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ENTIRE SIGN-CHANGING SOLUTIONS
WITH FINITE ENERGY TO THE
FRACTIONAL YAMABE EQUATION

DANILO GARRIDO AND MONICA MUSSO

We show the existence of infinitely many finite energy sign-changing solu-
tions for the fractional Yamabe-type equation
4s
(=A)’u=|u|"-5u inR"

wheren >3 and s € (1,1).

1. Introduction

We are interested in the existence of finite energy sign-changing solutions to the
fractional Yamabe-type equation in R”,

(1) (—A)’u=yu’'u inR",

where n > 3 and p is the fractional critical Sobolev exponent p = (n+2s)/(n —2s).
In (1), y > 0 is a constant chosen for normalization purposes as

()
2
Y= Sy
r(=*)
For any s € (0, 1), (—A)? is the nonlocal operator defined as
N M(x) - M(y)
(2) (—A) (x):c(n,s) PV/I‘%”W
. u(x) —u(y)
=c(n,s) lim — iy A
e=0* Jrm\B(x,e) X — y|"T

where P.V. stands for the principal value and
—@2s+1) F(% + S) .
['(=s)
This nonlocal operator in R” can be expressed as a generalized Dirichlet-to-Neumann
map for a certain elliptic boundary value problem with local differential operators

cln,s)=m
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defined on the upper halfspace IRT] ={(x,1) : x e R", t > 0}, as we learn from
Caffarelli and Silvestre [2007]: given a solution u = u(x) of (—A)*u = f in R”,
one can equivalently consider the dimensionally extended problem for u = u(x, t)
which solves
div('=>Vu) =0, in R
{— lim, o dst' =2 8u(x, 1) = f, on IR",

where d is the positive constant d; =2*~!T"(s) /T (1 — s). By finite energy solutions
of (1), we mean the following. Consider the Schwartz space S of rapidly decaying
C® functions on R", and for any T € S we denote by

/ e ¥ (x) dx
RVL

Fi®)= o

the Fourier transformation of 7. We look for solutions « of (1) in the energy space

DR = {u € L5 (R) : [(—A)7ul
= . L2(Rn) < OO},

s 1
where [|(—A)Zull 2@ is defined by (fp. 1§11 Fu(€)]* d§)?, endowed with the
norm ||u|pswny = ||(—A)%u|| 12(rn)- These solutions correspond to critical points
of the functional

n—2s
2n

J(u)=l/ (=) 7ul> —y / 75, u e DIRY).
2 R» R»

Following the work by Lieb [1983] —see also [Frank and Lieb 2010; 2012;
Carlen and Loss 1990] for alternative proofs — positive solutions to (1) are given
by the family of functions defined by

n—2s

2 2 _n=2s x—£&
T

for any > 0 and £ € R". Indeed these functions realize the Hardy—Littlewood—
Sobolev inequality, which states the existence of a positive number S such that for
all u e C*(R"),

N ”u“LZ*(R”) = ”(_A)iu ”LZ(R”)

where 2* = p 4+ 1 =2n/(n — 2s). Indeed, these functions are the only positive
solutions to (1) under some decay conditions [Chen et al. 2006; Li 2004; Li and
Zhu 1995]. In particular, this is true if u € LIZ:C/ (n_zs)(R”), as shown in [Chen et al.
2006].

On the other hand, (1) can be read on the sphere S” C R"*!, after a stereographic
projection. Indeed, the inverse of the stereographic projection 7 : R* — S" \ {S},
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where S = (0, ..., 0, —1) € R**!, defined by

() = ( 2y 1- |y|2>
L+ [y 1+ y?

is a conformal map and 7w*gy = U %(y) dy, where g¢ is the standard metric
on $" and U is defined in (3). In §”, the fractional Laplacian (—A)*® reduces
to an elliptic pseudodifferential operator P& of order 2s with principal symbol
025 (PEY) = |S|§Os. In [Chang and Gonzalez 2011] a relation between this operator
and a Dirichlet-to-Neumann operator of uniformly nondegenerate elliptic boundary
value problems in the spirit of [Caffarelli and Silvestre 2007] is established. We
have 7*(L$"v) = U~+29)/(1=29(_ A)S(U w*v) for any v defined on S”. Thus u
is a solution to (1) if and only if w, defined by u = U w*w, solves

) Agw+y((wmsw—w) =0 in S"

Positive solutions to (4) solve the so-called fractional Yamabe problem on the
sphere S”. We refer to [Gonzdlez and Qing 2013] for a general formulation of the
fractional Yamabe problem and results concerning its solvability.

Finite energy sign-changing solutions to (1), or equivalently (4), are poorly
understood.

The purpose of this paper is to give a first example of finite energy sign-changing
solutions to (1), in all dimensions n > 3, and for s € (%, 1): we build a solution
to (1) which looks like the solution U surrounded by k negative copies U properly
scaled and distributed along the vertices of a regular polygon with radius 1. Our
main result is the following theorem:

Theorem 1.1. Let n > 3 and s € (3,1). Write R = C x R*"? and let &f =
(27K 0), j =1, ..., k. Then for any sufficiently large k, there is a finite energy

solution to Problem (1) of the form

k —2s
w0 =U) =Y e * Upg' (x =) +o(l),
j=1

where o »
e = (k22n_225 ijs‘”) (1+o(1))
j=1
Moreover,
(5 Jupy) =k +1DJWU)+0(Q).

Here O (1) remains bounded and o(1) — 0 uniformly as k — +o0.

The proof of the result consists in defining a first approximation and then showing
that a small perturbation of this approximation provides an actual solution to the
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problem. This is done by linearizing the equation around the approximation and
applying an invertibility theory for the linearized operator. In this step, we use the
nondegeneracy property of U proved in [Davila et al. 2013], which states that all
bounded solutions of the linear problem

AV, DS s
(=AY'¢—y 5 Ursp=0

are linear combinations of

oy Ux), forj=1,...,n,
and
n—2s
2
Indeed, the above functions belong to the kernel of the linearized operator, due to
the corresponding rigid motion under which (1) is invariant. These are the only
nontrivial elements of the kernel according to [Davila et al. 2013].
A second ingredient we take advantage of to produce an invertibility theory is the
symmetry of the configuration. This reflects into the fact that our approximation,
as well as our final solution, satisfy the symmetries

Ux)+x-VU(x).

(6) (¥, y) =u(et'y, y), Pl k-1,
(7) u(yl7y27""yj’"'7yn):u(yl7y27"'y_yj7"-yyn) j:2,...,n.

Furthermore, they are invariant under Kelvin transform, namely

S—n y
u(y) =y ”(W)

The final step in the proof consists in adjusting properly the parameter u;. A
detailed description of the scheme of the proof is given in Section 2.

Let us mention that a very similar construction for finite energy, sign-changing
solutions to the classic Yamabe-type problem in R":

4 .
Au+|u|"~2u=0 inR"

namely when s = 1 in (1), has been done in [del Pino et al. 2011; 2013]. Indeed,
our result extends to the case s € (%, 1), the construction done in [del Pino et al.
2011], from which we are inspired.

We learned recently of [Fang 2014], where the author constructs solutions to (1)
similar to ours, covering the whole range s € (0, 1). Nevertheless, in that case,
the concentration parameter w; is of order k3 [Fang 2014, (2.4)], while our
concentration parameter is /t; ~ k2 as k — oo. It is not clear to us how this choice
of the parameter’s rate provides a real solution to (1). Indeed, it is this choice of
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the parameter’s rate, in terms of k, that allows the author of [Fang 2014] to cover
the whole range s € (0, 1).

Our restriction on s is consequence of two inequalities: we need a certain power
of integrability ¢ to be g < n in order to have a good first approximation when
estimated in proper norms, and at the same time we need g > n/(2s) to guarantee
enough regularity. These constraints restrict us to s € (%, 1). We believe that our
construction should work in the whole range s € (0, 1), and in fact we think that
Wi ~ k=2 as k — oo, for the whole range s € (0, 1), but an invertibility theory
on different weighted Sobolev spaces is needed. We will treat this problem in a
forthcoming paper.

The rest of the paper will be devoted to the proof of Theorem 1.1.

2. Ansatz for the solution and scheme of the proof

This section is devoted to define a first approximation for a solution to (1) and to
describe the scheme of the proof of our result.

We start reminding that U defined in (3) is invariant under Kelvin transform,
namely

UQy) = y® " U(ly|%y).

Even more, it can be proved that also the family of solutions

5

is invariant under Kelvin transform if and only if

€17 +u® = 1.
Let k be a positive integer and define, for any j =1, ..., k, the k points
& = VTR (0K, 0) R xR,

where > 0 is a positive number of the form

)
(8) nw=— withc <8 < ¢!

k%’

for a certain constant ¢ > 0, independent of k, as k — co. Define

k
©) Uy)=UG)— Y Ui(y), where Uj(y) = =% U™ (y — ).
j=1

For large values of k, which at the same time make the scaling parameters p very
small, we shall show that U, is a good approximate solution for (1). Observe that
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the function U, satisfies the symmetry properties (6) and (7). Furthermore, U, is
invariant under Kelvin transform

Ua(y) = 1yP"U, (%)
Iyl

This is consequence of a straightforward computation, using the fact that
W H1E1P =1 forany j=1,... k.
We will show that (1) admits a solution of the form

u(y) =Us(y) +¢(y)

where ¢ is small when compared with U,. It satisfies the symmetry conditions (6)
and (7), and it is invariant under Kelvin transform. Then (1) can be rewritten in
terms of ¢ as

(10) (—A)'¢— py|U.P~'¢— E—yN(¢) =0,
where E is

(11) yE=|U-Y Ul (=Y u) - (=Y up)
and

(12)  N(@)=|Us+o|P " Us+ @) — U™ = |ULP7 U — p|ULIP .

The size of the error term E defined in (11) turns out to be relatively small, as
the number & tends to infinity, when estimated with proper norms. Let us fix a
number g > 7-; we define the weighted LY norm

7l := 141y D" T2 249 R Lo )

Let n > 0 be a small and fixed number, independent of k. The error can be estimated
separately in the exterior region () i { ly =&l > %} and then in each of the inner
regions {|y —§&;| < %}. Indeed, we shall prove that there exists a constant C such
that, for all k£ large enough,

(13) I+ Iy D" 272 E N o, y—gy 1)) < Ck' 4.

Observe that, in order to have a small (in k) size for the error in the exterior domain,
we need g < n. On the other hand, for regularity issue we will discuss later, we
assume that ¢ > 5-. The set of possible values for g, 5- < g <n, is not empty since

we are considering s in the range s € (3, 1).
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+2s

If we change scale Ej(y) = ,unTE(Sj + wy), in |y| < n/(uk), for any j =
1, ..., k, we have the following estimate for the error in each interior domain:

n+2s—2n/q 1. —n/q
(14) I+ 1y Ej 5D gy gy = CET.

We shall prove the validity of estimates (13) and (14) at the end of this section.

In order to solve in ¢ the nonlinear Equation (10), we use a gluing method. Let
¢ be a cutoff function defined as follows: ¢(¢) =1for¢t < 1 and ¢(¢) =0 for ¢ > 2.
We also defined ¢~ (¢) = ¢ (2t). Then we set

c(kn~ Uy 72y =& lyl]) iflyl> 1,

G = {;<kn1|y—sj|> if |y < 1.

Observe that

G =460y
A function ¢ of the form

k
(15) o= i+
j=1

is a solution of the problem (10), provided that we can solve the following coupled
system of elliptic equation in (b1, ¢, ..., ¢) and ¥

(16)  (=A) () — py|U.l¢;d;
—¢&j (pVIU*I’”w +E +yN(¢§j +Z¢3,- —}—w)) =0,

i#]
where j =1,2,...,k and
(A7) (=A)y —pyU 'y
k k
- (py(wm—1 —ur) (1 -3 zj) +pyUrt Y cj)z/f
j=1 j=1

—py U (1= 2)d;
J

(E)en(Eans) -

To solve the above coupled system, we follow the following strategy. First we
solve (17) in the unknown v, assuming that ¢ ; are fixed functions satisfying

~ ~ 2mj
(18) $;(3.¥) =13, ¥, J=12 k-1,
(19) qgl(yl:y%---’ij”-vyn):él(yl’yZ’---:_Yj’---,yn) j:27"'vnv
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and the invariant condition under Kelvin’s transform,

(20) d1 = yI* "1y 7%y).
Furthermore, we assume that

n—2s ~
1) Ipill, <p where ¢1=p"2 d1(& + uy).

We have the validity of the following result:

Proposition 2.1. There exist constants ko, C, po such that for all k > kg, the fol-
lowing holds: Suppose that (5]-, j=1,2,...,k, satisfy conditions (18)—(21) with
0 < po. Then there exists a unique solution v = V(¢1) to (17) that satisfies the
symmetries

2
YT Y) =Yt 'T,y), j=1.2,... k-1,
w(yv"'vyj9"'7yn):’lﬁ(y7"'v_ij"'vyn)v j:39"-7n9
v = 1yP (Y2,

C
11l < s + Clnli

Moreover, the operator V satisfies the Lipschitz condition
W (@) = V@D, < Cllg —¢il..

Once we have the result of the above Proposition, under the assumption on ¢ j
we have that all equations (16) reduce to just one, say that for ¢{. Then we will
find a solution to our problem if we solve

(22) (=AY d1 — py|U1|P 1 — 1E —yN(¢1) =0 in R"
where
N = p(IUJNP'¢r — 1U11P~ )
+;1(p|U*|f’—‘w<¢1) +N(¢31 +Y ¢ +\11(¢>1>>)
i#l

Rather than solving (22) directly, we shall first solve the corresponding projected
version of (22):

23) (=A@ —py|Ui/P G — L E+yN() = co U ' Zyyy in R

where

/R GE YN @) i

(24) Cng1 = ,
152
fn Ul z;,,
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and

(25) Zni1 (0 =0T Zy (0 (v — £1))

Proposition 2.2. There exist constants ko, C such that for all k > ko, the following
holds: Let V(¢y) the solution predicted by Proposition 2.1. Then there exists
a unique solution ¥y = ®(5), che1 = c+1(8) to (23) and (24), which depends
continuously on 6. Moreover,

|®|l, <Ck ¢ and |N@)|,, <Ck

Kok —

for some fixed positive constant C.

To conclude our argument, we shall show the existence of a number § in the
definition of x in (8) so that the above constant ¢, is equal to zero. In this
way, we constructed a solution to (1) with the qualitative properties predicted by
Theorem 1.1.

Scheme of the paper. In Section 3 we prove some basic results on linear problems
in R"™. These results will be applied to prove Propositions 2.1 and 2.2 in Section 4.
Section 5 is dedicated to show the existence of § > 0 so that ¢, 1 = 0, concluding
in this way the proof of our theorem.

We finish this section with the proof of estimates (13) and (14).

Proof of (13). This is in the region ﬂj{ly —&i| > %}. For any y in this exterior
region,

k n—2s 4s k n=2s
1 M 2 n—2s /“(’ 2
IE(|=C + E E —-
A+ " y—gr=| )\ S h—gr

for some positive constant C > 0. Since for any j fixed and |y —§&;| = % we have

n 2_3 n 2A

¢ 1 k—1
K -2, —
Zly g_-|n 2s kn 2? S+Z |y sln —2s §1+ckn—2s’

i=1 i#]

then we conclude that

n—=2s k

% 1
El<C :
= (1+Iy|2)2S]§Iy—$jI”23
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Thus a direct computation gives

O A 21 P

n—2s —2}’1/(,]) k 1
(14 1y o |y — &2 L4 (Ext)
k 1

n=2s 1+ (n+2s)g—2n 1 :

SC# 22 Z(/ ( |y|) 2)\2s (n—2s) dy
o \y=gl>1 (L+lyl5)=1 |y —§&l"==4

n—2s 1 tn71 %

<Cuzk /; t(n——Zs)th
3

— C/fL 2 (k(n 2s)g—n _ 1)%
< CM"—ZZSk(n—st—l—g 0

Proof of (14). This is in the inner region |y — ;| < ¢, for some j fixed. Observe
that if y is close to &;, then

Uj ~ O(M—(n—Zs)/Z)‘
For any y in this region, there exists ¢ € (0, 1) such that
p—1
E:p(—Uj+z(—ZU,~+U)) (—ZU,-+U) —ur+ Y U
i#j i#] i#j

We consider the change of scale E (y) = ,u R E & +umy), |yl < - Therefore,
we obtain that for some ¢ € (0, 1)

~ n—2s p—l
Ej(y) = P(-U(y) +t(z Uy —p ' & =& +n 2 UE ‘HW)))
i#]

x (— SUG—pul G-+ T UE + M)’))
i)

+ YUy - E &) — T UPE + ).
i#]

Taking into account the configuration of the points &;, we have

5—gi~
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Furthermore, for i # j and |y| < 7.,

n—=2s

n—2s 2 =
UGy — ' (& — &) < C—2 ( & — & )

& — &2 \ w2 + [y — (& — &)I?
n—2Skl’l—2S
CM—
|i — jln=2

Moreover,
)Z Uy — ™' (& —Sj)’ <CK" B and 't UE +pny)) < cu's
i#]j

for some constant C > 0. Thus we conclude that

kn—ZS,un—ZS %
14 |yl* ’

and we have an estimate of the error in the inner region

[+ 2 E )]

|&@Nsc(

yl<i)
o kn—ZS n—2s a2
schHﬂmﬁ%q(——ﬁ7;+u?) .
T+ 1yl Loflyl< %)
Since ;
n—2s—2 g ke (n—25)g—n—1
1+ Iy ”WWRMSQA(“”” Sa-1-1 4y
1 \(n—2s)g—n
=¢()
=\
and )
|| 1 n+2‘\‘—%"||q <C ke 1 (n+2s)q—n—1d
( +|y|) Lq{|y|<k’17}_ 0 ( +7') r
1 \(n+2s)g—n
=¢(i)
=\
it follows that
25— ~ _n _
[+ D" 570 B0 gy ) = CET7A+ETH).
This gives the proof of (14). (|

3. Some linear problems
Let Lg be the linear operator defined by

Lo(@) :=(=A)’(¢) — pyU"'¢ in R".
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As we know from [Davila et al. 2013], the set of bounded solutions of the
homogeneous equation Lg(¢) = 0 is spanned by the n + 1 functions defined by

Zi=93,U, i=1,...,n, and Z,4 =3%(n—25)U+x-VU.
We now establish a solvability result for the linear problem
Lo(¢)=h in R",

under proper orthogonality conditions on / and ¢. For this purpose, we introduce
the norm

(26) Il =1+ 13"l
Lemma 3.1. Assume q € (zw ‘) Let h be such that ||h||,, < oo and
/ UP'Zihdx =0 forall 1=1,2,...,n+1.
Then the equation
(27 (=AYp—pUP'o=h inR"
has a unique solution ¢ with ||@||, < 400 such that
/ UP1Zipdx =0 foralll=1,2,...,n+1.
Furthermore, there exists a constant C > 0, depending only on q, s, and n, such

(28) ol = Cliall,,

Proof. Let H* be the completion of C§°(R") equipped with the norm

) 8P
1915 = \/fn|¢|2 s [  deay,

and let (H*®, (-, -)pgs) be a Hilbert space with the product
(f&) = fFONEEX) =8B

(fv g)HSZ - |x_y|n+25

Let us consider the subspace
= {¢ € H*(R") such that /Up_121¢dx =0, [=1,2,....,n+ 1}.
We consider the problem of finding ¢ € H such that

/(—A)i¢(—A)%rdx—pyfUP—1¢1+/ ht =0 forallt e H;
Rn R~

n
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2n
this variational zformulation makes sense if we consider for instance & € L2, since
H*(R") — L= (R") continuously; see, for instance, [Di Nezza et al. 2012].
Let f € L= (R"). By Riesz’s theorem there exist a unique ¢ € H such that

(—=A)2¢p(—A)itdx+ | frdx=0 forallt e H.

R R

Thus A(f) = ¢ defines a linear operator between L% (R™) and H. By the local
compactness of Sobolev embedding [Di Nezza et al. 2012] and the decay at infinity

of UP~!, we have that the map H — L%, ¢ — U”_lgb is compact. Hence,
Fredholm’s alternative applies to the problem

(29) ¢ —A(pyUP~'¢) = A(h).

For h =0, we have Lo(¢) =0 and ¢ € H. Thus (—A)*¢ = pUP~'¢ in R"; hence,

ur—1
P(x) = Gn,spV/ U 0»0)

Re X — y[nm

’

for some explicit positive constant o, ;. We claim that ¢ is bounded. Indeed, let
8 > 0 be a fixed positive small number and write

yr! yr! yr-!
(30) ¢n(—y2)v = / ¢n(—y2)v + / ¢n(—y2)v = 11 + 12'
relX — ¥l ' l[x—y|<$ lx =yl ’ |[x—y|>8 lx — ¥l ’
We have
31) I <Cll f — L ay<csg)
* |x—y|<é§ |x - y|n72s *

and, using the Holder inequality repeatedly,

2n n+2s

( 1 % n;nzs P 1 n+2s 2n
e Gmes) ) (L))
[x—y|>6 |)C - )’|"_23 [x—y|>6
W\ .
SC/ Gz </ U= §C||¢||L2n/(n72s)
[x—y|>é [x—y|>8

Choosing § properly small, we obtain that ¢ is bounded. We can now apply the
result in [Davila et al. 2013] and conclude that ¢ is a linear combination of the
functions Z;, [ = 1,...,n+ 1. Since ¢ € H we have that ¢ = 0. Fredholm’s
alternative implies that, for any A satisfying the orthogonality condition, a function
¢ € H solution to (29) exists.

Assume now that ¢ solves (27), we shall now show the a priori bound (28). We
first show that ¢ is bounded. First we have

2s—2
101 20020 gy < 180 gy < Wl rmzo gy < I+ YD 20| g .
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Observe now that

ur-! h
(lﬁ(x):o'n’sp/ %4_0 S/ _ ")
Re [x =yl

Fixing a small § > 0, we get

h h h
/ L_zdy:/ L}_zd)wk/‘ %dyz]rl-]z
R IX —y|” g [x—y|<é |X - )’|" g [x—y|<é IX —)’|” s

with

o Jx =y

1 ¢
Ji = /IAxy|<6 (m) 171l La gy < CIN g grny

and

n

since ¢ > 7,

n—2s

1 2n
S = (/ —) 121l = Cllnll :
= n L2n/(n+2s) = 1.2/ (n+2s)
[x—y|>é IX - y|

Thus, thanks also to (30) and (31), for all x € R”,

16 ()| < C8Z N llog + C (1D 20020 gery + 1Bl Loy + 18] L20jrran) -
Choosing § small, we conclude that ¢ is bounded since
(32) 19llog < CUBN Lonsi-20@ny + 1ll Lageny + 121l pansinsas)-
Next we show the decay rate at infinity of ¢. Consider
¢ =P "¢y 7y and k() =1y Fh(yI Y.

A direct computation shows that

(=AY —pyUP~'(»)¢=h on R"\{0},

and

1011 ey + 11 2020 gy = 10 s gy 101 2020y
AN Lo gny = 1L+ 1yD" 2290 Lo gny = 1]
Applying the estimate (32) to ¢, we get
D1l Lo 0.1y) = 1Pl Loony = C(||¢||L2n/(1172x)(Rn) + 1Al Lagny + ||h||L2n/(n+25))

< CII 1l p2msin-20 ey + 1l Lo gany + 11 2
< C(In N+ W2ll o ry) = CllA L

Since 1"l g1y = 18]~ (p0.1 We conclude that [|]l, < CllAll,,. O
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Under further symmetry conditions on % and ¢, (27) can be solved without the
orthogonality conditions. For a general function v defined in R", consider the
symmetries

(33) Y@ =Y ET Ty, j=12 k1,

and

(34) Yoo Voo YD) =YO, ooy =Y Yn),  J=3,...,0,
together with invariance under the Kelvin transform

(35) v =Py y).

Lemma 3.2. Assume that h satisfies (33), (34), and || h|| ., < oo. Furthermore, we
assume that

h(y) = Iy = h(ly|"*y).

Then (27) has a unique bounded solution ¢ = T (h) that satisfies symmetries (33),
(34), and (35). Moreover, there exists C depending only on q, s, and n such that

@1l < 17l

The proof of this result is very close to the proof of [del Pino et al. 2011, (4.19)].
We refer the interested reader to that reference.

For a later purpose, we need to establish a result like the one in Lemma 3.1 for a
linear operator more general then L.

Lemma 3.3. Let 2s < v < n. There exist numbers &, C, depending on v, n such that
the following holds: If g, a, and ¢ are functions such that ||(1 4 |y|")gll,, < +00,
1A+ [y["*)¢llo < 400, and [|(1 4 |y[*)ally, < 8, and

n+1
(36) Lo@) +a¢ =g+ Y alU?™'z in R,
=1
where
(37) / UP'Zip=0 foralll=1,...,n+1
and

69 o vrzi= [ @Ow-gONZe forall 1=1....0+1.
R~ R"
then

39) I+ 11" )l < CHA + 11" oo
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Proof. By contradiction, let us assume the existence of functions ¢, a,, g, and
constants ¢;' such that (36)-(38) hold, and

A0) 1A+1y"gnlle = 0, A+ 1y )l =1, 11+ |y[*)anllo — O.

Clearly, ||(1+ [y|")a@ngnllo — 0 and ¢;/ — 0, so without loss of generality we may
assume that a, = 0 and ¢}/ = 0. We claim first that

lénlloe = O-

Assume the opposite: there are numbers y, R > 0 and points x,, such that

|¢n(xn)| =V, |xn| <R.

Passing to a subsequence, and arguing like in the proof of Lemma 3.1, we find
that ¢, converges in the energy space and locally uniformly over compact sets to a
bounded function ¢ #% 0 with

Lo(¢o) =0, and /U”_lqbZ[:O for all l,

which gives ¢9 = 0. This is a contradiction due to the result in [Davila et al. 2013].
Thus we have that ||¢,||,, — 0.

Next we shall show that [|(14 [y]"">)éullec — 0, thus getting to a contradiction
with (40), and the proof of the Lemma. Using the equation, we have that

Ur=1(y)pn(y) dyto / gn(y)
58 R

(4D du(x) =0n,sPV/

for some explicit positive constant o, . Since 2s < v < n, and taking into account
that [[(1+[y[")gnllo, — 0, as well as the behavior of U P=1 gt infinity, there exists
a positive constant C, independent of n, such that

I bnlloo o(1) )
U+ ) (4 )

for some o(1) — 0, as n — oo. Replacing the above estimate in (41) and repeating
the same procedure a finite number of times, we get that

[¢nlloo +o0(1)
(14 [x[v=2)

| (X)] = C<

|pn(x)| = C

4. Proof of Propositions 2.1 and 2.2

Proof of Proposition 2.1. Let us fix functions ¢ ; and we assume that they satisfy
the symmetry assumptions (6), (7) and the invariance under Kelvin transform

b1 =1y1* "1y %y).
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Finally, we assume

(42) il < p.  where ¢y = p'" > ¢y (&) + ).

for a small, fixed p > 0.
We next solve (17). To do so, we write it in the form

k
(=AY (@) = py U Oy —y VO — py|UaP ™ Y (1= ) — M () =0,

j=1

=h
where
k

k
V(y) = pU.rt - UP1><1 -2 41-) +pUPT Y = Vi V)

Jj=1 J=l

=V =V

k k
mwyi= (1-36) (478 (L b+ )
j=1 j=1
A basic observation is that the function 4 as defined above satisfies the conditions

(33), (34), and ||A]| ., < co. Furthermore, we have that

h(y) = Iy = h(ly|*y).

Hence, we can define the linear operator 7 in the Lemma 3.2 and we can write our
problem (17) in fixed point as

and

@)  vy= —T(Vw +py U Y (=00 +M<w>) =: M)
J

We notice that M is well defined in space X of continuous functions i with
¥, < oo, and satisfying

V. Y) =Y T, y), =12 k-1,
w(y"yj9ayn):w(y”_y]v’yn)a j:3""7nv
¥ =y* "y 2y).
We claim that
(44) VYD), < CK' "4 9],

and

(45) | pyiv.r! S0 | =ck il
j=1
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We claim that if
I, + ol <20,
then

(46) IM @)l < C(' "0 + K4 llp1112+ 19 1).
Furthermore, for ¥, ¥, in X,

1M 1) — M@2) . < Collr — Y2l

We can thus conclude that, for p small enough, the operator M defines a contraction
map in the set of functions ¢ € X with

47 Iy ll, < C(ldl> +&'79).

From the estimate (47), we get the Lipschitz dependence

1w (@) =W @D, < Clldt — 7,
We shall next show the validity of (44), (45), and (46).

Proof of (44). Consider
k

f(t)=‘U—tZUj

j=l1

p—1

By the mean value theorem,

k
|v1|sp(p—1)‘U—sZU,-
j=1

Thus, if for all j, |y —&;| > {, then

n—2s

k
_ Iz
Viv DI < ClIY LU ) D
=y &l
Since {; =1on |y —&| <],

[+ D"V oy = [+ D"V o 10

(n—2s)q

= e — y
( I )c B(O’ Z) |y s‘] |( 2S)q *

n—=2s

< Ckp" 2 k"7 1y,
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for some positive constant C. Thus || Vi (¥)|l,, < Ck'~a ¥ On the other hand,

IVawrll,, = 1L+ 1y 5 pur- IZCJWIIMW
j=1
1

2n k q q
<C 1+ n+2x—7Up—l . ) d )
<f3(0,1)(( B Zw y

j=1
with

2n k 4q q
1+ [y >~ yr! w) dy)
([, >

U(P—l)q(1+|y|)(n+25)q—2n %
<CZ( f i = dy) 1,
B(&, ) (T4 |y[)in==s)a

<Ck'"vl, O

Proof of (45). Estimate (45) can be obtained arguing as in the proof of estimate
(44), after noticing that

n72:

30| < CUM 11, W 0

Proof of (46). For the moment we shall assume that
1 4 ll1ll, <2

for a p sufficiently small. Let us assume that |y —&;| > % for all j. First we recall
that

k
H(l Fly)" R (1 -3 g)E
j=1

]_,

= ||(1 +1y |)n+zs_7E||Lq(Ext) = Ck

La(R)
Then we find in this region
k k 2
‘N(Z%Jﬂﬁ) SCUP_Z( > 6 +|w|2).
j=1 j=1
But
k 12 n—2s s 5 5
Uy éi| <Clignll U”ZW» Urly P < Uyl

j=1
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Thus, we have

k k
H(l + |y|>”+2~“q”(1 - Zc)(yN(Zqu +w))
j=1 j=1

- H(l DR (N (@)

La(Rm)

L4 (Ext)
k

RENRICETS 1
y— &[22

j=1

<Cl1?

L4 (Ext)

CMn—Zs

2 2
= mllfblﬂﬁ‘cﬂlﬂll*

Using the above inequalities, we get

1—n 1—n

IM@)l,, < Ck'~a k' a1 ]1> + Clly |12, O

This concludes the proof of Proposition 2.1.

Proof of Proposition 2.2. In order to prove Proposition 2.2, we need to consider
the linear problem

(48) (=AY'¢1 — pyUl ' ¢ —h(y) =coiU' ' Zyyy in R

for a general function fz, where

urz;

~ _n=2s _
Zo1 ) =172 Zy(w 'y —£&)) and ¢y = /
n+1

Lemma 4.1. Assume that h is even with respect to each variable y,, ..., y, and it
satisfies the invariance

h(y) = I1yI™"" > h(ly|%y)
Assume in addition that
nt2s ~
h(y) =wp 2 h(&§ + pny)

satisfies |||, < oo. Then (48) has a unique solution ¢; = T(fz) that is even with
respect to each of the variables ys, . .., y,, invariant under Kelvin's transformations

) = 1y* "oy 7y,
where ¢ (y) = Mn_TZS(l;(gl + wy) and satisfies

QU™ Z,11 =0.
Rn
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Moreover, there exists C such that

ol = CliAll,.-
Proof. We consider ¢ and & such that

(—=A)'¢p—py|UIP'¢ =h(y) in R", and / hZ,. =0.
Rn
The evenness of % in the last (n — 1) coordinates guarantees that

/thzO, [=2,...,n,n+1.

We have that to prove that / hZ, =0. Let

n

1<r>=f W,y — ()R () dy.
We notice that

9 f W2 =010y =~ /R By wly —EDRG) dy;

after a change of variable,

UOR fR Wyl 72y = DAYy 7 = /R W (y —aEh(y) dy
where

ut t

N=————— and s{t)=—5——>5.
#o w? + & 1262 ® n? + & 172

Hence,
(50) 81(0)],_, = u'(1) /R By — €0, F) dy

(D / By, (D (y — EDh(y) dy = 0.
Rn
We can check that

[y =0l i dy = [ ZaIhr)dy =0

and s'(1) = 1 — 2|&|> Hence, using (49) and (50), we obtain fR" hz, =0. It
follows from Lemma 3.1 that there exists a unique solution ¢; for (48) with

/thzO, I=1,....,n+1 and |¢|,=<Clh|,,..

Arguing by uniqueness, as in proof of Lemma 3.2, we find that ¢ satisfies the
corresponding symmetries. U
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We use the above lemma to solve (23) and (24). We consider the operator T
defined in the lemma. We are going to prove the existence of a solution to (23) by
a fixed point argument

(51) $1=T (&1 +yN(g)) = M(¢).
For any f we set f(y) = ,u#f(& + wny). Let

AO) = par (U™ = U 1P ).

For |y| < .
k—1 1
1F1)] SC(M"‘zsk”‘ZSZ o TR z)UP gl
j=1
and so

17 O < C(um 2 K2 4 T (k) " 20 ], = C @ .

Analogously for f> = (¢ — I)Uf_1q§] in the region |y| < ﬁ,

|20 < Ul

hence || f>|,, <Ck~ ‘1I|¢1II*- Now we consider f3 = p|U|"™ 1\I’(<z>1)0n|y|<ﬂk,
|f3l<cur~ty’ II‘IJ(¢>1)||<>O§CU”1 (II¢1|| +kTy;
thus, _
||f3(y)||**_CM2"(II¢>1II +k.
Now, for

fa= aN(q'El +Z<5,->w<¢1>
i=2
we notice that
N(p) = (Vi+ )P — VP —pVP'p

where ¢(y) 1= 17" ¢ (&1 + py) and
k
Vi) =UM+ Y Uy+u" G —&) —n'= UG +ny)

i=2
with

k
¢=¢1+) i+ (g
i=2
Therefore

1Fal < CUPT W T il + UP T (i, + K7 0)),



ENTIRE FINITE ENERGY SIGN-CHANGING SOLUTIONS 107

and hence,
I falle < C(r2 il + 2 (1l +k17)2).

Concerning fs = ¢ E, we recall that

1f 5l < Cra.

The above estimates suggest that it is possible to apply a fixed point argument
of contraction type in the set of all continuous functions ¢; = ®(§) such that
l¢1ll, < Cu2. This gives the existence and the estimate for ¢, satisfying

1|, < Ck 4,

and

IN@)|,. < Ck 7.

Straightforward computations shows also the continuous dependence of ¢ = ®(6)
and ¢, on the parameter §. This concludes the proof of Proposition 2.2.

5. Conclusion

In this section we show the existence of § > 0 such that ¢,,11(8) = 0 in (23). Indeed
this fact guarantees that the function

Ui+ o,

where U, =U —)_ U, is defined in (9) and ¢ = Zf’:l q§j + 1 is defined in (15), is
a solution for the original problem (1). Let

n—=2s _
Zus1 =17 2 Znm (W oy —£)).
We recall that

-2
Zus1(y) =y- VU + 52U
We need the existence of a § such that
(52) st = f (CE +yN @) Zysr =0.
Rn

Since we are assuming that s > 1, we claim that

1
_2S>5 + 1) + kT O(8)

o
nd ‘—n n—2s
(53) Rng“lEZnH = ASk* <—22 (E I
j=1

and

(54) f YN(@1) Zpsr =k~ "2k =0 0,(8),
Rn
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where ®(5) denotes a continuous function of §, which is uniformly bounded, as
k — oo. Since n —2s > 1 for any s € (% 1), from (53) and (54) we obtain the
existence of a unique & solution to (52) with

]

n—2s 1 -1
R

j=1

What is left of this section is devoted to the proof of (53) and (54).

Proof of (53). We write

G EZyy1 Z/ EZyi1+ | (= DEZyy.
Rn n Rn

Expanding the first term, we get
| 2= [ Bz [ Bzt Y [ EZu=nanen,
" B R\U B; 175

where B; = B(§;, %). With the scaling x = puy + &, and writing

~ n42s
E(y)=pn 2 E¢ +puny),
we get

/E2n+1 2/ E\(9)Zny1(y) dy.
B B(0,.5)
Thus

11=/ E\Zy1(y) dy
B(O. )

=—rp ). f UG = T = 60) e

2 / UP'UE + uy) Zogr dy
B(,-%)

+yp f o (UG +sVONP T =UP YV () Zys1 dy
B(0,

1
)

193 IR E I CE A
j#1 VB0

n+2s

—Mny UP & +uy)Zos1 dy,
B(0,:%)
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where

Viy)= (— D UG- E—E))+ W UE +M)’)>-
j#1

For j # 1, and by Taylor expansion,

n—2s

n—12s
UG+ 6 =) = ———— (1+ 0(u*?)),
HED
where & = (1,0, ...,0) and
~ 2m(j=1) A
§j=e &

thus

/ UP UG — & — £) Zunt
B(O !tk)

n—2s

23 n 2s | -
_ —2/ UP (1 + 0K Zngn
1§ — &1l B0, %)
=2 __(|vr'z,- / U’HZ +1
|Ej — &P (/ ! R™\B(0, ) "
+ O’k Up—lzm)
B0, %)
27 R 2512 2,2
= W(Cl + O k™) + 0 (uk ))
j — Gl
n—2s
23 n—2s ' ]
= g 1+ 0GME)
j — 1 n—=2as

where
C = / Urz,...

For the second term,

=2 Uy o, ks 257,25
% G+ uy)Zpprdy=pn 2 Ci(1+0u"k™)).
B(0 “7)
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Furthermore,

/B 0.0, (T HSV O = UPTHV () Zny dy'

<

/ UP(y — ' (& — €1)) Zus1
i1 Y BO.p)

Mn-‘rZS / 1
<C e oo
21 |61 = &lmt2 Jpo. g (L+1yD"
) Z Mn+2s
< C(uk)™ S —
i#£l Igl - giln—i-ZS

and

w2 )// U”($j+uy)Zn+1dy‘
B, %)

n+2s

<Cu 2

/ ;,dy gcu%k_zs.
B, 1 (1+ ly[)n=2s

Therefore, we conclude that

oo
n—2s 1
Il = ASki(nizs) <_2 22 < z : jn2s)8 + 1) + kin®k(8)a

j=1

where ®(8) is a smooth function of §, which is uniformly bounded as k — oco.
Now we are going to estimate /. The Holder inequality gives

/ EZn-i—l
R*\UB,

n42s—22
<ClIA+yD"™ "7 Ell Lo@nus)

—n—2s42n  n=2s _
X ||(1+|y|) " A+ql‘l/ 2 Zn+1(y+/1' l(éj_Sl))“L‘I/(q—l)(Rn\UBj)'

A direct computation gives that

g—1
q

[+ 1D 1 Zua 0+ 17 & = E0) | ey oy < Ok
for some constant C > 0. Thus we conclude that
|| < Ck'™"
since we have already proved — see (13) — that

25— 21 1—2
I+ 1D 7 Ell g ousy < Ck' 7.
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Let j # 1 be fixed and Ej (y) = M%ZJE(%‘ + ny). After the change of variable
x = py +§&;, we obtain

/ EZn-H
B;

n=2s ~
=’/L 2 / E;Z,i1(uy +§)
B(O.1)

n+2s—

n=2s n ~
<Cp 2 [[(1+1]yD *EjllLaso. 2)

—n—2s+22

X “(1 + |y|) q“’ 2 Zn+l(y+:u' @] El)) ||Lq/(‘i D (B(0, Y] L))"

We have

||(1+|y|) " 2Y+q:““ 7 Zn+l(y+M (%-j 51))||Lq/(q I)(B(O '7 ))

n—2s gq—1

L —1 e
nz s t" q
=C |$ —S |n 2s (/ (n42s—2) -4 dt
1 1 t q 7 q—1

= O 0™
and
[CEnFD G qE ||L,1(B(0 n))<(uk) (1 k02, 2s)‘
Hence,

|I3] =

> f EZnt1

J#l

< " ko (1020 Y

]:

—_

n— 2_3

SC k2Y

Finally, we conclude that

(o.¢]
~ n—2s 1
(55) /R EZn1 = Ak~ =29 (—22 ( > —

=17

S)5+ 1) + kT Or(),

where ©(8) is a smooth function of §, which is uniformly bounded as k — oo.
In order to complete the proof of (53), we first estimate:

(&1 = DEZup SC‘/ EZyy1|.
ly—&11>1

Rn
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Then we split the domain of integration:

/ EZyi =/ EZyy1+
y—E11>7 N, ly—& =2

In the exterior region, we already proved that

k

> ez
j=2 |)’*§j|<%

/ EZyp =k'"7"0(8),
N, ly=&l>1

for some smooth function ®; of &, which is uniformly bounded as k — co. On the
another hand, to estimate

k
> / EZyi
i —gl<t

we can argue like in the estimate of the term /3 above, thus concluding that

k

> ez
j=2 \y—§/|<%

<Ck™

for some constant C > 0. (]
Proof of (54). It is convenient to decompose

N($1) =N(¢1) + N(¢1)

where
N@) = p(UIP7 6 = U )i + poi|ULP~ W (g))
+N<<51 +Z¢3,~+ID<¢1>) — N(@1)
J#1

and

N(@) =Us+ 11" Us+ 1) — U~ Uy — plULIP " 1

We have that
~ ~ n+2 ~,
I:= N(d)l)szrl:Merf N (@) (&1 +ux)Z,41(x) dx
Rn Rn

so that, from the estimates found, we readily check

(56) 1] < Ckzs_”kl_zf UP~YZpil.

n

On the other hand, if we let

II:=| N@)Zni1,
Rn
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we find that
ViE ||¢1||*/ UP 16111 Zos .
Rn

Now, we notice that from (23), we can write

p—1 il 7
Lo(¢r) +agr=g+ Y cU"™'Z, where a=p"2 yN(@1)(E + uy)
I
so that

n=2s _
jal < CUP gl and gl <Cp 2 (1+|yD~™.
Thus, applying Lemma 3.3 with v = 4s, we find
n=2s —2s
g1l <Cu 2 (1+1yD)

and we conclude that

2s

|| < Cllgill,n*= < CK* "4,

Combining this with (56), we find

N @) Zpsr| < CKZ k0, O
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