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BOUNDARY DIVISORS IN MODULI SPACES OF CURVES

X1A0-LEI L1U

We construct curves in moduli spaces of curves with prescribed intersection
with boundary divisors. As applications, we obtain families of curves with
maximal slope as well as extremal test curves for the weakly positive cone
of the moduli space.

1. Introduction

Let L, be the moduli space of smooth curves of genus g over the field of complex
numbers C, and Ag, Ay, ..., A[g/2) the boundary divisors of the Deligne-Mumford
compactification Mg. Denote by 7, the moduli space of smooth hyperelliptic
curves of genus g; then the restriction of Ay to the closure 9’_€g breaks up into
80, &1, ..., B[(g—1)/21- The restriction of A; to ?/’_ﬁg is often denoted by ®; for
i > 0; see [Harris and Morrison 1998].

A family of curves of genus g over a curve Y is a fibration f : X — Y whose
general fibers are smooth curves of genus g, where X is a smooth projective surface.
Let wy,y be the relative dualizing sheaf. If f is nontrivial, the slope of f is
a)i Y /deg fewx/y. Let Jp:Y — Jﬂg denote the moduli map induced by f; see
[Tan 2010].

Special curves in moduli spaces play an important rule in the study of birational
geometry of moduli spaces: for example, the ample cone, the nef cone and the Mori
cone of curves [Gibney 2009]. Before raising our problems, we firstly summarize
some interesting properties of curves in moduli spaces with prescribed intersection
with boundary divisors. In this paper, we always assume that curves in moduli
spaces are complete irreducible and are not contained in boundary divisors.

If C=Jp(Y) C %Tﬁg is a curve intersecting only Eg (resp. A[g/2)), then the
semistable reduction of f has minimal (resp. maximal) slope; see [Liu 2016,
Remark 3.9] and [Liu and Tan 2013, Theorem 3.1]. We refer to [Tan 2010] for related
discussions. Moreover, if C = J(Y) C Jag is disjoint from boundary divisors, then
the semistable reduction of f is a Kodaira fibration; see [Kodaira 1967].
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On the other hand, curves intersecting exactly one boundary divisor of 9’_€g are the
extremal test curves of the weakly positive cone in Pic (Jl7tg) ® (0. Here the weakly
positive cone consists of weakly positive Q-Cartier divisors over .Ilg; see Section 1
in [Moriwaki 1998] for the definition of weakly positive divisors, and Section 4 of
that paper for this result.

Motivated by these properties, we want to study further properties of curves
that intersect given boundary divisors. In this paper we discuss the existence of
such curves.

Let C be a curve in %g, and B = {@1, ceey @[g/g], E(), El, ey E[(g—l)/Z]} be
the set of boundary divisors of ?_ﬁg. Denote by B¢ C & the set of boundary divisors
of %7_€g that intersect C.

Problem 1.1. For any nonempty subset B’ C B, does there exist a curve C in
?f’_€g such that the boundary divisors of ‘?J’_fg that intersect C are those in B, i.e
Be=RB'?

Let Juo, ,» be the moduli space of stable unordered n-pointed rational curves. Let
By be the boundary divisor of Jl’/vto,n whose general point parametrizes the union of
a k-pointed P! and an (n—k)-pointed P! for 2 < k < [n/2].

One can regard ?fT(fg as the Hurwitz space parametrizing genus g admissible
double covers of rational curves. Such a cover uniquely corresponds to a stable
(2g + 2)-pointed rational curve by marking the branch points of the cover. Thus
% can be further identified as Jl/to 2¢g+2- The natural isomorphism %g = J(/LO 2642
mduces the identifications E; = Bj;4+» and ®; = le+1 Also denote by B =
{B2, B3, ..., Bp/2} the set of boundary divisors of Jl/Lo .. Hence the existence of
curves in ?6 in Problem 1.1 is the same as that in JI/LO n for n =2g + 2. For the
sake of completeness, we consider the existence of curves in /i/to’n. Precisely, we
consider the following problem.

Problem 1.2. For any nonempty subset B' C B, does there exist a curve C in Ji7to,n
such that the boundary divisors of My ,, that intersect C are those in B, i.e., such
that Be = B'?

The purpose of this paper is to answer these problems in a number of cases. We
have the following uniform solution for small 7.

Theorem 1.3. Assume n < 17. For any nonempty subset B' of B, there exists a
curve C in M, such that Be = B’

Unfortunately, our method is invalid for n = 18 (see Remark 6.1).

Corollary 1.4. For?2 < g <7 and any nonempty B’ C B, there exists a curve C in
?7_€g such that Be = B/.

Corollary 1.5. For2 < g <7 and any nonempty B C A = {Ag, Ay, ..., Aok
there exists a curve C in Jﬂg with Bc =R’
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In order to simplify the proof of the above theorem, we use the following two
partial solutions of Problem 1.2.

Theorem 1.6. Let B' be a subset of the set B = {Bs, ..., B2} of boundary
divisors of Mo .

(1) For |®'| = 1, if B’ = {B;}, then there exists a curve C in Jfl/vtovn such that
Bc=R.

(2) For |B'| =2, if B = {B;, Biy1} or B’ = {B;, Bi12}, then there exists a curve
C in My, such that Bc =R/

(3) For |B'|=3, if B' is one of {B;, Bj, Biyj+1},{Bi, B}, Bi1;},{Bi, Bj, Bitj-1},
or {B;, Bj, Bi1j_2}, then there exists a curve C in M , such that Bc = B’

In particular, we recover the existence of a hyperelliptic family with maximal
slope from [Liu and Tan 2013], where the authors construct explicit polynomials to
define the family. As another application, we also give an alternative proof of the
existence of extremal test curves for the weakly positive cone from Appendix A in
[Moriwaki 1998], where the author uses the existence of a concrete linear system.
Here we reduce the problem to the existence of rational functions and then give a
unitive method. This new method greatly generalizes the former results.

Theorem 1.7. Let B’ be a subset of the set B = {Bs, ..., Bjy2)} of boundary
divisors of Mo .

() If B ={Ba, Biy,...,Bi,} and (i1 — 1)+ - -+ (ix — 1) < n —2, then there
exists a curve C in Mo, such that Bc = B/

2) If B = {Ba, Bx+1, Bisa, - .- B2} and 2 < k < [n/2], then there exists a
curve C in M, such that Be = B’

Q) If® ={Bs,Bi,,...,Bi,}and (i1 — 1)+ -+ (ix — 1) < n —3, then there
exists a curve C in M, such that Be = B/

Now we explain the main idea of the proofs. In order to construct curves in
moduli spaces intersecting the given boundary divisors, we use the following three
different methods:

(i) We regard a rational function ¢ of degree n as a 1-dimensional family of
unordered n marked points in P! in Section 3. Only the critical points of ¢ may
correspond to points in boundary divisors; see the correspondence (3-1). Then
we just need to construct rational functions with the desired critical points. The
existence of such rational functions is from the main Theorem of [Scherbak 2002].

(i1) The graph G4 of ¢ is a smooth rational curve in P! x E, where E = P!,
Let p be the second projection and R the reducible curve consisting of G4 and
certain sections of p. Then the restriction p|g is a branched cover over E, and



368 XIAO-LEI LIU

this cover induces different 1-dimensional families of marked points in P'. The
correspondence (4-1) gives a relation between points in boundary divisors with
ramification points of p|g, i.e., between singular points of R and ramification points
of plg,. So we only need to construct curves R with suitable ramification points in
Section 4. This method generalizes method (i), and both methods are effective for
many cases.

On the other hand, if n is large, %’ may have so many elements that there is no
desired rational function, rendering the above two methods invalid; see Remark 6.1.
For this difficulty, we have the following method for special %'.

(ii1) Taking the intersection of general very ample divisors of Hassett’s weighted
moduli spaces, we can obtain curves intersecting all the boundary divisors of these
spaces. The proper transforms of these curves in L/IA/io’ » by the reduction morphism
are also the curves we need; see Section 5.

2. Existence of rational functions

Let ¢ (x) = f(x)/g(x) be a rational function of degree n; i.e., f(x) and g(x) are
polynomials without common roots and » = max{deg f(x), deg g(x)}. A point
z € Cis a critical point of multiplicity m if z is a root of the Wronskian W (x) of
f(x) and g(x) of multiplicity m, where

W(x) = g2(x)¢'(x) = f(x)g(x) — f(x)g (x).

Let all the finite critical points of ¢ (x) be denoted zy, . . ., z;—; with multiplicities
my, ..., m_1, respectively. According to the Riemann-Hurwitz formula, 2n —2 >
mi+---+my_1. Let z; be the point at infinity; then the difference

(2- mp=2n—2—(my+---+m_y)

is the multiplicity of ¢ (x) at infinity. If z1, ..., z;—1 are in general position and
1 <m; <n—1foreach 1 <i </, then we say that ¢(x) is a rational function of
type (n;my, ..., mjp).

Note that, up to the point at infinity, the types of rational functions here are the
same as in [Scherbak 2002].

If ¢1(x) and ¢ (x) are two rational functions satisfying

_agi(x) +b

h2(x) = m,

ad —bc #0,

then ¢ (x) and ¢»(x) have the same type, and we say that ¢;(x) and ¢, (x) are in
the same class of rational functions.
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Theorem 2.1 [Scherbak 2002]. Let | > 3 and n > 2 be integers, and also let
1 <m;j <n-—1for1 <i <1 be integers satisfying (2-1). Then the number
#(n;my, ..., my) of classes of rational functions of type (n; my, ..., m;) is

mi1+---+miq+q—n—1>

-1
(2-2) #(n;ml,...,mz)=2(—1)”q Z -3
o

I<ij<--<ig=<i-1
and any nonempty class can be represented by the ratio of polynomials without
multiple roots.

Proof. Let m = (my, ..., my_1); then #(n; my, ..., m;) is equal to #(n,! — 1; m)
in the main theorem in [Scherbak 2002], from which the result directly follows. [J

As usual, we set () =0 for a < b.
Corollary 2.2.
(1) There exists a rational function ¢ (x) of type (n; my, ..., my_1,m;=n—1).

(2) There exists a rational function ¢ (x) of type (n; my, mo, ms).

Proof. (1) Since m; =n — 1, we have m; + - - - +m;_; =n — 1, and the right side
of (2-2) is
mi+---+m_1+l—1-n—1 . -3 —1
-3 “\/=-3)

So the desired rational function exists by Theorem 2.1.

(2) If m; =n — 1 for some i, then the existence is from (1). We may assume that
m; <n—2fori =1,2,3. Then the right side of (2-2) is

mi+my+2—n—1 mip—n my—n\ _ (mi+my—n+l _1. 0O
0 N 0 - 0 - 0 -

3. Curves from rational functions

Let ¢ (x) be a rational function of degree n; then it induces a degree n branched
cover D =P! — E = P!. Varying a point t € E, the union of the n preimage points
also varies in Dj; hence it provides a 1-dimensional family E of unordered n points
in P'. So we obtain a curve in A7L0, n- When ¢ hits a branch point, suppose that over ¢
there is a ramification point z; locally of type y = ¢ (x) = x™*!, i.e., a critical
point of ¢ (x) with multiplicity m;. Making a degree m; + 1 base change, we then
get an ordinary singularity of degree m; + 1. Blowing up the singularity separates
the m; + 1 sheets, and thus ¢ corresponds to a point in the boundary component
By, 41 (or By_1_, if m; > [n/2], but not m; =n — 1 or n — 2, which correspond
to a point in the interior of JVLO,”). Hence, if ¢ (x) is of type (n; my,...,m;) and C
is its corresponding curve in Mo,,l, then

(3-D Bc = {Bm,--i-l 1 <m; <[n/2} U {Bn—l—m,- ([n/2] <m; <n-3}



370 XIAO-LEI LIU

Theorem 3.1. Let B'={B;,, ..., B} be a subset of B={By, B3, ..., B2} with
(1 —1)+---+ (@Gx — 1) =n —1; then there exists a curve C in Mo, such that
Be =B'. Moreover,

(1) if B ={By, Bi,,..., By}, and (iy — 1) +--- + (ix — 1) < n — 2, then there
exists a curve C in My , such that Bc = RB';

(2) if B ={B3, Bi,, ..., Bi,},andn—1— (i1 —1)—---—(ix—1) =2j > 2, then
there exists a curve C in My, such that Bc = B'.

Proof. If iy — 1)+ .-+ (ix — 1) =n — 1, set iy = n; then there exists a rational
function ¢ (x) of type (n;i; —1,...,ix — 1,ix+1 — 1) by Corollary 2.2(1). Thus
the curve C C Ay, corresponding to ¢ (x) satisfies B¢ = {B;,, ..., B;} by (3-1).

(D) Leth=n—1— ({1 —D+---+@G—1)>1land it ] = =ity =2; then
(i1 —1)+---+4 (@xyn — 1) =n — 1, and hence there exists a curve C C .y, with
%C = {Bz, Bl‘l, Ceey Bik}-

(2) If we take ix11 =---=ixq; =3,then (i1 —1)+---+ (ix4j—1)=n—1, and
there exists a curve C C Mo, with Bc ={B3, Bi,, ..., Bi,}. O

Theorem 3.2. Let B be a subset of B = {Ba, B3, ..., Bjuy2}. If B is one of
{Bi, Bi11}, {Bi, Biy2}, or {B;, Bj, Bi 11}, then there exists a curve C in [y,
with Be =B’

Proof. If B’ = {B;, B;;1}, then there exists a rational function ¢ (x) of type
(n;i,n—1—1i,n—1) by Corollary 2.2(2). Then the curve C C Mo, n corresponding
to ¢1(x) satisfies B¢ = {B;, Bi+1} by (3-1).

By the same reasoning, for B’ = { B;, B;2}, there exists a rational function ¢, (x)
of type (n;i+1,n—1—i,n—2), and the curve C C A7Lo,n corresponding to ¢, (x)
satisfies B = {B;, Bit2}.

Similarly, for ®' = {B;, B, Bi1j+1}, there exists a rational function ¢3(x) of
type (n;n—1—i,n—1—j,i+j), and the curve C C Mo,n corresponding to ¢3(x)
satisfies B¢ = {B;, B}, Biyjt1}. O

4. Curves from rational functions and sections

Let ¢(x) be a rational function of type (n — s; my, ..., m;), where s < n is a
nonnegative integer. Let G4 be its graph in P! x E, where E = P!; then G4 is a
smooth rational curve. We now consider the reducible curve

R¢,F1 ..... FS:G¢+F1+"'+FS,
where the I'; are sections of the second projection

p:P'xE—>E, p(x,1)=t.
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So the restriction of p to Ry r,, ...,
p:Ryr..r, > E

is a cover of degree n. Similarly as in Section 3, varying a point ¢ € E, we obtain a
1-dimensional family of unordered n marked points in P'. Hence we get a curve C
in J(7Lo,n. Note that this construction is the same as that in Section 3 when s = 0.

Let S =1 +---+T5) NGy, and let S, = {z1, ..., z;} be the set of all the
critical points of ¢ (x), including the point at infinity. Here we identify the critical
point z; of ¢ with its image (z;, ¢(z;)) in G.

If z € $> N Sy, then the local equation of p at z is x(x™*t1 41) =0, where m is
the multiplicity of z. Making a degree m + 1 base change

t— u"t
we get an ordinary singularity of degree m + 2. Blowing it up, we then see that
p(z) € E corresponds to a point in the boundary component B,,;, (or B,_»_,, if
[n/2]—1<m <n—4,butnotif m =n — 3 or n — 2, corresponding to a point in
the interior of Jl7L0,n).
If z € S, — S, then the point in Jﬁo,n corresponding to p(z) has been considered
in Section 3. Hence we have that

4-1) Be=(B2:z€ S\ U(By1: 1 <mi < [3n], 2 € $\S1}
U{Bu1—m, : [An] <m; <n =3,z € $H\51}
U{Bu42:1<m; <[in]—1,2 € 2N 51}
U{Bn—Z—mi : [%n] —1<m;<n-—-4,z € SzﬂSl}.
Since we have considered the case that %’ contains B, in Theorem 3.1(1), we

now consider the case where each section passes through a critical point of ¢ (x),
that is, where S; C S,.

Theorem 4.1. Let B’ = {B3, Bil, e B,’k} be a subset Of% = {Bz, Bs, ..., B[n/z]}
withn—1— ({1 —1)+---4+ (x — 1)) =2j 4+ 1 > 3; then there exists a curve C in
Mo, such that Be = B/

Proof. Set iy =---=iry; =3, then
(i—D++G-D+C-Dj+((r—D—-D=2((n—-D—1.

Hence there exists a rational function ¢ (x) of type (n—1; i1 —1, ..., ix4;—1,n—2)
by Corollary 2.2(1). Let I' be the section passing through the critical point zj4 41,
where the multiplicity of zx4 ;11 of ¢(x) is n — 2. Thus the reducible curve Ry r =
Gy + T induces a curve C C Jl7to,n with Bc =B ={Bs, B;,, ..., B;,} by (4-1). O
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Corollary 4.2. If B ={B3, Bi,, ..., Bi,},andn—=3—((i(1— D)+ --+(@{x—1)) >0,
then there exists a curve C such that Bc = RB'.

Proof. If n —3 — ((i;1 — 1) +-- -+ (ix — 1)) is even, then it follows directly from
Theorem 3.1(2); if n —3 — ((i1 — 1) + --- 4+ (ix — 1)) is odd, then it is from
Theorem 4.1. ([l

Theorem 4.3. Let B’ be a subset of B = (B2, B3, ..., Biu2}. If B’ is one of { B;},
{Bi, Bj, Bi1j 2}, {Bi, Bj, Biy;}, or {B;, Bj, Bi;_1}, then there exists a curve C
in Mo, such that Be = RB'.

Proof. Let ¢ (x) be a rational function of type (n—1;i —1,n—i—1,n—2) and I'y
the section passing through the critical point z3 of ¢1(x). Then the curve C C ‘/VLO,,,
induced by Ry, r, satisfies Bc = {B;} by (4-1).

Let ¢, (x) be a rational function of type (n —3;n—i —2,n—j—2,i+j—4) and
I['5; the section passing through the critical point z; (i =1, 2, 3) of ¢2(x). Then the
curve C C A7Lo,n induced by Ry, r,,.12,I»; satisfies Be = {B;, Bj, Bi;j_2} by (4-1).

Let ¢3(x) be a rational function of type (n —2;n—2—i,n—2—j,i+ j—2) and
['3; the section passing through the critical point z; (i = 1, 2) of ¢3(x). Then the
curve C C JVLO,,, induced by Ry, ry, y, satisfies Be = {B;, Bj, Bj;j_1} by (4-1).

Let ¢4(x) be a rational function of type (n — 1;n—1—i,n—1—j, i+ j—2)
and I'4 the section passing through the critical point z3 of ¢4(x). Then the curve
CC JI7L0,” induced by Ry, r, satisfies Bc = {B;, B, B;4;} by (4-1). O

Proof of Theorem 1.6. 1t follows directly from Theorem 3.2 and Theorem 4.3. [

5. Curves from birational geometry of moduli spaces

Let .lo,, be the moduli space of stable n-pointed rational curves. The space Jly,,
has a natural S, action by reordering the marked points. Let p : .lo,, — J(A/iom be
the finite quotient morphism via S,,.

A weight datum A = (ay, ..., a,) is a sequence of rational numbers such that
0 < a; < 1. Given a weight datum o satisfying 2¢ —2+ ) _, a; > 0, an n-pointed
curve (C; p1, ..., py) of genus g is sd-stable if

(1) C has, at worst, ordinary double points as singularities, and py, ..., p, are
smooth points of C;

(2) wc(X7_; aipi) is ample;
(3) mult, (Z?:l a,-pi) <1 forany x € C.

For any weight datum s such that 2¢g =2+ ", a; > 0, there exists a projective
coarse moduli space J(7Lg, « [Hassett 2003, Theorem 2.1] of weighted n-pointed

sd-stable curves. Note that Mg o = M, , whenay =---=a, = 1.
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Letdy = (ay,...,a,) and Ap = (by, ..., b,) be two weight data and suppose
that @; > b; for alli =1, 2, ..., n. Then there exists a reduction morphism [Hassett
2003, Theorem 4.1] . .

Paty sty - Moo, —> Mo, s, -

If (C,pi,...,pn) € ./I7Lo,&ql, then ¢y, «,(C, p1, ..., pn) is obtained by collapsing
components of C on which w¢ + ) b; p; fails to be ample.

Theorem 5.1. Let B’ = {Bo, Biy1, Bit2, - - ., B2y} for 2 <k <[n/2]; then there
exists a curve C C My, such that Bc = RB'.

Proof. If k = [n/2], then B’ = {B,}, and existence was proved in Theorem 3.1(1).

Ifk=2,then B =B ={B», B, ..., By /21}. Taking the intersection of n — 4
general very ample divisors of JI7L0’,,, we obtain a curve C in ./17L0,,, that intersects all
the boundary divisors; that is, B¢ = %B.

In the following, we assume that 3 <k <[n/2] — 1. Let (k) ={1/k, ..., 1/k}
be the symmetric weight datum that assigns 1/k to each marked point. Then
er'l:l ai=n-(1/k) > 2. Let Jl7Lo, si(k) be the quotient of the weighted moduli space
JI7L0, «k) via the natural §, action. Denote by fi :/’l/vtoy,l — JINA(),&Q(k) the corresponding
reduction morphism. Since three points on P! (the two marked points and the
attaching node) have no nontrivial moduli, f; does not contract B,. The degree of
the total weight on a rational tail with j (3 < j < k) marked pointsis (1/k)-j+1 <
2 = —deg Kp1, where the +1 comes from the attaching node. Hence it violates
the stability condition. So f; contracts the boundary divisors B; for 3 < j < k.
Furthermore, we see that f; contracts only these boundary divisors. Now taking
the intersection of n — 4 general very ample divisors, we obtain a curve C in
‘/’l/vto, si(k) that is disjoint with fi(B;) for 3 < j < k and that intersects all the other
(not contracted) boundary divisors By, Biy1, ..., Bjy/2 in the loci where f; is an
isomorphism. Then the proper transform C’ of C in .ily, satisfies Bcr = B’ =
{B2, Bit1, - - - Bny2} O

O

Proof of Theorem 1.7. It follows from Theorems 3.1 and 5.1 and Corollary 4.2.

6. Proof of Theorem 1.3

Let us first introduce some notation. Below, {iy, ..., i} stands for {B;,, ..., B;}.
If B' ={iy, ..., it} is one of the sets in Theorem 1.6, we call B’ of type T}, .., For
example, if B’ = {2, 3, 5}, we call B’ of type Tr3s5. f B ={2,i1,..., i} is one
of the sets in Theorem 1.7(1)—(2), we call B’ of type Tr . f B’ = {3, i1, ..., ik} is
one of the sets in Theorem 1.7(3), we call B of type T3 .

Proof of Theorem 1.3. For n < 11, it is easy to check that the result follows directly
from Theorem 1.6 and Theorem 1.7. In the following we always assume that
12 <n < 17. Then we have the following three cases.
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Case 1. If B’ is one of the sets in Theorems 1.6 and 1.7, we are done.

Case 2. If n = 14 and %’ = {4, 7}, then there exists a rational function ¢ (x) of
type (13; 3, 3, 6, 12) by Corollary 2.2(1). Denote by I'; the section passing through
the critical point z4 of ¢ (x), where the multiplicity of z4 is 12. Then the curve C;
in ./17L0,14 corresponding to Ry, r, satisfies B¢, = {4, 7} by (4-1).

If n =17 and B’ = {4, 7}, then there exists a rational function ¢, (x) of type
(16; 3, 6, 6, 15) by Corollary 2.2(1). Denote by I'2(x) the section passing through
the critical point z4 of ¢, (x), where the multiplicity of z4 is 15. Then the curve C,
in J(7L0,17 corresponding to Ry, r, satisfies B¢, = {4, 7} by (4-1).

Case 3. We discuss the remaining %’ case by case using the method in Section 3.
Let B = {iy, ..., ix} be a set of boundary divisors of .y ,. If there is a sequence
(my, ..., mp) satisfying

i) mi+---+m=2n-2,
(i) forany 1 <t <Il, m;e{i;—1,...,ix—1,n—1—iy,...,n—1—ip,n—1,n-2},
(iii) forany 1 < j <k, thereis 1 <¢; </ such that i; =m,j+lorn—1—m,j,

(iv) the right side of (2-2) is positive,

then there exists a rational function of type (n; my, ..., m;) by Theorem 2.1. Thus
we get a curve C in Jlp , such that Be =B’ by (3-1). So we finish the proof of the
theorem by giving a sequence (my, ..., m;) satisfying (i)—(iv) for each n and %',

see Table 1-Table 10.

We now show the meaning of these tables. If %’ is in Case 1, we give its type in
the tables. If %’ is in Case 3, we give a sequence (my, ..., m;) satisfying (i)—(iv)
in the tables. For example, if B’ = {2, 3}, then (my, ..., m;) is T» . in Table 1; by

R (my,...,m) R (my,...,m) R (my,...,m)
{2,3} Ty« {2,4) Tr.+ {2,5) T«
{2,6} Ty« {3.4) T34 {3,5) T4
{3, 6} T« {4.5} Tys {4.6} Ty
{5. 6} Ts6

{25 37 4} TZ,* {25 37 5} TZ,* {29 37 6} TZ,*
{25 47 5} TZ,* {25 47 6} TZ,* {29 57 6} TZ,*
{3,4,5} T34,5 {3,4,6} T34,6 {3,5, 6} TI3s6
{4,5, 6} 4,5,6,7)
{27 35 41 5} TZ,* {27 35 49 6} T2,* {27 35 5» 6} (21 57 65 9)
{2745516} TZ,* {374’596} (3’5765 8)

Table 1. ./‘7(0,12.
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B’ (my,...,my) B’ (my,...,my) B’ (myq,...,my)
{2,3} Ty« {2,4} Ty« {2,5} T4
{2, 6} Ty« {3, 4} T3, {3, 5} T34
{3, 6} T3, {4, 5} Tys {4, 6} Ty
{5, 6} Ts6

{2, 3, 4} T: « {2, 3,5} T « {2, 3, 6} T«
{2,4,5} 15 « {2, 4, 6} T« {2, 5,6} T«
{3.4,5} Ts4,5 {3.4,6} T5.45 {3.5,6} T35
{4,564  (3,6,7.8)
{25 37 45 5} T2,* {2? 37 45 6} TZ,* {27 37 55 6} TZ,*
{25 47556} T2,* {3?47556} (2’3747 67 9)

Table 2. ./‘7(0, 13.

this we mean that there is a curve C in Jif/vto,lg of type T , with B¢ = { By, B3}. If
B = {4, 5,6}, then (my,...,m;) = (4,5,6,7) in Table 1; by this we mean that
there exists a curve C in A’Zo, 12 with Bc = {4, 5, 6}, where C is induced by a rational
function of type (12; 4,5, 6, 7).

Note that only the cases of B’ with || = 1 and |%'| = [n/2] — 1 are not
contained in these tables, since the theorem for such %’ holds true for any n; see

Theorem 4.3(1) and Theorem 5.1 for k = 2. [l
Remark 6.1. Assume that n = 18 and B’ = {B3, By, ..., Bg}. Suppose that there
exists a sequence (my, ..., m;) satisfying (i)-(iv) for %’. From (ii) and (iii), we
know that

9
m1+'-'+m122(i—1)=35>2”_2=34’
i=3

which contradicts (i). Hence the method in Section 3 is invalid for Jao,lg. Similarly,
we know that the method in Section 4 is also invalid.

B’ (my, ..., my) B’ (mq, ..., mp) ;% (my, ..., my)
{2,3} T {2,4} T, {2,5} T«
{2, 6} T {2,7} T {3, 4} T «
{3,5} T {3, 6} T . {3,7} Ts 4
{4, 5} Ty s {4, 6} Tse {4,7}  see Case 2
{5, 6} Ts6 {5,7} Ts4 {6,7} Ts 7

Table 3. iy, 14 for |B'| = 2.
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B (my, ..., mp) B (my, ..., mp) B (my, ..., mp)
{21 37 4} T2,* {23 37 5} TZ,* {29 3’ 6} TZ,*
{21 37 7} T2,* {23 47 5} TZ,* {29 4’ 6} TZ,*
{21 47 7} T2,* {23 57 6} TZ,* {27 5’ 7} TZ,*
{2,6,7} T4 {3.4,5} T34 {3.4, 6} T34
{3.4,7} T34 {3.5,6} T356 {3.5,7} T35
{3,6,7} T36.7 {456, (45389 | {457} Tysa
46,77  (3,3,5.6,9 | {567}  (5.6,7.8)
{2,3,4,5} T . {2,3,4,6} T« {2,3,4,7} T«
{27 31 59 6} T2,* {27 31 57 7} T2,* {27 31 67 7} (11 27 6’ 73 10)
{2,4,5,6} Tr« {2,4,5,7} (1,4,6,6,9) | {2.4,6,7} (1,5,5,6,9)
{2,5.6,7} Tr« {3.4,5.6} (3,5,8,10) | {3,4,5,7} (3,3,4,6,10)
{3.4,6,7} (3,6,7,10) | {3,5,6,7} (2,5,5,6,8) | {4,5,6,7}  (4,6,7,9)
B’ (myq,...,my) B’ (my,...,my)
{2,3,4,5,6} (1,2,3,4,5,11) | {2,3,4,5,7} (1,2,3,4,6,10)
{2,3,4,6,7} (1,2,3,5,6,9) | {2,3,5,6,7} (1,2,4,5,6,8)
{2,4,5,6,7} Iy« {3.4,5,6,7} (2,3,4,5,6,6)
Table 4. o, 14 for 3 < |B'| <5.

B (my, ... mp) B (my, ... mp) B (my, ..., mp)
{2,3} Ty« {2,4) T« {2,5} Ty«
{2,6} T2« 2,7 T2« {3.4) T«

{3, 5} T34 {3, 6} T34 {3.7} T34
{4, 5} Tys {4, 6} Ty 4.7} (6,6,6,10)
{5, 6} Ts6 {5, 7} Ts7 {6, 7} Te7
{2,3,4} Ty« {2,3,5} T+ {2,3, 6} T+
{25 3’ 7} T2,* {25 47 5} T2,* {25 4’ 6} TZ,*
{2’ 4’ 7} TZ,* {25 57 6} TZ,* {25 5’ 7} TZ,*
{2,6,7} T+ {3,4,5} T3.4,5 {3,4,6} T34
{3.4,7} Ts47 {3,5, 6} I3s6 {3,5,7} Ixsq
{3,6,7} 1367 {4, 5, 6} 4,5,9, 10) {4,5,7} Tss7
{4,6,7} (3,7,8,10) {5,6,7} 4,7,8,9)
{27 37 49 5} TZ,* {27 3’ 49 6} TQ,* {27 37 45 7} TZ,*
{27 37 5’ 6} TZ,* {27 3’ 59 7} TZ,* {27 37 65 7} TZ,*
{274759 6} T2,* {274’5’7} T2,* {2747 65 7} (1’3’5775 12)
{2,5,6,7} I« {3.4,5, 6} T3+ {3,457 (2,7,9,10)
{3,4,6,7} (3,6,8,11) | {3,5,6,7} (2,4,5,6,11) | {4,5,6,7} (3,4,5,6,10)

Table 5. 5 for 2 < |B'| < 4.
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B’ (my,...,my) B’ (my,...,my)
{2,3,4,5,6} (1,2,3,4,8,10) | {2,3,4,5,7} (2,3,4,7,12)
{2,3,4,6,7} (2,3,5,6,12) {2,3,5,6,7} (1,4,5,7,11)
{2,4,5,6,7} T; . {3,4,5,6,7} (2,4,5,7,10)
Table 6. iy 5 for || = 5.
%/ (ml,...,ml) %/ (ml,...,ml) %/ (ml,...,ml)
{2, 3} 1>« {2, 4} 1> 4 2,5} 1>«
{2, 6} 1>« 2,7} 1> 4 2,8} T3«
{3.4} T; 4 {3. 5} T; 4 {3,6} 15 4
(3.7} T3 4 {3. 8} T; 4 4,5} Tys
{4, 6} Ty {4,7} (8,11, 11) 4,8 (@Q3,3,3,7,7,7)
{5, 6} Ts 6 {5,7} Ts7 {5,8 (4,4,4,4,7,7)
{6, 7} Tz {6, 8} Tsg {7, 8} Tr g
{2, 3, 4} T, {2,3,5} T, {2, 3, 6} T 4
{2,3,7} T, {2,3,8} T, {2,4,5} T,
{2,4, 6} T, {2,4,7} T, {2,4,8} T,
{2,5, 6} T, {2,5,7} T, {2,5, 8} T,
{2,6,7} T, {2,6, 8} T, {2,7, 8} T,
{3,4,5} T345 {3, 4,6} 1346 {3,4,7} T34
{3,4, 8} T548 {3.5, 6} T35 {3,5,7} I35
{3, 5, 8} T35 {3,6,7} T367 {3, 6, 8} T6,8
{3,7, 8} T578 {4,5, 6} 9,10,11) {4,5,7} Tss7
{4,5, 8} Tyss {4,6,7} (5,6,8,11) {4, 6, 8} Thes
{4,7, 8} 6,6,7,11) {5,6,7} (5,6,9,10) {5, 6, 8} “,7,9,10)
{5,7, 8} 6,7,7,10) {6,7, 8} 6,7,8,9)
{2,3,4,5} T, {2,3,4,6} T, . {2,3,4,7} T 4
{2,3,4, 8} T, {2,3,5,6} T, {2,3,5,7} T,
{2,3,5,8} T, {2,3,6,7} T, {2,3,6, 8} T,
{2,3,7,8} (2,7,8,13) {2,4,5,6} T, . {2,4,5,7} T; .
{2,4,5, 8} T, . {2,4,6,7} T, . {2,4,6,8} (1,3,5,5,7,9)
{2,4,7,8} (1,3,6,7,13) {2,5,6,7} (1,4,6,9,10) | {2,5,6,8} (1,4,5,7,13)
{2,5,7,8} (4,6,7,13) {2,6,7, 8} T, {3,4,5,6} (2,3,4,9,12)
{3,4,5,7} (2,2,3,4,8,11) | {3,4,5,8} (2,7,10,11) {3,4,6,7} (2,8,9,11)
{3,4,6,8} (3,3,5,7,12) {3,4,7,8} (2,2,7,8,11) | {3,5,6,7} (2,2,4,5,8,9)
{3,5,6,8} (2,2,7,9,10) {3,5,7,8} 2,2,4,7,7,8) | {3,6,7,8} (5,6,7,12)
{4,5,6,7} (4,6,9,11) {4,5,6,8} (3,4,5,7,11) | {4,5,7,8} (4,7,8,11)
{4,6,7,8} (3,5,6,7,9) {5,6,7,8} (5,7,8,10)

Table 7. Mo 16 for 2 < || < 4.
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{2,3,4,6, 8}
{2,3,5,6,7}
{2,3,5,7,8}
{2,4,5,6,7}

(2,3,5,7,13)
(1,2,4,5,6,12)
(1,4,6,7,12)
(1,3,4,5,6,11)

{2,3,4,7,8}
{2,3,5,6,8}
{2,3,6,7, 8}
{2,4,5,6,8}

B’ (my,...,my) R’ (my,...,my)
(2,3,4,5, 6} (1,2,3,5,9,10) {2,3,4,5,7} (1,2,3,6,8,10)
(2,3,4,5,8} (1,2,3,4,7,13) {2,3,4,6,7} (1,2,3,5,6,13)

(1,1,3,6,7, 12)
(1,1,4,5,7, 12)
(1,2,5,6,7,9)
(1,3,4,5,7,10)

{2,4,5,7,8} (1,3,4,6,7,9) {2,4,6,7, 8} (1,3,5,6,7,8)
{2,5,6,7,8} T, . {3,4,5,6,7} 2,3,4,5,6,10)
{3,4,5,6, 8} 2,3,4,5,7,9) {3,4,5,7, 8} 2,2,4,5,6,11)
{3,4,6,7, 8} 2,3,5,6,7,7) {3,5,6,7, 8} 2,5,6,7,10)
{4,5,6,7, 8} 3,4,5,5,6,7)
(2.3.4,5.6,7) (1,2.3.4,5.6,9) | (2.3,4,5,6,8) (1,2,4,5,7,11)
(23.4,5.7,8) (1,1,2,3,6,7,10) | {2,3,4,6,7.8) (1,2,3,7.8,9)
(2.3.5.6.7.8)  (1,2.4.5.5.6,7) | (2.4.5,6.7.8) T.
(3.4,5.6,7,8)  (2.3,3,4,5,6,7)
Table 8. .o 16 for 5 < |B'| <6.
PR’ (ml,...,ml) B’ (ml,...,m,) B’ (ml,...,ml)
{2,3} Ty, {2, 4} T, {2,5} T, .
{2, 6} T . 2,7} T {2,8} T, .
(3,4} Ts 4 {3,5} T {3, 6} T3«
(3,7} Ts 4 {3,8} T« {4, 5} Ty s
{4, 6) Tus 4.7} seeCase2 | {4.8) (3.3.7.7.12)
(5.6} Tse (5.7) Ts- 5.8 (7.7.7.11)
{6, 7} Tsq {6, 8} T8 {7, 8} T78
{2, 3, 4} T, . {2, 3,5} T, . {2, 3,6} T, .
{2,3,7} T, . {2, 3, 8} T, . {2,4,5} T,
{2,4, 6} T, {2,4,7} T, . {2,4, 8} T,
{2,5, 6} T « {2,5,7} T; . {2,5, 8} T,
{2,6,7} T, {2,6, 8} T, {2,7, 8} T,
{3, 4,5} T345 {3,4,6} T546 {3,4,7} T3,4.7
{3,4,8} T34 {3,5,6} T356 {3,5,7} T35
{3,5,38} T58 {3,6,7} Ts6,7 {3,6,8} T363
{3,7, 8} T3 {4,5,6} (4,5,11,12) | {4,5,7} Ths7
{4, 5, 8} Thss {4,6,7} (5,6,9,12) | {4,6, 8} Tres
{4,7,8} (6,6,8,12) |{5,6,7} (5,6,10,11) | {5,6,8} (4,7,10,11)
{5,7,8} (6,7,8,11) |{6,7,8} (6,7,9,10)

Table 9. o 17 for 2 < || < 3.
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PR’ (my,...,my) PR’ (my,...,my) B’ (my,...,my)
{2,3,4,5)} T« {2,3,4,6) T« {2,3,4,7) T«
{2,3,4, 8} T« {2,3,5,6} T« {2,3,5,7)} .«
{2,3,5,8} T« {2,3,6,7} T« {2,3,6, 8} .«
{2,3,7, 8} T« {2,4,5,6} T« {2,4,5,7)} T«
{2,4,5,8} T« {2,4,6,7} T« {2,4,6, 8} T«
{2,4,7,8} (1,3,7,9,12) | {2,5,6,7} T« {2,5,6,8 (1,5,7,8,11)
{2,5,7,8} (4,6,8,14) | {2,6,7,8} T« {3,4,5, 6} Ts .
{3,4,5,7} Ts . {3,4,5, 8} Ts . {3,4,6,7} T .
{3,4,6,8 (2,8,10,12) |{3,4,7,8 (3,7,9,13) |{3,5,6,7} (2,9,10,11)
{3,5,6,8} (2,4,5,8,13) | {3,5,7,8} (2,4,6,7,13) | {3,6,7,8} (5,6,8,13)
{4,5,6,7} (4,6,10,12) | {4,5,6,8} (3,4,5,8,12) | {4,5,7,8} (4,7,9,12)
{4,6,7,8} (3,6,6,7,10) | {5,6,7,8} (5,7,9,11)

B’ (ml,...,ml) B’ (ml,...,m[)
{2,3,4,5,6} T . {2,3,4,5,7} .
{2,3,4,5,8} (1,2,3,4,8,14) {2,3,4,6,7} (2,2,3,5,6,14)
{2,3,4,6, 8} (2,3,5,8,14) {2,3,4,7,8} 2,3,6,7,14)
{2,3,5,6,7} (1,4,5,9,13) {2,3,5,6, 8} 2,4,5,7, 14)
{2,3,5,7,8} (1,4,6,8,13) {2,3,6,7,8} (1,5,6,7,13)
{2,4,5,6,7} (3,4,5,6,14) {2,4,5,6, 8} (1,3,7,10,11)
{2,4,5,7,8} (1,3,8,9,11) {2,4,6,7, 8} (1,5,6,8,12)
{2,5,6,7,8} .« (3,4,5,6,7)} 2,4,5,9,12)
{3,4,5,6,8} (3,4,5,7,13) {3,4,5,7,8} 2,3,7,9,11)
{3,4,6,7, 8} 2,5,6,7,12) {3,5,6,7,8} 2,5,6,8,11)
{4,5,6,7, 8} (3,5,6,7,11)

{2,3,4,5,6,7} (1,3,4,5,6,13) | {2,3,4,5,6,8} (1,2,4,5,8,12)
{2,3,4,5,7,8 (1,2,3,4,6,7,9) | {2,3,4,6,7,8} (1,2,3,7,9,10)
{2,3,5,6,7,8} (1,2,5,6,7,11) | {2,4,5,6,7, 8} .
{3,4,5,6,7,8} (2,3,4,6,7,10)

Table 10. il (7 for 4 < || < 6.
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