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A COMBINATORIAL APPROACH
TO VOICULESCU’S BI-FREE PARTIAL TRANSFORMS

PAUL SKOUFRANIS

We present a combinatorial approach to the 2-variable bi-free partial S-
and T -transforms recently discovered by Voiculescu. This approach pro-
duces an alternate definition of said transforms using (I, r)-cumulants.

1. Introduction

Voiculescu [2014] introduced the notion of bi-free pairs of faces as a means to
simultaneously study left and right actions of algebras on reduced free product
spaces. Substantial work has been performed since then in order to better under-
stand bi-freeness and its applications [Charlesworth et al. 2015a; 2015b; Skoufranis
2015; Voiculescu 2016; Mastnak and Nica 2015; Gu et al. 2015]. Specifically, the
results of [Voiculescu 1986] were generalized to the bi-free setting in [Voiculescu
2016] through the development of a 2-variable bi-free partial R-transform using an-
alytic techniques. A combinatorial construction of the bi-free partial R-transform
was given in [Skoufranis 2015] using results from [Charlesworth et al. 2015b].

Along similar lines, modifying his S-transform introduced in [Voiculescu 1987],
Voiculescu [2015] associated to a pair (a, b) of operators in a noncommutative
probability space a 2-variable bi-free partial S-transform, denoted by S, ;(z, w).
Using ideas from [Haagerup 1997], he demonstrated that if (a;, b;) and (az, by)
are bi-free then

(1) Salaz,blbz(zv ’LU) = Sal,bl (Zs w)Sag,bz(Za 'LU)

He also constructed a 2-variable bi-free partial T-transform 7, 5 (z, w) to study the
convolution product where additive convolution is used for the left variables and
multiplicative convolution is used for the right variables. In particular, the defining
characteristic of 7}, 5(z, w) is that if (a1, b1) and (a2, by) are bi-free then

(2) Ta1+a2,b1b2 (Z’ w) = Tal,bl (Zv w)Taz,bz (Z’ w)‘
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The goal of this paper is to provide a combinatorial proof of the results of
[Voiculescu 2015]. The paper is structured as follows. Section 2 establishes all
preliminary results, background, and notation necessary for the remainder of the
paper. A reader would benefit greatly from knowledge of the combinatorial ap-
proach to the free S-transform from [Nica and Speicher 1997] and knowledge of
the combinatorial approach to bi-freeness from [Charlesworth et al. 2015b] (or
the summary in [Charlesworth et al. 2015a]). Section 3 provides an equivalent
description of T, ;(z, w) using (/, r)-cumulants and provides a combinatorial proof
of equation (2). Section 4 provides an equivalent description of S, ;(z, w) using
(I, r)-cumulants and provides a combinatorial proof of equation (1).

An intriguing question arises in taking products of bi-free pairs of operators: is
the “correct” multiplication to use on the right pair of algebras the usual one or
its opposite? In other words, if (a;, b1) and (a2, by) are bi-free pairs of operators,
which product should be used, (aia;, b1by) or (ajaz, bpb1)? It is not difficult to
see that the resulting distributions can be different; see [Charlesworth et al. 2015a].
Further, by Theorem 5.2.1 of [Charlesworth et al. 2015b] the (/, )-cumulants of
(ajaz, byby) can be computed via a convolution product of the (/, r)-cumulants of
(ay, by) and (ay, by) involving a bi-noncrossing Kreweras complement, just as in
the free case. However, the product of Voiculescu’s bi-free partial S-transforms of
(ay, by) and (ap, by) is the bi-free partial S-transform of (ajas, b1by). As we will
see in Section 4, this is not just a matter of differences in notation and therefore
one needs to carefully consider which product to use.

2. Background and preliminaries

In this section, we recall the necessary background required for this paper. We refer
the reader to the summary in [Charlesworth et al. 2015a, Section 2] for more back-
ground on scalar-valued bi-free probability. This section also serves the purpose
of setting notation for the remainder of the paper, which we endeavour to make
consistent with [Voiculescu 2015]. We treat all series as formal power series, with
commuting variables in the multivariate cases.

2.1. Free transforms. Let (A, ¢) be a noncommutative probability space (that is,
a unital algebra 4 with a linear functional ¢ : A — C such that ¢(/) = 1) and
let a € A. The Cauchy transform of a is

Gu@ = p(@l —@ ) =13 plaz",
n>0

and the moment series of a is

ha(@)i= (U —a2) ™) = Y ¢@)" = 2Gu(3).

Z
n>0
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Recall one defines K,(z) to be the inverse of G,(z) in a neighbourhood of 0 so
that G,(K,(z)) = z. Thus R,(z) := K,(2) — % is the R-transform of a and

1
3) he(Fy) = Ke@GalKa@) = 2Ka(2).

Furthermore, if «,, (a) denotes the n-th free cumulant of a and the cumulant series
of ais
ca®) =Y kn(@)2",
n>1

then one can verify that
4) 1 +cq(z) =2K4(2).

To define the S-transform of a, we assume @(a) # 0 and let ¥, (z) := h,(z) — 1.
Since ¥,(0) = 0 and ¥/ (z) = ¢(a) # 0, ¥,(z) has a formal power series inverse
under composition, denoted wa(fh(z). We define X, (z) := ws,*l)(z) so that

&) ha(Xa(2)) =1+ Ya(Xa(2)) =1 +2z.

The S-transform of «a is then defined to be

(6) 5.2) = 12,0,

2.2. Free multiplicative functions and convolution. Let NC(n) denote the lattice
of noncrossing partitions on {1, .. ., n} with its usual refinement order, let 0,, denote
the minimal element of NC(n), and let 1, = {1,2, ..., n} denote the maximal
element of NC(n). For m, 0 € NC(n) with 7 < o, the interval between 7 and o,
denoted [, o], is the set

[7,0]={p eNC(n) | 7 < p <o}

A procedure is described in [Speicher 1994] which decomposes each interval of
noncrossing partitions into a product of full partitions of the form

[01, 111 x [0, 121%2 % [03, 1315 x - - -

where k; > 0.
The incidence algebra of noncrossing partitions, denoted Z(N C), is the algebra
of all functions

£ JNCm) xNC@m) - ¢

n>1

such that f(mw,0) = 0 unless 7 < o, equipped with pointwise addition and a
convolution product defined by

(f @) 0):= Y f(m, p)gp, o).

pelr,o]
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Recall f € Z(NC) is called multiplicative if whenever [, o] has a canonical
decomposition [0y, 118 x [04, 1212 % [03, 13]%3 x - - -, then

[ o) = fOr, 1) f(02, 1) £ (03, 13)% - - .

Thus the value of a multiplicative function f on any pair of noncrossing partitions is
completely determined by the values of f on full noncrossing partition lattices. We
will denote the set of all multiplicative functions by M and the set all multiplicative
functions f with f(01, 1;) =1 by M.

If f,g € M, one can verify that f x g = g x f. Furthermore, there is a
nicer expression for convolution of multiplicative functions. Given a noncrossing
partition = € NC(n), the Kreweras complement of , denoted K (;r), is the non-
crossing partition on {1, ..., n} with noncrossing diagram obtained by drawing
via the standard noncrossing diagram on {1, ..., n}, placing nodes 1’,2/, ..., n’
with &k’ directly to the right of k, and drawing the largest noncrossing partition on
1',2,...,n that does not intersect 7, which is then K (7). The diagram below ex-
hibits thatif w = {{1, 6}, {2, 3, 4}, {5}, {7}}, then K (r) ={{1, 4, 5}, {2}, {3}, {6, 7}}.

Al

1172233 445566 77

For f, g € M, convolution may be written as

(f*2On 1))=Y f(0n, 7)g(0n, K ().
1 eNC(n)
Note that [Nica and Speicher 1997] demonstrated that if a, b € A are free and
if f (respectively g) is the multiplicative function associated to the cumulants of
a (respectively b) defined by f(0,, 1,,) = k,(a) (respectively g(0,, 1,,) = k, (b)),
then k, (ab) = k,(ba) = (f * g)(0,, 1,). Furthermore, for w € NC(n) with blocks
{(Vili,, we have f(0,, 1) =Kz (a) =[]}, kv (@).

Another convolution product on M from [loc. cit.] is required. Let NC'(n)
denote all noncrossing partitions 7w on {1, ..., n} such that {1} is a block in 7. It
is not difficult to construct a natural isomorphism between NC'(n) and NC(n — 1).
The following diagrams illustrate all elements NC’(4), together with their Kreweras
complements.

S O et o O e N T 1

11V 223344%4 1122 33 44 1122 3344

1 V223344« 11223344
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We desire to make an observation, which may be proved by induction. Given two
noncrossing partitions 7 and o, let 7 Vo denote the smallest noncrossing partition
larger than both 7w and o. Fix 7 € NC'(n). If o is the noncrossing partition on
{1,1,2,2,...,n,n'} (with the ordering being the order of listing) with blocks

{k, k'} for all k, then the only noncrossing partition 7 on {1, ..., n’} such that
Ut is noncrossing (under the ordering 1, 1/,2,2', ..., n,n') and (mUt) Vo =1y,
ist=K(m).

For f, g € M, the “pinched-convolution” of f and g, denoted f*g, is the
unique element of M such that

(f%O0n, L= Y f(0n, m)8(0,, K ().

7eNC’(n)

The pinched-convolution product is not commutative on M.
Given an element f € M, define the formal power series

¢r(@) = fOn 1,)2".

n>1

In particular, if f is the multiplicative function associated to the cumulants of a de-
fined by f(0,, 1,) =«,(a), then ¢ r(z) = c,(z). Several formulae involving ¢ s (z)
are developed in [Nica and Speicher 1997]. In particular, [loc. cit., Proposition 2.3]
demonstrates that if f, g € M then ¢ (¢ r34(2)) = P r4e(2) and thus

(7) Brie(fr @) =07 (@)

Furthermore, [loc. cit., Theorem 1.6] demonstrates that

) 21, D =07 (08" ).

An immediate consequence of equation (8) is that if ¢(a) = 1 then

) 5.0 = 2ei o).

2.3. Bi-freeness. Foramap x :{1,...,n}— {l, r}, the set of bi-noncrossing parti-

tions on {1, ..., n} associated to y is denoted by BNC(x). Note BNC() becomes
a lattice where m < o provided every block of r is contained in a single block of 0.
The largest partition in BNC( ), whichis {{1, ..., n}}, is denoted by 1. The work
in [Charlesworth et al. 2015b] demonstrates that BNC( ) is naturally isomorphic
to NC(n) via a permutation of {1, ..., n} induced by .

The (I, r)-cumulant associated to a map x : {1,...,n} — {[,r}, given ele-
ments {a,},_, € A, was defined in [Mastnak and Nica 2015] and is denoted by
ky(ai, ..., ay). Note k, is linear in each entry. The main result of [Charlesworth
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et al. 2015b] is that if (a;, b1) and (ay, by) are bi-free two-faced pairs in (A, @),
x:{l,....n}=>{l,r},e:{1,....,n} = {l,r}, c1.x = ak, and ¢, x = by, then

Ky (Cx(1)e(l)s -+ s Cxm,em) =0

whenever € is not constant.

Given a m € BNC(x), each block B of 7w corresponds to the bi-noncrossing
partition 1,, for some xp : B — {l, r} (where the ordering on B is induced from
{1,...,n}). We write

knlar,....an)= ] x1,(@.....a0)lp).

B ablock of

where (ay, ..., a,)|p denotes the | B|-tuple with indices not in B removed. Simi-
larly, if V is a union of blocks of &, we denote by 7|y the bi-noncrossing partition
obtained by restricting w to V.

For n, m > 0, we often consider the maps x,  : {1,...,n+m} — {l,r} such
that x (k) =1 if k <n and x (k) =r if k > n. For notational purposes, it is useful to
think of x, ,, as amap on {1;,2;,...,n;,1,,2,, ..., m,} under the identification
kv kyif k <nand k — (k—n), if kK > n. Furthermore, we write BNC(n, m)
for BNC(xp,m)s 1n,m for 1,, .,
K1, (@1, ..., an, b1, ..., by). Finally, forn, m > 1, we set k, m(a, b) =k
kn,0(a, b) =Ky (a), and ko, (a, b) = Kk, (b).

and, forn,m > 1, k, m(ai, ..., an, by, ..., by) for
(a, b),

n,m

2.4. Bi-free transforms. Given two elements a, b € A, we define the ordered joint
moment and cumulant series of the pair (a, b) to be

Hop(z,w):= ) @@ b™"w” and  Cop(z, w)i= Y knm(a,b)z"w",

n,m=>0 n,m=>0

respectively (where ko o(a, b) =1). Note [Skoufranis 2015, Theorem 7.2.4] demon-
strates that
ha(2)hp(w)

(10) ha(2) + hp(w) = Hop e w) + Ca,p(2ha(2), why(w))

through combinatorial techniques. It is also demonstrated that (10) is equivalent
to Voiculescu’s [2016] 2-variable bi-free partial R-transform.
For computational purposes, it is helpful to consider the series

(D) Kap(z,w) =Y kumla, b)z"w™ = Cop(z, w) = ca(2) — cp(w) — 1.

n,m>1



A COMBINATORIAL APPROACH TO BI-FREE PARTIAL TRANSFORMS 425

Also of use are the series

(12) Fap(z,w) =9zl —a)'(1 —wb)™)
1 nipm -n,,m __ l l
:Znéoq)(a bz "w =7 al,(Z,w).

2.5. Bi-free cumulants of products. Of paramount importance to this paper is the
ability to write (/, 7)-cumulants of products as sums of ([, r)-cumulants. We recall
a result from [Charlesworth et al. 2015a, Section 9].

Let m, n > 1 with m < n. Fix a sequence of integers

k(O)=0<k(l) <--- <k(m)=n.
For x : {1,...,m}— {l,r}, define x : {1,...,n} — {l,r} via

X (@) = x(pg).

where p, is the unique element of {1, ..., m} such that k(p, — 1) < g < k(p,).

There exists an embedding of BNC() into BNC(x) via & + 7 where the p-th
node of 7 is replaced by the block {k(p — 1)+ 1, ..., k(p)}. It is easy to see that
Tx =1 and 6)( is the partition with blocks {{k(p —1)+1, ..., k(p)}}’;lzl. Given
two partitions 7, 0 € BNC(x), let w vV o denote the smallest element of BNC(x)
greater than 7 and o.

Using ideas from [Nica and Speicher 2006, Theorem 11.12], [Charlesworth et al.
2015a, Theorem 9.1.5] showed that if {a;};_; € A, then

(13)  kp(ar -y, Ary+1-* k@)s - - - > AkGn—1)+1" * * Ak(m))

= Z Ko(ai,...,ay).

o€BNC(R)
oV OXII)A(

3. Bi-free partial T -transform

We begin with Voiculescu’s bi-free partial T-transform, as the combinatorics are
slightly simpler than the bi-free partial S-transform.

Definition 3.1 [Voiculescu 2015, Definition 3.1]. Let (a, b) be a two-faced pair in
a noncommutative probability space (A, ¢) with ¢(b) # 0. The 2-variable partial
bi-free T -transform of (a, b) is the holomorphic function on (C\ {0})? near (0, 0)
defined by

_wHl/o <
(14) Tap(z, w) = w <1 Fa,b(Ka(z),Xb(w)))

It is useful to note the following equivalent definition of the bi-free partial 7 -
transform. To simplify the discussion, we show the equality in the case ¢(b) = 1.
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This does not hinder the proof of the desired result, namely Theorem 3.5 (see
Remark 3.3).

Proposition 3.2. If (a, b) is a two-faced pair in a noncommutative probability
space (A, @) with ¢(b) = 1, then, as formal power series,

1 _
(15) Tas(zw) = 14— Kap(z. ey (w)).

Proof. Using equations (3), (5), and (10), we obtain that

1 S S B 1
Hyp(1/Ka(2), Xp(w))  zKa(z) 14w zKq(z) 14w

Therefore, using equations (6), (9), (11), (12), and (14), we obtain that

Cup(z, (1 +w)Xp(w)).

Ta,b(zv w)

-2 )
w (1/Ka(2))Hap(1/Ka(2), Xp(w))

w41 1 1 1 1
= T(1 —zKa(z)(ZKa(Z) + T 2K, @) 1+wCa b(Z cb (w))))

= L (k@ + Canle eV @)
= %(—ZKa(Z) 1+ ca(@) +epley VW) + Kap(z, ey (w)))
i}(w+Kab(z cp (w)))

=1+ LK (e cf w). 0

Remark 3.3. One might be concerned that we have restricted to the case ¢ (b) = 1.
However, if we use (15) as the definition of the bi-free partial 7-transform and
1fA e C\ {0} then Ty .5(z, w) =T, 2p(z, w). Indeed, c¢;p(w) = cp(Aw), so we have
cAb (w) = (w). Therefore, since «, ,(a, Ab) = A"k, (a, b), we see that

K, Ab(Z, C)Lb (w)) K, b(Z, Cli_n(w))-
Thus there is no loss in assuming ¢(b) = 1.

Remark 3.4. Note that Proposition 3.2 immediately provides the T -transform por-
tion of [Voiculescu 2015, Proposition 4.2]. Indeed if a and b are elements of a non-
commutative probability space (A, ¢) with ¢(b) # 0 and ¢(a"b™) = @(a™)p(b™)
forall n, m >0, then «, ;, (a, b) =0 for all n, m > 1 (see [Skoufranis 2015, Section
3.2]). Hence K, 4(z, w) =0, so T, (z, w) = 1.
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We desire to prove the following theorem (which was one of two main results
of [Voiculescu 2015]) using combinatorial techniques and Proposition 3.2.

Theorem 3.5 [Voiculescu 2015, Theorem 3.1]. Let (a;, by) and (a», by) be bi-
free two-faced pairs in a noncommutative probability space (A, ¢) with ¢(b1) #0
and ¢(by) # 0. Then

Ta1+a2 b1by (Z 'LU) al by (Z’ w)Taz by (Zv 'U))
on (C\ {O)?2 near (0, 0).

To simplify the proof of the result, we assume that ¢(b;) = ¢(by) = 1. Note
that ¢(b1by) = 1 by freeness of the right algebras in bi-free pairs. Furthermore,
let g; denote the multiplicative function associated to the cumulants of b; defined
by g;(0,, 1,) = k,(b;). Recall that if g is the multlphcatlve function assomated
to the cumulants of b1by, then g = g * g». Therefore qb (w) = cblb>(w) and
¢g, (w) = cb 1>(w) Note that g, g1, g2 € M by assumption.

By Propos1t10n 3.2 it suffices to show that

(16) Koy tarinbs (2, 95" (w)) = ©1(z, w) + Oz(z, w) + $®1(z, w) O (2, w),

where
_ (1)
®j(Zs w)—Kaj’bj(Z,(]ng (w))
Recall
Ka1+a2,b1b2(zv w) = Z Kn,m(al +as, ble)anm'

n,m>1

For fixed n, m > 1, let o, ,, denote the element of BNC(n, 2m) with blocks

{tki i {2k = 1), 20 11
Thus (13) implies that

Kn,m(a1+az, b1by) = Z kp(ar+az, ...,a1+az, b1, by, b1, by, ..., b1, by).

7w eBNC(n,2m) n
NGy m=1n,2m

by occurs m times

Notice that if m e BNC(n, 2m) and 7 Vo, ,, = 1, 21, then any block of 7 containing
a k; must contain a j, for some j. Furthermore, if 1 < k < j < n are such that
k; and j; are in the same block of 7, then g; must be in the same block as &; for
all k < g < j. Moreover, since (a;, b1) and (ay, by) are bi-free, we note that

Kﬂ(al+a27 "'1a1+a27 b11b29 b19b2’ "'7b17b2) :O

n by occurs m times

if r contains a block containing a (2k), and a (2j — 1), for some &, j.
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For n, m > 1, let BNCy(n, m) denote all = € BNC(n, 2m) such that
TN Opm= 1n,2m

and 7 contains no blocks containing both a (2k), and a (2j — 1), for some k, j.
Consequently, we obtain

KllH—az,b]bz (Za w)

= Z( Z Kﬂ(al—i-az,...,a1+a2,b1,b2,b1,b2,...,bl,bz))z”w’".

n,m>1 "7 eBNCr(n,m)

by occurs m times

We desire to divide up this sum into two parts based on types of partitions in
BNC7(n, m). Let BNC7(n, m), denote all 1 € BNCy(n, m) such that the block
containing 1; also contains a (2k), for some k, and let BNCr(n, m), denote all
m € BNCr(n, m) such that the block containing 1; also contains a (2k — 1), for
some k. Note that BNCr (n, m), and BNCr(n, m), are disjoint and

BNCy(n, m), UBNCr(n, m), = BNCr(n, m)

by previous discussions. Therefore, if for d € {o, e} we define

W,(z, w)
= Z( Z Kn(a]+az,---,al+027b17b27b1’b2’"'7b17b2))znwm7
n,m>1"7eBNCr(n,m)q n by occurs m times
then

Ka|+a2,b1b2(za w) = \.Ile(z’ w) + \DO(Zv U)).
We derive expressions for W,(z, w) and W, (z, w) beginning with W, (z, w).

Lemma 3.6. Under the above notation and assumptions,

e (2, w) = Kay b, (2, Py ().

Proof. For each n, m > 1, we desire to rearrange the sum in W, (z, w) by expanding
k as a product of full (/, r)-cumulants and summing over all & with the same block
containing 1;.

Fix n,m > 1. If 1 € BNCy(n, m),, then the block V, containing 1; must also
contain (2k), for some k, and thus all of (2m),, 1;,2;, ..., n; must be in V,; in
order for 7 V 0, ,, = 1,2, to be satisfied. Below is an example of such a 7. Two
nodes are connected to each other with a solid line if and only if they lie in the
same block of = and two nodes are connected with a dotted line if and only if they
are in the same block of o, ,. The condition 7 V o, ,, = 1,2, means one may



A COMBINATORIAL APPROACH TO BI-FREE PARTIAL TRANSFORMS 429

travel from any one node to another using a combination of solid and dotted lines.
Note we really should draw all of the left nodes above all of the right notes.

lje— —sl,

24— 32,

3[+_ —93r

P I S

54— A5

A I P

Let E ={(2k),}}{_ . let O ={(2k—1),}]_,, let s denote the number of elements
of E contained in V; (sos > 1),and let 1 < k; <k, < --- < kg = m be such
that (2k,), € V. Note V, divides the right nodes into s disjoint regions. For
each1 <g <s,let j, =k, —k,_1, with kp = 0, and let r, denote the noncrossing
partition obtained by restricting 7 to

{Qkg—1 + Dy, kg1 +2)r, -, kg — 1))

Note that Zfl=1 Jjg = m. Furthermore, if 7, is obtained from 7, by adding the
singleton block {(2k,),}, then n; | is naturally an element of NC'( Jg) and ﬂ;|0
is naturally an element of NC(j,), which must be K (n(;| g) in order to satisfy
TV 0y.m = 1y.0m. The below diagram demonstrates an example of this restriction.

54— —A5 ——5,
: a6, 46,
! '8, 48,
: 9, 49,
L 410, 410,
: » 11,
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Consequently, by writing «, as a product of cumulants, using linearity of «,, and
using the fact that (a;, b1) and (a», by) are bi-free (and implicitly using ¢ (b,) = 1),
we obtain

Kﬂ(al+a25 .. ’a1+a2’ bl’bz’ bl’bz’ .. ’bl’bz)znw’n

n by occurs m times
N
= kns(a2, 52)2" [ | 8200}, 7,)81(0,. K () ws.
g=1
Consequently, summing over all p € BNCr(n, m), with V,, = V., we obtain

> kplartar,....ar+ax b by, by by, ... b1 by w"
pEBNCr(n,m), e

0=V

by occurs m times
S
= s (a2, b2)" | [ (g2%€1)(0j,, 1), )ws.
q=1

Finally, if we sum over all possible n, m > 1 and all possible V; (so, in the above
equation, we get all possible s > 1 and all possible j, > 1), we obtain that

Wo(z,w) = Y kns(az, 02)2" [ | by, (w)

n,s>1 g=1
= D s (@2, 527" Dy (W) = Kay by (2, Bgyig, (W),
n,s>1
as desired. O

In order to discuss W, (z, w), it is quite helpful to discuss a subcase. For n, m >0,
let o, ,, denote the element of BNC(n, 2m + 1) with blocks

{kid ez UL UL Q2K)r, 2k + Dr iz

Let BNCr(n, m)/, denote the set of all partitions w € BNC(n, 2m + 1) such that
T VO‘,;’m =1,.2m+1 and 7 contains no blocks containing both a (2k), anda (2j—1),
for any k, j.

Lemma 3.7. Under the above notation and assumptions, if

Wy (z, w)
) 1
:Z( Z Kﬂ(al—i_aZa-"aa1+a2ab27blab27bla"'7b1’b2))znwm+’
n>1 7 eBNCr(n,m), n by occurs m times
m>0
then

- w .
\IJO/(Z, w) = ¢g2§<g1 (w) Ka2,bz (27 ¢gz*g1 (w))
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Proof. For eachn, m > 1, we desire to rearrange the sum in W,/ (z, w) by expanding
k as a product of full (/, r)-cumulants and summing over all & with the same block
containing 1;.

Fixn>1and m > 0. If r € BNCz(n, m)), then the block V;; containing 1; must
contain 1,, 2m+1),, 1;,2;, ..., n; in order to have 7 VU,’W = 1,.2m+1. Below is
an example of such a 7. .

1, T——: 1,

2|

3[ +_ | 3r
4[ +_ '+ 4r
51 1 | 5r

Y

Let E ={(2k), }}_,,let O ={(2k— l)r}kmjll, let s denote the number of elements
of O containedin V; (sos >1),andlet 1 =k; <k, <--- <ky=m+1 be such that
(2ky—1), € V. Note V divides the right nodes into s —1 disjoint regions. For each
1 <g<s—1,let j,=ky1—k, and let 7, denote the noncrossing partition obtained
by restricting 7 to {(2ky),, 2ky+1),, ..., (2k;41 —2),}. Note that Z;;ll Jg=m.
Furthermore, if né is obtained from 7, by adding the singleton block {(2k, — 1)},
then nq’ lo is naturally an element of NC'(j,) and n,; | is naturally an element of
NC(jy), which must be K (n[; lo) by m Vo, . =1, 2m+1. Consequently, by writing
kr as a product of cumulants, using linearity of «,, and using the fact that (a;, b;)
and (ay, by) are bi-free (and implicitly using ¢(by) = 1), we obtain

1
K”(a1+a2’ .. ’a1+a27 b2’ bl’bZ’ bl’ .. 7b17b2)zrlwm+

n by occurs m times
s—1

= kin s (@2, b2)Z"w [ | 8200}, 7)£1(0;,. K () ))w.
qg=1

Consequently, summing over all p € BNCr(n, m)/, with V, = V, we obtain

Z Ke(@i+aa, ..., aj+ax, by, by, by, by, ..., by, by)z"w™"!

pE€BNCr (n,m)), n by occurs m times
V,=Vy

s—1

= kns (a2, b2)7"w [ [(2%g1)(0;,. 1 )we.
g=1
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Finally, if we sum over all possible n > 1, m > 0, and all possible V; (so, in the
above equation, we get all possible s > 1 and all possible j, > 1), we obtain that

s—1
Wo(z.w) =Y Kns(@2, )" w [ | dgriq (w)
n,s>1 q=1

w Z Kn,s(az, by)z" (¢g2§<g1 (w))*

beriign (w) na=l

w
B mKaz,b2(Z, Borig (W)). 0

Lemma 3.8. Under the above notation and assumptions,

Yo(z, w) = (l + Yo (z, w)) Kay b, (2, g g, (W)).

I S
bg1ig, (w)

Proof. For each n, m > 1, we desire to rearrange the sum in ¥, (z, w) by expanding
k as a product of full (/, r)-cumulants and summing over all & with the same block
containing 1;.

Fixn,m>1,let E = {(2k), };_,,let O ={(2k—1),}}_,, let m € BNCr(n, m),,
let V,; denote the block of 7 containing 1, let ¢ (respectively s) denote the number
of elements of {1;, ..., n;} (respectively O) contained in V; (so ¢, s > 1). Since
TV opm = lyom, Vz must be of the form {kl},tc:1 U {(2ky — 1),};:1 for some
1=k <ky <--- <ks <m. Below is an example of such a .

Le———1,

24— 42
——ro | 3,
4y — 84,

| ——9,

Note that V,; divides the right nodes into s disjoint regions, where the bottom
region is special as those nodes may connect to left nodes. For each 1 < g <,
let j, = kg1 — kg, where ky = m + 1. Note that ) . _, j, = m. For g # s, let 7,
denote the noncrossing partition obtained by restricting 7 to

{(qu)ra (qu +Dryenn (2kq+l -2),}
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As discussed in Lemma 3.6, if 716/1 is obtained from 7, by adding the singleton block
{(2ky — 1),}, then 7T;|0 is naturally an element of NC'( Jq) and 7'[(; | is naturally
an element of NC(j,), which must be K(JT(;|0) since TV oy, = 1yom.

Let 7z, denote the bi-noncrossing partition obtained by restricting 7 to

{kiYemys1 ULQ2ko)r, Cks+ 1)y, oo, (2m),}

(which is shaded differently in the above diagram). Notice, since 7w Vo, = 12,25
that it must be the case that 7, € BNCr(n —t, j, — 1)).
By writing «,; as a product of cumulants, using linearity of «;, and using the fact

that (ay, by) and (ay, by) are bi-free (and implicitly using ¢(b;) = 1), we obtain

kr(a1+az,...,a1+az, by, by, by, by, ..., by, bo)Z"w™

n by occurs m times

s—1
=Ky s(ar, b1)2t<l_[ 8100, 7,)82(0;,, K(ﬂ;))wj“)
qg=1
ke (@14 az,...,a1+az, by, by, by, ..., by, b))z " ws.

n—t by occurs j; times

Consequently, summing over all p € BNCr(n, m), with V, = V., we obtain

Z kplar+as,...,a1+ax, by, by, by, bo, ... by, bo)Z"w"

p€BNCr (n,m), n by occurs m times
V,=Vy
s—1
t M ]
=K s(ar, b1)z (1_[(81*&)(0];,, 1jq)wj">
q=1
( Z ko(ai+ay, ..., a1+ az, by, bl,bz,---,bl,bz)zn_tw]s)
0€BNCr (n—t,js—1), n—t b occurs j times

as all 0 e BNCr(n —1t, j, — 1) occur.

We desire to sum over all n, m > 1 and all possible V. This produces all possible
t,s > 1 and all j, > 1. If we first sum those terms above with = n, we see, using
similar arguments to those used above, that

Z Ko (b, b1, b, ..., b1, b)w’ = (g1%g2)(0,, 1;)w’.
o €BNCr (0, j,—1),

by occurs j, times

Consequently, summing those terms with ¢t = n gives

D kislar, b)Z [ [ beise, W) = D krs(ar, b)Z Bz, (w))°

t,s>1 g=1 t,s>1

= Kal,bl (Zv ¢g1>7<g2 (U)))
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Moreover, summing those terms with ¢ £ n gives

s—1
> kislar, bz’ ( I ¢g1;g2(w>) Wy (2, w)

t,s>1 g=1
=Y kislar, )7 (bg e, () Wy (2, w)
t,s>1
1
= W‘I’o’(z, w) K, 5, (2, ¢g1§<g2(w))-
1%82
Combining the above two sums completes the proof. ([

Proof of Theorem 3.5. By Lemma 3.6 along with (7), we see that

W (2, @5 (W) = Kay., (22 Bgrig, (057" ())) = Ky (2. 05 (w)).
By Lemma 3.7 along with equations (7) and (8)), we see that
¢y (w)
R (e ()
Lot Vel (w)
i ()
= Lo ) Ky 1, (2 05 ().

w

Wy (z, 5 (w)) =

Kas,b, (Z’ Porigr (¢z§_l> (w)))

Kay by (2. 05 " (w))

Furthermore, by Lemma 3.8 along with (7), we obtain
W, (z, ¢f " ()

1
L+ - Wor Z,(,b(_l)(u)) )Kal, 1 z, ¢ 182 ¢(_1)(w)
( ¢815<g2(¢£’ ”(w)) ( ¢ ) b ( § g( 8 ))

1
=14+ ———Yy(z, /" Koy, (z, 9470
( ¢ (w) (2. 6 (w))> b1 (25 g, (w))

(1 R 9 ) Ko 80
= Kay (2. 05, D (w)) + - —Kayi (26 (W) Ko (2. 6, (w).
As

Kararbiny (2 85 () = ez, 6571 (W) + W (z, ¢ (w),

we have verified that equation (16) holds and thus the proof is complete. (]



A COMBINATORIAL APPROACH TO BI-FREE PARTIAL TRANSFORMS 435

4. Bi-free partial S-transform

In this section, we study Voiculescu’s bi-free partial S-transform through combina-
torics. All notation in this section refers to the notation established in this section
and not to the notation of Section 3.

Definition 4.1 [Voiculescu 2015, Definition 2.1]. Let (a, b) be a two-faced pair
in a noncommutative probability space (A, ¢) with ¢(a) # 0 and ¢(b) # 0. The
2-variable partial bi-free S-transform of (a, b) is the holomorphic function defined
on (C\ {0})? near (0, 0) by

(a7 Sun(eowy = SEALEL (o JEEEL ),

w Ha,b(Xa(Z)7 Xb(w))

It is useful to note, in the following proposition, an equivalent definition of the
bi-free partial S-transform. To simplify the discussion, we demonstrate the equality
in the case @(a) = ¢(b) = 1. This does not hinder the proof of the desired result,
namely Theorem 4.5 (see Remark 4.3).

Proposition 4.2. If (a, b) is a two-faced pair in a noncommutative probability
space (A, @) with p(a) = ¢(b) = 1, then, as a formal power series,

1 _ _
(18) Su(@w) = 14+ —EER K (70 (@) ¢ ().

Proof. Using equations (5), (6), (9), and (10), we obtain that

1 1 1 1 1
Hyp(X(2), p(w)) 14z 14w  14+z14w

Therefore, using equations (11) and (17), we obtain that

Cap(c5V @), cf M (w)).

_ﬂw_H( _ (L 1

Sap(ew) == (1= Atz w)( -+
B S (—1) (—1) ))

1+z 1+wCa,b(Ca (@), Cy (w))

— Ziw(a +2(1+w) — (I +z+w)2+z+w)
+ A +z24+w)Cap (@), eV w)))
= L(zw —(1+z+w)?
w

FU+z4+w) (1 +z+w+Kap(c (), cf,_”(w))))

14 1+z4w
Zw

Kap (e @), e " (w)). 0

Remark 4.3. Again, one might be concerned that we have restricted to the case
¢(a) = ¢(b) = 1. Using the same ideas as in Remark 3.3, if we use (18) as the
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definition of the S-transform and if A, u € C\ {0}, then S ,(z, w) = Sxq, b (2, w).
Hence there is no loss in assuming ¢(a) = ¢(b) = 1.

Remark 4.4. Note Proposition 4.2 immediately provides the S-transform part of
[Voiculescu 2015, Proposition 4.2]. Indeed if a and b are elements of a noncommu-
tative probability space (A, ¢) with p(a) #0, ¢(b) #0, and p(a"b™) =p(a")p(b™)
for all n, m > 0, then «, ,(a, b) =0 for all n, m > 1 (see [Skoufranis 2015, Sec-
tion 3.2]). Hence K, ,(z, w) =0, so S, p(z, w) = 1.

We desire to prove the following, which is one of two main results of [ Voiculescu
2015], using combinatorial techniques and Proposition 4.2.

Theorem 4.5 [Voiculescu 2015, Theorem 2.1]. Let (a;, by) and (a3, by) be bi-free
two-faced pairs in a noncommutative probability space (A, ) with ¢(a;) # 0 and
@(bj) #0. Then

Sa1a2,b1b2<za w) = Sal,bl(zv w)Saz,bz(Zv w)
on (C\ {0})? near (0, 0).

To simplify the proof of this result, we assume that ¢ (a;) =¢(b;) = 1. Note that
o(aiar) =¢@(b1by) =1 by freeness of the left algebras and of the right algebras in bi-
free pairs. Furthermore, let f; (respectively g;) denote the multiplicative function
associated to the cumulants of a; (respectively b;) defined by f;(0,, 1,) =k, (a;)
(respectively g;(0,,1,) = k,(b;)). Recall that if f (respectively g) is the mul-
tiplicative function associated to the cumulants of aja; (respectively b1 b;), then
f = fi1* fa (respectively g = g1 * g2). Thus

@ =cl@. e w) =ch, W),
oy @ =c @, ey =cf ).

Note that f, g, f;, g; € M; by assumption.
By Proposition 4.2, it suffices to show that

(]9) Ka]az,b1b2(¢<f_l)(w)’ ¢é_1>(w))

— O1(z, w) + Oa(z, w) + ”j#cal(z, w)Os(z, w)

where
©;(z, w) = Kq; 5, (¢5 " (), o ().

Recall
Kalaz,blbz (z,w) = Z Kn,m(a1a2s ble)anm'

n,m>1
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For fixed n, m > 1, let 0, ,, denote the element of BNC(2n, 2m) with blocks

{2k — Dy, K)o UHEE = 1), 26 1
Thus (13) implies that

Kn,m(aiaz, b1by)

= Z Kr(ar, az, a1, az, ..., a1, a2, b1, b2, b1, by, ..., by, by).

1 €BNC(2n,2m)
”van,m:12n,2771

aj occurs n times by occurs m times

Since (aq, by) and (ay, by) are bi-free, we note that

kr(ai,az,ai,az,...,ay,az, by, by, b1,bs,...,b1,b2) =0

ay occurs n times by occurs m times

if w contains a block containing a (2k)y, and a (2j — 1), for some 6, 6, € {l, r}
and for some k, j.

For n,m > 1, let BNCg(n, m) be the set of all 1 € BNC(2n, 2m) such that
7TV 0y,m = l2,,2m and w contains no blocks with both a (2k)g, and a (2j — 1), for
some 61, 6, € {l, r} and for some k, j. Consequently, we obtain

Kalaz,blbz (Zv w) =

Z ( Z kz(ai,az,a1,az,...,ai,az,by,by,b1,b, .. -,bl,b2)>znwm-

n,m>1 "1 eBNCg(n,m)

ay occurs n times by occurs m times

We desire to divide up this sum into two parts based on types of partitions
in BNCg(n, m). Notice that if 7 € BNCg(n, m), then 7 must contain a block with
both a k; and a j. for some k, j, so that w vV 6, = 12p.2m. If

Vel ..., @, .o, Cm),d,

we define min(V) to be the integer k such that either k; € V or k. € V yet ji, j- ¢V
for all j < k.

Let BNCg(n, m), denote all 1 € BNCg(n, m) such that min(V') € 27 for the
block V of 7 that has the smallest min-value over all blocks W of 7 such that there
exist k;, j € W for some k, j; thatis, V is the first block, measured from the top, in
the bi-noncrossing diagram of 7 that has both left and right nodes, and these nodes
are of even index. Similarly, let BNCg(n, m), denote all # € BNCr(n, m) such
that min(V) € 2Z + 1 for the block V of  that has the smallest min-value over all
blocks W of & such that there exist k;, j, € W for some k, j. Note BNCg(n, m),
and BNCg(n, m), are disjoint and

BNCg(n, m), UBNCg(n, m), = BNCg(n, m).
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Therefore, if for d € {0, e} we define
Wy(z, w) :=

Z < Z kr(ai, az,ai,az, ..., ai,a,bi,by,b1,b,...,b1, bz))z"wm,

n,m>1"weBNCg(n,m)y

aj occurs 1 times by occurs m times

then
Ka|a2,b1b2(z’ w) =W, (z, w) + ¥, (z, w).

We derive expressions for W, (z, w) and ¥, (z, w) beginning with W, (z, w). We do
not use the same rigour as in Section 3, as most of the arguments are similar.

Lemma 4.6. Under the above notation and assumptions,

We (2, W) = Kay by (@ 51, (2), Py, (W)).

Proof. Fix n,m > 1. If @ € BNCg(n, m),, let V, denote the first (and, as it
happens, only) block of 7, as measured from the top of 7 ’s bi-noncrossing diagram,
that has both left and right nodes. Since w V 0, = 12,,2m, there exist £, s > 1,
1<li<b<---<l;=n,and 1 <k| <ky <--- <kg; =m such that

Ve = {21}y U{(2kg)r Yyt

Note V, divides the remaining left nodes into ¢ disjoint regions and the remaining
right nodes into s disjoint regions. Moreover, each block of 7 can only contain
nodes in one such region. Below is an example of such a .

1 1 Q— .+ 1 r
28" | 2,
e | —3,
4, + : 4,
54— D 5,
6+—— | L6,
8 | 38,
9) ol *9,
Ty — E 10,
I 11,

r

Let E = {(2k);};_, U{(2k), };_, and O = {(2k — 1);};_, U{(2k — 1), }},. For
eachl <p<t,leti,=I,—1, 1, where [y =0, and let 7r; , denote the noncrossing
partition obtained by restricting 7w to {(2[,—1 + 1);, 2lp—1 +2), ..., 2, — 1);}.
Note that Z;:l i, =n. Furthermore, as explained in Lemma 3.6, if 7'[[/’ » is obtained
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from m; , by adding the singleton block {(21,,);}, then 7/ o | £ is naturally an element
of NC'(i p) and 771/, » |0 s naturally an element of NC(i,), which must be K (71,’, » |E)
in order to have 7w V oy, 1 = 1oy, 2m-

Similarly, for each 1 < ¢ <, let j, = k; — k41, where ko = 0, and let 7,
denote the noncrossing partition obtained by restricting 7 to

{(2kq71 + 1y, (2kq71 +2)s .- (2kq -}

Note that 2221 Jq = m. Furthermore, as explained in Lemma 3.6, if 7, q 18 ob-
tained from 7, , by adding the singleton block {(2k,),}, then nr” q | £ is naturally an
element of NC'( Jq) and nr” qu is naturally an element of NC(j,), which must be
K(nr”q |£) in order to have 7 V 0, 1 = 12.2m-

Expanding

Kp(alﬂaZa ---5alsa25blsb25 5b15b2)znwm

aj occurs n times b1 occurs m times

for p € BNCg(n, m), and summing such terms with V, = V., we obtain

i (a2, ba) ( [ [Rxmi,, ll-p)z"p) (H(gzs?glxojq, 1 h)wfq).

p=1 q=1

Finally, if we sum over all possible n, m > 1 and all possible V, (so, in the above
equation, we get all possible 7, s > 1 and all possible i, j, > 1), we obtain that

W (z, w) =Y ka2, bo) ( [T ¢nn (z)) (H Peiar (z))
q=1

t,s>1 p:]
=Y k15(a2. 52) (P 151, () (B gy, ()
t,s>1

= Kaz,bz (¢f2>‘$’<f1 (Z)’ ¢g2;‘gl (w))' ‘:’

In order to discuss W, (z, w), it is quite helpful to discuss subcases. Forn, m > 0,
let o, ,, denote the element of BNC(2n + 1, 2m + 1) with blocks

{1, LR UHQ@D, QL+ DYy YHEK),, 2K+ D}l -

Define BNCg(n, m), to be the set of all 7 € BNC(2n + 1,2m + 1) such that
T \/a,;’m = loy+1,2m+1 and 7 contains no blocks with both a (2k)g, and a (2j — 1),
for any 6, 6, € {l, r} and any k, j. We wish to divide up BNCs(n, m), further. For
7w € BNCg(n, m)!, let V;; denote the block of 7 containing 1; and V; , the block
of  containing 1,. Then,
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BNCgs(n, m),.0

= {r € BNCg(n, m)/o | V.1 has no right nodes and V., has no left nodes},
BNCgs(n, m), ,

= {m € BNCg(n, m); | V.1 has no right nodes but V; , has left nodes},
BNCs(n, m),,

= {m € BNCs(n, m)/, | V,, has right nodes but V; , has no left nodes},

o

BNCs(n, m)o,r = {m € BNCs(n, m),, | Va;= Vg ,}.

Due to the nature of bi-noncrossing partitions, the above sets are disjoint and have
union BNCg(n, m)).
Ford € {0, r, [, Ir}, define

lpo,d(z9 w) =

+1, mtl
Z( Z Kn(az,al,az,---,al,az,bz,bl,bz,---,bl,bz))zn w™

n,m>0 7 eBNCg(n,m),q4

a) occurs n times by occurs m times
Lemma 4.7. Under the above notation and assumptions,

P5(@ 121 (D)) Pgr (Bgyzg, (W)
¢f2;kf1 (Z)¢82J‘gl(w) '

W, 0(z, w) =zw

Proof. Fix n,m > 0. If 1 € BNCg(n, m), 0, then, since 7w v a,/l’m = lopt1.2m+1,
thereexistt, s> 1, 1=l <bh<---<l=n+l,and 1 =k <ky < ---<ks=m+1
such that

Vn,l = {(2lp - l)l};zl and Vn,r = {(2kq - l)r};=1-
Note that V;;; divides the remaining left nodes into ¢ — 1 disjoint regions and V.

divides the remaining right nodes into s — 1 disjoint regions. Moreover, each block
of 7 can only contain nodes in one such region. Below is an example of such a 7.

10 +1,
24 —2,
3 ¢—— , 3,
44— E 4,
50 5,
61 4= 6,
74 47,
A [ —T
o |
11,4 !
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Ifi, =1,y1 -1, and j, = kyy1 — kg, then

t—1 s—1
E ip=n and E Jg =m.
p=1 q=1

Using similar arguments to those in Lemma 4.6, expanding

1 1
kp(az,ai, az,ai, ... ar, ay, by, by, by, by, ..., by, by)" " 'w™t

ay occurs n times by occurs m times
for p € BNCg(n, m),,0 and summing all terms with V,; = V;;and V,, , = V.,
we obtain

t—1

s—1
2w - Kk (a2)K (bz)( [ [axm;, li,,)z"f’) ( [ J(e2%gn(0;,, 1 ,;,)wfq).
p=1 g=1

Finally, if we sum over all possible n, m > 0 and all possible V,; and V , (so,
in the above equation, we get all possible ¢, s > 1 and all possible i, j, > 1), we
obtain that

t—1 s—1
Wz, w) =zw Y k(a2 (bz)( [T¢nn (z)) ( [ ] (z))
p=1 g=1

t,s>1

=zw ) (@) (02) B, (D) (Dgig, (W)™

t,s>1
" 1, (@ 51, (2)Pgy (Pgr30, (W))
b i £ (D) Pgrig, (W) .

Lemma 4.8. Under the above notation and assumptions,

w-¢rip(2)
W (2, w) = —— LK (81 (2, g, (W)).
¢g2>7<81(w)
Proof. Fix n, m > 0. Note BNCs(0, m), , = & by definition.
If m € BNCg(n, m), ,, then, since w V cr,’l’m = loy+1.2m+1, there exist ¢, s > 1,
l<lhh<bh<---<li=n+1,and 1 =k <ky <--- <ky =m—+ 1 such that

Var = {2l = Di}my U{Q2kg — Drlyy-

Note that V; , divides the remaining right nodes into s — 1 disjoint regions and the
remaining left nodes into ¢ regions. However, the top region is special. If [j is the
largest natural number such that (2lp — 1); € V., then [y further divides the top
region on the left into two regions. Note that each block of 7 can only contain
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nodes in one such region. The following is an example of such a m for which
lo = 3, with one part of the special region (1, ..., 5;) shaded differently.

1o 41,
2 : —2,
3¢ : 3,
4 : E4r
5 4 %85,
6 - 46,
7[ + :'ul 7r
8 ¢— ’: 8,
9 ¢ 49,
10, 4— :
1,4
12— !
134 :

__________

Letig=1ly,i, =1, —1,-1 when p #0, and j, = k,41 — k. Thus

t s—1
Zi,,:n—i—l and qu=m.
p=0 qg=1

Using similar arguments to those in Lemma 4.6, expanding

kp(az,ai, az,ai, ...,ai,ax, by, by, b2, by, ..., by, by)Z"tlwmt!

ay occurs n times by occurs m times

for p € BNCg(n, m), , and summing all terms with V,; =V, ;and V,, , = V ,,
we obtain

w - k5 (az, ba) <1_[(f2>7<f1)(0i,,, 1i,,)Zi”)

p=1
s—1

: (H(gz%gmojq, I jq>wfq)(<f1>7<fz)<0,-o, 1)21).
g=1

Note for p > 2, each (f>% J;,, 1 ip)z"P comes from the p-th region from the top
on the left, whereas the top region on the left gives (2% f1)(0;,, 1;,)z"! using the
partitions below (2o — 1); and gives ( f1% f2)(0;,, 1 ,-O)zi0 using the partitions above
and including (2/p — 1);.

Finally, if we sum over all possible n, m > 0 and all possible V; and V; , (so,
in the above equation, we get all possible 7, s > 1 and all possible i, j, > 1), we
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obtain that

t s—1
Wz w)=w Y ki (az, bo) (]‘[ i s, (z)) (H Perier (z)) (¢ fihs (z))
p=1 g=1

t,s>1
= w3 Ky (@2 52D 55, (D)) Bz, W) (G a1, (@)
t,s>1
_w- ®f51,(2)
Gorig) (w)

Lemma 4.9. Under the above notation and assumptions,

Kaz,bz (d)fzifl (Z)’ ¢g2§<g1(w)) ‘:’

LIJo,l(Z, w) = %

Proof. The proof can be obtained by applying a mirror to Lemma 4.8. ([

Kaz,bz (¢j2>7<f| (Z)v ¢g2§<g1 (w))

Lemma 4.10. Under the above notation and assumptions,
Zw K
P pifi (Z)¢g2¥g1 (w)

Proof. The proof of this result follows from the proof of Lemma 4.7 by replacing

"IJO,II' (Z’ w) = az,bz (¢f2ifl (Z)a ¢g2>‘!2g1 (w))'

each occurrence of «;(ay)ky(b2) with k; s(az, by). Indeed there is a bijection from
BNCg(n, m), oto BNCg(n, m), ;- whereby, given m € BNCg(n, m),,9, we produce
' € BNCg(n, m), , by joining V;; and V; , into a single block.

1,0 e, I o= ],
24, —2, R S —
3E— || ~43, 3¢ 3,
4 o— E 4, 4 e— *4,
54 "5, St 45,
61 ¢ 46, 61 46,
74 a7, 77,
81 ¢ 438, 81 ¢ *: 8,
9 49, 9 e %9,
04— 04— |
mE— : W ] O

Lemma 4.11. Under the above notation and assumptions,

—_— 1 " v ~
W, (z, w) = ¢f1§<f2(z)¢g1§<g2(w) W, (z, w)Kal,ln (¢f1*f2(z)’ ¢g1*g2(w))a

where

W, (z, w) = \Ijo,O(L w) + qjo,r(z, w) + IIJO’[(Z, w) + \po,lr(za w).



444 PAUL SKOUFRANIS

Proof. Fix n,m > 1. If 1 € BNCgs(n, m),, let V; denote the first block of 7, as
measured from the top of 7’s bi-noncrossing diagram, that has both left and right
nodes. Since w € BNCg(n, m),, thereexistt,s >1,1=I11 <lh <--- <, <n,and
1=k <ky <--- <kg; <m such that

Ve = {(2lp - 1)1};;:1 U {(2kq - 1)r};:1~

Note V,; divides the remaining left nodes and right nodes into t — 1 disjoint regions
on the left, s — 1 disjoint regions on the right, and one region on the bottom.
Moreover, each block of  can only contain nodes in one such region. Below is
an example of such a 7.

1, .——. 1,
5 : * 5
31 E:| —’I 3r
4o “ed,
54— E 5,
6 ¥ — | e,
8 E 38,
9 e— | L——a9,

—
2
_H__H
—_ O

~ ~

Let

E ={(2k)i}ezy U2 1y,
O = {(2k — D}i= U{C2k = D il

Foreachl <p <t,leti, =1,41—1,, where [;;1 =n+1, and, for p #1¢, let ;
denote the noncrossing partition obtained by restricting 7 to

(@), Qly+1)y, .o, QL —2)).

Note that Z;: | ip =n. Furthermore, as explained in Lemma 3.6, if 771/, » is obtained
from 7; , by adding the singleton block {(2/,, — 1);}, then 77,’1/’ p|0 is naturally an
element of NC'(i,) and 771/, pl £ is naturally an element of NC(i,), which must be
K(rrl/’p|0) in order to satisfy 7 V 0, = l2p.2m.

Similarly, for each 1 < g <, let j, = k,41 — ky, where ky1 =m + 1, and, for
q # s, let . , denote the noncrossing partition obtained by restricting 7 to

(k). Qg+ Dy (kg1 —2),).
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Note that 22:1 Jq = m. Furthermore, as explained in Lemma 3.6, if n;’ q 18 0b-

tained from 7, ;, by adding the singleton block {(2k, —1),}, then 71’;’ q |0 is naturally
an element of NC/'( Jgq) and JTr/’ q | is naturally an element of NC(j,), which must
be K(ﬂr/,qlo) in order to satisfy 7 V 0, = 12n.2m.

Finally, if 7 is the bi-noncrossing partition obtained by restricting 7 to

{@L), QL+ 1Dy oo, Cr)i, (2ks)rs Chg+ 1Dy ooo, (2m))

(which is shaded differently in the above diagram), then 7’ € BNCs (i, — 1, js—1)).
Expanding

n m
kp(ay, az,...,ar,az, by, by, ..., by1,02)7"w

aj occurs n times by occurs m times

for p € BNCg(n, m), and summing such terms with V, =V, we obtain

t—1 s—1
kis(ar, bl)(l'[ (fi1%f2)(0;,. 1,-,,)z"P) (H(gl%gzxojq, 1 jq)qu>
p=1

q=1

( E Kr(aLal,aZ,ala---,alaabbbbl,bbbla---,blabZ)thwh)-
TeBNCs(i;—1.js—1),

ay occurs i;—1 times by occurs jg—1 times

Note that for p # ¢, each (f1* fz)(Ol-p, 1 ip)zil’ comes from the p-th region from the
top on the left, for ¢ # s each (g1%g») (0j,, 1;,)w’s comes from the g-th region from
the top on the right, and all t € BNCs(i; — 1, j; — 1), are possible on the bottom.
Finally, if we sum over all possible n, m > 1 and all possible V; (so, in the above
equation, we get all possible 7, s > 1 and all possible i, j, > 1), we obtain that

t—1 s—1
Wz w)= Y ks, bl)( [ fz(z>) (1’[ ¢g1,;g2<z>) Wy (2, w)
p=1 q=1

t,s>1

= Y ka1, b)) f5,@) T Bgyze, (W) T Wy (2, )

t,s>1

. 1
B b f111,(2) g, 3¢, (W)

Vo (2, W) Kay by (@151, (2), Pgpig, (W) T

Proof of Theorem 4.5. Using (7) and (8), we see (via Lemmata 4.6—4.10) that
W (0 (2. 9, () = Kayy (67 2. 651 (w)),

-1 _ —1 _ w
oo(#) 1@ Bl w)) = 8l @90, ) -

¢ @ (w)

=o't (gl (w),
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¢} ”(z)c/);,l Y (w)

Vo r(¢f1*f2( ), ¢g1*g2( )) Ky by (¢}2_1)(Z), ¢é<72_1>(w)),

ol ”(z>¢§1 Y (w)
Z

Wo (@) 0k (), Bl (w)) = Koyt (057 @) 65 (w)),

ot e (w)

Iw

Woir (011 (). 04, (w)) = Kapn (05" @, 051 (w)).

Since
®o (¢f1 *f2 (@), ¢g1 *82 (w))

1 _
eI (w)wo/(c/)}l*l}z(z),¢§,—;g>2(w)) ab (@5 @, 98 (w))
h 81

by (7) and Lemma 4.11, and since

1 1 1 1
_+_+__M

= and K 4,00, (2, w) = We(z, w) + Wo(z, w),
Z w w Zw

we have verified that (19) holds and thus the proof is complete. Ul
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