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Consider a solution f € C?(R) of a prescribed mean curvature equation
vf
V1I+IVfI?
where  c R? is a domain whose boundary has a corner at @ = (0, 0) € 9.

If sup,. .o | f(x)| and sup, .o | H(x, f(x))| are both finite and 2 has a reen-
trant corner at O, then the (nontangential) radial limits of f at O,

div =2H(x, f) in 2,

Rf(0) := liﬂ} f(rcos@,rsind),

are shown to exist, independent of the boundary behavior of f on €2, and to
have a specific type of behavior. If sup,.q | f(x)| and sup, .o |H (x, f(x))]
are both finite and the trace of f on one side has a limit at O, then the
(nontangential) radial limits of f at O exist, the tangential radial limit of
f at O from one side exists and the radial limits have a specific type of
behavior.

1. Introduction and statement of main theorems

Consider the prescribed mean curvature equation
ey Nf=2H(-,f) inQ,

where Q is a domain in R?> whose boundary has a corner at O € 92, Nf =
V- Tf=div(Tf), Tf=(Vf)//1+|Vf|? H:Q2xR— Rand H satisfies one of
the conditions which guarantees that “cusp solutions” (e.g., [Lancaster and Siegel
1996a, §5; 1996b]) do not exist; for example, H (x, t) is strictly increasing in ¢
for each x or is real-analytic (e.g., constant). We will assume O = (0, 0). Let
Q* = QN Bs<(0), where Bs+(0) is the ball in R? of radius §* about ©. Polar
coordinates relative to O will be denoted by r and 6. We assume that 92 is
piecewise smooth and there exists o € (0, ) such that 92 N Bs+(O) consists of
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A

Figure 1. The domain Q*.

two arcs 7 Q* and 3~ Q*, whose tangent lines approach the lines L™ : § = o and

L™ : 6 = —a, respectively, as the point O is approached (see Figure 1 of [Lancaster
and Siegel 1997] or Figure 1).
Suppose
2) sup | f(x)| <oo and sup|H(x, f(x))| < oo.
xXeQ xeQ

We shall prove

Theorem 1. Let f € C 2(Q) satisfy (1) and suppose (2) holds and o € (7w /2, ).
Then for each 6 € (—a, @),

Rf () := liﬁ)l f(rcos@,rsinf)

exists and Rf (-) is a continuous function on (—o, o) which behaves in one of the
following ways:

(i) Rf : (—a,a) = Ris a constant function (so f has a nontangential limit at O).

(i1) There exist o) and oy so that —a <oy <oy <o and Rf is constant on (—a, o]
and [ap, o) and strictly increasing or strictly decreasing on (a1, o).

(ii1) There exist oy, oy, 0, 0y SO that —a < o] < A < g < o) < o, AR =
or + 7w, and Rf is constant on (—o, o], [ar, ar], and [oy, o) and either
strictly increasing on (o1, o | and strictly decreasing on [ag, &) or strictly
decreasing on (o1, ar] and strictly increasing on [ag, o).

At a convex corner (i.e., € (0,7 /2]), Theorem 1 is not applicable. The
additional assumption that the trace of f on one side (e.g., 9~ %) has a limit at O
implies the radial limits of f exist.

Theorem 2. Let f € CXQNChQua—Q* \ {O}) satisfy (1). Suppose (2) holds
and m = limyg-q+sx 0 f(x) exists. Then for each 0 € (—a, @), Rf (0) exists and
Rf(-) is a continuous function on [—a, @), where Rf (—a) :==m. If ¢ € (0, /2],
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Rf can behave as in (i) or (ii) in Theorem 1. If « € (7w /2, ), Rf can behave as in
(9), (ii) or (iii) in Theorem 1.

The conclusions of these theorems were first obtained in [Lancaster 1985] for min-
imal surfaces satisfying Dirichlet boundary conditions and then for nonparametric
prescribed mean curvature surfaces satisfying Dirichlet [Elcrat and Lancaster 1986;
Lancaster 1988] or contact angle [Lancaster and Siegel 1996a] boundary conditions;
see also [Jin and Lancaster 1997; Lancaster 1991]. Notice that Theorem 1 applies
to a solution of a capillary surface problem whose domain has a reentrant corner
even when the contact angle equals 0 and/or 7 on some (or all) of 9Q2*.

Remark. The assumption that €2 has a reentrant corner at O € 9€2 or that the trace
of f from one side of 9€2 is continuous at O is critical here; the nonexistence of
radial limits at (1, 0) when Q = B;(O) and the boundary data is symmetric with
respect to the horizontal axis is demonistrated in [Lancaster 1989] and in Theorem 3
of [Lancaster and Siegel 1996a]. In [Lancaster 1987], it was conjectured that the
existence of radial limits at corners for bounded solutions of Dirichlet problems for
the minimal surface equation in R?, independent of boundary conditions. Although
[Lancaster 1989] proved this conjecture false, Theorems 1 and 2 show it is true in
many cases.

2. Proof of Theorem 1

Since f € C*(2) (and so in C°(R2)), we may assume that f is uniformly continuous
on {x € Q*: |x| > §} for each § € (0, §*); if this is not true, we may replace Q2 with
U, U C Q, such that 3Q N aU = {O} and dU N By (O) consists of two arcs 97U
and 9~ U, whose tangent lines approach the lines L™ :§ =« and L™ : § = —a,
respectively, as the point O is approached. Set

So={@, f(x):xeQ*} and T{={(x, f(x)):xedQ*\{O}};

the points where 9 Bs«(Q) intersect dS2 are labeled A € 9~ Q* and B € 97 Q*. From
the calculation on page 170 of [Lancaster and Siegel 1996a], we see that the area
of S is finite; let M denote this area. For § € (0, 1), set

. 87TMO
PO = V In(1/8)°

Let E = {(u, v) : u> +v> < 1}. As in [Elcrat and Lancaster 1986; Lancaster and
Siegel 1996a], there is a parametric description of the surface Sy,

3) Y (u,v) = (a(u, v), b(u, v), c(u, v)) € C*(E : R?),

which has the following properties:
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(a1) Y is a diffeomorphism of E onto S;.
(a2) Set G(u,v) = (a(u,v), b(u,v)), (u,v) € E. Then G € C°(E : R?).

(a3) Let 0 = G~1(3Q* \ {O)); then o is a connected arc of 9E and ¥ maps o
strictly monotonically onto I'j. We may assume the endpoints of o are 01 and
0, and there exist points a, b € o such that G(a) = A, G(b) = B, G maps the
(open) arc 01b onto 32, and G maps the (open) arc 0,a onto 3~ Q. (Note
that 0 and o, are not assumed to be distinct at this point; Figures 4a and 4b
of [Lancaster and Siegel 1997] illustrate this situation.)

(aq) Y is conformalon E: Y,-Y,=0,Y,-Y,=Y,-Y,on E.
(as) AY =Y, + Y, w=HX)Y, xY, on E.

Here by the (open) arcs 0;b and 0,a we mean the component of 0E \ {0y, b}
which does not contain @ and the component of d E \ {0>, a} which does not contain
b respectively. Let op = dE \ 0.

There are two cases we wish to consider:

(A) 01 = 0.
(B) 01 # 02.

These correspond to Cases 5 and 3 respectively in Step 1 of the proof of The-
orem 1 in [Lancaster and Siegel 1996a]. Let us first assume that (A) holds and
set 0 = 01 = 0. Let i denote a function on the annulus A = {x : r| < |x| <1y}
which vanishes on the circle |x| = r, and whose graph is an unduloid surface with
constant mean curvature — Hy which becomes vertical at |x| =r; and at |x| =17,
(see Figure 2) for suitable r; < r; (e.g., [Lancaster and Siegel 1996a, pp. 170-171]).
Let g denote the modulus of continuity of & (i.e., |h(x1) —h(x2)| < g(|x1 — x21)).

For each p € R? with |pl =r1, set A(p) ={x:r; <|x — p| <rp} and define
hp: A(p) = Rby hp(x) =h(x — p).

Figure 2. The graph of 4 over A.
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Figure 3. Q*NA(py), C’ ) (blue curve), By 5)(O) NA(p1) (yellow).

P

Forr >0,set B,={ucE:|lu—o|<r},C,={uckE:|u—o|=r}andlet
I, be the length of the image curve Y (C,); also let C,. = G(C,) and B, = G(B,).
From the Courant—Lebesgue lemma (e.g., [Courant 1950, Lemma 3.1]), we see that
for each § € (0, 1), there exists a p = p(§) € (4, V/8) such that the arclength [, of
Y(C)) is less than p(8). For § > 0, let k() = infyec,, c(u) = 1nfxec/ f(x) and
m(8) = sup,cc o) c(u) = Squec’ f(x) notice that m(8) — k(5) <l < p(d).

For each § € (0, 1) with \/E < m1n{|o — al, |o — b|}, there are two points in
C,) NOE; we denote these points as e1(5) € ob and e>(5) € oa and set y;(§) =
G(e1(6)) and y;(8) = G(ez(6)). Notice that C/ @ is a curve in Q which j joins
y1€0TQ*and y, € 9" Q* and 0Q N C’ o) \ {yl y2} = @, therefore there exists
n =n(8) > 0 such that B, (0) ={x € Q: |x| <n(d)} C B/(a) (see Figure 3).

Fix 8¢ € (0, §*) with /8y < min{|o — a|, |0 — b|}. Let p; € R? satisfy | p1| = ry
and |p; — y1(80)| = r1 such that p; lies below (and to the left of) the line through
O and y;(8p). Let p, € R? satisfy |p>| = ry and | p> — y2(80)| = ry such that p;
lies above (and to the left of) the line through O and y,(8g). Set ¢ = {x € Q*:
|x — p1] > r}U{x € Q*: |x — p2| > r1} (see Figure 4).

Claim. f is uniformly continuous on .

Proof. Let € > 0. Choose § € (0, §p) such that p(§)+¢q(p(d)) < Alfe and p(8) <rp—ry.
Pick a point w € C}, ;) and define bj.c : A(pj) - Rby

bi(x)=f(w)xp@) £hy (x), xecAp))
for j € {1, 2}. Notice that

b; (x) < f(x) < b;r(x) for x € B, 5y N A(p;), Jje(l,2}.
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Figure 4. Q.

If x1, x, € Qo satisfy |x;| < n(8) and |x,| < n(3), then there exist x3 € A(p;) N
A(pr) with |x3] < n(8) such that |x; — x3]| < n(8) and |x; — x3] < n(5) and so

@ 1 fD)—=fDI = f(x1) = f )|+ f(x)— f(x3)| <4p(8)+4q(p(d)) <e.

Since f is uniformly continuous on {x € Q* : |x| > %n(é)}, there exists a
A > 0 such that if x1, x, € Q* satisfy |x; — x3| > %n((S) and |x; — x| < A, then
|f(x1) — f(x2)| < €. Now set d = d(e) = min{A, $n(8)}. If x1, x5 € Qo, |x1 —
x3| < d(e) < 1n(8) and |x;| < 1n(8), then |x;| < n(3) and |x,| < n(8); hence
| f(x1)— f(x2)] <€ by (4). Next, if x1, x5 € Qo, [x1 —x2| <d(€) <A, |x1] = 3n(8)
and |x;| > %n(&), then | f(x1) — f(x2)| < €. Therefore, for all x;, x, € Q¢ with
|x1 —x3] < d(e), we have | f(x1) — f(x2)] <e. O

If {(rcos(0~(80)), r sin(6~(80))) : r = 0} is the tangent ray to d.A(p,) at O,
{(r cos(0F(80)), r sin(01(80))) : r > 0} is the tangent ray to 9.A(p;) at O and
0~ (80), 07 (89) € (—a, a), then it follows from the claim that f € CO(S_Z()), the
radial limits Rf () of f at O exist for 8 € [0 (8y), 0T (8p)] and the radial limits
are identical (i.e., Rf(8) = f(O) for all 8 € [0~ (8y), 67 (80)].) Since

(5) im0~ (8y) = —« and limO1 (&) =«,
8040 8040

Theorem 1 is proven in this case. .

Next assume that (B) holds. Forr >0and j € {1, 2}, set Bl ={uckE: lu—o;|<r},
Cl =1{u € E:lu —o0j| =r}, and let lr_] be the length of the image curve Y (C});
also let C} = G(C}) and B} ! = G(B}). From the Courant-Lebesgue lemma, we
see that for each § € (0, 1) and j € {1, 2}, there exists a p; = p;(3) € (4, V) such
that the arclength /; , of Y(C,'éj) is less than p(§).

‘We will only consider § < &y, where &y is small enough that the endpoints of

C, ) lieon oo Uay, for j € {1,2} and C! =N €% = &, where o = 015 and
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Figure 5. E\ (Bp @Y /%2(8)) and ;.

oy = 02a. For each § € (0, &), the fact that I , (s) is finite for j € {1, 2} implies
that

“lim  f(x) exists for j € {1,2}.
C/J]‘j/(a)ax—%?

If weset 2 =G(E\ (Bpl(a) UB2 . (5))) and define ¢ : 9Q2; — R by ¢ = f, then ¢
has (at worst) a jump dlscontmulty at O. If we consider ¢ to be the Dirichlet data
for the boundary value problem

(6) div(Th) =2H(-, f) inQ,
W h=¢ on 9821 \ {0},

then & = f is the unique solution of this boundary value problem and so we may
parametrize the graph of f over 2 in isothermal coordinates as above and the
arguments in [Elcrat and Lancaster 1986; Lancaster 1988; Lancaster and Siegel
1996a] can be used to show that ¢ is uniforml}Lontinuous on 21 and so extends to be
continuous on Q. Thatis, letk : E \(B 215) UB? (8)) — E be a conformal map. From

the works just cited we see that cok~le CO(E) and so c € CO(E \ (B! . UB? (5)))-
Since

p1(8)

U E\B 6 UBLe) =E
8€(0,1)

we see ¢ € CO(E \ {01, 02}).

As at the end of Step 1 of the proof of Theorem 1 of [Lancaster and Siegel 1996a],
we define X : B— R3by X=Yog and K : B— R? by K =Gog, where B={(u, v) €
R?:u?+v2 <1, v>0}and g: B — E isan indirectly conformal (or anticonformal)
map from B onto E such that g(1,0)=o0;, g(—1,0) =0, and g(u, 0) € 0,0, for
each u € [—1, 1]. Notice that K (u,0) = O for u € [—1, 1] (see Figure 6). Set
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Figure 6. L(xy), K~ '(L(ay)) (blue curves); L(c;), K~ '(L(a1))
(green curves).

x=aog, y=bogand z=cog,sothat X(u, v) = (x(u, v), y(u, v), z(u, v)) for
(u, v) € B. Now, from Step 2 of the proof of Theorem 1 of [Lancaster and Siegel
1996a],

XeC'(B\{(£L,0)}:R)NC"(BU{u,0): -1 <u < 1}: RY)

for some ¢ € (0, 1) and X (&, 0) = (0, 0, z(«, 0)) cannot be constant on any non-
degenerate interval in (—1, 1). Define ®(u) = arg(x,(u, 0) + iy, (u, 0)). From
equation (12) of [Lancaster and Siegel 1996a], we see that

o= lim ®O(m) and oy =1mOu);
ul—1 utl

here o) < ay. As in Steps 2-5 of the proof of Theorem 1 of [Lancaster and Siegel
1996a], we see that Rf(0) exists when 0 € (ay, o),

G ' (L) NIE ={o1} (and K~'(L(ex))NOB ={(1,0)}) if ar<a,
G~ (L(a)NOE ={0;} (and K~'(L(a)NIB={(—1,0)}) if a;>—a,

where L(0) = {(r cosf,rsinf)eQ:0<r < 8*}, and one of the following cases
holds:

(a) Rf is strictly increasing or strictly decreasing on (o1, ).

(b) Thereexistay, ap sothato) <oy <o <ap, ag =arp+m,and Rf is constant
on [y, ag] and either increasing on (o, oy ] and decreasing on [ag, op) or
decreasing on («y, oy ] and increasing on [ag, a2).

If o = o and @1 = —«, then Theorem 1 is proven. Otherwise, suppose ay < o
and fix §p € (0, §*) and Q¢ (see Figure 4) as before in case (i).

Claim. Suppose oy < a. Then f is uniformly continuous on Qg , Where

Qf = {(rcos@,rsin9)690:0<r<8*, ay <6 <7r}.
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Figure 7. Q*N . A(p;) (blue, yellow and red regions), 9 B, s)(O)
(blue circle).

Proof. Suppose @ — ap < 7 (see the blue region in Figure 6). Let € > O.
Choose § € (0, §p) such that p(§) + q(p(8)) < 4—116 and p(§) < rp —r;. Let
C, ={(u,v) € B:|(u,v) — (1,0)| = r} and let /, be the arclength of the image
curve X (C,). The Courant-Lebesgue lemma implies that for each é € (0, 1), there
exists a p(8) € (4, \/3) such that /,5 < p(8). Denote the endpoints of Cps)
as (u1(8), v1(8)) and (u2(8), 0), where (u41(8))> + (v1(8))> = 1, v1(8) > 0 and
uy(8) € (—1, 1). Notice ®(u2(8)) < ay; let us assume that § is small enough that
oa—0OWwy) <m.

Now X (Cj,s)) is a curve whose tangent ray at O exists and has direction
6 = ©(uz(8)) and 92 N X (Cps) \ {1 (8), v1(8)), (u2(8),0)}) = @; hence there
exists n = n(8) > 0 such that {x € Q(J)“ x| < n(8)} (the red region in Figure 7) is
a subset of Q0N X ({(u,v) € B : |(u, v) — (1,0)| < p(8)}) (the yellow region plus
the red region in Figure 7). From (4) and the arguments in the proof of the claim in
case (i), we see that f is uniformly continuous on Qg.

If « —ap > 7, we argue as in the proof of the claim in case (i) and see that f is
uniformly continuous on Qar . U

Thus f € Co(f_Za’); hence (5) implies that Rf (0) = lim;4q, Rf (7) for all 6 €
[a2, ). Suppose oy > —«. Then, as above, f is uniformly continuous on

Q, = {(rcos@,rsin@) €Q:0<r<8*—m<0 <oc1}
and f € C%(Q); hence (5) implies

Rf(O) = li¢m Rf(r) forall§ € (—a, aq].

Thus Theorem 1 is proven. (]
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3. Proof of Theorem 2

The parametric representation (3) with properties (a;) — (as) continues to be valid
and either case (A) or case (B) holds true.

Suppose case (A) holds. Let g; denote the modulus of continuity of the trace of
f on the (closed) set 9~ Q* (i.e., | f(x1) — f(x2)] < q1(|x1 —x2|) if x1, X, € 97 Q).
Fix 8y € (0, §*) with /89 < min{|o —a|, |0 — b|}. Let p; € R? satisfy |p;| =r; and
|P1 — ¥1(80)| = r1 such that p; lies above (and to the left of) the line through O
and y;(8p). Set Qo ={x € Q*: |x — p1| > r}.

Claim. f is uniformly continuous on .

Proof. Let € > 0. Choose § € (0, §p) such that p(8) +g(p(8)) +q1(p(5)) < %E and
p(8) <r, —ry. Pick a point w € C;(s) and define bf :A(p1) > Rby

b(x) = f(w) £ p(8) £hp, (x), x € A(p1).

Notice that
by (x) < f(x) <bf(x) forxe B NA(Pp).

Now there exists n = 1(8) > 0 such that {x € Qg : |x| < n(5)} (the red regions in
Figure 8) is a subset of B; ) NA(p1) (the yellow regions plus the red regions in
Figure 8). Thus, for x1, x, € Qg satisfying |x1| < n(8), |x2| < n(8), we have

|f(x1) = f(x2)] < 2p(8) +2q(p(8)) +291(p(d)) <e.

The remainder of the proof of the claim follows as before.

The proof of Theorem 2 in this case now follows the proof of Theorem 1 in the
same case.

If case (B) holds, then the proof of Theorem 2 is essentially the same as the
proof of Theorem 1; the only significant difference is that z € C (B \ {(1,0)}) (and
ceCYE \ {01})) and hence Rf (0) exists for 6 € [—«, ). O

Figure 8. Q9N .A(p1) (blue, yellow and red regions), 9 B, s)(O)
(blue circle).
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