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This article is the second part of a series of three articles about compatible
systems of symplectic Galois representations and applications to the inverse
Galois problem.

This part is concerned with symplectic Galois representations having a
huge residual image, by which we mean that a symplectic group of full di-
mension over the prime field is contained up to conjugation. A key ingredi-
ent is a classification of symplectic representations whose image contains a
nontrivial transvection: these fall into three very simply describable classes,
the reducible ones, the induced ones and those with huge image. Using the
idea of an (n, p)-group of Khare, Larsen and Savin, we give simple condi-
tions under which a symplectic Galois representation with coefficients in a
finite field has a huge image. Finally, we combine this classification result
with the main result of the first part to obtain a strengthened application to
the inverse Galois problem.

1. Introduction

This article is the second of a series of three about compatible systems of symplectic
Galois representations and applications to the inverse Galois problem.

This part is concerned with symplectic Galois representations having a huge
image: for a prime £, a finite subgroup G < GSp,, (Fy) is called huge if it contains
a conjugate (in GSp,,(F¢)) of Sp, (F¢). By Corollary 1.3 below, this notion is the
same as the one introduced in Part I [Arias-de-Reyna et al. 2013].

Whereas the classification of the finite subgroups of Sp,,(F;) appears very
complicated to us, it turns out that the finite subgroups containing a nontrivial
transvection can be very cleanly classified into three classes, one of which is that
of huge subgroups (see Theorem 1.1 below). Translating this group theoretic result
into the language of symplectic representations whose image contains a nontrivial
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transvection, these also fall into three very simply describable classes: the reducible
ones, the induced ones and those with huge image (see Corollary 1.2).

Using the idea of an (n, p)-group of [Khare et al. 2008] (i.e., of a maximally
induced place of order p, in the terminology of Part I), some number theory allows
us to give very simple conditions under which a symplectic Galois representation
with coefficients in F, has huge image (see Theorem 1.5 below).

This second part is independent of the first, except for Corollary 1.6, which com-
bines the main results of Part I [Arias-de-Reyna et al. 2013] and the present Part II.
In Part III [Arias-de-Reyna et al. 2015], written in collaboration with Sug Woo Shin,
a compatible system satisfying the assumptions of Corollary 1.6 is constructed.

Statement of results. To fix terminology, we recall some standard definitions. Let
K be a field. An n-dimensional K-vector space V' equipped with a symplectic form
(i.e., nonsingular and alternating), denoted by (v, w) = vew for v, w € V, is called
a symplectic K-space. A K-subspace W C V is called a symplectic K-subspace
if the restriction of (-,-) to W xW is nonsingular (hence, symplectic). The general
symplectic group GSp(V,{-,-)) =: GSp(V') consists of those 4 € GL(V) such
that there is o € K, the multiplier (or similitude factor) of A, such that we have
(Av)e(Aw) = a(vew) for all v,w € V. The symplectic group Sp(V, (-,-))=:Sp(V)
is the subgroup of GSp(V) of elements with multiplier 1. Anelement teGL(V)isa
transvection if t—idy hasrank 1, i.e., if 7 fixes a hyperplane pointwisely, and there is
aline U such that t(v)—v e U forall ve V. We will consider the identity as a “trivial
transvection”. Any transvection has determinant and multiplier 1. A symplectic
transvection is a transvection in Sp(V'). Any symplectic transvection has the form

Tu[A] € Sp(V) :u+>u+ A(uev)v

with direction vector veV and parameter A€ K; see, e.g., [Artin 1957, pp. 137-138].
The classification result on subgroups of general symplectic groups containing a
nontrivial transvection which plays the key role in our approach is the following.

Theorem 1.1. Let K be a finite field of characteristic at least 5 and V' a symplectic
K-vector space of dimension n. Then any subgroup G of GSp(V') which contains
a nontrivial symplectic transvection satisfies one of the following assertions:

(1) There is a proper K-subspace S C V such that G(S) = S.

(2) There are mutually orthogonal nonsingular symplectic K-subspaces S; C'V
withi = 1,...,h of dimension m for some m < n such that V = EB;;I Si
and for all g € G, there is a permutation og € Symy, (the symmetric group
on {1,...,h}) with g(S;) = Ss, ). Moreover, the action of G on the set
{S1,..., Sy} thus defined is transitive.

(3) There is a subfield L of K such that the subgroup generated by the symplectic
transvections of G is conjugated (in GSp(V')) to Sp,,(L).
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In Section 2 we show how this theorem can be deduced from results of Kan-
tor [1979]. In a previous version of this article, we gave a self-contained proof,
which is still available on arXiv. For our application to Galois representations, we
provide the following representation theoretic reformulation of Theorem 1.1.

Corollary 1.2. Let £ be a prime at least 5, let T be a compact topological group and
p:I'— Gspn(ﬂ_:ﬁ)

a continuous representation (for the discrete topology on [Fy). Assume that the image
of p contains a nontrivial transvection. Then one of the following assertions holds:

(1) p is reducible.

(2) There is a closed subgroup T" C T of finite index h | n and a representation
o T — GSp,, p(Fy) such that p = Indll:,(,o/).

(3) There is a finite field L of characteristic £ such that the subgroup generated by
the symplectic transvections in the image of p is conjugated (in GSp,, (Fp)) to
Sp,(L); in particular, the image is huge.

The following corollary shows that the definition of a huge subgroup of GSp,, (F),
which we give in Part I [Arias-de-Reyna et al. 2013], coincides with the simpler
definition stated above.

Corollary 1.3. Let K be a finite field of characteristic £ > 5, V a symplectic
K-vector space of dimension n, and G a subgroup of GSp(V') which contains a
symplectic transvection. Then the following are equivalent:

(1) G is huge.

(i1) There is a subfield L of K such that the subgroup generated by the symplectic
transvections of G is conjugated (in GSp(V')) to Sp,,(L).

Combining the group theoretic results above with (n, p)-groups, introduced
by [Khare et al. 2008], some number theory allows us to prove the following
theorem. Before stating it, let us collect some notation.

Set-up 1.4. Let n, N be positive integers with n even and N = N; - N; with
gcd(Ny, Ny) = 1. Let Ly be the compositum of all number fields of degree <n/2,
which are ramified at most at the primes dividing N, (which is a number field).
Let g be a prime which is completely split in Lg, and let p be a prime dividing
g™ — 1 but not dividing ¢"/2 —1, and p = 1 (mod n).

Theorem 1.5. Assume Set-up 1.4. Let k € N, £ # p,q be a prime such that
t>kn'+1and l y N. Let xq: Ga,n — @2{ be a character satisfying the
assumptions of Lemma 3.1, and X4 the composition of x4 with the reduction map
Zy —Fy. Leta: Go, — B( be an unramified character.
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Let
p: Gg — GSp, (Fe)

be a Galois representation, ramified only at the primes dividing NqX, satisfying
that a twist by some power of the cyclotomic character is regular in the sense of
Definition 3.2 with tame inertia weights at most k, and such that

G Gay - _
(1) Resg?, (p) = Indg? (%) ®4,
(2) the image of p contains a nontrivial transvection and

(3) for all primes £y dividing Ny, the image under p of Iy, the inertia group at {1,
has order prime to n!.

Then the image of p is a huge subgroup of GSp,, (Fy).

Combining Theorem 1.5 with the results of Part I [Arias-de-Reyna et al. 2013]
of this series yields the following corollary.

Corollary 1.6. Assume Set-up 1.4. Let ps = (p))y (Where A runs through the
finite places of a number field L) be an n-dimensional a. e. absolutely irreducible
a. e. symplectic compatible system, as defined in Part I [Arias-de-Reyna et al. 2013],
for the base field Q, which satisfies the following assumptions:

e For all places M, the representation p), is unramified outside Nql, where £ is
the rational prime below A.

e There are a € Z and k € N such that, for all but possibly finitely many places M\
of L, the reduction mod A of X ® pj, is regular in the sense of Definition 3.2,
with tame inertia weights at most k.

e The multiplier of the system is a finite order character times a power of the
cyclotomic character.

e For all primes £ not belonging to a density zero set of rational primes, and for
each A | £, the residual representation p; contains a nontrivial transvection in
its image.

e For all places A not above q, one has
G G
Rescgq (p2) = IndGEZ” (Xg) ®a,

where a : Gg, — l_‘;f is some unramified character and x4 : Ci@qn — 7% is
a character such that its composite with the embedding 7> — Q given by A
satisfies the assumptions of Lemma 3.1 for all primes £ t pq. In the terminology
of Part 1, q is called a maximally induced place of order p.

e For all primes £1 dividing N1 and for all but possibly finitely many places A, the
group py (I¢,) has order prime to n! (where Iy, denotes the inertia group at £).
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Then we obtain:

(a) For all primes £ not belonging to a density zero set of rational primes, and for
each A | £, the image of the residual representation py, is a huge subgroup of
GSp,(Fe).

(b) Forany d | pT_l there exists a set L of rational primes £ of positive density
such that for all £ € Lg, there is a place A of L above { satisfying that the
image of ﬁfro] is PGSp,,(Fga) or PSp,(Fya).

The proofs of Theorem 1.5 and Corollary 1.6 are given in Section 3.

Remark 1.7. It is natural to ask which of the two alternatives in Corollary 1.6(b)
actually holds. It is very hard to give a general answer. The same indeterminacy
occurs in [Khare et al. 2008] (see its arXiv version arXiv:math/0610860v3).

In the very special case, when there is no residual inner twist at a prime A, the
multiplier determines which case one is in. More precisely, by definition there
is no residual inner twist at A if the residue fields modulo A of E,, (the field of
definition of p,) and K, (the projective field of definition of p,) coincide (see
[Arias-de-Reyna et al. 2013, Section 4]); call it F. In that case, if the image of
Py is huge, up to conjugation we have Sp,(F) C p)(Ga) S GSp,(F) and thus
PSp,,(F) € ﬁfroj(G@) C PGSp,,(F). The first inclusion is an equality if and only if
the multiplier of p; is a square in [F; otherwise the second inclusion is an equality.

When n = 2, in [Dieulefait and Wiese 2011] the difference between the field
of definition and the projective one could be controlled due to special choices of
modular forms; this allowed distinguishing between the two possibilities and, for
every d > 1, realising the simple group PSL;(F,«4) as a Galois group over Q for a
positive density set of primes £.

If the two residue fields do not coincide, the multiplier is not enough to distinguish
between the two cases.

2. Symplectic representations containing a transvection

This section is devoted to Theorem 1.1. This theorem can be deduced from more
general results, like those of [Guralnick and Saxl 2003]. We prefer to deduce it from
the results of Kantor [1979], together with some representation theory of groups.
We hope that the detailed and quite elementary proof we give on page 6 will be of
value to the number theory community.

Throughout the section, our setting will be the following: £ > 5 denotes a prime
number, 7 an even positive integer and V' a symplectic n-dimensional vector space
over a finite field K of characteristic £.

Kantor’s classification result. Kantor [1979] classifies subgroups of classical linear
groups which are generated by a conjugacy class of elements of long root subgroups.
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In this paper, we are only concerned with subgroups of the symplectic group Sp(V).
This case is addressed in [Kantor 1979, §11].

We need some notation in order to state his result. First of all, recall that in the
symplectic case, the elements of long root subgroups are precisely the symplectic
transvections. Given a subgroup H C Sp(V), denote by Oy (H) the maximal normal
£-subgroup contained in H, denote by [H, H] the commutator subgroup of H, and
by Zspvy(H) the centraliser of H in Sp(V'). Below we state the result of Kantor
in the symplectic case (leaving aside the cases of characteristic 2 and 3).

Theorem 2.1 (Kantor). Assume that £ > 5, and let H € Sp(V') be a subgroup
satisfying the following conditions:

(1) There exists a set X C H consisting of transvections, closed under conjugation
in H, which generates H.

(2) O¢(H) =[H, H]N Zsp)(H).
(3) H does not preserve any nonsingular subspace of V.

Then there is a subfield L of K such that H is conjugated (in Sp(V')) to Sp,,(L).

We will apply this result in the case when H is an irreducible subgroup. In this
case, conditions (2) and (3) are satisfied. We elaborate on condition (2). Let W C V
be the subspace of elements that are left invariant by all elements in Oy (H). Since
O¢(H) is an £-group acting on a finite £-group V, the cardinality of W is divisible
by £ (see Lemma 1 of Chapter IX of [Serre 1979]); hence W # {0}. Moreover, since
Oy (H) is a normal subgroup of H, it follows that H stabilises W. But H is an
irreducible group; hence W =V and Oy (H) = {Id}. Furthermore, if we take into ac-
count that the conjugate of a transvection is again a transvection, we can reformulate
condition (1) as follows: “the transvections contained in H generate H”, or simply
“H 1is generated by transvections”. This discussion proves the following corollary.

Corollary 2.2. Assume that £ > 5, and let H C Sp(V') be an irreducible subgroup
which is generated by transvections. Then there is a subfield L of K such that H is
conjugated (in Sp(V')) to Sp,,(L).

Proof of the group theoretic results. We will make use of the following facts about
transvections, the simple proofs of which are omitted.
Lemma 2.3. Let T,[\] € Sp(V) be a symplectic transvection. Then
(@) For any A € GSp(V) with multiplier a € K>, we have AT [M\]A™! = Ty, [%]
(b) Suppose W CV is a K-vector subspace stabilised by T,[\] with A € K*. Then
we have

(D) ueWoruewt;
Q) ue Wt o T,Alw = idw.
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Proof of Theorem 1.1. Let G  GSp(V) be a subgroup which contains a nontrivial
transvection. If the action of G on V is reducible, we are in case (1) of the theorem.
Assume that the action of G on V is irreducible, and define the subgroup H := (7 €
G : t is a transvection). Note that H is nontrivial. If the action of H on V is irre-
ducible, we can apply Corollary 2.2 to the group H and conclude that H is conjugate
in GSp(V) to Sp,,(L) for some subfield L € K. This is case (3) of the theorem.
Assume then that the action of H on V is reducible. Let W C V be a K-vector
subspace on which H acts irreducibly. By Lemma 2.3(a), the group H is a normal
subgroup of G. Thus we can apply Clifford’s theorem (see [Curtis and Reiner 1981,
(11.1)]), to obtain gy, ..., g» € G such that we have the equality of H-modules

r
2-1) V=W
i=1

We first remark that W is not the trivial H-module, as otherwise H would
act trivially on V' and thus H would be the trivial group. Now consider W/ =
(ueW:3h e K*:Ty[\] € H). As W is a nontrivial H-module, W’ # 0. Let
T[] € H and u € W’. By Lemma 2.3(b), v € W’ or v € W, In both cases, we
have Ty[u](u) = u + p(u e v)v € W/, showing that H preserves W', so that the
irreducibility of W implies W' = W.

Let W = gW be a conjugate of W for which we assume W # W, so that
WNW =0 since W is irreducible. We have just seen that there are wy,...,wu e W
spanning W and Aq, ..., Ay € K™ such that Ty, [A1], ..., Ty, [Am]€ H. As H also
preserves W, Lemma 2.3(b) shows w; € WL for 1 <i < m. This proves two
things. Firstly, W C W+ and this means that the decomposition (2-1) of V is
into mutually orthogonal spaces. From this it follows these subspaces are also
symplectic, i.e., that the pairing is nondegenerate on each subspace. Secondly,
T, [A1] is the identity on W, but it is nontrivial on W (e. g., by the nondegeneration
of W, there is u € W such that u e w; # 0, whence Ty, [A1](«) # u). Hence, W
and W are nonisomorphic as H-modules. o

Considering the composite maps gW <> V 2NN o 17 in view of the
irreducibility of the g; W and the fact that g;W 2% g;W for i # j, it follows
that gW is one of the g;W. Thus, G acts on the set {g; W, ..., g, W}. If this
action were not transitive, then the sum of the spaces in one orbit would be a
proper nontrivial G-submodule of V', contradicting the irreducibility of V. Thus,
all statements of case (2) of the theorem are proved. O

Proof of Corollary 1.2. Since T is compact and the topology on Fy is discrete, the
image of p is a subgroup of GSp,,(K) for a certain finite field K of characteristic £.
Therefore one of the three possibilities of Theorem 1.1 holds for G := im(p). If the
first holds, then p is reducible, and if the third holds, then im(p) contains a group
conjugate to Sp,, (L) for some subfield L of K.
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Assume now that the second possibility holds. We use notation as in Theorem 1.1.
Let IV be {g € T | 0g(1) = 1}, the stabiliser of the first subspace. This is a
closed subgroup of I' of finite index. Choose coset representatives and write
r= |_|fl/:1 gil’. The set {yS1 | y € '} contains /" elements, namely precisely the
giSyfori =1,..., 1. As the action of G on the decomposition is transitive, this
set is precisely {S1,..., Sy}, whence i = /’. Define p’ as the restriction of p to I'/
acting on Sy. Then as a I'’-representation, we have the isomorphism

h h
V=@Psi=Peas.

i=1 i=1
Proposition (10.5) of §10A4 of [Curtis and Reiner 1981] implies p = Indll;(,o/ ). O

Proof of Corollary 1.3. Assume that G contains a subgroup conjugate (in GSp(V))
to Sp,,(F¢). In particular, G does not fix any proper subspace S C V, nor any
decomposition V = @f’zl S; into mutually orthogonal nonsingular symplectic
subspaces. Hence by Theorem 1.1, there is a subfield L of K such that the subgroup
generated by the symplectic transvections of G is conjugated (in GSp(V')) to Sp,,(L).
The other implication is clear. O

3. Symplectic representations with huge image

In this section we establish Theorem 1.5.

(n, p)-groups. As a generalisation of dihedral groups, in [Khare et al. 2008], Khare,
Larsen and Savin introduce so-called (7, p)-groups. We briefly recall some facts
and some notation to be used. For the definition of (1, p)-groups, we refer to
[loc. cit.]. Let g be a prime number, and let Q47 /Q, be the unique unramified
extension of Q4 of degree n (inside a fixed algebraic closure @q). Assume p is a
prime such that the order of ¢ modulo p is n. Recall that @; ~ pgn_1 x Uy X q%,
where ptgn_1 is the group of (¢”—1)-th roots of unity and U, the group of 1-units.
Let £ be a prime distinct from p and ¢. Assuming that p, ¢ > n, in [loc. cit.], the
authors construct a character yg : ;(n — @2‘ that satisfies the three properties of
the following lemma, which is proved in [loc. cit., Section 3.1].

Lemma 3.1. Let xq: Qgn — @2( be a character satisfying:
* Xq has order 2 p.
o Xq|;an_1XU1 has order p.
* Xq(q) =—1

This character gives rise to a character (which by abuse of notation we call also xq4)
of Ga,n by means of the reciprocity map of local class field theory.
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Let
Pq = Ind (Xq)

Then pq is irreducible and symplectic, in the sense that it can be conjugated to
take values in Sp, (Qy), and the image of the reduction Pgq of pq in Sp, (Fp) is an
(n, p)-group. Moreover, if a : Gg, — I]_:? is an unramified character, then pg ® a
is also irreducible.

Note that also the reduction of py is IndG@q (Xq), which is an irreducible rep-
resentation. Here ), is the composite of x4 and the projection Z, — F;. To see
why the last assertion is true, note that to see that

_ _ G _ _
Pqg @ = Indggzn (Xg ® (05|G@qn )

is irreducible, it suffices to prove that the n characters

— — — _ _ n—1
® (@|Ga,, ) (Xg ® @lGo,, )7 - (Xg ® @lGg,, )

are different (see [Serre 1977, Proposition 23, Chapter 7]). But the order of the

restriction of x; ® (6{|G@q”) to the inertia group at ¢ is p (since & is unramified),

and the order of ¢ mod p is n.

Regular Galois representations. In our result we assume that our representation
p is regular, which is a condition on the tame inertia weights of p.

Definition 3.2 (regularity). Let £ be a prime number, 7 a natural number, V' an
n-dimensional vector space over Fy and p : Gg, — GL(V) a Galois representation,
and denote by I, the inertia group at £. We say that p is regular if there exists an
integer s between 1 and 7, and foreach i =1,...,s, a set S; of natural numbers in
{0,1,...,£—1}, of cardinality r;, withry +---+rg=n,say S; ={a;1.....air},
such that the cardinality of S = §; U---U S equals n (i.e., all the a; ; are distinct)
and such that, if we denote by B; the matrix

bi
Vi bl 0
V!
B; ~ g

bili~

0 Vri

with ¥, our fixed choice of fundamental character of niveau r; and b; = a;,; +
aij b4+ ai,riﬁri_l, then

B

/0|Ig ~
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The elements of S are called tame inertia weights of p. We will say that p has
tame inertia weights at most k if S € {0,1,...,k}. We will say that a global
representation p : Gg — GL(V) is regular if p|G@E is regular.

Lemma 3.3. Let p: Gg, — GL, (Fy) be a Galois representation which is regular
with tame inertia weights at most k. Assume that £ > kn! + 1. Then all the n!-th
powers of the characters on the diagonal of p|y, are distinct.

Proof. We use the notation of Definition 3.2. Assume we have that the n!-th powers
of two characters of the diagonal coincide, say

n!(co+cil4+cp. £ n(do+dib+-+dp £
(3'1) 1/fr,~ ' = v/r]’ ! )
where ¢, ..., ¢r,—1,do, . - ., dy;—1 are distinct elements of Sy U---U S;.
Let ¥y, ¥ be a fundamental character of niveau r;r; such that
l-D) .
Wr,- ;‘j = Wri and 1/fr,-jrj = 1//rj ’

where

rirj rir:
iy _ " -1 @y i1
¢, = 1 and QDJ. =T
We can write (3-1) above as
@ nl(coterltten 1017 S nldotdiLtdy i £

Firj - rirj
In other words, £7i"i — 1 divides the quantity
Co= |0 nl(cotcrltter—1 €T~ nl(do+dy - +dy, €771,

Note that Cy is nonzero because modulo £ it is congruent to n!(co — dp), and by
assumption all elements in S U- - -US; are in different congruence classes modulo £.
But [co +c1l+ -+ cpm LT k(T + €+ + 7)) = k(@i —1)/(L—1).
Analogously |do + dif + --- + d,j_15’1_1| < k(i —1)/(€—1). Thus Cy is
bounded above by

max{|q>§i’j)n1(co+c1g+. ’ '+cri—1€ri_1) ) |q>§i’j)n!(d0+d1£+- . .+drj—1€rj_1)|}

0t — 1
<nlk (ﬁ) < nlke(0riTi=l 4 0griti=2),

Since £ —2 > nlk, we have £2 —1 > £2 —4 > nlk({ + 2) and thus
Co <nlk (071771 4 2071772y = plke (£ 4 2)€717T 72 < Q77 — 1.,
Hence £"i"i — 1 cannot divide Cj. O

We will now use these lemmas to study the ramification at £ of an induced
representation under the assumption of regularity (possibly after a twist by a power
of the cyclotomic character) and boundedness of tame inertia weights.
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Proposition 3.4. Let n,m,k € N, a € Z and let £ > kn!+ 1 be a prime, K/Q a
finite extension such that [K : Q]-m =n, p: Gx — GLy(Fy) a Galois representation
and let B = Indgg p- If x§ ® B is regular with tame inertia weights at most k, then
K /Q does not ramify at £.

Proof. Assume that K /Q ramifies at £; we will derive a contradiction. First of all,
let us fix some notation: let N/Q be the Galois closure of K/Q, and let us fix a
prime A of N above £. Denote by I; C Gq the inertia group at £, I ,, C I, the
wild inertia group at £ and /y C G the inertia group at the prime A. Let W be
the Fg-vector space underlying p. For each y € Gg, let YK = y(K) and define
Yp: Gvg — GL(W) by ¥p(0) = p(yoy ™).

Let us now pick any y € Gg, 0 € Iy and 7 € I . Since Iy/1 , is cyclic, we
have that the commutator 0~ 'ro7~! belongs to I ¢.w- Since Iy C Iy is normal,
o~ lto € Iy C Gy C Gy, so we may apply ¥p and conclude

Yp(o™'10) p(z™") ="p(0 " rotT") € YUy )
hence ¥p(0~ 7o) and ”p(r) have exactly the same eigenvalues.

Since N/Q ramifies in £, we may pick o € Iy \ Gy, and since N =[], ¢, VK,
there exists some y € Gg such that 0 & Gy g. This implies that S(oy)(W) N
B(y)(W) = 0. Choose now a set of left-coset representatives {y1Gg,...,YsGk}
of Gg in Gg with y; = y and y, = oy; Mackey’s formula [Curtis and Reiner
1981, 10.13] implies that

d
Resg‘i Indgi,o = @ Resg]]/\j" Yip.
i=1
Therefore B(7) is a block-diagonal matrix, where one block is ¥p(7) and another
block is Yp(r) = Yp(oc~'to). But, by hypothesis, the tame inertia weights of
X7 ® B are bounded. By Lemma 3.3, we have that the n!-powers of the characters
on the diagonal of x7 ® B;, are all different, which implies that the characters on
the diagonal of 8|7, are all different. Thus ¥p(7) and Yp(0 ! 7o) cannot have the
same eigenvalues for all T € Iy . O

Representations induced in two ways. We need a proposition concerning repre-
sentations induced from different subgroups of a certain group G.

Proposition 3.5. Let G be a finite group, N <G, H < G. Assume (G : N) =n, and
let p > n be a prime. Let K be a field of characteristic coprime to |G| containing
all |G |-th roots of unity. Let S be a K[H]|-module, y : N — K> a character, say
X = X1 ® X2, where x1 : N — K* (resp. xo : N — K*) has order equal to a
nontrivial power of p (resp. not divisible by p). Assume

pi= Indg(S) = Ind]G\,()O,

and furthermore the n characters {x9 : o € G/ N} are different. Then N < H.
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Following [Serre 1977, 7.2], if G is a finite group and we are given two
G-modules V7 and V,, we will define (V1, V,)g := dimHomg(Vy, V3). Tt is
known (Lemma 2 of Chapter 7 of [loc. cit.]) that, if ¢ and ¢, are the characters of
V1 and V5, then

(Vi.V2)e = (@1, ¢2)¢ Gl Z%(g D2 (2).
geG

Before giving the proof, we will first prove a lemma.

Lemma 3.6. Let G be a group, N I G and H < G such that (G : H) < n. Let
p be a prime such that p > n, let K be a field of characteristic coprime to |G|
containing all |G |-th roots of unity, and let x : N — K> be a character whose order
is a nontrivial power of p. Then Res}vm N X is not trivial.

Proof. Assume Resgn N X is trivial. Then H N N < ker x. But ker x < N, and the
index (N :ker ) is at least p. Therefore (N : H N N) > p. But on the other hand
p>n>(G:H)>(HN :H)= (N :N N H), a contradiction. O

Proof of Proposition 3.5. Observe that p is irreducible. Namely, there is a well-
known criterion characterising when an induced representation is irreducible (see
[Serre 1977, Proposition 23, Chapter 7]). In particular, since N is normal in G,
we have that Indg x is irreducible if and only if x is irreducible (which clearly
holds) and, for all g € G/N, (Res% ()" is not isomorphic to Res%(x). This last
condition holds because the n characters {x{ : o € G/ N } are different, and x5 has
order prime to p.
Since p is irreducible, we have that

1= (p, p)G = {IndF(S),nd§; ()G = (S, Res§IndF () g = -+~ ,

where in the last step we used Frobenius reciprocity. Now we apply Mackey’s
formula [Curtis and Reiner 1981, 10.13] on the right-hand side; note that, since N
is normal, H\G/N ~ G/(H-N):

o= <S, @ IndgmNRes]P\;nN(X”)>
y€G/(H-N) H

= Z <S,IndgmNResZmN(X”)>
y€G/(H-N) H

Hence there is a unique y € G/(H - N') such that
(S, IndgmNResIA{’nN(XV))H = 1.
If we prove that, for all y, Indfz}’m ]\,Resgm ~ (x¥) is irreducible, then we will have

S~ IndgmNResZﬂN(X”)
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(for some y); hence dim(S) = (H : H N N). But, on the other hand, since
p = Ind%(S) = Ind% (x), we have that dim(S)- (G : H) = (G : N), so
(G:HN)HN:N) (H:NNH)
(G:HN)HN :H) (N:NNH)
and therefore the conclusion is that (N : N N H) = 1; in other words, N < H.
Therefore to conclude, we only need to see that Indgn NRes}Vm N (x?) is irre-
ducible. Since conjugation by y plays no role here, let us just assume y = 1. We
apply again the criterion characterising when an induced representation is irreducible.
In particular, since H N N is normal in H, we have that Indgm NReS]P\;ﬂ N () is
irreducible if and only if Res]}\jlﬁ N () is irreducible (which clearly holds) and, for
allhe H/NNH, (ResZmN(X))h is not isomorphic to ReSZmN(X).
So pick 7 € H\ N. We have

dim(S) =

(Respy oy 00" = Resy oy (X1).

Assume ReanN(X”) = ResHmN(X) In partlcular we obtain ReanN(Xl) =
ReanN (x1)- By Lemma 3.6, we have y; = X1 as characters of N. But forall o €
G/ N, we know that x§ # x1. Now it suffices to note that H/(HNN) — G/N. O

Proofs. Finally we carry out the proof of Theorem 1.5.

Lemma 3.7. Assume Set-up 1.4. Letk €N, £ # p, q be a prime such that £ > kn!+1
and { ¥ N. Let xq: Gan — @ be a character satisfying the assumptions of
Lemma 3.1, and x4 the composmon of xq with the reduction map Z; — Fy. Let
a:Gg, — I]:X be an unramified character.

Letp: G@ — GSp,,(F¢) be a Galois representation, ramified only at the primes
dividing NgX, such that a twist by some power of the cyclotomic character is regular
in the sense of Definition 3.2 with tame inertia weights at most k, and satisfying (1)
and (3) of Theorem 1.5. Then p is not induced from a representation of an open
subgroup H < Gq.

Proof. Let H C Gg be an open subgroup, say of index /, and p’ : H — GL,, /h(ﬁ)
a representation such that
G
p = Ind;" (p).

Call S and V, with S; C V, the spaces underlying o’ and p, respectively, so that
p= Indg@ (S1). Recall that by assumption

G _ _
Resg@ (p) =Ind; ! (g ® .

We want to compute ResG@ Indg@ (S1). Let us apply Mackey’s formula [Curtis
Qq
and Reiner 1981, 10.13]. By Lemma 3.1 we know that

G G G - -
Rengq Ind,*(S1) = InngZ” (Xxq) ®a
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is irreducible, so there can only be one summand in the formula; hence
ResG@ IndG@ (S = IndG nHResg@q A (S1),
and therefore
(3-2) Ind G@q naRest oy (S1) = Indgizn (Tq) ® .
We now apply Proposition 3.5 to (3-2). Note that
Resg? p= Indggzn (Rg) @@ = mdggzn (%a ® (@lGs,,))-

We can write )_(q®(&|g@qn) = X1 ® X2, where x; has order a power of p and
X2 has order prime to p. Note that the restriction of y; ® (5‘|G@qn ) to the inertia
group 14 of Gg, coincides with the restriction of x4, which has order p. Thus
(X1 ® x2)1, = )'(q|1q Xili,- Smce the order of ¢ mod p is n, we know that the
n characters x1|z,, X7 |I,,, e, Xl |1q are distinct. We can take G = p(Ggq,) in the
statement of Proposition 3.5, whose order is a divisor of 2np - ord(@) and, hence,
prime to £. It thus follows that Gg,., < (Gg, N H).
Note that, on the one hand

n=dimV = dim(Ind5®S)) = (G : H) dim(S)).
On the other hand,
. G .
n= dlm(IndGEzmHResg@qu(Sl)) = (Gq, : Go, N H) dim(S));

hence (Gg : H) = (Gq, : Go, N H).

Let L be the number field such that H = Gal(Q/L). Now Gal(Q/L) N Gg, =
Gal(Qg4/ Ly), where q is a certain prime of L above g and L, denotes the completion
of L atq. The inclusion Gg,, = Gal(@q / Lq) means that we have the field inclusions

Qg S LS Qg CQq

and [Lq: Qq] = (G, : Gg, N H) = (Gg : H) =[L : Q]; hence g is inert in L/Q.

Let £1 be a prime dividing N1, let L /Q be a Galois closure of L/Q, A a prime
of L above £; and I, the inertia group of A over Q. Since ged(|p(1y,)],n!) =1
and Gal(z /@) has order dividing n!, we get that the projection of p(/1) € p(Iy,)
into p(Gg)/p(Gy) is trivial. Thus, p(I1) € p(G7). Hence Z/@ is unramified
at £; and sois L/Q.

To sum up, we know that L can only be ramified at the primes dividing Ng¥.
But L cannot ramify at ¢ since Ly € Qgn (and Qgn is an unramified extension
of Qg). We just saw that L cannot ramify at the primes dividing N{. We also know
that L cannot be ramified at £ (see Proposition 3.4). Hence L only ramifies at the
primes dividing NV,. By the choice of ¢, it is completely split in L, and at the same
time inert in L. This shows L = Q and H = Gg. O



COMPATIBLE SYSTEMS OF SYMPLECTIC GALOIS REPRESENTATIONS 15

Now we can easily prove the main group theoretic result.

Proof of Theorem 1.5. Let G = Imp. Since G contains a transvection, one of the
following three possibilities holds (cf. Corollary 1.2):

(1) pisreducible.

(2) There exists an open subgroup H < Gq, say of index /# with n/h even, and a
representation p’ : H — GSp,, / 5 (F¢) such that p = Indg@ 0.

(3) The group generated by the transvections in G is conjugated (in GSp,,(F¢)) to
Sp,, (F¢r) for some exponent r.

By Lemma 3.1, G acts irreducibly on V'; hence the first possibility cannot occur.
By Lemma 3.7, the second possibility does not occur. Hence the third possibility
holds, and this finishes the proof of the theorem. O

Proof of Corollary 1.6. This follows from the main theorem of Part I [Arias-de-
Reyna et al. 2013] concerning the application to the inverse Galois problem. In
order to be able to apply it, there are two things to check: Firstly, we note that p,
is maximally induced of order p at the prime ¢. Secondly, the existence of a
transvection in the image of p) together with the special shape of the representation
at ¢ allow us to conclude from Theorem 1.5 that the image of p; is huge for all A | £,
where ¢ runs through the rational primes outside a density zero set. O

Acknowledgements

Arias-de-Reyna worked on this article as a fellow of the Alexander von Humboldt
Foundation. She thanks the Université du Luxembourg for its hospitality during a
long term visit in 2011. She was also partially supported by the project MTM2012-
33830 of the Ministerio de Economia y Competitividad of Spain. Dieulefait
was supported by the project MTM2012-33830 of the Ministerio de Economia
y Competitividad of Spain and by an ICREA Academia Research Prize. Wiese
was partially supported by the DFG collaborative research centre TRR 45, the
DFG priority program 1489 and the Fonds National de la Recherche Luxembourg
(INTER/DFG/12/10/COMFGREP). Arias-de-Reyna and Wiese thank the Centre de
Recerca Matematica for its support and hospitality during a long term visit in 2010.

The authors thank the anonymous referee for his suggestions on Section 2. Arias-
de-Reyna and Wiese thank Gunter Malle for his detailed explanations concerning
[Kantor 1979].

References

[Arias-de-Reyna et al. 2013] S. Arias-de-Reyna, L. V. Dieulefait, and G. Wiese, “Compatible sys-
tems of symplectic Galois representations and the inverse Galois problem, I: Images of projective
representations”, preprint, 2013. To appear in Trans. Amer. Math. Soc. arXiv 1203.6546


http://msp.org/idx/arx/1203.6546

16 SARA ARIAS-DE-REYNA, LUIS DIEULEFAIT AND GABOR WIESE

[Arias-de-Reyna et al. 2015] S. Arias-de-Reyna, L. V. Dieulefait, S. W. Shin, and G. Wiese, “Compat-
ible systems of symplectic Galois representations and the inverse Galois problem, III: Automorphic
construction of compatible systems with suitable local properties”, Math. Ann. 361:3-4 (2015),
909-925. MR 3319552 Zbl 06421505

[Artin 1957] E. Artin, Geometric algebra, Interscience, New York, 1957. MR 18,553e Zbl 0077.02101

[Curtis and Reiner 1981] C. W. Curtis and 1. Reiner, Methods of representation theory, I: With
applications to finite groups and orders, Wiley, New York, 1981. MR 82i:20001 Zbl 0469.20001

[Dieulefait and Wiese 2011] L. V. Dieulefait and G. Wiese, “On modular forms and the inverse Galois
problem”, Trans. Amer. Math. Soc. 363:9 (2011), 4569-4584. MR 2012k:11069 Zbl 1264.11045

[Guralnick and Saxl 2003] R. M. Guralnick and J. Saxl, “Generation of finite almost simple groups
by conjugates”, J. Algebra 268:2 (2003), 519-571. MR 2005f:20057 Zbl 1037.20016

[Kantor 1979] W. M. Kantor, “Subgroups of classical groups generated by long root elements”, Trans.
Amer. Math. Soc. 248:2 (1979), 347-379. MR 80g:20057 Zbl 0406.20040

[Khare et al. 2008] C. Khare, M. Larsen, and G. Savin, “Functoriality and the inverse Galois problem”,
Compos. Math. 144:3 (2008), 541-564. MR 2009m:11076 Zbl 1194.11062

[Serre 1977] 1.-P. Serre, Linear representations of finite groups, Graduate Texts in Mathematics 42,
Springer, New York, 1977. MR 56 #8675 Zbl 0355.20006

[Serre 1979] J.-P. Serre, Local fields, Graduate Texts in Mathematics 67, Springer, New York, 1979.
MR 82e:12016 Zbl 0423.12016

Received July 16, 2015.

SARA ARIAS-DE-REYNA

FACULTE DES SCIENCES, DE LA TECHNOLOGIE ET DE LA COMMUNICATION
UNIVERSITY OF LUXEMBOURG

6, RUE RICHARD COUDENHOVE-KALERGI

L-1359 LUXEMBOURG

LUXEMBOURG

sara.ariasdereyna@uni.lu

Luis DIEULEFAIT

DEPARTAMENT D’ ALGEBRA I GEOMETRIA, FACULTAT DE MATEMATIQUES
UNIVERSITAT DE BARCELONA

GRAN VIA DE LES CORTS CATALANES, 585

08007 BARCELONA

SPAIN

Idieulefait@ub.edu

GABOR WIESE

FACULTE DES SCIENCES, DE LA TECHNOLOGIE ET DE LA COMMUNICATION
UNIVERSITY OF LUXEMBOURG

6, RUE RICHARD COUDENHOVE-KALERGI

L-1359 LUXEMBOURG

LUXEMBOURG

gabor.wiese @uni.lu


http://dx.doi.org/10.1007/s00208-014-1091-x
http://dx.doi.org/10.1007/s00208-014-1091-x
http://dx.doi.org/10.1007/s00208-014-1091-x
http://msp.org/idx/mr/3319552
http://msp.org/idx/zbl/06421505
http://dx.doi.org/10.1002/9781118164518
http://msp.org/idx/mr/18,553e
http://msp.org/idx/zbl/0077.02101
http://msp.org/idx/mr/82i:20001
http://msp.org/idx/zbl/0469.20001
http://dx.doi.org/10.1090/S0002-9947-2011-05477-2
http://dx.doi.org/10.1090/S0002-9947-2011-05477-2
http://msp.org/idx/mr/2012k:11069
http://msp.org/idx/zbl/1264.11045
http://dx.doi.org/10.1016/S0021-8693(03)00182-0
http://dx.doi.org/10.1016/S0021-8693(03)00182-0
http://msp.org/idx/mr/2005f:20057
http://msp.org/idx/zbl/1037.20016
http://dx.doi.org/10.2307/1998972
http://msp.org/idx/mr/80g:20057
http://msp.org/idx/zbl/0406.20040
http://dx.doi.org/10.1112/S0010437X07003284
http://msp.org/idx/mr/2009m:11076
http://msp.org/idx/zbl/1194.11062
http://dx.doi.org/10.1007/978-1-4684-9458-7
http://msp.org/idx/mr/56:8675
http://msp.org/idx/zbl/0355.20006
http://dx.doi.org/10.1007/978-1-4757-5673-9
http://msp.org/idx/mr/82e:12016
http://msp.org/idx/zbl/0423.12016
mailto:sara.ariasdereyna@uni.lu
mailto:ldieulefait@ub.edu
mailto:gabor.wiese@uni.lu

PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA UNIV.
UNIV.
MATH. SCIENCES RESEARCH INSTITUTE UNIV.
UNIV.
UNIV.
UNIV.

KEIO UNIVERSITY

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY

UNIV.

OF BRITISH COLUMBIA

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, LOS ANGELES
OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

UNIV.

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

. OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2016 is US $440/year for the electronic version, and $600/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/

© 2016 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Morse area and Scharlemann—Thompson width for hyperbolic
3-manifolds

DI1ANE HOFFOSS and JOSEPH M AHER

Ricci tensor of real hypersurfaces
MAYUKO KON

Monotonicity formulae and vanishing theorems
JINTANG L1

Jet schemes of the closure of nilpotent orbits

ANNE MOREAU and RUPERT WEI TZE YU
Components of spaces of curves with constrained curvature on flat
surfaces

NicoLAU C. SALDANHA and PEDRO ZUHLKE
A note on minimal graphs over certain unbounded domains of
Hadamard manifolds

MIRIAM TELICHEVESKY

83

103

125

137

185

243



	1. Introduction
	2. Symplectic representations containing a transvection
	3. Symplectic representations with huge image
	Acknowledgements
	References
	
	

