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For the eigenvalue problem of the Dirichlet Laplacian on a bounded domain
in Euclidean space R”, we obtain estimates for the upper bounds of the gaps
between consecutive eigenvalues which are the best possible in terms of the
orders of the eigenvalues. Therefore, it is reasonable to conjecture that this
type of estimate also holds for the eigenvalue problem on a Riemannian
manifold. We give some particular examples.

1. Introduction

Let €2 be a bounded domain in an n-dimensional complete Riemannian manifold M
with boundary (possible empty). Then the Dirichlet eigenvalue problem of the
Laplacian on  is given by

(1-1) {Au:—ku in Q,

u=>0 on 092,

where A is the Laplacian on M. It is well known that the spectrum of (1-1) has the
real and purely discrete eigenvalues

(1-2) O<Ai<A=A3=<--- So0,

where each A; has finite multiplicity and is repeated according to its multiplicity.
The corresponding orthonormal basis of real eigenfunctions will be denoted {u ; }?":1.
We go forward under the assumption that L?($2) represents the real Hilbert space
of real-valued L? functions on . We put 1o =0 if IQ = @.

An important aspect of estimating higher eigenvalues is to estimate as precisely
as possible the gaps between consecutive eigenvalues of (1-1). In this regard, we
will review some important results on the estimates of eigenvalue problem (1-1).
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For the upper bound of the gap between consecutive eigenvalues of (1-1), when 2

is a bounded domain in a 2-dimensional Euclidean space R?, Payne, Pélya and
Weinberger (see [Payne et al. 1955; 1956]) proved

C. J. Thompson [1969] extended (1-3) to the n-dimensional case and obtained

N‘Il\)

(1-3) Akl —

k
4
(1-4) Mt =M < — Z

Hile and Protter [1980] improved (1-4) to
k
A k
(1-5) o> nr

Yang (see [ Yang 1991] and more recently [Cheng and Yang 2007]) has obtained a
sharp inequality:

k

(1-6) Z(MH - ki)(/\kﬂ - <1 + %)M) <0.

i=1

From (1-6), one can infer

(1-7) A1 < ( )Zk

The inequalities (1-6) and (1-7) are called Yang’s first inequality and second in-
equality, respectively (see [Ashbaugh 1999; 2002; Ashbaugh and Benguria 1996;
Harrell and Stubbe 1997]). Also we note that Ashbaugh and Benguria gave an
optimal estimate for k = 1 (see [Ashbaugh and Benguria 1991; 1992a; 1992b]).
From Chebyshev’s inequality, it is easy to prove that

(1-6) = (1-7) = (1-5) = (1-4).
From (1-6), Cheng and Yang [2005] obtained
21, Y 4\1 Ie~, YV
(1-8)  dayr —he < 2((ﬂ Zm) ~(1+3)% Z(Ai - ij) ) .
i=1 i=1 j=1
Cheng and Yang [2007], using their recursive formula, obtained

(1-9) Mer1 < Co(m)k*/ ™Ay,
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where Cyp(n) < 144/n is a constant. From Weyl’s asymptotic formula (see [Weyl
1912]), we know that the upper bound (1-9) is best possible in terms of the order
on k.

For a complete Riemannian manifold M, from Nash’s theorem [1956], there
exists an isometric immersion

v:M—RY,
where RY is Euclidean space. The mean curvature of the immersion 1 is denoted
by H and |H| denotes its norm. Define

@ = {4 | ¢ is an isometric immersion from M into Euclidean space}.

When €2 is a bounded domain of a complete Riemannian manifold M, isometri-
cally immersed into a Euclidean space R, Cheng and the first author [Chen and
Cheng 2008] (see also [El Soufi et al. 2009; Harrell 2007]) obtained

(1-10) Z(Am )< Z(’\Hl A (hi + 0P HY),
i=1

where

1-11 H? = inf sup|H

(1-11) o= It QP| 2.

In the same paper, using the recursive formula in [Cheng and Yang 2007], Cheng
and Chen also deduced

(1-12) Mert + 2P HE < Com)k*" (b + 1n*HP),

where HO2 and Cyp(n) are given by (1-11) and (1-9), respectively.
From (1-10), we can get the gaps between the consecutive eigenvalues of the
Laplacian:

(1-13) Jpr— k<2<( Z*+”H0) (3 é<_%2i: ))

Remark 1.1. When 2 is an n-dimensional compact homogeneous Riemannian
manifold, a compact minimal submanifold without boundary and a connected
bounded domain in the standard unit sphere S (1), and a connected bounded
domain and a compact complex hypersurface without boundary of the complex
projective space CP”" (4) with holomorphic sectional curvature 4, many mathemati-
cians have studied the universal inequalities for eigenvalues and the difference of
the consecutive eigenvalues (see [Cheng and Yang 2005; 2006; 2009; Harrell 1993;



296 DAGUANG CHEN, TAO ZHENG AND HONGCANG YANG

Harrell and Michel 1994; Harrell and Stubbe 1997; Li 1980; Yang and Yau 1980;
Leung 1991; Sun et al. 2008; Chen et al. 2012]).

Remark 1.2. Another problem is the lower bound of the gap between the first two
eigenvalues. In general, there exists the famous fundamental gap conjecture for
the Dirichlet eigenvalue problem of the Schrodinger operator (see [Ashbaugh and
Benguria 1989; van den Berg 1983; Singer et al. 1985; Yau 1986; Yu and Zhong
1986] and the references therein). The fundamental gap conjecture was solved by
B. Andrews and J. Clutterbuck [2011].

From (1-8) and (1-13), it is not difficult to see that both Yang’s estimate for
the gap between consecutive eigenvalues of (1-1) implicit in [Yang 1991] and the
estimate from [Chen and Cheng 2008] are on the order of k3@ However, by the
calculation of the gap between the consecutive eigenvalues of S” with the standard
metric and Weyl’s asymptotic formula, the order of the upper bound of this gap
is k'/". Therefore, we make a conjecture:

Conjecture 1.3. Let Q be a bounded domain in an n-dimensional complete Rie-
mannian manifold M. For the Dirichlet problem (1-1), the upper bound for the gap
between consecutive eigenvalues of the Laplacian should be

(1-14) Mt — M < Cpk", k> 1,

where C,, g is a constant dependent on 2 itself and the dimension n.

Remark 1.4. The famous Payne—P6lya—Weinberger conjecture (see [Payne et al.
1955; 1956; Thompson 1969; Ashbaugh and Benguria 1993a; 1993b]) states that,
when M = R", for the Dirichlet eigenvalue problem (1-1), one should have

_( Jnj2.1 )2
Br Jnjp—11)’

where B" is the n-dimensional unit ball in R", and j, x is the k-th positive zero
of the Bessel function J,(¢). From Weyl’s asymptotic formula and (1-15), the
order of the upper bound of the consecutive eigenvalues of (1-1) is k*/". Therefore,
Conjecture 1.3 reflects the distribution of eigenvalues from another point of view.
From the order of the upper bound of the gap between the consecutive eigenvalues
of S", the estimate in (1-14) is best possible in terms of the order on k.

A A
(1-15) ﬂf 2
Ak Al

In the following, the constants C, g are allowed to be different in different cases.
When €2 is a bounded domain in R", for the Dirichlet eigenvalue problem (1-1),
we give an affirmative answer to Conjecture 1.3.

Theorem 1.5. Let Q C R" be a bounded domain in Euclidean space R" and \; be
the k-th (k > 1) eigenvalue of the Dirichlet eigenvalue problem (1-1). Then we have

(1-16) Mot — i < Cy k'™,
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where C,, g = 414/ Co(n)/n and Co(n) is given by (1-9).

It is reasonable to conjecture that this type of estimate also holds on a Riemannian
manifold. We give some particular examples as follows.

Corollary 1.6. Let Q C H"(—1) be a bounded domain in hyperbolic space H" (—1),
and ,y be the k-th (k > 1) eigenvalue of the Dirichlet eigenvalue problem (1-1).
Then we have

(1-17) M1 — A < Cp k'™,

where C,, o depends on 2 and the dimension n and is given by
(1-18) Crp = 4(Co(m) (k1 — Ln = D) (1 + 1n2HR))',
where Cy(n) and HO2 are the same as in (1-12).

In fact, by the comparison theorem for the distance function in a Riemannian
manifold, we have:

Corollary 1.7. Let M be an n-dimensional (n > 3) simply connected complete
noncompact Riemannian manifold with sectional curvature Sec satisfying

—a? < Sec < —b2,

where a and b are constants with 0 < b < a. Let Q C M be a bounded domain of M
and Ay be the k-th (k > 1) eigenvalue of (1-1). Then we have

(1-19) M1 — A < Cp k'™,
where C,, o depends on S2 and the dimension n and is given by
(1-20)  Cpo =4(Com) (1 — §(n — D267 + {(@® = b1) (1 + §n?H3))'",

where Co(n) and HO2 are the same as in (1-12).

2. Preliminaries

In this section, we first recall some basic concepts and a theorem of Chapter 10 in
[Kolmogorov and Fomin 1960], and then we prove a theorem which will be used
in the next section.

Define

=\
xj €R, (fo) <+oo}

H® = {x = (xj)j?ozl
=1

and
H> = {x = (x1, x2) | x1, 02 € R, (x7 4+ x3)'/? < +00).
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The inner product (-, - )oo on H™ is defined by

[e.0]
(XYoo= _Xjyj. Yx=(N y=0)%.
Jj=1

The inner product (-, - ), on #? can be defined similarly. Obviously, both %>
and H? are Hilbert spaces. The dual space of H? is denoted by (H?)*. It is well
known that (#?)* is isomorphic to H? itself.

In order to prove our theorem, we need the following Lagrange multiplier theorem
for real Banach spaces (see Chapter 10, Section 3, paragraph 3 in [Kolmogorov and
Fomin 1960] or page 270 in [Zeidler 1995]).

Theorem 2.1. Let X and Y be real Banach spaces. Assume that F :xoe U C X - R
and ® : xo € U C X — Y are continuously Fréchet differentiable on an open
neighborhood of xy, where xy € > 'O)={xeU|dx)=0€eVY) If the set
{®'(x0)(x) €Y | x € X} is closed and xq is an extremum (maximum or minimun)
of F on ®~1(0), then there exists Lo € R and a linear functional y* € Y*, where

A+ Iy #0,
such that
(2-1) Lo F' (x0) + (@' (x0)*(y*) =0.
Moreover, if {®'(x0)(x) €Y | x € X} =Y, then we can take Ao = 1.

Theorem 2.2. Assume that {j1; }j?‘; | is a nondecreasing sequence, L.e.,

O<pi=po=< - =pp=-- /00,

where each [; has finite multiplicity m; and is repeated according to its multiplicity.
Define

(2-2)

If X, 70 and Z;’il ujsz- < ~/ AB, under the conditions in (2-2), we have

A +Mm1ﬂm1+lB

00
(2-3) jx? <
; I My + By +1



ESTIMATES OF GAPS BETWEEN CONSECUTIVE EIGENVALUES OF LAPLACIAN 299

Proof. First, assume that {u ,}OO | 18 a strictly increasing sequence, i.e.,

O<pur<pp<---<pug<--- 00.
Suppose

‘I’(X)Z(ZX — B, Zu?xf A)e?—[z, x € H®.

Let xg = (aj)?il be an extremum of F(x) on ®~'(0). Since Vh = (hj)?il € H>®,

o]
F/(X())/’l = ZZ,ujxjhj,
j=l1

o0 o0
2
W' (xo)h = (2Zx,-hj, 2zujxjh,-),
j=1 j=1

and
W (x0) (H®) = H?,

there exists y* € (#%)* such that
(2-4) F'(xo)h + (W' (x0)* (y*)h = 0.
Since H2 = (H?)*, we can use some unique vector (i, A) € H? to rewrite (2-4) as
o o0 o0
(2-5) D wjajhi+py ajhi+1Y  puiajh;=0.
j=1 j=1 j=1
Choosing
hj=08j, j=12...,
from (2-5), we obtain a system of equations

(2-6) [eay + pag +ipgag =0, k=1,2,....

Since {ux} is a strictly increasing sequence, and there are only two varieties ©
and A, there are only two cases for xg.

Case 1. There is only one a; # 0, whether k = 1 or not. In this case, the critical

value of F'(x) is given by
F(xo) =+ AB,

which contradicts the assumption of the theorem.
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Case 2. There are only two nonzero components of xg, say ax and a; (without loss
of generality, set kK < /). In this case, we have

A= 2d? + ulal,
27 K% 19

B=a}+aj.
From (2-7), we have
A+ pugpu B
F(xg) = — 522
Mk +
Since
A= ppag +piaf > pilag +af) = uiB,
we have
(2-8) wr <+/A/B.

Similarly, we can also deduce
(2-9) w >+/A/B.
Hence, we have

Py — vAE = B0 = VATB) (11~ VATB)

Mg+

(2-10) <0.

Since {u;} is a strictly increasing sequence, for puy fixed, from (2-8) and (2-9), we
know that the right side of (2-10) is strictly decreasing in p, i.e.,

B(uk — /A/B) (k1 — A/B) - B(uk — v/A/B)(1xt2 — /A/B) -

Wi+ Mi+1 Mk + Li+2

Hence, we know that

A B
AT Mkt B k=1,2,...,
Mk + Mk+1

are local maximal values of F(x).
Since x,,, = x1 7 0, k must be equal to m; = 1 only. Finally, we have the global
maximum of F(x)
A+ pipmB

M1+ 2

Second, assume that {u ; i is an increasing sequence, i.e.,

O<pmi=po<- Zp =< 00,

where each u; has finite multiplicity m; and is repeated according to its multiplicity.
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Replacing (2-7) by
A = muda} +mpal,
B = mka,z +m16112,
and following the above steps almost word for word, we deduce that the local
maximal value of F(x) is
A+ Wy m+1B
My + Momg+1

and
Wm, <~/ A/B,  pm+1 >+ A/B.

Since x,,, # 0, mj; must be equal to m and the local maximal value of F(x) is the
global maximum. Since

A+,Uvm1:um|+13_m=B(/’Lml_VA/B)(Mmk-H_VA/B)<0
Mm,y +Mm1+1 M,y +I’Lm1+1 '
we can obtain (2-3). O

3. Proofs of main results

In this section, we will give the proof of Theorem 1.5. In order to prove our main
results, we need the following key lemma and related corollaries of Theorem 2.2.

Lemma 3.1. For the Dirichlet eigenvalue problem (1-1), let uy, be the orthonormal
eigenfunction corresponding to the k-th eigenvalue Ay, i.e.,

Auk = —kkuk in Q,
u, =0 on 0%,
Jouinj = 8ij.

Then for any complex-valued function g € C3(2) N C?*(Q) such that gu; is not the
C-linear combination of

ul’ e ey Mk.l,_],
and such that

Ak+1 :/guiuk+l #0,
Q

with A < Ay1 < Aka2, ki €Z7T, i > 1, we have
G-1) (Ot —2) + G — ) f Vg2
Q

S/|2V8'Vui+uiAg|2+()»k+1—ki)(kk+2—ki)/|gui|2-
Q Q



302 DAGUANG CHEN, TAO ZHENG AND HONGCANG YANG

aij = / Uil j,
Q

b[j =/(Vu, -Vg—i—%u,-Ag)uj,
Q

Proof. Define

where V denotes the gradient operator. Obviously,
(3-2) ajj =daiji.
Then, from Stokes’ theorem, we get
Ajaij = / gui(—Auj)
Q
= —/ (uiAg+gAu; +2Vg-Vui)u;
Q

:Ai/ gUiU; —2/ (Vu,- -Vg+%u,-Ag)uj,
Q Q

1.€.,
(3-3) 2bij = (A — Aj)ajj.
From Stokes’ theorem, we have

(3-4) /|Vg|2u,.2 = —2f gu; (Vg - Vu; + 3u; Ag).
Q Q

Since {ur}g2., consists of a complete orthonormal basis of L*(Q), by the defini-
tion of a;; and b;;, from (3-3), (3-4) and Parseval’s identity, we obtain

o0
(3-5) [l =3 1a P
Q =
o0 o0
(3-6) / IVelu; = 22611'/19;/ = Z()»j — a)laij |,
Q : ;
j=1 j=1

o0 o0
(3-7) /|2vg-wl-+uiAg|2=4§ (bigF = (g — A laijl
Q X X
j=1 j=1

From the Cauchy—Schwarz inequality, we have

o0 2 o0 o0
(3-8) < Z (}\j _)\.l')lal'j|2> < Z ()‘j —)»,')2|Clij|2 Z |aij|2.

j=k+1 j=k+1 j=k+1
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From (3-5), (3-6), (3-7) and (3-8), we can deduce

k 2
(3-9) </IVglzuf—Z(/\j—M)laiﬂz)
Q =
k k
s(/|gui|2—2|aij|2)(f|2Vg.w,-+u,~Ag|2—Z(xj—xi)2|afj|2).
Q . Q ;
j=1 j=1

Define

k
B = [ lowP Y la P =
Q .
j=1

o0
2 .
Z la;j]1” >0, since fguiuk+1 £ 0,
Q

j=k+1
k
A = [ 12Ve - Vus +uidgP = 300 i la P
Q X
j=1

o
= Y =1 laij* =0,

j=kt1
k [e¢)
Ciy = [ VP = 3y~ alasP = 3 Gy = Ala
Q X .
Jj=1 Jj=k+1

Since gu; is not the C-linear combination of

ul7 "'9uk+17

there exists some [ > k + 1 such that

a = / guiu; £ 0.
Q
Since
A < kk+1 < kk+2 <Al
the vector
(|aij |)?O:k+1

is not proportional to
[e.¢]

((x; —)»i)zlaijl)j:kH-

From the Cauchy—Schwarz inequality, we have

(3-10) C@i) <+ A()BG@).

Since ayy1 # 0, from (3-10) and Theorem 2.2, we have

AG) + Oy — 2) Gt — ) B(D)
(Arg2 — A) + A1 — Ap)

(3-11) Ci) <
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From (3-11) and the definition of A(i), B(i) and C (i), we obtain
(3-12)  ((hkg2 — A) + (it — A0)) / Vel*u;
Q

< / 12V Vity + 14 Mg + Ot — 2) Crgsz — ) / guil?
Q i Q
=Y 1 = A Ok = Al
j=1

s/|2Vg-wl-+u,-Ag|2+<xk+1—Ai)<xk+z—m/|gu,-|2. 0
Q Q

Corollary 3.2. Under the assumption of Lemma 3.1, for any nonconstant real-
valued function f € C3(2) N C%(Q), we have

(3-13) (g2 = 2i) + Gorg1 — 1)) / IV u?
Q

< 2\/ (M2 = 1) 1 — 44)) /Q V14 + /Q QVf - Vu; +u; Af)%.

Proof. Taking g = exp(v/—laf), « € R\ {0}, in (3-1), we have
(B-14) (ki1 — 2) + (g2 — A)) fQ IVf Puf

<o [ 1971 402 [ 29F - Vu AP G =320z = ).
From (3-14), we have
(3-15) (g1 — 2i) + (g2 — A0) /QIVJ‘IZM,-2

<2 [ 1913+ 5t =) asa =20 + [ 2VF - Vus + AP
Since the inequality (3-15) is valid for any o # 0 and

(st = 2) Otz — Ao) 20, /Q Vr 1 £0,

we can choose

o ((ml — ) G —m)ﬁ
JolVf 1tu;

to have (3-13). O
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Corollary 3.3. Under the assumption of Lemma 3.1, for any real-valued function
feC3(Q)NCAQ) with |Vf|*> =1, we have

(3-16) (A2 — Aig1)?

< 16( f (Vf-Vu? -1 / N / (WAf)-W)u%)Am.
Q 4 Jq 2 Ja

Furthermore, we have
1
1 1 g
17w =i =a( =4[ @=L [ @@n ) v

Proof. From Corollary 3.2 and |Vf|> = 1, we have

(2 =20+ eyt = 40) = 2v/ (g2 = 2) ket = 4i) < / QVf-Vui+u; Af)>,
Q

that is,

(Va2 ==V =2} = [ @VF-Vu+uap?

By integration by parts, we have

/ QVf Vi +uAf: = 4 / (VF - Vur) / (AfY2u2 —2 / (V(AS) -Vl
Q Q Q Q

Hence, we have

(B-18) (VA2 — A — kst — A )2
<4 / (VS - Vi) — / N / (V(AS)- V).
Q Q Q

Multiplying (3-18) by (\/Ak+2 —di + A A1 — A )2 on both sides, we can get
(hpsr — ) < 4( [rvupr=4 [ape -1 [ @ Vf)u?)
Q 4 Ja 2Ja

x (Vg2 = hi + v/ his1 — A )2

516< [ (Vf V)21 / N f (WAf)-W)u%)mz,
Q 4 Jq 2 Jo

which is the inequality (3-16).
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Since |Vf|?> = 1, from (3-16), the Cauchy—Schwarz inequality and integration
by parts, we obtain

(M2 — Ag1)? < 16( f Vui]? 1 / AN -1 / (V(Af)- Vf)u%)xm
Q 4 Ja 2Ja

— 16<k,~ —%/(Af)zuiz—%/(V(Af)-Vf)uiz)kHz. O
Q Q

Remark 3.4. If Ay =Ar42, (3-17) also holds trivially. Hence, under the conditions
in Corollary 3.3, when i = 1, (3-17) holds for any k > 1.

Proof of Theorem 1.5. Since the inequality (3-20) always holds for Ay = Ag4o,
without loss of generality, we assume that Ay < Ag4o in the following discussion.
Let {x1, x2, ..., x,} be the standard coordinate functions in R". Taking

i=1 and f=x, [=1,...,n,

in (3-16) and summing over / from 1 to n, we have

"/ ou
(3-19) N2 — Ms1)? < 16)»k+2f Z(a—x;) = 16A1 k42,
-

where we use |[Vx;|=1,1=1,...,n.
From Theorem 3.1 in [Cheng and Yang 2007] (see also (1-9)) and from (3-19),
we deduce

A Co(n
(3-20) xk+z—xk+ls4,/§\/xk+zs4xl %(kﬂ)l/z:cn,mkﬂ)”z,

where C,, g = 4X 1/ Co(n)/n and Cy(n) is given by (1-9).
Therefore, (3-20) holds for arbitrary k > 1. O

Proof of Corollary 1.6. For convenience, we will use the upper-half-plane model of
hyperbolic space, i.e.,

H'(—=1) = {(x1, ..., x,) € R" | x, > 0}

with the standard metric

_ (dx)?+- -+ (dx,)?

d 2
* ()2

Taking r = log x,,, we have

n—1
ds? = (dr)* +e7¥ ) "(dx;)*.

i=1
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Without loss of generality, we assume that Ay < Agqp. Taking f =r andi =1
in (3-17), we have

(B-21) A2 — My <4(“‘Z / (Ar)*uf — /Q (V(Ar)-Vr)u%>2\/kk+2
=4t — {0 = 1)V,

where |Vr| =1 and Ar = —(n — 1) are used.
By (1-12) and (3-21), we have

(322)  hr2— st <4k = 50— 1) Com) (b1 + In2H) (e + 1)V
= Cpok+D'",

where C, o is defined by (1-18). Therefore, we can deduce (3-22) for any k > 1. [

4. Proof of Corollary 1.7

Assume that (M, g) is an n-dimensional complete noncompact Riemannian mani-
fold with sectional curvature Sec satisfying —a” < Sec < —b?, where a and b are
constants with 0 < b < a. Let © be a bounded domain of M. For a fixed point p ¢ Q,
the distance function p(x) is defined by p(x) = distance(x, p). From |Vp| =1 and
Proposition 2.2 of [Schoen and Yau 1994], we have

4-1) Vo - V(Ap) = —|Hess ,0|2 —Ric(Vp, Vp).
Assume that iy, ..., h,—1, withO < h| <... <h,_, are the eigenvalues of Hess p.
We have

n—1

n—1 2
(4-2)  2[Hessp|*—(Ap)* =2 hi— (Zh,-)
i=1 i=

=S

i= i#]
hrzl ]+hlh2+ ‘Jl‘hn 2hn I_Zhh
i#]
=hy = hihy— - —hy ohy_y— Y hih;
i,jl;énj—z
<h? |, —(n—2)%h3.

From the Hessian comparison theorem (see [Wu et al. 1989]), we have

coshap SRy s> >bcoshb,o

(4-3)

sinhap ~ sinhbp



308 DAGUANG CHEN, TAO ZHENG AND HONGCANG YANG

Since n > 3 and a?/ (sinh? ap) is a decreasing function of a, from (4-2) and (4-3),
we have

(4-4) 2|Hess p|?> +2Ric(Vp, Vp) — (Ap)?

h? h? b,

Y e e R T
sinh“ ap sinh“ bp

:a2+a—2—(n—2)2b2—(n—2)2 : —2(n—1)b?

sinh® ap sinh? bp

b? b?
<= =D+ @ =)+~ (=2
sinh” bp sinh” bp

< —(n—1%**+ (a® - b.

Without loss of generality, we assume Ayy1 < Agyo. By taking f =pandi =1
in (3-17), we have

1
1 1 2
(4-5)  hkt2 = higr < 4<x1 -3 / (Ap)ui =3 / (V(Ap)- vmu%) Vs,
Q Q

From (4-1) and (4-4), we obtain

(46) hi— /Q (A0t -3 fQ (V(Ap) - V)il
=+ i/g;(2|Hess,o|2 +2Ric(Vp, Vo) — (Ap)*)ui
<A — 3 — 1+ L(a® - b).

By (1-12), (4-5) and (4-6), we have

A7) Akt2 — Mt

<4001 — L= 1202+ 1@ = )" Cotn) (r1 + In2H) (k + D)V
< Coalk+ D",

where C, q is defined by (1-20). Therefore, we can deduce (4-7) for any k > 1. [
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