows that « (P,,) = 0. In many
cases, if w € H and k (P,) = 0, then w necessarily lies in the identity component.
For example, this is well-known when G = U(r) or SU(r) and pg : G — U(C") is
the standard representation [Freed and Uhlenbeck 1991, page 79], or if G = PU(r)
and py is the adjoint representation [Duncan 2013a]. In such cases, it follows that
a and a’ lie in the same component of Ag,(P).

To prove the theorem without Hypothesis 1, we follow a strategy of Wehrheim
[2006]. Let ng be as in the definition of Ng. Without Hypothesis 1 it may not be the
case that u € G(P| ) restricts to the identity on X_. Write ¥_ = X, U---U X; in
terms of its connected components and write P; for the restriction of P to X; C 0H.
Since G is compact, the stabilizer subgroup in G(F;) of each restriction b|y, has
only finitely many components, and so there is some integer n < ng for which
u"|y, lies in the identity component of the stabilizer group for b|y,. For simplicity
we assume u"|x, = e is the identity for each i; one can check that the following
argument can be easily reduced to this case.

View H as a cobordism from ¥_ to ¥; (we may assume X_ is not empty,
otherwise Hypothesis 1 is satisfied), and define a manifold ¥ by gluing H to
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itself 2n times:

H
N
14 H “H
X
D
5 4
Y

Define a bundle P — Y similarly. Then a = (b, ¢) determines a continuous
flat connection on P by the formula

a™ = b, c,b,c,...,b,c).

The notation means that the k-th component lies in the k-th copy of H in (14).
Similarly, the reference connection a( defines a reference connection a(()") on P,
and the gauge transformation u determines a continuous gauge transformation on
pmw by

u®™ = (e, u,u,u u*, "W .

Let CS™ denote the Chern—Simons functional for P defined using a(()"). Then
(6) and the additivity of the integral over its domain give

S (@™y*a™) =8 (a"™) + k (Pym) =nCSuy(a) + k (Pym).

In addition, the pullback of a™ by u™ is (b, b, u*b, u*b, ..., W""H*b, W*1)*b),
and so

S (@™)*a™) =nCSuy(a) +kn,  ky:=nn— D (P,) € Z,

where a’ € C is the connection corresponding to (b, b) under (11). Combining these
gives CSyy(a) = CS4y(a') € 37 < =7,

3C. The energies of instantons. Let P°° — H®™ be as in Corollary 1.4, and let g
be the cylindrical end metric on H*°. Equip the 4-manifold R x H°° with the product
metric, and denote by O — R x H the pullback of P under the projection
R x H*® — H®. The energy of a connection A € A(Q) is defined to be

1 1
§||FA||L2(RxH°°) = 5/ (Fa NxFy),
Rx H>®

where * is the Hodge star coming from the metric. We will always assume the
energy of A is finite. We say that A is an instanton if «F4 = £ F4. It follows that
the energy of any instanton is given, up to a sign, by

(15) %A (Fa A Fa).
x H>®

In this section we will prove Corollary 1.4 by showing that (15) is equal to CS, (ab)
for some flat connections a,, ag on Y := HUyy H. First we introduce some notation.
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Recalling the decomposition (1), there is a projection
(16) Rx H® — H

to the upper half-plane, sending {s} x H to (s, 0) € H, and sending each element
of {(s,#)} x 0H to (s, t). (This projection is continuous, but not differentiable.)
Note that for each 7 € (0, 00), the inverse image under (16) of the semicircle

{(t cos(0), tsin(@)) |6 € [0, 7]} CH
is the closed 3-manifold
Y, = HU{O}XBH ([0, tw] x 0H) Ulrr)xaH H.
In the degenerate case T = 0, we declare Y to be the inverse image under (16) of
the origin; so Yy = {0} x H. Then we have
Rx H® =] ..
>0
Moreover, for each T > 0, there is an identification Y; = Y; induced from the
obvious linear map [0, ] = [0, 7]. This identification is continuous, but when
T #~ 1 this identification is not smooth due to the directions transverse to {0, tw} xd H
in Y;. We note also that we can identify Y; with the double Y; however we find
it convenient to work with Y rather than Y at this stage. In summary, we have
defined a continuous embedding
IM:(0,00) x Y] > Rx H®

with image the complement of Yj; this map is not smooth. We think of IT as
providing certain “polar coordinates” on R x H*.
Fix a connection A. Then we can write the pullback under IT as

[M"A =a(r) + p(r)dr,
where 7 is the coordinate on (0, 00), a(-) is a path of connections on Y1, and p(-)

is a path of O-forms on Y. Fixing t, the failure of IT to be smooth implies that the
connection a(t) will not be continuous on Y, unless

(17) A =0.

Here, v is the normal vector to the hypersurface R x 0 H C R x H®°. However,
by performing a suitable gauge transformation to A, we can always achieve (17).
(See the previous section for a similar construction; also note that the action of the
gauge group on A does not change the value of (15).) When (17) holds it follows
that the connection a(t)

« is continuous everywhere on Y1,
e is smooth away from the hypersurface {0, 7} x 0 H C Y, and

« has bounded derivative near this hypersurface.
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In particular, a(t) is of Sobolev class H Lon Y.

Now we introduce a convenient reference connection ag on Y; with which we
will define CS,,. This reference connection will depend on the given connection A;
we continue to assume that (17) holds. Define ag on the first copy of H in Y; by
declaring it to equal Aly,, where we are identifying Yy with H in the obvious way.
Define ag on the second copy of H to also equal Aly,. It remains to define ay on
the cylinder [0, 7] x d H, and there is a unique way to do this if we require that ag
is (i) continuous and (ii) constant in the [0, 7r ]-direction. It follows from (17) that
ag is of Sobolev class H'. Moreover,

lim a(t) = ay,

>0t
where this limit is in the H!-topology on Y; (this is basically just the statement
that A is continuous at Yy C R x H®°). Note that this choice of ay may not be flat.
However, it turns out that CS,, = CS,, for some flat connection a; (in fact, any flat
connection in the diagonal (12) will do); see Remark 3.6.

Now we prove Corollary 1.4. At this stage the argument follows essentially as
in [Wehrheim 2006, Theorem 1.1]; we recall the details for convenience. Let A be
any finite energy connection on R x H >, and assume it has been put in a gauge so
that (17) holds. Use the identity Fr=q = F, +dt A (d:a — d, p) to get

ST (Fa A Fa) =dt A (Fy A (3:a —d,p)).

Integrate both sides and use the fact that the image of IT has full measure in R x H*
to get

(18) %/RH (FA/\FA):/OOO/IVdr/\(Fa/\Bta)
:/OO iCSaO(a(r)) dt
0 dt
= lim CSqy(a(r)) = lim CSq(a(o)),

where we used the Bianchi identity to kill off the d, p-term, and then used the
definition of CS,,. From the definition of ap, we have

lim CSgqy(a(r)) =CSq,(ap) =0,
=0t

so it suffices to consider the limit at co.

Notice that (18) shows that lim;_, o, CS,,(a(7)) exists. The goal now is to show
that this limit equals CS,,(a,) for some flat connection a,. Endow Y7 with the
metric induced from ds* + g via the inclusion ¥; C R x H™. Then it follows from
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the definitions that

o0
2 2
/; ”Fa(r)”LZ(yl) =< ||FA||L2(R><HOO)‘

Since the energy of A is finite, the integral over [1, co) on the left converges and
so there is a sequence 7; € R with

”Fa(fz‘)”i%m 50 and T; 4 .

By Uhlenbeck’s weak compactness theorem [1982], we can find

« a subsequence of the {a(t;)}, denoted by {a;},

« a sequence of gauge transformations {u;}, and

¢ a flat connection aoo,
for which {u}a;} converges to a weakly in H' and hence strongly in L*. This
convergence is enough to put each u}a; in Coulomb gauge with respect to dno
[Wehrheim 2004, Theorem 8.1], so by redefining each u; we may assume this is

the case. Then u}a; converges to a strongly in H I, Since CS,, is continuous in
the H'-topology, we have

lim CSyy(ufa;) = CSyy(aoo)-
11— 00
On the other hand,
CSyy(ujai) —CSyy(aj) =k(Py,) €Z

for all i. Since CS,,(u’a;) and CS,,(a;) both converge, it follows that « (P,,) is
constant for all but finitely many i. By passing to yet another subsequence, we may
assume that « (P,;) is constant for all i. Then there is some gauge transformation u
such that « (P,) = k (P,,) for all i (just take u to be one of the u;). This gives

1/ (Fo A Fy) = lim CSqy(a;) = lim CSyy(u'a;) — k(Py,)
Rx H® 1—>00 11—

2
= CSuy(Aoo) — K (Py) = CSay (u™ ") an).

So taking a, := (u~')*as finishes the proof.

Remark 3.6. Here we address the fact that the reference connection ag, constructed
in the proof above, may not be a flat connection. We address this from two different
angles. First of all, the quantity (15) is independent of the choice of connection
A, provided that one restricts to connections with the same asymptotic behavior at
infinity. In particular, one can always modify the connection A so that its restriction
to Yy is flat. This forces ag to be flat.

Secondly, the argument of the previous paragraph suggests that the value CS,,(a)
is somehow independent of ag. It is interesting to see this explicitly without
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modifying the original connection A. There is an obvious Z, action on ¥ = HUyy H
given by interchanging the two H-factors. Call a form or connection on Y symmetric
if it is fixed by this action. For example, all elements of the diagonal (12) are
symmetric. The key observation here is that ag is symmetric. Then we claim
that function CS,, is independent of the choice of ag from the class of symmetric
connections. Indeed, suppose a; is a second connection that is symmetric. We want
to show that CS,,(a) = CS,, (a) for all connections a. From the definition of the
Chern—-Simons functional we have

CSay(a) —CSq (a) = —CSalag) +CSalar).

Note that the right-hand side is actually independent of a, since changing the
connection a changes CS, by a constant. We can therefore replace a with ag on
the right-hand side to get

CSy(a) —CSy (a) =CSy(ar) = / (Fgy AV) + %(daov A V) + %([v A V] AV),
Y

where v := a; — ag. Let cs,4,(v) denote the integrand on the right. Now use the
following facts: (i) ¥ decomposes into two copies of H, (ii) the two copies of
H have opposite orientations, and (iii) c¢s,4,(v) is symmetric (it is made up of the
symmetric ag, a;). These allow us to compute

CSy(a) —CSy,(a) = / CSqy (V) +/ CSqy (V) = —/ CSqy (V) —I—/ cSqy(v) =0.
H H H

H
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COMPACTNESS AND THE PALAIS-SMALE PROPERTY
FOR CRITICAL KIRCHHOFF EQUATIONS
IN CLOSED MANIFOLDS

EMMANUEL HEBEY

We prove the Palais—Smale property and the compactness of solutions for
critical Kirchhoff equations using solely energy arguments in the situation
where no sign assumption is made on the solutions. We then prove the exis-
tence of a mountain-pass solution to the equation, discuss its ground-states
structure, and, in extreme cases, prove uniqueness of this solution.

The Kirchhoff equation [1883] was proposed as an extension of the classical
wave equation of D’ Alembert for the vibration of elastic strings. The model takes
into account the small vertical vibrations of a stretched elastic string when the
tension is variable but the ends of the string are fixed. The equation in [loc. cit.]

was written as
9%u Py / ‘
= = __ _l’_ ’
Par ( h 2L ax2

where L is the length of the string, 4 is the area of the cross-section, E is the young
modulus of the material (also referred to as the elastic modulus — it measures the
string’s resistance to being deformed elastically), p is the mass density, and Py is
the initial tension. Almost one century later, Jacques-Louis Lions [1978] returned
to the equation and proposed a general Kirchhoff equation in arbitrary dimension
with external force term which was written as

8 Uy <a+b/|vu|2dx>Au=f(x,M),

ot 92
oy
ax?
is the Laplace-Beltrami Euclidean Laplacian. We investigate in this paper the
stationary version of this equation, in the case of closed manifolds, and when f is

the critical pure power nonlinearity. We prove the surprising result that the equation
satisfies the Palais—Smale property when a and b are large (in a sense to be made

where

MSC2010: 58J05.
Keywords: compactness, ground-states, Kirchhoff equation, mountain-pass solution, Palais—Smale
property.
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precised in Theorem 1 below). As usual, solutions of the stationary equation (with
the square of the phase added as a potential) correspond to standing wave solutions
of the evolution equation.

In what follows, we let (M, g) be a closed n-dimensional Riemannian manifold
of dimension n > 4, a, b > 0 be positive real numbers, and & € C'(M, R). The
Kirchhoff equation we investigate is written as

(1) (a+b/ |Vu|2dvg)Agu+hu= lu)® ~2u,
M

where 2* = 2n/(n — 2) is the critical Sobolev exponent. It is an appealing mathe-
matical model because of its nonlocal nature and its integrodifferential structure. It
has been paid much attention over the past years. Among other possible references
(the following list is far from being exhaustive), we mention Figueiredo [2013],
Figueiredo, Ikoma, and Santos [Figueiredo et al. 2014], Figueiredo and Santos
[2012], He and Zou [2012], and the references in these papers. The case of
positive solutions in the curved setting of closed manifolds has been investigated in
Hebey and Thizy [2015a; 2015b]. We treat here the case where absolutely no sign
assumption is made on the solutions. As a remark, the equation always has a pair
of constant solutions if # > 0 is constant.

In what follows, we let H' be the Sobolev space of functions in L? with one
derivative in L2 We let also / : H' — R be the functional

2
) I(u):%/M|Vu|2dvg+§</M|Vu|2dvg> +%/Mhu2dvg—%/M|u|2*dvg.

As is easily checked, critical points of I are solutions of (1). In particular, (1) has a
variational structure. A sequence (#y), in H 1'is said to be a Palais—Smale sequence
for I if the sequence (I (it¢))e is bounded with respect to o, and I’ (ug) — O in (H')’
as o« — +o00. Following standard terminology, we say that / satisfies the Palais—
Smale property if Palais—Smale sequences for / converge, up to a subsequence, in
H'. Let S, be the sharp Euclidean Sobolev constant given by S, = %n(n — D"
where w, is the volume of the unity n-sphere. We define the dimensional constant
C(n) by

2(n —4)n=H/2
3) Cn) =

(I’l _ 2)(”_2)/25':/2 ’

The main result of this paper provides very simple criteria on a and b for the
equation to be compact and / to satisfy the Palais—Smale property. Our main result
is stated as follows.

Theorem 1. Suppose that (M, g) is a closed n-dimensional Riemannian manifold
of dimension n > 4, that a, b > 0 are positive real numbers, and that h € C'(M, R)
makes A, +h/a positive. Assume that b>> 1 when n =4, and that a"=H2p > C(n)
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when n > 5, where C(n) is as in (3). Then, I satisfies the Palais—Smale property
and the set of solutions of (1) is compact in the C*topology.

It is very surprising that such a compactness result, in strong topologies, for an
equation with critical nonlinearity, can be obtained without the whole machinery of
strong pointwise estimates (see Hebey [2014] for a reference in book form on this
machinery). Moreover, no assumption of positiveness is made on the solutions in
Theorem 1.

Proof of Theorem 1. (i) We prove that Palais—Smale sequences for / are bounded in
H, assuming that » > 1 when n = 4. Let (u4), be a Palais—Smale sequence for /.
Then, we get that I (uy) = O(1) and I'(uy) . (uy) = o(|lugll g1), where || - || g1 is
the H'-norm given for u € H' by

2 2 2
el = 1Valz2 + llullzo.
In particular,

2
(4) af (|Vua|2+ﬁu§) dvg—i—b(/ |Vua|2dvg> =/|ua|2*dug+o(||ua||,,1)
M a M M

and that

1 *
&) 2/(|Vua| + u dvg </ IVMO,IZdvg> 25/ g dvg + O(1).
M

By the Sobolev—Poincaré inequality, there exist Cy, C, > 0 such that

(6) el 75 < CillVuta > + Calita*

_ 1
a—VgLuadvg

is the average of uy, and by the Poincaré inequality,

for all o, where

_ 1
(7) g — itell?> < A—}nmné

for all o, where A1 = A1 (M, g) > 0 is the first nonzero eigenvalue of A,. It clearly
follows from the positivity of Ag +h/a, (5), and (6) that if either n =4 and b > C;
orn >5andif u, = O(1), then |luyl| g1 = O(1). We may therefore assume that
Uy — +00 as a — +00. Then, still by the positivity of A, +h/a, (5), and (6),

L2y s
) fn=4
(8) /|wa|2dvg:{b () i =4,
M

o(@%) ifn>5,

where we assume that b > C| when n = 4. Now, we write that

©)) Ug = (1l +@q).
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Then, / ¢ dvy =0 and
M

(10) ﬁi/ Vo |* dvg :/ |Vt |* dv,.
M M
It follows from (8), (10), the Poincaré inequality, (7), and (10) that
O(3) ifn=4
11 2 = b ’
(11) ll9e Il 71 {0(1) —_—

In particular, by (9) and (11),

(12) / (|wo,|2 + Zug) dvg =i2(1+A,) and / la|? dvg = a2 (1+ Bu),
M M

where Aq = O(3) and B, = O(3) if n =4, and A, = o(1) and B, =o(1) if n > 5.

Subtracting 4—1‘ of (4) from (5) yields

a

a 24 h o _(L_1 2
(13§ [ (VP + B v, = (5= §) [ 1l g+ 00+ Ol

Picking b >> 1 when n = 4, the contradiction follows by combining (12) and (13).
This proves that (i) is bounded in H'.

(ii) We prove that [ satisfies the Palais—Smale property assuming that » > 1 when
n =4, and that a"~Y/2p > C(n) when n > 5. We let

(14) K, =a+b/ |V |* dug,
M
he = K;'h, and
1 1
(15) Uy = (K—Q)Z 2,

We define I, : H! — R by

(16) Ia(u)z1/(|Vu|2+hau2)dvg—i/ u|* dv,.
2 M 2* M

According to (i), and up to passing to a subsequence, K, — K as @ — 400 for
some Ko > a. In particular, (h,), converges in C* for all k, and (vy), is bounded
in H'. This implies that /,(v,) = O (1), and, as one can check,

| 2*—1

1) - @)= ()7 W) (9)

for all ¢ € H'. Then (vy)e is a Palais—Smale sequence for the family (1), (in the
sense of Hebey [2014]). In particular the H 1—decomposition as in Struwe [1984]
applies (see Druet, Hebey, and Robert [Druet et al. 2004], Hebey [2014], and Vétois
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[2007] for the closed setting with varying potentials), and we get that there exists
Voo € H', k €N, and k+ 1 sequences (B1.o)a - - -» (Bk.a)a, (Ry)y In H' such that

k
a7 Vg :UOO+ZBi,a+RainM
i=1

and

k
(18) / |V g |* dvg = / |Vveo|? dvg + Z/ |VB; o|* dvg +o(1)
M M P
forall , Ry — 0in H! as « — 400 and the “bubbles” (Bi o)« satisfy the following
properties forany i =1, ..., k:

(@) Biy — 0in L? as @ — 400,
(®) IBi«ll = O(1), and
©) [,,|VBial?dvg > S2* +o(1) for all a,

where S, is the sharp Euclidean constant as in (3). In (c), there is equality if each
B; o is positive. Then, since (#4), is bounded in H I and by (17)—(18), we get that,
up to passing to a subsequence,

(19) K, :a+b/ |Vt |* dvg
M

=a+bK¥Y ¥ 2| |V, ? dv,
M
k
=a+bKZ D Vo dvy +bK2/ 2 Z/ IVBi o?dvg +o(1)
M i—1 M

=a+bKHP | |Vue|* dvg +bCKZZ 2 4 0(1),
M

where C > kS?/% In particular, by (19),

(20) Koo :a+bK§g<2‘—2>/ Vool dvg + b CK 2 2.
M
When n =4, we have 2/(2* —2) = 1, and (20) implies that k = 0 in (17) as soon as

b > 1. In particular, the sequence (1), converges strongly in H', and I satisfies
the Palais—Smale property. When n > 5, we define

F(x) =bkS" XD _x 1 a.
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By (20), and since C > kS,’f/z, we have that f(Ks) < 0. Assuming that k > 1,
noting that f is minimum at xg, where

2 )2/(n—4>
X0=\—"""> ,
<(n — )bk S

2 2/(n—4)
=)
If f(Ks) <0, then f(xg) <0, and by (21), bka"=¥/?> < C(n). Since by assump-
tion a®/2p > C(n), it must be the case that k = 0 in (17). In particular, the
sequence (uq), converges strongly in H', and I satisfies the Palais—Smale property
also when n > 5.

we compute that

= (- S R

(iii) We prove the compactness of (1) assuming that » > 1 when n = 4 and that
a™9/2p > C(n) when n > 5. Noting that a bounded sequence in H' of solutions
of (1) is a Palais—Smale sequence for I/, according to what we proved above, it
suffices to prove that if (1), is a sequence of solutions of (1), then (u ), is bounded
in H' when n > 5 and when n =4 and b > 1. By the Palais—Smale property we
would indeed get that, up to passing to a subsequence, (i), converges in H', and
by standard elliptic theory, this actually implies that the sequence converges in C2.
Now, we multiply the equation by u, and integrate over M, yielding

2
(22) a[ (|wo,|2+@u§) dvg—l—b(/ |Vua|2dvg) =/ lg|? dv,
M a M M

for all «. We clearly get from (6) and (22) that (uy), is bounded in H U if the
sequence (ity), is bounded (and b >> 1 when n = 4). We may thus assume that
Uy — +00 as @ — +00. By (6) and (22), we get that (8) holds. Writing (9), we
then get that (12) holds and also that

(23) / || dvg = lite|(14 Ca),
M

where C, = O(3) if n =4, and C, = o(1) if n > 5. Integrating the equation,

24) /hua dvg:f |ua|2*_2ua dv,.
M M

The contradiction follows from (12), (23), and (24). This proves the above claim
that (1), is bounded in H'. This also proves that the set of solutions of (1) is
compact in the C*topology. ([

At this point we define a mountain-pass solution of (1) as a solution which
we obtain from / by the use of the mountain-pass lemma. We easily get from
Theorem 1 that the following existence result holds true.
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Proposition 2. Suppose that (M, g) is a closed Riemannian manifold of dimension
n > 4, that a and b are positive real numbers, and that h € C! (M, R) is such that
Ag + h/a is positive. Assume that b > 1 when n = 4, and that a2 > C(n)
when n > 5, where C (n) is as in (3). Then, (1) possesses a nontrivial mountain-pass
solution.

Proof of Proposition 2. Let ug = 1. Then, [ is CY, 1(0) =0, I(Tugy) < O for
T > 1, and by the coercivity of A, + h/a, there exist Ci, Co > 0 such that
I(u) > C ||u||él - C2||u||12;l for all u. Then, we can apply the mountain-pass
lemma of Ambrosetti and Rabinowitz [1973] and we get that there exists a sequence
(g)q in H' such that I (uy) =c+o(1) and I’ (uy) . (¥) = o(|| ¥ || 1) for all ¢y € H',
where
c= infsup I (u),
yeluey

and I' is the set of continuous paths from 0 to 7'ug. Obviously, ¢ > 0. By Theorem 1,
up to passing to a subsequence, (i), converges in H'. Let us, be the limit in H'
of the sequence u,. Then I (ux) = ¢, U # 0, and by passing to the limit in the
equation I’ (ugy) . (9) = o(1) for all ¢ € H' we get that u., solves (1). U

It is easily seen that the mountain-pass solution u, obtained in Proposition 2
has a nice ground-state structure when n = 4. We define the Nehari manifold N
attached to I by

(25) N={ueH\{0}|I'w).(u) =0}

The following 4-dimensional ground-state characterization of the solution obtained
in Proposition 2 holds true.

Proposition 3. Suppose that (M, g) is a closed 4-dimensional Riemannian mani-
fold, that a and b are positive real numbers, and that h € C I(M, R) is such that
Ag + h/a is positive. Assume that b > 1. Then, the mountain-pass solution u,
obtained in Proposition 2 has a ground-state structure given by

(26) I(uso) = inf I(u),
ueN

where N is the Nehari manifold attached to I given by (25).

Proof of Proposition 3. We obviously have that u, € N, and thus there holds that
I (uoo) > inf,ey I (u). Given it € H! \ {0}, we define the mountain-pass energy
level ¢; by
c; = inf sup I (u),
yely uey
where I7 is the set of continuous paths from 0 to . Let ug =1 be as in the proof of
Proposition 2. Let Ty >> 1 be such that I (Toug) < 0. By construction (see the proof
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of Proposition 2), it holds that / (#s) = ¢y, Let u € N. Then I (u) = I (Jul),

2
a/ (qu|2+ﬁu2)dvg+b(/ |Vu|2dvg) :/ u4dvg
M a M M

and for t > 0,
at2 2
@n 1) == <|Vu| + 2 dvg—i-— |Vu| dvg K 4 dv,
M
_at2(2—t2)/( 2 h 2)
=g , [Vu| —I—au dv,.

In particular, 7 (7T}|u|) < O for T| > V2. Letu; = lu| and T; > 1. It is easily
checked (since ug is constant) that

1—02T2u?v,
( ) o”og<O

[(tTyuy + (1 — 1) Touo) < t*1 (T1uy) — 1

forall 0 <t <1, where V, is the volume of (M, g). In particular, c,,, = c7,,, since
Toup and Tyu can be connected by a continuous path along which [ is everywhere
negative. So,

(28) CTyug < sup I(tup).
0<t<Ty

By (27) we see that t — I (fu) is maximal at ¢t = 1, and thus cz,,, < I («) by (28).

This proves that I (1) < I (u) for all u € N, and thus that (26) holds. O

Balancing Proposition 2 we prove that the following uniqueness result, in the
sense of Brézis and Li [2006], holds.

Proposition 4. Suppose that (M, g) is a closed Riemannian manifold of dimension
n > 4 and that h is a positive constant. Let eg > 0 arbitrary. For a,b > 1 when
n=4,and a > 1, b > gy when n > 5, the sole nontrivial pair of solutions of (1) is
the pair (—u, u) of constant solutions, where u = h=2/4,

Proof of Proposition 4. Let &g > 0 be given arbitrarily small. We prove the result by
contradiction. We assume that there exist sequences (dy )y, (by)o Of positive real
numbers, and a sequence (u,), of nonconstant solutions of

(29) (aa + by / |Vig|? dvg) Agitg + hitg = ug|* “ug
M

for all « such that a, — +o0 and b, — 400 as &« — 400 when n = 4, and such
that a, — 400 as @« — 400 and b, > g for all @ when n > 5. As in the proof
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of Theorem 1, this implies that ||uy |71 = O(1). Suppose that K, is as in (14),
he = K, 'h, and v, is as in (15). Then,

(30) Agva +hovy = |Ua|2*_2Uou

and K, — 400 since a, — 400 as @ — +00. Then, by elliptic regularity, v, — 0
in C°. Multiplying (30) by vy — Uy, and integrating over M,

(31) A / (Vg — Ug)* dvg < / (Ve — Ta) (10a]* 7200 — [0a]* "20¢) dug
M M

2x_2 — \2
< Cllval?2 f(va—vo» dv,
M

for all o, where C > 0 is independent of o, and A; > O is the first nontrivial
eigenvalue of A,. Since vy — 0in C 0 (31) implies that v, = vy, and we get a
contradiction. |
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ON THE EQUIVALENCE OF THE DEFINITIONS
OF VOLUME OF REPRESENTATIONS

SUNGWOON K1Mm

Let G be a rank-1 simple Lie group and let M be a connected, orientable,
aspherical, tame manifold. Assume that each end of M has amenable fun-
damental group. There are several definitions of volume of representations
of 71(M) into G. We give a new definition of volume of representations and
furthermore show that all definitions so far are equivalent.

1. Introduction

Let G be a semisimple Lie group and let X' be the associated symmetric space of
dimension n. Let M be a connected, orientable, aspherical, tame manifold of the
same dimension as X'. First assume that M is compact. To each representation
p :m (M) — G, one can associate a volume of p in the following way. First,
associate a flat bundle E, over M with fiber X' to p. Since X’ is contractible, there
always exists a section s : M — E,. Let wy be the Riemannian volume form on X'
One may think of wy as a closed differential form on E, by spreading wx over the
fibers of E,,. Then the volume of p is defined by

Vol(,o):/ s wa.
M

Since any two sections are homotopic to each other, the volume Vol(p) does not
depend on the choice of section.

The volume of representations has been used to characterize discrete faithful
representations. Let I' be a uniform lattice in G. Then the volume of representations
satisfies a Milnor—Wood type inequality. More precisely, for any representation
p: ' — G, we have

(D [Vol(p)| < Vol(I"\ X).

This research was supported by the Basic Science Research Program through the National Re-
search Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology
(NRF-2012R1A1A2040663).
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Furthermore, equality holds in (1) if and only if p is discrete and faithful. This is
the so-called volume rigidity theorem. Goldman [1982] proved the volume rigidity
theorem in the higher rank case and Besson, Courtois and Gallot [Besson et al.
2007] proved the theorem in the rank-1 case.

Now assume that M is noncompact. Then the definition of volume of represen-
tations as above is not valid anymore since some problems of integrability arise.
So far, three definitions of volume of representations have been given under some
conditions on M. Let us first fix the following notation throughout the paper.

Setup. Let M be a noncompact, connected, orientable, aspherical, tame manifold.
Denote by M the compact manifold with boundary whose interior is homeomorphic
to M. Assume that each connected component of M has amenable fundamental
group. Let G be a rank-1 semisimple Lie group with trivial center and no compact
factors. Let X be the associated symmetric space of dimension n. Assume that M
has the same dimension as X.

First of all, Dunfield [1999] introduced the notion of pseudodeveloping map to
define the volume of representations of a nonuniform lattice I" in SO(3, 1). It was
successful in making an invariant associated with a representation p : I' — SO(3, 1)
but he did not prove that the volume of representations does not depend on the chosen
pseudodeveloping map. After that, Francaviglia [2004] proved the well-definedness
of the volume of representations. Then Francaviglia and Klaff [2006] extended the
definition of volume of representations and the volume rigidity theorem to general
nonuniform hyperbolic lattices. We call the definition of volume of representations
via pseudodeveloping map D1. For more detail about D1, see [Francaviglia and
Klaff 2006] or Section 4.

The second definition D2 of volume of representations was given by Bucher,
Burger and lozzi [Bucher et al. 2013] and generalizes the one introduced in [Burger
et al. 2010] for noncompact surfaces. They used the theory of bounded cohomology
to make an invariant associated with a representation. Given a representation
p:m1(M)— G, one cannot get any information from the pullback map in degree » in
continuous cohomology, p} : H'(G, R) — H" (71 (M), R), since H" (m1(M), R) =
H"(M, R) is trivial. However, the situation is different in continuous bounded
cohomology. Not only may the pullback map p; : H’,(G, R) — Hj (71 (M), R)
be nontrivial but it also encodes subtle algebraic and topological properties of a
representation such as injectivity and discreteness. Bucher, Burger and lozzi gave a
proof of the volume rigidity theorem for representations of hyperbolic lattices from
the point of view of bounded cohomology. We refer the reader to [Bucher et al.
2013] or Section 2 for further discussion about D2.

Recently, S. Kim and I. Kim [2014] gave a new definition, called D3, of volume
of representations in the case that M is a complete Riemannian manifold with
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finite Lipschitz simplicial volume. See [Kim and Kim 2014] or Section 5 for the
exact definition of D3. In D3, it is not necessary that each connected component
of M has amenable fundamental group, while the amenable condition on dM is
necessary in D2. They only use the bounded cohomology and £!-homology of M. It
is quite useful to define the volume of representations in the case that the amenable
condition on M does not hold. They give a proof of the volume rigidity theorem
for representations of lattices in an arbitrary semisimple Lie group in their setting.

In this note, we will give another definition of volume of representations,
called D4. In D4, p-equivariant maps are involved as in D1 and the bounded
cohomology of M is involved as in D2 and D3. In fact, D4 seems to be a kind of
definition connecting the other definitions D1, D2 and D3. Eventually we show
that all the definitions are equivalent.

Theorem 1.1. Let G be a rank-1 simple Lie group with trivial center and no
compact factors. Let M be a noncompact, connected, orientable, aspherical, tame
manifold. Suppose that each end of M has amenable fundamental group. Then
all definitions D1, D2 and D3 of volume of representations of mi(M) into G are
equivalent. Furthermore, if M admits a complete Riemannian metric with finite
Lipschitz simplicial volume, all definitions D1, D2, D3 and D4 are equivalent.

The paper is organized as follows. For our proof, we recall the definitions of
volume of representations in the order D2, D4, D1, D3. In Section 2, we first recall
definition D2. In Section 3, we give definition D4 and then prove that D2 and D4
are equivalent. In Section 4, after recalling definition D1, we show the equivalence
of D1 and D4. Finally in Section 5, we complete the proof of Theorem 1.1 by
proving that D3 and D4 are equivalent.

2. Bounded cohomology and definition D2

We choose the appropriate complexes for the continuous cohomology and continuous
bounded cohomology of G for our purpose. Consider the complex C (X, R)i
with the homogeneous coboundary operator, where

Cf (X, R)ae={f": X SR | f is continuous and alternating}.
The action of G on Cé‘(?(, R)ai is given by

g f(xos ..o, xk) = f(g ' x0, .., g 0.

Then the continuous cohomology H}(G, R) can be isomorphically computed by
the cohomology of the G-invariant complex C}(X, IR)gt (see [Guichardet 1980,

Chapitre III]). According to the Van Est isomorphism [Borel and Wallach 2000,
Proposition IX.5.5], the continuous cohomology H}(G, R) is isomorphic to the set
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of G-invariant differential forms on X'. Hence, in degree n, H' (G, R) is generated
by the Riemannian volume form wy on X.

Let C f »(X, R)aic be a subcomplex of continuous, alternating, bounded real-
valued functions on X**!. The continuous bounded cohomology H op(G,R) is
obtained by the cohomology of the G-invariant complex C (X, R)St (see [Monod
2001, Corollary 7.4.10]). The inclusion of complexes Cj_" »(X, [F%{)St C Cx(x, [Ri)glt
induces a comparison map H:b(G, R) — H(G, R).

Let Y be a countable CW-complex. Denote by C 1’; (Y, R) the complex of bounded
real-valued k-cochains on Y. For a subspace B C Y, let C /g (Y, B, R) be the sub-
complex of those bounded k-cochains on Y that vanish on simplices with image
contained in B. The complexes C; (Y, R) and C; (Y, B, R) define the bounded
cohomologies H; (Y, R) and H, (Y, B, R) respectively. For our convenience, we
give another complex which computes the bounded cohomology H; (Y, R) of Y. Let
C’,j (Y, R),i denote the complex of bounded, alternating real-valued Borel functions
on (?)k“. The 7r1(Y)-action on C;(?, R)alc is defined as the G-action on C} (X, R).
Ivanov [1985] proved that the 71 (Y)-invariant complex C Z(? , R);Tft(y) defines the
bounded cohomology of Y.

Bucher, Burger and lozzi [Bucher et al. 2013] used bounded cohomology to define
the volume of representations. Let M be a connected, orientable, compact manifold
with boundary. Suppose that each component of dM has amenable fundamental
group. In that case, it is proved in [Bucher et al. 2012; Kim and Kuessner 2015]
that the natural inclusion i : (M, @) — (M, M) induces an isometric isomorphism
in bounded cohomology,

if Hf(M,dM,R) — H}(M,R),

in degrees * > 2. Noting the remarkable result of Gromov [1982, Section 3.1]
that the natural map H; (7 (M), R) — Hy (M, R) is an isometric isomorphism in
bounded cohomology, for a given representation p : 71 (M) — G we have a map

oyt H! (G, R) — H} (m (M), R) = H) (M, R) = H)' (M, dM, R).

The G-invariant Riemannian volume form wxy on X gives rise to a continuous
bounded cocycle ® : X"+ — R defined by

@(xo,...,xn)Z/ wy,
X,

[x0,..., nl
where [xg, ..., x,] is the geodesic simplex with ordered vertices xo, ..., X, in X.
The boundedness of ® is due to the fact that the volume of geodesic simplices in X’ is
uniformly bounded from above [Inoue and Yano 1982]. Hence the cocycle ® induces
a continuous cohomology class [®]. € H'(G, R) and, moreover, a continuous
bounded cohomology class [O]. ; € ch,b(G’ R). The image of ((il’;)_1 op)[Olep
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via the comparison map ¢ : Hy' (M,dM,R)— H"(M,dM, R)is an ordinary relative
cohomology class. Its evaluation on the relative fundamental class [M, d M] gives
an invariant associated with p.

Definition 2.1 (D2). For a representation p : 7;(M) — G, define the invariant
Vola(p) = {(co (i) ™" 0 p)[Ole,p, [M, dM]).

In definition D2, a specific continuous bounded volume class [®], ; in H L” »(G, R)
is involved. The question is naturally raised as to whether, if another continuous
bounded volume class is used in D2 instead of [®]. 5, the value of the volume
of representations changes or not. One could expect that definition D2 does not
depend on the choice of continuous bounded volume class but it does not seem
easy to get an answer directly. It turns out that D2 is independent of the choice of
continuous bounded volume class. For a proof, see Section 5.

Proposition 2.2. Definition D2 does not depend on the choice of continuous
bounded volume class. That is, for any two continuous bounded volume classes
wp, W), € H"b(G R),

((co (i) o pi)wp), [M, dM]) = ((co (if) ™" o pi)(w)), [M, I M]).

Bucher, Burger and lozzi proved the volume rigidity theorem for hyperbolic
lattices as follows.

Theorem 2.3 [Bucher et al. 2013]. Letn > 3. Let i : I' — Isom™ (H") be a lattice
embedding and let p : T — Isom™ (H") be any representation. Then

[Vol2(p)| < [Volo(i)| = Vol(I'\H"),

with equality if and only if p is conjugated to i by an isometry.

3. New definition D4

In this section we give a new definition of volume of representations. It will turn
out that the new definition is useful in proving that all the definitions of volume of
representations are equivalent.

End compactification. Let M be the end compactification of M obtained by adding
one point for each end of M. Let M denote the universal cover of M. Define M to
be the space obtained by adding to M one point for each lift of each end of M. The
points added to M are called zdeal points of M and the points added to ]\71 are called
ideal points of M. Denote by dM the set of ideal points of M and by 9 M the set of
ideal pomts of M. Let p: M—>M be the universal covering map. The covering
map p: M — M extends to a map p: M—M and, moreover, the action of 7| (M)
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on M by covering transformations induces an action on M. The action on # is not
free because each point of 3 is stabilized by some peripheral subgroup of 71 (M).

Note that M can be obtained by collapsing each connected component of 9 M
to a point. Slmllarly, M can be obtained by collapsing each connected component
of p~1(dM) to a point where p: M — M is the universal covering map. We denote
the collapsing map by 7 : M — M.

One advantage of M is the existence of a fundamental class in singular homology.
While the top dimensional singular homology of M vanishes, the top dimensional
singular homology of M with coefficients in Z is isomorphic to Z. Moreover, it
can be easily seen that H, (M, R) is isomorphic to Hy(M, dM, R) in degree > 2.
Hence the fundamental class of M is well-defined and we denote it by [1\7 ].

The cohomology groups. Let Y be a topological space and suppose that a group L
acts continuously on Y. Then the cohomology group H*(Y; L, R) associated with
Y and L is defined in the following way. Our main reference for this cohomology
is [DuPre 1968].

For k > 0, define

dh(Y R)y={f: Y SR | f is alternating}.

Let F lt(Y R)% denote the subspace of L-invariant functions, where the action of L
on F lt(Y R) is given by

(& G0y =F& Yo, 8 ),

for f € FX(Y), g € L. Define a coboundary operator & : FX (Y, R) — FAT' (Y, R)
by the usual

k+1

G )30 Vg D) = D (=D F G0 Fin o View)-

i=0

The coboundary operator restricts to the complex Fy (Y, R)%. The cohomology
H*(Y; L,R) is defined as the cohomology of this complex. Define Falt » (Y, R)
as the subspace of F; (Y, R) consisting of bounded alternating functions. Clearly
the coboundary operator restricts to the complex Fy , (Y, R)% and so it defines
a cohomology, denoted by H, (Y; L,R). In particular, for a manifold M, the
cohomology H *(M; T (M), R) is actually isomorphic to the group cohomology
H*(m (M), R), and H} (1\7; m1(M), R) is isomorphic to the bounded cohomology
Hy(m (M), R).

Remark 3.1. Let L and L’ be groups acting continuously on topological spaces
Y and Y/, respectively. Given a homomorphism p : L — L', any p-equivariant
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continuous map P : Y — Y’ defines a chain map,
Fi Y RY - Fh (v, R)L.

Thus it gives a morphism in cohomology. Let Q : Y — Y’ be another p-equivariant
map. For each k£ > 0, one may define

Hi(yo, .-, yo) = Z(—l)k(P(yo), cn PG Qi) Q).

i=0

Then by a straightforward computation,

(O+1 He + Hi190) (Yo, -+ - yi) = (P(yo), - .. P(yi)) = (Q(Y0), - - ., QW)

It follows from the above identity that, for any cocycle f € F, zf]t(Y L RYY,

(Pf=Q )0, -y yk) =8 (f o Hk—1) (Yo, - - -+ Y&)-

From this usual process in cohomology theory, one could expect that P and Q
induce the same morphism in cohomology. However, since f o Hy_; may not be
alternating, P and Q may not induce the same morphism in cohomology.

Since © : X"*! — R is a G-invariant continuous bounded alternating cocycle, it
yields a bounded cohomology class [®], € H;) (X; G, R). Let X be the compactifi-
cation of X’ obtained by adding the ideal boundary 0 X. Extending the G-action
on X to X, we can define a cohomology H*(X; G, R) and bounded cohomology
Hy (z’? ; G, R). In the rank-1 case, since the geodesic simplex is well-defined for
any (n + 1)-tuple of points of X, the cocycle ® can be extended to a G-invariant
alternating bounded cocycle ® : X"*! — R. Hence © determines a cohomology
class [G)] € H"(X G,R) and [O], € H”(X G, R).

LetD: M — X bea p- equwarlant continuous map whose restriction to Misa
p-equivariant continuous map from M to X. We will consider only such kinds of
equivariant maps throughout the paper. Denote by D : M — X the restriction of D
to M. Then D induces a homomorphism in cohomology,

D*: H'(X: G, R) — H"(M: 7, (M), R).

Note that the action of Ty (M) on M is not free and hence H* (M m1(M), R) may not
be isomorphic to H *(M,R). Let H* (M, R) denote the simplicial cohomology

simp \.
induced from a simplicial structure on M. Then there is a natural restriction map
H*(M 71 (M), R) — H:l‘mp(M R)= H*(M, R) Thus we regard the cohomology

class D*[@] as a cohomology class of H" (M R). Let [M ] be the fundamental
cycle in H, (M, R) =
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Definition 3.2 (D4). Let D : M— X 'be a p-equivariant continuous map which is
extended to a p-equivariant map D : M — X. Then we define the invariant

Voly(p, D) = (D*[®], [M]).

As observed before, D*[©] may depend on the choice of p-equivariant map.
However, it turns out that the value Vols(p, D) is independent of the choice of
p-equivariant continuous map as follows.

Proposition 3.3. Let p : 71 (M) — G be a representation. Then
Voly(p) = Vols(p, D).

Proof. Since the continuous bounded cohomology Hc*, »(G, R) can be computed
isomorphically from the complex C *b()( R).it, there is the natural inclusion

b(X R)ai C F, h » (X, R). Denote the homomorphism in cohomology induced
from the inclusion by ig : H¥ b(G R) — Hk(X G, R). Clearly, ig([®].») = [®lp.

The bounded cohomology H; (7 (M ), R) is obtained by the cohomology of the
complex C; (M, Ry ™. Since C;(M, Ryax = Fj, ,(M, R), the induced map
iv: H (m(M), R) — H"(M m(M) R) is the identity map. Let D:M— Xbea
p-equivariant map which maps M to X. Then consider the following commutative
diagram, where 7 : M — M is the collapsing map:

_ D* =
H"(X; G,R) ———— H"(M; 11 (M), R)

7.[*
¢ ¢
D*

H!(¥: G, R) ——— HI'(M: (M), R) H" (M, 911, R)

X
Tp
resy resy c

D - iy _
H!(X: G, R) ——— H!'(M; w1 (M), R) «———— HI'(M, )M, R)

iG in

I
H!,(G,R) ————— H}(m1(M),R)

Note that the map p; in the bottom of the diagram is actually induced from the
restriction map D : M — X. However, it does not depend on the choice of equivariant
map but only on the homomorphism p. In other words, any continuous equivariant
map from Mto X gives rise to the same map, pj; : H:b(G, R) — Hy (m (M), R).
For this reason, we denote it by p; instead of D7 .

Note that 7 induces a map 7* : F;h(lf/f, R) — F;it(I\:l, R). It follows from the al-
ternating property that the image of 7* is contained in C*(M, M, R). Hence the
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map 7* :E”(ﬁ; 71 (M), R) - H"(M, dM, R) makes sense. One can understand
Ty H;(IVI; 71(M), R) — H;(M, M, R) in a similar way.
Noting that ¢([®],) = [O] and resy([®],) = [®],, it follows from the above
commutative diagram that
(i) oir 0 pIOley = (i)' 0 Dy 0ig)[Olep = (i)~ 0 Dj oresx)[O],
= ((i}) "' oresy oD})[O), = () 0 D})[O],.
Hence

Vola(p) = ((co (i)~ oin 0 p)[Olep, [M, 0M])

(
= ((com} on)[®]b,[M dM1) = ((7* 0 D* 0 0)[Oly, [M, IM])
(
= (

(7% 0 D)[®], [M, §M]) = (D*[O], m.[M, d M)
D*[®], [M]) = Vola(p, D). O

Proposition 3.3 implies that the value Vols(p, D) does not depend on the choice
of continuous equivariant map. Hence from now on we will use the notation
Voly(p) := Vol(p, D). Furthermore, Proposition 3.3 allows us to interpret the
invariant Vol,(p) in terms of a pseudodeveloping map via Vols(p) in the next
section. Note that a pseudodeveloping map for p is a specific kind of p-equivariant
continuous map M— X

4. Pseudodeveloping map and definition D1

Dunfield [1999] introduced the notion of pseudodeveloping map in order to define
the volume of representations p : w1 (M) — SO(3, 1) for a noncompact complete
hyperbolic 3-manifold M of finite volume. We start by recalling the definition of
pseudodeveloping map.

Definition 4.1 (cone map). Let A be a set, let fp € R, and let cone(A) be the cone
obtained from A X [#y, co] by collapsing A x {oo} to a point, called co. A map
D: cone(A) — X is a cone map if 5(cone(A)) NoX = {5(00)} and foralla € A
the map D lax 1,00 18 €ither the constant to D (c0) or the geodesic ray from D (a, tg)
to b\(oo), parametrized in such a way that the parameter (¢ — fy), t € [fg, 00], is
the arc length.

For each ideal point v of M, fix a product structure 7, x [0, co0) on the end relative

to v. The fixed product structure induces a cone structure on a neighborhood of v

in M, which is obtained from T, x [0, oo] by collapsing T, x {oo} to a point v.

We lift such structures to the universal cover. Let v be an ideal point of M that

projects to the ideal point v. Denote by Ej the cone at v that is homeomorphic to
5 X [0, oo], where P; covers T, and P; x {oo} is collapsed to v.
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Definition 4.2 (pseudodeveloping map). Let p : 71 (M) — G be a representation.
A pseudodeveloping map for p is a piecewise-smooth p- equlvarlant map D: M—X.
Moreover, D is required to extend to a continuous map D : M — X with the
property that there exists a ¢ € Rt such that, for each end E; = P; x [0, co] of M ,
the restriction of D to Py x [t, oo] is a cone map.

Definition 4.3. A triangulation of M is an identification of M with a complex
obtained by gluing together with simplicial attaching maps. It is not required for
the complex to be simplicial, but it is required that open simplices embed.

Note that a triangulation of M always exists and it lifts uniquely to a trian-
gulation of M. Given a triangulation of M, one can define the straightening of
pseudodeveloping maps as follows.

Definition 4.4 (straightening map). Let M be triangulated. Let p: 7, (M) — G be a
representation and D : M — X a pseudodeveloping map for p. A straightening of D
is a continuous piecewise-smooth p-equivariant map Str(D) : M — X such that

« for each simplex o of the triangulation, Str(D) maps ¢ to Str(D o0 o),

o for each end E; = P; x [0, o¢], there exists a ¢ € R such that Str(D) restricted
to Py x [t, 0o] is a cone map,

where  is a lift of o to 47 and Str(D o @) is the geodesic straightening of the map
DoG: A" — X.

Note that any straightening of a pseudodeveloping map is also a pseudodeveloping
map.

Lemma 4.5. Let M be triangulated. Let p : m1 (M) — G be a representation and
D:M—>Xa pseudodeveloping map for p. Then a straightening Str(D) of D
exists and, furthermore, Str(D) : M — X is always equivariantly homotopic to D
via a homotopy that fixes the vertices of the triangulation.

Proof. First, set Str(D)(V) = f(V) for every vertex V of the triangulation. Then
extend Str(D) to a map which is piecewise-straight with respect to the triangulation.
This is always possible because X is contractible. Note that D and Str(D) agree
on the ideal vertices of M and are equivariantly homotopic via the straight-line
homotopy between them. Hence it can be easily seen that the extension is a
straightening of D. U

For any pseudodeveloping map D : M — X, for 0,

/ D*a))(
M

is always finite. This can be seen as follows. We stick to the notation used in
Definition 4.2. We may assume that the restriction of D to each E; = P; x [0, 00]
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is a cone map. Choose a fundamental domain Fy of 7, in P;. Then there exists
at € RT such that

/ D*C()_)(
Ty x[t,00)

where Vol,,_; denotes the (n — 1)-dimensional volume. The last inequality holds
for any Hadamard manifold with sectional curvature at most —1. See [Gromov
1982, Section 1.2]. Hence the integral of D*wx over M is finite.

= Vol,, (cone(D(Fy x {1}))) <

1
; Volu—1(D(Fo x {1}),

Definition 4.6 (D1). Let D : M — X be a pseudodeveloping map for a representa-
tion p : m; (M) — G. Define the invariant

Vol (p, D) =f D*wx.
M

In the case that G = SO(n, 1), Francaviglia [2004] showed that definition D1
does not depend on the choice of pseudodeveloping map. We give a self-contained
proof for this in the rank-1 case.

Proposition 4.7. Let p : 11 (M) — G be a representation. Then, for any pseudo-
developing map D : M — X,

Vol (p, D) = Vols(p).

Thus, Vol (p, D) does not depend on the choice of pseudodeveloping map.

Proof. Let T be a triangulation of M with simplices o1, ..., oy. Then the triangula-
tion gives rise to a fundamental cycle ZIN: , 0; of M. Let Str(D) be a straightening
of D with respect to the triangulation 7. Since Str(D) is a p-equivariant continuous
map, we have

N
Voly(p) := Vola(p, D) = (Str(D)*[81, [M]) = (8, ) _ Str(D(7)))

i=1
N

=Zf a)X=/ Str(D)*wy.
Str(D(07)) M

i=1

Since both Str(D) and D are pseudodeveloping maps for p that agree on the ideal
points of M, it can be proved, using the same arguments as the proof of [Dunfield
1999, Lemma 2.5.1], that

/ Str(D)*wy = / D*wy = Vol (p, D). Ul
M M

Remark 4.8. While D1 is defined with only a pseudodeveloping map, definition D4
is defined with any equivariant map. This is one advantage of definition D4. By
Proposition 4.7, the notation Vol (p) := Vol;(p, D) makes sense.
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5. Lipschitz simplicial volume and definition D3

In this section, M is assumed to be a Riemannian manifold with finite Lipschitz
simplicial volume. Gromov [1982, Section 4.4] introduced the Lipschitz simplicial
volume of Riemannian manifolds. One can define the Lipschitz constant for each
singular simplex in M by giving the Euclidean metrics on the standard simplices.
Then the Lipschitz constant of a locally finite chain ¢ of M is defined as the
supremum of the Lipschitz constants of all singular simplices occurring in c. The
Lipschitz simplicial volume of M is defined by the infimum of the £'-norms of all
locally finite fundamental cycles with finite Lipschitz constant. Let [M ]ﬂp be the
set of all locally finite fundamental cycles of M with finite £'-seminorm and finite
Lipschitz constant. If [M ]flip = o, the Lipschitz simplicial volume of M is infinite.

In the case that [M ]ﬂp # &, we gave a new definition of volume of represen-
tations in [Kim and Kim 2014] as follows. A representation p : (M) — G
induces a canonical pullback map p, : H,(G, R) — H;(m1(M), R) = H; (M, R)
in continuous bounded cohomology. Hence, for any continuous bounded volume
class wp € H!,,(G, R), we obtain a bounded cohomology class pj (wp) € Hy (M, R).
Then, the bounded cohomology class pj(wp) can be evaluated on ¢'-homology
classes in H,fl (M, R) by the Kronecker products,

() Hf (M, R)® H' (M, R) — R
For more details about this, see [Kim and Kim 2014].

Definition 5.1 (D3). We define the invariant
Vols(p) = inf(pjs (wp). ),

where the infimum is taken over all @ € [M ]flip and all w;, € ch, »(G, R) with
c(wp) = wy.

One advantage of D3 is that the isomorphism H'(M, dM, R) — H}'(M, R) is not
needed. When M admits the isomorphism above, we will verify that definition D3
is eventually equivalent to the other definitions of volume of representations.

Lemma 5.2. Suppose that M is a noncompact, connected, orientable, aspherical,
tame Riemannian manifold with finite Lipschitz simplicial volume and that each
end of M has amenable fundamental group. Then, for any a € [M ]ﬁp and any
continuous bounded volume class wyp,

(05 (@p), @) = ((co (i)~ 0 pf)(wp), [M, IM]).

Proof. When M is a 2-dimensional manifold, the proof is given in [Kim and Kim
2014]. Actually the proof in the general case is the same. We sketch the proof here
for the reader’s convenience. Let K be a compact core of M. Note that K is a
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compact submanifold with boundary that is a deformation retract of M. Consider
the following commutative diagram, where every map is the map induced from the
canonical inclusion:

Cy(M,R) 2 C(M,R) «—>— C}(M, 0}, R)

Iy
/‘\ %

Ci(M,M—K,R)

Every map in the diagram induces an isomorphism in bounded cohomology in * > 2.
Thus, there exists a cocycle z; € Cp) (M, M — K, R) such that Iy ([zp) = pf (wp).

Letc=) ;2 ajo; bea locally ﬁnlte fundamental £!-cycle with finite Lipschitz
constant representing o € [M ]Llp Then we have

(op (wp), &) = (L ([zp]), &) = (zp, €).

Since z;, vanishes on simplices with image contained in M — K, we have the equality
(zp, c) = {(zp, c|k), Where c|g = Zlmo K 2o i0i- It is a standard fact that the
sum c| g represents the relative fundamental class [M,M—K]in H,(M, M —K,R)
(see [Loh 2007, Theorem 5.3]). On the other hand, we have

((co (i) opp)(wp), [M, dM]) = ((c o g;})([zp]), [M, dIM]))
([zp], g« [M, dM])
([Zb]’[Mvﬂ_K:D:(Zb’C“()' ‘:’

By Lemma 5.2 we can reformulate definition D3 as
Vol (p) = i;lbf((co (i) o pp)(wp), [M, 9M]),

where the infimum is taken over all continuous bounded volume classes. Noting
that [O]., € H (G, R) is a continuous bounded volume class, it is clear that

Vol (p) < Volx(p).

It is conjecturally true that the comparison map H [‘ »(G,R) — H!'(G,R) is an
isomorphism for any connected semisimple Lie group G with finite center. Hence,
conjecturally, Vol,(p) = Vol3(p). In spite of the absence of a proof of the conjecture,
we will give a proof for Vol,(p) = Vol3(p) by using definition D4.

Lemma 5.3. Let wp, € H L” »(G, R) be a continuous bounded volume class, and
let f, : X" — R be a continuous bounded alternating G-invariant cocycle
representing wp. Then f} is extended to a bounded alternating G-invariant cocycle
fp : X" R. Furthermore, fy, is uniformly continuous on X" x {£} for any
EedX.
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Proof. For any (Xo, ..., %,) € X"*!, define
fo(Fo, ... Fn) = lim_ fi(co(®), ... ca(0)),

where each c;(¢) is a geodesic ray toward x;. Here, for x € X, we say that
c: [0, 00) - X is a geodesic ray toward x if there exists a ¢ € [0, co) such that the
restriction map c|o ;] of ¢ to [0, ¢] is a geodesic with ¢(f) = x and ¢/}, is constant
to x. Then it is clear that fb(xo, o X)) = (X0, ..., xp) for (xg, ..., x,) € XL
To see the well-definedness of f,, we need to show that, for other geodesic rays
ci(t) toward X;,

@) Tim fp(co(t), - cn(0) = lim fo(ch(0) ... cj(1)).

Note that the limit always exists because f; is bounded. In the rank-1 case, the
distance between two geodesic rays with the same endpoint decays exponentially to
0 as they go to the endpoint. Moreover, since f, is G-invariant and G transitively
acts on X', we have that f;, is uniformly continuous on X”*!. Thus, for any € > 0,
there exists some number 7" > O such that

| fo(co®), ..., en(®)) = folco@), ... c, ()] <€

for all r > T. This implies (2) and hence f}, is well-defined.
The alternating property of f; actually comes from f;. Due to the alternating
property of fj,, we have

Foosoos By e ) = M (o) (D), €50, (D)
= lim —fy(co(®), ..., cj(®), ..., ci(0), ..., ca(0))
= —fp(X0y ey jy ey Ky enes )

Therefore, we conclude that f; is alternating. The boundedness and G-invariance
of f, immediately follows from the boundedness and G-invariance of f;,. Further-
more, it is easy to check that f} is a cocycle by a direct computation.

Now it remains to prove that fb is uniformly continuous on X" x {£}. It is
obvious that f;, is continuous on X" x {£}. Noting that the parabolic subgroup
of G stabilizing & acts on X’ transitively, it can be easily seen that f;, is uniformly
continuous on X" x {£}. U

The existence of fj, allows us to reformulate Vols in terms of Voly. Following
the proof of Proposition 3.3, we get

3) ((co (i)™ o pp)(@p), [M, 0M]) = (D*[fo]. [M]).

The last term (D* il [M ) above is computed by (D D* fp, ¢) for any equivariant
map D and fundamental cycle ¢ of M. By choosing the proper equivariant map
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and fundamental cycle, we will show that (5*[ fb], [1\7 ]) does not depend on the
choice of continuous bounded volume class.

Proposition 5.4. Let w, and a);7 be continuous bounded volume classes, and let
f» and f; be the bounded alternating cocycles in F}j (X; G, R) associated with
wp and w), respectively, as in Lemma 5.3. Then

(D*[fp], IM]) = (D*[f,1, [M]).

Proof. 1t suffices to prove that, for some p-equivariant map D: M — X and
fundamental cycle ¢ of M,

(D*fy. &) = (D*f}. ¢).
To show this, we will prove that, for some sequence (¢x)ren of fundamental cycles
of M,
kliglo(ﬂ)*fb, k) —(D*fy, k) =0

Let vy, ..., v be the ideal points of M. As in Section 4, fix a product structure
T,, x [0, oc] on the end relative to v; for each i = 1,...,s and then lift such
structures to the universal cover. We stick to the notation used in Section 4. Set

S
My=M—| T, x (k. o).
i=1
Then (M )ren is an exhausting sequence of compact cores of M. The boundary
oM;, of Mj consists of Ule T,, x {k}. Let 7y be a triangulation of M. Then
we extend it to a triangulation on M as follows. First note that 7y induces a
triangulation on each T;,. Let T be an (n — 1)-simplex of the induced triangulation
on Ty, for some i € {1, ...,s}. Then we attach 7 (7 x [0, o0]) to T;, x {0} along
T x {0}, where 7 : M — M is the collapsing map. Since 7 is an embedding
on T X [0, 00) and r maps T x {00} to the ideal point v;, it can be easily seen that
cone(r) := (T x [0, o0]) is an n-simplex. Hence we can obtain a triangulation
of M by attaching each cone(t) to d My, which is denoted by 76.
Next, we extend 7y to a triangulation of My. In fact, My is decomposed as

N
My =MoU| J T, x [0, k.
i=1

Hence we can attach each t x [0, k] to My along T x {0} and then triangulate
7 % [0, k] by using the prism operator [Hatcher 2002, Chapter 2.1]. Via this process,
we obtain a triangulation of My, denoted by 7. Note that 7y and 7; induce the
same triangulation on each T;,. In addition, one can obtain a triangulation Tx of M
from 7y similarly to how 7’3 is obtained from 7 above.
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Let ¢ be the relative fundamental class of (M}, 0 M} ) induced from 7. Then it
can be seen that

& =cr + (=1)" ! cone(dcy)

is the fundamental cycle of M induced from Tr. Any simplex occurring in ¢y is
contained in M. Now we choose a pseudodeveloping map D: M — X. Let v;
be a lift of v; to M. Let P;, x [0, oo] be the cone structure of a neighborhood of v;,
where Pj, covers T,, and Pj x {oo} is just the ideal point v;. We may assume that
D is a cone map on each Py x [0, 0o]. Let ¢ be a lift of ¢4 to a cochain in M and
let 5Zk be a lift of dci. Let T x {0} be an (n — 1)-simplex in T;, x {0} occurring
in dcp and let T be a lift of v to Pj,. Then T x {k} is a lift of = x {k} € dci. Since
D is a cone map on P, x [0, oo], we have that D(7 x [0, oo]) is the geodesic cone
over T x {0} with top point ; in X. Hence the diameter of D(7 x {k}) decays
exponentially to 0 as k — oo for each .
By a direct computation, we have

(D*fy, — D*f}, &) = (D*f, — D*f}, &) + (= 1)"*1(D*f}, — D*f], cone(dcy))
= (fy — fi» Du(@)) + (=" 1 (f — f;, Di(cone(dcy)))
= (fp — ff» Du(@)) 4+ (=1)" 1 (f, — f}, Di(cone(dcy))).

The last equality comes from the fact that D, (cx) is a singular chain in X'. Since
f» and f, are continuous bounded alternating cocycles representing the continuous
volume class wy € H! (G, R), there is a continuous alternating G-invariant function
B : X" — R such that f, — f, = 5. Hence

(fo = f1 Du(@)) = (88, Du(@)) = (B, 0D+ (&) = (B, D1 (dcy)).

As observed before, since the diameter of all simplices occurring in D*(ézk)
decays to 0 as k — oo and, moreover, g is uniformly continuous on X, we have

Jim (B, D.(dcy)) =0.

Note that D(cone(7 x {k})) is the geodesic cone over D (T x {k}) with top point v;.
By Lemma 5.3, both f;, and f; are uniformly continuous on X" x {v;}. Since the
diameter of D(T x {k}) decays to 0 as k — oo,

lim (f,, D(cone(% x {k}))) = lim (f,, D(cone(% x {k}))) = 0.
k— 00 k—00
Applying this to each 7, we can conclude that

Jim (7, D, (cone(dcy))) = Jim (7. D, (cone(dcy))) = 0.
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In the end, it follows that
lim (D*f, — D*f;, &) =0.
k—o00

As we mentioned, the value on the left-hand side does not depend on ¢;. Thus we
can conclude that (D*f}, — D*fb’, &) = 0. This implies that (D*fy, &) = (D*fb, C)
for any fundamental cycle ¢ of M, which completes the proof. U

Combining Proposition 5.4 with (3), Proposition 2.2 immediately follows.
Proposition 5.5. The definitions of D3 and D4 are equivalent.

Proof. By Lemma 5.2 and Proposition 3.3, we have

Vols(p) = inf{{pj (@p), @) | c(wp) = wy and & € [M1},}
= inf{((c o (i}) " 0 p})(wp), [M, dIM]) | c(wp) = wx}
= inf{(D*[ fo], [M]) | c(wp) = wx} = (D*[O], [M]) = Vol4(p). O
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STRONGLY POSITIVE REPRESENTATIONS
OF EVEN GSPIN GROUPS

YEANSU KiMm

We obtain a classification of strongly positive representations of split even
general spin groups over a p-adic field F using the Jacquet module method
(Tadié’s structure formula). Furthermore, we study discrete series represen-
tations of split even general spin groups over F.

1. Introduction

The classifications of (strongly positive) discrete series representations of meta-
plectic groups, classical groups, and odd GSpin groups over a p-adic field have
been studied by several authors [Kim 2015b; Mati¢ 2011; Meeglin 2002; Meeglin
and Tadi¢ 2002; Zelevinsky 1980]. The main purpose of this paper is to obtain a
classification of strongly positive representations of split even GSpin groups over
a nonarchimedean local field F of characteristic different from two, assuming the
uniqueness of the nonnegative rank one reducibility point (see Remark 1.2 for more
details about this assumption). Our results generalize Mati¢’s algebraic approach
[Mati¢ 2011] to the case of even GSpin groups. Our results for even GSpin groups
can be applied to even special orthogonal groups to classify strongly positive repre-
sentations of SO,,. In addition, the results are parallel to those for odd GSpin groups
[Kim 2015b]. However, parts of their proofs are quite different because of differ-
ences in the group structures. For example, there are two nonconjugate standard par-
abolic subgroups whose Levi subgroups are of the form GL,, x GL,, x - -- x GL,,
in the even case; therefore, we classify D(p0; ocusp, ¢(Ocusp)) instead of D(p; ocusp)
in Section 4B, where c is an outer automorphism on the Dynkin diagram of even
GSpin groups that permutes the last two simple roots.

To explain our results more precisely, let G, := GSpin,, denote the split even
general spin group of semisimple rank n over F, and GL,, the general linear
group of semisimple rank m. Let G, and GL,, denote the groups of F-points of
G, and GL,,, respectively. Let R and Rgr denote the Grothendieck groups of
the category of all admissible representations of finite length of even GSpin and
GL groups. Note that R contains two inequivalent representations of the group

MSC2010: primary 20C11; secondary 11F70.
Keywords: strongly positive representations, discrete series representations, Jacquet module.
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GL,, xGL,, x---xGL,, (.2, 01® - Qo Q@(1Qe)and p1®- - @ @ (1Rc),
following the notation in Section 2).

Let SP denote the set of all strongly positive representations in R, and let LJ
denote the set of pairs (Jord, o), where

ki

k
Jord = _J ({(er. )}

i=1j=1
and o’ is an irreducible supercuspidal representation in R such that

e {p1, P2, ..., px} C RgL is a (possibly empty) set of mutually nonisomorphic,
irreducible and essentially self-dual supercuspidal unitary representations such
that v%i p; X o’ is reducible for a,, > 0 (this defines a,, due to the uniqueness
of the reducibility point; see Remark 1.2 for more details),

e ki =[ap], and

o foreachi=1,2,...,k, the sequence b(i) b(i) .. b,(;) of real numbers is such
that =1 < b < ¥ < ... < b,((f_) and a,, — b(’) € Z foreach j=1,... k.

Remark 1.1. In the set L], the condition of “being essentially self-dual” on the
representation p; for eachi =1, ..., k is due to certain Weyl group actions on the
induced representation v*p; x o’ (see Corollary 4.6). In the case of even special
orthogonal groups, after a minor change to the set LJ, we can construct an SO
version of LJ that corresponds to the set of strongly positive representations of
even SO. One minor change would be the condition of “being self-dual” on the
corresponding representation p; in the case of even special orthogonal groups.

Remark 1.2 [Silberger 1980]. Let p and o denote irreducible unitary supercuspidal
representations of GL,, and G, respectively. In this paper, we assume that there
exists a unique nonnegative real number a such that v*p x o reduces. This number
a is called the nonnegative rank one reducibility point determined by p and o.

We construct a bijective mapping as follows (see Theorem 4.16).

Theorem A. There exists a bijective mapping ® between SP and LY. More precisely,
consider o € SP to be the unique irreducible subrepresentation of the induced
representation of the form

k ki .
(TTTT0v 47, 1))

i=1 j=1
Then, we may define ® (o) as

ki

(O Ul 6} a’) eLl.

i=1j=1
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To construct ®, we first classify the special case D(p; ocusp, ¢(Ocusp)) (see
Section 4B), which is the set of strongly positive representations whose super-
cuspidal supports are the representations ocusp, ¢(0cusp) 0f G, and twists of the
representation p of GL. More precisely, in Theorem 4.9 we construct a bijective map-
ping between D (p; ocusp, ¢(0cusp)) and the set of induced representations of the form

(v o, v pl) x 8([v%p, v 1) - x 8([v™ p, V™ p1) 3 ¢/ (Teusp),

where a; =a—k+i,b) <--- <by, k<[a] and ¢’ € C :={e, c}. Here, a is the
reducibility point determined by p and ocysp, i.€., V° p X Ocysp is reducible if and only
if |s| =a. We then generalize this result to the set of strongly positive representations.
The classification for even GSpin groups needs more work than those for odd
GSpin groups since we consider two different representations ocysp, ¢(Ocusp) in
D(p; ocusp, ¢(Ocusp))- (In the odd case, we only need to consider D(p; ocusp)-)

As an application, our main results give rise to a proof of the equality of L-
functions through the local Langlands correspondence in the case of GSpin groups
[Kim 2015a]. Furthermore, the equality of L-functions also has an application in
the proof of the generic Arthur packet conjecture in our case. Briefly, the generic
Arthur packet conjecture states that if the L-packet attached to the Arthur parameter
has a generic member, then it is tempered [Shahidi 2011]. This conjecture can be
considered a local version of the Generalized Ramanujan Conjecture.

The second purpose of the paper is to explicitly construct Tadié’s structure formula
for even GSpin groups. Tadi¢’s structure formula studies the Jacquet modules of
parabolically induced representations, and it is one of the main tools in the proof of
Theorem A. We apply and adapt the ideas from papers of Ban [1999a] and Jantzen
[2006] (Tadié’s structure formula for even special orthogonal groups) to our case.

The paper is organized as follows. In Section 2, we recall the standard notation
and preliminaries. In Section 3, we construct Tadi¢’s structure formula for G,
(Theorem 3.4), which gives the explicit structure of the Jacquet modules of the
parabolically induced representations of G,. In Section 4, we construct the classifi-
cation of strongly positive representations for G, (Theorem A). In Section 5, we
describe embeddings of the general discrete series representations using Casselman’s
square integrability criterion [Kim 2009] (Theorem 5.1). This embedding of discrete
series representations, together with Theorem A, has an interesting application in
the proof of the equality of L-functions through the local Langlands correspondence
for GSpin groups [Kim 2015a].

2. Notation and preliminaries

Let F be a nonarchimedean local field of characteristic different from two. For a
connected reductive group G defined over F, we let G be the group of F-points of
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G. Let G, be a split even general spin group of semisimple rank » defined over
F, as defined by Asgari [2002]. A split even GSpin group G, := GSpin,, is a
split reductive linear algebraic group of type D, whose derived group is a double
covering of a split special orthogonal group and whose connected component of
the Langlands dual group is G® = GSO,, (C). Therefore, the based root datum of
G,, is the dual based root datum of GSO,,,.

The following proposition describes the structure of GSpin groups as studied by
Asgari [2002].

Proposition 2.1. The root datum (X*, R*, X4, R,) of G, can be described as

X*=Zeo®Ze\® - @ Zey,
Xy=Zey®Zei ®--- D e,

(there is a standard Z-pairing { , ) on X* x X,), with R* and R, generated by

k
A"={ay=e1—e,co=er—e€3,...,0 1 =€, 1 — €, =€y + e},
\ * * \ * * Vv * * Vv * * *
Ay={a] =€l —ej, 0, =e5—e3,...,a,_=e,_|—¢€,,a, =e,_;+e, —ey}.
Let s = (ny, ny, ..., ng; n') be an ordered partition of n. Let Py = M Ny denote

the standard parabolic subgroup of G, that corresponds to the partition s. The Levi
factor Mj is isomorphic to GL,,, x GL,, x - - - xGL,, x G, [Asgari 2002, Theorem
2.7]. When n’ = 0 and n; > 0, we have two nonconjugate standard parabolic
subgroups whose Levi subgroups are of the form GL,, x GL,, x --- x GL,,. In
this case, the corresponding set of simple roots contains exactly one of o, 1, ¢t,. The
corresponding Levi factor is denoted by My, ... n,.0)=GL,, x GL,, x - --xGL,,, if
the corresponding set of simple roots contains o, _1; or by c(M,, ... »,.0)) otherwise.
Here, we let ¢ be the outer automorphism on the Dynkin diagram of G, that
permutes o, and «, and fixes other simple roots.

For representations pj, ..., px of GL,,,...,GL,,,welet 01 ® - - @ pr ® (1 ®e)
denote a representation of M, ... »,:0), and o1 ® - - - @ px @ (1 ® ¢)) a representation
,,,,, n:0)). Let v be a character of GL, defined by |det|r. We denote the
induced representation Indg" (P1® - Qpr®0) by

P1 X X P NO

where each p; is a representation of some GL,,, and o is a representation of G,.
We also write rg (o) for the normalized Jacquet module of the representation o with
respect to Pg. In other words, 7 is a functor from admissible representations of G,
to admissible representations of Mj. In particular, for a subquotient o of p X ocysp,
where p is a representation of GL; and o¢ygp is a supercuspidal representation of
G,, we define rGL.(0) = 7 ;n)(0).
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In the case of GL, for P’ = M’N’ the standard parabolic subgroup of GL,, with
M’'=GL,, x GL,, x ---xGL,,, we denote the induced representation Indg{‘ (01®

- ® pg) by

P1 X =+ X Pk,

with each p; a representation of some GL,,.

We also follow the notation introduced in [Bernstein and Zelevinsky 1977].
Let p be an irreducible unitary supercuspidal representation of some GL,. We
define the segment A := [v9p, V4T p] = {v9p, V¥l p, ..., V¥ p), where a € R
and k € Z>p. If a > 0, we call the segment A strongly positive. We note that
the induced representation v*tkp x pe+k=-1
subrepresentation, which we denote by §(A). Then §(A) is an essentially square-
integrable representation attached to A (Section 3.1 of [Zelevinsky 1980]).

Let us briefly review the Langlands classification for general linear groups.
For every irreducible essentially square-integrable representation § of some GL,,,
there exists a unique e(8) € R such that the representation v=¢®)§ is unitarizable.
When § = §(A), we simply denote e(6(A)) by e(A). Suppose 81, 82, ..., 8 are

o X --+ x v%p has a unique irreducible

irreducible essentially square-integrable representations of GL,,, GL,,, ..., GL,,
with e(81) <e(82) <--- <e(d). Then, the induced representation §; X 8, X - - - X 8,
has a unique irreducible subrepresentation, which we denote by L (81, 82, ..., 8;).

This irreducible subrepresentation is called the Langlands subrepresentation, and it
appears with the multiplicity one in §; X8, X - - - X §¢. Every irreducible representation
p of GL, is isomorphic to some L(dy, 2, ..., d;). Given p, the representations
81,82, ..., 0 are unique up to a permutation. If iy, ir, ..., i; is a permutation
of 1,2, ...,k such that the representations §;, x --- x §;, and §; x - -- x § are
isomorphic, we also write L(;,, 8i,, ..., 8;,) for L(81, 82, ..., Ok).

The Grothendieck group of the category of all finite length admissible repre-
sentations of G, (resp. GL,), a free abelian group over the set of all irreducible
representations of G,, (resp. GL,,), is denoted by R(n) (resp. Rgr(n)). We set

R=EDRm),

n>0

RgL = @ RgL(n).

n>0
The strongly positive representations of G, are defined as follows.

Definition 2.2 (strongly positive). An irreducible representation o of G, is called
strongly positive if for each representation v°*! p; X V*2 p3 X - - - X V¥ oy X Ocusp, Where
each p; i =1,2,...,k)is an irreducible supercuspidal unitary representation of
some GL,;, ocusp € R is an irreducible supercuspidal representation of G, and
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sieR@E=1,2,...,k)is such that
g — Vslpl X USZIOZ XX Vskpk N Ocusp,
we have s; > 0 for each i.

Finally, the next proposition recalls the properties of discrete series representa-
tions studied in [Asgari 2002].

Proposition 2.3. Let M be GL,, x GL,, x --- x GL,, xG,» C G,. Let p; be a
supercuspidal representation of GL,,, and o a supercuspidal representation of G .
Write p; = v¢(P) pi', where e(p;) € Rand p;' is a unitary supercuspidal representation
fori=1,...,k If p1 X --- X px X o has a discrete series subrepresentation, then
P! = pf @ (ws odet) fori =1,... k.

3. Tadié’s structure formula for even GSpin groups

Tadi¢’s structure formulae for Sp,,,, SOz, 1, SO,, and GSpin,,, , | in [Tadi¢ 1995;
Jantzen 2006; Kim 2015b] are based on the geometric lemma (2.11 in [Bernstein
and Zelevinsky 1977] or Section 6 in [Casselman 1995]). Briefly, the geometric
lemma explicitly calculates the Jacquet modules of induced representations (rg, y ©
ig.y in [Bernstein and Zelevinsky 1977]) and it depends on the double coset
representative Weyl group elements (W*V in [Bernstein and Zelevinsky 1977])
and their actions on the simple roots and representations of Levi subgroups. In this
section, we explicitly construct the structure of Jacquet modules of parabolically
induced representations of G, (Tadi¢’s structure formula for G,,, Theorem 3.4) using
the geometric lemma. We will adapt and follow the results in [Ban 1999a; Jantzen
2006], i.e., the case of SO,,. Ban characterizes the double coset representative Weyl
group elements ([WQM \W/ ngz] in [Ban 1999a, Section 5]) and its action on the
simple roots in the cases of D,-type groups, which include SO,, and G,,. Jantzen
[2006] constructs Tadié’s structure formula for SO,,, using Ban’s results. Therefore,
once we calculate the Weyl group action on the representations in our case, we are
ready to adapt Jantzen’s calculation [2006] to construct Tadi¢’s structure formula
for G,,.

Let (p,e) € S, x {£1}" be an element in the Weyl group Ws, with € =
(€1,...,€,) € {£1}" such that ]_[:':1 €; = 1. We can identify (p, €) € Wg, with
p - € € Wso,, where the action by conjugation of p and € € Ws0,, on the standard
maximal torus in SO,,, can be defined by

- -1 “1\_ 4 -1 -1
p-diag(xy, ..., x,, x, ..., X, )_dlag(xp,l(l),...,xp,l(n),xp,l(n),...,xp,l(l))

. —1 —1 . €1 € —€ —€1
e-diag(xy, ..., x,, x, ,...,x; )=diag(x,", ..., x,", x, ", ..., x; ).

We can get the action of those on the roots (see also [Hundley and Sayag 2012]).
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Lemma 3.1. Let eg, ey, ..., e, and e, e}, ..., e, be the standard bases of the
character lattice and the cocharacter lattice of G, as in Proposition 2.1. Let
(p,€) € S, x{£1}" be as above.
Then
€p(i) fori>0,¢ =1,
(p,E)-ei= —€p(@) fori>0,el~:—1,
eg+ D epiy fori=0,

ei=—1

e;(i) fori>0,¢ =1,
(p,€)-¢; = eé—e/p(i) fori>0,¢ =—1,
e fori=0.
Proof. The calculations of (p, €) - e; for i > 0 are done in [Ban 1999a, Section 5].
We can also calculate (p, €) - e; directly from the matrix calculation since e, . .., e,
comprise the character lattice of GSO. For (p, €) - eg, we need to use the duality of
e; and e]. O
Let A*={ai=ej—er,an=er—e3,...,0,_1=¢€,_1—€,, 0y, =€,_|+e,} be

a simple root for G, as explained in Section 2. From Lemma 3.1, we can calculate
the action of (p, €) on the set of simple roots in R* (see also [Ban 1999a]).

Corollary 3.2. With notation as in Lemma 3.1,

€iepi) —€ir1€pi+y) Jor0<i=<n-—1,
€n—1€p(n—1) T €n€pm) fori=n.

(P»e)‘ai:{

Now we are ready to construct Tadi¢’s structure formula for G,,. Let p; be an
irreducible smooth representation of GL,, fori =1, 2, 3, 4. Let o be an irreducible
smooth representation in R and let w, be the central character of o. For any element
c1 € C = {e, c}, we define X as follows:

(3-1) (p1® P2 @ p3Rc1)X(p4®0) = (1 ® (ws 0det)) X p2 X pa® p3 ¥ ¢1(0).
One extends % to a Z-bilinear mapping
%1 (ReL ® RoL ® RoL ® Z[C1) x (RoL ® R) — RoL ® R.

We denote by m the linear extension to Rgp, ® Rgr of parabolic induction from a
maximal parabolic subgroup.

Let
A if k=0,

AN {o} ifk<n-2,
A\{oy—1,0,} ifk=n-—1,
AN\ {ay} if k =n.
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and Q, = A\ {o,—1} = ¢(Q,). We define p* (o) as follows. For 0 < k < n, write

Mg, 6, (0)= Z Pik ® Oj ks

iEIk
Mg, @)= pi®1®0),
jeJ
the normalized Jacquet modules of o with respect to the standard maximal parabolic
subgroups Po, = Mg, Ng, and Pg = Mg Ng , respectively. For such o, we can
define u*(0) € RgL ® R as

M*(G)=ZZ,Oi,k®Gi,k+ij®(l®C)-

k=0 iel jed

Using Jacquet modules with respect to the maximal parabolic subgroups of GL,,,
we can also define

m*(p) =) s.5.((p)) € RoL ® Rar,
k=0

for an irreducible representation p of GL,,, and then extend m™ linearly to the whole
of Rgr. Here, ri(p) denotes the Jacquet module of the representation p with respect
to the parabolic subgroup whose Levi subgroup is GLy x GL,_, and s.s. denotes
so-called semisimplification, i.e., a canonical map from objects of the category
of all smooth finite length representations of GL into the Grothendieck group of
this category. We define s : RgL. ® RgL — RoL ® RgL by s(x ® y) = y @ x. Let
MG - RGL — RoL ® RoL ® RgL ® Z[C] be the map (1 ® m() os om*, where

1®@m¢ : RoL ® RoL = RgL ® R ® RoL ® Z[C]
P1® P2 > p1 @m*(p2) @™,
for representations p; of GL,, and p; of GL,,,.

Remark 3.3. In our case of even GSpin groups, we have ¢”*! when we calculate
w*, while we don’t have such action in the case of odd GSpin groups. This is due
to the differences of the Weyl group actions on the simple roots. In our case, the
corresponding Weyl group element acts on e, by (—1)"!. Therefore, if n; is odd,
we need to permute o, = €,—1 — ¢, and o, = e,,—1 + ¢,. In other words, we have
the outer automorphism ¢ on the representation o .

The following theorem is called Tadi¢’s structure formula for even GSpin groups.

Theorem 3.4. For p € Rg.(i) and 6 € R(n — i), we have

1 (p X 0) = ME(p) X p* ().
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Proof. We sketch the proof and explain how we can adapt the approach in [Jantzen
2006] to our case. Let us explicitly calculate the left hand side of the equation
in the theorem. Since GSpin,, is also of D,-type, we can apply the double coset
representative Weyl group elements, which are studied in [Ban 1999a], to our case.
Therefore, we have w* (o x o) as in [Jantzen 2006, pp. 811-812]. Now, we calculate
the action of the double coset representative Weyl group elements (g, in [Jantzen
2006]) on the representations. The actions of g, produce contragredient of ‘L'SG)(d)
with (wp o det), i.e., (wg o det) 7> (d) (see p. 812 for the notation of 7 (d) and 6).
Accordingly, we need to define % as (3-1). This forces *(p x o) to be equal to
M (p) Nk (o) after changing index several times as in the proof of [Jantzen 2006,
Chapter 4]. U

4. Classification of strongly positive representations for even GSpin groups

We give the classification of strongly positive representations of even GSpin groups
in this section. We apply and adapt some proofs from Matié’s results [2011] for
metaplectic groups to our case. Therefore, we mostly focus on the following cases
which are quite different from [Mati¢ 2011]. For example, when the reducibility
point is % we follow the idea of [Kim 2015b] instead of [Mati¢ 2011]. We also
emphasize the difference between the even case and the odd case, and omit the
proof if it is similar to the case of either metaplectic groups or odd GSpin groups.
For example, in the even case, we need to add c(ocusp) When we classify the special
case D(p; ocusps €(Ocusp)) (in the odd case, we classify D(p; ocusp)).

4A. Several lemmas. We recall several lemmas which are essential in this section.
Let us first recall the half integer conjecture in the case of GSpin groups. Let o
be an irreducible supercuspidal representation of G,/ and let p be an irreducible
supercuspidal unitary representation of GL;. The following is a recent result of
Mceglin which is called the half integer conjecture for GSpin groups [Meeglin 2014,
Theorem 3.1.1]:

Lemma 4.1 [Mceglin 2014]. Let a € R be a nonnegative real number such that
vip X o reduces. Then, a € %Z.

Remark 4.2. In [Kim 2015b], we classified the strongly positive representations
of odd GSpin groups assuming the half integer conjecture. Due to Mceglin’s results
(Lemma 4.1), we can completely remove the assumption in the odd case.

Remark 4.3. When we further assume that o is a generic representation, Shahidi
[1990] proved that a € {0, 3, 1}.

Let us calculate M*((]_[;’Zl 8([v“-ipj, vhfpj])) X a), where each p; is an irre-

ducible supercuspidal representation of GLy, the real numbers a; and b; are such



78 YEANSU KIM

that b; —a; € Z>o for each j =1,...,n and o is an irreducible supercuspidal
representation of finite length of G,y.

Example 4.4. Let us first calculate the case when n = 1. Since o is supercuspidal,
u*(0) =1® o. Following the definition of 917, we have

my (8([v“m, v’ pil))

= Z Z o1, v p1]) @ 8([v/H o1, V2 p11) @ (v o1, 17 p1]) ® KE—atD,

i=a—1 j=i
Therefore,
b b .
W (v e v o) xo) = D D 8(1v A1 ® (@, o det), v 51 @ (@, o det)])
i=a—1 j=i

x8([v/ o1, v2p11) @ (v T o1, v/ p11) x K9t (o).

We omit §([v*p1, v? pi1]) if x > y. Then, to calculate

u*((ﬁ (v pj, vbf'pj])> X cr),

j=1

we use (1.3) of [Tadi¢ 1998]:

n n [’)j
m*<n5([1)“f'pj,vb"pj])>_n( > 5([Vi’+lpj,vb’pj])®5(["”"ﬂj’V""'Pj]))-

j=1 j=1 tij=a;j—1

The Weyl group elements are essential objects when we define the intertwining
operators between two induced representations [Shahidi 2010, Chapter 4]. We
recall the action of the Weyl group elements on the induced representations. Let My
be a Levi subgroup isomorphic to GLy XG,,—; for 6 = A\ . There is a unique
Weyl group element wq such that wo(otx) < 0 and w(0) C A.

Lemma 4.5. Let p and o be irreducible supercuspidal representations of GLy and
G_p, respectively. Then

(P ®0)" = (5 ® (wy 0det)) ® (o),
where w, is the central character of 0.

Proof. Since wy (o) <0 and wo(6) C A, we can explicitly calculate its action on the
simple roots. Let us identify wg as (p, €) € S, x{£1}" withe = (ey, ..., €,) € {£1}"
such that []}_, ¢ = 1. Then
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kt1—i forl<i<k —1 forl <i <k,
—i for i ,
pi)=1. - and ¢ =11 fork+1<i<n,
i fork+1<i<n, k .
(=D* fori=n,

fork #n—1,n, and

(—Dk! fori =1,
pi)=n+1—i and ¢ =1-1 for2<i<n-—1,
(—Dk=1 fori =n,

for k =n — 1, n. Using this identification, the lemma follows from Lemma 3.1. [J

Corollary 4.6. Let p and o be as in Lemma 4.5. Then p x o and (p ® (w, odet)) X
ck (o) are associate. Therefore, Lemma 5.4 (iii) of [Bernstein et al. 1986] implies
that the sets of irreducible composition factors of p X o and (p ® (ws odet)) k(o)
are the same. Furthermore, if we assume that p X o is irreducible, then p X 0 =
(f ® (wo odet)) x c* (o).

Now we show that strongly positive representations can be embedded into
parabolically induced representations of special type. More precisely, we consider
parabolically induced representations of the form

(4-1) §(A1) X 8(A2) X -+ X §(Ak) X ¢ (Tcusp)

where Aj, As, ..., A; is a sequence of strongly positive segments satisfying
0 <e(A)) <e(Ay) <---<e(Ar) (we allow k = 0 here), ocysp is an irreducible
supercuspidal representation of G,y and ¢’ € C. Note that the idea of such embed-
dings of representations was initiated in [Muié 2006] and further refined in [Hanzer
and Mui¢ 2008].

Lemma 4.7. Let Ay, ..., Ay and ocusp be as above. Then the induced representa-
tion 8(A1) X 8(A2) X -+ - X 8(Ay) X ¢’ (Ocusp) has a unique irreducible subrepresen-
tation, which we denote by §(Ay, ..., Ag; c/(acusp)).

Proof. We briefly explain the main ideas of the proof and how we adapt the proof
from [Mati¢ 2011] to the case of even GSpin groups. The case k = 0 is clear. Let
J1 < jo» <--- < js be the positive integers such that

e(A) = =e(Ay) <e(Ajr) = =e(Ap) < <e(Aj) =+ =e(Ay).
Then Theorem 3.4 implies that an irreducible representation
S(A) X+ X 8(Aj)®8(Aj41) X+ X 8(A};)® Q' (Tcusp)

appears with multiplicity one in the Jacquet module of §(A1) x §(Ajz) X --- X
8(Ar) ' (ocusp) With respect to the appropriate parabolic subgroup. Therefore,
since this irreducible representation is contained in the Jacquet module of any
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subrepresentation of (A1) X §(Aj) X -+ X §(Ag) X ¢’ (0cusp) With respect to the
appropriate parabolic subgroup, it follows that the induced representation 6 (A1) x
8(A2) x -+ X 8(Ag) X ¢ (0cusp) has a unique irreducible subrepresentation. U

Now, as in the odd case [Kim 2015b], we can show that strongly positive
representations can be embedded into induced representations of the form (4-1).

Lemma 4.8. Let 0 € R denote a strongly positive representation. Then o can be
embedded into certain induced representations of the form (4-1).

4B. Classification of strongly positive representations: the D(p; Ocysp, €(Ocusp))
case. Let p be an essentially self-dual irreducible supercuspidal representation
of GL,, and ocusp an irreducible supercuspidal representation of G,. Also, let
D(p; ocusp, c(0cusp)) be the set of strongly positive representations whose supercus-
pidal supports are the representations ocusp, ¢(0cusp) and twists of the representation
0. We assume that there exists a unique nonnegative real number a such that
V¥ 0 X ocusp reduces [Silberger 1980]. The half integer conjecture for GSpin groups
(Lemma 4.1) implies that a € 37.

In this section, we construct the classification of strongly positive representations
in D(p; Ocusp, ¢(0cusp)). Lemma 4.8 implies that there exists a mapping from the
set of strongly positive representations of G,, into the set of induced representations
of the form (4-1). We first refine the image of this map when we restrict the map to
D(p; Ocusp C(Ucusp))~

Theorem 4.9. Suppose that o is an irreducible strongly positive representation
in D(p; Ocusp» €(0cusp)), taken as the unique irreducible subrepresentation of an
induced representation of the form (4-1). Write A; = [V p, vb",o]fori =1,...,k.
Thena; =a—k+iforeachi,b; <--- <byandk < [a].

Proof. We consider the case when a = % We first show, by induction on k, that
a;=aforeachi=1,...,kandthat b; <-.-<b; whena:%.
For the case k = 1, note that if a; # a, then

v p X Ocusp SWO® (wﬁcusp odet)) x " (Ucusp) =Zv%p X Ocusp-

Therefore, we have the embedding

aj+1

o> VWpx-xv P X VP X Ocusp

which contradicts the strong positivity of o.

Now suppose the theorem holds for all m € Z such that 0 < m < k. We prove
it for k. As in the case when k = 1, we show a; = a. We know that o embeds in
(A1) X 8(Aaz, ..., Ag; Ocusp), since o is the unique irreducible subrepresentation
of 6(Ay) x -+ 3(Ag) X ocusp. This implies that each a; = a for 2 <i < k and
by < ... < byg. It remains to show that a; = % and b; < b,.
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Suppose that a; ¢ % + Z. Then v*' p x §(A;) is irreducible for i > 2. Therefore,
we have the embedding
o — 8([v”‘+lp, vblp]) X VP X 8(A2) X -+ X 8(Ak) X Ocusp
=5(v M P, v7p]) X 8(A2) X -+ X 8(A) X v p X Ocusp
=5( M p 1P p]) X 8(A2) X -+ X 8(Ak) X VU p X Ocusp
which contradicts the strong positivity of o. Therefore, a; € % +Z. If a # %,
then a; > % This implies that §(A1) x 6(A;) is irreducible for i > 2 since by < b;.
Therefore, we have the embedding
0 = 8(A2) X -+ X §(Ag) X 8(A1) X Ocusp
=8(A) X -+ x 8(Ay) X 8([1)‘”“,0, vb‘,o]) X VP X Ocusp
= 5(A) X - x 8(Ag) X 5([\)“‘“/}, vblp]) X VP X Ocusp

which again contradicts the strong positivity of o. Thus, a; = % Also, by < by

follows from e(A) <e(A;). The following lemma finishes the proof of the theorem

in the case when a = %

Lemma 4.10. The unique irreducible subrepresentation of
5(v'2p, vP pl) x 8(1v'2p, 12 p1) x -+ x 8(Iv"/?p, VP p]) X Geusp,

denoted o

O bji1/2)° 1 not strongly positive when k > 2.

Proof. We first show the case when k = 2. The embedding of w120 %812p, Ocusp)
into v!/2 p X pl/2 P X Ocysp implies the embedding

O(/2.1/2:1/2) < V12 % 802 p, oeusp)-

Using Lemma 3.8 (b) as well as Remark 3.2 of [Tadi¢ 1998], we can show that
8([1)_1/ 2p, /2 p]) X Ocysp 18 a direct sum of two irreducible nonisomorphic repre-
sentations, say 71 and 7, in the same way as in the proof of Sublemma 5.8 of [Kim
2015b]. From Frobenius reciprocity and

”GL(S([V_I/ZP, Vl/zlo]) X Ucusp) =
28([‘)_]/2/07 VI/ZIO]) Q Ocusp + VI/Z,O X V]/Q/O ®c'r (Ucusp),

it follows that rgp.(t1) = 8([1}’1/2/0, vl/zp]) ® Ocusp + vl/z,o X vl/z,o ® "7 (Ocusp)
and rgr(12) = 8([v""2p, v1/2p]) ® Ocusp. We also obtain that T a1y = T
which is a subrepresentation of 5([1)_1/ 2p, 0172 ,0]) X Ocusp, in the same way as in
the proof of Sublemma 5.9 of [Kim 2015b]. Therefore, we have the embedding

05/2’1/2;1/2) > 8([1)_1/2,0, vl/z,o]) X Ocusp = V125 x v712p Ocusp-
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We conclude that 0("‘1 2.1/2:1/2) is not strongly positive.

Next we consider the case k > 2. Suppose thato®, .
B} b}31/2)

Since each representation v'/%p x 8([1}1/2,0, vbz{p]) isirreducible foralli =1, ..., k,
we have an embedding of a(*;, into
1

is strongly positive.

..... b}:1/2)
8(1v¥2p, vP1p1) x 8([1v*/2p, v72p]) x
<X 8([v3/2p, vbi',o]) X vl/z,o X e X vl/zp X Ocusp-

Furthermore, since we know o*(*1 2.1/2:1/2) is the unique irreducible subrepresentation

of V1/2p x v1/2p X 6ysp, We have the embedding

32, b 1/2
G(zﬁ,...,b;\,;l/Z) — 8([v 2p,v tpl) X e x v 2p x O(1/2.1/2:1/2)-
This contradicts the strong positivity of o] 2.1/2:1)2)" O
Returning to the proof of Theorem 4.9, it remains to prove the case when a # %
This case is similar to the proof in [Mati¢ 2011] and we skip the proof here. [

We also show that the map from D(p; ocysp, ¢(Ocusp)) to the set of induced
representations of the form (4-1) is well defined in the following theorem.

Theorem 4.11. Suppose that o is an irreducible strongly positive representation
in D(p; ocusp, C(Ocusp)). Then there exist a unique set of strongly positive segments
Ar, Ao,y o, ApwithO < e(Ap) <e(Ajp) <--- <e(Ay), and a unique irreducible
supercuspidal representation o' € R such that o >~ §(A1, Ay, ..., Ag; o).

Proof. We first show the uniqueness of the partial supercuspidal support o’. Sup-
pose that there are two sets of strongly positive segments and representations
in R, {A1, Ay, ..., Ag, Ocusp) and {A], A), ..., A}, c(0cusp)}, Which satisfy the
conditions in Theorem 4.9. Then we have the two embeddings

k
(4-2) o (H 6<A,->) X Oeusp:

i=1
1
(4-3) o> (]_[ S(A/j)) X ¢(Ocusp)-
j=1

These embeddings imply that

I k
(1‘[ 6(A;>) ® c(Ocusp) < rGL(0) < m((]‘[ a(A») X acusp).
j=1 i=1

However, Theorem 3.4 implies that rC,L((]_[f.C:1 S(A,-)) X chsp) can contain the
support c(ocusp) only if the corresponding GL part, ]_[lj:1 8(A’j), has negative
exponent. This is a contradiction since each A/ is strongly positive for all i.
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It remains to show the uniqueness of strongly positive segments. The situation
becomes similar to the odd case [Kim 2015b] since we show the uniqueness of o”.
Therefore, we can apply the idea of [Mati¢ 2011] (for a # %) and [Kim 2015b] (for
a= %) to complete the proof, which we omit here. U

In Theorem 4.9 and Theorem 4.11, we construct an injective mapping from
D(p; ocusp, ¢(0cusp)) into the set of induced representations of the form

S(v ™ p, v p1) x 8(v 2, vP2p1) - 8([v" o, v 1) 2 ¢ (Geusp)

((4-1) with refinement on the unitary exponents as in Theorem 4.9). In other words,
if we let Jordgo’a) be the set of (¢’; by, by, ..., by,), where ¢’ € C and b; € R are
such that b; —a+ky, —i € Zspfori=1,....kp,and —1 <by <by <--- <Dy,

we construct the injective mapping
D(p; Ocusp, €(Teusp)) = Jord'(?pya) UJordfp’a) .
It remains to show that this injective mapping is also surjective. For an element

(c'sb1,ba,y ... by,) € Jordfp,a) U Jordfp’a), let 0.,
subrepresentation of

by, ;) be a unique irreducible

.....

s(v =ttt p, 81 p1) x 8([v* 2, vP2p1) x -+ x 8([v o, VP p]) ¥ €/ (Geusp)-

To show the surjectivity, we apply the induction argument in [Mati¢ 2011] to show
that the above subrepresentation o, by ;) is strongly positive. We don’t repeat
the argument here.

.....

Theorem 4.12. The representation o(.'.p, byya) IS strongly positive.

.....

Remark 4.13. In the case of odd GSpin groups, we classify the special case
D(p; ocusp) in [Kim 2015b]. In the even case, we need to consider c(ocusp) as
a support in D(p; Ocusp, ¢(0cusp)) as well, since the action of certain Weyl group
elements makes o into c(o) (e.g., Lemma 4.5).

4C. Classification of strongly positive representations. Let p; be an essentially
self-dual irreducible supercuspidal representation of GL,,pi fori=1,...,k, and
Ocusp an irreducible supercuspidal representation of G,,. We consider the set
D(p1, p2, ..., Pk; Ocusp, C(0cusp)) Of strongly positive representations whose su-
percuspidal supports are the representations ocysp, ¢(0cusp) and twists of the rep-
resentations pi, ..., ox. We assume that there exists a unique nonnegative real
number a,, such that v p; X ocysp reduces for each i [Silberger 1980]. The half
integer conjecture for GSpin groups (i.e., Lemma 4.1) implies that each a,, € %Z.
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Theorem 4.14. Let o be a strongly positive representation in D(p1, p2, ..., Pk;
Ocusp» C(Ocusp)). Then o can be considered to be the unique irreducible subrepresen-
tation of the induced representation

k ki .
(4-4) (]_[ [Ts(ve %+ pi, Vh;l))oi])) X ¢ (Ocusp)

i=1j=1
where ¢’ € C ={e, c} andfori =1,...,k andj =1,...,k;,eachk; EZZO sqtisﬁes
ki < [ap, ] and each b;l) > 0 is such that by) —apy, € Z¢. Also, by) < b;’}rl for
1<j<k—1

Proof. The proof is exactly the same as the odd case, and so is omitted. (]

We also show that the map from D(p1, 02, ..., Pk; Ocusp> €(Ocusp)) to the set of
induced representations of the form (4-4) is well defined in the following theorem.

Theorem 4.15. Suppose that the representation o is the unique irreducible subrep-
resentations of both representations

k ki .
(1_[ 1_[ 8([])”,0,' _ki+'i/0i9 Ub;l)pi])) X Ucusp,

i=1j=1

Kok o .
(1—[ 1—[ 8([vapl{—ki+Jpl{’ vc;. )pl,])) 4 C/(chsp)

i=1j=1

as in Theorem 4.14. Then k = k', ocysp = ¢’ (0cusp) and

|

ki
j=1

. (i)
8([Uapi_ki+]pi’ Ubj ,01]) ’ 1= 1’ ey k}

is a permutation of

k!

{Hé([va"f_k’{—i_jp;, l)c}wp;]) ‘ i=1,.. .,k}.

j=1

Proof. The arguments of the proof follow the same lines as those in the proof of
Theorem 4.11. We, therefore, omit the proof here. O

Theorem 4.14 and Theorem 4.15 imply that there exists an injective mapping
from D(p1, p2, ..., Pk; Ocusps C(Ocusp)) into the set of induced representations of
the form (4-4). Finally, it remains to show that this mapping is surjective.

Theorem 4.16. The map described above gives a bijective correspondence between
the set D(p1, P2, - . ., Pk Ocusps C(Ocusp)) and the set of induced representations of
the form (4-4).
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Proof. Let o be the unique irreducible subrepresentation of the form (4-4), i.e.,

k ki )
(l_[ l_[ 3([,)%,- *kiﬂ'pl., vb.(/ ),Oi])> X c/(acusp).
i=1j=1

Since p, % py for p # g, we have forany I =1, ..., k the embedding

ki )
o <1_[ 1_[ ([ kit p;, VhEl)ﬁi]))

il j=1
kb by 1.
38 ([ve = o P gl L o™ o, 74 s € (Ocusp)) -

Theorem 4.12 implies that 8([\)"/’1 —htl vbl(l>pl], ey V%, vb’(fl)pl]; c/(ocusp))
is strongly positive. Since [ can be arbitrary, o always has positive unitary exponents
in the Jacquet module with respect to the Levi subgroup GL,, x GL,, x---x
GL,, xG, . Therefore, o is strongly positive. ([

Since any strongly positive representation in R can be considered an element of
D(p], Pys -+ s P Olysps € (Oygp)) Tor some pj and o, we can extend the bijective
mapping constructed in Theorem 4.16 to any strongly positive representation in
R. In sum, let SP and LJ be as defined in Section 1. Then we have a bijective

correspondence between SP and LJ.

Remark 4.17. The ideas used in this section for the results of GSpin groups can
be applied to even special orthogonal groups. Let us also remark that it is easier
to work with even special orthogonal groups than even GSpin groups due to the
results of Ban [1999a; 1999b] and Jantzen [2006]. For example, in the case of even
special orthogonal groups, the Weyl group actions on the simple roots and induced
representations are studied in [Ban 1999a; 1999b] and Tadi¢’s structure formula
is constructed in [Jantzen 2006, Theorem 3.4] (see also [Jantzen and Liu 2014,
Theorem 3.1]). Let us remark that the classification of discrete series representations
of SO», is first proved by C. Jantzen [2011] using the results for O, in [Mceglin
2002; Mceglin and Tadi¢ 2002]. Our approach is different from [Jantzen 2011] and
we generalize Mati¢’s idea to the case of even special orthogonal groups.

5. Applications

It is easy to see that the strongly positive representations are special kinds of discrete
series due to Casselman’s square integrability criterion in [Kim 2009]. Furthermore,
the strongly positive representations can be considered basic building blocks for
discrete series representations (Theorem 5.1). The proof of the following embedding
theorem is exactly the same as the case of odd GSpin groups, since the main idea of
the proof depends on a slight variation of Casselman’s square integrability criterion
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for even GSpin groups (Proposition 3.2 in [Kim 2009]). Hence the proof is omitted.
Let us remark that this idea originally comes from the results for metaplectic groups
by Mati¢ and we adapt some proofs from [Mati¢ 2012, Chapter 3] to our situation.

Theorem 5.1. Let o denote a discrete series representation of G,,. Then there exists
an embedding of the form

o < (v p1, v p11) x 8([v™2 p2, V72 p21) X - -+ x 8 (v pr, V7 p,1) X 0

where a; <0, a; + b; > 0 and p; € RgL is an irreducible unitary supercuspidal
representation fori =1, ..., r (we allow r = 0); and o, € R is a strongly positive
representation.

Theorem 5.1, together with our main result Theorem 4.16 giving the classification
of strongly positive representations, imply the embedding

(5-1) o <= (v p1, V" pil) x -+ x 8(Iv” pr, v" pr1)

k ki ,
% <l—[ l—[ 5([])%[; 7ki+Jpl{’ VbF"l),O;])) X Geusp.
i=1j=1
where a;, b; and p; are as in Theorem 5.1; ay, by), k; and ,o{ are as in Theorem 4.14;
and oy 18 an irreducible supercuspidal representation of G,.

This embedding has an interesting application in the proof of the equality of L-
functions from the Langlands—Shahidi method and Artin L-functions through local
Langlands correspondence (see [Shahidi 2010] for the Langlands—Shahidi method).
More precisely, in [Kim 2015a] we used the following filtration of admissible
representations to prove the equality of L-functions in the case of GSpin groups:

supercuspidal C discrete series € tempered C admissible.

We first showed the equality of L-functions in the supercuspidal case. Then, the
above embedding (5-1) was used to generalize that result to the case of discrete series
representations. Finally, that result was generalized via Langlands classification
and properties of tempered representations to the cases of tempered representations
and admissible representations. Furthermore, the equality of L-functions also has
an interesting application in the proof of the generic Arthur packet conjecture in the
case of GSpin groups [Shahidi 2011]. This conjecture can be considered a local
version of the generalized Ramanujan conjecture.
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SIMPLY CONNECTED 6-DIMENSIONAL TORUS MANIFOLDS
WITH VANISHING ODD-DEGREE COHOMOLOGY
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Dedicated to Professor Mikiya Masuda on his 60th birthday.

The aim of this paper is to classify simply connected 6-dimensional torus
manifolds with vanishing odd-degree cohomology. It is shown that there
is a one-to-one correspondence between equivariant diffeomorphism types
of these manifolds and 3-valent labelled graphs, called torus graphs, in-
troduced by Maeda, Masuda and Panov. Using this correspondence and
combinatorial arguments, we prove that a simply connected 6-dimensional
torus manifold with H° (M) = 0 is equivariantly diffeomorphic to the
6-dimensional sphere S® or an equivariant connected sum of copies of 6-
dimensional quasitoric manifolds or S*-bundles over S2.

1. Introduction

Let M be a 2n-dimensional closed, connected, oriented manifold with an effective
n-dimensional (i.e., half-dimensional) torus 7"-action. We call M, or (M, T), a
torus manifold if M7 # @ (see [Hattori and Masuda 2003]), where M7 is the
set of fixed points. A toric manifold (i.e., a nonsingular, complete toric variety
viewed as a complex analytic space) with restricted 7" -action is a typical example
of a torus manifold. Recall that a toric manifold is a complex (C*)"-manifold
with a dense orbit (see [Oda 1988; Fulton 1993]), and 7" is the maximal compact
subgroup of (C*)". A fundamental result of toric geometry tells us that there is a one-
to-one correspondence between toric manifolds and combinatorial objects called
fans. Thus, topological (more precisely, geometric) invariants of toric manifolds
can be described in terms of combinatorial invariants of fans, such as equivariant
cohomology rings, equivariant characteristic classes and other topological invariants.

The author was partially supported by JSPS KAKENHI grant number 15K17531, 24224002 and
the JSPS Strategic Young Researcher Overseas Visits Program for Accelerating Brain Circulation
“Deepening and Evolution of Mathematics and Physics, Building of International Network Hub based
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Hattori and Masuda [2003] introduced a torus manifold as the topological gener-
alization of a toric manifold. They also introduced the combinatorial objects called
multifans (see [Masuda 1999; Hattori and Masuda 2003]), and computed topological
invariants (such as equivariant characteristic classes or Todd genus for unitary torus
manifolds) in terms of multifans. However, unlike the case for toric geometry,
a multifan does not contain enough information to determine some topological
invariants of torus manifolds (e.g., equivariant cohomology). So, in 2007, Maeda,
Masuda and Panov introduced combinatorial objects called torus graphs, which
were motivated by the GKM graphs introduced by Guillemin and Zara [2001]. The
combinatorial information of torus graphs can completely determine the equivariant
cohomology rings of torus manifolds with vanishing odd-degree cohomology, i.e.,
H°Y(M; 7) =0 (in this paper, we only consider integer coefficients); see [Masuda
and Panov 2006; Maeda et al. 2007], and see also Section 3 in this paper about
torus graphs. However, in general, there is no one-to-one correspondence between
torus manifolds with H°%(M) = 0 and torus graphs.

So, we are naturally led to ask the following two questions: (1) Which subclasses
of torus manifolds are completely determined by combinatorial objects (like mul-
tifans or torus graphs)? (2) If we find such a subclass of torus manifolds, how
can we classify such torus manifolds? Several mathematicians have answered the
first question: for example, Davis and Januszkiewicz [1991] for the subclass called
quasitoric manifolds (see [Buchstaber and Panov 2002] or Section 4C in this paper),
Ishida, Fukukawa and Masuda [2013] for the subclass called topological toric
manifolds, and Wiemeler [2013] for the class of simply connected 6-dimensional
torus manifolds with H°%(M) = 0 (see Theorem 2.7). The aim of this paper is to
answer the second question for the class of simply connected 6-dimensional torus
manifolds with H°%(M) = 0 using torus graphs.

Let us briefly recall the classification results for torus manifolds with lower
dimensions. If T'! acts on a compact 2-dimensional manifold M, then M is the
2-dimensional sphere S?, the 2-dimensional real projective space RP?, the 2-
dimensional torus 72 or the Klein bottle. Because M7 # @ and M is oriented, M
must be equivariantly diffeomorphic to S with T'-action (see [Kawakubo 1991]).
When dim M =4, by Orlik and Raymond’s theorem [1970], we have the following:

Theorem 1.1 (Orlik—Raymond). Let M be a 4-dimensional simply connected torus
manifold. Then, M is equivariantly diffeomorphic to the 4-sphere ior an equi-
variant connected sum of copies of complex projective spaces CP?, CP? (reversed
orientation) or a Hirzebruch surface Hy.

Here a Hirzebruch surface Hy (k € Z) is a manifold which is defined by the
projectivization of the complex 2-dimensional vector bundle y®* @ € over CP!,
where y and € are the tautological and the trivial complex line bundles over CP!.
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In this paper, we prove an Orlik—Raymond type theorem similar to Theorem 1.1
for simply connected 6-dimensional torus manifolds with H°(M) = 0. Before
we state our main results, we introduce the result for torus manifolds that are not
simply connected. One of the consequences of Masuda and Panov’s theorem (see
Theorem 2.2 in Section 2B) is the following proposition (see also [Wiemeler 2013]).

Proposition 1.2. Let W be a 6-dimensional torus manifold with H odd(wy =0 (it
might not be simply connected). Then, there are a simply connected 6-dimensional
torus manifold M with H° (M) = 0 and a homology 3-sphere hS> such that

W= M#r (hS? x T?)
up to equivariant diffeomorphism.

Here the product manifold 25> x T3 is the product of 45> and the 3-dimensional
torus T3 with the free 73-action on the second factor, and the symbol #7 represents
the equivariant gluing along two free orbits of M and hS3 x T3.

In Proposition 1.2, because the fundamental groups 71(W) and m; (hS3) are
isomorphic, W is simply connected if and only if 25> is simply connected, i.e., the
standard sphere. Our main theorem is a classification of the simply connected torus
manifolds that appear in Proposition 1.2.

Theorem 1.3. Let M be a simply connected 6-dimensional torus manifold with
HY(M) = 0. Then, M is equivariantly diffeomorphic to the 6-sphere S® or
obtained by an equivariant connected sum of copies of 6-dimensional quasitoric
manifolds or S*-bundles over S* equipped with the structure of a torus manifold.

This type of classification, i.e., classification by equivariant connected sum, may
be regarded as the 6-dimensional analogue of Orlik and Raymond’s classification
in Theorem 1.1. So, in this paper, we call this theorem an Orlik—Raymond type
classification (see [McGavran 1976; Kuroki 2008]).

Remark 1.4. Izmestiev [2001] proved an Orlik—-Raymond type classification for a
class of 3-dimensional small covers (i.e., the real analogue of quasitoric manifolds;
see Section 4B), called a linear model (see also [Lii and Yu 2011; Nishimura 2012]).

The organization of this paper is as follows. In Section 2, we recall the basic facts
about torus manifolds. In Section 3, we do the same for torus graphs. In particular,
Corollary 3.5 is the key fact used to prove Theorem 1.3. In Section 4, we introduce
the torus graphs of S°, quasitoric manifolds and S*-bundles over S2. These torus
graphs will be the basic graphs used to classify simply connected 6-dimensional
torus manifolds with H°4(M) = 0. In Section 5, we introduce the “oriented” torus
graphs and translate the equivariant connected sum around fixed points of torus
manifolds to the connected sum around vertices of oriented torus graphs. In Sections
6 and 7, we prove Theorem 1.3. A brief outline of the proof is as follows. By
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Corollary 3.5, there is a one-to-one correspondence between 6-dimensional simply
connected torus manifolds with H°4(M) = 0 and 3-valent torus graphs. Therefore,
to prove Theorem 1.3, it is enough to prove that an (oriented) torus graph can be
decomposed into basic torus graphs in Section 4 by the connected sum. We prove
this using combinatorial arguments.

2. Orbit spaces of torus manifolds

In this section, we recall some basic facts about torus manifolds (see [Masuda 1999]
or [Hattori and Masuda 2003] for details).

2A. Torus manifolds. A 2n-dimensional torus manifold M is said to be locally
standard if every point in M has a T-invariant open neighborhood U which is
weakly equivariantly homeomorphic to an open subset 2y C C" invariant under the
standard 7"-action on C", where two group actions (U, T) and (2, T) are said to
be weakly equivariantly homeomorphic if there is an equivariant homeomorphism
from U to Q¢ up to an automorphism on 7" (see, e.g., [Kuroki 2011, Section 2.1]
for details).

Let M;,i=1, ..., m,beacodimension-2 torus submanifold in a 2n-dimensional
torus manifold M which is fixed by some circle subgroup 7; in 7. Such an M; is
a (2n — 2)-dimensional torus manifold with 7/ T;-action, called a characteristic
submanifold. Because a torus manifold M is compact, the cardinality of all charac-
teristic submanifolds in M is finite. If M is locally standard, each characteristic
submanifold is also locally standard.

An omniorientation O of M is a choice of orientation for the torus manifold M
as well as for each characteristic submanifold. If there are just m characteristic
submanifolds in M, there are exactly 2”"*! omniorientations (see [Buchstaber and
Panov 2002; Hattori and Masuda 2003]). If M has a T -invariant almost complex
structure J (in this case, M is automatically locally standard), then there exists the
canonical omniorientation O; determined by J. We call the torus manifold M with
a fixed omniorientation O an omnioriented torus manifold and denote it by (M, 0).

2B. Orbit spaces of locally standard torus manifolds. The orbit space M/ T of a
locally standard torus manifold M naturally admits the structure of a “topological”
manifold with corners. We next recall the basic facts about a topological manifold
with corners (cf. the definition of a smooth manifold with corners in [Lee 2013])
and introduce the structure on M/ T.

We will use the notation

[n]={0,1,...,n}
and
Ry ={(x1,....x) eR"[x; >0, i=1,...,n}.
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Let Q" be an n-dimensional topological manifold with boundary. A chart with
corners for Q" is a pair (V, ¥y), where V is an open subset of Q" and

l//le—)Rr_:_

is homeomorphic from V to a (relatively) open subset Qy C R’}. Two charts
with corners (V, {y) and (W, ¥w) are said to be (topologically) compatible if
the composition of functions ¥y o wv;l Yyw(VNW) = ¢y (VN W) is a strata-
preserving homeomorphism. This implies that if ¥ (p) € R’, contains exactly
k zero-coordinates then ¥y (p) € R’ also contains exactly k zero-coordinates for
0 < k < n. We call the collection of compatible charts with corners {(V, {ry)}
whose domains cover Q" an atlas. Then, its maximal atlas is called a structure with
corners of Q". A topological manifold with boundary together with a structure
with corners is called a (fopological) manifold with corners. Let p € Q" be a point
of an n-dimensional manifold with corners Q". For a chart (V, vry) with corners
such that p € V, we define d(p) € [n] to be the number of zero-coordinates of
Yv(p) € R. By the compatibility of charts, this number is independent of the
choice of a chart with corners which contains p. Therefore, the map d : Q" — [n]
is well defined. The number d(p) is called the depth of p. We call the closure of a
connected component of d~'(k), 0 < k < n, a codimension-k face. In particular, the
codimension-0 face is Q" itself. Moreover, codimension-1, codimension-(n— 1) and
codimension-n faces are called facets, edges and vertices, respectively. The set of all
edges and vertices is called a one-skeleton of Q" (or a graph of Q"). By restricting
the structure with corners on Q" to faces, we may regard each codimension-k face
as an (n — k)-dimensional (sub)manifold with corners.

Definition 2.1 (manifold with faces). An n-dimensional manifold with corners Q
is said to be a manifold with faces (or a nice manifold with corners) if Q satisfies
the following conditions:

(1) For every k € [n], there exists a codimension-k face.

(2) For each codimension-k face H, there are exactly k facets Fi, ..., F; such
that H is a connected component of ﬂﬁ;l F;; moreover, H N F # H for any
facet F A F, (i=1,...,k).

Let (M, T) be a torus manifold. When (M, T') is locally standard, by the differ-
entiable slice theorem, the orbit space M /T has the structure of an n-dimensional
manifold with faces. On the other hand, when M satisfies H°Y(M) = 0, its orbit
space M /T satisfies a stronger condition by the following theorem (see [Masuda
and Panov 2006, Lemma 2.1 and Theorem 2]).

Theorem 2.2 (Masuda-Panov). Let M be a 2n-dimensional torus manifold. Then,
the following conditions are equivalent:
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(1) H°Y¥ (M) =0.

(2) The T-action on M is locally standard and its orbit space M/ T has the
structure of an n-dimensional face acyclic manifold with corners.

Here, an n-dimensional face acyclic manifold with corners Q is an n-dimensional
manifold with faces such that all faces F of Q (including Q) are acyclic, i.e.,
H,.(F) >~ Ho(F) >~ Z. For example, if Q is a simply connected 3-dimensional face
acyclic manifold with corners, then it is easy to check that the boundary of Q is
homeomorphic to the 2-sphere S2. Moreover, in this case, we can also check that
Q itself is homeomorphic to the 3-dimensional disk D3. Therefore, as one of the
consequences of Theorem 2.2, we have the following corollary.

Corollary 2.3. Let M be a simply connected 6-dimensional torus manifold with
H°Y(M) = 0. Then, its orbit space M| T is homeomorphic to the 3-dimensional
disk.

By the definition of a manifold with faces Q, we can define a simplicial poset
(partially ordered set) ?(Q), called a face poset of Q (see [Masuda 2005]), to be the
set of faces in Q with the empty set & ordered by inclusion, where & is the smallest
element under this ordering, say <. We often denote the face poset structure of
QO by (P(Q), <). Let QO and Q, be n-dimensional manifolds with faces. We say
Q1 and Q, are combinatorially equivalent if their face posets (P(Q1), <1) and
(P(Q»), <X») are isomorphic as posets (i.e., there is an order-preserving bijection
between them). We denote the equivalence by Q| &, Q. By the definition of
weakly equivariant homeomorphism, if two locally standard torus manifolds M,
and M, are weakly equivariantly homeomorphic then M|/T ~. M,/ T.

2C. Characteristic functions. Let M be a 2n-dimensional locally standard torus
manifold. By the argument demonstrated in Section 2B, the orbit map 7 : M —
M /T = Q may be regarded as the projection onto some manifold with faces Q.
Let #(Q) ={F1, ..., Fu} CP(Q) be the set of all facets in Q. By the definition
of facet F; € F(Q), its preimage 7~ 1(F;) is a characteristic submanifold M;.
Then, there exists the circle subgroup 7; (C T) fixing M; = 7~ (F;) (recall that
dim M; = 2n —2). Recall that 7; is determined by a primitive element in tz >~ Z"
(the lattice of the Lie algebra of T'). Therefore, using this primitive element (up to
sign) in tz, we can define the map

A F(Q) — tz/{£1}),

where tz/{11} represents the quotient of tz by signs. We call A a characteristic
function.

Now the choice of omniorientation O of M determines the sign of A as follows.
Fix an omniorientation O of M. Namely, we fix the orientation of the tangent bundle
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of M (resp. M;), say t (resp. 7;). Restricting t to the submanifold M;, say t|u,,
we obtain the 7"-equivariant decomposition 7|3, >~ 7; @ v;, where v; is the T;-
equivariant normal bundle of M;. Therefore, because we fix the orientation of 7|y,
(induced from the orientation of t) and that of 7;, we may choose an orientation
of v; such that the orientation of 7|, coincides with that of t; @ v; (thus, we may
regard v; as the complex line bundle over M;). Because T; acts on v;, we may
choose an orientation of 7; such that the T;-action preserves the orientation of v;.
This orientation of 7; determines the sign of A(F;) fori =1, ..., m. In this way,
we have the function
Ao F(Q) — t7.

In this paper, this is called an omnioriented characteristic function (of (M, 0)).

Remark 2.4. The characteristic function defined in [Wiemeler 2013] may be re-
garded as the characteristic function A above. On the other hand, the characteristic
function defined in [Davis and Januszkiewicz 1991] may be regarded as the char-
acteristic function Ag above by taking an appropriate omniorientation (see also
[Buchstaber and Panov 2002, Section 5.2]).

LetpeM T We define the subset [ » C [m] by
IPZ{iE[m”pEMi}.

By the differentiable slice theorem around p € M, we have that its cardinality |/ »l
equals n for every p € MT. Put I, =iy, ..., i,}. Because the T-action on M is
effective, {A(F;)), ..., A(F;,)} spans t}/{£1}, i.e., the determinant of the induced
(n X n)-matrix

(W(F;) -+ A(F,))

satisfies

(2-1) det(A(F;)) - - A(F;,)) = 1.
Similarly, we have

(2-2) det(Ao(Fi)) - - Ao(F;,)) = £1

for each set of n facets such that ﬂ?zl Fi; = {p} for some vertex p € Q (called the
facets around a vertex).

Motivated by the above observations, we may abstractly define the characteristic
function on a manifold with faces as follows (see [Buchstaber and Panov 2002;
Davis and Januszkiewicz 1991] for simple polytopes and [Masuda and Panov 2006;
Wiemeler 2013] for manifolds with faces).

Definition 2.5. Let Q be an n-dimensional manifold with faces and %(Q) be the set
of its facets. Let tz be the lattice of the Lie algebra of 7" and tz/{=£1} be its quotient
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by {£1}. A function X : F(Q) — tz/{=£1} is said to be a characteristic function if A
satisfies (2-1) for the facets around every vertex, and a function Ag : F(Q) — tz is
said to be an omnioriented characteristic function if Lg satisfies (2-2) for the facets
around every vertex.

We denote an n-dimensional manifold with faces Q with its characteristic func-
tion A (resp. omnioriented characteristic function Ag) by (Q, A) (resp. (Q, A¢)).

Let O and Q; be manifolds with faces, and let A; and A, be their characteristic
functions and Ag, and Ag, be their omnioriented characteristic functions, respectively.
Assume that Q| =, 0, induced by the bijective map f:2(01) = P(Q»). Denote
its restriction onto the set of facets by

f = flan : F(Q1) — F(Q2).

We say that (Q1, A1) and (Q», A) are combinatorially equivalent if the following
diagram commutes: N
F(Q1) —— tz/{%1)

lf Jld
F(Q2) —2 ty/{%1)

Similarly, (Q1, Ag,) and (Q2, Ag,) are combinatorially equivalent if the following
diagram commutes:

)\.@l
F(Q1) —tz

b,

F(02) —— 1z

Note that the characteristic function A can be obtained by ignoring signs from the
omnioriented characteristic function Ag; we call such a A an induced characteristic
function from Ag. On the other hand, by choosing a sign for each facet, we can
obtain an omnioriented characteristic function A¢ from the characteristic function A;
we call such a Ag an induced oriented characteristic function from A.

Lemma 2.6. If (Q1, Ag,) and (Q2, Ag,) are combinatorially equivalent, then their
induced (Q1, A1) and (Q2, L2) are also combinatorially equivalent.

If (Q1, A1) and (Q2, L2) are combinatorially equivalent, then there are induced
omnioriented characteristic functions Ao, and hg, such that (Q1, ,g,) and (Q2, rg,)
are combinatorially equivalent.

We now introduce one of the key facts used to prove our main theorem (see
[Wiemeler 2013, Theorems 1.3 and 6.1]).

Theorem 2.7 (Wiemeler). Let M| and M, be 6-dimensional simply connected
torus manifolds with H°Y (M) = H*Y(M,) =0, and let (Q1, }1) and (Q2, 1) be
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their orbit spaces with characteristic functions. Then, the following statements are
equivalent:

(1) (Q1, A1) and (Q2, X2) are combinatorially equivalent.
(2) M| and M, are equivariantly homeomorphic.
(3) My and M, are equivariantly diffeomorphic.

Therefore, by Corollary 2.3 and Theorem 2.7, to classify all 6-dimensional simply
connected torus manifolds with H°4(M) =0, it is enough to classify all (Q, A)’s
up to combinatorial equivalence, where Q is a 3-dimensional disk equipped with
the structure of a manifold with faces.

3. Torus graph induced from manifold with faces

Let (M, 0) be an omnioriented locally standard 2n-dimensional torus manifold and
(Q, L) be its orbit space with an omnioriented characteristic function. From the
one-skeleton of (Q, Ag), we can define a labelled graph called a torus graph. One
of the key steps in proving the main theorem is to classify all possible torus graphs
(see Section 7). We first recall the definition of torus graph given by Maeda et al.
[2007].

Let I" be the graph of Q. Let V (I') be its vertices and E(I") be its oriented edges,
i.e., we distinguish two edges pg and gp. For p € V(I'), we denote the set of
outgoing edges from p by E,(I'). Because Q is an n-dimensional manifold with
faces, |E,(I")| = n and each edge e € E(I) is a connected component of ﬂ;:ll F;
for some Fi, F>, ..., F,—1 € F(Q). Moreover, for a p € V(I") which is one of
two vertices on e, there is another facet F;,, € %(Q) such that {p} is a connected
component of (/_, F;. In other words, F, may be regarded as a normal facet of
ee E(')on p e V(I'). Put Ag(F;) = a; € tz >~ 7". Then, there exists a unique
a €t such that

(3-1) (¢,a;)=0fori=1,...,n—1 and («a,a,)=++I1,

where (-, - ) represents the pairing of t* and t. Therefore, in this way, we can define
amap o : E(I') — t;, from the omnioriented characteristic function A¢. This map s{
is called an axial function on I'. We call the labelled graph (I', o) a torus graph
induced from (Q, Ag) (or equivalently (M, 0)). We denote such a torus graph by
'(Q, ro) (or (', Apr)). We can easily check the following proposition using the
definition of torus graph (see also [Maeda et al. 2007]).

Proposition 3.1. Let (I, o) be a torus graph induced from (Q, Ag). Then, I is an
n-valent regular graph, i.e., |E,(I')| =n for all p € V(I'), and (I', d) satisfies the
following conditions:

(1) sd(e) = x£A(e), where e is the orientation-reversed edge of e.
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(2) {d(e) | e € E,(I')} spans t; for all vertices p € V(I').

(3) There is a bijection Vp, : E,(I') — E,(I') for all edges whose initial vertex is
p and terminal vertex is q such that

(a) V=V 1,
(b) Ve(e)=e,
(c) A(Vp4(e)) —d(e) =0mod A(pq) forall e € E,(I').

We call V={V, | e e E(I')} a connection on (I', o).

Remark 3.2. The original definition of torus graph (induced from an omnioriented
torus manifold) uses tangential representations; see [Masuda and Panov 2006;
Maeda et al. 2007]. The definition of torus graph given above is essentially the
same as the original definition.

In [Maeda et al. 2007], motivated by the GKM graph introduced by Guillemin
and Zara [2001], an n-valent graph I' with a label s : E(I') — t} which satisfies
the three conditions in Proposition 3.1 is called an (abstract) torus graph (i.e., there
might be no geometric objects which define (I, #)).

We next define the equivalence relation between two torus graphs. We call the
map f: 1=V ('), E(T'y)) = Tr=(V({I2), E(I'2)) a graph isomorphism if the
restricted maps f|y : V(I'1) > V() and f|g: E(I'1) — E(I'2) are bijective and
the following diagram commutes:

Ery) L5 By

Jﬂvl J/T[Vz
flv

V(Iy) —— VT)

Here the map wy : E(I') — V(I') is the projection onto the initial vertex, i.e.,
wy (pq) = p. In other words, the bijection f|y preserves the edges. Now we may
define the equivalence relation.

Definition 3.3. Let (I';, 1) and (I"y, s») be torus graphs. We say (I'1, s41) and
(I'2, A») are equivalent if there is a graph isomorphism f : I'j — I'; such that the
following diagram commutes:

A
ET) —— &

lm— [

A
E(y) —— &
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Assume (I', ) =T'(Q, Lg). Let P (I", o) be the set of k-valent torus subgraphs
in (I', o), i.e., k-valent subgraphs in I' closed under the connection V, where
—1 <k <n and we define P_ (", ) = {&}. Then, the set

P, sh) = | Pu(T, )
k=—1

admits the structure of a simplicial poset by inclusion (see [Maeda et al. 2007]).
We denote this structure by (P (I, o), <). Let P(Q) be the face poset of O (see
Section 2B) and P (Q) be the set of all k-dimensional faces, where —1 <k <n
and ?_1(Q) = {&}. Then, each element of % (", &) is nothing but the graph of
an element in P, (Q). This implies that the poset (P(I", o), <) is equivalent to the
poset (P(Q), <). Therefore, we have the following lemma.

Lemma 3.4. The following two statements are equivalent:
(1) Two manifolds with faces with omnioriented characteristic functions (Q1, Ag,)
and (Q2, Ag,) are combinatorially equivalent.

(2) Their induced torus graphs I'(Q1, Lo,) and I'(Q2, Ag,) are equivalent.
By Lemma 2.6, Theorem 2.7 and Lemma 3.4, we have the following corollary.

Corollary 3.5. Let (M, T) and (M;, T) be 6-dimensional simply connected torus
manifolds with vanishing odd-degree cohomology. Then, the following statements
are equivalent:

(1) (M, T) and (M3, T) are equivariantly diffeomorphic.

(2) Their orbit spaces, i.e., 3-dimensional disks with the structures of manifolds
with faces, with characteristic functions (M/T, »1) and (M>/T, L) are com-
binatorially equivalent.

(3) There are omnioriented characteristic functions Ag, and Ao, such that their in-
duced 3-valent torus graphs I'(M1/T, Lg,) and I'(M3/ T, Ao,) are equivalent.

Therefore, to prove our main theorem (Theorem 7.1), it is enough to classify all
3-valent torus graphs (I", {), induced from (M, O), up to equivalence.

4. Basic 6-dimensional torus manifolds

Let (M, T) be a simply connected 6-dimensional torus manifold with H°(M) =0,
and let (I'y7, Ay) (= (T, A)) be its torus graph induced by some omniorientation.
As a preliminary to proving the main theorem (Theorem 7.1), in this section
we introduce some of the basic torus graphs (I, &) and their corresponding 6-
dimensional torus manifolds (M, T).
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Figure 1. The torus graph (I'p, sq g,,), Where a, B, y € t}, = VA
are a Z-basis.

4A. 6-sphere. Because the induced torus graphs from (M, T') are 3-valent, if there
is a 3-multiple edge, i.e., three edges that are incident to the same two vertices, then
it follows from Proposition 3.1 that such a torus graph must be the torus graph in
Figure 1, denoted (I'p, Ay g,y)-

Put =kiie) +kinex+kizes, B =karer +kaer+kozes and y =kizjeg +k3er+
k3zes, using the standard basis e, e, e3 in t}, =~ 73. Then, we have

ki1 k1o ki3
4-1) det| ko1 kop ko | = £1.
k31 k3o k33

Let S° ¢ C? @ R be the unit sphere, i.e., the set (z1, 22,23, 7) € C? ® R such
that |z1|?> + |z2|> + 231> + > = 1. Define the T3-action on the first three complex
coordinates in S® by

4-2) (t1, 12, 13)(21, 22, 23, 1) = (P1(D)z1, P2(8)22, P3(2)23,T),

where t = (t;,1,t3) € T and p; : T — S! i=1,2,3,is a 1-dimensional complex
representation defined by

ki1 kio ki
pi(ty, b, 13) = 1" 17137,

Then, by choosing an appropriate omniorientation on S, we have that its induced
torus graph is equivalent to (I'sp, 9o, g,, ). Therefore, using Corollary 3.5, we have
the following lemma.

Lemma 4.1. Let (M, O) be an omnioriented 6-dimensional simply connected torus
manifold with HY(pM)=0. Ifits induced torus graph is (U'sp, A g,y ), then (M, T)
is equivariantly diffeomorphic to one of (S°, T) defined by (4-2).

4B. S*-bundles over S®. Assume that a 3-valent torus graph (I, &) does not have
3-multiple edges but does have multiple edges, i.e., two edges that are incident to
the same two vertices. In this section, we classify the easiest case of such torus
graphs.

Because I is a one-skeleton of a 3-dimensional manifold with faces Q, we have
|[V(I')| > 4. Assume that |V (I")| = 4. Then, we can easily check that such a torus
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o £a
B

Y B+aa y+ba

Y B+aa y+ba
p

o ea

Figure 2. The torus graph (I's, sls) = (T's, &ﬁz’fg”by), where e =41,

a,beZ,and a, B, y €t are a Z-basis of 7.

manifold is the one-skeleton of the 3-simplex (see Figure 3 in Section 4C) or the
graph drawn in Figure 2, say I'g. It is well known that the torus manifold whose
torus graph is the one-skeleton of the 3-simplex is equivariantly diffeomorphic to the
complex projective space with some 7T -action (see, e.g., [Davis and Januszkiewicz
1991], and see also Figure 3 in Section 4C). So, we only study the torus manifold
which induces the graph I's. Because Q is homeomorphic to D3, we may regard
a Q whose one-skeleton is I's as the product D? x I, where D? is the 2-dimensional
disk and 7 is the interval. By considering all functions on facets of Q which satisfy
(2-2), we can classify all omnioriented characteristic functions Ag on Q. Then, in
the same way we induced the axial function {5 from (Q, Ag) in Section 3, we can
obtain all possible axial functions on I'g, as shown in Figure 2.

The torus graph (I's, s5) in Figure 2 can be induced from an $*-bundle over S
as follows. First, by choosing € = +1, we may define two free T '-actions on
§3ccx:

1

(w,2)—~ (" 'w, t2).

We denote S* with the above T'!-action by S2. Note that 3/ T is diffeomorphic
to the 2-sphere S2, and a complex line bundle over S? can be denoted by

SS Xl Ck,

where Cy is the complex 1-dimensional T !-representation space by k-times rotation
for some k € Z. Let S x 71 R be the trivial real line bundle over S2. Take the unit
sphere bundle of the following Whitney sum of three vector bundles for a, b € Z:

S %71 (C, ®Cp ®R).
Then, we obtain the S*-bundle over S? denoted by

M(e,a,b)=S> x4 S(C, ®C, ®R),
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for e = +£1, a, b € Z. Namely, we can identify elements in M (¢, a, b) by

[(w, 2), (x, y, N =[""w, t2), (tx, 1"y, )]

for any ¢ € T such that [w|>+|z|?> =1 and |x|>+|y|?>4+r? = 1. Define a T3-action
on M(e, a, b) by

[(w, 2), (x, y, N [(hw, 2), (2x, 13y, )],

where (t1, t2, 3) € T?. Fix an omniorientation on M (e, a, b) by the induced ori-
entations from SS x §* € C*> x (C® C @ R). Then, considering the tangential
representations around each fixed point, it is easy to check that the induced torus
graphis (I's, sﬂgféf’a), where e;, ey, e3 are the standard basis of t; >~ Z3. Therefore,
by taking the appropriate automorphism of 7, we can construct each torus graph
(s, ds) in Figure 2 from M (¢, a, b). Note that if € = —1 and a = b, then this
is nothing but one of the torus manifolds which appeared in the classifications of
torus manifolds with codimension-1 extended actions in [Kuroki 2011].

By the argument above and Corollary 3.5, we have the following lemma.

Lemma 4.2. Let (M, O) be an omnioriented 6-dimensional simply connected torus
manifold with H*Y(M) = 0. If its induced torus graph has four vertices, then
(M, T) is equivariantly diffeomorphic to one of the following:

(1) CP? with the standard T?>-action up to automorphism of T*;
(2) M(e,a, b) for somee =+l anda,be”Z.

4C. 6-dimensional quasitoric manifolds. Assume that there are no multiple edges
in a 3-valent torus graph (I', {), i.e., there are no two edges that are incident to the
same two vertices. A graph I" is called simple if ' does not have both multiple
edges and loops. In this section and in Section 5, we study simple torus graphs
which can be realized as the one-skeleton of a manifold with faces homeomorphic
to D3.

The typical example of such torus manifolds whose torus graphs are simple is
a quasitoric manifold (introduced by Davis and Januszkiewicz [1991]; see also
[Buchstaber and Panov 2002]). A quasitoric manifold is defined by a torus manifold
whose orbit space is a simple convex polytope, i.e., a convex polytope admitting the
structure of a manifold with faces. For example, the complex projective space CP"
with the standard 7"-action is the quasitoric manifold whose orbit space is the
n-dimensional simplex. Figure 3 shows the torus graph induced from (CP3, O¢),
i.e., the omniorientation O¢ induced from the standard complex structure on CP3
and the standard T-action on CP3.

We next characterize when torus graphs are induced from simple convex poly-
topes, i.e., induced from quasitoric manifolds. The Steinitz theorem (see [Ziegler
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Figure 3. The torus graph induced from (CP3, O¢).

1995, Chapter 4]) tells us that a graph I is the one-skeleton of a 3-dimensional
convex polytope if and only if I" is a simple, planar and 3-connected graph, where I’
is called a 3-connected graph if it remains connected whenever fewer than three
vertices are removed. It easily follows from the Steinitz theorem that we have the
following lemma.

Lemma 4.3. Let O be a manifold with faces and T be its graph. Assume that Q is
homeomorphic to the 3-disk D* and there are no multiple edges. Then, the following
statements are equivalent:

(1) Q is combinatorially equivalent to a 3-dimensional simple convex polytope P.
(2) T is a 3-connected graph.
Combining this result with Corollary 3.5, we have the following fact.

Lemma 4.4. Let (M, O) be an omnioriented 6-dimensional simply connected torus
manifold with H*Y(M) = 0. Then, the following statements are equivalent:

(1) (M, T) is equivariantly diffeomorphic to a quasitoric manifold.
(2) Its induced torus graph I is a 3-connected graph with no multiple edges.

5. Connected sum of torus graphs and other 6-dimensional torus manifolds

By the arguments in Section 4, only the following case remains: the simply con-
nected 6-dimensional torus manifolds with H°%(M) = 0 whose induced torus
graphs are simple but not 3-connected. Such torus manifolds can be constructed
using the connected sum of “oriented” torus graphs. The purpose of this section is
to introduce oriented torus graphs and their connected sum (see also [Darby 2015]).

We first recall the equivariant connected sum of torus manifolds. Let M|, M»
be 2n-dimensional torus manifolds and p € M7, g € M2T be fixed points. Using
the slice theorem, we may take 7-invariant open neighborhoods U; C M; of p
and U, C M; of g. Assume that U; and U, are equivariantly diffeomorphic. Then,
Ui \{p} and U, \ {¢} are equivariantly diffeomorphic to §?*~! x I, where §**~! c C"
with some effective 7"-action and I = (—e, €) with the trivial 7"-action for some
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€ > 0. We glue these two neighborhoods by ¢ defined by the identity on $>"~! and
the map r — —r on [ for r € I. Namely, we can glue M; \ {p} and M, \ {g} by
the identification

(5-1) Mi\{p}DUi\ip} —> S ' x 1L $2 11 =5 U\ g} € M2\ {q).

The T"-manifold obtained in this way is denoted by M # M, or My #, 4) M, (if
we emphasize fixed points p € M IT and g € M2T ). Because each torus manifold
has more than two fixed points, M # M is again a torus manifold. We call this
operation the equivariant connected sum.

Lemma 5.1. Iftwo torus manifolds My and M» are simply connected and H® (M)
= H°Y(M,) =0, then My # M, is also simply connected and H (M, # M) = 0.

Proof. 1t is easy to check the statement using van Kampen’s theorem and the
Mayer—Vietoris exact sequence. U

Assume that (M, 0) and (M;, O;) are 6-dimensional omnioriented simply
connected torus manifolds with H°4(M ) = H°4(M,) = 0. Let (I'y, 4;) and
(I, ) be their induced 3-valent torus graphs. Assume that we can glue p € M IT
and g € M2T by the connected sum. Then, by considering the restriction of ¢ in
(5-1) onto S>"~! c C", i.e., the identity map, the axial functions around p € V(I'y)
and g € V(I'») must satisfy

(5-2) {sdi(e) |e € E,(T'D)} = {sda(e) [ e € Eq(I)}.

However, at this stage, the torus graphs (I'y, sd;) and (I'2, sd2) do not contain
information about the orientations of M| and M,. To do the connected sum, we
need the orientations around p € M{ and ¢ € MI. To encode the orientations
around fixed points, we need the following notion.

Definition 5.2. Let (I', &) be a torus graph. We call a triple (I", &, o) with a map
o : V(') > {+1, —1} an oriented torus graph if o satisfies the following condition
foralle € E(I'):

o(my(e))d(e) = —o(my(e))s(e),

where my (e) € V(I') is the initial vertex of e € E(I'), i.e., for e = pq, ny(e) = p
and 7y () = g. We call such a map o an orientation of (I', o).

Remark 5.3. Let (M, O) be an omnioriented torus manifold. The oriented torus
graph (T, s, o) of (M, O) is defined as follows. Let p € MT. Then, there ex-
ist exactly n characteristic submanifolds My, ..., M, such that p is a connected
component of ﬂ?:l M;. Now the fixed orientations of M, ..., M, determine the
decomposition of the tangential representation; i.e., ¥, : T, M = Via))d---dV(xy,)
is determined by fixing the orientations of My, ..., M,. On the other hand, the
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orientation of M determines the orientation of 7,M. So, we define the map
o:VI)=M" - {+1,—1} by

+1 if ¢, preserves the orientations,

cr(p)={

—1 if ¥, reverses the orientations.
Let (I'1, oAy, 01) and (I'y, A5, 02) be the induced oriented torus graphs from

(M1, 0y) and (M, 0,). If we can glue p € MIT and g € MZT by the connected sum,
then both (5-2) and

(5-3) o1(p) # 02(q)

hold ((5-3) corresponds to the fact that the orientations on 7),M; and T, M, are
different). The induced (oriented) torus graph by M; #, ,) M> is nothing but the
one-skeleton of the connected sum Q1 #(, ) Q2 of manifolds with faces, where Q;
is the orbit space of M;, i = 1,2 (see [Izmest'ev 2001, Definition 3; Kuroki
2010, Section 3.1] for details about the connected sum of polytopes). Therefore,
conversely, if p € V(I'1) and g € V (I'y) satisfy (5-2) and (5-3), then we can do the
connected sum of (oriented) torus graphs between (I'1, o1, 01) and (I'y, A, 02),
say (', o, 0) = (I'y, Ay, 01) # (2, Ap, 02) or (I'y, sy, 01) #p,q) (I, Ap, 02) Gf
we emphasize the vertices p € V(I'1) and g € V (I'2)). More precisely, (I', A, o) =
(1, Ay, 01) # (T, Ay, 07) is defined as follows (see Figure 4).

(1) V(@) =vIT)\{ptuVI2)\{g}.

(2) E(I) is given by
(ETD)\A{pp1, pp2, pp3H U(E(T2) \ {941, 992, 993} U{p1q1, p2q2, p3q3}
where 1 (pp;) = da(qq;) fori =1, 2, 3.

B) A:ET) —> (t%)* is defined by HA(e) = A(e) and A(f) = A, (f) for e in
ET)\{pp1, pp2, pp3} and f in E(T2) \ {qq1, 992, 943}, and s(pigi) =
A1 (pip) and A(g; pi) = d2(qiq).

@) o : V(') > {+1, —1} is defined by o (r) = o1(r) for r € V(I'1) \ {p} and
o(r')y=or(r") forr' e V(I'a) \ {q}.

ao aao, ao ao
& (o) ’ - ’
S, (s bp vp
Y Y I cy CI,Y
cy cy

Figure 4. The local figure of the connected sum #, ,) of a
torus manifold (left to right) and its inverse #&i 2 (right to left),
where o1(p) # o2(q). Here, «, B8, y are a Z-basis of (t%)* and
a,a,b,b',c,c ==£1.
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#
i} py Sde e remN
B Y

(0]

Figure 5. The torus graph (with appropriate orientations, e.g,
o(p)=+I1, o(q) =_—1, o(r) =+1, o(s) = —1) induced from
CP3#(S? x SH#CP.

Then, we can easily check that (I', s, o) is an oriented torus graph. Using
Corollary 3.5 and the arguments above, we have the following lemma.

Lemma 5.4. Let M| and M, be 6-dimensional simply connected torus mani-
folds with HY (M) = H°Y(M,) = 0, and let (T'y, 1, 01) and (T2, sla, 02) be
their respective induced oriented torus graphs from some omniorientations. If
(T, d,0) = (I'y, Ay, 01) #p.q) (T2, A2, 02), then (I, A, o) is the oriented torus
graph induced from M = M #, 4) M> with some omniorientation.

Using the connected sum, we can construct the torus manifolds which do not
appear in Section 4. One such example is

CP3#(S%* x SYH#CP3,

where CP3 is the reversed orientation of CP3. Figure 5 shows the torus graph
induced from CP3# (52 x §%) #CP3 (see the axial functions in Figures 2 and 3 for
details). We can easily check that this graph is 3-valent, simple and planar but not
3-connected; therefore, by Lemma 4.4, this manifold is not a quasitoric manifold.

6. Some combinatorial lemmas

To prove the main theorem (Theorem 7.1), we need the following two lemmas.
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Figure 6. The figure explained in the proof of Lemma 6.1. The
facet F has a self-intersection on the edge p;p.

Lemma 6.1. Let Q be a 3-dimensional manifold with faces which is homeomorphic
to D* and T be its graph. Then, T\ {p} is connected for all vertices p € V (T').

Proof. Because Q is homeomorphic to the 3-disk D3, I' may be regarded as a
planar graph by the stereographic projection of dQ = S2. Assume I" \ {p} is not
connected. Because Q is a 3-dimensional manifold with faces, there are exactly
three outgoing edges from p, say ppi, pp> and pps. Therefore, we may assume
that there exists a connected component I'; in I' \ {p} such that p; € V(I';) but
D2, p3 € V(I'1) (see Figure 6). Since I'y is also a planar 3-valent graph except on
the vertex p; (because p ¢ V(I'1)), there is a 2-valent subgraph in I', say Iy,
such that 9Ty splits dQ = S into two connected components H., and H_, where
'\ol'y c Hy\ o'y but I'y ¢ H_. This implies that there is a facet F in Q such that
o F contains oI'; and p; p. However, in this case, p; p must be a self-intersection
edge of F (see Figure 6). This contradicts that Q is a manifold with faces. ([

By Lemma 6.1, if I is not 3-connected, then there are two vertices p,qg € V(I")
such that I \ {p, ¢} is not connected but both I' \ {p} and I" \ {¢g} are connected.
More precisely, we have the following lemma.

Lemma 6.2. Let Q be a 3-dimensional manifold with faces which is homeomorphic
to D? and T be its graph. Assume that there are two vertices p, q € V(T') such that
{p,q} & V(F) for any facets F, i.e, p and q are not on the same facet F. Then,
'\ {p, q} is connected.

Proof. Assume that p and ¢ are not on the same facet of Q. Because Q is a
manifold with faces, there are mutually distinct facets F1, ..., Fg such that {p}is a
component of F; N F, N F3 and {¢g} is a component of F4 N F5N Fg, and we can take
vertices p1, p2, p3 and q1, g2, g3 such that pp; and ¢gg; are all outgoing edges from
p and g fori =1, 2, 3. Take two vertices r and s from I' \ {p, ¢}. By Lemma 6.1,
"'\ {g} is connected. So there is a path y from r to s in I" \ {¢}. If y does not go
through p, then r and s are connected in I' \ {p, ¢}. Assume that this path y goes
through p. Then y goes through exactly two vertices p;, p; (we may assume pi
and p,). Moreover, one of the facets Fy, F», F3, say F1, contains both p; and p».



108 SHINTARO KUROKI

Note that F| corresponds to the 2-valent subgraph in I". Therefore, we can take the
path y,, connecting p; and p; on F; which is not the path p; pp;. Because p and ¢
are not on the same facet, in particular ¢ ¢ V (F}), the path y, does not contain gq.
Hence, the connected subgraph y Uy, contains both r and s but does not contain
both p and g. Thus, we can take the path y’ from r to s in y Uy, C "\ {p, g}.
This establishes that I" \ {p, ¢} is connected. ([

In summary, by Lemmas 6.1 and 6.2, we have the following fact.

Corollary 6.3. Let I" be a one-skeleton of a 3-dimensional manifold with faces Q.
Then, for all p € V(I'), I' \ {p} is connected. Furthermore, if '\ {p, q} is not
connected, then p and q are on the same facet.

7. Proof of main theorem

The main theorem of this paper can be stated as follows:

Theorem 7.1. Let M be a simply connected 6-dimensional torus manifold with
H°Y (M) = 0. Then, either M is equivariantly diffeomorphic to

(1) S c C3 @ R with a torus action induced from a (faithful) representation of T>
on C3,

(2) a 6-dimensional quasitoric manifold X, or

(3) an S*-bundle over S? which is equivariantly diffeomorphic to M (€, a, b) for
somee==x1,a,be”Z,

or else there are some 6-dimensional quasitoric manifolds X, for some h=1, ..., k,
and some S*-bundles over S?, say S; = M (€;, a;, b;) (for some ¢; =1, a;,b; € Z
andi=1,...,1%), such that M is equivariantly diffeomorphic to

(#20)+(42)

where # represents the equivariant connected sum around fixed points, k + £ > 2 for
k>0, £ > 1, and the case k = 0 means that there is no X, factor.

In this final section, we prove Theorem 7.1.

Let M be a simply connected 6-dimensional torus manifold with H°4(M) =0,
Q be its orbit space which is homeomorphic to D3 and (I'py, ) be its induced
oriented torus graph (we omit the orientation).

Because 'y is a one-skeleton of a manifold with faces which is homeomorphic
to D3, it is easy to check that |[V(I'y)| # 1, 3. If |V(I'y)| = 2, by Lemma 4.1, we
have that M is equivariantly diffeomorphic to S, i.e., statement (1). If |V (I'y)| =4,
it follows from Lemma 4.2 that M is equivariantly diffeomorphic to a quasitoric
manifold CP3 or M (e, a, b) for some €e = *1,a,b € Z, i.e., statement (2) or (3)
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occurs. So we need only prove the case when |V (I'y)| > 5.
We first establish the following lemma.

Lemma 7.2. Assume that |V (I'py)| > 5 and there is a multiple edge in Ty, Then,
(Cag, Apr) can be decomposed as

(T, Ap) = Tx, dx) #(Tsy, s ) # -+ #(Ug,,, s, )
or
(FMv *ﬂM) = (FSU 'ﬂ&)# e #(FSU? *9455/),

where (I'x, sdx) is a torus graph without multiple edges and S; = M (¢;, a;, b;) for
i=1,...,¢.

Proof. Assume two vertices p and g are connected by a multiple edge, i.e., two
edges (see the bottom graph in Figure 7). Then, by the connection of the torus
graph (see Proposition 3.1), it is easy to check that the axial functions around the

Figure 7. We may regard «, 8, y as any generators in (t%)* and
a,a’,b,b’ € 7 and €, ¢’ = £1. The bottom graph is (I, A ),
the upper-left graph is (I's,, sds,) and the upper-right graph is
(Cpe, Apgr). If we fix the orientation of (I', s4;/) then the orien-
tations of (I's,, ods,) and (I"jy, s pp) are automatically determined.
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vertex r of the bottom graph in Figure 7 satisfy the axial functions expressed in that
figure, where we can take «, 8, y as a Z-basis of (t%)*. In this case, we can do an
(inverse) connected sum such as the one expressed in Figure 7 (from the bottom to
the top). Then, the induced torus graph (I"s, ) is decomposed into two induced
torus graphs (I's,, sds,) and (I'sp, dpr), where M’ is some simply connected 6-
dimensional torus manifold with H°%(M’) = 0 by Lemma 5.1. Namely, we have

Tpr, Apm) = Ty, Ap) # (Tsy, As,)).

If there are no multiple edges in I'y;/, then we may put 'y = I'x. Assume that
there is a multiple edge in I'yy. If there are only four vertices in I'y, then we
may put M’ as S, = M(e3, az, bp) by Lemma 4.2. When there are more than four
vertices in "y, we iterate the above argument, establishing the lemma. (]

Therefore, to prove Theorem 7.1, it is enough to prove the following lemma.

Lemma 7.3. Assume that |V (I'yr)| = 5 and there are no multiple edges in T'y;.
Then, (I'yr, Apr) can be decomposed as

Ty Ap) = Cx,, Ax) # - #(Tx,, dx ) # sy, Ag)# - #(Ts,,, ds,.),

where (I'x,, dx,) for h =1, ...,k is the torus graph induced from a quasitoric
manifold Xy, and S; = M (¢;, a;, b;) fori =1, ..., 0"

Proof. If 'y (=T) is 3-connected, then it follows from Lemma 4.4 that the
statement holds, i.e., k =1, £” = 0. Therefore, we may assume I is not 3-connected.
In this case, by Corollary 6.3, there is a 2-valent torus subgraph F' C I' such that
'\ {p, g} is not connected for some p, g € V(F).

If F is a triangle (i.e., |V (F)| = 3), using a method similar to that demonstrated
in the proof of Lemma 6.1, we have that there is a face in Q which has a self-
intersection edge. This contradicts that Q is a manifold with faces. Therefore, we
may assume |V (F)| > 4. We first assume that pq is an edge of F. Then, there are
two graphs I} and I'; which are the connected components of I \ {p, ¢} expressed
in Figure 8. If we remove the two vertices » and g from I" instead of p and ¢,
where r € V(I';) such that pr is an edge, then I" \ {r, ¢} is also not connected (see
Figure 8). Therefore, we may assume that

Figure 8. If we remove r and g from I' instead of p and ¢, the
graph is also disconnected.
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(1) p,g € V(I') are such that I \ {p, ¢} is not connected,

(2) pq ¢ E(I),
(3) there is a 2-valent torus subgraph (facet) F with |V (F)| > 4 in I" such that
p.q € V(F).

We call such a facet F a singular facet.

Let F be a singular facet. Assume |V (F)| > 6. In this case, by an argument
similar to the one just before, we may take p and g to be in the position of Figure 9,
i.e., p and ¢ are on two separated edges rp and sqg which are common edges of
two facets F and F’ in Figure 9 (note that r and s might be connected by an edge).
Moreover, by considering the omnioriented characteristic functions of the facets F
and F’, we may take the axial functions around the facet F to be as in Figure 9.

By taking an appropriate orientation, we can do the connected sum as in Figure 10;
here we denote the (oriented) torus graph containing I'; by (T4, Ql) and that
containing I'; by (fé, 5&’2) The torus graph obtained by this connected sum is
nothing but the torus graph (I', ) in Figure 9. Note that T is simple and planar,
while F/ is just planar. With a method similar to that demonstrated in Figure 7,
(F’ , T ») can be obtained from the connected sum of (I's, slg) and the simple,
planar graph (Fz, &Qz) (containing I';), where (I's, sds) is one of the torus graphs
(by taking the appropriate axial functions) in Figure 2. Namely, the torus graph in
Figure 9 can be obtained from the connected sum

(T, sd) = (Ty, o) # (Ts, sls) # (T2, ).

Here, it is easy to check that Fi consists of I'; and the other two facets, say F (i)
and F'(i) (induced from F and F’ in I'). Because of Figure 10, the number of

Figure 9. The axial functions around F when |V (F)| > 6, where
€,¢,¢"==xlanda,b,c,d,e, f €Z. Here, F' is a facet which
intersects F' on pr and gs.



112 SHINTARO KUROKI

Figure 10. The torus graph (T, &4) in Figure 9 splits into two
torus graphs (Fl, A 1) (upper) and (F’ , &4/2) (lower). Here, we omit
the axial functions around the vertices p, g, r, s because they are
exactly the same as those in Figure 9.

vertices of F (i) and F '(i) is reduced; in particular, the number of vertices of the
facet F (i) induced from the singular facet F is strictly less than 6. If both (Fl, :921)
and (Fz, 2932) are 3-connected, then these torus graphs are induced from quasitoric
manifolds, i.e, the statements of Lemma 7.3 hold. Assume that (Fl, gil) is not
3-connected. Then, by the above arguments, there is a singular facet F' in (T, dy).
If |V(F)| = 6, then (Fl, &1) also decomposes as

(Ty, ) = (T3, s3) # (T, shg) # (Ta, a),

using arguments similar to those Figure 10. Iterating, we may reduce all singular
facets with |V (F)| > 6. More precisely, we may decompose (I', &) in Figure 9 as

¢
T, d)= .#1{(1—‘1" A)# s, As)#(Tige, Aige)},

where (I's,, sds,) fori = 1,..., € is a torus graph in Figure 2 and (I';, ) for
h=1,...,2¢is a 3-valent simple and planar torus graph such that either

o (I'p, Ap) is 3-connected (in this case, induced from a quasitoric manifold), or
o all singular facets F satisfy |V (F)| =4 or 5.

Assume that the number of vertices in every singular facet of the torus graph
(I, o) is less than or equal to 5. Then, such a torus graph is one of the torus graphs
expressed in Figure 11. However, because I is the one-skeleton of a manifold with
faces and is not 3-connected, it is easy to check that there exists a singular facet F’
such that F' N F = {pr, gs} and |V (F’)| > 6. This gives a contradiction. Hence,
this case does not occur. This establishes Lemma 7.3. ([l
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Nyl

Figure 11. The singular facets F with |V (F)| =5 or 4. Here, F’
is a facet which intersects F' on pr and gs.

Consequently, by Lemmas 5.4, 7.2 and 7.3, we have the statement of Theorem 7.1.
Finally, by Theorem 7.1 and the Mayer—Vietoris exact sequence, we also have
the following well-known result.

Corollary 7.4. Let M be a simply connected 6-dimensional torus manifold whose
cohomology ring is generated by the second-degree cohomology. Then, M is a
quasitoric manifold.
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SOLUTIONS WITH LARGE NUMBER OF PEAKS
FOR THE SUPERCRITICAL HENON EQUATION

ZHONGYUAN LIU AND SHUANGIJIE PENG

This paper is concerned with the Hénon equation

—Au = |y|®u?*®, u>0, in B;(0),
u=0 on dB1(0),

where B (0) is the unit ball in RY (N > 4), p = (N +2)/(N —2) is the critical
Sobolev exponent, « > 0 and & > 0. We show that if ¢ is small enough, this
problem has a positive peak solution which presents a new phenomenon:
the number of its peaks varies with the parameter & at the order ¢~1/V-1
when & — 0%. Moreover, all peaks of the solutions approach the boundary
of B1(0) as & goes to 0.

1. Introduction and main results

We study the existence of positive solutions to a type of nonlinear elliptic problem
whose typical form is the supercritical problem

—Au=|y|%u?*t, u>0, in B1(0),
u=>0 on 0B1(0),

where p = (N +2)/(N —2), a >0, ¢ > 0 and B;(0) is the unit ball in RY (N > 4).
It is well known that the problem

—Au=|y|*u?, u>0, in B;(0),
u=~0 on dB;(0),

was proposed by M. Hénon [1973] when he studied rotating stellar structures and
is hence called the Hénon equation, and it has attracted a lot of interest in recent
years. Ni [1982] first considered (1-2) and proved that it possesses a positive
radial solution when g € (1, (N + 2+ 2a)/(N —2)). Due to the appearance of the
weighted term |y|%, the classical moving plane method in [Gidas et al. 1979] cannot
be applied to problem (1-2). It is natural to ask whether problem (1-2) has nonradial
solutions. The existence of a nonradial solution for 1 < g < p was obtained by

(1-1)

(1-2) {

MSC2010: primary 35J60; secondary 35J65, S8EO0S.
Keywords: peak solutions, supercritical Hénon equation, reduction method.
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Smets, Willem and Su [2002] provided « is large enough. When ¢ = p — ¢, Cao
and Peng [2003] showed that the ground state solution is nonradial and blows up
near the boundary of B1(0) as ¢ — 0. Later on, Peng [2006] constructed multiple
boundary peak solutions for problem (1-2). When g = p, Serra [2005] proved that
problem (1-2) has a nonradial solution provided « is large enough. More recently,
Wei and Yan [2013] showed that there are infinitely many nonradial solutions for
problem (1-2) with o > 0. For other results related to Hénon type problems, see
[Byeon and Wang 2006; 2005; Cao et al. 2009; Hirano 2009; Pistoia and Serra
2007] and the references therein.

On the other hand, using the Pohozaev identity [1965], we know that for g >
% there are no solutions to problem (1-2) in star-shaped domains with respect
to the origin. So it seems more interesting to consider whether there are solutions
for g in the range (323, 42222) However, much less is known about that case.

When g = % ﬁ 82, Glgdiilli and Grossi [2012] showed that there exists one
solution concentrating at y = 0 provided 0 < o < 1. By the results in [Gladiali et al.
2013], the same results still hold when « is not an even integer. In [Li and Peng
2009], the asymptotic behavior of the radial solutions obtained by Ni [1982] was
analyzed as ¢ — 07.

The purpose of this paper is to study the supercritical problem (1-1) and try to
construct solutions whose number of peaks varies with ¢ as ¢ — 0T. In fact, we

will consider the more general problem

(1-3)

—Au=K(lyDu*®, u>0, in B(0),
u=~0 on dB;(0),

where K (r) € C'[0, 1] and K (1) > 0.
Without loss of generality, we can assume that

K1) =1.
The main result of this paper is as follows.

Theorem 1.1. Assume that N > 4. If K (r) satisfies K (1) > 0 and K'(1) > 0, then
there exists ey > 0 such that for € € (0, &g), problem (1-3) has a solution u, whose
number of local maximal points is of the order e ~V/N =V a5 ¢ — 0F. In particular,
problem (1-1) has solutions with a large number of peaks for small & > 0.

Remark 1.2. For the case o = 0, the well-known Pohozaev identity [1965] implies
that (1-1) has no solutions for ¢ > 0. It was also shown in [Ben Ayed et al. 2003]
that problem (1-1) has no single-peak solutions for ¢ small enough. Our results
mean that the weight |y|* has a great influence on the existence of peak solutions
for problem (1-1).
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Let us outline the main idea in the proof of Theorem 1.1. We introduce some
notation first. For x € RN and A > 0, set

A

(N=2)/2
) G

Uea(y) = CN(

It’s well known that Uy A (y) are the only solutions of

—Au=uWNTD/N=2 0, inRV.

Let
k= [8—1/(N—1)]’

where [a] denotes the integer part of a real number a. By the transformation
u(y) > g2/G+W=2)y(1/IN=2)yy and setting B, = B.-1,w-2, we see that (1-3)
becomes

(1-4) {—Au = K("/N D yurte, u >0, in B.(0),

u=~0 on d B, (0).
We denote by PU, 4, the projection of Uy ,, the solution of the problem

APU; pn =AU, n in B,(0),
PU, =0 on 0B, (0).

Sety = (y',y"), y" € RV=2. Define

(1-5)

Hy = {u:u € Hy (B.(0)), uiseveniny,, h=2,3,...,N,

2] 2
u(rCOSG,rsiné,y”):u(rcos<9+%)’rsin(9+ 7]:]>’y//)}.
Let i1 i
xj:(rcos (J; )n,rsin (J; M,O), j=1,...k,

where 0 is the zero vector in RY 2, and let
k
Wra(y) =Y PUy .

j=l1

In what follows, we always assume that

re [8_1/(N_2)(1 _ rogl/(N—l))’ 8_1/(N_2)(1 _ I’]Sl/(N_l))]
for some constants r; > rg > 0, and that
Lo<A=<L

for some constants L > Ly > 0.
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We will prove Theorem 1.1 by verifying the following result.

Theorem 1.3. Under the same assumptions as Theorem 1.1, there exists g9 > 0
such that for € € (0, &g), problem (1-4) has a solution u. of the form

Ug = Wrg,Ag + ¢,

where ¢¢ € Hs, ||pellz> — 0ase — 0T, Lo < A, < Ly and

re € [871/(N72)(1 _ rogl/(Nfl))’ 8*1/(1\’*2)(1 _ rlgl/(N*U)]‘

Remark 1.4. In our result, the number of peaks k of the solution u, varies with the
parameter ¢ at the order e ~'/¥~=1 when & — 0%. This is a new phenomenon for
the Hénon equation and is in contrast to the subcritical or critical case. For example,
in [Peng 2006], where ¢ < 0, it was proved that for any prescribed integer k > 0,
there exists g > 0 such that for any ¢ € (—¢g, 0), problem (1-4) has a solution
which has exactly k peaks.

Remark 1.5. The results of this paper can be considered as a perturbation of those
in [Wei and Yan 2013]. In fact the number of bubbles & can be taken to be

k — [5—1/(1\/—2)]

for any |e] < § < 1. When ¢ = 0, we recover Wei and Yan’s result.

We use a reduction argument to prove Theorem 1.3. More precisely, we follow
the method in [Wei and Yan 2010b; 2013] to construct peak solutions for problem
(1-4). In those papers, where no parameter appears in the considered problem,
Wei and Yan used k, the number of peaks of the solutions, as the parameter to
construct infinitely many positive peak solutions. This idea is very novel and
effective for obtaining infinitely many solutions to several types of problems; see
[Peng and Wang 2013; Wei and Yan 2010a; 2011]. Unlike the situation in [Wei
and Yan 2010b; 2013], here we deal with the supercritical case; we cannot use
the variational argument. Instead, we will use the Fredholm theory of compact
operators in a suitable Banach space and will employ a direct technique to eliminate
the Lagrange multipliers caused from the reduction procedure. Another aspect that
differs from [Wei and Yan 2010b; 2013] is that, as we mentioned before, in our
proof, we use ¢ as the parameter in the construction of peak solutions, but in this
paper the number of peaks depends on the parameter €. As a final remark, we point
out that for « = 0, del Pino, Felmer and Musso [2003] have constructed two-peaked
solutions for problem (1-1) in a special domain. Hence, we believe that the effect of
the weight |y|* on the existence of solutions is something like that of the domain.

This paper has the following structure. In Section 2, we carry out the finite-
dimensional reduction procedure. The main results will be proved in Section 3.
We put the energy expansion and some basic estimates used in Sections 2 and 3 in
Appendices A and B.
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2. Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction. Let

k 1 -1
(2-1) lull« = sup ( ) lu(y)l

yeB. O\ = (1+y — x;[)2 (V=T
and
k | .
@2 o= sup ( ) .
yeB. O\ (1+]y _xl.|)%(N+2)+f

where 7 = (N —2)/(N —1). We denote by L3° and LS the function spaces defined

*
on B,(0) with finite [|-||. and |||+« norm, respectively.
Let
_9PU,A
]

_3PUya

i1 i,2
oA

First, we consider the linear problem

| B 2 k _ )
—Ap—(p+e)K (V2 Y)W o =h+ Y ¢; > UL Z j in B.(0),
(2-3) i =
beH, (X ULNZig)=0, I=1.2

i=1

for some numbers c;, where

(u, v) = / uv.
B.(0)

Lemma 2.1. Assume there is a sequence ¢ = &, — 0 such that ¢, solves (2-3) for
h =he. If ||he |+« goes to zero as € goes to zero, so does ||¢e|| +-

Proof. The proof of this lemma is very similar to the proof of Lemma 2.1 in [Wei
and Yan 2013].

We argue by contradiction. Suppose that there are ¢ — 0, h = h,, A, € [Lo, L]
and r, € [e7 VW= (1 — ppe/N=Dy o=/ WN=2) (1 — p e1/(N=D)] such that ¢, solves
2-3)forh=h,, A = A, r =r, with ||h|l+x — 0 and ||¢. ||+ = ¢ > 0. Without
loss of generality, we may assume that ||¢.| . = 1.

Now rewrite (2-3) in the following integral form:

¢:(y) = (p+¢) / Ge(y. K (e /N2y WP T ()6 (2) dz
B,(0)

2 k
[ Goa(h@+ Loy 20Ul o) d
B, (0)

j=1 "=l
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By Lemma B.3, we find

‘(pm f Ge(y, DK (VN2 hyW! M ()¢ (2) dz
B.(0)

1 _ _ _
<(pte) | ——5KE VDWW @) ¢ (2] dz
B0 |y —zl
k

1 —14
< Cllgell f —— W’
o) ly—zN-2 A Z

j=1
1
< Cligell. Z

P 1(1+|Z_x |)2(N—2)+‘L’+17'

1
1 dZ
(1+ |z —x;[)2V-2+r

It follows from Lemma B.2 that

1
/ Ge(y, 2he(2) dz 5/ — v lhe(DNdz
B.(0) B0 |y —2l
k 1
< Clihellan Y ;
o (1 + |Z _xj|)§(N—2)+t

and

1

(14 |z — x|Vt

k
f Ge(y,2) ) Zi,z(z)U,f;;\l(z) dz
B.(0)

j=1

Next, we estimate ¢;, £ = 1, 2. Multiplying (2-3) by Z; ; and integrating, we obtain
that ¢, satisfies

2k
@4) Y S NU N Ziv. Zi e

(=1 i=1
— — —1
=(—Ap: — (p+&)K (VD |y)WW T e, Z14) = (he, Z1,0).

It follows from Lemma B.1 that

1
hg,Z <C h
I{ 1,6)] [ ||**/ 1+ 1|)N ) E

T [z VEDET
< Cllhe -
On the other hand, using Lemma B.3, we obtain
(~Age = (p+ KNP yDW T e, 21)

=(~AZ1 — (p+KE/N DWWz, ¢0)



SOLUTIONS FOR THE SUPERCRITICAL HENON EQUATION 121
_ -1
=(—AZy—pk (""" 2)|}’|)WfA Zie, de)
_ —1 -1
+p(KE N2y W =W TTZ 0, ¢e)
— -1
—e(K@E NP |y)WWETT) 214, pe)
= o([lpe1+)-

However, there is a constant ¢/ > 0 such that

>~

Z (UL N Zis, Z1g) = (¢ +0(1)bye.

Hence we find from (2-4) that

ce = 0(lPells) + O (gl s).-

Therefore,
k 1
El (14 Iy —x; 2 V24047
(2-5) [Bells < o(1) 4 [172¢ flx + —
1
Z

LA+ ]y —x; rN-DT
Noting that ||¢. |« = 1, we obtain from (2-5) that there is R > 0 such that

(2-6) P D)l Lo (Brx;)) = a >0  for some i.

Furthermore, for this particular i, the translated version ¢, (y) = ¢, (y—x;) converges
uniformly on any compact set to a solution u of

(2-7) —Au —pUpA u=0 inR"Y

for some A € [Lg, L1]. Since u is perpendicular to the kernel of (2-7), we have
u = 0, which contradicts ||u(y)|lz=Bg ) = a > 0. ([

The following proposition is a direct consequence of combining Proposition 4.1
in [del Pino et al. 2003] with Lemma 2.1.

Proposition 2.2. There exists g9 > 0 and a constant C > 0 such that for all ¢ < &g

and all hy € LS, problem (2-3) has a unique solution ¢, = L (h,) € LY°. Moreover,

(2-8) ILe(he)lls = Cllhellsn,  lcel < Clihg [l
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In order to prove the main theorem, we will prove that problem (1-4) admits
a solution of the form u = W, 5 4+ ¢, where W, , = Zl;zl PUy; A and ¢ € H; is
small and satisfies (U! "\ Ziy, ¢) =0,i =1,2,....k, [ =1,2.

We consider the perturbation problem

Ul A Zi in B.(0),
1

) 2
AW, A+¢) = K (V2 |y)(Wra+@)P T+ ¢ .
(2_9) =1 i

k
ver, (X UllZig)=0. e=12
i=1

k

Proposition 2.3. There is ey > 0 such that for any ¢ < gy, any A € [Lg, L], and
_ 1 1 1 e
relem 2 (1 —roe¥1), e N2 (1 —revT))],
problem (2-9) has a unique solution ¢ = ¢, 5 satisfying
ol < CeGHO/IN=2 101 < CeGFo)/(N=-2),

where o > 0 is a small constant.

Let

Ne(@) = K (72 [y ) (Wyoa + )7 = W)L = (p+ )WL 09,

k
le=K(em=2|y) W/ =>"Ul 4.
j=1

Then problem (2-9) can be written as

1 —
—~Ap— (p+eK (T YW

2 k
210 = Ne(@)+ 1L+ Y ce XU\ Ziy  in B,(0),
(2-10) PILDIS

k
peHs, (X UINZing)=0 t=12
i=1
We will use the contraction mapping theorem to prove that problem (2-9) is

uniquely solvable under the condition that ||¢ ||, is small enough. So we need to
estimate N, (¢) and [,.

Lemma 2.4. If N > 4, then
[ Ne (@) |4 < Cllgp|mintr+e2),

Proof. We have
Clg|P*, N =7,

N, < _
'(@'{aWQ”&+WWﬂ,N=¢ia
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Firstly, we consider N > 7. By the Holder inequality, we have

k 1 p+te
INe(p)| < CII¢>IIP+€( )
£ * ; a +|y_xj|)%(N—2)+r

£ 1
< CII¢II£+8(Z T )

st (1 + |y _xj|)2(N+2)+t

( k 1 p+e 1
(X2 — o)
o (1+|y_xj|)m(z(N—2)+T)—m(§(N+2)+T)

k

1
scncbnf“(z ; )

o (L y—x Ve

Thus, the result follows.
Suppose that N =4, 5, 6. Using the fact that N —2 > %(N —2)+ 1, we get

) 2k: p—2+e Xk: 1 2
|Ns(¢)|§C||¢||*< > ( TN- )
=~ (T j

- (1+|y—xj|)2(N 2)+t

k 1
+cn¢||§+5<2 T )

o (1+]y _xj|)2(N+2)+r

< Clol2 (é 1 )W

(L4 ]y = x; IVt

k
1
C pte
+ ||¢”* (2_: +|y—x |)2(N+2)+r>

§C||¢||i<2k: 1 T )

A +ly - xj|)2(N+2)Jrr

So we have proved that for N > 4,

[N () 14 < Cllgp||intPHe2), O

Lemma 2.5. Assume thatr € [S_ﬁ(l — roeﬁ), e‘ﬁ(l — rleﬁ)]. If N > 4,
then
e ] s <Cs( +0)/(N=2)

Proof. Define

" / xj T
Qi=1y:y=0"y") € Bo-1/w-2(0), - > COs — ¢.
| | |x;] k



124 ZHONGYUAN LIU aAND SHUANGIIE PENG

We have
k

o= K&/ WSL = W)+ KOy (wh - 3 PUY L)
j=1

k
+K @2 PUl, Z A)+Z G (K@ 2n - 1)

j=1
= Jo+ 1+ o+ /3.

Estimate of Jy.

[Jol < CeW/5 [In W, 5|
k

1 P&
SC€<;<1+|y—x,-|)fv—2) "L - x|)N2

_4

1
e el
ch N-2_ N=2
= A+ ly =2 D2V (1 4y ) PR

k

1
SCE,‘
— (1+|y X; |)2(N+2)+t

Estimate of Ji. From the symmetry, we can assume that y € €2;. Then,
ly—xjl>ly—xil, yeQi, j#L

Firstly, we claim

1 C
(2-11) < . yeQ, j#L
L+ 1y —x;| = |xj —x1]

In fact, if [y — x1] < 5lx1 —x;1, then [y — x;| = 3 |x; —xi]. If [y — x1| = 51x; — xi,
then [y —x;[ > [y — x| > %Ixj —xq/.
It’s easy to verify that

k

k
1 1 1 P
|1l <C E —l—C( E ) .
Dy =D & Ay —x DV 2 T\ Aty =DV

Using (2-11), taking 1 < o < N — 2, we obtain for y € 1,

1 1 1 1
<C ,
I+ ly—xD* A+ 1y —x;DV=2 7~ (L4 |y —x DVF2e |x; — xq e

J#L
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Take o > max{%(N -1, l} satisfying N +2 — o > %(N+2) + 7. Then

< kel/(N=2)ye
(I+]y —xiD? ]2:; (I+y—x;DN=2— (1+|y—x1|)N+2*Q( )

_ ¢ g0/ (N-DN-2) _ ¢ p(40)/(N=2).
(L+ |y —x PN+ o (1+ |y —x;|) 2 V+D+7

By the Holder inequality, we find

(; (1+|y—xj|>N—2)

4
1 k

> : )"
L Ly —x e (, = (1 ly— ) (5 43)

M»

. N+2(N-2 N-2 N—-1.
>
Noticing that N 2( 5 TN 2) > if N > 4, we deduce that

k

1 p
(;(Hly—le)’v‘z)
k I
1 N-2 1
SC(Z N+2(N ) Z
j=2 |-xj_x1| 2

2 Ty -V

k
N+2 1
< CkeV/N-2y 353 (%2~
;(Hly—x Ve

k
< CeF/ N 3
j=1

1
(1 + |y —X; |)2(N+2)+t

Hence, we conclude that if N > 4,

[ [l < CeGFOV/N=D),

Estimate of J,. Let H(y, x) be the regular part of the Green function for —A in
B1(0) with the zero boundary condition. Let )Ej be the reflection point of x; with
respect to d B1(0). Then

Ce C
|y INZ_(1+|y xjPN=2

eH(y,x /)
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By direct calculation, we have

k
Ce
hl<C —  _HG,X;
FAE ,221 G o)

k
C
= ————(eH (), X))’
;(1+|)’—xj|)4+(1 YIN=-2) j

k
C
y/(N=1)
=Ce Z (1+y _xj|)4+(l—y)(N—2)

< Celbor/i- 2)2 c_ ,
= (1+|y Xj|)7(N+2)+T

where y > 0 satisfies y (N —2)/(N —1) > L and 4+ (1 —y)(N =2) = S(N+2) + 1.

Estimate of J3. For y € Qp and j > 1, using (2-11), we find

c 1

(1 |y —x )2 VFDFT |, ) [T NHD =T

UP

x,A

Thus, we have

k k
1
K ("N 2y = 1)U] 4
Z:;( ) (1+|y x1|)2(N+2)+rJ2:;|xJ xl|2(N+2)r
C (ksl/(N—2))%(N+2)—r

<
T (I ly—xy e

< ¢ (3 F0)/(N=2)
T (L ly —xg VD

If y e 2 and ‘|y| — 8‘1/(N_2)| > 86~ 1V/(N=2) wwhere § > 0 is a fixed constant, then

Iyl = lxtl] = |1yl = e V2] = ||x)| —e VN2 | > L5e=l/ V=D,
So, we obtain
UL A (KNP =1)] < ¢ BWV42)—1)/(N=2)

T A+ |y —xg 2NV
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If y € Qand ||y| —e VN2 | <8671/ N=2), then

K ("M y)) 1] < C[e/ M2y 1]
= Ce N2 |yl = x|+ || — eV V))
< CeV/ N ||yl = x|+ CeV/ND
< CS]/(N—2)||y| _ IX1|| +C8(%+o)/(N—2)’

and
lyl = 21| < [yl | ==YV 4 [xy] — e~ VN2 | < 286~ 1/N=2)
Since
1
- 3+
e/ WN=D 1y — |xq]| < Colbto N -2) Nyl = ]2
(1+|y—X1|)N+2 o (1+|y_x1|)1\l+2
Ce(G+0)/(N-2) Ce3+0)/(N=2)
S 3 S 1 )
A+ ly—xiPVT270 (A 4|y —x )2 N2+
we get

Ce(3+o)/(N=2)

Ul A(K@EN 2y —1)| < :
Ol o )|‘(1+|y—x1|>%<N+2>+f

As a result, we deduce
(13l < Ce(%JFJ)/(N—z)' -

Proof of Proposition 2.3. Recall that
k=[N, N>4.
Let

E = {u €HsNLY : lulls < g1/CIN=2) 4 q
fB*(O)U)Z,_AIZi,ZM =0,i=1,....k £=1,2}.

Then, (2-10) is equivalent to
¢ = Ae(@) = L (Ne (@) + Le(le),

where L, is defined in Proposition 2.2. We will prove that A, is a contraction map
from E to E. First, A,(E) C E because

[Ae (@)l < CINe (@) llsx + Cllle [l

< C|lp|I™PHe2) 4 ||l [l < CeztO/ (V=D < g1/QN-D)
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Next we write
|Ac(P1) — Ac(P2) I« = [|Le(Ne (1)) — Le(Ne(@2))[l5 < ClINe (1) — Ne(2) [l

If N > 7, then
INL(t)| < Cle]P~ 1.

Thus, we have

[Ng(@1) — Ne(d2)]
< C(p1 1P + | |P 714 1 — o

k 1 p+e
<CUG I + 12l ) 191 — ¢all ( )
1l 2 [l 1 2 1l % ;(1+|y_x |)2(N 2)+t

1
1+ |y_x |)2(N+2)+1’

k
< C(lgallZ™"* + l1gallZ~ ) 1 — halls Z

As a consequence,

||As(¢l) - As(¢2)”* < C”Na(d)l) - N£(¢2)”**
<CIt 127 + 112127 g1 — doll« < 511 — 2l

For N =4,5, 6,
INJ(D)| < CWP e+ Cle P e,

So we have

|Ne($1) — Ne(¢)]
< C>11 1771 F + 1627101 — ol + CUpt | + 12D W/ 11 — o]

—l+4e —l+e - 1 rre
< CUpiZ* + lgall? )”“i"_¢2"*<§(1+|y_xj|);<N2>+f>
prte [ 1 ’
+CIg1l+ 20101161 — dall W/ (; iy _le)i(N_z)H)
1

< Cp1ll + 1621l lp1 — ol Z

p= ( —|—|y—xj|)%(N+2)+f'

In either case, we see that A, is a contraction map. By the contraction mapping
theorem, there is a unique ¢ € E such that

¢ =Ac(P).
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Moreover, it follows from Proposition 2.2 that

I$1lx < Clilellss + ClINe (@) llss < Cllle s + C || minPFE2

which implies

o]l < Cet/N=D 0| < Celato)/ (V=D .

3. Proof of the main results

In this section, we will choose (r, A) such that W, 5 + ¢, A is a solution of (1-4),
where ¢, A is the map obtained in Proposition 2.3.

Lemma 3.1. If (r, A) satisfies

(3-1)
W, . oW,
f (V(Wr,A G n)V—2 — K (e /Ny (W p +¢r,A)P+€—A) =0,
B.(0) ar or
(3-2)
aw, _ AW,
/ (V(W”A )V = K N2y ) (W +¢,,A>P+8—’A> =0,
B.(0) oA oA

then Wy 5 + ¢, A is a solution of (1-4).
Proof. It follows from Proposition 2.3 that if (3-1) and (3-2) hold, then by symmetry,

_10PU;; o OW, A _10PU A OW, 5
3-3 Ul 2t i = 0= (U] Lt 02,
G e < WA e gy C\TATHA 0 TaA
which implies that c; = ¢, = 0. Hence W, 5 + ¢, 4 is a solution of (1-4). O

In the rest of this section, we need to solve (3-1) and (3-2).

Proposition 3.2. Equations (3-1) and (3-2) are equivalent to

- = k - -
H G, ) G, X1) (140)/(N-2)
i=2
and
- - k _ _
Bye 9H (X1, x1) Bye 3G(X;, X1) B
(3_5) AN-2 od +B3K/(1)+ZAN_2 9d +0(80/(N 2)):0,
i=2

respectively, where d =1 —eV/WN=2y "B\, B, and B3 are the same positive constants
as in Proposition A.1 and o > 0 is a small constant.

Proof. Here we prove only the first one. The second can be proved similarly by
noting that 3/dd = —s~"/ V=25 /3r.
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First, we see that

AW, AW
/ V(W +¢ra)V it =/ VW, AVt
B.(0) A B.(0) A

and
ow,
/ K (/N D1y))(Wyp + ¢ p)P e 20
B.(0) 8A
— avvr,A
= [ KR pypw e
B, (0) 8A

8WFA

¢rA

B.(0) "

F(pte) / K(eVN-2 P
B.(0) '

On the other hand, noticing that ¢, » € E, we have

aWI’A

_ —1
/ K /W2yt ea
B.(0)

k
_ — 8”rA laU
— K 81/(N 2) “7[) 1+e s Up s
/B (0) ( |y|) r,A aA ]_1 Xj, A aA ¢ A

+Z/ (K™D yp —1)ur )

B,.(0)

_ 14 OWr A _10Ux; A
—k K 81/(N 2) wP 1+¢ LA U’ i
/Ql ( [y rA IA < AT A Or A

+k/ (K21 - yr )} g
o IA

IA YA A

k
B e OWia U A
K(Sl/(N 2)|y|)(WfAl+8—f_ZUP. 1 X ¢F,A
Q) i
j=1

< [ (00— P +U; gzm+z ) ieal
Q)

_ oW, A
0 W nw, W
+ (8 /;21 rA nwea A ¢r,A

< Cel/V-D(0)
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and

/(K(e”w Ay = UL =2 a
Q)

- K (/N2 — 1\UP A g
q /||y|_gm~z>|§gw<~z»( (&Pl — UL g

+ K (gV/(N=2) —1Nu?* .
‘/||y|_g1/<N2>|281/(2<N2»( ( D = 1)Uz A A Or.a

< Cel/N=2)(1+0)

So, we have proved

Lo
B..(0)

oWy A OWy A
=f (vwr,Av — KRy W s

_ W,
A K@ Ny (Wya +¢r,A>P+€a—[’\'A>

) + O(kg(]—Hf)/(N—Z))’

and the result follows from Proposition A.1. O

Proof of Theorem 1.3. Note (see [Wei and Yan 2013]) that

H(xy, x1) = (1+0(d))

2N—2dN—2

aop d 1 d
_]_+0 m _kN ZG(XJ,X1)<J—+0 ]N N2

and

where a; > ag > 0. Hence, we find that there is a constant B4 > 0 such that

B, 1
ZG(xj,xl)_kN 2<|x = 2+0(kN l)+0(d)> = B4k 2+ O (KN 2d).
j=2

Consequently, (3-4) and (3-5) are equivalent to

A AxkN =2
@-0) B AN_11;N—2 j\N—l © 4+ 0/ ND) =
and
Aze o/(N=2)
(3—7) —ANTdN_l+A4+O(8 )=0,

respectively, for positive constants A;, i = 1,2, 3, 4. Recall thatd =1 — ¢!/ =2y,
Define n = dk. Thus, (3-6) and (3-7) read

Aq Ay

— /(N=2)
(3-8) AvTva o HoE” ) =
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and
(3-9) —L-i-A +0( o/(N—Z))_O
AN-ZyN—T T4 & -
Let
A A
SHiln, A) = TAN-TyN-2 T AN
and

A3
f2(777 A) = _AN_ZnN_l +A4

It is easy to check that f; =0 and f, = 0 have a unique solution

1 1

(A1>N2 A ( Aj )NZ

Nn=\—— s 0= .
Az Agnd ™!

On the other hand, we have

af1(no, Ao) _0 df2(no, Ao) -

9 0’
A on
and
af1(no, Ao) df2(no, Ao)
- >0, —>0.
an A

Hence the linear operator of f; =0 and f, = 0 at (19, Ap) is invertible. Therefore,
(3-8) and (3-9) have a solution near (19, Ag). U

Appendix A: Energy expansion

Here and in Appendix B, we assume that

2(j—1 2(j—1
xj:<rcos (Jk )n,rsin (]k )ﬂ,0>, j=1,...,k,

1 [ U I 1 . . _
where r € [8 N2(1—rpe¥-1),e" 2(1—rigV-1 )] and 0 is the zero vector in RV ~2.
Let |
)Ej = 8mxj'.

Let G (x, y) be the Green function of —A in B (0) with the Dirichlet boundary and
let H(x, y) be the regular part of the Green function.
Recall that
1

k= [e_ﬁ]

and

k
Wea(y) = PUga(),
j=1
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where PU, , is the solution of (1-5). Moreover,

eH(%;, ) gN/(N=2)
(A-1) Gx; A (0) =Ux; a(y) = PUx; A (y) = W +0 v )

where d =1 — |%;| =1 —e/N=D|x;].

Proposition A.1. We have

aw, aw,
/ (VWr,Av L K(e”<N—2>|y|>W,”X€—’*A>
B..(0) JIA ’ 0A

_ _ k - _
— kB, <_8H(x1, x1) . Z eG(x;, x1) n 0(8(1+o)/(N—2)))’

ANfl ANfl
i=2
and
oW, ow,
/ (vwr,Av ”A—K(e”<N—2>|y|>W,”X€—”A>
B..(0) ar ’ ar

— BgK’(l)gl/(N_z)

k _
—I—Z Bje 8G(X[,X1)+0(8(1+a)/(N2))>’

—k Bze 8H()21,)21)
\ANZ gy

N—2
P A ar

where By, By and B3 are some positive constants.

Proof. The proof is quite standard now. Here we only prove the first equation. The
other one can be obtained similarly.

Using symmetry, we find

aA oA

oPU aw,
_ p—1 x,A _ 1/(N=2) p+e r,A
k( Zf*(o) Ul a3 PUs.a /sle(g DW= )

aw, aw,
I:= f (vwr,Av ol —K(s‘/<N—2>|y|)Wf,’X€—“A)
B..(0)

It is easy to check that for y € Q,
d ad d
P = Ut b (p+ 1)8—<PU” A Z PUs.n)

AN "N T A
1
(p+1) 2(p+D
+0<U;1§’\ (ijUx,.,A)2 .
1=
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Thus, we have

8WF,A
oA
p+1

ow
:/ K(Sl/(N—Z)lyDa;I’\A_{_O(g/ W,{’jlan,,A>
Q Q)

a
_ 1/(N=2) p+l1
_/QIK(S |y|)8APU’“"A

(p+1) / K (/D Wy
Q)

_ el k
+(p+ D) | K@EVV 2)IyI)M(I’UfI,A > PUx;,A)
Q] l=2

1 k 3(p+1)
+ 0(/ U2 (L Ua) ) + o(s/ w? ! In W,,A).
Q) i=2 Q)

Note that for y € Q1, |y — x;| > |y — x1]. Using (2-11), we see that for t € (1, N —2),

k k 1

C
U, A < .
2 Usn= (14 [y —x N2+ 2 x; — x1 !

i=2 i=2

If we take ¢ close to N — 2, then

k 1
/ U%(p+1)( S U, A>2(”+‘) — O((ke"/N-DYNI/(N-D)) _ 0 (o(140)/(N-2)y
Q

X1, A
i=2
Moreover, it is easy to show that
s/ WP W, , = 0e).
Q

As a result, we obtain

OPUy A

I=k(- [ KE/V2yppPUP
(/Ql (¢ YDPUy A=

oPU,,
=Y 1/(V-2) p PUxn
/;ZK(S |y|)Ple’A A
PUy, A

_ 0
+p2/§2(1—K(81/(N 21yD)PUL AT PUy

_10PU
1 x1,A (140)/(N=2)
+p§ / PUP ——=22PU, A+ O(e )).
Joner Mt aA ’
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On the other hand,

_ OPU, A
| ke -2yppup B
Q)

AN

IPU, A B IPU, A
_ [ pur $+/ Ke/N-210n ) py?  2PUsa
/Ql xl,A aA Ql( (8 |y|) ) XI,A aA
IPU
:/ PUL A= "
Q

oPU
+/ (K(|x:1)) = 1)PUL A—XW\+0(8(1+0)/(N—2))
Q 1 aA
APU,, A

0 (140)/(N-2)
an T OC )

9PU
:f PU? A—X“A—K/(l)df PU! ,
Q 0A Q ’

0Py, A AUy, A _
_ _ p XA p X1, (1+0)/(N=2)
- Llle,A IA p\/S21UXI’A IA ¢x1,A+0(8 7 )

BieH (xy, x1)
T AN

and

OPU, A
K 81/(N72) PUp Xis
/Ql ( hPUL P
dPU,, o

dPUy A _
=/ PU! \——1= +/Q(K(51/(N yh-1)PUL , oA
1

i a(lb)c-A —
= Uu? A P A L g/ (N=D)
/Ql A /Q naTgp T OC :

B1eG(x;, x1) _
— _TJI + 0 e/ (N-2)).

Other terms can be estimated similarly. Thus, the result follows. ([

Appendix B: Basic estimates

In this section, we will give some basic estimates used in the reduction procedure.
We will use the same constant C > 0 to denote the different constants.

Lemma B.1. Ler g;; = 1/((1 + |y —x;D¥(1 + |y —xj|)’3)f0r each fixed i and j,
i # j,wherea > 1and B > 1 are two constants. Then for any 0 < o < min(«, 8),
there is a constant C > 0 such that

1 1
. < + .
S0 = <<1 Ty —xD (A —xj|>a+ﬂ—ff)
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Lemma B.2. For any constant 0 < o < N — 2, there is a constant C > 0 such that

1 1
/ dz < .
RV [y —z|N 72 (14 [z (L4 |y
The proofs of the above two lemmas can be found in [Wei and Yan 2010b].

Lemma B.3. Suppose that ¢ > 0 and N > 4. Then there is a small % > 0 such that

1 1

p 1+4¢
— 3 (2) dz
/[RN ly —zIN- 2V JX; (14 |z —x;])2 V-2t

oy
o (1 lz— xRNty

Proof. This is similar to the proof of Lemma B.3 in [Wei and Yan 2010b]. So we
just sketch it. Note that

k
1
Wea(x) <C Y RN
j=1

As in [Wei and Yan 2010b], for y € ©2; we have W,
where 0 < 71 < %(N —2). Thus,

C
<
A8 = T

C

—1+
W}f/\ E(Z) = 47y .
(1 + |Z _x1|)4—m+(N—2—T1)8

By virtue of Lemma B.1, for y € 2] we get

1
P 14+¢
(2)
Zl (1+ |z—x |)2(N 2)+1
C
S 1
(I+1z—x1])?2
B ¢ 1
4t T -
j=2 (1+]z —x1|)4—Nf'z+(N—2—n)s (1+|z _le)z(N D+t
C
S 4t
(I+1z —X1|)%(N+6)+I_N7,12+(N—2—rl)a
k
- ¢ !
(14 |z — xp ) N HO+T=FHm (V2= e = lxj — X"
C
=

(14 |z — x; )2 NFOFT—FHu+(V-2-)e "
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Thus, we can obtain

1 1
p 1+e
[, it >Z e

1 C
</ N+2 dz
o [y =2V (1 4 |z = xy ) 2N FOFT—FE (N =2—m)e

C
(1+z—x |)2(N+2)+1—Mt1+(N 2—1)e

<

As a result, for 7y satisfying 2 — (N +2)/(N —2)7; > 0, we find that

1 1
p 1+e
/RN PEELMC Z T

1
_ p I+e
Z/ |N W ()Z (N— 2)+rdZ

j=1 (1+|Z—X |)2

1 _N+2
o1 (1 |Z _xl|)2(N+2)+T ‘[1+(N 2— ‘L’])S

k 1
O
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EFFECTIVE DIVISORS ON THE PROJECTIVE LINE HAVING
SMALL DIAGONALS AND SMALL HEIGHTS
AND THEIR APPLICATION TO ADELIC DYNAMICS

YUSUKE OKUYAMA

We establish a quantitative adelic equidistribution theorem for a sequence
of effective divisors on the projective line over the separable closure of a
product formula field having small diagonals and small g-heights with re-
spect to an adelic normalized weight g in arbitrary characteristic and in a
possibly nonseparable setting. Applying this quantitative adelic equidistri-
bution result to adelic dynamics of f, we obtain local proximity estimates
between the iterations of a rational function f € k(z) of degree > 1 and a
rational function a € k(z) of degree > 0 over a product formula field k of
characteristic 0.

1. Introduction

Let k be a field and denote by k; the separable closure of k in an algebraic closure
k. For every d € NU {0}, let k[ po, p1]a be the set of all homogeneous polynomials
in two variables over k of degree d. A k-effective divisor Z on P! (k) is a divisor
on P! (k) defined by the zeros in P! (k) of some P € UdeN klpo, p1la taking into
account their multiplicities, and is said to be on P! (k) if supp Z  P!(k,). The
defining polynomial P (pyg, p1) of Z is unique up to multiplication in k* (= k& \ {0}),
and is called a representative of Z. Effective divisors include Galois conjugacy
classes of algebraic numbers, and are also called Galois stable multisets in P! (k).

Our first aim in this article is to establish a quantitative adelic equidistribution
of sequences of k-effective divisors on P! (k,), where k is a product formula field,
having not only small g-heights (with respect to an adelic normalized weight g)
but also small diagonals in arbitrary characteristic and in a possibly nonseparable
setting. Secondly, we contribute to the study of the local proximities between the
iterations of a rational function f € k(z) of degree > 1 and a rational function
a € k(z) of degree > 0 on a chordal disk D of radius > 0 in the projective line
P!(C,) for each place v of k, in the setting of adelic dynamics of characteristic 0.

MSC2010: primary 37P30; secondary 11G50, 37P50, 37F10.
Keywords: product formula field, effective divisor, small diagonals, small heights, quantitative
equidistribution, asymptotically Fekete configuration, local proximity sequence, adelic dynamics.
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1.1. Arithmetic over a product formula field. A ficld k is a product formula field
if k is equipped with

(1) aset M of all places of k, which are either finite or infinite,

(i) aset{|-], : v e My}, where for each v € Mg, |- |, is a nontrivial absolute value
of k representing v (and then by definition | - |, is nonarchimedean if and only
if v is finite), and

(iii) a set {N, : v € My}, where N, € N for every v € My

such that the following product formula holds: if z € k \ {0} then we have |z|, # 1
for at most finitely many v € M} and moreover

(PF) [Tz =1

UEMk

Product formula fields include number fields and function fields over curves, and
a product formula field is a number field if and only if it has at least one infinite
place (see, e.g., the paragraph after Definition 7.51 of [Baker and Rumely 2010]).

Let k be a product formula field. For each v € My, let k, be the completion of
k with respect to | - |, and C, the completion of an algebraic closure of k, with
respect to (the extended) | - |,. We fix an embedding of k into C, which extends that
of k into k,; by convention, the dependence on v € My of a local quantity induced
by | - |, is emphasized by adding the suffix v to it. A family g = {g, : v € M} is an
adelic continuous weight if

(i) for every v € My, gy is a continuous function on the Berkovich projective line
P!(C,) such that
M{’,’ =Agy+ Qcan,v

is a probability Radon measure on PI(C,) (see (2-2) for the definition of the
probability Radon measure Q¢ , on P!(C,), and (2-3) for the normalization
of the Laplacian A on P'(C,)), and

(ii) there is a finite subset E, in M} such that g, =0 on PI(C,) forall v e My \ E,.
Moreover, g is called an adelic normalized weight if, in addition,

(iii) the g,-equilibrium energy V, of P!(C,) vanishes for every v € M; (see
Section 2.1 for the definition of V).

For an adelic continuous weight g = {g, : v € M}, the family u8 := (u:ve M)
is called an adelic probability measure (compare [Favre and Rivera-Letelier 2006,
Définition 1.1]). An adelic continuous weight g = {g, : v € M} is said to be
placewise Holder continuous if for every v € My, g, is Holder continuous on
P1(C,) with respect to the small model metric d, on PI(C,) (see (3-1) for the
definition of d,).



EFFECTIVE DIVISORS ON THE PROJECTIVE LINE AND ADELIC DYNAMICS 143

Given P € UdeN k[po, p1]a and an adelic continuous weight g = {g, : v € My},
the g-height of a k-effective divisor Z on P! (k) represented by P is
Mg, (P)

(1-1) he(2):=)_ N, dog P’

UEMk

where, for every v € My, M, (P) is the logarithmic g,-Mahler measure of P (see
(2-10) for the definition of M, (P) and Section 2.3 for a proof that he(2) € R);
by (PF), hy(2) is well defined. For every v € M, letting §s be the Dirac measure
on P'(C,) ata point S € PI(C,), a k-effective divisor Z on P! (k) is regarded as a
positive and discrete Radon measure >  (ord,, Z)8, on P!(C,), still denoted by
Z. Then the diagonal wesupp 2

(2 x 2)(diagpi ) = Y (ordy, 2)°
wesupp Z

of Z is independent of v € M}. For a sequence (Z,,) of k-effective divisors on P! (IE)
satisfying lim,,_, o, deg 2, = 0o, we say (Z,) has small g-heights with respect to an
adelic normalized weight g if limsup, _, . hy(Z,) <0, and we say (Z,) has small
diagonals if lim,, . oo ((Z, x Z,)(diagp: )/ (deg Z,)* = 0.

1.2. Quantitative adelic equidistribution of effective divisors. The following is one
of our main results; for the Galois conjugacy class of an algebraic number, this was
due to Favre and Rivera-Letelier [2006, Théoréme 7]. For the definitions of the C'-
regularity of a continuous test function ¢ on P! (C,), the Lipschitz constant Lip(¢),
on (P!(C,), d,), and the Dirichlet norm (¢, ¢), of ¢ for each v € M, see Section 7.

Theorem 1. Let k be a product formula field and k the separable closure of k in k.
Let g = {gy : v € My} be a placewise Holder continuous adelic normalized weight.
Then for every v € My, there is C > 0 such that for every k-effective divisor Z on
Pl (ky) and every test function ¢ € C'(P'(C,)),

Z
(degz )
/;‘(Cv)(b deg Z Ho

C-max{Lip(¢)y, (¢, ¢>}/2}\/max{hg(2), (logdeg Z)

(1-2)

=

(Z XZ) (diagpl (kx))
(deg 2)? '

In Theorem 1, if v € M}, is an infinite place, or equivalently, C, = C, then the
estimate (1-2) gives a quantitative estimate of the Kantorovich—Wasserstein metric

W(degz’ M‘ﬁ) - S;l)p /P](C)¢d(de§2;’ B M§>

between the probability Radon measures Z/deg Z and u$ on PL(C,)) = P (),
where ¢ ranges over all Lipschitz continuous functions on P! (C) whose Lipschitz
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constants equal 1 with respect to the normalized chordal metric [z, w] on P (C)
(see Remark 4.2). For the details of the metric W including its role in the optimal
transportation problems, see, e.g., [Villani 2009].

The next theorem is a qualitative version of Theorem 1. For a sequence of
Galois conjugacy classes of algebraic numbers, this was due to Baker and Rumely
[2006, Theorem 2.3], Chambert-Loir [2006, Théoreme 4.2], and Favre and Rivera-
Letelier [2006, Théoréme 2]; see also [Szpiro, Ullmo, and Zhang 1997; Bilu 1997;
Rumely 1999; Chambert-Loir 2000; Autissier 2001; Baker and Hsia 2005; Baker
and Rumely 2006; Chambert-Loir 2006; Favre and Rivera-Letelier 2006], and, most
recently, [Yuan 2008] on big line bundles over arithmetic varieties.

Theorem 2 (asymptotically Fekete configuration of effective divisors). Let k be a
product formula field and k its separable closure in k. Let g = {g, : v € My} be
an adelic normalized weight. If a sequence (2, of k-effective divisors on P (k)
satisfying lim,,_, o, deg Z,, = 0o has both small diagonals and small g-heights, then
for every v e My, (2,) is an asymptotically g,-Fekete configuration on P'(C,). In
particular, lim,,_, o, Z,/deg Z, = ws weakly on PL(C)).

In Theorem 2, the assertion that (Z,,) is an asymptotically g,-Fekete configu-
ration on P1(C,) (see (2-7) for the definition), which is also called a g,-pseudo-
equidistribution on P'(C,), is stronger than the final equidistribution assertion. For
a relationship between the Kantorovich—Wasserstein metric W and (asymptotically)
Fekete configurations on complex manifolds, see [Lev and Ortega-Cerda 2012, §7].
For a recent result on the capacity and the transfinite diameter on complex manifolds,
see [Berman and Boucksom 2010] (on C”, we also refer to the survey [Levenberg
2010]); for the convergence of (asymptotically) Fekete points on complex manifolds,
see [Berman, Boucksom, and Nystrom 2011].

1.3. Quantitative equidistribution in adelic dynamics. For rational functions f, a
over a field k and for n € N, the divisor [ f" = a] defined by the roots of the equation
f" =ain P! (k) is a k-effective divisor on P! (k) if f" # a.

Let &k be a product formula field. For a rational function f € k(z) of degree d > 1,
let g7 :={gr. : v € My} be the adelic dynamical Green function in the sense that
for every v € My, gy, is the dynamical Green function of f on P!(C,), so that
pf,y = ué v is the f-equilibrium (or canonical) measure on PI(C,) (see Section 9
for details). The family g is in fact an adelic normalized weight, and the g;-height
function £;, coincides with the Call-Silverman f-dynamical (or canonical) height
function. For every rational function a € k(z), the sequence ([ f"* = a]) has strictly
small g¢-heights in that lim sup,,_, .. (d" +dega)- hg,f ([f" =a]) < oo (Lemma 9.2).
Hence the following are consequences of Theorems 1 and 2, respectively.

Theorem 3. Let k be a product formula field and kq its separable closure in k. Let
f € k(z) be a rational function of degree d > 1 and a € k(z) a rational function.
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Then for every v € My, there exists a constant C > 0 such that for every test function
¢ € CY(P(C,)) and every n € N,

[frl — a]
WGt ramga ~ ")
LI(CD)¢ d"+dega K

< C - max{Lip(@),, (¢, ¢>,‘/2}\/

(1-3)

n-([f" =alx[f" = al)(diagp: )
(d"+dega)?

if f* # a and the divisor [ f" = a] on P (k) is on P! (ky).

Theorem 4. Let k be a product formula field and ky its separable closure in k. Let
f € k(z2) be a rational function of degree d > 1 and a € k(z) a rational function.
If the sequence ([ f" = a]) has small diagonals and the divisor [ f" = a] is on
Pl (ky) for every sufficiently large n € N, then for every v € My, ([ f" = a)) is an
asymptotically gy . -Fekete configuration on PY(C,). In particular,

[f"=al _

n—oco dn4+dega Ko

weakly on P1(C,).

The final equidistribution assertion in Theorem 4 has been established in [Brolin
1965; Ljubich 1983; Freire, Lopes, and Maii¢ 1983] in complex dynamics, and
in [Favre and Rivera-Letelier 2010] in (not necessarily adelic) nonarchimedean
dynamics (of characteristic 0 when dega > 0). For every constant a € P! (k), the
estimate (1-3) in Theorem 3 has been obtained in [Okuyama 2013b, Theorems
4 and 5] in complex and (not necessarily adelic) nonarchimedean dynamics of
characteristic 0. In complex dynamics, for every f € C(z) of degree d > 1, every
constant a € P!(C), and every ¢ € C*(P!(C)), a finer estimate than (1-3) has been
obtained in [Drasin and Okuyama 2007, Theorem 2 and (4.2)].

1.4. Application to a motivating question. Let K be an algebraically closed field
that is complete with respect to a nontrivial absolute value |- |, and [z, w] be the
normalized chordal metric on P! = P'(K) (see (2-1)). A subset D in P! is called a
chordal disk (in P if D = {z € P! : [z, w] < r} for some w € P! and some radius
r > 0. Even in the specific case a = 1d (see, e.g., [Cremer 1928; Siegel 1942; Brjuno
1971; 1972; Herman and Yoccoz 1983; Yoccoz 1988; 1995; Pérez-Marco 1993;
2001]), which is one of the most interesting cases and is related to the difficulty
of small denominators in nonarchimedean and complex dynamics, the following
question has not been completely understood.

Question. How uniformly close on a chordal disk D of radius > 0 can the sequence
(f") of the iterations of a rational function f € K (z) of degree > 1 be to a rational
function a € K (z) of degree > 0?
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For a study of this question on the projective space PV (K), see [Okuyama 2010].
The following estimate of the local proximity sequence (supp| f", aly) is an appli-
cation of Theorem 3 to this question in the setting of adelic dynamics.

Theorem 5. Let k be a product formula field of characteristic 0. Let f € k(z) be a
rational function of degree > 1 and a € k(z) a rational function of degree > 0. Then
for every v € My, and every chordal disk D in P'(C,) of radius > 0, as n — oo,

(-4)  logsup[f".aly=0 (- (L =al x [ = al) (diagpr ) )-

Here, the implicit constant in O (-) possibly depends on f and a.

In the case that a =1d, we will see that ([ /" =1d] x [ f" =1d]) (diagp: ) = O (d")
as n — oo in Section 10. Hence Theorem 5 concludes the following.

Theorem 6. Let k be a product formula field of characteristic 0. Let f € k(z) be a
rational function of degree d > 1. Then for every v € My and every chordal disk D
in P1(C,) of radius > 0,

(1-5) logsup[f",1d], = O(¥nd") asn — cc.
D

1.5. The unit D*(p). The next result generalizes the obvious fact that the discrim-
inant of a polynomial in one variable over a field £ is in k. The unit D*(p) plays
an important role in the nonseparable case and might have been studied before, but
we could find no relevant literature.

Theorem 7. Let k be a field and kg the separable closure of k in an algebraic
closure k of k. For every p(z) € k[z] of degree > 0, let {z1, ..., 2} be the set of
all distinct zeros of p(2) in k so that p(z) = a - ]_[';-1:1(2 — zj)df in k[z] for some
a € k \ {0} and some sequence (dl')? yin N If{zy, ..., Zm) C kg, then

D*(py:=[] [ G -z ek\ (0},

j=liti#j
where, a priori, this D*(p) is always in k \ {0}.

1.6. Organization of this article. In Section 2, we recall background from potential
theory and arithmetic on the Berkovich projective line. In Section 3, we extend
Favre and Rivera-Letelier’s regularization [ - ] of discrete Radon measures and
establish required estimates on them, and in Section 4 we see the negativity of
regularized Fekete sums and a Cauchy—Schwarz inequality. In Sections 5 and
6, we compute the g-Fekete sums (Z, Z), and estimate the regularized g-Fekete
sums (2, Z¢), with respect to a k-effective divisor Z on P! (k). In Section 7, we
prove Theorems 1 and 2; the arguments are more or less adaptions of those in the
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proofs of [Favre and Rivera-Letelier 2006, Théoréme 7] and [Baker and Rumely
2010, Theorem 10.24], respectively. In Section 8, we review background from
nonarchimedean and complex dynamics. Finally, we prove Theorems 3 and 4 in
Section 9, Theorems 5 and 6 in Section 10, and Theorem 7 in Section 11.

2. Background from potential theory and arithmetic

Notation 2.1. For a field k, the origin of k2 is also denoted by 0 = 0, and we write
7w =g k*\ {0} = P' = P!(k) for the canonical projection, so that 7 (0, 1) = oo
and 7 (po, p1) = p1/po if po # 0. Set the wedge product (zg, z1) A (wg, wy) :=
0w —Z1Wwo on kz.

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |, which is said to be nonarchimedean if the strong triangle
inequality |z + w| < max{|z|, lw|} holds, and archimedean otherwise. On K2, let
l(po, p1)]l be either the maximal norm max{|pg|, | p1|} (for nonarchimedean K) or
the euclidean norm +/|po|? + | p1|? (for archimedean K). The normalized chordal
metric [z, w] on P! = P!'(K) is the function

2-D (z, w) = [z, wl=Ip Agl/(Ilpll - ligl) < 1

on P! xP!, where p e 77(z), ¢ € ' (w). The metric topology on P! with respect
to [z, w] agrees with the relative topology on P! from the Berkovich projective
line P! = P!(K), which is a compact augmentation of P! containing P! as a dense
subset, and is isomorphic to P! if and only if K is archimedean (see Section 3.2
for more details when K is nonarchimedean). Letting s be the Dirac measure on
P! at a point S € P!, set

) for nonarchimedean K,
(2-2) Qean 1= { Sean

w for archimedean K,

where Sc,, is the canonical (or Gauss) point in P! for nonarchimedean K (see
Section 3.2 for the definition), and w is the Fubini-Study area element on P!
normalized as w(P!) = 1 for archimedean K. For nonarchimedean K, the general-
ized Hsia kernel [S, S']can on P! with respect to Scan 1s the unique (jointly) upper
semicontinuous and separately continuous extension of the normalized chordal
metric [z, w] on P! (xP') to P! x P! (see (3-4) for a more concrete description). By
convention, for archimedean K, the kernel function [S, 8']can is defined by [z, w]
itself. Let A = Ap: be the distributional Laplacian on P! normalized so that for
each S’ e P!,

(2-3) Alog[-, S can =85 — Qcan  on PL.
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For the construction of the Laplacian A in the nonarchimedean case, see [Baker
and Rumely 2010, §5; Favre and Jonsson 2004, §7.7; Thuillier 2005, §3] and also
[Jonsson 2015, §2.5]. In [Baker and Rumely 2010], the opposite sign convention
for A is adopted.

2.1. Potential theory on P! with external fields. For the foundation of the potential
theory on the (Berkovich) projective line, see [Baker and Rumely 2010; Favre and
Rivera-Letelier 2010; Thuillier 2005], and also [Jonsson 2015; Tsuji 1959, I §11]
([Thuillier 2005] is on more general curves than lines and [Tsuji 1959, III §11] is
on P(C)). We also refer to [Saff and Totik 1997] for the generalities of weighted
potential theory, i.e., logarithmic potential theory with external fields.

A continuous weight g on P! is a continuous function on P! such that

w8 = Ag+ Qcan

is a probability Radon measure on P!. For a continuous weight g on P!, the g-
potential kernel on P! (or the negative of an Arakelov Green kernel function on P!
relative to u® [Baker and Rumely 2010, §8.10]) is the function

(2-4) (S, S :=10g[S, S'lean — 8(S) — g(S") on P! x P!,

and the g-potential of a Radon measure v on P! is the function
(2-5) Ugv(-) :=/<I>g(-,8’) dv(S) onP'.
p!

By Fubini’s theorem, AU, , = v — v(PHYus on P'. The g-equilibrium energy
V, € (=00, +00) of P! is the supremum of the g-energy functional

(2-6) V> d,d(v xv) =/ Ug,,dv
Pl xP! P!

on the space of all probability Radon measures v on P'; indeed, V, > —00 since
Ve > fplprQDg d(Qcan X Lcan) > —00. A probability Radon measure u on P! at
which the g-energy functional (2-6) attains the supremum V, is called a g-equi-
librium mass distribution on P'; in fact the unique g-equilibrium mass distribution
on P! is w#, and moreover, Uy ;s =V, on p! (for nonarchimedean K, see [Baker
and Rumely 2010, Theorem 8.67, Proposition 8.70]). For a discussion on such a
Gauss variational problem, see [Saff and Totik 1997, Chapter 1].

A normalized weight g on P! is a continuous weight on P! satisfying V, = 0; for
every continuous weight g on P!, g := g + V, /2 is the unique normalized weight
on P! such that & = 8.

For a continuous weight g on P! and a Radon measure v on P!, the g-Fekete
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sum with respect to v is

(v, v)g = / D, d(v xv),
P‘xP‘\diagPl(m

which generalizes the classical Fekete sum associated with a finite subset in C (see
[Fekete 1930a; 1930b; 1933]). If supp v is a discrete (so finite) subset in P!, i.e., if
v is a discrete measure on P!, then (v, v) ¢ 1s always finite (even if suppv C Ph.

For a continuous weight g on P!, a sequence (v,) of positive and discrete
Radon measures on P! satisfying lim,,_, o v, (P1) = oo is called an asymptoti-
cally g-Fekete configuration on P! if the sequence (v,) not only has small diag-
onals in that (v, x v,)(diagp:g)) = o(v,(PH?) as n — oo but also satisfies
1imy— 00 (Vn, Vn)g/(1a(P1)? = V,; under the former small diagonals condition,
the latter one is equivalent to the weaker

.. (s, Vn)g
e R Py
since we always have
(2-8) lim sup U e v,

n—00 (Vn(Pl))z B

(see, e.g., [Baker and Rumely 2010, Lemma 7.54]). By a classical argument (see
[Saff and Totik 1997, Theorem 1.3 in Chapter III]), if (v,) is an asymptotically
g-Fekete configuration on P!, then lim,,_, o v, /v, (P!) = ¢ weakly on P!

2.2. Local arithmetic on P1. Let k be a field.

Definition 2.2. A field extension K/k is an algebraic and metric augmentation
of k if K is algebraically closed and (topologically) complete with respect to a
nontrivial absolute value | - | (e.g., C, is an algebraic and metric augmentation of a
product formula field & for every v € My).

For every P € UdeN k[po, p1la, there is a sequence (qP) egP in k2 \ {0} giving

a factorization

deg P
(2-9) P(po, pv) =[] ((po. p1) A a))

j=1
of P ink[po, p1l. Setz —n(qp) eP! (k) foreach j {1, 2, . ., deg P}. Although
the sequence (qP )Gl glp 1s not unique, the sequence (z )Gl £ in I]:I> (k) is independent
of the choice of (q i ) up to permutations. Let in addltlon K be an algebraic
and metric completlon of k. Then the sum M*(P) := qugp log ||q | is also
1ndependent of the choice of (qP )jeglp, and for every continuous Welght g on

P! = P1(K), the logarithmic g- Mahler measure of P is
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deg P
(2-10) Mg(P):= )" g(z})+M"(P).

j=1

The function Sp := |P(- /|| - )] on K2\ {0} descends to P!(K) and in turn

extends continuously to P! so that log Sp = Z}‘.iiglp log[-, Zf]can + M*(P) on P!,
which can be rewritten as log Sp — (deg P)g = Z;liglp D (- ,zf’) + M,(P) on
Pl. Integrating both sides against dié over P!, by U, ,« = V, on P!, we have the
Jensen-type formula

2-11) M,y (P) =/ (log Sp — (deg P)g) du® — (deg P)V,.
p!

2.3. A lemma on global arithmetic. Let k be a product formula field. The proof
of the next result is not based on a field extension of k.
Lemma 2.3. For every P € | J k[po, p1la, we have > N, - M*(P), € Rxo.

deN veMy
Proof. Let (g ]‘.D )31“;1[) be a sequence in k2 \ {0} giving a factorization (2-9) of P,
and let L(P(1,-)) € k\ {0} be the coefficient of the maximal degree term of
P(1,z) € k[z]. Setting g7 = ((¢] )y, (¢]),), for each j € {1,2,...,deg P}, we

have
L(P(l,-))z(—l)degp—d°gw”< I1 (qf)l)( I1 <61f’)o>

Jjm(gP)=00 Jim(g))#oo
since for each j € {1, 2, ..., deg P},

P i(q}’)o-(l, n(q])) ifm(g]) # oo,
P l@h o i) = e,

Thus we have ZveMk N, - M*(P), > ZveMk Nylog |L(P(1,-))|, =0, where the
final equality is by (PF).

For each i,j € NU {0} satisfying i + j = deg P, if the coefficient a; ; € k of
the expansion P(pg, p1) = Zi—i—j:degP ai,jpf)p{ in k[ po, p1laeg p does not vanish,
then by (PF), there is a finite subset E; ; in M; such that |g; ;|, = 1 for every
v € Mg\ Ei j. Set Ep := {infinite places of k} U ; jenu(oya, 20 Ei.j- For every
v € My \ Ep, by the strong triangle inequality, | P (po, p1)|» is bounded above by

max{max{|poly, |p1lo)"* :i,j € NU{0}, i + j = deg P} = [|(po, po)IIE”

on @%, so that log Sp., <0 on P!(C,) and in turn on P!(C,). Set g := {g8 (v e M}
with g =0 on P!(C,) for every v € ](\)/Ik; then gO is an adelic continuous weight.
For every finite v € My, we have uy = 8s,,, on P'(C,) and moreover Vo =
log [Scan,vs Scan,vlcan,y = 0, so that by the Jensen-type formula (2-11), we have
M*(P), = My (P) =log Spy(Scan,v)- Hence, M*(P), < 0 for every v € My \ Ep,
and we conclude that ZveMk N, - M#(P), < oo since #Ep < 00. O
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3. Regularization of discrete Radon measures whose supports are in P!

Let K be an algebraically closed field complete with respect to a nontrivial absolute
value | - |.

3.1. The small model metric d and the Hsia kernel |S — S8’|«. The kernel func-
tion [S, 8']can is not necessarily a metric on P! = P!(K); indeed, for every S € Pl
[S, Slean vanishes if and only if S € P! = P'(K). The small model metric d on P!
is the function

[S, Slean +[S', 8'Jcan
2

which extends the normalized chordal metric [z, w] on P! (but this d does not
induce the topology of P!; see [Baker and Rumely 2010, §2.7; Favre and Rivera-
Letelier 2006, §4.7] for details). On the other hand, the Hsia kernel |S — 8’|, on
the Berkovich affine line A' = A'(K) = P!\ {oo} is the function

(3-1) d(S,8) =[S, Slean — n P! x P!,

(3-2) IS — 8| :=[S, 8'lean - [S, 0011 - [S', 00]L  on Al x Al

can can

although the difference S — &’ itself is not defined unless both S, 8’ € K (for details,
see [Baker and Rumely 2010, Chapter 4]). The kernel |S — §'| is the unique
(jointly) upper semicontinuous and separately continuous extension of the function
|z—w|on K x K to Al x Al

3.2. A short description of P! for nonarchimedean K. Suppose that K is non-
archimedean. A subset B in K is called a (K-closed) disk in K if it has the form
B={ze K :|z—a| <r}forsomea € K and some radius r > 0. By the strong triangle
inequality, two disks in K either nest or are disjoint. This alternative extends to any
two decreasing infinite sequences of disks in K such that they either infinitely nest or
are eventually disjoint, and so induces a cofinal equivalence relation among them.

Example 3.1. Instead of giving a formal definition of the cofinal equivalence class
S of a decreasing infinite sequence (B,) of disks in K, let us be practical: each
z € K is regarded as the cofinal equivalence class of the constant sequence (B),) of
the disks B, = {z} in K (of radii =0). More generally, for every cofinal equivalence
class S of a decreasing infinite sequence (B,) of disks in K, the intersection
Bs :=(),en B is independent of the choice of the representatives (B,) of S, and
if Bs # @, then By is still a disk in K and the S is represented by the constant
sequence (én) of the disks f?n =Bsin K.

As a set, the set of all cofinal equivalence classes S of decreasing infinite
sequences (B,) of disks in K and in addition oo € P! is nothing but P! ([Berkovich
1990, p. 17]; see also [Baker and Rumely 2010, §2; Favre and Rivera-Letelier 2006,
§3; Benedetto 2010, §6.1]): for example, the canonical (or Gauss) point Scyy in
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P! is represented by the ring of K-integers Ok :={z € K : |z| < 1}, which is a
disk in K. The above alternative induces a partial ordering > on P! such that for
every S, S’ € P! satisfying Bs, Bs # @, we have S > S’ if and only if Bs D By
(the description is a little complicated when one of Bs, Bs' equals &). For every
S, S’ € P! satisfying S = &', the segment between S and S’ in P! is the set of
all points S” € P! satisfying S > §” > &', which can be equipped with either the
ordering induced by > on P! or its opposite. All those (oriented) segments make
P! a tree in the sense of Jonsson [2015, §2, Definition 2.2]. The (Gelfand) topology
of P! coincides with the (weak) topology of P! as a tree.
For each S € P! \ {00} represented by (B,,), set
diam S := lim diam B, (= diam Bg if Bs # 9),

n—o0

where diam B denotes the diameter of a disk B in K with respect to | - |; by
convention, for S = 0o, we set By, := K and diam oo := +00. The hyperbolic
space is H' = H'(K) := P'\ P! = {S e P! : diam S € (0, 4+-00)}. The big model (or
hyperbolic) metric p on H! is a path metric on H! (but does not induce the relative
topology of H! induced by P') so that for every S, S’ € H! satisfying S > &/,

(3-3) 0(S, 8" =log(diam S/ diam S”)

(see, e.g., [Baker and Rumely 2010, §2.7]). In terms of p, the generalized Hsia
kernel [S, 8"]can With respect to Scay is interpreted as a Gromov product

(3-4) 10g[S, 8'lean = —p(S”, Sean) on H' x H',

where S” is the unique point in H! lying between S and S’, between S’ and Sean,
and between S¢an and S (see [Favre and Rivera-Letelier 2006, §3.4]). Similarly, for
every S, S’ e Al,

(3-5) |S — &' |oo =diam S”,

where S” is the smallest point in A! satisfying both S” > S and S” > S’ with respect
to the partial ordering > on P!.
For every € > 0, a continuous mapping

71€:A1—>A1

is defined by 7.(S) :=S” for every S € Al, where S” € {S € P! :diam S € [¢, +00)}
is the unique point between oo and S satisfying diam S” = max{e, diam S} (see
[Favre and Rivera-Letelier 2006, §4.6] for details).

3.3. Regularization on Pl. When K is archimedean, fix a nonnegative smooth
decreasing function & : [0, co) — [0, 1] such that supp & C [0, 1] and fooo E(x)dx=1,
and set &.(x) :=&(x/e)/e on [0, +00) for each € > 0. For every z € K and every
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€ > 0, the e-regularization [z]. of §, is the convolution &, * §, on P!, i.e., for any
continuous test function ¢ on P!,

(Ec#8.)(¢) = fé(r)dr 7 et rei®y 40
€ € 27_[

0
When K is nonarchimedean, for every z € K and every € > 0, the e-regularization
[z]e of &, is defined by [z]e := (7t¢)+S; = 8z, (;) ON P! [Favre and Rivera-Letelier
2006, p. 343]. In both cases, [z]¢ is a probability Radon measure on Pl the chordal
potential Pl5SH— fPl log [S, 8']can d[2]e (S”) of [z]e is a continuous function on
P!, and for every z, w € K and every € > 0, the estimate

log|z—w| if z#w,

3-6 log|S — 8| d S, 8) >
(3-6) '/A1><A1 og | loo d([z]e x [w]e)( ) > {Cabs+10g€ ifz—w

holds, where C,ps < 01s an absolute constant and in fact C,,s =0 for nonarchimedean
K [Favre and Rivera-Letelier 2006, Lemmes 2.10, 4.11, and their proofs].

Let us extend the e-regularization [ - ] and the estimate (3-6) to P. Set ((z) :=
1/z € PGL(2, K), which extends to an automorphism on P! (see Fact 8.2), so that

=1Id on P! and [((S), t(8)]ecan = [S, 8'lcan (30 d(1(S), 1(S")) = d(S, S’)) on
P! x P!. For every € > 0, set [00]¢ := t4[0]c.

For every z € P! and every € > 0, we have

(3-7) supp [z]le C{S € P! :d(S,z2) <€),

as follows immediately from the definitions of |S — &’|« (and (3-5)), d, and [z]e
when z € K, and from (3-7) applied to z = 0 and the invariance of d under ¢ when
7z = 00. Moreover, for every z € K and every € > 0,

(3-8) sup |log[S, 00]can —log [z, 00| <€
Sesupp [z]e

by a direct computation of log[ -, 00]can — log [z, 00] on K, using that supp [z]c C
{S e P!:|S — 7| < €} and the density of K in Al.

Lemma 3.2. Let g be a continuous weight on P! having a modulus of continuity n
on (P, d). Then for every € > 0 and every z, w € P!,

(3-9) @, d([z]e x [wle)
PlxP!
D, (z, w) —2€ —2n(e) ifz#w,
> 1 Caps +1oge —2¢e +2log [z, 00] —2n(e) —2g(2) ifz=weK,
Caps +log e —2¢ — 2n(e) —2g(00) ifz7=w=o0.

Proof. Since ®4(S,S’) =10g[S, S'lcan — g(S) — g(S) on P! x P, by (3-7), we
can assume g = 0 (and = 0) on P! without loss of generality. For every z, w € K,
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by the definition (3-2) of |S — &'|~ and (3-8),
f 1og [S, 8'lcan d([z]e X [w]e)(S, S")

PlxP!

> / log |8 — &'|oe d([z]e X [w]e)(S, S') —2¢ +log [z, 00] +log [w, o],
AlxAl

which with the estimate (3-6) yields (3-9) (for g = n = 0) in this case. The
estimate (3-9) (for g = n =0) in the case z = w = oo follows from [c0]c = t14[0]e,
[t(S), t(S)]can =[S, S']can, and the estimate (3-9) for z = w = 0.

There remains the case that z=o00 and w € K (so z # w). If K is nonarchimedean,
then for every w € K and € > 0, the equalities [00] = t,[0]¢ and [¢(S), t(S)]can =
[S, 8'lcan, together with the interpretation (3-4) of [S, 8']can, yield

/Pl Pllog [S, §'lcan d([00]e X [w]e)(S, S)

= / 10g [S, Sl]can d([0]e x tx[w]e)(S, S/) = 10g [776(0), t(me (W) ]can
P!xP!
> log [0, t(w)] = log[oo, w] > log [co, w] — 2¢,

which implies the estimate (3-9) (for g = n = 0) in the case z = oo and w € K
when K is nonarchimedean. If K is archimedean, then for every w € K and every
r,r’ > 0, we have

2 2
dé | ioy_ 1 _|do
/0 2 /0 log|(O+re™) w+r'el? | 2m
2 2
:/0 max{—log |w +r¢'?|, logr} 3y —fo log|(w +7'e'?) — 0| o
so that for every w € K = Al and every € > 0,
f log S — 800 d([0]e X t,[w]e)(S, S)
Al xAl

=/ 1og | = t(8N) |00 d([0]e x [w]e)(S, S') > — f 10g |8’ = 0loo d[w]e (S).
AlxAl Al

On the other hand, for every w € K and every € > 0, by the definition (2-1) of the
chordal metric [z, w] on P' = P! (and [0, co] = 1),

/ log [S/» 00]can d(t*[w]e)(s/) = / log [8/5 Olcan d[w]e (S/)
Pl pl

=f10g|3/—0|ood[w]e(3/)+/10g [S’, 00]can d[w]e(S").
Al p!

From these computations and (3-8), for every w € K and every € > 0, we get
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f 10g [S, S/]can d([oo]e x [w]e)(S, S/)
P! xP!

_ / 102 [S, 8'Tean d([0]c X t3[w]e)(S, S
Pl xP!

= / log [S, 00]can d[0]c(S) + / log [S/s O] can d[w]e(sl)
Pl Pl

> log [0, oco] + log [w, oo] — 2¢ = log [w, 0o] — 2¢,

which implies the estimate (3-9) (for g = n = 0) in the case z = oo and w € K
when K is archimedean. O

4. The negativity of regularized Fekete sums
and a Cauchy—Schwarz inequality

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |. For every € > 0 and every discrete measure v on P! = P!(K)
whose support is in P! = P!(K), the e-regularization of v is

Ve 1= Z v({whH[w]e onP.

wesupp v

For every continuous weight g on P!, let us call (v, v) ¢ the e-regularized g-Fekete
sum with respect to this v.

4.1. C'-regularity and the Dirichlet norm. Recall the description of P! given in
Section 3.2. For nonarchimedean K, a function ¢ on P! = P(K) is in C'(P') if

(i) ¢ is continuous on P! and locally constant except for a union 7 of at most
finitely many segments in H! = H!(K), which are oriented by the partial
ordering > on P! and

(ii) the derivative ¢’ with respect to the length parameter induced by the hyperbolic
metric p on each segment in 7 exists and is continuous on 7.

The Dirichlet norm of ¢ € C'(P') is defined by <¢ @)% :=([(¢")* dp)'/?, where
dp is the 1-dimensional Hausdorff measure on H! with respect to p (for details, see
[Favre and Rivera-Letelier 2006, §5.5]). When K is archimedean, the Cl—regularity
and the Dirichlet norm of a function ¢ on P! = P! is defined with respect to the
complex (or differentiable) structure of P!. For completeness, we include a proof
of the following.

Proposition 4.1. Every ¢ in C'(P') is Lipschitz continuous on (P!, d).

Proof. When K is archimedean, this is obvious. Suppose that K is nonarchimedean
and let ¢ € C'(P'). By definition, ¢ is locally constant on P! except for a union
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T of at most finitely many segments in H!, and is Lipschitz continuous on 7~ with
respect to p. The set 7 is compact in (H!, p), and for every S, S’ € H!, by the
definition (3-1) of d, (3-4), and (3-3), if Scan = S > &', then

diamS+diam S’ _ diamS—diam S’ _ diam &’
2 - 2 - 2
and similarly, if Scan < S < &', then d(S, ') > p(S, S')/(2diam S’). Hence we

conclude that ¢ is also Lipschitz continuous on 7 with respect to d, and in turn on
the whole P! with respect to d. (]

d(S, S') = diam S — (S, S,

The Lipschitz constant of a Lipschitz continuous function ¢ on (P!, d) is denoted
by Lip(¢).

Remark 4.2. When K is archimedean (so P! = P'), we have (¢, ¢)'/? <Lip(¢) for
every ¢ € C'(P'). Moreover, every Lipschitz continuous function ¢ on (P!, [z, w])
is approximated by functions in C'(P!) in the Lipschitz norm.

4.2. The negativity of (v, v¢) g and a Cauchy-Schwarz inequality. For every Ra-
don measure u on P! satisfying u(P') = 0, if the chordal potential of 1, which is
defined by S fpl log [S, S'can d1(S”), is continuous on P!, then we have the
positivity property fPlel (—log|S — 8'oo) At x )(S,S") > 0 (see [Favre and
Rivera-Letelier 2006, §2.5 and §4.5]) and in fact the Cauchy—Schwarz inequality

/ ¢dp
p!

for every test function ¢ € C'(P!) (see [Favre and Rivera-Letelier 2006, (32) and
(33)D.

In particular, for every € > 0, every normalized weight g on P!, every test
function ¢ € C'(P'), and every discrete measure v on P! whose support is in P!,
the computation

2
(4-1) = (9.9 '/Pl Pl(—log S = S'loo) A1 x 1)(S, S

0= /p (710218 = 8'loe) d((ve = (P11 x (ve = (PSS
= /P] bl (—Pg) d((ve — (V(Pl)),ug) X (Ve — (U(Pl)),ug)) = —(Ve, Ve)g

(recalling U, ¢ = 0 on P1) yields not only the negativity (v, Ve)g < 0 but, with
the Cauchy—Schwarz inequality (4-1) and the triangle inequality, also the estimate

(4-2)

_ ‘ /P (0 )+ (e — (deg V)

< (degv) Lip(¢)e + (¢, )/ - (—(ve, ve)o) /2.

[ a0 =)
p!



EFFECTIVE DIVISORS ON THE PROJECTIVE LINE AND ADELIC DYNAMICS 157

5. Computations of Fekete sums (2, Z),
Let k be a field. For a k-effective divisor Z on P!(k), set

D*(ZU;) — 1_[ 1_[ (w _ w/)(ordw Z)(ord, Z) c E \ {0}’

wesupp Z\{oo} w’esupp Z\{w,o0}

which is in fact in k£ \ {0} by Theorem 7 if Z is on P! (k). For every P €
UdeN k[po, p1la, let L(P(1,-)) € k\ {0} be the coefficient of the maximal degree
term of P(1, z) € k[z] (appearing in Section 2.3).

Lemma 5.1. Let k be a field. Let Z be a k- eﬁ‘ective divisor on P (k) represented
by P € U en klpo. p1la, and let (qP)Gleg be a sequence in k*\ {0} giving a
factorization (2-9) of P. For each j € {1 2 deg P}, set qj = ((qj )0 (6]1 )o)
and 7 = JT(qP ) € Pl(k). Suppose (q ) is normalized with respect to a
distinguished zero wg € P' (k) of P so thatfor each jel{l,2,...,deg P},

(5-1) {(‘11 Yo=1 ifz; &{wo, oo},
(C]] )1:1 l.fwo;éZJ'ZOO.
Then
_ . (gP)y  if wo # o0,
5-2 L(P 1" = (—1 deg P degocP'{l_[].z_, wo\1j /0
(5-2) (P(,-))=(1 szzj:wo(q}?)l if wy = 00
and
deg P
s3 1 IT @ ~ad
J=1 izi#z)

= (1)t PlePdess ) g (p(1, )28 Pden P pr(z k).

Proof. Without normalizing the sequence (qP ) gl we have, by direct computation,
deg P
s I T @'rad
j=1 izi#z;
=[] (@o@)) - TT=@H@hHo) - TT (@Ho@!ozi—2z)
Jizj=00 Jizj#00 Jizj#00
i:z;7#00 i:2j=00 i:z; ¢{z,00}
_ deg P—d
— (_l)degooP(degP deg,, P) . ( l_[ <(q] eg oo P 1_[ (q; )O>)
Jizj=00 i:7; 700
deg P—deg,, P— deg P _
: ( [ <<q,”>o - 11 (q,-P>o)> - D*(Z1k).
Jizj#00 i:z;¢{zj,00}

Let us normalize (q ) so that the normalization (5-1) holds with respect to a
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distinguished zero wq € P! (k) of P. Then (5-2) follows from

L(P(l,->>=(—1)d°g”‘d‘°'g°°”-( I1 %”)1)( I1 <q}°>o)

Jizj=00 Jizj#00
and the normalization (5-1).
Let us show (5-3). If wy = oo, then under the normalization (5-1), the equality
(5-4) yields

deg P
[T IT @ ~ad>
j=1 iz,

— (—1)de80 Pldeg P—degoo P) ( 1_[ (qf)l -1-D*(Z|k),

)Z(deg P—deg., P)
Jizj=00

which with (5-2) implies (5-3) when wg = oo. If wg # oo, then under the normal-
ization (5-1), the equality (5-4) yields

deg P
[T I] @'~aD
j=1 izi#z;

2deg,,
= (=1 )degoo P(deg P—deg,, P) . l—[ (CI,P)O)

iizj=

deg P—deg,, P—deg, . P
<l—[((q])0g g g, 1))

Jizj=wp
: ( I1 (1 11 (qf’>o)> - D*(Zlk)
Jjzj ¢{wo, 00} i:zi=wo
2deg,, P+2(deg P—deg,, P—degwo P)
— (_1)degOC P(deg P—deg,, P) ( 1_[ (qu)0> . D*(ZV;),
i Zi=
which with (5-2) implies (5-3) when wg # oo. O

Lemma 5.2 (local computation). Let k be a field and K an algebraic and metric
augmentation of k (see Section 2.2). For every continuous weight g on P! = P1(K)
and every k-effective divisor Z on P! (k) represented by a homogeneous polynomial

P € Uyen kLpos pila, we have
(5-5 (2,2)+2 - ) (ordy 2)’log[w,00] =2 - Y (ordy, 2)’g(w)
wesupp Z\{oo} wesupp Z
=2(deg Z) log |L(P(1, -))| +log |D*(Z[k)| — 2(deg Z) M, (P).

Proof. Let Z and P be as in the statement and let (qP )deg be a sequence in

k?\ {0} giving a factorization (2-9) of P and satisfying the normahzatlon (5-1) with



EFFECTIVE DIVISORS ON THE PROJECTIVE LINE AND ADELIC DYNAMICS 159

respect to a distinguished zero wg € P'(k) of P. Set Zj = n(qf) € P! (k) for each
je{l,2,...,deg P}. Since by definition

Dy(z,2) =loglz,7'1— g(z) — g(2)
on P'(K) x P!(K), we have

deg P deg P

(2, 2), =10g( [T [T 14" nra? |) 2.3 Y (e +log llg” I;
Jj=1 izi#z; Jj=1 izi#z;
by (5-3),
deg P
log( IT 11 |qf’Aq}’|>:2(deg P —deg,, P)log|L(P(1,-))|+log|D*(Z|k)|,
=1 izi#z;
and we also have
deg P
>0 (s +logligh )
j=1izi#z;
deg P deg P deg P
=Y > (e +loglgll) = > Y (e +loglig”ll)
j=1 i=1 j=1izi=z;
deg P deg P
= (deg PYMy(P) — ) (deg, P)g(zj) =) logllg/ I,
j=1 Jj=1 izi=z;

where the final equality is by the definition (2-10) of M, (P). Hence

(Z, 2)g =2(deg P) log|L(P(1,-))| +log|D*(Z|k)| — 2(deg P)M,(P)
deg P

+2 )" (ord, Z)2g<w>—2<<degw0P)log|L<P<1,-))|—Z > log ||qf’||).

wesupp 2 j=lizi=z;

For each j € {1, 2, ..., deg P}, also set q]P = ((qf)o, (qJ‘.D)O). If co & supp Z, then
wo # 00, and by the normalization (5-1) and the equality (5-2),

deg P
(deg,, P)log|L(P(1,- )| = > > loglig”|
Jj=lizi=z;
deg P deg P
=—Y Y (logllg”ll—logl(g/)ol) =D > loglzi, oc]
j=1izi=z; j=lizi=z;
= Z (ord,, 2)2 log [w, 00] = Z (ord,, 2)2 log [w, 00].

wesupp Z wesupp Z\{oo}
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If co € supp Z, then we can set wy = oo, and by the normalization (5-1) and the
equality (5-2) (and ¢/ = (¢), - (0, 1) when z; = c0),

deg P
(deg,, P)log|L(P(1,- )| = > Y  loglig”|

Jj=1 izi=z;
==Y Y (oglig” I —loglig/l) = > > (loglig/ Il —log 1(g")ol)

Jizj=00 izi=z; JiZj#00 1:7i=2z;
= D> D loglzool = ) (ordy 2)*log[w, ool
Jizj#oo iizi=z; wesupp Z\{oo}

This completes the proof. U

Lemma 5.3 (global computation). Let k be a product formula field and ks the
separable closure of k in k. Then for every adelic continuous weight g ={g, : v € My}
and every k-effective divisor Z on P! (k),

5-6) Y NU((Z, 2)g,+2 Y (ordy, 2)’log[w, oo]v)

veMy wesupp Z\{oo}
= —2(deg 2)*hg(2)+2) Ny Y (ordy 2)*gy(w).

veEM;  wesupp Z

Proof. Let P € | 4en k[Po, p1la be a representative of Z. Summing up the product
of N, and (5-5) (for this P) over all v € M}, we have

>N, ((Z, 2)g,+2 Y (ordy 2)*log[w, 00], —2 > (ord, Z)ng(w)>

veMy wesupp Z\{oo} wesupp Z
= —2(deg 2)*hy(2)

by the product formula (PF) (since L(P (1, -)) € k \ {0} and, under the assumption
that Z is on P! (k,), D*(Z|k) € k \ {0}) and the definition (1-1) of he(2). O
6. Estimates of regularized Fekete sums (2., Z.),

6.1. Local estimate. Let k be a field and K an algebraic and metric augmentation
of k. Let Z be a k-effective divisor on P! (k), which we regard as the Radon measure

> (ordy, 2)8y,

wesupp Z

on P! = P!(K), and let g be a continuous weight on P! such that g is a 1/k-Holder
continuous function on (P!, d) for some « > 1 having the 1/x-Holder constant
C(g) =0.
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Lemma 6.1. For every € > 0,

(Ze, 2942 (2,2)+2 Y (ordy 2)*log[w, 00] =2 Y (ordy, 2)*g(w)
wesupp Z\{oo} wesupp Z

+ (Caps +log €) - (2 x 2)(diagp: ) — 2(deg 2)*(e + C(g)e'/*).
Proof. Set n(e) = C(g)el/K. For every € > 0, using (3-9),
(267 Ze)g - (Zv Z)g

- /1 D d(Ze x Z0) ~ D, d(Z x Z)
P!xP

Plel\diagpl(K)

= Z (ord,, Z)Z/ D, d([w]e x [w]e)
P! xpP!

wesupp Z

+ Y (/P cbg<8,8’>d<[z]ex[wk)(s,S’)—cbg(z,w))

(z.w)eP! xP!\diagp, 'xP!
> > (ordy 2)*(Caps +loge — 2¢ + 2log [w, 00] — 2n(€) — 2g(w))
wesupp Z\{oo} 2
+ (2({00})) " (Caps +log € — 2¢ — 21(€) — 2g(00))
+ ((deg 2)* — (2 x 2)(diagp: ) (—2€ — 2n(€))
= ((Z X Z)(diagpl(,;))) (CabS +loge —2¢ — 27)(6))

+2 ) (ordy, Z)’log[w,00] =2 Y (ord, Z)*g(w)

wesupp Z\{oo} wesupp Z
+ ((deg 2)* — (2 x 2)(diagp 1)) (—2€ — 2n(€)),
which completes the proof. U

6.2. Global estimate. Let k be a product formula field, and Z a k-effective divisor
on P (k). Let g={g,:ve M} bea placewise Holder continuous adelic normalized
weight, so for every v € My, g, is a normalized weight on PI(C,) andisa 1 JKy-
Holder continuous function on (P'(C,), d,) for some «, > 1 having the 1/«,-Holder
constant C(g,) > 0.

Lemma 6.2. For every vg € My and every € > 0,
Nuy(Ze. Z)g,, = —2(deg 2)*hg(2)+(Caps+log€) (2 x 2)(diagpi,) - > Ny
veEU{vo}

—2(deg 2)> Y Ny(e+Clgye'/w).

veEgU{vo}

Proof. Fix vy € M. We use, for every v € My, the notation
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Wy i=(2,2)g,+ 2 Y (ordy, 2)*log[w,00l, — 2 Y (ordy, 2)*g,(w).
wesupp Z\{oo} wesupp Z

Since (2, Z¢),, < 0 for every € > 0 and every v € M (see Section 4.2), using also
Lemma 6.1, we have

Nu(Ze. 2)gy = D Nu(Ze, 2oy,

veE,U{vo}
> Y NWy+ (Cans +loge) - (2 x 2)(diagpig) - Y, No
veEg,U{vp} veE,U{vo}
—2(deg 2)> Y Ny(e+C(gy)e'/w).
veEg U{vp}

Moreover, since for every v € My \ Eg, g, =0 on P(C,) and (Z, Z)g, <0, using
also (5-6), we have

Y ONW, = Y ONW, = —2(deg 2)*hy (2),

veE,U{vo} veMy

which completes the proof. U

7. Proofs of Theorems 1 and 2

Proof of Theorem 1. Fix vy € My. For every v € My, g, is a 1 /x,,-Holder continuous
function on (P!(C,), d,) for some «,, > 1 having the 1/k,-Holder constant C(g,) > 0.
Set € = 1/(deg Z)*w. For every test function ¢ € C'(P! (Cyy)), by (4-2) and
Lemma 6.2,

Z
oaZz-13)|
/F)I(Cv0)¢ deg Z Fap )| =

. (2 ~hg(2) + (—Caps + 2Ky, log deg Z) -

Lip@), (6, Pl
(deg 2)>0 ~ NI/2

(Z X Z) (diag[pl (ks))

.ZNU

2
(deg Z) veEU{vo}
Clen) 1/2
8v
2 T (Gt )
veE Ouo) (deg Z)*0  (deg Z)
which completes the proof. U

Proof of Theorem 2. Fix vg € My. For every n € N, we have (Z,, Z,), <0 if
v e M\ E,. Hence by (2-8), (5-6), and the assumption that V, = 0 for every
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v € M}, we obtain

(va Zn)gv (va Zn)g
— 2+ #E,-0(1) > N,———
" (deg Z,)? ¢ vngk * (deg 2,)?
Z, x Z,)(dia
>—-2-h (Zn)—Z( - ) (diagp 1)) Ny, sup |gy| asn— oo;
§ deg Z,,)? P
(deg Z) veE, PL(C,)

thus, under the assumption that (Z,) has both small diagonals and small g-heights,
we have liminf, o (Z,, Z,),,, /(deg Z)?>0= Vs,,- Hence (2-7) holds for gy,
and (Z,), and the proof is complete. U

8. Nonarchimedean and complex dynamics

Fact 8.1. Let k be a field. For a rational function ¢ € k(z), we call

Fy = ((Fp)o. (Fp)1) € | &Ipo, prla x k[po, pila)
deNU{0}

aliftofpif roFy=¢om on k*\ {0} and, in addition, F¢_1 (0) ={0} when deg ¢ > 0.
The latter nondegeneracy condition is equivalent to the nonvanishing of Res(Fy) :=
Res((Fy)o, (Fp)1); for the definition of the homogeneous resultant Res(P, Q) € k
for P, Q € UdeNU{O} k[po, p1la, see, e.g., [Silverman 2007, §2.4]. Such a lift Fy of
¢ is unique up to multiplication in k¥, and is in fact in k[ po, p1ldegp X k[P0, P1ldego-

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |.

8.1. The dynamical Green function gy on PL. For the foundation of a potential-
theoretical study of dynamics on the Berkovich projective line, see [Baker and
Rumely 2010; Favre and Rivera-Letelier 2010] for nonarchimedean K and, e.g.,
[Berteloot and Mayer 2001, § VIII] for archimedean K (= C).

Fact 8.2. Let ¢ € K (z) be a rational function of degree dy € NU {0}. The action of
¢ on P! =P!(K) uniquely extends to a continuous endomorphism on P! = P!(K).
When dy > 0, the extended ¢ is surjective, open, and discrete and preserves P!
and H! = H!(K), the local degree function z deg, ¢ on P! also canonically
extends to P!, and the (mapping) degree of the extended ¢ : P! — P! still equals
dyp (see [Baker and Rumely 2010, §2.3, §9; Benedetto 2010, §6.3]): in particular,
the extended action of ¢ on P! induces a push-forward ¢, and a pullback ¢* on the
spaces of continuous functions and of Radon measures on P!. When dy = 0, the
extended ¢ is still constant, and we set ¢* := 0 on P! for every Radon measure p
on P! by convention. Let Fy € K[po, p1laegy X K[po, P1ldeg be a lift of ¢. The
function
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(8-1) Tr, =log| Fs(- /|- )| =log || Fy |l — (deg ¢) log | - |

on K2\ {0} descends to P! and in turn extends continuously to P!, satisfying
ATf, = ¢ Qcan — (deg @) Qcan ON P! (see, e.g., [Okuyama 2013a, Definition 2.8]).
Moreover, ¢ is a Lipschitz continuous endomorphism on (P!, d) and Tf, is a
Lipschitz continuous function on (P!, d) (for nonarchimedean K, see [Baker and
Rumely 2010, Proposition 9.37]). For every n € N, the homogeneous polynomial
F(Z € K[ po, pl]deg¢" x K[po, pl]deg¢" is a lift of ¢".

Let f € K(z) be a rational function of degree d > 1, and consider a lift
F € K[po, pi1la X K[po, p1la of f. The uniform limit gg :=lim,_, o, TFn/d" on
P! exists, and more precisely, for every n € N,

Tgn
dn

su T
< ppi ITF|

(8-2) sup S Td=1)

p!

8F —

The limit g is called the dynamical Green function of F on P! and is a continuous
weight on P!. The probability Radon measure
A n *S’z .
pri=ps" = Agp + Qcan = nlgrgo (fil—”m weakly on p!

is independent of the choice of F and satisfies f*us=d - s on P!. It is called the
f-equilibrium (or canonical) measure on P'. Moreover, g is a Holder continuous
function on (P!, d) (for nonarchimedean K, see [Favre and Rivera-Letelier 2006,
§6.6]). The remarkable energy formula

log |Res F|
dd—1)

was first established by DeMarco [2003] for archimedean K and was generalized to
rational functions defined over a number field by Baker and Rumely [2006] (for a
simple proof of (8-3) which also works for general K, see [Baker 2009, Appendix
A] or [Okuyama and Stawiska 2011, Appendix]). The dynamical Green function
gr of f on P! is the unique normalized weight on P! such that 48" = uy, i.e., for
any lift F of f, gr =gr + V,./2 on Pl

(8-3) Ve = —

8.2. A Berkovich space version of the quasiperiodicity region £¢. For nonarchi-
medean dynamics, see [Baker and Rumely 2010, §10; Favre and Rivera-Letelier
2010, §2.3; Benedetto 2010, §6.4]. For complex dynamics, see, e.g., [Milnor 2006].

Let f € K(z) be arational function of degree > 1. The Berkovich Julia set of f is

J(f):={SeP‘: N (U f"(U))=P1\E(f>},

U open in P! containing S “neN

where E(f):={aeP:# ],y f " (a) <00} is the exceptional set of f. The
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Berkovich Fatou set is F(f) := P!\ J(f). By definition, J(f) is closed and F(f)
is open in P!, both J(f) and F(f) are totally invariant under f, and J(f) has
no interior point unless J(f) = P!. The classical Julia set J(f) N P! (resp. the
classical Fatou set F(f) N P') coincides with the set of all nonequicontinuity points
(resp. the region of local equicontinuity) of the family { f” : n € N} as a family of
endomorphisms on (P!, [z, w]).

A component U of F(f) is called a Berkovich Fatou component of f, and is said
to be cyclic under f if f"(U) = U for some n € N, which is called a period of U
under f. Following [Fatou 1920, §28], a cyclic Berkovich Fatou component U of
f having a period n € N is called a singular domain of f if f*:U — U is injective.
Let & be the set of all points S € P! having an open neighborhood V in P! such
that liminf,,_, o supy~p1 [f", Id] =0, which is a Berkovich space version of Rivera-
Letelier’s quasiperiodicity region of f. When K is archimedean, £ coincides with
the union of all singular domains of f, and when K is nonarchimedean, & is still
open and forward invariant under f and is contained in the union of all singular
domains of f (see [Okuyama 2013a, Lemma 4.4]).

The following function 7 is Rivera-Letelier’s iterative logarithm of f on EfN P!,
which is a nonarchimedean counterpart of the uniformization of a Siegel disk or a
Herman ring of f.

Theorem 8.3 ([Rivera-Letelier 2003, §3.2, §4.2]. See also [Favre and Rivera-Lete-
lier 2010, Théoreme 2.15]). Suppose that K is nonarchimedean and has character-
istic 0 and residual characteristic p. Let f € K(z) be a rational function on P! of
degree > 1 and suppose that £y # @, which implies p > 0 by [Favre and Rivera-
Letelier 2010, Lemme 2.14]. Then for every component Y of & not containing oo,
there are kg € N, a continuous action T : Z, x (Y NK) 3 (w,y) = T“(y) e Y NK,
and a nonconstant K -valued holomorphic function T, on Y N K such that for every
meZ, (fo)y"=T" onY N K, that for every w € Z,, T is a biholomorphism on
Y N K, and that for every wy € Z,,
. T —-T® .

(8-4) lim —— =T,oT® locally uniformly on Y N K.

Zps30—>wy W—Q
8.3. The fundamental relationship between ps and J(f). If K is archimedean,
the inclusion supp uy C J(f) is classical, but it is not trivial from the definition of
J(f) when K is nonarchimedean. For an elementary proof, see [Okuyama 2013a,
proof of Theorem 2.18]. Actually the equality supp uy = J(f) holds, but we will
dispense with the reverse (and easier) inclusion J(f) C supp .

9. Proofs of Theorems 3 and 4

Let k be a product formula field. The proof of the following is based not only on
(PF) but also on elimination theory (and the strong triangle inequality).
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Theorem 9.1 [Baker and Rumely 2006, Lemma 3.1]. Let k be a product formula
field. For every ¢ € k(z) and every lift Fy € k[po, pilaegy X k[P0, P1ldegop Of ¢»
there exists a finite subset Er, in My containing all the infinite places of k such that
Jor every v € My \ Ef,, we have |Res Fg|, = 1 and || Fp(-)lly = | - ||Seg¢ on ([32

Let f € k(z) be a rational function of degree > 1 and F € k[ po, p1la X k[ po, p1la
a lift of f. Then the family g, = {g;, : v € M} is an adelic normalized weight,
where g , is the dynamical Green function of f on P1(C,) for every v € My. Indeed,
letting g, be the dynamical Green function of F on P!(C,) for each v € M; and E
be a finite subset in M}, obtained by Theorem 9.1 applied to F', for every v e M\ Ef
we have Tg», =0 on PI(C,) for every n € N, giving gr, = gr,y =0o0n PL(C,).
We call the adelic normalized weight s = {g,, : v € M} and the adelic probability
measure (i 1= w8 the adelic dynamical Green function of f and the adelic f-
equilibrium (or canonical) measure, respectively. Here, for every v € My, uyr, :=
U8 = uﬁf (as in Section 1) is the f-equilibrium (or canonical) measure on PI(C,).

Lemma 9.2. Let k be a product formula field. Let f, a € k(z) be rational functions
and suppose d :=deg f > 1. Then the sequence ([ f"* = a)) of k-effective divisors
on P (k) has strictly small gy-heights in that

limsup(d" +dega) - hg, ([f" = al) < occ.

n—oo

Proof. Let F € k[po, pila X k[po, pila and A € k[po, pilacga X k[P0, P1laega be
lifts of f and a, respectively. Then F" A A € k[po, p1lantdega X k[P0, P1lan+dega
is a representative of [ f" = a] for every n € N such that f" s£a. Let Er, E4 be
finite subsets in M; obtained by applying Theorem 9.1 to F, A, respectively, so
that for every v € My \ (EF U E,4) and every n € N, we have Tpn , = T4, =0
and gr, = 0 on P!(C,). For every v € M; and every sufficiently large n € N,
since |[F" AAl, < || F"|lv||Ally on C% \ {0}, we have log Sprpa.p < Tpny+ T4 ON
P!(C,) and in turn on P'(C,) (recalling that Spapa . = [(F* AA)(- /] - lv)|» o0
P1(C,)), so using also g, = grv + Vg, /2 On P!(C,), we obtain
log Spn Tpn T,
d§+ngg; 8w = ;"’i—gegAc;v - (gF’” + %Vg”> on P(Cy).

Hence, by the definition (1-1) of Ay, the Jensen-type formula (2-11), the energy
formula (8-3) (with Res F € k \ {0}) and (PF), we have

T n +TA 3
hy L7 =a) < Z /PI(C) C;-T-degav gF’v) d'uf’”_i Z No-Ver,

veMjy veMy
Tpny+Ta
= Z Ny (%_gﬁz) d:uf,v
veEpUE, PL(C,) d +dega

=0(Wd™) asn— oo,
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where the final order estimate is by (8-2) and #(Er U E4) < 00. O

With the help of Lemma 9.2, Theorems 3 and 4 follow from Theorems 1 and 2,
respectively.

We omit the proof of the following characterization of hg., which we will
dispense with in this article.

Lemma 9.3. Let k be a product formula field. Then for every rational function
f € k(z) of degree d > 1, the gs-height function hg, coincides with the Call—
Silverman f-dynamical (or canonical) height function in that for every k-effective
divisor Z on P (k), ( f«Z is also a k-effective divisor on P! (k), and) the equality
(hg, o f:)(Z2) = (d - hg)(2) holds.

10. Proofs of Theorems 5 and 6

Let K be an algebraically closed field that is complete with respect to a nontrivial
absolute value | - |. For subsets A, B C P!, set [4, B] := infyeq yeplz, 71

Let f,a € K(z) be rational functions and suppose that d := deg f > 1. Let
N e N be so large that f" #£a if n > N. Then (Un>N supp [ f"* = a]UJ(f)) N P!
is closed in P!,

Lemma 10.1. Suppose that K has characteristic 0. Let D be a chordal disk in P!
of radius > 0 satisfying liminf,_, o supp [ f", a]l = 0. Then:

(i) a(D) C &.

(i) D\ (U,-nsuppf" =alUJ(f)) # 2.
(iii) There is a chordal disk D" in P'\ J(f) of radius > O such that

lirggf[f”(D'), a(D")] > 0.

Proof of (i). Since liminf,_, o supp[f”, a] = 0, there is a sequence (n;) in N
such that lim;_, o supp[f"/,a]l = 0 and lim;_,(n;41 —nj) = co. For every

zeD,set D" :={w e P!':[w, a(z)] < r}in a(D) for r > 0 small enough.
Then liminf;_, oo sup /[ /717", 1d] < limsup;_, o, supp [ f"/*!, f"7] =0, so that
a(z) € & . Hence a(D) C &. O

Proof of (i1). When K is archimedean, let Y be the component of £; containing
a(D), which is by the first assertion either a Siegel disk or a Herman ring of f.
Setting ko := min{n € N : f"(Y) = Y}, there are a sequence (n;) and an N in
N with the properties that f"¥(D) C Y, that ko | (n; —ny) for every j > N, and
that a = limj_, oo (f%0)®i="W/k0 o 18 yniformly on D. Then DN J(f) = @. Let
A € C be the rotation number of Y, so that there exists a holomorphic injection
h:Y — Csuchthat hof* =X.hon Y. Then |A| = 1 but A is not a root of unity (by
d > 1). Choosing a subsequence of (n ) if necessary, A, :=1im;_, Ani—nn/ko e €
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exists. For every n > ny, if kof(n —ny), then D Nsupp [ f" = a] = &, whereas
if ko|(n —ny), then ho f" —hoa = A" W/k _ 3 ). (ho f*™) on D, so
(D \ (h of”N)_l(O)) Nsupp [ f"* = a] = @ if n is large enough.

When K is nonarchimedean, let ¥ be the component of £; containing a(D).
Without loss of generality, we assume that co ¢ Y, and then applying Theorem 8.3 to
this Y, we obtain p € N, kg € N, T, and T as in the theorem. There are a sequence
(n;) and an N in N such that f"¥(D) C Y, ko | (n; —ny) for every j > N, and
a= limj_)oo(fk")(”f_”’”/ko o f™ uniformly on D. Then DN J(f) = @. Choosing
a subsequence of (n;) if necessary, w, :=1im;_,o(n; —ny)/ko € Z, exists. For
every n >ny, if kof(n —ny), then DNsupp [ " = a] = &, whereas if kg | (n —ny),
then

(10-1) f"—a= (T(n—nzv)/ko —T®)o fmN

on D. Choose b € D\ {oo} and r € |K*| small enough that the (K-closed) disk
B ={z € K :|z—b| <r}is contained in D, and fix € € |K*| so small that
for Z. := UweBm(T*oTw,,oan),l(o){z € B:|z—w| <€}, we have B\ Z. # &. The
maximum modulus principle from rigid analysis (see [Bosch, Giintzer, and Remmert
1984, §6.2.1, §7.3.4]) gives minze rv g\ z,) | Tx o T“(z)| > 0, so that by the uniform
convergence (8-4) and the equality (10-1), (B\ Z,) Nsupp[f* =al =D if n is
large enough. U

Proof of (iii). By the first assertion, there is a unique singular domain U of f
containing a(D). Fix ng € N such that f"(U) = U, and set C := U;'(’;Ol f1(U).
Then there is a component V of f~1(C) \ C since f : C — C is injective and
d > 1. Fix a chordal disk D” of radius > 0 in a~'(V) N (P! \ J(f)), so that
a(DycVc fle\c Ifa(dHn UneNU{O} f™(D") = @, then we are done
by setting D' = {z € P! : [z, b] < r} for some b € D” and r > 0 small enough.
But if there is N € N U {0} such that a(D”) N fN(D") # @, then by setting
D' :={zeP!:[z,b] <r} forsome b € D"N f~N(a(D")) and r > 0 small enough,
we get liminf,_ o[a(D’), f"(D")] > 0 from

adhn | J @) ca@)nl ] fra@d)cvne=ao. O
n>N+1 neN

Lemma 10.2. For every wg € P!\ (Un>N supp [ f" = a]UJ(f)), there is a function
¢o € C1(P") such that ¢o = log [wo, - lcan 01 |~ y supp [f" = a]l U J(f).
Proof. Fix wg € P!\ (Un>N supp[f* =a]U J(f)). Without loss of generality, we

can assume that wy # oo, and fix € > 0 so small that

{SePl:IS—woloofe}CPl\( U supp[f”:a]UJ(f))
n>N

(recall Sections 3.1 and 3.2 here).
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When K is nonarchimedean, by the definition of the map 7. : A' — Al, we have
{SePl:S=<m (wy)}={SeP!:|S—wpyls < €}. The function

log [wo, e (Wo)lcan 1 S < 7e(wo),

S+ ¢o(S) = { n P!

log [wo, Slcan otherwise

is in C'(P!) since it is continuous on P!, locally constant on P! except for the
segment Z in H' joining 7. (wo) and Sean, and linear on Z with respect to the length
parameter induced by the hyperbolic metric p on H'. When K is archimedean (so
P! = P), there is a function ¢y € C' (P") satisfying

1 d if |z — <€/2
2> do(z) = Jpi log [wo, w]d[z]e/2(w) 1 |z —wol <€/2,
log [wo, z] if |z —wg| = € or z = 0.
In both cases, the given ¢o € C!(P') satisfies the desired property. U

Fact 10.3. For rational functions ¢, ¥ € K(z), the chordal proximity function

S+ [¢, ¥lean(S) on P!

between ¢ and ' is the unique continuous extension of the function z — [¢ (z), ¥ (z)]
on P! to P! (see [Okuyama 2013a, Proposition 2.9] for its construction, as well as
Remark 2.10 of the same paper), and for every continuous weight g on P!, we also
define its weighted version by ®(¢, V), :=1og[@, Y]can — g0 d —go ¥ on Pl

For every n € N such that f" # a, recall the Riesz decomposition
(10-2)  ®(f", a)gf = Ugr.lfr=al—(d"+dega)uy — Ugfsa*ﬂf +/lq>(f", a)gf dus
P

on P!, and also Uy, 4+, = 87 0a + Ug; a*@en — Jp1 (87 ©a@) djuy on P! [Okuyama
2013a, Lemma 2.19].

Proof of Theorem 5. Let k be a product formula field of characteristic 0. Let
f € k(z) be a rational function of degree d > 1 and a € k(z) a rational function of
degree > 0. Let N € N be so large that f" £a if n > N. Fix ve M. Let Dbe a
chordal disk in P!(C,) of radius > 0, and assume that lim inf,_, o suppl f", al, =0;
otherwise we are done. By Lemma 10.1, there are not only a point wg € D \
(Un>N[f" =aluU J(f)v) but also a chordal disk D’ in P!(C,) \ J(f), of radius
> 0 such that liminf,_, [ f"(D’), a(D")], > 0. Fix a point w; € D’. Then also
wi € P\ (U,on /" =alUJ(f)y).
For every n € N large enough and every j € {0, 1}, by (10-2),

(10-3)  log[f"(w)), a(w)ly — gr.v(f" (W) — gr.(a(w;))

= gf.vs[fn:a]_(dn+dega)l/vf,v(wj) - Ugf,vva*.uff.v (w]) + /1 q)(f”’ a)gf.v d/"l’fvv’
P1(Cy)
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so that taking the difference of both sides in (10-3) for each j € {0, 1} and noting
that g7, and Ugsarpy., ar€ bounded on P!(C,), we have

log [f" (wo), a(wo)ly —log [ f*(w1), a(wi)]y

= f c 10g [w07 Sl]can,v d([fn = Cl] - (dn + deg a)ﬂf)(s/)
PI(C,)

_ / o Jogl1, S ey 0(Lf" =a] = @+ deg ey () + O
PI(C,

as n — oo. In the left hand side, by the choice of wy and w;, we have
log sup[ /", aly > log [ f" (wo), a(wo)lv
and ?
liminflog [f"(w1), a(w1)], > lim inflog [f"(D"), a(D")], > —oo,
so that as n — o0,

log s%p[f", aly +O0(1) >log[f" (wo), a(wo)], —log [ f"(w1), a(wi)]y.

In the right hand side, for each j € {0, 1}, by Lemma 10.2 applied to w;, the
inclusion supp .y C J(f), and Theorem 3 (and k; = k in the characteristic 0 case),
we have

/PI(C )10g [wj, S/]can,v d([fn =a]—(d" +dega),uvf)(5/)

= 0(\fn- (1f" =al x If" = a]) (diaggir)) ) asn— oc.
These estimates complete the proof of (1-4) for this v € M. U

Fact 10.4. For a rational function f(z) € k(z) over a field &, a point w € Pl (k) is
called a multiple periodic point of f if [ /" = Id]({w}) > 1 for some n € N. For
a rational function f(z) € k(z) over a field k of characteristic O, there are at most
finitely many multiple periodic points of f in P!(k); this is well known in the case
that k = C (see, e.g., [Milnor 2006, §13]), and holds in general by the Lefschetz
principle (see, e.g., [Eklof 1973]).

Proof of Theorem 6. As noted above, f has at most finitely many multiple
periodic points in P!(k), and for every multiple periodic point w of f, setting
p=py:=min{n e N: [ f* =1d]({w}) > 1}, by the (formal) power series expansion
fP()=w+ (z —w)+ C(z —w)/=MUwD ... of £7 around w, we also have
sup,enLf" = Id]({w}) < [f? = Id]({w}) under the characteristic 0 assumption.
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n_
Hence SupneN(Supwesupp[f”zld][f - Id]({w})) < 00, so that

(Lf" =1l x [ " =1d])(diagp: ) < (@"+1) - sup  [f"=Id]({w}) = O@d")
wesupp [ f"=Id]

as n — o0o. Now (1-5) follows from (1-4). O

11. Proof of Theorem 7

Let k be a field and &, the separable closure of k in k. Let p(2) € k[z] be a polynomial
of degree > 0 and {z1, ..., z»} the set of all distinct zeros of p(z) in k so that
p)=a- ]_[’;7:1 (z —zj)df in k[z] for some a € k\ {0} and some sequence (dj);f’zl in
N. For a while, we do not assume {z1, ..., 2} Cks. Let {p1(2), p2(2), ..., pn(2)}
be the set of all mutually distinct, nonconstant, irreducible, and monic factors of
p(2) in k[z], so that p(z) =a - ]_[2/:1 pe(z)* in k[z] for some sequence (Sg)évzl in
N. For every £ € {1, 2, ..., N}, by the irreducibility of p,(z) in k[z], p¢(z) is the
unique monic minimal polynomial in k[z] of each zero of p,(z) in k, so p¢(z) and
Pn(2) have no common zeros in k if £ # n. Hence for each j € {1, 2, ..., m}, there
is a unique £ =: £(j) € {1, 2, ..., N} such that p,(z;) =0.

Now suppose that {z1, z2,...,2m} C ks. Then for every € € {1,2,..., N},
pe(z) = ni:@(i):ﬁ (z — z;) in k[z], so that

(11‘1) dl‘ISg(i)

forevery i € {1,2, ..., m}. For every distinct £, n € {1,2,..., N},

(11-2) [T J]@-20= ] puz) = Rpe. p),
ji(H=¢ it(i)=n jie(H=e

where R(p, q) € k is the (usual) resultant of p(z), ¢(z) € k[z]. The derivation p)(z)
of py(z) in k[z] satisfies

Pi= Y (H(z—a))

Rt (h)y=¢ N izizh,
£3)=¢

in k[z]. Hence for every £ € {1,2, ..., N},

(11-3) [T [lG -2 =1]] riz) = Rpe. pi).
ji(H=¢t é(l);ﬁ_jz J(H)=¢

By (11-1), (11-3), and (11-2), we have
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D* (P l_[ l_[ (Z] _Zl)dd] _ l_[ l_[ (Zj —z )Y@(,)w(})

1iti#j j=liti#j

(IT((Ie-=7)(T1 TTe-e))

J(H=t¢ itiF#],
2(i)=¢

(R(pe,m)”- [T Rpe. pa )“’”")

n:n#L

:]2 T:]z

~
Il

1

which is in &k \ {0}. Now the proof is complete. U
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COMPUTING HIGHER FROBENIUS-SCHUR
INDICATORS IN FUSION CATEGORIES
CONSTRUCTED FROM
INCLUSIONS OF FINITE GROUPS

PETER SCHAUENBURG

We consider a subclass of the class of group-theoretical fusion categories:
To every finite group G and subgroup H one can associate the category
of G-graded vector spaces with a two-sided H-action compatible with the
grading. We derive a formula that computes higher Frobenius-Schur indi-
cators for the objects in such a category using the combinatorics and repre-
sentation theory of the groups involved in their construction. We calculate
some explicit examples for inclusions of symmetric groups.

1. Introduction

Higher Frobenius—Schur indicators are invariants of an object in a pivotal fusion
category (and hence also invariants of that category). They generalize the degree two
Frobenius-Schur indicator — which was originally defined for a representation of a
finite group by its namesakes in 1906 — to higher degrees and more general objects.
Categorical versions of degree two indicators were studied by Bantay [1997], as
well as Fuchs, Ganchev, Szlachdnyi, and Vescernyés [Fuchs et al. 1999]; indicators
for modules over semisimple Hopf algebras were introduced by Linchenko and
Montgomery [2000] and studied in depth by Kashina, Sommerhiuser, and Zhu
[2006]. The degree two indicators for modules over semisimple quasi-Hopf algebras
were treated by Mason and Ng [2005]. The higher indicators for pivotal fusion
categories that we deal with in the present paper were introduced in [Ng and
Schauenburg 2008; 2007b; 2007a].

Frobenius—Schur indicators have become a tool for the structure theory and
classification of fusion categories. The problem we deal with here, however, is
simply how to calculate them in very specific examples. More concretely we will
deal with a specific class of group-theoretical fusion categories [Ostrik 2003; Etingof,
Nikshych and Ostrik 2005]. Degree two indicators for Hopf algebras associated
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with such categories have been studied in [Kashina, Mason and Montgomery
2002; Jedwab and Montgomery 2009]. In [Kashina, Sommerhiuser and Zhu 2006]
formulas for higher indicators of smash product Hopf algebras associated to a group
acting by automorphisms on another group were given. This class of examples
includes the Drinfeld double of a finite group. For such doubles, the explicit
formulas were used to study the question of integrality of the indicators in [lovanov,
Mason and Montgomery 2014]. Extensive computer calculations, in particular with
a view towards the question of whether the indicators of the doubles of symmetric
groups are positive, were conducted in [Courter 2012]; examples for certain other
groups can be found in [Keilberg 2014; 2012].

Natale [2005] has derived formulas for the degree two Frobenius—Schur indicators
of the objects in general group-theoretical fusion categories. Her approach is based
on the fact that a group-theoretical fusion category can be written as the module
category over a quasi-Hopf algebra which is known explicitly. Then the explicit
definition of degree two indicators of modules over quasi-Hopf algebras in [Mason
and Ng 2005] can be applied.

In principle the same approach, now using the higher indicator formula for
quasi-Hopf algebras from [Ng and Schauenburg 2008], could be used to obtain
higher indicator formulas for group-theoretical categories. However, those formulas
involve iterated applications of the associator elements of the relevant quasi-Hopf
algebra dealing with the parentheses of iterated tensor products in the category.
Applying them with the explicit quasi-Hopf structure deriving from the data of a
group-theoretical fusion category seems a formidable task.

We will take an entirely different approach. The formula from [Ng and Schauen-
burg 2007a, Theorem 4.1], generalizing the “third formula” from [Kashina, Som-
merhéuser and Zhu 2006], links higher Frobenius—Schur indicators in a spherical
fusion category C to the ribbon structure of the Drinfeld center Z(C) and the functor
from C to Z(C) adjoint to the underlying functor. The “third formula” was used in
[Shimizu 2011] to calculate indicators in Tambara—Yamagami categories; in our
context the approach is aided by the fact that the centers of group-theoretical fusion
categories are easy to determine: a group-theoretical fusion category is the monoidal
category of bimodules over the (twisted) group algebra of a subgroup H of a finite
group G inside the category Vectg of G-graded vector spaces (twisted by a three-
cocycle on G). By [Schauenburg 2001], the Drinfeld center of such a bimodule
category is equivalent to the Drinfeld center of the “ambient” category. In different
language this means that group-theoretical fusion categories are Morita equivalent
to the category of graded vector spaces with twisted associativity; see the survey
[Nikshych 2013]. We will treat the case of a group-theoretical fusion category
defined without cocycles. Thus C = g/\/l - the center is 2 (g/\/l ) = Z(Vectg),
equivalent to the category of modules over the Drinfeld double of G.
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In a sense, the underlying functor Z(Vectg) — gM g 1s already known ex-
plicitly from [Schauenburg 2001], but we need to do more. Simple objects in
g/\/l y are parametrized by group-theoretical data, namely (equivalence classes
of) pairs consisting of an element of G and an irreducible representation of a
certain stabilizer subgroup of H. Simple objects of Z(Vects) are also classified by
group-theoretical data, (equivalence classes of) pairs consisting of an element of
G and an irreducible representation of its centralizer. In Section 3, we will describe
the underlying functor Z(Vectg) — gM y on the level of simple objects by a
formula involving only the combinatorics and representation theory of subgroups
of G. Given this description, one can turn things around and describe the adjoint
functor gM n — Z(Vectg) equally explicitly. Admittedly the resulting description,
while completely explicit and entirely on the level of groups, subgroups, and
group representations, is quite unwieldy — this is perhaps natural, since one has
to deal with how conjugacy classes and centralizers (involved in the description of
modules over the Drinfeld double) relate to double cosets of a chosen subgroup, and
stabilizers of one-sided cosets under the regular action (involved in the description
of G My).

In Section 4, we will use the description of the adjoint functor and the “third
formula” to obtain a formula for the higher indicators of the simple objects of
% M,,. Luckily we do not need complete information about the adjoint, but only
the traces of the ribbon structure on the images under the adjoint. This allows us to
dramatically simplify the immediate result based on the complicated description of
the adjoint to obtain a surprisingly simple-looking formula for the higher indicators.
It is in fact even simpler than Natale’s formula for second indicators, and uses
only group characters and the combinatorics of group elements and subgroups,
without mentioning the associated quasi-Hopf algebra and its characters at all. One
should admit, though, that characters of the associated quasi-Hopf algebra are in
turn described in more “basic” terms in [Natale 2005]. Also, our results are marred
by the obvious limitation that they do not treat general group-theoretical categories,
but only those in whose definition the relevant group cocycles are trivial — we have
amended this limitation in [Schauenburg 2015].

We also treat variants of the indicator formula that are more complicated, involv-
ing passing to orbits under the action of auxiliary subgroups, but computationally
advantageous for the same reason that they pass from sums over the entire group H
to sums over certain orbits.

In Section 5, we will explicitly calculate indicators in several examples of fusion
categories associated to an inclusion of symmetric groups S,—» C S,. We use the
“simple” version of our indicator formula for the cases n =4, 5. The cases n =6, 7
illustrate how the more complicated versions reduce the size of the calculations
needed down to a manageable size.
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2. Preliminaries

Throughout the paper, G is a finite group, and H C G a subgroup. We denote the
adjoint action of G on itself by x > g =xgx~L. If V is a representation of a subgroup
K C G, and x € G, we denote by x > V the twisted representation of x > K with
the same underlying vector space V on which y € x > K acts like x !>y € K.

We work over the field C of complex numbers; representations are complex
representations; and characters are ordinary characters.

The category gM H'=¢ HMC  1s defined as the category of CH -bimodules over
the group algebra of H, considered as an algebra in the category of CG-comodules,
that is, of G-graded vector spaces. Thus, an object of ZM y 1s a G-graded vector
space M € Vectg with a two-sided H-action compatible with the grading in the
sense that |hmk| = h|m|k for h,k € H and m € M.

The category gM 18 a fusion category. The tensor product is the tensor product
of CH-bimodules. Simple objects are parametrized by irreducible representations
of the stabilizers of right cosets of H in G. More precisely, let D € H\G/H be
a double coset of H in G, let d € D, and let S = Staby(dH) = HN (d > H)
be the stabilizer in H of the right coset d H under the action of H on its right
cosets in G. Then the subcategory 2./\/1 y C g/\/l - defined to contain those objects
the degrees of all of whose homogeneous elements lie in D, is equivalent to the
category Rep(S) of representations of S. The equivalence Z./\/l y — Rep(S) takes
M to (Myp)/H = (M/H)uu,H, the space of those vectors in the quotient of M
by the right action of H whose degrees lie in the right coset of d. Details are
in [Zhu 2001; Schauenburg 2002a]. We will denote the inverse equivalence by
Fa :Rep(Staby (dH)) — H dZM - SO that we have a category equivalence

@Rep(StabH(dH)) Y, G g

in which the sum runs over a set of representatives of the double cosets of H in G.
Of course ZM y can be described by choosing a different representative of D. If
h € H, then dh has the same right coset as d, and Fy, = Fy, while Staby (hd H) =
h > Staby (dH) and F4 (W) = Fpa(h > W) for W € Rep(Staby (dh)).

In the special case H = G, the above description, with the neutral element
representing the sole class of G in G, amounts to the (well-known) equivalence
Rep(G) = gMG sending V € Rep(G) to V ® CG with the regular right G-action
and the diagonal left G-action. This is a monoidal category equivalence.

The category gyD = CGQ)}D of (left-left) Yetter—Drinfeld modules over CG has
objects the G-graded vector spaces with a left G-action compatible with the grading
in the sense that [gv| = g|v|g™' forge Gandve V gyD. The category gyD is
the (right) center of the category “M of G-graded vector spaces: the half-braiding
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c:UQ®V — V ®U between a graded vector space U and a Yetter—Drinfeld
module V is given by u ® v — |u|v ® u. To calculate indicators using the “third
formula” we also need the fact that the canonical pivotal structure of gyD is given
by the ordinary vector space isomorphism V — V** so that pivotal trace and
ordinary trace coincide. Finally, the ribbon automorphism 6 of an object V € gyD
is given by 6 (v) = |v|v.

Simple objects of gyD are parametrized by irreducible representations of the
centralizers in G of elements of G. (In fact, this can be viewed as a special case
of the description of graded bimodules above, as we shall review in Example 4.7
below). More precisely, let g € G and C;(g), the centralizer of g in G. Then, a
functor

Gy 1 Rep(CG(g)) — YD
can be defined by sending V € Rep(Cs(g)) to the CG-module

Indg_ )V =CG ®ccye) V-

endowed with the grading given by [x @ v| = xgx~! forx € Gand v € V. We
note the special case g = 1 which recovers the canonical (monoidal) inclusion
functor Rep(G) — gyD. Summing over different elements, we obtain a category
equivalence

(Ge)g
P Rep(Ca(g) —= E¥D.
8

The sum runs over a set of representatives of the conjugacy classes of G, and the
image of the functor G, consists of those Yetter—Drinfeld modules, the degrees of
whose homogeneous elements lie in the conjugacy class of g. We note for later use
that the ribbon automorphism of G (V) is 0 (x®v) = (x> ) (x®V) =xg®v=x®gv;
the trace of 6" is therefore [G : C;(g)] x (g™), where x denotes the character of V.

As a final piece of notation, we will write (M, N) := dim¢c(Hom¢ (M, N)) for
objects M, N in a semisimple category.

3. The center and the adjoint

By a result of Miiger [2003], the Drinfeld center Z(C) of a pivotal fusion category
C is a modular category, and the underlying functor Z(C) — C has a two-sided
adjoint K. To handle the center of %M, and the adjoint functor K we use the fact
[Schauenburg 2001] that the center of a category of bimodules in a tensor category
C coincides, in many cases including the present one, with the center of C itself.

To be precise, we will use the “right center” Z(C) whose objects are pairs (V, ¢)
in whichec: X® V — V ® X is a half-braiding defined for any X € C, and we
denote by K the adjoint functor of the underlying functor Z(C) — C.
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Then, writing C = “M = Vectg for the category of G-graded vector spaces, we
have a category equivalence

GYD=Z(C) — Z(cuCen) = Z(5My)

which sends (N, ¢) € Z(C) to an object of Z(cuCcr) whose underlying right
CH-module is N ® CH, whose left CH-module structure is given by

CH®N®CH 2 vocHeCH XY NgCH,

and whose half-braiding (which we do not need) is induced by the half-braiding
of N.

Thus, we identify Z (g/\/l o) = gyD, and we identify the underlying functor
zZ (gM o — g/\/l g With the functor

U:SYD>N — NQCH € M,

where the obvious right CH-module N ® CH has left module structure given by
a(n ® b) = an ® ab and grading given by |n ® b| = |n|b.
Next, let g € G, set C := Cg(g), and let V € Rep(C). We consider

UG,(V)=CG ® VRCH € GMy.
cc

Let X, be a set of representatives of the double cosets in H\G/C, giving the
decomposition G = I_lxeae HxC. Then each CHxC ® V®CH C CG ® V®CH
is a subobject in M e and we have

UG, (V)= CHxC @ VeCH.

xeX,

Note that the degrees of the homogeneous elements of CHxC ®cc V ® H lie
in the double coset H(x > g)H, so that CHxC ®¢cc V ® CH is in the image
of the functor F.,. To calculate the preimage, observe first that the degree of
hxc@vQ®h e CHxC Qcc V QCH is (hx > g)h'/, and thus is in (x > g) H if and
only if h € Staby ((x > g)H) =: J. Hence

CHxC @ VQCH = Fpy(CIxC Q@ V).
CccC CccC
Next, observe that for j, j € J and ¢, ¢ € C, we have jxc = jxc if and only if
771 =x (éc™1), which implies that we have an isomorphism

CIxCRV>3jxc@u— j@cvelCl] & (x>V).
cc CLJN(x>C)]

Note that JN(x>C) =Staby(x>g)H)NCg(x>g)=HNCg(x>g)=HNxC.
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We have shown:
_ Stabpy ((x>g)H) xC
CHxC BVe CH = Frog(Ind 1 558 Resyr S ncy (X V),
whence

Stab >g)H
UG (V) = EP Frey(Ind ,;;gg(g) O Rest S ey (x> V).

xeX,

Letd € G and S = Staby (d H). Let $, be a set of representatives of H/S. Thus
the double coset Hd H is the disjoint union HdH = | |, hd H; that is, $4d is a
set of representatives of the right cosets contained in Hd H.

If x > g € HdH, then there is a unique h € ), such that (x > g)H = hd H,
thus, Staby ((x > g)H) = Staby(hdH) = h > S, and for a representation N of
Staby ((x > g)H) we have Fy.oN = FjqgN = Fa(h~ ' > N). Again HN(x>C) =
(h>8)N (x> C). Therefore,

UG (V) ran = ED Funa (Idfy 56 1 o0y REST Sy eocy (> V)
—1 S >C
= @ Fa (h > (Ind(h>S)ﬁ(x|>C) Resfmsmwo (x> V)))’

where the sum is over all x € X, and h € §, such that x > g € hdH, and if
W e Irr(S), then

(Ugg(V), ]:d(W)) = Z(h_l > (Ind?ﬁfsm(wo ReS)(CI’TSS’)ﬂ(x>C)(x > V)), W)

heS c
= Z(Ind(/lzlS)ﬂ(,wC) Resgsnwey x> V), he w).

For the adjoint K of I, this implies, by Frobenius reciprocity:
<’€fd(W)’ gg(v)) = Z(x’l > (Ind)(c;g)m(wo Resﬁfsm(wo(}l > W))’ V)-

This means that we have calculated a formula for the adjoint K: denoting by ¢ a
system of representatives for the conjugacy classes of G, we have

= _ -1 x>-Cg(g) h>S

KFa(W) = § :gg (7 & (I 5o (09) RESGrosn oo ) (1> W)
_ x>Cg(g) h>S
= E :gwg (Ind(h>S)m(x>cG(g)) Res(;»S)ﬂ(xl>CG(g))(h > W))’

where the sum is over all g € €, x € X, and h € §4 such that x > g € hd H. While
this is clearly not a particularly pleasant or practical formula, we can say something
in its favor: It expresses the functor K entirely in terms of the groups involved and
their representations, using, of course, the translation of group representations to
objects in the two categories involved via the functors F and G.
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4. Indicator formulas for group inclusions

We retain the notations of the previous section, and proceed to calculate the higher
Frobenius—Schur indicators of objects in g./\/l - This is based on the categorical
version of the “third formula” in [Kashina, Sommerhéduser and Zhu 2006, §6.4] that
calculates indicators in a fusion category C through the adjoint /C.

The formula obtained above for the adjoint K : gM = gyD yields, via [Ng
and Schauenburg 2007a, Theorem 4.1], a formula for the higher indicators of the
simple objects of g/\/l - Since we are dealing with the right center, the relevant
formula [op. cit., Remark 4.3] is

j— 1 —m
v (X) = Gl Tr(04/y,)-
We proceed to use the information available on K to apply it.
First, let n’ be a character of (h> S)N (x> C), and y = Ind)(‘,jfs)m(mc)(n’). Then
by a standard formula for induced characters,

1
my __ / m
X0 8" = e o > wexsgh
yexsC
yoxeg" eh>S
e C:(heSNx>O)n'(x>g") ifx>g"ehrS,
o otherwise,

as elements in x > C commute with x > g".
Let n be the character of W € Rep(S), and let x be the character of V :=
IndZEgHXDC ReszsgﬁxDC (h > 77)‘ Then

Tr(60,v)) =G x> Clx(x > ")
_ [G:(h>S)ﬂ(x>C)]n(h_1x1>g’") ifx>g"ehsS,
o otherwise.

By the formula for IC(F4(W)) obtained in the previous section, this finally implies
(using [(h>S)N(x>Cs(@)| =SSN (h" x> Cs(g)| =|SNCs(h~'x > g)|) that

1

= h—l m ,
|SmcG(h—1x>g)|’7( x> 8"

(1) v (Fa(W)) ="

where the sum is over g € €, x € X, and h € $4 such that x > ¢ € hd H and
x> g™ e h>S. Surely this sum is not pleasant to work with; it involves summing
over all conjugacy classes of the group and all representatives of certain double
cosets, as well as over the coset representatives in ), albeit that last sum involves
either no summand (for many combinations of g and x we mighthave x >g € HdH),
or just one summand (the representative of the unique right coset containing x > g).
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We shall process it further using the observation

(2) HiH= || He@eg= || HeGt'xsg).
gel, xeX, gel, xeX,
x>geHdH hefa
x>gehd H

For the first equality, one has to check when x > g and y > g, for x, y € G, are in
the same orbit of the action of H on G by conjugation:

JheH:ho(x>g)=ypg <= 3JheH:hxgx 'h'=ygy!

«— 3JheH:y 'hxeCs(g)
< xe€ HyCg(g),

while the second is an obvious reparametrization.
Thus, the set

(3) Ryg={h""x>glgeC xeX, heHy x>gechdH)

is a set of representatives of the orbits of the action of H on Hd H by conjugation.
Moreover, Ry C d H. Thus, 3, is a set of representatives of the orbits of the action
of S on dH by conjugation. We have very nearly proved the main result of the
paper:

Theorem 4.1. Let G be a finite group, H C G a subgroup, d € G, S = Staby (dH),
W e Rep(S) with character n, and F;(W) the object of f]/\/l y corresponding to W.
Then

4) o (FaW) = 55 D2 0™ = 7 3 (@)™,
o (dhhes

Proof. Substituting (3) in the indicator formula (1) yields

) n(Fa W) = 3 0.
rﬁi)%g G

But for s € S we have (s>r)" € S<=r" € §, and n((s > r)") = n(™) whenever
r'" e §. Since SN Cg(r) is the stabilizer of r under the adjoint action of S, the first
equality in (4) follows. The second equality is a trivial reparametrization. ([

In the following we keep the notations of Theorem 4.1.

Remark 4.2. Note that for r € d H we have r' € § <= r" € H. Thus we could
modify the conditions in the sums (4) and subsequent similar sums, but in the
examples that we treated, it seemed easier to check whether an element is in S than
to check whether it is in H.
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Remark 4.3. For m € N, the elements

(©) o () = |S| > "= |S| Z(dh)’"e«:s
redH
r"eS (dh)’”eS

are central in the group algebra CS, and v,, (F4(W)) = n(un (d)).

Remark 4.4. If d e C;(H), then S = H, and for h € H we have (dh)" =d™h™ € H
if and only if d"* € H, so that

Z " if d™ e H,
(7 i (d) = " in
0 otherwise,

and therefore, since d™ € H is in the center of H,
nd") e m
———v, (W) ifd" € H,
®) v (Fa(W)y =1 n(h) "
0 otherwise.
The most obvious case of this is when d = 1; the image of F; is the monoidal
subcategory HM C G/\/l - Which is monoidally equivalent to Rep(H). The
formula (8) can also be used to easily obtain examples where the higher indicators
are not real: the cyclic group G of order 9, its generator d, its subgroup H of order 3,
and a nontrivial irreducible character of the latter will do to obtain v3(F;(W)), a
nontrivial third root of unity.

Lemma 4.5. Lety € S. Then

) Z Vi (Fa(X) x () = [{h € H | (dh)" = y}|.
x €lrr(S)

In fact the function ¢, (y) = [{h € H | (dh)™ = y}| is easily seen to be a class
function on S, so one can verify (9) by taking its scalar product with an irreducible
character 5. The left hand side gives the m-th indicator by the orthogonality relations,
the right hand side by (4).

Remark 4.6. Assume that H C G is part of an exact factorization, i.e., there
exists a subgroup L C G such that LH = G and L N G = {1}. As pointed out
in [Schauenburg 2002b], the category ZM  1s then equivalent to the category of
modules over a bismash product Hopf algebra CL # CH. Thus, our results comprise
a method to calculate indicators for bismash product Hopf algebras (of which the
double below is a special case).

Example 4.7. Let I" be a finite group, G = I' x I" with diagonal embedding
A:T— T xT,and H=A(). It is well known that the category gMH = FMF
is equivalent to the module category of the Drinfeld double of I" (in fact this is a
special case of [Schauenburg 1994]).
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Let & be a cross section of the conjugacy classes of I'. Then {(y, 1) |y € B}isa
cross section of the double cosets of H in G. Letd = (y, 1). Then S=Staby(dH) =
A(Cr(y)). Let h=A(0) € H and m € N. Then (dh)" = (y0,6)" = ((y9)", ™),
thus (dh)™ € S if and only if (y0)™ = 6™. Therefore, our indicator formula yields

1 _
10 m =— 0™M).
(10) U (Fa (W) 1Cr ()] EF ne™)
(Ve)mzem

This formula was obtained in [Kashina, Sommerhiuser and Zhu 2006]; see also
[lovanov, Mason and Montgomery 2014], where the corresponding special case of
(9) can be found. Note that we can replace 7 by n since the indicators in this case
are known to be real.

In the proof of Theorem 4.1 we have obtained the simple looking indicator
formula (4) via the more complicated formula (5). But in fact the latter is, in some
respects, better than the former: it involves a sum over fewer terms, namely orbits
of the adjoint action of S instead of individual elements of d H. Of course, for
this simplification we could have taken any section of the orbits on d H instead of
NRy. In fact, we can also pass to orbits over a group different from S; also, it may
be convenient to take orbits in H of the action on H corresponding to the adjoint
actionon dH:

Proposition 4.8. In the notation of Theorem 4.1, set E =Cg(d)NSCg(S)NNg(H).
Then, SE = ES is a subgroup of G. Let 8" C SE be a subgroup, and let R, be a
section of the orbits of d H under the adjoint action of S' on d H. Then,

1 || _
11 m(Fa(W)) = — —— ™).
(1D v (Fa(W)) S| Em/ |S’ﬂCG(r)|n(r )
rmes

Alternatively, let S" act on H by “twisted conjugation” defined by the formula
sSh=(d '>s)hs™\ Let T/, be a system of representatives of the orbits. Then,

1 S| — m
(12) U (Fa(W)) = —— o 1dh)™).

/
S & 15’0 Coan)]

(dhy"esS
Proof. Letx e Eandue S=HN(d>H). Thenxvue(x>H)Nkxd> H) =
HNd> H = S since x> H= H and xd = dx by hypothesis. Thus E normalizes S,
and SE = ES is a subgroup of G. Now let x € E and & € H. Since x € SCg(S),
we have (dh)™ € S if and only if x > (dh)™ € S; in fact, these two elements are
then conjugate in S. The condition x € Cg(d) implies x > (dh)™ = (d(x > h))™,
and x € Ng(H) implies x > h € H. Thus the action of S" on d H is well defined,
and the condition ™ € S is invariant along the orbits, as well as the values n(r™)
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along those orbits where r”* € S. This implies (11), since S’NCg(r) is the stabilizer
of r. Since s > (dh) =d(s & h) for s € S and h € H, we obtain (12) by a simple
reparametrization. U

Remark 4.9. The previous result is perhaps the most useful if S C C¢(d), so that
the twisted adjoint action coincides with the adjoint action. At any rate, it allows
us to replace H by a set of orbit representatives before passing to the nastier part of
the calculations involved in applying the indicator formula to concrete examples.

To set notation for subsequent calculations, let G be the set of orbits of G
under the adjoint action of §’, and S the image of S in G. We do not distinguish
notationally elements of G from those of G. We also let H be the set of orbits of
the twisted adjoint action of S’ on H, and Q(d):=) , .z h € CH. Set

(13) T) = Z [S":S'NCg(dh))dh =dQ(d) € CG.
he¥,

Let CG 3 x — x" € CG be the linear map induced by taking m-th powers of
group elements. Let 7 : CG — CS be the linear projection annihilating G \ S. Then

(14) Vi (Fa(W)) = 1i(fim(d))  with am<d>=ﬁn<r(d>['"]>.

Of course i, (d) is just the image of w,,(d) in CS.

5. Example calculations

Consider the symmetric group S, and the subgroup S,, C S, for m <n. Ford € §,
the stabilizer Stabg, (dS,) = S, Nd > S, consists of those permutations o € S,
for which d~! > o € S,,. For d~! > o to fix every element greater than m it is
necessary and sufficient that o fix every element k with d k) & {1, ..., m}. Thus
Stabg, (dS,) = S{1,....m)n(d(1),....dem)} 18 @ symmetric group. We have seen that in
general higher indicators for the objects of f]/\/l y are nonnegative rational linear
combinations of character values of the stabilizers Staby d H. Moreover, higher
indicators for any pivotal fusion category are cyclotomic integers.

Proposition 5.1. Let m < n. Then all values of the higher Frobenius—Schur indica-
tors for the objects of g:‘n Mg are integers.

The following example shows that this can fail if we embed S, into S, in a
different fashion.

Example 5.2. Consider

G=S>H={oceS|i=j (mod3) = o(i)=0(j) (mod3)},
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so H is the subgroup of those permutations in Sg that preserve conjugacy modulo 3.
Thus H = §3 is generated by ¢ = (123)(456)(789) and s = (12)(45)(78).

The element d = (147258369) € So satisfies d> =7, so in particular d'>teH.
On the other hand d~' > s = (12)(45)(79), so d ! > s & H because 1 =7 (mod 3)
while 2 £ 9 (mod 3). It follows that S = Staby (dH) = (t).

To compute ws3(d), first observe that d® = (dt)? = (dt?)? =t. The computation
ds = (157369)(248) and (ds)®> = (13)(56)(79) & S shows that (dh)? & S for
he H\{l1,t¢, tz}, since such & are conjugate to s by powers of ¢, which commute
with d. Thus us(d) =t.

In particular v3(Fy(n)) =¢ ~1 is not real when 7(f) = ¢ is a nontrivial third root
of unity.

We will now compute some of the indicator values for the canonically embedded
subgroups S,_» C S, (as we shall see, this contains, in a sense, the case S,,—; C S,,
or rather S,_» C S,—1). We note already that all the indicator values we will find
are nonnegative.

For n > 4, it is easy to check that S,,_, has seven double cosets in S,:

{oeSylon—1)=n—-1,0(n) =n)}==S,-,
{oeSilon—1)#n—-1,0m)=n)}
foeS,lon—1)=n—1,0n) #n)},
foeS,|lon—1)=n,0(n) =n—-1)},
{oeSilom—1)=n,0() #n—-1}
foeS,lon—1)#n,0(n)=n—1)},
foeS,|{ocn—=1),cm)}N{n—1,n}=9}.

A convenient set of double coset representatives is d; = (), dr = (n —2,n — 1),
dys=m—-2,n),dy=m—1,n),ds=m—-2,n—1,n),ds=mn—-2,n,n—1), and
di=m-3,n—1)(n—-2,n).

Note that d, and d3 are conjugate by (n — 1, n). The same holds for ds and dg.
We have Stabgn_2 (drS,-2) = Stabsn_z (d58,-2) = S,,_3, Stf:l‘bsn_2 (d78,-2) = S,,_4,
and Stabsn_2 (dsSp—2) = S,,_».

Note that every d; commutes with the elements in Stabg, ,(d;S,—2); this is
particular to our choice of representatives. It implies that the twisted conjugation
action of the stabilizers on the group S,_» from Proposition 4.8 is the ordinary
adjoint action.

Note further that ds commutes with the elements of S,_». By Remark 4.4 it
follows that

V(W) if m is even,

15 m (Fn—-1,m(W)) = i i
(15) Vi (Fn—1,m (W) {() if m is odd,
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for any W € Rep(S,,—2), while v, (Fy(W)) = v, (W).

Note also that d» € S,—;. Thus, the indicators for objects in Fy, (Rep(S,—2))
can also be viewed as indicators in the subcategory gZ:;MS,H' The subgroup
Sp—2 C S,—1 is part of an exact factorization, S,_; = C,—_1 - S;—2, where C,_
denotes the cyclic group generated by the (n — 1)-cycle (1,2,...,n—1). As
remarked already, these indicators are indicators for modules over a bismash product
Hopf algebra CE»—2#CS,,_;. Observe that the exact factorization suggests a different
choice of coset representative, namely the (n — 1)-cycle instead of d. We have the
feeling that d5 is the better choice since the (n — 1)-cycle does not commute with
elements in the corresponding stabilizer.

Since the images of F4, and Fy, are mapped to each other by an autoequivalence,
as well as the images of F;, and F;,, we can concentrate on the indicators of the
objects in the images of F,, fori =2, 5, 7. We will treat some of them below for
small values of n.

S> € S4. Consider H = ((1 2)) C G = S4. We have the following double coset
representatives, with their right cosets and double cosets:

~.

d; d;H\ {d;} Hd;H\d H Staby (d; H)

O (12) H
(23) (123) (13),(132) {0}
24 (124) (14),(142) {0}
(34 12)(34) H

(234) (1234) (134),(1342) {O}
(243) (1243) (143),(1432) {O}
23)(14) (1423) (1423),(1324) {O}

~N N B W =

We proceed to list the sequences of the higher Frobenius—Schur indicators for all
the simple objects of g/\/l y in the images of the functors 7. These sequences are
periodic, and we list them for one complete period.

For d, they are the sequences of the higher Frobenius—Schur indicators of the
representations of H, namely (1, ...) with period one for the trivial representation,
and (1, 0, ...) with period two for the nontrivial representation.

In all other cases, the only powers of the elements of d; H that lie in the stabilizer
Staby (d; H) are identity elements. (This requires only a glance for d4, as the
stabilizer itself is trivial in the other cases.) Thus, regardless of the choice of
representation also in the dj case, the indicator v,, counts how many of the two
m-th powers of the two elements of d; H are trivial; the count is then divided by
two in the dj case. Thus the indicator sequences, up to a full period, are
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0,1,1,1,0,2,...) fori =2, 3,
(0717) fOl‘i=4,
m (Fa, (W) =
W (Fa (WD) 0,0,1,1,0,1,0,1,1,0,0,2,...) fori=>35,6,
0,1,0,2,...) fori =17.

(Note that the case ds was already treated above using Remark 4.4.)

S3 C Ss. In this case we have the right cosets

i d; d; $3\ {d;}
1 0 (12), (13), (23), (123), (132)
2 (34) (12)(34), (143), (243), (1243), (1432)
3 conjugate preceding row by (45)
4 (45) (12)(45), (13)(45), (23)(45), (123)(45), (132)(45)
5 (345 (12)(345), (1453), (2453), (12453), (14532)
6  conjugate preceding row by (45)
7 (2435)  (14352), (15243), (25)(34), (143)(25), (152)(34)
We have
S3 fori =1, 4,
Stabg, (d;$3) = 1 S2 =((12)) fori=2,3,5,6,
{O} fori =7.

As indicated above, we will only treat the indicators for d», ds, and ds.

One sees that for i = 2, the only possibility for a power of an element of d; S3 to
be in Stabyg, (d; S3) is if that power is trivial. The same is of course true fori =7.
So the m-th indicators for the simple objects in the images of F, fori =2, 7 do not
“see” the representations of Stabg, (d;S3), but only count the number of elements
whose orders divide m; the count has to be divided by 2 if i = 2. We have

0? (m9 60) - 1, 3,

1’ (m960)=2,
O’ (m712)=1,
1, (m, 12)=2,3 2, (m,60)=4,5,15,
’ m, = 4,9,

W FaWN =1, 5 _ae UnFe(W) =13, (m.60)=6,10,

’ ) — T, U, 4, (m,60):12720’
3, (m,12)=12;

5’ (m960):30,

6, (m,60) =060.

Finally dsS; contains one element, (1 2)(3 4 5), whose third power is in
Stabg, (d553) \ {()}. Powers of the other elements are only in the stabilizer when
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they are trivial. Thus, we obtain

0 when (m, 60) =1, 2,
L(O+(12)  when (m, 60) =3,
B o when (m, 60) = 4, 5, 6, 10,
Hon (ds) = tm(do) = 4 when (m, 60) = 12, 20, 30,
130+ (12)) when (m, 60) = 15,
3() when (m, 60) = 60.

For the trivial representation Wy of ((1 2)), this yields

0 when (m,60)=1,2,

1 when (m,60)=3,4,5,6, 10,
2 when (m, 60) = 12, 15, 20, 30,
3 when (m, 60) = 60.

Vi (Fas (W) = vy (Fa (Wo)) =

For the nontrivial irreducible representation Wy of ((1 2)), we obtain

0 when (m,60)=1,2,3,

1 when (m, 60) =4,5,6, 10, 15,
2 when (m, 60) = 12, 20, 30,

3 when (m, 60) = 60.

Vi (Fas (W) = vy (Fgs(Wh)) =

S4 C S¢. Since |S4] = 24, it seems worth reducing the size of calculations in
this case by considering orbits of S4 as outlined in Proposition 4.8. We will use
S’ = Stabyg, (d; S4).

For i =2, 5 the stabilizer is S3. The orbits of S4 under the adjoint action of S3
are obtained by subdividing the well-known conjugacy classes of S; according to
the placement of the letter 4 in the respective cycle structure. Trusting details to the
reader, we state:

0(di) = () +3(12) +3(14)

+2(123) +-6(124)

+3(12)(34)

+6(1234).

From this we obtain
T((45)) = (45) Q((45)) = (45) +3(12)(45) +3(154)

+2(123)(45) 4+ 6(1254)
+3(12)(354)
+6(12354)
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and
T ((456)) = (456) 0 ((456)) = (456) + 3(12)(456) + 3(1564)

+2(123)(456) + 6(12564)
+3(12)(3564)
+6(123564).

Thus (omitting the neutral element and writing 3 :=3() € CS, etc.),

2((45) = £ (143 +2(123)) = 52+ (123)),
13((45)) = $(3+3(12)) = 3(1+ (12)),
14((45) = t(14+3+2(123) + 6) = 1(5+ (123)),
fi5((45)) =1,
6((45) = t(14+3+3+2+3)=2,
10((45)) = £(1+3+2(123) +6) = 1 (54 (123)) = 14((45)),
112((45) = ¢ (1 +3+34+2+6+3) =3,
115((45)) = £(3+3(12) +6) = 33+ (12)),
130((45) = ¢(1+3+3+2+3+6) =3 = j112(45)),
[120((45)) = £(1+3+2(123) + 6+ 6) = $(8 + (123)),
e0((45)) =4,
[12((456)) =0,
13((456)) = £(1+3(12) +2) = 3 (1 +(12)),
14((456)) = t(3+3) =1,
15((456)) =1,
16((456)) = $(1+3+246) =2,
110((456)) =1,
112((456)) = (1 +3+342+3+6) =3,
f115((456)) = +(1+3(12) + 2+ 6) = (3 + (12)),
[120((456)) = :(3+6+3) =2
[130((456)) = ¢ (1+3+2+6+6) =3,
60 ((456)) = 4.

For d;, the calculations are even more tedious; we now need the S,-orbits of Sy,
that is, the subdivision of the conjugacy classes of S4 according to the placement of
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the letters 3, 4 in the cycle structure. Thus,

0((35)(46)) = () + (12) +2(13) +2(14) + (34)
+2(123) +2(124) +2(134) +2(143)
+ (12)(34) +2(13)(24)

+2(1234) +2(1243) +2(1324)
and

T((35)(46)) = (35)(46) + (12)(35)(46) +2(153)(46) +2(164)(35) + (3645)
+2(1253)(46) +2(1264)(35) +2(15364) +2(16453)
+ (12)(3645) +2(153)(264)
+2(125364) + 2(126453) +2(153264),
giving

12((35)(46)) = 113((35)(46)) = 1, r12((35)(46)) = 10,

14((35)(46)) = 4, r15((35)(46)) = 3,

ns((35)(46)) =2, 20((35)(46)) =6,

Re((35)(46)) =7, 130((35)(46)) =9,
R10((35)(46)) = 3, feo((35)(46)) = 12.

In particular, the indicators of the two simples in the image of F(35)(¢) are identical;
while for the other cases, we have to distinguish between the three irreducible
representations of S3, to wit, the trivial representation Wy, the sign representation
W1, and the two-dimensional irreducible W,. We obtain:

object m (for v,,)
d; W; 12345610 12 15 20 30 60
Wo | 112122 3 2 3 3 4
(45) Wy 1102122 3 1 3 3 4
W, | 113243 6 3 5 6 8
WoO1112 1 3 2 2 3 4
(456) wy 1001121 3 1 2 3 4
W, 1012242 6 3 4 6 8
(35)(46) |any | 1 1427 310 3 6 912

S5 C §7. If we want to deal with the representations associated to d7 = (46)(57) as
in the preceding example, we calculate with a sum Q((46)(57)) with as many terms
as there are orbits in S5 of the adjoint action of S3. One can check that there are 28
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orbits. But we can reduce the task considerably (if not quite by half) by extending
the stabilizer to a larger group S’ as indicated in Proposition 4.8. As the element
(45)(67) commutes with d;7 and Stabg; (d7Ss), and normalizes Ss, we can choose
S" = 83 -((45)(67)). Thus, we get
0((46)(57)) = () +3(12) +6(14) 4 (45)

+2(123) 4+ 12(124) + 6(145)

+6(12)(34) +3(12)(45) +6(14)(25)

+12(1234) 4 12(1245) + 6(1425)

+6(12)(345) 4+ 12(14)(235) +2(45)(123)

+ 12(12345) 4 12(12435)

with “only” 18 terms. We calculate

T((46)(57)) = (46)(57) +3(12)(46)(57) + 6(164)(57) + (4756)
+2(123)(46)(57) + 12(1264)(57) 4+ 6(16475)
+6(12)(364)(57) +3(12)(4756) + 6(164)(275)
+12(12364)(57) + 12(126475) + 6(164275)
+6(12)(36475) + 12(164)(2375) + 2(4756)(123)
+ 12(1236475) + 12(1264375).
From here, we can go through all the divisors m of the exponent 420 of 7 to obtain
the elements [i,, and the indicators for the three irreducible representations of Ss.
The Table 1 calculates ji,, in two stages, giving first an “unsimplified” version of
(T in an attempt to hint at how this intermediate result can really be read off
quite directly from the expression for 7 obtained above.

For good measure, we shall also finish the calculations for d, = (56) and ds =
(567). In each case Stabg, (d; S5) = S4, and

QW) =()+6(12)+4(15) +8(123) + 12(125)
+3(12)(34) + 12(12)(35) + 6(1234) 4-24(1235)
+ 8(123)(45) + 12(125)(34) + 24(12345).
Thus,

T((56)) = (56) 4+ 6(12)(56) +4(165) 4 8(123)(56) + 12(1265)
+3(12)(34)(56) + 12(12)(365) + 6(1234)(56) + 24(12365)
+ 8(123)(465) + 12(1265)(34) + 24(123465),
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o 0T 0C 0T 0Tl
0c ST ST S1 I+ +9+9+21+21+9+9+9+Cc+9+¢+1 01¢
< a1 T | (geng+pe) ctert+enetoter+e+o+er+(ccDec+i+e+1 ovl
4! S L (T +9 ¢+ +@N9+9+9 ol
€ 91 91 ) U+ +c+e 9+ 9+ +9+CcIHcHI+H9+E+FT | +8
L1 6 6 | ez +90)% U+ +9+21+9+ (€T +He+1 0L
e 91 91 91 THU+9+9+CI+C+9+€+9+9+2I+T+I+9+€+1T | 09
(/AR AR | 11 T+ +9+2I+9+9+T+9+¢+1 4%
01 14 9 T +s 1+ +(@9+9 e
C 1111 I 9+9+CI+21+9+9+9+T7+9+¢+1 0¢
18 8 | ((cznT+To)t I+ +(ETDT+HE+TI+T+HE+T 8T
or ¢ S S Cr+er+9 1T
vl 8 8 | (ccDz+o)t (czDT+9+cI+e+9+cI+(ccDT+HI1+¢+1 0T
14 I € (th+t¢ (TD9+9+9 9|
6 S S | ((ccn+vD5 U+ +(€TDT+e+1 al
72 4| 4! THU+9+TI+9+€+9+CI+Cc+T+9+¢+1 4!
6 S s | (cen+yDt 9+2I+9+(€TNT+HE+1 01
8 14 14 14 TI+cI L

14! L L L 9+CI+9+9+T+9+¢€+1 9

(4 0 (4 D +1 (T19+9 S

9 b v | (sTDT+ODE (cTDT+e+Tr+(€TDT+HI+€+1 b

4 I I I 9 €

I I I | (e +0)t (€TDT+HE+1 z
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Table 1. Indicator calculations on Im(Fe)(57)) C



and

FROBENIUS-SCHUR INDICATORS FOR GROUP INCLUSIONS 197

T((567)) = (567) + 6(12)(567) + 4(1675) + 8(123)(567) + 12(12675)
+3(12)(34)(567) + 12(12)(3675) + 6(1234)(567) + 24(123675)
+ 8(123)(4675) + 12(12675)(34) + 24(1234675).

Thus, we obtain the elements ji,,((56)) and f,,((567)) listed in Table 2.

From this information, together with the character table of S4 given in Table 3,
one can then calculate all the indicator values for the simples in the images of F(s¢)
and F(s67); see Table 4.

m Am ((56)) m ((567))

2 | H(5+4(123) +3(12)(34) 0

3 11+012) g3 +2(12) +(12)(34) +2(1234))

4 354 (123)) L4a+2(123))

5 1 11+ (12)

6 Ta14+12)34) L7+ (12)(34))

7 0 1

10 | 5(17 +4(123) +3(12)(34)) 1

12 4 3

14 | 5(5+4(123) +3(12)(34)) 1

15 13+ (12) §(746(12) + (12)(34) 4 2(1234))
20 38+ (123)) £(10+2(123))

21 Ta+a2)y §(114+2(12) + (12)(34) +2(1234))
28 110 +2(123)) 3(5+(123)

30 1(15+ (12)(34)) 1114 (12)(34)

35 1 33+ (12)

42 T(11+(12)(34)) T(11+(12)(34))

60 5 4

70 | 15(17+4(123) +3(12)(34)) 2

84 4 4
105 13+ (12) F(1546(12) + (12)(34) +2(1234))
210 115+ (12)(34)) $(15+(12)(34))
420 5 5

Table 2. j1,,((56)), j1,,((567)) € CS, for indicators in g;./\/l S5
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() (12) (123) (12)(34) (1234)
| 11 1 1 1
m| 1 -1 1 1 ~1
ml 2 0 -1 2 0
n | 3 0o -1 -
ml 3 -1 0 -1
Table 3. Character table of Sy.
Vi (F(s6)(Wi)) Vi (F(s67)(Wi))
m | Wo Wi Wy W3 Wy | Wog Wi Wo Wz Wy
2 1 1 1 1 1 0O 0 0 0 O
3 1 0 1 2 1 1 0 1 1 1
4 2 2 3 5 5 1 1 1 2 2
5 1 1 2 3 3 1 0 1 2 1
6 3 3 6 8 8 2 2 4 5 5
7 0O 0 0 0 O 1 1 2 3 3
10 2 2 3 4 4 1 1 2 3 3
12 4 4 8 12 12 3 3 6 9 9
14 1 1 1 1 1 1 1 2 3 3
15 2 1 3 5 4 2 0 2 3 2
20 3 3 5 8 8 2 2 3 5 5
21 1 0 1 2 1 2 1 3 4 4
28 2 2 3 5 5 2 2 3 5 5
30 4 4 8 11 11 3 3 6 8 8
35 1 1 2 3 3 2 1 3 5 4
42 3 3 6 8 8 3 3 6 8 8
60 5 5 10 15 14 4 4 8 12 12
70 2 2 3 4 4 2 2 4 6 6
84 4 4 8 12 12 4 4 8 12 12
105 2 1 3 5 4 31 4 6 5
210 4 4 8 11 11 4 4 8 11 11
420 5 5 10 15 15 5 5 10 15 15

Table 4. Indicators on Im(Fse)), Im(F(s67)) C g;./\/lss.

The GAP [2014] code on the next page can be used to calculate the higher
indicators for objects in g/\/l y for any finite group G and subgroup H available to
GAP. It uses the simple but inefficient formula (4). Moreover it is written in the most
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IndicatorForOneRep:=function(m,G,H,d,S,eta)
local h,sum;
sum:=0;
for h in H do
if (d*h)"m in S
then sum:=sum+((d*h) "~ (-m)) "eta;
fi;
od;
return(sum/Size(S));
end;

IndicatorsForDoubleCoset:=function(G,H,d)
local S,eta,irreps,m;
S:=Intersection(H,H (4" (-1)));
irreps:=Irr(S);
for m in DivisorsInt(Exponent(G)) do

Print(m,":");
for eta in irreps do
Print (IndicatorForOneRep(m,G,H,d,S,eta),",");
od;
Print("\n");
od;
end;

GAP code to compute indicators in g./\/l H-

straightforward manner, makes hardly any attempt to reduce the load of calculations,
and blindly repeats the same steps several times instead. For the moment, we do
not pursue the quest to write better code (storing intermediate results such as the
elements u,, instead of recalculating them for each representation), nor the task
to make use of the improved formula in Proposition 4.8 to speed up matters. The
clumsy code is sufficient to do any of the calculations done above “by hand” again
in seconds. Thus it could have been used to verify these results if the author had
had any reason to mistrust his capability to perform flawless computations. Also, if
the original calculations had contained errors, the GAP code could have been used
to track those down and possibly correct them.

As it stands, the code was also sufficiently efficient to check that the inclusions
Se¢ C Sg as well as §7 C Sg continue to produce only nonnegative indicator values.
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CHORDAL GENERATORS AND
THE HYDRODYNAMIC NORMALIZATION
FOR THE UNIT BALL

SEBASTIAN SCHLEISSINGER

Let ¢ > 0 and denote by IC(H, ¢) the set of all infinitesimal generators
G : H — C on the upper half-plane H such that limsup,,_,, y - |G(iy)| < c.
This class is related to univalent functions f : H — H with hydrodynamic
normalization and appears in the so-called chordal Loewner equation.

In this paper, we generalize the class /C(H, ¢) and the hydrodynamic
normalization to the Euclidean unit ball in C”. The generalization is based
on the observation that G' € IC(H, ¢) can be characterized by an inequality
for the hyperbolic length of G'(z).
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1. Introduction

One-parameter semigroups. Let B, = {z € C" | ||z|| < 1} be the Euclidean unit
ball in C”. In one dimension we write D := B; for the unit disc.

Definition 1.1. A continuous one-real-parameter semigroup of holomorphic func-
tions on B, is a map [0,00) > t — ®; € H(B,, B,) satisfying the following
conditions:

(1) Py is the identity.

2) §r45 =P, 0P forall z,s > 0.

(3) ®; tends to the identity locally uniformly in B, when ¢ tends to 0.
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Given such a semigroup {®;},;>¢ and a point z € By, the limit

G(z) := lim

D(z)—z
t—0 t

exists and the vector field G : B, — C”, called the infinitesimal generator' of ®;,
is a holomorphic function (see, e.g., [Abate 1992]). We denote by Inf(B;,) the
set of all infinitesimal generators of semigroups in B,. For any z € B, the map
w(t) := ®;(z) is the solution of the initial value problem

dw(t)
dt
There are various characterizations of holomorphic functions G : B,, — C”" that
are infinitesimal generators; see [Reich and Shoikhet 2005, Section 7.3], [Bracci
et al. 2010, Theorem 0.2], [Bracci et al. 2014, p. 193].
The set Inf(D), i.e., all infinitesimal generators in the unit disc, can be character-
ized completely by the Berkson—Porta representation formula [1978]

(1-1) =Gw()), w(0)=rz.

(1-2) Inf(D)={z > (t—2)(1—72)p(z) |t €D, p € H(D,C)
with Re(p(z)) = 0 for all z € D}.

Remark 1.2. Let £ : D — D be a holomorphic self-map. Recall the Denjoy—Wolff
theorem (see, e.g., [Reich and Shoikhet 2005, Theorem 5.1]): If F is not an elliptic
automorphism (i.e., an automorphism with exactly one fixed point in D), then there
exists one point T € D (the Denjoy—Wolff point of F) such that the iterates F”
converge locally uniformly in D to the constant map t.

If {®,};>0 is a semigroup on [, then we call 7 € D the Denjoy—Wolff point of
{®¢} >0 if 7 is the Denjoy—Wolff point of @, which is equivalent to lim; o, ®; =7
locally uniformly.

If an infinitesimal generator in the unit disc does not generate a semigroup of
elliptic automorphisms of I, then the point 7 € D from formula (1-2) is exactly the
Denjoy—Wolff point of the semigroup.

There are two special cases of infinitesimal generators in [ that have been studied
intensively and turned out to be quite useful in Loewner theory and its applications.
The two different cases arise from certain normalizations of the Berkson—Porta
data T and p from formula (1-2). In the radial case, one considers those elements
G € Inf(D) whose Berkson—Porta data t and p satisfy

=0 and p(0)=1,
ie., G(z) = —zp(z2).

I'There is no standard convention in the literature and often —G is called the infinitesimal generator
of the semigroup.
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This class plays a central role in studying the class S of all univalent functions
f:D — C with f(0) = 0, f/(0) = 1, via the powerful tools of Loewner’s
theory, which considers a nonautonomous version of (1-1); see, e.g., [Pommerenke
1975, Chapter 6]. The class of radial generators as well as the class S have been
generalized in this context to the polydisc D" (see [Poreda 1987a; 1987b]), and to
the unit ball B, (see [Graham and Kohr 2003] for a collection of several results
and references).

The second class, the set of all chordal generators?, consists of all G € Inf(D)
whose Berkson—Porta data 7 and p satisfy

=1 and Zlim ()

z—>1 Z —

is finite.

The aim of this paper is to introduce a generalization of the chordal class for the
unit ball B,,.

The hydrodynamic normalization in one dimension. Instead of fixing an interior
point, like in the class S, it can be of interest to investigate univalent self-mappings
of D that fix a boundary point. In this case, one usually passes from D to the upper
half-plane H = {z € C | Im(z) > 0}.

A class of such mappings that is easy to describe and that appears in several
applications is the set of all univalent mappings f : H — H that fix the boundary
point oo and have the so-called hydrodynamic normalization. Basic properties of
this class can be found in [Goryainov and Ba 1992]; see also [Bauer 2005; Contreras
et al. 2010]. One of its main applications is the chordal Loewner equation; see
[Abate et al. 2010, Section 4] for further references.

A univalent function f : H — H has hydrodynamic normalization (at co) if f
has the expansion

. c
fE=2-S4v0).
where ¢ > 0, which is usually called half-plane capacity, and y satisfies
Lzlingoz-y(z) =0.
We denote by ‘3 the set of all these functions. Then 3 is a semigroup and the

functional / : ¢ — [0, 00), [(f) = ¢, is additive: if f1, f> € B, then fio f, €P
and [(f1 0 f2) =1(f1) +1(/2).
Remark 1.3. Let f € B with /(f) = c¢. If we transfer f to the unit disc by

conjugation by the Cayley transform, then we obtain a function f : D — D having

2 Note that there is no standard use of the words “radial” and “chordal” in the literature. In
[Contreras et al. 2010], e.g., an element G € Inf(D) is called radial if t € D and chordal if 7 € dD.
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the expansion
f@=z2=3G=1+7(),

where Zlim,_,; 7(z)/(z—1)3 = 0.

If {®;},>0 is a one-real-parameter semigroup contained in B with /(d;) = a,
then it is easy to see that /(®;) = a-¢. If H is the generator of this semigroup, then
we also define /(H) := a.

We will be interested in the following set of chordal generators.

Definition 1.4. By IC(H, ¢) we denote the set of all infinitesimal generators H of
one-real-parameter semigroups {®; },>¢ contained in P with /(H) < c.

Remark 1.5. The set IC(H, c¢) can be characterized in various ways; see [Goryainov
and Ba 1992, Section 1] and [Maassen 1992, Proposition 2.2].
It is known that H € K(H, c) for some ¢ > 0 if and only if H maps H into H and

(1-3) limsup y|H(iy)| <c.
y—>00
In fact, /(H) = limsup,_, ., y|H(iy)|.
Furthermore, this is equivalent to A maps H into H and

c
- <
(1-4) OIS ~e
for all z € H. The number /(H) is the smallest constant such that this inequality
holds.
Finally, it is known that this property is equivalent to the fact that —G is the
Cauchy transform of a finite, nonnegative Borel measure 1 on R, i.e.,

(1-5) H(z) = /R wdu),

u—z
The number /(H) can be calculated by /(H) = u(R).
Remark 1.6. It is easy to see that the following holds: if f € B with ¢ = [(f),
then H := f—id € K(H, ¢) with [(H) = c.
LetC:H—D, C(z) =(z—i)/(z+7), be the Cayley map. We define K(DD, c) by

K(D,c)={C'(C™Y-(HoC™") | HeKMH,c)}.?

The rest of this paper is organized as follows: In Section 2 we look for an invariant
characterization of chordal generators, i.e., of the sets K(H, ¢) and (D, ¢), and we
introduce the class K(B,, ¢) for the higher-dimensional unit ball. It will turn out to
be quite useful to study “slices” of this class, which is done in Section 3. In Section 4
we introduce and study the class 3, a higher-dimensional analog of the class 3.

31t {®;};>0 is a semigroup in H with generator H, then {C o ®; o C~};5( is a semigroup in D
and its generator is given by C'(C~1)- (H o C™1).
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2. Chordal generators in higher dimensions

Invariant formulation for IC(D, ¢) and IC(H, ¢). For R > 0, we let Ep(1, R) be
the horodisc in D with center 1 and radius R, i.e.,

ED(I,R):{ZEID||MD—1(Z)|<R},

where up(z) = —(1 —|z|?)/|1 — z|? is the Poisson kernel in D with respect to 1.
By using the Cayley map, we define analogously

Ey(oo, R) = C~1(Ep(1, R)) = {z cH ( @ < R}.

For z € D and a tangent vector v € C, we denote by |v|p, ; the hyperbolic length
of v, i.e.,

2|y
1=z
Furthermore, we let Rp(z) be the radius R of the horodisc Ep(1, R) that satisfies
z € dE(1, R); in short, Rp(z) = 1/|up(z)|. Analogously, for z € H and v € C, we
define Ry(z) := 1/Im(z) and the hyperbolic length |v|y ; := |v|/ Im(z).

According to (1-4), we know that H € K(H, ¢) if and only if H maps H into H
and |H(z)| < ¢/Im(z) for all z € H. By using the Berkson—Porta formula, it is
easy to see that we can rephrase this to: H € IC(H, ¢) if and only if H € Inf(H) and
|H(z)| <c¢/Im(z) for all z € H.

The last inequality is equivalent to |H(z)|/Im(z) < ¢/Im(z)? or

[V|p,z :=

|H(Z)|[H],z§ =C~RH(Z)2.

¢
Im(z)?2
If we pass from H to D and transform H into G = C'(C™')- (H o C71),

then G satisfies |G(C(2))|p,c(z) = | H(2)|n,z and we immediately get the following
characterization.

Proposition 2.1. Let G € Inf(D). Then

GekD,c) < |G(©)|p.=<c-Rp(2)? forallzeD.
Let H € Inf(H). Then

HeK(MH,c) < |H@)|nz<c-Ru(z)?* forallzeH.

Chordal generators in the unit ball. For n € N, let u,, be the pluricomplex Poisson
kernel in B, with pole at ey := (1,0,...,0), i.e.,

L

u =
onep [1—zq]?
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The level sets of up, are exactly the boundaries of horospheres with center e;;
more precisely, the set

Eg,(e;,R):={z€By, ||ug,(z)] ' <R}, R>0,

is the horosphere with center e; and radius R.

Furthermore, for z € B, and v € C", we denote by ||v|g,.- the Kobayashi-
hyperbolic length of the vector v with respect to z.

Motivated by Proposition 2.1, we make the following definition.

Definition 2.2. Let ¢ > 0. We define the class (B, ¢) to be the set of all infini-
tesimal generators G on B, such that, for all z € B,

C
ug, (z)

Remark 2.3. (B, ¢) is a compact family: Montel’s theorem and the definition
of (B, ¢) immediately imply that it is a normal family. If a sequence (G,) C
K (B, ¢) converges locally uniformly to G : B,, — C", then G is holomorphic and
also an infinitesimal generator, which can be seen by using the characterization
given in [Bracci et al. 2010, Theorem 0.2]. Of course, G also satisfies (2-1) and we
conclude G € K(Bj, ¢).

2-D 16 lg,.z =

Just as we passed from D to H in one dimension, we can pass from the unit
ball By, to the Siegel upper half-space H,, = {(z, %) € C" | Im(z;) > || Z||?} in order
to get simpler formulas:

The Cayley map

C :Hy — By, C(z)=(C1(z),...,Cn(z)):(Zl—i 2z, 2z )

Zl+i’21+l"”"21 +i

maps Hj, biholomorphically onto Bj,. It extends to a homeomorphism from the

one-point compactification H, = H, U dH, U {oco} of H, U dH,, to the closure of B”".
The pluricomplex Poisson kernel transforms as follows:

un, (2) := ug, (C(2)) = —Im(zy) + |IZ[|.
Thus, we define the horosphere Ey,, (o0, R) with center oo and radius R > 0 by

~ 1
Im(z1) = 22 > .

For v € C" and z € H,, we let ||v|n,,- be the Kobayashi hyperbolic length of v.
Let ¢ > 0. We define the class K(H,, ¢) to be the set of all infinitesimal generators
H on H,, satisfying the inequality

Ey, (00, R) := {z € Hy,

c

um, (2)?

12 (2) I,z =
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for all z € Hj. Then we have
K(Bp,c)={C'"(C™")-(HoC™")| H e K(Hn,0)}.
From now on we will stay in the upper half-space Hj,, where most of the compu-

tations we need take a simpler form.

3. Slices

Normalized geodesics and slices. For any H € Inf(H,,), one can consider one-
dimensional slices by using the so-called Lempert projection devices; see [Bracci
and Shoikhet 2014, Section 3].

If w € Hj, then there exists a unique complex geodesic passing through w and oo.
Let us choose a parametrization ¢ : H — H,, of this geodesic. There exists a unique
holomorphic map P : H,, — H, with P2 = P and Pog = ¢. Define P = ¢! o P.
Then

he :H—C, he(Q)=dP(e(Q) H(p()),

is an infinitesimal generator on H; see [Bracci and Shoikhet 2014, p. 6].

We will need special parametrizations of these geodesics: In [Bracci and Patrizio
2005, p. 516], it is shown that for any complex geodesic ¢ : H — H,, with ¢(00) = oo,
there exists a, > 0 such that

um, (9(§)) = ag - un(f)

for all ¢ € H. Call a geodesic ¢ : H — H, normalized if ¢(00) = 0o and a, = 1.

Lemma 3.1. Leta € C and y € C"! such that (a,y) € Hy. Then the map

oy H=>Hu ¢, (0):=C+ily[? ),

is a normalized geodesic through (a, y). Furthermore, if H = (H{, fl) € Inf(Hj),
then the slice hy := hy,, of H with respect to ¢y is given by

(3-1) hy(§) = Hy(¢y(©)) —2i 7T - H(py(0)).

Proof. Let ¢ : D — B,, be a complex geodesic with {7 (1) =e;. As a parametrization
for v, one can choose (see [Bracci and Shoikhet 2014, Section 3])

v() = (@*C— 1)+ La—1A).

where o > 0 and B € C"~! such that ||8]|> = 1 — 2. Then

1 (.24 0%C-1)
C (W@))—(lm’lﬂ/a)
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and

£ CT Y(C ) = (—z' i iﬂ/a)
B

— 2 2
=(Of—2+i1a2°‘ ,iﬁ/a)=(;—2+i . ,i,B/oe)

is a complex geodesic from H to Hj,. A reparametrization (¢/a? to ¢) and setting
y = if/a gives the geodesic

(3-2) oy ()= C+ilyI*p).

This complex geodesic is normalized because it satisfies ¢, (0c0) = 0o and

un, (9y () =Im@ +illy[?) = Iy |? = Im() = un(?).
The projection onto ¢, (H) is given by
(3-3) P(z1.2) = (z1 = 2i7" -2+ 20y ).
Clearly, P is holomorphic and maps H, onto ¢, (H) because
Im(z; = 2ip" -2+ 2i|y[|?) = Im(z;) = 21Im(G 7" - 2) + 2]y ||
> 202 =20y IHEN+ Iy 1? + v 12
= (yI=1ZD>+ 1y 1* = Iy 1.

Furthermore,
(PoP)(z1.2) = (21 = 2ip 2+ 2illy > = 27Ty +2i |y |1%. )
= (21 =2i7TZ+2iy |2 y) = P(z1.9).
Thus, the inverse P : H, — H, P = 5! o P, is given by
P(z1.5) = (@~ 27 2+ illy]?).
If H(z) = (Hq(2), H (z)) is a generator on H,, we get the slice reduction

hg, (§) = d P(py(§)) - H(py ()
= Hi(py () —2i7" - H(py ). O
Some explicit formulas. Later on we will need explicit formulas of the Kobayashi

norms of dP(z)H(z) and H(z) —dP(z)- H(z). The following lemma is proven in
the Appendix.
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Lemma 3.2. Leta € C, p,v € C" ! and z = (z1,%) € Hy. Then the following
formulas hold:

-4 1)

H(ziﬁTv) \/||v||2|u|H]n(z)|+|(p—E)Tv|2
(3-5) =2

v My 2 |, (2)]

(3-6)

a—2izTy 2izTy 2 _ a—2izTy 2 2izTy
0 + v H B 0 + v
n,Z Hp,z

By using Lemma 3.2 we obtain the following explicit expressions.

Lemma 3.3. Let H = (H,,H) € Inf(H,) and fix z € H,. Denote by P the
projection onto the complex geodesic through z and co. Then the following formulas
hold:

|a]

Huz g, ()]

’

2

Hp,z

37 dP(z)-H(z) = (H (z) = 2i2T H(z),0),
H(z)—dP(z)- H(z) = QizT H(z), H(z)).

Furthermore,
(3-8  NHOIR, . =1dP@E)-HOI, ,+ | H(Ez) —dP()- HE)|, -

_ .:T -~
(3-9) [PV H (), . = O =27 HE)
3, )

N _, IAe)1
(3-10) 1H(2) —dP(z)- H(Z)|w,,z =2 i O

Proof. The formulas for dP(z)H(z) and H(z) — dP(z)H(z) follow from the
explicit form (3-3).
Equation (3-8) follows from (3-6) with « = H{(z) and v = H (2).
Furthermore, (3-9) follows directly from (3-4) with a = H;(z) — 2i5TH (z) and
(3-10) from (3-5) by setting p =Z and v = H. O

’

Slices of generators in IC(Hy, ¢) and examples.

Proposition 3.4. Let ¢ > 0 and H € K(Hy,¢). Then every normalized slice h,
of H belongs to K(H, c).

Proof. Fix y € C"~1 and ¢ € H and let z = ¢, ({).
Furthermore, let P be the projection onto ¢, (H). Now we write H(z) as

H(z) =dP(z)- H(z) + (H(z) — dP(z) H(2)).
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As H € K(Hy, ¢), equation (3-8) implies
2

c
||H(Z)||ﬁn,z — ||dP(Z) . H(Z)”ﬁn,z + ”H(Z) —dP(Z)H(Z)”H%I]n,z = . (2)4 .
In particular,

c

(3-11) \dP(z)- H(2)|n,,z = (2

By the definition of the slice /,,, we have

dP(¢y(0))- H(py () = (dpy)() - 1y (D),

and consequently

ldP ¢y (D)) - H(py )10, @) = 1(d@y) () - 1y (D lb,0, @) = 1y (Dlpg-

The last equality holds as ¢, is a complex geodesic. Equation (3-11) implies

c c
lhy (D) ln,e = = :
P (0 )7 T (@2
where the last equality holds as ¢, is normalized. Hence, i, € K(H, ¢). d

Remark 3.5. If two holomorphic functions Hy, H; : H,, — C" have the same slices,
i.e., dP(z)Hi(z) = dP(z) Hy(z) for all z € H,, then Hy = H,; see the proof of
Theorem 3.2 in [Casavecchia 2010].

Example 3.6. The family {®;(z) = (z1, e 1!/?12,)},5¢ is a semigroup on Hy. Its
generator H is given by

H(Zl,Zz) = (0, —12—2)

Thus, for y € C, the slice /1, has the form

y 2P
z+ilyl? z+ily?

hy(z) = —2i7 - —i

Consequently, the limit limy_, o y - |2(iy)| = 2|y|* exists, but does not have an
upper bound that is independent of y. Proposition 3.4 implies that for any ¢ > 0,
H Q/ ’C([H]z, C).

Example 3.7. Let

—1/21
H:H, > C?, H(zi,2p) = .
2 — (z1,22) (22/22%)
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For y € C, the slice /y, is given by

I S
O = e T i

g-2iyP (-2ily P 20y PE 1yl

(& +ilyl*)? 1 +ilyl?[* '

Let us write { = x +iy, x € R, y € (0, 00). Then a small calculation gives
Y2y + 42y P+ Syl 420y

0.
ic+ily[*

Im(%y (§)) =

Furthermore,
limsup y|hy, (iy)| = 1.
y—>0o0

Hence, i, € IC(H, 1). So each slice is an infinitesimal generator in H and by [Bracci
and Shoikhet 2014, Proposition 3.8], the function H is an infinitesimal generator
in |H]2.

Now let (z1,z) € H, and write z; = x + iy, x, y € R. Then we get

2+ 12 43|l
(x2 + y2)2
2 2 2 2 2
< yz.x +y°+3y SX +4y <
yzlzP (2+p2)2 7 x4 y?

X
upt, (2)* - | H@,.. = (v = 122172

4

(an explicit formula of the Kobayashi metric is given in the Appendix). Consequently,
H e K(H,, 2).

Question 3.8. Let H : H,, — C” be an infinitesimal generator. Assume there
exists ¢ > 0 such that /1, € K(H, ¢) for every y € C"~!. Does this imply that
H € K(H,, C) for some C > ¢?

4. Univalent functions with hydrodynamic normalization

Motivated by Remark 1.6, we define the following generalization of the class ‘%3,
where id stands for the identity mapping on H,.

Definition 4.1.
By :={f :Hp - Hy | f is univalent and f—id € K(Hp, ¢) for some ¢ > 0}.

Remark 4.2. It is important to note that if f : H, — H, is a holomorphic self-
mapping, then the map f—id is automatically an infinitesimal generator; see [Reich
and Shoikhet 2005, p. 207].
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Basic properties of 3. The following proposition summarizes some basic prop-
erties of L3;,.

Proposition 4.3. (a) B, contains no automorphism of Hy except the identity.
(b) Leta : Hy — H, be an automorphism of Hy, with a(o0) = oo. If f € By, then
a"lo foaeP,.
(c) Let f €Py. Then f(Ew,(co, R)) C Ey, (0o, R) for every R > 0.
(d) Let f € By and write f(z) =z + H(z) with H = (H,, H) € K(Hy, ¢). Then
4-1) |H()||> < |Hy(z)=2i2T H| forallz = (z1,%) € Hy.
(e) Let f €Py. Then there exists R > 0 such that Ey, (0o, R) C f(Hy).

Proof. The statements (a) and (b) can easily be shown by using the explicit form of
automorphisms of Hj; see [Abate 1989, Proposition 2.2.4].

The statement (c) is just Julia’s lemma: Write f(z) =z + H(z) and let us pass
to the unit ball and define f: B, — B, f =Co foC™!. Then

Fe 1 (((l_zl)Hl(C_l(z)))+2iz)
2i + Hi(C71(2)) =21 Hi(C1(2)) \\2(1 = z1) H(C~(2)) '
By taking the sequence z, = (1 —1/n,0), it is easy to see that

[t FAED)

2

Jm f(en)=er and - lim — 1zl
i.e., 1 is a boundary regular fixed point of f with boundary dilatation coefficient < 1.
Julia’s lemma (see [Abate 1989, Theorem 2.2.21]) implies that f (Eg,(e;, R)) C
Eg,(e;, R) for any R > 0.
Inequality (d) follows directly from (c): Let z = (z1, Z) € H,,. Another formulation
of (¢) is —um, (z + H(z)) = —un, (z), or more explicitly

Im(z1)+HIm(H, (2)—|IZ+H(2)|* = Im(z;)—|| %]
&= Im(H,(2)) = |3+ H()|*~|Z)* = 2ReGT H(2))+ | H(z)|?
= Im(H,(2)-2i2T H(z)) = | H ()|

From this inequality it follows that || H(z) |2 < |Hy(z)— ZiETITI| for all z € Hj,.

Finally we prove (e):

Let f €, and write f(z) =z + H(z) with H € K(Hj,, ¢). Because of (¢), f
maps the horosphere Eyy, (00, 1) into itself. Hence the statement is proven if we
can show that uy, is bounded on f(dEp, (o0, 1)).

Let z € H, with z € 0Ep, (00, 1), i.e., |un, (z)| = 1. Furthermore, we choose
¢ € Hand y € C such that ¢, (§) = z. Note that this implies |up({)| = Im({) = 1.

Let P be the projection onto ¢, (H).
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Then we have

|uw,, (f ()] = lup, (z + H(2)| = |un, (z + dP(2) H(z) + H(z) = dP(2) H(2))|.
=:w =0

As dP(z)-dP(z) = dP(z), we have dP(z)-v = 0. A small calculation (see also

[Casavecchia 2010, Lemma 3.1]) gives v € TZCE)EHn (00, 1). Furthermore, also

w € ¢y (H) and dP(z) = dP(w) and we get v € TEOEw, (0o, |upm, (w)|™1). As

Ey, (00, luy, (w)|™1) = {z € Hp | lun, (2)| > |um, (w)|} is convex, this implies

s, (w0)] = o, ()] = s, (AP HE) | = Jug, -+ (©), 0)]
= Im(z1)—[ZI*+Im(/y (§)) < Im(z1)—[Z]]*+1hy ()]

= Jup, (2)|+|hy Q)] = 1411y, ()] < 1+ImC(C)

Consequently, f(H;) D f(En,(c0, 1)) D En, (00, 14¢). d

= 1+4c.

Theorem 4.4. B, is a semigroup: if f,g € P, then fog € Py
Proof. Let f,g € By, with F = (F, F):= f—id,G = (G, G) := g —id and

1),z = 1G22 =

c
un, (2)* uw, (2)?

forall ze H,. Let z = (z1,2) e H, and p = (p1, p) :=z + G(2).

From Remark 4.2, we know that f o g —id is an infinitesimal generator on H,.
It remains to estimate the hyperbolic metric of this generator. We have

I(feg)()=zlln,.z = 1G()+F(z+G(2)[u,.2

= NG .z +HIF(+G () I,z =

d
F z
I,

+I(F1(p)=2i 5T F(p),0) etz +112i 5T F(p). F(p)) 2

~um,(2)?

Note that F;(p) — 2i 5Tf (p) corresponds to the slice of F with respect to the
geodesic through p and infinity. Because of Proposition 3.4, we know that

AT R c c
Frp) =200 F D= s = T @)

where the second inequality follows from Proposition 4.3 (c). Together with (3-4),
this implies

=T = Fi(p)—2ipT F
@2 F(p) =2 5 F(p). O, . = D =2P TR ¢
i ) i ©)
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It remains to show that there exists a constant C > 0 such that
C

@i 5" F(p). E(pDllnz = -

First, (3-5) gives
(4-3)

VIEDI2 s, )] +1G DT E(p)I?

|um,, (2)]

\/IIF(p)II2 luw, ()| + 115 = D2 1 F(p)12

|, (2)]

12i T F(p). F(p)) 1,z =2

IIF(p)II
| a (2]

Now we differentiate between two cases.

VI, @) + 152,

Case 1: |uy,(z)| = 1. The equations (3-8) and (3-10) imply

IF(p)| ~

|an(P)| tttn (P)
thus
4-4 Fp)ll = : '
(4-4) N = S P2 = 2 )2

In the same way, we get

~ d
(4-5) G| = W-

Combining (4-4) with (4-3) gives

c

()] |up, (2)]3/2 \/|“Hn(2)|+||6(z)||2

c 1G ()2
= I
@Y Jum, )]

c d?
< +
@) |un, (2)]? 4luy, ()[4

_cvl +d?/4

|un, (2)1?

12i 5T F(p). F(p) .z < »
Hn
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Case 2: |up, (z)| < 1. From (4-2) we know that | Fy (p)—2i pT F(p)| <c¢/|un, (2)|,
and (4-1) implies

~ Je
F < —.
IF(p)ll ]
Similarly we get
~ JVd
G <
A N TRE]
Hence, with (4-3) we obtain
12i 5T F(p), F(p)lln, .z <2 ™ <)|3/2 — Y, G+ 1G )2
L _d
am@pe | O @)
Je
|uH (Z)|2 an(Z)Z—i-d
1 O
=2 |an(2)|2 Vitd

On the Loewner equation with a IC(H,,, ¢)-Herglotz vector field. Let {®;},>¢ be
a semigroup on H, with generator H € K(Hj,c). Next we will show that this
implies ®; € 3, for every ¢ > 0.

In fact we can prove a little more by considering a nonautonomous version
of (1-1). To this end, let { H; : H;, — C"},>¢ be a K(Hj, ¢)-Herglotz vector field,
i.e., H; € K(Hp, ¢) for almost every ¢ > 0 and the map ¢ — H;(z) is measurable
for every z € Hy; see [Arosio and Bracci 2011, Definition 1.2]. In this case, one
can solve the nonautonomous version of (1-1), namely the Loewner equation

d¢:(2)

ot
which gives a family {¢;};>¢ of univalent self-mappings of H,,; see [Arosio and
Bracci 2011, Theorem 1.4].

Theorem 4.5. If {H;};>0 is a K(Hy, c)-Herglotz vector field and {@;},>¢ the
solution to (4-6), then ¢; € Py, for every t > 0.

(4-6)

= Hi(¢:(2)), ¢o(z) =z € Hy,

Proof. Firstly, for every t > 0 and R > 0, the map ¢; maps the horosphere
Ey, (oo, R) into itself, i.e.,

4-7) |um, (9 (2))] = [, (2)]

for every z € H,. This can be seen as follows:
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First, consider the autonomous case H;(z) = J(z) for every ¢t > 0 and some
J € K(Hy, ¢). Let G be the corresponding generator in the unit ball, i.e., G =
C'(C~™1)-(JoC™1). Then G satisfies the inequality

4 i C|1—21|4

16O =16 oy = 5 = (T

Putting z = r - e; gives

c(1— r)4 B c(1 —r)2
IGCeDl = G ar = G

From this it follows immediately that

G
lim G(re;)=0 and lim 1(rer) =
(0,1)3r—1 ©,Dar—1 r—1

0.

Theorem 0.3 in [Bracci et al. 2010] implies that e is a boundary regular fixed point
for the generated semigroup with boundary dilatation coefficient 1. Hence we can
apply Julia’s lemma and obtain (4-7).

Now assume that H;(z) is piecewise constant with respect to time. By using the
previous case, we see that (4-7) also holds in this case.

Finally, for a general K(H,, ¢)-Herglotz vector field H;(z), we can approximate
the solution ¢; by a sequence ¢, , such that for each n, the family {¢;,}:>0
solves (4-6) with a piecewise constant /C(H,, ¢)-Herglotz vector field. By using the
continuity of uy, (z), we see that (4-7) also holds for ¢;.

Letz=(zy, z2) €Hy and write ¢; = (@1 ¢, ¢¢), Hy = (Hy 4, FI,). The mapping ¢;
satisfies the integral equation

t
ei(z) =z +/0 Hy(ps(2)) ds.

Similarly to the proof of Theorem 4.4, (4-4), we deduce from the fact that H; €
KC(Hy, ¢) for almost every ¢ > 0 and equations (3-8) and (3-10) that

~ c
(4-8) | Hy (@ (2)]| < W

for every z € H, and almost every ¢ > 0, and similarly to (4-2), we deduce that

(4-9) [ o0 =2i6," (e, 0], . < e

for every z € H, and almost every ¢ > 0.
First we get

c dr— cs
2lup, ()27 2fun, ()32

(4-10) (G5 — 2] < /0 | e (e () de < /0
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Suppose |uy, (z)| > 1. Then we have

t
e e /0 | Hy (05 (=), 2 s

</
0

ds

Hp,z

(Hl e (z))—zigéfﬁs(ws(z)))
(ziéfﬁs (¢s (z))) s

0
t
+/0 Ao M,

N ZACRG)] _
ds+ /0 ZW\/WHH(Z)H”%—ZHZCZS

/ L / QL AT
< S+ | 7/ lun, @)+ 7 ds
@-8),4-10) Jo up, (2)? o lup,(2)]3/2 4un, (2)|3

ct +/’ c I+ c2s2 P
= —  _ds
un, (2)*  Jo |un,(2)|? 4um, (2)|*

t t
< ¢ 2+/ ¢ 2\/l—l-czszds
up,(2)*  Jo |un,(2)]
t+ [y V1+c2s2ds
=C- .
um, (2)*

The case |up,, (z)| <1 is treated similarly, compare with the proof of Theorem 4.4,
and we conclude that for every ¢ > 0, there exists C > 0 such that ||¢;(z) —z||n, <

C/up, (z)? for all z € Hj,. Together with Remark 4.2, this implies that ¢; € ,,. O

Question 4.6. Let f €3;. In [Goryainov and Ba 1992, Section 4], it is shown that
there exists a IC(H, ¢)-Herglotz vector field H; and a time 7" > 0 such that f = ¢,

where {@;};>0 is the solution of (4-6). What can be said in the higher-dimensional
case?

t
<)
@-9,3-5Jo un,(2)?

On the behavior of iterates. Let F : B, — B, be holomorphic. We say that p € By,
is the Denjoy—Wolff point of F if F" — p for n — oo locally uniformly. The basic
results about the behavior of the iterates F” for n — oo can be found in [Abate
1989, Chapter 2.2]. In particular we have (Theorem 2.2.31)
(4-11)

F has a Denjoy—Wolff point on the boundary dB,, <= F has no fixed points.

Now let f € B,. For n = 1, f has the Denjoy—Wolff point co if f is not the
identity: As f is not an elliptic automorphism, the classical Denjoy—Wolff theorem
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implies that f has a Denjoy—Wolff point. This point has to be oo, e.g., because of
Proposition 4.3 (c).

Next we will show that this is also true in higher dimensions, provided that f
extends smoothly to the boundary point co. There are different possible definitions
of smoothness of f near co. We will use the following one: Let H(z) = f(z) —z,
and denote by G : B,, — C" the corresponding generator on B,;; i.e., we have

H(z) = (CT1Y(C(2))- G(C(2))
and a small computation shows

Hy(2) = =51 +1) - G1(C(2)).

Our smoothness condition will be that G; has a C3-extension to e;; i.e., we can
write

k k k 3

Gi(D)= Y gy, G —DF 2 oz — e,
ky+-tkn<3
ki,o.e.kn=0

which translates to

() =31+

. k k k
—2i ! 2z, 2 2zn n 3
. o(llIC — ,
E akl,...,kn(zl+i) (zl—}—i) (21+i) +o([[C(z)—e1”)

ki+-+k,<3
or
(4-12)
N2 . k k
Hy(z) =bo.. o (214> +(z1+i) - Y by gZs ez
ey -k =1
k k .\ —1 k k
+ Z bkl ..... knzzz""'Znn+(Zl+l) : Z bkl ,,,,, knzzz-----zn”
ki+-+kn=2 Ky tthn =3

+o(lzi+i (1220 z0) 1)
for some coefficients by, . x, € C.

Theorem 4.7. Let f € Py, [ # id, and assume that (4-12) is satisfied. Then oo is
the Denjoy-Wolff point of f.

Proof. Write f(z) = z + H(z), where H € K(H,,c) and H = (H;, H) Let
y € C"~ 1. If we can show that the slice iy, ({) = Hy(p(£)) — 2i)7TH(<py(§)) has
no zeros, then we are done:
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This implies that H has no zeros because of (3-7) and (3-8). Hence, f has no
fixed points and (4-11) implies that f has a Denjoy—Wolff point. This point has to
be oo because of Proposition 4.3 (c).

Similarly to the proof of Theorem 4.4, (4-4), we have

~ c
HO|l < ——,
A PN EIEE

and thus
c

2, (0y ()2~ 2Im(E)3/2

1H (0, ()] <

Consequently,
. -T 3 . _
Jm_ yly® Hgy (iy))] = 0.

On the other hand, we know from Proposition 3.4 that /1, € IC(H, ¢), which implies
(see Remark 1.5)

limsup y|hy (iy)| = limsup y| Hy (¢(iy)) —2i 77 H(p, (iy))| <c,

y—=>00 y—=>00

which gives us

(4-13) limsup |iy - Hi(py (iy))| < c.

y—>o0

Now we use the assumption of the smoothness of Hj:
Because of (4-13), all coefficients by, . x, from (4-12) with ky +---+k, <2
have to be 0. Thus,

yan;o iy-Hi(py(iy)) =: K(y)

exists and is a polynomial in y = (2, ..., ¥»):
k
Kp)= Y bV v
ky+-thkn=3

As K(y) is bounded, it has to be constant.

If K(y) =0, then all slices of H are zero; hence H = 0 by Remark 3.5 and f
is the identity, a contradiction.

Hence K(y) is a nonzero constant and /() is not identically zero, which
implies (e.g., by using the representation (1-5)) that /,,({) has no zeros. d

Question 4.8. Is co the Denjoy—Wolff point for every f € 53,?
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Appendix: Proof of Lemma 3.2

Lemma 3.2. Leta € C, p,v € C" ! and z = (z1,%) € Hy,. Then the following
formulas hold:

a _lal

(3'4) H(O)‘Hn,z_ |an(Z)|,
(3-5) H (21‘13Tv) _ 2\/||v||2|u[kﬂn(z)| F(p=5)To]2

v Hy,z |an (2)| s
(3-6)

‘(a—%?TU) (21'2%) 2 ‘(a—ziETU) 2 H(ziéTU) 2
+ _ .
0 v Hyp,z 0 Hp,z v Hy.z

Proof. We write Z = (23,...,2),v = (V2,...,Vn), p = (P2,..., Pn)-

An explicit formula of the Kobayashi metric for the unit ball is given in [Abate
2004, Theorem 3.4].# It coincides with the Bergman metric and by using the Cayley
map, we get the following formula for the upper half-space:

2 T .
lwli,,: =w" - (&jx)jk- W,

where w € C" and (g; x); x iS an n X n-matrix with
8j.k)j.k

9? o,
8k =4y 1og(1m(zl> el )
=2
and we get for j, k > 2,
B 1 o 2izg o —2izj

gl,l - an(Z)zv gl,k - an(Z)z’ gj,l - an(Z)z’

o _4Im(zl)_2?:2,l;£j |Zl|2 o 4Zk5j K 7& .
g]s] - an (2)2 ’ g],k an (2)2’ .]'

The formulas (3-4) and (3-5) are now straightforward calculations. We obtain

1.0z = v (@.0) - (g4 @ O = g a=—2

 Jun, @1

4Note, however, that the Kobayashi metric in [Abate 2004] differs by a factor of 2 from the one
we are using here.
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and

um, ()11 pT v VI,

=up, (2)*2i pTv,vT)-(gj 1) k- Qi pTv,0T)T

2 +g 1121 pTo)?

=up, (2)2'(

j=2

n n n
+Z gj,lvj2iﬁTv+Z g1 40521 pT o+ Z gj7kvjl7k)

j=2 k=2 jk=2,j#k

—4Zam(zl>—uzu )- )] +4Z|zj|2 )] +4Zp,pkv]vk

j=2 Jj.k=>2
n
—42 ijkvjﬁk—42 Zj PrV;j v +4 Z ZjZpvj Uk
Jj.k=>2 Jj.k=>2 J.k>2,j#k

n
2 - -
=4|v||*lun, (Z)|+4Z ZiZjVjZj
j=2
n

+4Z (Pj PrVjVk—Zj PkVjVk—Zj PV Vi) +4 Z Zjzkvj Uk
Jk=2 Jok=2,j#k

n
2 - - - - - - - -
= 4|v]|*Jum, ()| +4 Y (pj PicvjVk—Z) Prvj Dk —2) Pk D) vk +Z 2k ) U)
Ji.k=2

= 4)lv)|*lus, ()| +41(p=2) " v]*.
For formula (3-6) we just need to show that
QizTv, 0Ty (gj )k (@—2i2Tv, 007 =0
Indeed, we have
up, (2)* - (g5 - (a—2iZT 0, 0)7
= (@+2izT0,-2iza+ 45,270, ..., —2izpa+4z,2T )T
and

QizTv vl Y@+ 2270, 2iza+ 42,270, ..., —2izpa+ 42,27 0)T

=2iazTv—4|zT o> —2iazTv + 427512 =0. O
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ON A QUESTION OF A. BALOG

ILYA D. SHKREDOV

We give a partial answer to a conjecture of A. Balog concerning the size of
AA + A, where A is a finite subset of real numbers. We also prove several
new results on the cardinality of A:A+ A, AA+ AAand A: A+ A: A.

1. Introduction

Let A C R be a finite set. Define the sumset, and respectively the product set, by

A4+A:={a+b:a,be A}
and
AA:={ab:a,be A}.

The Erd6s—Szemerédi conjecture [1983] states that for all & > 0,
max{|A+ Al, |AA]} > |A]P°.

Loosely speaking, the conjecture says that any set of reals (or integers) cannot be
highly structured in both a multiplicative and an additive sense. The best result in
this direction is due to Solymosi [2009].

Theorem 1. Let A C R be a set. Then
max{|A + Al, |AA[} > |A[* log™ 13 |A].
If one considers the set
AA+A={ab+c:a,b,ce A}

then the Erd6s—Szemerédi conjecture implies that A A+ A has size at least | A |27¢ (we
assume for simplicity that 1 € A). Balog [2011] formulated the weaker hypothesis
that for all & > 0 one has

|JAA+ A > |A]PE.

In that paper he proved the following result, which implies, in particular, that
|AA+A|> |A]? and |[AA+ AA| > |A]|A: A2

This work was supported by Russian Scientific Foundation grant 14-11-00433.
MSC2010: 11B13, 11B75.
Keywords: sum-products, Szemerédi—Trotter theorem.
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Theorem 2. For every finite set of reals A, B, C, D C R, we have

(D |AC + A||BC + B| > |A||B]||C]|
and
2) |AC+ AD||BC+ BD|> |B:A||C||D]|.

More precisely (see [Schoen and Shkredov 2013]),
|(Ax B)-A(C)+ A x B| > |A||B||C|

and
[(Ax B)-A(C)+ (A x B)-A(D)| > |B:Al|C||D|,
where
A(A):={(a,a):a € A}.

Murphy et al. [2015] obtained a partial answer to a “dual” question on the size
of A(A+ A). The main result of this paper is the following new bound for A: A+ A
and AA + A, stated more precisely in Theorem 12.

Theorem 3. Let A be a finite subset of positive reals. Then there is &1 > 0 such that
(3) A A+ A > AP

Moreover, if |A: A| < |AA| then there exists e, > 0 such that

) [AA+ Al | AP/,

We also prove several results on the cardinality of AA+ AAand A: A+ A:A;
see Theorem 14 and Proposition 15 below.

Roche-Newton and Zhelezov [2015] conjectured there exist absolute constants ¢
and ¢’ such that for any finite A C C,

A+A 2 /
— I <cl|A A+ A| <Cc|A].
A=Al = 1a+aicia

Similar conjectures were made for the sets (A — A)/(A — A), (A — A)(A— A),
A(A+4+ A+ A+ A) and so on. We conclude this paper by giving a partial answer to
a variant of Roche-Newton and Zhelezov’s conjecture:

(A+A)A+A) +(A+A)(A+A)| K AP = [A+ A < |Alog|Al;

see Corollary 17.

The main idea of the proof of Theorem 3 is the following. We need to estimate
from below the sumset of two sets A and A : A. As in many problems of this type,
the usual applications of the Szemerédi—Trotter theorem [Tao and Vu 2006] or Soly-
mosi’s method [Balog 2011] give us a lower bound of the form |A: A + A| > |A|3/2.
In [Schoen and Shkredov 2011] the exponent 3/2 was improved in the particular
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case of sumsets of convex sets. After that the method was developed by several
authors; see, e.g., [Konyagin and Rudnev 2013; Li 2011; Li and Roche-Newton
2012; Schoen 2014; Schoen and Shkredov 2013; Shkredov 2013a; 2013b; 2015].
In [Shkredov 2015] it was proved that the bound |A + B| > |A]P/#t¢ ¢ > 0, holds
for a wide class of different sets having roughly comparable sizes. For example,
such a bound holds if A and B have small multiplicative doubling. It turns out that
if (3) cannot be improved then there is some large set C such that |AC| <« |A|. This
allows us to apply results from [Shkredov 2015].

2. Notation

Let G be an abelian group and + be the group operation. We use the same letter to
denote a set S € G and its characteristic function S : G — {0, 1}. By |S| denote
the cardinality of S.

Let f, g : G — C be two functions with finite supports. Put

5) (fx)@) =) fgx—y) and (fog)(x):=Y f(3)egly+x).

veG yeG

Let A C G be a set. For any real o > 0 let

6) ES(A) =) (AoA)*(x)

xeG

be the higher energy of A. In the particular case o« =2 we write ET(A) = E; (A) and
E(A, B) for ) ..5(AoA)(x)(Bo B)(x). The quantity ET(A) is called the additive
energy of a set; see, e.g., [Tao and Vu 2006]. For a sequence s = (s, ..., Sg—1) put
At=AN(A—5s)N---N(A—sk_1). Then

EC(A) = Y AT

S1yeens SkfleG

If we have a group G with multiplication instead of addition, then we use the
symbol Ej (A) for the corresponding energy of a set A and we write A} for
AN (Asfl) Nn---N (As,;_ll). In the case of a unique operation we write just E;(A),
E(A) and A;.

Let A, B C G be two finite sets. The magnification ratio Rg[ A] of the pair (A, B)
(see, e.g., [Tao and Vu 2006]) is defined by

|B+ Z|
min .
O#ZCA | Z]

(N Rp[A] =

A beautiful result on the magnification ratio was proven by Petridis [2012].
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Theorem 4. For any A, B, C C G, we have
3) |B+C+ X| < Rg[A]-|C + X],
where X C A and |B + X| = Rp[A]]|X].

We conclude the section with Ruzsa’s triangle inequality; see, e.g., [Tao and Vu
2006]. Interestingly, our proof (developing some ideas of [Schoen and Shkredov
2013; Murphy et al. 2015]) describes the situation when the triangle inequality is
sharp, namely, when |BN (A —z) — C| ~ |C| for many z € A — B.

Lemma 5. Let A, B, C C G be any sets. Then
) ICI[|[A—B|<|AxB—-AC)|<|A-C||B-C]|.
Proof. We have

[AxB—A©)|= ) [BN(A-2)~C|=|A-BI[C|.
z€eA-B

The inequality above is trivial and the identity follows by the projection of points
x,y) e AxB—-AC), x,y)=(@—c,b—c),aec A, be B, ceC, onto
z:=x—y=a—be A— B.If z is fixed we see that the result of the projection is
the intersection of the line z = x — y with our set and moreover the ordinates of the
points from the intersection belong to BN (A —z) — C. It is easy to check that the
converse is also true. (]

All logarithms are base 2. The signs < and > are the usual Vinogradov symbols.

3. Preliminaries

As we discussed in the introduction our proof uses some notions from [Shkredov
2015]. So, let us recall the main definition of that paper.

Definition 6. A set A C G has SzT-type (in other words, A is called a Szemerédi—
Trotter set) with parameter « > 1 if for any set B C G and an arbitrary t > 1,

(10) {x € A+ B:(AxB)(x) >t} < c(A)|B|* 173,
where c(A) > 0 is a constant that depends on the set A only.

Simple calculations (or see [Shkredov 2015, Lemma 7]) give us some connections
between various energies of SzT-type sets. Formula (11) below is due to Li [2011].

Lemma 7. Suppose that A, B, C C G have SzT-type with the same parameter o.
Then

(1D) E*(A) < E3(A)c(A)|Al%,
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(12) E(A) < c!2(A)| A2,
and
(13) ) (Ao A)(x)(BoB)(x)(CoC)(x)

1/3
< (c(A)e(B)e(0)) / (1A]1B]|C)
Proof. We prove just (11); estimates (12) and (13) can be established by similar

/3 .
" X log(min{| Al |BI, ICI}).

arguments.
Let us arrange the convolutions (A o A)(x) in decreasing order: (Ao A)(xy) >
(Ao A)(xy) = ---. By assumption A has SzT-type with parameter «, which

implies that (Ao A)(x;) < (c(A)lAl"‘j_l)l/3. Choosing the parameter A2 =
c(A)|A|“E5 /12(A) and applying the obtained bound, we get

[A—A|
E(A)= > (Ao A (x)) <AEsp(A)+ Y (c(AIA[%j~H.
Jj=1 J:(AcA)(xj)=A

The condition (A o A)(x;) > A implies j!/* <« (c(A)|A|*)!/3A~!. Thus by our
choice of A, we have

E(A) < A2 E30(A) + c(A)|A]" A7 < B35 (A)(c(A)|A1)1 /3
as required. U

We need Lemma 7 from [Raz et al. 2015] (see also Lemma 27 from [Schoen
and Shkredov 2013]).

Lemma 8. Anyset ACR, R=(R, +), has SzT-type witha =2 and c(A) =|A|d(A),
where

- |AcP
(14) d(A) := min .
c#o |Al|C]

So, any set with small multiplicative doubling or, more precisely, with small
quantity (14) has SzT-type, relative to addition, in an effective way. The interested
reader can check that the minimum in (14) is actually attained. Careful analysis of
our proof shows that we do not need this. Other examples of SzT-type sets can be
found in [Shkredov 2015].

Now let us prove a simple result on d(A) that follows from Petridis’s Theorem 4.

Lemma9. Let A C R* be a set. Then d(A) =d(A™), and for any nonempty C
we have
|AC|* |AC|*

15 d(AA) < ———— d(A:A) < —— .
(1 ( )_IAA||C|3 ( )_IA:AIICP
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In particular,

Al2d*(A Al2d*(A

|A] ()’ d(A:A)§|| ()’

|AA||C] |A:Al|C|
where C is a set where the minimum in (14) is attained.
Proof. The identity d(A) =d (A7) is obvious. Let us prove (16). By Theorem 4

there is X € C such that |[AAX| < R|AX|, where R = R4[C] is defined by
formula (7). We have

|AAX|? R AX|?  JAX|* - |AC)*

|AAIIX| —  [AA[IX]  JAA]IX]P T |AAJICP

and the first bound of (15) is obtained. Similarly, let Y C C be as given by Theorem 4
andput R=R4[C™']. Then|(A: A)Y|<R|A"'Y|<R|AT!C|,R=|AY!|/|Y|<
|AC~!|/|C|, and arguments similar to (17) can be applied. ([

(16) d(AA) <

17) d(AA) <

Finally, we formulate a full version of Theorem 1.

Theorem 10. Let A, B C R be sets, and let T > 0 be a real number. Then

A+ A||B+B
(18) [{x:|ANxB| =1} < 'l%
In particular,
(19) E*(A, B) < |A+ A||B + B| -log(min{|Al, | B[}).

4. Proof of the main results

Our proof relies on a partial case of Theorem 14 from [Shkredov 2015].

Theorem 11. Suppose A, A, C R have SzT-type with the same parameter o = 2.
Then

(20) |A£A,>
max [d(4,)713d(A) 21 AFPIARR, d(a) a0 AP AP,
min{d(4.)">2d(A) 74P, a4 a(a) AP
x (log(|A[|A4])) 7.
Now we can prove the main result of the paper.

Theorem 12. Let A be a finite subset of positive reals. Then
2D AT A+ Al AP (log A2/,
and

(22) |AA+A| > |AA|11/41|A : A|_11/41|A|3/2+1/82(10g|A|)_2/41.
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Proof. Put [ = log|A|. We will assume that |[A: A+ A| < M|A|*/? and that
|AA+ A| < M|A|*?, where M is a small power of |A|, that is, M = |A|®, and
obtain a contradiction. Let us begin with (21) because the proof of the second
inequality requires some additional steps.

Recall the arguments from [Balog 2011] or see the proof of Theorem 31 from
[Schoen and Shkredov 2013]. Let /; be the line y = ¢;x. Thus, (x, y) € [; N A% if
andonlyifxeA;. Letgy,...,go€e[1CA:Abesuchthatg <gy <--- < qy.
Here IT is a set which can vary, in principle, and at the moment we choose I1
such that [AX| > 27'|A[>/|A: A| for all ¢; € TI. Thus, Y penlAzl = TIA2. We
multiply all points of A? lying on the line /; by A(A™!), so we obtain |Ag, : Al
points still belonging to the line /;, and then we consider the sumset of the resulting
set with /; .1 N A2, Clearly, we get IAE;,, DA |A;<;+1 | points from the set (A: A+ A)?
lying between the lines /; and ;1. Put

|AAS|?

23 d(A) <d(A):= min —
o) (4) =d(4):= min |AllA;]

Therefore, using the definition of d (A), we have

(24) M?AP > |A: A+ AP

n—1
X X .
= ZlAqi | |A€li+1 : A|
i=1
n—1

> [AIY2d2(A) Y 1Az Ax I
i=l1
n—1
> AP A)A A2y A
i=1

> |A|"2dV2(A)A: ATV

Thus,

5 [AAZ]? M4YA:A
(25) d(A) =d(A)= min —— -~
i=2,..n |A||A[ Y

To estimate d(A : A) and d(AA) we use Lemma 9. In other words, taking our
C= Aqxi to minimize (25), we get

445 1" d(A:A) < 4451 MOIA - Al

(26)  d(AA) = —————, X
|AA]|Ag P |A: A]|Ag P IC]
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Applying the first inequality of Theorem 11 with A = A and A, = A: A, we obtain
M|AP? > A A+ A|

|C]
= |A: APP|APRAYOA)|C) 3 M8
s |A| 40N 3297219,

MEA AN
> |A . A|8/9|A|2/3d72/9(A) (#) 172/9

and hence M > [~%*1|A|'/32, This implies (21).

It remains to prove (22). In this case we multiply all points of A2 lying on
the line /; by A(A), so we obtain |AA;’_ | points still belonging to the line /;, and
then we consider the sumset of the resulting set with /; ;| N A%. Clearly, we obtain
|AA;I_ | |A;H| points from the set (AA + A)?. Thus,

n—1
i=1
and we repeat the arguments above. The proof gives us
(28) |AA + Al > |AA|11/41|A|_4/41(E3X/2(A))22/411_2/41,

Here we have chosen the set IT as qunlAZI< 1372 > ES /2(A) or, in other words,
|A ;l > (E;/Z(A))2|A|_4. Using the Holder inequality, combined with (28), we get

[AA 4+ A > [AA|NAT A A7 1/4T) A|02/41-2/41 -
Remark 13. Using the full power of Theorem 14 from [Shkredov 2015], one

can obtain further results connecting |[AA: A| and |A: AA| with |AA 4+ A| and
|A: A+ A| and so on. We do not make such calculations.

The same method allows us to improve the result of Balog concerning the size
of AA+AAand A: A+ A:A.

Theorem 14. Let A C R be a set. Then

29) [A:A+A Al > |A: A|14/29|A|30/29(10g|A|),2/29’
and
(30) |AA+ AA|> [AA]"/Z|A: A7 APY 2 (log| A~

Proof. As in the proof of Theorem 12, we define /; to be the line y = g;x and let
qi,...,qn € I1C A:Abesuchthatg; <g, <--- <g, and |A;i| >271AI?/|A: Al
for any ¢; € I1. Thus, ZilAj;il > %|A|2. We multiply all points of A% lying on
the line /; by A(A™"), so we obtain |Aj,  A| points still belonging to the line /;,
and then we consider the sumset of the resulting set with itself. Clearly, we get
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|A;{_ TA| |Aqxl_+1 : A| points from the set (A: A+ A: A)2 lying between the lines /;
and /; . Therefore, we have

(31) o2 =|A:A+A: AP
qi+1

n—1
> Y AXAl|AY A
i=1

n—1
>d(A)|Al Y AP AY V2

qi+1
i=1
> |APd(A),
where
i . |A;,:A|2
32) d(A) = min ————.
i=l..n |A[[Ag]|

This gives us d(A) < ci(A) < o?A73. Using Theorem 11 with A=A, =A:A,
we obtain

4 -5/9
33 A2}
&) o> AT A Al

> |A . A|19/9|A|20/9|C|5/90_720/9172/9
> |A . A|14/90_20/9|A|10/3l_2/9.

After some calculations, we get o > |A : A|14/29]4|30/291=2/29
To obtain (30) we use the previous arguments. We have

(34) o2 :=|AA+ AA?
> JAAZIIAAY ]
iell
> d(A)|A] Y IAFIPAY IV
iell
> d(A)|A[T]A,

choosing IT C A : A such that for any ¢ € IT one has |A|]>/|A:A] K A < A7l
Clearly, such a set IT exists by simple average arguments. Calculations like those
in (33) give us

4

-5/9
o> |AA|14/9( ) 17219 s | AA| "9 (|TT| A3/2)10/9 5 =20/97=2/9

|AA||TT]2A3
After some computations, we obtain

o> |AA|Y201A L AT/ AP0 0
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Finally, let us obtain a result on AA + A and AA + AA of another type.

Proposition 15. Let A C R be a set. Then

(35)  [AA+ ALY |A: A+ Al* > A TA(E,(A)ES (A) log Al

and

(36) |AA+AAPY, |A: A+ A AP > ET(A)log | Al

Moreover,

(37) IAA+ AlY, JAA+ A" > L,
|A:Al|A — A2

and

(38) JAA+AAP% A A+ A AP > ﬂ.

|A—A?

Proof. Put [ =log|A|. Using Lemma 7, we obtain that for any A, B and C

(39) D (Ao A)@)(BoB)(x)(CoC)(x)
' < |A]IBI|CI(d(A)d(B)d(C))'" log(1Al|B||C).

In the particular case A = B = C, the definition of d(A) gives us
(40) JAATP A AL > A2 AT ES (A

for any s € A: A. Using pigeonholing, choose IT € A : A such that [A7] differs at
most twice from IT and such that qun A7 172> E3X/2(A)l_1. Applying (24), (27),
(40) and the last bound, we obtain (35). Using (40) one more time and Katz—Koester
inclusion [2010], namely,

41) AA CAANSAA, A:A]C (A:A)NsTI(A:A),

as well as formula (18) of Solymosi’s result, we get (36). Another way to prove
(36) is just to use formulas (31) and (34), combined with (40).

Inequalities (37) and (38) follow similarly to (35) and (36) from a direct applica-
tion of Definition 6 and the Holder inequality. For example, let us show how to get
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the first estimate of (37). Taking B = — A and the parameter t = |A|?/(2]A — A))

in Definition 6, we obtain
|AJ?

d(A)>» ——.
( )>>|A_A|2

Applying (24) and the lower bound for d(A), we get

n—1
AT A+ AP =) JAS]|A)S Al
i=1
n—1
> [A]"2d'2(A) Y 1AZIAY

i=1
n—1
> AI"P(APIA = A7) 2(AP 1A AN Y CIAY
i=1

> |APP(APIA - AITHV2(AP/|A A2

as required.

O

Remark 16. Applying arguments in the proof of (36) as well as formula (12) of

Lemma 7, we obtain a similar bound, namely,

ET(A) < |A||AA + AA|

(actually, using methods from [Shkredov 2013a] one can improve the inequality).
It is interesting to compare this estimate with Solymosi’s upper bound for the

multiplicative energy (19). Using formula (11) of Lemma 7, we also have

(EV(A)Y2E},(A) < EF,(A)|A||AA+ A%,

Combining inequality (36) with some estimates from [Shkredov 2014], we obtain

a result in the spirit of [Roche-Newton and Zhelezov 2015].

Corollary 17. Let A C R be a set. Suppose that

(42) [(A+A)(A+A)+(A+A)(A+A)| < |A]?> and ET(A)|A— Al < |A).

Then

(43) |A— A| < |A]log"?7|Al.

The same holds if one replaces addition with subtraction and multiplication with

division in the first condition of (42).
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If just the first condition of (42) holds (with plus) then
(44) |A+A| < |A|log’|A|,
and if it holds with minus then
(45) |A— Al < |Allog’|Al.
Again, one can replace multiplication with division in the first condition of (42).

Proof. Let us deal with the situation of the sum and the product. Other cases can
be considered similarly. By Theorem 30 from [Shkredov 2014] and our second
condition, one has

Ef (AL A) > |APHA—AIT2ET (AN > |APHA - AT

On the other hand, using formula (36) from Proposition 15 and our first condition,
we get

|AI*log’|A] > EF (A+ A) > |AP/* A — A/
as required.

Finally, using the additive variant of Katz—Koester inclusion (41) (or see Propo-
sition 29 from [Shkredov 2014]), we obtain

[APIA£ Al <E(A+4) < |A[*log’|A],
and
|AIP|A — A| <EF (A - A) < |A]*log?|Al. O
A simpler proof of a stronger result was kindly pointed out to the author by
Oliver Roche-Newton. Indeed applying estimate (2) with A=B=A+A,C=A
and D = A+ A, we obtain
JAI* > [(A+ DA+ A+ A)(A+ AP
> [(A+A):(A+ A)A]IA+ A|
> |APIA+ A

and the result follows. Here we have used the estimate |(A + A) : (A + A)| > |A)?
from [Balog and Roche-Newton 2015]. Applying the well-known Ungar bound
|(A—A):(A—A)| > |A|?> and taking C = A~! and D = (A + A)~!, one can
replace division with multiplication.
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UNIQUENESS RESULT ON NONNEGATIVE SOLUTIONS
OF A LARGE CLASS OF DIFFERENTIAL INEQUALITIES
ON RIEMANNIAN MANIFOLDS

YUHUA SUN

We consider a large class of differential inequalities on complete connected
Riemannian manifolds and provide a sufficient condition in terms of vol-
ume growth for the uniqueness of nonnegative solutions to the differential
inequalities.

1. Introduction

The purpose of this paper is to give a sufficient condition for the uniqueness of
nonnegative solutions to a large class of the differential inequalities

(1-1) Lu+V(x)u® <0

on a connected geodesically complete noncompact N-dimensional Riemannian
manifold MY with N > 2. Here the operator L is defined by

(1-2) Lu =div(A(x, u, Vu)),

where A(x, n, &) = (A;(x, n, &)) is a vector field on MV, andfori=1,...,N
the A; (x, n, &) are Carathéodorian functions defined on M N % [0, 00) x TM", and
TM" is the tangent bundle of M". The function V is positive, measurable, and
locally integrable on M™ .

Let m > 1 be an arbitrary given number. We say that the operator L belongs to
the class A(m) if there exists a positive constant C such that, for almost all x € M,
all n €[0,00),and all §, ¢ € T. MV, the following conditions hold:

{(A(x,n,é'),é)ZO, 1
[(ACx, 1, ), D) < C(A(x, 0, ), )" [,

where (-, -) is the inner product given by the Riemannian metric, and || is the
norm of ¢ in T, M".

(1-3)

MSC2010: primary 35J99; secondary 58J05.
Keywords: differential inequalities, Riemannian manifolds, volume growth, uniqueness.
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The definition of such a class operator A(m) was first introduced by Miklyukov
[1979; 1980]. Actually, the operators of such a class are quite common. Let us
mention some examples:

(1) m-Laplacian operator:
(1-4) Liu =div(|Vu|"2Vu), m> 1.

(2) Mean curvature type operators:

(1-5) Lou = di ('V”Vnzv”) |
- u=divl ——), m>1.
g JTFVu™
and
Vu|" 2V
(1-6) Liu = div(|u|—u), m > 1.
V1+|Vul?
(3) Nonlinear operator:
(1-7) Lqu =div(a(x, u, Vu)quIm_ZVu), m > 1.

The definition of L in (1-3) is less restrictive than the one defined by

(1-8) |AGx, 0, O < C1IE™Y, [(Alx, 1, 8), )] = G|,

for some positive constants C;, C,. For example, by choosing a(x, n, &) of (1-7)
appropriately, the operator L4 belongs to A(m) but does not necessarily satisfy (1-8).

Generally speaking, the operator Lu defined by (1-3) may meanwhile belong
to several classes denoted by A(my), ..., A(my), where m; <my <--- <my. For
example, the operators of L, L3 belong to both A(m — 1) and A(m). Throughout
the paper, when we say that L belongs to the class of A(m), we always mean m is
the largest value my.

The purpose of this paper is to provide a very simple geometric condition of
volume growth on MY to suffice that the only nonnegative solution u of (1-1)
is identically zero. Let us emphasize that there is no curvature assumption on
manifolds throughout the paper.

First, let us give our setting on manifolds. Let MY be a connected geodesically
complete noncompact Riemannian manifold. Denote by ¢ the Riemannian measure,
and by B(x, r) the geodesic ball on M" of radius r centered at x € M". Given
that d( -, -) is the geodesic distance and that xg is a reference point on M, define
B, := B(xp, r) for simplicity, where r = d(x, xg). Assume also throughout the
paper that V (x) € L. (MV).

The problem of investigating the uniqueness of nonnegative solutions has attracted
a lot of attention, especially in the Euclidean space. For example, if MY = R" with
N > 2, in the case of V (x) =1, the problem (1-1) was systematically investigated by
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Kurta [1999]. By using the nonlinear capacity arguments, he obtained nonexistence
results concerning different differential inequalities. For a specific operator L,
let us recommend a series of papers of Mitidieri and Pokhozhaev [1998; 1999;
2001] for a more comprehensive description. Related problems have also been
studied in massive literatures; see [Caristi et al. 2008; Caristi and Mitidieri 1997;
D’ Ambrosio 2009; D’ Ambrosio and Mitidieri 2010; Ni and Serrin 1985; 1986] and
the references therein.

Let us turn to the results in the Riemannian manifolds setting. The celebrated
idea of studying the uniqueness of nonnegative solutions in terms of the volume of
the geodesic ball was due to Cheng and Yau [1975]. They obtained the following
marvelous result: if the volume estimate

w(B,) < Cr?

holds for all large enough r, then any positive solution to Au < 0 is identically
constant.

The amazing point of Cheng and Yau’s result is that there is no assumption
on either curvature or the behavior of the solution near infinity, only in terms of
volume growth.

Very recently, this idea was used and developed in [Grigor’yan and Kondratiev
2010; Grigor’yan and Sun 2014; Sun 2014] to investigate the differential inequality
of the form

(1-9) div(A(x)Vu) + V(x)u® <0,
where o > 1. Particularly, when A(x) =1Id and V(x) = 1, (1-9) becomes
(1-10) Au+u’ <0.
In [Grigor’yan and Sun 2014] it is proved that if
w(B,) < Cr% lnwfl—1 r

holds for all large enough r, then the only nonnegative solution of (1-10) is identi-
cally zero. Moreover, the exponents 20 /(o0 — 1) and 1/(o — 1) are sharp and cannot
be relaxed.

Let us define the weak nonnegative solution of (1-1). For convenience, we
introduce the notation

(1-11) A, =(A(x,u,Vu), Vu)

and

(1-12) Wor (MY = {f | feLPr.(MY), VfeLm (M),

loc loc loc
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and denote by W1 (M) the subspace of Wlf)’cm (MN) of functions with compact
support.

Definition 1.1. A function u on MV is called a weak nonnegative solution of
(1-1)ifu € WIL’C'" (MN)and A, € LIIOC(MN) and if, for any nonnegative function
v € Whm(MN), the following inequality holds:

(1-13) —/ (A(x,u,Vu),Vlﬁ)d,u-l-/ Vx)uydu <0,
MN MV

where (-, -) is the inner product in T, (M") given by a Riemannian metric.

Remark 1.2. If u# is a weak nonnegative solution of (1-1), and the operator L
belongs to the class A(m), we know

m=1
/(A(x,u,vm,vdesC/ VYA du
MN MN

1 m=1
5c(/ |V1p|’"du> (/ Aud/,L> < 0.
MN supp(y)

Hence, by the definition of the solution, we know the second integral in (1-13) is
bounded.

Define
_ mo _ m—1
To-m+1 1T o —m+r

and introduce a new measure v defined by

(1-14) P

(1-15) dv =V & dp.

Assume that V satisfies the following condition: for some nonnegative constants
81, &2, the estimate

V) ar < V(x) <Cr®
holds for all large enough r.

Theorem 1.3. Assume that operator L in (1-1) belongs to the class of A(m) with
1 <m < o+ 1. Assume also that (V) holds with &1, 6, > 0. If the inequality

(1-16) v(B,\ B)) <CrfInir
holds for all large enough r, then the only nonnegative solution of (1-1) is identically
zero.

Remark 1.4. It is not clear that the sharpness of exponents p and ¢ in (1-16) holds
for all the operators of the class A(m). However, in many specific cases, the expo-
nents p, g are sharp; one can refer to [Grigor’yan and Sun 2014; Sun 2014; 2015].
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Notation. The letters C, C’, Cy, Cq, ... denote positive constants whose values are
unimportant and may vary at different occurrences.

In Section 2, we show the proof of Theorem 1.3. In Section 3, we present two
examples to show that our result is very inclusive.

2. Proof of Theorem 1.3

Let u be a nonnegative solution of (1-1). Fix some ball Bg, where R > 0 is to be
chosen later. Take a Lipschitz function ¢ on MY with compact support, such that
0<¢ <1 and ¢ =1 in a neighborhood of Bg. Particularly, ¢ € WCL’”(MN ). We
use the following test function for (1-13):

(2-1) Yo () = p(x)* (U +p) 7",

where p > 0 is a parameter near zero, and s will be chosen to be a large enough
fixed constant, and ¢ will take arbitrarily small positive values near zero.
Since 1/(u+ p) is bounded, v, has compact support and is bounded. The identity

Vi = —1¢* (u+p) " Vi +5¢" w+p) Ve
implies that Vi, € L™ (M"), hence, v, € W™ (M"N). We obtain from (1-13) that
(2-2) t/ G u+p) 1A du —i—/ ' Vu®(u+p)dp
MV My
<s / o'+ p)(A(x, u, Vu), Vo) dp.
MN
Estimate the right-hand side of (2-2) by the Young inequality
(2-3) / fedu 56/ | f170 d;H-Ce/ 81" dp,
MN MN MN

where 1/po+1/p, = 1. Letting pg =m/(m — 1), and using (1-3), we obtain

S/ o'+ p)(A(x, u, Vu), Vo) dp
MN

m—1
SCS/ o lu+p) A" |Voldu
MN

1l

1 s 4l m=1 B | 1-==
MN tPo

t s
< 5/ P u+p) " Audp+C—— | @ "+ p)" Vel dp.
MN t MN
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Substituting the above into (2-2), and canceling out half of the first term in (2-2),
we obtain

t
(2-4) 5/ 0 u+p) " A, dMJrf ¢ Vu’(u+p)~dp
MmN MV

sm

<C

prvm fM T )" Ve dp.

Using the Young inequality again in the right-hand side of (2-4) with

_o—t , o—t
L pl_a—m+1’
we obtain
s |
25 f O+ p)" |Vl dps
t MN

m

s ot s S-m_ _ L
=/N[¢”1V”1 (u+p)n ][;m_ﬁ/’”l v "llvwlm]du
M

1
< —/ ¢’ V@u+p)° " du
MN

2

o—t

s\ o—m+I gomlo=n  meinl m(o—1)

+ C (/) o—m+1 V o—m+1 |V(p| o—m+1 d/"L'
tm_l MN

Using in the right-hand side of (2-5) the simple inequality

o—t a
Sm o—m+1 - sm o—m+1
tm—l - tm—l

and combining (2-5) with (2-4), we obtain that

t . )
06 / o+ p) " Ay dpi + f O VUt p) du
MN MN
1
5—/ ¢'V(u+p)°"du
2 MN

o(m—1) m(o—t m(o—t)

) m—t—1
-|— C[_m / ¢s_o—m+l V= o—m+1 |V(p|a—m+l du’
MN

where the value of s is absorbed into the constant C.
It is easy to obtain from the definition of the solution the boundedness of the term

/ N(ps Vu®(u+p) " du.
M

Then the boundedness of f v @V (u+ 0)? " du follows by the boundedness of

/ ., @' Vu’ (u+p)~"du,
M
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and by the fact that V ¢ LIOC(MN).
By the dominated convergence theorem, we know

lim O’ Vu+p)° du= / e*Vudu.
010 JynN MN
Letting p | 0 in (2-6) and applying the monotone convergence theorem, we have

t )
_/ gDSM—I—IAM dﬂ+/ gDs‘/ua—t d,bL
2 MN MN

5% / <PSVu“"du+Ct‘mf @ VTS V| P d,
MN MN
which is
t 1
(2_7) _/ (psu—t—lAu dM+—/ (psvuc—t d/fL
2 MN 2 MN

o(m—1) m(o—t) m—t—1 m(o—t)

< Ct_am+l/ (ps o—m+1 /' ~ o—m+1 |V(p|a —m+1 du
MN

Applying (1-13) once more, using another test function ¢ = ¢*, we obtain
(2-8) / ' Vu®du
MN
< s/ ¢ "N A, u, Vu), Vo) dp
MN

m—1
<Cs / ¢ TA |Voldu
MN

m—1 1

< CS(/ (psu—t—lAu dM) " (/ (ps—mu(l+l)(m—l)|v(p|m d,bL)m
MV MV

From (2-7), we obtain

o(m—1) m(o—t) m(o—t)

/ @SM_Z_IAM dM < C[_l_amﬂf gps o-m+1 Vo= m+l |V(p|o m+1 d'u
MN MN

Substituting into (2-8) yields

m—1
o(m—1) n(o—t)

(2_9) f (pSVuG dl’L S C[Z‘IUHH»I/ (ps o— 771+l V o— m+1 |V(p|<’; m+1 du} "
MN MN

1
% / (ps—mu(t—',-l)(m—l)|vga|m dl'L "
MN

Recalling that V¢ = 0 on Bg and applying the Holder inequality to the last term of
(2-9) with the Holder couple

o ;L o
G+hm—1" 2T txDm-1

P2 =
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we obtain

(2_10) / N¢S_mu(t+1)(m_l)|v§0|m d/-/L
M

s S — _ L
=/N (¢P2 Vp2u(t+1)(m_l))((p”2 mV P2|V(p|m)d
M\ Bg

(t+D(m=1)

=< (/ e Vu® du)
MN\Bg
—(t+D(m—1)

s— mo (t+1)(m—1)
X @ o +Dm=1 Y~ o—=G+DHm—D |Vg0| o— (H'])(m D dl,(/
MN\Bg

Substituting (2-10) into (2-9), choosing s large enough, and noting that ¢ < 1, we
obtain

m—1

— a(mfl)2 m(o—t
(2 11) / Q@ Vu du <Ct m1 m(o—m+1) (/ V= o= m+1 |V¢|a m+: du)
MN

o—(+Dm—1)

(t+1)(m—1) mo
X V o—(t+1)(m—1) |V(p|a (H—l)(m ) d/'L
MN

a+DH(m=1)

X (/ ' Vu® du) v
MN\Bg

From the definition of the solution, we know f MN(pS Vu?® dpu is finite. It follows
from (2-11) that

1
(2-12) (/ goSVu"d,u>
MN

m—1
_m=l__ U(m*I)Z m(o—t) mn
S C[ m m(oc—m+1) V o—. m+l |V(p|o m+1 d/J,
MN

+Dm=1)
X V o—G+D)im— |)|V(p|a (H—l)(m 5 d,LL
MN

Note that the first integral in the right-hand side of (2-12) has the estimate

_ (+hHm=1
mo

o—(t+D(m—1)
mo

(2-13) / ks, |V¢|7ffnl')1 du 5/ |v(p|7fifnl'i Vo= d,
MN MN

where we have used that dv = V=721 d . Similarly, the second integral in the
right-hand side of (2-12) can be estimated as follows:

(2_14) NV o— (t+l(;n(ml)l) |V¢|J (H—l)(m 1) d/’L
M

to(m—1)

mo
< / |V(p| o—@+Dm=1) | ~ lo—G+Dm—DIc—m+D) .
MN
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Substituting (2-13) and (2-14) into (2-11), we have

(2-15) P Vu® du
MN

m—1

_m—1_ 0(77171)2 m(o—t) t m
< Ct m m(o—m+1) |V(p|afm+1 V o—m+1 dy
MN
o—(t+D(m—1)

mo _ to(m—1) mo
X |V(p| o—(t+1)(m—1) V [o—(t+1)(m—1)](c —m+1) dv
MN

t+DH(m—-1)

X (/ @*Vu® du) v
MN\Bg
Substituting (2-13) and (2-14) into (2-12), we obtain

(2-16) </ gosVu"d,u>
MN |

_m=1_ o (m—1)2 m(o—t) t m
< Ct™ ~m ~ mlo—m+D |V(p| o—m+1V o=m+1 dp
MN
o—(t+1)(m—1)

mo _ to(m—1) mo
X |V¢| o—(t+1)(m—1) V [o—(+1)(m—1)](c —m+1) dv
MN

Let {¢x}ren be a sequence for which each ¢ is a Lipschitz function such that
supp(@x) C By, and ¢x = 1 in a neighborhood of By-1, and

1— (t+D)(m—1)
mo

<& forxe Bk \ Boi-1
(2-17) V@il 2 ’
% _ o

otherwise,

where C does not depend on k.
Fix some n € N and set

1
(2-18) t=—
n
and
2n ~
(2-19) on = —Z":;“ 3

Note that ¢, = 1 on By, and ¢, = 0 outside By, and 0 < ¢, <1 on M N Note
that, for any a > 1, using that supp(V¢y) are disjoint, we have

2n ~
D imns V@i

nll

(2-20) IVen|* =

It is easy to see that
1
on € W (MM).
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Consider the integral
@-21) v = [ VeV au,
MN

where a, b are taking values from

(m(a—t) t )

— o—m+1’ o—m+1/>

(2-22) (a,b) = ( mo _ to(m—1) )
o—(+)(m—-1)° [o—(+1)m—1D)](c—m+1)/"

We write a in the form
(2-23) a=p+lt,

with the corresponding two values of [,

(2-24) =——" = mo (m — 1)
[0 -G+ Dm—D]o—m=+1)

’

Co—m+1

where p =mo/(c —m+1).
For b > 0, we know

(2:25) J(a.b) = f IVl V? dv
MN
2, ~
[ ZalVal,
MN né
= V@]
< / Ljvb dv
k=nt1” Bt \Bymr Tt
2n 21_k a
<C Z / <—) r% dv
k=n+1 sz\sz—l n
2n 21,]( a
<C (—) (2% v(By \ By)
k=n+1 n

Note thata = p+If,and n + 1 <k < 2n, and

1—k\a —kN\P /n—k\ !t
(2-26) (2—) (2]‘)52b = (2_) <2_) (2k)52b
n n n
—k\P —k\ It
o) ()
n n+1<k<2n\ N

—k
<C (2_)[)(216)8217.
n

IA
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Substituting (2-26) into (2-25), and using the volume growth (1-16), we obtain

2n 2—k\P
227)  Ju(a.b)<C ) (7) @)™ v(By \ By)

k=n+1
& (27RY k\82b Ak k
< C _ 2 P 1n4
< Z(n)a) (27 1 (2)
k=n+1
o(m—1)

2n
1
< C_p E kq2k82b < qu+l—p22n52b < Cn—mzzn(hb‘
n
k=n+1

Similarly, for the case of b <0, we obtain

(2-28) J,(a,b) < Cn— 5t =2n0ib,

Taking the sequence {¢,} in (2-16), we obtain
(2-29)

(i)
MN
_m=1_ _om-1? m(o —t) t o
E Ct m m(oc—m+1) Jl’l s
o—m+1 o—m+1
o—(+D)(m—1)

8 (J ( mo —to(m—1) )) mo
"NNo—@t+D)m—=1"[oc—@+D(m—D](c—m+1)

Substituting (2-27) and (2-28) and noting that t = 1/n, we obtain

1— (t+1)(m—1)
mo

G +pen-1
- mo

1

(2-30) (/ o Vu®du
MN

m—1

m=1 o (m—1)>2 _om=1) 5. s Lo\E=
< Cn m m(o—m+1) <n n—m+12 n 2U7m+l)

oty 2, Lom-1) o—(L+Dm-1)
olm—
% <n7707m+12 lo—(E+D)0m—1)1@—m+1) ma

m=12 21+ (m—1)
< Cn n(c—m+1) 2 m(o—m+1) .

Noting that ¢, = 1 on By and taking the lim sup of both sides in (2-30) as n — o0,
we obtain

(2-31) / Vu® dp < C < oo.
MN
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Applying similar arguments to (2-15), we obtain that

(L+10m-1)

(2-32) / GVu® du < c(/ O Vu° d,u) v
MmN M\ By

Since ¢, = 1 on By, we have

(L+D0m-1)

(2-33) / Vu®du < C(/ o, Vu’ d,u) v
B M

2n N\an

Combining this with (2-31) and letting n — oo, we obtain that

/ Vu®du =0,
MN

since V > 0 for almost all x € MY . Thus u = 0. O

3. Examples

Our result can cover many known results in the case of M"Y = RV. Let us mention
two of these examples.

Example 1. Let us investigate the inequality
(3-1) div(|Vu|">Vu) + V(x)u® <0, in RV,

where V(x) = 1/|x|¥ for |[x| > 1, and N > m > max{l, y},and 0 > m — 1.
By [Filippucci 2009, Corollary 1.5], we know if

_(N=y)m—1)

(3-2) o< N—m

then (3-1) has no positive solutions in some natural class. Compared to our result
of Theorem 1.3, we know for large r
— __m-l " oymen Ny N4 2=
(3—3) U(Bl’ \ Bl) = 7V o—m+1 d/,(/ = WpN S§o—m+l g dS I~ Cr o—m+1 s
B\B; 1

where wy is the surface area of the unit ball in RV, and p is the Lebesgue measure,
and the sign =~ means that both the inequalities < and > are satisfied but with
different values of different constants ¢, C.

By (3-3), it follows that the condition (1-16) is equivalent to

y(m—1) - mo

3-4 N+ - —= =—
(3-4) +U—m+1_p o—m-+1

which in turn is equivalent to (3-2).
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Example 2. Consider the differential inequality

v
(3-5) div<—”> +u” <0, inRV,

V1+|Vul?

where N > 2, o > 1. This problem was investigated in [Mitidieri and Pokhozhaev
1999]. They obtained that if

(3-6) <N
= o s
T N-=-2

then (3-5) has no positive solutions. Note that the operator in (3-5) belongs to the
class of A(2), and that v(B,\ B;) = (B, \ B;) = Cr". By Theorem 1.3, we know if

20

o—1’

(-7 N =<

then (3-5) has no positive solution. It is easy to check that (3-6) and (3-7) are
equivalent.
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CORRECTION TO THE ARTICLE
CLOSED ORBITS OF A CHARGE IN
A WEAKLY EXACT MAGNETIC FIELD

WILL J. MERRY
Volume 247:1 (2010), 189-212

Theorem 5.1 of the titular article is incorrect, as pointed out by Gabriele
Benedetti. We describe the error and supply an alternative proof for the
article’s main result (Theorem 5.8).

1. Introduction

In this erratum I use the notation and numbering from [Merry 2010]. The problem,
pointed out to me by G. Benedetti, resides in its Theorem 5.1; embarrassingly, the
function f : RT — R defined by f(x) := e already provides a counterexample.
One can take ¥, to be the set of singletons {x} for x € (0, n). Theorem 5.1 then
erroneously concludes that f has a critical point xo, With f(x) = 0, which is, of
course, incorrect.

Luckily, the error in Theorem 5.1 does not affect the main result (Theorem 5.8).
In fact, whilst attempting to salvage the proof of Theorem 5.8, I realised that the
entire argument could be dramatically simplified by the following observation:
Theorem 3.2 still holds in the case c(g, o) = oo. The proof of this statement is
explained below. Once this is established, Contreras’ original argument [2006,
Proposition 7.1] can be used directly to obtain [Merry 2010, Theorem 5.8].

L. Asselle and G. Benedetti [2015, Lemma 3.5] independently noticed that
Theorem 5.8 could be proved by making use of this observation. In their paper,
however, they take these ideas considerably further and extend the main result of
[Merry 2010] to cover cases in which the magnetic form is not weakly exact.

2. The correction

All references in this section are to [Merry 2010]. Let us explain why Theorem 3.2
continues to hold even in the case c(g, 0) = co. We need only verify that the

MSC2010: 37345, 70H12.
Keywords: magnetic flow, twisted geodesic flow, periodic orbits, Maifié critical value.
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additional hypothesis in Proposition 3.7 — which deals specifically with the case
c(g, o) = oo—is superfluous. More precisely, we show that the hypotheses of
Theorem 3.2 automatically imply that the hypotheses of Proposition 3.7 are satisfied,
which therefore implies that Theorem 3.2 continues to hold in the case ¢(g, o) = 00.

Thus, we are given a sequence (x,, T,) C D(A, B, k, 0), and we must show that
there always exists a compact subset K C M such that x, € Ag for all n € N.
For this it is enough to show that the energy e, of (x,, T,,) (defined on the bottom
of page 197) is uniformly bounded. This then implies that the length [, of x, is
bounded (compare Equation (3-1)), which immediately implies that such a compact
set K C M exists. To see that e, 1s bounded, we use Equation (2-6), which tells us

T,

1 n .
T (k = E(yn, yn)) dt
n JO

e
:‘k——”
T,

n

1 - d S T,)
n = lar kXn, Lp
Since |T,| < B by assumption, e, is necessarily bounded, as required.
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