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DEGENERATE FLAG VARIETIES AND SCHUBERT VARIETIES:
A CHARACTERISTIC FREE APPROACH

GIOVANNI CERULLI IRELLI, MARTINA LANINI AND PETER LITTELMANN

We consider the PBW filtrations over Z of the irreducible highest weight
modules in type A, and C,. We show that the associated graded modules can
be realized as Demazure modules for group schemes of the same type and
doubled rank. We deduce that the corresponding degenerate flag varieties
are isomorphic to Schubert varieties in any characteristic.

Introduction

Introduced by Evgeny Feigin in 2010, degenerate flag varieties naturally arise from
a representation theoretic context. In fact, given a finite dimensional, highest weight
irreducible module V(4) for a simple finite dimensional, complex Lie algebra, the
corresponding degenerate flag variety FZ(A)? is the closure of a certain highest
weight orbit in the projectivization of V(1)% a degenerate version of V(1).

If the algebra one starts with is of type A, or C,,, it was shown in [Cerulli Irelli and
Lanini 2015] that, surprisingly, degenerate flag varieties can be realized as Schubert
varieties in a partial flag variety of the same type and bigger rank. It is hence natural
to ask whether also the modules V(1)¢ are isomorphic to some already investigated
objects. The aim of this paper is to address such a question and provide a positive
answer to it. Feigin’s degeneration procedure can be carried out over Z — see [Feigin
et al. 2013] —and it is in this generality that we decided to approach the problem.

Our main theorem is the realization of V(L)% as a Demazure module for a
group scheme of the same type and doubled rank. This fact allows us to recover,
as a corollary, the above-mentioned realization of F£(A) as a Schubert variety.
While the arguments in [Cerulli Irelli and Lanini 2015] relied on a linear algebraic
description of the degenerate flag variety due to Feigin [2012], the proof we obtain
here only uses the definition of F¢(A)“ as a closure of a highest weight orbit; hence
it is more conceptual.

In what follows, we describe in more detail the main results of this article.

For simplicity let us start with the complex algebraic group SL,(C) and its Lie
algebra g = sl,. We fix a Cartan decomposition g = n~ @ b @ n™, where n is
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the subalgebra of strictly upper triangular matrices, b is the Cartan subalgebra
consisting of diagonal matrices and n™ is the subalgebra of strictly lower triangular
matrices. Let b = h@n™ be the corresponding Borel subalgebra of g and let B C G
be the Borel subgroup with Lie algebra b.

We use the notation l§, 5, at, 6, and n~ for the corresponding subgroup of
G = SL,, (C) and subalgebras of g = slp,. Let n™¢ C slp, and N4 C SL,,(C)
be the following commutative Lie subalgebra and commutative unipotent subgroup,
respectively:

(1) n_’“:={<8 ](\)’)65[2,,|Neu_}, N"“::{(éI ]]\I,)GSLQHNen‘}.

We view n™¢ as the abelianization of n™, i.e., we have the canonical vector space
isomorphism between the two vector spaces, but n™¢ is endowed with the trivial
Lie bracket. The enveloping algebra of n™¢ is S*(n™%). The embedding n™¢ «— b
induces an embedding S*(n™%) — U (5), so any U (E)—module inherits in a natural
way the structure of a S*(n™%)-module.

A well investigated class of U (5)—modules are the Demazure modules: let u
be a dominant integral weight for § and let V(i) be the corresponding irreducible
representation. For an element w of the Weyl group W of §, the weight space
V(,u)wM of weight wu is one-dimensional; fix a generator vy,,. Recall that the
Demazure submodule V(,u)w is by definition the cyclic U (E)—module generated
by vy, i.e., V(,u)w = U(E) .Uy, and the Schubert variety X (w) is the closure of
the orbit B.[vy,] € P(V(1)).

A special class of S*(n™%)-modules has been investigated in [Feigin et al. 2011a;
2011b]. Let A be a dominant integral weight for g, let V(1) be the corresponding
irreducible representation and fix a highest weight vector v,. The PBW filtration
on U(n™) induces a filtration on the cyclic U(n~)-module V(L) = U(n™).v,, and
the associated graded space V“(A) := gr V(A) becomes a module for the associated
graded algebra S*(n7) :=grU(n™) = S*(n—%).

The action of n™°% on V¢(X) can be integrated to an action of N % In analogy
with the classical case we call the closure of the orbit 7} := N~ . [v;] S P(V*(}))
the degenerate flag variety.

The aim of this article is to connect these two constructions and extend the results
in [Cerulli Irelli and Lanini 2015] to an algebraically closed field k of arbitrary
characteristic. In fact, the results hold even over Z. For simplicity, we formulate
them in the introduction for an algebraically closed field k. In the following,
we consider the case G = SL, (k) and G = SLy, (k), respectively G = Sp,,, (k),
and G = Spa,, (k), and we replace the irreducible module of highest weight A
by the Weyl module of highest weight A, using the same notation V(1). For the
precise description of the highest weight W()), see Definitions 2.1 and 5.3; for a
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description of the Weyl group element t € W, see Definitions 2.2 and 5.1; and for
the construction of the Lie algebra n™¢ in the symplectic case, see Section 5. For a
dominant G-weight A let A* be the dual dominant Weight so for the symplectic case
we have A = A% and in the SL,, case we have A* =) "/ 1 miwp—; forA=>""" 1 m;w;
in the notation as in [Bourbaki 1968].

Theorem. Let A be a dominant G-weight.
(1) The Demazure submodule \716(\11()\*))r of the G-module ‘Z{(lp()»*)) is isomor-
phic, as an nw?%-module, to the abelianized module V*().).

(ii) The Schubert variety X (t) C P(V(\II(A*)),) is isomorphic to the degenerate flag
variety F* (L), and this isomorphism induces an S*(nw™%)-module isomorphism

HY(X (1), Lugs) = (VO™

Using the isomorphism above, we deduce the defining relations for V¢(X) from
the defining relations of the Demazure module. Translated back into the language
of the abelianized algebras we get the following: in the SL, case, let RT™T = R™
be the set of positive roots, and in the symplectic case, set

Rt ={ei—¢|1<i<j<m}U{2¢|1<i<m}

Corollary. The abelianized module V°()) is isomorphic as a cyclic S*(n™%)-
module to S*(M™%) /1 (L), where I ()) is the ideal:

1) =8 @) (Um") ospan{ f{+* 1D | ¢ € RTT}) € §*(n ™).

The identification of the degenerate flag variety as a Schubert variety implies the
following corollary immediately; see also [Feigin and Finkelberg 2013; Feigin et al.
2014].

Corollary. The degenerate flag variety F°(A) is projectively normal, and it has
rational singularities.

1. Some special commutative unipotent subgroups

Let k be a field. Given a subspace 91 C M,, (k) and a vector space automorphism
n 9 — N, denote by ‘ﬁg C My, (k) respectively N € GL,, (k) the following com-
mutative nilpotent Lie subalgebra of My, (k), respectively commutative unipotent
subgroup of GL,, (k):

N = {(8 ’7(5‘)> ’A em}, N& = :((1) ”(f)) ‘A e‘)”(}.

If 91 € M, (k) is a Lie subalgebra, then we think of ‘)Tj; as an abelianized version
of 9N. Similarly one may think of N,/ as an abelianized version of a subgroup
N C GLjy, (k). We will be more precise in the following examples.
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Example 1.1. Let k& be an algebraically closed field of characteristic zero. We fix as
a maximal torus T C SL,, the subgroup of diagonal matrices, and let B be the Borel
subgroup of upper triangular matrices. Let us denote by sl,,, b, and b the correspond-
ing Lie algebras and let g=n~ @ h@n™ be the Cartan decomposition. The choice of
a maximal torus and a Borel subgroup as above determines the set of positive roots
®* and hence, according to the adjoint action of b, the root space decomposition
n~ =, co+ Ny In this example we set Y1 =n", and N = U~ is the unipotent
radical of the opposite Borel subgroup B~. The map 5 is the identity map, so we
just omit it. Henceforth, we write n™¢ for NN“ C sl, (k) and N ¢ for N C SLy,.

Note that n™% C sly, is a Lie subalgebra of the Borel subalgebra b C sly, and
N~ is an abelian subgroup of the Borel subgroup B C SL,, (of upper triangular
matrices). We can think of N 7% as an abelianized version of U ™.

The subgroup N ¢, as well as the Lie algebra n™¢, is stable under conjugation
with respect to the maximal torus TC SL,,, where TcC SLj,, consists of the diagonal
matrices. The group N ¢ hence decomposes as a product of root subgroups of
the group SLy,, and n™¢ decomposes into the direct sum of root subspaces for the
Lie algebra sl»,. We get an induced map ¢ : d+ — d* between the set of positive
roots of sl,, and the positive roots of sly,, such that n ™% = P, ot n;g).

Example 1.2. Let k be an algebraically closed field of characteristic 0. Let
{e1, ..., ez} be the canonical basis of k", and fix a nondegenerate skew symmetric
form by the conditions (e;, e;) =8 2n—i+1 =—(¢j, ;) for 1 <i <n, 1 < j <2n. Let
Sp,,, be the associated symplectic group. By the choice of the form we can fix as a
Borel subgroup B the subgroup of upper triangular matrices in Sp,,, and let T be its
maximal torus consisting of diagonal matrices. Let us denote by sp,,,, b, and b the
corresponding Lie algebras and let g =n~ @ h ® n™" be the Cartan decomposition.
The choice of the torus and the Borel subgroup as above determines a set of
positive roots ®* and hence, according to the adjoint action of b, the root space
decomposition n” = ), 4+ 1_,. In this example we set M =n",and N = U~
is the unipotent radical of the opposite Borel subgroup B™. Let n :n~ — n~ be
the linear map sending a matrix (m; j)i<;, j<2n to the matrix (mg’ j) 1<i,j<2n, Where
m; . =m;ifi <norj<nandm;; =—m; if both indices are strictly larger
than n. We write henceforth n, - for 9y C spy, (k) and N, for N;' C Spy,,.
Note that n,>“ C spy, is a Lie subalgebra of the Borel subalgebra (of upper
t{iangular matrices) b C spy, and N, is an abelian subgroup of the Borel subgroup
B C Spy,, (of upper triangular matrices). We can think of N,™“ as an abelianized
version of U ™.
. The subgroup ]Yn_’“ is stable under conjugation with respect to the maximal torus
T CSpy,, where T C Spy,, consists of the diagonal matrices. The group N, hence
decomposes as a product of root subgroups of the group Sp,,, and n™“ decomposes
into the direct sum of root subspaces for the Lie algebra sp,,,. We get an induced
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map ¢ : ®+ — dF between the set of positive roots of sp,, and the positive roots
of 5py,, such that 0, = Py o+ Ny -

Example 1.3. To get a characteristic free approach for G as above, let Gz be a split
and connected simple algebraic Z-group of type A, or C,. For any commutative
ring A set G4 = (Gz)4, and for a field set G = Gy, for this and the following;
see also [Jantzen 1987]. Then Gy is for any algebraically closed field a reduced
k-group, and it is connected and reductive. Its Lie algebra Lie(G7) is a free Lie
algebra of finite rank and Lie Gy = Lie(Gz) ®z k. Let Tz C Gz be a split maximal
torus and set T4 = (17)4 for any ring A and T = T;. We have a root space
decomposition Lie G =Lie T & @aeq,(Lie G)y where (Lie G), = (Lie Gz), Q7 k,
and corresponding root subgroups (defined over Z) x, : G, — G such that the
tangent map dx, induces an isomorphism between the Lie algebra of the additive
group G, and (Lie G),. The functor which associates to any commutative ring A
the group x4 (G,(A)) = x4 (A) is a closed subgroup of G denoted by U,, and we
have Lie(U,) = (Lie G),. Over Z we denote the corresponding subgroup by Uy 7,
and over a field k we have Uy, = (U 7)k-

The construction described in Examples 1.1 and 1.2 makes (in this language)
sense over Z or over any field. As before, let G be the group of the same type but
twice the rank, we denote the corresponding Borel subgroup, maximal torus, etc.
by B, T, etc. The construction in the examples above associates to every root o € ®
a root ¢ (o) in the root system of G. For the Z-group Gz we have the subgroup
U, and the Lie algebran, = @, o+ nZ —a and we associate to this pair a new
pair given by a commutative subgroup N,™“ of the Z-group GZ and an abelian Lie
algebra "z . The first is the subgroup of the Borel subgroup By C Gy generated
by the Commutlng root subgroups Ug a7z, @ € ®7, and the second is the abelian
Lie algebra ni’f; = @P,co (Lic G)7. $() given as the sum of root subalgebras.

2. A special Schubert variety: the SL,, case

We want to realize in the situation of Example 1.1 the abelianized representation
V(r)¢ for N,]*’“ as a Demazure submodule of an irreducible representation for the
group SLy,.

2A. A special Weyl group element. Let W be the Weyl group of SL,,(C); it is
the symmetric group S, generated by the transpositions s;, i = 1,...,2n — 1.
Let h C g = s, (respectively, hC g = sly,) be the Cartan subalgebra of traceless
complex diagonal matrices. For an element o € h* and an element & € ) we denote
by (h, a) the evaluation of « in h. Let {€, ..., €,} be the elements of the dual
vector space h* such that (4, €;) is the i-th entry in the diagonal matrix & € . We
use the same notation (/, &) for elements /1 € f) and a € h* and the linear forms
{€1,..., €} in f)* are defined as above.
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The roots of g (resp., g) are the elements «; ; :=¢€; —¢€; (resp., &; j = €; —€;) for
i # j. We choose as a Borel subalgebra of g the subalgebra b of upper triangular
matrices. The corresponding simple roots are o, - - - , 0y—1 given by o; = o j41.
For every root o, we denote by «" its coroot: this is the unique element of h such
that the reflection s, € h* along « acts as s, () = A — (@”, A)a. Moreover we denote
by E, the corresponding root vector. We denote by w; = €] + - - - +¢€; (resp., @; =
€1+ - -+ ¢€;) the i-th fundamental weight of g (resp., g), where i =1,2,...,n—1
(resp., i =1, ...,2n —1). They are characterized by the property (o, ;) = §; ;.

Definition 2.1. Let U : h* — bh* be the linear map defined on the weight lattice by

n—1 n—1
\IJ(Z a,'a),'> = Zai5)2i.
i=1 i=1

Note that W sends dominant weights to dominant weights. For every fundamental
weight @y, we denote the corresponding parabolic subgroup by P;, and by W@k
the corresponding subgroup of W which is the Weyl group of the semisimple part
of P;,. Note that W@k is generated by all the simple transpositions s; but s;. Let
p=wi~+ - -+w,_1. Then ¥ (p) =@+ d4+- - -+ @2,—2. The parabolic subgroup
0 = P;,+..4+4,, , Which is the stabilizer of W(p) will play an important role. The
Weyl group of the semisimple part of Q is denoted by W~

Definition 2.2. We define in the Weyl group W the element T by
(2) T = (SnSn+1 "+ S20-352n—2) (Sn—18n * * = S2n—4) - - - ($45556) (5354)52.

It is easy to see that the decomposition is reduced and t is a minimal length
representative in its class in W/WY. Another description of T can be given by

viewing T as a permutation of the set {1, ..., 2n}:
n+k ift =2k,

3 1) =

©) r® {k ifr=2k—1,

fork=1,2,...,n. It follows now immediately from (3):

Lemma 2.3. In the irreducible SL,, (C)-representation \7(5)2,~) = /\Zi C?" let vo be
the highest weight vector vg = ej Aey A -+ A en;. Then (up to a sign),

T(Vg) =V =ejAex A - ANejANegr] ANepia A+ ANept.

LetA=bie;+---+by_1€6,—1, with by > --- > b,_1 > 0, be a dominant weight
for SL,,(C). The next result follows directly from Lemma 2.3.

Lemma24. 1(W(X)) =bié+ - +bp_1€n—1 +bi1é&pp1 4+ +bpr1€p1. U
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In Example 1.1 we have introduced a map ¢ : ®T — ®* between the positive
roots of sl, and the positive roots of sly,. Note that the image of o = ¢; — ¢,
1 <i < j<nistheroot ¢(a) =€ —€,4;.

Lemma 2.5. (i) Let A be a dominant weight for SL,(C), and let & be a positive
SL,,-root. Then (@, T(¥ (L)) < 0 only if the root space of & lies in n™"%
(i1) Let A be a dominant SL,-weight, and let o = €; — €; be a positive SL,-root.

Then
(@, 1) = —(p(@)”, T(¥(1))).

(iii) Let A be a dominant weight for SL,(C), and let & = €, — €, be a positive
SLy,-root. Then Egv. # 0 in V(W (X)) only if a is of the form a = €; — €,4,,
l1<i<j<nand((e—€), A)>0.

Proof. Let & =€; —€; be apositive root. By Lemma 2.4, for A=bje1+- - -+b,_1€,_1,
we get
bi—b;>0 if 1<i<j<n,
bi—bj_,>0 if 1<i<nandn+i<j<2n,
bi—bj_, <0 if l<i<nandn+1=<j<n+i,
bi_n—bj_,>0 if n+1=<i<j=<2n,

(@, t(¥@) =

which proves the lemma. O

The decomposition in (2) is reduced, but if we apply 7 to a fundamental weight,
then it is possible to omit some of the reflections. A simple calculation shows:

Lemma 2.6. Let @y; be the 2i-th fundamental weight for SL,, (C). Then

T(021) = (SuSpy1 - Snti—1) =+ (Sig2 - S2i4 1) (Si1 -+ 52i-152i) (@27).

Let L(i) be the semisimple part of the Levi subgroup of SL,,(C) associated
with the simple roots &; 1, @42, - - - , &i+n—1, denote by [(i) the Lie algebra of L (7).
Note that L(i) is isomorphic to SL,(C). Let @y, ..., @, be the fundamental
weights of L (i), the enumeration is such that the simple root &; 4 ; of L(i) € SL;, (C)
corresponds to ;.

The restriction of @»; to L(i) is w;. Let WX® be the Weyl group of L(i), we can
identify it with the subgroup of the Weyl group of SL,, generated by the reflections
Sit1sSi+2, ..., Si+n—1. Using Lemma 2.6, it is easy to see:

Lemma 2.7. A reduced decomposition of the longest word of WE© modulo the
stabilizer Wzlgi(i) of w; in WL is given by

SnSnt1 - Snpim1) -+ (Sig2 - - 82i41) (i1 -+ $2i-152i).
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3. The fundamental representations: the sl, case

We switch now to Lie algebras and hyperalgebras over Z. Fix a Chevalley basis for
the Lie algebra gz =sl,, 7z C sl, ¢:

{fureq |l e ®TYULAY, ..., ho_t),

where f, €97 _4, €q € 97,4, and h; € hz. For any m € Z-, we define the following
elements in U(g):

(m) elrxn (m) foltn hi hithi —1)---(h; —m+1)
e = — fO{ = —, = s

4 ,
“) « m! m! m m

and for m = 0 we set eéo) = 050) = (]8') = 1. Recall that the hyperalgebra Uz(sl,)
of (SL,)z is the Z-subalgebra of the complex enveloping algebra U(sl,) generated
by the elements defined in (4). We will use capital letters to denote the Chevalley
basis elements for sly, 7 (e.g., Eg, F5, H;) and the generators of the hyperalgebra
Uz(sh,) (e.g., Eg"), Fégm), (")) Similarly, let Uz(b) be the subalgebra generated
by all EJ" form >0and @ >0, and all (%) fori =1, ..., 2n—1and m > 0. Denote
by Uz (I(i)) the hyperalgebra associated with [(i), i.e., the subalgebra generated by
all F™, E{™ for m > 0 and @ > 0, a root of the Levi subgroup L (i), and by all
() for j=i+1,....i+n—1.

Let u be a dominant integral weight for SL,,,(C) and denote by V(u) the irre-
ducible SL,, (C)-representation of highest weight 1. Fix a highest weight vector v,,;
the corresponding Z-form is VZ () = Uz(sly,)v,. To define the Demazure module
Vz(i)w, fix a representative w of w in the simply connected Chevalley group
associated with sl», 7 and set v,, := W(v,,). The Demazure module VZ (A)y 1s the
cyclic UZ(E)—subrepresentation UZ(E).vw C Vz(u).

Lemma 3.1. The Demazure module VZ (Lwn;) . contained in VZ (Lidy;) is the Weyl
module Vz(Lw;) of highest weight Lwo; for Uz (I(7)).

Proof. Consider ¥ (¢w;) = €@y; and recall that the restriction of wy; to (i) is w;.
So the Uz (I(i))-submodule Uz (I(i))ves, < VZ (£axp;) is the Weyl module V7 (£ao;)
of highest weight ¢z; for Uz(1(i)). Let Uz(b(i)) be the subalgebra of Uz(1(i))
generated by the Eg") for m > 0 and & > 0, a root of [(i), and all (1;2) for j =
i+1,...,i+n—1.

The Weyl module Vz(£w;) is a cyclic Uz(b(i))-module and is generated by a
lowest weight vector of the form wy ; (v, ), Where Wy ; is an appropriate represen-
tative (in the Chevalley group associated with [(i)) of the longest element wy ; of
the Weyl group WX @ of [(i). Recall that WX can be identified with the subgroup
of W generated by s;j41, ..., Spti—1. Now

V2(£&:) e = Uz(0)vy = Uz(B) vy, = Uz(0(i)) vy, = Vz(Le;) C V7 (Lén;)
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by Lemmas 2.5, 2.6, and 2.7. U
The previous result implies in particular:
Corollary 3.2. rank VZ(lD(Zwi)), = rank V7 (Lw;).

Let ¢ : sl, — sl, be the Chevalley involution defined by t|, = —1 and that ¢
exchanges e, and — f,,. It follows that ((n,) = n'z'r, and this map extends to an
isomorphism of the corresponding hyperalgebras ¢ : Uz(n~) — Uz(n™) and the
associated graded versions obtained via the PBW filtration: ¢ : §5(n™) — S5 (n™).

Let A = ) ajw; be a dominant weight and set A* := ) ajw,—;. Fix a highest
weight vector v; € Vz(A) and a lowest weight vector vy, € Vz(1), where wy is the
longest word in the Weyl group of sl,,. We get two possible S5 (n™“)-structures on
Vz(A): one uses the PBW filtration on Uz(n™) to induce, via the highest weight
vector, a PBW filtration on Vz(X) and passes to the associated graded module.
One gets the module V7 (1) discussed before. Now one can do the same also for
Uz(n"), once the highest weight vector is replaced by the lowest weight vector.
We denote the cyclic S5 (n*)-module (generated by the lowest weight vector) by
VZ“ ’+(k). Now via ¢ this module also becomes naturally a S5 (n™)-module.

Lemma 3.3. As a S;(n™)-module, VZQ’JF(A) is isomorphic to V7 (A*).

Proof. Note that twisting the representation map with the Chevalley involution makes
the lowest weight vector (the cyclic generator for the U(n™)-action) into a cyclic
generator for the U(n™)-action. Recall that the Chevalley involution is equal to —1
on b, so after the twist this is now a highest weight vector of weight A* = —wg(}),
where wy is the longest word in W. Since the construction is compatible with the
PBW filtrations with respect to the two algebras, the result for the associated graded
modules follows immediately. (]

Proposition 3.4. As Sz(n™%)-modules, VZ(\D (Lw;))r = Vi (Lwp—;).

Proof. Let n;" € n™“ be the sum of all root subspaces of roots of the form
€r —€nte, Where 1 <€ <i <k <n and £ # k. This is a commutative Lie subalgebra,
which by Lemma 2.5 has the property

V2 (¥ (€w;)), = U(D). v, = UM, “) .0, = S* () . vs..

Since n™* is commutative, all root vectors in n~*¢ which are not in n; " act trivially
on Vz(W(fw;)):.

Another way to describe n; " is as the intersection n~“ N [(i). More precisely,
this intersection is the nilpotent radical of the maximal parabolic subalgebra of [(i)
associated with the fundamental weight @w,_;. By Lemma 3.1, we know that
Vz(¥(lw;)), = UL®G)).v; ~ Vz(€w;), and since v, is a lowest weight vector,

Vz(W(lw)r = U ) v = Vz(lamy).
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Set n*(i) = b(i) Nat. By the isomorphism between [(i) and s[,, we can identify m
with n™ C sl,,. Consider the associated PBW filtration on Vz(£z0;) by applying the
PBW filtration of U(n™(i)) to the lowest weight vector. Recall that after passing
to the associated graded algebra S*(n* (7)), all root vectors not contained in n; A
act trivially on Vza T (¢w;). Remember that we add a “+” to indicate that this is
the associated graded space with respect to the filtration by the nilpotent radical
of the fixed Borel subalgebra and not, as usual, of the opposite nilpotent algebra.
Since w; and @,,_; are cominuscule, ui_’“ is commutative and the PBW filtration
on Vz({w;) is already a grading. It follows that the action of n; ““ on Vz(£ew;) and
V5" (¢m;) are the same, so the n;*“ actions on V5" ¥ (¢w;) and V7 (W (€w;)), are
isomorphic; hence, so are the n™¢ actions by trivial extension. The proposition
follows now by Lemma 3.3. ([

4. The general case for sl

4A. We extend Proposition 3.4 to any dominant weight for s[,,. Recall that for a
dominant weight A = ajw; + - - - + a,—1w,—1 we denote by A* the dominant weight
given by A* = a,_jw1 4+ - - +ajw,—1.

Theorem 4.1. Let A be a dominant sl,-weight. As an n,"“-module, the Demazure
submodule Vz(V (1*)); of the (slo,)z-module Vz(V (X)) is isomorphic to V; (M).

The proof of Theorem 4.1 will be given in Section 4G, and the strategy of proof
is explained in Section 4C. We deduce a useful corollary.

Corollary 4.2. In particular, V;(A) is free as a Z-module.

Proof of the corollary. The Demazure module Vz(¥(3*)), is a direct summand of
the free Z-module V7 (W (A*)) and hence free as Z-module. U

4B. The abelianized module V; (1) is a cyclic module over the algebra S5 (n™)
having as a generator the image of a highest weight vector v; € V(&) in V;(&).
Hence the module is isomorphic to S5(n™%)/Iz(A), where I7(A) is the annihilator
of vy in §5(n™9).

We have an additional Lie algebra acting on S5 (n™%) as well as on V/(}). Let
b be the Borel subalgebra of g = (sl,)7 ® C as in Example 1.1, sog=n"®hdnt.
As free Z-modules, Uz(n") =~ Uz(g)/Ug(h +n™), so that the adjoint action of
Uz(b) on Uz(g) induces the structure of a Uz(b)-module on Uz(n~) and hence
on §5(n™“). This action is compatible with the induced Uz (b)-action on V7 (1)
[Feigin et al. 2013, Prop. 2.3.]. Recall that for a positive root « we have denoted
by fu the corresponding fixed Chevalley basis element in (sl,)_, 7. Using the
presentation of Demazure modules in terms of generators and relations by Joseph,
Mathieu and Polo (compare [Mathieu 1989, Lemme 26]), we get as a consequence
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of the proof of Theorem 4.1 the following description of the ideal I7(A); see [Feigin
et al. 2011a; 2013].

Corollary 4.3. As a cyclic Sz(n™“)-module, the abelianized module V(1) is
isomorphic to §5,(w™%) /I7(A), where

I2(0) = S;(n ™) (Uz (@) o span{ £ P | m = 1,0 > 0)) € Sz(n ™).

4C. The proof of Theorem 4.1 will be given in Section 4G, but it needs some
preparation. The strategy of the proof is summarized by the following diagram
of §5(n™“)-modules. For a dominant weight A = ajw; + -+ + a,_1w,—1 (so
A =ay,_ 1w+ -+ ajw,—1), we get the following natural maps (the details are
described below):

S5 (0= / Iz (XF) —i> V4 (X%) — V@) ® @ V(a0 )

A
fA ia R|c

S5 (09 My (0F) —— V(W (1) L V(@1 W (@1))e @+ @ V(1 ¥ (@n-1))s.

Let us describe the diagram above and the strategy of the proof. We recall that, given
a tensor product of cyclic §5(n™“)-modules, the Cartan component of the tensor
product is, by definition, the cyclic $5(n™“)-submodule generated by the tensor
p~roduct of the cyclic generators. Further, recall that the isomorphism V/ (Ea)j‘) o~
Vz(£¥ (w;)). sends the highest weight vector Vewr tO the extremal weight vector
Uz (0w (wy)) and uses the Chevalley involution. The maps above are defined as follows:

b is induced by the compatibility of the PBW filtration with the tensor product,
and it is surjective onto the Cartan component of this tensor product.

e I7(X*) is the annihilator in S5 (n™“) of the image of the highest weight vector
vy in V7 (1*) and h is the corresponding quotient map.

e c is the isomorphism given by Proposition 3.4.

e d is the isomorphism onto the Cartan component of the tensor product. The fact
that this is an isomorphism follows by standard monomial theory [Lakshmibai
et al. 1979] or Frobenius splitting [Ramanathan 1987].

e a equals c o b after identifying V(W (M), with its image under d.

e M7(X") is the annihilator in S5 (n™“) of the extremal weight vector v,y ) in
Vz(¥ (1)), and g is the corresponding quotient map.

e f is going to be constructed in the proof.

In order to finish the proof we will show that Mz(A*) C I7(1*), and the inclusion
induces the surjective map f which in turn shows that the map a is an isomorphism.
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4D. We first determine Mz ()*). By [Mathieu 1989, Lemme 26], the Demazure
module Vz(W (X)), is isomorphic to the algebra Uz(fi™) modulo the left ideal
I7(z W (X)) generated for all m > 1 by

{Eém) if (&v, t@()\)) >0,
Eg(aV'N(k)Hm) otherwise.

4E. The annihilator M7(X*) is the intersection of Uz(n™%) C Uz(fn™) with the
ideal I7(zW¥(1)). To determine the intersection, let us divide the positive roots of
SL,, into three families:

e @ is of the first type if @ = ¢ () for some positive SL,,-root «.

[ ]
j=3]

=¢é —¢€isof secondtypeif l <k <l<norn+1<k<l<2n.

j=3}

=€ —¢ isofthirdtypeif l <k<mn,n+1<[<2n and k <l —n.

|
2nd ! 3rd
type | type
I
Lo Ist
, type
,,,,,,,,, T
: 2nd
| type
|
I
I
I
I
|

The Eg, with @ of second type, span a Lie subalgebra isomorphic to two copies
of by. Let blz denote the first copy spanned by the Ey, & =€, —¢€;, 1 <k <[ <n, and
let b% denote the second copy spanned by the Eg, & =€ —€;, n+1 <k <[ <2n.

Let I7(c0) C Uz (i) be the left Uz (A™)-submodule generated by the E g"), with
m > 1 and @ of second or third type. Then Lemma 2.5 and a PBW basis argument
show that we have the Z-module decomposition

Uz(8T) = Uz(n ™) @ Iz(00) = Sy(n™) @ Iz(00) and I7(00) C Iz(T¥(A)).

By abuse of notation, we identify in the following S5 (n™“) with Uz @+)/ I 7(00).
So determining Mz (X*) = Uz(n %) N I7(z¥())) (the intersection taking place in
Uz (1)) is equivalent to determining the image of fz(t\D(A))/IZ(oo) in §5(n™9).
In the following we identify Mz (A*) with fz (TW X))/ Iz7(c0).

Note that Uz(b % &) b%) acts naturally via the adjoint action on ﬁ"z'r and hence on
Uz(®"). The span of the Eg, with & of second or third type, is stable under this
adjoint action of b]Z @ b2, s0 1 7(00) C Uz(71)z is a submodule with respect to this
adjoint action.



DEGENERATE FLAG VARIETIES AND SCHUBERT VARIETIES 295

“ 2

We get an induced UZ(b1 ® b3 7)-action on S5 (n™¢) which we denote by “o”.
Moreover, since U +(bl @ b3 7) (the set of elements without constant term) is con-
tained in Iz(oo) we see that Mz (\*) = Iz(t\I!(A))/IZ(oo) isa U+(b ) stable
submodule with respect to the “o”-action of Uz(bé &, b%). As a first step in the
proof of the theorem we show:

Lemma 4.4. The left S;,(n™“)-submodule Mz(X*) C S5,(n™“) is generated by
mz(\¥) = (Uz(blz @ b%) o Eé_@v’rw(k))m) | a of first type and m > 1>Z.

Proof. Let m be an element of M7z(A*) and choose a representative m in I 7(t P (Q)).
Since we are free to choose a representative modulo /7(c0), we may assume (see
Section 4D) that m is a sum of monomials of the form r E g), where r is a monomial
in the £ é‘” with ¢ >0 and 5 of first, second, or third type, and £ = —(&", TW (L)) +k
for some k > 1 and & of first type.

If 7 is a root of third type and f is any other positive root, then [Ey, Egl=cEy
where ¢ € Z and either ¢ = 0 or 7’ is of third type. So if r has a factor E (P ), Wlth
p > 0and y aroot of third type, then we can rewrite the monomial r E;; ) as a sum
of monomials of the form r E () , with p’ > 0. Since this sum is an element in
I7(00), without loss of generahty we will assume in the following that r has only
factors of the form E g), with ~B of first or second type.

If y is of second type and B is of first type, then [E;, Egl=cEy, where c € Z
and either ¢ = 0 or P’ is of first or third type. So after reordering the factors we can
assume without loss of generality in the following that r E; ) is of the form r = r 72,
where r; is a monomial in the E O with B of first type, and r; is a monomial in
the E 2 , with y of second type.

Recall that for y of second type,

E /3 - ZE EBifl(EfEﬁ,- - EﬁiEf)EﬁiH s Egm mod Iz (c0)
i=1
m
= Ej - Ej (ad(Ep)(E;)E;,, - E5, mod Iz(00)
i=1

= ad(Ej; )( "'Eﬁm) mod I7(00).

An appropriate reformulatlon of the equality above holds also for the divided
powers of root vectors. It follows that r, E (§f> € mz(\*); hence rE g) =rnk g) €
Sy (™ mz(A*), which implies that Mz (1) is generated by mz(1*) as a left
§7(m™9)-module. O

4F. To compare M7 (A*) with I7(A*), we need a variant of the description of mz (A*).
Let A(bz) C bl &) 62 be the Lie subalgebra obtained as a diagonally embedded
copy of bz. Let Uz(A(bz)) C Uz((bz) @ (b )) be its hyperalgebra.
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Lemma 4.5. mz(*) = (Uz(A(b2)) 0 ES ™™ | & of first type and m = 1),

Proof. We assume first that k is an algebraically closed field of arbitrary character-
istic. Let B be the subgroup of upper triangular invertible matrices in SL, (k), so
Lie B =b. Let B! x B? C SL,, (k) be the subgroup with Lie algebra b' @ b? and
denote by A(B) C B! x B? the diagonally embedded group isomorphic to B.

Let q be the sum of the SL,,-root spaces corresponding to roots of second or
third type. Then A" =n"% @ q and we identify n—“ with i*/q. The adjoint action
of B! x B? on sly, admits it as well as q as submodules, so we get an induced
(B! x B?)-action on n™¢ =it /q. This action naturally extends to the commutative
hyperalgebra S (n™).

If we replace the group action of B! x B? by the induced action of the hyperal-
gebra Ui (b' @ b?) of the group, then we get the action of Ur(6' @ b2) on Ui (7h),
respectively on S; (n™¢) discussed above, and similarly for the action of A(B) and
its hyperalgebra Uy (A(b)). Recall that for a root & of type 1,

Un(8' ®@6%) 0 ES = (Ad((b', b%)) 0 (Ez)™ | (b1, by) € B' x B?),

i.e., the smallest Uy (b' @ b?) stable subspace containing (Ez)"™ is the linear span
of the (B! x B?)-orbit. The same holds in the other case, so we have:

Ur(A(B)) 0 ES™ = (Ad((b, b)) 0 (E4)"™ | b € B).

Let 0 be the sum of the SLy,-root spaces corresponding to roots of first or third
type and let 93 be just the sum of the root spaces corresponding to roots of third
type, so 9 = n "¢ @ 0. We identify ? C sl, with M, (k), formally this can be done
by the map

X 10— M, (k), A:(O A>|—>A,

where A is a n X n matrix. In the following we simplify the notation and omit the
map x. We freely identify 0 with M, (k), so we denote by A the n X n matrix as
well as the 2n x 2n-matrix A € 9. Note that for (b1, by) € B' x B? we get

- (b 0 [0 A\ (b;" 0\ (0 b AL
Ad((bl»bZ))oA—<0 bz) <0 0)<0 b2‘1>_<0 0o )

we just write Ad((by, by)) o (A) = blAbz_l and Ad((b, b)) o (A) = bAb~!. Recall
that x is just a vector space isomorphism. If we equip in addition M, (k) with
the trivial Lie bracket, then this becomes also a Lie algebra homomorphism. In
this sense we identify also the (commutative) Lie subalgebras n=¢ and 03 with
subalgebras of M,. An elementary calculation shows how the B! x B2-orbit through
E;=E, breaks up into A(B)-orbits. Recall that we identify d with M,, (k)

—€n+1
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and E, € 0 corresponds to E, 1:

—€n+1
{Ad((b1, b)) 0 (Eg) | (b1, b2) € B' x B*} = {b,E, by | by, b, € B}

= J{b(En1 +2E1 Db | b e B)
rek

C M, (k).
We conclude for the linear span,
Ur(b' @ 6%) 0 EJ™ = (Ad((B1, b2)) 0 (Ex)™ | (b1, by) € B' x B?)
= ((Ad((B1, b)) 0 (Ea))™ | (b1, b2) € B! x B?)
=((b,E, \b; )™ | b1, by € B)

= <U{b<En,1 +AE )™
rek

b e B}>.

Let 1 (23) C Ux(d) be the left ideal in the hyperalgebra generated by 9°. Then

Ur(b' &%) 0 E" = <U{<b<En,1 +AE;)bH™
rek

= ((bE,1b™")™ |be B) mod I(d%)

beB}>

because the £ ﬁ, with £ > 1, lie in the A(B)-stable ideal 7 (d%). It follows that
Ur (' @ 6% 0 5" = (Ad((b, b)) (Ex)™ | b € B)
= Ui (A(B) o EJY mod 1(D°).
Since () C fk(oo), the equation holds in S*(n™%) = Uy (ﬁ*)/f(oo) to0o, so
Up(8' ®6%) 0 EYY = Up(A (b)) 0 ESV

in S*(n™%). It is now easy to see that the same arguments prove the equality for
all Eém), with & of first type and m > 1. Clearly,

Uz(b' ®b6%) 0 EM™ D Uz (A(b)) 0 ES™.

Since we have equality after base change for fields of arbitrary characteristics, the
equality of the modules holds also over Z. In particular, the following equality
holds in §5(n™4):

mz(W*) = (Uz(by ®b3) o Eé_wtv’tw(“Hm) | & of first type and m > 1),

= (Uz(A(b2)) 0 ES @ TYO™ | & of first type and m > 1), [
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4G. Proof of Theorem 4.1. Recall the identification of the abelianized version
of n= C sl, with n™¢ C sly,, which sends the image of a Chevalley generator f,
to Ey). By Lemma 2.5 (see Lemma 3.3 for the twist A <> 1*) the elements
E é*@v”q’(k))*m), where « is of first type and m > 1 are elements of I7(A*). Now
the Uz (b)-module structure on S5 (n™“) described in Section 4B is the same as the
one described above, so it follows that mz(X*) C Iz(A*) and hence Mz (X*) C I7(A¥),
which, as explained in Section 4C, finishes the proof of the theorem. U

4H. Let p be the sum of all fundamental weights for SL,, and set p = W(p). Let
0z C (SLy,)z be the corresponding parabolic Z-subgroup. Recall that (N %)z is
a commutative subgroup of the Borel subgroup B7. For any SLy,-root & let Uz 4
be the associated root subgroup.

Lemma 4.6. The orbit Ez.r C (SLy,)z/Qz is equal to N™%.t, and the map
N=*—> N™>% 1, u+> ut, is a bijection.

Proof. We have Bz.t =[]5.,Uz.4.7,and the map [[scr Uz.g — [lser Uz.a-T i
a bijection, where I' is the set of all positive roots of SL,, such that 77 1(&) <0 and
7~ 1(&) is not an element of the root system of Q7. Now this condition is fulfilled if
and only if (t='(@"), p) <0, or, equivalently, (&, T(5)) < 0. By Lemma 2.4 this
is only possible if @ = €; —€; issuchthat | <i <n, n+1<j <2n,andi > j —n.
But this implies that the root subgroup Uz ; is a subgroup of N ¢, and all root
subgroups of (SL,,)z contained in N ¢ satisfy this condition. It follows that N ¢
is the product of all root subgroups corresponding to positive roots of SL,, in I". [J

Recall that the degenerate flag scheme F¢(1)% is the closure of the N, *“-orbit
through the highest weight vector in PP (V7 (1)).

Theorem 4.7. Let A be a dominant weight for SL,,. The Schubert scheme Xz(t) C
P(Vz(¥(X)),) is isomorphic to the degenerate partial flag scheme FL(X¥) for
(SL,)z, and this map induces a module isomorphism H°(Xz (1), Lyaoy) = (V7)™
Proof. We consider only the case where A is regular; the arguments in the general
case are similar. With respect to the isomorphism in Lemma 4.6, the orbit

Bz.t C (SLap)z/(P3)z = P(V(¥ (L)),

through the extremal weight vector, which is the same as the N —“-orbit, is mapped
onto the N, ““orbit through the highest weight vector in P(V7(X*)). By definition,
the Schubert scheme X7 (7) is the closure of the orbit Ez.t and the degenerate
flag scheme F¢(2*) is the closure of the N, “-orbit. It follows that the module
isomorphism induces an isomorphism between the Schubert scheme Xz(t) C
P(Vz(W(1)),) and the degenerate flag scheme F£(1*)7 in P(V;(1)). Hence we
get induced isomorphisms

HY(X7(1), Loygy) = V(¥ (A)0)* = (VEL))*
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for the dual modules. U

Let k£ be an algebraically closed field of arbitrary characteristic and denote by
V(W) = Vz(1) ®z k, Ui (sly) = Uz(sly) ®z k, Ur(n™) = Uz(n™) ®z k, etc., the
objects obtained by base change. The PBW filtration

Vithe = (Y™ v ™o fmy 4 4my <€, Yy, ..., Yy €ng)

and the associated graded space V/’ (1) is defined in the same way as before, and by
Corollary 4.2, Vi (L) = Vz(1)¢®zk and V! (1) = V(L) ®, k. The group N;¢ acts
on the abelianized representation V|’ (1), and the degenerate flag variety F€(A){ is
the closure of the N, -“-orbit through the highest weight vector in P(V,*(%)).

Now by the results of [Mathieu 1989; Mehta and Ramanathan 1988; Ramanathan
1987; Ramanan and Ramanathan 1985] one knows that for Demazure modules
we have \7/((\1!()»))r = VZ(\D(A)), ®z k, Xi(t) = Xz(1) ®z k, etc., and that
the Schubert varieties are Frobenius split, projectively normal and have rational
singularities. It follows that V! (1*) = V(¥ (L)), and FLA¥)E = Xi(7), so the
degenerate flag variety has in this case the same nice geometric properties as the
Schubert variety. For a dominant SL,,-weight A = Z;’:—ll a;w;, let the support supp A
of Abetheset{i |1 <i<n-—1, a; #0}.

Corollary 4.8. The degenerate partial flag variety FL(L){ depends only on supp A.
It is a projectively normal variety, Frobenius split, with rational singularities.

Remark 4.9. Feigin and Finkelberg [2013] construct resolutions of the degenerate
flag varieties given by towers of [P!-fibrations. The steps of the successive fibrations
are indexed by the set of positive roots, which had been totally reordered. In
fact, their varieties are Bott—Samelson varieties [Cerulli Irelli and Lanini 2015,
Appendix] and such an order (which actually should be thought of as an order on
the set of negative roots) is now natural since it corresponds to the subsequent steps
of the Bott—Samelson variety indexed by the reduced expression (2) of z, under the
identification of —a; ; with &; ;4.

5. A special Schubert variety: the Sp,,, case

As for the SL,, case, we want to realize for Example 1.2 the abelianized representa-
tion Vz(A)“ for N, *“ as a Demazure submodule in an irreducible representation
for the larger group Sp; (5,

S5A. A special Weyl group element. Let us keep the same notation as in the previous
sections and denote by h C sp,,, (resp., 6 C SPam)) the Cartan subalgebra of
traceless complex diagonal matrices and by b C sp,,, (resp., b C 5py(2,,)) the Borel
subalgebra of traceless complex upper triangular matrices. Let {€y, ..., €2, (resp.,
{€1, ..., €202m)}) be a basis of the dual vector space h* (resp., 6*). The choice of
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Cartan and Borel subalgebras we made determines the following set of positive
roots for Sp,,,:

€ — € I1<i<j<m,
o =
" €+e€_m 1<i<m<jandi+j=<2m,
where the simple roots are {o; == ;41 | 1 <i <m — 1} U{a,, :=2¢,}. We will
write &;, ; for the Sp,,,-roots. The Weyl group of Sp,,,,) is denoted W. This is the

group of linear transformations of h* generated by the elements {r; | 1 <i <2m},
where r; denotes the reflection with respect to the simple root ;.

Definition 5.1. We define in W a very special element:

f:(er...rm_,’_])...
(roamram—172m—2) (F2mF2m—1)"2m T = = = Fam—2) - - - (rarsre) (r3ra)ra.
Any element of the Weyl group W of Spam can be identified with an element
of the symmetric group on 4m letters Say,, via r; = §;Sam—i, for 1 <i <2m —1, and
r, = S2, (Where, as usual, s; denotes the transposition exchanging i and i + 1) and it
acts on the basis {¢; |i =1, ..., 4m} of C*" by permuting the indices. It is an easy

check to see that under this identification T equals the element 7 of Definition 2.2
for n = 2m and we hence have the following (compare Lemma 2.3):

Lemma 5.2. In the irreducible Spy,,,-representation V(@) C N'C*™, with
1 <i <2m,let vy, Vo, =€1 N2 A...Ae bethe highest weight vector. Then (up
to sign),

T(Vay) = €1 ANe N ANei ANyl Ao N+ At

We denote by {w; | 1 <i <m}, resp. {@; | | <i <2m}, the fundamental weights
of §p,,,, resp., Py 2. They are characterized by the property (o, w;) =§; ;.

Definition 5.3. Let W : h* — h* be the linear map defined on the weight lattice by

n—1 n—1
) (Z aia)i) = Zaid)zi.
i=1 i=1

Note: ¥ sends dominant weights to dominant weights. Let A =b1€1+- - -+ b, €5,
with by > --- > b,, > 0, be a dominant weight for Sp,,,.

Lemma 54. T(V(A) =b1€1+-- -+ bpném — bm€ms1 — - - — b1€gp-
Proof. This equality follows directly from Lemma 5.2 above. ([

As in the special linear case, we define a map from the set of negative roots of
Sp,,, to the set of positive Sp,(,,,)-roots by sending e; j t0 &; ;+2m. The following
is the symplectic analogue of Lemma 2.5:
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Lemma 5.5. (i) Let A be a dominant weight for Sp,,, (C). For a positive Spy -
root &, we have (&, T (¥ (1)) < 0 only if the &-root space lies in Lie(U(n™)).

(ii) Let A be a dominant Sp,,,-weight, let o = «; ; be a positive Sp,,,-root, and let
& = Qj i+om be the Spy ) positive root associated with —a. Then

(@, 1) = —(@", T(¥ ().

(iii) Let A be a dominant weight for Sp,,,(C) and let & be a positive Spy,,-root.
Then Egvz # 0 in V(W (X)) only if & = &j j4om, where o; j is a positive Sp,,, -

root such that (ai\fj, Ay > 0.

Proof. Lemma 5.4 implies that for A =bye; +-- - +bp—1€m—1,

bi—b; =0 ifl<i<j<m,
(@=&)", 7o) =1  bitbw j1=0  ifl<i<m<j<om,
—bom—it1 +bom—j1 =0 ifm<i<j<2m,
and
bi+bj_2, =0 ifl<i<m
and 2m < j <3m,
bi—bgyu—j+1 >0 ifl<i<m

and 3m < j <4m—i+1,
—bi+bspy_j+1 >0 if 1 <i<m,3m<j,

and 4m—i+1 < j,

(4 am)”, TWR)) = |

bym—iv1+byn—j11 =20 iftm<i <2m

and 3m < j,

where always i + j < 4m. This proves the corollary. ([

6. The fundamental representations: the sp,,, case

Letn, ‘! be the direct sum of all root spaces of Lie (Spy )z corresponding to
positive roots B such that (8", T(@,;)) < 0 forall 1 <i <m. By Lemma 5.5, such
a space lies in Lie(U(n;)).

By [Mathieu 1989, Lemme 26], the Demazure module Vz(ﬂd)zl’)r is isomorphic
to the algebra Uz (1) modulo the left ideal Iz (Tliy;) generated for all m > 1 by the

(m)

ey~

Ep. , if (Olk,la Tw,;) >0,
(=@}, Ty, )+m) .

Ep,; otherwise.

Therefore all the root vectors (and their divided powers) not lying in ui’“’i act
trivially on Vz(€@»; )z and hence in order to describe its structure as an ni’”—module
it suffices to consider only the ni’””—action. Recall that vz = T(vg) denotes the
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generator of VZ(\IJ(Za)i))f. Then the above discussion can be summarized as
(5) Vz(bni)e = Uz(®).vr = Uz(n ™) vz = Uz(n ") vz

Recall that we embed in (SLo(2,,y)7z a copy L (i)z of (SLys,)z so that we can iden-
tify the SLy(2,,)-Demazure module V;LZ(Z'") (Ldn;), generated by 7(vg) =7 (vo) = vz
with the Weyl module V£© (¢z;) for L(i)z.

For 1 <k,l <4m, denote by X ; the 4m x 4m-matrix having a 1 in position
(k,I) and whose all other entries O (for k # [, this is the SLy(2,,)-root operator
corresponding to the SLy2,,)-root ay ;), so that

nol = span{X, s + Xam—s+1.4m—r+1 | i +1 <r <2m and 2m < s <2m +i}.
It is then immediate:

Lemma 6.1. Every element y € ni’a’i can be written in a unique way as y = y1 +yz,
with yp e n=% NLie L(i)7 and y, € span{Xy; | | > 2m 4+ k}. Moreover, y, is
uniquely determined by ;.

By the previous lemma, the projection p : (SLom))z — L(i)z induces an
isomorphism of vector spaces ni’“’i ~ p(ni’a’i). Let us write ﬁi’“’i for p(n=7).
Since the Lie algebras are commutative, we see that p : n, iy ﬁi’“’i is not only
an isomorphism of vector spaces, but it is in fact a Lie algebra isomorphism.

Corollary 6.2. V(W (Lw;))s = Uz (@) vz

Proof. Lety € ni’“’i. By Lemma 6.1 we can write y = p(y)+ y» with y, in the span
of the matrices X; ; with j > 2m +1i. Therefore, y; acts trivially on Vz(V ({w;))z,
and we conclude

Vz2(¥(Lw;))7) = Uz(n ™) vz = Uz( ™) vz O

For0<i <m—1, let Sp,,, (i)z be a copy of (Sp,,,)z sitting inside L (i)z, defined
with respect to the form given by the matrix

0 Jui 0 O
—Jn—i O 0 0
0 0 0o 5l
0 0 —-J; 0
where J, denotes the r x r antidiagonal matrix with entries (1, 1, ..., 1). Moreover,

denote (Sp39)z := Sp,,, (0)z. _
Let o be the permutation in WL® such that Lie Spy,i)z=0 Lie(Sp;ﬁ)Zo_l.
The permutation o fixes 2m + 1, ...,2m + i and moves 2m —i +1,...,2m in
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frontof i +1,...,2m — i, so that

(6) o(ernexN---NeiNeypy1 ANeomia N+ Neunti)
=eyNeN---NeNeypy1 Nexmy2 N Neypyi.

Let bz C Lie(szt,i)z be the Borel subalgebra of upper triangular matrices. Let
piz C Lie(szt,fl) z be the maximal parabolic subalgebra associated with ;, and p;"
its nilpotent radical. Write Sp3" for op’"o~' C Lie Sp,,, (i)z.

in__—1
Lemma 6.3. Vz(lw;) = Uz(Spi") . vz.

Proof. By (6), vz is a lowest weight vector for Sp,,, (i), as well as for L(i), and
the module generated by this vector is Uz(Lie Sp,,, (i)) .vz = Vz(£w;). Since it
is generated by a lowest weight vector, it is enough to consider the action of the
nilpotent radical

Uz(Lie Sp,,, (i) .vz = Uz(cbo ) vz = Uz(Sp™") .vz. O

Observe that since 7, C Sp5", the Weyl module V7 (£w;) is naturally equipped
with a structure of ™% -module. It is easy to check that:
Lemma 6.4. Every element x € Spiz’" can be written in a unique way as x = x|+ xz,
with x; € "% and x, € span{Xy; | 2m —i <k <2m and i +1 <[ < 2m}.
Moreover, x; is uniquely determined by x.

As in Section 3, we consider the Chevalley involution ¢ : sp,,, — sp,,, such that
t|h = —1 and ¢ exchanges e, and — f. Itinduces an isomorphism S5 (n™) — S5 (n™),
which by abuse we also call ¢.

For a dominant weight X, fix a highest weight vector v, € Vz(X) and a lowest
weight vector vy, € Vz(X), where wy is the longest word in the Weyl group of sp,,,,.
Recall that considering the PBW filtration on Uz(n~) and on Uz(n™) provides
Vz(X1) with two possible S5 (n™“)-structures: in the first case, looking at the PBW
filtration on Vz(A) induced by the action of Uz(n™) on the highest weight vector
and taking the associated graded space provides the abelianized module V; (4),
while in the second case, looking at the PBW filtration on V7 (1) induced by the
action of Uz(n™) on the lowest weight vector and taking the associated graded space
produces a module that we denote by V; "+ (1). Now via ¢ this module also becomes
naturally a $5(n™)-module and Lemma 3.3 holds in the symplectic case too:

Lemma 6.5. As a S5(n™)-module, V£’+(A) is isomorphic to V7 ().

Observe that in the symplectic case there is no need of replacing A by A* since
they coincide.

Lemma 6.6. The Demazure module VZ(\IJ(Za),'))f contained in VZ(\IJ(EQ),-)) and
Vz(lw;)* are isomorphic as S(n™)-modules.
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Proof. By Lemma 6.4, the projection ¢ : Spiz’" — 7%/ is an isomorphism of vector
spaces. Moreover, if we write x € Spiz’" as x = q(x) + xp, then x; lies in the span
of the matrices X; ; withi +1 < j < 2m; hence, x;.vz = 0. Now, by [Feigin et al.
2014, Proposmon 3.1], the PBW filtrations on V7 (£w;) with respect to the actions
of sz and n,"“" are compatible, and

gr Vz(bwy) = gr Uz (Sp5™) .ve =~ gr Uz (A% vz

On the other hand, when we consider in V7 (W (Lw;))z the PBW filtration with
respect to the action of SplZ" and go to the associated graded module, then the

action of (Sp’Z")a is isomorphic to the action of i, "* "on V(W (w;))s. O
The previous result implies in particular:

Corollary 6.7. rank VZ (¥ (Lw;))7 =rank V7 (Lw;).

7. The general case for sp,,,

We come now to the general case (notation as in Example 1.2):

Theorem 7.1. Let A be a dominant sp,,,-weight. Asan N —module the Demazure
submodule VZ(IIJ()&))r of the (Spyay,)z-module VZ(\IJ(A)) is isomorphic to the
abelianized module V7 (1.).

As in the type A case, the proof of the above theorem will provide us with a
description of V7 (1) as an S5 (n;’“)-module in terms of generators and relations.
The abelianized module V7 (1) is a cyclic module over the algebra S5 (n; 4y with
the image of a highest weight vector v; € V(1) in V; (X) as a generator; see [Feigin
et al. 2013, Proposition 2.3]. Hence the module is isomorphic to S (n; 4/ I7(A)
where I7(1) is the annihilator of v, in Sz (n; '4). As a consequence of the proof of
Theorem 7.1, we obtain the description of the ideal I7(A) in terms of generators given
in [Feigin et al. 2011a; 2013] from Mathieu’s generator and relation presentation of
Demazure modules.

Let b be the Borel subalgebra of sp,,, = (sp,,,)z ® C as in Example 1.1(b),
SO 5Py, =N~ D h B nt. As free Z-modules, Uz(n™) =~ Uz(g)/Ug(h +n™), so
that the adjoint action of Uz(b) on Uz(g) induces the structures of a Ug (b)- and
a Bz-module on Uz(n™), hence on Sz (nn_’“). This action is compatible with the
Bz-action on V7 (1) [Feigin et al. 2013, Proposition 2.3.]. Recall that for a positive
root o we have denoted by f, the corresponding fixed Chevalley basis element in
(5Pyn)—a.z- Let us set

Rt ={ei—€|1<i<j<m}U{2¢|1<i<m)}

As a consequence of the proof of Theorem 7.1 we get the following description of
the ideal I7()):
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Corollary 7.2. As a cyclic Si(n; ““)-module, the abelianized module V; (L) is
isomorphic to S5 (n;’”)/lz()»), where

I = S3(n, ) (Uz (0" o span{ £{** 4™ | m > 1 and « € R*F}) € S5 (n, ).

7A. The proof of the theorem will be only sketched, since the strategy is the
same as for the type A case. We reproduce here the diagram of S*(n,~“)-modules
summarizing the main idea: for a dominant weight A = ayjw; + - - - + a,, @, We
have the natural maps

S5 () / Iz () — s VE () ——= VE(@101) ® - ® V§ (o)
fA ia |z‘c
Sy () [ Mz(h) —— V2 (W0))e L V(a1 W (@) ® -+ ® Vi an¥ (@m))s.

where in the top row the action on the modules is twisted by the Chevalley involution
so the cyclic generators are lowest weight vectors, and the maps ¢, d, a, and g arise
as in the proof of Theorem 4.1 so that again the main difficulty of the proof consists
in producing the map f.

7B. The first step consists in determining M7z (A). By [Mathieu 1989, Lemme 26],
the Demazure module Vz(W (1)) is isomorphic to the algebra Uz (#t) modulo the
left ideal I7(v\W(A)) generated for all m > 1 by the elements

{E,Ef';) if (&, T¥ () =0,

E;E’?(a"*”m(kwrm) otherwise.

7C. The annihilator M7 () is the intersection of Uz (n; @y C Uz (") with the ideal
I7(TW¥(A)). To determine such an intersection, we fix a PBW basis and divide the
positive roots in three families, exactly as in the proof of Theorem 4.1.

7D. By Lemma 5.5(i), (&;, TW (X)) > 0 if & is of third type. As in type A, we
may hence proceed with the calculation modulo the left ideal generated by the
divided powers of the corresponding Ej ;. Modulo such an ideal, by Lemma 5.4
and Lemma 5.5, I7(T¥())) is generated by the E;E"}) with m > 1 and & ; of second
type, and the

(= (&, W (M) +m)
Ek,l k1

with m > 1 and &y ; of first type.

7E. Thus, we consider the subalgebra a generated by the E;E'?}), for ¢ ; of second
type. Let bz 4, be the Borel subalgebra of sly, consisting of traceless upper
triangular matrices and let bz be the corresponding symplectic Borel subalgebra (of
(SpStd)Z). Let us embed bz in bz s, ® bz 41, Via A= (A, —A), where A denotes

2m
the matrix which is skew-transposed to A, and let A~ (bz) be its image. Also a
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is embedded in bz s, @ bz s1,,,. Once we identify the latter with the Lie algebra
generated by the divided powers of the SLy4,,-root vectors of second type. The
image of such an embedding contains A~ (bz). By taking fixed points with respect
to the outer automorphism of sl,,, and sly,, induced by the symmetry of the Dynkin
diagram, it follows from Lemma 4.5 that

() Uz(A™ (b)) ({E" | e j of first type, m > 1})

= Uz(@)({E{") | a; ; of first type, m > 1}).
Therefore,

I7(x¥ (1)) N S5 (n, )
~ Sz(n_ Yo Uz(A™(by)) span{fl ot A)+e |l e Rt and £ > 1} =: Mz ().

7K. Proof of Theorem 7.1. Since the roots of first type are precisely the ones
coming from the elements f; ; with o; ; € R*" and since

{fzi pAEm) | i j € R™" and m > 1} € Iz (1),

we get a surjective morphism

~ 8 e, — f e —
®) Vz(Wh)z = S5/ Mz(h) = S5 () /1z(0) = Vz(M)“.
This concludes the proof of the theorem. U

7G. Let p be the sum of the fundamental weights for Sp,,, and let p = W(p)
be the corresponding dominant weight for SPz(zm) Let Oz C (Spyam))z be the
corresponding parabohc subgroup. Recall that N, is a commutative subgroup
of the Borel subgroup Bz. For any Spaam)-root &, 1et Uz . be the associated root
subgroup.

Lemma 7.3. The orbit B7.T C (SP22my)z/ Q7 is nothing but N7 " .T, and the map
Ny ¢ o = Nz, T, given by u +— uT is a bijection.

Proof. We have B7.7=[l5.0Uzq-T,and the map [[ser Uz.a — [lzer Uza T is
a bijection, where I is the set of all positive roots of Sp,,,,) such that @) <0
and 771(&) is not an element of the root system of Q7. Now this condition is
fulfilled if and only if (z7'(@"), p) < 0, or, equivalently, (@Y, 7(p)) < 0. By
Lemma 5.4 this is not possible if & is of the form & = €; —¢€;, with 1 <i < j <2m.
For the long roots, this is only possible if & = 2¢;, with j =m +1, ..., 2m, and for
the roots o = €; +-€;, with 1 <i < j <2m; this is only possible if either i, j > m+1
orl <i<mand j=2m+1—kissuchthat1 <k <i.

But this implies that the root subgroup Uz, a is a subgroup of N, _’a , and all
root subgroups of (Spym))z contained in N satlsfy this condmon It follows
that N7 4.7 is the product of all root subgroups corresponding to positive roots of
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Spymy such that 77 1(@) < 0 and T~!(«) is not an element of the root system of
Qz and hence N, '.T = Bz.T C (Spy))z/ Q- 0

Corollary 7.4. The degenerate flag variety FL(A); depends only on supp A. Itis a
projectively normal variety, Frobenius split, with rational singularities.
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