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ON THE NUMBER OF LINES IN THE LIMIT SET
FOR DISCRETE SUBGROUPS OF PSL@3, C)

WALDEMAR BARRERA, ANGEL CANO AND JUAN NAVARRETE

Given a discrete subgroup G C PSL(3, C), acting on the complex projective
plane, [P’é, in the canonical way, we list all possible values for the number of
complex projective lines and for the maximum number of complex projective
lines lying in the complement of each of: the equicontinuity set of G, the
Kulkarni discontinuity region of G, and maximal open subsets of [P’é on which
G acts properly discontinuously.

1. Introduction

A classical result in the theory of Kleinian groups states that the limit set of an
infinite Kleinian group consists of one, two, or uncountably many points. If the
number of points in the limit set is smaller or equal to two then the Kleinian group
is called elementary. On the other hand, if the number of points in the limit set is
greater than two then the group is called nonelementary and its limit set is a perfect
set.

In this paper, we prove an analogous result for complex Kleinian groups acting
on [P’é. We recall that G C PSL(3, C) is a complex Kleinian group, whenever
there exists a G-invariant nonempty open set U C [I:Dé where G acts properly and
discontinuously.

There is no standard definition of limit set in the theory of complex Kleinian
groups, and we use the following three notions of limit set for a complex Kleinian
group: The Myrberg limit set [P’é \ Eq(G) (see Section 3A), the Kulkarni limit
set [P’é \ 2(G) (see Section 3B), and the complement of a maximal G-invariant
open subset of [P’é where G acts properly and discontinuously. In what follows,
we denote by Upax(G) any maximal open subset of [P’é where G acts properly and
discontinuously.

The main results in this paper are the following:
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Theorem 1.1. If G C PSL(3, C) is an infinite discrete subgroup and U is equal
to one of Eq(G), Q2(G), or Unax(G), then the number of complex projective lines
contained in [P’é \ U is equal to 1, 2, 3, or co. Moreover, if there are infinitely
many complex projective lines contained in [P’é \ U, then there exists a perfect set of
complex projective lines contained in [P’é \U.

Theorem 1.2. If G C PSL(3, C) is an infinite discrete subgroup and U is equal to
one of Eq(G), 2(G), or Unax (G), then the maximum number of complex projective
lines in general position contained in [P’é \U isequalto1,2,3,4,orco.

We begin our exposition with a brief section on projective geometry. The material
in this section is standard. Also, we set the notation we use throughout the paper.

In Section 3, we recall the definitions of equicontinuity set, Myrberg limit set,
Kulkarni limit set, and Kulkarni discontinuity region. Also, we include some useful
results such as Theorem 3.4 and Proposition 3.6. Finally, we recall the definition of
complex Kleinian group.

In Section 4, we use Segre’s embedding to prove that the set of effective lines is
closed in (I]j’é)*. Consequently, the union of all effective lines for a discrete group
G C PSL(3, C) is a closed set of IPé and this union is equal to the complement of
the equicontinuity set of G, except in one case; see Corollary 4.5. The existence of
loxodromic elements, whenever the limit set contains at least three lines in general
position, is proved in Proposition 4.10.

In Section 5, we include all results needed to prove the main Theorem 1.1. In
order to give a sketch of the proof of this theorem, and for the reader’s convenience,
we use the notation A(U) and u(U) to denote the number of complex projective
lines contained in [P’é \ U and the maximum number of complex projective lines
in general position contained in [P)é \ U, respectively. A sketch of the proof of
Theorem 1.1 is as follows:

Since G is an infinite group, u(U) > 1 (see the proof of [Cano et al. 2013,
Proposition 3.3.4]).

If w(U) <3 and A(U) < oo, then L(U) = u(U) (see Propositions 5.4 and 5.6).

If 1 <u(U) <3 and L(U) = oo, then there exists a perfect set of lines contained
in the complement of U (see Proposition 5.7).

If w(U) > 4, then the complement of U is the union of a perfect set of lines (see
Proposition 5.15).

In Section 6, we prove Theorem 1.2. The sketch of the proof is the following:
We assume that 4 < u(U) < oo and we find precisely two points called vertices
such that each one of these points lies in infinitely many lines contained in IP’Q% \U
(see Proposition 6.5). Moreover, if the line £ is contained in [P’é \ U and does not
pass through one of these vertices then its orbit contains infinitely many lines. Since
w(U) < oo, we obtain another vertex, contradicting Proposition 6.5.
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The last section contains examples showing all distinct possible values that A(U)
and u(U) can take.

2. Preliminaries and notation

We recall that the complex projective plane [P’é is defined as
P2 :=(C°\{0})/C",

where C* = C\ {0} acts on C3\ {0} by the usual scalar multiplication. This is a
compact connected complex 2-dimensional manifold. Let [ ]: C\ {0} — [P’é be the
quotient map. If 8 = {ey, e>, e3} is the standard basis of C3, we write [ej] =}, for
j=1,2,3,and if z = (21, 22, z3) € C?\ {0} then we write [z] = [z : 22 : z3]. Also,
L C [P’é is said to be a complex line if [¢]~! U {0} is a complex linear subspace of
dimension 2. Given two distinct points [z], [w] € P2, there is a unique complex
projective line passing through [z] and [w]; such a complex projective line is called
a line, for short, and it is denoted by [z], [w]. Consider the action of C* on GL(3, C)
given by the usual scalar multiplication. Then

PGL(3,C)=GL@3,0C)/C*

is a Lie group whose elements are called projective transformations. Now let
[1I:GL(3, C) — PGL(3, C) be the quotient map, g € PGL(3, C) and g € GL(3, C),
we say that g is a lift of g if [[g]] = g. One can show that PGL(3, C) is a Lie group
which acts transitively, effectively, and by biholomorphisms on [P’é via [gll([w]) =
[g(w)], where w € C?\ {0} and g € GL(3, C).

We could have considered the action of the cube roots of unity {1, w, w?} C C*
on SL(3, C) given by the usual scalar multiplication, in which case

PSL(3, C) =SL(3, C) /{1, », w*} ZPGL(3, C).

We denote by M3,3(C) the space of all 3 x 3 matrices with entries in C equipped
with the standard topology. The quotient space

SP(3, C) := (M3x3(C) \ {0}) /C*

is called the space of pseudoprojective maps of [P’é and it is naturally identified
with the projective space [P’é. Since GL(3, C) is an open, dense, C*-invariant
set of M3.3(C) \ {0}, we obtain that the space of pseudoprojective maps of [P’é
is a compactification of PGL(3, C) (or PSL(3, C)). As in the case of projective
maps, if s is an element in M3,3(C) \ {0}, then [s] denotes the equivalence class
of the matrix s in the space of pseudoprojective maps of [P’é. Also, we say that
s € M343(C) \ {0} is a lift of the pseudoprojective map S whenever [s] = S.
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Let S be an element in (M343(C)\{0}) /C* and s a lift to M343(C)\ {0} of S. The
matrix s induces a nonzero linear transformation s : C* — C>, which is not necessarily
invertible. Let Ker(s) C C? be its kernel and let Ker(S) denote its projectivization
to I]j’é, taking into account that Ker(S) := @ whenever Ker(s) = {(0, 0, 0)}.

3. Discontinuous actions on [P’é

Definition 3.1. Let G C PSL(3, C) be a discrete group. We say that G acts properly
and discontinuously on the open nonempty G-invariant set U C [P’é if and only if,
for each pair of compact subsets C, D C U, the set

{geG:g(C)ND # T}
is finite.
3A. The equicontinuity set.

Definition 3.2. The equicontinuity set for a family F of endomorphisms of P2,
denoted Eq(F) is defined as the set of points z € [P’é for which there is an open
neighborhood U of z such that { f|, : f € 7} is a normal family.

Definition 3.3. Let G C PSL(3, C) be a discrete group. If
G’ = {S is a pseudoprojective map of [P’é : § is a cluster point of G};
then the Myrberg limit set [1925] is defined as the set
Amye(G) = | Ker($).
SeG’
Myrberg [1925] shows that G acts properly and discontinuously on [P’é \ Amy:r (G).
Theorem 3.4 [Barrera et al. 2011a]. If G € PSL(3, C) is a discrete group, then:
(1) The group G acts properly and discontinuously on Eq(G).
(i1) The equicontinuity set of G satisfies:
Eq(G) = P2\ Amy(G)
(ii1) If U is an open G-invariant subset such that [P’é \ U contains at least three
complex lines in general position, then U C Eq(G).
3B. The Kulkarni discontinuity region.
Definition 3.5 [Kulkarni 1978]. If G C PSL(3, C) is a group, then:
» The set Lo(G) is the closure of the set of points in [I:'>C2 with infinite isotropy
group.

o The set L1(G) is the closure of the set of cluster points of the orbit Gz, where z
runs over [I:Dé \ Lo(G).
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e The set L,(G) is the closure of the set of cluster points of the family of
compact sets {g(K) : g € G}, where K runs over all the compact subsets of
P2\ (Lo(G) UL (G)).

The Kulkarni limit set of G is defined as
Aku(G) = Lo(G) U L1(G) U Ly (G).
The Kulkarni discontinuity region of G is defined as
Q(G) = PZ\ Aku(G).

Kulkarni [1978] proves that G acts properly and discontinuously on the set
Q(G). However, ©2(G) is not necessarily the maximal open subset of [P’é where
G acts properly and discontinuously. It is proved in [Barrera et al. 2011a] that
Eq(G) C Q(G) whenever G C PSL(3, C) is discrete.

Proposition 3.6. If H is a finite index subgroup of G C PSL(3, C), then
(1) Lo(H) = Lo(G),

(i) Li(H) = Li(G),

(i) Lo(H) = L2(G),

(iv) Axu(H) = Aku(G) and Q(H) =Q(G).

Proof. Let us assume that m =[G : H] and

m

G= U H)/,'.
i=1
(1) It is not hard to see that Ly(H) C Lo(G). Now, if x € I]J’é and |Isot(x, G)| = oo,
then there exists a sequence of distinct elements (g,) C G such that
gn(x)=x forallneN.
We can assume there exists 1 < ip < m such that
gn =hnyi, forallneN.

Hence, (h,) C H, where h, = hnhfl, is a sequence of distinct elements in A such
that i,,(x) = x for all n € N. Therefore x € Lo(H).

(i) It is not hard to check that L (H) C L(G). Conversely, if (g,) C G is a
sequence of distinct elements and x € [P’é \ Lo(G) = [P’é \ Lo(H), such that

gn(x) >z asn— oo,
then we can assume that

gn(x) =h,(y,(x)) >z asn— o0,
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where y;,(x) € P2\ Lo(G) = P2\ Lo(H). It follows that z € L (H).

(>iii) It is not hard to check that L,(H) C L,(G). Conversely, let us assume z is a
cluster point of the family
{gn(K):n €N},
where (g,) C G is a sequence of distinct elements and K C I]J’é \(Lo(G)UL{(G))=
IPé \ (Lo(H)U L{(H)) is a compact set. We can assume there exists 1 < iy <m
such that
gn =hyy, forallneN.

It follows that z is a cluster point of the family

{hn(vig(K)) :n € N},

where (h,) C H is a sequence of distinct elements and y;,(K) C [P’é \ (Lo(G) U
L1(G)) = [P’é \ (Lo(H)U L{(H)) is a compact set. Therefore z € Lo(H).

@iv) It follows from (i), (ii), and (iii). [l
Definition 3.7 [Cano et al. 2013]. We say that G C PSL(3, C) is a complex Kleinian

group if there exists a G -invariant nonempty open subset of [P’é where G acts properly
and discontinuously.

4. Some useful results

Definition 4.1. We say ¢ is an effective line for the discrete group G C PSL(3, C)
if there exists a pseudoprojective transformation S € G’ such that £ = Ker(S). The
set of effective lines for G is denoted by £(G), or simply £ when there is no danger
of confusion.

Proposition 4.2. If G C PSL(3, C) is a discrete group then £ is a closed subset of
([P’é)*, where (I]:"é)* denotes the space of complex projective lines in I]j’é.
Proof. We assume that (¢,) is a sequence in £ such that ¢, — ¢ as n — oco. For
each n € N, there exists S, € G’ € SP(3, C) such that £,, = Ker(S,,). Since SP(3, C)
is compact, we can assume that S, — S € SP(3, C) as n — oco. Moreover, S € G’
because G’ is closed.

In order to prove that £ = Ker(S) we use the Segre embedding:

¥ : P2 x P2 — SP(3,C)

no
Y], () = || v || =[(vit vat v3t)],
130
where H
v:(v1 V2 U3) and t=|n].



LINES IN THE LIMIT SET FOR DISCRETE SUBGROUPS OF PSL(3, C) 23

We notice that the image of ¢ is precisely the set of pseudoprojective transfor-
mations in SP(3, C) whose kernel is equal to one line. In fact, [v] can be identified
with Ker(y ([v], [¢])). Since i is continuous, it follows that 1//(|]3’é X [P’é) is compact
in SP(3, C), so it is closed. Therefore, Ker(S) is equal to one line.

Set ¥ ~1(S,) = ([va], [£,]), for each n € N, and ¥ ~1(S) = ([v], [¢]). Since
Yl (B2 x P2) — P2 x P2 is continuous, it follows that ¥ ~!(S,) — ¥ ~1(S)
as n — oo. Therefore [v,] — [v] as n — oo. In other words, £, — Ker(S). O

Corollary 4.3. If G € PSL(3, C) is a discrete subgroup then

Jecr?
le&
is a closed set.

Proof. If (x,) is a sequence of points in _J, . £ such that x, — x as n — oo, then
for each n € N there exists £,, € £ such that x,, € £,,. Since (I]:"é)* is compact and &
is closed, we can assume that £,, — £ € £ as n — oo. It follows that x € ¢ and

X € UE. |

The following lemma is a generalization of a classical result in Kleinian groups
theory. See, for example, [Maskit 1988, Proposition II.C.6].
Lemma 4.4. If g € PSL(3, C) is a complex homothety such that Axy(g) = ¢U{p}
and h € PSL(3, C) is a transformation such that h(£) = € and h(p) # p then the
subgroup (g, h) C PSL(3, C) is not discrete.

Proof. We can assume that £ = ¢, ¢; and p = e3. Then

a0 0 hiy hyz his
g=10a 0 |, whereO<|al<landh=|hy hy hx;
00 a2 0 0 hs;

are lifts of g and h respectively. Since h(p) # p, either hj3 # 0 or hy3 # 0.
By straightforward computations [g", /] is induced by the matrix:

1 0 (a* —1)hi3/h33
0 1 (a® — Dhas/h3;
00 1

It follows that the sequence of distinct elements [g", k] € (g, h) converges to the
transformation in PSL(3, C) induced by the matrix

10 —hi3/h33
01 —ho3/h33
00 1

Hence, (g, /) is not discrete. O
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Corollary 4.5. If G C PSL(3, C) is a discrete subgroup then Ay (G) and | g ¢
are equal except in the case when Any(G) is equal to a disjoint union of one line
and one point.

Proof. Clearly | J,ce € C Amyc(G).

If Amyc(G) is equal to one line, then G contains a parabolic element, hence
Amyr(G) C Upee €

If we assume that Ay (G) is not equal to one line and x € Ay (G) \ Uree €
then {x} = Ker(S) for some S € G'. It follows that Im(S) is an effective line by
[Barrera et al. 2011a, Lemma 3.2(ii)]. Thus, x does not lie on the line Im(S).
Hence, G contains a complex homothety with an isolated fixed point not lying in
the closed set | J,.¢ £. To see this, consider a “round” closed neighborhood U of x
disjoint from the closed set | J, ¢ £. Since S € G', there exists a sequence of distinct
elements g, € G such that g, — § uniformly on compact subsets of I]J’é \ Ker(S).
Now, by [loc. cit.] there exists a subsequence of g, denoted the same, such that
g, () = x as n — oo uniformly on compact subsets of I]j’é \ Im(S). For n large
enough, g ! sends U into its interior. It follows that g, is loxodromic, with a fixed
point in the interior of U. This g, is necessarily a complex homothety, because
otherwise U would intersect |,z £.

If Y ree £ 18 not equal to one line then there is an effective line, £y, different from
the fixed line of the complex homothety. We reach a contradiction because we can
iterate £( with respect to the complex homothety and obtain that its isolated fixed
point is in the closed set | ;¢ £.

If (e £ is equal to one line then, by hypothesis, there exists points y # x such
that y ¢ (J, ¢ €. It follows that there exist two distinct complex homotheties with
one common fixed line, so G is not discrete by Lemma 4.4. ([l

Notation 4.6. Let U C [P’é be an open set.
o The number of lines contained in [P’é \ U is denoted by A(U).

o The maximum number of lines in general position contained in [P’é \ U is
denoted by u(U).

There are examples of discrete groups G C PU(2, 1) € PSL(3, C) such that
Q(G) = Eq(G) = H2.

Thus, in this case, the set

UJe=ri\HZ

et

is big enough as to contain infinitely many lines which are not effective lines. On
the other hand, we have the following:

Remark 4.7. If G C PSL(3, C) is a discrete subgroup, then:
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(i) n(Eq(G)) =1 if and only if there is only one effective line for G.

(i) If we assume that Amy, (G) # [P’é then the maximum number of effective lines
for G in general position is equal to two if and only if w(Eq(G)) = 2. (It could
happen that Amy(G) = [P’é but the maximum number of effective lines in general
position is equal to two, for example in the double suspension of a Picard group.
See Example (iii) in Section 7B.)

(iii) If we assume that Any(G) # [P’é then the maximum number of effective lines
for G in general position is equal to three if and only if u(Eq(G)) = 3. (It could
happen that Amy(G) = IP’Q% but the maximum number of effective lines in general
position is equal to three, for example, in the suspension of a Picard group extended
by an infinite group. See Example (ii) in Section 7C)

Lemma 4.8. If G C PSL(3, C) is a subgroup, and there exists S € G' C SP(3, C)
such that Ker(S) is a line and Im(S) ¢ Ker(S), then G contains a loxodromic
element.

Proof. There exists a sequence of distinct elements g, € G such that g, — § as
n — 00, uniformly on compact subsets of [F"é \ Ker(S). In particular, if V C [P’é is
an open “ball” containing the point Im(S), such that V N Ker(S) = & then there
exists N > 0 such that n > N implies that g,(V) C V. Therefore, g, is loxodromic
for every n > N; see [Navarrete 2008, Definition 6.1]. ]

Lemma 4.9. If G C PSL(3, C) is a subgroup and there exists S, T € G' C SP(3, C)
such that Ker(S) and Ker(T) are lines, Im(T) ¢ Ker(S) and Im(S) ¢ Ker(T), then
G contains a loxodromic element.

Proof. Let (g,) and (h,) be sequences of distinct elements in G such that g, — S
and h, — T as n — oo. Then the sequence f, := g, o h, of elements of G satisfies
that f, > SoT asn — oo and Im(So T) = Im(S) ¢ Ker(T) = Ker(So T). It
follows from Lemma 4.8 that G contains a loxodromic element. O

Proposition 4.10. Let G C PSL(3, C) be a discrete subgroup and U # & be equal
to Eq(G), Q(G) or Unax(G). If w(U) = 3 then G contains a loxodromic element

Proof. The hypothesis £ (U) > 3 and Theorem 3.4(iii) imply that U = Eq(G).

By Corollary 4.5, Amy(G) = I]J’é \ Eq(G) # [P’é is the union of effective lines
for G. Therefore, there exist three pseudoprojective maps Sy, S», S3 € G’ C SP(3, C)
such that Ker(S;), Ker(S>), Ker(S3) are three lines in general position. If Im(S;) ¢
Ker(S;) for some 1 < j < 3 then Lemma 4.8 implies that G contains a loxodromic
element. Hence, we can assume that

Im(S;) € Ker(S)), Im(S$,) € Ker(S»), Im(S3) € Ker(S3).
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In this case, it is not hard to check that there exists i # j, 1 <i, j < 3, such that
Im(S;) ¢ Ker(S;) and Im(S;) ¢ Ker(S;). By Lemma 4.9, there exists a loxodromic
element. O

5. Counting lines

Definition 5.1. If p is a point and ¢ is a line such that p ¢ £, then there is a
projection from I]J’é \ {p} to £, denoted by

7T=ﬂp’giﬂ:°é\{p}—>£,
n(z):z(,_;)ﬂé.

Let G C PSL(3, C) be a group, and p € [P’(D2 a point such that Gp = p, then there
is a group morphism given by

M=TI,,:G — Bihol(0),
(g)(x) = 7 (g(x)).

Lemma 5.2. Let G C PSL(3, C) be a discrete subgroup. If V C I]J’é is an open
G-invariant set such that (V) = 2, then there is a point p € [P’é \'V such that
Gp = p.

Proof. Let L ={€ € (F3)* : ¢ C P2\ V}. Since (V) =2, it follows that (), £ is
equal to one point denoted p. If g € G then g(£) = L, so

g(p)=g(ﬂ£)=ﬂg(z>=ﬂe=p. O

Lel tel tel
Lemma 5.3. Let G C PSL(3, C) be a discrete subgroup and V C [P’é a G-invariant
open set such that Ly(G) C I]:Dé \V. If3<A(V) <ooand u(V) =2, then:
(1) If € is any line not containing the G fixed point, p, then I1, ((G) is finite.
(i) The normal subgroup Ker(I1) has finite index in G.

(iii) There exists hy € PSL(3, C) such that every element in hy Ker(IT) (ho) ™! of
infinite order has a lift to SL(3, C) of the form

150

010

001

(iv) If hg is as in (iii), then the set A consisting of all a’ € C*, such that there exists
g€hy Ker(l'[)hal with a lift of the form:

albec

0 a O],
0 0a
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is a finite subgroup of C*.
(v) There is a line £y such that Eq(G) = [P’é \ £o. Moreover, Lo(G) = {y.
(vi) The Kulkarni discontinuity region Q(G) is equal to IP’Q% \ £o = Eq(G).
Proof. Set L = {€ € (P})*: £ C B2\ V} and ng = |L|. Since (V) = 2 then every
line in £ passes through a point denoted by p, and Gp = p.

(i) Since {g(¢) : g € G, £ € L} = L, it follows that F := 7 ([J,c.(¢\ {p}) is a
[1(G)-invariant set whose cardinality is ng > 3. Thus

r= ﬂ Isot(x, [1(G))

xeF

is a normal subgroup of I1(G) with finite index. Moreover, every element in F is
fixed by I'. Since F contains more than three elements we conclude that I' = {Id}.
Therefore IT(G) is finite.

(i) The normal subgroup Ker(IT) has finite index because G/ Ker(IT) = I[1(G) is
finite.

(iii)) We can assume, by conjugating, that Ge; = e; and projection I1 = I1,, 52;.
If g € Ker(IT) then any lift for g in SL(3, C) has the form

a?bc
g=| 0 a 0], whereaeC* and b,c eC.
0 0a

If g is diagonalizable, then there are vy, v, € C3 such that {e1, v1, 12} is an
eigenbasis for g whose respective eigenvalues are {a~2 a,a}. Consequently,
m C Lo(g) C Lo(G) C [P’é \V and e; ¢ m, which contradicts the hypothesis
that (V') = 2. Therefore, g is not diagonalizable, which implies that a"?=a,so

g has a lift of the form

1bc
(D) g=|010], whereb,ceC.
001

We can assume that there is an element gg € Ker(IT) such that gy has a lift
go € SL(3, C) given by

2 80

Il
S O =
O = =
- O O
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If we assume that there is an element g; € Ker(IT) which has a lift g; € SL(3, C)
given as in (1) with ¢ # 0, then for every n € N,

1 b+n c
ga=[0 1 o0
0 0 1

By straightforward computations, we see that

€, =[e1],[0: —c:b+nl C Lo(glg1) C Lo(G) CPA\V.

Moreover, €, # £,, whenever n # m. Thus £ contains infinitely many lines, which
contradicts the hypothesis that A(V) < oo.

(iv) By straightforward computations, the set A is a subgroup of C*. By (iii), every
element in Ker(IT) is elliptic or parabolic. It follows that A C S'. Assume that A
is infinite; then there is a sequence a,31 C A of distinct elements such that a,i/ 251
as n — o0. Foreach n e N, let g, € Ker(IT) with a lift g, € SL(3, C) of the form

a, by, Cn
g.=10 an_l/2 0 , where b,, ¢, € C.
0 0 a'?
If go is as in (2), then
1a,7% 0 110
g l'goga=l0 1 o]->[o10
0 0 1 001

as n — 00, a contradiction to the hypothesis that G is discrete.

(v) Let H denote the finite index subgroup of i, Ker(IT)h, ! consisting of all
elements with a lift of the form

We can assume, by (iii), that each element of infinite order, # € H has a lift
h € SL(3, C) which is given by

h =

S O =
O =
- O O

It follows that Eq(H) = I]j’é \ e1, e3. Since H has finite index in h,, Ker(I)A; !,
Eq(hyGhy') = Eq(hy Ker(T)hg') = Eq(H) = P2\ &1, e3.
Finally, Lo(hy,Ghy') = Lo(hy Ker(T)hy') = Lo(H) = é1, e5.
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(vi) G acts properly and discontinuously on Eq(G) = [P’é \ £o. Since Ker(IT) has
finite index in G and every element of infinite order has canonical form as in (2),
we notice that G does not contain loxoparabolic elements. It follows by [Barrera
et al. 2014a, Theorem 1.2] that Q(G) = P2 \ £,. O

Proposition 5.4. Let G C PSL(3, C) be a discrete subgroup and U C [P’é be one of
Eq(G), Q2(G), or Unux(G). If n(U) =2 and L(U) < oo, then A(U) = 2.

Proof. If U is either Eq(G) or Q(G) and 2 < A(U) < o0, then by Lemma 5.3(v)
and (vi), Eq(G) = Q(G) = [P’é \ £ for some line £. Thus, u(U) =1 = AU), a
contradiction.

If U=Upa(G) and 2 < A(U) < oo then Ly(G) = [P’é \ Eq(G) by Lemma 5.3(v).
Since G acts properly and discontinuously on U, it follows that Lo(G) C [P’é \U.
Thus, U C Eq(G), so U =Eq(G) is the complement of one line in P2, a contradiction
of the hypothesis that ©(U) = 2. ]

Lemma 5.5. Let G C PSL(3, C) be a discrete group and V C I]j’é be an open
G-invariant set such that Lo(G) C [P’é \V. If u(V) =3 and 3 < A(V) < o0, then
there is a line £1 and p € I]:"é \ £1 such that

Eq(G) = P2\ (¢1U{p}) = P2\ Lo(G)
Proof. Let us assume that ng = A(V) > 3. If we define

L={Le @) LCPI\VY=1{l,..., 0,
then the group

no

Go = ﬂ Isot(¢;, G)
i=1

is a finite index normal subgroup of G. Since w(U) = 3 then, conjugating by a
projective transformation, we can assume that

<—> <—> <—>
£ =e, e, lr=e,e3, 3 =e3, €.

It follows that every element g € G has a lift g € SL(3, C) of the form

gn 0 O
g=\]10 g»n O |, wheregiigngs=1
0 0 g3

If ¢; is any line in £\ {€1, {2, £3} then e; € £; or es € {; or e3 € {;, because
u(V) = 3. We assume, without loss of generality, that e3 € ¢; for all lines ¢; in
L\{€1, £, L3}, Set [1=T11,, ¢, and & =7, ¢, and notice that 7w (e} ), 7w (e2), (£ \e3)
are three distinct fixed points in £ for the group I1(Gy), so I1(Go) = {Id}. Therefore,
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for each g € Gy, there is a nonzero complex number g§3 such that g € SL(3, C)
given by

g 0 0
g=|0 g3 0
0 0 g7
is a lift of g. We conclude that
Eq(G) =Eq(Go) = P2\ (¢; U{er}). O

Proposition 5.6. Let G C PSL(3, C) be a discrete subgroup and U C I]j’é be one of
Eq(G), Q(G), or Unax(G). If u(U) =3 and L(U) < oo then A(U) = 3.

Proof. Given that u(U) = 3, Theorem 3.4(iii) implies that U = Eq(G). If M(U) > 3
then applying Lemma 5.5, we obtain that ;£ (U) = 1, a contradiction to the hypothesis
that w(U) = 3. Therefore A(U) = 3. [l

Proposition 5.7. Let G C PSL(3, C) be a discrete subgroup and & # U C IP’Q% be
equal to on of Eq(G), Q(G), or Unax(G). If w(U) € {2, 3} and L(U) = 00, then
there is a perfect set of lines contained in Pé \ U, so there are uncountably many
lines contained in I]:Dé \U.

First, we consider the case when p(U) = 2. In this case, there exists a fixed point
of G corresponding to the intersection point of any two distinct lines contained in
[P’é \ U. We can assume that e3 is this fixed point. Hence every element g € G is
induced by a unique matrix of the form

g g2 0
3) g=1|81 820
g31 g3 1

IfwesetIl =1l & : G — Bihol(el,<—e;), then we consider the subcases
depending on whether IT(G) is not elementary or not discrete, elementary of two
limit points, elementary of one limit point, or finite. These subcases are considered
in Lemmas 5.8, 5.12, 5.13, and 5.14.

The subgroup Ker(IT) also plays an important role in the proof of Proposition 5.7
in the case when w(U) = 2, and we prove in Lemma 5.9 that Ker(IT) contains a
free abelian finite index subgroup H, consisting of all elements of infinite order and
the identity. Moreover, we prove in Lemma 5.10 that necessarily the rank of H is
smaller or equal to 2. This result is analogous to the first Bieberbach theorem with
the difference that H does not have maximal rank.

Lemma 5.8. Let G C PSL(3, C) be a discrete subgroup and & # U C [P’é be equal
to one of Eq(G), Q(G), or Unax(G). If un(U) =2, A(U) = 00, and T1(G) is not
elementary or not discrete then there is a perfect set of lines contained in [P’é \U.
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Proof. The action of IT(G) over the line el,<—e§ represents the action of the group
G on the full pencil of lines passing through the point e3. Since IT(G) is not
elementary or not discrete, we have that for any line ¢ passing through e3 (except
for a finite number of lines), the closure of the set {g(£) : g € G} contains a perfect
set of lines. Since A(U) = oo, there exists a line £ contained in I]J’é \ U such that

{g0):geGCPE\U
contains a perfect set of lines. O

Lemma 5.9. The set H C Ker(I1), consisting of all elements of infinite order and
the identity, is a free abelian finite index normal subgroup of Ker(I1). Moreover,
every element in H is induced by a matrix of the form

1 0 0
“4) k=10 1 0
h3; hy 1

Hence, H is isomorphic to a discrete subgroup of C2.

Proof. Let us assume that 4 € Ker(I) has infinite order and it is induced by a matrix
of the form

a 0 0
(5 h=] 0 a O
h31 h3 1

If |a| # 1 then & is a complex homothety and {e3} U ¢}, is the set of fixed points of #,
where ¢, is a line not passing through es. It is a contradiction of the hypothesis that
uw(U) =2. Hence |a| = 1.

If we assume that a # 1 then 4 is an elliptic element of infinite order, so G is
not discrete, contradiction. Therefore, @ = 1 and every element in H is induced by
a matrix of the form (4). It follows immediately that H is a free abelian normal
subgroup of Ker(IT).

If H = {Id} then Ker(IT) is a discrete subgroup and every element in Ker(IT)
has finite order. It follows that Ker(IT) is finite.

If H # {Id} then there exists 2 € H induced by a matrix of the form (4) where
(h31, h32) # (0, 0). If g € Ker(I) is induced by a matrix of the form

a 0 0
(6) g=10 a 0],
g3 g&n 1
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then g7"hg" € H is induced by a matrix of the form

1 0 O
7 h= 0 1 0
a”h31 anh32 1
It follows that H is a finite index subgroup of Ker(IT). Otherwise, there exists a
sequence of distinct elements of H tending to an element in PSL(3, C). ([

Lemma 5.10. Let H be as in Lemma 5.9. If H has rank at least 3, then H is not a
complex Kleinian group.

Proof. Let us assume that H contains the free abelian group generated by

1 00 1 00 1 00
hi=]10 10], h=10 1 0], h; =10 1 0],
ap by 1 a by 1 ay by 1

where {(a1, b1), (a2, b>), (a3, b3)} is an R-linearly independent set of vectors, and
{(ay, b1), (az, by)} is a C-linearly independent set of vectors.

Conjugating by an element in PGL(3, C), we can assume that (a;, b1) = (1, 0),
(az, b)) = (0, 1), and (as, b3) = (A, i), where A ¢ R.

If m, n, k are integers, not all zero, then the element

1 0 O
iRy RE = 0 1 0
n+kx m4+ku 1
has the property that
Ker(h'hiy h%) = Lo(hThy hY)
is the complex line in P2, passing through ez and defined by
{lz1:22: 23] € B2 (n+kA)zy + (m 4+ k) zo = 0.

Moreover, this complex line can be identified via dual vector with the point

[m4+kX:m+ku:O0].
Now, the set

{ln+kX:m+kp:0]:m,n,k are integers, not all zero}

is dense in the set {[A : B :0]: A, B € C not both zero} which is identified with the
set of all lines in [P’é passing through es.

Now, let us assume that H acts properly and discontinuously on the open set U C
I]J’é. Since, I]j’é \ U is a closed set containing every line of the form Ker(h'l‘hg’hg) =
Lo(h’l’hg’hg), for m,n, k € Z, not all zero, it follows that [P’é \ U contains the
complete pencil of lines passing through e3. Therefore, U = &. ]
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Lemma 5.11. Let H be a free abelian group of rank 2, as in Lemma 5.9, acting
properly and discontinuously on the open set U C [Fbé. If H is generated by
transformations h| and hy induced by the matrices

1 00 1 00
hl = O 1 O N h2= 0 1 0 5
aj bl 1 a) b2 1

and {(ay, by), (az, by)} is a basis of C? then I]Dé \ U contains a perfect set of lines.

Proof. As in the proof of Lemma 5.10, conjugating if needed, we can assume that
(a1, b1) = (1, 0) and (a2, b2) = (0, D).
If m, n are integers, not both zero, then the element

10
rh =0 1
n m

- O O

has the property that
Ker(h'h5') = Lo(h'[hY)

is the complex line in P2, passing through ez and defined by
{lz1:20: 231 € B2 i nzy +mzp =0},
Moreover, this complex line can be identified with the point

[n:m:0].
Now, the set

{[n :m :0]: m, n are integers, not both zero }

is dense in the set of lines {[A : B:0]: A, B € R not both zero } = [P’HIQ.

Since, [P’é \ U is a closed set containing every line of the form Ker(h}h%') =
Lo(h'{hYy), for m, n € Z, not both zero, it follows that [P’é \ U contains a circle of
lines passing through e3. ([

Lemma 5.12. Let G C PSL(3, C) be a discrete subgroup and & # U C I]j’é be equal
to one of Eq(G), Q(G), or Unax(G). If w(U) = 2 and T1(G) is elementary with
two limit points, then A(U) = 2 or there exists a perfect set of lines contained in
P2\ U.

C

Proof. Since I1(G) is elementary with two limit points, there exists a G-invariant
. . <« <«

set of two lines passing through e3; we can assume that ey, e3 and e, e3 are these

two lines. Moreover, we can assume that each one of these lines is G-invariant
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(up to a finite index subgroup). It follows that every element in G is induced by a
matrix of the form

gnu 0 0
(8) 0 g2 0
g3 g 1

By Lemma 5.10, H has rank at most 2, and we consider the cases according to
the rank of this group. If the rank of H is 2 and we assume that the hypotheses of
Lemma 5.11 are satisfied, then [P’é \ U contains a perfect set of lines. Hence, we
can assume that the rank of H is 2 and H is generated by two elements A and A5,
induced by the matrices

1 00 1 0 0
hi=10 10}, h=10 1 0],
aj b] 1 wdaq a)b1 1

where w € C\ R.

Since I1(G) is elementary with two limit points, there exists an element g € G
induced by a matrix of the form (8) where |g1| # |g22]-

Since g~'hg € H, it follows that

9) (gual,gggbl):m(al,b1)+na)(a1,b1), for some m,n € Z.
If aj # 0 # by then, by (9),
guu=m-+nw=gn,

a contradiction. Hence, a; =0 or b; =0.

We can assume that a; = 0; then for every g1, g0 € G we have [g;, g»] € H, and
by a straightforward computation, we can conjugate G so that every element in this
conjugate group is induced by a matrix of the form

gnu 0 O
0 g2 0
0 g»nl

Moreover, G contains a finite index abelian subgroup, G, generated by the elements

100 1 0 0 00
010], 0 1 07, 0101,
0b 1 0 wby 1 0yl

where by € C\ {0}, w € C\ R and || < 1. It follows that Eq(G) = Eq(Gg) =
P2\ (é1, €3 Uy, €3). Therefore, A(Eq(G)) = A(Eq(Go)) = 2.

If U is an open set where G acts properly and discontinuously, then el,<_e§ =
Lo(Gy) C [P’é \ U. If u(U) =2, there exists another line £ passing through e3 such
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that £ C [P’é \ U. By hypothesis, I1(G) is an elementary group of two limit points,
it follows that >, e3 C G - £ C [P’é \ U. Hence,

(10) U C P2\ (1, e3Ués, e3) = Eq(G).
In the case when U = Q(G), it is known that Eq(G) C 2(G) = U; hence
U=P2\(e1,e3Uey, €3).

Therefore, A(U) = 2.

In the case when U = Upx(G), it follows from (10) that U = Eq(G), and
AU) =2.

The case when H has rank one is analogous and we omit it. Finally, when
H = {Id}, the group is a finite extension of a cyclic group generated by a loxo-
dromic element. It follows that Eq(G) = Q(G) is the complement of two lines
in I]:Dé. On the other hand, every maximal open set, U, where the action of G is
properly discontinuous, is equal to the complement of one line and one point or the
complement of one single line. ([

Lemma 5.13. Let G C PSL(3, C) be a discrete subgroup and @ # U C [P’é be
equal to one of Eq(G), Q(G), or Unax (G). If u(U) =2, A(U) = oo, and T1(G) is
elementary with one limit point, then there exists a perfect set of lines contained in
P2\ U.
Proof. Since T1(G) is elementary with one fixed point, we can assume that 62,<—€§
is a G-invariant line, and every element in G is induced by a unique matrix of the
form

gn 0 0
(11) g21 &1 0

g3 &» 1

Now, the rank of the finite index abelian subgroup H C Ker(IT) (see Lemmas 5.9
and 5.10) is at most 2.

If the rank of H is at most 2 and the hypotheses of Lemma 5.11 are not satisfied,
then we can assume, conjugating with the appropriate matrix, that every element of
H is induced by a matrix of the form

1 00
(12) 010
h3 01

(Alternatively, it can be of the form

(=i
- O
- O O
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but the proof is analogous.) It follows that H acts properly and discontinuously on
[P’é \227;, so Ker(IT) acts properly and discontinuously on [P’é \ ez,(—eg.

Now, we prove that G acts properly and discontinuously on [P’é \ e(z,—e;. Let (g,)
be a sequence of distinct elements of G such that g, (C)N D # & for some compact
subsets C, D C I]J’é \ ez,(_>e3. Since I1(G) is elementary with one limit point, we can
assume that I[1(g,) = I1(g;) for every n € N, so gflgn € Ker(IT) for every n € N.
It follows that

gle,(O)ngr (D) #2,

contradicting the fact that Ker(IT) acts properly and discontinuously on [P’é \ ez,<—e§.

It follows, by [Barrera et al. 2014a, Theorem 1.2], that A(U) < 2, a contradiction.
Hence, the rank of H is equal to 2 and hypotheses of Lemma 5.11 are satisfied.
Therefore, [I:Dé \ U contains a perfect set of lines. (|

Lemma 5.14. Let G C PSL(3, C) be a discrete subgroup and & # U C [P’é be equal
to one of Eq(G), Q(G), or Unax(G). If w(U) = 2 and T1(G) is finite, then there
exists a perfect set of lines contained in [P’é \U.

Proof. Since IT1(G) is finite, it follows that Ker(IT) has finite index in G. By
Lemma 5.9, H has finite index in G. Thus,

Q(G) =Q(H) =Eq(H) = Eq(G)

By Lemma 5.10, H has rank at most 2. First, we assume that H has rank 1. Then
w(QH)) = nw(Eq(H)) =1, and Q(H) is a maximal open subset where G acts
properly and discontinuously, contradicting the hypothesis p(U) = 2. Therefore,
H has rank 2.

In the case when H does not satisfy the hypotheses of Lemma 5.11, Q(H) =
Eq(H) is the complement of one line in ?2, and again 2 (H) is a maximal open set
where G acts properly and discontinuously, contradicting the hypothesis w(U) = 2.

It follows that H has rank 2, and it satisfies the hypotheses of Lemma 5.11.
Therefore, [Fbé \ U contains a perfect set of lines. (]

Proof of Proposition 5.7. If u(U) = 2 then the result is obtained by applying
Lemmas 5.8, 5.12, 5.13, and 5.14.

Now, we consider the case when u(U) =3 and A(U) = oo; then there exists a
point p and a line ¢ not passing through p suchthat G- p=pand G-£ =¢. We
can assume that p = e3 and £ = el,(—ez, so every element g € G is induced by a
matrix of the form

g g2 0

(13) g=181 82 0
0 0 g33



LINES IN THE LIMIT SET FOR DISCRETE SUBGROUPS OF PSL(3, C) 37

Since w(U) = 3, by Theorem 3.4(iii), we obtain U C Eq(G). It follows that
U =Eq(G),

whenever U is a maximal open set where G acts properly and discontinuously or
U is Kulkarni domain of discontinuity. Hence, it suffices to prove Proposition 5.7
for U = Eq(G).

If we set, as before, I1 =Il,, &2 : G — Bihol(m), then we consider the
subcases depending on whether I1(G) is not elementary or not discrete, elementary
with two limit points, elementary with one limit point, or finite.

In the case when I1(G) is not elementary or not discrete, one can prove that
there exists a perfect set of lines contained in [P’é \ U as in the proof of Lemma 5.8.

In the case when I[1(G) is finite, Ker(I1) is a finite index subgroup of G, then

Eq(G) = Eq(Ker(IT)).

Since every element in Ker(IT) is induced by a matrix of the form

gn 0 O
0 gn O],
0 0 gs3

it follows that [P’é \Eq(G) = [P’é \ Eq(Ker(IT)) is at most é],—)eg U {es}, contradicting
the hypothesis. Therefore, [1(G) cannot be finite.

If [1(G) is Euclidean —i.e., elementary with one limit point — then there exists a
finite index subgroup of G such that every element of this subgroup can be induced
by a matrix of the form

1 g2 O
01 O
0 0 gs3

It follows that A(Eq(G)) <2, contradicting the hypothesis. Therefore, [1(G) cannot
be Euclidean.

If [1(G) is a two limit points elementary group, then there exists a finite index
subgroup of G such that every element of this subgroup can be induced by a matrix
of the form

gn 0 O
0 g» 0
0 0 g3

It follows that A(Eq(G)) < 3, contradicting the hypothesis. Therefore, [1(G) cannot
be elementary with two limit points. ([

Some examples of groups as in the statement of Proposition 5.7 are given in
Sections 7B and 7C.
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Proposition 5.15. Let G C PSL(3, C) be a discrete subgroup and U C [F"é be equal
to one of Eq(G), Q(G), or Unax(G). If u(U) > 4 then AM(U) = co. Moreover
[P’é \ U is the union of a perfect set of lines, so there are uncountably many lines
contained in [P)é \ U.

Proof. If U = Q(G) then U = Eq(G), by [Barrera et al. 2011a, Theorem 3.6]. If
U = Unax(G). Thus, U = Eq(G) by maximality. Hence, it suffices to prove the
statement for U = Eq(G). If Amy(G) = [P’é \Eq(G) = [P’é then there is nothing to
prove, so we assume Awy(G) # I]:Dé.

Finally, we prove that £(G) is a perfect set. By Proposition 4.2, £(G) is closed.
Moreover, if £ is an effective line for G, then £ = Ker(S) for some S € G’ so it
follows from in [op. cit., Lemma 3.2(3)] that there is a sequence of distinct effective
lines accumulating at £ (because the maximum number of effective lines for G is at
least 4, by Remark 4.7). O

Proof of Theorem 1.1. First of all, A(U) > 1 because the complement of an open
subset of [P’é, where the infinite discrete group G C PSL(3, C) acts properly and
discontinuously, always contains a line.

e If w(U) =1 then A(U) = 1.

o If u(U) = 2 then there are two subcases depending on whether A(U) < oo
or M(U) =o0. If A(U) < oo then L(U) =2, by Proposition 5.4. In the other
case, A(U) = oo and Proposition 5.7 implies that there exists a perfect set of
lines contained in IP’Q% \U.

o If u(U) = 3 then there are two subcases depending on whether A(U) < oo
or M(U) =o0. If A(U) < oo then L(U) = 3, by Proposition 5.6. In the other
case, by Proposition 5.7, there is a perfect set of lines contained in [P’é \U.

o If w(U) > 4 then Proposition 5.15 implies that A(U) = oo and [P’é \ U is the
union of a perfect set of lines. U
6. Proof of Theorem 1.2

Lemma 6.1. Let G C PSL(3, C) be a discrete subgroup and ¢ a G-invariant line
such that the action of G restricted to £ is trivial, then:

(1) If there is an element in G with infinite order and a diagonalizable lift, then G
is conjugate to a subgroup of PSL(3, C) such that every element has a lift to
SL(3, C) of the form

,  wherea € C*.

S O _
S O
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(1) If G does not contain an element with infinite order and diagonalizable lift,
then G is conjugate to a subgroup of PSL(3, C) such that every element has a
lift to SL(3, C) of the form

a0 b
Oa c |, wherela|=1.
00a?

Proof. (1) After conjugating with a projective transformation, we can assume that
{ = ey, €5 and there exists gg € G with a lift gg € SL(3, C) of the form

ap 0 0
0 ap 0 |, where]ag| <1.
0 0 a?

On the other hand, each element g € G has a lift g € SL(3, C) of the form

gu 0 g3
(14) 0 g g2
0 0 g

If g13 # 0 or gr3 # 0 for some g € G, then Lemma 4.4 implies that G is not discrete.
Therefore, g3 =0 = go3 for every g € G.

(ii) As before, we can assume that every g € G has a lift g € SL(3, C) as in (14). If
for some g € G we assume that |g((| # 1, then g1 # gl_l2 and g is diagonalizable,
so we have a contradiction. O

Proposition 6.2. Let G C PSL(3, C) be an infinite discrete subgroup and ¢ a
G-invariant line such that G acts trivially on £, then there exists a point p such that

Eq(G) =£U{p}.

Proof. By Lemma 6.1 we have two cases according to whether there is an element
in G of infinite order with a diagonalizable lift or there is not such an element in G.
In the first case, Eq(G) = £U{p} where p is the isolated fixed point of any element
in G of infinite order. In the second case, Eq(G) = £. [l

Lemma 6.3. Let G C PSL(3, C) be a discrete subgroup such that each element
g € G has a lift g € SL(3, C) of the form

gn 0 O
0 g2 g2
0 g3 g33
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Then the maximum number of effective lines for G in general position is at most 3.
In particular, if Amy(G) # P2, then

w(Eq(G)) < 3.

Proof. If (g,) C G is a sequence of distinct elements in G such that g, — S in
SP(3, C) as n — oo, then § is induced by a matrix of the form

S11 0 O
0 7& s = 0 $22 8§23
0 s3 533
Since G is discrete,

511(522833 — $23832) = 0.

Hence, Ker(S) is equal to the point ey, a line passing through e, the line e;, e3, or
a point in ey, e3. O

Definition 6.4. If U C I]J’é is an open set and L is a set of lines in general position
contained in I]j’é \ U, then we say the point v € IP’Q% \ U is a vertex for U and L
whenever:

 There are infinitely many lines contained in [P’é \ U passing through v.

o There exist two distinct lines £1, £, in £ passing through v.

Proposition 6.5. Let G C PSL(3, C) be a discrete group and U C IPE be one of
Eq(G), Q(G), or Unax(G). If 4 < u(U) < oo then, for each set L consisting of
lines in general position contained in [P’é \ U such that |L| = u(U):

(1) There are precisely two vertices for U and L.

(i1) If ¢ is a line not containing vertices for U, then the G-orbit of £ is infinite.

Proof. 1f U is equal to Q(G) or Unax(G), then the hypothesis u(U) > 4 and
Theorem 3.4(iii) imply that U = Eq(G). Hence it suffices to prove the lemma in
the case U = Eq(G).

(i) Since |£] = u(U) < oo, every line contained in [F"é \ U passes through an
intersection point of lines in £. By Proposition 5.15, A(U) = oco. Hence, there
exists at least one vertex for U and L.
Given that u(U) < 00, the set of vertices for U and L is finite and it is G-invariant.
It follows that the isotropy subgroup of any vertex for U and L has finite index in G.
Since u(U) > 4, [P’é \ U is a union of lines (see Corollary 4.5). If we assume
that there is only one vertex for U and £ then

- (49(U)

leB le A
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where B is the closed set of lines contained in [P’é \ U passing through the vertex,
and A is the set of lines contained in [P’é \ U not passing through the vertex.

Since there is only one vertex, the G-invariant set .4 contains finitely many lines.
If £y € A then the subgroup Gy = Isot({y, G) has finite index in G, so the open set
Up =PZ\ (Upes €) Uto) is Go-invariant. It follows from Theorem 3.4 iii) that

Uop C Eq(Go) = Eq(G).

Thus, 3 = u(Uy) = w(Eq(G)) > 4, a contradiction. Therefore, there exist at least
two vertices for U and L.

If we assume that the vertices for U and £ do not lie on a line, then there are three
vertices of U and £ in general position. Moreover, we can assume that {ey, e», e3}
are those vertices. Thus every element in the finite index subgroup

3
Gy =(")Isot(e;, G) C G
j=1

is induced by a diagonal matrix. It follows from Lemma 6.3 that

3> u(Eq(G1)) = n(Eq(G)) = 4,

a contradiction. Therefore, the vertices for U and L lie in a complex line.

If we assume that there are more than two vertices for U and £ then there exist
three distinct vertices, vy, va, v3 for U and £ contained in a line £. The finite index
subgroup

3
Gy =()Isot(v;, G) C G
j=1

fixes three distinct points in the line £, so it acts trivially on £. It follows from
Proposition 6.2 that

n(Eq(G1)) =1,

contradicting the fact that Eq(G;) = Eq(G) and w(Eq(G)) > 4. Therefore, there
are precisely two vertices for U and L.

(i1) If we assume there exists a line £( with finite G-orbit and not passing through
any vertex vy or vy for U, then

G, =Isot(£y, G) NIsot(vy, G) NIsot(vy, G)
is a finite index subgroup of G fixing the points

<—>
v, v2, o Ny, 2.
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Thus, G, acts trivially on vy, v, so Eq(G) = Eq(G») is the complement of the
union of a line and a point (by Proposition 6.2), contradicting the hypothesis that
W(EQ(G)) > 4. 0

Proof of Theorem 1.2. On the contrary, let us assume that 4 < w(U) < oo. Then
there is a finite set of lines in general position, £, such that £ C [P’é \ U for every
L e L,and |£| = u(U). By Proposition 6.5(i), there are precisely two vertices for
U and L. Let us denote by v; and v, these two vertices. Since u(U) > 4, there
is a line in £ not passing through v; nor v;. By Proposition 6.5(ii), this line has
infinite G-orbit, then there is another vertex for U and £ distinct from vy, v, a
contradiction. Therefore, w(U) is equal to 1, 2, 3, 4, or co. In Sections 7A to 7E
we give examples of infinite discrete subgroups G C PSL(3, C) with corresponding
open sets U satisfying u(U) € {1, 2, 3, 4, oo}. O

7. Examples

7A. One line complex Kleinian groups. (i) Suppose that G is the cyclic subgroup
of PSL(3, C) generated by a complex homothety gy induced by a matrix of the
form

a0 O
Oa 0 |, whereO<la|<1.
00a?

Then
Q(G) =Eq(G) = P2\ (1, €2 U {e3})

is the maximal open subset of [P’é where G acts properly and discontinuously. Hence
we have the table:

Q(G) Eq(G) Umax(G)

A 1 1 1
" 1 1 1

(i) If G € PGL(3, C) is the cyclic group generated by the loxoparabolic element
induced by the matrix

0a O], O<lal<l,

then
Q(G) =P2\ (é1, &2 Uy, e3) = Eq(G)

However, G acts properly and discontinuously on [P’é \ e1, e2; see [Barrera et al.
2014a, Example 2.3]. Moreover, Upax = [P’é \ e1, €7 is the maximal open subset of
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[P’é where G acts properly and discontinuously. Hence we have the table:

Q(G) Eq(G) Unax(G)

A 2 2 1
" 2 2 1

(iii) The abelian group G, generated by two projective transformations induced by
the matrices in GL(3, C)

101 101
0a0 and 010], whereO<lal<l,
001 001

satisfies the property that
QG =P2\ér e

is the maximal open subset of P2, where G acts properly and discontinuously. On
the other hand,

Eq(G) =P\ (¢1, e2Uey, €3),

and we have the table:

Q(G) Eq(G) Umax(G)

A 1 2 1
% 1 2 1

Those subgroups of PGL(3, C) whose Kulkarni limit set is equal to one line are
classified in [Barrera et al. 2014a, Theorem 1.1].

If Aku(G) is equal to one line then 2(G) is a maximal open subset of [P’é where
G acts properly and discontinuously. (If an infinite subgroup G C PGL(3, C) acts
properly and discontinuously on the open set U C [I:"C2 then A(U) > 1.)

Conversely, if [P’é \ £ is maximal open set where G acts properly and discontin-
uously, then Ay (G) is equal to one line, except in the case when G contains a
cyclic subgroup of finite index generated by a loxoparabolic element; see [op. cit.,
Theorem 1.2].

In the case when Awmy(G) is equal to one line, £, then G does not contain
loxoparabolic elements and it acts properly and discontinuously on [P’é \ £, then
Axu(G) = £ by the same theorem.

7B. Two line complex Kleinian groups. In this section we give some examples of
complex Kleinian groups such that ;£ (2(G)) =2, n(Eq(G)) =2, or u(Unmax(G)) =2.
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(i) If g € PGL(3, C) is an element induced by a matrix of the form

gn 0 O
g=10 g»n 0|, wherel|gnl|<I|gxnl|<Ig3sl
0 0 gs3

then the cyclic group G = (g) satisfies
Q(G) =P\ (1, 2U&5, ¢3) =Eq(G).

On the other hand, U (G) = I]J’é \ (e1, €3 U{es}) is a maximal open set where G
acts properly and discontinuously. Thus we have:

Q(G) Eq(G) Umax(G)

A 2 2 1
» 2 2 1

(i) Let G C PSL(3, C) be the group induced by matrices of the form:
1 mn
010]), wherem,neZ.
001

This group contains only parabolic elements (except for the identity) and satisfies
that U = Q(G) = Eq(G) is the maximal open set where G acts properly and
discontinuously. Moreover, we have:

Q(G) Eq(G) Umax(G)

A 00 00 00
% 2 2 2

(iii) The double suspension construction. Given a subgroup G C PSL(2, C) we can
construct a new group G C PSL(3, C), called the double suspension of G, acting on
[P’é in such way that the restriction of this action to the line at infinity is the action
of (} on [P’é = §2 See [Navarrete 2008; Seade and Verjovsky 2001]. The elements
in G are represented by all matrices of the form

0
0], where (Ccl Z) € SL(2, C) induces an element in G.
1

[ IES TN

a
c
0

In other words, G is a double covering of G. Moreover, when G is a classical
Kleinian group with limit set L(G), then Agy(G) = Amy:(G) is equal to the
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complex cone with vertex e3 and base L(G) (considered as a subset of the line at
s
infinity ey, €;). In symbols,

Aku(G) = Ayr(G) = | ] é5. 7.
xeL(G)

If G is a nonelementary classical Kleinian group, then Q(G) is the maximal
open subset of IP’Q% where G acts properly and discontinuously. Thus:

Q(G) Eq(G) Unu(G)

A 00 00 00
% 2 2 2

7C. Three line complex Kleinian groups. (i) Let G be the group generated by
A, B € PSL(3, C) where A and B are induced by the matrices

1/200 001
A= 0 10)], B=|100
0 02 010

Then

Q(G) =P\ (e1, e2Uer, 3 Ues, €1) = Eq(G)

is a maximal open subset of I]J’é where G acts properly and discontinuously; see
[Barrera et al. 2011a, Example 4.3]. It follows that:

Q(G) Eq(G) Umx(G)

Y 3 3 3
" 3 3 3

(i1) [Cano et al. 2013, Subsection 5.5.1] If G C PSL(2, C) is a Kleinian group and
D c C* a discrete subgroup, then the suspension of G extended by the group D,
denoted by Susp(G, D) is the group generated by the double suspension and all the
elements in PSL(3, C) induced by diagonal matrices of the form:

d0 0
0d 0 |, wheredeD.
00 d?

In the case when G C PSL(2, C) is a nonelementary Kleinian group and D C C*
is an infinite discrete subgroup,

Akui(Susp(G, D)) = &1, e2U ( U fc—é) = Awmyr(Susp(G, D)),
xeL(G)
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and 2 (Susp(G, D)) = Eq(Susp(G, D)) is the maximal open subset of [P’é where
Susp(G, D) acts properly discontinuously. Therefore:

2(Susp(G, D)) Eq(Susp(G,D)) Umax(Susp(G, D))

A 00 00 o)
7 3 3 3

7D. Four line complex Kleinian groups. See [Barrera et al. 2011b].
An element A € SL(2, Z), is called a hyperbolic toral automorphism if none of
its eigenvalues lie on the unit circle. Any subgroup of PSL(3, C) conjugate to the

group
AF b
Gys= 0 1 cbeMQ2x1,72), keZy,

where A € SL(2, Z) is a hyperbolic toral automorphism, is called a hyperbolic toral
group.

Theorem 7.1 [Barrera et al. 2011b]. Let G C PSL(3, C) be a discrete group. The
maximum number of complex lines in general position contained in Kulkarni’s limit
set is equal to four if and only if G contains a hyperbolic toral group whose index is
at most eight.

Furthermore, it is proved that 2 (G) = Eq(G). However Q2 (G) is not the maximal
open subset of IP’Q% where G acts properly and discontinuously. It can be shown that
there exist two open maximal sets UIEQX, UIE?JX C [P’é where G acts properly and
discontinuously.

For the reader’s convenience, we give a brief outline of the proof that the group
G 4 has the properties mentioned above. Let A € SL(2, Z) be a hyperbolic toral

automorphism. We define

T=(*%). wherer=('") withu.veR—0.
01 v 1

Hence the group Gy =TGsT s equal to

o 0 kyo+Ixg
0 a™ kxo+Izo
0 O 1
where k, [, n € Z and
Xp = _1, YO:L7 20 = .
uv—1 uv—1 uv—1

By straightforward computations, the Kulkarni limit set is

el,e2UUe1,[O:r:I]Uez,[r:O:1]

reR
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It is not hard to check that the set of vertices is {e;, e>} and M(G A) = 4, which
implies that €2(G 4) = Eq(G 4). The group G 4 acts properly and discontinuously
on Uéfgx(GA) = [P’é —C;, i =1,2, where

C1=61,62UU61,[0:}’:1] and C2=€1,82UU62,[I’2021]

relR reR

are maximal regions where the group G 4 acts properly and discontinuously. In
summary, we have the following table:

Q(G) Eq(G) USK(G) USK(G)

A 00 o) 00 o0
uw 4 4 2 2

7E. Complex Kleinian groups with infinitely many lines. (i) If G C PU(2, 1)
then it is proved in [Navarrete 2006] that

Aka(G) = | €,

zeL(G)

where L(G) C dHZ = S3 denotes the Chen—Greenberg limit set of G considered as
acting on IH](% by holomorphic isometries, and £, is the only tangent line to E)IH](% at z.
The Kulkarni region of discontinuity, €2(G), is the maximal open subset where G
acts properly and discontinuously, whenever A(€2(G)) > 2. Moreover, it is proved
in [Cano and Seade 2010] that

Avyp(G) = | €.

zeL(G)
In the case when G satisfies L(G) = 8|]-|]%,
Q(G) =H2 =Eq(G)

is the maximal open subset where G acts properly and discontinuously. Thus we
have the table:

Q(G) Eq(G) Umax(G)

A 00 00 00

7 o0 o0 o0

If G C PU(2, 1) satisfies the property that L(G) is an R-circle, then we have the
same table as above; see [Cano et al. > 2016].

(ii) In [Barrera et al. 2014b], it is shown that a family of complex Kleinian groups
G, C PSL(3, R) exists, such that for all n € N, G, is a free group, not conjugate in
PSL(3, C) to any subgroup of PU(2, 1). G, has no invariant lines nor fixed points.
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The Kulkarni limit set Agy(G,) contains at least five complex projective lines in
general position. Hence it contains infinitely many complex projective lines in
general position. Moreover, Q(G,) = Eq(G,) is the maximal open subset of P2,
where G, acts properly and discontinuously. Thus we have the table:

Q(Gn) Eq(Gy) Umax(Gn)

A 00 00 00
7 00 00 00
References

[Barrera et al. 2011a] W. Barrera, A. Cano, and J. P. Navarrete, “The limit set of discrete subgroups
of PSL(3, C)”, Math. Proc. Cambridge Philos. Soc. 150:1 (2011), 129-146. MR 2012b:32037
7Zbl 1214.30032

[Barrera et al. 2011b] W. Barrera, A. Cano, and J. P. Navarrete, “Subgroups of PSL(3, C) with four
lines in general position in its limit set”, Conform. Geom. Dyn. 15 (2011), 160-176. MR 2012i:37067
7Zbl 1252.37038

[Barrera et al. 2014a] W. Barrera, A. Cano, and J. P. Navarrete, “One line complex Kleinian groups”,
Pacific J. Math. 272:2 (2014), 275-303. MR 3284888 Zbl 06406046

[Barrera et al. 2014b] W. Barrera, A. Cano, and J. P. Navarrete, “Pappus’ theorem and a construction
of complex Kleinian groups with rich dynamics”, Bull. Braz. Math. Soc. (N.S.) 45:1 (2014), 25-52.
MR 3194081 Zbl 06307360

[Cano and Seade 2010] A. Cano and J. Seade, “On the equicontinuity region of discrete subgroups of
PU(, n)”, J. Geom. Anal. 20:2 (2010), 291-305. MR 2011¢:32045 Zbl 1218.37059

[Cano et al. 2013] A. Cano, J. P. Navarrete, and J. Seade, Complex Kleinian groups, Progress in
Mathematics 303, Birkhiuser, Basel, 2013. MR 2985759 Zbl 1267.30001

[Cano et al. > 2016] A. Cano, J. Parker, and J. Seade, “Actions of R-Fuchsian groups on Ccp2»,
preprint. To appear in Asian J. Math.

[Kulkarni 1978] R. S. Kulkarni, “Groups with domains of discontinuity”’, Math. Ann. 237:3 (1978),
253-272. MR 81m:30046 Zbl 0369.20028

[Maskit 1988] B. Maskit, Kleinian groups, Grundlehren der Mathematischen Wissenschaften 287,
Springer, Berlin, 1988. MR 90a:30132 Zbl 0627.30039

[Myrberg 1925] P. J. Myrberg, “Untersuchungen iiber die automorphen Funktionen beliebig vieler
Variablen”, Acta Math. 46:3-4 (1925), 215-336. MR 1555203 JFM 51.0298.02

[Navarrete 2006] J. P. Navarrete, “On the limit set of discrete subgroups of PU(2, 1)”, Geom. Dedicata
122 (2006), 1-13. MR 2008i:32035 Zbl 1131.32013

[Navarrete 2008] J. P. Navarrete, “The trace function and complex Kleinian groups in [P’%”, Internat.
J. Math. 19:7 (2008), 865-890. MR 2009g:32056 Zbl 1167.30025

[Seade and Verjovsky 2001] J. Seade and A. Verjovsky, “Actions of discrete groups on complex
projective spaces”, pp. 155-178 in Laminations and foliations in dynamics, geometry and topology
(Stony Brook, NY, 1998), edited by M. Lyubich et al., Contemporary Mathematics 269, American
Mathematical Society, Providence, RI, 2001. MR 2002d:32024 Zbl 1161.32301

Received December 19, 2014. Revised July 14, 2015.


http://dx.doi.org/10.1017/S0305004110000423
http://dx.doi.org/10.1017/S0305004110000423
http://msp.org/idx/mr/2012b:32037
http://msp.org/idx/zbl/1214.30032
http://dx.doi.org/10.1090/S1088-4173-2011-00231-1
http://dx.doi.org/10.1090/S1088-4173-2011-00231-1
http://msp.org/idx/mr/2012i:37067
http://msp.org/idx/zbl/1252.37038
http://dx.doi.org/10.2140/pjm.2014.272.275
http://msp.org/idx/mr/3284888
http://msp.org/idx/zbl/06406046
http://dx.doi.org/10.1007/s00574-014-0039-9
http://dx.doi.org/10.1007/s00574-014-0039-9
http://msp.org/idx/mr/3194081
http://msp.org/idx/zbl/06307360
http://dx.doi.org/10.1007/s12220-009-9107-6
http://dx.doi.org/10.1007/s12220-009-9107-6
http://msp.org/idx/mr/2011c:32045
http://msp.org/idx/zbl/1218.37059
http://dx.doi.org/10.1007/978-3-0348-0481-3
http://msp.org/idx/mr/2985759
http://msp.org/idx/zbl/1267.30001
http://www.digizeitschriften.de/dms/img/?PID=PPN235181684_0237|log42
http://msp.org/idx/mr/81m:30046
http://msp.org/idx/zbl/0369.20028
http://dx.doi.org/10.1007/978-3-642-61590-0
http://msp.org/idx/mr/90a:30132
http://msp.org/idx/zbl/0627.30039
http://dx.doi.org/10.1007/BF02564065
http://dx.doi.org/10.1007/BF02564065
http://msp.org/idx/mr/1555203
http://msp.org/idx/jfm/51.0298.02
http://dx.doi.org/10.1007/s10711-006-9051-6
http://msp.org/idx/mr/2008i:32035
http://msp.org/idx/zbl/1131.32013
http://dx.doi.org/10.1142/S0129167X08004868
http://msp.org/idx/mr/2009g:32056
http://msp.org/idx/zbl/1167.30025
http://dx.doi.org/10.1090/conm/269/04332
http://dx.doi.org/10.1090/conm/269/04332
http://msp.org/idx/mr/2002d:32024
http://msp.org/idx/zbl/1161.32301

LINES IN THE LIMIT SET FOR DISCRETE SUBGROUPS OF PSL(3, C)

WALDEMAR BARRERA

FACULTAD DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE YUCATAN
ANILLO PERIFERICO NORTE TABLAJE CAT
13615 MERIDA

MEXICO

bvargas @uady.mx

ANGEL CANO

INSTITUTO DE MATEMATICAS

UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
Av. UNIVERSIDAD S/N

CoL. LoMAS DE CHAMILPA, C.P.

62210 CUERNAVACA

MEXICO

angelcano @im.unam.mx

angel @matcuer.unam.mx

JUAN NAVARRETE

FACULTAD DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE YUCATAN
ANILLO PERIFERICO NORTE TABLAJE CAT
13615 MERIDA

MEXICO

jp-navarrete @uady.mx

49


mailto:bvargas@uady.mx
mailto:angelcano@im.unam.mx
mailto:angel@matcuer.unam.mx
mailto:jp.navarrete@uady.mx

PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA UNIV.
UNIV.
MATH. SCIENCES RESEARCH INSTITUTE UNIV.
UNIV.
UNIV.
UNIV.

KEIO UNIVERSITY

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY

UNIV.

OF BRITISH COLUMBIA

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, LOS ANGELES
OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

UNIV.

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

. OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2016 is US $440/year for the electronic version, and $600/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/

© 2016 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Morse area and Scharlemann—Thompson width for hyperbolic
3-manifolds

DI1ANE HOFFOSS and JOSEPH M AHER

Ricci tensor of real hypersurfaces
MAYUKO KON

Monotonicity formulae and vanishing theorems
JINTANG L1

Jet schemes of the closure of nilpotent orbits

ANNE MOREAU and RUPERT WEI TZE YU
Components of spaces of curves with constrained curvature on flat
surfaces

NicoLAU C. SALDANHA and PEDRO ZUHLKE
A note on minimal graphs over certain unbounded domains of
Hadamard manifolds

MIRIAM TELICHEVESKY

83

103

125

137

185

243



	1. Introduction
	2. Preliminaries and notation
	3. Discontinuous actions on the complex projective plane
	3A. The equicontinuity set
	3B. The Kulkarni discontinuity region

	4. Some useful results
	5. Counting lines
	6. Proof of Theorem 1.2
	7. Examples
	7A. One line complex Kleinian groups
	7B. Two line complex Kleinian groups
	7C. Three line complex Kleinian groups
	7D. Four line complex Kleinian groups
	7E.  Complex Kleinian groups with infinitely many lines

	References
	
	

