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TOPOLOGICAL MOLINO’S THEORY

JESUS A. ALVAREZ LOPEZ AND MANUEL F. MOREIRA GALICIA

Molino’s description of Riemannian foliations on compact manifolds is gen-
eralized to the setting of compact equicontinuous foliated spaces, in the
case where the leaves are dense. In particular, a structural local group is
associated to such a foliated space. As an application, we obtain a partial
generalization of results by Carriere and Breuillard—Gelander, relating the
structural local group to the growth of the leaves.
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1. Introduction

Riemannian foliations were introduced by Reinhart [1959] by requiring isometric
transverse dynamics. It was pointed out by Ghys in [Molino 1988, Appendix E]
(see also [Kellum 1993]) that equicontinuous foliated spaces should be considered
as the “topological Riemannian foliations,” and therefore many of the results about
Riemannian foliations should have versions for equicontinuous foliated spaces.
Some steps in this direction were given by Alvarez and Candel [2009; 2010],
showing that, under reasonable conditions, their leaf closures are minimal foliated
spaces, and their generic leaves are quasi-isometric to each other, like in the case of
Riemannian foliations. In the same direction, Matsumoto [2010] proved that any
minimal equicontinuous foliated space has a nontrivial transverse invariant measure,
which is unique up to scaling if the space is compact— observe that this unicity
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implies ergodicity. The magnitude of the generalization from Riemannian foliations
to equicontinuous foliated spaces was made precise by Alvarez and Candel [2010]
(see also [Tarquini 2004]), giving a topological description of Riemannian foliations
within the class of equicontinuous foliated spaces.

Most of the known properties of Riemannian foliations follow from a description
due to Molino [1982; 1988]. However, so far, there was no version of Molino’s
description for equicontinuous foliated spaces — the indicated properties of equicon-
tinuous foliated spaces were obtained by other means. The goal of our work is to
develop such a version of Molino’s theory, and use it to study the growth of their
leaves, following the study of the growth of Riemannian foliations by Carriere [1988]
and Breuillard and Gelander [2007]. To understand our results better, let us briefly
recall Molino’s theory.

1A. Molino’s theory for Riemannian foliations. The necessary basic concepts
from foliation theory can be seen in [Hector and Hirsch 1981; 1987; Candel and
Conlon 2000].

Let & be a (smooth) foliation of codimension g on a manifold M. Let T% C TM
denote the vector subbundle of vectors tangent to the leaves, and N =TM /T %
its normal bundle. Recall that there is a natural flat leafwise partial connection
on N such that any local normal vector field is leafwise parallel if and only if it
is locally projectable by the distinguished submersions; terms like “leafwise flat,”
“leafwise parallel” and “leafwise horizontal” will refer to this partial connection. It
is said that & is

* Riemannian if N% has a leafwise parallel Riemannian structure;
« transitive if the group of its foliated diffeomorphisms acts transitively on M;

o transversely parallelizable (TP) if there is a leafwise parallel global frame of
N, called transverse parallelism; and a

« Lie foliation if moreover the transverse parallelism is a basis of a Lie algebra
with the operation induced by the vector field bracket.

These conditions are successively stronger. Molino’s theory describes Riemannian
foliations on compact manifolds in terms of minimal Lie foliations, and using TP
foliations as an intermediate step:

1st step: If &F is Riemannian and M compact, then there is an O(g)-principal
bundle # : M — M, with an O(g)-invariant TP foliation JP such that 77 is a
foliated map whose restrictions to the leaves are the holonomy covers of the
leaves of &

2nd step: If & is TP and M compact, then there is a fiber bundle 7 : M — W
whose fibers are the leaf closures of %, and the restriction of % to each fiber is
a Lie foliation.
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Since the structure of Lie foliation is unique in the minimal case, we end up with
a Lie algebra associated to %, called the structural Lie algebra. The proofs of
the above statements strongly use the differential structure of &. In the first step,
7 M — M is the O(g)-principal bundle of orthonormal frames for some leafwise
parallel metric on N %, and Fis given by the corresponding flat leafwise horizontal
distribution. Then ¥ is TP by a standard argument. In the second step, foliated
flows are used to produce the fiber bundle trivializations whose fibers are the leaf
closures; this works because there are foliated flows in any transverse direction
since & is TP.

When % is minimal (the leaves are dense), any leaf closure My of F is a principal
subbundle of # : M — M, obtaining the following:

Minimal case: If & is minimal and Riemannian and M is compact, then, for
some closed subgroup H C O(gq), there is an H-principal bundle 7 : 1\70 - M
with an H -invariant minimal Lie foliation @o, such that 7 is a foliated map
whose restrictions to the leaves are the holonomy covers of the leaves of F.

A useful description of Lie foliations was also given by Fedida [1971; 1978],
but it will not be considered here.

The differential structure cannot be used in our generalization; instead, we use
the holonomy pseudogroup. Thus let us briefly indicate the holonomy properties of
Riemannian foliations that will play an important role.

1B. Holonomy of Riemannian foliations. Recall that a pseudogroup is a maximal
collection of local transformations of a space, which contains the identity map, and
is closed under the operations of composition, inversion, restriction and combination.
It can be considered as a generalized dynamical system, and all basic dynamical
concepts have pseudogroup versions. They are relevant in foliation theory because
the holonomy pseudogroup of a foliation % describes the transverse dynamics of %.
Such a pseudogroup is well determined up to certain equivalence of pseudogroups
introduced by Haefliger [1985; 1988]. We may say that % is transversely modeled by
a class of local transformations of some space if its holonomy pseudogroup can be
generated by that type of local transformations. Riemannian, TP and Lie foliations
can be respectively characterized by being transversely modeled by local isometries
of some Riemannian manifold, by local parallelism preserving diffeomorphisms of
some parallelizable manifold, and by local left translations of a Lie group. In this
sense, Riemannian foliations are the transversely rigid ones, and TP foliations have
a stronger type of transverse rigidity.

When the ambient manifold M is compact, Haefliger [2002] has observed that
the holonomy pseudogroup # of % satisfies a property called compact generation.
If moreover ¥ is Riemannian, then Haefliger [1988; 2002] has also strongly used
the following properties of #: completeness, quasianalyticity, and existence of a
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closure 9, which is also complete and quasianalytic. Here, % is defined by taking
the closure of the set of 1-jets of maps in € in the space of 1-jets.

For a compactly generated pseudogroup # of local isometries of a Riemannian
manifold 7', Salem has given a version of Molino’s theory [Salem 1988; Molino
1988, Appendix D] (see also [Alvarez and Masa 2008]). In particular, in the
minimal case, it turns out that there is a Lie group G, a compact subgroup K C G
and a dense finitely generated subgroup I' C G such that ¥ is equivalent to the
pseudogroup generated by the action of I' on the homogeneous space G/K (this
was also observed by Haefliger [1988]).

1C. Growth of Riemannian foliations. Molino’s theory has many consequences
for a Riemannian foliation & on a compact manifold M: classification in particular
cases, growth, cohomology, tautness, tenseness and global analysis. In all of them,
Molino’s theory is used to reduce the study to the case of Lie foliations with dense
leaves, where it usually becomes a problem of Lie theory. We concentrate on the
consequences about growth of the leaves and their holonomy covers. This study was
begun by Carriere [1988], and recently continued by Breuillard and Gelander [2007],
as a consequence of their study of a topological Tits alternative. Their results state
the following, where g is the structural Lie algebra of %:

Carriere’s theorem. The holonomy covers of the leaves are Fplner if and only if
g is solvable, and of polynomial growth if and only if g is nilpotent. In the second
case, the degree of polynomial growth is bounded by the nilpotence degree of g.

Breuillard and Gelander’s theorem. The growth of the holonomy covers of the
leaves is either polynomial or exponential.

1D. Egquicontinuous foliated spaces. A foliated space X = (X, %) is a topological
space X equipped with a partition & into connected manifolds (leaves), which can
be locally described as the fibers of topological submersions. It will be assumed
that X is locally compact and Polish. A foliated space should be considered as
a “topological foliation”. In this sense, all topological notions of foliations have
obvious versions for foliated spaces. In particular, the holonomy pseudogroup ¥
of X is defined on a locally compact Polish space T. Many basic results about
foliations also have straightforward generalizations; for example, # is compactly
generated if X is compact. Even leafwise differential concepts are easy to extend.
However this task may be difficult or impossible for transverse differential concepts.
For instance, the normal bundle of a foliated space does not make any sense in
general; it would be the tangent bundle of a topological space in the case of a space
foliated by points. Thus the concept of Riemannian foliation cannot be extended by
using the normal bundle. Instead, this can be done via the holonomy pseudogroup
as follows.
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The transverse rigidity of a Riemannian foliation can be translated to the foliated
space X by requiring equicontinuity of #. In fact, the equicontinuity condition is
not compatible with combinations of maps, and therefore it is indeed required for
some generating subset S C ¥ which is closed by the operations of composition and
inversion. Such an § is called a pseudoxgroup with the terminology of Matsumoto
[2010]. This gives rise to the concept of equicontinuous foliated space.

In the topological setting, the quasianalyticity of # does not follow from the
equicontinuity assumption. Thus it will be required as an additional assumption
when needed. Indeed, it does not work well enough when T is not locally con-
nected, so we use a property called strong quasianalyticity, which is stronger than
quasianalyticity only when T is not locally connected.

Alvarez and Candel [2009] have proved that, if % is compactly generated,
equicontinuous and strongly quasianalytic, then it is complete and has a closure .
Here, ¥ is the pseudogroup generated by the homeomorphisms on small enough
open subsets O of T that are limits in the compact-open topology of maps in
defined on those sets O.

Transitive and Lie foliations have the following topological versions. It is said
that the foliated space X is

o homogeneous if its group of foliated transformations acts transitively on X;

» a G-foliated space if it is transversely modeled by local left translations in
some locally compact Polish local group G (if X is minimal).

1E. Topological Molino’s theory. Our first main result is the following topological
version of the minimal case in Molino’s theory.

Theorem A. Let X = (X, &) be a compact Polish foliated space, and ¥ its ho-
lonomy pseudogroup. Suppose that X is minimal and equicontinuous, and ¥ is
strongly quasianalytic. Then there is a compact Polish minimal foliated space
5(\0 = (5(\0, @0), an open continuous foliated map T : 5(\0 — X, and a locally
compact Polish local group G such that 5(\0 is a G-foliated space, the fibers of 7
are homeomorphic to each other, and the restrictions of 7y to the leaves of Fo are
the holonomy covers of the leaves of F.

The proof of Theorem A is different from Molino’s proof in the Riemannian
foliation case because there may not be the normal bundle of %. To define X, 0, We
first construct what should be its holonomy pseudogroup, ??0 on a space ?0. To
some extent, this was achieved by Alvarez and Candel [2010], proving that, with
the assumptions of Theorem A, there is a locally compact Polish local group G, a
compact subgroup K C G and a dense finitely generated sub-local group I' C G
such that ¥ is equivalent to the pseudogroup generated by the local action of I" on
G /K, like in the Riemannian foliation case. Hence o should be the pseudogroup
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generated by the local action of I" on G. This may look like a big step towards
the proof, but the realization of compactly generated pseudogroups as holonomy
pseudogroups of compact foliated spaces is impossible in general, as shown by
Meigniez [Meigniez 2010]. This difficulty is overcome as follows.

Take a “good” cover of X by distinguished open sets {U;}, with corresponding
distinguished submersions p; : U; — T;, and elementary holonomy transformations
hij : T;j — Tj;, where T;; = p;(U; NU;). Let € denote the corresponding repre-
sentative of the holonomy pseudogroup on 7' = | |; 7;, generated by the maps #;;.
Then the construction of %0 must be associated to # in a natural way, so that it
becomes induced by some “good” cover by distinguished open sets of a compact
foliated space. In the Riemannian foliation case, the good choices of ’T\o and ?/(\fo are
the following:

e Let P be the bundle of orthonormal frames for any #-invariant metric on 7.
Fix xo € T and Xo € Py,. Then, as a subspace of P,

(1)  To={h(Ro) | h €9, x0cdomh}={g.(%0) | g €K, xodomg}.
. ?7@0 is generated by the differentials of the maps in #.

These differential concepts can be modified in the following way. In (1), each
g+(X0) determines the germ y (g, xo) of g at xo, by the strong quasianalyticity of ¥.
Therefore it also determines y (f, x), where f = g~ and x = g(xo) — this little
change, using y (f, x) instead of y (g, x¢), is not really necessary, but it helps to
simplify the notation in some involved arguments. So

) To={y(f,x)| f €¥, x edom f, f(x) =xo}.

The projection 7y : 7"\0 — T corresponds via (2) to the source map y (f, x) — x.
The differentials of maps h € #, acting on orthonormal references, correspond
via (2) to the maps & defined by

h(y (f,x) =y (fh™", h(x)).

Let us describe the topology of To using (2). Let S be a pseudosgroup generating
¥ and satisfying the equicontinuity and strong quasianalyticity conditions. Endow
S with the compact-open topology on partial maps with open domains, as defined
by Abd-Allah and Brown [1980], and consider the subspace

S«T={(f,x)eS|xedomf}CSxT.

Then the topology of To corresponds via (2) to the quotient topology by the germ
map y : ST — y(S*T) = Ty, which is of course different from the sheaf topology
on germs. This point of view, replacing orthonormal frames by germs, can be
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readily translated to the foliated space setting, obtaining good choices of To and %o
under the conditions of Theorem A.

Now, consider triples (x, v, i) withx e U;, y € /T;,O :=fr(;1 (T;) and p; (x) =70(y).
Declare (x, y, i) equivalent to (y, §, j) if x =y and E,;(y) =4. Then )/(\0 is defined
as the corresponding quotient space. Let [x Y, ] denote the equivalence class of
each triple (x, y, ). The foliated structure JPO on Xy is determined by requiring that,
for each fixed index i, the elements of the type [x, Y i] form a distinguished open
set U, 0, wWith dlstmgulshed submersion p; o : U 0= T, o given by p;o([x, y,i]) =
The projection 7 : XO — X is defined by 7o([x, ¥, i]) = x. The properties stated
in Theorem A are satisfied with these definitions.

It is also proved that, up to foliated homeomorphisms (respectively, local iso-
morphisms), Xo (respectively, G) is independent of the choices involved. Hence G
can be called the structural local group of

1F. Growth of equicontinuous foliated spaces. Our second main result is the fol-
lowing weak topological version of the above theorems of Carrieére and Breuillard—
Gelander.

Theorem B. Let X be a foliated space satisfying the conditions of Theorem A, and
let G be its structural local group. Then one of the following properties holds:

o G can be approximated by nilpotent local Lie groups; or

o the holonomy covers of all leaves of X have exponential growth.

(The definition of approximation of a local group is given in Definition 2.25.) Like
in the case of Riemannian foliations, Theorem A reduces the proof of Theorem B
to the case of minimal G-foliated spaces, where it becomes a problem about local
groups. Then, since any locally compact Polish local group can be approximated
by local Lie groups in the above sense, the result follows by applying the same
arguments as Breuillard and Gelander.

The paper concludes by indicating some examples where Theorems A and B
may have interesting applications, and proposing some open problems.

2. Preliminaries on equicontinuous pseudogroups

2A. Compact-open topology on partial maps with open domains. (See [Abd-Allah
and Brown 1980].) Given spaces X and Y, let C (X, Y) be the space of all continuous
maps X — Y; the notation C¢.,(X, Y) may be used to indicate that C(X, Y) is
equipped with the compact-open topology. Let Y* =Y U{w}, where w ¢ Y, endowed
with the topology in which U C Y* is open if and only if U = Y* or U is open
in Y. A partial map X ~— Y is a continuous map of a subset of X to Y; the set of
all partial maps X — Y is denoted by Par(X, Y). A partial map X — Y with open
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domain is called a paro map, and the set of all paro maps X ~— Y is denoted by
Paro(X, Y). There is a bijection u : Paro(X, Y) — C(X, Y*) defined by

_ [ f() if x € dom f,
“(f)m_{w if x ¢ dom f.

The topology on Paro(X, Y) which makes w : Paro(X, Y) — C.,(X, Y*) a homeo-
morphism is called the compact-open topology, and the notation Paro.,(X, ¥) may
be used for the corresponding space. This topology has a subbasis of open sets of
the form

N(K, O)={heParo(X,Y)| K Cdomh, h(K) C O},
where K C X is compact and O C Y is open.

Proposition 2.1. If X is second countable and locally compact, and Y is second
countable, then Paro.o(X, Y) is second countable.

Proof. By hypothesis, there are countable bases of open sets, V" of X and W of Y,
such that V is compact for all V € V. Then the sets N(V, W) (V €V and W € W)
form a countable subbasis of open sets of Paro. (X, Y). O

The following result is elementary.

Proposition 2.2. For any open subset U C X, the restriction of the topology of
Paro..o (X, Y) to the subset C(U, Y) is its usual compact-open topology.

Since paro maps are not globally defined, let us make precise the definition of
their composition. Given spaces X, Y and Z, the composition of two paro maps,
f €Paro(X, Y) and g € Paro(Y, Z), is the paro map gf € Paro(X, Z) defined as
the usual composition of the maps

f~'(domg) EAR domg —2— Z.

Proposition 2.3 [Abd-Allah and Brown 1980, Proposition 3]. The following prop-
erties hold:

(1) Leth:T — X and g : Y — Z be paro maps. Then the maps
g« 1 Paroco(X, Y) — Paroco(X, Z2), [+ gf,
h* :Paroco(X,Y) — Paro.o(T,Y), f+> fh,
are continuous.
(ii) Let X' C X and Y' C Y be subspaces such that X' is open in X. Then the map
Paro..o(X’, Y’) — Paroc.o(X, Y),

mapping a paro map X' — Y’ to the paro map X ~— Y with the same graph, is
an embedding.
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Proposition 2.4 [Abd-Allah and Brown 1980, Proposition 7]. If Y is locally com-
pact, then the evaluation partial map

ev:Paro.o(Y,Z)xY — Z, (f,y)— f(y),

is a paro map;, in particular, its domain is open.
Proposition 2.5 [Abd-Allah and Brown 1980, Proposition 9]. If X and Y are locally
compact, then the composition mapping

Paro. (X, Y) x Paro. (Y, Z) — Paro. (X, Y), (f, g+ gf,

is continuous.

Let Loct(T') be the family of all homeomorphisms between open subsets of a
space T, which are called local transformations. For h, h’ € Loct(T'), the composi-
tion i’'h € Loct(T) is the composition of maps

h='(mhNdomh') —— imhNdomh’ ——s A'(imh N dom ).

Each i € Loct(T) can be identified with the paro map 7 ~— T with the same
graph. This gives rise to a canonical injection Loct(T") — Paro(T, T') compatible
with composition. The corresponding restriction of the compact-open topology
of Paro(T, T') to Loct(T) is also called compact-open topology, and the notation
Loct..,(7T) may be used for the corresponding space. The bi-compact-open topology
is the smallest topology on Loct(X) such that the identity and inversion maps

Loct(T) — Locteo(T), f > f*,

are continuous, and the notation Locty...o(7") will be used for the corresponding
space. The following result is elementary.

Proposition 2.6 [Abd-Allah and Brown 1980, Proposition 10]. If T is locally
compact, then the composition and inversion maps,

Loctyc.o(T) x Loctyco(T) = Loctyco(T), (g, f)+— gf.
Locty-c-o(T) = Locty.c.o(T),  f+> 1,

are continuous.

2B. Pseudogroups.

Definition 2.7 [Sacksteder 1965; Haefliger 2002]. A pseudogroup on a space T is
a collection ¢ C Loct(T) such that

« the identity map of T belongs to ¥ (idy € ¥);
e if h, ' € ¥, then the composite i’k is in ¥ (#> C %);
e h € % implies that h=' € 9 (%~ C %);



266 JESUS A. ALVAREZ LOPEZ AND MANUEL F. MOREIRA GALICIA
e if h € ¥ and U is open in dom /, then the restriction & : U — h(U) is in #;
and

« if a combination (union) of maps in ¥ is defined and is a homeomorphism,
then it is in #.

Remark 1. The following properties hold:

e idy € ¥ for every open subset U C T.

e A local transformation 2 € Loct(T') belongs to # if and only if it locally
belongs to # (any point x € dom 4 has a neighborhood V, C dom / such that
hly, € ¥).

o Any intersection of pseudogroups on 7T is a pseudogroup on 7.

Example 2.8. Loct(T') is the pseudogroup that contains every other pseudogroup
onT.

Definition 2.9. A subpseudogroup of a pseudogroup # on T is a pseudogroup on
T contained in #. The restriction of ¥ to an open subset U C T is the pseudogroup

Hly ={he€¥|domhUimh C U}.

The pseudogroup generated by a set S C Loct(T) is the intersection of all pseudo-
groups that contain S (the smallest pseudogroup on T containing ).

Definition 2.10. Let € be a pseudogroup on 7. The orbit of each x € T is the set
#H(x)={h(x)|hed,x edomh}.

The orbits form a partition of 7. The space of orbits, equipped with the quotient
topology, is denoted by 7' /#. It is said that 7€ is

e (topologically) transitive if some orbit is dense; and
o minimal when all orbits are dense.

The following notion, less restrictive than the concept of pseudogroup, is useful
to study some properties of pseudogroups.

Definition 2.11 [Matsumoto 2010]. A pseudoxgroup on a space T is a family
S C Loct(T) that is closed by the operations of composition and inversion.

Remark 2. Any intersection of pseudoxgroups on 7 is a pseudoxgroup.

Definition 2.12. Any pseudoxgroup contained in another pseudosxgroup is called
a subpseudoxgroup. The pseudoxgroup generated by a subset Sy of Loct(T) is
the intersection of all pseudoxgroups containing Sy (the smallest pseudoxgroup
containing Sp).
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Remark 3. Let S be a pseudoxgroup on 7, and let S; be the collection of restrictions
of all maps in § to all open subsets of their domains. Then S is also a pseudosgroup
on T, and S is a subpseudoxgroup of ;.

Definition 2.13. In Remark 3, it will be said that S; is the localization of S. If
S = 81, then the pseudoxgroup S is called local.

Remark 4. Let Sy C Loct(T). The pseudoxgroup S generated by Sy consists of
all compositions of maps in Sy and their inverses. The pseudogroup # generated
by Sp consists of all 42 € Loct(T) that locally belong to the localization of S.

Remark 5. If two local pseudoxgroups, S; and S, generate the same pseudo-
group #, then S1 N S is also a local pseudosxgroup that generates ¥.

Let # and %' be pseudogroups on respective spaces T and T".

Definition 2.14 [Haefliger 1985; 1988]. A morphism' ®: % — ¥’ is a maximal
collection of homeomorphisms of open sets of 7' to open sets of 7’ such that

eifpc® heHand h' € ¥, then h'ph € ® (¥ ©H C P);
o the family of the domains of maps in ® cover T'; and
e ifp, ¢’ € ®, thenp'p~ ! e H' (D! C K)).

A morphism & is called an equivalence if the family ®~! = {¢~! | ¢ € @} is also
a morphism.

Remark 6. An equivalence @ : # — ¥’ can be characterized as a maximal family
of homeomorphisms of open sets of T to open sets of 7’ such that %' ®¥ C ®, and
&~ !'d and dP~! generate ¥’ and ¥, respectively.

Remark 7. Any morphism & : # — %’ induces a map between the corresponding
orbit spaces, T/# — T /%. This map is a homeomorphism if & is an equivalence.

Definition 2.15. Let ®( be a family of homeomorphisms of open subsets of T to
open subsets of 7’ such that

o the union of domains of maps in &y meet all #-orbits; and
. DD, C .

Then there is a unique morphism & : # — ¥’ containing ®(, which is said to be
generated by ®g. If, moreover,

« the union of images of maps in ®( meet all #'-orbits; and
. O, %Dy C %;
then @ is an equivalence.

IThis is usually called étale morphism. We simply call it morphism because no other type of
morphism will be considered here.
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Definition 2.16 [Haefliger 2002]. A pseudogroup 7€ on a locally compact space T’
is said to be compactly generated if

« there is a relatively compact open subset U C T meeting all #-orbits;
o there is a finite set S = {hy, ..., h,} C |y that generates |y ; and
e each h; is the restriction of some fz,- € # with dom h; C dom fz,-.

Remark 8. Compact generation is very subtle (see [Ghys 1985; Meigniez 1995]).
Haefliger asked when compact generation implies realizability as a holonomy
pseudogroup of a compact foliated space. The answer is not always affirmative
[Meigniez 2010].

Definition 2.17 [Haefliger 1985]. A pseudogroup ¥ is called quasianalytic if every
h € 3 is the identity around some x € dom & whenever /4 is the identity on some
open set whose closure contains x.

If a pseudogroup ¥ on a space T is quasianalytic, then every h € 3¢ with connected
domain is the identity on dom / if it is the identity on some nonempty open set.
Because of this, quasianalyticity is interesting when T is locally connected, but
local connectivity is too restrictive in our setting. Then, instead of requiring local
connectivity, the following stronger version of quasianalyticity will be used.

Definition 2.18 [Alvarez and Candel 2009]. A pseudogroup %€ on a space T is said
to be strongly quasianalytic if it is generated by some subpseudoxgroup S C ¥
such that any transformation in § is the identity on its domain if it is the identity on
some nonempty open subset of its domain.

Remark 9. In [Alvarez and Candel 2009], the term used for the above property
is “quasieffective”. However the term “strongly quasianalytic” seems to be more
appropriate.

Remark 10. If the condition on € to be strongly quasianalytic is satisfied with a
subpseudoxgroup S, it is also satisfied with the localization of S. It follows that this
property is hereditary by taking subpseudogroups and restrictions to open subsets.

Definition 2.19 [Haefliger 1985]. A pseudogroup # on a space T is said to be
complete if, for all x, y € T, there are relatively compact open neighborhoods, U,
of x and Vy of y, such that, for all 4 € 3 and z € U, Ndom h with h(z) € Vy, there
is some g € ¥ such that dom g = U, and with the same germ as & at z.

Since any pseudoxgroup S on T is a subpseudoxgroup of Loct(T), it can be
endowed with the restriction of the (bi-)compact-open topology, also called the
(bi-)compact-open topology of S, and the notation Sg.)-o may be used for the
corresponding space. In this way, according to Proposition 2.6, if T is locally
compact, then Sp.c., becomes a fopological pseudoxgroup in the sense that the
composition and inversion maps of § are continuous. In particular, this applies to a
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pseudogroup #¢ on T, obtaining #(y.)co; thus Hp.c.o is a topological pseudogroup
in the above sense if T is locally compact.

Remark 11. S0 — S(/b_)c_o is continuous for pseudoxgroups § C S’.

The pseudogroups considered from now on will be assumed to act on locally
compact Polish? spaces; i.e., locally compact, Hausdorff and second countable
spaces [Kechris 1991, Theorem 5.3].

2C. The groupoid of germs of a pseudogroup.

Definition 2.20. A groupoid & is a small category where every morphism is an
isomorphism. This means that & is a set (of morphisms) equipped with the structure
defined by an additional set T (of objects), and the following structural maps:

o the source and target maps s,t: & — T}
o the unitmap T — &, x — 1,;

o the operation (or multiplication) map & xr & — &, (§, y) — Sy, where

Bxr&={0,1)eBxB|t(y)=58)}CS x &;

o and the inversion map & — &, y > y~1;

such that the following conditions are satisfied:
e s(6y)=s(y)and t(8y) =t(8) for all (8, y) € & x7 &;

o forall y, 6, € € ® with £(y) = s(5) and #(8) = s(¢), we have €(§y) = (€8)y
(associativity);

e 1;4)Y = v15) = v (units or identity elements); and

c s =ty Dt =s )y Tly =Ly and yy ! =Ly forally € &
(inverse elements).

If moreover & and T are equipped with topologies such that all of the above
structural maps are continuous, then & is called a topological groupoid.

Remark 12. For a groupoid &, observe that s(1,) =¢(1,) =x forall x € T, and
therefore the source and target maps s, ¢ : & — T are surjective, and the unit map
T — & is injective. If moreover & is a topological groupoid, then the unit map
T — & is a topological embedding, and therefore the topology of T is determined
by the topology of &; indeed, we can consider T as a subspace of & if desired.

Definition 2.21. A topological groupoid is called érale if the source and target
maps are local homeomorphisms.

ZRecall that a space is called Polish if it is separable and completely metrizable.
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Let ¥ be a pseudogroup on a space 7. Note that the domain of the evaluation
partial mapev: X x T — T is

HxT ={(h,x)e#xT|xedomh}CHxT.

Define an equivalence relation on %€ * T by setting (i, x) ~ (h’, x") if x = x" and
h =h’ on some neighborhood of x in dom 2ZNdom 4’. The equivalence class of each
(h, x) € #xT is called the germ of h at x, which will be denoted by y (k, x). The
corresponding quotient set is denoted by &, and the quotient map, y : T — &,
is called the germ map. It is well known that & is a groupoid with set of units 7',
where the source and target maps s, ¢ : & — T are given by s(y(h, x)) = x and
t(y(h,x))=h(x), the unit map T — & is defined by 1, = y(idr, x), the operation
map & x7 & — & is given by y (g, h(x)) y(h, x) = y(gh, x), and the inversion
map is defined by y (#, x) = y(h_l, h(x)).

For x, y € T, let us use the notation &, =s ' (x), & =1"!(y) and &} =&, N&;
in particular, the group & will be called the germ group of ¥ at x. Points in the
same #-orbit have isomorphic germ groups (if y € #(x), an isomorphism 6; — &)
is given by conjugation with any element in &); hence the germ groups of the orbits
make sense up to isomorphism. Under pseudogroup equivalences, corresponding
orbits have isomorphic germ groups. The set &, will be called the germ cover
of the orbit #(x) with base point x. The target map restricts to a surjective map
&, — ¥(x) whose fibers are bijective to & (if y € #(x), a bijection &; — &) is
given by left product with any element in &3); thus &, is finite if and only if both
&, and ¥ (x) are finite. Moreover germ covers based on points in the same orbit are
also bijective (if y € #(x), a bijection &, — &, is given by right product with any
element in @Y ); therefore the germ covers of the orbits make sense up to bijections.

Definition 2.22. It is said that ¥ is
e locally free if all of its germ groups are trivial; and

o strongly locally free if ¥ is generated by a subpseudosxgroup S C # such that,
forall # € S and x € dom A, if h(x) = x then h = idgom .

Remark 13. The condition of being (strongly) locally free is stronger than the
condition of being (strongly) quasianalytic. If ¥ is locally free and satisfies the
condition of strong quasianalyticity with a subpseudoxgroup S C ¥ generating ¢,
then ¥ also satisfies the condition of being strongly locally free with S.

Remark 14. If ¥ being strongly locally free is witnessed by a subpseudoxgroup S,
then it is also witnessed by the localization of S. It follows that this property is
hereditary by taking subpseudogroups and restrictions to open subsets.

The sheaf topology on & has a basis consisting of the sets {y (h, x) | x € dom h}
for h € #. Equipped with the sheaf topology, & is an étale groupoid.
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Let us define another topology on &. Suppose that € is generated by some
subpseudosxgroup S C . The set Sx T = (HxT)N (S x T) is open in Sp-ye.o X T
by Proposition 2.4. It will be denoted by Sg.)c-o * T when endowed with the
restriction of the topology of Sw-)c.o X T. The induced quotient topology on &,
via the germ map y : Sp-)c.o * T — &, will also be called the (bi-)compact-open
topology. The corresponding space will be denoted by &p.yc0, OF by S (b-)c-o if
reference to S is needed. It follows from Proposition 2.6 that &, is a topological
groupoid if T is locally compact. We get a commutative diagram

inclusion
S(b-)c-o *T —— %(b-)c-o xT

| |

identity
Bs b0 —>  B% (b-)e-o

where the top map is an embedding and the vertical maps are identifications. Hence
the identity map &g, (b-)c-o = B, (b-)c-0 1S continuous. Similarly, the identity map
B bc-o = Bs.co 1S continuous.

Question 2.23. When are &g (p-)c-0 = By, (b-)c-0 aNd B pc.o = S5 c0?

For the second equality, a partial answer will be given in Section 3B.

2D. Local groups and local actions. (See [Jacoby 1957].)
Definition 2.24. A local group is a quintuple G = (G, e, -,’, ®) satisfying the
following conditions:

(1) (G, D) is a topological space.

(2) - 1is a function from a subset of G x G to G.

(3) ’1is a function from a subset of G to G.

(4) There is a subset O of G such that

» O is an open neighborhood of ¢ in G;

e O x O is a subset of the domain of -;

e O is a subset of the domain of ’;

e foralla,b,ce O,ifa-b,b-c€ O,then (a-b)-c=a-(b-c);

e forallac O,wehavead’ € 0,a-e=e¢e-a=aandad -a=a-a’ =e;
e the map - : O x O — G is continuous; and

e the map ': O — G is continuous.

(5) The set {e} is closed in G.

Asserting that a local group satisfies some topological property usually means
that the property is satisfied on some open neighborhood of e.
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A local homomorphism of a local group G to a local group H is a continuous
partial map ¢ : G — H, whose domain is a neighborhood of e in G, which is com-
patible in the usual sense with the identity elements, the operations and inversions.
If moreover ¢ restricts to a homeomorphism between some neighborhoods of the
identities in G and H, then it is called a local isomorphism, and G and H are said
to be locally isomorphic. A local group locally isomorphic to a Lie group is called
a local Lie group.

The collection of all sets O satisfying (4) is denoted by WG. This is a neighbor-
hood basis of e in G; all of these neighborhoods are symmetric with respect to the
inverse operation (3). Let ® (G, n) denote the collection of subsets A of G such
that the product of any collection of at most n elements of A is defined, and the set
A" of such products is contained in some O € VG.

Let H C G. It is said that H is a subgroup of G if H € ®(G,2),ec H, H = H
and H?> = H; and H is a sub-local group of G if H is itself a local group with
respect to the induced operations and topology.

Let TG denote the set of all pairs (H, V) of subsets of G sothate € H, V € VG,
a-beHforalla,be VNH,and ¢ € H forallc e VN H. Then a subset H C G
is a sub-local group if and only if there exists some V such that (H, V) € TG
[Jacoby 1957, Theorem 26].

Let T1G denote the family of pairs (H, V) of subsets of G such that

e€eH, VelvGNed(G,o),
a-beH foralla,beV®NH,
ceH forallc e VONH,
V2\ H is open.

Given (H, V) € I1G, there is a (completely regular, Hausdorft) space G/(V, H)
and a continuous open surjection 7 : V2 G /(V, H) such that T (a) =T (b) if and
only if a’-b € H (cf. [Jacoby 1957, Theorem 29]). For another pair in I[1G of the
form (H, W), the spaces G/(H, V) and G/(H, W) are locally homeomorphic at
the identity class. Thus the concept of coset space of H is well defined in this sense,
as “a germ of a topological space”. The notation G/H may be used in this sense.
It will be said that G/ H has a certain topological property when some G/(H, V)
has that property around 7T (e).

Let AG be the set of pairs (H, U) such that (H, U) € [1G and b’ - (a -b) € H for
allae HNU* and b € U%. A subset H C G is called a normal sub-local group of G
if there exists U such that (H, U) € AG. If (H, U) € AG then the quotient space
G/(H, U) admits the structure of a local group (see [Jacoby 1957, Theorem 35] for
details) and the natural projection T : U? — G/(H, U) is a local homomorphism. As
before, another such pair (H, V') produces a locally isomorphic quotient local group.
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As usual, a - b and a’ will be denoted by ab and a~".

Local groups were first studied by Jacoby [1957], giving local versions of
important theorems for topological groups. For instance, Jacoby characterized local
Lie groups as the locally compact local groups without small subgroups® [Jacoby
1957, Theorem 96]. Also, any finite dimensional metrizable locally compact local
group is locally isomorphic to the direct product of a Lie group and a compact
zero-dimensional topological group [Jacoby 1957, Theorem 107]. In particular,
this property shows that any locally Euclidean local group is a local Lie group,
which is an affirmative answer to a local version of Hilbert’s 5th problem. However
the proof of Jacoby is incorrect because he did not realize that, in local groups,
associativity for three elements does not imply associativity for any finite sequence
of elements [Plaut 1993; Olver 1996]. Fortunately, a completely new proof of the
local Hilbert’s 5th problem was given by Goldbring [2010]. Moreover van den Dries
and Goldbring [2010; 2012] proved that any locally compact local group is locally
isomorphic to a topological group, and therefore all other theorems for local groups
of Jacoby hold as well because they are known for locally compact topological
groups [Montgomery and Zippin 1955].

Definition 2.25. It is said that a local group G can be approximated by a class 6 of
local groups if, for all W € WG N & (G, 2), there is some V € WG and a sequence
of compact normal subgroups F,, C V suchthat V.C W, F,1 C F,, (), Fn = {e},
(Fu, V) e AG and G/(F,, V) € €.

Theorem 2.26 [Jacoby 1957, Theorems 97-103; van den Dries and Goldbring 2010;
2012]. Any locally compact second countable local group G can be approximated
by local Lie groups.

Definition 2.27. A local action of a local group G on a space X is a paro map
G x X — X, (g, x) — gx, defined on some open neighborhood of {e} x X, such
that ex = x for all x € X, and g1(g2x) = (g182)x, provided both sides are defined.

Remark 15. The local transformations given by any local action of a local group
on a space generate a pseudogroup.

A local action of a local group G on a space X is called locally transitive at
some point x € X if there is a neighborhood W of e in G such that the local action
is defined on W x {x}, and Wx :={gx | g € W} is a neighborhood of x in X. Given
another local action of G on a space Y, a paro map ¢ : X »— Y is called equivariant
if p(gx) =g¢(x) for all x € X and g € G, provided both sides are defined.

3 A local group is said to have no small subgroups when some neighborhood of the identity element
contains no nontrivial subgroup.
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Example 2.28. Let H be a sub-local group of G. If (H, V) € I1G, and if the map
T :V?— G/(H, V) is the natural projection, then the map

VxG/(H, V)= G/(H, V), (v,T(g) T(g)
defines a local action of G on G/(H, V).

Remark 16. If G is a local group locally acting on X and the local action is locally
transitive at x € X, then there is a sub-local group H of G such that (H, V) € [1G
for some V and the orbit paro map G — X, g — gx, induces an equivariant paro
map G/(H, V) — X, which restricts to a homeomorphism between neighborhoods
of T(e) and x.

2E. Equicontinuous pseudogroups. Alvarez and Candel [2009] introduced the
following structure to define equicontinuity for pseudogroups. Let* {T;, d;} be a
family of metric spaces such that {7;} is a covering of a set T, each intersection
T; N T; is open in (T}, d;) and (T}, d;), and, for all € > 0, there is some §(¢) > 0
such that the following property holds: for all i, j and z € T; N T}, there is some
open neighborhood U; ; , of z in T; N T; (with respect to the topology induced by
d; and d;) such that

di(x,y) <d(e) =dj(x,y) <€

forall e >0andall x, y € U; ; ;. Such a family is called a cover of T by quasilocally
equal metric spaces. Two such families are quasilocally equal when their union is
also a cover of T by quasilocally equal metric spaces. This is an equivalence relation
whose equivalence classes are called quasilocal metrics on T. For each quasilocal
metric Q on T, the pair (T, Q) is called a quasilocal metric space. Such a £ induces
a topology5 on T so that, for each {T;, d;}ic; € 9, the family of open balls of all
metric spaces (7}, d;) form a basis of open sets. Any topological concept or property
of (T, ) refers to this underlying topology. (7', Q) is locally compact and Polish if
and only if it is Hausdorff, paracompact and separable [Alvarez and Candel 2009].

Definition 2.29 [Alvarez and Candel 2009]. Let  be a pseudogroup on a quasilocal
metric space (T, £). Then ¥ is said to be (strongly®) equicontinuous if there exists
some {T;, d;}ic; € £ and some subpseudokgroup S C ¥ generating ¥, such that,
for every € > 0, there is some é(¢) > 0 such that

di(x,y) <d8(e) = dj(h(x), h(y)) <€
forallh € S,i,jeland x,y € T, Nh~1(T; Nimh).

4The notation will be simplified by using, for instance, {7;, d;} instead of {(7}, d;)}.

SIn fact, it induces a uniformity. We could even use any uniformity to define equicontinuity, but
such generality will not be used here.

OThis adverb, used in [Alvarez and Candel 2009], will be omitted for the sake of simplicity.
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A pseudogroup ¥ acting on a space T will be called (strongly) equicontinuous
when it is equicontinuous with respect to some quasilocal metric inducing the
topology of T'.

Remark 17. If the equicontinuity of ¥ is witnessed by a subpseudoxgroup S,
then it is also witnessed by the localization of S. It follows that equicontinuity is
hereditary by taking subpseudogroups and restrictions to open subsets.

Lemma 2.30 [Alvarez and Candel 2009, Lemma 8.8]. Let # and #' be equivalent
pseudogroups on locally compact Polish spaces. Then ¥ is equicontinuous if and
only if #' is equicontinuous.

Proposition 2.31 [Alvarez and Candel 2009, Proposition 8.9]. Let % be a compactly
generated and equicontinuous pseudogroup on a locally compact Polish quasilocal
metric space (T, Q), and let U be any relatively compact open subset of (T, )
that meets every ¥-orbit. Suppose that {T;, d;}ic; € L satisfies the condition of
equicontinuity. Let E be any system of compact generation of # on U, and let g be
an extension of each g € E with dom g C dom g. Also, let {T!};c,; be any shrinking’
of {T;}ie1. Then there is a finite family V' of open subsets of (T, Q) whose union
contains U and such that, forany V € V', x e UNV and h € ¥ with x € dom h and
h(x) € U, the domain offz =g, - g contains V for any composite h =g, - - - g1
defined around x with gy, ..., 8, € E. Moreover, V C TL:) and h(V) C Tl’l for
some ig, i1 € 1.

Remark 18. The statement of Proposition 2.31 is stronger than the completeness
of |y . Since we can choose U large enough to contain two arbitrarily given points
of T, it follows # is complete.

Proposition 2.32 [Alvarez and Candel 2009, Proposition 9.9]. Let % be a compactly
generated, equicontinuous and strongly quasianalytic pseudogroup on a locally
compact Polish space T. Suppose that the conditions of equicontinuity and strong
quasianalyticity are satisfied with a subpseudoxgroup S C ¥ generating ¥. Let
A, B be open subsets of T such that A is compact and contained in B. If x and y
are close enough points in T, then

fx)eA= f(y)eB

forall f € S whose domain contains x and y.

Theorem 2.33 [Alvarez and Candel 2009, Theorem 11.11]. Let ¥ be a compactly
generated and equicontinuous pseudogroup on a locally compact Polish space T. If
H is transitive, then ¥ is minimal.

TRecall that a shrinking of an open cover {U;} of a space X is an open cover {U i/ } of X, with the
same index set, such that Ul./ C U; for all i. Similarly, if {U;} is a cover of a subset A C X by open
subsets of X, a shrinking of {U;}, as a cover of A by open subsets of X, is a cover {U l/ } of A by open
subsets of X, with the same index set, such that Ui/ C Uj foralli.
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Theorem 2.33 can be restated by saying that the orbit closures form a partition
of the space. The following result states that indeed the orbit closures are orbits of
a pseudogroup if strong quasianalyticity is also assumed.

Theorem 2.34 [Alvarez and Candel 2009, Theorem 12.1]. Let % be a strongly
quasianalytic, compactly generated and equicontinuous pseudogroup on a locally
compact Polish space T. Let S C ¥ be a subpseudoxgroup generating ¥ such that
¥ satisfies the conditions of equicontinuity and strong quasianalyticity with S. Let
H be the set of maps h between open subsets of T that satisfy the property that
for every x € dom h, there exists a neighborhood Oy of x in dom h such that the
restriction h|o, is in the closure of C(Oyx, T)NS in Cc.o(Oy, T). Then

@) I is closed by composition, combination and restriction to open sets;
(i1) any map in K is a homeomorphism around every point of its domain;
(iii) %€ = %N Loct(T) is a pseudogroup that contains ¥;
(iv) % is equicontinuous,

(V) the orbits of ¥ are equal to the closures of the orbits of ¥; and
(vi) H and ¥ are independent of the choice of S.

Remark 19. In Theorem 2.34, let S be the set of local transformations that are in
the union of the closures of C(O, T)NS in C.,(O, T) with O running on the open
sets of T'. According to the proof of [Alvarez and Candel 2009, Theorem 12.1],
S is a pseudosgroup that generates 9. Moreover, if % satisfies the equicontinuity
condition with S and some representative {7}, d;} of a quasilocal metric, then %
satisfies the equicontinuity condition with S and {7}, d;}.

Remark 20. From the proof of [Alvarez and Candel 2009, Theorem 12.1], it also
follows that, with the notation of Remark 19, any x € U has a neighborhood O in
T such that the closure of

{(heCO, T)NS|h(0O)NU # @)}
in Ce.o(O, T) is contained in Loct(T), and therefore in S.

Example 2.35. Let G be a locally compact Polish local group with a left invariant
metric, let I' C G be a dense sub-local group, and let 3¢ be the minimal pseudogroup
generated by the local action of I' by local left translations on G. The local left
and right translations in G by each g € G will be denoted by L, and R,. The
restrictions of the local left translations L, (y € I') to open subsets of their domains
form a subpseudoxgroup S C J€ that generates €. Obviously, J€ satisfies with §
the condition of being strongly locally free, and therefore strongly quasianalytic.
Moreover ¥ satisfies with S the condition of being equicontinuous (indeed isometric)
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by considering any left invariant metric on G. Observe that any local right translation
R, (g € G) generates an equivalence # — .

Now, suppose that ¥ is compactly generated. Then ¥ is generated by the local
action of G on itself by local left translations. The subpseudosgroup S C # consists
of the restrictions of the local left translations L, (g € G) to open subsets of their
domains. Observe that ¥ satisfies the condition of being strongly locally free, and
therefore strongly quasianalytic, with S.

Lemma 2.36. Let G and G’ be locally compact Polish local groups with left in-
variant metrics, let T' C G and T'' C G’ be dense sub-local groups, and let ¥ and
%' be the pseudogroups generated by the local actions of T and T’ by local left
translations on G and G'. Suppose that ¥ and ¥’ are compactly generated. Then
#H and ¥’ are equivalent if and only if G is locally isomorphic to G'.

Proof. Consider the notation and observations of Example 2.35 for both G and G’;
in particular, S C % and S” C %’ denote the subpseudoxgroups of restrictions of local
translations L,, and L,/ (y € I" and y” € I'") to open subsets of their domains. Let e
and ¢’ denote the identity elements of G and G’. Let ® : % — %’ be en equivalence.
Since #’ is minimal, after composing ® with the equivalence generated by some
local right translation in G if necessary, we can assume that ¢ (e¢) = ¢’ for some
¢ € ® with e € dom ¢.

Let U be a relatively compact open symmetric neighborhood of e in G with
U C domé. Let {fi, ..., f,} be a symmetric system of compact generation of %
on U. Thus each f; has an extension f; € % such that dom f; C dom f; C dom ¢.

Claim 1. We can assume that f; € S and ¢ fi¢p~" € §' for all i.

Each point in dom f; N"dom ¢ has an open neighborhood O such that O C dom f;,
filo € S and ¢ fip~ 40y € S'. Take a finite covering {O;;} (j € {1, ..., k;}) of
the compact set dom f; by sets of this type. Let { P;;} be a shrinking of {O;;}, as
a cover of dom f; by open subsets of dom f, Then the restricti(){ls gij = filp;nu
(@ ef{l,....,n}and j € {1,...,k;}) generate |y, each g;; = filo; 1s in S and
extends g;;, dom g;; C dom g;;, and ¢g,~j¢—1 € §’, showing Claim 1.

According to Claim 1, the maps f/ = ¢ fi¢p~! form a symmetric system of
compact generation of % on U’ = ¢ (U), which can be checked with the exten-
sions fl/ =¢fip~!. Let Sy C S and Sy C S’ be the subpseudoxgroups consisting
of the restrictions of compositions of maps f; and f/ to open subsets of their
domains, respectively. They generate 3 and #'. It follows from Claim 1 that
¢f¢p~! € 8 for all f € Sp. On the other hand, by Proposition 2.31, there is a
smaller open neighborhood of the identity, V C U, such that, for all 7 € ¥ and
all x € VNdomh with h(x) € U, there is some f € Sy such that dom f =V and

y(f.x) =y (h, x).
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Let W be another symmetric open neighborhood of the identity such that W? C
V. Let us show that ¢ : W — ¢ (W) is a local isomorphism. Let y € WNT.
The restriction L, : W — y W is well defined and belongs to S. Hence there
is some f € Sy such that dom f =V and y(f,e) = y(L,,e). Since f is also
a restriction of a local left translation in G, it follows that f = L, on W. So
dL, ¢ sw) € S; i.e., there is some y’ € T” such that ¢L,¢~' = L, on ¢(W).
In fact,

d(y) =dLy(e) =¢L,p~ ' () =L, ()=y'.
Hence, for all y, 8 € T,
¢ (r8) =dLy(8) =Ly()d () = ¢(1)¢ (8,
¢ =Ly, ) =@L,67H ()
=@L,1¢~ (€)= Lyon(€)=dy).

Since ¢ and the product and inversion maps are continuous, it follows that, for
all g, h € W, we have ¢ (gh) = ¢(g)¢(h) and ¢(g~") = (). U

Example 2.37. This generalizes Example 2.35. Let G be a locally compact Polish
local group with a left invariant metric, K C G a compact subgroup, and I' C G a
dense sub-local group. Take some V such that (H, V) € I1(G). The left invariant
metric on G can be assumed to be also K -right invariant by the compactness of K,
and therefore it defines a metric on G/(K, V). Then the canonical local action of
I' on some neighborhood of the identity class in G/(K, V) induces a transitive
equicontinuous pseudogroup # on a locally compact Polish space; in fact, this is a
pseudogroup of local isometries.

Assume that 9 is compactly generated. Then ¥ is generated by the canonical
local action of G on some neighborhood of the identity class in G/(K, V). Moreover
the subpseudoxgroup S C ¥ consists of the local translations of the local action of
GonG/(K,V).

Examples 2.35 and 2.37 are particular cases of pseudogroups induced by local
actions (Remark 15). The following result indicates their relevance.

Theorem 2.38 [Alvarez and Candel 2010, Theorem 5.2]. Let ¥ be a transitive,
compactly generated and equicontinuous pseudogroup on a locally compact Polish
space, and suppose that ¥ is strongly quasianalytic. Then ¥ is equivalent to a
pseudogroup of the type described in Example 2.37.

Remark 21. From the proof of [Alvarez and Candel 2010, Theorems 3.3 and 5.2],
it also follows that, in Theorem 2.38, if moreover ¥ is strongly locally free, then %
is equivalent to a pseudogroup of the type described in Example 2.35.
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3. Molino’s theory for equicontinuous pseudogroups

3A. Conditions on 3. Let ¥ be a pseudogroup of local transformations of a locally
compact Polish space T. Suppose that ¥ is compactly generated, complete and
equicontinuous, and that ¥ is also strongly quasianalytic.

Let U be a relatively compact open set in 7' that meets all the orbits of €. The
condition of compact generation is satisfied with U. Consider a representative
{T;, d;} of a quasilocal metric on 7 satisfying the condition of equicontinuity of #
with some subpseudoxgroup S C # that generates #. We can also suppose that the
condition of strong quasianalyticity of ¥ is satisfied with S.

Remark 22. According to Theorem 2.34 and Remark 19, there is a mapping
€+ §(€) > 0 (¢ > 0) such that

di(x,y) <8(e) = dj(h(x), h(y)) <€
for all indices i and j, every h € S, and x, y € T; ﬂh_l(Tj Nimh).

Remark 23. By Remark 20 and refining {7;} if necessary, we can assume that U
is covered by a finite collection {7}, ..., T;,} of the sets T;, such that the closure of

(he C(T;,, T)NS | h(T;,)NU # 2}
in Ce.o(T;,, T) is contained in Sforallke{l,...,r}.

Remark 24. By Proposition 2.31 and Remark 23, and refining {7;} if necessary,
we can assume that, for all # € %€ and x € T;, NU Ndom h with h(x) € U, there is
some / € S with domh = T;, and y(h, x) =y (h, x).

Remark 25. By Remarks 5, 10 and 17, and refining {7;} if necessary, we can
assume that the strong quasianalyticity of ¥ is satisfied with S.

3B. Coincidence of topologies.

Proposition 3.1. Shco = Scoo-

Proof. (This is inspired by [Arens 1946].) For each g € S, take any index i and
open sets V, W C T such that V. C W and W C im g. By Proposition 2.32, there is
some €(i, V, W) > 0 such that, for all x, y € T;, if d; (x, y) < €(i, V, W), then

f)eV= f(eW

forall f € S with x, y edom f. Let #(g, i, V, W) be the family of compact subsets
K C T; Ndom g such that

K #@, diamg(K) <e@,V,W), gK)CV,

where K and diamg, (K') denote the interior and d;-diameter of K. Moreover let
H(g) denote the union of the families H(g, i, V, W) as above. Then a subbasis
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N(g) of open neighborhoods of each g in S.., is given by the sets N (K, O)N S,
where K € ¥(g) and O is an open neighborhood of g(K) in T.

We have to prove the continuity of the inversion map Sco = Scos h > b~ L.
Let h € S and let N(K, O) e N(h™") with K e #(h~', i, V, W), and fix any point
x € K. Then

T =N{h'(x)}, K)YNNW\ O, T\ K)

is an open neighborhood of % in #..,. We have d;(fh~'(x), y) < €(i, V, W) for
all f eV n S and y € K since fh_l(x) € K and diamy, (K) < €(i, V, W). So
f~1(y) € W by the definition of € (i, V, W) since f ' e Sandh~'(x) e~ (K) C V.
Thus, if f~'(y) & O, we get f~'(y) € W\ O, obtaining y € T \ K, which is a
contradiction. Hence f~' € N(K, O) forall f e V' NS. U

Let & denote the groupoid of germs of #. The following direct consequence of
Proposition 3.1 gives a partial answer to Question 2.23.

Corollary 3.2. @g’b_c_o = 6§,C—O; ie., 6§,c-o is a topological groupoid.

3C. The space T. Recall that s, 7 : 65, .o —> T denote the source and target pro-
jections. Let T = &5 ., where the following subsets are open:

Ty=s"'W)Nt™' W), Teu=s"Ti) Nt Tii)s  Towa=To Nk

Observe that fU is an open subspace of 7"\, and the family of sets ?U,k,l form an
open covering of ’fU.

Lety(h,x) € ?U,k,l. We can assume that & € S and dom i = T;, according to
Remark 24. Since x € T;, N U and h(x) € T;, N U, there are relatively compact
open neighborhoods, V of x and W of h(x), such that VC T, NU, WcC T,NU
and h(V) C W.

By Remark 24, for each f € S with x € dom f, there is some f € S with
dom f =T, and y(f,x) =y (f, x).

Lemma 3.3. We have f = f on V.

Proof. The composition f|y f ~1 is defined on f (V), belongs to S, and is the
identity on some neighborhood of f(x) = f(x). So f|y f~! is the identity on
f(V) because ¥ satisfies strong quasianalyticity with S. Hence f = f on V. [

Let
3) So={feS|Vcdomf, f(V)C W},
4 Si={feS|VCdomf, f(V)C W},

equipped with the restriction of the compact-open topology. Notice that Sy is an
open neighborhood of 4 in S..,. Consider the compact-open topology on C(V, W).
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Lemma 3.4. The restriction map R : S — C(V, W), R(f) = fly, defines an
identification R : S| — R(S)).

Proof. The continuity of R is elementary.

Let G C R(S)) such that R~(G) is open in S1. For each gy € G, there is some
8y € %R ~1(G) such that R(g() = go- Since %~1(G) is open in S|, there are finite
collections {K7y, ..., K,} of compact subsets and {O1, ..., O} of open subsets,
such that

goel{feSi|UL Ki Cdom f and f(K;) C O; foreachi} Cc R(G).
Then
g0 € {ge§1 | Uf’zl KiNV cdomgand g(K;NV) C OiﬂWforeachi} CcG.
S_ince KiNnV,..., Kpﬂ\_/ are compact in % ancl_OlﬂW, R OpﬂWare open in
W, it follows that gg is in the interior of G in R(S). Hence G is open in R(S;). UJ
Lemma 3.5. R(S)) is closed in C(V, W).

Proof. Observe that C (V, W) is second countable because T is Polish. Take a
sequence g, in %(S;) converging to g in C(V, W). Then it easily follows that
gnlv converges to g|y in C(V, T) with the compact-open topology. Thus g|y € S
according to Remark 23. Let f = (g:K/ By Lemma 3.3, we have g = f;;. Therefore
feS;and g =R(f). O

Corollary 3.6. R(S)) is compact in C(V, W).

Proof. This follows by the Arzela—Ascoli theorem and Lemma 3.5, because V and
W are compact, and (S) is equicontinuous since ¥ satisfies the equicontinuity
condition with S and {7}, d;}. O

Let Vy be an open subset of T such that x € Vj and Vo C V. Since Vy C dom f
for all f € S, we can consider the restriction S| x Vy — T of the germ map.

Lemma 3.7. The image y (S| x Vo) is compact in T.

Proof. For each g € C(V, W) and y € V, let y(g, y) denote the germ of g at y,
defining a germ map

y:C(V,W)xV —p(C(V,W)xV).
Since Vo C V, we get that y(§1 x Vo) = }7(97%(51) x V) and the diagram

Six Vo 2 sy x Vo

5) 7| 17

y (81 x Vo) P (R(S1) x Vo)
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is commutative. Then
P R(S1) x Vo = P(R(S1) x Vo)
is continuous because
R xid: S; x Vo — R(S)) x Vo
is an identification by Lemma 3.4, and
Y81 x Vo— y(81 x W)
is continuous. Hence y (S| x Vj) is compact by Corollary 3.6. ]
Lemma 3.8. The image y (So x Vo) is open in T.

Proof. This holds because So x Vo is open in Sc.o* T and saturated by the fibers of
y: SeoxT —T. U

Remark 26. Observe that the proof of Lemma 3.8 does not require Vo C V; it
holds for any open Vo C V.

Corollary 3.9. fU is locally compact.

Proof. We have that y(§1 x Vo) is compact by Lemma 3.7 and contains y(§0 x Vo),
which is an open neighborhood of y (4, x) by Lemma 3.8. Then the result follows
because y (h, x) € Ty is arbitrary. U

Lemma 3.10. The map ¥ : R(S;) x Vo — T is injective.
Proof. For fi, f» € Sy with P(R(f1), y1) = ¥ (R(f2), y2), suppose

(R, ¥1), R(f2), y2) € R(S1) x Vo,

Thus, y; = yp =:y and y (f1, y1) =y (f2, y2); i.e., f1 = f>» on some neighborhood
O of y indom fiNdom f>. Then f1(0) Cdom(f,f;"") and £, £, ' =idz on £1(0).
Since f,f; ' €S, we get f, ;" =idr on dom(f,f;"") = fi(dom f; Ndom f)
by the strong quasianalyticity of S. Since V C dom f; Ndom f5, it follows that
fof  =idr on fi(V), and therefore fi = f» on V;i.e., R(f1) = R(f2). O

Let 7 :=(s,1): T—>Tx T, which is continuous.
Corollary 3.11. The restriction 7 : Ty > UxUis proper.

Proof. Since U x U can be covered by sets of the form Vy x W, for Vy and W as
above, it is enough to prove that 7 7! (K; x K») is compact for all compact sets
K| C Vy and K, C W. Then, with the above notation,

7K1 x Kp) Cy(S1 x K1) Cy(S1 x Vo),
and the result follows from Lemma 3.7. O

Corollary 3.12. The closure of ?U inT is compact.
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Proof. Take a relatively compact open subset U’ C T containing U. By applying
Corollary 3.11 to U’, it follows that 7 : Ty — U’ "x U’ ' is proper. Therefore
A YU x U) is compact and contains the closure of TU inT. ]

Lemma 3.13. T is Hausdorff.

Proof. Let y (hy, x1) # y (ha, x2) in Ty.

Suppose first that x| # x;. Since T is Hausdorff, there are disjoint open subsets V;
and V, such that x; € V; and x, € V5. Then vl = TUOS*I(VI) and \72 = ’fUﬂs*I(Vg)
are disjoint and open in ?U, and y (hy, x1) € \71 and y (hy, x2) € \72

Now, assume that x; = x, =: x but h;(x) # hy(x). Take disjoint open subsets
Wi, Wy C U such that h;(x) € W) and hy(x) € W2 Then W] = TU Nt~ l(Wl)
and Wz = TU Nt~ (W) are disjoint and open in TU, and y(hy,x) € W1 and

y(ha, x) € Wz.

Finally, suppose that x; =x; =:x and h1(x) = ha(x) =:y. Thenx € T;, NU
and y € T;, N U for some indices k and /. Take open neighborhoods V of x and
W of y, such that V. C T;,, N\U, W C T;, NU and h{ (V) Uhy(V) C W. Define Sy
and S, by using V and W like in (3) and (4), and take an open subset Vo C T such
that x € V,y and V) C V, as above. We can assume that /1, h, € S;. Then

Y (R(h1), x) =y (h1, x1) # y(ha, x2) = ¥ (R(h2), x),

and therefore R(h) Z R(hy) in R(S)) by Lemma 3.10. Since R(S)) is Hausdorff
(because it is a subspace of CC_O(‘_/, W)), it follows that there are disjoint open
subsets N1, N2 C R(S}) such that R(h;) € Ny and R(hy) € No. So R~ (N) and
R~1(N>,) are disjoint open subsets of S| with 71 € R~ (N|) and hy € R™I(N»).
Hence Al; = R~ (N1) N Sy and My = R~ (N3) N Sy are disjoint and open in S,
and therefore they are open in S. Moreover JM; x Vp and M, x Vj are saturated
by the fibers of p : So x Vo — y(§0 x WVp); in fact, if (f, z) € So x V, satisfies
y(f,2) =y(f’, z) for some f’' € M, (a € {1, 2}), then

YR D=y(f.D=y( 2=V 2,

giving R(f) = R(f’) € N, by Lemma 3.10. Therefore f € RVNH NSy =,
It follows that y (JMl; x Vp) and y (M, x Vp) are open in y(§0 x Vp), because the
map y : So x Vo — y(§0 x V) is an identification as So x Vp is open in ScoxT
and saturated by the fibers of p : SeoxT — T. Furthermore, by the commutativity
of the diagram (5),

Yl x Vo) Ny My x Vo) =y (N1 x Vo) Ny (N2 x Vo)
=y((NiNNDx V) =0

and y(hy,x) € y(My x V) and y (hy, x) € y (My x Vp). U
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Corollary 3.14. The map ¥ : R(S1) x Vo — ¥ (R(S1) x Vo) is a homeomorphism.
Lemma 3.15. fU is second countable.

Proof. fU can be covered by a countable collection of open subsets of the type
y(Eo x Vy) as above. But y(Eo x Vp) is second countable because it is a sub-
space of y(§1 x Vo) = }7(9{@1) x V), which is homeomorphic to R(S)) x V by
Corollary 3.14, and this space is second countable as a subspace of the second
countable space C Vo, Wo) x V. O

Corollary 3.16. fU is Polish.

Proof. This follows from Corollary 3.9, Lemmas 3.13 and 3.15, and [Kechris 1991,
Theorem 5.3]. O

Proposition 3.17. T is Polish and locally compact.

Proof. First, let us prove that T is Hausdorff. Take different points y (g, x) and
y(g',x)inT. Let O, O’, P and P’ be relatively compact open neighborhoods
of x, x’, g(x) and g(x’), respectively. Then Uy = UUOUO'UPUP is a
relatively compact open subset of 7' that meets all F-orbits. By Lemma 3.13, fUl
is a Hausdorff open subset of T that contains y(g,x) and y(g’, x'). Hence y (g, x)
and y (g, x") can be separated in fUl by disjoint open neighborhoods in TUI, and
therefore also in 7.

Second, let us show that T is locally compact. For p(g,x) € T, let O and
P be relatively compact open neighborhoods of x and g(x), respectively. Then
Uy=UUOUPisa relatively compact open set of T that meets all #-orbits. By
Corollary 3.9, it follows that TU1 is a locally compact open neighborhood of y (g, x)
in 7. Hence y(g,x) has a compact neighborhood in TUl , and therefore also in 7.

Finally, let us show that T is second countable. Since T is second countable
(it is Polish) and locally compact, it can be covered by countably many relatively
compact open subsets O, C T. Then each U, ,, = O, U O,, UU is a relatively
compact open set of T that meets all ¥- orblts Hence, by Lemma 3.15, the sets
TU ... are second countable and open in 7. Moreover these sets form a countable
cover of T because, for any y(g, X) € T we have x € O, and g(x) € O, for some
n and m, obtaining y (g, x) € TU . So T is second countable.

n,m

Now the result follows by [Kechris 1991, Theorem 5.3]. U
Proposition 3.18. The map # : T — T x T is proper:

Proof. Take any compact K C T x T and any relatively compact open U’ C T
meeting all ¥¢-orbits and such that K C U’ x U’. By applymg Corollary 3.11 to U’,
we get that 7 1K) is compact in TU/ and therefore in 7. U
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3D. The space f‘o. From now on, assume that % is minimal, and therefore % has
only one orbit, the whole of 7. Fix a point xo € U, and let®

To=t""(xo) ={p(g.x)eT | gx)=x0}, Tou=ToNTy.

Observe that i"\o is closed in 7"\, whereas 7’\0’U is open in 7"\0. Moreover, we have
A(To) =T x {xo} = T and 7#(To.y) = U x {xo} = U because T is the unique
¥-orbit; indeed, 7w (y(h,x))=xforeachx € T and any & € S with x € dom & and
h(x) =xg. Letmg:=s: ﬁ) — T, which is continuous and surjective.

The following two corollaries are direct consequences of Proposition 3.17 (see
[Kechris 1991, Theorem 3.11]) and Corollary 3.12.

Corollary 3.19. 7"\0 is Polish and locally compact.
Corollary 3.20. The closure of ’7:0 U in To is compact.

The following corollary is a direct consequence of Proposition 3. 18 because
o TO — T can be identified with the restriction 7 : TO — T x {xo} =

Corollary 3.21. The map 7y : TO — T is proper.
Proposition 3.22. The fibers of 7y : ﬁ) — T are homeomorphic to each other.

Proof. For each x € T, there is some f € S with f(x) = xo. Then the mapping
y(g,x) — y(gf~", xo) defines a homeomorphism fro_l(x) — ﬁo_](xo) whose
inverse is given by y(go, x0) — Y (go f, Xx). U

Question 3.23. When is 7 a fiber bundle?
3E. The pseudogroup ?’(\fo. For h € S, define
h: g (domh) — 75 (mh),  h(y(g,x) =p(gh™", h(x)),

for g € S and x € dom g Ndom A with g(x) = xg. The following two results are
elementary.

Lemma 3.24. For any h € S, we have #y(dom i) = dom h and #y(im h) = im h,
and the following diagram is commutative:

dom A L) im A

- B

domh —"— imh
Lemma 3.25. If O C T is open with ido € S, then ido = id;1 -
Lemma 3.26. For h, h' € S, we have Wh =hh.

8The definition JA"O =s1 (xg) would be valid too, of course, but it seems that the proofs in
Sections 3D and 3E have a simpler notation with the choice Ty = 1 (xq)-
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Proof. By Lemma 3.24, we have
dom(P’h) = h~"(dom i’ Nim ) = h~" (#; ' (dom h' Nim h))
=75 ' (h~"(dom A’ Nim h)) = 7, ' (dom(h'h)) = dom i'h.

Now let y(g,x) € dom(ﬁ’fz) — dom /'h; therefore g €S, x e domgnNdomh,
h(x) € domh’ and g(x) = xo. Then

Wh(y (g, ) =y~ W'h(x) =y (gh™ (W)~ W'h(x)
= (y(gh™" h(x))) = h(y (g, %)). O
The following is a direct consequence of Lemmas 3.25 and 3.26.
Corollary 3.27. For h € S, the map his bijective with Al =h-L
Lemma 3.28. The map hisa homeomorphism for all h € S.
Proof. By Corollary 3.27, it is enough to prove that h is continuous, which holds

because it can be expressed as the composition of continuous maps

A ' (dom ) S 5t (Gom hy x {h~1) x im h

XV, g dom A x p(th1) x im )

PR o im ).
This can be checked on elements:
y(g.x) > ((g.x). b~ h(x))
= (y(g.x). y (™', h(x)))

> y(gh™' h(x)) = h(y (g, x)). 0

Set Sy = {h | h € S}, and let ?/Eo be the pseudogroup on T generated by So.
Lemmas 3.26 and 3.28 and Corollary 3.27 give the following.

Corollary 3.29. 3'6 is a pseudoxgroup on %.
Lemma 3.30. i:()’U meets all orbits of ?/Eo.

Proof. Lety (g, x) € T”O with g € S; then x € dom g and g(x) = x. Since U meets
all orbits of ¥, there is some h € § such that x € dom#h and h(x) € U. Then
y(g,x) edomh and h(y (g, x)) = y(gh™', h(x)) satisfies

#o(h(y (8. %)) = 7oy (gh™", h(x))) = h(x) € U.
Hence fz(y(g, x)) € 7"\0,1] as desired. U

Lemma 3.31. The map S¢.,c — TS’\o,C_O, h— fz, is a homeomorphism.
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Proof. If l?l = l’z\z for some hy, hy € S, then h| = hy by Lemma 3.24. So the stated
map is injective, and therefore it is bijective by the definition of So.

Take a subbasic open set of S..,, which is of the form SN N(K, O) for some
compact K and open O in T'. The set 7, '(K) is compact by Corollary 3.21, and
Ty L) is open. Then the map of the statement is open because

{hlheNK,0)NSY=N(#,"(K), 75,'(0)) NS,

by Lemma 3.24, which is open in §0,C_0.
To prove its continuity, let us first show that its restriction to Sy = SN #|y is
continuous. Fix hy € Sy, and take relatively compact open subsets

V, Vo, W, V', V§, W CU,

and indices k and k’ such that

6) VoCcV, VCT, , Ndom Ay,
(7) Vgc V', V' CT, Nimho,
®) Wcw, WcT,,
©) h'(V)yc v,

(10) ho(Vo) C V'.

Let Sp and S; (respectively, S/ and S/ ) be deﬁned like in (3) and (4), by usmg
V and W (respectlvely, Vv’ and w’). Then K= ¥ (S1 x Vp) is compact in T by
Lemma 3. 7 and O = y(S/ x V' ) is open 1n T by Lemma 3.8 and Remark 26 Thus
Ko KN To is compact and 00 —0n To is open in To So N(Ko, 00) N So is a
subbasic open set of SO,c o-

Claim 1. /1y € N(Kp, Oy).

Let y(g,x) € Ko, thus g€ SLxeV, Ndom g and g(x) = xg. The condition
g€ S| means that g€ S, Vc dom g and g(V) cWw. By (7)—(9), it follows that
V' C domgh0 and

ghy'(Vycg(V)cWcCWw.

Hence gh, le S}, obtaining that
ho(y (8. %)) = y(ghg ' ho(x)) € O,
which completes the proof of Claim 1.

Clalm 2. The sets N (KO, 00) N So, constructed as above, form a local subbasis of
SO c-0 at hO
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This assertion follows by Claim 1 and because the sets of the type Oy form a
basis of the topology of im ¢, and any compact subset of dom /4 is contained in a
finite union of sets of the type of K.

The sets o o
N=NWVo, VNNV, V) Insy

are open neighborhoods of % by (9), (10), and Propositions 2.6 and 3.1.
Claim 3. We have h € N(Ky, Oo) forall h € N.

Given h € N, we have V/ C imh and h= (V') Cc V. Let y(g,x) € I?O; thus
x € Vo Ndom g, g(x) = xo, and we can assume that g € S1, which means that
g€ S,V cdomgand g(V) C W. Then V' C dom(gh™"), gh-"(V)Cc W C W’
and h(x) € h(Vp) C V'. Therefore

h(y (g, x) =y (gh™', h(x)) € (S x V)N Ty = Oy,

proving Claim 3.

Claims 2 and 3 show that the map Sy ¢c.o — §0,C_0, h— fl, is continuous at /.
Now, let us prove that the whole map S¢., — §0 c0, N fz is continuous. Since
the sets N (K 0) N SO, for small enough compact subsets K C Ty and small
enough open subsets O C Ty, form a subbasis of SO c-0» it is enough to prove that
the inverse 1mage of these subbasic sets are open in S.,. We can assume that
K,0cC Ty L(U") for some relatively compact open subset U’ C T that meets all
#C-orbits. Con51der the inclusion map ¢ : U’ < T, and the paromap ¢ : T — U’
with dom ¢ = U’, where it is the identity map. According to Proposition 2.3, we
get a continuous map ¢.t* : Paro.o(T, T) — Paro.,(U’, U’), which restricts to
a continuous map ¢.t* : Sc.o = Sy’.co. Observe that ¢.*(h) is the restriction
h:U' Nh~"(U') = h(U")N U’ for each h € S. Hence, since K, O C 77, ' (U"), it
follows from Lemma 3.24 that N (I/(\ , 5) NSy has the same inverse image by the
map Sc.o, — TS’\O,C_O, h— ft, and by the composition

dul*
SCO _—> SU’co — SOCOa
where the second map is given by 4 — h. This composition is continuous by the
above case applied to U’, and therefore the inverse image of N (K 0) N So by
Sco—>SOCO,hr—>h is open in Sc.. U

Since the compact generation of ¥ is satisfied with the relatively compact open
set U, there is a symmetric finite set { fi, .. fm} generating 7|y, which can be
chosen in S, such that each f, has an extenswn fa with dom f, C dom fa We can
also assume that fa € S. Let %0 U= %|T . Obviously, each fa 1s an extension
of fa Moreover,

dom fa =7, (dom fo) C 7y (dom fa) C 7y (dom fa) = dom fa
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Lemma 3.32. The maps ﬁ (a e{l,...,m}) generate ‘?/”{\fo U-

Proof. %o v 1s generated by the maps o of the form /& with i € Sy, and any such h can
be written as a composition of maps fa around any y(g, x) € dom h= 710 (dom h)
by Lemma 3.26. ]

Corollary 3.33. ?/Eo is compactly generated.

Proof We saw that TO U is relatlvely compact in TO (Corollary 3.20) and meets all
%760 orbits (Lemma 3. 30) the maps fa generate %o v (Lemma 3.32), and each fa is
an extension of each fa with dom £, C dom f,. ([l

Recall that the sets T}, form a finite covering of U by open sets of T. Fix some
index kg such that xg € T; i Let { Wk} be a shrinking of {7}, } as cover of U by open
subsets of T; i.e., {W} is a cover of U by open subsets of T and Wy C T;, for all k.
By applying Proposition 2.32 several times, we get finite covers, {V,} and {v.},
of U by open subsets of T', and shrinkings, {Wp x} of {Wi} and {Vp 4} of {V,}, as
covers of U by open subsets of T, such that the following properties hold:

e Forall 1 € # and x e domhNU NV, N Wy with h(x) € U N Wy, there is
some /1 € S such that

V, C domh N Wy, y(fz,x):y(h,x), E(W)CWZ.

e Forall h € # and x e domhNU NV, NVy, with h(x) € U NV, there is
some h € S such that

VicdomhnV,, yh,x)=y0hx), hV)CV,.

By the definition of % and S, it follows that these properties also hold for all
he¥ withh € S. Let {V()/,u} be a shrinking of {V} as a cover of U by open subsets
of T. YVe hzlve X0 € Wo.ko N V0,40 N ‘i(;,uo for_some indices kg, ap and ug. For each
a,let Soq, S1,4 C S be defined like Sp and S in (3) and (4) by using V, and Wy,
instead of V and W. Take an index u such that V’ C V,. Thesets Vp ,N VO ,» defined
in this way, form a cover of U, so that the sets Ta = y(So a X (Vo aN VO ”)) form a
cover of TU by open s subsets of T (Lemma 3. 8) and thus the sets To aun = Ta wN To
form a cover of To,U by open subsets of To. Let To,U,a,u = To,U N Ta,u. Like
in Section 3C, let ¥ denote the germ map defined on C(V,, Wy,) x V,, and let
Ry : S1.a — C(V,, Wy,) be the restriction map f > fly;- Then

(11) 7 Ra(S1a) X Voa N Vg, = 7(Ra(S1.0) X Vo N Vg,

is a homeomorphism by Corollary 3.14. Since V, is compact, the compact-open
topology on R, (S1.,) equals the topology induced by the supremum metric d,,
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on C(V,, W_ko), defined with the metric diko on Tiko- Take some index k such that
V, C W¢. Then the topology of

g{a(El,a) X VO,a N VO/u
is induced by the metric d, , ; given by
daui((€, ), (&, ¥y) =di (v, ) +da(g. g

(recall that Wy, C T;). Let &a,u,k be the metric on )7(97{0(31’“) X Vo.aN V(;,M) that
corresponds to d, , x by the homeomorphism (11); it induces the topology of
¥ @Ra(S1.4) X Vo,uNVy,). By the commutativity of (5),

P (Ra(S1.0) X Vo.a N V§,) =7 (Ra(S1.0) X Vo N VG ,).
which is contained in 7. Then the restriction c?o,a,u, x of c?a,u, k to
7 (%a(S1.0) x Vo N Vg,) NTo
induces the topology of this space. Moreover, by the proof of Corollary 3.9, we get

ﬁz,u C J_’(%a(gl,a) X Vo.a N V(;,u)’

and therefore R 3 R
To,a,u C )_’(%a(sl,a) X Vo,aN VO/,u) N Ty.

For any index v, define 56’1) and §’l’v like So and S, in (3) and (4) by using v,
and Wy, instead of V and W. Let R/ : §’1’ ,—~>C (V!, Wy,) denote the restriction
map. Again, the compact-open topology on %;(E’L ,) €quals the topology induced
by the supremum metric d, on C(V], Wy,), defined with the metric d;, on Tj,
(recall that Wy, C Tiko)‘ Take indices b and [ such that V; C V},, and V;, C W;. Then
we can consider the restriction map

RL 2 C(Vy, Wiy) — C(VI, Wiy).

Its restriction R : R, (S1,5) — R, (S] ,) is injective by Remark 25, and surjective by
Remark 24. So R : %b(§ 1.5) = R, (S'I/LU) is a continuous bijection between compact
Hausdorff spaces, giving that it is a homeomorphism. Then, by compactness, it is a
uniform homeomorphism with respect to the supremum metrics dj, and d;,. Since b
and v run in finite families of indices, there is a mapping € — §;(¢) > 0 (¢ > 0)
such that

(12) dyRyRy, (), Ry, (f1) < 81(6) = dp (R, (f), Ry (f) < €
for all indices v and b, and maps f, f' € S 5.

Lemma 3.34. ?/Eo,y satisfies the equicontinuity condition with §O,U = :S’\O N ?/EO’U
and the quasilocal metric represented by the family {To.v.a.u, d0.a.u.k}-
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Proof. Let h € S, and

}’(g, J’), ”(g,a y/) € fO,U,a,u m]:\l_l(i:(),U,b,v)’

where g, g’ € Soq and y, ¥’ € Vo, N V(;’M with g(y) = g(y") = x¢. Take some indices
k and [ such that V, € Wy and V,, C W, (recall that Wy, C T;, and W; C T;,). By
Remark 24, we can assume that dom 2 = T;,. Then

h(y(g,y) =y@h ' k), hyE,y)=yEh ' hQ')

both belong to ﬁ,)ub,v, which means that 4(y), h(y") € Vo, N V(;,v and there are
f. f" € So.p such that

(13)  p(LhO)=y@Eh L hG), (L h() =y h ™ hO)).

In particular, V;, C dom f Ndom f’. In fact, we can assume dom f = dom f' = T;,
by Remark 24. Observe that the image of 4 may not be included in 7;,, and the
images of f, f/, g and g’ may not be included in T,

Claim 1. V] Cimh and h="(V)) C V.
By the assumptions on {V,}, since
h(y)eUNV/NVypNdomh™!, h'h(y)=yeUNV/ NVy,,
there is some /1~ ! € S such that
V, Cdomh 1N Vy, AN (V) CVar y(T h()) =y~ h());
indeed, we can suppose that domi~—1 = T;,, by Remark 24. Then
h=1(V]) C V, C T;, = domh,
obtaining ‘71; C dom(hﬁ). Moreover
y (hh=1, h(y)) = y (idr, h(Y).

Therefore hh~1 = 1dgom ;1) because hih= € S since h, h=' € S. So hh=! = idr
on some neighborhood of V/, and therefore V/ C imh and h~! = h~! on V. Thus
h=Y(V]) = h=1(V]) C V,, which shows Claim 1.

By Claim 1 and since V, C dom g Ndom g’ because g, g’ € So.., we get
(14) V! c dom(gh~ ") Ndom(g'h™").

Since f, f € So., we have V;, C dom f Ndom f’ and f(V,) U f'(V,) C Wy,. On
the other hand, it follows from (13) that fA(y) = f'h(y") = x¢ and

yeh ' f ! xo) = (e h 7 x0) = p(idr, xo).
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Moreover,
F(V)) Cdom(gh™ 7Y, f'(V)) C dom(g'h™" f'™")

by (14). So, by Remark 25, gh~! f~! = idr on some neighborhood of f(V]), and
¢'h~! f/~! =ids on some neighborhood of f/ (V). Thus gh~' = fand g'h~' = f’
on some neighborhood of V/; in particular,

RyRp () =gh™ g7, RyRu(f) =g'h" "I

Consider the mappings € — 6(¢) > 0 and € — §;(¢) > 0O satisfying Remark 22
and (12). Then, for each € > 0, define

5(e) = min{8(€/2), 81(¢/2)).
Given any € > 0, suppose that

doaur(¥(g, ), (g, y)) < ).

This means that
dauk(Ra(8), ¥), Ra(g), ¥)) < (),

or, equivalently,

di, (y, ¥') + sup diy (g(x), g'(x)) < 8(€).

xevV,
Therefore
(15) di (v, y") < 8(€/2),
(16) sup d;, (g(x), g'(x)) < 81(€/2).
xev,
From (15) and Remark 22, it follows that
(17) di,(h(y), h(y")) <€/2

since h € S C S and v,y €Ty ﬂh_l(T,-, Nim#). On the other hand, by Claim 1
and (16), we get
d, (RyPR (), Ry PRy (f1))

= sup d;, (¢h ' (2), ¢ ') = sup dy (g(x), g'(x))

zeV] xeh='(V))
< sup d;, (8(x), §'(xX)) = da(Ra(g), Ra(8)) < 81(€/2).
xeV,

So, by (12),
(18) dpy( Ry (f), R (f) < €/2.
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From (17) and (18), we get

dopvi(h(y (g, ), h(y (&', ¥))) = dop.vi (¥ (f, R, ¥ (f', h(})))
=dp o 1(Rp(), h(3)), Rp(f1), h(Y)))
=di,(h(y), h(Y")) +dp(PRp (), Rp(f1)) < €. O

Corollary 3.35. ??0 is equicontinuous.

Proof. ?/Eo is equivalent to ??O,U by Lemma 3.30. Thus the result follows from
Lemma 3.34 because equicontinuity is preserved by equivalences. (Il

Lemma 3.36. %)‘/EO is minimal.

Proof. By Lemma 3.30, it is enough to prove that ?’Eo,y is minimal. Let the germs
v(g,y),y(g,y) bein ’fo,U with g, g’ €S, yedomgNU, y e domg NU and
g(y) = g'(y") = xo. Take indices k and k" such that y € T;, and y’ € T;,,. We can
assume that dom g = T;, and dom g’ = T;,, by Remark 24.

Let f =g 'g’ €S. We have y' € dom f and f(y’) = y. By Remark 24, there
exists f € S with dom f = T;, and y(f,¥)=y(f, y"). By the definition of S, there
is a sequence f, in § with dom f, =T;, and f, — f in Cco(Tj,, T) as n — o0;
in particular, f,(y") = f(y') =y. So we can assume that f,(y") € T;, for all n.

Take some relatively compact open neighborhood V of y’ such that

V C dom(g f) Ndom(gf)

and f = f in some neighborhood of V. Since f, — f in Sc., as n — oo, we get
gfn — gf and fl— £~ by Propositions 2.6 and 3.1. So V C dom(gf,) and
y € dom fn_l =1im f, for n large enough, and fn_l(y) — f‘l(y) =y’. Moreover
ghlv = gflv = gflv = glv in Cea(V. 7). So y(gfu. £;7' () = »(g".3")
in T,y by Proposition 2.2 and the definition of the topology of 7. Thus, with
h, = fn_1 € S, we get

ha(y (g, ) =y (ghy ' () =¥ (gfu. [7O) = v(&. y),

and therefore y (g’, ¥') is in the closure of the ?/Eo,y—orbit of y(g, ). O

Remark 27. By Lemma 3.24, the map 7 : To—> T generates a morphism of
pseudogroups ¥y — ¥ in the sense of [Alvarez and Masa 2008] — this morphism
is not étale.

The following result is elementary.

Proposition 3.37. In Example 2.37, if % is compactly generated and ¥ is strongly
quasianalytic, then ?/EO is equivalent to the pseudogroup generated by the local
action of T on G by local left translations, so that 7 fo — T corresponds to the
projection T : V> — G/(K, V).
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Corollary 3.38. The map 7y : To— T is open.

Proof. This follows from Theorem 2.38 and Proposition 3.37 since, in Example 2.37,
the projection T : V2 — G/(K, V) is open. O

3F. The closure of 3‘60 Let %0 be the pseudogroup on To defined like %€ by taking
the maps £ _in S instead of S; thus it is generated by So = {h | h € §}. Observe that
%)‘60, S and So satisfy the obvious versions of Lemmas 3.24-3. 26 3.28, 3.30 and 3.31,
and Corollaries 3.27 and 3.29 (Section 3E). In particular, So is a pseudoxgroup,
and To vy meets all the orbits of ?]L’o The restriction of ¥ to To v will be denoted
by %O,U

Lemma 3.39. ?70 = ?%0.

Proof. By the version of Lemma 3.31 for S and §0, the set §0 is dense in | §O,c—o-
Then the result follows easily by Proposition 2.2 and the definition of ¥y (see
Theorem 2.34 and Remark 19). [l

Lemma 3.40. ‘?1’_?0 is strongly locally free.

Proof. Leth e ?0 forheS,and y(g,x) € dom h for g € S and x € domgNdom#h
with g(x) = xg. Suppose that 2(y (g, x)) = y (g, x). This means

y(gh™' h(x) =y(g, x).

So h(x) = x and gh_1 = g on some neighborhood of x, and therefore & = idr on
some neighborhood of x. Then & = idgom ; by the strong quasianalyticity condition
of ¥ since h € S. Hence h = idy . » by Lemma 3.25. U

Proposition 3.41. There is a locally compact Polish local group G and some
dense finitely generated sub-local group I' C G such that ¥ is equivalent to the
pseudogroup defined by the local action of T on G by local left translations.

Proof. This follows from Remark 21 (see also Theorem 2.38) since ?/Eo_is compactly
generated (Corollary 3.33) and equicontinuous (Corollary 3.35), and ¥ is strongly
locally free (Lemma 3.40). O

3G. Independence of the choices involved. First, let us prove that To and ??0 are
independent of the choice of the point xo up to an equivalence generated by a
homeomorphlsm Let X be another point of T, and let T1, 1, 51 and %1 be
constructed like TO, 710, So and %0 by using X1 1nstead of xo. Now, for each i € S,
let us use the notation ho =he SO, and let h1 (dom h) —> 7%1_1 (im h) be the
map in S| defined like A.

Proposition 3.42. There is a homeomorphism 6 : ﬁ) — 7"\1 that generates an equiv-
alence O : 3o — ¥, and such that 7y = 716.
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Proof. Since ¥ is minimal, there is some fy € S such that xo € dom f, and
fo(xo) = x1. Let 0 : Ty — T; be defined by 0(y (£, x)) = y(fof, x). This map
is continuous because 0(y (f, x)) = ¥ (fo, x) ¥ (f, x). So 0 is a homeomorphism
because fo_1 defines ! in the same way. We also have 7g = 7,6 since 6 preserves
the source of each germ. For each & € S, we have domle = G(domﬁo) because
#o =716, and h,0 = 6 since

h6 @y (f,x) =hi(y(fof,x) =y (fofh™ ", h(x))
=0(y(fh™", h(x))) = 6(ho(y (f, x)))

for all p( f x) € domhy. It follows easily that 6 generates an étale morphism
® : %o — %1, which is an equivalence since 6! generates ®~!. U

Now, let us show that the topology of T is independent of the choice of S.
Therefore the topology of Ty will be independent of the choice of S as well. Let
S’, §” C ¥ be two subpseudoxgroups generating ¥ and satisfying the conditions
of Section 3A. With the notation of Section 3B, we have to prove the following.

Proposition 3.43. 65 =65 .

Proof. First, up to solving the case where S’ C §”, we can assume that S" and
S” are local by Remarks 10 and 17. Second, if S’ and S” are local, then the
subpseudoxgroup S’ N S” of ¥ also generates ¥. Moreover S’ N S” obviously
satisfies all other properties required in Section 3A; note that a refinement of {7;}
may be necessary to get the properties stated in Remarks 22-25 with §’NS”. Hence
the result follows from the special case where §” C S”. With this assumption, the
identity map @Sj o ™ 657’ .o 18 continuous because the diagram

inclusion

KNG N
Seo — o

| |7
— identity —
6§,C—O —y) S7.c-0
is commutative, where the vertical maps are identifications and the top map is
continuous.

For any compact subset Q C T, let s 1(0)e Feo and s~ '(Q)w e o, denote the
spaces obtained by endowing s~ (Q) with the restriction of the topologles of B Te
and B 7 c.o» Tespectively. They are compact and Hausdorff by Propositions 3. 17
and 3.18. It follows that s~ '(Q)< Feo = =50 e , because the identity map

_1(Q)S,CO — s‘l(Q)S,,CO is continuous. Hence, for any y(f,x) € & and a
compact nelghborhood QofxinT,thesets ' (Q)isa neighborhood of y (f, x) in
(’55/’C o and (’55// with s I(Q)S/C o= 571 (Q)S//C _o- This shows that the identity map
@Sj o — 65 §7c.o 18 @ local homeomorphism, and therefore a homeomorphism. [J



296 JESUS A. ALVAREZ LOPEZ AND MANUEL F. MOREIRA GALICIA

Let 7’ be an open subset of T containing xo, which meets all orbits because ¥
is minimal. Then use 7', %' = %|7 and §' = S N % to define T}, 7}, S} and %,
like Ty, 7o, So and . The proof of the following result is elementary.

Proposition 3.44. There is a canonical identity of topological spaces, Ty=7, L,
" R AR
such that 1) = n0|fd and ¥, = %0|f6.

Corollary 3.45. Let ¥ and ' be minimal equicontinuous compactly generated
pseudogroups on locally compact Polish spaces such that # and ¥' are strongly
quasianalytic. If %€ is equivalent to ¥, then ¥ is equivalent to %(;.

Proof. This is a direct consequence of Propositions 3.42-3.44. (]

The following definition makes sense by Lemma 2.36, Propositions 3.42 and 3.43,
and Corollary 3.45.

Definition 3.46. In Proposition 3.41, it is said that (the local isomorphism class of)
G is the structural local group of (the equivalence class of) #.

4. Molino’s theory for equicontinuous foliated spaces

4A. Preliminaries on equicontinuous foliated spaces. (See [Moore and Schochet
1988; Candel and Conlon 2000, Chapter 11; Ghys 1999].)

Let X and Z be locally compact Polish spaces. A foliated chart in X of leaf
dimension n, transversely modeled on Z, is a pair (U, ¢), where U C X is open and
¢ : U — B x T is a homeomorphism for some open 7" C Z and some open ball B
in R". It is said that U is a distinguished open set. The sets Py, = ¢ (B x {y})
for y € T are called plaques of this foliated chart. For every x € B, the set
S, = ¢~ ({x} x T) is called a transversal of the foliated chart. This local product
structure defines a local projection p : U — T, called distinguished submersion,
given as composition of ¢ with the second factor projection pry : Bx T — T.

Let U = {U;, ¢;} be a family of foliated charts in X of leaf dimension n modeled
transversally on Z and covering X. Assume further that the foliated charts are
coherently foliated in the sense that, if P and Q are plaques in different charts of
AU, then P N Q is open both in P and Q. Then AU is called a foliated atlas on X of
leaf dimension n and transversely modeled on Z. A maximal foliated atlas & of
leaf dimension n and transversely modeled on Z is called a foliated structure on X
of leaf dimension n and transversely modeled on Z. Any foliated atlas U of this
type is contained in a unique foliated structure %; then it is said that U defines (or
is an atlas of) %. If Z = R™, then X is a manifold of dimension n + m, and % is
traditionally called a foliation of dimension n and codimension m. The reference to
Z will be omitted.

For a foliated structure & on X of dimension n, the plaques form a basis of a
topology on X called the leaf topology. With the leaf topology, X becomes an
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n-manifold whose connected components are called leaves of &. & is determined
by its leaves.
A foliated atlas U = {U;, ¢;} of F is called regular if

e cach U; is a compact subset of a foliated chart (W;, ¥;) and ¢; = v;|u;;

« the cover {U;} is locally finite; and,

o if (U;, ¢;) and (U;, ¢;) are elements of °U, then each plaque P of (U;, ¢;)
meets at most one plaque of (U;, ¢;).

In this case, there are homeomorphisms 4;; : T;; — T}; such that #;;p; = p; on
UiNUj, where p; : U; — T; is the distinguished submersion defined by (U;, ¢;) and
T;j = pi(U;NU;). Observe that the cocycle condition h;x = h jih;; is satisfied on
Tijx = pi(UiNU; N Uy). For this reason, {U;, p;, h;;} is called a defining cocycle
of & with values in Z — we only consider defining cocycles induced by regular
foliated atlases. The equivalence class of the pseudogroup # generated by the
maps h;; on T =| |;., T; is called the holonomy pseudogroup of the foliated space
(X, &); ¥ is the representative of the holonomy pseudogroup of (X, ) induced by
the defining cocycle {U;, p;, h;;}. This T can be identified with a total (or complete)
transversal to the leaves in the sense that it meets all leaves and is locally given by
the transversals defined by foliated charts. All compositions of maps /;; form a
pseudoxgroup S that generates ¥, called the holonomy pseudoxgroup of & induced
by {U;, pi, hij}. There is a canonical identity between the space of leaves and the
space of #-orbits, X/F =T /K.

A foliated atlas (respectively, defining cocycle) contained in another one is called
a subfoliated atlas (respectively, subfoliated cocycle).

The holonomy group of each leaf L is defined as the germ group of the cor-
responding orbit. It can be considered as a quotient of (L) by taking “chains”
of sets U; along loops in L; this representation of ;1 (L) is called the holonomy
representation. The kernel of the holonomy representation is equal to g, (Z) for
a regular covering space g : L — L, which is called the holonomy cover of L. If &
admits a countable defining cocycle, then the leaves in some dense G5 subset of M
have trivial holonomy groups [Hector and Hirsch 1981; 1987; Candel and Conlon
2000], and therefore they can be identified with their holonomy covers.

It is said that a foliated space is (topologically) transitive or minimal if any
representative of its holonomy pseudogroup is such. Transitivity (respectively,
minimality) of a foliated space means that some leaf is dense (respectively, all
leaves are dense).

Haefliger [2002] has observed that, if X is compact, then ¥ is compactly gener-
ated, which can be seen as fogows. There is some defining cocycle {U], p;, . j},
with p!: U/ — T/, such that U; C U/, T; C T/ and p| extends p;. Therefore each
h; ; is an extension of ;; so that dom h;; C dom h; i Moreover # is the restriction
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to T of the pseudogroup 3’ on 7" =| |; 7, generated by the maps 4;;, and T is a
relatively compact open subset of 7’ that meets all #’-orbits.

Definition 4.1. It is said that a foliated space is equicontinuous if any representative
of its holonomy pseudogroup is equicontinuous.

Remark 28. The above definition makes sense by Lemma 2.30.

Definition 4.2. Let G be a locally compact Polish local group. A minimal foliated
space is called a G-foliated space if its holonomy pseudogroup can be represented
by a pseudogroup given by Example 2.35 on a local group locally isomorphic to G.

4B. Molino’s theory for equicontinuous foliated spaces. Let (X, ¥) be a compact
minimal foliated space that is equicontinuous and such that the closure of its
holonomy pseudogroup is strongly quasianalytic. Let {U;, p;, h;;} be a defining
cocycle of & induced by a regular foliated atlas, where p; : U; — T;. Let # denote
the corresponding representative of the holonomy pseudogroup on 7 =|_|; 7;, which
satisfies the conditions of Section 3A. Let S be the localization of the holonomy
pseudo*group induced by {U;, p;, h;;}. Fix an index iy and a point xo € U;,. Let

0:To— T and ??0 be defined like in Sections 3D and 3E, by using 7', ¥, the
pomt Diy(x0) € T;, CT,and a local subpseudo*group SC.

With the notatlon T 0= 710 (T) C To, let

)v(ozl_lUixﬁ,o:UUiX?i,oX{i},

equipped with the corresponding topological sum of the product topologies, and
consider its closed subspace
Xo={(x,y.i) € Xo| pi(x) = o(y)) C Xo.

For (x,y,1), (1,8, j) € Xo, write (x,y,i) ~ (y,8, j) if x = y and y = h;; (8).
Since h;jpi(x) = p;j(x), h_1 = hlj and h;; = hjh;j, it follows that this defines
an equlvalence relation ~ on Xo. Let Xo be the corresponding quotient space,
q: X0 — XO the quotient map, and [x, y, i] the equivalence class of each triple
(x, y,1i). For each i, let

Uo=U; x Tigx{i}, Uio=UoNXo, Uio=qUip).
Lemma 4.3. l/]\,-’o is open in 5(\0.
Proof. We have to check that q‘l((’j,-,o) N f/j,o is open in l7j70 for all j, which is
true because

¢ ' Uio)NUj = ((U;NU;) x Tjo x {j}) N Xo. O

Lemma 4.4. The quotient map q : (71',0 — I/J\i,o is a homeomorphism.
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Proof. This map is surjectlve by the definition of U, 0- On the other hand, two
equlvalent trlples in U, o are of the form (x, y, z) and (x 8,i) withy = h” (8) =6.
Sogqg: U,,O — U,,O is also injective. Since ¢ : Uz,o — Uz,o is continuous, it only
remains to prove that this map is open. A basis of the topology of 17,30 consists of
the sets of the form (V x W x {i}) N Xo, where V and W are open in U; and ﬁo,
respectively. These basic sets satisfy

UioNg~'q((V x W x {ihNXo)=UjoN(V x hi(WNdom i) x {j})

for all j, which is open in lNJj,O. So q‘lq((V x W x {ihnN )N(O) is open in io and
therefore g ((V x W x {i}) N Xg) is open in Xj. Il

Proposition 4.5. Xo is compact and Polish.

Proof. Let {U/, pl, ;j} be a shrinking of {U;, p;, h;;}; i.e., it is a defining cocycle
of & such that U] U/ C U; and p; 1 Ul — T/ is the restriction of p; for all i. Therefore
each h/ 1s also a restriction of 4;; and T’ is a relatively compact open subset of 7.
Then 7 7[0 (T )is a compact subset of T oby Corollary 3.21. Moreover XO is the
union of the sets q(Ul/ X AO_I(T ) x {i}). So XO is compact because it is a finite
union of compact sets.

On the other hand, since X o 1s closed in X 0, and Ui ;.0 is Polish and locally compact
by Corollary 3.19, it follows that U, o is Polish and locally compact, and therefore
U, o is Polish and locally compact by Lemma 4.4. Then, by the compactness of Xo,
Lemma 4.3 and [Kechris 1991, Theorem 5.3], it only remains to prove that Xo is
Hausdorff.

Let [x, y,i] # [v,6, j] in )?0. Sox € U; and y € U;. If x =y, then we have
[y, 8, j] = [x, lfj\,-(é), il e ﬁi,o- Thus, in this case, [x, y,i] and [y, §, j] can be
separated by open subsets of ﬁi,o because ﬁi,o is Hausdorff.

Now suppose that x # y. Then take disjoint open neighborhoods, V of x in U;
and W of y in U;. Let

V=VxTyox{i}CUyo W=VxTox{j}cUjp.
VIVQ%QC&,Q, WIWQ?()C&]Q,
V=q(V)CUy, W =q(W)cUjo

The sets V and W are open neighborhoods of [x, y,iland [y, §, j]in Xo. Suppose
that V. N W # &. Then there is a point (x y', i) € V which is equivalent to some
point (y', 8, j) € W. This 1mphes that x"=y" € VN W, which is a contradiction

because VN W = @. Therefore VW = &. O

According to the above equivalence relation of triples, a map 7 : Xo — X is
defined by 9([x, y, i]) = x.
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Proposition 4.6. The map 71y : Xo — X is continuous and surjective, and its fibers
are homeomorphic to each other.

Proof. Since each map 7y : T; o — T; is surjective, we have 779 (U; o) = U;, obtaining
that 7o : Xo — X is surjective. Moreover the composition

ﬁi,o 2 ﬁi,O = Uy
is the restriction of the first factor projection (7,-,0 — U;, (x, y,1) — x. Therefore,

o )?0 — X is continuous by Lemmas 4.3 and 4.4.
For x € U;, we have fr(;l(x) C U;pand

UioNg™ (@ ' (1) = (x) x A5 ' (pi(0) x (i} = 25 ' (pi(x)) C Tip-
So the last assertion follows from Lemma 4.4 and Proposition 3.22. (]

Let p, 0 - U, 0 — 7’\, o denote the restriction of the second factor projection
pio: U, 0= U X T, o x{i} —> T, o- By Lemma 4.4, p; ¢ induces a continuous map
pio:Uio— Tio.

Proposition 4.7. {I/J\O,i, Di.o l’z; } is a defining cocycle of a foliated structure 5}0
on Xj.

Proof. Let {U;, ¢;} be a regular foliated atlas of & inducing the defining cocycle
{Ui, pi, hij}, where ¢; : U; — B; x T; is a homeomorphism and B; is a ball in R"
(n = dim %). Then we get a homeomorphism

Gio=¢i xidxid: Uiog=U; x Tro x {i} = Bi x T; x Tp.o x {i}.

Observe that qvﬁi,o(ﬁi,o) consists of the elements (y, z, y, i) with 79(y) = z. So é,-,o
restricts to a homeomorphism

bio: ﬁi,O — éi,o(ﬁi,o) = B; x ﬁ',o x {i} = B; x ﬁ',o-

By Lemma 4.4, q~5,-,0 induces a homeomorphism qAS,-,o : (7,-,0 — B; x T},O. Moreover,
Di.o corresponds to the third factor proj ection via qE, 0, obtaining that p; ¢ corresponds
to the second factor pI‘O]CCthIl via q§, 0, and therefore pl o also corresponds to the
second factor projection via qb, 0. Observe that p; o = P - hji Di /.0 On U, oN U, j,0 by the
definition of ~. The regularity of the foliated atlas {Uo i d), o} follows easily from
the regularity of {U;, ¢;}. O

According to Proposition 4.7, the holonomy pseudogroup of @*0 is represented by
the pseudogroup on |_|; 7; o generated by the maps h;;, which is the pseudogroup
%0 on T().

Corollary 4.8. There is some locally compact Polish local group G such that
(Xo, Fo) is a minimal G-foliated space; in particular, it is equicontinuous.
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Proof. This follows from Propositions 4.7 and 3.41, and Lemma 3.36. ]
Proposition 4.9. The map # : (Xo, Fo) — (X, F) is foliated.

Proof. According to Proposition 4.7, this follows by checking the commutativity of
each diagram

By Lemma 4.4, and the definition of p; ¢ and 7; ¢, this commutativity follows from

the commutativity of - R
Uio — Tipo

L b

U —— T,

where the left vertical and the top horlzontal arrows denote the restrictions of the
first and second factor projections of Ul o=U; x T, o x {i}. But the commutativity
of this diagram holds by the definition of X o and U,,O O

Proposition 4.10. The restrictions of 7y : 5(\0 — X to the leaves are the holonomy
covers of the leaves of F

Proof. With the notation of the proof of Proposition 4.7, the diagram

~

®i0 ~
Uio —— BixTip

(19) | it <30

Ui)BxT

is commutative, and l/fl 0= 710_ (U;). Hence, for corresponding plaques in U;
and U, 0, namely P, = ¢y (B x {z}) and PA = ¢0 (B X {z}) with z € T; and
Z€ 710 (Z) C Tl 0, the restriction 7 : P — P,isa homeomorphlsm It follows
easily that 77 : Xo — X restricts to covering maps of the leaves of J*o to the leaves
of &. In fact, these are the holonomy covers, which can be seen as follows.

According to the proof of Proposition 4.6 and the definition of the equivalence
relation ~ on ?o, for each x in U; N U, we have homeomorphisms

Al pi, A
7o (i) = A () = Ay (i)

satlsfymg p] 0 pl 0 = h . This easrly implies the following. Given x € U; and

xen, X)), denoting by L and L the leaves through x and X, respectively, and

given a loop c¢ in L based at x inducing a local holonomy transformation & € §
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around p; (x) in T;, the lift ¢ of ¢ to L with ¢(0) = x satisfies p; oc(1) = fzﬁi,o()%).
Writing p; 0(X) = y(f, pi(x)), we obtain

pio¢(D) = h(y(f, pix)) = ¥ (fh, pi(x)).

Thus ¢ is a loop if and only if y(fh, p;(x)) = y(f, pi(x)), which means that
y(h, pi(x)) =y (@dr, pi(x)). So L is the holonomy cover of L. U

Proposition 4.11. The map 7y : 5(\0 — X is open.
Proof. This follows from Corollary 3.38 and the commutativity of (19). (]

Theorem A is the combination of the results of this section.

4C Independence of the choices involved. Let X1 be another pornt of X, and let
Xl, Jq and 77 : Xl — X be constructed like Xo, J@o and 7p : XO — X by using x;
instead of x.

Proposition 4.12. There is a foliated homeomorphism 0 - (5(\0, @0) — (5(\ 1 @1)
such that 11 F = 7.

Proof. Take an index i1 such that X1 € Ui,. Let §1, ?1 ?/El and 7 : Tl — T be
constructed llke So, To, %o and 79 : T; o—>T by usmg pi, (x1) 1nstead of pj,(xop), and
let T 1= 711 (T) Then the construction of X 1, JP] and 717 : X 1 — X involves the
objects X1~, Xl,AUl L Uin, Ui, pi. 1> Dil Di.1» ¢z 1, i1 and ¢z 1, defined like X,
Xo, Ui, Ui 0. Ui 0, Pi0- Pi.o- Pi0s ;0. i .0 and ¢’,9’ by using 7;,1 and 71 : T} — T
instead of T; ¢ and 77p : T;,90 — T;. Let 6 : Ty — T; be the homeomorphism given
by Proposition 3.42, which obviously restricts to homeomorphisms 6; : ﬁ,o — 7"\, 1.
Since 719 = 716, it follows that each homeomorphism

éi =1idy, x6; xid: 17,-,0= U; x ﬁo x {i} — l?,-,l =U; x /T\,-,l x {i}

restricts to a homeomorphism 9 =U;, 0 — U, 1. The combination of the homeo-
morphisms 6; is a homeomorphism 6 : X 0— X,.

For each h € §, use the notation ho € So and h1 € 51 for the map h defined
with p;, (xo) and p;, (x1), respectively. From the proof of Proposmon 3.42, we get
h10 = Qho for all & € §; in particular, this holds with & = h;;. So o XO — X1 is
compatible with the equlvalence relatrons used to define X and X1, and therefore it
induces a homeomorphism 0 : Xo X 1. Note that 0 restricts to homeomorphisms
éi : l/]\,-,o — l7,1 Obviously, ﬁi,léi =0; pi.1, yielding ﬁi,léi =6, pi.1, and therefore
ﬁi,léi = 0; pi.1. It follows that 0 is a foliated map. O

Let {U,, p,, h,,} be another deﬁnrng cocycle of & mduced by a regular foliated
atlas. Then construct X/ 0}6 and 7/ : Xo — X like Xo, Jro and 7y : Xo — X by
using (U}, p,,, h.,} instead of {U;, p,, hij}.
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Proposition 4.13. There is a foliated homeomorphism F : (XO, J@O) — (X, X, Fo)
such that 7TOF = 71y.

Proof. By using a common refinement of the open coverings {U;} and {U}, we
can assume that {U/} refines {U;}. In this case, the union of the defining cocycles
{Ui, pi, hij} and {U}, p,, h,} is contained in another defining cocycle induced by
a regular foliated atlas. Thus the proof boils down to showing that a subdefining
cocycle {U,A, Div» hiyiy} of {U;, pi, hij} induces a foliated space homeomorphic
to (XO, J*O) But the pseudogroup #’ induced by {U;,, pi,, hi,;,} is the restriction
of € to an open subset 7" C T, and the pseudoxgroup induced by {U;,, pi,, hi.i,}
is 8= SN’ Then, by using the canonical identity given by Proposition 3.44, it
easily follows that the foliated space ( 9'*6) defined w1th {U,k, Diy» hi,i,} can be
canonically 1dent1ﬁed with an open fohated subspace of (X 0» JPO) which indeed is
the whole of (Xo, JPO) because {Uj, } covers X. O

The following definition makes sense by Propositions 4.12-4.13 and the results
used to justify Definition 3.46.

Definition 4.14. In Corollary 4.8, (the local isomorphism class of) G is called the
structural local group of (X, F).

5. Growth of equicontinuous pseudogroups and foliated spaces

S5A. Coarse quasi-isometries and growth of metric spaces. A net in a metric space
M, with metric d, is a subset A C M that satisfies d(x, A) < C for some C > 0
and all x € M; the term C-net is also used. A coarse quasi-isometry between M
and another metric space M’ is a bi-Lipschitz bijection between nets of M and
M'; in this case, M and M’ are said to be coarsely quasi-isometric (in the sense of
Gromov) [Gromov 1993]. If such a bi-Lipschitz bijection, as well as its inverse, has
dilation < A, and it is defined between C-nets, then it will be said that the coarse
quasi-isometry has distortion (C, A). A family of coarse quasi-isometries with a
common distortion will be called a family of equicoarse quasi-isometries, and the
corresponding metric spaces are called equicoarsely quasi-isometric.

The version of growth for metric spaces given here is taken from [Alvarez and
Candel 2015; Alvarez and Wolak 2013].

Recall that, given nondecreasing functions!'®

u,v:[0,o00) — [0, 00), it is said
that u is dominated by v, written u < v, when there are @, b > 1 and ¢ > 0 such
that u(r) < av(br) for all r > c¢. If u < v < u, then it is said that u and v represent
the same growth type or have equivalent growth; this is an equivalence relation,
and < defines a partial order relation between growth types called domination. For

9A subdefining cocycle is a defining cocycle contained in another one.
IOUsually, growth types are defined by using nondecreasing functions Z+ — [0, 00), but nonde-
creasing functions [0, co) — [0, co0) give rise to an equivalent concept.
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a family of pairs of nondecreasing functions [0, co) — [0, 00), equidomination
means that those pairs satisfy the above condition of domination with the same
constants a, b, c. A family of functions [0, co) — [0, co) will be said to have
equiequivalent growth if they equidominate one another.

For a complete connected Riemannian manifold L, the growth type of each
mapping r — vol B(x, r) is independent of x, and is called the growth type
of L. For metric spaces whose bounded sets are finite, a similar definition of
growth type can be given where the number of points is used in place of the
volume.

Let M be a metric space with metric d. A quasilattice I' of M is a C-net of
M for some C > 0 such that, for every r > 0, there is some K, > 0 such that
card(I' N B(x,r)) < K, for every x € M. It is said that M is of coarse bounded
geometry if it has a quasilattice. In this case, the growth type of M can be defined
as the growth type of any quasilattice I' of M; i.e., it is the growth type of the
growth function r — vr(x, r) = card(B(x,r)NI") for any x € I". This definition is
independent of I".

For a family of metric spaces, if they satisfy the above condition of coarse
bounded geometry with the same constants C and K, then they are said to have
equicoarse bounded geometry. If moreover the lattices involved in this condition
have growth functions with equiequivalent growth, then these metric spaces are
said to have equiequivalent growth.

The condition of coarse bounded geometry is satisfied by complete connected
Riemannian manifolds of bounded geometry, and also by discrete metric spaces
with a uniform upper bound on the number of points in all balls of each given radius
[Block and Weinberger 1997]. In those cases, the two given definitions of growth
type are equal.

Lemma 5.1 ([Alvarez and Candel 2009]; see also [Alvarez and Wolak 2013,
Lemma 2.1]). Two coarsely quasi-isometric metric spaces of coarse bounded
geometry have the same growth type. Moreover, if a family of metric spaces are
equicoarsely quasi-isometric to each other, then they have equiequivalent growth.

5B. Quasi-isometry and growth types of orbits. Let ¥ be a pseudogroup on a
space T, and E a symmetric set of generators of #. Let & be the groupoid of germs
of maps in 7.

For each h € ¥ and x € dom A, let |h|g . be the length of the shortest expression
of y(h, x) as a product of germs of maps in E (being O if y(h, x) = y(idr, x)).
For each x € T, define metrics dg on #(x) and &, by

de(y,z) =min{|h|g, | h € %,y € domh, h(y) =z},
de(y(f, %), (g, x) = fg e g
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Notice that
de(f(x), g(x)) <dp(y(f, x),y(g, x)).

Moreover, on the germ covers, dg is right invariant in the sense that, if y € #(x),
the bijection &, — &,, given by right multiplication with any element in &y, is
isometric; so the isometry types of the germ covers of the orbits make sense without
any reference to base points. In fact, the definition of dg on &, is analogous to the
definition of the right invariant metric dg on a group I' induced by a symmetric
set of generators S: ds(y, 8) = |y8~!| for y, § € T, where |y| is the length of the
shortest expression of y as a product of elements of S (being O if y = e).

Assume that # is compactly generated and T locally compact. Let U C T be a
relatively compact open subset that meets all #-orbits, let 9 = #|y, and let E be a
symmetric system of compact generation of ¥ on U. With these conditions, the
quasi-isometry type of the %-orbits with dz may depend on E [Alvarez and Candel
2009, Section 6]. So the following additional condition on E is considered.

Definition 5.2 [Alvarez and Candel 2009, Definition 4.2]. With the above notation,
it is said that E is recurrent if, for any relatively compact open subset V C U that
meets all G-orbits, there exists some R > 0 such that 4(x) NV is an R-net in 9(x)
with dg for all x e U.

The role played by V in Definition 5.2 can be played by any relatively compact
open subset meeting all orbits [Alvarez and Candel 2009, Lemma 4.3]. Furthermore
there exists a recurrent system of compact generation on U [Alvarez and Candel
2009, Corollary 4.5].

Theorem 5.3 [Alvarez and Candel 2009, Theorem 4.6]. Let % and %' be compactly
generated pseudogroups on locally compact spaces T and T', let U and U’ be
relatively compact open subsets of T and T' that meet all orbits of ¥ and ¥, let
G and 9 denote the restrictions of # and ¥' to U and U’, and let E and E' be
recurrent symmetric systems of compact generation of ¥ and ¥' on U and U’,
respectively. Suppose that there exists an equivalence ¥ — %', and consider the
induced equivalence § — 4" and homeomorphism U /6 — U’ /%9 . Then the G-orbits
with dg are equicoarsely quasi-isometric to the corresponding 9 -orbits with dg.

An obvious modification of the arguments of the proof of [Alvarez and Candel
2009, Theorem 4.6] gives the following.

Theorem 5.4. With the notation and conditions of Theorem 5.3, the germ covers
of the G-orbits with dg are equicoarsely quasi-isometric to the germ covers of the
corresponding 9 -orbits with dg:.

Corollary 5.5. With the notation and conditions of Theorem 5.3, the corresponding
orbits of G and 9, as well as their germ covers, have equiequivalent growth.
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Proof. This follows from Lemma 5.1 and Theorems 5.3 and 5.4. (]

Example 5.6. Let G be a locally compact Polish local group with a left-invariant
metric, let I' C G be a dense finitely generated sub-local group, and let # denote
the pseudogroup generated by the local action of I' on G by local left translations.
Suppose that 7€ is compactly generated, and let ¢ = €|y for some relatively compact
open neighborhood U of the identity element e in G, which meets all #-orbits
because I is dense. For every y € I' with yU NU # &, let h,, denote the restriction
UNy~'U — yUNU of the local left translation by y. There is a finite symmetric
set S = {s1,...,8¢} C I' such that E = {hy,, ..., hs} is a recurrent system of
compact generation of € on U in fact, by reducing I" if necessary, we can assume
that S generates I'. The recurrence of £ means that there is some N € N such that

(20) U= U h=Y(V Nimh),
heEN

where EV is the family of compositions of at most N elements of E.

For each x € U, let
Fyx={yel|yxeU}

Let & denote the topological groupoid of germs of 4. The map I'y , — &,,
y = y(hy, x) is bijective. For y € 'y ,, let |y|s v.x :=|hy|g x. Thus |e|s v x =0,
and if y # e, then |y|s v x equals the minimum » € N such that there are indices
i1,....,ip€{l,....,k} withy =s; ---s;, and s;, ---s;;-x € U forall 1 <m <n.
Moreover dr on &, corresponds to the metric ds y » on I'y , given by

dsux(.8) =18y s.vy-

Observe that, forall y e I'y x and § € I'y .y,

(20 Sy €eluyx, 18vIsux Z1VIs,ux +181s,0,yxs
(22) y ' eTuyn, Wlsvx=1y sy

In this example, we will be interested on the growth type of the orbits of 4
with dg, or, equivalently, the growth type of the metric spaces (I'y x, ds.y.x). The
following result was used by Breuillard and Gelander to study this growth type
when G is a Lie group.

Proposition 5.7 [Breuillard and Gelander 2007, Proposition 10.5]. Let G be a
nonnilpotent connected real Lie group and T" a finitely generated dense subgroup.
For any finite set S = {sy, ..., s} of generators of I", and any neighborhood B of e
in G, there are elements t; e ' Ns; B (i € {1, ..., k}) which freely generate a free
semigroup. If G is not solvable, then we can choose the elements t; so that they
generate a free group.
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5C. Growth of equicontinuous pseudogroups. Let G be a locally compact Polish
local group with a left-invariant metric, let I' C G be a dense finitely generated sub-
local group, and let 7 denote the pseudogroup generated by the local action of I" on
G by local left translations. Suppose that ¥ is compactly generated. Let ¢ = |y
for some relatively compact open neighborhood U of the identity element ¢ in G,
which meets all #-orbits because I is dense. Let E be a recurrent symmetric system
of compact generation of 7 on U. Let & be the groupoid of germs of maps in 4.

Theorem 5.8. With the above notation and conditions, one of the following proper-
ties hold:

o G can be approximated by nilpotent local Lie groups; or

o the germ covers of all §-orbits have exponential growth with dg.

Proof. By Theorem 2.26, there is some Uy € WG, contained in any given element of
WG NO(G, 2), and there exists a sequence of compact normal subgroups F, C Uy
such that F,, 1 C Fy, ), Fn = {e}, (F,, Up) € AG, and G/(F,, Up) is a local Lie
group. Let 7, : Ug — G/(Fy,, Up) denote the canonical projection. Take an open
neighborhood U of e such that U; C Uy. Then F,U; C Uy for n large enough
by the properties of the sequence F,. Let Uy = F,U; for such an n. Thus U,
is saturated by the fibers of 7, and U, C Uy. Then U’ :=T,,(U>) is a relatively
compact open neighborhood of the identity in the local Lie group G’ := G /(F},, Up).
LetI" =T,(I'N Ug), which is a dense sub-local group of G’, and let ¥’ denote the
pseudogroup on G’ generated by the local action of I'" by local left translations.

For every y € I' N Uy for which y U, N U, # &, let h,, denote the restriction
U, N )/_1U2 — yU, N U, of the local left translation by y. There is a finite
symmetric set § = {s1,...,s¢} C I' such that Ey = {hy,, ..., hy} is a recurrent
system of compact generation of 3 on U,. By reducing I' if necessary, we can
suppose that S generates I'. For every § € I'" with U’ N U’ # @, let h denote the
restriction U'N8~'U’ — U’ N U’ of the local left translation by 8. We can assume
that 51, ..., s are in U, and therefore we can consider their images si, e s,/(
by T,,. Moreover each hy, induces via 7, the map &g, and E' = {h{ ,..., h{ }isa
system of compact generation of 3¢ on U’. By increasing E; if necessary, we can
assume that E’ is also recurrent. Fix any open set V' in G’ with V/ C U’. Then
V =T, (V') satisfies V C U,.

Claim 1. For each finite subset F C T' N Us, we have Up C|J, cr\r ¥ V-

Since U, and V are saturated by the fibers of 7,,, Claim 1 follows by showing
that U’ C U, crn\ o vV's where F’ =T, (F). Suppose that this inclusion is false.
Then there is some finite symmetric subset F C I' N U; and some x € U’ such that
((T"\ F)x)NV’ = &. By the recurrence of E’, there is some N € N satisfying (20)
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with U’ and E’. Since I'};,  is infinite because I'" is dense in G', it follows that
there is some y € I';, .\ F’ such that

(23) l¥ls.vrx > N +max{le|s p x| € € F'OTy ).

By (20), there is some h € E'Y such that yx € h~1(V'NimK’). We have h = hs
for some 8 € I'’. Note that § € Fb/’y,x and |8]s,y/,yx < N. Hence

-1
[VIs,vx <18Y|s v x + 18 s v syx =0V I|s v x +18ls vr,yx <18V Is v x + N

by (21) and (22), obtaining that §y &€ F’ by (23). However, §yx € V', obtaining a
contradiction, which completes the proof of Claim 1.

Claim 2. For each finite subset F C I" N\ U,, we have U, C Uyer\F yV.

Take a relatively compact open subset 01 C G such that U, C Oy and F, 0, C Uyp.
Let O, = F, 01 and ¥ = %] p,. Then Claim 2 follows by applying Claim 1 to O,.

According to Claim 2, by increasing S if necessary, we can suppose that

(24) | Jesi-vns;-vy= " vnsyt-v).
i<j i<j

Suppose that G cannot be approximated by nilpotent local Lie groups. Then we
can assume that the local Lie group G’ is not nilpotent. Moreover we can suppose
that G’ is a sub-local Lie group of a simply connected Lie group L. Let A be the
dense subgroup of L whose intersection with G" is I'’. Then, by Proposition 5.7,
there are elements 7, ..., #; in A, as close as desired to s{, ..., s;, which are free
generators of a free semigroup. If the elements ¢/ are close enough to s;, then they
are in U’. So there are elements #; € U, such that 7, (f;) = ti’ . By the compactness

of U,, and because U, and V are saturated by the fibers of T,,, if t{, R t,é are close
enough to s{, ..., s;, then (24) gives
(25) Dl o 'vne v,
i<j
Now, we adapt the argument of the proof of [Breuillard and Gelander 2007,
Lemma 10.6] Let T’ C T be the sub-local group generated by Hyos I thus
= {t . } isa symmetrrc set of generators of I,and SUSisa symmet—
ric set of generators of . With E = {hffl, .. hil} observe that E, U E is a

recurrent system of compact generation of # on U,. Given x € U,, let S(n) be
the sphere with center ¢ and radius n € N in /F\Uz, x with dg ¢, . By (25), for each
y € S(n), there are indices i < j such that yx € tl._lV N tj_lV. So the points
tiyx and t;yx are in V, obtaining that #;, t;y € S(n + 1). Moreover all elements
obtained in this way from elements of S(n) are pairwise distinct because 7|, ..., #;
freely generate a free semrgroup Hence card(S(n 4+ 1)) > 20ard(S(n)) giving
card(S(n)) > 2". So (l“U2 x» d5 y, ) has exponential growth. Since FU2 x Clyyx
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and dg 5 ¢, » <d5.y,  ON f‘\UM, it follows that (I'y, x, dg 3 y,.,) also has expo-
nential growth. So (&,, d, ;) has exponential growth, obtaining that (&, dg)
has exponential growth by Corollary 5.5. (I

SD. Growth of equicontinuous foliated spaces. Let X = (X, ¥) be a compact
Polish foliated space. Let {U;, p;, h;;} be a defining cocycle of &, where p; : U; — T;
and h;; : T;; — Tj;, and let 3 be the induced representative of the holonomy
pseudogroup. As we saw in Section 4A, ¥ can be considered as the restriction of
some compactly generated pseudogroup 7 to some relatively compact open subset,
and E = {h;;} is a system of compact generation on 7. Moreover, Alvarez and
Candel [2009] observed that E is recurrent. According to Theorems 5.3 and 5.4, it
follows that the quasi-isometry type of the #-orbits and their germ covers with dg
are independent of the choice of {U;, p;, h;;} under the above conditions; thus they
can be considered as quasi-isometry types of the corresponding leaves and their
holonomy covers.

This has the following interpretation when X is a smooth manifold. In this case,
given any Riemannian metric g on X, for each leaf L, the differentiable (and coarse)
quasi-isometry type of g|; is independent of the choice of g; they depend only
on & and L. In fact, it is coarsely quasi-isometric to the corresponding #-orbit,
and therefore they have the same growth type [Carricre 1988] (this is an easy
consequence of the existence of a uniform bound of the diameter of the plaques).
Similarly, the germ covers of the #(-orbits are also quasi-isometric to the holonomy
covers of the corresponding leaves.

Theorem B follows from these observations and Theorem 5.8.

6. Examples and open problems

Theorems A and B may be relevant in the following examples; most of them are
taken from [Candel and Conlon 2000, Chapter 11].

Example 6.1. Any locally free action of a connected Lie group on a locally compact
Polish space, ¢ : H x X — X, defines a foliated structure & on X whose leaves are
the orbits [Candel and Conlon 2000, Theorem 11.3.14; Palais 1961]. Moreover &
is equicontinuous if ¢ is equicontinuous.

Example 6.2. A matchbox manifold is a foliated continuum!' X = (X, %) trans-
versely modeled on a totally disconnected space. The case of a single leaf is
discarded, and it is assumed that X is C' in the sense that the changes of foli-
ated coordinates are C' along the leaves, with transversely continuous leafwise
derivatives. An example of matchbox manifold is given by any inverse limit of
smooth proper covering maps of compact n-manifolds, called an n-dimensional

1 Recall that a continuum is a nonempty compact connected metrizable space.
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solenoid; if moreover any composite of a finite number of bounding maps is a
normal covering, then it is called a McCord solenoid. A matchbox manifold X
is equicontinuous if and only if it is a solenoid [Clark and Hurder 2013, Theo-
rem 7.9]; and X is homogeneous if and only if it is a McCord solenoid [Clark and
Hurder 2013, Theorem 1.1]; this is the case where it is a G-foliated space. See
[Alcalde Cuesta et al. 2011] for a generalization using inverse limits of compact
branched manifolds.

Example 6.3. Let C;(R) be the space of continuous bounded functions R — R,
with the topology of uniform convergence. For a function f € C,(R) and t € R, let
f: € Cp(R) be defined by f;(r) = f(r +1¢). Itis said that f is almost periodic if
{f: | t € R} is equicontinuous [Besicovitch 1955; Gottschalk 1946], which means
that 9(f) := {f; | t € R} is compact in Cp(R). An equicontinuous flow

O :RxIM(f) — M)

is defined by ®,(g) = g;. If f is nonconstant, then @ is nonsingular, defining an
equicontinuous foliated structure & on 9(f). If f is nonperiodic, then & does not
reduce to a single leaf. With more generality, we can consider an almost-periodic
nonperiodic continuous function f on any connected Lie group with values in a
Hilbert space.

Example 6.4. For each n € Z, let M. (n) denote the set'? of isometry classes

[M, x] of pointed complete connected Riemannian n-manifolds (M, x). The C*°
convergence [Petersen 1998] defines a Polish topology on /. (n) [Alvarez et al.
2016, Theorem 1.1]. The corresponding space is denoted by M2°(n), and its closure
operator by Cly,. For any complete connected Riemannian manifold M = (M, g), a
canonical continuous map ¢ : M — JM:°(n) is defined by ¢(x) = [M, x]. A concept
of weak aperiodicity of M was introduced in [Alvarez et al. 2016]. On the other
hand, M is called almost periodic if, for all m € N, € > 0 and x € M, there is
a set H of diffeomorphisms of M such that sup |[V¥h*g| < € for all h € H and
k <m,and {h(x) | h € H} is anet in M. If M is weakly aperiodic and almost
periodic, then Cl(¢(M)) canonically becomes a compact minimal equicontinuous
foliated space of dimension 7, as follows from [Alvarez et al. 2016, Theorem 1.2
and Lemma 12.5(ii); Lessa 2015, Lemma 7.2 and Theorem 4.1] (see also [Petersen
1998, Chapter 10, Theorem 3.3; Cheeger 1970]).

Problem 6.5. In the Examples 6.1-6.4, understand the specific application of
Theorems A and B.

Problem 6.6. Use Theorem A to classify particular classes of equicontinuous
foliated spaces.

12The logical problems of this definition can be avoided because any complete connected Rie-
mannian manifold is equipotent to some subset of R.
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Question 6.7. Is it possible to improve Theorem B for special types of structural
local groups?

Question 6.8. Is there any consequence of Theorems A and B in usual foliation
theory, assuming that the minimal sets are equicontinuous?

The following questions refer to extensions of known properties of Riemannian
foliations, where Theorem A could play an important role.

Question 6.9. For compact minimal equicontinuous foliated spaces, does the leaf-
wise heat flow of leafwise differential forms preserve transverse continuity at infinite
time?

Question 6.10. Is it possible to give useful extensions of tautness and tenseness to
equicontinuous foliated spaces, and relate them to some kind of basic cohomology?

Acknowledgement

We thank the referee for suggestions to improve the paper.

References

[Abd-Allah and Brown 1980] A. M. Abd-Allah and R. Brown, “A compact-open topology on
partial maps with open domain”, J. London Math. Soc. (2) 21:3 (1980), 480-486. MR 81i:54010
Zbl 0436.54012

[Alcalde Cuesta et al. 2011] F. Alcalde Cuesta, A. Lozano Rojo, and M. Macho Stadler, “Transversely
Cantor laminations as inverse limits”, Proc. Amer. Math. Soc. 139:7 (2011), 2615-2630. MR 2784831
Zbl 1229.57029

[Alvarez and Candel 2009] J. A. Alvarez Lépez and A. Candel, “Equicontinuous foliated spaces”,
Math. Z. 263:4 (2009), 725-774. MR 2010i:53040 Zbl 1177.53026

[Alvarez and Candel 2010] J. A. Alvarez Lépez and A. Candel, “Topological description of Rie-
mannian foliations with dense leaves”, Pacific J. Math. 248:2 (2010), 257-276. MR 2012b:53043
Zbl 1207.53033

[Alvarez and Candel 2015] J. A. Alvarez Lépez and A. Candel, “Generic coarse geometry of leaves”,
preprint, 2015. arXiv 1406.1746

[Alvarez and Masa 2008] J. A. Alvarez Lépez and X. M. Masa, “Morphisms between complete Rie-
mannian pseudogroups”, Topology Appl. 155:6 (2008), 544—-604. MR 2009¢:58028 Zbl 1147.57025

[Alvarez and Wolak 2013] J. A. Alvarez Lépez and R. Wolak, “Growth of some transversely homo-
geneous foliations”, preprint, 2013. arXiv 1304.1939

[Alvarez et al. 2016] J. A. Alvarez Lépez, R. Barral Lij6, and A. Candel, “A universal Riemannian
foliated space”, Topology Appl. 198 (2016), 47-85. MR 3433188 Zbl 06521163

[Arens 1946] R. Arens, “Topologies for homeomorphism groups”, Amer. J. Math. 68 (1946), 593-610.
MR 8,479i Zbl 0061.24306

[Besicovitch 1955] A. S. Besicovitch, Almost periodic functions, Dover, New York, 1955. MR 16,817a
Zbl 0065.07102


http://dx.doi.org/10.1112/jlms/s2-21.3.480
http://dx.doi.org/10.1112/jlms/s2-21.3.480
http://msp.org/idx/mr/81i:54010
http://msp.org/idx/zbl/0436.54012
http://dx.doi.org/10.1090/S0002-9939-2010-10665-2
http://dx.doi.org/10.1090/S0002-9939-2010-10665-2
http://msp.org/idx/mr/2784831
http://msp.org/idx/zbl/1229.57029
http://dx.doi.org/10.1007/s00209-008-0432-4
http://msp.org/idx/mr/2010i:53040
http://msp.org/idx/zbl/1177.53026
http://dx.doi.org/10.2140/pjm.2010.248.257
http://dx.doi.org/10.2140/pjm.2010.248.257
http://msp.org/idx/mr/2012b:53043
http://msp.org/idx/zbl/1207.53033
http://msp.org/idx/arx/1406.1746
http://dx.doi.org/10.1016/j.topol.2007.12.001
http://dx.doi.org/10.1016/j.topol.2007.12.001
http://msp.org/idx/mr/2009c:58028
http://msp.org/idx/zbl/1147.57025
http://msp.org/idx/arx/1304.1939
http://dx.doi.org/10.1016/j.topol.2015.11.006
http://dx.doi.org/10.1016/j.topol.2015.11.006
http://msp.org/idx/mr/3433188
http://msp.org/idx/zbl/06521163
http://dx.doi.org/10.2307/2371787
http://msp.org/idx/mr/8,479i
http://msp.org/idx/zbl/0061.24306
http://msp.org/idx/mr/16,817a
http://msp.org/idx/zbl/0065.07102

312 JESUS A. ALVAREZ LOPEZ AND MANUEL F. MOREIRA GALICIA

[Block and Weinberger 1997] J. Block and S. Weinberger, “Large scale homology theories and
geometry”, pp. 522-569 in Geometric topology (Athens, GA, 1993), edited by W. H. Kazez,
AMS/IP Stud. Adv. Math. 2, American Mathematical Society, Providence, RI, 1997. MR 98h:57001
Zbl 0898.55006

[Breuillard and Gelander 2007] E. Breuillard and T. Gelander, “A topological Tits alternative”, Ann.
of Math. (2) 166:2 (2007), 427-474. MR 2009a:20077 Zbl 1149.20039

[Candel and Conlon 2000] A. Candel and L. Conlon, Foliations I, Graduate Studies in Mathematics
23, American Mathematical Society, Providence, RI, 2000. MR 2002f:57058 Zbl 0936.57001

[Carriere 1988] Y. Carriere, “Feuilletages Riemanniens a croissance polynomiale”, Comment. Math.
Helv. 63:1 (1988), 1-20. MR 89a:57033 Zbl 0661.53022

[Cheeger 1970] J. Cheeger, “Finiteness theorems for Riemannian manifolds”, Amer. J. Math. 92
(1970), 61-74. MR 41 #7697 Zbl 0194.52902

[Clark and Hurder 2013] A. Clark and S. Hurder, “Homogeneous matchbox manifolds”, Trans. Amer.
Math. Soc. 365:6 (2013), 3151-3191. MR 3034462 Zbl 1285.57017

[van den Dries and Goldbring 2010] L. van den Dries and I. Goldbring, “Globalizing locally compact
local groups”, J. Lie Theory 20:3 (2010), 519-524. MR 2011m:22009 Zbl 1203.22006

[van den Dries and Goldbring 2012] L. van den Dries and I. Goldbring, “Erratum to ‘Globalizing
locally compact local groups™, J. Lie Theory 22:2 (2012), 489-490. MR 2976929 Zbl 1242.22005

[Fedida 1971] E. Fedida, “Sur les feuilletages de Lie”, C. R. Acad. Sci. Paris Sér. A 272 (1971),
999-1001. MR 44 #2249 7Zbl 0218.57014

[Fedida 1978] E. Fedida, “Sur la théorie des feuilletages associée au repere mobile: cas des feuil-
letages de Lie”, pp. 183-195 in Differential topology, foliations and Gelfand—Fuks cohomology (Rio
de Janeiro, 1976), edited by P. A. Schweitzer, Lecture Notes in Math. 652, Springer, Berlin, 1978.
MR 80a:57012 Zbl 0393.57006

[Ghys 1985] E. Ghys, “Groupes d’holonomie des feuilletages de Lie”, Indag. Math. 88:2 (1985),
173-182. MR 87d:57021 Zbl 0571.57020

[Ghys 1999] E. Ghys, “Laminations par surfaces de Riemann”, pp. 49-95 in Dynamique et géométrie
complexes (Lyon, 1997), edited by D. Cerveau et al., Panor. Syntheses 8, Société Mathématique de
France, Paris, 1999. MR 2001g:37068 Zbl 1018.37028

[Goldbring 2010] I. Goldbring, “Hilbert’s fifth problem for local groups”, Ann. of Math. (2) 172:2
(2010), 1269-1314. MR 2011£:22010 Zbl 1219.22004

[Gottschalk 1946] W. H. Gottschalk, “Almost periodicity, equi-continuity and total boundedness”,
Bull. Amer. Math. Soc. 52 (1946), 633—-636. MR 8,34b Zbl 0063.01711

[Gromov 1993] M. Gromov, Geometric group theory, 2: Asymptotic invariants of infinite groups
(Brighton, 1991), edited by G. A. Niblo and M. A. Roller, London Math. Soc. Lecture Note Ser. 182,
Cambridge University Press, 1993. MR 95m:20041 Zbl 0841.20039

[Haefliger 1985] A. Haefliger, ‘“Pseudogroups of local isometries”, pp. 174—197 in Differential
geometry (Santiago de Compostela, 1984), edited by L. A. Cordero, Res. Notes in Math. 131, Pitman,
Boston, 1985. MR 88i:58174 Zbl 0656.58042

[Haefliger 1988] A. Haefliger, “Leaf closures in Riemannian foliations”, pp. 3-32 in A féte of topology,
edited by Y. Matsumoto et al., Academic Press, Boston, 1988. MR 89¢:57033 Zbl 0667.57012

[Haefliger 2002] A. Haefliger, “Foliations and compactly generated pseudogroups”, pp. 275-295 in
Foliations: geometry and dynamics (Warsaw, 2000), edited by P. Walczak et al., World Scientific,
River Edge, NJ, 2002. MR 2003g:58029 Zbl 1002.57059


http://msp.org/idx/mr/98h:57001
http://msp.org/idx/zbl/0898.55006
http://dx.doi.org/10.4007/annals.2007.166.427
http://msp.org/idx/mr/2009a:20077
http://msp.org/idx/zbl/1149.20039
http://dx.doi.org/10.1090/gsm/023
http://msp.org/idx/mr/2002f:57058
http://msp.org/idx/zbl/0936.57001
http://www.digizeitschriften.de/dms/img/?PID=GDZPPN002066696
http://msp.org/idx/mr/89a:57033
http://msp.org/idx/zbl/0661.53022
http://dx.doi.org/10.2307/2373498
http://msp.org/idx/mr/41:7697
http://msp.org/idx/zbl/0194.52902
http://dx.doi.org/10.1090/S0002-9947-2012-05753-9
http://msp.org/idx/mr/3034462
http://msp.org/idx/zbl/1285.57017
http://www.heldermann.de/JLT/JLT20/JLT203/jlt20026.htm
http://www.heldermann.de/JLT/JLT20/JLT203/jlt20026.htm
http://msp.org/idx/mr/2011m:22009
http://msp.org/idx/zbl/1203.22006
http://www.heldermann.de/JLT/JLT22/JLT222/jlt22019.htm
http://www.heldermann.de/JLT/JLT22/JLT222/jlt22019.htm
http://msp.org/idx/mr/2976929
http://msp.org/idx/zbl/1242.22005
http://msp.org/idx/mr/44:2249
http://msp.org/idx/zbl/0218.57014
http://dx.doi.org/10.1007/BFb0063512
http://dx.doi.org/10.1007/BFb0063512
http://msp.org/idx/mr/80a:57012
http://msp.org/idx/zbl/0393.57006
http://dx.doi.org/10.1016/1385-7258(85)90005-8
http://msp.org/idx/mr/87d:57021
http://msp.org/idx/zbl/0571.57020
http://smf.emath.fr/Publications/PanoramasSyntheses/1999/8/html/smf_pano-synth_8_49-95.html
http://msp.org/idx/mr/2001g:37068
http://msp.org/idx/zbl/1018.37028
http://dx.doi.org/10.4007/annals.2010.172.1273
http://msp.org/idx/mr/2011f:22010
http://msp.org/idx/zbl/1219.22004
http://dx.doi.org/10.1090/S0002-9904-1946-08611-5
http://msp.org/idx/mr/8,34b
http://msp.org/idx/zbl/0063.01711
http://dx.doi.org/10.1017/CBO9780511629273
http://msp.org/idx/mr/95m:20041
http://msp.org/idx/zbl/0841.20039
http://msp.org/idx/mr/88i:58174
http://msp.org/idx/zbl/0656.58042
https://books.google.com/books?id=9J_iBQAAQBAJ&pg=PA3&lpg=PA3
http://msp.org/idx/mr/89c:57033
http://msp.org/idx/zbl/0667.57012
http://dx.doi.org/10.1142/9789812778246_0013
http://msp.org/idx/mr/2003g:58029
http://msp.org/idx/zbl/1002.57059

TOPOLOGICAL MOLINO’S THEORY 313

[Hector and Hirsch 1981] G. Hector and U. Hirsch, Introduction to the geometry of foliations, A:
Foliations on compact surfaces, fundamentals for arbitrary codimension, and holonomy, Aspects of
Mathematics 1, Vieweg, Braunschweig, 1981. MR 83d:57019 Zbl 0486.57002

[Hector and Hirsch 1987] G. Hector and U. Hirsch, Introduction to the geometry of foliations, B:
Foliations of codimension one, 2nd ed., Aspects of Mathematics 3, Vieweg, Braunschweig, 1987.
MR 92f:57037 Zbl 0704.57001

[Jacoby 1957] R. Jacoby, “Some theorems on the structure of locally compact local groups”, Ann. of
Math. (2) 66 (1957), 36-69. MR 19,751c Zbl 0084.03202

[Kechris 1991] A. S. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics 156,
Springer, Berlin, 1991. MR 96e:03057 Zbl 0819.04002

[Kellum 1993] M. Kellum, “Uniformly quasi-isometric foliations”, Ergodic Theory Dynam. Systems
13:1 (1993), 101-122. MR 94¢:57048 Zbl 0784.58060

[Lessa 2015] P. Lessa, “Reeb stability and the Gromov—Hausdorff limits of leaves in compact
foliations”, Asian J. Math. 19:3 (2015), 433-463. MR 3361278 Zbl 06470466

[Matsumoto 2010] S. Matsumoto, “The unique ergodicity of equicontinuous laminations”, Hokkaido
Math. J. 39:3 (2010), 389-403. MR 2011m:37038 Zbl 1213.37044

[Meigniez 1995] G. Meigniez, “Feuilletages de Lie résolubles”, Ann. Fac. Sci. Toulouse Math. (6)
4:4 (1995), 801-817. MR 99e:57042 Zbl 0867.57023

[Meigniez 2010] G. Meigniez, “A compactly generated pseudogroup which is not realizable”, J. Math.
Soc. Japan 62:4 (2010), 1205-1218. MR 2011m:58028 Zbl 1207.57038

[Molino 1982] P. Molino, “Géométrie globale des feuilletages Riemanniens”, Indag. Math. 85:1
(1982), 45-76. MR 84j:53043 Zbl 0516.57016

[Molino 1988] P. Molino, Riemannian foliations, Progress in Mathematics 73, Birkhduser, Boston,
1988. MR 89b:53054 Zbl 0633.53001

[Montgomery and Zippin 1955] D. Montgomery and L. Zippin, Topological transformation groups,
Interscience Publishers, New York, 1955. MR 17,383b Zbl 0068.01904

[Moore and Schochet 1988] C. C. Moore and C. Schochet, Global analysis on foliated spaces,
Mathematical Sciences Research Institute Publications 9, Springer, New York, 1988. MR 89h:58184
Zbl 0648.58034

[Olver 1996] P. J. Olver, “Non-associative local Lie groups”, J. Lie Theory 6:1 (1996), 23-51.
MR 98d:22005 Zbl 0862.22005

[Palais 1961] R. S. Palais, “On the existence of slices for actions of non-compact Lie groups”, Ann.
of Math. (2) 73 (1961), 295-323. MR 23 #A3802 Zbl 0103.01802

[Petersen 1998] P. Petersen, Riemannian geometry, Graduate Texts in Mathematics 171, Springer,
New York, 1998. MR 98m:53001 Zbl 0914.53001

[Plaut 1993] C. Plaut, “Associativity and the local version of Hilbert’s fifth problem”, Notes, Univer-
sity of Tennessee, 1993.

[Reinhart 1959] B. L. Reinhart, “Foliated manifolds with bundle-like metrics”, Ann. of Math. (2) 69
(1959), 119-132. MR 21 #6004 Zbl 0122.16604

[Sacksteder 1965] R. Sacksteder, “Foliations and pseudogroups”, Amer. J. Math. 87 (1965), 79-102.
MR 30 #4268 Zbl 0136.20903

[Salem 1988] E. Salem, “Une généralisation du théoreme de Myers—Steenrod aux pseudogroupes
d’isométries”, Ann. Inst. Fourier (Grenoble) 38:2 (1988), 185-200. MR 89i:58166 Zbl 0613.58041

[Tarquini 2004] C. Tarquini, “Feuilletages conformes”, Ann. Inst. Fourier (Grenoble) 54:2 (2004),
453-480. MR 2005f:53040 Zbl 1064.53014


http://dx.doi.org/10.1007/978-3-322-98482-1
http://dx.doi.org/10.1007/978-3-322-98482-1
http://msp.org/idx/mr/83d:57019
http://msp.org/idx/zbl/0486.57002
http://dx.doi.org/10.1007/978-3-322-90161-3
http://dx.doi.org/10.1007/978-3-322-90161-3
http://msp.org/idx/mr/92f:57037
http://msp.org/idx/zbl/0704.57001
http://dx.doi.org/10.2307/1970116
http://msp.org/idx/mr/19,751c
http://msp.org/idx/zbl/0084.03202
http://dx.doi.org/10.1007/978-1-4612-4190-4
http://msp.org/idx/mr/96e:03057
http://msp.org/idx/zbl/0819.04002
http://dx.doi.org/10.1017/S0143385700007227
http://msp.org/idx/mr/94c:57048
http://msp.org/idx/zbl/0784.58060
http://dx.doi.org/10.4310/AJM.2015.v19.n3.a3
http://dx.doi.org/10.4310/AJM.2015.v19.n3.a3
http://msp.org/idx/mr/3361278
http://msp.org/idx/zbl/06470466
http://dx.doi.org/10.14492/hokmj/1288357974
http://msp.org/idx/mr/2011m:37038
http://msp.org/idx/zbl/1213.37044
http://www.numdam.org/item?id=AFST_1995_6_4_4_801_0
http://msp.org/idx/mr/99e:57042
http://msp.org/idx/zbl/0867.57023
http://dx.doi.org/10.2969/jmsj/06241205
http://msp.org/idx/mr/2011m:58028
http://msp.org/idx/zbl/1207.57038
http://dx.doi.org/10.1016/1385-7258(82)90007-5
http://msp.org/idx/mr/84j:53043
http://msp.org/idx/zbl/0516.57016
http://dx.doi.org/10.1007/978-1-4684-8670-4
http://msp.org/idx/mr/89b:53054
http://msp.org/idx/zbl/0633.53001
http://catalog.hathitrust.org/Record/000584654
http://msp.org/idx/mr/17,383b
http://msp.org/idx/zbl/0068.01904
http://dx.doi.org/10.1007/978-1-4613-9592-8
http://msp.org/idx/mr/89h:58184
http://msp.org/idx/zbl/0648.58034
https://eudml.org/doc/228341
http://msp.org/idx/mr/98d:22005
http://msp.org/idx/zbl/0862.22005
http://dx.doi.org/10.2307/1970335
http://msp.org/idx/mr/23:A3802
http://msp.org/idx/zbl/0103.01802
http://dx.doi.org/10.1007/978-1-4757-6434-5
http://msp.org/idx/mr/98m:53001
http://msp.org/idx/zbl/0914.53001
http://dx.doi.org/10.2307/1970097
http://msp.org/idx/mr/21:6004
http://msp.org/idx/zbl/0122.16604
http://dx.doi.org/10.2307/2373226
http://msp.org/idx/mr/30:4268
http://msp.org/idx/zbl/0136.20903
http://www.numdam.org/item?id=AIF_1988__38_2_185_0
http://www.numdam.org/item?id=AIF_1988__38_2_185_0
http://msp.org/idx/mr/89i:58166
http://msp.org/idx/zbl/0613.58041
http://dx.doi.org/10.5802/aif.2025
http://msp.org/idx/mr/2005f:53040
http://msp.org/idx/zbl/1064.53014

314 JESUS A. ALVAREZ LOPEZ AND MANUEL F. MOREIRA GALICIA

Received May 22, 2014. Revised November 9, 2014.

JESUS A. ALVAREZ LOPEZ

DEPARTAMENTO DE XEOMETRIA E TOPOLOXIA
FACULTADE DE MATEMATICAS

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA
15782 SANTIAGO DE COMPOSTELA

SPAIN

jesus.alvarez@usc.es

MANUEL F. MOREIRA GALICIA
DEPARTAMENTO DE XEOMETRIA E TOPOLOXIA
FACULTADE DE MATEMATICAS

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA
15782 SANTIAGO DE COMPOSTELA

SPAIN

manuel.moreira@usc.es

morgal2002 @ gmail.com


mailto:jesus.alvarez@usc.es
mailto:manuel.moreira@usc.es
mailto:morgal2002@gmail.com

PACIFIC JOURNAL OF MATHEMATICS
Vol. 280, No. 2, 2016

dx.doi.org/10.2140/pjm.2016.280.315

EQUIVARIANT PRINCIPAL BUNDLES
AND LOGARITHMIC CONNECTIONS
ON TORIC VARIETIES

INDRANIL BISWAS, ARUIT DEY AND MAINAK PODDAR

Let M be a smooth complex projective toric variety equipped with an ac-
tion of a torus 7, such that the complement D of the open T-orbit in M
is a simple normal crossing divisor. Let G be a complex reductive affine
algebraic group. We prove that an algebraic principal G-bundle E¢ -~ M
admits a T-equivariant structure if and only if E; admits a logarithmic con-
nection singular over D. If Ey — M is a T-equivariant algebraic principal
H-bundle, where H is any complex affine algebraic group, then Ey in fact
has a canonical integrable logarithmic connection singular over D.

1. Introduction

Our aim is to give characterizations of the equivariant principal bundles on smooth
complex projective toric varieties.
Let M be a smooth complex projective toric variety equipped with an action

p:TxM—->M
of a torus T'. For any point ¢ € T, define the automorphism
pr:M—> M, x— p(tx).

We assume that the complement D of the open T-orbit in M is a simple normal
crossing divisor.

Let G be a complex reductive affine algebraic group, and let Eg be an algebraic
principal G-bundle on M. In Proposition 4.1 we prove the following:

The principal G-bundle Eg admits a T-equivariant structure if and only if the
pulled-back principal G-bundle p/E¢ is isomorphic to Eg for everyt € T.

When G = GL(n, C), this result was proved by Klyachko [1989, p. 342, Propo-
sition 1.2.1].
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Universidad de los Andes.
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Using the above characterization of 7-equivariant principal G-bundles on M, we
prove the following (see Theorem 4.2):

The principal G-bundle Eg admits a logarithmic connection singular over D if
and only if Eg admits a T-equivariant structure.

The “if” part of Theorem 4.2 does not require G to be reductive. More precisely,
any T-equivariant principal H-bundle Ey — M, where H is any complex affine
algebraic group, admits a canonical integrable logarithmic connection singular
over D (see Proposition 3.2).

2. Equivariant bundles

Let G, = C\ {0} be the multiplicative group. Take a complex algebraic group T
which is isomorphic to a product of copies of G,,. Let M be a smooth irreducible
complex projective variety equipped with an algebraic action of T

2-1) p:TxXM—->M
such that

« there is a Zariski open dense subset M° c M with p(T, M°) = M°,
« the action of 7 on M? is free and transitive, and

« the complement M \ M? is a simple normal crossing divisor of M.

In particular, M is a smooth projective toric variety. Note that M° is the unique
T-orbit in M with trivial isotropy.

Let G be a connected complex affine algebraic group. A T-equivariant principal
G-bundle on M is a pair (Eg, p), where

p:Ec— M
is an algebraic principal G-bundle, and
p:T x Eg — Eg
is an algebraic action of T on the total space of Eg, such that
e pop=po(ld, xp), where p is the action in (2-1), and
e the actions of 7 and G on E; commute.
Fix a point xo € M® C M. Let
(2-2) Lip(T, x) =M —> M

be the inclusion map. Let M° x G be the trivial principal G-bundle on M°. It has a
tautological integrable algebraic connection given by its trivialization.
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Let (Eg, p) be a T-equivariant principal G-bundle on M. Fix a point zg € (Eg)x,.
Using zop, the action p produces an isomorphism of principal G-bundles between
M° x G and the restriction Eg|,. This isomorphism of principal G-bundles is
uniquely determined by the following two conditions:

o this isomorphism is T-equivariant (the action of T on M x G is given by the
action of T on M?), and

« it takes the point zg € Eg to (xq, €) € M xG.

Using this trivialization of Eg|j,0, the tautological integrable algebraic connection
on M° x G produces an integrable algebraic connection D° on Eg|,0. We note that
the connection DY is independent of the choice of the points xy and zg. Indeed, the
flat sections for D are precisely the orbits of T in Eg|,0. Note that this description
of DY does not require choosing base points in M? and Eg|,,0.

In Proposition 3.2 it will be shown that D° extends to a logarithmic connection
on Eg over M singular over the simple normal crossing divisor M \ M°.

3. Logarithmic connections
A canonical trivialization. The Lie algebra of T will be denoted by t. Let
3-1) Vi=Mxt—>M

be the trivial vector bundle with fiber t. The holomorphic tangent bundle of M
will be denoted by 7M. Consider the action of 7 on M in (2-1). It produces a
homomorphism of Oy-coherent sheaves

(3-2) B:V—TM.
Let
D:=M\M°

be the simple normal crossing divisor of M. Let
(3-3) TM(—logD) C TM

be the corresponding logarithmic tangent bundle. Recall that TM (—log D) is char-
acterized as the maximal coherent subsheaf of TM that preserves Oy (—D) C Oy
for the derivation action of TM on Oy.

Lemma 3.1.
(1) The image of B in (3-2) is contained in the subsheaf TM (—log D) C TM.
(2) The resulting homomorphism B :V — TM (—log D) is an isomorphism.

Proof. The divisor D is preserved by the action of T on M. Therefore, the action



318 INDRANIL BISWAS, ARIJIT DEY AND MAINAK PODDAR

of T on Oy, given by the action of T on M, preserves the subsheaf Oy (— D). From
this it follows immediately that the subsheaf Oy (—D) C Oy is preserved by the
derivation action of the subsheaf

BOV) C TM.

Therefore, we conclude that §(V) C TM (—log D).

It is known that the vector bundle TM (—log D) is holomorphically trivial. This
follows from Proposition 2 in [Fulton 1993, p. 87], which says that Q}V[ (log D) is
holomorphically trivial, together with the equality €2 lel (log D)* = TM(—log D).

So, both V and TM (—log D) are trivial vector bundles, and 8 is a homomorphism
between them which is an isomorphism over the open subset M. From this it
can be deduced that g is an isomorphism over entire M. To see this, consider the
homomorphism

NB:NV— NTM(—~log D)

induced by B, where r = dim¢ T =rank()). So /\'B is a holomorphic section of the
line bundle (/\rTM (—log D)) ® (/\rV)*. This line bundle is holomorphically trivial
because both V and TM (—log D) are holomorphically trivial. Fixing a trivialization
of (N'TM(~log D)) ® (/\'V)", we consider \'B as a holomorphic function on
M. This function is nowhere vanishing because it does not vanish on M° and
holomorphic functions on M are constants. Since /\'B is nowhere vanishing, the
homomorphism g is an isomorphism. (]

A canonical logarithmic connection on equivariant bundles. The Lie algebra
of G will be denoted by g.
Let p : EG — M be an algebraic principal G-bundle. Consider the differential

(3-4) dp:TEg — p*TM,

where TEg is the algebraic tangent bundle of Eg. The kernel of dp will be denoted
by Tg;/m. Using the action of G on Eg, the subbundle Tg,;,y C TEg is identified
with the trivial vector bundle over Eg with fiber g.

The action of G on Eg produces an action of G on TEg. So we get an action
of G on the quasicoherent sheaf p,TE; on M. The invariant part

AW(Eg) = (p«TEG)® C p«TEg

is a locally free coherent sheaf; its coherence property follows from the fact that
the action of G on the fibers of p is transitive, implying that a G-invariant section
of (TEG)|p-1(x)» * € M, is uniquely determined by its evaluation at just one point
of the fiber p~!(x). Also note that At(Eg) = (TEg)/G. This At(Eg) is known
as the Atiyah bundle for Eg. Since Tg;y is identified with Eg X g, the invariant
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direct image (p4Tg,;, ) © is identified with the adjoint vector bundle
ad(Eg) := Eg x ¢ g—>M

associated to E¢ for the adjoint action of G on g. We note that ad(Eg) = Tg;/m/G.
Now the differential dp in (3-4) produces a short exact sequence of holomorphic
vector bundles on M

(3-5) 0 — ad(Eg) — At(Eg) -2 T™M — 0,

which is known as the Atiyah exact sequence. A holomorphic connection on Eg
over M is a holomorphic splitting

™ — At(Eg)

of (3-5) [Atiyah 1957].
As before, setting D = M \ M°, define

At(Eg)(—log D) := ¢! (TM(—log D)) C At(Eg),

where ¢ is the projection in (3-5) and TM (—log D) is the subsheaf in (3-3). So
(3-5) gives the following short exact sequence of holomorphic vector bundles on M:

(3-6) 0 — ad(Eg) — At(Eg)(—log D) —%> TM (—log D) — 0.

A logarithmic connection on Eg, with singular locus D, is a holomorphic
homomorphism
8 :TM(—log D) — At(Eg)(—log D)

such that ¢ o é is the identity automorphism of TM(—log D), where ¢ is the
homomorphism in (3-6). Just like the curvature of a connection, the curvature
of a logarithmic connection § on Eg is the obstruction for the homomorphism §
to preserve the Lie algebra structure of the sheaf of sections of 7M (—log D) and
At(Eg)(—log D) given by the Lie bracket of vector fields. In particular, § is called
integrable (or flat) if it preserves the Lie algebra structure of the sheaf of sections
of TM (—log D) and At(Eg)(—log D) given by the Lie bracket of vector fields.

Proposition 3.2. Let (Eg, p) be a T-equivariant principal G-bundle on M. Then
E¢ admits an integrable logarithmic connection that restricts to the connection D°
on M° constructed in Section 2.

Proof. Let
1} = FEg xt— Eg

be the trivial vector bundle over Eg with fiber t. Note that p*V =V, where V is
the vector bundle in (3-1), and p, as before, is the projection of Eg to M.
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The action p of T on Eg produces a homomorphism
(3-7) B:V— TEg.

Since p~!(D) is preserved by the action of T on Eg, the induced action of T
on O, preserves the subsheaf O, (— p*I(D)). Hence the image of 8 lies inside
the subsheaf

TEg(—log p~ (D)) C TEg.

Note that p~!(D) is a simple normal crossing divisor on Eg because D is a simple
normal crossing divisor on M.
In Lemma 3.1(2) we saw that 8 is an isomorphism. Consider

P8~ p*(TM(—log D)) — p*V = V.
Precomposing this with A in (3-7), we have
Bo(pB™"): p"(TM(~log D)) — TEG(~log p~'(D)).

We observe that the homomorphism Bo(p*B~ 1) is G-equivariant for the trivial action
of G on p*(TM (—log D)) and the action of G on TEg(—log p~ (D)) induced by
the action of G on Eg. Therefore, taking the G-invariant parts of the direct images
by p, the above homomorphism 8 o (p*8~") produces a homomorphism

B’ TM (~log D) = (p.p*(TM (—log D)))°
— (p«TEG(—log p~(D)))° = At(Eg)(—log D).

It is now straightforward to check that the homomorphism 8’ produces a holomor-
phic splitting of the exact sequence in (3-6). Therefore, 8’ defines a logarithmic
connection on Eg singular on D. The restriction of this logarithmic connection
to MY clearly coincides with the connection D constructed in Section 2. (]

4. A criterion for equivariance
For each point ¢ € T', define the automorphism
IOT:M_>M5 XHIO(tax)a

where p is the action in (2-1). If (Eg, p) is a T-equivariant principal G-bundle
on M, then clearly the map

Ec — Eg, z+> p(t,2)

is an isomorphism of the principal G-bundle p;Eg with Eg. The aim in this section
is to prove a converse of this statement.
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Take an algebraic principal G-bundle
p:Eg— M.
Let G be the set of all pairs of the form (¢, f), where t € T and where
f:Eg— Eg
is an algebraic automorphism of the variety Eg satisfying the following conditions:
e pof=pop,and
o f intertwines the action of G on Eg.

Note that the above two conditions imply that f is an algebraic isomorphism of the
principal G-bundle p;Eg with Eg.
We have the following composition on the set G:

(t1, f1) - (12, f2) ;== (1012, f10 f2).

The inverse of (¢, f)is (t~', f~!). These operations make G a group. In fact, G has
the structure of an affine algebraic group defined over C. Let A denote the group
of all algebraic automorphisms of the principal G-bundle Eg. So A is a subgroup
of G with the inclusion map being f +— (e, f). We have a natural projection

h:G—>T, (& fi—>t
which fits in the following exact sequence of complex affine algebraic groups:
(4-1) 0—-A—>Gg-T.

We note that there is a tautological action of G on Eg; the action of any (¢, f) € G
on Eg is given by the map defined by y — f(y).

Now assume that E¢ satisfies the condition that, for every ¢ € T, the pulled-back
principal G-bundle p;E¢ is isomorphic to Eg. This assumption is equivalent to the
statement that the homomorphism # in (4-1) is surjective.

In view of the above assumption, the sequence in (4-1) becomes the following
short exact sequence of complex affine algebraic groups:

4-2) 0> A—G-1T 0.

Let G° C G be the connected component containing the identity element. Since T
is connected and 4 is surjective, the restriction of / to GYis also surjective. Therefore,
from (4-2) we have the short exact sequence of affine complex algebraic groups

(4-3) 0— A", g0 1 1,

where A% := ANG® and h° := h|g.
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Take a maximal torus 7 C G, From (4-3) it follows that the restriction
Wi=hg, :Tg—T

is surjective. Define Ty := A'n 1z C Tg using the homomorphism ¢ in (4-3).
Therefore, from (4-3) we have the short exact sequence of algebraic groups

(4-4) 0 T, A0 7 s 7 o,

Recall that G has a tautological action on Eg. Therefore, the subgroup 7 has a
tautological action on Eg which is the restriction of the tautological action of G.

Now we assume that the group G is reductive.

A parabolic subgroup of G is a connected Zariski closed subgroup P C G such
that the variety G/ P is projective. For a parabolic subgroup P, its unipotent radical
will be denoted by R, (P). A Levi subgroup of P is a connected reductive subgroup
L(P) C P such that the composition

L(P)— P— P/R,(P)

is an isomorphism. Levi subgroups exist, and any two Levi subgroups of P differ by
conjugation by an element of R, (P) [Humphreys 1975, p. 184-185, §30.2; Borel
1991, p. 158, 11.22 and 11.23].

Let Ad(Eg) := Eg x¢ G — M be the adjoint bundle associated to Eg for the
adjoint action of G on itself. The fibers of Ad(Eg) are groups identified with G
up to an inner automorphism; the corresponding Lie algebra bundle is ad(Eg). We
note that 4 in (4-2) is the space of all algebraic sections of Ad(Eg).

Using the action of T4 on Eg, we have

 a Levi subgroup L(P) of a parabolic subgroup P of G, and

« an algebraic reduction of structure group Eypy C Eg of Eg to L(P) which is
preserved by the tautological action of 7; on Eg,

such that the image of Ty in Ad(Eg) (recall that the elements of 4 are sections
of Ad(E)) lies in the connected component, containing the identity element, of
the center of each fiber of Ad(EL(py) C Ad(Eg) (see [Balaji et al. 2005; Biswas
and Parameswaran 2006] for the construction of Ez(p)y). The construction of Ej (p)
requires fixing a point zo of Eg, where Er(p) contains zo. Using zo, the fiber
(EL(P))p(zo) 1s 1dentified with L(P). Moreover, the evaluation, at p(zo), of the
sections of Ad(E¢) corresponding to the elements of T4 makes T, a subgroup of
the connected component, containing the identity element, of the center of £z (p); in
particular, this evaluation map on 74 is injective (see the second paragraph in [Balaji
et al. 2005, p. 230, Section 3]). We briefly recall (from [Balaji et al. 2005; Biswas
and Parameswaran 2006]) the argument that the evaluation map on semisimple
elements of A is injective. Let & be a semisimple element of A =TI"(M, Ad(Eg)).
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Since £ is semisimple, for each point x € M, the evaluation £(x) is a semisimple
element of Ad(E)),. The group Ad(Eg)), is identified with G up to an inner
automorphism of G. All conjugacy classes of a semisimple element of G are
parametrized by 7/ Wy, where T is a maximal torus in G, and Wz, = N (15)/ T
is the Weyl group with N(7s) being the normalizer of 7 in G. We note that
T/ Wr,, is an affine variety. Therefore, we get a morphism &' : M — T/ Wy, that
sends any x € M to the conjugacy class of £(x). Since M is a projective variety and
T/ Wr,, is an affine variety, we conclude that &’ is a constant map. So if §(x) = e
for some x € M, then £ = e identically.

Let ZS( py C L(P) be the connected component, containing the identity element,
of the center. We note that ZB( py 18 a product of copies of G,,. Therefore, the above
injective homomorphism 7; — ZB( p) extends to a homomorphism

0
n:1g — Zy p).
Define

/

(4-5) n:=rton,

where 7 is the inversion homomorphism of ZB( ) defined by g +— g~ .

Consider the action of 7g on Ey (py; recall that Ez (py is preserved by the tautolog-
ical action of 75 on Eg. We can twist this action on Eppy by 0’ in (4-5), because
the actions of ZLO( P and L(P) on Erpy commute. For this new action, the group T4
clearly acts trivially on Ef (p).

Consider the above action of T on Ep(p) constructed using n’. Since T acts
trivially on Ep (p), the action of 7 on Eyp) descends to an action of T on Ep(p)
(see (4-4)). The principal G-bundle Eg is the extension of the structure group of
Ey (py using the inclusion of L(P) in G. Therefore, the above action of T on Ep (p)
produces an action of 7 on Eg. More precisely, the total space of Eg is the quotient
of E7(py x G where two elements (z1, g1) and (z2, g2) of Er(py X G are identified
if there is an element g € L(P) such that z, = z;g and g = g~ 'g;. Now the action
of T on E;(py x G, given by the above action of T" on Ep (p) and the trivial action
of T on G, descends to an action of T on the quotient space Eg. Consequently, Eg
admits a 7T-equivariant structure.

Therefore, we have proved the following:

Proposition 4.1. Let G be reductive, and let Eg — M be a principal G-bundle
such that, for every t € T, the pulled-back principal G-bundle p;Eg is isomorphic
to Eg. Then Eg admits a T-equivariant structure.

For vector bundles on M, Proposition 4.1 was proved by Klyachko [1989, p. 342,
Proposition 1.2.1].
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Equivariance property from a logarithmic connection.

Theorem 4.2. Let G be reductive, and let p : Eg — M be a principal G-bundle
admitting a logarithmic connection whose singularity locus is contained in the
divisor D = M \ M°. Then Eg admits a T-equivariant structure.

Proof. Since Eg admits a logarithmic connection, by definition, there is a homo-
morphism of coherent sheaves

8 : TM(—log D) — At(Eg)(—log D)

such that ¢ o § is the identity automorphism of TM (—log D), where ¢ is the
homomorphism in (3-6). Let

§: HO(M, TM(—log D)) — H°(M, At(Eg)(—log D))

be the homomorphism of global sections given by . From Lemma 3.1(2) we know
that HO(M, TM(—log D)) is the Lie algebra t of T'.
We will now show that there is a natural injective homomorphism

(4-6) 0:H'(M, At(Eg)(—log D)) — Lie(G),

where Lie(G) is the Lie algebra of the group G in (4-1).

The elements of Lie(G) are all holomorphic sections s € H O(M, At(Eg)) such
that the vector field ¢ (s), where ¢ is the projection in (3-5), is of the form S(s’),
where s” € t and where B is the homomorphism in (3-2). Now, if

s € HO(M, At(Eg)(—log D)) ¢ HO(M, At(Eg)),

then ¢ (s) is a holomorphic section of TM (—log D) (see (3-6)). From Lemma 3.1(2)
it now follows that ¢ (s) is of the form B(s”), where s’ € t. This gives us the injective
homomorphism in (4-6).

Finally, consider the composition

6ob:t=H'(M, TM(—log D)) — Lie(G).
From its construction it follows that
(dh)o 6 0§ =1d,,

where dh : Lie(G) — t is the homomorphism of Lie algebras given by 4 in (4-1).
In particular, dh is surjective. Since T is connected, this immediately implies that
the homomorphism # is surjective. Now from Proposition 4.1 it follows that Eg
admits a T-equivariant structure. U
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ON A SPECTRAL THEOREM IN
PARAORTHOGONALITY THEORY

KENIER CASTILLO, RUYMAN CRUZ-BARROSO
AND FRANCISCO PERDOMO-Pi0

Motivated by the works of Delsarte and Genin (1988, 1991), who studied
paraorthogonal polynomials associated with positive definite Hermitian lin-
ear functionals and their corresponding recurrence relations, we provide
paraorthogonality theory, in the context of quasidefinite Hermitian linear
functionals, with a recurrence relation and the analogous result to the classi-
cal Favard’s theorem or spectral theorem. As an application of our results,
we prove that for any two monic polynomials whose zeros are simple and
strictly interlacing on the unit circle, with the possible exception of one of
them which could be common, there exists a sequence of paraorthogonal
polynomials such that these polynomials belong to it. Furthermore, an ap-
plication to the computation of Szegé quadrature formulas is also discussed.

1. Introduction

The paraorthogonal polynomials on the unit circle (POPUC), in the context of
quasidefinite (or regular) moment linear functionals, were introduced for the first
time by Jones, Njastad and Thron in their excellent survey paper [Jones et al. 1989].
The main objective of the authors was to construct quadrature formulas for the
approximation of an integral with respect to a measure whose support is contained
in the unit circle, analogous to the generalized Gaussian rules and, as a consequence,
solve the trigonometric moment problem [Geronimus 1946]. In this respect, nodes
on the unit circle, positive weights and maximal domain of validity are required.
As a result, the so-called Szegd quadrature (SQ) formulas are introduced and
characterized: their nodes are zeros of a special class of POPUC, known as invariant
(or self-inverse). But moreover, [Jones et al. 1989] served to demand a deeper study
of the properties of this new family of polynomials since, contrary to orthogonal poly-
nomials on the unit circle (OPUC), the invariant POPUC with respect to a measure
supported on the unit circle have simple zeros on the unit circle with many additional
MSC2010: 42C05, 30C15, 26C10.

Keywords: paraorthogonal polynomials, quasidefinite Hermitian linear functionals, spectral theorem,

Geronimus—Wendroff theorem, Szeg6 quadrature formulas.
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properties [Cantero et al. 2002; Golinskii 2002; Simon 2005a; 2005b; 2007; 2011;
Wong 2007]. These polynomials play in the unit circle the same role as orthogonal
polynomials on the real line (OPRL) from the perspective of quadrature formulas.
The earliest reference to invariant POPUC is due to Geronimus [1946, Theo-
rem III]. However, in [Jones et al. 1989] they are defined in a more general setting
from their orthogonality conditions and characterized in terms of the corresponding
OPUC. The counterpart to the deficiency in the orthogonality conditions for POPUC,
which are not orthogonal to the constants, is the fact that for a given measure and a
fixed n, the POPUC of degree n is not unique, and basically depends on one unimodu-
lar free parameter. Equivalently, in quadrature terminology, we have a one-parameter
family of n-point SQ formulas, exact in a subspace of Laurent polynomials of dimen-
sion 2n — 1, instead of 2n; see, e.g., [Cruz-Barroso et al. 2007; Peherstorfer 2011].
Beyond their essential role in the development of quadrature formulas, the theory
of invariant POPUC is significantly enriched from both theoretical and practical
points of view. The uses of their zeros instead of zeros of OPUC in frequency
analysis problems [Daruis et al. 2003] and their appearance as the minimizer of the
isometric Arnoldi minimization problem [Helsen et al. 2005] represent some of their
best applications. On the other hand, the works of Cantero, Moral and Veldzquez
[Cantero et al. 2002], Golinskii [2002], Simon [2007], and Wong [2007] are essential
to understand the behavior of the zeros of POPUC. Recently in [Simanek 2015],
it was also proved that the zeros of invariant POPUC designate the location of a set
of particles that are in electrostatic equilibrium with respect to a particular external
field. Furthermore, after their formal introduction, POPUC were defined in the more
general context of orthogonal rational functions [Bultheel et al. 1999, Chapter 5].
One of the main algebraic properties in the study of orthogonal polynomials has
not been established yet for general POPUC in the context of quasidefinite linear
functionals: a recurrence relation and its corresponding Favard’s theorem or spectral
theorem. And this is precisely the starting point of this work, even though for the pos-
itive definite case it is very well known that POPUC satisfy a three-term recurrence,
which is the key for the tridiagonal approach developed by Delsarte and Genin
[1988; 1991a; 1991b] to solve the standard linear prediction problem. Similar results
can be also found in [Castillo et al. 2014] where the corresponding OPUC and the
nontrivial probability measure supported on the unit circle are deduced. The reader
whose interest concerns particularly the applications of POPUC to digital signal
processing can find a survey in [Delsarte and Genin 1990]. We recall that in [Delsarte
and Genin 1988; 1991a; 1991b], the authors considered POPUC associated with pos-
itive definite moment linear functionals [Delsarte and Genin 1988, (4.13)] and, partic-
ularly, in [loc. cit.] they say that presumably the quasidefinite case can be traced with
the help of the theory of pseudo-Carathéodory functions. Motivated by this last obser-
vation, in the present work, we study some properties of POPUC for the quasidefinite
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case using only standard techniques from the theory of OPRL and OPUC. We focus
our attention on the analogs of the spectral theorem and the Geronimus—Wendroff
theorem for POPUC, expecting them to be as useful as these results in the theory
of OPRL and OPUC. The importance of the previous results for OPRL and OPUC
is summarized in the survey [Marcelldn and Alvarez-Nodarse 2001].

In Section 3, we prove that three consecutive POPUC are connected by a simple
relation which we can derive in a straightforward way. Moreover, the spectral
theorem is also proved. In Section 4, we present an example of the applicability
of the spectral theorem by proving the Geronimus—Wendroff theorem for POPUC.
Furthermore, an application to the computation of SQ formulas is considered.

In the next section, we fix the notation used in this work and present some
preliminaries, which will help to make our original results self-contained and
accessible to the reader not familiar with the theory of OPUC and POPUC.

2. Orthogonality and paraorthogonality

We denote by A := C[z, z~'] the complex vector space of Laurent polynomials in
the variable z. Associated with every pair of integer numbers (p, g), with p <gq,
we define the vector subspace A, , of Laurent polynomials of the form

q
Z sn?'s sneC.
n=p

The vector subspace of complex polynomials will be denoted by P := C[z] and
we write P, = A, for the vector subspace of polynomials of degree (at most) g,
while P_; = {0} is the trivial subspace.

Let us introduce the moment linear functional . on A such that

(2-1) e i=p(@) =pE™") =cop, n=0,

i.e.,  is an Hermitian linear functional. The complex numbers {c,},2

the moments associated with p. In terms of ©, we consider a sesquilinear functional
(-,-)on A x A defined by

(f,8):=n(f@gE "), figeA.
2

The Gram matrix associated with the inner product (-, -) interms of 1, z, z, . ..
is the Toeplitz matrix

are called

CO Cl PEEEEY Cn
c_1 Co cee Cp_q vt
1 . . .
T=[{z,2)ijz0=| : : .ol
Cn Copy1 =+ €0
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Denote by T,, the (n+ 1) x (n+ 1) principal leading submatrix of T. If det(7,) #0
for every n > 0, then u is said to be quasidefinite and the existence of a sequence of
monic polynomials, orthogonal with respect to i, is guaranteed. On the other hand,
by the Carathéodory—Toeplitz theorem [Simon 2005a, Section 1.3], if det(7;,) > 0
for every n > 0, then (2-1) are the moments of a nontrivial (i.e., with infinitely
many points of increase) probability measure do supported on the unit circle 0D,
that is, the boundary of the open unit disk D := {z € C; |z| < 1} parametrized by
z=¢€"%,6¢€]0, 2m), and the converse is also true. In mathematical terms, p has
the integral representation

M(f)=ffdm feA.

In this case, u is called positive definite.

The application of the Gram—Schmidt process to 1, z, 2, ... (a linearly inde-
pendent system in the Hilbert space L?(dD, do') with the norm induced by our
inner product) yields the sequence of monic polynomials, {®,},>0, orthogonal with
respect to do (or equivalently with respect to ) called the sequence of OPUC (see
[Simon 2005a; 2005b; 2011] for a recent account of the theory). In other words,
there exists a unique sequence of monic polynomials such that

(2-2) (P, Zm> = f ch(Z)me do(z) = Knan,m» kp >0, 0<m<n,

with &, € P, \ P,_; and 4, ,, the Kronecker delta symbol. We recall that the
solution of the trigonometric moment problem is always unique [Geronimus 1946;
Jones et al. 1989]. The associated orthonormal polynomials are given by

n—1

@3) =@ k=] ]o = A1 O
j=0

The monic OPUC satisfy the following recurrence relation (Szegé’s recurrence):

<Dn+1(Z) . =, D, (Z)
@9 [%1 @J - [—anz ! } [@: <z>} ’
with initial condition ®¢ := 1. The numbers {&,, },>0 € D> are known as Verblunsky
coefficients and, as usual, if f € P, \P,_1, then f* denotes its reversed polynomial,
defined by f*(z) := z" f(1/z). By Szegd’s recurrence, we get o;, = —P,,1(0)
since @} (0) = 1; thus, we set _; := —1. We recall that for the quasidefinite case
{@ntnz0 ¢ ID™.
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The orthogonality conditions (2-2) can be weakened adequately in order to
overcome the apparent difference between OPRL and OPUC [Simon 2011, Theo-
rem 1.2.6 and Theorem 2.14.2]. In this way, the corresponding polynomials will be
the POPUC introduced by Jones, Njastad and Thron [Jones et al. 1989].

Definition 2.1. A sequence of polynomials {®, (-, T,)},>0 is said to be a sequence
of POPUC if

<ch( ) Tn)a 1) #0’

(2-5)
<(Dn(z, fn)azm>:()’ l<m<n-—1, (fbn(z, rn)vzn> 7&0

In general, we follow the notation from standard literature, as in [Simon 2005a;
2005b; 2011]. The presence of the parameter 7, in Definition 2.1 will be fully
clarified in (2-6); see further. It is worth pointing out that in the applications (see
among others [Jones et al. 1989; Peherstorfer 2011]), it is useful to have a POPUC
such that the distribution of its zeros behaves as in the case of OPRL. This allows
us to introduce the concept of invariance.

Definition 2.2. A sequence of polynomials { f,,},>0 is said to be invariant if there
exists x, € oD such that f* = x, fn.

By [Jones et al. 1989, Theorem 6.1(B)], if the polynomials {®, (-, t,)},>1 are
(monic) invariant POPUC, then

(2-6) D, (z, ) =2Pp-1(2) — fnq);lk_1 (2),

with t, = —x, € dD. Clearly, the converse is also true. Based on the previous
assertion, @, (-, 7,,) is completely determined by the parameter t, and the first n — 1
Verblunsky coefficients associated with the corresponding sequence of OPUC.

For numbers on dD), we can define a cyclic order in terms of their arguments
[Simon 2007]. An ordered set of points (z1, ..., 2,) € 0D" is called cyclicly ordered
if (zj,z j+1)7~: , and (z,, z1) contain no other z;. Two cyclicly ordered sets of points
on dD, (z1,...,2z,) and (&1, ..., &m), are said to strictly interlace if after a cyclic
permutation of the ¢;, we have ¢; € (zj,z;11), j=1,...,m, and {, € (z,, 21) if
n =m. This definition can be naturally extended to two cyclicly ordered sets of zeros
with different numbers of elements. We recall here that the zeros of two consecutive
invariant POPUC, ®,,, (-, 7,41) and ®,(-, 7,), associated with the measure do
(positive definite case) have at most one zero in common, namely ¢. In other words,
one of two following possibilities holds: the zeros of ®,,11(z, 7,+1)/(z —¢) and
®, (-, 1), or the zeros of @, (-, t,41) and &, (-, t,), strictly interlace on D
(see [Simon 2007] and the references given there). We must once again urge
the reader to consult the monographs [Simon 2005a; 2005b; 2011] where all the
previous results can be found.
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3. Recurrence relation and spectral theorem

It is very well known that the OPRL (and also the OPUC for nonzero Verblunsky
coefficients) satisfy a linear recurrence relation [Chihara 1978; Szeg6 1975] which
plays a crucial role in the subsequent behavior of their theory. Such a recurrence
relation does not hold for POPUC, but we can obtain a similar recurrence formula.
To do this, we follow an analogous procedure to one pointed out by Atkinson [1964]

7y

and recovered by Simon [2005a, Theorem 1.5.2] to obtain Szeg6’s recurrence.

Theorem 3.1. Given a quasidefinite moment functional [, there always exist three
consecutive monic POPUC such that

(3-7 D,11(2, Tat1) = @+ Bn) P (2, Tw) — V2 Pn-1(2, Ta-1),
where By, yn € C\ {0} are given by

(q)n(, Tn)’ 1) <q>n*l(z’ Tnfl)’ Zn_1>

(3—8) Vo = :Bn =V (D,(2, Tn), 7"

D1 (L T, 1)

Proof. Our proof starts with the observation that

0n41@) =@+ B)Pu(z, 7)) — Vuz2Pu—1(z, tu—1)»  Bn, ¥n €C,

is a monic polynomial of degree n+ 1 which is orthogonal to span{z?, z°, ..., z"'}.
The important point to notice here is that for constants 8, and y, given as in (3-8),
0,+1(2) is orthogonal to span{z, z2,..., 7"}, which proves the theorem. U

In terms of the parameters {t,},>1, the previous theorem says that given two
numbers 7,1 and 7, a third number 7,4 can be found such that the corresponding
POPUC satisfies (3-7). We are now interested in the expression of the recurrence
coefficients (3-8) in terms of the parameters {7,},>; € dD> and the Verblunsky
coefficients.

Corollary 3.2. With reference to the recurrence formula (3-7) for the invariant
case, the following holds:

Tn Tn

— 01
€dD, y,=——"—p,eC\ {0}
Tn+1 Tn+1 — Op—2

Proof. From (2-6), we get

ﬁn:

CDZ( <y Tn) - _an)n( ) Tl’l)v
which gives
(3-9) Tnt1 Pnt1(2, Tog1) = (1 + an)fnq)n(zv Tn) = VnZTn—1 P12, Tn—1),

when substituted in the reversed (3-7). The expression for S, follows from the
above equation comparing the leading coefficients.
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By inverting the Szegd recurrence (2-4) [Simon 2005a, Theorem 1.5.4], it is easy
to check that (2-6) in the monic case can be expressed by

&nfl - fn

an(Z’ Tn) = 1 (q)n(Z) +a)nq):(Z)), Wy =

— Wy —1 I A

Thus, y,, follows from here as a consequence of Theorem 3.1, (2-3), the paraorthog-
onality conditions for ®,( -, 7,) and the orthogonality conditions for ®, and ®. [J

The following result will be useful in determining the relation between t,,_1, T,
and 7,4 for the invariant case.

Lemma 3.3. Let {B,},>0 be an arbitrary sequence on oD and let {y,},>1 be an
arbitrary sequence on C\ {0}. Any sequence of polynomials {\V, },>¢ defined by

(3-10) Vit1(2) = (2 + ) Wn(2) — vnzWn-1(2),

with initial conditions Vo := 1 and V(z) := 7z + By, is a sequence of invariant
polynomials if and only if the recurrence coefficients satisfy

@ = Bn—-1PBn.

n

(3-11)

Proof. As a direct consequence of Theorem 3.1, we get

U, (z) =det(Jy(2)), n=1,
where the matrix J,(z) is given by
[z4+B80 -1 O - 0 0
-z z4+pB =y - 0 0
0 -z z+pB - 0 0
Ju(2) = : : D : :
0 0 0 -+ ,anl —Vn-1
| 0 0 o .- -z z2+Bu-1
For a polynomial f to be invariant, it is necessary and sufficient that | f| = | f*|.
Let us define the matrices D,, := diag[ﬂo_l, ,31_1, R ﬁn_jl] and
[ z+B0  Po 0 0 0
7Bz z+B B 0 0
0 —yprz 2+ -+ 0 0
JO@) = : Vz:ﬂz :,32 . : |
0 0 0 z+ ,Bn—Z ,Bn—2
L 0 0 0 © Yn—1Pn-12 2+ lgn—l_
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Notice that anH (1/2) = D, J,EO) (z), where the " -operator denotes the conjugate
transpose. Hence,

(3-12) [ det(Ju(2))] = | det(Dy)|| det(J\” (2)] = | det(zJ, (1/2)], n=1,
holds, if and only if (3-11) holds. U

Notice that under the hypothesis of Corollary 3.2, we get by Lemma 3.3 that

Vn
Tntl = —Tn—1-
Vn
As a consequence, we can deduce the following (forward) recurrence relation for
the paraorthogonality parameters,
Ty — Op—1 Tp—1 — Up—2

(3-13) Tutl = ——— Tu—1,
Tp —Op—1 Tp—1 —0p—2

which is equivalent to the (backward) recurrence

Typ10p—2(0y—1 — Ty) + 1 — Ty

Tn+1 (&n—l - fn) + &n—Z(an—l - In) .

(3-14) Tn—1 =

We next point out the important converse of Theorem 3.1. In agreement with
classical literature, we refer to this result as Favard’s theorem (see, among others,
[Chihara 1978; Erdélyi et al. 1991; Favard 1935; Marcellan and Alvarez-Nodarse
2001; Szeg6 1975]) or the spectral theorem [Ismail 2005], even though this result
is previously contained in the works of Stieltjes [1895; 1894] and Stone [1932].
In the positive definite case, an analog of Favard’s theorem for OPUC based on
the construction of a sequence of absolutely continuous measures whose limit is
the spectral measure is presented in [Erdélyi et al. 1991]. In this paper the authors
follow a method used previously by Delsarte, Genin and Kamp [Delsarte et al. 1978]
who consider the matrix-valued case. Some extensions to the quasidefinite case
have been analyzed in [Marcellan and Alvarez-Nodarse 2001]. Our proof follows a
standard scheme (constructive approach) which goes back at last to [Chihara 1978];
see also [Marcelldn and Alvarez-Nodarse 2001].

Theorem 3.4 (spectral theorem). Let {8,},>0 be an arbitrary sequence on 0D and
let {yn}n>1 be an arbitrary sequence on C\ {0}. Set ¢y € R\ {0} and let {¥,},>0
be a sequence of invariant polynomials satisfying a recurrence relation as (3-10),
with Wo := 1 and V(2) := z 4 Bo. Then there exists a unique quasidefinite moment
Sfunctional p such that (1) = co and {WV,},>0 is the corresponding sequence of
POPUC. Moreover, if {W,},>0 is a sequence of polynomials with all its zeros on 0D,
then there exists a unique measure do such that f do =co > 0and {V,},>0 is the
corresponding sequence of POPUC.
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Proof. We begin by constructing for n > 2 the moment linear functional 11 on
A—(n—1).n—1 by

o i=uE)=pum Ry =cy, 0<k<n-—1,
such that
(3-15) nP W)z =0, 2<t<n.

So we proceed by induction on n. Notice that for n = 2,

1@ (W ()27 = e1 + BoBic—1 + (Bo+ B1 — y1)co,

which allows us to define ¢; = c_; € C. More precisely, we let ¢y := (1/2y1 — Bo)co,
which by Lemma 3.3 implies

u? W)z = (17271 + 1/271BoB1 — yi)co = 0.
In order to prove (3-15), write

n—1

V() =2" =) an kW (2),

k=0

where {an,k}z;(l) is uniquely determined. Let us now define 1. on A_(n=1),n—1
as an extension of "~ such that ¢,_; := (an,0+an1Bo)c—1 +ay,1co. In other
words, we assume that for some n > 3, c_,—2), ..., c,—2 have been determined
such that £®~V defined on A_(4—2).n—2 satisfies

Cn=C_m, 0<m<n-—2,
and
n" V(W27 =0, 2<t<n-1

Hence, by our assumption,
(n) -1y _
p (W (z)z7) =0.

This completes the induction. Therefore, it follows that x defined on A by (2-1) is
an extension of 11 defined on A_,_,, and consequently

(3-16) p(W(@z =0, n=2.
According to the paraorthogonality conditions (2-5), it remains to check that

(W, 1) #0, (Wn(2),27) =0, 2<qg=<n-—1, (Wn(2), ") #0.
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From (3-7) and (3-16), we obtain

(Wn, 1) = yu (W1, 1)

n
=Col_[)/k=ibo750-
k=1
On the other hand, from (3-16) and the Hermitian character of the functional,

(W,(2), 2) = (W3 (2), ") =0,

which by the invariant hypothesis implies

(3-17) (W, (2), 2" Yy =0.

Now, we define an appropriate statement (/) by
(1r) (Wn(2),27) =0, 1<qg=<r, nx=r+l,

and prove by induction that the statement is valid for all . Obviously, (/;) is (3-16).
Assuming (I,) holds for some r > 2, we will prove (/,1), that is,

(Wa(2), ") =0, nzr+2.
Since (/) holds, (3-7) yields
(Way1(2), 2"1) = Bu(Wa (@), 2H).
Taking into account that (3-17) holds,

(W,42(2), 2ty =0,

which yields (¥,,3(z), z7*!) = 0. Continuing in this manner, we conclude that

(I,41) is valid. Furthermore, it follows easily that

B (Wn(2), 2") = ¥u (Wao1(2), 2" 1.

Hence,
n

(Wn(2), ") =co | | X =16, #0.
bl Br

If a sequence of POPUC associated with w exists, it is uniquely determined by
bo and b,,. Therefore,

(W,, 1) = by, (W,,75y=0, 1<k<n-—1, (W, ") = by,

is a consistent system of n 4 1 linear equations with n + 1 unknowns. Notice
that the coefficient matrix of this system is the moment matrix 7;,. Then it has a
unique solution determined by by and b, so that det(7,) #~ 0. Thus, there exists a
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quasidefinite moment functional w such that {\W, },>0 is the corresponding sequence
of POPUC. This proves the first part of the theorem.

Let us now assume that {W, },>0 is a sequence of polynomials with all its zeros
on dD. By Cohn’s theorem [Rahman and Schmeisser 2002], we know that a
polynomial with all its zeros on 0D must be invariant. Furthermore, by Chen’s
theorem [1995, Theorem 1], we also know that a necessary and sufficient condition
for all the zeros of W, to lie on dD is that there exists a polynomial m,_; €
P,_i\P,_;— with all its zeros in [ or on dD such that

(3-18) W (2) = 2' i (2) = Gumty_y (2)

for some nonnegative integer / and ¢, € dD. By the first part of the theorem, {W, },>0
is a sequence of POPUC with respect to a quasidefinite functional w. By [Jones et al.
1989, Theorem 6.1(B)], (3-18) holds for /=1, ¢, =7, and 7, = D,,_;. We recall
that {®,},>0 is the sequence of OPUC associated with the POPUC {¥,,},,>¢ and
the functional w. At this point, we only can guarantee that the zeros of ®,_; lie on
C\ 0D [Marcellan and Godoy 1991, Proposition 3.1]. If the zeros of W, lie on 0D,
then by Chen’s theorem the zeros of ®,_ lie in D). Finally, by Geronimus’ theorem
[1946, Theorem I, under our hypothesis the functional p is positive definite.

The uniqueness of w is a consequence inherited from the associated OPUC. [J

It is very well known that for any three contiguous hypergeometric functions there
is a linear contiguous relation. So if we are looking for a sequence of polynomials
satisfying (3-7), we can find examples if we consider hypergeometric polynomials
[Andrews et al. 1999, (2.5.16)]. Notice that from the previous theorem,

(3-19) (c+n)2Fi1(—n—1,b;c;1-2)
= ((btn)z+c—b+n)2Fi(—n,b;c; 1-z)—nz 2 F1(—n+1,b; ¢; 1-2),
where b,c € Cand ¢ #0, —1, —2, ... gives a set of hypergeometric POPUC.

Example 3.5 (Askey POPUC). An example of polynomials satisfying (3-10) are
the hypergeometric polynomials

2
(3-20) &zﬂ(—n,a+bi;2a;l—z), a>0, beR, n>1,
(a +bi),

where (a), denotes the Pochhammer symbol defined by (a)g := 1 and (a), :=
a(a+1)---(a+n—1), and the recurrence coefficients are particularly chosen as
a-+n—bi n2a+n-1)
——€dD, y,= - ;
a—+n+ bi (a+bi+n—1)(a+bi+n)
It is easy to check that the polynomials (3-20) have all their zeros on d[D. Thus, in

accordance with Theorem 3.4, there exists a unique nontrivial probability measure
do supported on 9D such that the polynomials (3-20) are the corresponding POPUC.

(3-21) B, =

e C\{0}.
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These polynomials are a particular case of the so-called Askey POPUC; see [Castillo
2015; Castillo et al. 2014; Dimitrov and Sri Ranga 2013].

Now we can go a step further with respect to the above example in order to
obtain of some known results as a direct consequence of our study.

Example 3.6 (Delsarte—Genin POPUC). Let {b,},>0 be an arbitrary sequence of
nonzero real numbers, let {a,},>1 be an arbitrary positive chain sequence [Chihara
1978], and let {¢,},>0 be the sequence of polynomials recursively defined by

(3-22) Oni1(2) = ((L+ibp)z+ (1 = iby)) @ (2) — anzpn—1(2),

with initial conditions ¢y := 1 and ¢(z) := (1 4+ibg)z+ (1 —iby). It is worth men-
tioning that (3-22) is the recurrence relation studied by Delsarte and Genin [1988;
1991a; 1991b; 1990], among others. The interlacing property on 9D of the zeros of
{¢n}n>0 was recently proved in [Dimitrov and Sri Ranga 2013, Theorem 1.1]; see
also [Castillo et al. 2014], although it was first proved in [Delsarte and Genin 1988,
Section 5]. In any case, an easy computation shows that these polynomials satisfy the
conditions of Theorem 3.4 with all their zeros on dD. So, the interlacing property of
the zeros of {¢,},>0 is also a direct consequence of the fact that from Theorem 3.4,
these polynomials are POPUC associated with some nontrivial probability measure
do supported on dD. Actually, we can say much more about the behavior of their
zeros using the known results for the zeros of POPUC; see, e.g., [Cantero et al.
2002; Golinskii 2002; Simon 2005a; 2005b; 2007; 2011; Wong 2007].

An interesting and nontrivial extension of the results of this section is the con-
nection with those obtained in [Lamblém et al. 2010] where a non-Hermitian
linear functional i on A satisfying ¢, = c_, € C is considered (compare with
(2-1)) yielding the definition of Szegd-type polynomials. We recall that the case
¢n = c—p € R was previously considered in [Delsarte and Genin 1986].

4. Applications

The aim of this last section is to establish two applications of the results presented
in the previous section.

Analytic theory of polynomials. The major role of POPUC, as it was pointed out
in the Introduction is played by the zero behavior. The results in this direction
can be divided into two sets, depending on the methodology used by the authors.
The first one is composed by Cantero, Moral and Veldzquez [Cantero et al. 2002],
Golinskii [2002], and Wong [2007], whose basic tool is the Christoffel-Darboux
formula. The second one is by Simon [2007] who used the theory of rank-one
perturbations of unitary matrices.
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Although many of the results of zeros of POPUC are well known, a natural
question is still open: are two polynomials with simple and strictly interlacing
zeros on d[D, with the possible exception of one of them which could be common,
elements of a sequence of POPUC? After the previous section it is natural to
conjecture that the answer will be yes. The following result for OPRL goes back to
the work of Wendroff [1961]. We must emphasize that it was known by Geronimus
[1946, pp. 744] also for OPUC.

Theorem 4.1 (Geronimus—Wendroff theorem). Let W, and ¥V, be two monic
polynomials whose zeros are simple and strictly interlacing on 0D. Then there exists
a measure do for which they are POPUC. All such measures have the same V¥,
0<j<n+1. Moreover, if ¥, and WV, | have at most one zero in common, the
statement of the theorem is also true.

Proof. Let us assume that the zeros of W, and W, 1 are strictly interlacing on 0D.
The same idea can be used for the case that ¥, and W, | have one zero in common.
Let {e'%+)l_, be the zeros of W,,. Set

By = —et Titi btk =i i1 buk ¢ 9.

Notice that the polynomial

n+1 n
l—[(z — ) — (24 By) l_[(z — ek
k=1

k=1

has a zero at z = 0. Then,

W,11(2) — (2 + B) Vi (2) = =¥z B, (2),

where B, is a monic polynomial of degree at most n — 1. Since e/%+1% — B, #0
and W, (e!%+14) =£ 0, we have that y, # 0 and B, (e!%+1%) = 0. Furthermore,

(4_23) \I’n+1(€i9"’k) — —)/neie"’k Br (eie,l,k)‘

It is known that an arbitrary polynomial with simple zeros on dD is a POPUC
with respect to some nontrivial probability measure supported on dD [Castillo et al.
2015]. Since ¥,(8,) # 0 and W, 1(8,) # 0, and we are interested in the zeros,
there is no loss of generality if we assume that

(Z+,8n)‘lfn(Z):BPn+1(Z)—ﬂP:+1(Z), ,BEC\{O},
Vii1(2) =@ Qny1(2) —aQpiy(2), € C\{0},
where P,11(z) and Q,+1(z) are the OPUC associated with (z + 8,)W¥,(z) and
W, 11(z), respectively. Hence,

~ V2B (2) = (@Pu41(2) = BQn+1(2) + (@P)y1(2) = BQOy 11 (2)
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Let us introduce two auxiliary functions

) W, (2) . 7B, (2)
fn(0) = iZT/z’ gr(0) = iz(”T)/z’

where (re’?)!/2 = /re!??, r > 0, and 6 € (@, @+ 2m). Clearly, f,(6) and g, ()
are real-valued C* functions defined on (@, @ + 27) and, by definition they have
the same number of zeros on (@, @ + 27) as W, and B, on 9D, respectively.

One denotes the zeros of f, by x,, k =1,...,n. As a consequence of the
interlacing hypothesis, we have

St Xn g41) frr1 (on i) < 0.
Therefore,
St Con ) Frt () = [Vl 87 (om0 87 Cn 1),
from which
8r(Xn ) &r (Xnk+1) <O0.

This implies that B, has n — 1 zeros strictly interlacing on d[D with the zeros of W,,.
If we define the polynomial W, _; := B,, we can construct, just repeating the above
procedure, a polynomial of degree n — 2 whose zeros interlace with those of W, _;.
So we can find all the polynomials (uniquely determined) with degree less than n —1.
By the above construction, the polynomials W;, 0 < j <n — 1, are determined by
W, and W, ;. Finally, applying Theorem 3.4, the result is proved. (]

Computation of Szegd quadrature formulas. In some applications and theoretical
problems, it is of interest to compute ®,,( -, t,) for some n > 1 and a fixed t,, € 9D.
A motivation to this problem can be given when the estimation of the integral

Io(f) = / F(2)do ()

is considered by means of SQ formulas,

n
4-24) L(f):=) 2jfz), z;€dD, j=1,....n, zj#zuif j#k n>1.
j=1

Here, the nodes {z j}?:l and weights {\ j};:] are determined so that I, (f) = I, (f)
for all functions f belonging to a subspace of A whose dimension is as large as
possible. The “optimal” subspace of exactness is A_(,—1),,—1 (of dimension 2n —1),
and this one-parameter family of optimal SQ formulas can be characterized as:

(i) The nodes are the zeros of an n-th POPUC associated with the measure do.

(i) The weights can be computed by

1 Yoz,
(4-25) PR VICT L) T
2z; ®,(zj, )
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where T, (-, t,) represents the corresponding n-th second kind POPUC, which
can be obtained from (2-6) with the same 7, and Verblunsky coefficients
{—an}n>0 (see [Wong 2007]).

The positive character of the weights is of importance for stability and conver-
gence reasons. If you fix one or two nodes in advance in (4-24) then you get an
extension of the classical Gauss—Radau and Gauss—Lobatto quadrature formulas
for measures supported on the real line. But the situation on the unit circle is
completely different. Because of the dependence of the parameter t,,, Szeg6—Radau
quadrature formulas can be always constructed by taking an appropriate selection
of the parameter t,,: if we want ¢ € dD to be a node of the rule, then

n—2 CDn—l(é')
q)n—l(g)’

and from Heine’s formula [Simon 2005a, Theorem 1.5.11(a)], it is expressed in
terms of ¢ and the trigonometric moments of the measure do:

(0, ) =0 = (9,1(0)—-7,P,_,)=0 <= 71,=¢

o (& N O |
Cc—1 cg 0 Cp=2
_ n—ZA N . .
T, =< = A :=det : :
Cp+2 C—p43 - (1
1 'SR it

The construction of Szeg6-Lobatto quadrature formulas also requires the computa-
tion of an n-th POPUC with a specific value of the parameter 7,,; see [Cruz-Barroso
et al. 2015].

Another motivation to the same problem, concerning the construction of interpo-
latory quadrature formulas for the estimation of integrals with respect to measures
supported on intervals of the real line can be found in [Bultheel et al. 2005]. In that
paper, n-point positive interpolatory quadrature formulas on [—1, 1] are constructed
by taking as nodes the real part of some of the zeros of certain POPUC, and it is
also proved there that an appropriate selection of the paraorthogonality parameter
makes it always possible to obtain “optimal” rules, exact in a subspace of algebraic
polynomials of dimension n + 1.

The results of Section 3 can be used to solve this problem in an alternative way,
by computing directly a sequence of POPUC, instead of the associated OPUC.
Indeed, let us consider first the initial conditions of the three-term recurrence for
POPUC. For arbitrary 7; € 9D, set

S_1(-,7-1):=0, Po(-,70):=1, Pi(z, 7)) =z2—711,

so if we define 79 := —1, the formula for 8, in Corollary 3.2 holds for n = 0. Set
now 1 € 0D also arbitrary, and §; = t;7,. From the combination of Theorem 3.1
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and (3-11) with n = 1, and (2-6) with n = 2, it follows that
®y(z, 2) =22 + (Baop — Q)2 — T2, Y1 = Ta(T1 — @) — (T1 — Q).

So, with these initial conditions, we are able to use (3-7) for the computation of a
particular sequence of POPUC that depends on the free selection of ty, 7, € dD:
for n > 2, we compute t,4; from (3-13), and hence g, and y,, are obtained from
Corollary 3.2. Now, the key fact is that since the recurrence relation for the
paraorthogonality parameters is invertible (see (3-14)), and both depend only on the
measure do, the sequence {‘Ek}Z:(l) can be also obtained starting from a fixed 7,4
and an arbitrary t,,, until we get t, (from the initial conditions, t; will not be needed
and notice that «_; := —1 always implies tgo = —1). The remaining parameters S,
and y, in the recurrence are thus directly obtained from Corollary 3.2 for n > 2.

To end, let us illustrate the method. Despite what happens to OPRL, few measures
on the unit circle provide families of POPUC that are explicitly given. A known
family of measures of importance is the Jacobi-type weight functions

doy p(0) = (1 —cos)*T2(1 +cos 0)P1/2d0, o, B>—1, 6€[0,27),
with Verblunsky coefficients
DB a3
n+oa+p+2

but for which only for the four Chebyshev-type weight functions «, 8 € {£1/2} are
there explicit expressions for POPUC (see [Daruis et al. 2002]). For other selections
of a, B, we can compute @, (-, 7,) for do, g, n > 2, and a prescribed 7, from our
three-term recurrence. An example is given below.

n ’

Example 4.2. Notice that since do, g is a symmetric weight («,, € R), the poly-
nomial &, (-, £1) will have real coefficients, and the nonreal zeros will appear in
complex conjugate pairs.

(i) Settinga =0, 8 =1 and t; = 1p = 1, we obtain from the forward recurrence
(3-13) that 795 = 1 and that ®5(z, 1) = Z;:O aj(z/ — z1977) is given by
apy=—a,=—1,a=—a3=-7/5,a4 = —as = —21/13 and ag = —a; =
—245/143.

(1) Seta=p=1/4:

(a) If 110 =1 and 19 = i, we can make use of the backward recurrence (3-14)
toobtain o, =1 and 71 = i.

(b) For the choice 114 = (\/i/ 2)(1+1i), the corresponding POPUC and second
kind POPUC have been computed from the three-term recurrence. The
nodes and weights (obtained from (4-25)) of the 14-point SQ formula are
displayed in Table 1.
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nodes

weights

0.953562637438023 + 0.405929829869375i
0.719435950626376 + 0.7507175096850241
0.366191713059248 + 0.9748734017445961
—0.047525423154063 + 1.041505278940548 i
—0.454499431518169 + 0.939759403074777i
—0.789255597539979 + 0.686392494558016i
—1.000962132835750 + 0.324853472172218i
1.000962132835750 — 0.324853472172218i
—0.953562637438025 — 0.405929829869376
0.789255597539980 — 0.6863924945580191
—0.719435950626374 — 0.750717509685023 i
0.454499431518170 — 0.939759403074778
—0.366191713059248 — 0.974873401744598i
0.047525423154063 — 1.0415052789405501

0.010335586974718
0.022827404435354
0.032048528041628
0.034116841058949
0.028200751436574
0.016744575125821
0.005014789370671
0.005014789370670
0.010335586974718
0.016744575125820
0.022827404435355
0.028200751436573
0.032048528041627
0.034116841058948

Table 1. Nodes and weights of the 14-point SQ formula for doy, g

with « = 8 = 1/4, computed from the three-term recurrence relation
for the corresponding POPUC and second kind POPUC.

relative errors

0 20 40 60
number of nodes

1
80 100

Figure 1. The relative errors in the estimation of /,, ,(f) with @ =
B =1and f(z) = cos?0, with z = €7, by SQ formulas obtained
from the three-term recursion for POPUC and second kind POPUC
by taking 11 =1, = 1.

(iii) Settinga =B =1, and f(z) = cos? 0, with z = ¢'?, the relative errors obtained
in the estimation of I, ,(f) by using SQ formulas computed via three-term
recursion for POPUC and second kind POPUC by taking t; = 70 = 1 are
displayed in Figure 1.
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For numerical reasons, the computation of the zeros of POPUC is preferably
done from an eigenvalue problem of certain structured matrices (Hessenberg, CMV,
snake-shaped) in a very fast and accurate way. The computations of our method can
be arranged so that the nodal polynomial can be determined in only o(n) arithmetic
floating point operations. So, it should be said that this alternative procedure is
competitive with respect to other procedures already known in the literature, but it
is not really an improved algorithm. In any case, our work gives a new perspective
to be considered in more detail.
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SIGMA THEORY AND TWISTED CONJUGACY, II:
HOUGHTON GROUPS AND
PURE SYMMETRIC AUTOMORPHISM GROUPS

DACIBERG L. GONCALVES AND PARAMESWARAN SANKARAN

Let ¢ : I' — T be an automorphism of a group I'. We say that x, y € T are
in the same ¢-twisted conjugacy class and write x ~4 y if there exists an
element y €I such that y = yx¢ (y~1). This is an equivalence relation on T
called the ¢-twisted conjugacy. Let R(¢) denote the number of ¢-twisted
conjugacy classes in I'. If R(¢) is infinite for all ¢ € Aut(I'), we say that
I" has the R.,-property.

The purpose of this note is to show that the symmetric group S, the
Houghton groups and the pure symmetric automorphism groups have the
R-property. We show, also, that the Richard Thompson group 7 has the
R -property. We obtain a general result establishing the R.,-property of
the finite direct product of finitely generated groups.

This is a sequel to an earlier work by Gongalves and Kochloukova, in
which it was shown using the sigma theory of Bieri, Neumann and Strebel
that, for most of the groups I' considered here, R(¢) = oo where ¢ varies in
a finite index subgroup of the automorphisms of I'.

1. Introduction

Let I' be a group and let ¢ : I' — I" be an endomorphism. Then ¢ determines an
action ® of I" on itself where, for y € I and x € I', we have @, () = yxo(y~h.
The orbits of this action are called the ¢-twisted conjugacy classes. We write x ~4 y
if x and y are in the same ¢-twisted conjugacy class. Note that when ¢ is the
identity automorphism, the orbits are the usual conjugacy classes of I'. We denote
by R(¢) the set of all ¢-twisted conjugacy classes and by R(¢) the cardinality
#R(¢) of R(¢). We say that I' has the R.o-property if R(¢) = oo, that is, if R(¢)
is infinite, for every automorphism ¢ of I'.

The problem of determining which groups have the R,-property — more briefly
the R-problem —has attracted the attention of many researchers since it was
discovered that all nonelementary Gromov-hyperbolic groups have the R,.-property.

MSC2010: primary 20E45; secondary 20E36.
Keywords: twisted conjugacy, Reidemeister number, sigma theory, Houghton groups, infinite
symmetric group, pure symmetric automorphism groups.
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See [Levitt and Lustig 2000; Felshtyn 2001]. It is particularly interesting when
the group in question is finitely generated or countable. The notion of twisted
conjugacy arises naturally in fixed point theory, representation theory, algebraic
geometry and number theory. In recent years the R,-problem has emerged as an
active research area.

Recall that Houghton introduced a family of groups H,, n > 2, defined as
follows: let M, :={1,2,...,n} x N. Then the group H, consists of all bijections
f: M, — M, for which there exist integers #1, ..., t, such that f(j,s) = (j,s+1)
for all s € N sufficiently large and all j < n. Note that necessarily ), _ jenli =
0. Let Z = {(tl, o) | Zlfjfn tj = 0} C Z" = 7"~'. One has a surjective
homomorphism 7 : H, > Z = z7n! sending f to its translation part (t, ..., 1t,)
(with notation as above). It is easily verified that t is surjective with kernel the
group of all finitary permutations of M,. K. S. Brown [1987a] showed that H, is
finitely presented for n > 3 and that it is FP,_; but not FP,. Note that the above
definition of H, makes sense even for n = 1 and that we have H; = S,,. However,
we treat the group S, separately and we shall always assume that n > 2 while
considering the family H,.

Next we recall the group G, the group of pure symmetric automorphisms of the
free group F;, of rank n > 2. Fix a basis x;, 1 <k <n, of F,. Denote by «;; € Aut(F,),
1 <i # j <n, the automorphism defined as x; — xjxixj_l, X —> X, 1<k<n, k#i.
The group G, is the subgroup of Aut(F;) generated by «;;, 1 <i # j <n. McCool
[1986] showed that G, is finitely presented where the generating relations are:

(1) [aij, ax ] =1 whenever i, j, k, [ are all different;
(i1) [aik, ajx] =1 and [ojj04;, @ik ] = 1 whenever i, j, k are all different.
It was shown by Gongalves and Kochloukova [2010] that R(¢) = oo for all ¢ in
a finite index subgroup of the group of all automorphisms of I" where I' = H,,, G,,.
Our main result is the following theorem. We give two proofs for the case of

Houghton groups, neither of which use X-theory. However, we still need to use the
results of [Gongalves and Kochloukova 2010] in the case of G,,.

Theorem 1.1. The following groups have the Roo-property:
(1) the group Soo of finitary permutations of N,
(ii) the Houghton groups H,, n > 2, and
(iii) the group G,, n > 2, of pure symmetric automorphisms of a free group of
rank n.

Recall that Richard Thompson constructed three finitely presented infinite groups
F C T C V around 1965 and showed that 7 and V are simple. The groups F,
T, and V arise as certain homeomorphism groups of the reals, the circle, and the
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Cantor set respectively. Since then these constructions have been generalized by
G. Higman [1974]. See also Brown [1987a], R. Bieri and R. Strebel [2014], and
M. Stein [1992]. For an introduction to the Thompson groups F, T, V see [Cannon
et al. 1996].

Theorem 1.2. The Richard Thompson group T has the Roo-property.

As the group T is simple, X-theory yields no information about the R.-property.
The above theorem was first proved by Burillo, Matucci, and Ventura [Burillo
et al. 2013]. Shortly thereafter, Gongalves and Sankaran [2013] also independently
obtained the same result.

In Section 2 we make some preliminary observations concerning the R.o-property
which will be needed for our purposes. Theorem 1.1 will be established in Section 3.
The Ro-property of the group 7" will be proved in Section 4. In Section 5 we con-
sider the R.-property of finite direct products of groups and obtain a strengthening
of a result of Gongalves and Kochloukova [2010].

This is a sequel to the paper [Gongalves and Kochloukova 2010]. We reassure
the reader that this paper can be read independently of it. Although results from
[Gongalves and Kochloukova 2010] are used, we develop our own proof techniques
to go forward.

Note. Just after this paper was submitted, J. H. Jo, J. B. Lee, and S. R. Lee [Jo et al.
2015] have announced almost simultaneously a proof of the R..-property for the
Houghton groups.

If f: X — Y is amap of sets, we shall always write the argument to the right of f;
thus f(x) denotes the image of x € X under f.

2. Preliminaries

We begin by recalling some general results concerning twisted conjugacy classes
of an automorphism of a group and that of its restriction to a normal subgroup.
We obtain a criterion for a periodic automorphism to have infinitely many twisted
conjugacy classes. We shall also briefly recall the notion of the Bieri-Neumann—
Strebel invariant and give its known description in the case of Houghton groups
and the pure symmetric automorphism groups.

2A. Addition formula. The following addition formula is found in [Gongalves and
Wong 2003, Lemma 2.1]. This is a special case of a more general formula proved
in [Gongalves and Wong 2005, §2]. For any element g € G, we shall denote by 1,
the inner automorphism x — gxg~! of G. When N is a normal subgroup of G,
we shall abuse notation and denote by the same symbol ¢, the automorphism of N
obtained by restriction of ¢, to N.
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Lemma 2.1. Suppose that we have a commutative diagram of homomorphisms of
groups where the vertical arrows are isomorphisms and horizontal rows are short
exact sequences:

1- N 5 G % G/N - 1

1o 1o 16
1- N 5 G & G/N - 1

Then:

(i) One has an exact sequence of (pointed) sets R(0) ey R(6) L5 R(6) — {0).
That is, p, is surjective and Im(i,.) equals p_ LUND).

(i1) (Addition formula) Suppose R(6) < 00 and Fix(iun 0 0) = {N}foralla € G.
Then R(0) < oo if and only if R(140") < 0o for all o € G. Moreover, the
following addition formula holds if R(6) < oco: R(0) = Z[QN]GR(Q-)R(LQQ’). O

We omit the proof. Part (i) is trivial. As mentioned above, the addition formula
is also a known result. In any case, it can be proved in a straightforward manner. It
can also be proved easily using the fixed point version of the following six-term
exact sequence of sets due to P. R. Heath [2015, equation (2), p. 4] (cf. [Heath
1985, Theorem 1.8]), where & denotes N € G/N:

1 — Fix(1g0") = Fix(140") = Fix(150) — R(ta0") = R(140) = R(150) — 1.

Remark 2.2. Note that if G/N = 7", n < 0o, and if 1 is not an eigenvalue of the
matrix of 6 with respect to a basis of G/N, then, for any o € G, we know that
Fix(tqn 0 0) = Fix(0) consists only of the trivial element. So the lemma implies
that if R(0") = oo, then R(0) = oo.

2B. Periodic outer automorphisms. Let I" be a group with infinitely many con-
jugacy classes. Then, for any automorphism ¢ : I' — I and any g € G, we have
R(¢) = R(14 0 ¢) where 1, denotes the inner automorphism x > gx g~ ! Indeed, it is
readily seen that the ¢-twisted conjugacy classes are the same as the left translation
by g of the i, o ¢p-twisted conjugacy classes. Thus I" has the R.o-property if and only
if R(¢) = oo for a set of coset representatives of Out(I") = Aut(I")/ Inn(I"). We have
the following lemma. Compare with [Gongalves and Sankaran 2013, Lemma 3.4].

Lemma 2.3. Let 0 € Aut(I") and let n > 1. Suppose that {x" | x € Fix(0)} is not
contained in the union of finitely many 0"-twisted conjugacy classes of T'. Then
R(6) = oo.

Proof. Let x ~g y in I" where x, y € Fix(0). Thus there exists a z € I such that
y =z"1x0(2). Applying 6 to both sides, we obtain y = 0 (z7Hx6't1(2), since
x, y € Fix(0). Write ¢ :=6". Multiplying these equations successively for 0 <i < n,
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we obtain

yn — 1_[ ei(z—l)xei-‘t-l(z) — Z—lxnen(z) — Z_lxnd)(Z)-

0<i<n

That is, y" ~4 x". Our hypothesis says that there are infinitely many elements
xi € Fix(0), k > 1, such that the x;/ are in pairwise distinct ¢-twisted conjugacy
classes of I'. Hence we conclude that R(6) = oo. O

Remark 2.4. When 0" = 1, is an inner automorphism, we see from the above
lemma that R(0) = oo if {x"y | x € Fix(0)} is not contained in a finite union of
conjugacy classes of I'. When 6" = id, we see that R(6) = oo if Fix(0) contains
elements of order k for arbitrarily large values of k € N.

2C. X-theory of H,, and G,. Bieri, Neumann, and Strebel [Bieri et al. 1987] intro-
duced, for any finitely generated group I', an invariant X (I") which is a certain open
subset — possibly empty — of the character sphere S(I") := Hom(I", R) \ {0}/R~¢
where the action of the multiplicative group of positive reals is via scalar multipli-
cation. The automorphism group Aut(I") acts on S(I') where ¢* : S(I') — S(I)
is defined as [x] — [x o ¢], [x] € S(I'), for ¢ € Aut(I"). This action preserves
the subspace X (I") and hence also its complement X(I"). If the image of the
antihomomorphism 7 : Aut(I') — Homeo(X¢(I")) defined as ¢ > ¢* is a finite
group, then K = ker(n) is a finite index subgroup of Aut(I') which fixes every
character class in X°(I"). This happens, for example, if X¢(I") is a nonempty finite
set. If X°(I") contains a discrete character class [x], that is, a class represented
by a character x whose image x (I") C R is infinite cyclic, then it was observed
by Gongalves and Kochloukova [2010] that the character yx itself is fixed by the
action of K on Hom(I", R). That is, x o ¢ = x for all ¢ € K C Aut(I"). This easily
implies that R(¢) = oo by Lemma 2.1(i), taking G =I", N =ker x, 6 = ¢ in the
notation of that lemma, so that 6 = id.

When I' is G,, n > 3, the group of pure symmetric automorphisms of Fj,,
L. Orlandi-Korner [2000] has determined %¢(I"). When I' is H,, the Houghton
group, Brown [1987b] computed the set X°(I"). Using these results, Gong¢alves
and Kochloukova [2010], showed that if I" is any one of the groups H,, n > 2,
Gy, m > 3, then the image of  : Aut(I") — Homeo(X¢(I")) is finite.

In the case of the Houghton group H,, n > 2, it turns out that X¢(H,) is a finite set
of discrete character classes [x;], 1 < j <n. Explicitly, x; : H, — Z may be taken
to be —m; o T where 1 : H, — Z is the translation part (see Section 1) and 7; : Z — Z
is the restriction to Z C Z" of the i-th projection (see [Brown 1987b]). (Recall from
Section 1 that Z = {(tl, oty EZM Zlgjgn = 0}.) Thus Homeo(X¢(H,)) = S,
is finite and so is the image of n : Aut(H, ) - Homeo(X°(H,)). As already remarked,
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R(¢) = oo for all ¢ € ker(n). The lemma below will not be used in this paper but
is included here for illustrative purposes.

Lemma 2.5. Suppose n(¢) : X°(H,) — X°(H,) is not an n-cycle. Then R(¢) = oc.

Proof. Since n(¢) is not an n-cycle, the orbit of [x;] under 1(¢) consists of at
most n — 1 elements. Since y; is discrete, the orbit of x; € Hom(H,,, R) consists
of discrete elements. In fact, the orbit of x; is a subset of {x; | 1 < j <n}. Now
the orbit sum A := 215 i<k x1¢/ is a nonzero character since any n — 1 elements
of x;, 1 < j <n, form a basis of Hom(H,, R). It follows, since ¢*(1) = A, that
R(¢) = 0. O

If o* : ¥¢(H,) — X°(H,) is an n-cycle, the orbit sum is zero and the above argu-
ment fails. In fact, it is easily seen that every possible permutation of X (H, ) may be
realized as n(¢) for some ¢ € Aut(H,); thatis, n : Aut(H,) — Homeo(X(H,)) = S,
is surjective.

3. Proof of Theorem 1.1

Let X be an infinite set. We will only be concerned with the case when X is
countably infinite. We shall denote by S, (X) the group of all finitary permutations
of X, that is, those permutations which fix all but finitely many elements of X.
The group of all permutations of X will be denoted by S(X). We shall denote
S(X) (resp. Soo (X)) simply by S, (resp. Soo) when X is clear from the context.
If x = (xx)kez 1s a doubly infinite sequence in X of pairwise distinct elements,
we regard it as an element of S(X) where x(x;) = x¢4+1 and x(a) = a if a # x;
for all k € Z. Two such sequences x = (xx) and y = (yx) define the same permutation
if and only if y is a shift of x, that is, there exists an n such that x; = y;, for all
k € Z. Thus, the sequence x = (xy)rcz is just the infinite cycle x € S(X). Any
f € S(X) is uniquely expressible as a product of disjoint cycles. Such an expression
of f is its cycle decomposition. The cycle type of an f € S(X) is the function
c(f) :NU{oo} = Z=¢U{oo} where c(f)(c) is the number of @-cycles in the cycle
decomposition of f if that number is finite; otherwise it is co for @ € NU {00}. As
in the case Soo(X), if f and g have the same cycle type, then they are conjugate
in S(X). We need a criterion for f and g to be conjugate by an element of S (X).

Lemma 3.1. Let x = (xp)iez, ¥ = Vk)kez € Sw(X) be two disjoint infinite cycles
and let (a, b) € Sx.

(i) Ifa =xo0, b =xi, k >0, then (a, b)x = uv, where u = (uj)jez € S, V € Sxo
are disjoint cycles defined by

{x, ] <0,
Uy =1 " .
Xj+k J =0,

andv = (xg,...,Xk—1) € Seo-
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(ii) If a = x0, b = yo, then (a, b)xy = uv, where u = (uj)jez, v = (vj)jez are
disjoint infinite cycles defined by

ujz{xj J:<0’ and vjz{yj ]:<0’ O
i = 0, Xj ]z 0.

If k € N, we denote by N. the set of all integers greater than k. Note that
Soo = Ug>2 Sk where Si is the subgroup consisting of permutations of N which fix
alln > k. In particular, the group S is generated by transpositions (i, +1), i > 1.
The alternating group A equals the commutator subgroup [ S, Soo], has index 2
in So and is simple. The conjugacy class of any element of Sy, is determined
by its cycle type, as in the case of finite symmetric groups. The group S is a
normal subgroup of S, = S(N). In particular, any bijection f : N — N defines an
automorphism ¢ € Aut(Se) by restricting the inner automorphism determined by
f € Su. Moreover ( is the identity automorphism only if f equals the identity map.
The following result is well-known. See [Scott 1987, §11.4].

Theorem 3.2. The homomorphism t : S, — Aut(Sx) is an isomorphism of groups.

The following corollary is a special case of a more general result established in
[Dixon and Mortimer 1996, Theorem 8.2A]. We include a proof, which is simpler
in our special case.

Corollary 3.3. Suppose that S is a characteristic subgroup of a group H con-
tained in S,,. Then the automorphism group of H is isomorphic to the normalizer
N(H) of H in S,. In particular, every automorphism of H is the restriction to H
of a unique inner automorphism of S,.

Proof. We shall use the same symbol ¢ to denote the conjugation by f € S, or its
restriction to any subgroup normalized by f.

Itis evident that¢: N (H) — Aut(H) defined as f +> (r defines an homomorphism.
(Here s (h) = fhf ~! for all h € H.) This is a monomorphism since Lr is nontrivial
on Se, C H if f is not the identity.

Let ¢ : H — H be any automorphism and let f € S, be the element such that
®ls.. = tr. We claim that ¢ = 7. Suppose that u := ¢ (h), 1y (h) = fhf_1 =: v for
some h € H. We must show that u(i) = v(i) for all i € N. It suffices to show that
{u@,u(j)}={v@),v(j)}foralli, jeN, i #j. Leti, j €N, i # j. Now consider
the transposition (a, b) € S such that i (a, b) = ¢(a, b) = (i, j). We have

¢ (h(a, b)h™") = p(W)p(a, b)p(h™") = uli, jHu™" = (@), u(j)),

while

y(h(a, b)h™") = () (a, )y (k™) = v(i, v~ = (@), v(j)).



356 DACIBERG L. GONCALVES AND PARAMESWARAN SANKARAN

Therefore (u (i), u(j)) = (v(i), v(j)) € S since ¢ and ¢ agree on S,. This implies
that {u (@), u(j)} = {v(@), v(j)}, completing the proof. U

3A. S has the Ry-property. Let 0 € Aut(Sy). In view of Theorem 3.2, 0 =i
for some f € S,. Let x, y € So and suppose that y = zx0(z~ ") = zxfz~' f~! for
some z € Seo. Then we have yf = z(xf)z~! in S,, for some z € Sy. For any cycle
(finite or infinite) u = (u;), we have that zuz ! is the cycle (z(uj)). Any z € Soo
moves only finitely many elements of N. Hence when u is an infinite cycle we have
z(u;) = u; for all but finitely many j € Z. For an arbitrary element u expressed as
a product of pairwise disjoint cycles, u(a) = (u(a);), the element zuz ™! being a
product of zu(a)z~!, we see that zu(a)z~! = u(x) for all but a finitely many «,
and, moreover, if u(a) = (u(@);)jez) is an infinite cycle, then z(u(«);) = u(a); for
all but finitely many j € Z.!

Lemma 34. If f € S, has an infinite cycle u, then there exist infinitely many
transpositions Ty € Seo such that 7v; f # z7 fz7 forany z € Sw.

Proof. Fix an infinite cycle u = (uy)qcz that occurs in the cycle decomposition
of f. Let Ty = (10, uy), a > 1. Then we claim that 7, f and 74 f are not conjugates
if @ # B. To see this, we apply Lemma 3.1 to compute t,u, o > 1. Note that the
cycles that occur in t,u also occur in the cycle decomposition of 7, f. This is true
in particular of the infinite cycle, denoted v(«), that occurs in Ty u.

Now v(a), =v(B), =u, forall p <0and o, B > 1, and, when a # B, we have
Upro =V(a)p ZV(B)p =uptp, p = 0. This implies that the zv(B)z " cannot occur
in 7, f for any z € S if @ # B in its cycle decomposition, by the assertion made
in the paragraph above the statement of the lemma. Hence 7, f # z75 f 7! for
any z € Seo. ([

We are now ready to prove part (i) of Theorem 1.1, restated below:

Theorem 3.5. The group Soo has the Roo-property.

Proof. Let 0 = iy € Aut(S) where f € §,. We need to show that there exist
pairwise distinct elements 7; € Sso, j € N, such that 7j f # z7i fz ! for any z € Se
if j # k. Since Sy has infinitely many conjugacy classes, the assertion holds for
f € So; thus we need only consider the case f ¢ Su. In the cycle decomposition
of f, either (i) there exists an infinite cycle, or (ii) all the cycles are finite and there
are infinitely many of them.

Case (i). In this case the assertion has already been established in Lemma 3.4.
Case (ii). Suppose that f =[], nu () where the u(«) are all finite cycles having
length ¢(«) at least 2 for every @ € N. Let J := {a € N | £(«) > 3}. We break up
the proof into two subcases depending on whether J is infinite or not.

IThere is a mild abuse of notation here; u(a) is not to be confused with the value of u at . We
will use Greek letters as labels in such situations.
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Subcase (a). J is infinite. Let J;, C J be the set consisting of the first k elements of J
(with respect to the usual ordering on J C N). Write u(a) = (u(ot)1, ..., u(a)e(w))
and set U(a) :={u(a); | 1 <i <{€(x)}, o € N. Consider the collection of pairwise

disjoint transpositions Ay = (u(at)1, u()2), a € J,and let 7 =[ [, s Note that

Aqut(a) = (u(a)p) - @)z, ..., u(@)g@) = W)z, ..., u(®)ew))

fixes only u(w); in the set U (), as £(«) > 3. Then 7 - Hae]k”(“) fixes only
u(a); € N, a € Ji, in the set (., U(a). Let Fo = Fix(f). Then Fix(t; f) =
FoU{u(a)) |a e Ji} =: Fy.

Suppose that 7j f = z7; fz~ with z € Sy and j # k. Then z defines a bijection
¢ : F; — F between the fixed sets of 7; f and 7; f. Clearly this is a contradiction
if Fix(f) = Fy is finite. Assume that Fy C N is infinite. Since z is in Sy, it fixes
all but finitely many elements of Fy. Let L := {m € Fy | z(m) # m}. Note that
¢ restricts to the identity on Fy \ L. Therefore ¢ restricts to a bijection between
LU{uB)|BeJi}yand LU{u(B)1|pB € Ji}. Since j # k, we have that L is finite
and L C Fy is disjoint from {u(8); | B € Ju}, n = j, k, which is a contradiction.

Subcase (b). The set J is finite; we set K =N\ J and define Kj, j € N, to be the
set of first « elements of K. Again we set A, = (u(x)1), u(a)2) = u(a), o € K.
Now, if o € K, we have L, u(a) =1id; that is, Ayu(j) fixes both points of U (o). We
set Tj := [[geg Ao and Fj :=Fix(7; f) = Fo Ugeg, U (). Arguing exactly as above,
for any z € S, we see that 7; f = z7¢ f z~!implies j = k, completing the proof. [J

1

3B. Houghton groups. As in the introduction, H,, n > 2, denotes the Houghton
group. We first describe the group of outer automorphisms of H,. Recall from
Section 1 that one has an exact sequence

1 - SooM,) —> H, > Z—1

where t : H, — Z sends f € H, to the translation part (¢1,...,t,) € Z of f.
The group S (M,) is the commutator subgroup of H, if n > 3. When n = 2,
the commutator subgroup is the alternating group As.(M>) which has index 2
in Seo(M>). In any case, Soo = Soo(M) is characteristic in H,, as H, /S« is the
maximal forsion-free abelian quotient of H,,.

Lemma 3.6. Let ¢ : H, — H,, n > 2, be an automorphism. Then ¢ is inner if and
only if ¢ : Z — Z is the identity automorphism.

Proof. 1t is trivial to see that any inner automorphism of H, induces the identity
automorphism of Z. For the converse, suppose that ¢ : H, — H, induces the
identity automorphism of Z.

Let f € S(M,) be such that (s (H,) = H,.
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Consider the element &, : M, — M,, 1 < p <n, in H, defined as follows:2

(p,k+1) ifi=p, k>1,
(n,k—1) ifi=n, k>1,
(p, D ifi=n, k=1,
@i, k) ifi # p,n.

Thus &, permutes {p, n} x N in a single cycle,

hy=C(0..,(n,2),(n, D, (p, 1), (p,2),...,(p,k),...),

and so fh, f~! is the cycle
fhpf~'=C. f(,2), fn 1), f(p. D). f(p.2),.... f(p.k)....) € Hy.

The only infinite cycles in H, are those whose terms, except for a finite part of

hy(i, k) =

the cycle, are consecutive numbers along two rays, say {i,} x N and {i,} x N, in
the negative and positive directions respectively of the cycle fh, f ~!. Therefore
we have t(fh,f -y = e;, — ¢;,. Moreover, there exist integers #,, , such that
fn, k)= (i,,k+1,) and f(p, k) = (ip, k +1,) for sufficiently large k. Clearly
in and ¢, are independent of p. Since f is a bijection, the association p > i, is a
permutation 7y € S,, and consequently >, _,_,7; = 0. Note that 7y = id if and
only if f € H,.

Since So is characteristic in H,, by Corollary 3.3, ¢ = (, for a unique g € S(M,).
We claim that g € H,. Since t(ghg_l) =1(¢p(h)) = t(h) for all h € H,, we have
m4(q) =g for all ¢ <n and so we have g € H,. (]

The group S, acts on the set M,, = {1, ...,n} x N in the obvious manner, by
acting via the identity on N. This defines an action ¥ of S, on the group S(M,)
defined as f — o o f o o~! which preserves the subgroup H,. Thus we obtain
a homomorphism v : S, — Aut(H,). It is readily seen that 7 (Y, (h)) = o (t(h))
for all h € H,, where o acts on Z C Z" by permuting the standard basis elements
el,...,e,. In particular ¢ is a monomorphism. Let i : S, — Out(H,) be the
composition of ¥ with the projection Aut(H,) — Out(H,).

Proposition 3.7. The homomorphism \r : S, — Out(H,) is an isomorphism and so
Aut(H,) =Inn(H,) % S, = H, X< S,,.

Proof. Lemma 3.6 shows that ¥ is a monomorphism. We shall show that it is
surjective.

Let ¢ € Aut(H,). Write ¢ = i for a (unique) f € S(M,). With notation as in
the proof of Lemma 3.6, let 7 := 7y € S,.

2The element (p, k) € My, should not be confused with the transposition in S(N).
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Consider the automorphism 1//7;1¢ =: 0. We have
@) =n" (@) =7 T (fhy f~ N =7 ex(p)—exm) =ep—en=1(hp)

for 1 < p < n. Since the group Z is generated by t(h,), 1 < p < n, it follows by
Lemma 3.6 that 6 is inner. Hence 1}(77) = ¢ (mod Inn(H,)).
Finally, note that Inn(H,) = H, since the center of H, is trivial. U

The above description of Aut(H,) has been obtained by Burillo, Cleary, Martino,
and Rover [Burillo et al. 2014, Theorem 2.2] and also by Cox [2014, §2.2]. All the
proofs make essential use of Theorem 3.2 and Corollary 3.3. The proof given by
Burillo et al. and our proof seem to be based on the same idea, although conceived
of independently.

Theorem 3.8. The Houghton group H, has the R..-property for any n > 2.

We shall give two proofs for part (ii) of Theorem 1.1, restated above. The first
one uses the structure of the automorphism group of H, and is more direct. The
second one uses the result of Theorem 3.5 and the addition formula (Lemma 2.1).

First proof. Observe that there are infinitely many conjugacy classes in H, since
two elements in Soo = Seo(M,,) C H, are conjugates in H, only if they have the
same cycle type. It follows that R(¢) = oo for any inner automorphism ¢ of H,.
Therefore, to show that R(¢) = oo for an arbitrary ¢ € Aut(H,), it suffices to show
that R(¢) = oo for all ¢ in a set of coset representatives of elements of Out(H,).
Thus we need only show that R(v,,) = oo for any o € §,,, where ¥ : S,, — Aut(H,)
is as defined in the paragraph above Proposition 3.7. We shall use Lemma 2.3 and
Remark 2.4 to achieve this.
For k > 1, consider the element & which is defined as the product of k-cycles
(@4, 1),...,3U, k) e Hy, 1 <i <n. Explicitly,
Gj+1) ifl1<j<k
&G, j))=1G1 if j =k,
i.j)  ifj>k
for all i < n. Then & is fixed by , for every o € S,. Thus, {§ | k > 1} contains

elements of arbitrarily large orders and so by Remark 2.4 it follows that R(i,) = oo
for all o € S,,, completing the proof. U

Second proof. Consider the exact sequence 1 — Soo(M,;)) - H, > Z — 0. As
remarked already, Soo(M,) is characteristic in H, and we have Z = 7"~!. Thus
any automorphism 6 of H, restricts to an automorphism 6’ of S, (M,) and in-
duces an automorphism 6 of Z. If R(A) = oo then, by Lemma 2.1(i), we have
R(6) = R(H) = co. Now suppose that R(9) < co. Then Fix() = 0. Since Z is
abelian and since R(0’) = oo by Theorem 3.5, the addition formula (Lemma 2.1(ii))
yields R(0) = R(#’) = oo, completing the proof. O
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3C. The group of pure symmetric automorphisms. Recall that G, C Aut(F,),
n > 2, denotes the group of pure symmetric automorphisms of the free group F; of
rank n. A presentation for G,, obtained by McCool [1986], was recalled in Section 1.
It is immediate from this presentation that the abelianization G,f‘b = G, /Gy, Gy
is isomorphic to 7"~ with basis the images a;j, 1 <i # j <n. We denote by
{xij |1 <i # j <n} the basis ofHom(G,f‘b, Z) dual to the basis {a;; | 1 <i # j <n}.
We shall denote by the same symbol x;; the composition G, — G Ly, 7 < R,
We will assume that n > 3, leaving out G which is isomorphic to a free group of
rank 2 and which is known to have the R.-property.

We begin by recalling the explicit description of %¢(G,) due to Orlandi-Korner
[2000].

Let A;j :=Rx;j+Rx;i and Bjj :=R(xij — xu;) +ROx jk — Xir) +RGwi — xji)» with
i, J, k pairwise distinct. Note that A;; = A;; and B;jx = By, if {i, j, k} ={p, q,r}.
Let S be the union of vector subspaces S = Uqu UUB; ik C Hom(G,, R) where
the unions are over all pairs of distinct numbers p, ¢ < n and all pairwise distinct
numbers i, j, k < n. It was shown by Orlandi-Korner [2000] that X¢(G,) is the
image of S\ {0} C Hom(G,, R) \ {0}.

Let S, denote the semidirect product C; x S, where S, acts on C5 by permuting
the coordinates. Here C, = {1, —1}. The group S, acts effectively on F;, the free
group with basis {x1, ..., x,} where & € §,, permutes the generators: we have the
equality 7 (xj) = x5(j), 1 < j <n, and the action of the k-th factor of C; is given
by the automorphism #; (x;) = xk_l, tx(xj) = xj, j # k. Thus S, is a subgroup
of Aut(Fy). Itis readily verified that S, normalizes G,: fa; jt,” = o /1 if k= j and
equals «; ; otherwise; if w € §,, then mx,-’jn_l = (i), (j) forall i, j; In particular,
JT*(Aij) = An(i)ﬂ(j) and JT*(Bijk) = Bn(i)n(j)n(k) for all 7 € Sn Thus we have the
following lemma:

Lemma 3.9. Let n > 3. The action of the group S,, C Aut(F,) on Hom(G,, R) and
on X(Gy) is defined by w*(xi.j) = Xn()n(j)» " (Xij) = titjXi,j» for all w € Sy,
t=(t,...,1,) € C3. O

The following proposition is a refinement of a statement in the proof of [Gongalves
and Kochloukova 2010, Theorem 4.11].

Proposition 3.10. There exists a surjective homomorphism n : Aut(G,) — S, such
that ™ (Xi.j) = €i.jXo(i).o(j)» 1 <1 # j <n,wheree; je€{l, —1}and o =n(p) € Sy.
In particular, Aut(G,) = K x S, where K = ker(n).

Proof. We see that ¢* preserves the collections of subspaces A:={A;; |1 <i < j<n}
and B:={B;j; | 1 <i < j <k <n}, since ¢* is a linear isomorphism of Hom(G,, R)
and since ¢* : £°(G,) — X°(G,) is a homeomorphism. Note that B is nonempty
since n > 3. In our notation Ap,, Byy,, it is not assumed that p < q <r.
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It is readily seen that (A,; + A,5) N Bjjx = O unless {p, q,r, s} ={i, j, k}. On
the other hand (A;; + Ajx) N Bjjx = R(xx,; — x;,i)- It follows that ¢* preserves the
collection of 1-dimensional spaces C := {R(xx,; — x;,i) | i, j, k pairwise distinct}.

Let ¢*(Aij) = Apg, ¢*(Aix) = Ay, where i, j, k are pairwise distinct. Then
{p,q} N {r, s} is a singleton, say s = p —so that ¢*(A;x) = A, —and we have
¢*(Bijk) = By For, otherwise, (A;; + Ajx) N B;ji is one-dimensional, whereas
¢ ((Ajj + Air) N Biji) = (Apg + Apr) N@*(Bjjk) =0.

In view of the fact that ¢* stabilizes C, we have

¢*(Xk,i _Xj,i) :a(Xr,p_Xq,p)- ()

On the other hand, we have x;; € A;x and so ¢*(xk,i) € ¢*(A;x) = Apr and so
¢ (Xk,i) = bxp,r +cxr,p for some b, ¢ € R; similarly, ¢*(x;i) =b'xq.p + " Xp.q
for some &', ¢’ € R. Therefore,

& (ki — Xj.i)) =bXpr +xrp— b Xg.p — € Xp.gq- (%)

Comparing (%) and (xx) we see that b = 0 = ¢/, that is, ¢*(xx,;) = cx,, and
&*(xj.i) = b'xq,p- Since ¢* : Hom(G,; R) — Hom(G,, R) preserves the lattice
Hom(G,, Z) and since xy ;, x;,; are part of a Z-basis of Hom(G,, Z), we see that
c, b ==l.

To complete the proof, we define the permutation o € S, associated to ¢ € Aut(G,,)
as o (i) = p (with notation as above). Note that o is indeed a bijection since ¢* is an
isomorphism. We define n: Aut(G,,) — S, by n(¢) =o. Then n is a homomorphism
of groups. It is surjective since its restriction to S, C S, is the identity by Lemma 3.9.
This also shows that n splits, completing the proof. (Il

Remark 3.11. It seems plausible that there exists a surjective homomorphism
T : Aut(G,) — S, that satisfies ¢*(x; ;) = titj Xo(i),0(j)» 1 <1 # j < n, where
(p)=(t1,...,t;,) € CY, 0 =n(¢) € S,. This would imply that Aut(G,) =N xS,
for a suitable subgroup N C Aut(G,).

The above proposition says that the matrix of ¢*, with respect to the basis
{xi,j |1 <i# j} (ordered by, say, the lexicographic ordering of the indices i, j), is
of the form ¢* = DP where D is a diagonal matrix with eigenvalues +1 and P is
a permutation matrix.

Lemma 3.12. Let T = DP where D, P € M,,(R) are such that D is a diagonal
matrix and P is a permutation matrix. If P = Py - - - Py is a cycle decomposition
then there exist eigenvectors vy, . .., vy which are linearly independent.

Proof. The cycle decomposition allows us to express R" as a direct sum V1 @- - -B Vi
where V; is spanned by {e; | P;(i) # i}. Specifically, if P; = (i1, ..., ix). Then
v :=e;,+d; ej,+- - -+d;,- - - d;,_, e;,, which is the sum of the vectors in the DP-orbit
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of ¢;,, is an eigenvector of T with eigenvalue d;, - - - d;,. Evidently vy, ..., v; are
linearly independent. O

We will use the above lemma to construct two linearly independent eigenvectors
of ¢* (with further properties that are relevant for our purposes). Let o = n(¢) #id
and ¢* = DP with D diagonal and P a permutation transformation (with respect
to the basis {x;, ;}). Suppose that o has a k-cycle in its cycle decomposition, where
k > 2. Choose any i that occurs in the k-cycle and let j := o (i). Then x; ; and y; ;
do not occur in the same orbit of DP and therefore v; j := ) o, _(DP) (xi ;)

and v;; := ) o ; 4 (DP)"x;; are eigenvectors of the same eigenvalue € € {1, —1}.
Without loss of generality, we assume that i = 1, j = 2 and define v; 2 =: u,
V2,1 =: v. Suppose there is no such k-cycle in . Then o is a product of disjoint

transpositions. Without loss of generality, suppose that the transposition (1, 3)
occurs in the decomposition. Since n > 2, either o has a fixed point, say 2, or
n > 3 and, say, the transposition (2, 4) occurs in the decomposition. In the first
case, u := x12+d12x32 and v := x2,1 +d>.1x2,3 are eigenvectors of P and in the
latter case, u := x12+d1.2x3.4 and v := x2 1 +da,1 xa,3 are eigenvectors of P. Thus
in all cases, 1 occurs in u and x2,; occurs in v where u, v are eigenvectors of ¢*.
If 1 is an eigenvalue of ¢*, then ¢ has a nonzero fixed element and so R(¢) = o0o.
Assume that ¢*(u) = —u, ¢*(v) = —v. Then there exist elements 8, y € G, such
that q_b(B) = —ﬁ_, J)()?) = —y, where a3, @z, occur in ,B_, y respectively, with
coefficient 1.

Denote by I := I3(G,) the commutator subgroup of G, and by I3 := I[3(G,)
the subgroup [G,, [>] C I». Thus G,/ Iz is a two-step nilpotent group and we have
the following exact sequences:

1->0—>G,— G,/[53—1,
1—>F2/F3—>GH/F3—>GH/F2—>1.

Since I and I3 are characteristic in G, any automorphism of G, restricts to
automorphisms of I and I3 and hence induces automorphisms of the quotients
G/ T3, /T35 and G,/ T = G.

Let 6 € Aut(G,,/ I'3) be the automorphism defined by ¢ and 6’, the restriction of 6
to I/ I’3. With notation as above, [, y ]I € I/ T satisfies 6/ ([8, y113) =[8, v 1T5.
By using the addition formula (Lemma 2.1), we conclude that R(6) = oo, provided
[8, v]1/ T35 is of infinite order. Granting this for the moment, by the first part of
the same lemma we conclude that R(¢) = oo using the first exact sequence above.
Since ¢ € Aut(G,) was arbitrary, we conclude that G, has the R.-property. So all
that remains is to show that [3, y]I'; is not a torsion element.

We use the fact that, under the surjection v : G, — G that maps «; ; to «; ;
when {i, j} = {1, 2} and the remaining «; ; to 1, we have that Iy maps onto I} (G>),
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k =2,3. Let f, y» € G, be the images of B, y respectively under . Then
Br =12, 7> =&, € G3". Therefore, [, 121T3(G2) = [a1 2, 22,11T3(G2). Since
G, is a free group with basis {a 2, o2 1} we see that [« 2, @2,1][3(G2) generates
an infinite cyclic group. Hence the same is true of [8, y]I’3. This completes the
proof of part (iii) of Theorem 1.1, which is restated below:

Theorem 3.13. The group G, n > 2, has the Rxo-property. [l

4. The Thompson group T

Recall from Section 1 the description of the Richard Thompson group T as the group
of all orientation-preserving piecewise linear homeomorphisms of S = 7/{0, 1}
with slopes in the multiplicative group generated by 2 € R. ¢ and break points in
Z[1/2]. We regard the Thompson group F as the subgroup of T consisting of
elements which fix the element 1 € S'. In this section we prove the following result.

Theorem 4.1 [Burillo et al. 2013; Gongalves and Sankaran 2013]. The Richard
Thompson group T has the Roo-property.

The fact that T has the R.o-property was proved first by Burillo, Matucci, and
Ventura [Burillo et al. 2013] (see also [Gongalves and Sankaran 2013]). The crucial
point in the proofs of the result above is the same in both of these papers and
both the proofs rely on the description of the outer automorphism of 7 (recalled
in Theorem 4.2 below). However, since the approaches before getting to the main
point are slightly different, we provide our proof here which may contain some
features that are useful for other situations (such as in Remark 4.7 below).

It is readily seen that the reflection map r defined as r(x) =1 —x, x € [0, 1],
induces an automorphism p : T — T defined as p(f) = rofor'=rofor. We
now state the following result of Brin.

Theorem 4.2 [Brin 1996]. The group of inner automorphisms of T is of index 2
in Aut(T') and the quotient group Out(T) is generated by p.

As observed in Section 2B, for any group I' and any automorphism ¢ € Aut(I"),
and any g € I', it is true that R(¢) = oo if and only if R(¢ o ¢,) = co. Therefore, to
establish the R.-property for I', it is enough to show that R(¢) = oo for a set of
coset representatives of Out(I"). In the case I' = T, in view of Theorem 4.2 due
to Brin, we need only show that R(p) = 0o and R(id) = co. The latter equality is
established in Proposition 4.5 as an easy consequence of Lemma 4.4 below. Since
p? =id, we may apply Remark 2.4 to show that R(p) = co. The main idea is to
make use of homeomorphisms in Fix(p), whose supports have an arbitrarily large
number of disjoint intervals in S'. (This was also the idea used in the proof by
Burillo, Matucci, and Ventura [Burillo et al. 2013].)
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Definition 4.3. Let X be a Hausdorff topological space.
(i) The support of f € Homeo(X) is the open set supp(f) :={x € X | f(x) # x}.

(i) Let o : Homeo(X) — N U {oo} be defined as follows: o (id) = 0, if f # id;
o (f) is the number of connected components of supp( f), if that number is
finite; otherwise o (f) = oo.

Lemma 4.4. Let I' C Homeo(X) and let o be as defined above. Suppose that
0 € Homeo(X) normalizes I'. Then o (f) = o(@f@‘l).

Proof. 1t is clear that the number of connected components of an open set U C X
remains unchanged under a homeomorphism of X. The lemma follows immediately
from the observation that supp(6 f6~!) = 6 (supp(f)). U

Proposition 4.5. The groups F and T have infinitely many conjugacy classes.

Proof. This follows from Lemma 4.4 on observing that F has elements f for which
o (f) is any prescribed positive integer. Since F' C T, the same is true of 7. [

Lemma 4.6. Suppose that h : R — R is an orientation-preserving homeomorphism.
Then supp(h) = supp(h*) for any nonzero integer k.

Proof. Since supp(h) =supp(h~') we may assume that k > 0. Since / is orientation-
preserving, it is order-preserving. Suppose x € supp(h) so that i(x) # x, and
suppose x < h(x). Then applying & to the inequality we obtain & (x) < h%(x) so that
x < h(x) < h*(x). Repeating this argument yields x < h(x) <--- < h*(x) and so
x € supp(h*). The case when x > & (x) is analogous. Thus supp(h) C supp(k¥). On
the other hand, if x ¢ supp(h), then 2(x) = x and so h*(x) = x for all k. Therefore,
equality should hold, completing the proof. U

Proof of Theorem 4.1. By Theorem 4.2, Out(T) = Z /27 is generated by p. By
Proposition 4.5, R(id) = oco. It only remains to verify that R(p) = co. We apply
Remark 2.4 with 6 = p, n =2, y = 1. It remains to show that Fix(p) has infinitely
many elements / such that the 42 are pairwise nonconjugate.

Letk > 1. Let fr € F C T be such that supp( fi) is a subset of (0, 1/2) which
has exactly k components. Thus, o(f;) = k. (It is easy to construct such an
element.) Then supp(p(fi)) = supp(rfir ~1) = r(supp(fi)) C (1/2, 1) is disjoint
from supp(fr) C (0, 1/2). In particular, we have fi - o(fi) = p(fx) - fix =: hx and
supp(hg) = supp(fr) Ur(supp(fr)) and so o (h;) = 2k. Moreover, since p? =1,
we see that i € Fix(p). By Lemma 4.6, we have a(h,%) = o (hy) = 2k. It follows
that h,% are pairwise nonconjugate in 7', completing the proof. U

Remark 4.7. In the case of the generalized Thompson groups 7,, -, suppose that
0 € Aut(T, ,) is a torsion element, say of order m. Then our method of proof of
Theorem 4.1 can be applied to show that R(6) = co. In fact, applying a theorem of
McCleary and Rubin [2005] to the group 7}, ,, we obtain that the automorphism
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group of 7, , equals its normalizer in the group of all homeomorphisms of the circle
S! =10, r1/{0, r}. Let 6 € Aut(T,,,) and f € S' such that 6(x) = fxf~' with
f € Homeo(R/rZ). Suppose f™ =y € T, , so that 8 represents a torsion element
of Out(7, ). If y = 1, our method of proof of Theorem 4.1 can be applied to show
that R(0) = oco. See [Gongalves and Sankaran 2013] for details. However, when
y # 1, it is not clear to us how to find elements of Fix(6) satisfying the hypotheses
of Lemma 2.3. Our approach yields no information about automorphisms which
represent nontorsion elements in the outer automorphism group. The study of the
Roo-property for the groups 7, , is a work in progress.

5. Direct product of groups

It was shown in [Gongalves and Kochloukova 2010, Theorem 4.8] that if we have
G = G; x --- X G, where each G; is a finitely generated group with the property
that X¢(G;) is a finite set of discrete character classes, not all of them empty, then
there exists a finite index subgroup H of Aut(G) such that R(¢) = oo forall ¢ € H.
Further, when each G; is a generalized Richard Thompson group Fy,; o, n; > 2,
then G itself has the R,-property.

We shall strengthen the above result here. We make use (as did Gongalves and
Kochloukova [2010]) of a result of Meinert, recalled below, that describes the
Y -invariant of a direct product. (Meinert’s theorem describes the X-invariant in the
more general setting of a graph product of groups.)

Let G=G| x---xG,andrj = rk(G]?‘b) so that §(G;) = S"i—1. We assume that
ri = 1. Then S(G) = [],<;<,Hom(G;, R) \ {0}/ ~= S"~! and so S(G) =S"!,
where r := Zlijfn r;. It is understood that S(G;) = @ if r; = 0. The sphere S(G;)
is identified with the subspace of S(G) comprising the set of points with j-th
coordinate equal to zero for all j # i. Observe that S(G;) N S(G;) =g if i # j. In
order to emphasize this, we shall write S(G;) U S(Gj) to denote their union, where
S(G;) and S(Gj) are thought of as subspaces of S(G).

Recall that ¥¢(G) denotes the complement of £!(G) C S(G).

Theorem 5.1 [Meinert 1995]. Let G = G| X - - - X G, be finitely generated and let
ry = rk(Gfb) be positive. With the above notation, ¥°(G) = UISanZC(Gj). O

We will exploit the fact that any ¢ € Aut(G) induces a homeomorphism of
the character sphere S(G) which preserves its rational structure. Recall that an
element [x] € S(G) is called discrete (or rational) if Im(x) C R is infinite cyclic;
equivalently, x may be chosen to take values in @ C R. The set of rational
points in S(G) is denoted by Sg(G). We denote by Dg(G) the set of isolated
rational points in X¢(G). The set of all limit points of Dg(G) which are contained
in Sg(G) is denoted by Lg(G). Also, we denote by L(G) the set of all limit
points of X¢(G). Since X°(G) is closed, Lg(G) and L(G) are subsets of X°(G).
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Any homeomorphism of ¥¢(G) induced by an automorphism of G maps Dg(G),
Lg(G), L(G) respectively onto itself.

We are now ready to prove the following theorem. The proof is essentially the
same in spirit as that of [Gongalves and Kochloukova 2010, Theorem 3.3]. See also
[Goncalves and Kochloukova 2010, §4c].

Theorem 5.2. Suppose that G = G| x --- x G, n > 1, is finitely generated and
that any one of the following holds:

(1) the set Dg(Gy) is nonempty, finite, and contained in an open hemisphere and
Dq(G;) is finite (possibly empty) for 2 < j < n;

(i1) the set Lg(G1) is nonempty, finite, and contained in an open hemisphere and
Lqa(G;) is finite (possibly empty) for 2 < j < n;

(ii1) the set L(G1) N Sa(Gy) is nonempty, finite, and contained in an open hemi-
sphere and L(G;) N Sq(G;j) is finite (possibly empty) for 2 < j < n.

Then G has the Rxo-property.

Proof. Suppose ¢ € Aut(G). We shall show that there exists a discrete character
A € Hom(G, R) such that A o ¢ = A. By the discussion in Section 2C, it follows
that R(¢) = oo and it follows that G has the R,-property.

First we suppose that n = 1. The theorem, then, is essentially due to Gongalves
and Kochloukova [2010]. Let ¢* : X(G) — X°(G) be the induced map, defined as
¢*([x]) =[x o ¢]. Since ¢* is a homeomorphism, it maps isolated points to isolated
points. Moreover, ¢* preserves the set of all rational points in X¢(G). It follows
that ¢* (W) = W, where W is one of the sets Dg(G), Lg(G) or L(G) N Sg(G).

In each of the cases (i)—(iii), we see that there is a nonempty finite set of rational
character classes W(G) C Sg(G) that is contained in an open hemisphere and
that is mapped to itself by ¢*. Suppose that [x] € W(G) and that the orbit of [x]
under ¢*, namely the set {(¢*)/ ([x] =[x o ¢/]1| j € N}, has k elements. Then
the orbit sum A := ), <j<kX© ¢/ € Hom(G, R) is a nonzero discrete character
invariant under ¢*, as was to be shown.

Now let n =2. By Meinert’s theorem (Theorem 5.1) Dg(G) = Dg(G1)UDg(G>),
La(G) = La(G1) U La(Gy) and L(G) = L(Gy) U L(Gy).

Case (i). Suppose [x] € Dg(Gy), and consider the ¢*-orbit of [x], namely, the
set {(@)*([x]) = [x o ¢*1 | k € Z}. This set is finite since it is contained in
Dg(G) = Dg(G1) U Dg(G,), which is finite. Suppose that [x o 71, 0 < Jj<gq,
are the distinct rational points in the orbit. Then we claim that the orbit sum
A= ZO§j<qX o ¢/ is a nonzero character such that A o ¢ = A. To see that
A € Hom(G, R) is nonzero, we note that its restriction to G; is the character
Ay =2jc x0 ¢’ where J :={j < q|[xo¢’]€ Da(G))}. Since Do(G) is
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contained in an open hemisphere, the characters x o ¢/, j € J, are in an open half-
space of Hom(Gq, R). Therefore the same is true of their sum, A, and we conclude
that A #~ 0. It is clear that L o ¢ = A since [A o ¢p] = [A] and since A is rational. As
observed in the first paragraph of Section 2C, this implies that R(¢) = oo.

Case (ii). The proof in this case is almost identical, starting with [x] € Lg(Gy). We
need only note that ¢*(Lg(G)) equals Lg(G) and that Lg(G) = Lg(G1)ULg(G»)
is finite, as in case (i). The orbit sum A := Zos j<gX© ¢/ is again a nonzero character
which is discrete and satisfies A o ¢ = A. Again we conclude that R(¢) = oc.

Case (ii1). Again we start with x € L(G1) N Sg(G1) and proceed as in case (ii). We
leave the details to the reader.

Finally, let n > 3 be arbitrary, and let H = G, X - - - X G,,. Again by Meinert’s
theorem, we have Dg(H) = |_|25 j<n Dq(G;); similar expressions hold for Lo(H)
and L(H) N Sg(H). Our hypotheses on G; imply that one of the sets Dg(H),
Lg(H), or L(G)N Sg(G) is finite depending on case (i), (ii), and (iii), respectively.
Since G = G; x H, we are now reduced to the situation where n = 2, which has
just been established. This completes the proof. U

We conclude the paper with the following examples.

Examples 5.3. (i) Examples of groups with Dg(G) nonempty, finite, and contained
in an open hemisphere are known. These include nonpolycyclic nilpotent-by-finite
groups of type FP,, the generalized Richard Thompson groups F, ~, the double of
a knot group K with nonfinitely generated commutator subgroup (thus G = K x,2 K).
For details see [Gongalves and Kochloukova 2010, §4].

(i) Examples of groups with Dg(G) and Lg(G) being finite sets are finite groups,
the Houghton groups [Brown 1987a], the pure symmetric automorphism groups
[Orlandi-Korner 2000], finitely generated infinite groups with finite abelianization
(which include the generalized Richard Thompson groups 7;, ,; see [Brown 1987a,
p. 64]), 7", n > 1, and the free groups of rank n > 2. Another class of such groups is
provided by [Bieri et al. 1987, Theorem 8.1]. Consider a finitely generated group G
which is a subgroup of the group of all orientation-preserving PL-homeomorphisms
of the interval [0, 1]. The group G is said to be irreducible if there is no G fixed
point in (0, 1). The logarithms of the slopes near the end points 0, 1, define
characters xo, x1 : G — R respectively. We recall that two characters A, x are
independent if A(ker(x)) = A(G) and yx (ker(X)) = x(G). It was shown in [Bieri
et al. 1987, Theorem 8.1] that X°(G) = {[xo], [x11} if G is irreducible and xg, xi
are independent. (These points may not be in Sg(G); see [Bieri et al. 1987, p. 470].)

(iii)) Let G = G| x G, where G is a finite product of groups (with G| nontrivial)
as in example (i), and where G, is a finite product of groups as in example (ii)
above. Then G has the R..-property. Since there are continuously many pairwise
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nonisomorphic 2-generated infinite simple groups, taking G, to be any one of them,
we obtain a continuous family of groups with R..-property.
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THE SECOND CR YAMABE INVARIANT

PAK TUNG HO

Let (M, 0) be a compact strictly pseudoconvex CR manifold of real dimen-
sion 2n + 1 with a contact form §. Motivated by the work of Ammann and
Humbert, we define the second CR Yamabe invariant, which is a natural gen-
eralization of the CR Yamabe invariant, and study its properties in this paper.

1. Introduction

Let (M, g) be an n-dimensional compact Riemannian manifold where n > 3. The
Yamabe problem is to find a Riemannian metric g conformal to g such that the
scalar curvature of g is constant. Yamabe [1960] claimed to solve it. However,
Trudinger [1968] realized that Yamabe’s proof was incomplete, and he was able to
solve the Yamabe problem when the scalar curvature of g is nonpositive. When the
scalar curvature of g is positive, Aubin [1976] solved the case when n > 6 and M
is not locally conformally flat, and Schoen [1984] solved the remaining cases by
using the positive mass theorem.

The method to solve the Yamabe problem was the following. If g = uniz g,

where u € C°°(M) and u > 0, then

n+2
(1-1) Lg(u) = Rzun—2,
where 4 1)
n_

Here Ag is the Laplacian of g, and Rg and Ry are the scalar curvatures of g
and g. The Yamabe problem is to solve (1-1) with Rz being constant. The Yamabe
invariant Y (M, g) of (M, g) is defined as

Y(M,9) = inf E(u),
( g) u%O,uIEHCOO(M) (u)
where
E(u) = Jag uLg(u)dV,

(fyg lul=2 dVg)

MSC2010: primary 32V20, 32V05; secondary 53C17.
Keywords: CR manifold, CR Yamabe problem, CR Yamabe invariant.
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The key point of the resolution of the Yamabe problem is the following theorem
due to Aubin [1976].

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension n > 3.
IfY(M, g) < Y(S"), then there exists a positive smooth function u satisfying (1-1).
Here Y (S") is the Yamabe invariant of the sphere S" with respect to the standard
metric.

The strict inequality was used to show that a minimizing sequence does not
concentrate at any point. Aubin [1976] and Schoen [1984] proved the following:

Theorem 1.2. Let (M, g) be a compact Riemannian manifold of dimension n > 3.
Then Y (M, g) < Y(S"). Moreover, the equality holds if and only if (M, g) is
conformally diffeomorphic to the sphere.

These theorems solve the Yamabe problem. See also [Brendle 2005; 2007a;
2007b; Chow 1992; Schwetlick and Struwe 2003; Ye 1994] for using the flow
approach to solve the Yamabe problem.

Ammann and Humbert [2006] defined the k-th Yamabe invariant as a general-
ization of the Yamabe invariant. More precisely, let

11(8) < ha(g) S h3(g) <+ S Ap(g) - — 00

be the eigenvalues of L, appearing with multiplicities. Let [g] be the conformal
class of g. For any positive integer k, the k-th Yamabe invariant Yz (M, g) is
defined by

) . 2
Yi(M,g)= inf Ar(g) Vol(M,g)n.
ge<lgl

In particular, Y;(M, g) = Y(M, g) when the Yamabe invariant Y (M, g) is
nonnegative.

One can consider the following CR analogue of the Yamabe problem, the CR
Yamabe problem. Suppose that (M, 6) is a compact strictly pseudoconvex CR
manifold of real dimension 27 4 1 with a contact form 6. The CR Yamabe problem
is to find a contact form 6 conformal to 6 such that the Webster scalar curvature of
0 is constant. Jerison and Lee [1987; 1988; 1989] solved the CR Yamabe problem
when n > 2 and M is not locally CR equivalent to the sphere. The remaining cases,
namely when n = 1 or M is locally CR equivalent to the sphere, were studied
respectively by Gamara and Yacoub [2001] and by Gamara [2001]. See also the
recent work of Cheng, Chiu and Yang [Cheng et al. 2014] and Cheng, Malchiodi
and Yang [Cheng et al. 2013]. See also [Chang and Cheng 2002; Chang et al. 2010;
Ho 2012; Zhang 2009] for using the flow approach to solve the Yamabe problem.

Motivated by the result of Ammann and Humbert [2006], we study the k-th
CR Yamabe invariant in this paper. In Section 2, we define the k-th CR Yamabe
invariant and the generalized contact form. In Section 3, we give the variational
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characterization of Y (M, 6). In Section 4, we derive the Euler—Lagrange equation
for Y, (M, 0). Sections 5 and 6 will be devoted to proving a lower bound and an
upper bound for Y, (M, 6) respectively. In Section 7, we study whether Y, (M, )
is attained by some contact form or generalized contact form. Finally, in Section 8,
we study the properties of the k-th CR Yamabe invariant Y (M, 0).

2. Definitions

Suppose that (M, 6) is a compact strongly pseudoconvex CR manifold of real
dlmensmn 2n + 1 with a given contact form 8. Let u € C*°(M), u > 0. Then
6 = un6 is a contact form conformal to ¢, and the Webster scalar curvature R
of 0 is given by

2-1) Lo(u) = Ryu'*i.
Here

2
(2-2) Lo :—(2+E)A9 + Ry,

where Ay is the sub-Laplacian of 6 and Ry is the Webster scalar curvature of 6.
The CR Yamabe invariant is defined as
Y(M,0)= inf E(u),
( ) u#0,ucCo® (M) ( )

where
I ( )|V9u|9+R9u2dV9

(f |u|2+ dVg)"'H

E(u)=

It is well known that Ly has discrete spectrum
Spec(Lg) = {A1(6).A2(0)... .},
where the eigenvalues
A(0) <A2(0) =A3(0) =+ = Ag(0) - = 00
appear with multiplicities. The variational characterization of A () is given by

fM(2+ )|V9u|9 + Rou? dVy

A(0) =
1(0) u#0,ueC (M) Sy u?dVy

Let [0] be the conformal class of 6, i.e.,
[0]= {0 =unb|ueC®(M),u> 0}
If Y(M, 60) > 0, then it is easy to check that

(2-3) Y(M.6) = inf Ay (@) Vol(M, §)iti.

0€lo]
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Following the definition of the k-th Yamabe invariant in [Ammann and Humbert
2006], we have the following:

Definition. For any positive integer k, the k-th CR Yamabe invariant is defined by
1

(2-4) Yi(M,0) = inf Az () Vol(M, Q)T
0elf]

Then it follows from (2-3) and Theorem 8.2 that

Y(M,0) ifY(M,0) >0,

N(M.6) = {—oo if Y(M, 0) <0.

We write L%r‘"%(M) ={ue L2+%(M)| u>0,uz#0}. Forue Li"'%(M), we
define Gr;/ (C°°(M)) to be the set of all k-dimensional subspaces of C°°(M) such
that the restriction operator to M \ #~!(0) is injective. More precisely, we have

span(vy,...,vx) € Gry (C*(M))
<> Vi|m\u-1(0)s- - - Vk I a\u—1(0) 2re linearly independent

1 1 . .
< unvy,...,unvy are linearly independent.

Similarly, replacing C°° (M) by S12 (M), we obtain the definition of Grj/ (S 12 (M)).
Hereafter, S 12(M ) denotes the Folland—Stein space, which is the completion of
C (M) with respect to the norm

1
2
liszan = ( [ (Va4 )

(For more properties about the Folland—Stein space, see [Folland and Stein 1974].)

Proposition 2.1. Suppose 6 is a contact form conformal to 6. Then we have

~ vLgv dV,
(2-5) (@)= inf sup JuvLovdVy A
VEGr{ (ST(M)) veV\{0} [, unv2dVy

Proof. Letu € C®(M), u > 0. Forall f € C®(M), f 0, we set § = un @ and

fM fLéfdvé
fM I? dVé

The operator Lg is conformally invariant in the following sense:

F'(u, f)=

(2-6) WL f) = Lo(f),
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because

W TR L ) = —(2 + %)uH%Aé(u_lf) + Rgu' Tn ™ f)

=—(2+ %)(uAg(u_lf) +2(Vou, Vo(u™" 1))g)
+ (—(2 + %)Agu + Rgu)(u_lf)
=—(2+ %)Angr Rof = Lo(f).
where we have used (2-1) and (2-2). Combining (2-6) with the fact that

(2-7) dVs = u*ti dVy,
we get
: Jm LGS dVg
28) Ff)=—F"7Y——"+—"
@8 P )=
S SR Lo/ dVe [y f)Lo(uf) dVe
[y L2t dVy [y un(f)>dvyg

Using the min-max principle, we have
~ vLzvdV;
VeGr (S ver\ioy  Jar V2 dVj

Since u > 0, we have Gry (S7(M)) = Gr{(S(M)). Therefore, it follows from
(2-8) and (2-9) that

Ap(0) = inf sup  F'(u, f).
VG (ST(M)) feV\{0}
Now replacing uf by v, we obtain (2-5) by (2-8). O

Now we can define the generalized contact form:

: x . x 2 .

Definition. The generalized contact form 6 is defined as 6 = un 6, where u is no
. . 2

longer necessarily positive or smooth, but u € L%jn (M).

We enlarge the conformal class [6] of 6 by including all the generalized contact
forms conformal to 6, as follows:

[0]=1{6 =un6|ueLitn (M)}

In view of Proposition 2.1, for a generalized contact form 0=u A 0,uec Lif% (M),
conformal to 8, we define

~ vLgvdV,
(2-10) M@= inf sup JmvLovdVe 676
VEGr (ST (M) veV\{0} [, unv?dVy
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Using (2-10), we can generalize the definition of k-th CR Yamabe invariant to the
generalized contact form by using (2-4).

3. Variational characterization of Y; (M, 6)

For all u € L?,_+%(M), Ve SIZ(M) such that u v # 0, we set

2+ 2)|Vau)2 + Rgv2 dV, T
F(u,v)sz( ») A 6+ Ro 0(/ u2+3dV9) .
[ayunv2dVy M

Proposition 3.1. If [0] contains all the contact forms conformal to 0, then

(3-1) Yi (M, 0)= inf sup  F(u,v).
ueC>M) yep\{o}
VeGri (SE(M))

Similarly, if [0] contains all the generalized contact forms conformal to 9, then

(3-2) Yi(M,0)= inf sup  F(u,v).
ueL%ti (M) veV\{0}
VeGri (SE(M))

Proof. Using the definition of Y (M, 6) and the fact that Vol(M, é) = [y w2t d Ve,
we obtain from (2-5) that

Yi(M,0) = inf Ap(f) Vol(M, §)wrt
fel6]

1

~ n+1
—  inf Ak(e)(/ utn dVg)
ueC®(M),u=>0 M

= inf sup  F(u,v),
ueC>®(M),u>0 yep\{0}
VeGrt (S (M)

which proves (3-1). Similarly, we can prove (3-2) byzusing the same arguments
as above, except we need to replace C°(M) by Li"'ﬁ (M). |

4. Generalized contact form and the Euler-Lagrange equation

We will need the following:
Lemma 4.1. Letu € L2+%(M) and v € Slz(M). We assume that
(4-1) Lov=u "

holds in the sense of distributions. Then v € L2+%+€(M ) for some & > 0.
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Proof. Without loss of generality, suppose v % 0. We define v4+ = sup(v, 0). We
let ¢ € (1, (n + 1)/n] be a fixed number and / > 0 be a large real number which
will tend to +00. We let B = 2¢g — 1. We then define for x € R,

0 if x <0,
Gy(x) = 4 xP if0<x</,

1971 (gl 'x — (g — 1)I9) ifx>1,

0 if x <0,
Fi(x)=qx1 if0<x</,

gli='x —(g—1I9 ifx>1.
It is easy to check that for all x € R,

(4-2) (F/(x))* <qGj(x),
(4-3) (Fi(x))* = xG(x),
(4-4) xG(x) < BG(x).

Since Fj and Gy are uniformly Lipschitz continuous functions, F;(v4+) and Gy (v+)
belong to SIZ(M ). Let xo € M. Denote by n a C? nonnegative function sup-
ported in B(xg, 28), where § > 0 is a small fixed number such that 0 <n <1 and
n(B(xg,8)) = {1}. Multiply (4-1) by n>G;(v+) and integrate over M . Since the
supports of vy and G;(v4) coincide, we get

2
(4-5) (2 + ;) /M(V0v+, Von*Gi(v4))g d Vg + /M Rov4n*G(v4) dVy

2
— | whorp G dvi
M

We are going to estimate the terms in (4-5). In the following, C will denote a
positive constant depending possibly on 1, ¢, 8, §, but not on /. Note that

(4-6) /M(Vovju,Ve??ZGl(er))edVe
=[ Gl(v—i—)(VOU-i-’VB’?z)OdVG‘l‘/ G (v+)n*|Vav+|5dVy
M M

— /M Gr(vs)vs Do () dVg—2 fM 04 Gl (v )n(Vevs. Vame dVe

+ / G (v )0 | Vovs 2 d Vi
M
== [ 0GiwndVe-2 | 22 GiwIVanlhave
M M

1
+5 | Gl Vovel3dve.
M
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where the last inequality follows from |(Vovy, Vgn)gl < [Von|3 + 1Vev|3.
Hence, we have

4-7) /M(V0v+,V9n2Gl(v+))9dVe
== [ w6 dve-2 [ E6iwolVedvs
M M
+3 [ GitonnVovslfavy
== [ w6 dVe-28 [ viGito) Vol Ve
M M
1
+3 [ GiwonPVovslfavy
>—C | (Fw))?dVeta | (Fjwi) 12 [Vevs3dV,
= IACES 075 [U4)) N {VeU4]pgale
M q9Jm
1
¢ [ (FiP dVr o [ P VeFiw G Ve
M q9J/m
1
== [ (Ew Vet [ Vo) ave
M q9Jm
1
—— | IVonlg(Fi(vy))*dVy
29 Jm

e /M(Fl(v+))2dve+ﬁ /M|ve(nFl(v+>>|z,dvg,

where the first inequality follows from (4-6), the second inequality follows from
(4-4), the third inequality follows from (4-2) and (4-3), and the fourth inequality
follows from

Vo F1 (v )5 = | F1(v4)Ven +nVe Fr(v4)|3
<20 |Vo Fi(v1)lg + 2| Venlg (Fr(v4))>.

By the Folland-Stein embedding from S 12(M ) into L2+%(M ), there exists a
constant A > 0 depending only on (M, #) such that

/ |ve(nFl(v+))|§dvezA( / (nFl(v+))z+ﬁdV9)"“ - / (WEi(v4))> dVe.
M M M

From this, together with (4-7), we obtain

(4-8) /M (Voui, Ven?G(v4))e d Ve

n

> ¢ /M(F’("+))2 Ve + %( /M<nFl(v+))2+ﬁ dVe)nH-
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Independently, we choose § > 0 small enough such that

(4-9) /B(XO’%) W2t dv, < ((2 n %) %)HH.

Then it follows from (4-3), (4-9) and Holder’s inequality that
(4-10) / unvyn?Gy(vy) dV
M

2
< / w2 (F(v4))> dVe
M

n

1
2 n+1 2 n+1
< ( / uttn dVe) ( / (F;(v4))* T dVe)
B(x,25) M

<(2+ g)%( /MmFl(vn)”ﬁ dVe)"il-

On the other hand, it follows from (4-3) that

@-11) / Rgvi12Gy(vy) dVs = —(max | Rg)) [ 0P Gi(vs) dVy
M M M
> _(max | Rg]) / (1 (v4))> dVs
M M
> _c / (Fi(vs))? d V.
M

Substituting (4-8), (4-10), (4-11) into (4-5), we obtain

C+2)a ([ anwortian) <c [ @wora.

Now, by the Folland-Stein embedding, v4 € L2+%(M ). Since 2g <2+ % and C
does not depend on /, the right-hand side of the inequality is bounded when / — oo,
and we obtain
lim sup/ (nFl(v+))2+% dVy < 0.
|00 /M
This proves that vy € Lq(2+%)(B(x0, 8)). Since xg is arbitrary, we get that v4 €

Lq(z"'%)(]lzl ). Doing the same with v— = sup(—v, 0) instead of v, we get that
v e L4C+3)(M). This proves Lemma 4.1. O

Proposition 4.2. For any generalized contact form 6 = u%Q, u e L%,_""%(M ),
conformal to 0, there exist two functions v,w € S 12 (M) with v > 0 such that in the
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sense of distributions
(4-12) Lov =1 @)unv,
(4-13) Low = Ay (B)un w.

Moreover, we can normalize v and w such that
(4-14) / unv?dvy =f unw?dVy=1 and / unvwdVy = 0.
M M M

Proof. Let (vy;)m be a minimizing sequence for A4 (é), i.e., a sequence vy, € S 12 (M)
such that s 5 5
m fM(2+E)|V9vm|9+R9vde9
m=—00 S u . vZ, dVy

It is well known that (Jvy,|)m is also a minimizing sequence. Hence we can
assume that v, > 0. If we normalize v, by fM u%v,i dVy = 1, then (vy)m is
bounded in S 12(M ) and after passing to a subsequence, we may assume that there
exists v € S 12(M ), v > 0 such that v,;, — v weakly in SIZ(M ) and strongly in
L?(M) almost everywhere. If u is smooth, then

=21(0).

M

m—00 M
and by standard arguments, v is nonnegative minimizer of the functional associated
to A1(0). ,
We must show that (4-15) still holds if u € Li"‘ﬁ (M). Let A > 0 be a large real
number and set u4 = inf(u, A). Then
(4-16)
u%(v,zn —v3)dVy

2 2 2
< [ Gl —o1dVe+ [ @ =) lual + 0] Ve
M M

5A5/ w2 —v2|dVy
M n

1
2 2 n+1 n+1
+UWMMWM@ UMWHW*MQ,
M M

where we have used Holder’s inequality in the last inequality. Since

2 2
n_nmtl o 2+2 1
lu" —uYl <u“"nel (M),
by Lebesgue’s dominated convergence theorem we have

2 2 2 2
li n_ymyntl g _/ 1i n_ gyl gy, — )
Alm / (u" —uly) Vo = Alm (u" —uly) Vo =

4-17)
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Since (Vy;)m is bounded in S 12(M ), it is bounded in L2 (M), and hence there
exists C > 0 such that

(4-18) [ (Ivm|+|v|)2+% dVy = C.
M
By strong convergence in L2 (M),

(4-19) lim lv2 —v?|dVy = 0.

m—o0

Combining (4-16)—(4-19), we obtain (4-15). Therefore v is a nonnegative minimizer
of the functional associated to A; (é) Writing the Euler—Lagrange equation of v,
we find that v satisfies (4-12).

Now we define

fM(2+ %)|V9w|g +R9w2 dVy

A (0) = inf
! g w]2dVy

. . . 1
where the infimum is taken over smooth functions w such that u»w % 0 and
such that

/ wnvw dVy =0.
M

With the same method, we find a minimizer w of this problem that sati§ﬁes (4—1;3)
with 1/, () instead of A,(60). However, it is not difficult to see that A’ (6) = A,(6)
and Proposition 4.2 easily follows. O

Lemma 4.3. Letu € sz%(M) with fM u2+% dVy = 1. Suppose that wy, w €
S12(M) \ {0}, wy, wy > 0 satisfy

(4-20) /((2+3)|vowl|§+R9wf)dV9sYz(M,e)/ urw?dVy,
M n M

(4-21) /((z+2)|vgw2|g+R9w§)dV9SYZ(M,Q)/ wrw? dVy,
M n M

and suppose that (M \ wl_1 0)N M\ wy, 1(0)) has measure zero. Then u is a
linear combination of w1 and w,, and we have equality in (4-20) and (4-21).

Proof. We let it = awq + bw,, where a, b > 0 are chosen such that

2
b fMu%wdeg _ S wf+" dVy

(4-22)

’

2 z 2 242
an [y unws dVy fyws 7 dvy

2 2
(4-23) / @2+ dv, :a2+r21/ wi T vy +b2+5/ wi T AV =1.
M M M
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Because of the variational characterization of Y, (M, 6) in Proposition 3.1, we have

(4-24) Y>(M,0) < sup F(u,  wy + pwy).
(A ,n)eR2\{(0,0)}

By (4-20), (4-21), (4-23), and since (M \ wi'(0)) N (M \ w;'(0)) has measure
zero, we obtain
(4-25)
F(u,Awi+pw,)

e C+2) Ve (hwy +puw2) |3+ Re (hwy +juw2)? d Vg

fM ﬁ%(kwl—i-uwz)deg
A2 o (24 2)Vow: 13+ Rowi dVo+1? [3,(2+2) Vowa |5+ Row3 dVy
22 [ypanwddVe+p? [y ianwldVy

szMu%wde9+M2fMu%w§dV9

EYZ(M’Q) 5 242 5 242 .
Man [y w] " dVe+ulbn [, w, " dVy

By (4-22), the right-hand side of (4-25) does not depend on A and . Hence we
can choose A = a and y = b on the right-hand side of (4-25) to get

(4-26) sup F(u, Awy + pwsy)
(A,n)eR2\{(0,0)}
a? fMu%wdeg +b? fMu%wg dVy

2 242 2 242
i fyw] " dVe+ b2 [ w) " dV

<Y>(M.,0)

= Yo(M, 9)/ un (@®w? + b2w2) dV,
M

— Yy(M, 9)/ wn i dVg
M

1 n

n+1 n+1
<Yy (M, 9)(/ uta dVg) (/ a2t dVQ)
M M

=Y,(M,0),

where we have used (4-23) in the first equality, the assumption that (M \ wi “Lo)n

(M \w5 1(0)) has measure zero in the second equality, Holder’s inequality in the sec-

ond inequality, and the assumption [, u MU 2434 Vp =1 and (4-23) in the last equality.
Combining (4-24) and (4-26), we have

sup F(i, A wy + pwy) = Yo(M, 0).
(A ,1w)eR2\{(0,0)}
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This implies the equality in Holder’s inequality in (4-26), which implies that there
exists a constant ¢ > 0 such that u = cii almost everywhere. Since [, urti d Vo =

Iy ii2+7 dVy = 1 by (4-23), we have ¢ = 1, i.e., u = it = aw; + bw,. Also,
equality in (4-25) implies equality in (4-20) and (4-21). This proves the assertion. [

Theorem 4.4 (Euler-Lagrange equation). Assu;ne Y>,(M,0)+# Ozand that Y,(M, 0)
is attained by a generalized contact form 6 = un 0 withu € L2+ n(M). Let v and w
be as in Proposition 4.2. Then u = |w|. In particular,

(4-27) Low = Y2(M. 0)|w|7w.
Moreover, w has alternating sign and w € C**(M) for all o € [0, 3].

Proof. Without loss of generality, we can assume that [ MU wtn d Ve = 1. By
assumption and by Proposition 3.1, we have A 2(6) =Y,(M,0). Letv,w € S (M)
be the functions satisfying (4-12), (4-13), and (4-14).

Step 1. We have A;(6) < A,(6).

We prove this by contradiction. Suppose that A4 (0) = (0). After possibly
replacmg w by a linear combination of v and w, we can assume that the function
unw changes sign. If we define w; = sup(w, 0) and w, = sup(—w, 0), then they
satisfy the assumption of Lemma 4.3 since w satisfies (4-13) and XZ(G) =Y,(M,0).
Applying Lemma 4.3, we find a,b > 0 such that u = aw; + bw,. Now, by
Lemmad.1,w e L2t te (M). By a standard bootstrap argument, (4-13) shows that
we C>¥(M)foralla € (0, 1). Since u =aw, +bw, =a sup(w, 0)+b sup(—w, 0),
we have u € C%*(M) for all o € (0, 1).

Since kl(é) = Az(é) and by the definition of )»1(5), w is a minimizer of
the functional w + F(u, w) among the functions in S 12(M ) with un b # 0 by
Proposition 3.1. Since F(u, w) = F(u, |w|), we have that |w| is a minimizer for
the functional associated to Al(é), and |w| satisfies same equation as w. As a
consequence, |w| is C2. By the maximum principle, we have |w| > 0 everywhere,
which is false since u» w changes sign.

Step 2. The function w changes sign.

Assume w does not change sign. Then after possibly replacing w by —w, we can
assume that w > 0. Setting wq = v and w, = w, we have (4-20) and (4-21). Using
(4-14), we can conclude that (M \ wl_1 0) N (M \ wy 1(0)) has measure zero.
Applying Lemma 4.3, we have equality in (4-20). On the other hand, Step 1 implies
that inequality (4-20) is strict since A4 (5) < kz(é) = Y,(M, ). This contradiction
shows that w changes sign.

Step 3. There exist a, b > 0 such that u = a sup(w, 0) + b sup(—w, 0). Moreover,
we C>*(M)and u € CO¥*(M) for all a € (0, 1).
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As in the proof of Step 1, we apply Lemma 4.3 with w; = sup(w,0) and
wy = sup(—w, 0). We get a, b > 0 such that u = aw; + bw,. Asin Step 1, we get
weC>*(M)and u e C¥*(M) forall a € (0, 1).

Step 4. Conclusion.
Let h € C*®° (M) such that supp(h) € M \ u~'(0). For ¢ close to 0, set u; =

|u + th|. Since u > 0 on the support of /4, and since u is continuous, we have for ¢
close to 0, u; = u+th. As span(v, w) € Grj (SIZ(M)), by Proposition 3.1 we have

Y2(M,0) < sup F(us, Av+ pw).
(A ,u)eR?\{(0,0)}
Note that

(4-28)
F(us, Av + pw)

1

_ 2+ %)lVg(kv + pw)|3 + Rg(Av + pw)* dVy (/ 2+r21 dVg) T
Iy ut%(kv-l—uw)deg M
_ B2h0) fyg vt dVo £ 123a0) [y wrwidVe ([ 2k
- A2a; + Apuby + e (/M 9)
_ 2201 (0) + 12, (6) (/ 2+5 - )il
Aay + Auby + ey '
where we have used (4-12), (4-13), and (4-14). Here

2 2 2
a,=/ upv-dVy, b,=2/ ufvwdVy and ct=/ ul w?dVv.
M M M

Note also that the functions a;, b;, and ¢; are smooth for ¢ close to 0. Furthermore,
ag = co = 1 and by = 0 by (4-14). Define f(¢,a) = F(uy, sin(x)v + cos(a)w),
which is smooth for small 7. By (4-28), we have

(4-29)
f(l ) = F(uy, sin(@)v + cos(e)w)

sin?(@) A1 (f) + cos?(a)Aa(8) ([ 2+’3 v )l’l-l‘rl
M 6 '

 sin®(a)a; + sin(e) cos(a)b; + cos(a)c;

Hence, using A1(f) < A2(), we can see that f(0, (n + 1)) is minimum and
£(0, nmr) is maximum for any integer #. This implies that

0 . . b4
ﬁf(o,a) =0ifand only if o € 52’

2 2
a—f(O,o¢)<0ifo¢€ﬂZ and a—f(O,oz)>0ifoz€ﬂZ—|-£.
da? da? 2

Applying the implicit function theorem to df/d« at the point (0, 0), we see that
there exists a smooth function ¢ — «(¢), defined on a neighborhood of 0 with
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a(0) = 0 such that

f(t’a(t)): sup f(Z,Ol)Z sup F(”t»}hv‘f‘ﬂw),
@€R (A, eR2\{(0,0)}

where the last equality follows from the fact that
F(us, cAv+cuw) = F(us, Av + pw)
for any nonzero constant ¢ by (4-28). Since «(0) = 0, we have
4 ra) = aotat| = Lasintatn)
77 Sin a(t) o= @ cos” a(t) o i (a; sin” a(t)) .
_d _
=7 (bs sina(t) cos a(l))|t:0 =0.

=0

Hence, by (4-29), we have
(4-30)

d
g/ e

_d sin? (ce(1))A 1 (8)+cos?(a(1))A2(F)
S di sin?(a(1))a; +sin(a(t)) cos(a () by +cos? (a(t))cs

1
2 n+1
X(/ uf+"dVg)

M t=0

1 1

~ d 2 n+1 d 2+; n+1
(e (o) )
t=0 =0

- Az(é)%(— /Mu—Hﬁhwdeg +fMu1+ﬁh dVg).

By the definition of Y, (M, 6) and kz(é) = Y,(M,0), f admits a minimum at
t = 0 because

S0,2(0)) = f(0,0) = F(u, w)
and w satisfies (4-13). Since Az(é) =Y,(M, 8) # 0, it follows from (4-30) that
/ w1 hw? dVy :/ uH'%thg.
M M

Since / is arbitrary (we just have to ensure that its support is contained in M \u~1(0)),
we get
u nywT =1u n

and hence u = |w| on M \ u~!(0). Together with Step 3, we have u = |w|
everywhere. O
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5. Lower bound for Y, (M, 0)

For any compact CR manifold (M, 0) of the real dimension 27n + 1, by the definition
of the CR Yamabe invariant Y7 (M, 6), we have

2+ 2)IVaulg + Rou* dV,
(5-1 Yi(M,0)= inf fM( )l 0“'0 ou 9
ueST(M)\{0} (foy lul2+7 dVg)”""l

Theorem 5.1. We have

(5-2) Yo(M, 0) > 271 Y, (M, 6).

Moreover, if M is connected and if Y,(M, 0) is attained by a generalized contact
form, then this inequality is strict.

Proof. The functional

2+ 2)|Vav|2 + Rov2 dV, T
F(u,v):fM( il A o+ Re 9(/ u2+ﬁdV9)
fayunv2dVy M

is continuous on L2+n (M) x (S#(M)\ {0}). As a consequence, I(u,V) :=
sup,ep\foy F(u,v) depends continuously on u € L2+n (M) and V €Gry (SZ(M)).
To prove Theorem 5.1, it suffices to show that / (u V) > 2T Y, (M 0) for all
smooth # > 0 and V' € Grj (S 12(M )) thanks to Proposition 3.1. Without loss of
generality, we can assume that

(5-3) /M R AV = 1.
The operator
2\ —1 _1 _2
v P(v) = —(2+ E)u nAg(u~nv)+ Rou nv

is self-adjoint with respect to the L2-scalar product and elliptic. Hence, P has
discrete spectrum Ay < A, < --- and the corresponding eigenfunctions ¢y, @7, ...
are smooth. Setting v; = u~ n @;, we obtain

(5-4) (—(2 + %)Ae + Ro)(vi) = —(2 + %)AG(“_%%’) + Rgu”ng;

1 1 2
=un P(p;) = Ajunp; = Ajunv;
and
2
/unvivjdV(;:/ @ipjdVe =0ifi # j.
M M

The maximum principle implies that an eigenfunction to the smallest eigenvalue A {
has no zeros. Hence, A < A, and we can assume that v{ > 0.
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We define w4 = a4 sup(vy, 0) and w— = a— sup(—v;,0), where ay,a— > 0
are chosen such that

(5-5) f uﬁwidvF/ Wiw? dVe=1.
M M
We let Q_ = {v, <0} and Q4+ = {v, > 0}. By Holder’s inequality, we have

(5-6) 2=/ uiwidVg—F/ un w2 dVy
M M

1
n+1 2 n+1
< (/ w2t dVg) (/ wi dVg)
Q4 M

1 n

n+1 n+l
—I-(/ u2+% dVg) (/ w3+'21dV9) .
- M

Using the inequality (5-1), we get

n

1

1 1 242 nt
/ unw+P(unw+)dV9zYl(M,H)(/ W "dVe) ,
M M

which implies that

1
n+1
(5-7) (/ u“ﬁdvg) (/ urlzw+P(uf11w+)dV9)
Q4 M 1

2 nnﬁ n+1
> Y(M, 9)([ wi dVg) (/ utn dVg)
M Qi

=1i08.6) [ utud dVe=¥i(.0).
M

where we have used Holder’s inequality in the last inequality, and (5-5) in the last

equality. Similarly, we have

(5-8) (/ ults dVg)nJrl (/ u;w_P(urllw_)dVg) >Y1(M,0).
Q_ M

Adding (5-7) and (5-8) together, we obtain

+
(5-9) 2Y1(M,9)§(/ u”idvg) (/ urlzw+P(ur11w+)dV9)
Q4 M

1

n+1
_|_(/ u2ts dVo) (/ uillw_P(urllw_)dVg).
_ M
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Since w-—, respectively w4, are multiples of v, on 2_, respectively €24, they
satisfy the same equation as v,. Hence, we obtain from (5-4) and (5-9) that

1
n+1
(5-10) 2Y;(M,0) < (/ uti dVg) (/ dounw: dVg)
Qi M
kr )
+(/ 2t dVg) (/ kzunwidVg)
_ M
+ T

=)\.2((/Q u2+% dVg) + (/ u2+% dVg) ),

+ —

where the last equality follows from (5-5). Now, for any nonnegative numbers
a,b > 0, Holder’s inequality yields

Cl+b Ezﬁ(an-f—l +bn+l)ﬁ

Applying this inequality with

1 1

n+1 n+1
a= (/ utn dVg) and b= (/ utn dVg) ,
Qi _

we derive from (5-10) that

1

n+1
2V, (M, 0) < Ap2it ((/ u2+3dV9)+(/ u”ﬁdV@))
Q4 _
%
=A22ni1(/ u”ﬁdva) — Jp27tT,
M

where the last equality follows from (5-3). This implies that A, > 2#1 Y1(M,0).
Since A, = I(u, span(vy, v3)), this finishes the proof of the first part of Theorem 5.1.

Moreover, if M were connected and if Y, (M, 6) were attained by a generalized
contact form, then inequality (5-9) would be an equality and we would have that
w4 or w— is a function for which equality in (5-1) is attained. By the maximum

principle, we would get that w or w— is positive on M, which is impossible. [J

6. Upper bound for Y, (M, 0)
Hereafter, we denote Yy (S?"*1) the k-th Yamabe invariant of (S*"*1, Ogan+1),
where 02041 is the standard contact form on ST given by

n+1
Osonr =1 (zj dZj —Z; dzj),

Jj=1

where (z1,...,z,41) € S?*T1 c Cr L,
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Theorem 6.1. Suppose (M, 0) is a compact CR manifold of real dimension 2n + 1
with Y1(M, 0) > 0. Then
(6-1) Ya(M,6) < (Y1 (M, "1 4 v, (S2rH 1)
when Y1 (M,0) > 0andn > 3,0r Y1(M,0) =0 and n > 4. On the other hand, the
inequality in (6-1) is strict when

1) Y1(M,0) >0,n>7and M is not locally CR equivalent to s2ntl o

(i) Y1(M,0) =0,n>4and M is not locally CR equivalent to S*"*1.

To prove Theorem 5.4, we have the following:
Lemma 6.2. For any o > 2, there exists a constant C > 0 such that
la+b|* <a®+b*+ C(a* 'b+ab*")

foralla,b > 0.

Proof. Dividing both sides by a, without loss of generality, we can assume that
a = 1. Then we set for x > 0,
T4 x|*—(1+x%)

x4 x '

fx) =

By L’Hopital’s rule, we have

1 a—1 _ a—1
lim f(x)= lim ol +x) ax =a,
x—0+ x>0t (a—1)x*"2 41
1 a—1 _ a—1
lim f(r)= lim CUFOT —ex
X—>00 X—>00 (0{ — l)xa—2 +1

Since f is continuous, f is bounded by a constant C on (0, 00). Clearly, this
constant is the desired C is the inequality of Lemma 6.2. O

Proof of Theorem 6.1. For u € S12(M) \ {0}, let

a2+ %)|V9u|§ + Rou? dVy
(fag P+ avg) ™

The solution of the CR Yamabe problem provides the existence of a smooth positive
minimizer v of E, and we can assume

(6-2) / VAR vy = 1.
M

E(u) =

Then v satisfies the CR Yamabe equation

(6-3) Lo(v) = Y (M, 8)v' i,
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Let xg € M be fixed and choose pseudohermitian normal coordinates (z, ¢) near xj.
Let § > 0 be a fixed number. If 0 is well chosen in the conformal class and if x
is well chosen in M, it was proved by Jerison and Lee [1989, Theorem 4.1] that
when n > 3, there exists a function vg > 0 with supp(ve) € B(xg, 28) such that

(6-4) E(ve) = Y1 (S —e(M)s* + O(&?),

where c(M) > 0 is a positive constant. In fact, c(M) is the square of the norm of
the Chern tensor at xo up to a dimensional constant. Therefore, we can assume that
the constant ¢(M ) in (6-4) satisfies

(6-5) c(M)>0
if (M, 0) is not locally CR equivalent to S>"* ! It follows from (6-4) that

(6-6) lin}) E(vg) = Y1 (S*" .
e—>

More precisely, v, is given by (see [Jerison and Lee 1989, p. 326])

g2 2
—C ,
ve E"(t2+(|z|2+82)2)

where 1 is a smooth cut-off function such that

1 if x € B(xo, ),

0< <1’ =
==l 1) {o if x & B(xo,26),

and C; > 0 is a constant chosen such that
242
(6_7) vs n dV9 = 1.
M
It follows from [Jerison and Lee 1989, Proposition 4.2] that
(6-8) Ce = c(n) + O(e*)

for some positive constant ¢(n) depending only on #n. In the following, C will
denote a positive constant depending possibly on §, 7, but not on €. Let

8e(z.1) = (2, €21).
Note that

*

5 1 L 1
8(r2+(82+|z|2>2)‘8 (z2+<1+|z|2>2)
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and §F dz dt = ¢*"*2 dz dt. Hence,
"Pdzdt
(6-9) / |v£‘|p dVO = C,'gp[ ° - np
M {21zl =28} (12 + (2 +2]2)2) 2
g2 +2=np {7 dy

_cr / ;
€ {4/ +z1% <258/} (124 (1+ 1212)2)%

< Céz)82n+2—np/ (/oo dt ) dz
(lz1<28/e} \J—oo 1 +12 ) (1 + |z|?)"P—2

— Cpn82n+2—np/ dz
¢ {lz1=26/ey (14 |2|2)"P~2

26 2n—1
:C82n+2—np/ /e re" N dr
0o (L+r2yw

where we have used (6-8). Note that for ¢ < 1,

28/¢ 2n—1 28/¢
r dr < r2n+3—2np dr < C
0 (1 +r2)np—2 - 0 — g2n+4-2np

ifp§1+%,and

/25/8 r2n—1 dr - /1 r2n—1 J /28/8 dr
— < r _.I_ -
0 (1 + r2)np—2 0 | y2np—2n—3

1 28/e d 1
=/ r2”_1dr+/ —r=—+log8
0 1 r 2n

if p=1+ % Combining these with (6-9), we obtain

Ce"?™2  ifp<l+5,
(6-10) / el dvy <] ° SPE T
M Ce"loge if p=1+.

Similarly, for ¢ < 1, we have
"P dzdt
(6-11) / |Us|pdV02Cf/ S
M {Vr2+1zl<s) (2 + (2 + |z 2
82n+2—np dz dt

— Cp/ n
¢ { /2% <8/} (12 + (1+ z12)2) %

>C1’32"+2_"1’/ (/5/23 dt ) dz
- f (lzl<8/2ey \J=8/26 1 +12 ] (1 + |z]2)"P

dz
> 2CP tan™! (5/2)82”+2_”p/ _—
’ (z1<8/263 (1 + |z[2)mP

=C82n+2—np /8/28 p2n=1 g,
T
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where we have used

2+ (142 <A+ 21+ 2?2

(12| < 8/28) N {|1] < 6/2¢} C {;‘/z2 F 2]t < 8/8}
in the second inequality, and (6-8) in the last equality. Note that for ¢ < 1,
/8/28 p2n=1 . /1 =1 g, +/8/28 p2n=1 _cx C
o (1 +r2)np ~Jo onp | (2r2)np - g2n—2np
if <1—4-, and
8/2¢e p2n=1 g, 1 ,2n—1 g, 8/2¢e p2n=1 g,
[ e
o (I+r)w? = Jo 2% 1 @A)
1 o o2 dr 2n
- — _ p—2n
22"17 (/0 r dr—l—/; r2np_2n+l)—C+Ce

if p > 1. Combining these with (6-11), we obtain

C np+2 .f < 1 - L,
(6-12) [ tdrave=1 p=i-s
M Ce?nt2=nr if p > 1.

and

First we assume that Y7 (M, 0) > 0. We set
Ug = E(vg)%v,s + Y (M, 9)%1).

Let us find estimates for F(ug, Ave + uv). Let (A, ) € R\ {(0,0)}. Then
(6-13)
F(ug, Avg + o)

_ A% [yy veLove dVo+ p? [, vLgv dVg + 2Au [3, veLov d Vg U
Sy lttel® (hovs + p1v)? d Vg

_ PEQ) + HPYI(M.0) + 20Xy (M. 6) [y, v T dV

T2 [ luelR 02 dVe + 2 [y lusl7v? dV + 201 [y luslFvsvd Ve

U,

where U = (fM u§+2/n dVg)l/(n+1) and where we have used (6-2), (6-3) and
(6-7). Using the definition of u,, we have

(6-14) s > E(ve)2v, and ug > Y,(M,6)2v,
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which implies that
(6-15) AZ/ el 7 v2 dVp +u2/ |u8|ﬁv2dV9+2w/ || 7 vev d Vg
M M M
S 52 2+3 2 242
> A" E(ve) ve "dVy+u Y (M,0) v dVy
M M
+2ML/ |ug|%v8vdV9
M

= A2 E(ve) + u2Y (M, 6) —I—2)»/L/ |u8|%v8v dVy,
M

where the last equality follows from (6-2) and (6-7).
If A > 0, then we have

(6-16) 2ML/ | nvev d Vg = 20uY (M, 9)/ v v, dVy
M M
by (6-14). Therefore, (6-15) and (6-16) imply that
2
A2E(ve) + u2Y1 (M, 0) + 22 puY1 (M, 0) [1, v T v, dVy -1

2 2 2 =
A2 [y lug|nv2 dVe + p? [, luglnv2 dVy + 2w [3 luglnvev dVy
If A < 0, then

n n 2 2
Jugl® < (E(ve)2vs + Y1 (M, 0)30) " < E(ve)vll + Yy(M, O)vi
when n > 2. Combining this with (6-14) and (6-15), we get

2 2 2
A2 /M PARAZE /M|u8|nv2dV9+2k,u/M|u5|nv8vdV9

2
zsz(v8)+u2Y1(M,9)—C(/ v81+"vdV9+/ v i, dVy
M M

N—

2
zsz(va)Jr/LzYl(M,@)—C(/ U;+"dV9+/ vedVe),
M M

where C > 0 is a positive real number independent of €. This, together with (6-10),
gives

2 [ luelio2 aVos i [ udi? dve+ 2 [ oo avs
M M M
> M2 E(vg) + n2Y1 (M, 0) — O(" log €) — O(e"2).
This, together with the assumption that Ay < 0, implies that
W2 E (ve)+p2Y1 (M, 0)+24 Y1 (M, 6) [3, v T ve d Vg

; . . <14+0("2).
A2 [o luglnv2dVo+p? [y luglnv2 dVe+2hp [y [uglnvevd Ve
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In any case, we have
(6-17)
W2 E (ve)+p2Y1 (M, 0)+240Y1 (M, 6) [y, 0 T ve d Vg
sup

)R\ (0,00 A2 [y [ue| 1v2 d Vot [y lue|nv2 dVo+2hpu [y luelnvevd Ve
<140("?).

On the other hand,
242 n noy42
ug "dVo= | (E(vg)2v.+Y1(M,0)20v) " ndVy
M M

2
SE(vg)n+1[ v§+"dV9+Y1(M,9)”+1/ v dV,
M M

1+; 1+Z
+C ve "vdVe+ | v nu.dVy
M M

2
= E(ue)" T 47, (M,e)"+1+c(/ vt vdV9+/ U1+’2lvng9),
M

M

where the first inequality follows from Lemma 6.2 with
a= E(v,g)%u8 and b=Y{(M, 9)%1),

and the last equality follows from (6-2) and (6-7). This, together with (6-4) and
(6-10), implies that

1
2 n+1
(6-18) (/ u§+"dV9)
M
1

< (Y1 (SP"THY 1 Ly (M, 0)"T)nFT —e(M)e* + o(e*) + O(e"72).

If € > 0 is small enough, it follows from (6-13), (6-17), and (6-18) that

(6-19)  Y>(M,0)

< sup F(ug,Ave+uv)
(A ,1w)eR2\{(0,0)}

< (VS Y™ LY (ML6) ) P (M) +o(eh) + 0" ).

Since n > 3, (6-1) follows from (6-19) by letting & go to zero. On the other hand, if
(M, 6) is not locally CR equivalent to S§?"+1 then (6-5) holds. Hence, if n > 7,
the strict inequality in (6-1) follows from (6-19) by letting ¢ go to zero.
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Now we assume that Y;(M,6) = 0. We set u, = v,. Then we obtain for
(h. ) € R*\{(0,0)},
(6-20) F(ue, Ave + pv)

2 _1
- 2E@e)(fyy v2 T dVg) T

= 2
A2 [y |v€|%v§dV9—|—,u2fM viv2dVe+2h [y, |v8|%v5v dVy
)\ZE(vs)

- 2 2
A2+ p? [ vdvrdVe+ 20 fy, v81+”v dVy
by (6-7) and (6-13). Let A, ie such that A2 + u2 = 1 and

Fug, Aeve + pev) = sup F(ug, Mg + nv).
(A ,1)eR2\{(0,0)}

If A, = 0, we obtain that F(ug, Acvs + 4v) = 0 and the theorem would be proved.
Then we assume that A, # 0 and we can write
E(ve)

Flug, hevs + pov) = 1+ 2xgbe + x2ag’

where x; = (g /A and
Ce" <b, =/ v81+
M

2
ag:/ vividVy>Ce* ase—0
M

2
"vdVy < Ce" lloge ase—0,

by (6-10) and (6-12). Maximizing this expression in x, and using (6-4), we obtain
(6-21)

Y1(S2 ) —c(M)e* +o(e*) N (ST h—c(M)e*+o(e*)
1-b2/a, B 1—Ce2n—6log?e

since ¢ loge — 0 as € — 0. For n > 4, it follows from (6-21) that

F(ug, heve + pev) < Yy (SZn—H)’

which proves (6-1) for the case Y7 (M, ) = 0. On the other hand, if (M, 0) is not
locally CR equivalent to "1, then (6-5) holds. Hence, the strictly inequality in
(6-1) follows from (6-21) by letting ¢ go to zero. This proves Theorem 6.1. O

Fug, AgVe+1uegv) <

’

7. Some properties of Y, (M, 0)

We have the following questions:

(1) Is Y, (M, 6) attained by a contact form?
(2) Is Y, (M, 6) attained by a generalized contact form?
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For question 1, we have the following:

Proposition 7.1. Ler S*"t1 U S?"+1 pe the disjoint union of two copies of the
sphere equipped with the1 standard contact form induced from Ogan+1. Then
Y, (S U Sty = 2n+1 Y (S2" ) and it is attained by the standard contact
form.

Proof. Let 6 be an arbitrary smooth contact form on S$27t1 U S?"+1. We write
Sf"“ for the first S and S%"H for the second S?**1. Then we have

(7_1) )\2(§2n+lug2n+1’é)

= min{A2(S3"+1,6),12(S3"* 1, B). max{ (S, 6), 11 (3" D).
Therefore,

(7-2) Yo (S USHY) < 3, (S2H1 g2ty yo 2+ Sznﬂ)#
= A (S¥H1 U ST (2 Vol(S2 1))t
— 2T A, (S2M L) Vol (S2H it
— 2wy (S2H),

where we have used (7-1) in the second equality.
On the other hand, we have
(7-3)
~ ~ 1 ~ ~ 1
A (ST 0) Vol(SP T U 2L gyt > hp (ST, 0) Vol(ST" T, 9) T

> Yo (ST
= 2Ty, (8™,
where the last equality follows from Corollary 7.3. Similarly, we have
(7-4) Ja(S2F1 6) Vol(SP T U ST Gyt = 2T vy (ST,
By the definition of Y (S?"*1), we have
21(SPH ) Vol(S2 ! Gyt > ¥y (S ) fori =1.2,
which implies

2Y1 (§2n+1)n+1

2
< Z)\l(ggn-i-l’ é)n-‘rl Vol(gizn-i-l , é)

i=1

2
< max{A (S, 6)" 1,218, 0)" 1} Y Vol(ST ! 6)
i=1

— max{)\l (S%n+l’ é)n-I—l ) )\‘1 (S§n+1, é)n-i-l}VOl(SZn-i-l U §2n+1’ é)’
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which gives
(7-5) 2Ty (S2+H1)

< max{A; (S2F1,6), 1, (S2"F1,6)} Vol(S2 1 U2t Gy,
Combining (7-3), (7-4), and (7-5), we can derive from (7-1) that

2T Y (SPT) < My (SPFL U S27HL G) Vol(S2 ! u st gy,

Since 6 is an arbitrary smooth contact form on $27+1 U §2#11 we have

(7-6) 2,1% Y1 (S¥) < vy(SP U sty

Now Proposition 7.1 follows from combining (7-2) and (7-6). O
On the other hand, we have the following:

Proposition 7.2. If M is connected, then Y,(M, 0) cannot be attained by a contact
form.

Proof. Otherwise, if Y, (M, 6) were attained by a contact form 0 =un 6, then by
Theorem 4.4, we would have u = |w|, and hence u cannot be positive since w has
alternating sign. O

For question 2, we have the following:
Corollary 7.3. We have
Y, (S2H) = ikt Y, (S2mH,
Proof. This follows from (6-1) and Theorem 5.1. O
Corollary 7.4. Y,(S?"*1) is not attained by a generalized contact form.
Proof. This follows from Theorem 5.1 and Corollary 7.3. O

8. The k-th CR Yamabe invariant Y, (M, 6)
In view of Corollary 7.3, it is natural to conjecture that
Y (S = JenT Y, (S2HY
for all k. However, the following result shows that it is false.

Proposition 8.1. For n > 3, we have
Yant3(S¥"F1) < (20 + 3Ty (S2H)),

Proof. Consider S?2"T1 cC"*+!. Letz;, wherei =1,2,...,n+1, be the coordinates

n+1 . _ . —nh_. _ — =
of C*™". Since —Ag,,, ., zi = 7zi and —Aq,, ., Zi = 5%,

—(n + 2)2(11 + l)zi and L9§2n+1 (zi) = —(n + D+ I)Ei

L9§2n+1 (Zi) = )
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fori =1,2,...,n+ 1, and hence

2 1
)\2n+3(§2n+1’ 9§2n+1) = w

2
This shows by the definition of Y;,43 that
(8-1) Yont3(SHH1) < Aans3 (S Ocanir) VOI(S2 L, Oy 1) T
2 1
< n+9@m+1) )2(n +D V01(§2”+1,6§2,,+1)ﬁ‘

Since

2 1
M Vol(SZ”‘H ,Os2nt1 )nlﬁ

< (2n+ 3)n+T Vol(S3" 11, ngn-y-l)ﬁ

L nn+1)
2
= (2n + 3)T Y, (ST
when n > 3, Proposition 8.1 follows from (8-1) . O

For the case when the £-th CR Yamabe invariant is negative, we have this:

Theorem 8.2. Let k be an positive integer. Assume that Y, (M,0) < 0. Then

Y (M, 0) =—o0.

Proof. After a possible change of contact form in the conformal class, we can
assume that Az (8) < 0. This implies that we can find smooth functions vy, ..., vg
satisfying

Lo(vi) =A;(0)v; foralli=1,2,...,k
and such that

/ vividVy =0 foralli,j=1,2,...,kandi # j.
M

Let v be defined as in the proof of Theorem 6.1. We define u, = v, + &. We set
V =span{vy, ..., vi}. Forv € V, we have

2 2
/ ug‘v2dV9§8%/ vdeg—i—/ viv2dV,
M M M

2
ECS’%-i-C/ ve dVy
M

2
3 3
Ce:%—i-C(/ vg'dVg) VOI(M,G)%ICE%-FCS% ifn=>2,
< M

5 5
C82+C(/ vgdvg) Vol(M,0)5 = Ce>4+Cet0  ifn=1
M
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by (6-10) and Holder’s inequality. From this, we have

2
lim | ulvidVy=0
e—>0 Jpm

uniformly in v € V. Since A;(0) < 0, it is then easy to see that

sup F(ug,v) = —o0.
velV
Together with the variational characterization of Y3 (M, ) in Proposition 3.1, we
get that Y, (M, 0) = —oo0. d
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NO HYPERBOLIC PANTS
FOR THE 4-BODY PROBLEM WITH STRONG POTENTIAL

CONNOR JACKMAN AND RICHARD MONTGOMERY

The N-body problem with a 1/r2 potential has, in addition to translation
and rotational symmetry, an effective scale symmetry which allows its zero
energy flow to be reduced to a geodesic flow on complex projective (N — 2)-
space, minus a hyperplane arrangement. When N = 3 we get a geodesic
flow on the 2-sphere minus three points. If, in addition we assume that the
three masses are equal, then it was proved in a previous paper that the cor-
responding metric is hyperbolic: its Gaussian curvature is negative except
at two points. Does the negative curvature property persist for N = 4, that
is, in the equal mass 1/r? potential 4-body problem? Here we prove that
it does not by computing that the corresponding Riemannian metric in this
N =4 case has positive sectional curvature at some 2-planes. This curvature
computation underlines an essential difference between the 3- and 4-body
problem, a difference whose consequences remain to be explored.

1. Introduction

In [Montgomery 2005] it was shown that the reduced Jacobi—-Maupertuis metric for
a certain 3-body problem had negative Gaussian curvature (except at two points
where it is zero). This hyperbolicity led to deep dynamical consequences. Does
hyperbolicity, i.e., curvature negativity, persist for the analogous N-body problem
with N > 3?7 No. We show that the analogous reduced 4-body problem with its
metric has 2-planes at which the sectional curvature is positive.

The N-body problem in question has equal masses and the inverse cube law
attractive force between bodies.

2. Setup

Identify the complex numbers C with the Euclidean plane R>. Then the planar
N-body problem has configuration space C¥ \ A. Here A is the “fat diagonal”

MSC2010: 37N05, 70F10, 70G45.
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consisting of all collisions:

A:{q:(ql,qz,...,qN)eCN:q,-:qj for some pair i # j}.

The quotient of CV \ A by translations and rotations is the “reduced N-body
configuration space”:

Cy =Yy x RT, Yy =CPV 72\ PA,

I]:DN72

where C is the projectivization of the center of mass subspace

cN-! :{quN:Zmiqi =0}

and PA C CPV =2 is the projectivization of ANCN~!. The R* factor records the
overall scale of the planar N-gon and is coordinatized by /1 with I = Zm;|q;|?
being the total moment of inertia about the center of mass. Yy is the moduli space of
oriented similarity classes of noncollision N-gons and will be called “shape space”.

The following considerations reduce the zero angular momentum, zero energy
N-body problem to a geodesic flow on shape space Yy, provided the potential V
is homogeneous of degree —2. If V is homogeneous of degree —« then the virial
identity, also known as the Lagrange—Jacobi identity, asserts that along solutions of
energy H we have I = 4H — (4 —2a)V, which implies that the only case in which
we can generally guarantee that / = 0 is when « = 2 and H = 0. If in addition
I = 0 then solutions lie on constant levels of /.

Now we recall the Jacobi—-Maupertuis (JM) reformulation of mechanics, which
asserts that the solutions to Newton’s equations at energy H are, after a time
reparametrization, precisely the geodesic equations for the Jacobi—Maupertuis

metric
dsh;=2(H — V) ds*

on the Hill region {H —V >0} C CV\ A with ds? the mass metric. We are interested
in the case H =0, —V > 0 with V homogeneous of degree —2, in which case the
Hill region is all of C¥ \ A and

2 2
The case of prime interest to us is
2
(1) U:—V:Z'mimj/rij.
i#]
This U, and hence the JM metric, is invariant under rotations and translations.
Quotienting first by translations, we take representatives in the totally geodesic

center-of-mass-zero subspace C¥ !, which reduces the dynamics to geodesics of the
metric dsfg|cv-1 on CV =1, Moreover, ds3,|cv-1 is also invariant under scaling since
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the homogeneities of U and the Euclidean mass metric ds on CV~! cancel. Thus the
JM metric admits the group G = C* of rotations and scalings as an isometry group.

Now Yy is the quotient space: Yy = (CN "'\ A)/G = CPY 2\ A. (By abuse
of notation, we continue to use the symbol A to denote the image of the collision
locus A under projectivization and intersection.) Insisting that the quotient map
7 CNI \ A — Yy is a Riemannian submersion induces a metric on Yy. Recall
that this means that we can define the metric on Yy by isometrically identifying
the tangent space to Yy at a point p with the orthogonal complement (relative to
dsJZM or ds?, and at any point lying over p in CV~!) to the G-orbit that corresponds
to that point. These orthogonality conditions are equivalent to the conditions that
the linear momentum, angular momentum, and “scale momentum” / are all zero.
To summarize, by using the JM metric and forming the Riemannian quotient, the
zero angular momentum, zero energy 1/r2 potential N-body problem becomes
equivalent to the problem of finding geodesics for the metric defined by Riemannian
submersion on Yy.

Remark. The metric quotient procedure just described realizes the Marsden—
Weinstein symplectic reduced space of T*(C" \ A) by the action of translations,
rotations and scalings, C x C*, at momentum values 0, together with the N-body
reduced Hamiltonian flow, but valid only at zero energy.

Remark. This metric on Yy can be expressed as U dsés where ds%s is the usual
Fubini-Study metric on CPV 2.

Remark. For the standard 1/72 potential of (1), this metric on Yy is complete,
with infinite volume.

The collinear N-body problem defines a totally geodesic submanifold
RPY=2\ A c CPV72\ A.

We obtain this submanifold by placing the N-masses anywhere along the real
axis R C C, arranged so their center of mass is zero and so that there are no
collisions, and then taking the quotient. In other words, RPY 2\ A is the quotient
of RN=! c CN~! by dilations and real reflections.

3. Main result

In case N = 3, with the potential (1) above, Y3 is a pair of pants —a sphere minus
three points. The point of [Montgomery 2005] was to show that the metric on Y3
just described is hyperbolic provided m| =m, = m3. Specifically, in this equal mass
case the Gaussian curvature of the metric on the surface Y3 is negative everywhere
except at two points (these being the “Lagrange points” corresponding to equilateral
triangles.) What about Y4?
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2 4 3 1

center
of mass

~
~

Figure 1. The collinear configurations p which we consider.

Theorem 1. Consider the Jacobi-Maupertuis metric on Y4 induced as above for
the case of 4 equal masses under the strong force 1/r? potential (1). Then there
are 2-planes o tangent to Y4 at which the Riemannian sectional curvature K (o)
is positive.

Remark. The 2-planes o of the theorem pass through special points p € RP? C CP?
which represent certain special collinear configurations. See Figure 1. The 2-plane
o at p will be the orthogonal complement to TP[R{[P’Z, the normal 2-plane, and is
realized as o0 =i TP[RIPZ, using the standard complex structure on CP2.

Remark (negative curvatures). The RP? of the previous remark is a totally geodesic
surface fixed by an isometric involution. There are other such totally geodesic
surfaces defined as fixed loci of symmetries, and computer experiments suggest that
these all have negative Gaussian curvature everywhere while their normal 2-planes
can have positive sectional curvature at some points, like our special case RP2.
Computer experiments also indicate that in the direction of the normal plane there
is positive sectional curvature over all collinear configurations of RP? and not just
the special configurations verified in the theorem. An analytic proof of these claims
beyond our special case, however, looks frightening.

Remark (uniqueness of free homotopy classes). The work in [Montgomery 2005]
was chiefly meant as a route for proving the uniqueness (mod symmetries) of the
N = 3 strong force figure-eight solution. For N = 4, hyperbolicity fails and we
have no direct “hyperbolic” path for establishing uniqueness of various 4-body
choreographies or free homotopy class representatives.

Open Question. A geodesic flow can still be hyperbolic as a flow, without the
underlying metric having all sectional curvatures negative. Is geodesic flow on Y4
hyperbolic as a flow? Is it even partially hyperbolic?

4. Proof of the theorem

We take the case N =4 in the above considerations. When all the masses are equal
to 1, the mass metric, used to compute the kinetic energy and moment of inertia,
is the standard Hermitian metric in coordinates (¢1, ¢2, g3, g4) € C*, where the ¢;
represent the positions of the i-th body. We reduce by translations by going to
the center-of-mass-zero space, which is a 3-dimensional subspace C* C C* having
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Jacobi coordinates as Hermitian orthonormal coordinates:

2 a0
1 1
5 —= 0
35t given by the matrix ? V2 , | in standard bases.
-2 0 7
1 1
=2 0 =7

As is well-known, if we start tangent to the center-of-mass-zero subspace L(C?),
we stay tangent to it. Hence we can restrict the dynamics, potential, metric, etc.
to the center-of-mass-zero subspace. We denote the potential restricted to the
center-of-mass-zero subspace in Jacobi coordinates as Uy = U o L and still write
dsJZM = Uy ds? for the restricted JM metric on C? \ A where ds? is the standard
metric on C3,

Continuing along the outline above, we now quotient by scaling and rotation
isometries C* of dstM to obtain the “shape space” Y, and we label the quotient map
7 : C3\ A — Yy, which takes a configuration ¢ to its orbit C*q. We denote the
vertical and horizontal distributions as

dm
V,=kerd,m =Cp and H,=V, = Tr)Ys.

Requiring dm |y dsigly 1O be an isometry defines our induced metric on Y4 whose
geodesics correspond to N-body motions in “shape space”. Under this induced
metric on Y4 we denote sectional curvature through the plane o € T () Y4 by K(o).

Suppressing the notation of evaluating at a representative p € w(g), our main
tool in the computation of K (o), the dstM curvature, is the equation

2) U;K(o)

2
VU |? U
zg((aIUL)2+(32UL)2)—H—2 H ——2L(812UL+3§UL)+3

UL
IpI?

. 2
(vi-ivo)

Here 9, f denotes df (v,) where f € C>®(C3) and where a = 1, 2 with v;, v, € H
being ds’-orthonormal vectors whose pushforwards d v, spano. The -, || ||, and V
refer to the norm, metric, and Levi-Civita connection for the Euclidean metric ds?.
For the derivation of (2) see the Appendix.

The collinear configurations form a totally geodesic projective plane RP? C CP?,
the image under 7 of the real 2-sphere in C3, which we parametrize by

p = (cos¢cosb, cos¢sind, sing).

We evaluate (2) and find positive sectional curvature over the configurations with
6 = /2 (see Figure 1) in the direction of the i TRIP? plane. This plane is spanned
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by the pushforwards of
.op .. . .
v = —z% =i(sin¢ cosf, sin¢g sinf, — cos @),
i op _ ..
vy = cos 90 =i(—sinb, cosb, 0).

Terms 1. Over RP? in the i TRP? direction, the last and first summands on the
second line of (2) vanish:

Ul-ivzzo, 8aUL=0.

Proof. That v;-ivy = 0 is clear: i rotates v, into purely real coordinates. To
evaluate the first partials, note that Lp has purely real coordinates and VU has k-th
component ) i@ — a1/ r;.‘k, so V|1,U has purely real coordinates. Now since
Lv, has purely complex coordinates,

0, Ur =VIpU - Lv, = 0. O
Terms 2. With the notation Lp = (q1, q2, 43, q4), Lv, = i(v;, vZ, vg, v;‘), and
pik=1/(a) = a0, e =] =V}’ + 0] —5)” R,
the sum of second partials in (2) is given by

812UL +822UL = —220(1'/{/);‘]{.
j>k

Proof. We write our standard coordinates on C* as ¢; = x; +iy;. Then since Lv,
is purely imaginary, we have

2 oU & 92U ki
= VU - : = Y k). = J.
0, Ur =V|1,(VU - Lv,) - L, (Vle e va> Lv, 3y, i v,v)
2 2
Next we compute 331‘ ;]yk |Lp= 2,0;‘,( for j # k and %—[ﬂ =-2 ; p;‘k, SO NOW

RUL=-2)_ ph((h)*—vju})

J#k

=2 ph (b —205v] + v))?)
j>k

=23 phk—v) O
Jj>k

Result. Over the circle 6 = /2, K(i TRP?) is positive.
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Now, substituting Terms 1 and 2 into formula (2), we see that

0<K<=0<UK=—|VU2I*+UL) ajp

j>k
2
3) = Z (Z pfk) < (Z p?k) (Z ajkp?k) .
kK Nj#k j>k j>k

Taking 0 = v /2 and with the notation introduced in Terms 2, we find the relations

1 1 1 1
PR="—"F7 """ PMU=—"F7 Q= —5, 034=—F"
V2cos ¢ V2sin¢ ,0324 ,0122
V2 1
g — _ — 1 e
P13 cos §—sin ¢ P24 13 ,0124 + 24
V2 1
=¥y __ =—4+1=
P14 oS p+sing 023 a4 = + 23,

,013

Now the left side of (3) works out to

2((03, + pis + pin)* + (075 —

Py — P3)%)

= 2(2 PS + 203 (s + piy) + 2034 (03, — pf3)>

k>j

=2 -96—7——
Z Pik sin 2¢ 0052 2¢

k>j

Z Pik+ negative term,
k>j

and the right side of (3) works out to

P12

P oy P
(pf2+p§4+2(pf3+p%4))<—+ﬁ+2( htel+ =5+ 14))

_( 2 n 8
~ \sin? 2¢ cos? 2¢

/012 /014 :013

) (sin? 26 (o, + 08

2
cos” 2
+ 22 (ot + )+ 20t + o))
=2 Z ,oj6~k +cot? 2¢ (p%5 + p8)) + 8 tan” 2¢ (0, + p%,)
k>j
4 4 4 16 )
+ (o153 + p]4)<sin2 26 024
=2 Z pf-k -+ positive term.
k>j

Therefore the inequality (3) holds! U
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Appendix: Derivation of (2)

Take a ds?-orthonormal basis {v,} for C? with vy, vs € H,.
The Kulkarni-Nomizu product formula for conformal curvatures [Sakai 1996,
p. 51] reads:

Rabed — UL Rapea = —{dsp® (Vdu — du ® du + §||du|*ds®)} ,

where u 1= % log Uy, the overbars denote curvature with respect to the dsJZM—metric,
and all other quantities (without overbars) are with respect to the ds’-metric. Then
Rupea = 0 since ds? is the flat Euclidean metric of C? = R®. Taking cd = ab, we
have
UL Kab = Rapap = —UL(Vdupy + Vduaq — dup @ dup — dug ® dug + || dul?)
= —Ur(dgu + d5u — Bau)* — (3pw)* + | Vu?).

Next, O’Neill’s formula [1983, p. 213] gives
74 3 V|2
K(dmvy, dmv) = K1y + 3|[Vi, V2 ‘dsJZM’

where V, = v, /v U (p) and XV denotes dstM projection of X onto ).
We then compute

_ 9,UL _ Vi,U-Lu,

~2UL  2UL(p)

OqU

and
92, — 9UL _ (9,UL)?
a 2U;, 2U3
— V|Lp(VU'Lva)'Lva _ (aaUL)2
2UL(p) 2UL(p)?

Note that VU € {q eC*:Y ¢q = O} and Lu, is a ds? orthonormal basis for this
center-of-mass-zero subspace, hence

IVUI>=3(VU - Lvg)?
= > (3.Ur)* = 4U7||Vul>.
Substitution into the Kulkarni—-Nomizu formula gives

= 1

U 3 VU |?
@ Kp=- 3(_L(aleL“‘azzUL)——(31U£+32U£)+”—H )
Up\ 2 4 2

To compute O’Neill’s Lie bracket term we write our standard coordinates on C*
as (x"+ix?, ..., x> +ix%).
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Let Hy = X/3,;, H,=Y/d, € M be any horizontal vector fields. The vertical
vector fields are spanned by the Euler vector field E = x/9,; and iE. Then
Hj-E=H;-iE=0and

[Hy, Hy]- E=Y X/xo,Y*—yixko,, x*
k
=Y X7 (0, (" YF) = 85 ¥H) — vT (0, (xF XF) — 85 x)
k

=Y xtvf-vkxt=o,
k
and likewise,

[Hi, Hol-iE =) (Y9, X5 = X790, YO+ 4 (X9, YA — ¥ 7a,, x4t

k odd
=2 Xy XMYR = 2H, i H).
k odd
Then
2 E > iE, Y
Vi, Val¥|” = dsj; <[V1, Val, —p) +ds; ([VI» Val, —p>
| | ™ PIVTL(p) ™ |pIV/TUL(p)
UL2 2 C 2
= g (Vi V2l BY (Vi Val i )°)
4UL(p) (Vi Va)? 4 )
= = (vy-iv)”.
pI? ULplpl
Now substitution of this Lie bracket expression and (4) into O’Neill’s formula and
multiplying by U; yields (2). O
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UNIONS OF LEBESGUE SPACES AND A; MAJORANTS

GREG KNESE, JOHN E. MCCARTHY AND KABE MOEN

We study two questions. When does a function belong to the union of
Lebesgue spaces, and when does a function have an A; majorant? We
provide a systematic study of these questions and show that they are fun-
damentally related. We show that the union of L (R") spaces with w € A p
is equal to the union of all Banach function spaces for which the Hardy—
Littlewood maximal function is bounded on the space itself and its associate
space.

1. Introduction and statement of the main results

While the L? spaces are considered fundamental spaces of interest in analysis,
the weighted L? spaces and the related study of A, weights are perhaps part of
a more specialized area of analysis. It is the goal of this article to show that the
L? spaces considered in aggregate are intimately linked to these latter topics and
to the notion of an A; majorant. By recent developments our results indicate that
weighted Lebesgue spaces with A, weights may be good candidates for ambient
spaces for operators in harmonic analysis.
We begin with the following question.

Question 1.1. When does a function belong to the union of L? spaces?

Question 1.1 is vaguely stated on purpose. By union, we mean either the union of
LP as p varies or the union of L% as w varies with p fixed. The union of L spaces
often arises when considering a general domain to define operators in harmonic
analysis. Several such operators are bounded on L? for all 1 < p < oo, and hence
take functions from ., L into itself.

It turns out Question 1.1 is closely related to the theory of weighted Lebesgue
spaces and the action of the Hardy-Littlewood maximal operator on these spaces.
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For our purposes, a weight is a positive locally integrable function. An A; weight
is one that satisfies
Mw <Cw ae.

Here M denotes the Hardy-Littlewood maximal operator

1
Mf(x) = sup—/ |fldx.
o 101 /5
We exclude the weight w = 0 from belonging to A1, and in this case we see that if
w € Ay then w > 0 a.e. The A class of weights characterizes when M maps L,
into LL;OO. When 1 < p < oo, M is bounded on LY exactly when w € A,

<L/wdx) (L/w_l/(p_l)dx>p_l<C
101 Jo 101 Jo -

for all cubes Q. At the other endpoint the A, class is defined to be the union of all
A, for p > 1. We now come to our second question.

Question 1.2. Given a measurable function f, when does there exist an A; weight
w such that

(D If] <w?

We call a weight satisfying (1) an A; majorant of f and write A4, for the set of
measurable functions possessing an A| majorant. As stated, Question 1.2 does not
seem to have been considered before. As far as we can tell, the first notion of an
A majorant appeared in an article by Rutsky [2011]. In Rutsky’s paper, however,
a different definition of an A; majorant is given — one which requires the function
and the weight to a priori belong to a more restrictive class of functions.

If we examine weights locally, say on the interval [0, 1], then our problem has a
remarkably simple answer which reveals a close connection between traditional L”
spaces, weighted L? spaces, and A; majorants:

6) da ([0, 1 = ([ L7 (0. 1)) = ) L3,10, 1]
p>1 weA)

The proof of (2) is a synthesis of known important results for Muckenhoupt weights.
This equivalence reinforces the saying attributed to Antonio Cérdoba, “There are
no L” spaces, only weighted L? spaces.”

The local theory has several extensions including an application to Hardy spaces
on the unit disk. In [M°Carthy 1990], while studying the range of Toeplitz operators,
the second author showed that the Smirnov class, N, can be realized as a union of

weighted Hardy spaces:
Nt= ] H]

weW
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where W is the Szegd class of weights (see Section 2 for relevant definitions). The
class A (T) is a proper subset of W (as Up>0 HP is a proper subspace of N*).
Using our techniques we are able to give a characterization of _J p>0 H? in terms
of weighted H? spaces:

3) UJar=H..

p>0 weA

We refer the reader to Section 4 for more on the local case.

For functions on R", the theory is not as nice. In the local case the L? ([0, 1])
spaces are nested in p, whereas the L (R") spaces are not. We are not able to
obtain equality of p=1 LP(R") and M4, (R"). Remarkably, even the much larger
union over weak-L” (R") spaces is not equal to Jil4, (R"). As a consequence of our
results, if pg is any exponent satisfying 1 < pg < oo then

4) Urre®) g U LP®) St ®.
p>1 WEAp,
The class Jl4, (R") can be thought of as a generalization of L*°(R") —i.e., func-
tions that are majorized by constants, which are A; weights — while ( J,, A L}U (R™)
is a generalization of L'(R"). With this in mind we obtain the following theorem.

Theorem 1.3. Suppose 1 < p < co. Then

U Lowy :J(/LAI([R”)H( U L}U([R")).

weA, weA|

Considering the basic fact

L'R)YNL®R") C () LP(R"),
l<p<oo
Theorem 1.3 shows that if we enlarge both L*°(R") to Jl4, (R") and LY(R") to
Uwe A L. (R") and intersect the two, then we pick up an even bigger class of
functions, one that by (4) properly contains the union of all L?(R") for p > 1. As
a consequence to Theorem 1.3, we see that forall 1 < p, g < oo,

U rowny = Lomn.

weA, u€Ay
The proof of Theorem 1.3 uses the extrapolation theory of Rubio de Francia [1984;
1987] (see also the book [Cruz-Uribe et al. 2011]).

The union p>1 L7 is a good candidate for a natural collection of functions on
which to iterate the Hardy—Littlewood maximal function. Rutsky [2014, Theorem 1]
showed that Banach function spaces & on R" (see Section 2) for which the Hardy—
Littlewood maximal function is bounded on both the space ¥ and the associate
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space X’ act as a natural domain for the set of all Calderén—Zygmund operators.
We end the introduction with our main result which says a function belongs to a
function space ¥ for which the Hardy—Littlewood maximal function is bounded on
% and ¥’ if and only if f € L (R") for some p > 1 and w € Ap(R™).

Theorem 1.4. Suppose 1 < p < oco. Then

U Lo®y = J1#: M en@na@)).

weA,

where the second union is over all Banach function spaces such that the Hardy—
Littlewood maximal operator is bounded on ¥ and %'.

Banach function spaces for which M € B(¥) N B(X’) are also related to the
Fefferman—Stein inequality. Define the sharp maximal function M* by

1
M50 =swp o [ 17 = foldx
0sx 19l Jo
where fp = IIE f 0 fdx. Lerner [2010] proved that if M € B(¥), then the
Fefferman—Stein inequality

S I flle < cliM? flle

holds for all nice functions in & if and only if M € B(X"). In particular, Theorem 1.4
shows that if f belongs to a Banach function space for which M € B(¥X) and the
Fefferman—Stein inequality (5) holds on &, then for any 1 < p < oo, there exists
w € A, for which f € L5 (RM).

The outline of this paper is as follows. In Section 2 we state preliminary results
that are necessary for the rest of the paper. In Section 3 we study the classes of
functions with Ay and A, majorants. In Section 4 we give a treatise of local theory
with applications to Hardy spaces on the unit disk. Section 5 is devoted to the
theory on R”, in particular the proofs of Theorems 1.3 and 1.4. We finish the article
with some open questions in Section 6.

2. Preliminaries

In this section, €2 denotes either R” or a cube Q with sides parallel to the coordinate
planes in R”. For 0 < p < oo, L?(£2) is the set of measurable functions such that

1112, = /Q f1P dx < oo.

Given p with 1 < p < 0o, we use p’ to denote the dual exponent defined by the
equation 1/p + 1/p’ = 1. A weight defined on a cube Q is a positive function
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in L'(Q). A weight on R" is a positive function in LI]OC([R{"). Given a weight, w,
define L1 () to be the collection of functions satisfying

1715, = [ 1717w dx <oc,

We define L{°(€2) to be the space of functions for which f/w e L°°(£2). This space
is normed by

|f (0l

00 = w =esssup —————.
Il = 1/ wloo = esssup s

If T is the unit circle in the complex plane, then L”(T) and L% (T) are identified
as the space of 27 periodic functions that belong to L” ([0, 27]) and L%, ([0, 27]),
respectively.

We also examine the “complex analyst’s Hardy space”, as opposed to the real
analyst’s Hardy space defined in terms of maximal functions. Let D) denote the unit
disk in the plane with boundary T. Given p with 0 < p < oo, let H? = H”(D) be
the space of analytic functions “normed” by

2 1/p
171 = swp ([ 17wt §2)

O<r<l1

“Norm” is in quotes since this is not a norm for 0 < p < 1, but we use norm notation
| - || nonetheless. The Nevanlinna class, denoted N, is the collection of analytic
functions on D such that

2 ) de
171w = swp [ tog" 1) 2 < ox.
0 T

O<r<l1

Functions in N have nontangential limits almost everywhere on the boundary, so
we may treat them as functions on the disk or the circle. The Smirnov class N
consists of functions f € N such that

2w
. i, dO
1 1 + i6 av
rlml/O ogh |f(re )|2n _/0

It is well known that

2

i0, do
1 + i0 av
og" I f ()] 5

| JHPSNTCN
p>0
(see, e.g., the books by Duren [1970] or Rudin [1964]). The Smirnov class is often
considered a natural limit of H? as p — O.
The weighted Hardy space H) = HJ (D) is the closure of analytic polynomials
in LY (T). While there are real variable definitions of weighted Hardy spaces, this
classical definition has an intuitive appeal.
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Let Mg, be the Hardy-Littlewood maximal operator restricted to €2, i.e.,

Mg f(x) = sup L/ [fldy.
Qc3|Q| 0

When Q@ = R" we write Mp: f = Mf.
We define A(€2) to be the class of all weights on €2 such that Mqw(x) < Cw(x)
a.e.x € Q. For p > 1, A,() is the class of all weights on €2 such that

sup (L/wdx) (L/wl_p/ dx)p_1< 00.
ocQ |0 0 10| 0

Given an A, weight w we refer to the weight o = w!' 7" as the dual weight. For
the endpoint, p = oo, we use the definition

Aw(@ =] A,().
p=1

There are several other definitions of A, e.g., weights satisfying a reverse Jensen
inequality, a reverse Holder inequality, or a fairness condition with respect to
Lebesgue measure [Duoandikoetxea 2001; Grafakos 2008].

A weight on the torus is a positive function in L'(T). The classes A;(T), A p(T),
and A, (T) are defined analogously on T. The Szeg6 class of weights, denoted W',
are weights on T satisfying

/logwd@ > —00.
T

We notice that if w € Ao (T), then we have

(/w ﬁ) exp(—/logw ﬁ) < 0.
T 27 T 2
In particular, Aso(T) C W.
Example 2.1. Let xg € 2, 1 < p <00, and w,(x) = [x —xo|*. Then wy, € A,(£2)
ifand only if —n <a <n(p —1).
We will need some elementary properties of A, weights, most of which follow
from the definition (see [Duoandikoetxea 2001, Proposition 7.2]).
Theorem 2.2. The following hold:
(1) AiCA, CA;CAxifl<p<g <o
(ii) For1 < p <oo,w € A, ifand only if o = w7 e Ap.
(iii) If O<s <land w e A, then w* € A,

(iv) Ifu,v € Ay, thenuv'~? e Ap.
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It is interesting to note that the converse of (iv) also holds, but the proof is
much more intricate. This was shown by Jones [1980] and later by Rubio de
Francia [1982]. We emphasize that we do not need this converse statement, only
the statement (iv).

We also need the following deeper property of A, weights known as the reverse
Holder inequality. See [Hytonen et al. 2012] for a simple proof with nice constants.

Theorem 2.3. If w € Ay (), then there exists s > 1 such that for every cube

oce S
1 2
— °d — dx]) .
o foar= (g [ o)

As a corollary to Theorem 2.3 we have the following openness properties of A,
classes.

Theorem 2.4. Let 1 < p < o0. The following hold:

(i) If p> 1then A,(Q2) = U15q<p Ay (2).
(i) If w € A,(2) then w® € A,(R2) for some s > 1.
For the results on R” we need the notion of a Banach function space. We refer
the reader to the book by Bennett and Sharpley [1988, Chapter 1] for an excellent
reference on the subject. A mapping p, defined on the set of nonnegative R"-

measurable functions and taking values in [0, oc], is said to be a Banach function
norm if it satisfies the following properties:

@ p(f)=0¢ f=0ae., paf)=ap(f) fora=>0,p(f+g) =p(f)+r();
(1) if 0 < f < g a.e., then p(g) < p(f);
(i) if f, 1 f ae., then p(fu) 1T p(f);
(iv) if B C R" is bounded, then p(xp) < 00;
(v) if B C R" is bounded, then

/B Fdx < Cap(f)

for some constant Cg with 0 < Cp < 00.

We note that our definition of a Banach function space is slightly different from
that found in [Bennett and Sharpley 1988]. In particular, in the axioms (iv) and (v)
we assume that the set B is a bounded set, whereas it is sometimes assumed that B
merely satisfy |B| < co. We do this so that the spaces L, (R") with w € A p satisty
items (iv) and (v). (See also the discussion at the beginning of Chapter 1 on page 2
of [Bennett and Sharpley 1988].)
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Given Banach function norm p, ¥ = Z(R", p) is the collection of measurable
functions such that p(| f|) < co. In this case we may equip &€ with the norm

Ifllee = p(LFD.

The associate space ¥’ is the set of all measurable functions g such that fg € L' (R")
for all f € %. This space is normed by

(6) IIgII%'=SUP{A;{n|fgIdx1IIfII%Sl}-

Equipped with this norm &’ is also a Banach function space and

/R |fgldx <1l fllxllglle-

Typical examples of Banach function spaces are L? (R") for 1 < p < oo, whose
associate spaces are L?'(R"). Other Banach spaces include weak type spaces
LP*>°(R"), the Lorentz space L?9(R"), and Orlicz spaces L®(R") defined for a
Young function ® (see [Bennett and Sharpley 1988; Cruz-Uribe et al. 2011]). When
w € A,(R") and 1 < p < 00, the spaces L% (R™) are also Banach function spaces
with respect to Lebesgue measure. To see this, it suffices to check property (v).
Suppose f >0, 1 < p <00, and B is bounded. Then B C Q for some cube Q so
o (B) < o0, and Holder’s inequality implies

1/p
/fdx:ffwl/Pw_l/pdx50(3)”” (ffpwdx) <aBP|flr.
B B B

To see that L}U([R”) is a Banach function space when w € A{(R"), note that

) f fdx = / Fww ™ dx < (infw) " Fls.
B B B v

Finally, if f € LS, then

fo dx = /B(f/w)wdx < w(B)|fllix.

showing L is a Banach function space.

Whenl < p<oocand w € A 1), the assoc1ate space of L5 (R™) defined by the
pairing in (6) is given not by Lp (R™) but by Lp (R") for o = w!~?". When p =1
and w € Ay, the associate space of L. is given by L°(R"). We are particularly
interested in Banach function spaces ¥ for which

IMflle < Cll flle,

in which case we write M € B(%X).
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We end this section with the classical result of Coifman and Rochberg [1980]
(see also [Garcia-Cuerva and Rubio de Francia 1985, Theorem 3.4, p. 158]). This
result requires a definition.

Definition 2.5. We say that a function f(x) belongs to JM g (2) if
Mg f(x) <oo forae. x €.
If f belongs to a Banach function space for which M € RB(%), then f € Mp.
Theorem 2.6. If f € Mp(R) and 0 < § < 1, then (Mq f)° € A1(Q).
We leave the reader with a table of the notation used throughout the article.

2 Domain of interest, either R” or a cube QO C R;
Mg Hardy-Littlewood maximal operator restricted to €2;
A,(2) class of A, weights on ;
Jl/tgp (2) functions on 2 with | f|” majorized by an A, weight;
Mg (2) functions on 2 such that Mg f < oo a.e.;
A[’f(Q) Ap () NMF(S2);
M AE (2) functions majorized by Alf (2) weights.

3. The classes ",
14

Let us now define a general class of functions majorized by A, weights and establish
some properties of such classes. We remind the reader that a domain €2 will denote
throughout either all of R” or a cube Q in R”.

Definition 3.1. Let » and p satisfy 0 < r < oo and 1 < p < 0o. Define Jl/tgp () to
be the collection of all measurable functions f on €2 such that

[f()] <w(x) forae. xeQ
for some w € A,(£2). When r = 1 we simply write A/LAP (2).
Theorem 2.4 implies the following general facts about the Jl/L;‘p classes.

Theorem 3.2. Suppose r and p satisfy 0 <r <ocoand 1 < p <oo. Then

®) awy (@) = (@
andifp > 1,
) A, (@) = | wy, .

I<g<p
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Proof. We first prove (8). It is clear from (iii) of Theorem 2.2 that the union
U, Jl/tilp(SZ) C J(/LQ}KQ). On the other hand, if f € JI/LQP(Q) then [f|" <w e A,.
By (ii) of Theorem 2.4, there exists r > 1 such that w’ € A,(2). But then, taking
s=rt>randu=w', wehave |f|* <uecA, sofell Aty (€2). The proof
of equality (9) follows directly from (i) of Theorem 2.4. O

Our next theorem shows that for a function to have an A; majorant it is equivalent
for its maximal function to have an A majorant.

Theorem 3.3. We have f € M4, (S2) if and only if Mg f € My, ().

Proof. It f € M4, (R2), then Mq f < Mqw < Cw since w € A1(§2), which is to say
Mg f € M4, (€2). The converse statement follows from the fact that | f| < Mq f. U

Using the exact same reasoning it is easy to prove that f € .}, (€2) if and only
if Mo(|f]") € M4, (S2). However, there is a better result when r > 1.

Theorem 3.4. Ifr > 1 then the following are equivalent:

@) f ey (€2).

(i) Mo(f1") € My, (£2).
(iii) Mg f € M, ().
Proof. The equivalence (i) < (ii) follows from Theorem 3.3. We will prove (ii) =
(iii) and (iii) = ().

Suppose that w € A((2) and Mq(|f]|") < w. Since r > 1, we know that
(Mq f) <Mgq(lf|") <w, which is to say that Mq f € ./l/tgl.

On the other hand if (Mg )" <w € A1(R2), then Mg f < oo a.e., and hence f
is locally integrable on 2. By the Lebesgue differentiation theorem we have

IfI" < Mqf) <w. O

Inthe case 0 <r < 1, we still have f € Jl/L;1 (2) ifand only if Mq(| f|") € M4, (£2).
However, it is not true that this is equivalent to (Mg f)" € Jl4, (2). Consider the
following simple example.

Example 3.5. Let f(x) = x| " on @ = [~ 1, []". f0 < r < I, then f € M’; (Q)
but MQfEOO.

Of course, if 0 <r < 1 and Mg f < oo a.e., then (Mg f)" € A1(2) (and hence
Mg f € M, (2)) automatically by Theorem 2.6.
We now study the class {l4,. Since the A, classes are nested, we have

Jl/LAl CJ‘/LA,, C./‘/LAq CMAOO

for 1 < p < g < oo. In the local case we have the following characterization.
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Theorem 3.6. If Q is a cube in R" then

Ma, (Q) = Ma (Q).

Proof. It suffices to show A4 (Q) C A4, (Q). Suppose that f € M4 (Q), so that
there exists w € Ao (Q) with

If] <w.

Since w € Ax(Q), the reverse Holder inequality implies that there exists s > 1
such that

(MQwS)l/.Y §2MQw 52(MQw‘V)1/S.

Moreover, since w € L' (Q), we have Mow < oo a.e. By Theorem 2.6, Mgw is
bounded above and below by an A|(Q) weight, and hence is in A;(Q) itself. [

In the global case we have 4, (R") C A4, (R") for any p > 1, as the following
example indicates.

Example 3.7. Let p > 1 and 0 < o < n(p — 1). Now consider the function
f(x) =|x|*. Then f € A,(R") C Ma,(R"), but f ¢ Mp(R") so in particular,
f ¢ M4, (R"). To see this, notice that for every x € R* and r > |x|,

MF(x) > rif x| dx >~ r®

lx|<r

so Mf = oo.

To obtain positive results on R" for the classes JM4,(R") and M4, (R") similar
to Theorem 3.6, we must restrict to A, majorants whose maximal function is finite.
Given w € Ao, a simple way to create a weight in AL is to take a truncation: let
w; =min(w, A) for L > 0. Then w) € A, c NL>® C Ago. We end our study of the
class M4, with the following characterizations.

Theorem 3.8. A4, (R") = J‘/LAOFO (R™).

Proof. Since A|(R") C Ax(R") and A{(R") C Mp(R"), we have the inclusion
Ma, (R") C Myr (R"). On the other hand, if f is dominated by a weight w in
Ago([RR”) = Ao (R") N M (R"), then by Theorem 2.3 we have

MY <2Mw < oo ae.
for some s > 1. So in particular, | f| < M(| f|)'/S < M(w*)!/* € A{(R"). O

Theorem 3.9. A function f belongs to M4, (R") if and only if there is an s > 1 such
that | f|° € Mg (R™).



422 GREG KNESE, JOHN E. MCCARTHY AND KABE MOEN

Remark 3.10. Given r > 0, if one defines ., (R") to be the class of functions
such that M (| f|") < oo a.e. (equivalently | f|" € Mg (R")), then Theorem 3.9 can
be stated as

Mg, (R = | AR,

r>1

Proof of Theorem 3.9. Let w be an A(R") majorant of f. Since w € A (R"),
w® € A1 (R") for some s > 1, which implies | f|* € M4, (R"). By Theorem 3.4
we have M (| f|*) € Mq,(R") C L} (R™). On the other hand, if there exists s > 1

loc

such that M (| f|*) < oo a.e., then M(|f|*)'/* € A|(R") by Theorem 2.6, and
|f1< M fIHYS. g
4. The local case

For this section Q will be a fixed cube in R". We begin with the following extension
of the equivalences in (2).

Theorem 4.1. Let Q be a cube in R" and r, pg satisfy 0 <r < pg < oo. Then
@ =Jrrw = L.
p>r WEAp/r
Proof. We will prove the chain of containments

U Loy c | rr)y ey, o) c | L.

WEAp/r p>r WEAp/r

. (UweAm/rLﬁo(Q) cU,-, L?(Q)): Suppose we have f € L}’ (Q) for some
w € Ap,/r(Q). Set go = po/r. By (ii) of Theorem 2.2, 6 = w' ™% € A, (Q).
By Theorem 2.3, o satisfies a reverse Holder inequality:

1/s
1 2
o’dx < odx
(IQ/I fQ/ ) 10 )y

for some s > 1 and all Q" € Q. This implies that o € L*(Q). Define
l=$+q17 sothatg > 1, and let p =rg > r. Then
210

q
1/p 1/p
(/ Vil dx) = (/ |f|rqw4/qow711/610 dx)
Y Q
1/po 1/(sqq)
§</|f|p°wdx) (/osdx) .
0 Y

. (Up>r LP(Q) C ./(/LZ‘I(Q)): If f € LP(Q) for some p > r, then Theorem 2.6
implies | f|” < Mg (| f1P)"/? € A1(Q).
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. (U, (Q) C UweAm/rL;’LO(Q)): Set go = po/r > 1 and suppose we have
g=|fI"<we A;(Q). Then w'~% ¢ Ay (Q) by (iv) of Theorem 2.2 and

/Iflpowlqodx:/gqowlqodxffwdx<oo. O
0 Y 0o

Next, we extend Theorem 4.1 to A, weights.
Theorem 4.2. Let Q be a cube in R" and pg be an exponent with 0 < py < oo.
Then
U, @ =] = L.
r>0 p>0 weA

Proof. We first prove
e, 0= L7 .

r>0 p>0
s (O If f e My (Q) for some r > 0, and w € A1(Q) is such that | f|" < w,
then f € L"(Q) C Up>0 L?(Q).
e (D): If f € LP(Q) for some p > 0, let r be such that 0 < r < p. Then
|fI7 < Mo(1f1P)7 € A1(Q).
Next we show

Uzro = Lrw.

p>0 weAx

e (C): Suppose f € LP(Q) for some 0 < p < oo. Then if r < min(p, pg) we
have

ferr@clyrro = Lo c | Lrw.

r<p WEAp/r WEAs

e (D): Suppose f € L1’(Q) for some w € Ay,. Then w € A, for some g > 1.
Set p = po/q and notice that p < pg. Then

1/q 1/q'
flflpdx=f|f|"w1/"wl/qu§ (/|f|”°wdx) (/ wlq’dx) O
[} 0 0 [}

Example 4.3. The function

(10) F(x) =x""logx) 2 x0,1/2)(x)

does not belong to Jly4, ([0, 1]). This follows from Theorem 4.1 since it can be
readily checked that

f e Lo, 11>\<U L7 ([0, 1])).

p>1
However, f € Mz ([0, 1]) since f € L'([0, 1]).
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Remark 4.4. Suppose 0 < p < co. Then
L) = |J L.

WEA]

The proof of the equality in Remark 4.4 follows from the fact that 1 € A; and
from inequality (7) with B = Q.

We define Hy, (T) as the set of functions in N* whose boundary function is
majorized by an A (T) weight. Since we may identify the torus T with Q =[0, 27 ],
it is obvious that Theorems 4.1 and 4.2 hold for L?(T) and L}, (T) spaces. We have
the following analogs for Hardy spaces.

Theorem 4.5. If pg is an exponent satisfying 1 < pg < 00, then

Hy(M=JH" =] HY.

p>1 WEAp,

Theorem 4.6. If pg is an exponent satisfying 0 < pg < 00, then

Ja? =] =D

p>0 weAs
Proof of Theorems 4.5 and 4.6. Since N*T N LP(T) = H? for p > 0 [Duren 1970,
Theorem 2.11], we see that

Hy (T =N"Nlly, (T)=NTN U LP(T) = U HP.
p>1 p>1
This is the first part of Theorem 4.5.
To go from equality of the analogous L” spaces to the Hardy spaces is a matter
of using two facts for 0 < py < oco:

(a) fT logwdé > —oo and w € L'(T) implies that w = |A|” for some outer
function h € HP°,

(b) If h € HP is outer, then the set hC[z] = V{z/h : j > 0} is dense in HP0.

Item (a) comes from the standard construction of an outer function [Duren 1970,
Section 2.5]. As for item (b), when 1 < pg < oo this is a standard generalization of
Beurling’s theorem [Duren 1970, Theorem 7.4]. When 0 < py < 1, this is a less
well known result that can be found in Gamelin [1966, Theorem 4].

For Theorem 4.5 we must show for 1 < pg < oo that

P — Po
Jnr=U
p>1 WEAp,

Now, for f € H? C L?, we know there exists w € A, (T) such that f € LI (T)
by (2). Factor w = |h|P° with outer h € H?°. Then, fh € NTNLP(T) = HP
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while #C[z] is dense in H?° so that there exist polynomials Q, satisfying
/lfh_ thllmd@ :/lf— inpowd0—> 0

as n — oo. This shows f € HJ" (since it is initially defined as the closure of the
analytic polynomials in L%’ (T)).

Conversely, we have seen that if f € H)°, then f € L?(T) for some p > 1. Factor
w = |h|P° as before. Then, fh € HP° and 1/ h is outer, so that f = fh(1/h) € N*.
Since f € L?(T), we can then conclude that f € H?.

The proof of Theorem 4.6, which claims for 0 < py < oo that

P — Po
Jar=JHp,
p>0 weAx

is similar once we know the corresponding fact for L”(T) spaces. Indeed, take
f € HP for some p > 0. There exists w € Ay such that f € L, (T) by Theorem 4.2.
Factor w = |h|P° with outer h € HP0. Then, f € H]° as above using Gamelin’s
result. The converse is similar to the previous proof. (Il

5. The global case

In this section we address the case when our functions are defined on all of R”. Let
us first prove Theorem 1.3, which states that for any 1 < p < o0,

U L2 (R") = My, (R™) N U LL(®").
weA, wWEA]|

Proof of Theorem 1.3. First we show
Ma,®H N [ L, @ c | Lo®™.

weA] weA),

Suppose w is an A majorant of f and f € LL(R") for some u € A;(R"). By
Theorem 2.2, uw!=? € A,(R") and

| FIPw " Pudx < | |fludx.
Rn R)l

To see the reverse containment suppose that f # 0 belongs to L} (R") for some
w € A,(R"). We will use the fact that w € A,(R") implies M € B(LY) to apply
the Rubio de Francia algorithm:

Rf =
sznMnk(Lg)

Then Rf isan A ma]orant of f so f eJdly, (R"). Also let g be any function in

Lp (R") where o = w!~#' satisfying ||g||L,, @ 1. Again, since o € A,/(R"), we
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apply the Rubio de Francia algorithm

g—z 2K[M ||" ’

%(L”

so that Rg is in A;(R") and || Rg]| < 2. Hence

Ll’ Rn) —_
| f1Rg dx =/ | Flw!? Rgw™"P dix < Il f g @n I R8N 1y gy < 2 g e,
Rn R~ 4

showing that f € | J L! (R") as well. O

weA.

Before moving on, we remark that the intersection of M 4, (R") and |, Ale]u (R™)
is necessary for the result on R*. We did not encounter this phenomenon in the
local case since for a fixed cube, M4, (Q) C L'(Q). To see that the intersection
is necessary, notice that the function in Example 4.3 viewed as a function on R
belongs to L'(R) C (Jy,e4, Ly, (R), but does not belong to Ly, (R) for any p > 1
and w € A,(R) since it is not in sz)c([R) for any p > 1. Theorem 1.3 shows that
for 1 < p < o0,

U LE@®™Y) C tta, R").

weA,

Below we will show this containment is proper (see Example 5.2).
We now prove Theorem 1.4.

Proof of Theorem 1.4. By Theorem 1.3 it suffices to show

an Loy c| J@: M en@nae@))
weA,
and
(12) J@: M en@na@)) cia,®)n L, ®RY.
weA1

However, the containment (11) is immediate, since
MeRBULIR)) weA,R")ocecAyR") & Me %(L{,’/([RR”)).

On the other hand, for containment (12), if f # 0, then f € & for some Banach
function space ¥ such that M € B(X) N B(X’). Then we may use the Rubio de
Francia algorithm to construct an A;(R") majorant:

Rf =
Z 2k ||M||M)
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Then Rf € Ay and | f| < Rf,so f € M4, (R"). Given g € X’ let

o]

ng
Re= Y s
k k ’
= 25 1M gy,

so that Rg € A;(R") N’ and || Rg|lx < 2|lg|lw- Then
|fIRgdx < || fllellRg Nz <201 f ellgllo
Rn

which yields f € (J,,cq, L1, (RY). O
When p > 1, LP-°°(R") is a Banach function space on which M is bounded (see
[Grafakos 2008]), and likewise, its associate (L7 (R"))" = LP/*I([R"), the Lorentz

space with exponents p’ and 1, is also a Banach function space on which M is
bounded (see [Arifio and Muckenhoupt 1990]).

Corollary 5.1. Suppose 1 < py < oo. Then
Jrre®y c | L@

p>1 weAp,
From Corollary 5.1 we see that the analogous version of the equivalences in (2)

are not true on R”. This follows since

Urren | Lrem.
p>1 p>1
For example, f(x) = |x|™/? € L>*(R") but f ¢ J =0 L7 @®).
We also remark that the techniques required for R" are completely different than
the local case. For example, to prove the containment

L LPo®") C iy, (RY)

p>1
it is not enough to simply dominate | f| by M (| f|?)'/P. However, for f € LP-®(R"),
M (| f|?) may not be finite (take f(x) = |x|~"/?, in which case M| f]?P) = o0).
Instead we must refine our construction of an A; majorant using the techniques of
Rubio de Francia [1984].

We now provide examples to show that the inclusions in (4) are proper. We first

show that the second inclusion is proper, i.e.,

L LE@®R™Y) S ity (R™).
weA,
Since X
U Lo®™ = ta, ) 0 L), (R,
weA, WEA)

it suffices to find a function in A4, (R") \ (U,ye4, L1, (R™)).

weA1
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Example 5.2. The function f(x) = 1 belongs to A4, (R") \ UweAlL}U(IR”). To
prove this we need the fact that if w € A, then w ¢ L' (R"). One way to see this
(pointed out by the referee) is to notice that A, weights are doubling, and doubling
measures have infinite total mass. We can also give an ad hoc argument using the
reverse Holder inequality. If w satisfies

1/s
1 2
— | wdx|] < = | wdx
(|Q|/Q ) =Ta1 J,

for some s > 1 and all cubes Q, then by taking Oy =[—N, N]", we have

1 s 1 Vs 0y 2
widx) < widx) < wdx < —||w -
(|QN| o ) = (|QN| on ) = 7o Jo, = Ton ey
Ll ®",

Letting N — oo we arrive at a contradiction. Finally, to see 1 ¢
notice that 1 € L} (R") if and only if w € L' (R").

w€A1

Next we show that

Jrrewn S [ Lo®y.
p>1 weA,

For this example we need the following lemma.

Lemma 5.3. Suppose u,v € Aj(R"). Then
max(u, v) € A{(R") and min(u,v) € A;(R").

Proof. To see that max(u, v) isin A (R") note that max(u, v) <u+v <2max(u, v),
and hence

M(max(u, v)) < Mu+ Mv < C(u+v) <2C max(u, v).

To prove min(u, v) € A1 (R") we use the equivalent definition of A;(R"):
we AR & L‘/wdx <Cinfw VQCR"
101 Jo 0

where the infimum is the essential infimum of w over the cube Q. Set w =min(u, v)
and let Q be a cube. Notice that infp u > infp v implies infp w = infy v and hence

L‘/wa’xfL/vdxfCinfv:Cinfw.
101 Jo 101 Jo 0 0

On the other hand, if infp u < infy v then infp w = infy u and so

L/wdxfL/udxSCinfu:Cinfw.
101 Jo 10l Jo 0 0

Sow e A(R"). (]
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Example 5.4. Consider f(x) = max(|x|™®", |x|™#"). If 0 < @ < 8 < 1 then
fé Up>0 LP-°°(R™). However,
[f (0] < w(x)
where w(x) = max(|x|#", 1), and f € L;([R{”) where u(x) =min(|x|~"", 1) when
1 —a <y < 1. By Lemma 5.3, both # and w belong to A{(R"). Thus
fedy,®yn | JL,®) = JLL®".
weA| weA,

Finally, we end with brief descriptions of |, A L}U(R”) and Jl4, (R") in terms
of Banach function spaces.

Theorem 5.5. | J L), (R") = J{%: M eB@)} = J{Z: ' nAR") # 2},

wWeA]

Proof. It is clear that

Uzu®)clJ@:men@)),

weA]

since the associate space of LL)(R”) is
LY R ={f: f/weL>)

with norm || f || L = || f/w]| L. For any cube Q,

1 1
— d 00 —— dx.
|Q|/Q|f| x < |l f/wllL |Q|/Qw

Hence if w € Ay, then
Mf <\ flleeMw <C|l fllL2w,

and dividing through by w we obtain M € B(LY)).

The associate space is always a closed subspace of the dual space [Bennett and
Sharpley 1988; Rubio de Francia 1987]. Suppose ¥ is such that M € B(X’). Given
g € %’ with g # 0 (notice Banach function spaces always contain nonzero functions
by property (iv) of Banach function norms), let

Z 2k||M||%(%,

so that w € A (R") and ||[w|| < ||glla. Thus w € ¥ N A (R"), showing that

MeBE)=XNARY £ 2.
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Finally, suppose f € & for some ¥ such that ¥ contains an A; weight. Let
we X NA(R). Then

/ | flwdx < || fllsellw o,
Rn

so that f € L. (R™). a

Finally we refer to a result of Chu [2013] which gives the final characterization
of M4, (R").

Theorem 5.6 [Chu 2013]. i, (R") = |_J{%: M € B@)}.

6. Questions

We leave the reader with some open questions.
1. Let A}, =(),., Aq- Is there a characterization of the union
Lo
weAj
In general A, g A;. For example w(x) = max((log |x|~1)~!, 1) belongs to
A7 but not A;. Moreover,
{w:w, 1/w e A7} = clospmoL™

(see [Garcia-Cuerva and Rubio de Francia 1985; Johnson and Neugebauer
1987]). In the local case we have

Lo c () UL (@ =limsup L™(Q).
weA, s<p r>s r—>p-
Are these two sets equal?
2. It is well known that
L'ni*c (Y Lrc | Lrer'+L>.
l<p<oo l<p<oo

1
Ly?
Ll?

When can we write a function as the sum of a function in Jl 4, and |
That is, what conditions on a function guarantee it belongs to .l 4,4

U LP:>?

weA),

wEeA]
wWEA]

3. What can one say about

Ifwe Ajand p > 1then M € B(LE, so for p>1,

LJ Lﬁfn(:ﬂAAr

wWEA]|
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4. Do these results transfer to more general domains? It is possible to consider
a general open set 2 as our domain of interest. We may define the A ,(£2)
classes, Jl4, (£2), and the Hardy-Littlewood maximal operator Mg, exactly as
before. However, the openness results, Theorems 2.3 and 2.4, may not hold for
2, even if it is bounded [Cruz-Uribe et al. 2011]. In the local case we assume
that weights belong to L'(£2). What happens if we only assume Llloc(Q)?
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COMPLEX HYPERBOLIC (3, 3, n) TRIANGLE GROUPS

JOHN R. PARKER, JIEYAN WANG AND BAOHUA XIE

Let p, q, r be positive integers. Complex hyperbolic (p, ¢, r) triangle groups
are representations of the hyperbolic (p, g, r) reflection triangle group to
the holomorphic isometry group of complex hyperbolic space H ?:s where the
generators fix complex lines. In this paper, we obtain all the discrete and
faithful complex hyperbolic (3, 3, n) triangle groups for n > 4. Our result
solves a conjecture of Schwartz in the case when p =g = 3.

1. Introduction

An abstract (p, g, r) reflection triangle group for positive integers p, ¢, r is the group

Apgr= <01, 02, 03 } 012 = 022 = 032 = (0203)? = (0301)? = (0107)" = id).
We sometimes take (at least) one of p, g, r to be oo, in which case the corresponding
relation does not appear.

It is interesting to seek geometrical representations of A, , .. An extremely
well-known fact is that A, , , may be realised geometrically as the reflections in
the side of a geodesic triangle with internal angles 7 /p, 7 /q, 7/r. Furthermore,
if1l/p+1/g+1/r > 1, =1 or < 1 then this triangle is spherical, Euclidean or
hyperbolic respectively. Moreover, up to isometries (or similarities in the Euclidean
case) there is a unique such triangle and the representation is rigid. In the case
where (at least) one of p, ¢, r is 0o, we omit the relevant term from 1/p+1/qg+1/r
and we insist that the sides of the triangle are asymptotic. Thus the (oo, oo, 00)
triangle is a triangle in the hyperbolic plane with all three vertices on the boundary.

In contrast, if we choose a geometrical representation of A, , . in a space of
nonconstant curvature then more interesting things can happen; see, for example,
[Brehm 1990]. In this paper, we consider representations of A, , , to SU(2, 1),
which is (a triple cover of) the group of holomorphic isometries of complex hy-
perbolic space Hé. A convenient model of Hé is the unit ball in C* with the
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supported by NSFC (grant number 11201134) and the Young Teachers Support program of Hunan
University.
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Bergman metric, having constant holomorphic sectional curvature and 1/4-pinched
real sectional curvatures.

A complex hyperbolic triangle group will be a representation of A, , , to
SU(2, 1) where the generators fix complex lines. Note we could have made other
choices. For example, we could choose the generators to be antiholomorphic
isometries, or we could choose reflections in three complex lines but with higher
order. These choices lead to interesting results, but we will not consider them here.
A crucial observation is that when min{p, g, r} > 3, there is a one (real) dimensional
representation space of complex hyperbolic triangle groups with 1/p+1/g+1/r <1
(either make a simple dimension count or see [Brehm 1990] for example). This
means that the representation is determined up to conjugacy by p, g, r and one
extra variable. This variable is determined by certain traces; see, for example,
[Pratoussevitch 2005].

In order to state our main results, we need a little terminology. Elements of
SU(2, 1) act on complex hyperbolic space Hé and its boundary (see below). An
element A € SU(2, 1) is called loxodromic if it fixes two points, both of which lie
on aHé; parabolic if it fixes exactly one point, and this point lies on d HZ; elliptic
if it fixes at least one point of Hé. Discrete groups cannot contain elliptic elements
of infinite order. Therefore in a representation of an abstract group to SU(2, 1),
if an element of infinite order in the abstract group is represented by an elliptic
map then the representation is not discrete or not faithful (or both); compare with
[Goldman and Parker 1992].

Complex hyperbolic triangle groups have a rich history; see Schwartz’s ICM
survey [2002] for an overview. In particular, he presented the following conjectural
picture:

Conjecture 1.1 [Schwartz 2002]. Let A, , , be a triangle group with p < q <.
Then any complex hyperbolic representation I of A, , , is discrete and faithful if
and only if Wx = 11131513 and Wg = I, 1, I3 are not elliptic. Furthermore:

() If p < 10 then T is discrete and faithful if and only if Wy = L1 131315 is
nonelliptic.

(11) If p > 13 then I is discrete and faithful if and only if Wg = I I 15 is nonelliptic.

The initial step towards solving this conjecture is the following result of Grossi.

Proposition 1.2 [Grossi 2007]. Let A, 4 » be a triangle group with p < q < r. De-
fine Wp = 1113113 and Wg = I I, I3. Then for complex hyperbolic representations
of Apg.r

() If p <10 and Wy = I, 131115 is nonelliptic then Wy is nonelliptic.

(1) If p > 13 and Wy = I, 1,13 is nonelliptic then W 4 is nonelliptic.
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A motivating example, initially considered by Goldman and Parker [1992] and
completed by Schwartz [2001b; 2005], concerns complex hyperbolic ideal triangle
groups, that is, representations of A co.00- This result may be summarised as
follows:

Theorem 1.3 [Goldman and Parker 1992; Schwartz 2001b; 2005]. Let I'=(Iy, 1>, 13)
be a complex hyperbolic (00, 00, 00) triangle group. Then T is a discrete and
faithful representation of Ao 0.0 if and only if 111513 is nonelliptic.

Note that this gives a complete solution to Schwartz’s conjecture in the case
p = q = r = oo. Furthermore, Schwartz [2001a] gives an elegant description of the
group where /11,13 is parabolic.

Theorem 1.4 [Schwartz 2001a). Let I = (I, I, I3) be the (00, 00, 00) complex
hyperbolic triangle group for which 111,13 is parabolic. Let Ty, = (I1 1, I, 13)
be the index-2 subgroup of I with no complex reflections. Then Hé/ [ is a
complex hyperbolic orbifold whose boundary is a triple cover of the Whitehead link
complement.

Schwartz [2007] proves his conjecture for min{p, q, r} sufficiently large (but
unfortunately with no effective bound on this minimum).

Theorem 1.5 [Schwartz 2007]. Let I' = (Iy, I, I3) be a complex hyperbolic
(p,q,r) triangle group with p < q <r. If p is sufficiently large, then I is a
discrete and faithful representation of A , » if and only if I 1113 is nonelliptic.

Our main result solves Schwartz’s conjecture in the case when p =g = 3.

Theorem 1.6. Let n be an integer at least 4. Let I = (I}, I, I3) be a complex
hyperbolic (3, 3, n) triangle group. Then T is a discrete and faithful representation
of Az 3., if and only if 1115115 is nonelliptic.

Note that the “only if” part is a consequence of our observation about elliptic
elements above. The “if”” part will follow from Corollary 4.4 below.

For the representation where I, /31, I is parabolic, when n =4 and 5 we have the
following description of the quotient orbifold from the census of Falbel, Koseleff
and Rouillier [Falbel et al. 2015]. The case n = 4 combines work of Deraux, Falbel
and Wang [Deraux and Falbel 2015; Falbel and Wang 2014]. The cleanest statement
may be found in [Deraux 2015, Theorem 4.2], which also treats the case n = 5.

Theorem 1.7 [Deraux 2015, Theorem 4.2]. (i) Let I = (I}, I», I3) be the complex
hyperbolic (3, 3, 4) triangle group for which 11131315 is parabolic. Let 'y =
(111, I I3) be the index-2 subgroup of T" with no complex reflections. Then I'; is
conjugate to both p1_1 (1 (My)) and ps—1 (w1 (My)) from [Falbel et al. 2015]. In
particular, Hé / 'y is a complex hyperbolic orbifold whose boundary is the figure
eight knot complement.
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(ii) Let I = (11, I, I3) be the complex hyperbolic (3, 3, 5) triangle group for which
L3113 is parabolic. Let 'y = (111, 11 13) be the index-2 subgroup of I" with no
complex reflections. Then ', is conjugate to both ps—3 (1 (My)) and p3—3 (w1 (My5))
from [Falbel et al. 2015].

It should be possible to give a similar description of the other complex hyperbolic
(3, 3, n) triangle groups for which I, 131,13 is parabolic.

Note that Theorem 1.6 holds in the case n = co. This follows from recent work
of Parker and Will [2015b] (see also [Parker and Will 2015a]). Furthermore, if as
above ', = (1, 11 I3) is the index-2 subgroup of representation of the (3, 3, co)
triangle group for which 1 13113 is parabolic, then Hé / I'; is a complex hyperbolic
orbifold whose boundary is the Whitehead link complement. This is one of the
representations in [Falbel et al. 2015].

Finally, we note some further interesting groups in this family.

Theorem 1.8 [Thompson 2010]. The complex hyperbolic (3, 3, 4) triangle group
with 1 131,13 of order 7 and the complex hyperbolic (3, 3, 5) triangle group with
11 31,15 of order 5 are both lattices.

Our method of proof will be to construct a Dirichlet domain based at the fixed
point of the order-n elliptic map I;1. Since this point has nontrivial stabiliser,
this domain is not a fundamental domain for I', but it is a fundamental domain
for the coset space of the stabiliser of this point in I". Of course, in order to
prove directly that this is a Dirichlet domain, we would have to check infinitely
many inequalities. Instead, we construct a candidate Dirichlet domain and then
use the Poincaré polyhedron theorem for coset decompositions (see [Mostow 1980,
Theorem 6.3.2] or [Deraux et al. 2015, Theorem 3.2], for example).

In the case of a Fuchsian (3, 3, n) triangle group acting on the hyperbolic plane, a
fundamental domain is a hyperbolic triangle with internal angles /3, 7/3 and 7/ n.
The Dirichlet domain with centre the fixed point of an order-n elliptic map is a
regular hyperbolic 2n-gon with internal angles 277 /3. This 2n-gon is made up of
2n copies of the triangular fundamental domain for the (3, 3, n) group; see Figure 1.
The stabiliser of the order-n fixed point, which is a dihedral group of order 2n, fixes
the 2n-gon and permutes the triangles.

For the complex hyperbolic (3, 3, n) triangle groups, we will see that the com-
binatorial structure of the Dirichlet domain D is the same as that in the Fuchsian
case. Namely, D has 2n sides, each of which is contained in a bisector. Each side
meets exactly two other sides (in the case where 131,15 is parabolic, there are
some additional tangencies between sides on the ideal boundary). The sides are
permuted by the dihedral group (I, I7).

In Section 2 we give the necessary background on complex hyperbolic geometry
and the Poincaré polyhedron theorem. In Section 3 we normalise the generators
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of I" and discus the parameters this involves. Finally, in Section 4 we consider the
bisectors and their intersection properties. This is the heart of the paper.

2. Background

Complex hyperbolic space. Let C>' be the three-dimensional complex vector
space equipped with a Hermitian form H of signature (2, 1). In this paper we
consider the diagonal Hermitian form H =diag(1, 1, —1). Thus if & = (u1, us, u3)’
and v = (vy, v, v3)’ then the Hermitian form is given by

(u,v) = v'Hu =uv; +usyvy; — u3v3.
Define

Vo={weC> :(v,v) <0}, Vo={veC> —{0}:(v,v)=0}.

There is a natural projection map P from C*! —{0} to CP? that identifies all nonzero
(complex) scalar multiples of a vector in C>!'. Complex hyperbolic space is defined
to be Hé =[PV_ and its boundary is d H, 2 =PV,. Clearly, if v lies in V_ or V, then
v3 # 0 and so Hé U 8Hé is contained in the affine chart of CP? with v3 # 0. We
canonically identify this chart with C? by setting z = v;/v3 and w = v/v3. Thus
a vector (z, w) € C? corresponds to [z : w : 1]* in CP2. Evaluating the Hermitian
form at this point gives |z|*> + |w|> — 1 = (Jv1|*> + |v2|* — |v3|?)/|v3|%. Therefore

HE ={Gz.w)eC: |z +w]> <1}, 0HZ={(z, w)eC*: |z’ +wl*=1}.

In other words, Hé is the unit ball in C? and its boundary is the unit sphere S>.

The Bergman metric on Hé is given in terms of the Hermitian form. Let # and v
be points in Hé and let u and v be vectors in V_ so that Pu = u and Pv = v. The
Bergman metric is given as a Riemannian metric ds? or a distance function p (i, v)
by the formulae

4 (u,u) (du,u) 2 P, v)\  (w, v)(v, u)
do"= (u, u)? det ((u,du) (du,du))’ cosh ( 2 )_ (w,u)(v,v)

The formulae for the Bergman metric are homogeneous and so the ambiguity in the
choice of u and v does not matter.

Let SU(2, 1) be the group of unimodular matrices preserving the Hermitian
form H. An element A of SU(2, 1) acts on Hé as A(u) = P(Au), where u is any
vector in V_ with Pu = u. It is clear that scalar multiples of the identity act trivially.
Since the determinant of A is 1, such a scalar multiple must be a cube root of unity.
Therefore, we define PU(2, 1) =SU(2, 1)/{wI : @ = 1}. Since the Bergman metric
is given in terms of the Hermitian form, it is clear that elements of SU(2, 1) or
PU(2, 1), act as isometries of Hé. Indeed, PU(2, 1) is the full group of holomorphic
isometries of Hé. In what follows, we choose to work with matrices in SU(2, 1).
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There are two kinds of totally geodesic two-dimensional submanifolds in Hé:
complex lines and totally real totally geodesic subspaces. Let ¢ € C>! be a vector
with (¢, ¢) > 0. Then a complex line is the projection of the set {z € C>!: (z, ¢) =0}.
The vector ¢ is then called a polar vector of the complex line. The complex reflection
with polar vector c is defined to be

2(z, c)c

I.(z) =—z+ o)

Bisectors and Dirichlet domains. We will consider subgroups of SU(2, 1) acting
on Hé and we want to show they are discrete. We will do this by constructing a
fundamental polyhedron and using the Poincaré polyhedron theorem. There are
no totally geodesic real hypersurfaces in Hé and so we must choose hypersurfaces
for the sides of our polyhedra. We choose to work with bisectors. A bisector in
Hé is the locus of points equidistant (with respect to the Bergman metric) from
a given pair of points in Hé. Suppose that these points are # and v. Choose lifts
u= (uy,uy,u3) and v = (vy, v, v3)’ to V_ so that (u, u) = (v, v). Then the
bisector equidistant from u and v is

B=Bu,v) ={(z,w) € HZ : p((z, w), u) = p((z, w), v)}

= {(z, w) € HE : |zit) +wita — i3] = |z0) + wip — B3]}

Suppose that we are given three points u, v; and v, in Hé. If the three corre-
sponding vectors u#, v; and v, in V_ form a basis for CZ%! then the intersection
B(u, v1)NB(u, vy) is called a Giraud disc. This is a particularly nice type of bisector
intersection (see [Deraux et al. 2015, Section 2.5]).

Suppose that I" is a discrete subgroup of PU(2, 1). Let u be a point of Hé and
write I, for the stabiliser of u in I" (that is, the subgroup of I" comprising all elements
fixing u). Then the Dirichlet domain D, (I") for I" with centre u is defined to be

D,(D)={ve H:p(v,u) < p(v, A(w)) forall AeT —T,}.
Dirichlet domains for certain cyclic groups are particularly simple.

Proposition 2.1. Let A be a regular elliptic element of PU(2, 1) of order 3. Then for
any point u not fixed by A, the Dirichlet domain D, ({A)) for the cyclic group (A)
with centre u has exactly two sides.

Proof. Since there are only two nontrivial elements in (A), neither of which fix u,
the Dirichlet domain D, ({A)) is

D,((A)) ={ve HE: p(v,u) < p(v, A(w)), p(v,u) < p(v, A~ (w))}.
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Its images under A and A~ are
AD,((A)) ={v: pv, AW)) < p(v,u), p(v, Aw)) < p(v, A~ ()},
AN DL (AN ={v:pv, AT W) < p(v, u), p(v, A™ (W) < p(v, Aw))}.

By considering the minimum of p (v, u), p (v, A(w)), p(v, A~ (u)) as v varies over
Hé, it is clear these three domains are disjoint and their closures cover Hé. (I

Proposition 2.2 [Phillips 1992]. Let A € SU(2, 1) have real trace which is at least 3.
Then for any u € HZ, the bisectors B(u, A(u)) and B(u, A~'(u)) are disjoint. Thus,
the Dirichlet domain D,({A)) has exactly two sides.

The Poincaré polyhedron theorem. Our goal is to construct the Dirichlet domain
for a complex hyperbolic representation I" of the (3, 3, n) triangle group with centre
the fixed point of an order-n elliptic map. If we use the definition of Dirichlet
domain, then we need to check infinitely many inequalities. Thus, we need to use
another method. This method is to construct a candidate Dirichlet domain and then
use the Poincaré polyhedron theorem.

The main tool we use to show discreteness is the Poincaré polyhedron theorem.
The version of this theorem that we use is for polyhedra D with a finite stabiliser;
see [Mostow 1980, Theorem 6.3.2] or [Deraux et al. 2015, Theorem 3.2]. Rather
than give a general statement of this theorem, we will state it in the particular case
we are interested in, namely Dirichlet polyhedra for reflection groups.

Let u be a point in Hé and let Y be a finite subgroup of PU(2, 1) fixing u. Let
Ai, ..., A, be a finite collection of involutions in PU(2, 1) (so Al.2 is the identity
for each i). Suppose that no A; fixes u. Suppose that the group T preserves this
collection of involutions under conjugation. That is, for each A; with 1 <i <n and
each P €Y, we suppose that PA;P~ = Ajforsomel<j<n.LetB;=B(u, A;(u))
be the bisector equidistant from « and A; (u). If P € Y satisfies PA; P =4 j then
PA;(u) = Aj(u) (since P(u) =u) and so P maps B; to B;. We define D to be the
component of Hé —UJ?_, B; containing u, and we suppose that there are points
from each of the B; on the boundary of D (that is, the B; are not nested). This
construction makes D open. Note that, by construction, T maps D to itself.

Foreach 1 <i <n, lets; =B;ND. We call s; a side of D. Such a side can be given
a cell structure based on how it intersects other sides. We suppose that the involutions
A; for 1 <i < n satisfy the following conditions, and so form a side pairing of D:

(1) For each 1 <i < n, the involution A; sends s; to itself, preserving the cell
structure. The relation Al-2 =1id is called a reflection relation.

(2) Foreach 1 <i <n, we have DN A;(D)=s; and DN A(D) = @.

(3) If v is a point in s; and in no other side (that is, v lies in the relative interior
of s;) then there is an open neighbourhood U, of v lying in D U A;(D).
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Note that, unlike the case of reflection groups in constant curvature, A; does not
fix s; pointwise. Therefore, we could have subdivided s; into two sets (each of
dimension 3) that are interchanged by A;. In practice this would cause unnecessary
complication.

Suppose that s; and s; are two sides with nonempty intersection. Their intersec-
tion r = s; Ns; is called a ridge of D. Since A; preserves the cell structure of s;,
we see that A;(r) = s; N sy is another ridge of D. Applying A gives another ridge
in s¢. Continuing in this way gives a ridge cycle

A: A
(7‘], Sio» Si]) 4) (er si1asi2) #) (1"3, Siys Si3) Tt

Here (rj, si;_,, si;) is an ordered triple with r; =s;,_, Ns;,. Since there are finitely
many Y orbits of ry, eventually we find a ridge ry 41 = s, N s;,,, so that the
corresponding ordered triple satisfies

P
(rm+l’ sim’ Sim+1) - (rl’ SiO’ Sil)

for some P € Y. We call T1 = PA,;,, - - - A;, the cycle transformation associated
to r1. It means that the ridge cycle starts at (1, s;,, 5;,) and ends to itself by 77.
Clearly 77 maps r to itself. Of course, 71 may not act as the identity on r; and
even if it does, it may not act as the identity on Hé. Nevertheless, we suppose T}
has finite order ¢. The relation Tl."Z =1id is called a cycle relation.

In the example we are interested in, the ridge cycle is

A; P
(rlv Si07 Si]) % (FZ’ si]a siz) — (rlv Sio’ Si])

and, in fact, s;, = s;, and so rp =r;. Moreover, P is an involution with P(r{) =r|
and P(s;,) = s;,. Hence the cycle transformation is 77 = PA;,, which happens to
have order 3. Thus, the cycle relation is T3 = (PA;, )3 =1id.

We suppose that D satisfies the cycle condition which means that copies of D
tessellate a neighbourhood for each ridge r. Furthermore, the relevant copies of D
are its preimages under suffix subwords of 7¢. The full statement is explained in [De-
raux et al. 2015]. For brevity, we state this condition only in the special case we are
interested in. Let r be a ridge and let T = PA; be its cycle transformation with cycle
relation (PA;)? =id. Let C = {id, PA;, (PA;)?}. Then the cycle condition states that

(1) r=()c'(D).
CeC
(2) If Cy, C3 € C with Cy # C; then C;/(D)NC; (D) = 2.
(3) If v is a point in r and in no other ridge (that is, v lies in the relative interior
of r) then there is an open neighbourhood U, of v with

mcUch.
CceC
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It means that there are exactly three copies of D along each ridge r, which are D,
T (D) and T?(D). Observe that the stabiliser of r is generated by A; and P. Hence
it is a dihedral group of order 6. Since A;, P and PA; P~! preserve one of the three
copies and interchange the other two, the stabiliser preserves the three copies of D.

Finally, if two sides of D are asymptotic at a point v of 8Hé then there is a
horoball H, so that H, intersects D only in facets of D containing v and H, is
preserved by the stabiliser of v in I'. We say that H, is a consistent horoball at v.
In particular, if v is a fixed point of a parabolic element of I" then there exists a
consistent horoball at v.

The Poincaré polyhedron theorem states:

Theorem 2.3 [Mostow 1980, Theorem 6.3.2; Deraux et al. 2015, Theorem 3.2].
Suppose that D is a polyhedron on Hé with sides contained in bisectors together
with a side pairing. Let Y < PU(2, 1) be a discrete group of automorphisms of D.
Let T" be the group generated by Y and the side pairing maps. Suppose that the
cycle condition holds at all ridges of D and that there is a consistent horoball at all
points (if any) where sides of D are asymptotic. Then:

(1) T is discrete.
(2) The images of D under the cosets of Y in T tessellate Hé.

(3) A fundamental domain for I' may be obtained by intersecting D with a funda-
mental domain for Y.

(4) A presentation for I is given as follows. The generators are a generating set
for Y together with all side pairing maps. The relations are generated by all
relations in Y, all reflection relations and all cycle relations.

3. The generators

Consider complex reflections /; and I in SU(2, 1) so that /11, has order n and
fixes the origin 0. Writing ¢ = cos(/n) and s = sin(/n), we may choose I;
and I, to be

—cs O —c —s 0
(3-1) I = sc O, bh=|-s ¢ O
00 —1 0 0 -1

Note that polar vectors of /; and I, are

S —S
n=|14c|, nm=|1+c
0 0

We want to find /3 so that /113 and I, I3 both have order 3. Conjugating by a
diagonal map diag(e'?, 'V, e~V if necessary, we may suppose that the polar
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/L

N/
R

Figure 1. The 2n-gon in the hyperbolic plane made up of 2n copies
of a (3, 3, n) triangle.

vector of I3 is
a
ni = beie ,
d—1
where a, b, d are nonnegative real numbers satisfying a+b:—(d-1)2=2d-1),

that is, a®> +b? — d*> = —1. Furthermore, complex conjugating if necessary, we may
always assume 6 € [0, 7]. Then

—14+a?/(d—1) abe ) d—1) —a
(3-2) L=| abe?/(d—1) —1+b>/(d—1) —be'
a be™0 —d

It is easy to check that /5 lies in SU(2, 1), has order 2 and polar vector n3.
Lemma 3.1. Let 11, I, and I3 be given by (3-1) and (3-2). If 1113 and 113 have
order 3 then 0 = /2 and

(3-3) c@*—b*)=dd-1).

Proof. The condition that I;/3 and 1,13 have order 3 is equivalent to tr(/;l3) =
tr(Io13) = 0. That is,

—c(@®— b;) +12sab cos 6 fd— —c(a® - b;) —12sab coso +d=0.

The result follows directly. U
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From now on, we write & = /2 in (3-2). Since we know a’>+b*=d*—1and

a?> —b* =d(d — 1)/c, we immediately have

(3-4) a?=d—-D)(1+d+d/c))2, b =(d—-1)1+d—d/c))2.

Corollary 3.2. Let

21 <1
il — | —22
73 23

Then t has order 2 and
L11L212, lelzll, LI3L:I3.

Proof. It is easy to see that i is the identity. A simple calculation shows ¢ (1) = n,
and ((n3) = n3, using ¢’? =1i. O
Lemma 3.3. The group (I, I, I3) is determined up to conjugacy by the variable d,
which lies in the interval 1 <d < c/(1 — c¢). Moreover, (11, I, I3) lies in SO(2, 1)
whend =c/(1 —c¢).

Proof. We have conjugated so that /; and I, have the form (3-1), and I3 has the
form (3-2) with 6 = 7 /2. After this conjugation, the only remaining parameters
are the nonnegative real numbers a, b and d. Using (3-4) these are completely
determined by d. Moreover, again using (3-4) we see that a® and b” are nonnegative
ifand only if d > 1 and d < ¢/(1 —c). We cannot have d = 1 or else n3 is the zero
vector. Thus 1 <d < c¢/(1 —c¢). Finally, when d = ¢/(1 — ¢), we have b =0 and
the entries of I3 are all real. |

Lemma 3.4. Let 11, I and I3 be given by (3-1) and (3-2). Suppose 1115 and I 13

have order 3. Then I I3 1,15 is elliptic if and only if d < 3/(4s?).

Proof. Calculating directly, we see that

@ —b5H?* 2 —sHd—-1—-a*>-b>»
(d—1)2 d—1

= 4s2d.

tr(L 1L 13) = —2c(a®> —bH) +d?

(We could have derived this using the formulae in [Pratoussevitch 2005].) The
condition that I; I3, 15 is elliptic is equivalent to 3 > tr(I1 131, 13) = 4s%d. O

Thus, our parameter space for (1, I, I3) with 1131, 15 nonelliptic is given by

(3-5) 3o g< €
452 = T 1—¢’

Note that the condition n > 3 implies both 3/ (4s®>) > 1 and ¢/(1 —¢) > 1. For
example, when 1 = 4 we have ¢ = s = 1/+/2 and our range becomes

3/2<d <v2+1.
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4. The bisectors

We define a polyhedron D bounded by sides contained in 2n bisectors.
Definition 4.1. For k € Z, define the involution Ay € (I, I», I3) as follows:

(1) If Kk =2m is an even integer then A; = (LI (1, L)*2.

(2) If k =2m + 1 is an odd integer then Ay = (I, 1;)* V2L 11, (I 1,)*~D/2,
Let o be the fixed point of /1, in Hé. For all integers k, the bisector By is defined
to be the bisector equidistant from o and Ay (o). Note that in both cases Ayy2, = A

and so Bj12, = By. This gives 2n bisectors B_, 1 to B, and we may take the index
k mod 2n.

The following lemma follows immediately from the definition.

Lemma 4.2. Let B_,+1 to By, be as defined in Definition 4.1. Then for each k
mod 2n and each m mod n:

(1) The map (I,1\)™ sends By to Bop+k-

(2) The map (I;1))™ I, sends By to Byy+1—k. In particular, the map (LINFL
sends By to By1.

(3) The antiholomorphic involution ¢ defined in Corollary 3.2 sends By to B_y. In
particular, the map (I;11)™ It sends By to Bop+1+-

The main result of this section is that the combinatorial configuration of the
bisectors does not change as d decreases from ¢/(1 —c¢) to 3/(4s?). More precisely:

Theorem 4.3. Let B_,+ to B, be as defined in Definition 4.1. Suppose that
3/(4s?) <d < c/(1 —c). Then, taking the indices mod 2n, for each k:

(1) The bisector By, intersects By+1 in a Giraud disc. This Giraud disc is preserved
by Ay Ag+1, which has order 3.

(2) The intersection of By with By+ is contained in the halfspace bounded by B+
not containing o.

(3) The bisector By, does not intersect By for 3 <€ <n. Moreover, the boundaries
of these bisectors are disjoint except for when £ =3 and d = 3/(4s?), in which
case the boundaries intersect in a single point, which is a parabolic fixed point.

As a corollary to this theorem, we can use the Poincaré polyhedron theorem to
prove the “if” part of Theorem 1.6.

Corollary 4.4. Let A_, 11 to A, and B_, 41 to BB, be as in Theorem 4.3. Suppose
that 3/(4s%) <d < c/(1 —¢). Let D be the polyhedron in Hé containing o and
bounded by B_, ;1 to B,,. Then the maps A_, 4| to A, form a side paring for D
that satisfies the conditions of the Poincaré polyhedron theorem, Theorem 2.3. In
particular, (11, I, 1) is a discrete and faithful representation of A3 3 p.
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Proof. Since Ay is an involution, it is clear that the {A} form a side pairing for D.
Now consider the ridge ry = By N Byt1. Applying either of the side pairing maps
Ay or Ay sends this ridge to itself. We then apply Py = (I,1))* I, to obtain the
cycle transformation Py A;. When k is even,

PAy = (LI (LI (L )Y? = (L1 L1 L)Y?,
and when k is odd,
P A = (121])klz(h]])<k71)/2121312(11 12)(/#1)/2
= (]2]1)(k—|-1)/21311(11 12)(,{“)/2'

In both cases, Py Ay is equal to Ax A4, which has order 3. There is a neighbour-
hood Uy of the ridge r for which the intersection of Uy with D is the same as
its intersection with the Dirichlet domain for (P;Ay). Therefore, we have local
tessellation around all the ridges of D using the argument of Proposition 2.1.

All the other sides of D are disjoint, apart from when d = 3/(4s?), in which
case By and B3 are asymptotic at a point of 8Hé. This point is a parabolic fixed
point, as required.

Finally, each side yields the reflection relation AZ, which is conjugate to 132.
The cycle relations give (PyAx)>, which are conjugate to (I,13)* when k is even
and (I31;)3 when k is odd. In addition we have the relations from Y = (I, Ip),
which are [ 12, 122 and (/1 1)". From the Poincaré theorem, all other relations may
be deduced from these. Thus (I1, I, I3) is a faithful representation of A3 3,. U

Write ¢, = cos(km/n) and s = sin(kmr/n). Then

com —Sm 0 —Comt+1 —S2m4+1 O
(LIN" =|{s2m ¢ O, (LIN"L| —S2m41  C2m+1 O
0 0 1 0 0 -1
We have
—Com@ + Sobi —Coma — S2;,bi
(LIN"I(0) = | —sama —combi |, (L))" I3(0) = | sama — combi
—d —d
Also
Com4+1a+52m+1bi Com+1a—52m+1bi
(LIN"L(0)=| samr1a—comyrbi |, (LHL)"[113(0)=| —som+1a—Com11bi
d d

We begin by proving Theorem 4.3(1).

Proposition 4.5. For each —n+1 < k < n, the bisectors By and By+, (with indices
taken mod 2n) intersect in Hé in a Giraud disc. This Giraud disc is preserved by
(LIN*(IL 1) (11 L)? when k is even and (I, 1) *V/2(I1) (11 L) %+V/2 when k
is odd.



446 JOHN R. PARKER, JIEYAN WANG AND BAOHUA XIE

Proof. Using Lemma 4.2 we need only consider k = 0 and k = 1. The bisectors
Bo and B; are equidistant from o and from I3(0) = I31>(0) and from I,13(0)
respectively. Observe that [/3 does not fix o. Since the map /,/3 has order 3,
the Dirichlet domain with centre o for the cyclic group (/,/3) only contains faces
contained in these two bisectors. The intersection is a Giraud disc invariant under
powers of I3 by construction. (]

Next we prove Theorem 4.3(3) in the case where £ = 2m + 1 is odd.

Proposition 4.6. Suppose that 3/(4s*) <d <c/(1 —c¢). Foreach —n+1<k <n
and 1 <m < (n—1)/2, the bisectors By and Bi+@m+1y (wWith indices taken mod 2n)
do not intersect in Hé. Moreover, their closures intersect on aHé if and only if
d =3/(4s%) and m = 1. In the latter case, the closures intersect in a unique point,
which is a parabolic fixed point.

Proof. Using Lemma 4.2 we need only consider By and By,,+1. These bisectors are
equidistant from o and I3(0) = I31,(1115)™ (0) and from (I 11)" I 13(0) respectively.
Consider the Dirichlet domain with centre o for the cyclic group ((I211)" > 13). We
claim that this Dirichlet domain has exactly two sides and these sides are disjoint.
To do so, we use Phillips’ theorem, Proposition 2.2.

A brief calculation shows that

a* —b? fd= d(c —camt1) _ 2d5m+lsm‘
d—1 c c

When 1 <m < (n—1)/2, we have

tr((L1N" L13) = —coms

SmSm+1 = §82 = 2s%¢
with equality if and only if m = 1. Therefore,
()" 13) = 2dsy15m/c > 4ds*

with equality if and only if m = 1. Hence, when 4ds® > 3, we have (I,1)" 15 is
nonelliptic with real trace, and is loxodromic unless m = 1 and d = 3/(4s%). By
Phillips’ theorem we see that any Dirichlet domain for ((/>11)" I13) has two faces
and these faces do not intersect in Hé.

In fact, when d =3/ (4s2) and m = 1, the bisectors By and Bs are asymptotic on
the boundary of Hé at the (parabolic) fixed point of 1,111, 15. O
Proposition 4.7. (i) Suppose p = [z, w, 11" lies on By N\ B_y,. Then for some

angles 0, ¢, we have

soea(cos 0e'? +d) — copb sin Be'®
°= c2e52¢(a® — b?)

—sp0bi(cos 0e!? +d) + copai sinfe'?
Y= c2es2¢(a? — b?)

’




COMPLEX HYPERBOLIC (3, 3, n) TRIANGLE GROUPS 447

(ii) Suppose p = [z, w, 1]’ lies on Bagr1 N B_2¢_1. Then for some angles 6, ¢, we
have ' .
s2041a(cos0e'® +d) — crpy1bsinfe'?
7=

C204152041(a% — b?)

’

$2041bi(cos 0e'? +d) — crpy1ai sin fe'?
w =

Co04182041(a? — b?)

Proof. First consider the bisector intersection from (i). Then z and w satisfy

1 = |z(—caea + s20bi) +w(saea + caebi) +d|,
I = |z(—cava — s20bi) + w(—szea + coebi) +d|.

Expanding out, adding and subtracting yields

1= ‘ZCQ@CI — weoebi — d|2 + ’ZSngi + wszm|2,

0 =2Re((zcaea — weaebi — d)(—Zsabi + Wsoea)).
Thus we can write

zCpea — wepebi — d = cos 0e'?,

2520bi + wsypa =i sinfe'?.

Inverting these equations yields

spea(cos0e'® +d) — coyb sin Be'?®
= c2es20(a® — b?)
—so¢bi(cos Be!® +d) + cypai sinHe'?
c2es20(a® — b?) '

il

For the second bisector intersection, we have

’

1 = |z(coe1a 4 s2041bi) + w(=52011a + c2041bi) — d ?
1 = |z(cae41a — $2041b0) + W(s2041a + €11 bi) — dizc
Expanding out, adding and subtracting yields
1= |zczg+1a + wepe41bi — d|2 + \—zszulbi + wszg+1a|2,
0 =2Re((zcae41a + weapr1bi — d)(Zs2041bi + Wsre41a)).
So once again we have

Z2C2p+1a + wWepp+1bi —d = cos 98l¢,

—z82041bi + wsppr1a = —i sin@e'?.
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Thus, ' '
$2¢4+1a(cos Oe'? +d) — copy1bsin fe'?
7=

C204152041(a% — b?)

k)

$2041bi (cos 0e!® +d) — crpy1ai sin fe'?
w =

Coe+152041(a% — b?)

We can now prove Theorem 4.3(3) in the case where £ = 2m is even.

Proposition 4.8. Suppose that 3/(4s*) <d < c/(1 —c¢). Foreach —n+1<k<n
and 2 <m < n/2, the bisectors By, and By12, (with indices taken mod 2n) do not
intersect in complex hyperbolic space.

Proof. Using Lemma 4.2, we need only consider B,, and 5_,, where 2 <m <n/2.
Using Proposition 4.7 we see that an intersection point p = [z, w, 1]’ of B,
and B_,, must satisfy

sma(cos@e'? +d) — c,,bsinfe'?
°= CmSm(a? — b?)
n —smbi(cos0e'? +d) + c,ai sinfe'?
CmSm(a? — b?) )

’

w =

We claim that |z|> + |w|> > 1 and so such a point does not lie in Hé. We have
CnSm (@ =12 + [w’ = 1)
= |sma(cos 0e'? +d) — ¢,ub sin Oe'® |2
+ | —smbi(cos 8¢ +d) + cpai sin0e?|” — 252 (a® — b?)?
= si (a2 + bz)(cos2 6 +2d cos6 cos ¢ + dz)
— 2¢Smab(2 cos 6 sin @ 4 2d sin 0 cos ¢)
+ 2 (a® + b?) sin® 6 — 2 52 (a* + bH)* +4c2 52 a’b?
=52 (d* — 1)(cos® 8 +2d cos 6 cos ¢ +d*)
—4cspmab(cos 0 sinf + d sin 6 cos ¢)
+ 2 (d* —1)sin® 6 — 2,52 (d* — 1)* 4 4c% 5% a’b?
= (cos 6 sinf +d sin 6 cos ¢ — 2cmsmab)2 +d? sin® 0 sin” ¢
+ (s2(d* — 1) —sin? @) (cos? @ +2d cos 0 cos ¢ +d* — c2, (d* — 1))
> (s,%l(d2 — 1) —sin? 9)(cos2 0 +2d cosf cosp +d* — c,i(d2 - 1)).
Therefore, it is sufficient to prove
4-1) 0 < s2(d*—1)—sin’#,
4-2) 0<c0520+2dcos€cos¢+d2—c,2n(d2—1).
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In order to prove these inequalities, we need to use the lower bound on d. Using
m>2andd > 3/(4s2), we have

4-3) (1 —cp)d > (1 —cr)d =2s°d > 3/2.
We also use s,%l =1- c,zn = (1 —cp)(1 +cp) and ¢,y > O (the latter uses m < n/2).
First, we consider (4-1):

1
s,%,(d2 —1)—sin’0 = 1+—zm((1 —cm)d)? — 2+C,%1 +cos? 0
m

> (1 —cp)d)* =2
> 1/4,

where the last inequality follows from (4-3). This proves (4-1).
Now consider (4-2):

(d(1—cp)+cosB cos¢)>+cos? sin® ¢

l1—cp,

cos?6+2d cos6 cos¢—|—d2—c,2n d*=1)=

" Cm ((d(l—cm))z—cos20)+6,2,,
1—cp,
> Cm (9/4—cos29)
—Cm
> 0.
Again we used (4-3). This proves (4-2) and so establishes the result. O

Propositions 4.6 and 4.8 complete the proof of Theorem 4.3(3). It remains to
prove Theorem 4.3(2). That is, we must consider the intersection of By and By,.

Consider By N B_;. We claim that the fixed point of I31{1,13 (that is I3(0))
lies on By N B_;. The bisector B consists of all points equidistant from o and
AI(O) = 121312(0) = 1213(0). We have

p(13(0), L 13(0)) = p(0, 3113(0)) = p(0, I 13(0)).

The first equality follows since /3 is an isometry and the second since I3/, [z = 1,131
and (o) = o. Thus I3(0) lies on B;. A similar argument shows

p(13(0), I1 I3(0)) = p(0, I, 13(0)).

and so I3(0) lies on B_; as well. Thus B; N B_; is nonempty, which can be seen
in Figure 1. By symmetry, this comment also applies to the intersection of By
and Biio>. We must show that this intersection never contributes a ridge of D.

Proposition 4.9. Suppose that 3/(4s*) <d <c/(1 —c). Foreach —n+1 <k <n,
all points of By N B+ lie in the halfspace bounded by B+ not containing o.
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Proof. Using Lemma 4.2 as before, it suffices to consider B and B_;. We need to
show that all points of 5; N B_; lie in the halfspace closer to I3(0) than to o.

Suppose that p = [z, w, 1]” lies on B; N B_;. Using Proposition 4.7(ii) with
m = 0, and using (3-3) to write c(@*>=b* =d(d—-1), we find

__sa(cosBe'? +d) —chsinfe'?

4-4 = )

“-4) ¢ sd(d—1)

4-5) . sbi(cos6e'? +d) — cai sin Qeid"
sd(d—1)

Note that we used (3-3) to simplify the denominator.

The point p = [z, w, 1]* lies in the halfspace closer to I3(0) than to o if and
only if 1 > |za — wbi — d|. We want to give this inequality in terms of 9, ¢ and d.
Suppose z and w satisfy (4-4) and (4-5) and consider za — wbi — d:

sa*(cos e'? + d) — cab sin fe'?
sd(d —1)
sb?(cos 0e'? +d) — cab sin fe'?
sd(d—1)
s(@*>+b*) cosfe’®  2cabsinbe’®  s(a®+b*)d
T sdd—1)  sdd—1) tdad—1n
_s(d®*—1)cos0e'®  2cabsinfe’®  s(d>—1)d
T sdd-1)  sdd-1) + sdd—1)

_(@d+1)cosBe?  \/c2(d+1)> —d? sinfe'? +1

d sd

za —wbi —d =

d

d

Therefore,

(d+1)%cos?0  c2(d+1)%sin’#  sin’6
- d? + s2d? 52
2(d+1)+/c2(d+1)2—d? cosO sinf
sd?

2(d+1)cosfcos¢p  2+/c2(d+1)2—d? sinf cos ¢
* d B sd '

lza—wbi—d|*—1

Arguing as in the proof of Proposition 4.8, we have

21>+ w|* — 1

2 | sbi(cos0e'® +d) — cai sin0e'? |

sd(d—1)

_ |sa(cos0e'? +d) —cbsinfe'?

-1
sd(d—1)




COMPLEX HYPERBOLIC (3, 3, n) TRIANGLE GROUPS 451

_ s%(@?+bH)[cosfe!? +d>  c*(a*+b?)sin’ 0

s2d2(d —1)2 s2d2(d — 1)?
isc(2abi)(2 cos 8 sin O + 2d sin 6 cos ¢)
_|_
s2d%(d — 1)?
_(d+1Dcos’0  2(d+1)cosfcosdp d+1  c*(d+1)sin*0
 d2d-1) dd—1) d—1 s2d2(d — 1)
2/c2(d+1)2 —d? cos@sin®  2/c2(d + 1) —d? sinf cos ¢
sd?(d — 1) sd(d—1)
2 +(d+1)cos29 Ad+Dsin?0  2/c2(d+1)2 —d? cosfsin
T d—1 d2(d —1) s2d2(d — 1) sd?(d — 1)
N 2(d+1)cos@cosp 2v/c2(d+1)2 —d? sin6 cos ¢
d(d—1) sd(d —1) '

Now we eliminate cos ¢ using the equation for |za — whi — d|* derived above:

1 2c0s26 2sin%0
2> Hlw)*—1 = ——(|lza—wbi—d|*~1)+

d—1 -1 -1
(d4+1)cos?0  c2(d+1)sin’0  2y/c2(d+1)2—d? cos6 sinf
2d-1) T sda-1 sd2(d—1)
(d+1)2cos?0  c2(d+1)%sin’6  sin*0
 d2d-1)  s2d2d-1)  si(d—1)
+2(d+1)\/m cosf siné
sd2(d—1)

1 . 2
= ——(lza—wbi—d|"—1)

d—1
Je2d+1)2—d?sin6\*  (4s2d—3)sin’0
sd—1) ) + s2d—-1)2
Since the last two terms are nonnegative, all points p = [z, w, 1]* with z and w given
by (4-4) and (4-5) and that satisfy |z|>+|w|? < 1 must also satisfy |za —wbi —d| < 1.
Geometrically, this means that all points in Hé that are on By N B_; are in the
halfspace closer to I3(0) than to o. This proves the result. O

1
— 0
+d<cos +

This completes the proof of Theorem 4.3.
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TOPOLOGICAL ASPECTS OF HOLOMORPHIC MAPPINGS
OF HYPERQUADRICS FROM C2? TO C3

MICHAEL REITER

In this article we deduce some topological results concerning holomorphic
mappings of hyperquadrics under biholomorphic equivalence. We study the
class F of so-called nondegenerate and transversal holomorphic mappings
locally sending the sphere in C? to a Levi-nondegenerate hyperquadric in C3,
which contains the most interesting mappings. We show that from a topo-
logical point of view there is a major difference when the target is the sphere
or the hyperquadric with signature (2, 1). In the first case, 7 modulo the
group of automorphisms is discrete, in contrast to the second case, where
this property fails to hold. Furthermore, we study some basic properties
such as freeness and properness of the action on F of automorphisms fix-
ing a given point to obtain a structural result for a particularly interesting
subset of F.

1. Introduction and results

We study holomorphic mappings between the sphere S C C? and the hyperquadric
Sg C C3, which for e = +1 is given by

S1={(z1.22.23) € O | |21 + |za]* £ |z3]* = 1},

so that Si = S3 is the sphere in C3. Faran [1982] classified holomorphic mappings
between spheres in C? and C? and Lebl [2011] classified mappings sending S? to
S3 . In [Reiter 2015] we give a new CR-geometric approach to reprove Faran’s
and Lebl’s results in a unified manner. Let us introduce the following equivalence
relation. For k = 1, 2 let Hy : Uy — C3 be a holomorphic mapping where Uy is an
open and connected neighborhood of py € S* and H; (U N'S?) C SS. We say H|
is equivalent to H, if there exist automorphisms ¢ of S? and ¢’ of Sg such that
Hy=¢'oHogp L.

The author was supported by the FWF, projects Y377 and 1382, and QNRF, project NPRP 7-511-1-098.

MSC2010: 32H02, 32V30, 57505, 57S25, 58D19.

Keywords: holomorphic mappings, hyperquadrics, nondegeneracy, transversality, automorphism
groups, group actions, quotient space, principal fiber bundle.
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Theorem 1.1 [Reiter 2015, Theorem 1.3]. Given p € S?, let U C C? be an open
and connected neighborhood of p and H : U — C* a nonconstant holomorphic
mapping satisfying H(U N'S?) C Sg. Then H is equivalent to exactly one of the
following maps:

(@) Hi(z, w)=(z, w, 0),

V2
(i) H5(z, w) = (Z, (1—¢ ZZZ( 8))w7 (1—¢ z2(Z e)w )’

(iv) HE(z, w) = (423 (3(1—8)+(1+38)w2)w,\/g(l—e+2(1+g)w+(1_8)w2)z)
v 4 (&, W)= 1+38+3(1_8)w2 ‘

Additionally, for e = —1, we have
2++/22)z (Hﬁz—w)z)
’ w’ ’
14++42z4w 1+V2z+w

(1—w)z, I+w—w?, (1+w)z)
l—w—w?

W) Hs(z,w) = (

(vi) He(z, w) = (

>

(vil) Hy7(z, w) = (1, h(z, w), h(z, w)) for some nonconstant holomorphic function
h:U— C.

In fact, we study holomorphic mappings between the Heisenberg hypersurface
H? c C? and H2, where |]-|]3+ = H? is the Heisenberg hypersurface in C?. The
hypersurfaces H? and H? are biholomorphic to S? and S? respectively, except one
point, and are given by

H? = {(z, w) € C* | Imw = |z*},

H2 = {(2}, 25, w') € CF | Imw’ = |2} +¢l25 %}

We denote by F the class of germs of 2-nondegenerate transversal mappings sending
a small piece of H? to H2. F is introduced in more detail in Definition 2.5 below.
This is, in some sense, the most natural and interesting class of mappings when
studying holomorphic mappings between H? to I]-I]g’. From [Reiter 2015] we know
that F consists of mappings belonging to the orbits of the maps listed in (ii)—(vi) of
Theorem 1.1 with respect to the equivalence relation of automorphisms introduced
above, after composing with an appropriate Cayley transform.

For a germ of a real-analytic CR-submanifold (M, p) of C¥, we write Aut »(M, p)
for germs of real-analytic CR-diffeomorphisms fixing p, which we refer to as
isotropies of (M, p). Let us denote by G := Auty(H?, 0) x Autg(H?, 0) the direct
product of the groups of isotropies of (H?, 0) and (H?, 0), which we introduce in
Definition 2.3 below in more detail.

After showing that w : F — F /Gy is continuous, we obtain the following results.
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Theorem 1.2. The quotient topology tg on F |Gq coincides with the induced
topology t; of F, which carries the topology induced by the jet space Jo3 (H?, I]-I]g).

In the next theorem we equip F with the topology t; induced by the jet space
Jg (H2, H2), the automorphism groups carry the topology of the 2-jet group (see
[Baouendi et al. 1997] for more details), and the quotient space X of F with respect
to the equivalence relation of Theorem 1.1 carries the quotient topology. For more
details on the different topologies we use, we refer to Section 2 below.

Theorem 1.3. The quotient space X of F with respect to the equivalence relation of
automorphisms of H? and IH]g is discrete for ¢ = +1 and not Hausdorff for e = —1.

The above result was not known before and shows one major difference between
holomorphic mappings from the sphere in C? to the sphere in C3 and to the hyper-
quadric with signature (2, 1) in C*. Furthermore, we study the action of G on F
givenby Go x F —> F, (¢, ¢', H) > ¢’ o H o ¢~!. The action is called proper if
the associated map (¢, ¢', H)+— (H,¢' o H o ¢ Disa proper map, such that the
following result holds:

Theorem 1.4. The mapping N : Go x F — F givenby N(¢, ¢', H) :=¢'oHogp~!
is a proper action.

We write § C F for the set of maps which have trivial stabilizers given below in
Lemma 3.1. Based on the above result we obtain the following theorem concerning
the real-analytic structure of §, where I1 : § — 91 denotes the normalization map
induced by the mapping N, and 91 denotes a particular set of representatives of the
quotient § /G defined in Lemma 3.1 below.

Theorem 1.5. If ¢ = +1 then I1 : § — § /Gy is a real-analytic principal fiber
bundle with structure group Gy. If e = —1 then § is locally mapped to Gy x N via
local real-analytic diffeomorphisms. In particular, § is not a smooth manifold.

Note that the second part of Theorem 1.5 stands in contrast to the case of maps
in Aut, (M, p). Assuming some nondegeneracy conditions for certain germs of
real-analytic CR-submanifolds (M, p), such as Levi-nondegeneracy, it is known
that Aut,(M, p) admits a manifold structure (see [Baouendi et al. 1997; 1999;
2004; Kowalski 2005; Kim and Zaitsev 2005; Lamel and Mir 2007; Lamel et al.
2008; Juhlin and Lamel 2013]). To prove Theorem 1.5 we use a real-analytic
version of the so-called local slice theorem for free and proper actions. For proper
smooth actions of noncompact Lie groups the first proof of the local slice theorem
was given in [Palais 1961, 2.2.2 Proposition]. In the real-analytic setting a global
slice theorem was proved by [Heinzner et al. 1996, Section VI] and [Illman and
Kankaanrinta 2000, Theorem 0.6].

We organize this paper as follows. We introduce the necessary notations, tools
and results in Section 2. In the following sections we study properties of the action
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of the group of isotropies on F and in Section 5 we investigate the connectedness
of F and discreteness of the quotient space. Using these results, in Section 7 we
obtain some structural and topological information of §§ and § /G¢. Finally, in
Section 8 we study different normal forms with respect to isotropies. This article
is based on the author’s thesis [Reiter 2014] at the University of Vienna. Some
computations are carried out with Mathematica 7.0.1.0 [Wolfram 2008].

2. Preliminaries

Definition 2.1. We fix coordinates (z, w) = (z1, ..., zn, w) € C"*!. For a germ
h:(C"*!,0)— (C, 0) of a holomorphic function 4 (z, w) = Za’ﬁ aaﬁz"‘wﬁ, we write
h(z, W) = h(z, w) = Za’ 8 aaﬂz“wﬁ for the complex conjugate of h. Derivatives
of h with respect to z or w are denoted by
 plaltiBly
hzawﬁ (0) -— W(O).

For n > 1 and a germ of a map H : (C"*!,0) — (C"*', 0) with components
H=(fi,.... fw., g), we write Hyay,s(0) = (f118(0), ..., frzans(0), gays(0)).
Classes of maps, automorphisms and equivalence relations.

Definition 2.2. We write H(p; p’) := {H:(C", p) = (C"', p’) | H holomorphic}
for the set of germs of holomorphic mappings from (CV | p) to (CV § p'). For germs
of real-analytic hypersurfaces (M, p) Cc CY and (M’, p’) c CV ", we denote by

HM, p; M, p')={H €H(p; p') | HMNU) C M’, for U a neighborhood of p},

the set of germs of holomorphic mappings from (M, p) to (M', p’).
Definition 2.3. (i) We denote the collection of germs of locally real-analytic CR-
diffeomorphisms of (M, p) by
Aut(M, p):={H :(C¥, p) — C" | H holomorphic, H(M) C M, det(H'(p)) # 0}
and the group of isotropies of (M, p) fixing p by

Aut,(M, p) :={H € Aut(M, p) | H(p) = p}.
We write G := Auty(H?, 0) x Auto(IH]g, 0) and refer to elements of G as isotropies
of (H?, 0) and (H2, 0).

(ii) We write RT := {x € R | x > 0} for the positive real numbers, denote the unit
circlein Cby S' :={e"" |0 <t <27} and set T := RT x Rx S! xC. For an element
oy € Auty(H?, 0) we denote y = (A, r, u, ¢) € I' and write

(Au(z+cw), A2w)

(2-1) oy @ W) = il P
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(iii) We define, for =+l ife=—1and  =+1if e = +1,

(2-2) §2y = {a = (a},a}) € C* | |a]|* +elas|* = 0},
and let
Y P
(2-3) U= (”_‘,’1 cudy ) W eS', d =(a},ab) €S2,
(12 Cll

Weset IV :=RT x Rx S! xSSZﬁ x C? to denote elements a]’/, € Auty(H?, 0) via
y'=W,r',u',ad', ") eT’, where ¢’ = (¢}, ¢}):

WU' (7 +cw'), 0)*w")
1-2i(¢} 2} +echzh) + (r' —i(lc; P +elch 2w’

(2-4) o,z w') =

(iv) We call elements of I x I'’ standard parameters. If the standard parameters
(y,y") € T x I are chosen such that (o, a}’,,) = (idg2, idg3), we say the standard
parameters are trivial.

Definition 2.4. For G, H € H(M, p; M', p’), we define an equivalence relation
G~ H:&3(¢,¢) e Aut,(M, p) x Auty(M', p'):G=¢'c Hogp™ .
The equivalence classes in H(M, p; M’, p’)/~ are denoted by
[Fl={GeHWM,p; M, p)|G~F}.

In the case where (p, p’) = (0, 0) and (M, M') = (H?, H2), we call the above
relation isotropic equivalence and write Oo(H) for the orbit of a map H, called the
isotropic orbit of H.

The class F, the normal form N and its classification. In [Reiter 2015] we intro-
duced the following class of mappings, which are 2-nondegenerate and transversal.
These mappings represent the immersive maps, which are not equivalent to the
linear embedding (see [Reiter 2015, Proposition 2.16]).

Definition 2.5. For a neighborhood U C C? of 0, define F(U) to be the set of
holomorphic mappings H = (fi, f2, ), with H(U NH?) C H?, which satisfy

H(0) =0, f1;(0) f2,2(0) = f>;(0) f1,2(0) # 0 and g,,(0) > 0. Define F to be the set
of germs H, such that H € F(U) for some neighborhood U C C? of 0.

Proposition 2.6 [Reiter 2015, Proposition 3.1]. Let H € F. Then there exist
isotropies (0, 0') € Go such that H = o' o H o o~ satisfies H(0) = 0 and the
following conditions:

(i) H,(0) = (1,0,0), (i) f,2(0) =2, (vi) Re(£,2(0)) =0,
(i) H,(0) = (0,0,1), (iv) fr0(0) =0, (vii) Re(f:2,,(0)) = 0.
V) fru2(0) = | f1,2(0)] > 0,
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A holomorphic mapping of F satisfying the above conditions is called a normalized
mapping. The set of normalized mappings is denoted by N.

Remark 2.7. A mapping H € N necessarily satisfies the following conditions (see
[Reiter 2015, Remark 3.4]):

(i) H(0) = (0,0, 0), (v) H.,,(0) = (¥£,0,0),
(i) H;(0) = (1,0, 0), (Vi) Hy2(0) = (| f1u2(0)], f24,2(0), 0),
(iii) H,(0) = (0,0, 1),  (vii) H2,(0) = (4i|f1w2 0)[, iIm( f>,2,,(0)), 0).
(iv) H2(0) = (0, 2,0),
We classify all mappings belonging to N' >~ F /Gy in [Reiter 2015].

Theorem 2.8 [Reiter 2015, Theorem 4.1]. The set N consists of the following
mappings, where s > 0:

Gi(z, w) = (2z(2 +iew), 42%, 4w) /(4 — w?),
55z w) = (4z —desz? +i(e — s2)zw + sw?,
427 + s*w?, w(@ — desz —i(e +5H)w))
/(4 —4esz —i(e + sz)w —2iszw — es? 2),
G5 ,(z. w) = (25667 + 96izw + 64esw* + 647° + 64iesz*w
—3(3e — 165%)zw* + disw?,
256ez% — 16w? + 25657 + 16iz°w — 16eszw? —iew?,
w(256¢ — 32iw + 64z — 6dieszw — (e + 16s*)w?))
/(256 — 32iw + 642> — 192ieszw — (17¢ + 1445 w?
+32iez%w + 24szw? +iw?).
Each mapping in N is not isotropically equivalent to any different mapping in N.
For ¢ = +1, Figure 1 depicts AV in the parameter space according to Theorem 2.8
(see [Reiter 2015, §4] for more details).
Associated topologies. We deal with the following topologies (see, e.g., [Baouendi
et al. 1997]).

Definition 2.9. For K ¢ C" a compact neighborhood of p € CV, we denote by
Hi (p; p’) the space of holomorphic mappings, defined in a neighborhood of K,
which map p € CN to p’ e CV / equipped with the uniform norm on K. We equip
H(p; p’) with the inductive limit topology with respect to Hg (p; p’), where K is
some compact neighborhood of p in CV. Then for H, H, € H(p; p’), we say that
H, converges to H if there exists K C C" a compact neighborhood of p such that
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+ —_
G207 Gi, Gao

Figure 1. N for ¢ = %1 in the parameter space.

each H, is holomorphic in a neighborhood of K and H, converges uniformly to
H on K. For H(M, p; M', p’) C H(p; p’), we consider the induced topology of
H(p; p') denoted by .

Definition 2.10. Let Z € CV be coordinates in CV, H : CVY — CV’ a holomorphic
mapping defined at p € CV and « € NV. We denote by j][jH the k-jet of H at p
defined as

it = (S8 )l <),

and by J ; p, the collection of all k-jets at p of germs of mappings from (CV, p) to
(CN', p'). We set Iy k= =J, k » and denote the topology for J, k by 77, which we refer
to as the topology ofthe ]et space. Let (M, p) C (CV, p) and (M, p')y C (CN, p)
be germs of submanifolds. For k£ € N we denote by J;‘ (M, p; M', p') the space of
k-jets of H(M, p; M', p) at q. We also define J;‘(M, p) = qu(M, p; M, p) and
J§ (M M') := J§ (M, 0; M', 0). We denote by GX (M, p) C JX(M, p) the space of
k-jets of Aut, (M, p) at p.

Note that J,, kM, p; M/, p') C I, k . We identify I, k » with the space of germs
of holomorphlc polynomial mapplngs up to degree k, from CY to CV, which map
peCNtop eCV ThusJ I’f , can be identified with some CX, where K := N’ (N +k),
such that the topology t; for J , is induced by the natural topology of CX.

Definition 2.11. We say K C H(M p; M', p') admits a jet parametrization for K
of order k if there exists a mapping W : CV x CK > U — CV', with K = N’(N+k)
from above and U an open neighborhood of {p} x J 5 (M, p; M', p’), which is
holomorphic in the first N variables and real-analytic in the remaining K variables,
such that F(Z) = W(Z, jiF) forall F € K.

If K C H(M, p; M', p’) admits a jet parametrization of some order k, then
tc = 1, which follows from the real-analyticity in the last K variables. We need
the following jet determination result which is an immediate consequence of the
normalization and classification of maps in F.
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Corollary 2.12 [Reiter 2015, Corollary 4.8]. Let U C C? be a neighborhood of
0 and H : U — C3 a holomorphic mapping. We denote the components of H by

H = (f.8) = (f1. f», & and write jo(H) = {ji(H), f,2,(0)}. If for Hy, H, € F
the coefficients belonging to jo(H) and jo(H3) coincide, then we have Hy = H,.

Remark 2.13. Based on [Lamel 2001, Proposition 25, Corollary 26-27] we obtain
a jet parametrization of order 4 for K = F in [Reiter 2015, Lemma 4.3], and by
Corollary 2.12 we have that K = K :=15. Using Theorem 2.8 and the notation from
Corollary 2.12, we identify F with a subset J C CK0 given by J := {jo(H) | H € F},
and the topology we use in the sequel for F is 7.

Definition 2.14. Let X be a topological space, Y a set and g : X — Y a surjective
mapping. We call the topology on Y induced by g the quotient topology tg on 'Y,
where a set U C Y is open in Y if ¢g~!(U) is open in X.

3. The isotropic stabilizer and freeness of the group action on &

Lemma 3.1. Ser 0N := N \{G3, G5 o, G5 ot and § = Ugen Oo(H). The isotropic
stabilizer staby(H) := {(¢, ¢') € Go | ¢’ o Ho ¢~ = H} of H is trivial for H € N.
Furthermore, we have that staby(GY) = stabo(G;O) is homeomorphic to S' and
stabo(G;O) is homeomorphic to 7.

Proof. Let H = (f, g) = (f1, f2, g&) € N satisfy the conditions in Remark 2.7.
We write s := 2| f1,2(0)| > 0, x := f5,2(0) € C and y := Im(f5,2,,(0)) € R. By
Corollary 2.12 we only need to consider coefficients in jo(H). We let (o, 0’) € Gy
with the notation from (2-1), (2-3) and (2-4), and consider the equation

(3-1) oc'oHoo ' =H,

where we parametrize o~ as in (2-1). The coefficients of order 1, which are f;(0)
and H,,(0), are given by

U'"(ur),0)=(1,0) and (U’ "(uc+ Ac, Ach),001) = (0,0, 1).

These equations imply 6 =+1, X =1/, a),=c¢,=0,a; =1/(uu’) and ¢| = —uc/A.
Assuming these standard parameters we consider the coefficients of order 2, which
are f2(0), H;,(0) and H,(0), given by

(3-2) (0, 2u'u’2) = (0,2),

(3-3) (=r —22r +ieA?/2, 2u'u’ e, 0) = (ig/2, 0,0),
(3-4) (Az()»s +icuc) /u, uu' \(2x +2u’c?), =2(r + kzr/)) = (s, x,0).
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The second component of (3-3) implies ¢ = 0. If we assume this value for ¢ we
obtain for the third order terms f,2,,(0) the equation

(3-5) (2iur’s, u'u? 1 (—4r —20%r" +1A%y)) = (4is, iy).

The second component of (3-2) shows A = 1. Furthermore we obtain from the
third component of (3-4) that r' = —r and since from the second component of
(3-2) we get u'u? = 1, which uniquely determines u’, we obtain from the second
component of (3-5) that » = 0. The remaining equation from the first component of
(3-4), which comes from the coefficient fi,,2(0), is s/u =s. If s > 0 we obtain that
u = 1 and hence all standard parameters are trivial, which proves the first claim of
the lemma.

If s =0, then H € {G{, G} (), Gj ,}, since these maps are precisely those satisfying
f1w2(0) = 0 in the list of mappings from Theorem 2.8. It is easy to check that
the isotropic stabilizers of the maps G| and G% , are generated by the isotropies
(0(z, w), 0’ (2}, 25, w')) = (uz, w, z} /u, z/z/uz, w’) with |u| = 1. If we consider
G5 in (3-1), then we obtain that (o (z, w), o'(z}), 25, w") = (8z, w, 8z}, 75, w'),
where § = %1, are the only elements of stabo(Gg,o), which proves the last claim of
the lemma. (I

Proposition 3.2. The map N : Gy x § — & givenby N(¢, ¢', H) :=¢' o Ho ¢!
is a free action.

Proof. Lemma 3.1 shows that N restricted to 91 is a free action. We assume the
general case H € § and consider the equation ¢) oHo¢p ! = H for (¢, ¢) € G.
We write H = a/ oHo 5 , where H € 9 and ((;5 ¢ ) € Gy are umque according
to Lemma 3.1. After settmg W, ) = (¢> ogo ¢ ¢/ T ¢ o ¢>) we rewrite
¢ oHop ' =Hasy' oHoy ' = H. Since each map in 9N admits a trivial
stabilizer, we obtain that (¥, ¥') = (idg2, ides) and the freeness of the action. [J

4. Continuity of the normalization map

Remark 4.1. For F : (C?,0) — (C?, 0) a germ of a holomorphic mapping, for
which we assume that F € F and the jet jo(F) C jg F is of the form as in Remark 2.7,
we write F (f', f2, f?) for the components and denote derivatives of F at 0 by

fzkm = lem (0). We set A(F) = f]ofzo leoflzo-

Lemma 4.2. For n € N, we let (¢,, ¢,) € Go and H,, H € F be such that
¢ o Hy O¢n_] — H as n — oo, where F is equipped with the topology t;. If
we assume H,, H € N, then H, — H, and if we assume H,, H € N, then
(¢n, ¢,) = (idc2, ides3) as n — oo.

Proof. We assume that H,, = (h1 h2 h3) and H = (h', h?, h?) are given as in
Remark 4.1, where the coefficients of H, depend on n € N. Let s, := 2|h,1102| >0,
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Xy :=h2y, € Cand y, :=Im(h2,,). To each (¢, ¢)) € Go we associate the standard
parameters (y,, ¥,) € I' x I, where we use the notation for the parametrization
of Gy from (2-1) and (2-4). According to Theorem 2.8, H, depends on s, > 0.
Let us denote E =T x I'" x [F\R(")Ir and write &, = (Vu, ¥, S») € E. We define
W, :=¢,0H,0¢, ! which depends on &, € E. For components of V,,, we write
U, =, ¥2, ¢3) and ¥, = (¥}, ¥?2). Limits are always considered when n — oo,

We start with the first order terms of W,. We let U, be the 2 x 2-matrix from
(2-3) with entries u;,, a},, and a), instead of u’, a} and a), so that we have

4-1) Yz (0) = )‘n)\/nU,; [(”na 0),
(4-2) W, (0) = )\n)\;,(Uy/l t(uncn + )\ncllna )‘ﬂC/Zn)’ Qn)Van)

Since ¥, (0) — 1 we obtain 6, = +1, ,A,, — 1. This implies that u,u,a}, — 1
and a;, — 0, considering ¥,,.(0) — (1, 0) in (4-1). Because a,, = (a},, a;,) € ngﬁ
from (2-2), we have |a;n| — 1. If we consider the first two components in (4-2),
we obtain from ., (0) — (0, 0) and (|a}, 1, |a},) = (1, 0) that u,c, + A,c}, — 0
and ¢}, — 0.

Next we consider the second order terms of ¥,, to obtain
(4-3) Vn2(0) = 2up ki h, Uy, ' (20(Cn + unhnCy,), ttnhn),

n—-n

where the left-hand side of (4-3), v,,,2(0), must converge to (0, 2). After applying
U,/l_1 we rewrite the second component of (4-3) as

(4-4) 2020, = ap, (—ab, ¥r) 2 0)/ (u)a),) + ¥2.(0)).

Since (lay,l, |a},]) — (1,0), the absolute value of the right-hand side of (4-4)
converges to 2. Taking the absolute value of the left-hand side of (4-4) implies
An — 1, which together with A,A), — 1 shows A/, — 1. Next we consider

4-5) Vw0 = S0 AL UL (Ti (W, vy 4hn (Chy (€ + tnhnCh,) — iuley)),

where the real-analytic function 77 : I' x I'" — C does not depend on a;, € 552,9
and u,. The left-hand side of (4-5) has to converge to (ie/2, 0) and we rewrite the
second component of (4-5) as

(4-6) 42y (Chy (Cn + UnhnCh,) — incy)
= —20(~a3, Y0y (0) + 147,11, (0)) / Qunyiay)
Taking the limit, we know, since (|ay, |, |a5,]) = (1,0) and (A, A,,) = (1, 1), that

the right-hand side of (4-6) converges to 0 and if we also use u, ¢, + )“"C/ln — 0 we
obtain that ¢, — 0, such that ¢}, — 0.
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Next we compute

47) ¥ 5 (0)
= 202 N2 (= (r + 22r0) +i(lenl* + eA2ICh, |12 + An, Quncn + Ancy))).-

We take all of the previously obtained limits as n — oo of the sequences ¢, =
(¢}, c5,) € C?, ¢, and Ay, A),. Then since ¢3w2 (0) — 0, we have that r,, +A2r/, — 0.
Next we compute

@-8) Y20 = rady Uy " (Asn + T (s ¥)s Ay + T3 (Vs 1)),
where T>, T3 : T x I — C are real-analytic functions and 7> is given by
Ta(¥a, ¥) = 20nn + i) (ileal” = rw = A7r)
+2i0, 1, (UnChn 4 An€h,) Quncn + Anch,)
+iedy (unca (14215, + 2hnch,|ch, 1),
so that T>(yy, ¥,) — 0. Then the first component of (4-8) becomes
(4-9) Wsn+ Ta(vu. vy) = (@), 2 0) + euab, w25 (0))/ (huhiyu)).

Since (! ,(0), ¥2 ,(0)) = (2lhg,l, hi,) € RT x C, we obtain s, — 2|h(,|, and if
|h{,| # 0 we have a}, /u), — 1. Then u,ul,a) —> 1 implies that u, — 1 and further
inspection of (4-4) gives u% /a}, — 1, which shows a}, — 1 and u;, — 1. Note that
if |h(1)2| = (0 we have that ain, Uy, U, € S! for all n € N. Observe that the following
considerations are independent of the value of h(l)z:
(4-10) ¥,.2,,(0)
Y U/( _4iu,21)¥}%lsn + T4 (Y, Vy;) )
MEREAN 28Ul hy 21y + A2r0) +ieuZ A3 vy + 6ud A2 cnsy + Ts(vus v)))

where Ty, T5 : T’ x I'" — C are real-analytic functions and T is given by
Ts(yn, y,) = 2iehy (4i5,,c’2n (Cn 4 2unincy,) + 2cnui(56n + 3uuAnCy,)
+ ui)‘rzl (lc/ln |2 + 38|C/2n |2 + 4i5/lncl2n))’

hence T5(yu, v,) — 0. Since (¥, (0), ¥, (0)) = (2ilhg,l,ih3,) € iR x iR,
considering the real part of the second component of (4-10) we obtain 2r, +r, — 0,
which together with r,, 4+ )‘5”;/1 — 0 shows (ry,, r;) — (0, 0). To sum up, we obtain
that H, — H, and moreover, if |h(1)2| # 0, we conclude (¢, ¢,) — (idc2, ide3),

which completes the proof. U

Proposition 4.3. The map v : F — N given by n(H) :=¢'oHo¢p ™ for (¢, ¢') € Gy,
according to Proposition 2.6, is continuous with respect to t;.
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Proof. Let (H,),en be a sequence of mappings in F and H € F, such that H, — H.
Assuming without loss of generality that H € A/, we need to show H,, ;== (H,) — H.
We have H, = ¢, o H,0¢, ! € N, where (¢, ¢,) € Gy are the isotropies according

to Proposition 2.6. Since H,, = ¢’n_1 o H, o, — H, we conclude by Lemma 4.2
that H, — H. O

Using Proposition 4.3 we are able to prove Theorem 1.2.

Proof of Theorem 1.2. We show that = : F — N is a surjective, continuous and
closed mapping with respect to 7. Surjectivity is clear from Proposition 2.6 and
Theorem 2.8 and continuity we have shown in Proposition 4.3. It remains to prove
that 7 is closed with respect to t;. Let C C F be a closed subset. We need to show
that 7 (C) C N is a closed subset. To prove this statement we let H,, € 7 (C) for
n € N, forming a sequence of mappings in A such that H, — Hy, where Hy € N.
To show that 7 (C) is closed we need to conclude that Hy € 7w (C). By Theorem 2.8
we can write H, = Gimsn and Hy = Gim for k,, kg € {2,3}. Note that since
H, — Hy in N we have s,, — so. This implies that for any convergent sequence
G, € 7~ (H,) the map Go = lim,_,» G, belongs to 7~ '(Hp). Since C is closed,
an arbitrary convergent sequence F, € 7~ '(H,) N C with F, — F, thus satisfies
Fy € m~'(Hy) N C, which implies Hy = n(Fy) € n(C). O

5. A topological property of the quotient space of F

Lemma 5.1. The class F consists of 5% connected components.

Proof. According to Proposition 2.6 and Proposition 4.3, we denote by 7 : F —> N
the normalization map, which is continuous with respect to t;. By Theorem 1.2, we
equip 7 and NV with 7. For k € {2, 3}, we set Cx :={Gy | s > 0} and N*:= CLUC3.
The space of standard parameters I' x I’ is path-connected, since as defined in
Definition 2.5 for maps H = (f1, f2,g) € F, we assumed g, (0) > 0, which
implies that for isotropies as in (2-4) we require 8 = 41 for ¢ = 1. Thus for any
H € N the isotropic orbit Oy(H) is path-connected. First we treat the case ¢ = —1.
We observe that F* = | . A+ Oo(H) is path-connected. If F were connected
then (F) = N would be connected, which is not possible, since AN/ consists
of 2 connected components G; and N*. Thus F has 2 connected components
Oo(G{) and F*. For ¢ = +1 we note that the set Oy(Cy) := UHEQ Oo(H) for
k € {2, 3} is path-connected and A consists of 3 connected components. Thus F
admits at most 3 connected components. F is not connected since then 7 (F) = N
would be connected. If F consists of 2 connected components F, F» such that
F = JF1 UF,, we need to distinguish several cases. Either 7| = OO(GT) U Oy(Cy),
and Fp = Og(Cy), where k # £ and k, £ € {2, 3}, or F| = Op(C3) U Op(C3) and
For= OO(GT). In all cases we have, by the continuity of r, that 7w (F) is connected,
which is not possible. U
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Proof of Theorem 1.3. The quotient space X consists of elements denoted by [ F] for
F € F. We equip X with the quotient topology such that the canonical projection
p . F — X is continuous. For ¢ = +1 we have X = {Gf“, G;O, G;r’o} by our
classification. By Lemma 5.1 we obtain that p~!(H) for H € X is a connected
component of F, hence open. Thus X carries the discrete topology. To prove
the statement for ¢ = —1 we write Hy := G, , € N and H; = G5, € N. For
k € {0, 1}, let Uy € X be an open neighborhood of [ H¢]. Then Vi := p_1 (Uy) is an
open neighborhood of the orbit of Hy in F. According to our classification there
exists a sequence (G,),en of mappings in F, where each G, € [H] and G,, — Hy
in F as n — 00. Thus there exists N € N such that G, € VoN V| foralln > N,
which shows [H;] € Uy N U, and completes the proof. |

6. Properness of the group action

Proof of Theorem 1.4. Forn e N'we let G, = (g}, g2, ¢2), H. = (W), >, W) e F
with G, = ¢, 0o H, o, ! where (¢,, @;) € Go. Equipping Jg with a suitable norm
|l - |l, we need to show that if we let N > 1 such that || jo(G,)|l, [ jo(H)| < N
and |g201|, |h/201| > 1/N as well as |A(G,)|, |A(H))| > 1/N, then we have that
{(¢n, ¢)) | n € N} is relatively compact in Go. For a simplification, we write
H =¢,0oH,0¢, ! where H, € N and (¢,, ¢,) € Gy according to Proposition 2.6.
Since we have shown in Proposition 4.3 that the map & : 7 — N is continuous, it fol-
lows that the sequence H, is relatively compact, and we assume that each H,, satisfies
all conditions we assumed for H, . Further we assume that H, is given as described
in Remark 2.7, where we set s,, ;= 2|h,1102| >0, x, = h%oz eCand y, = Im(hﬁzl).
In the proof of Proposition 2.6 given in [Reiter 2015, Proposition 3.1], we give
explicit formulas for (¢, ¢,,), which shows that {(¢,, ¢,) | n € N} is bounded, since
the sequence H, is relatively compact. We set ¥, := ¢, o ¢, and ¥, == ¢, o ¢;,.
Hence we need to prove that {(1,, ¥,) | n € N} is bounded in Gy. If we use the
parametrization of (v, ¥,) from (2-1) and (2-4), we show that {(y,, ¥,) | n € N}
is bounded in T" x T"". More precisely, we need to show the boundedness of the
SEqUENCES Ay, Cp, 'y @Y, A,y Ay Cps Ty in T X I, We use the equations from the
proof of Lemma 4.2, where W, plays the role of G,. We start considering the third
component of (4-2), which gives 1/ VN < Anh), < V'N. Then we rewrite 4-1)to
obtain, for k =1, 2, that |a; | = |g’;10|/()\n)\;) < N+/N. After rewriting the first
two components of (4-2) we obtain that |u,c, +A,c), |, [Anc), | <2N 3. Then, using
(4-2) and (4-3), we compute
— 2332

- "n"n"n>

A(Gy) =

s Un 4iun(5n+un)\n5/1n)

such that the boundedness of A(G,) from below implies that 1/N 2 <A, < NZ
This gives 1/ (vV/NN?) < Ay < /N N2, and from (4-2) we derive boundedness of
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the sequence |c/2n|. Then from (4-5) we obtain that the sequence |c,| is bounded,
such that (4-2) shows the boundedness of |c], |.

Finally, using all the previous bounds, we get from (4-7) and the second compo-
nent of (4-10) that the sequences |rn+k2r’ | and |2rn+k2r’ | are both bounded, which
implies that |r,| and |r;| are bounded from above. Thus the sequence (v, ¥/,) is
relatively compact. Since (¢,, ¢,) is relatively compact, this implies that (¢,, ¢,,)
is also relatively compact, completing the proof. U

7. On the real-analytic structure of §

Lemma 7.1. Let T1:F — Nbe given by [I(H) :=¢' o Hop~ !, where (¢, ¢') € Gg
are the unique isotropies according to Proposition 2.6 and Lemma 3.1. For k =2, 3
we write My o == {rn-! (Gi’s) | s > 0}. Then My . is a real-analytic real submanifold
of § of real dimension 16.

Proof. For fixed k € {2, 3}, s > 0 and § > 0, we write G5 5 := {G,ivl |t € Bs(s)NRTY,
where Bs(s) .= {t € RT | |t —s| < §}. To prove the lemma we show that for
every so € R™ and sufficiently small §y > 0, there exists a locally real-analytic
parametrization for M := IT1-!(Gs, 5,). As noted in Remark 2.13, we identify F
with the set J ¢ CKo,

Theorem 2.8 implies that for each H € M there exist (¢, ¢') € Go, k € {2, 3}
and 51 € Bs,(s0) "R, such that H = ¢’ o G;’iSl o¢~!. This fact is used to describe
M locally via parametrizations as follows. For s > 0 sufficiently near s, let Fy be
a mapping as in Remark 4.1, which depends real-analytically on s := 2| f012|. For
the remaining coefficients in jo(Fy) we write x := f022 and y := Im( fzzl), where we
suppress the dependence on s notationally. We use the real version of the notation
for the parametrization of Gg as in (2-1) and (2-4). Here we denote the set of real
parameters of Gy by I' x I'. Let us write & :=T" x I x R ¢ RN, where Ny := 16.
For & = (y, v/, s) € E, we define the mapping

(7-1) ViE—J, WE) =jo@)oFo¢,"),

where we use the notation as in (2-1) and (2-4) for ¢, and ¢;, respectively and
suppress the dependence on ¢.

We set \IJ(z w) = (¢ oFj ogb N (z, w) with components U= (wl wZ w ) and
U= (1// v ) The holomorphlc mapping W is defined in a small neighborhood
U C C? of 0 and satisfies W(H2NU) C [H]3 By Theorem 2.8 and the real-analytic
dependence of the isotropies on the standard parameters, which can be observed by
inspecting the proof of Proposition 2.6 in [Reiter 2015, Proposition 3.1], we note that
W and ¥ are real-analytic in & € E. We assume without loss of generality that & is
chosen in such a way that (¢, , ¢;,) = (id¢2, ide3). Consequently we write O (2) for
terms involving standard parameters of the isotropies which vanish to second order
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at &, and we consider a| € C near 1 such that we substitute a; = (1 — slaélz) /a}
and take 6 = +1 in W, which is then given by the following expressions:

U, (0) = (uu/kk/ai, u)LXEzé),

W, (0) = (/AN a) (ue + ach), KX chja), A N?) + 0(2),

V2(0) = (21uu' AN (leurdy + 2 + uré))ay), 2u*2*N /a}) + 0 (2),
¥, (0) = (—%uu’m’a; Q@ +22) —igr?),

2uc
/
a

wr (S aay +
2
B,2(0) = (u'A>N (a] ieuc + rs) — erabx),

AW (x/al +abs), =227 (r +27r)) + 0(2),

), 200202 + uxz»g)) +0Q),

V20 (0) = (—uu/)»3k/(4a; (—iuks + e(¢ + urc))) +icurayy),
W (<2027 +32) + Geunes +ia%y) faf +2i3%s) ) + O(2).

As a first step we show that for given &y € & the Jacobian of W with respect to &
evaluated at &), denoted by W (&), is of full rank Njy. Instead of considering the
real equations of W, however, we conjugate ¥ and compute the Jacobian of the
system ® := (W, W) e C?X0 with respect to

E=u,hc,ru a),ay N, ¢, ch ' s 8 a,, &, ch) eCNo
and evaluate at
(7-2) £ =1(1,1,0,0,1,1,0,1,0,0,0, s0; 0,0,0,0) € R,

denoted by ®¢(§p). We bring the transpose of ®¢(§p) into echelon form, denoting
the resulting matrix by ¢ = (¢', ..., ™), where ¢/ = (¢, ..., 93 ) € C*X* for
1 < j < Ny, such that rank(cbg (50)) =rank(¢). In the following we suppress the
evaluation of ® at &) notationally and perform elementary row operations. The
matrix given by

@' 9" = (B B, By, Dy, s B, Dy, B, B, By, )

_<09 0’ Oa cDua cDu» 0’ q)u’ Oa CD(;/la %q)éa 0)7
is in row echelon form, with constant nonzero entries on the main diagonal. Each 0

above represents 0 € C*X0, Next we define

12._ 1 1 ie 1050
Q= q)”+§q>”_q>’\_§cbai__g CI)r/+—3 o,
1 2 2
g013 = q)u/ — §CDM — g@ai — §¢S,
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which are of the following form, where we denote by A’ derivatives of a function &
depending on s with respect to s:

¢12:(O,...,O,(pllg,---,‘ﬂg(o)

—2(4x —5s0x") 5. 8isg 21(3e—=3y+35s0y) 1 1o 12
:(0,...,0,%,218,%, é) 0y 7_§7¢179"'a(p2K0>
9 =00,....0,03,....00%)
_ 2x —sox’ Bisp isgy 2 13 13
= (O,...,O, —3 YTz T3 _§’§017,-..,§02K0>.

Then we define ' := &, —d,., 913 = g and @6 := Dz, from which we compute
gom = —2(e15 + e2k,), <p15 =e19 and gom = —2eyy +iceys — 12es€2K,, Where for
j € N we denote by e; the j-th unit vector in R*Xo0,

We have to consider several cases. First, in case (p}% # 0, then we consider
Pl =B — gollggou/(pll%, such that (leé’ is a multiple of —2x + sox’. If 95113 # 0,
then ¢ = (¢!, ..., 9'2, 3'3, ¢!, ¢, ¢'%) is in echelon form. If (ﬁg = 0, then
x = Cs?, where C € C\ {0} and we have gﬁ}i’ # 0, which again implies that
o=1(p', ..., 02, ¢ ¢ 1, ¢'% is in echelon form.

Next we treat the case (pllg = (. First we consider the trivial case. If x = 0, then
since so > 0, we have x’ =0 and so ¢ = (¢!, ..., ¢'%) is in echelon form. Now we
assume x # 0, which implies x” # 0, and solve (pllg = 0. The solution is given by
x = Cs*>3 where C € C\ {0} and ¢ = (¢!, ..., @', 03, 012, ¢! ¢, ¢'%) isin
echelon form.

To sum up, we conclude that in all cases the Jacobian ®¢ (&) of the system &
evaluated at & is of full rank Ny, and hence that ¥ from (7-1) is a real-analytic
locally regular mapping if we choose 8o > 0 sufficiently small in M. For W to be
a local parametrization of M it remains to show that for each sufficiently small
neighborhood U C & C RM of &, there exists a neighborhood W c CXo of

W (&) = Fy,, such that ¥ (U) = WN M. We have
V(U) = {jo(H) |3E = (y.y . eU:H=¢, o F0¢,)
and with the notation from the beginning of this proof for § > 0 we have
M =T1""(Fs)
={HeF|3(y.y.5) €T xI"x Bs(so) NR" : ¢’ , o Ho ' = F}.

Remark 2.13, together with the fact that for each H € M we can write H =
¢’ ;,1 oFso¢,, shows W(U) C M. We assume that there exists a neighborhood U C E
of &y, such that for any neighborhood W of W (&) = F;, we have W(U) #W N M.
We choose open, connected neighborhoods (W,,),en of Fy, with (1), W, = {F,} and
W(U) # W, N M for all n € N. There exists a sequence of mappings (H,),en € §
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such that H, € W, "M and H, & W(U). We write H, = ¢’;,1 o Fy, o ¢y, and
conclude by Lemma 4.2 that (y,, y,, sn) = & in E. Thus eventually H, € ¥(U)
for large enough n € N, which completes the proof of the lemma. U

We need the following theorem concerning free and proper group actions on
manifolds.

Theorem 7.2 [Duistermaat and Kolk 2000, Theorem 1.11.4]. Let k € NU {00, w}
be nonzero and M a C* manifold equipped with a C* action G x M — M, where
G is a C* Lie group. Assume that the action is free and proper. Then M /G has
the unique structure of a C* manifold of real dimension dimg M — dimg G and the
topology of M /G is the quotient topology to. We denote by ¢ : M — M /G the
canonical projection given by o(m) =G -m :={g-m | g € G} for m € M. For every
s € M/ G there is an open neighborhood S C M /G of s and a C* diffeomorphism
Vi N S) = G xS, ¥ :m (Y1(m), Yo(m)), such that form € ¢~1(S), g € G
we have o(m) = yrpy(m) and Y (g - m) = (g - Y1(m), Yr(m)). We say the triple
(¢, M, M/G) is a C* principal fiber bundle with structure group G.

Proof of Theorem 1.5. By [Baouendi et al. 1997, Corollary 1.2] the group Gy is a
totally real, closed, real-analytic submanifold of

G3(H?,0) x G§(H2, 0) € J3(H?,0) x JZ(H2, 0).

Hence G is areal-analytic real Lie group. With the notation of Lemma 7.1 we define
for (y,y’) eI’ xI""themap N, s : My o — My ¢, Ny, (H) = ¢;,oHo¢;1, where
(¢y, d);,) € Gg according to (2-1) and (2-4). We would like to conclude that for each
fixed (y, y’) e T x I'/, the map N, , is real-analytic. By Remark 2.13, instead of
N, it suffices to consider N)’,’y, *Jk.e = Jk.eo Where Ji o == {jo(H) | H € My .},
and N}, ,(jo(H)) = jo(¢}, o H o ¢;1) is a restriction of N, .. By considering
the components of N)’,’y,(jo(H)) for H € My ., we obtain that N;’y/(jo(H)) isa
polynomial in jy(H), thus by [Bochner and Montgomery 1945, Theorem 4] the
action of G on My ; is real-analytic.

By Proposition 3.2 and Theorem 1.4 the map N : § xGo — § defined by
N(¢,¢', H) =¢' o Ho¢ ! is a free and proper action. For ¢ = +1 we note that
by Lemma 5.1 and Lemma 7.1 the set § is a real-analytic manifold, thus from
Theorem 7.2 the conclusion for ¢ = +1 follows.

Next we show the claim for ¢ = —1. According to Lemma 7.1, for k = 1,2
we set N :={G; | |s>0}and No:=Ni NN, = {Gil/z}- The corresponding
preimages are denoted by My, := IT-'(N;) € §, so that Mg := M, N M, =TT~ (Ny).
Now set M := M U M,. By Lemma 7.1 for k = 1,2 we have that M; is a
real-analytic submanifold of §. We obtain by Theorem 7.2 that locally My is
real-analytically diffeomorphic to Gy x Sk, where Sy is a real submanifold with
dimg (Sx) = dimg(My) — dimg(Go) = 1, by Lemma 7.1. By Proposition 2.6 it
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is possible to normalize any element in S; with unique isotropies which depend
real-analytically on elements of S;. Thus, since dimr(Ny) = 1, we map S to Ny
via real-analytic diffeomorphisms. We obtain that for k = 1, 2 there exists an open
neighborhood U; C § of Ny and a real-analytic diffeomorphism ¢; : Uy — Vi
such that ¢x (U N My) = (Go x Ni) N Vi, where Vi is an open neighborhood
of Né = {id} x Ng C Go x M, with id = (id¢2, idg3). Moreover, we have that
Ok (Upy N Ni) = ({id} x Ni) N Vi and ¢ satisfies the properties given in Theorem 7.2.
We define ¢ : Uy — Vo, ¢(x) = ¢ (x) for x € Uy N Uy, where k = 1,2 and
Vo = V1 U V; is an open neighborhood of N(/). Write U = U NU,NUy C § for an
open neighborhood of Ny. Then we have ¢ |5 = @115 = ¢2|f7, which implies that ¢
is a real-analytic diffeomorphism. Furthermore, since

image(15ny) = image(@a|iny) = (Go x No)N'V,

where V is an open neighborhood of N C G x M, the mapping ¢ locally maps
M real-analytic diffeomorphically to Gy x Np.

Finally the last statement follows from Theorem 7.2, since if § were a smooth
manifold, then by the smooth version of Theorem 7.2, the quotient 91 would have
to be a smooth manifold, which is not the case. O

8. Homeomorphic variations of normal forms

In the following we use the notation from Definition 2.4.

Definition 8.1. Let 7 be a subset of H(M, p; M’, p’). A proper subset K C H
is called a normal form for H if for each [F] € H/~, there exists a unique rep-
resentative G € K N [F]. We denote the mapping which assigns to each H € ‘H
the representative G € L N[H] as w : H — K. A normal form K for H is called
admissible if w : H — K is continuous.

The uniqueness of the representative F € L N [F] in Definition 8.1 is not a
restriction. Assume we have another representative F %= G € K in the class [F],
then G is equivalent to F, hence it suffices to choose exactly one element from the
set of all representatives which belong to I N [F]. If there exists an admissible
normal form K for  we observe that in each orbit of any not necessarily admissible
normal form K’ for H, there exists an element of C.

Theorem 8.2. Let N’ be an admissible normal form for F. Then N is homeomor-
phic to N', where we equip N” and N with t;.

Proof. Let us denote by 7’ : F — N’ the continuous mapping as in Definition 8.1.
We note that the class A introduced in Proposition 2.6 is an admissible normal form
for F as in Definition 2.5. If we equip F with t;, we obtain by Proposition 4.3 that
the mapping 7 : F — N, H — o’ o H oo~ is continuous.
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incl

N

Figure 2. Diagram for admissible normal forms.

In Figure 2, the mapping incl’ : NV — F is the inclusion mapping, which is
given by incl’(H) := H for all H € N, and similarly for incl : A" — F. The map
YN — Nis given by (H) := F for He N and F € N N[H]. Since N’ and
N are normal forms, we obtain that ¥ is a bijective mapping. Furthermore, since
Y =moincl’ and ¥ ~' = 7’ o incl are compositions of continuous mappings, we
obtain that ¥ is a homeomorphism. U

Example 8.3. Beginning with A/, we can construct different admissible normal
forms N’ as follows. We fix a pair of isotropies (¢, ¢6) € G and consider the
isotropies (¢, ¢') € Gy from Proposition 2.6, such that 7 : F — N is given by
n(H) :=¢ oHo¢p !, denoted by H. We define ¢ =¢po and ¢’ = o o, to
obtain for F € F that

¢/0Fo¢_1:¢6od~>/oF0q~5_10¢61:(ﬁ(/)ofod)(;l,

where F € N. We define N/ := {¢) 0 Fo (/50_1 | F € N}. As observed above 7
induces an admissible normal form, which implies that the mapping 7’ : ¥ — N’
given by 7'(F) := ¢’ o F 0 ¢~ is continuous and A’ is an admissible normal form.
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2-BLOCKS WITH MINIMAL NONABELIAN DEFECT GROUPS
I1I

BENJAMIN SAMBALE

We prove that two 2-blocks of (possibly different) finite groups with a com-
mon minimal nonabelian defect group and the same fusion system are iso-
typic (and therefore perfectly isometric) in the sense of Broué. This contin-
ues former work by Cabanes and Picaronny (J. Fac. Sci. Univ. Tokyo Sect.
IA Math. 39:1 (1992), 141-161), Sambale (J. Algebra 337 (2011), 261-284)
and Eaton et al. (J. Group Theory 15:3 (2012), 311-321).

1. Introduction

Since its appearance in 1990, Broué’s abelian defect conjecture gained much
attention among representation theorists. On the level of characters it predicts the
existence of a perfect isometry between a block with abelian defect group and its
Brauer correspondent. These blocks have a common defect group and the same
fusion system. Although Broué’s conjecture is false for nonabelian defect groups
(see [CIiff 2000]), one can still ask if perfect isometries or even isotypies exist.
We affirmatively answer this question for p = 2 and minimal nonabelian defect
groups (see Theorem 9 below). These are the nonabelian defect groups such that
any proper subgroup is abelian. Doing so, we verify the character-theoretic version
of Rouquier’s conjecture [2001, A.2] in this special case (see Corollary 10 below).
At the same time we provide a new infinite family of defect groups supporting a
blockwise Z*-Theorem.

By Rédei’s classification of minimal nonabelian p-groups, one has to consider
three distinct families of defect groups. For two of these families the result already
appeared in the literature (see [Cabanes and Picaronny 1992; Sambale 2011; Eaton
et al. 2012]). Hence, it suffices to handle the remaining family which we will do in
the next section. The proof of the main result is an application of [Horimoto and
Watanabe 2012, Theorem 2]. The last section of the present paper also contains a
related result for the nonabelian defect group of order 27 and exponent 9.

Our notation is fairly standard. We consider blocks B of finite groups with
respect to a p-modular system (K, O, F) where O is a complete discrete valuation

MSC2010: 20C15, 20C20.
Keywords: minimal nonabelian defect groups, perfect isometries, isotypies.
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ring with quotient field K of characteristic 0 and field of fractions F of characteristic
p. As usual, we assume that K is “large” enough and F is algebraically closed.
The number of irreducible ordinary characters (resp. Brauer characters) of B is
denoted by k(B) (resp. [(B)). Moreover, k; (B) is the number of those irreducible
characters of B which have height i > 0. For other results on block invariants and
fusion systems we often refer to [Sambale 2014]. Moreover, for the definition and
construction of perfect isometries we follow [Broué and Puig 1980a; Cabanes and
Picaronny 1992]. A cyclic group of order n € N is denoted by C,.

2. A class of minimal nonabelian defect groups
Let B be a non-nilpotent 2-block of a finite group G with defect group

(1) D= ylx¥=y’=.yP=x,y]=[y.x,y]=1)=C3xCx

where r > 2, [x, y] :=xyx~'y~!and [x, x, y] := [x, [x, y]].

We have already investigated some properties of B in [Sambale 2011], and later
gave simplified proofs in [Sambale 2014, Chapter 12]. For the convenience of the
reader we restate some of these results.

Lemma 1 [Sambale 2014, Lemma 12.3]. Let z := [x, y]. Then:
(i) ®(D)=2Z(D) = (x2,2) = Cyr-1 x Cy.
(i) D' = (z) = Ca.
(iii) |Irr(D)| =5-2""".
Recall that a (saturated) fusion system J on a p-group P determines the following
subgroups:
Z(F) :={x € P : x is fixed by every morphism in F},
foo(F) == (f(0)x~ :x € Q< P, [ eAutx(Q)),
bop(F) = (f()x~":x € Q < P, feOP(Autz(Q))).
Lemma 2. The fusion system F of B is the constrained fusion system of the finite
group Ay X Cor where Cyr acts as a transposition in Aut(Ay) = Sy. In particular,
B has inertial index 1 and Q = (x*,y,z) = Cp-1 X C% is the only F-essential
subgroup of D. Moreover, Autr(Q) = Sz. Without loss of generality, Z(F) = (x?)
and hyp(B) = foc(B) = foc(F) = (y, z).

Proof. We have seen in [Sambale 2014, Proposition 12.7] that F is constrained and
coincides with the fusion system of A4 x Cy-. The construction of the semidirect
product A4 X Cyr is slightly different in [Sambale 2014], but it is easy to see that
both constructions give isomorphic groups. The remaining claims follow from the
proof of [Sambale 2014, Proposition 12.7]. U
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By a result of Watanabe [2014, Theorem 3 and Lemma 3], the hyperfocal
subgroup of a 2-block is trivial or noncyclic. Hence, our situation with a Klein-four
(hyper)focal subgroup represents the first nontrivial example in some sense. Recall
that a B-subsection is a pair (u, b,) such thatu € D and b, is a Brauer correspondent
of B in Cg(u).

Lemma 3. The set R :=Z(D)U {x'y/ :i, j € Z, i odd) is a set of representatives
for the F-conjugacy classes of D with |R| = 2"*!. For u € R let (u, b,) be a
B-subsection. Then b, has defect group Cp(u). Moreover, [(b,) = 1 whenever
ueR\ x2).

Proof. By Lemma 2, it is easy to see that R is in fact a set of representatives for the
F-conjugacy classes of D. Observe that (1) is fully F-normalized for all u € R.
Hence, by [Sambale 2014, Lemma 1.34], b, has defect group Cp(u) and fusion
system Cr({u)). It is easy to see that Cx({u)) is trivial unless u € Z(F) = (x2).
This shows [(b,) =1 for u € R\ (x?). O

Theorem 4 [Sambale 2014, Theorem 12.4]. We have k(B) =5-2""!, ko(B) =2"*1,
ki(B)y=2""'and I(B) = 2.

Proof. By Lemma 2, we have |D : foc(B)| = 2". In particular, 2" | ko(B) by
[Robinson 2008, Theorem 1]. Moreover, [Kessar et al. 2015, Theorem 1.1] implies
2'+! < ko(B). By Lemma 3 we have [(b,) = 1. Thus, we obtain ko(B) = 2"*! by
a result of Robinson (see [Sambale 2014, Theorem 4.12]). In order to determine
I(B), we use induction on r. Let u := x?. Then b, dominates a block b, of
Cq (u)/(u) with defect group D := D/(u) = Dg and fusion system F := F/(u).
By [Linckelmann 2007, Theorem 6.3], (x2, v, z)/(u) = C% is the only F-essential
subgroup of D. Therefore, a result of Brauer (see [Sambale 2014, Theorem 8.1])
shows that I(b,) = [(b,) = 2. By Lemma 3 and [Sambale 2014, Theorem 1.35]
it follows that k(B) > ko(B). Since |Z(D) : Z(D) N foc(B)| = 27~ we have
2"~ ki (B) fori > 1 by [Robinson 2008, Theorem 2]. Thus, by [Robinson 1991,
Theorem 3.4] we obtain

o
2+ < ko(B) +4(k(B) —ko(B)) < Y ki(B)2* < |D|=2""2.
i=0
This gives k;(B) = 2"~! and k(B) = ko(B) + k1 (B) =5-2""!. In case r = 2,
[Sambale 2014, Theorem 1.35] implies

(B)=k(B)— Y I(b)=10-8=2.
1#ueR

Now let » > 3 and 1 # (u) < (x2). Then b, as above has the same type of defect
group as B except that r is smaller. Hence, induction gives /(b,) = (b,) = 2. Now
the claim /(B) = 2 follows again by [Sambale 2014, Theorem 1.35]. U
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In the following results we denote the set of irreducible characters of B of height i
by Irr; (B).

Proposition 5 [Sambale 2014, Proposition 12.9]. The set Irro(B) contains four
2-rational characters and two families of 2-conjugate characters of size 2! for every
i=1,...,r—1. The characters of height 1 split into two 2-rational characters and
one family of 2-conjugate characters of size 2" for everyi =2, ...,r —2.

Proposition 6. There are 2-rational characters x; € Irr(B) fori = 1,2, 3 such that
Irrg(B) = {); *A:i =1,2, A € Irr(D/foc(B))},
Irri (B) = {3 %A : L € Irr(Z(D)foc(B) /foc(B))}.

In particular, the characters of height 1 have the same degree and

{x (1) : x €lro(B)}| < 2.

Proof. We have already seen in the proof of Theorem 4 that the action of D /foc(B) on
Irrg(B) via the x-construction has two orbits, and the action of Z(D)foc(B)/foc(B)
on Irry (B) is regular. By Proposition 5 we can choose 2-rational representatives for
these orbits, having identified the sets Irr(D /foc(B)) and Irr(Z(D)foc(B) /foc(B))
with subsets of Irr(D) in an obvious manner. |

In the situation of Proposition 6 it is conjectured that x;(1) # x2(1) (see [Malle
and Navarro 2011]).

Proposition 7 [Sambale 2014, Proposition 12.8]. The Cartan matrix of B is given
by
31
r—1
(1)

Observe that Proposition 7 also gives the Cartan matrix for the defect group Dg
and the corresponding fusion system (this would be the case r = 1).

Now we are in a position to obtain the generalized decomposition matrix of B.
This completes partial results in [Sambale 2011, Section 3.3].

up to basic sets.

Proposition 8. Let R and x; be as in Lemma 3 and Proposition 6 respectively. Then
there are basic sets for b, (u € R) and signs €, o € {1} such that the generalized
decomposition numbers of B have the following form:

u ‘ x2i X2z yHFL R2iHly
d%l(p (1,0) 1 1 1
dm 0, ¢) € € —€
d* (0,0) —20 0 0

X3¢
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Proof. Since the Galois group of Q(e?"/?") over @ acts on the columns of the
generalized decomposition matrix (see Proposition 5), we only need to determine
the numbers d)’?iw for u € {x,xy,xzj,xzjz} i=1,2,3,j=1,...,r). First let
u = x. Then the orthogonality relations show that

_ 2r+l

rl
42"y, 1P =

Since x; and x, have height 0, we have d, , # 0 # d; , (see [Sambale 2014,
Proposition 1.36]). It follows that d;iﬁ" =41 fori=1,2and d;w = 0, because x;
is 2-rational. By replacing ¢ with —¢ if necessary (i.e., changing the basic set for

2r|Xm(/’| +2r|d)(2¢’

b,), we may assume that dxnp =1. We set dx =: €. Similarly, we obtain dX1<p =1,
dyyy = %1 and dy), = 0. Now since the columns d* and d*¥ of the generalized
decomposition matrix are orthogonal, we obtain dy;, = —éj.

Now let u := x%’ for some je{l,...,r}. Let IBr(b,) = {¢1, 2} (see the proof
of Theorem 4). Then by Proposition 7 we get

1 _ -1
2r|d)(l<,01| + 2r|dxz<ﬂ1| +2' |dX3<ﬂ1| =3.2' ’
1 -1
2r|dx:soz| +2r|dxz<pz| +2 |dX3<P2| =3.2"",
1 -1
zrd;md)béupz + zrd)lzzwd)lzzm +27 d;3¢1d)bé3¢2 =2
Obviously, d;md;m = 0 and we may assume that (dan’ d;m) = (1,0) and
(d;wl, sz) = (0 €;) for a sign €; € {£1}. Moreover, dxwl _d;wz =:0; € {£1}.
Now let u := x?'z. Then we have
2r|dxw)| +2r|dm| +27 1|dxw| =22

It is known that 2 | d ;é 0, since b, is major (see [Sambale 2014, Proposition l 36]).
This gives d , = 1 d;zw = £1 and d;,, = £2. By the orthogonality to d* we
obtain that d”3 —20; and dxzw =€;.

It remains to show that the signs €; and o; do not depend on j. For this we
consider characters A, ¢ € Irr(D) whose values are given as follows:

j j
‘xz x¥z x xy

Al 1 1 -1
v 2 =2 0 0

Observe that 1 is the inflation of the irreducible character of D/(x?) = Dg of
degree 2. It is easy to see that (A + 1//)(x2ky) =—1=1-2=0Q+y)x*z)
for every k € Z. It follows that A 4 i is F-stable, i.e., (A +¥)(u) = (A + v¥)(v)
whenever 1 and v are F-conjugate. By [Broué and Puig 1980a], x| % (A + ¢) is
a generalized character of B. In particular, the scalar product (x; * (A + ), x3)¢
is an integer. This number can be computed by using the so-called contribution

numbers mxm = d;l C'd+ T where C, is the Cartan matrix of b, and d;i is the
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row of the generalized decomposition matrix corresponding to (u, b,) and ;. For

u=x* we have
3 —1
-1 _H—r-2
Coo=2 <—1 3)
u

— _n—r—1_.
P =-2 o; for

by Proposition 7. This gives m
u = x*'z. Thus, we obtain

_n—r—1_. f i u
=2 o;. Similarly, m} ..

Ca*O4+Y) X6 =Y G+ P@mt = Y G+y)wmt .

UER ueZ(D)
r—1

=3+ 1)(2—’—10, +27! Zajzr—-'—l)
j=1

r—1
1 —i
=2 r+ O'r+ZO'/2 ].
Jj=1

If o0y = o for some j # 1, then it follows immediately that oy = - - - = o, (other-
wise the scalar product above is not an integer). Now suppose that —o; = 0p =
- = o,. In this case we replace x3 by the 2-rational character x3 * T where
t € Irr(Z(D)foc(B) /foc(B)) such that T(x?) = —1. This changes o}, but does not
affect o; for j > 1.
A similar argument with the scalar product (2 * (A 4+ V), x3)g implies that

€1 =---=¢,. In case €y = —€1, we replace x» by x2 * T where t € Irr(D/foc(B))
such that 7(x) = —1. Observe again that this changes €, but keeps ¢; for j > 0.
This completes the proof. (]

3. The main result

Theorem 9. Let B and B be 2-blocks of (possibly different) finite groups with a
common minimal nonabelian defect group and the same fusion system. Then B and
B are isotypic (and therefore perfectly isometric).

Proof. We may assume that B is not nilpotent by [Broué and Puig 1980b]. Let D
be a defect group of B and B. If | D| = 8, then the claim follows from [Cabanes and
Picaronny 1992]. Now suppose that D is given as in (1). We will attach a tilde to
everything associated with B. By Proposition 8 and [Horimoto and Watanabe 2012,
Theorem 2] there is a perfect isometry / : CF(G, B) — CF(G, E) where CF(G, B)
denotes the space of class functions with basis Irr(B) over K. It remains to show
that / is also an isotypy. In order to do so, we follow [Cabanes and Picaronny 1992,
Section V.2]. For each u € D let CF(Cg(u)y, b,) be the space of class functions
on Cg (1) which vanish on the p-singular classes and are spanned by IBr(b,). The
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decomposition map d; : CF(G, B) — CF(Cg(u)2, b,) is defined by

A (0(s) = x(epus) = Y di,p(s)

@elBr(b,)

for x € Irr(B) and s € Cg(u)2 where e, is the block idempotent of b, over O.
Then I determines isometries

1" : CF(Cg (u)y, by) = CF(Cs )z, by)

by the equation d” I =1"od. Note that [ lis the restriction of 1. We need
to show that I* can be extended to a perfect isometry Iz : CF(Cg(u), b,) —
CF(Cg(u), b «)- Suppose first that b, is nilpotent. Then by Proposition 8, d;(x1) =
€ and d” (I(x1)) = €@ where IBr(b,) = {¢} and IBr(b,) = {@} for some signs
€,€¢€ {:I:l} It follows that I“(¢) = €€@. Let ¥ € Irrg(b,) and ¥ € Irro(b,) be
2-rational characters. Then it is well known that ¢ = d(ljc (u)(l//) and Irr(bi) =
{ %X : X elrr(D)} (see [Broué and Puig 1980b]). Therefore, we may define /“ by
ﬁ(l/f *A) = e'éxﬂ * A for A € Irr(D). Then T"isa perfect isometry and

() = I*(dg () = di o T (W) = €€dl_ ) (F) = €€ = I"(p).

Hence, " extends I*. Moreover, 1% does not depend on the generator of (u), since
the signs € and € were defined by means of 2-rational characters.

Assume next that b, is non-nilpotent. Then u € (x?) and b, has defect group
D. By Proposition 8, we can choose basic sets ¢;, @2 (resp. @1, ¢2) for b, (resp.
b,) such that @i =d(xi) and ¢; = dé(l(xi)) fori =1, 2. Then I“(¢;) = ¢; for
i =1, 2. Since the Cartan matrix of b, with respect to the basic set ¢, ¢, is already
fixed (and given by Proposition 7), we find 2-rational characters ; € Irro(b,) such
that dC (u)(xp,) = €9 with ¢; € {1} fori =1,2 (see the proof of Proposition 8).
Similarly, one has U; € Irrg(b,) such that dé (u)(l//l) = €;¢;. Then, by what we
have already shown, there exists a perfect 1s0metry

I : CF(Cg (u), by) — CE(Cg(u), by)
sending ¥; to €;€; 1},- fori =1, 2. We have
() = 61" (A W) = €de o (T W) = &l 1y (i) = G = 1" (1)

for i = 1, 2. This shows that /% extends I“. Moreover, it is easy to see that 1" does
not depend on the generator of (u).

Altogether we have proved the theorem if D is given as in (1). By [Sambale
2014, Theorem 12.4] it remains to handle the case

D=(x,y|x¥ =y =[x, yP =[x, x, y1=[y,x,yl=1)
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where r > 2. Here B and B are Morita equivalent and therefore perfectly isometric.
However, a Morita equivalence does not automatically provide an isotypy. Nev-
ertheless, in this special case the Morita equivalence is a composition of various
“natural” equivalences (namely Fong reductions, Kiilshammer—Puig reduction and
Kiilshammer’s reduction for blocks with normal defect groups, see [Eaton et al.
2012, proof of Theorem 1]). In particular, the generalized decomposition matrices
of B and B coincide up to signs (see [Watanabe 1985]). Now we can use the same
methods as above in order to construct an isotypy. In fact, for every B-subsection
(u, b,) one has that b, is nilpotent or u = [x, y] and b, is Morita equivalent to B
(see the proof of [Sambale 2011, Proposition 4.3]). We omit the details. U

Corollary 10. Let B be a 2-block of a finite group G with minimal nonabelian
defect group D % Dg. Then B is isotypic to a Brauer correspondent in Ng (hyp(B)).

Proof. Let bp be a Brauer correspondent of B in D Cs (D). Since D Cg(D) C
Ng(hyp(B)), the Brauer correspondent b := bgG(bnp(B)) of B has defect group
D. By Theorem 9, it suffices to show that B and b have the same fusion system.
Observe that Ng (D, bp) € Ng(hyp(B)). In particular, B and b have the same
inertial quotient. If there is only the trivial fusion system on D, then we are done
(this applies if D is metacyclic of order at least 16). In case D = Qg, B is a
controlled block (see, e.g., [Cabanes and Picaronny 1992]). Since B and b have the
same inertial quotient, it follows that these blocks also have the same fusion system.
It remains to consider the two other families of defect groups (see [Sambale 2014,
Theorem 12.4]). For one of these families the fusion system is again controlled (see
[Sambale 2014, Proposition 12.7]). Finally, if D is given as in (1), then the fusion
system is constrained and the automorphisms of the essential subgroup (if it exists)
also act on hyp(B). Hence, B is nilpotent if and only if b is nilpotent. Again the
claim follows from Theorem 9. (]

We remark that Corollary 10 would be false in case D = Dg. The principal
2-block of GL(3, 2) gives a counterexample. If B is a block of a finite group G
with defect group as given in (1), then B is also isotypic to a Brauer correspondent
in Cg (1) where u € Z(F). This resembles Glauberman’s Z*-theorem.

In the situation of Theorem 9 (or Corollary 10) it is desirable to extend the
isotypies to Morita equivalences (as we did in [Eaton et al. 2012]). This is not
always possible if | D| = 8, since for example the principal 2-blocks of the symmetric
groups S4 and S5 are not Morita equivalent. Nevertheless, the possible Morita
equivalence classes in case | D| = 8 are known by Erdmann’s classification of tame
algebra [Erdmann 1990] (at least over F, see [Holm 2001]). In view of [Eaton
et al. 2012] one may still ask if two non-nilpotent 2-blocks with isomorphic defect
groups as in Section 2 are Morita equivalent. We will see that the answer is again
negative.
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Consider the groups G| := A4 X Cor and G, := As X Cyr constructed similarly as
in Lemma 2. Then G|/ Z(G) = S4 and G,/ Z(G;,) = Ss. Let B; be the principal
2-block of G;, and let B; be the principal 2-block of G;/Z(G;) fori =1, 2. Then
the Cartan matrix of B; is just the Cartan matrix of B; multiplied by |Z(G;)| =2""1.
It is known that the Cartan matrices of By and B, do not coincide (regardless of the
labeling of the simple modules). Therefore, B; and B, are not Morita equivalent.

Nevertheless, the structure of a finite group G with a minimal nonabelian Sylow
2-subgroup P as given in (1) is fairly restricted. More precisely, Glauberman’s
Z*-theorem implies x> € Z*(G), and the structure of G/ Z*(G) follows from the
Gorenstein—Walter theorem [1965]. In particular, G has at most one nonabelian
composition factor by Feit—-Thompson.

We use the opportunity to present a related result for p = 3 which extends
[Sambale 2014, Theorem 8.15].

Theorem 11. Ler B and B be non-nilpotent blocks of (possibly different) finite
groups both with defect group Cy x C3. Then B and B are isotypic.

Proof. As in the proof of Theorem 9, we will make use of [Horimoto and Watanabe
2012, Theorem 2]. Let

D:=(x,y|x’=y"=1, yxy ' =x%

be a defect group of B, and let F be the fusion system of B. By [Stancu 2006], B is
controlled with inertial index 2, and we may assume that x and x ! are F-conjugate
(see the proof of [Sambale 2014, Theorem 8.8]). Then R :={1, x, x3, v, yz, Xy, xyz}
is a set of representatives for the F-conjugacy classes of D (see the proof of [Sambale
2014, Theorem 8.15]). It suffices to show that the generalized decomposition
numbers of B are essentially unique (up to basic sets and signs and permutations
of rows). Since the Galois group of Q(e**/%) over Q acts on the columns of the
generalized decomposition matrix, we only need to determine the numbers 4,
for u € {x, x3, v, xy}. By [Sambale 2014, Theorem 8.15] there are four 3-rational
characters x; € Irr(B) (i =1, ..., 4) such that x;, x2 and x3 have height 0 and x4
has height 1. Since foc(B) = (x), we see that

Irr(B) ={)i xA:i=1,2,3, X €lrr(D/foc(B))} U{xa}.

Let u :=x3. Then IBr(b,) = {¢} and d;i ,, are nonzero (rational) integers. Moreover,

dy,, =0 (mod 3). After permuting xi, x2 and x3 and changing the basic set for b,

if necessary, we may assume that d)‘;l(p =2, d;zw =:¢€; € {£1}, d;w =:¢) € {£1}
and d)béw =3e3 € {+3}. Now let u :=x. Then d;’i(p =+1fori=1,2,3and d)béw =0.
We may choose a basic set for b, such that d; , = 1. Then by the orthogonality
relations, d;w = —¢; and d;w = —e€j. Next let u := y. Then b,, dominates a block

of Cg(u)/(u) with cyclic defect group Cp(u)/{u) = C3 and inertial index 2. This
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yields IBr(b,) = {¢1, ¢2} and the Cartan matrix of b, is given by
21
(1)
(not only up to basic sets, but this is not important here). We can choose a basic set
such that (d, . dy,,,) = (I D), (dyp,. dpp)) = (01, 0, (dyy, dysyy) = (0, 02)

and (dxww sz) = (0, 0) for some signs o1, oo € {*1}. Finally for u := xy we
obtain d;lw =1, d” = —0;_; fori =2,3 and d;w = ( after changing the basic
set if necessary. The following table summarizes the results:
u x> X y Xy
dy, | 2 1 (1,1 1
d,, | €1 —€1 (01,0) —o
dy, | €2 —€ (0,00) —o
dy |3 0 (0,0) 0

It suffices to show that ¢, = o; for i = 1,2 (observe that we do not need the
ordinary decomposition numbers in order to apply [Horimoto and Watanabe 2012,
Theorem 2]). For this, let A € Irr(D/(x3)) such that A(x) = ¢?**/3 and A(y) = 1.
Then the generalized character ¥ := A+ A —2- 1p of D is constant on (x) \ (x3)
and thus F-stable. By [Broué and Puig 1980a], x| * ¥ is a generalized character of
B and (x1 *x V¥, x2)g € Z. As in the proof of Theorem 9, we compute

X1 %V, X6 = D W@m' = yms , +yanm, +pxym,

UeER
1 2
= §61 +§O'1.

This shows €; = 0. Similarly, one gets € = 09 by computing (1 * ¥, x3)c. Hence,
[Horimoto and Watanabe 2012, Theorem 2] gives a perfect isometry I : CF(G, B) —
CE(G, B). In order to show that  is also an isotypy, we make use of the notation
introduced in the proof of Theorem 9. Let u € D such that b, is nilpotent. Then by
the table above, we have IBr(b,) = {£d(x2)}. Thus, one can extend /* just as in
Theorem 9. Now suppose that b, is non-nilpotent and thus # = y (up to inversion).
We choose a basic set ¢y, ¢ for b, as above such that d;(x;) = ¢;—1 fori =2, 3.
Now we have to determine the ordinary decomposition numbers of b, with respect
to @1, 2. The defect group of b, is Cp(y) = (x3, y) = C3 x C3 and foc(b,) = (x3).
By [Kiyota 1984], k(b,) = 9. Therefore, there are 3-rational characters ¢; € Irr(b,)
such that

Irr(by) = (Wi kA :i=1,2,3, A elr((x>, y)/(x*))}.

By the Cartan matrix of b, given above (with respect to @1, ¢»), it follows immedi-
ately that déG @ (¥;) =€;p; with €; € {1} for i =1, 2 after a suitable permutation of
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Y1, Y2, Yr3. Similarly, dé (u)(l/f,) =¢€;¢;. By aresult of Usami [1988], there is a per-
fect isometry CF(Cg (1), b «) — CF (CG(u) b +). However, we need the additional
information that v; is mapped to :I:lﬁ,. In order to show this, we use [Horimoto and
Watanabe 2012, Theorem 2] again. Observe that dgG @) W) =¢ déG(u) (i) =¢ti€;ip;
for a cube root of unity ¢;. But since df;i o is rational, we have {; = 1. Now an
elementary application of the orthogonality relations shows that the generalized
decomposition matrix of b, (in Cg(u)) is determined by
v ‘ 1 y x X3y

dyo | (€1,0) (€1,0) € €

dy,, | 0,€2) (0,6 e e

dy., | (€3,€3) (€3,€3) —€3 —e€3
It follows that there is a perfect isometry Iz CF(C(;(u) by) — CF(Cg(u), b W)
such that 1% U(ry) = €€ 1//, for i =1, 2. Therefore T" extends I*. As in the proof of

Theorem 9, it is also clear that I is independent of the choice of the generator of
(u). This finishes the proof. [l

The proof method of Theorem 11 also works for other defect groups. In fact,
Watanabe [2015] showed independently (using more complicated methods) that
two p-blocks (p > 2) with a common metacyclic, minimal nonabelian defect
group and the same fusion system are perfectly isometric. Again, this gives evi-
dence for the character-theoretic version of Rouquier’s conjecture (see [Watanabe
2014, Theorem 2]). As another remark, Holloway, Koshitani and Kunugi [2010,
Example 4.3] constructed a perfect isometry between the principal 3-block of
G := Aut(SL(2, 8)) = 2G,(3) and its Brauer correspondent. Since G has a Sylow
3-subgroup isomorphic to Cy x C3, this is a special case of Theorem 11. Note that
in the introduction of [Ruengrot 2011] it is erroneously stated that these blocks are
not perfectly isometric.
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NUMBER OF SINGULARITIES OF
STABLE MAPS ON SURFACES

TAKAHIRO YAMAMOTO

Let N denote the plane R? or the 2-sphere S2. In this paper, we determine
the 5-tuples of integers (g, d, i, ¢, n) such that there exists a degree d stable
map X, — N whose singular point set consists of i connected components,
c cusps, and n nodes, where X, is the standard genus g surface.

1. Introduction

Throughout this paper, all surfaces and manifolds are connected and of class C*°
(i.e., smooth), and all maps are of class C*°. Let M be a closed surface and N be a
surface. For a C® map ¢ : M — N, denote by S(¢p) the set of singular points of ¢.
Call ¢(S(¢)) the apparent contour (contour for short), and denote it by y (¢). In
this paper, all C*® maps M — N have nonempty singular point sets.

A C*® map ¢ : M — N is said to be stable if it satisfies the following two
properties.

(1) For each p € M, the map germ of ¢ at p is C* right-left equivalent to one of
the map germs at 0 € R? as follows:

(a, x), p is a regular point,
(a,x) > 1 (a, x?), p is a fold point,

(a,x>+ax), pisacusp point.
Hence, S(¢) is a disjoint union of finitely many circles.

(2) Foreach g €y (¢), the map germ (¢|sy), ¢~ (g)NS(p)) is right-left equivalent
to one of the three multigerms as depicted in Figure 1.

e

Fold Cusp Node
Figure 1. The multigerms of ¢|s().

MSC2010: primary 57R45; secondary 57M?20, 58K15.
Keywords: stable map, cusp, node.
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According to a classical result of Whitney [1955], stable maps form an open
dense subset of the space of all C*° maps M — N with respect to the Whitney C*°
topology.

For a stable map ¢ : M — N, denote by c(¢), n(¢) and i(p) the numbers of
cusps, nodes and connected components of S(¢), respectively.

For a nonnegative integer g, the closed and oriented surface of genus g, which
is the connected sum of g copies of the 2-dimensional torus 72, is denoted by X e
The 2-dimensional sphere and the plane are denoted by S? and R?, respectively.

For any stable map f : M — S? (or R?) of a closed and oriented surface M, one
can associate the 5-tuple of integers (g, d(f),i(f),c(f),n(f)), where g is the
genus of M and d(f) is the mapping degree of f. This paper studies the following
question: which 5-tuples (g, d, i, ¢, n) can occur in this way?

Some necessary conditions have been obtained by Pignoni [1993], Kamenosono
and Yamamoto [2009] (see also Proposition 3.4), Eliashberg [1970], and Quine
[1978] (see also Theorem 3.11 of the present paper). M. Yamamoto [2009] studied
the numbers i (f) of fold maps f : X, — Xj.

Andrés Sztics posed the following question at the International Workshop on Real
and Complex Singularities, held in Sao Carlos in 2012: whether these conditions
form a complete set of restrictions.

The answer is No. There is a geometrical condition for the number of nodes.
More precisely, there is the minimal number of nodes for a given 4-tuple (g, d, i, ¢).
The main results of this paper are the following two theorems.

Let vi = (2, 1) and v, = (0, 2) be vectors in R2 For given integers k, £ > 0,
denote by Ly, the affine lattice {1v) 4+ pava+(2,0) | w1, n2 € Z} if k =€ mod 2,
and the lattice {{t1v] + (ova | 1, 1o € Z} otherwise. For given integers k, £ > 0,
set 8y ¢ =2 if k = ¢ mod 2, and & ¢ = O otherwise.

Theorem 1.1. Let g >0andi > 1. If f : ¥, — R? is a stable map whose singular
point set consists of i components, then the pair (c(f), n(f)) isin L; ;N\ D, where D
denotes the subset of R? (expressed by coordinates (x, y)) defined by the following:

[ [x=8ig y=0, y=—Sx+g—i+3, y>jx—g—i+1}
D= fl<i<g
[,y [x 2814 y20, y>ix—g—i+1]} ifi>g.

Furthermore, for any pair (c,n) in L; ; N D, there is a stable map [ : ¥, — R?
with S(f) consisting of i components, c cusps, and n nodes.

Theorem 1.2. Let g,d > 0andi > 1. If f : ¥, — S? is a degree d stable map
whose singular point set consists of i components, then the pair (c(f),n(f)) isin
Lig1a N D, where D denotes the subset of R? (expressed by coordinates (x, y))
defined by the following:
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g=0:
e,y I x=2d+1-0), y=0} ifl1<i<d,
- e 122614, y20) ifi>d.
g>1
(D) {Gy) | x =8, y=0, y=—3x+g+3—i}
ifd=0and1<i<g,
2) {(x,y)x=6ig, y=0} ifd=0andi > g,
3) {,y)|x=2d+1—g—i), y>0, y>—Jx+d+g+3—i}
D= U{(x,y) [x>2(d+g+1-i), y >0}

ifd>land1 <i<d-—g+1,

@ {1 x =8 g4a, ¥y=0, y>—Ix+d+g+3—i}
U{x,y)|x>2(d+g+1—-i), y>0}
ifd>1landd—g+1<i<d+g—1,

(5) {C, )| x=8ig1a, y=0} ifd>1andi>d+g.

Furthermore, for any pair (c,n) in L; g1q N D, there is a degree d stable map
f:Zy— S? with S(f) consisting of i components, ¢ cusps and n nodes.

In Theorems 1.1 and 1.2, generators v, and v, correspond to two modifications
for stable maps between surfaces: vj is passing through the swallow-tail singularity
(Figure 2), while v, is passing through the tangency singularity (Figure 3).

In order to prove Theorems 1.1 and 1.2, we will construct maps for any 5-tuples
in the list. The constructions go as follows. There are ten modifications that can
apply to any map in order to obtain a map with a new 5-tuple.

Swallow tail

........ R < D<

Figure 2. Swallow-tail singularity.

{Tangency
........ . X I

Figure 3. Tangency singularity.
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(1) Passing through the swallow-tail singularity (Figure 2):
(g,d,i,c,n) — (g,d,i,c+2,n+1),
(2) Passing through the tangency singularity of the singular curve (Figure 3):
(g,d,i,c,n)— (g,d,i,c,n+?2),
(3) Attaching two spheres (Figure 4):

(g,d,i,c,n)— (g,d,i,c+4,n),
(4) Attaching a handle vertically (Figure 5, left):

(g,d,i,c,n)— (g+1,d,i+1,c,n),

M#S2#S?

v

& v(/")

Figure 4. Attaching two spheres: by attaching two maps idg» and
—idg to f: M — S° we obtain a stable map M — S2 where idg
denotes the identity map on S? and — idg. the C* map of S? into
S? defined by x > —x.

& &K &K

y(f)

Attach a handle Attach a handle
-
vertlcally horizontally

ux \O\\ m AN

Figure 5. Left: attaching a handle vertically. Right: attaching a

handle horizontally. The map is obtained when one projects these
surfaces to the horizontal plane.
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CUCARCD

Figure 6. Attaching a pair of handles: attaching a handle vertically
and then attaching a handle horizontally.

c S/

Figure 7. Attaching a balloon.

(5) Attaching a handle horizontally (Figure 5, right):
(g,d,i,c,n) —> (g+1,d,i,c+2,n),

(6) Attaching a pair of handles. More precisely, attaching a handle vertically and
then attaching a handle horizontally (Figure 6):

(g,d,i,c,n) > (g+2,d,i,c,n+2),

(7) Attaching a balloon (Figure 7):
(g,d,i,c,n) — (g,d,i+2,c,n),

(8) Making a wrinkle (Figure 8):

(g,d,i,c,n)—> (g,d,i+1,c+2,n),
(9) Attaching a sphere horizontally (Figure 9):

(g,d,i,c,n) — (g, d+1,i,c+2,n),

(10) Attaching a sphere vertically (Figure 10):
(g,d,i,c,n) = (g, d+1,i+1,c,n).
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NN
-
NN R I

Figure 8. Making a wrinkle.

M M#S?

| i

y(f)
—

v(f)

Figure 9. Attaching a sphere horizontally.

Figure 10. Attaching a sphere vertically.

(11) Attaching a pair of a sphere and a handle. More precisely, attaching a sphere
vertically and then, attaching a handle horizontally (Figure 11):

(g,d,i,c,n)—> (g+1,d+1,i,c,n+2),

We remark that we can apply all modifications (i) with 1 <i <11 to stable maps
of surfaces into the sphere. But we can apply modifications (1) and (2), (4), (5),
(6), (7), (8) to stable maps of surfaces into the plane.



NUMBER OF SINGULARITIES OF STABLE MAPS ON SURFACES 495

Figure 11. Attaching a pair of a sphere and a handle: attaching a
sphere vertically and then, attaching a handle horizontally.

These modifications never decrease the number of 5-tuple (g, d, i, ¢, n), but
they increase some of them. Hence it is enough to construct maps providing the
minimal 5-tuples. These constructions can be found in [Demoto 2005; Fukuda and
Yamamoto 2011; Kamenosono and Yamamoto 2009; Yamamoto 2009; Yamamoto
2010]. We will sketch their descriptions in Section 2.

Remark 1.3. Theorems 1.1 and 1.2 together with the previous results [Fukuda and
Yamamoto 2011; Kamenosono and Yamamoto 2009; Pignoni 1993; Yamamoto
2009; 2010] make the very first step toward classifying generic C°° maps of closed
surfaces into the plane or the sphere up to right-left equivalence.

Remark 1.4. Let M be a closed surface and N a surface. Let A be an element, an
ordered pair, or triple consisting of some elements in {c, i, n, ¢ + n}. For a stable
map ¢ : M — N, denote by A(¢p) the element, the ordered pair, or triple consisting
of the corresponding elements in {c(¢), i (¢), n(¢), c(¢) +n(p)}. For a C* map
@0 : M — N, we say that a stable map ¢ : M — N has an A-minimal contour for ¢g
if A(¢) is minimal with respect to the lexicographic order among those stable maps
which are homotopic to ¢g.

Let A = (i, ¢, n). The (i, c, n)-minimal contours were studied in [Demoto 2005;
Kamenosono and Yamamoto 2009; Pignoni 1993]. The (i, ¢, n)-minimal contours
of a C*° map X, — S? of degree d correspond to the bottom left corner of the
lattice L1 ¢4 N D. Note that for a C*° map M — N, there is a stable map with
S(f) consisting of one component.

This paper is organized as follows. In Section 2, we prepare some stable maps
M — R? and M — S? which we employ in the following section. In Section 3, we
prove Theorems 1.1 and 1.2. In Section 4, we pose two problems which concern
the apparent contours of stable maps between surfaces. In the Appendix, we study
i-(c, n)-minimal contours and i-(n, ¢)-minimal contours of stable maps ¥, — § 2

2. Stable maps X, — N (for N = R2 or N = $?)

In this section, we show that there exist stable maps X, — R? and Y, —> S?
whose triples (i, ¢, n) are in the lists of Theorems 1.1 and 1.2, respectively. For two
integers k and ¢, set §; ¢ =2 if k = ¢, and ;o = 0 otherwise.
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2A. Stable maps X, — R% Let pg> : S — R? be the standard projection defined
by (x, y, z) — (x, y). Then, the contour y (ps2) is an embedded circle in R? namely,
the triple (i, ¢, n) is equal to (1, 0, 0). Then, by applying modifications (1) and (2)
to pg inductively, for each (c, n) in

Lion{(x,y)|x>0,y>3x},

we obtain a stable map f : S> — R? with S(f) consisting of one component, ¢ cusps,
and n nodes. Furthermore, for a given integer i > 1, by applying modifications (7)
and (8) i — 1 times to stable maps S> — R> whose pairs (c, n) are in

LioN{(x,y|x=0,y=>j3x},
for each (c, n) in
Li,Om {(X,y)|)€28i‘(), yZO’ yZ%x_l—Fl},

we obtain a stable map f : S* — R? with S(f) consisting of i components, ¢ cusps,
and n nodes.

Then, for given integers g > 1 and i > 1, with i > g, let k and ¢ be nonnegative
integers satisfying k 4+ ¢ = g. By applying modifications (4) k times and (5) £ times
to stable maps S> — R? whose pairs (c, n) are in

Lio N, y) [x =80, y=>0, y=tx—i+1},
for each (c, n) in
Lig N {(r,y) | x=8ig y=0, y=35x—g—i+1},

we obtain a stable map f: X, — R? with S( f) consisting of i components, ¢ cusps,
and n nodes.

Thus, we obtain stable maps ¥, — R? whose pairs (c, n) are in the list of
Theorem 1.1 with i > g.

Proposition 2.1. Ler g > 1. For each pair (c, n) in
Ll,g N {(X, y) | y= —%X+g+2, y= 1}’

there is a stable map Ly — R? with S(f) consisting of one component, ¢ cusps,
and n nodes.

Proof. There exist stable maps T2 — R? whose triples (i, ¢, n) are equal to (1, 2, 2)
and (1, 4, 1). There also exist stable maps ¥, — R? whose triples (i, ¢, n) are equal
to (1,0,4) and (1, 2, 3). See [Pignoni 1993; Yamamoto 2010] for the details.

By applying modifications (5) and (6) to the above four stable maps 72 — R?,
¥, — R? inductively, we obtain the desired stable maps X ¢ RZ. For example, let
us consider the case g = 2. By applying modification (5) to stable maps 72> — R?
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whose triples (i, ¢, n) are equal to (1, 2, 2) and (1,4, 1), we obtain stable maps
¥, — R? whose triples (i, ¢, n) are equal to (1, 4,2) and (1, 6, 1), respectively.
Furthermore, let us consider the case g = 3. By applying modification (6) to stable
maps T2 — R? whose triples (i, ¢, n) are equal to (1, 2, 2) and (1, 4, 1), we obtain
stable maps X3 — R? whose triples (i, ¢, n) are equal to (1,2,4) and (1, 4, 3),
respectively. By applying modification (5) to stable maps ¥, — R? whose triples
(i, c,n) are equal to (1, 4, 2) and (1, 6, 1), we obtain stable maps X3 — R? whose
triples (i, ¢, n) are equal to (1, 6, 2) and (1, 8, 1), respectively. (|

Then, by applying modifications (1) and (2) inductively to stable maps in
Proposition 2.1, for each (c, n) in

Lign{le,n)|[x=81 y=1,y=—tx+g+2, y>3x—g—2},

we obtain a stable map X, — R? with S(f) consisting of one component, ¢ cusps,
and n nodes.

For given integers g > 1 and i > 1 with 1 <i < g, by applying modification (4)
i — 1 times to stable maps X ;1 — R? whose pairs (c, ) are in

Lig-ivi N{(c,n) |x =81 4-ip1, y =1,y > —%X+(g—i+1)+2,
y=gx—(g—i+1)—2},
for each (c, n) in
LigN{c,n) |x =8 v=1,y>—dx+g+2, y>1x—g-2},

we obtain a stable map ¥, — R? with S(f) consisting of i components, ¢ cusps,
and n nodes.

Thus, we obtain all stable maps X, — R? whose triples (i, ¢, n) are in the list of
Theorem 1.1.

2B. Stable maps X, — S*. Note that stable maps =, — R* obtained in Section 2A
induce degree zero stable maps X, — S2,

Let us consider stable maps S> — S% Denote by f(Sf’f;) a degree one stable map
§% — 8% whose contour is shown in Figure 12.

Letd > 1andi > 1 be integers with i < d. By applying modifications (1), (2),
and (3) inductively to a degree d stable map S> — S? whose triple (i, ¢, n) is equal
to (1, 2d, 0), for each (c, n) in

LigN{(x,y)|x>2d, y>0},

we obtain a degree d stable map f : S — S? with S( f) consisting of one component,
c cusps, and n nodes. Then, by applying modification (10) i — 1 times inductively
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SZ
52,52
f(1,2,0)

~X~—
Figure 12. Stable map f(f’fg) 1 S? - §2

to these degree d — i + 1 stable maps S*> — S? whose pairs (c, n) are in
Lig-iv1 N{(x, y) |x=2(d+1—10), y =0},
for each (c, n) in
Lia N {(x,y) [x=2(d+1-10), y =0},

we obtain a degree d stable map f : S> — S? with S(f) consisting of i components,
¢ cusps, and n nodes.

Letd >0 and i > 1 be integers with i > d. By applying modification (10) d times
and d — 1 times inductively to degree zero stable maps S — S2 and degree one
stable maps S? — S? whose pairs (c, n) are in

Lio N {(x,y) [x =680, y=0} and L;1 N{(x,y)[x=81, y=0}
respectively, for each (c, n) in
Lig N A{Ce, ) |x =64, y=0}

we obtain a degree d stable map S? — S? with S(f) consisting of i components,
c cusps and n nodes.

Thus, we obtain all stable maps S> — S? whose pairs (c, n) are in the lists of
Theorem 1.2 with g = 0.

In the following, assume g > 1. Let us consider degree zero stable maps ¥, — S 2
which are not induced from stable maps X, — R2

Proposition 2.2. Let g > 1 andi > 1 withi < g. For each pair (c, n) in
Lig N {(x, ) | x =84 y20, y=—3x+g+3-i},

there is a degree zero stable map ¥, — S? with S(f) consisting of i components,
¢ cusps, and n nodes.
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Proof. For each (c, n) in
Lig N {(X,Y) ‘X > y =1, y=—%x+g+3—i},

we already obtained a degree zero stable map f: X, — S? with S(f) consisting of
i components, ¢ cusps and zn nodes in Section 2A. ) o

By attaching a sphere which is mapped by orientation reversely to fg ”2‘?0), we
obtain a degree zero stable map S — S2 whose triple (i, ¢, n) is equal to (1, 4, 0).
Then, for each integers g > 1 and i > 1 with i < g, by applying modifications (4)
i — 1 times and (5) g —i + 1 times to this degree zero stable map > — S2 we
obtain a degree zero stable map f: ¥, — S? with S( f) consisting of i components,
2(g +3 —1i) cusps, and no nodes. O

Let g > 1andi > 1 with i < g. By applying modifications (1), (2), and (3) to
stable maps obtained in the above subsection and in Proposition 2.2, for each pair
(c,n) in

Lig N, ) [x =8 y>0, y>—1x+g+3—i},

we obtain a stable map X, — S? with S(f) consisting of i components, ¢ cusps,
and n nodes.

Let g > 1and i > 1 with i > g. By applying modifications (1), (2), and (3)
inductively to a degree zero stable map ¥, — § 2 whose triple (i, ¢, n) is equal to
(i, 8¢, 0), for each (c, n) in

Li,g N {()C, y) |X ZSi,gy y ZO}’

we obtain a degree zero stable map f: ¥, — § 2 with S(f) consisting of i compo-
nents, ¢ cusps and n nodes.

Thus, we obtain degree zero stable maps X, — S? in the lists of Theorem 1.2
(1) and (2).

In the following, assume g > 1 and d > 1.

Proposition 2.3. (1) If g <d, then for each (c, n) in
Ligsa N[, y) |x 22 ~g). y=—3x+g+d+2},

there is a degree d stable map ¥, — S 2 with S(f) consisting one component,
c cusps, and n nodes.

(2) If d < g, then for each (c, n) in
Ligra N{(x,y) | y=—3x+g+d+2, y>3],

there is a degree d stable map ¥, — S 2 with S(f) consisting one component,
¢ cusps, and n nodes.
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Proof. Stable maps ¥, — R? and ¥, — S? whose triples (i, ¢, n) are one of the
following lists (1) and (2) were obtained in [Kamenosono and Yamamoto 2009;
Yamamoto 2010] respectively:

(1) Stable maps f: X, — R? whose triples (i, ¢, n) are
(1,0,0) if g =0,

(i,c,n)=1(1,2,g+1) if gisodd,
(1,0, g+2) otherwise.

Degree d > 0 stable maps f : ¥, — S? whose triples (i, ¢, n) are

(1,2d, 0) if g =0,

. ) (,2(d—g),2¢+2) ifd=g=>1,

Gem =10 0.d+g+2) ifd<gandd=g,
1,2,d+g+1) ifd<gandd #g.

(2) Stable maps f: X, — R? whose triples (i, ¢, n) are

(1,0, 0) ifg=0,

(i,c,n)= .
(1,2g+2,1) otherwise.

Degree d > 0 stable maps f : X, — S? whose triples (i, ¢, n) are

(1,24, 0) if g=0,
(i,c,n)=1(1,2(g+2),0) ifd=0and g>1,
(1,2(d + g),0) otherwise.

On the other hand, there exists a degree one stable map 72> — S? whose triple
(i, c,n) is equal to (1, 2, 3); see [Kamenosono and Yamamoto 2009] for the details.
By applying modification (5) or (6), (9), (11) for stable maps ¥, — R? and
¥, — S? in these lists, and a stable map T — S? whose triple (i, c, n) is equal to
(1,2, 3), we obtain the desired stable maps X, — S2. O

Then, by applying modifications (1) and (2), (3), (10) inductively to stable maps
¥, — S? in Proposition 2.3, we obtain each stable map X, — S? in the list of
Theorem 1.2(3) and (4).

Leti > 1 withi > g+d. By applying modifications (1) and (2), (3), (10) to degree
zero stable maps X, — S2% whose triples (i, ¢, n) are (g+1,0,0) and (g +2, 2, 0),
we obtain each stable map ¥, — § 2 in the list of Theorem 1.2(5).

Thus, we obtain all stable maps X, — S2 whose triples (7, ¢, n) are in the lists
of Theorem 1.2.
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3. Proof of Theorems 1.1 and 1.2

3A. Preparation. In this subsection, some notions concerning the apparent contour
of a stable map M — S? of a closed surface are introduced, where M is a closed
surface and S? is oriented.

Let ¢ : M — S? be a stable map whose contour is nonempty. Let S(¢) =
S1U---US, be the decomposition of S(¢) into the connected components and set
vi=@(S;) i=1,...,£). Note that y (¢) =y U---Uy,. Let m(¢p) be the smallest
number of elements in the set ¢~ !(y), where y € S? runs over all regular values
of ¢. Fix a regular value oo such that ¢ ~!(c0) consists of m (¢) points. For each y;,
denote by U; the component of S2\ y; which contains co. Note that dU; C ;.

Orient y; so that at each fold point image, the surface is “folded to the left hand
side.” More precisely, for a point y € y; which is not a cusp or a node, choose a
normal vector v of y; at y such that ¢~!(y’) contains more elements than ¢~ (y),
where y’ is a regular value of ¢ close to y in the direction of v. Let t be a tangent
vector of y; at y such that the ordered pair (t, v) is compatible with the given
orientation of S2 It is easy to see that T gives a well-defined orientation for y;.

Definition 3.1. A point y € dU; \ {cusps, nodes} is said to be positive if the normal
orientation v at y points toward U;. Otherwise, it is said to be negative.

A component y; is said to be positive if all points of dU; \ {cusps, nodes} are
positive; otherwise, y; is said to be negative. The number of positive and negative
components is denoted by i ™ and i ~, respectively. Note that there is at least one
negative component unless S(f) = &.

Definition 3.2. A point y € 9U; \ {cusps, nodes} is called an admissible starting
point if y is a positive point of a positive component y; (or a negative point of a
negative component). Note that for each i, there always exists an admissible starting
point on y;.

Definition 3.3. Suppose that y € y; is an admissible starting point and Q € y; is
anode. Let « : [0, 1] — y; be a parametrization consistent with the orientation,
singular only when the image is a cusp such that ot (y) = {0, 1}. Then, there are
two numbers 0 < t; < f, < 1 satisfying a(t;) = a(2) = Q.

We say that Q is positive if the orientation of S? at Q defined by the ordered
pair (¢/(t1), &’ (t2)) coincides with that of S? at Q; negative, otherwise.

The number of positive nodes on y; is denoted by NI.Jr (and negative nodes by
N;"). The definition of a positive or negative node on y; depends on the choice of
an admissible starting point y. However, it is known that the difference N l.+ —N;
does not depend on the choice of y; see [Whitney 1941] for details. Thus, the
number Nt — N~ = Zf:l(NiJr — N;7) is well defined. Note that nodes arising
from y; Ny; (i # j) play no role in the computation.
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Then, we obtain the following as an easy application of Pignoni’s formula.

Proposition 3.4 [Kamenosono and Yamamoto 2009; Pignoni 1993]. For a stable
map ¢ : M — §? of a closed surface of genus g, we have

(3-1) g=eM)((NT =N+ i)+ +it —i7) —m(p)),
where e(M) is equal to 1 if M is orientable, and 2 otherwise.

Note that even if a 5-tuple (N*, N7, ¢,i™,i~) satisfies formula (3-1), there may
not be a stable map f : M — S* with S(f) consisting of i T + i~ components,
c cusps, and N + N~ nodes.

In the following of this section, we assume that y; Ny; = & if i # j because we
study the minimal number of nodes. Denote by Us, C S?\ y(¢) the component
which contains co. Denote by y; the component of y (¢) which contains dU,. Note
that y; is a negative component of ¢. Then, the following lemmas and corollary
were obtained by Fukuda and Yamamoto.

Lemma 3.5 [ Yamamoto 2010]. If y; has a node, then it has a negative node.

Lemma 3.6 [ Yamamoto 2010]. If a positive component y; has a node, then it has a
positive node.

Corollary 3.7 [Fukuda and Yamamoto 2011]. If the number of negative components
of y (@) is equal to one and y (@) has a node, then it has a negative node.

Corollary 3.7 implies the following corollary.

Corollary 3.8. If the number of negative components of y (¢) is equal to one and
y1 has no node, then it has no node.

Formula (3-1) and Lemma 3.6 imply the following lemma.

Lemma 3.9. Suppose thatg>1and f: %, — R? is a stable map with2 <i(f) <g.
If y1 has no node, then y (f) has at least two negative components.

Proof. Assume that y (f) has only one negative component. Then, Lemma 3.6 and
the assumption imply that y (f) has no node. Then, by the geometrical condition
for a cusp, v (f) has no cusps. Thus, the formula (3-1) implies the contradiction

0<g—i(f)=-L O

By formula (3-1) and the three modifications (1), (2), and (3), in order to prove
Theorem 1.1, for a given triple (g, i, ¢), we only have to study the minimal number
of nodes among stable maps f: ¥, — R? with S(f) consisting of i components and
c cusps. Analogously, in order to prove Theorem 1.2, for a given 4-tuple (g, d, i, c),
we only have to study the minimal number of nodes among degree d stable maps
fi1Zy— S2 with S(f) consisting of i components and ¢ cusps.
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Note that for a fixed pair (i, i), if we increase the number of negative node
by one, there are two ways to satisfy (3-1). One way is to increase the number of
cusps by two. This corresponds to modification (1). The other way is to increase
the number of positive node by one. This corresponds to modification (2).

Lemma 3.10. Let g > 0 and d > 0. If a degree d stable map f : Xy — S? satisfies
le(f)=g+d+i(f) mod2,

then f has at least one node.

Proof. If f has no node, then (3-1) implies that
g+m(f)+2i" =c(f)+1+i(f). a

In particular, Lemma 3.10 implies that if a stable map f : X, — R? satisfies
%c(f) = g+i(f) mod 2, then f has at least one node.
We recall a formula obtained by Eliasberg and Quine.

Theorem 3.11 [Eliashberg 1970; Quine 1978]. For a stable map f : M — N
between closed connected oriented surfaces, we have

(3-2) X(M)=2x(M_)+ ) sign(gx) = (deg f) x (N)
gk is a cusp

where x denotes the Euler characteristic, deg [ denotes the mapping degree of f,
M_ is the closure of the set of regular points whose neighborhoods are mapped
by f in an orientation reversing way, and sign(qy) = %1 is the sign of a cusp qx
defined as the local mapping degree.

Then, Theorem 3.11 implies the following lemma.
Lemma 3.12. Let g >0,d >0,and f : g — § 2hea degree d stable maps. Then,
v (f) has at least 2(d + 1 — g — i) cusps.
Proof. Formula (3-2) implies that
> sign(gi) =2(d + g — 1+ x((Zg)-).

gk is a cusp

On the other hand, we have x(Z,) —i < x((Z,)-) <1i. O

In particular, for a stable map f: X, — R2 y(f) has at least 2(g + 1 — i) cusps.
Theorem 3.11 also implies the following lemma.
Lemma 3.13 [Fukuda and Yamamoto 2011]. Letd > O and f : ¥, — S2 be a
degree d stable map. If i(f) =d + g mod 2, then y (f) has at least two cusps.

In particular, for a stable map f : M — R if i(f) = g mod 2, then y (f) has at
least two cusps.

Furthermore, if the contour has no nodes, then we have the following lemma.
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Lemma3.14. (1) Let g > 0and f : £, — R? be a stable map with2 <i(f) < g.
If y (f) has no nodes, then c(f) >2(g+3—1).

(2) Letg>0andd >0, f: £, — S? be a degree d stable map with2 <i(f) < g.
If v (f) has no nodes, then c(f) > 2(g+d+1—1).

Proof. Let us consider (1). Then, formula (3-1) implies that
g+2i" —1—i(f)=%c(f).

Then, Lemma 3.9 yields the conclusion.
The case (2) is also proved in a similar way. U

3B. Proof of Theorem 1.1.

Lemma 3.15. Let g > land f : £, — R? be a stable map with 1 <i(f) <g. If
c(f) <28 +2—i(f)). thenn(f) = —5¢(f)+g+3—i(f).

Proof. Assume i(f) = 1. In this case, for a stable map f: X, — R? with i(f) =1,
formula (3-1) implies that

(3-3) g—3c(f)=WN"—N").
Then, Lemma 3.5 implies that
n(f)=NT+N " =—lc(f)+g+2N" > —1c(f)+g+2.

Assume i (f) > 2. If the negative component y; has a node, then formula (3-1)
and Lemma 3.5 imply that

n(f)=NT+N">—-le(f)+g+3—i(f).

If the negative component y; has no node, then formula (3-1) and Lemma 3.9 also
imply that n(f) > —1c(f) +g+3 —i(f). O

Lemma 3.16. Let g >0and f : X, — R? be a stable map. If c(f) > 2(g +i(f)),
then N~ > Sc(f)—g—i(f)+ 1L

Proof. Formula (3-1) and the inequality i ™ — i~ > —i(f) imply that
g= (Nt = N7)+3e(f)+ 1 —i(f). O

Lemmas 3.10, 3.12, 3.13, 3.14(1), 3.15, and 3.16 prove Theorem 1.1 with
1 <i < g.Lemmas 3.12, 3.13, 3.14(1) and 3.16 prove Theorem 1.1 withi > g.
This complete the proof of Theorem 1.1.
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3C. Proof of Theorem 1.2. Lemmas 3.12 and 3.13 prove Theorem 1.2 with g = 0.
Lemma 3.13 proves Theorem 1.2(2) and (5).

Lemma 3.17. Let g > 1. For a degree zero stable map f : ¥, — S2,if S(f) consists
of one component and y () has no nodes, then m(f) > 2.

Proof. Under the assumption, formula (3-1) implies that

g =1c(f) —m(f).

By the geometrical condition for a cusp, if n(f) =0 and m(f) =0, then f has no
cusps. Then, we have g = 0, which is a contradiction. (I

Lemma 3.17 and formula (3-1) imply the following lemma.

Lemma 3.18. Let g > 1l and [ : ¥, — S? be a degree zero stable map with
L<i(f) g Ifc(f) S2g+3—i(f)). thenn(f) = —5¢(f) +g+3—i(f).
Proof. Formula (3-1) implies that

n(f)=Nt+N"=g+2i" —i(f)—te(f)—1+2N".

Consider the case that i (f) = 1. Then, by Lemma 3.5, n(f) > —%c(f) +g+2.
Note that there is no degree zero stable map f: X, — S? with S(f) consisting of
one component and no nodes unless g = 0.

Now consider the case that 2 < i(f) < g. If y; has a node, then Lemma 3.5
implies that

n(f) = —5e(f/)+g+3—i(f).
If y; has no node, then Lemma 3.9 also implies the same inequality. U

Let f: %, — 52 be a degree zero stable map with no nodes and 2 < i(f) < g.
If m(f) =0, then f induces a stable map X, — R2 whose triple (i, ¢, n) is equal
to that of f. Then, Lemma 3.9 and formula (3-1) imply that

g+4<g+2i" =1c(f)+ 1 +i(f).

This inequality shows that c¢(f) > 2(g +3 —i(f)).
If m(f) #0, then Lemma 3.5 and formula (3-1) imply that

g+4<g+m(f)+2i" =te(f)+ A +i(f).

This inequality also shows that c(f) > 2(g +3 —i(f)).
Thus, Lemma 3.10 and Lemmas 3.12, 3.18 prove Theorem 1.2(1).
Lemma 3.17 and formula (3-1) imply the following lemma.

Lemma 3.19. Letg > 1landd > 1, f : ¥, — S? be a degree d stable map with
1<i(f) <g+d—1.Ifc(f) <2(g+d—i), thenn(f) = —5c(f)+g+d+3—i(f).
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Proof. Let us consider the case i ( f) = 1. In this case, the formula (3-1) implies that
n(f)=Nt+N">—-Le(f)+g+d+2N~

Then, Lemma 3.5 yields the conclusion.
Let us consider the case 2 <i(f) <g+d — 1. If i~ =1, then the formula (3-1)
implies that

n(f)=Nt+N">—3c(f)+g+d+1—i(f)+2N".

Thus, Lemma 3.5 and Corollary 3.8 yield the conclusion. If i~ > 2, then the
formula (3-1) implies that

n(f)=Nt+N~ > —3c(f)+g+d+3—i(f)+2N". O

Thus, Lemma 3.10 and Lemmas 3.12, 3.19 prove Theorem 1.2(3) and (4). It
completes the proof of Theorem 1.2.

4. Problems

In this section, we pose some problems which concern the number of the singularities
of stable maps between surfaces.

Problem 4.1. Study the triples (i, ¢, n) of stable maps M — N (N =R? or N = §?)
of closed and nonorientable surfaces.

Pignoni [1993] (see also [Kamenosono and Yamamoto 2009]) observed that
there are differences between (i, ¢ + n)-minimal contours and (i, ¢, n)-minimal
contours — see Remark 1.4 for the definitions — of C* maps of the real projective
plane into R? and S

Figure 13 shows that the contours of stable maps S> — R? whose triples (i, ¢, 1)
are equal to (2, 2, 2). Figure 14 also shows that the contours of stable maps 72 — R>
whose triples (i, ¢, n) are equal to (2, 0, 4).

Problem 4.2. Introduce notions which distinguish two contours in Figure 13 (or 14).
Then, study contours of stable maps between surfaces under the notions.

Figure 13. Contours of stable maps S> — R? whose triples (i, ¢, n)
are (2,2, 2).
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) Q)

Q O

Figure 14. Contours of stable maps T>— R? whose triples (i, ¢, 1)
are (2,0, 4).

Problem 4.2 makes the second step toward classifying generic C* maps of
closed surfaces into R? or S up to right-left equivalence.

Appendix

In this section, we introduce the notions of an i-(c, n)-minimal contour and an
i-(n, ¢)-minimal contour for a C*® map M — N between surfaces. We study such
minimal contours.

Taishi Fukuda and the author [Fukuda and Yamamoto 2011] studied (¢ + n)-
minimal contours among stable maps f: X, — S2 homotopic to a given C> map
X, —> S2 such that i ( f) =i, for each integer i > 2. Let us call such a minimal
contour an i-(c + n)-minimal contour. Note that the case g = 2 of [Fukuda and
Yamamoto 2011, Theorem 1.2] has one error. The correct table of i-(c+n)-minimal
contours for degree d > 0 stable maps X, — S? is the following:

2d—-i—-1),6) ifl<i<d-1,
(2,4) or (6,0) ifi =d,
(0,4) or 4,0) ifi=d+1,

(c,n) = ,
(2,2) if (d, i) =(0,2),
2,0) ifi >d+2,i =d mod 2, except (d,i) = (0, 2),
0,0) ifi >d+2,i%d mod?2,

For a nonnegative integer i, let us consider (c, n)-minimal contours among stable
maps f: X, — S2 homotopic to a given C* map Y, —> S? such that i (f) =i. Let
us call such a minimal contour an i-(c, n)-minimal contour. Then, Theorems 1.1
and 1.2 imply the following proposition.

Proposition A.1. (1) The contour y(f) of a stable map f : ¥, — R2 is i-(c, n)-
minimal if and only if the pair (c, n) is one of the following:
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2,g+2—i) ifg=iandg=i mod?2,
©O,g+3—i) ifg=iandg#i mod2,
2,0 if g<iand g =i mod?2,
0, 0) if g <iand g #i mod?2.

(Ca n) =

(2) Let f : X — S? be a degree d > 0 stable map such that S(f) consists of
i components. Then, the contour y (f) is i-(c, n)-minimal if and only if the
pair (c, n) for y (f) is one of the following:

g=0:
Qd—i+1),0) ifl<i<d+1,
(c,n)=14(2,0) ifi>d+2,i=d mod?2,
0,0 ifi>d+2,i%d mod2,
g>1
Q2d—g—i+1),242g) ifl<i<d—g+1,
2,d+g—i+2) ifd—g+2<i<d+g-—1,
andi=d+ g mod 2,
0,d+g—i+3) ifd—g+2<i<d+g-—1,
(c,n) = 1 andi #d+ g mod 2,
2,2 if (d,i) =10, g),
2,0) ifi>d+g,i=d+ g mod?2,
except (d,i) = (0, g),
0,0 ifi>d+g,i #d+ g mod2.

Let us study (7, ¢)-minimal contours among stable maps f: X, — S? homotopic
to a given C* map X, — S? such that i (f) =i, for each integer i > 1. Let us call
such a minimal contour an i-(n, ¢)-minimal contour. Then, Theorems 1.1 and 1.2
also imply the following proposition.

Proposition A.2. (1) The contour y (f) of a stable map f : ¥, — R? is i-(n, ¢)-
minimal if and only if the pair (c, n) is one of the following:
i=1:
(0,0) if g=0,
(c,n) = .
2g+2,1) otherwise,

2g+3-0,0) ifg=i,
(c,n)=12,0) if g<iand g =i mod 2,
0,0) otherwise.
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(2) Let f : ¥y — S? be a degree d > 0 stable map such that S(f) consists of
i components. Then, the contour y(f) is i-(n, c)-minimal if and only if the
pair (c, n) for y (f) is one of the items below:

2E+3-10),0) ifd=0and1<i<g,
R2d+g+1—-10),0) ifd#0andl <i<d+g-—1,

(c,n) =
2,0) ifi>d+gandi=d+ g mod?2,
0,0) ifi>d+gandi #d+ g mod 2.
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