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MULTIPLICATIVE REDUCTION
AND THE CYCLOTOMIC MAIN CONJECTURE FOR GL,

CHRISTOPHER SKINNER

We show that the cyclotomic Iwasawa—Greenberg main conjecture holds for
a large class of modular forms with multiplicative reduction at p, extending
previous results for the good ordinary case. In fact, the multiplicative case
is deduced from the good case through the use of Hida families and a simple
Fitting ideal argument.

1. Introduction

The cyclotomic Iwasawa—Greenberg main conjecture was established in [Skinner
and Urban 2014], in combination with work of Kato [2004], for a large class of
newforms f € Si(o(N)) that are ordinary at an odd prime p { N, subject to
k =2 (mod p — 1) and certain conditions on the mod p Galois representation
associated with f. The purpose of this note is to extend this result to the case where
p | N (in which case k is necessarily equal to 2).

Recall that the coefficients a, of the g-expansion f =) -, a,q" of f at the
cusp at infinity (equivalently, the Hecke eigenvalues of f) are algebraic integers that
generate a finite extension Q(f) C C of Q. Let p be an odd prime and let L be a
finite extension of the completion of Q( f) at a chosen prime above p (equivalently,
let L be a finite extension of @, in a fixed algebraic closure Q p of @, that contains
the image of a chosen embedding Q(f) — Q »)- Suppose that f is ordinary at p
with respect to L in the sense that a,, is a unit in the ring of integers O of L. Then
the p-adic L-function Ly of f is an element of the Iwasawa algebra Ap = O[I']],
where I' = Gal(Q/Q) is the Galois group of the cyclotomic Z ,-extension Q
of Q. A defining property of L is that it interpolates normalized special values
of the L-function of f twisted by Dirichlet characters associated with finite-order
characters of I". The Iwasawa—Greenberg Selmer group Selg_ 1 (f), defined with
respect to the p-adic Galois representation 2 of f over L —a two-dimensional
L-vector space—and a Galois-stable O-lattice T, CV,, is a discrete, cofinite
Ap-module, and the Iwasawa—Greenberg characteristic ideal Chy (f) C Ap is
the characteristic Ap-ideal of the Pontryagin dual Xg_ 1 (f) of Selg. (f). The
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Iwasawa—Greenberg main conjecture for f then asserts that there is an equality of
ideals Ch.(f) = (L) in Ao ®z, Qp and even in Ap if Tf is residually irreducible.

Theorem A. Let p > 3 be a prime. Let f € S (I'o(N)) be a newform and let L and
O be as above and suppose f is ordinary at p with respect to L. If

(i) k=2 (mod p —1);

(i1) the reduction ,6f of the representation Py Gal(Q /Q) — Aut@(Tf) modulo the
maximal ideal of O is irreducible;

(iii) there exists a prime q % p such that g || N and ﬁf is ramified at q,

then Chy (f) = (L) in Ao. That is, the Iwasawa—Greenberg main conjecture
is true.

When p1 N this is just Theorem 1 of [Skinner and Urban 2014]'. When p | N, in
which case the ordinary hypothesis forces p || N and k = 2, this is not an immediate
consequence of the results in [Skinner and Urban 2014], as this case is excluded
from Kato’s divisibility theorem [2004, Theorem 17.4], which is a crucial ingredient
in the deduction of the main conjecture from the main results in [Skinner and Urban
2014]. However, as we explain in this note, the main conjecture in the case p | N
can be deduced from knowing it when p { N.

Having the cyclotomic main conjecture in hand, one obtains results toward
special value formulas. For example:

Theorem B. Let p > 3 be a prime. Let f € So(I'o(N)) be a newform and let L and
O be as above and suppose f is ordinary. Suppose also that

(1) the reduction ,5f of the representation Py Gal(Q /Q) — Auto(Tf) modulo the
maximal ideal of O is irreducible;

(ii) there exists a prime q # p such that q || N and ,5f is ramified at q;
(iii) if p | N and a, = 1, then the £-invariant S(Vf) € L is nonzero.

Let
L(f, 1)

L™(f,1) = :
(/D —2miQY}

Then
HOJ(LYE(f, 1) = #Sel (f) - [ [ ee(T)).
14

In particular, if L(f, 1) =0, then Sely (f) has O-corank at least one.

n order to conclude that the equality holds in Ao and not just Ap ®z, Qp, Theorem 1 in
[Skinner and Urban 2014] requires that p, have an O-basis with respect to which the image contains
SL(Zp). But as we explain in Section 2.5, hypotheses (ii) and (iii) of Theorem A are enough for the
arguments. We also explain that the reference to [Vatsal 2003] in [Skinner and Urban 2014] should
have been augmented with a reference to [Chida and Hsieh 2016].
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Here Qj{ is one of two canonical periods associated with f as in [Skinner and
Urban 2014, §3.3.3] (and well-defined up to an element of O* NQ(f)), Sel, (f) is
the Selmer group associated by Bloch—Kato to the Galois lattice Ty, co(Ty) is the
Tamagawa factor at £ of Tf (and equals 1 unless £ | N), and S(Vf) is the L-invariant
of a modular form f (or of Vf) with split multiplicative reduction at p introduced
by Mazur, Tate, and Teitelbaum [1986] (see also [Greenberg and Stevens 1993, §3]).
It is conjectured that S(Vf) is always nonzero; this is known if f is the modular
form associated to an elliptic curve, but in general it is an open question.

As a special case of Theorem B, obtained by taking f to be the newform
associated with an elliptic curve E over (), we have:

Theorem C. Let E be an elliptic curve over Q with good ordinary or multiplicative
reduction at a prime p > 3. Suppose that

() E[p]is an irreducible Gal(Q/Q)-representation;

(ii) there exists a prime q # p at which E has multiplicative reduction and E|p]
is ramified.

If L(E, 1) #0 then

ord, (L(g’ D) — ord, (#HJ(E) I ce(E)>,
4

E

and if L(E, 1) = 0 then Sel y~ (E) has Z ,-corank at least one.

Here, Q2 is the Néron period of E, III(E) is the Tate—Shafarevich group of
E/Q, and the c;(F) are the Tamagawa numbers of E. In particular, c;(E) is the
order of the group of irreducible components of the special fiber of the Néron model
of E over Z,.

Our proof of Theorem A is relatively simple. Let N = pM. We first make
two reductions: (1) it suffices to prove the theorem with the field L replaced by
any finite extension, and (2) it suffices to prove the equality Chf (f) = ([,JZC),
where ¥ is any finite set of primes containing all £ | N, EJEC is the incomplete
p-adic L-function with the Euler factors at primes in X different from p removed,
and Chf( f) is the characteristic ideal of the Pontryagin dual XEDOO’ . (f) of the
Iwasawa—Greenberg Selmer group Selaw . (f) with all conditions at primes in X
different from p relaxed. Then we exploit Hida theory to deduce that one can
choose L so that for each integer m > 0 there exists a newform f,, € S, (I'o(M))
with k,, =k (mod (p — 1)p™), Q(f,) C L and f,, ordinary at p with respect to
L, and the ordinary p-stabilization f,; of f;, satisfies f,' = f (mod p™) in the
sense that the g-expansions (which have coefficients in O) are congruent modulo
p™. Furthermore, as a consequence of the existence of the “two-variable” p-adic
L-function associated to a Hida family we also have E?m = £J§ (mod p™Ap). Kato
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[2004] has proved that X éw 1 (fm) 1s a torsion Ap-module, and an argument of
Greenberg then shows that it has no nonzero finite-order A »-submodules. From
this it follows that Ch ( f,,) equals the Ao-Fitting ideal FZ(f,,) of X¥ (f,). The
congruence f,» = f (mod p™) implies that Seléw’L(f)[pm] = Selaoo’L(fm)[pm],
so comparing Fitting ideals yields

(FZ(f), p™) = (FF (fm), P™) = (ChF (fn), P™) C Ao.

From the main conjecture for f, (the congruence f,; = f (mod p) ensures that
the hypotheses of Theorem A also hold for f;,) and the congruence modulo p™ of
p-adic L-functions we then have

(FZ(f). p™) = (ChF (fu), P™) = (L7, pP™) = (L}, p™) C Ao

for all integers m > 0. This, together with the nonvanishing of the p-adic L-
function EJEC, implies that F LE (f) # 0 and hence that Xam’ . (f) is a torsion Ap-
module. Then Ch% (f)=F LE (f), by the earlier argument of Greenberg, and so
(ChE(f), pP™) = (LE(f), p™) C Ao for all m > 0. As Ch¥ (f) C A is a principal
ideal, it then easily follows that Chf (f)= (ﬁ?), proving Theorem A.

If the analytic or algebraic w-invariant for some f,,, (the power of the uniformizer
of L dividing £J§m or Chf( fm))—or even for some other ordinary eigenform
suitably congruent to f for which the main conjecture holds — were known to be
zero, then Theorem A would follow from the main results of [Emerton et al. 2006].
However, presently little is known about the vanishing of these p-invariants.

Theorem B is deduced from Theorem A via an argument of Greenberg [1999].

In addition to extending the main conjecture to the case of multiplicative reduction,
our motivation for writing this note was in part to provide an explicit reference for the
expression for the special value L¥2( £, 1) in terms of the size of Selmer groups that
is required for the arguments in [Zhang 2014] and, by including the multiplicative
reduction case, also to provide an important ingredient for the extension of the main
results of [Zhang 2014] to cases of multiplicative reduction. Additional motivation
for the latter stems from the author’s collaboration with Manjul Bhargava and Wei
Zhang to provide lower bounds on the proportion of elliptic curves that satisfy the
rank part of the Birch—-Swinnerton-Dyer conjecture.

While preparing this note the author learned of Olivier Fouquet’s [2014] work
on the equivariant Tamagawa number conjecture for motives of modular forms.
That work should provide another means for deducing Theorem B in the case p | N
from the main results? in [Skinner and Urban 2014] as well as some additional
weakening of the conditions on primes away from p. The deduction of Theorem A

2But see also note 1, especially as the main results in [Fouquet 2014] rely on Theorem A as stated,
at least for the p t N case.
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for p | N in this paper uses no more machinery than already developed in [Skinner
and Urban 2014] or than is required for our deduction of Theorem B.

2. Gathering the pieces

In this section we recall the various objects that go into the Iwasawa—Greenberg
main conjecture for modular forms, some of their properties, and some useful
relations. Throughout p is a fixed odd prime.

Let @ C C be the algebraic closure of @ and let Gg = Gal(Q/Q). For each
prime £, let Q, be a fixed algebraic closure of Q,. For each ¢ we also fix an
embedding Q <> Q,, which identifies Gq, = Gal(Q,/Q) with a decomposition
subgroup in Gq; let Iy C Gg, be the inertia subgroup. Let frob, € Gg, be (a lift
of) an arithmetic Frobenius element.

Lete: Gg — Z; be the p-adic cyclotomic character. This is just the projection
to Gal(Q[pp=1/Q), the latter being canonically isomorphic to Z 7. Similarly, let
w:Gg —> £ be the mod p Teichmiiller character. This is just the composition of
the reduction of € mod p and the multiplicative homomorphism (Z/pZ)* < Z;
defined by the Teichmiiller lifts.

Let Qy C Q[uP®>®] C Q be the cyclotomic Z ,-extension of Q. That is, Q¢ is
the unique abelian extension of @ such that I' = Gal(Q, /Q) = Z,. Let y €' be a
fixed topological generator. As Gal(Q[u~]1/Q) = Gal(Q[u,] / Q) x T, there is
alift y of y to Gal(@[u~1/Q) identified with (1, y), and we letu = e(y) € Z;;.

2.1. Galois representations and (ordinary) newforms. Let f € S;(I'o(N)) be a
newform. Let Q(f) C C be the finite extension of @ generated by the Fourier
coefficients a, ( f) of the g-expansion f =Y >~ ,a,(f)q" of f atthe cusp at infinity
(equivalently, the field obtained by adjoining the eigenvalues of the action of the
usual Hecke operators on f). Fix an embedding Q(f) — Q pandlet L C Q pbea
finite extension of @, containing the image of Q(f). Let O be the ring of integers
of L (the valuation ring), let m be its maximal ideal, and let x = O/m be its residue
field.

Associated with f and L (and the embedding Q( f) < L) is a two-dimensional
L-space V, and an absolutely irreducible continuous G g-representation p, : Gg —
AutL(V ) such that Py is unramified at all primes £ Np and det(1 — X - Py (froby)) =
1— Clg(f)X + k=1 X2 for such £. In particular, trace ,Of(fI'Obg) = Clg(f) if £1 pN,
and det pp = ek,

LetT,T' C Vj be two G g-stable O-lattices. Let p and p’ denote, respectively,
the two-dimensional k-representations 7/m7T and 7’/mT’. The following lemma
is well known, but we include it for later reference.

Lemma 2.1.1. (a) If p or p’ is irreducible, then p and p' are equivalent as k-
representations. In particular, p is irreducible if and only if p' is irreducible.
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(b) If p or p' is irreducible, then there exists a € L™ such that T = aT'’.

Proof. Replacing T’ with some O-multiple, we may assume that 7" is a sublattice
of T. Then T/T’' = O/m" x O/m™ with n < m. Let @ be a uniformizer of O
(a generator of m). Then w"T/(T' + w"T!T) = O/m™n(.m=n) j5 3 Gg-stable
quotient of T/mT = w"T/w"t'T of at most one-dimension over k. If /5 is
irreducible, then this quotient must be trivial and som —n =0and T’ = @"T,
in which case 7'/mT’ = w"T/w"t'T = T/mT as Gg-representations over .
Reversing the roles of 7 and 7" in this argument then yields the lemma. (]

We then define py to be the k-representation 7/mT of Gg for a Galois-stable
O-lattice T C Vf. By the above lemma, if ,6f is irreducible for some choice of
T, then it is irreducible for any choice of T, and the equivalence class of Py is
independent of 7. Of course, it is not difficult to show that the semisimplification
of ﬁf is independent of T even when ﬁf is not irreducible, but will not need this.

Suppose k > 2 and f is ordinary with respect to the embedding Q(f) — L.
That is, a,(f) € O*. As proved in general by Wiles [1988, Theorem 2.2.2], in this
case Vf has a unique Gq,-stable L-line V;r C Vj such that G, acts on Vf+ via the
character oz}lek_l, where af : Gg, — O™ is the unique unramified character such
that o ¢ (frob,) equals the (unit) root ), in O of the polynomial x’—a p()x+ pkl
if pt N and af(frob,) =a,(f) if p| N. (Note that the reduction of the polynomial
x%— ap(f)x+ ¥~ modulo m is x (x — a,(f)) and so, by Hensel’s lemma, a,( f)
lifts to a root in O*.) The action of Gg, on the quotient Vi =V,/ VfJr isvia ay.
Given any Gg-stable O-lattice T C V, welet T+ =T NV and T~ =T/T™.
Then T is the unique Gg,-stable free O-summand of rank one on which Gg,
acts via a;lek_l, and T~ is the unique Gg,-stable free O-module quotient of rank
one on which Gg, acts via ay.

The following lemma is also well known, but we also include it for completeness.
Lemma 2.1.2. Suppose a,(f) € O*. If p| N,then p||N, k=2,and a,(f)==£1.

Proof. If f € S (I'o(N)) is a newform with trivial Nebentypus such that p | N, then
a,(f) #0if and only if p || N, in which case a,(f)* = p*=2 (see [Miyake 1989,
Theorem 4.6.17]). If a,(f) € O, then it follows that k = 2 and ap(f)2 =1, so
ap(f)==*l. O

Note that if f is a newform with p | N that is ordinary with respect to some
embedding Q(f) — Q p»» then, since a,(f) = £1 by the lemma, it is ordinary
with respect to all such embeddings. Also, as noted in the proof of the lemma, if
f € 52(I'g(N)) is a newform with p || N then a,(f) = %1 and so f is ordinary
with respect to any embedding Q(f) < Q -

In keeping with the terminology for elliptic curves, we say that a newform f €
S>(To(N)) has multiplicative reduction at p if p || N and that it has good reduction
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at p if p + N. Additionally, we say f has split (resp. nonsplit) multiplicative
reduction at p if p || N and a,(f) =1 (resp. a, = —1).

2.2. L-invariants. Suppose f € S,(I'g(N)) is a newform with split multiplicative
reduction at p. The Galois representation |2 restricted to G, is an extension

0—>Vf fEL(l)—>Vf—>Vf_§L—>O.

This extension is known to be nonsplit and semistable but not crystalline This
follows for example from the main result® of [Saito 1997]. Let Ty, H'(Q P Vf) —
H'(Q p» L) be the induced map on cohomology. As the extensmn is nonsplit,
the image of Ty, is a one-dimensional L-space. As explained in [Greenberg
and Stevens 1993, §3], the £-invariant S(V ) of V is the negative of the “slope”
of the line 1m(nv ) with respect to a partlcular ba51s of the two-dimensional L-
space H'! Q,, L)
We have

H' (@), L) = Homy(Ga,, L) = Home (G, L),

where G P is the maximal abelian pro-p quotient of Gaq,. Local class field theory
gives an 1dent1ﬁcat10n

hm@ /@7 = G

From the decomposition @X = p X ZX we obtain an L-basis {{y;, Yeyc} of
H'(Q,, L) _Homm(Gabp L), with

Yur(p) = 1= (log, )" Yeyew) and  Yur(u) = 0 = Yreye(p).-

Recall that u = €(y) is a topological generator of 1+ pZ,. The condition that 7
is not crystalline is equivalent to 1m(71v YZ L -y Let0 £ L € 1m(7rv ) and wrlte
=X - Yeye + ¥ - Yur- Then x # 0, and the L-invariant S(Vf) of the extens10n Vf is
deﬁned to be
LV =—x"'yelL.

3In [Saito 1997] it is proved that the Frobenius semisimplification of the Weil-Deligne representa-
tion attached by Fontaine to the dual representation va is just the Weil-Deligne representation attached
by the local Langlands correspondence to the p-component 7, of the automorphic representation
T = ®ymy of GLy(A) corresponding to the newform f. If f has split (resp. nonsplit) multiplicative
reduction at p, then another way to state Lemma 2.1.2 is that 7, is the special representation (resp.
the twist of the special representation by the unramified quadratic character). The local Langlands
correspondence attaches to a (twist of a) special representation a Weil-Deligne representation with
nontrivial monodromy (in particular, one that is not split).

4To be precise, we normalize the reciprocity law so that uniformizers are taken to arithmetic
Frobenius elements.
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This is independent of the choice of A.

The nonsplit extension V also defines a line Z e H(Q p» L(1)) (the image of
the boundary map L = H 0(@ L) — H'(Q P> L(l)) Under the perfect pairing
(«,y:H! (Qp, L) x H! (Qp, L(1)) — HZ(QP, L(1)) = L of Tate local duality, the
lines im(rrvf) and EV/, are mutual annihilators. So S(Vf) can also be expressed in
terms of (Yryr, ¢) and (WYeye, ¢) for 0 # ¢ € E

The Kummer isomorphism yields an 1dent1ﬁcat10n

Um Q% /(@)"") ®z, L = H'(Q,, L(1)).

Then, together with the above identification of H ! (Qp, L), the pairing (-, -) of
local Tate duality is identified with the usual L-linear pairing

Homy ((hm@p/(@ )7, L) x lim Q% /(@)”") ®z, L — L.

Soif0#ce ({Vf, then
(V) = Yur(©) ™ Preye (©).

Let H (Qp, L(1)) be the local Bloch-Kato Selmer group [Bloch and Kato 1990,
(3.7.2)]. Essentlally by definition, H! (@,,, L(1)) is the subgroup of H! (Qp, L(1))
that classifies crystalline extensmns of L by L(1) (see [loc. cit., p.354]). The
condition that V; not be crystalline is therefore equivalent to £, gZ H (Qp, L(1)),
and so, as H! (@p, L(1)) is identified with (lim, ZX/(ZX)” )®z L (see [loc. cit.,
Example 3. 9])

Vur(c) #0,
which explains why the preceding formula for £(V;) is well defined.

Example. Suppose f is associated with an elliptic curve E /Q with split multiplica-
tive reduction at p and let g € Q; be the Tate period of E. Then Ve =T)E®z,Q)p
is the Gq,-extension assoc1ated to the image of gr in H'! (@p, @,,(1)) under
the Kummer map. That is, £, = Q) - q¢ € (lim, @} /(@X)” ) ®z, Qp, and so
E(Vf) =log, ge/ordy(qE). As the j-invariant j(qE) =j(E) € Q of E is algebraic,
gk is transcendental by a theorem of Barré-Sirieix, Diaz, Gramain, and Philibert
[1996], and so log, g # 0. Therefore, S(Vf) # 0.

2.3. Iwasawa—Greenberg Selmer groups. Let f € S;(I'o(N)) be a newform that
is ordinary with respect to an embedding Q(f) < @ p- Let L C Q p be any finite
extension of Q,, containing the image of Q(f) and let O be the ring of integers of
L. Let T C V be a fixed Gg-stable O-lattice.

Let Ao = O[[F]] Let ¥ : Gg —» T C AX be the natural projection. This
is a continuous A p-valued character that is unramlﬁed away from p and totally
ramified at p. Let A}, = Hom¢(Ap, @,/Z,) be the Pontryagin dual of Ap. This
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is a discrete Ap-module via r - ¢(x) = ¢(rx), for r,x € Ap and ¢ € Aj,. We
similarly define a A »n-module structure on the Pontryagin dual of any A »-module.

Put M =T; ®0 A}, with Go-action given by p, ® Ul Let Mt = TfJr Qo A
and M~ = M/M™". Let ¥ be any finite set of primes containing p, and let
S =X U{£]| N}. Let Qg be the maximal extension of ) unramified outside S
and oo, and let G = Gal(Qg/Q). Following Greenberg, we define a Selmer group

Selg_ (f) by

Selg_ L (f) :ker{Hl(Gs, M) — H'(I,, M) x ]_[ H'(1,, M)G@z}.

LeS\X
This is a discrete, cofinite Ap-module (see [Greenberg 2006, Proposition 3.2]).
Its Pontryagin dual X ém’ . (f) is a finite Ap-module. We denote by Chf( f) the
A o-characteristic ideal of X P> _...(f); this is a principal ideal. In general, these all
depend on the choice of T, but if p Py is irreducible, then Lemma 2.1.1 shows that
Sel@ L) is 1ndependent of T; up to isomorphism, and hence so is X ().
In particular, if I is irreducible, then the ideal ChE (f) does not depend on the
choice of T,.

Furthermore if Ly D L is a finite extension with ring of integers O D O, then
Tfl_T ®o O, is a Gg-stable O, -lattice in V| _V L L, andT 1_T ®o 0,.
Hence Sel@ .1, (f), the Selmer group deﬁned w1th respect to the lattice T s is
canonically isomorphic to Sel@ A H®0O,asa Ao, = Ao ®p O;-module, from
which it follows that its Pontryagln dual X 0.1, (f) 1s isomorphic to X éw’ 1. ®0 0,
as a Ap,-module and therefore

(2-3-1) Chy, (f) =Ch}(f)- Ao,.
The relation between the Selmer groups Seléic ’ . (f) and Selé; L (f) with ¥y C
3, is clear:
Selg ,(f) = ker{SeléZ L= [T H U Mm% }
LeSHr\S1
Each H'(I;, M)%c, ¢ = p, is a cotorsion Ap-module, and the A p-characteristic
ideal of its Pontryagin dual is generated by P, (W ~'e~!(froby)), where
Py(X) = det(1 — X - p(frobe) | Vi,1,)

with V¢, being the space of I,-coinvariants of the representatlon V;. In particular,
22 L (f) is a torsion Ap-module if and only if X@l L) s, and

Ch;2(f)2Ch ' (f)- [] (Pe(w™"e™!(froby)).

6622\21

Later, we shall see that this last inclusion is often an equality.
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If ¥ ={p} then we will omit it from our notation, writing Selg_ 1. (f). Xa.,.L(f),
and Chy (f) instead.

The following lemma shows that if ¥ is large enough and that if o is irre-
ducible, then Selaw [p"]and X EDW L(H/p"X 500’ 1 (f) depend only on the pair
T/ p" Ty, 7}+ /p" Tf+) (up to isomorphism).

Lemma 2.3.1. Suppose ¥ D {£ | N} and that ,5f is irreducible. Then the inclusion
M([p™] C M induces an identification

Sel3_, (N)1p"] = ker{H'(Gs. MIp"D) S H'(1,, M™[p" )0 ).
Since M[p"] = Tf/PmTf ®0 Ablp™], MF[p"] = Tf+/mef+ ®0 A5[p"],
and M~[p™] = M[p™]/MT[p™], it follows that the dependence is only on the
pair (T, /p" Ty, Tf+/mef+),

Proof. Since Py is irreducible, the inclusion M[p™] < M induces an identifica-
tion H' (G, M[p™]) = H'(Gx, M)[p™]. So Selg_,(f)[p™] is the kernel of
the restriction map H YGs, M[p™")) —» H'(I p» M7™), which factors through the
restriction map H'(Gx, M[p™]) - H' (I,, M~ [p™]). The kernel of the natural
map H](Ip, M~[p"]) — H](Ip, M) is the image of (M) /p™(M™)r via
the boundary map. But (M™)» = Hom(O, Q,/Z,) since I, acts via ¥~ on
M~ Z A%, and so (M) / p™(M™)r =0 as Home (O, Q,,/Z,) is p-divisible.

O

The key to our proofs of both Theorems A and B is an understanding of the
images of the restriction maps

(2-3-2) H'(Gs, M) = H' (@, M) x [ H'Ue, M)
LeS 0£p

and

(2-3-3) H'(Gs, M) = H'(I,, M) x [ H'Ue. M)Ter,
LeS t£p

where S D {£ | Np} is any finite set of primes. The kernel of (2-3-3) is, of course,
just Selg,, .2 (f). We denote the kernel of (2-3-2) by S (it is independent of S as
H'(Gg, M) = ker{H" (G sue), M) = H' (I, M)P2)} if M is unramified at £)
and let X’ be its Pontryagin dual. As S is a submodule of each Seléw’ 1 (f), Xisa
quotient of each X Eboo, ().

The next two propositions record some properties of the above restriction maps.
The ideas behind the proofs of these propositions are due to Greenberg (see espe-
cially [1999, §§3,4; 2010b; 2010a]). As there is not a convenient reference for the
exact case considered here, we have included the details of the arguments.
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Proposition 2.3.2. Suppose k =2 (mod p — 1), ,5f is irreducible, and Xq_, 1.(f)
is a torsion Ap-module. The restriction maps (2-3-2) and (2-3-3) are surjective.

Proof. As H'(Q,, M™) — H'(I,, M™)%%  (2-3-3) is surjective if (2-3-2) is. That
is, to prove the proposition it suffices to prove surjectivity of (2-3-2). To establish
this surjectivity we introduce some auxiliary Selmer groups.

Let N'=Homo (77, O(1)) ®o Ao, with Gg-action given by e,o} ® W, and let
NT = Homo(Tf/TJr, O()) ®» Ap, which is G@p—stable with G@p acting via
a;le ® W. These are free Ap-modules, and N'* is a Ao-direct summand of N
Let N™ = N/N. The pairing

() MXN—>Q,/Z,, Q¢ ¢Qr)=p(p() 1),

is a Gg-equivariant perfect pairing under which M™* and N'" are mutual annihilators.
Under the induced (perfect) local Tate pairing

H (Q,, M)® H* ' (Q,,N) —> Q,/Z,,,

the images L,(Y) = im{H'(Q,, V") - H'(Q,, )} for ¥ = M, N are also
mutual annihilators. Let

Sel¥(W) =ker{ H' (G5, N) = H'(@,, N)/L,(N) = H'(@Q,, N)}.
Let I (Q, S, NV) C Sel*(N) consist of those classes that are trivial at all places
in S.

For ¢ # p, H'(Fy, M) = 0 and so H'(Q;, M) => H'(I;, M)%2. Also,
Hz(@p, M™T) =0 as its dual is HO(@,,,N_) =0, so Hl(@p, M)/L,(M) =
H'(Q p» M7). Global Tate duality then identifies the dual of the cokernel of (2-3-2)
with Sel® (W) /11'(Q, S, N) (see [Greenberg 2010b, Proposition 3.1]). To show
that this last group is trivial, we will prove that Sel®(\) is Ao-torsion-free if
nonzero and also prove that Sel¥ () is a torsion Ap-module.

Suppose H'(Gg, N) has nontrivial Ap-torsion: H!(Gs, N')[x] # O for some
0#yeAo. Let A, = Aop/xAo and N, = N /xN. It follows from the long exact
cohomology sequence associated with the short exact sequence

0—>NM>N—>NX—>O

that H'(Gg, N)[x] is the image of NxGS under the boundary map. Let 0 # y €
N,CG 5. Let n C A, be the maximal ideal, and let » > O be the largest integer
such that y € n"N,. Since 0" N, /n TN, = N ®,, 0 /0!, the k[Gs]-module
N = w N, /nw N, is just the sum of dimy(n”/n"*1) copies of Pr- As p is
irreducible, it follows that (N ;)GS =0. But by the choice of r, y has nontrivial image
in NV} and is fixed by Gs. From this contradiction we conclude’ that H' (G, \)

3See also [Greenberg 2006, Proposition 2.25] for another proof.
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has no nonzero Ap-torsion. The same is then true of the submodules SelS(N )
and 1111 (Q, S, V).

We prove that Sel® () is torsion by exhibiting elements x in the maximal ideal
of Ao such that SelS(N)/xSels (N) has finite order. Let x =y —u™ € Ap with m
an integer. Let Ny = N'/xN, Nf =N /xN*, and N = N,/N;". These are free
O-modules. If p{ N or m # 0, then the natural injection

H'(Gs,N)/xH'(Gs, N) —> H'(Gs, Ny)
induces an injection
(2-3-4) Sel®(W)/xSel® (V) < Sel®(Ny) =ker{H'(Gs, Ny) > H'(@Q,, N)}.

For this, we first note that the image of the induced map from Sel® (\)/xSel® (N)
to H'(Gg, N,) lies in Sel® (N, ). It remains to prove injectivity. Let ¢ € Sels (V) be
such that it has trivial image in Sel¥(N,). Then ¢ = xd for some d € H (Gg, N)
such that xd =0in H'(Q,, N"7). The kernel of multiplication by x on H(Q,,, N'7)
is the image of H°(Q,, N;). But N is a free O-module with Gq, acting via the
character a pe> %"= and so H*(Q,, N;)) =0unlessm =k—2and oy = 1. But
ar=1onlyif p|| N and k = 2. It follows that if p{ N or m 7 0, then multiplication
by x is injective on H'(Q,, N'7) and, therefore, d € Sel¥ (\), proving the injectivity
in (2-3-4).

From (2-3-4) it follows that to prove Sel®(\) is torsion it suffices to show
that there is some m # 0 such that Sel®(N,) has finite order. As Sel’(N,) has
finite order if and only if Sel’ (Ny) ®z, Qp /2, has finite order — in which case it
must be trivial — it suffices to prove the latter. Furthermore, as I is irreducible
and so H'(Gg, N,) —and hence also Sel® (N, ) —is a torsion-free O-module and
therefore free, it would then follow that Sel’ (N,)=0.

Let My = Ny ®z, Qp/Z, and M;” = N ®z, Qp/Z,. From the long exact
cohomology sequence associated with the short exact sequence

0> Ny=N:®z,2p—> Ny ®z,Qp > My =N, Qz,Q/Z, — 0

we deduce an injection H!(Gg, Ny) ®z, Qp/Z, — H'(Gg, M,). Under this
injection the image of the canonical map

Sel®(Ny) ®z, Q,/Z, - H'(Gs. Ny) ®z, Q,/Z,,

maps into
res

Sel® (M) = ker{H'(Gs, M) — H'(Q,, M;)}.
The kernel of the induced map SelS(Nx) ®z, Qp/Z, — SelS(Mx) is then just the
kernel of Sel’ (N,) ®z, Qp/Zp — H'(Gs, Ny) ®z, Qp/Zp, which is finite (having
order at most that of the torsion subgroup of the quotient H' (G g, Ny)/Sel® (Ny)).
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So to prove that there is an m # 0 such that Sel¥ (N, ) has finite order, it suffices to
find such an m for which Sel®(M,) has finite order.

Let m # 0 be an integer such that m =0 (mod p — 1). Let y = y —
Then, as k=2 (mod p—1), M, = M[y] as O[Gg]-modules, and the isomorphism
can be chosen so that M is identified with M™[y]. It follows that

uk72fm‘

(2-3-5) Sel¥(M,) = SelS(M[y]) = Sel§,_; (/)],

where Sel® (M[y]) is defined just as Sel¥(M,), and where the injection is induced
by the natural identification H'(Gg, M[y]) = H'(Gs, M)[y] (which is injective
as ,5f is irreducible).

As Xq,,,.(f) is a torsion Ap-module, so is XEDOO’L(f). Therefore, for all but
finitely many integers m, X%w L/ ngDw . (f) has finite order. As the latter
is dual to Sel%m’L(f)[y], it follows from (2-3-5) that there is an m #% 0 with
m =0 (mod p — 1) such that Sel®(M,) has finite order. As explained above, the
existence of such an x implies the desired surjectivity of (2-3-2). ([

Proposition 2.3.3. Suppose k =2 (mod p — 1), Py is irreducible, and Xq_, 1.(f)
is a torsion Ap-module.

(1) The Ao-module X has no nonzero finite-order A »-submodules.

(ii) Let X be any finite set of primes containing p. The Ao-module X ém’ 1 (f) has
no nonzero finite-order A o-submodules.

Proof. To prove part (i), let S D {£ | Np} be any finite set of primes and let

Ps=H'@Qp, M) x [] H'@.M).
LeS t#£p

For x =y —u™ € Ap, Pslx] is a quotient of

Ps.=H"@p, MIxD/L,MIxD) x  [] H' (@, MIx)),
LeSt#£p

where L,(M[x]) =im{H (Q,, M*[x]) - H'(Q,, M[x])}. Therefore the coker-
nel of the restriction map H'(Gg, M[x]) = H(Gs, M)[x] — Ps[x] is a quotient
of the cokernel of the restriction map H Y(Gg, M[x]) — Ps . By global Tate
duality, the Pontryagin dual of the latter is a subquotient of Sel®(N,), where N,
and Sel® (N,) are as in (2-3-4). But, as shown in the proof of Proposition 2.3.2, m
can be chosen so that Sel® (N,) = 0 and hence so that H! (G, M)[x] — Ps[x]. It
then follows from an application of the snake lemma to multiplication by x of the
short exact sequence

0—>8—> H' (Gg, M) > Ps—0
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that, for such a choice of m,
(2-3-6) S/x8 —> H' (Gg, M)/xH' (Gg, M).

However, as shown in both [Skinner and Urban 2014, Lemma 3.3.18] and [Green-
berg 2010a, Proposition 2.6.1], the right-hand side of (2-3-6) is trivial for all but
finitely many m, so the m can also be chosen so that S/xS =0. Let X S X be a
sub- A p-module of finite order, and let X* be its Pontryagin dual. Then X*/xX* is
a quotient of S/xS and so is 0. By Nakayama’s lemma X* = 0, hence X = 0. This
proves (i).

To prove part (ii), let S D X U {£ | Np} and let

Ps.x=H'(I,, M™)%% x ]_[ H'(Q¢, M)
LeS\X

and

Pssx=H'(@Qp, MIxD/L,MIxD) x [] H'(@e, MLxD).
LeS\X

We may then argue as in the proof of part (i) but with Ps replaced by Ps 5. Then
S is replaced by Selaoo’ 1 (f). Furthermore, as Ps 5 . is a quotient of Py ,, the
surjectivity of the restriction map H 1(Gg, M[x]) — Ps.».x, and hence of the
restriction map H'(Gg, M[x]) — Ps x[x], follows for a suitable x =y —u™ € Ap
from the surjectivity of the restriction map onto Ps , established in the proof of
part (i). U

Let F*(f) be the Ap-Fitting ideal of X, (f). The following is a straight-
forward consequence of the preceding propositions.

Lemma 2.3.4. Suppose k =2 (mod p — 1) and ﬁf is irreducible.

(i) Ch7 (f) =Chr(f) [Tyes.onp Pe(¥ ™ e (froby)).
(ii) FZ(f)=ChZ(f).

Proof. If X ém’ 1 (f) is not a torsion Ap-module (equivalently, Xg £ (f) is not a
torsion A p-module), then Chy (f), ChE (f),and F LZ (f) are all zero, so there is
nothing to prove. We suppose then that X ém’ 1 (f) is a torsion Ap-module.

Part (i) is immediate from Proposition 2.3.2 and the definition of characteristic
ideals. For part (ii), we first note that F’ Z: (f)c Chf (f). Let a be the kernel of the
quotient Ap/FZ(f) — Ao/ Chy (f). Since Xgpoo,L( f) is a torsion Ap-module
and Chz: (f) is a principal ideal, there exists A = y —u™ € A such that A is not a
zero-divisorin Ap/ Chf (f)and Xéw’L(f)/)LngL(f) isatorsion Ap/AAp =0O-
module. The size of this module is then equal to the size of both Ap/(A, F E @3))
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and Ap/(A, Chf (f)) (which are necessarily finite), the first by basic properties6
of Fitting ideals and the second by Proposition 2.3.3(ii) and a standard argument’
from Iwasawa theory. It follows that the natural projection Ap/(X, FLE( ) —
Ao/, ChE (f)) is an isomorphism. Applying the snake lemma to the diagram
obtained by multiplying the short exact sequence

0—a— Ao/FE(f) = Ao/Chy(f) = 0
by X then yields an exact sequence
0— a/ra— Ao/(h, FE(f)) = Ao/(h, ChE(f)) — 0.

Therefore a/Aa, and hence a, is 0. O
24. p-adic L-functions. Let f, L, O, and Ap be as in the preceding section,
with the assumption that £ > 2 and f is ordinary with respect to L. Amice and
Vélu [1975] and Vishik [1976] (see also [Mazur et al. 1986]) constructed a p-
adic L-function for f. This is a power series Ly € Ao with the property that if

d:Ao— Q p 18 a continuous O-homomorphism such that ¢ (y) = ¢u™ with ¢ a
primitive p%~!-th root of unity and 0 < m < k — 2 an integer, then®

POIImIL(f, xg o™ m 1)
(—2miym Gy, wmm@
a)—quj—lpk—Z—m) (1 B me¢(p)Pm>

ap ap

Li(@):=0¢(Ly)=e(d)
(2-4-1)

e(p) =a,” (1 -

6Suppose R is a Noetherian ring and M is a finite R-module (hence finitely presented). Let Fp (M)
be the R-Fitting ideal of M. These basic properties are: (i) for any ideal I C R, Fg/j(M/IM) =
Fr(M) mod I; (i) if M = R/oy X --- X R/ayy, then FRr(M) = oy - - - oy and (iii) if R is a PID,
then lengthz (M) = lengthg (R/Fg(M)). For properties (i) and (ii), see [Mazur and Wiles 1984,
Appendix A]. Property (iii) follows from (ii).

"The argument: A finitely generated torsion A p-algebra X admits a A o-homomorphism X —
Y =[[i_, Ao/(f;) with finite-order kernel a and cokernel b and such that the A -characteristic
ideal of X is (fy --- fr). Let f = f1 - -+ fr. If X has no finite-order A »-submodules, then the map to
Y is an injection. Multiplying the short exact sequence 0 > X — Y — b — 0 by A =y — u" and
applying the snake lemma is easily seen to give

#X/1X = #Y/0Y = [[#A0/0.. f;) = [[#O/(fi @™ = 1) = #O/(f (4™ — 1)) = #A0/ (. ).

where we have written f; (™ — 1) and f(u™ — 1) for the respective images of f; and f under the
continuous O-algebra homomorphism A — O sending y to u™.

8The power of —27i in the denominator of this formula is incorrectly given as (—277)™ in some of
the formulas in [Skinner and Urban 2014], namely in the introduction, in §3.4.4, and in Theorem 3.26
of [loc. cit.]. In these cases the correct factor is (—2mwi )'"‘H. This error originates in the difference
between Q}E as defined in [loc. cit., §3.3.3] and the QT in [Mazur et al. 1986, 1.9]: QF = —27ri£2jft.
The exponents of —2si are correct in the formulas in [Skinner and Urban 2014] for the L-function of
f twisted by a Hecke character of the imaginary quadratic field .
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where «, is the unique (unit) root in O of x? — ap(f)x + pFlif p { N and
ap=ap(f)if p| N, 15 =0ifty =1 and p— 1| m and otherwise t; = t¢, x is the
primitive Dirichlet character of p-power order and conductor (which can be viewed
as a finite-order character of ZX) such that X¢ w)=¢"", G( X 1a)_’") is the usual
Gauss sum (and so equals 1 if t¢ =0), and Q are the canomcal periods of f (these
are well defined up to a unit in O; see [Sklnner and Urban 2014, §3.3.3]).

Let X be a finite set of primes. We define an incomplete p-adic L-function
ﬁ? € Ao by

(2-4-2) Ly=cp- [] Pew e (froby)).
leX l#p
Note that

1 —ap(f)e~"w=1(froby) + £F=3W=2(frob,), €N,

-1 _-1 —
Pg(\lJ € (frObZ)) - {1 —ae(f)ﬁ_lqj_l(fr()b@)s K | N

In partlcular the value of EZ under a continuous O-algebra homomorphism ¢ :
Ao — @ such that ¢ (y) = ;‘u 0 <m <k — 2, can be expressed in terms of a
special value of an incomplete L-function:

P m LEN (£, x o™, m 4 1)

£E — m

Remark 2.4.1. Let Z(f) be the ring of integers of Q(f) and let p be the prime
of Z(f) determined by the chosen embedding Q(f) — Q p- Then Q}—L is well
defined up to a unit in the localization Z( f) ) of Z(f), and the value of the p-adic
L-function under a homomorphism ¢ as above lies in a finite extension of Z(f) ).
It is in this way that period-normalized values of the L-function L(f, s) and its
twists, which a priori are complex values, can be viewed as being in @ p without
fixing an isomorphism Q » =C.

Suppose f has split multiplicative reduction at p. Then it follows easily from
(2-4-1) that if ¢g : Ap — Q p 1s the O-algebra homomorphism such that ¢o(y) =1,
then £ s(¢o) = 0. In particular, L7 = (y — 1) -E’f for some E’f € Ap. Greenberg
and Stevens [1993, Theorem 7.1] proved that E’f (o) = ¢0(£ff) is related to the
L-invariant of 7 by the formula

L(f, 1)

(2-4-3) '+ () = (log,, u>—‘£<vf>TiQ}r.

More precisely, if we identify Ap with the power-series ring O[[T']] by sending
ytol+T,andif welet L,(f,s) = Lf(us_l —1), s € Z,, then Greenberg and
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Stevens proved that

J LD
%Lp(f’ S)|S=1 - S(Vf) _27_[19_}_ .

This is easily seen to be equivalent to (2-4-3). This formula was conjectured by
Mazur, Tate, and Teitelbaum [1986, §13].

2.5. The Iwasawa—Greenberg main conjecture. Let f, L, O, Ao, Ly, etc., be as
in the preceding sections. Along the lines of Iwasawa’s original main conjecture
for totally real number fields, Mazur and Swinnerton-Dyer (for modular elliptic
curves) and Greenberg (more generally) made the following conjecture.

Conjecture 2.5.1. If X is any finite set of primes containing p, then X ém’ L (f)is
a torsion Ap-module and Chf ()= (E?) in Ao ®z, Q) and even in Ao ifﬁf is
irreducible.

It follows easily from Lemma 2.3.4(i) and (2-4-2) that if this conjecture holds
for one set X then it holds for all sets X. Also, the conjecture with L replaced by
any finite extension implies the conjecture for L, as can be seen by the observations
in Section 2.3 on the relation (2-3-1) between Ch,% (f) and Chf1 (f) for a finite
extension L D L.

In [Skinner and Urban 2014] the following theorem was proved, in combination
with results of Kato [2004], which established this conjecture for a large class of
modular forms.

Theorem 2.5.2. Suppose
(1) k=2 (mod p —1);
(i1) ﬁf is irreducible;
(iii) there exists a prime q # p such that q | N and Py IS ramified at q;
(iv) p1 N (this is automatic if k # 2).
Then for any finite set of primes X, X%uoo,L(f) is a torsion Ao-module and
Chy (f) = (L) in Ao.
In [Skinner and Urban 2014] an additional hypothesis is required to conclude
equality in Ao and not just in Ap ®z, Q):

(*) There exists an O-basis of 7} such that the image of Ps contains SL>(Z)).

This hypothesis was included because it is part of the statement of [Kato 2004,
Theorem 17.4]. However, a closer reading of the proof of [loc. cit.] shows that
all that is_ necessary is that (a) ,5f be irreducible and (b) there exist an element
g € Gal(Q/Q[u p=]) such that Tf/(pf () — 1)7}. is a free @-module of rank one,
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as we explain in the following paragraph. All references to theorems or sections in
the following paragraph are to [Kato 2004] unless otherwise indicated.

Hypothesis (x) intervenes in the proof of Theorem 17.4 through Theorem 15.5(4),
which is proved in §13.14. Hypothesis (a) together with Lemma 2.1.1 of this
paper implies that, in the notation of [Kato 2004], the conclusion in §13.14 that
Ir=a- Vo,(f) for some a € F;* holds; Lemma 2.1.1 of this paper can replace
the reference to Lemma 14.7 in §13.14, which is the only explicit use of a basis
with an image containing SL,(Z ) in the proof of Theorem 15.5(4). Hypothesis (a)
also, of course, ensures that the hypotheses of Theorem 12.4(3) hold, as needed in
§13.14. Hypothesis (b) ensures that the hypotheses of Theorem 13.4(3) hold. The
proof of Theorem 15.5(4) in §13.14 then holds with (x) replaced by the hypotheses
(a) and (b) above.

We now check that (a) and (b) hold under the hypotheses of Theorem 2.5.2.
Hypothesis (a) is just hypothesis (ii) of the theorem. Hypothesis (b) is satisfied
in light of hypothesis (iii) of the theorem: As g || N, the action of I, on Vf is
nontrivial and unipotent and in particular factors through the tame quotient (this
is a consequence of the “local-global” compatibility of the Galois representation
Py [Carayol 1986, Theorem A]). It follows that Py (7) is unipotent for any T € I,
projecting to a topological generator of the tame quotient and, since I is ramified
at q, ,o (r) # 1, hence T /(,0 (t) — 1)T is a free O-module of rank one. As
T€E Gal(@/ Qlupe]), condmon (b) holds for g=T.

We also take this opportunity to note that the reference to [Vatsal 2003] in the
proof of [Skinner and Urban 2014, Proposition 12.3.6] is not sufficient. It may be
that the weight two specialization of the Hida family in [loc. cit.] that has trivial
character also has multiplicative reduction at p. This case is excluded in [Vatsal
2003], though the ideas in that paper can be extended to this case, as is explained
in [Chida and Hsieh 2016]. The reference to [Vatsal 2003, Theorem 1.1] must be
augmented by a reference to [Chida and Hsieh 2016, Theorem C].

The purpose of this paper is, of course, to show that hypothesis (iv) can be
removed from Theorem 2.5.2.

The main results of [Skinner and Urban 2014] show that for a suitable imaginary
quadratic field K and a large enough set X, the equality Chf ) ChE (f®xk) =
([3): f® Yk ) holds, where f® x is the newform associated with the twist of f by the
pr1m1t1ve quadratic Dirichlet character corresponding to K. When pt N, this equality
can be refined to an equality of the individual factors via the inclusions EE € Ch2 )
and L% € Ch}: (f ® xx), which are proved in [Kato 2004]. When p | N these in-

f®xx
clusions do not follow directly from [Kato 2004]; additional arguments are required.

2.6. Hida families. Let f € S;(I'o(N)) be a newform that is ordinary with respect
to an embedding Q(f) — Q,. Write N = p"M with pt M (sor =0 or 1 by
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Lemma 2.1.2). Let L C @ p» be any finite extension of @, containing the image
of Q(f) and let O be the ring of integers of L. Let Ry = O[X]. Hida (see
especially [1986; 1988]) proved that there is a finite, local Rp-domain R and a
formal g-expansion

o]
f=) aq"€Rlgl, a=1,

n=1
satisfying

e R = Ryl{a; : ¢ =prime}];

e ifgp:R—>Q p 18 a continuous O-algebra homomorphism such that ¢ (14 X) =
(1+ p)k/, with k€’ > 2 and k' = k (mod p — 1), then 220:1 ¢ (an)q" is the g-
expansion of a p-stabilized newform, in the sense that there is a newform fy €
Si(F'o(M)) and an embedding Q( f3) < Q, such that ¢ (as) = a.(fy) for all

primes £ # p and ¢ (a,) is the unit root of the polynomial x2—a p(fo)x+ pKn

o there is a continuous O-algebra homomorphism ¢g: R — O such that ¢po(1+X) =
(l—i—p)k and ¢o(a¢) =ae(f), £ # p, and ¢o(a,) is the unit root ofxz—ap(f)x—l—
pklifr =0and ¢o(a,) = a,(f) ifr=1.

Furthermore, after possibly replacing L with a finite extension, we may assume
» O is integrally closed in R.

Then, as explained by Greenberg and Stevens [1993] (see also [Nekovar and Plater
2000, (1.4.7))),

« there is an integer ¢ and an O-algebra embedding
o0
R<— R. = {Z ui(x—k)' :u;eL, lim ord, (u;) +ci = —I—oo} C L[Ix]
i—0 1—> 00
such that the induced embedding of Ry sends 1 + X to the power series
expansion of (1 4 p)* about x = k and ¢ is the homomorphism induced by
evaluating at x = k.

Then evaluating at x = k’ for an integer k' > 2 with k' =k (mod (p — 1) p¢) defines
a continuous O-algebra homomorphism ¢y : R — L such that ¢ (1+X) = (1+ p)k'
with corresponding newform fy,, € Si'(I'o(M)). Furthermore, it is clear that given
any integer m > 0, there is an integer r,, > 0 such that if ¥’ =k (mod (p — 1) p™),
then ¢ = 9 (mod p™ O); in particular, for all primes € #~ p

ae(fg,) = ae(f) (mod p™O).

For each integer m we choose such a k" =k, and write f,, for the corresponding fg, .
Note that we have chosen &, > 2 so that f,, is a newform of level not divisible by
p, though p might divide the level of f.
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Suppose that Py is irreducible. Then there is a free rank two R-module T and a
continuous Galois representation

Pr: Ga — Autg(T)

that is unramified at each £ { p N and such that for any such prime trace p, (frob,) =
ae € R. In particular for ¢ : R — O being ¢ or one of the homomorphisms ¢,
T, = T Qg O is a Go-stable O-lattice in T ®g ¢ L = Vy,. Let T, = Ty, and
I, =Ty, . Since ¢ and ¢,, agree modulo p™, reduction modulo p™ induces

identifications
(2-6-1) Tf/p’"Tf =T Q®rep O/P"O=T®pg, O/p"O = Y}m/p’”Tfm

as O[Gg]-modules.
Suppose also that
ocflek ! # o (modm).
This ensures that there is a free rank-one Gq,-stable R-summand Tt C T such
that for any of the ¢ as before, T™ ®z 4 O = Tf:. The identification Tf /p"T, =

T, /p" T, induces an identification

(2_6-2) 7}+/p’n T+ fm /p _f”‘l

Greenberg and Stevens [1993] and Kitagawa [1994] and others have shown that
the p-adic L-functions Ly, for the forms fy arising from a Hida family fit into a
“two-variable” p-adic L-function. In particular, following Emerton, Pollack, and
Weston, we have the following.

Proposition 2.6.1 [Emerton et al. 2006, §3 especially Proposition 3.4.3]. Let X be
a finite set of primes containing p. If p Py is irreducible, then there exists ﬁf e R[T"]
such that for each continuous O-algebra homomorphism ¢ : R — Q p as above, the
image 0f£f in RITI ®r,¢ ¢(R) = Agy(ry is a multiple of the p-adic L-function
‘C]Z% by a unit in ¢ (R)'.

Here ¢ (R)' is the integral closure of ¢ (R) in its field of fractions (which is a finite
extension of L). In particular, as ¢, (R) = O, the image of Efz in R[T]®g ¢, O=
Ao is just umﬁjgm for some u,, € O*. Assuming that ﬁf is irreducible, for each m
we then have an equality of Ap-ideals

(2-6-3) (L7, p™) = (L}, p™) S Ao.

3. Assembling the pieces

We can now put together the various objects and results from Section 2 to prove
Theorems A and B as indicated in the introduction. We will freely use the notation
introduced in Section 2.
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3.1. Proof of Theorem A. Let f, L, O be as in the statement of Theorem A. In

particular, f € Si(N) is a newform of some weight k > 2 that is congruent to

2 modulo p — 1 and some level N. Furthermore, if f = > 12 a,(f)q" is the

g-expansion of f, then a,(f) € O*. If p{ N, then by Theorem 2.5.2 the Iwasawa—

Greenberg main conjecture is true: for any finite set of primes ¥ containing p,

ChL (f) = ([,Z) in Ap. So we assume that p | N. By Lemma 2.1.2 we then

have N = pM with pt M and k = 2. Let 7} cV be a Gg-stable O-lattice. By
Lemma 2.1.1 this lattice is unique up to L* —multlple since Py is assumed irreducible.

Let ¥ D {£ | N} be a finite set of primes. After possibly replacing L with a finite
extension, for each integer m > 0 there exists

(a) anewform f,, € S, (I'o(M)) with Q(f,,) CL, k,, >2,and k,, =2 (mod p—1)
and such that a, (f,,) € O*;

(b) a Gg-stable O-lattice I, CV, and an isomorphism 7 / p’”T =T, /p T
as O[Gg]-modules that 1dent1ﬁes T+/me+ with T+/mef+ as O[G@ ]
modules;

(c) an equality of ideals (‘C]Zc, pm) = (E?m, p™) C Ao.

The forms f,, in (a) are just those defined in the discussion of Hida families in

Section 2.6. Then (b) is just (2-6-1) and (2-6-2), and (c) is (2-6-3). Furthermore,

we also have

(d) Oy, = Py is irreducible and ramified at some g # p such that g || M;
(e) ng (fw) is a torsion Ap-module and Chy (f,,) = (ﬁj?m) C Ap;
) X éw‘ ;(fm) has no nonzero finite-order A p-submodules, so F’ LE( fm)= Ch*( fm)-

Note that (d) follows from (b) and the hypotheses on N and ,5f in Theorem A, while
(e) and (f) follow from the Iwasawa—Greenberg main conjecture for f,,, (which
holds by (a), (d), and Theorem 2.5.2 since f,, is of level M and p t M) together
with Proposition 2.3.3 and Lemma 2.3.4.

From (b) together with Lemma 2.3.1 we conclude that there is a A p-isomorphism

Seld ,(HIP™1=Sel_, (f)p™]

of Ap-modules, and hence, upon taking Pontryagin duals, also a A p-isomorphism

Xe. 1D/ P" X L ZEXG )/ P XG5 1L (f)-

From basic properties of Fitting ideals we then conclude that there is an equality of
A p-ideals
(FL (), ™) = (FL (fu), P™).

Together with (c), (e), and (f) we then have

(3-1-1) (FF(f). p"™) = (L}, p™) S Ao.
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As L, and hence E , 1s nonzero by a well-known theorem of Rohrlich [1988,
Theorem 1], if m is large enough then (E , p™) # p" Ao. From this and (3-1-1)
it then follows that if m is large enough then (F} >(f), p™) # p" Ao and hence
Fz(f) #0. As Fz(f) % 0, X L(f) must be a torsion Ap-module. It then
follows from Proposition 2.3. 3(11) and Lemma 2.3. 4(ii) that ChL (f)=F E( ).
Combining this with (3-1-1) we then conclude that for all integers m

(3-1-2) (Chy (), p") = (LF, p™) S Ao,

The characteristic ideal Chf (f) is a principal ideal. Let C}; be a generator. From
(3-1-2) it follows that for each integer m there is a u,, € A such that

(3-1-3) CF —umly € p" Ao.

Let @ be a uniformizer of O and let e be such that (p) = (@ ®). As ﬁz = 0, there
exists an integer mg > 0 such that Liz (f) e @™ Ap, but Ef (f) ¢ wm°+1A@ It
then follows from (3-1-3) that

- /
Uy — Uy €A, m' >m.

Therefore the sequence {u,,} converges in Ao to an element u € Ao such that for
allm, u —u,, € @™ An. From this and (3-1-3) it follows that

C}; —uly ew™ ™™ forallm >0,

whence C7 = uL%. Thatis C¥ € (L}).

Since X@ L(f) is a tors10n Ap- module ChL (f) is nonzero, and so C2 # 0.
We may then reverse the roles of C* ¥ and EE in the above argument to show that
£E e(C Z) From the two inclusions we then conclude

(L%) = (CF) =Ch? C Ao.

This proves the desired equality, at least for the chosen L and for ¥ containing
all primes £ | N. But, as observed in Section 2.5, this implies the desired equality
for all sets X and all possible L. That is, the Iwasawa—Greenberg main conjecture
holds for f: Theorem 2.5.2 holds without hypothesis (iv).

3.2. Proof of Theorem B. Let f, L, O be as in the statement of Theorem B. As
these also satisfy the hypotheses of Theorem A, Xq_, 1 (f) is a torsion Ap-module
and its A p-characteristic ideal Ch (f) is generated by the p-adic L-function L.
Furthermore, by Proposition 2.3.3, neither Xq_ 7 (f) nor X have a nonzero finite-
order A p-submodule. To deduce the conclusions of Theorem B from this, we make
a close study of Selge (f)[y — 1] and S[y — 1], following Greenberg [1999].
Since H'(F,, (M) = ker(H'(Q,, M™) — H'(I,, M7)%r}, it follows
from Proposition 2.3.2 — specifically the surjectivity of (2-3-2) — that there is an
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exact sequence
0— S — Selg, 1.(f) — H'(F,,  M™)") - 0.

As Gg, acts on M~ = A* through the character ozflIJ_l, MO = A* [y —1]=
Homgz, (O, Q,/Z,) = L]0, with Gg, acting through the unramified character o s.
Let

ap =ayr(froby).

Then H'(F,, (M™)%) =0 unless @, = 1 (i.e., unless f has split multiplicative
reduction at p), in which case it is isomorphic to L/O. Letting Chy (f)’ be the
A p-characteristic ideal of X, it follows that

Chy (f) = Chy (/Y {(y — 1), f has split multiplicative reduction at p,
L(f)=Chg :

1, otherwise.

This reflects the “extra zero” phenomenon in the split multiplicative case observed
at the end of Section 2.4. In fact, we then have

Ch.(f) = (L),  f has split multiplicative reduction at p,
(Ls), otherwise.

As X has no nonzero finite-order A »-submodules, a standard result’ in Iwasawa
theory gives #X /(y — D)X =#Ao/(y —1,Chp(f)). As#S[y —1]1=#X/(y — X,
we then find

#O/ (Li’f (¢0)), f has split multiplicative reduction at p,

(3-2-1) #Sly —11= {#O/(Cf (¢o)), otherwise,

where ¢p : Ao — O is the continuous O-algebra homomorphism sending y to 1.
Let ¥ = {£| Np}. Let

W=Mly—-11=T;®2,Q,/Z, and W"=Mly—1I"=T;8z,Q,/Z,.

Let
Ps=H'@Qp M) x [] H'(@,M)
LeX L#D

and

Py =H'Q,, W)/L,(W)x [] H'@w W),
LeS t£p

where L ,(W) = im{Hl(@p, Wt — Hl(@p, W)}. Let Pgiv be defined just as Py
but with L ,(W) replaced by its maximal divisible subgroup L p(W)diV. The usual

9See note 5.
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(torsion) Bloch-Kato Selmer group for 7 is just

Sel, (f) =ker{H'(Gy, W) = pdvy,

As the restriction map H'(Gyx, M) — Ps is surjective by Proposition 2.3.2, we
conclude that there is a short exact sequence

0—Sel, (f)—>S[y— 11— im{H' (G5, W) Pglv}ﬂker{Pd‘V—>P2[y—1]}—>O.
Let K = ker{Pdlv — Px[y — 1]1}. We claim that
(3-2-2) #S[y — 1] = #Sel, () - #K.

If Sely (f) is infinite, there is nothing to prove since Sel; (f) C S[y — 1]. Suppose
then that Sel (f) is finite. We will show that the restriction map HY (G5, W) =
Pg‘v is surjective, from which the claim follows.

By global duality, the cokernel of the restriction map H'(Gy, W)— Pgiv is dual

to a subquotient of
Sel™(T)™ =ker(H'(Gx. Ty) — H'(Q,. Tp) /L, (Tp)™},
where L, (T;) = im{H'(Q,, ij) — HY(Q,, T;)} and
Ly(T))™ ={x € H'(Q,.Ty) : p"x € L,(T}) for some n > 0}.

Here we have used that T = HomZp(W Q,/Z,(1)) as an O[Gg]-module and
that such an isomorphism 1dent1ﬁes L (T )& and L p(W)d“’ as mutual annihilators
under local Tate duality. Then SelE (T )salt is a torsion-free O-module (as pf is
1rredu01ble) and its O-rank equals the (’) corank of Sel; (f). In fact, Sel* (T ysat =
H'(Gx, T ) ﬂH (Q, Vf) where

H}(@,Vf)zker{Hl(Gz,Vf)gH‘(@p,Vf)/L,,(vf)x 1 H‘(@e,vf)}
LET LD

and L, (V) =im{H'(Q,, V;") = H' (@), V))}. (So H (@, V) is just the usual
characteristic zero Bloch—Kato Selmer group of Vi) In particular, the O-rank
of SelE(T )sat is the L-dimension of H (Q, V) The image of H Q,Vv ) in
HY(Gy, T ®z, Q,/Z,) = HY(Gx, W) 1s the max1ma1 divisible submodule of
Selr (f). However the latter is assumed to be of finite order, so its maximal
divisible subgroup is trivial. Th1s proves that Sel* (Ty )% = 0 and hence that the

restriction map H'(Gyx, W) = Ple is a surjection. The equality (3-2-2) follows.
Put
L(f. 1)

LY(f 1) = ———.
VD= "iar
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Combining (3-2-1) with (3-2-2), the Greenberg—Stevens formula (2-4-3), and the
specialization formula for £ yields
#O/(— - &(V) - LY8(f, 1), a,=1,
(3-2-3)  #Sel,(f) -#K = [ ogy = fv) D) ,
#O((1 —ap)? - LY(f, 1)), otherwise.

Therefore, to complete the proof Theorem B it remains to express #K in terms of
Tamagawa factors and the L-invariant E(Vf).
From the definition of K,

(3-2-4) K = ]_[ Ky,

with
ker{ H'(Q¢, W)— H'(Q¢, M)}, t#p,
‘= {ker{Hl(@p, W)/L, (W) > H'(Q,, M7)}, €=p.
If ¢ # p, then M is (y — 1)-divisible and so H'(I,, W) — H'(I;, M) and
Ko =ker{H'(Fy, W) > H'(Fy, M) =0} = H'(F,, W').
Therefore
(3-2-5) #Ky =#H'(Fe, W) = co(T)),

where c@(Tf) =#H'(F,, Wlt) is just the Tamagawa number at ¢ #~ p defined by
Bloch and Kato for the p-adic representation Tf. Note that cz(Y}) =1if L1 N (e,
if T; is unramified at £). Hence to complete the proof of Theorem B it remains to
express #K , in terms of «, if f does not have split multiplicative reduction at p
(equivalently «), # 1) and in terms of S(Vf) and the Tamagawa number at p of T,
otherwise.

Let
¢\, =#ker{H'(Q,, W)/L,(W)™ — H'(@,, W)/L,(W))
and
¢y =#ker(H'(Qp, W)/L,(W) — H' (@), M)/L,(M)}.
Then

#K ) = c, ).
By Tate local duality, L,(W) is dual to H' (@Q,, T;)/Lp(T;) and Lp(W)div is
dual to H'(Q,, Tf)/Lp(Y})Sa‘. Therefore

¢l =#(Lp(W)/L,(W)™) = #(L,(Tp)™ /L (T})).

Since
H'(Q,, Tp)/Lp(Ty) > H'(Q,, T;)
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and
H'(@p, Tp)/Lp(T)™ = H'(@,, V}),

we find that the (injective) image of L, (T,)*/L,(T}) in HY(Q,, T;) is just
im{H'(Q,, Ty)/L,(Ty) — H'(Q,, T} Nker{H' (@), T;) - H'(Q,, V/)}.
But H'(Ip, ;) <> H'(Ip, V;), s0

ker(H'(Q,, ;) —> H'(@,, V))}=H'(F,, T)).

On the other hand, the boundary map injects the cokernel of H'(Q o 1 ) /L, (T ) —
H! (@p, T ) into Hz(@p, T+) but sends the subgroup H! ([Fp, T ) to Zero (s1nce
Gal([F,7 / [Fp) has cohomologlcal dimension one). Hence H!(F Py ) is contained
in the image of H'! Q,, T, )/LP(T )y H! (Qp, T ). It then follows that

0 ap=1
L T sat L T ~ Hl I]: , T o~ ) P )
p(Tp)™"/Lp(Ty) = H (Fp, T;) !0/(01,,—1), otherwise.

In particular,

o 1, ap =1,
P |#(0/(ap — 1)), otherwise.

It remains to deduce the desired expression for c . By definition c " equals

#(im{Hl(@p, W)/L,(W) = H'(Q,, W)
Nker{H'(Q,, W) > H'(Q,,. M—)}).

Since H2(®p, W) is dual to HO(@p, T ) and the latter is O if «), # 1, we have
H! Qp, W)/L,(W) = =~ H! Qp, W) 1fozp # 1. It follows that in this case

C;; = #ker{Hl(@p, W7)— Hl(@p, M)} =#(M7)G@p/()/ —1)- (MT)G@”-

As I, acts on M~ through the character w1 and frob,, acts on Ml =
M~ [y — 11 = L/O as multiplication by o, we find

¢ =#L/Ola, — 1] =#0/(a, — 1), a, # 1.

Suppose then that o p= = 1. It follows from local duality that ¢’ » " equals the index of
the @-submodule of H' (Qp, T+) generated by ker{H @Q,, T+) < H! Q,, T )}
and the annihilator of ker{H' (@p, W) —> H! (Qp, M} The first is just the
image of O = H ‘@ P T )y > HY(Q P> T+) determined by the Gg,-extension Tf.
Let ¢y, be an O- generator this is a nonzero element in £y, in the notation of

Section 2.2. On the other hand, as H'(Q pWHE Homm(Gab P L]0), the kernel
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ker{H' Qp, W) — H! (Qp, M™)} is readily seen to be Hom(I', L/O) — those
homomorphisms that factor through I'. Then, under the identification

H'(@,. T} = H'(@,, 0(1) = (im @, " /(@,*)"") ®z, O

the annihilator of Homcts(F L/0O) is identified with the O-module p ® O generated
by the image of pZ. The index of O - Cy, TP® O is just the index of the projection
of cy, to (lim, ZX / (ZX)I’ ) ®z, O. From the definition of ¥y in Section 2.2, this
index is just #(’)/ ((1/ logp u) - Yeye (Cvf))~ So by the definition of v, (which is
NONZEro on ¢y, as 0#£ Cy, € va) and the definition of S(Vf),

CZ _ #O/((l/logp u)- llfcyc(cvf)) = #(’)/((l/logp u)- Q(Vf) . I/Iur(CVf)), ap=1.

Combining the formulas for ¢}, in the two cases with those for ¢/, we find

p
(3-2-6) 4K {#O/ ((1/log, w) - £(Vp) - Yur(ey,)),  ap =1,
e #0/(ap — 1)?, a, # 1.

Suppose £(Vf) # 0 if a, = 1. Then combining (3-2-3) with (3-2-4), (3-2-5),
and (3-2-6) yields
#0/(L™(f, 1)) = #Sel; (f) - 1_[ co(Ty) - {TO/(‘//ur(Cvf)), Zp B 1
L£p ’ p )
That the final term is just the Bloch—Kato Tamagawa number at p of the representa-
tion Tf which we denote cp(T ), can be shown as in [Dummigan 2005] (in that
paper cp(T ) is denoted TamM(T )). The only significant change is the need to
include the O-action, but this is a straightforward modification. In the p{ N case —
that is, the case where V; is a crystalline representation of Gg, — the fact that
c p(T ) = 1 follows by the arguments used to prove [Dummigan 2005 Theorem 5.1].
The p || N case—in which case V is a semistable representation of Gg, — follows
as in [Dummigan 2005, §7] from the arguments used to prove [Dumrmgan 2005,
Theorem 6.1]. We therefore have the formula asserted in Theorem B:

(3-27) #O/(LU(f. 1)) = #Sel (f) - [ [ ee(T)).
J4

This completes the proof of Theorem B.

3.3. Proof of Theorem C. Theorem C is just a special case of Theorem B. To see
this, let £ be as in Theorem C and let f € So(I'o(V)) be the newform associated
with E, so N is the conductor of E and L(E,s) = L(f,s). For Theorem C to
follow from Theorem B, it suffices to have that under the hypotheses of Theorem C,
hypotheses (i), (ii), and (iii) of Theorem B hold for f and Qg is a Z multiple

+
of — Zme
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That hypotheses (i) and (ii) of Theorem C imply hypotheses (i) and (ii) of
Theorem B is immediate. Furthermore, as noted in the example at the end of
Section 2.2, if E has split multiplicative reduction at p then the £-invariant Q(Vf)
of f is nonzero, hence hypothesis (iii) of Theorem B also holds.

To compare periods, we first recall that if wg is a Néron differential of E then

QEZ/ WE ECX,
ot

where ¢ is a generator of the submodule H;(E(C), Z)"™ C H,(E(C), Z) that is
fixed by the action of Gal(C/R); this is well defined up to multiplication by +1.
Now let

¢: X1 (N)—> E™

be an optimal parametrization for the Q-isogeny class of E as in [Stevens 1989,
Proposition (1.4)]. Then, as demonstrated in the proof of [Greenberg and Vatsal
2000, Proposition (3.1)], Qgor equals —27n'$2}r up to a Z(Xp)—multiplelo. Let

B:E™ > E

be a D-isogeny. Since E[p] is an irreducible G g-representation, 8 can be chosen
so that its degree is prime to p. Then S*wg is a Z(Xp)—multiple of wgopt, and so Qg
is a Z{,-multiple of o and hence also of —27i Q¥
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