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ON NONRADIAL SINGULAR SOLUTIONS
OF SUPERCRITICAL BIHARMONIC EQUATIONS

ZONGMING GUO, JUNCHENG WEI AND WEN YANG

We develop a gluing method for fourth-order ODEs and construct infinitely
many nonradial singular solutions for a biharmonic equation with super-
critical exponent.

1. Introduction

In this paper we are concerned with positive singular solutions of the biharmonic
equation

(1-1) A*u=u’ inR", n>6,

where p > (n+4)/(n —4).

Equation (1-1) arises in both physics and geometry. In recent decades there has
been much research into classifying solutions to (1-1). When 1 < p < (n+4)/(n—4),
all nonnegative solutions to (1-1) have been completely classified [Lin 1998; Wei
and Xu 1999]: if p < (n+4)/(n —4), then (1-1) admits no nontrivial nonnegative
regular solution, while for p = (n +4)/(n — 4), i.e., the critical case, any positive
regular solution of (1-1) can be written in the form

L (n—4) A 2=
_ -8 - n
une=(nn—4Hn—-2)(n+2)) ° <m> , EeR"
However, the question of the complete classification of positive regular solutions of
(1-1) in the supercritical case, i.e., p > (n +4)/(n —4), remains largely open.
The structure of positive radial solutions of (1-1) with p > (n +4)/(n —4) has
been studied by Gazzola and Grunau [2006] and Guo and Wei [2010]. For the
fourth-order ODE

(1-2)

{Azu(r) =uf(r), rel0,o0),
u0)=a, u”(0)=>b, u'(0)=u"(0)=0,
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it is known from [Gazzola and Grunau 2006] that for any a > O there is a unique
bg :=bp(a) < 0 such that the unique solution u,, p, of (1-2) satisfies u, 5, € C*(0, 00),
uy 4, (r) <0 and
lim r%u =K,/ D
a,bg (l’) - Ko ,
r— 00
where « =4/(p — 1) and

8((n—2)(n—4)(p—1)3+2(n*—10n+20)(p—1)>—16(n—4)(p—1)+32)
a (p—1*
This implies that u, 5,(r) >0 forall ¥ >0 and u, ,(r) — 0 as r — oo. Moreover, it is
known from [Guo and Wei 2010] thatif S<n <12 orifn>13 and (n+4)/(n—4) <
p < pc(n), then u, p, — Ké/(p_l)r*“ changes sign infinitely many times in (0, 00),
andif n>13 and p > p.(n), then u(r) < Ké/(l’_l)r*"‘ for all » > 0 and the solutions
are strictly ordered with respect to the initial value a = u, p,(0). Here p.(n) refers
to the unique value of p > (n +4)/(n — 4) such that

0

400 ifd<n<12,
pem)={n+2—vVn2+4—n/nZ—8n+32
n—6—\/n2+4—nVn2—8n+32

Very recently, Davila, Dupaigne, Wang and Wei [Davila et al. 2014] proved that all

stable or finite Morse index solutions of (1-1) are trivial provided 1 < p < p.(n).

According to a result in [Guo and Wei 2010] and [Karageorgis 2009] all radial

solutions are stable when p > p.(n). Thus the result in [Ddvila et al. 2014] is sharp.
We now turn to the singular solutions of (1-1). It is easily seen that

if n > 13.

(1-3) g (x) = Ko/ P70 x4 07D
is a singular solution of (1-1). In other words, u, satisfies the equation
(1-4) A’u=uP, u>0inR"\{0}.

As far as we know, the radial singular solution in (1-3) is the only singular solution
to (1-4) known so far. The question we shall address in this paper is whether or
not there are nonradial singular solutions to (1-4). To this end, we first discuss the
corresponding second-order Lane—Emden equation

(1-5) Au+uP =0, u>0inR",

which has been widely studied. We refer to [Budd and Norbury 1987; Bidaut-Véron
and Véron 1991; Dancer et al. 2011; Farina 2007; Guo 2002; Gidas and Spruck
1981; Gui et al. 1992; Johnson et al. 1993; Joseph and Lundgren 1972/73; Korevaar
et al. 1999; Zou 1995] and the references therein. Farina [2007] proved that if
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(n+2)/(n—2) < p < p°(n), the Morse index of any regular solution u of (1-5) is co.
Here p°(n) is the Joseph—Lundgren exponent [Joseph and Lundgren 1972/73]:

+00 if2 <n <10,
Prm)=3(n—2%—4n+8/n—1

ifn>11.
n—2)(n—10)

In [Dancer et al. 2011], Dancer, Du and Guo showed that if €2 is a bounded domain
containing 0, then « is a solution of (1-5) in ¢\ {0}; if # has finite Morse index
and (n+42)/(n —2) < p < p°(n), then x = 0 must be a removable singularity of u.
They also showed that if ¢ is a bounded domain containing 0, u is a solution of
(1-5) in R™\ ¢ that has finite Morse index, and (n +2)/(n —2) < p < p°(n), then
u must be a fast decay solution. It is easily seen that (1-5) has a radial singular

solution
2 2 1/(p=1)
w(x) =u’(r)= n—2—_—-—_ x| =2/ (=D,
p—1 p—1

Recently, Dancer, Guo and Wei [Dancer et al. 2012] obtained infinitely many positive
nonradial singular solutions of (1-5) provided p € ((n + 1)/(n — 3), p°(n — 1)).
The proof of that result is via a gluing of outer and inner solutions.

The main result in this paper is the following theorem.

Theorem 1.1. Let n > 6. Assume that

n+3
n—>5

<p<pn—1).
Then (1-1) admits infinitely many nonradial singular solutions.

The proof of Theorem 1.1 is via a gluing of inner and outer solutions, as in [Dancer
et al. 2012]. In the second-order case, one glues (u(r), u’(r)) at some intermediate
point. However, since (1-1) is of fourth order, we have to match the inner solution
and outer solution up to the third derivative (u(r), u’'(r), u”(r), u” (r)). Some
essential obstructions appear when matching the inner and outer solutions. As far as
we know this is the first paper on gluing inner and outer solutions for fourth-order
ODE problems.

In the following, we sketch the proof of Theorem 1.1. After performing a
separation of variables for a solution u of (1-1), u(x) =r~*w(0), finding a nonradial
singular solution of (1-1) is equivalent to finding a nonconstant solution of the
equation

(1-6) Afrw + ki (M)A gy w +ko(m)w = w?,
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where
k() =mn—4—a)n—2—a)2+uo)a,

kin)y=—((n—4—-a)2+a)+ (n—2—-a)a).

It is clear that w(0) = (ko(n))'/P~V is the constant solution of (1-6), which provides
the radial singular solution of (1-1) that is given in (1-3).

In order to construct positive nonradial singular solutions of (1-1), we need to
find positive nonconstant solutions of (1-6), which is a fourth-order inhomogeneous
nonlinear ODE; therefore, we shall construct infinitely many positive nonconstant
radially symmetric solutions of (1-6), i.e., solutions that only depend on the geodesic
distance 6 € [0, ). We only consider the simple case w(f) =w (7 —0) for0 <0 < %
In this case, (1-6) can be written in the form

(1-7) Tyw(O) + ki (n)ow(0) +ko(m)w =w?,  w®) >0, 0<0 <7,
w'(0), w”(0) exist, w'(3) =w”(5) =0,

where T, T, are the differential operators defined by

Tiw(9) ! d sin" 26 d ! d sin" 26 dw(®)
w = —_— —_— _ 1 _
: sin"~20 df do \ sin"2 6 do 6

and
Thw(d) = _1 4 <sin"2 QM)
sin 26 db de
A key observation is that
(1-8) w.(0) =A,(sin)™%, 6€(0,%],
with

AP l=(n-5-a)(n—3-a)2+a)a (=k(n—1)),

is a singular solution of (1-7) with a singular point at & = 0. (Note that this is a
singular solution in one dimension less.) We will construct the inner and outer
solutions of (1-7) and glue them at some point close to 0, which gives solutions of
(1-7). The main difficulty is the matching of four parameters, which correspond to
matching u and its derivatives up to the third order.

This paper is organized as follows. In Section 2, we present some preliminaries.
In Section 3, we construct inner solutions of (1-7) by studying an initial value
problem of (1-7) with large initial values at & = 0. In Section 4, we construct outer
solutions of (1-7). We first study an initial value problem of (1-7) with the initial
values at 6 = 7, then we analyze the asymptotic behaviors of the solutions of this
initial value problem near # = 0. Finally, in Section 5, we match the inner and outer
solutions constructed in Sections 3 and 4 to obtain solutions of (1-1). This completes
the proof of Theorem 1.1. We leave some computational results to the Appendix.
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2. Preliminaries

In this section, we present some known results which will be used subsequently.
Let u = u(r) be a positive radial solution of (1-1). Using the Emden—Fowler
transformation

2-1 u(ry=r"*v(), t=Inr,
we see that v(t) satisfies the equation
(2-2) v (1) + K30 (1) + Kov" (1) + K10/ (1) + Kov(1) = vP (1), 1 € (=00, 00),

where the coefficients K, K, K», K3 are given in [Gazzola and Grunau 2006]:

Ko= =i (0= D= 4)(p = 1" 4202 = 101420/ (p ~ 1)*
—16(n —4)(p — 1) +32),
2 3 2 2
Ki= (=20 =)= 1 4407~ 101420)(p 1)
—48(n —4)(p— 1) +128),
Kz = gy (7 = 101 420)(p — 1)” = 24(n = ) (p — 1) + 96).
K3 = (n=4(p—-1)-38).

p—1
By direct calculation it is easy to see that Ky = kg. The characteristic polynomial
(linearized at K&/(”_l)) of (2-2) is

V> v4+K3v3+K2v2+K1v+(1 —p)Ky

and the eigenvalues are given by

_ Ni+VN2+4VN3 _ Ni—yN2+4yN3

VI ,VZ 9
2(p—1) 2(p—=1)

; _N1+\/N2—4«/N3 ; _Nl—\/N2—4«/N3

T 22— YT 2pp-n

where
Ny=—mn—4)(p—1)+8,
Ny = (n> —4n+8)(p — 1)°,
N3:=OOn—-34Hn-2)(p—1*"+83n—-8)(n—6)(p—1)°
+ (161 —288n 4 832)(p — 1)> — 128(n — 6)(p — 1) + 256.

Letv;=v;—aforj=1,2,34.
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Proposition 2.1 [Guo and Wei 2010]. Foranyn >5and p > (n+4)/(n —4),

(2-3) m<2—n<0<v.

(1) Forany5 <n<12orn> 13 and (n+4)/(n —4) < p < p.(n), we have
V3, Vg € R and N(V3) = R(Vy) = %(4 —n) <0.

(2) Foranyn > 13 and p = p.(n), we have V3 = Uy = %(4 —n).

3) Foranyn > 13 and p > p.(n), we have

(2-4) bh<d—n<by<i@-n<i3<0<i, D3+is=4—n.
Theorem 2.2 [Gazzola and Grunau 2006]. For any k > 1,
(2-5) lim v(t) = K,/"7", lim v® @) =0

11— 00 11— 00

Remark. We see that K; (i =0, 1,2,3)and v;, v; (j =1, 2, 3, 4) above depend
on n and p. In the following, by abuse of notation, we use K;, v;, v; with the
dimension n replaced by n — 1 and write kg = ko(n) and k| = k;(n).

3. Inner solutions

In this section, we construct inner solutions of (1-7).
Let Q > 1 be a large constant and b be a constant which will be given below.
We consider the initial value problem

Tiw(©) + ki Thw(®) + kow = w?,

G {w(0)=Q, w'(0) =0, w'(0) = (b+ ) Q" w”(0) =0,

where 1 > 0 is a small constant. Since Q >> 1, we set Q = e/~ (:= ¢%) with
€ > 0 sufficiently small.

Let w(f) = e “v(f/€). Then we have v(0) = 1, v/(0) =0, v”(0) = b + u,
v""(0) = 0 and v(r) (for r = 0/¢) satisfies the equation

(3-2) v (r)+2(n—2)ecot(er)v” (r)
2

+((n—2)(n—4) —(l’l—2)262+k1€2) v’

sin’ (er)

+((n—2)k163 cot(er)—(n—2) (n—dye? SN )v/(r)+koe4v(r) =vP(r)
sin“(er)

with initial conditions

vO0)=1, V©0)=0, V') =b+u, v"0)=0.
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For € > 0 sufficiently small, we have

1 oo
ecot(er) = — — %EZr + E :lk€2k+2r2k+1’
r

k=1

. 1 >
€% sin~2(er) = = + %62 + Z me 22k,
k=1
o0

€3 cot(er) sin~2(er) = % + Z npe22 21,
A
So (3-2) can be written in the form
(3-3)

o ® (1) + (2(’7—2) 2
r

00
§(n_2)62,,_+_2:l]/(62k+2r2k+1)v///(r)
k=1

+ (—(”_2i§" Dy (-2 (n—9H—n —2)2+k1)ez+zm;€e2k+2r2’f) v (r)

k=1
—2)(n—4 -
_<(n ):En )—(n—2)k1r_162+zn;(62k+272k_1)U/(r)+ko€4v(r):Up(r)
r
k=1

with initial conditions
v =1, V'(0)=b+u, v(O)=v"(0)=0.
The first approximation to the solution of (3-3) is the radial solution vg(r) of the
problem
(3-4) Atv=v"inR" v0) =1, v(0)=0, v"(0)=b+p, v"(0)=0.
We write vy = vg; + v, where vg; satisfies
(3-5) Alv=vP, v(0)=1, v(0)=0, v'(0)=b, v"(0) =0,
and v satisfies
(3-6) A%y = vy =i, v(0)=0, v (0)=0, v"(0)=u, v"0)=0.
We now choose b < 0 to be the unique value such that the solution v, is the unique
positive radial ground state of (3-5).

Lemma 3.1. Assume that vo(r) and vy (r) are the solutions to (3-5) and (3-6),
respectively. For m+3)/(n —5) < p < p.(n — 1), there exists Ry > 1 such that
forr = Ry, the solution vy (r) satisfies

agcos(BInr)+bgsin(BInr)

(3-7) vor1(r) = Apr™* + F(n=5)/2

+ O(rZU—a)’
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where B =+/4/ N3 — Ny /(2(p — 1)) (with n being replaced by n — 1 in N, and N3)
and \/al + b} # 0.

The solution vy (r) satisfies
(3-8) v02(r) = pByr™t + O(uAr T 4 e (=9)/2)

with B, # 0 when = O(1/(r"'~?)) for r in any interval lel, e T with T > 1
and o =a—%(n—5).

Proof. The proof of this lemma is divided into two steps. We consider vg;(r) in
the first step. The main arguments in the proof are similar to those in the proof of
Theorem 3.1 of [Guo 2014].

Using the Emden—Fowler transformation

(3-9) vor(¥) =r %v(@®), t=Inr >0,
and letting v(¢) = A, — h(t), we see that h(r) satisfies
(3-10) A1) + K3h"' (1) + Ko (t) + K1h' (1) + (1 — p)Koh(t) + O(h*) =0

for t > 1. Note that r*vg(r) — A, as r — oo and hence h(t) — 0 as t — oo. It
follows from Proposition 2.1 that ¥3, b4 ¢ R and R(D3) = R(Vy) = %(5 —n) <0and
vy <3—n <0< provided (n+3)/(n—5) < p < p.(n—1). Let v3s =0 +i8, where

B=+v4J/N3—N>/2(p—1) ando = —3(n—5)+a <0 for p> (n+3)/(n—5).
We can write (3-10) as

(3-11) (8 —v4) (3 — v3) (8 — v2) (3 —v)h(t) = H(h(1)),

where H(h(1)) = O(h?). We claim that for any T > 1, there exist constants A;
and B; (i =1, 2, 3, 4) such that

h(t)= A€’ cos Bt +Are” sin Bt + Aze™ + Age™

t t
+B1f e"(t_s)sinﬂ(t—s)H(h(s))ds—i—Bg/ e® U= cos B(t—s)H (h(s))ds
T T
t t
+Bs / e " H(h(s))ds+ Bs / """ H(h(s))ds.
T T

Moreover, each A; depends on T and v; (i =1, 2, 3, 4), while each B; depends only
onv; (i =1,2,3,4). In fact, it follows from (3-11) and the theory of second-order
ODEs (see [Hartman 1982]) that

(3-12) (8 —v2) (3 —v)h(1)

1 t
= Ale”" cos Bt + Aye”' sin Bt + E/ e® "9 sin B(t — s)H (h(s)) ds,
T
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where A and A) are constants depending on T, v3 and v4. Multiplying both sides
of (3-12) by e~*?' and integrating it from 7 to ¢, we obtain

t
(3 —v)h(r) = Aye™ + / e (A e cos Bs + Abe” sin Bs) ds
T

1 t N
+ —/ e”2<f—s>f e®C78 sin B(s — &) H (h(£)) d& ds.
BJr T
We now switch the order of integration and find that
(8 —v)h(2)

t
= A7e?" cos Br+ AJe?" sin Bt + Ae™ + B| / e® "= sin B(r —s)H (h(s)) ds
T

t t
+B§/ e cosﬂ(t—s)H(h(s))ds+Bg/ e” U= H(h(s)) ds,
T T

where A7, A7 and A% depend on T and v; (i =2, 3, 4), and where the B; (i =1, 2, 3)
depend only on v; (i =2, 3, 4). Repeating the same argument once again, we obtain
our claim. Using the fact that [; = [;° — [, we have

t 0 o0
34/ e”l(’S)H(h(s))ds=B4/ e“l“”H(h(s))ds—m/ e H(h(s)) ds
T T

t

o0 o0
=B4e“1’f e””H(h(s))ds—B4/ """ H (h(s)) ds.
T

t

By combining Bge"!! f;’o e VI H(h(s))ds and Ase”", we can also write h(t) as

h(t) = A1e°" cos Bt + Are”' sin Bt + Aze"™ + Mye""’
t
+BI/ e® "= sin B(r — s)H (h(s)) ds
T
1
+ BZ/ €= cos B(t — s)H (h(s)) ds
T
t o0
+ B3 / "= H(h(s))ds — By / """ H (h(s)) ds.
T t
Since h(t) — 0 as t — oo, we have M4 = 0 (note v; > 0). Setting

hi(t) = A1e® cos Bt + Are®" sin Bt + Aze"™

and

hz(t):BI/ e =9 sin,B(t—s)H(h(s))ds+32/ e® =) cos B(t—s)H (h(s)) ds
T T

t o0
+ Bj / e " H(h(s))ds — Ba / """ H(h(s)) ds
T t
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and noting that H (h(t)) = O (h2(1)), we see that
(3-13) ha(0)] < C (i (1) + ha(1)),

where C > 0 is independent of T and

t t o0
iz](;):max{[e<’<’—s>|h1(s)|2ds,fe”2<’—s>|h1(s)|2ds,[ e”l(’_s)|h1(s)|2ds},
T T

t

t t o0
izz(t):max{[e0<’—s>|h2(s)|2ds,fe”2<’—s>|h2(s)|2ds,/ e”‘(’_s)|h2(s)|2ds}.
T T

t

We now show
(3-14) lha ()] = 0(e").

There are three cases to be considered:

(1) |ha(t)] < <ﬁ1<z)+ f e”<’—”|hz(s)|2ds),
T
2) [ha()] SC<ﬁ1(r)+ f e“2<f—~‘>|hz(s)|2ds),
T

(3) |ha(t)| EC(fn(tH / e”1<”>|h2(s)|2ds).
t

We only consider cases (1) and (3); case (2) is similar. For case (1), we have

(3-15) lha(1)] < C<ﬁl<z) + / ea(t_s)lhz(S)lzdS)-
T
Thus,
(3-16) lha(1)] < C(iu(z) + max | ()] f eI hy(s)] ds).
1= T

Let m(t) = th e %%|hy(s)| ds. Then it can be seen from (3-16) that
(3-17) m'(t) < Chi(t)e " + CmaTx |ho () |m ().
=

For any € > 0 sufficiently small, we can choose T sufficiently large so that 0 <
dr := Cmax,> |h2(t)| < €. It follows from (3-17) that

t
(3-18) m(t) < Celr f hi(s)e " e ds.
T
Substituting m () in (3-18) into (3-16), we see that

t
(3-19) |ha (1)) < Chy (1) + CdTe(a+dT)t/ hi(s)e S e s ds.
T
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Note that 0 + dr < 0 for T sufficiently large. We can combine v, < o with
hi(t) = 0(e°") to get h1(t) = 0(e°"). On the other hand, from (3-19) we can obtain
that |hs(¢)| = o(e@ T+, Substituting these into (3-15), we eventually have

(3-20) 2 (1) = 0(e7").

For case (3), we have

o0
(3-21) lha(1)] < C(hl(t) + f e“‘<’—“‘>|hz<s)|2ds).
t
Thus,
- o0
(2 )] = Chi@) +C max (o) / "9y ()] ds.
t> t

Letting [(¢) = ftoo e V¥hy(s)| ds, we see from (3-22) that
(3-23) —I'(t) < Chi(t)e ™™ +drl(t).
It follows from (3-23) that

o0
(3-24) I(s) < Ce ! f hy(s)e "1 e?s ds.
t

Since h;(t) = 0(e°"), we obtain from (3-24) that
I(s) = o(e" "),
Substituting this into (3-22), we also have
|ha(1)] = 0(e).
We now write h(t) as

h(t) = Mye°" cos Bt + M»e®" sin Bt + Aze®™

— B /Ooef’(”) sin B(t — s)H (h(s)) ds
- B / ooef’@—” cos B(t — s)H (h(s)) ds

t o0
+B3/ e“2<'—S>H(h(s))ds—B4/ "I H (h(s)) ds.
T

t

Then, it follows from H (h(t)) = O (h*(1)), hi(t) = O(e"), ha(t) = 0(e") and
vy < 20 that

(3-25) h(t) = Mye°" cos(Bt) + Mae®' sin(Bt) + Ase™ + 0(e¥").
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This implies that (3-7) holds for some ag and bg. By an argument similar to the one
used in the proof of [Guo and Wei 2010, Theorem 3.3], we can show aé + b(z) #0.
This completes the proof of the first step.

We now proceed to the second step. Setting vy = g2, we see that vy (r)
satisfies

(3-26) A5, — Pvgflﬁoz = 1 ((gy + 1ipy)” = vg) — pﬂvgflﬁoz)
with initial conditions
U (0) =0, 90,(0)=0, T,0)=1, y0)=0.
Using the Emden—Fowler transformation
Vo(r) =r—%v(@), t=Inr (@ >0),
and the expression obtained for vy (r), we see that 0(¢) satisfies
(3-27) W+ K30" + Ko 0" + K10+ (1 — p)Kod = f(r, i, D),

where

[, 0) = 0(ud+re= 92
provided that u0 = o(1) for ¢ sufficiently large. It follows from (3-27) that
3(t) = A1e°" cos Bt + Are?" sin Bt + Aze™ + Ase™!

t
+ B / 79 sin B(t — ) f(ry 1, 9(s)) ds
T
t
+ B f 709 cos B(t — ) f(r, 1, B(s)) ds
T
n t " t
+ B f €09 £, 1, §(s)) ds + Ba / ") £, 1, (s)) ds,
T T

where A; = A;(T, vy, vp, v3,v4) (i = 1,2,3,4) and B; = B; (v, v2, v3, v4). We
first show that vy is strictly increasing in (0, co). Using the initial values, we can
find R € (0, oo) such that v (r) > O for r € (0, R). Writing (3-26) as

1WAy = (vg; + 1ipy)” — V01

we obtain that (Avp,)’ > 0, and hence Aty > Ay (0) =n—1 forr € (0, R), which
implies that (0g2)’'(r) > 0 for r € (0, R). Moreover, we can deduce that R = co and
U, (r) > 0 for r € (0, 0o0). Therefore, v is increasing in (0, 00). Next, we claim
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that A, # 0 for any T > 1 sufficiently large. Indeed, fort € [T, 1077,

t

e () = As+ 3+ é1e<<’—”'>’/ e 5 sinB(r—s) f(r, ., 0(s)) ds
T
t

+ Byelo ! / e %S cos B(t—s) f(r, w, (s))ds
T

t

t
+B3e(”2”‘)t/ 6”2Sf(r,u,ﬁ(S))dS+B4f e " f(r, . 0(s)) ds
T T

4 t
<|A4|+1g )]+ (Z 1B |) max (ud-e f e D(s) ds,
, : T
j=1
where
g(t) = A1e 7 cos Bt + Are” "V sin Bt + Aze ",
Since
4
(Z |B;|> max (ud 4@ "D =1 = o(1),
— 1€[T,10T]
j:
we have
R t
(3-28) e M) < |A4|+|§(t)|+1/ e " 0(s) ds.
T

Let £(t) = [; e™"15(s) ds. We see that
(3-29) (€7™e@) < (1Aal+12@)De ™.
Integrating (3-29) in [T, t], we obtain

|Ag| + maXse[7,107T] 1g(®)] RIGES
. .

If we choose t(t —T) < C fort € [T, 10T], i.e., Tt = O(1/T), we see that

€ =

(|Ag] 4+ max;crr.1077 18(0)])C

(3-30) 0r) <
T
Substituting this into (3-28), we have
(3-31) e1H(1) < |Ag](14+C) + |31 +C max  [§(1)].
te[T,10T]

Suppose A4 = 0. We see from (3-31) and the expression of |g(¢)| that

5(t)=o(1) forallte(T,10T].
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This contradicts the fact that 0 is increasing in (0, 00). Therefore, A4 =% 0 and our
claim holds. Moreover, it is known from (3-31) and the expression of 0(z) that

(3-32) 0(t) = Bye" + O (e 4 vy
with B, #0 and . = O (e'="17)"). Therefore,
v02(r) = uBpr™ 4+ O (A" 4 o)
with B, #0 and p = O(1/r""77). ]

Lemma 3.2. Let p satisfy the conditions of Lemma 3.1 and v (r) be the unique
solution of the equation

—2)(n—4
vy (r) — —(n ’)én )vi(")

(n=2)
—

vy (r)+
— 3= N+ (31— (=4 — (=2 + k) ()

— 2k _
+917L%am=p%‘vwmm,

(3-33)

v,(0) =0, v{(0) =0, v{(0) =0, v{"(0) =0.
Then forr € [eT, T\ with T > 1 and jn = O(1/r"1 %),

(3-34) i (r) = Cpr* ™ +r*>==9/2(q; cos(BInr) + by sin(B1nr))
_J’_MDprz-Hjl + O(Mzrﬁ1+v1+2 +Mrﬁ1+0’+2) +0(r2—(n—5)/2)’

where C), satisfies
(3-35) E|C,—pAb~'C, = FiA,,
with

Ei=(l+a0)(l—a)2—a)a—2n—-2)2—a)(l —a)x
—(n=2)n—H2-a)+n—-2)(n—-HQ2-a)(l —a),
Fi=(n-2%—k —1n-2)(n—)a(x+1)
—3(n—2a(a+ D(a+2)+ki(n—2a,

and where D, satisfies

(3-36) E2D) = F>Bp,
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with
Ey = Q2+ )@ +n— D@ +n—3)b — pAL~,
Fy=3(n—=2)0 — D@ —2)01 + ((n —2)° — k1 — (n —2)(n — 4)) (9 — DT
—ki(n=2)01 + p(p — DAL2C),
and where (ay, by) is the solution of
Aa1 — Bb] = G,
Ba, + Aby = H,
with
A= L@* =120 +14n% + 1320 — 135) — pAL~ + L(n® — 6n — 35) 8 + B,
B=(0n*—12n—6)B + 88>,
G = p(p—DADCpap+ 5 (n* — 11n* +41n*> — 61n +30)ag
+ 1(n* — 6n + 5)kiao + £ (4n* +3n — n® — 14)boB — 2k by
+ 3 =9+ 14)ao B> + aok1 B> — 5(n — 2)bo B,
H = p(p—1ALT>Cyby+ 15 (n* — 11n° +41n*> — 61n + 30)bo
+ 1(n* = 6n + 5)k1bg — +(4n* 4+ 3n — n> — 14)apB + 2kyaoB
+ 1(n* = 9n + 14)bo p> + bok1 B* + 3 (n — 2)ap .
Remark. We need to show that £, # 0 and that the 2 x 2 matrix K = [g _ﬁ] is
invertible. This will be proved in the Appendix.

Proof. The uniqueness of solutions to (3-33) follows from standard ODE theory
since all the initial conditions are zero and the inhomogeneous term is locally
Lipschitz. Analyzing the terms which contain vg in (3-33) and using the Taylor

expansion for v} “forr € [eT, e!97], after direct computation we can find the

leading terms which are of the orders
rre U2 eos(BInr),  r2sin(BInr), T
By the above observation, we can assume
vi(r) = Cprz_“ + f~(r)r2_(”_5)/2 + /LDPrZ'H’l
oD/ L O (A2 T2y

where
f(r)=ajcos(BInr) +b;sin(BInr).

Using (3-7) and (3-8), we can get C,, D, a; and b by direct calculation. O
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Furthermore, we can obtain the following proposition.

Proposition 3.3. Let
n+3
n—>5

and v(r) be a solution of (3-2). Then for € > 0 sufficiently small,

<p<peln—1)

v(r) =vo(r) + Y _ e*u(r).

k=1
Moreover, forr € [eT, T with T > 1 and p = O(1/r"'=°),

k

(3-37) WOJ—EZfz’“+§:JZJmswmmﬂmr+Eb+§:MﬁﬂHm
j=1

+ O(Mzrﬁ1+v1+2k+Mrf)]+a+2k)+0(r2k_(n_5)/2)

where dj?, elj‘-, fk, E]jc (j=1,2,...,k) are constants. Moreover,

dl =C,, e = a? + b3, fl =D, sinE|l=aj/e], cosE|=b/e],
where C,, a1, by, D), are given in Lemma 3.2.

Proof. Substituting

o0
v(r) =v0(r) + Y _ € vi(r)
i=1
into (3-3), we expand (3-3) according to the order of €. Considering the constant
order and the €2 order, we get (3-4) and (3-33), respectively. We note that only
the terms vg, v1, ..., vx carry €2X. Suppose we have found vi_;. Then we can
determine v by studying the equation of order €2* in (3-3), i.e.,

n—2 4 -2 4
2(n—-2) o (r )+( )gn ) o () — (n )gn ) o)
r r r

—Z(n—2)rv)" (r)+(l(n—2)(n—4) (n—2)%+ki)v)_,(r)

v,£4) ry+—=

k
_J’_( ) 1 / ()+Z /21+]v]/(//l l(r)+m/ ZIU]/C/I ](’,)

P
+nl’r2’ lv,’( i 1(r))+kovk l(r)—d—<2tv,>

0(0) =0, v,(0) =0, v/(0) =0, v (0) =

’

t=0

where [/, m;, n} are given in (3-3). Following our arguments in Lemma 3.2, we
find the leading order of the terms involving vy, vy, ..., vg—; in the above equation,



NONRADIAL SINGULAR SOLUTIONS OF SUPERCRITICAL BIHARMONIC EQUATIONS 411

and then we assume vk has the expansion in (3-37). By substituting (3-37) into
the equation of order €% and comparing each order, we can compute the terms

di ek, L EN (G=1,2,... k), O
Theorem 3.4. Let
n+3
<p<pen—1)
n—>5

and wmn (60) be the solution of (1-7) with

w0) =€ we0)=0, wpe(0)=(b+we 2 wpea(0)=0

Then for any sufficiently small € > 0, /€ € [el, T\ with T > 1, and p =
O ((e/0)"177), there holds

wey (6)

A Gy
k=2 j=1

452 (ao cos(ﬂ In g) + by sin(ﬂ In g) 4 ai cos(ﬂ In g) + by sin(ﬂ In g)

9 (n—5)/2 pITRG YR
o,k
+Z (Z e’;EZ(k—j)@ZJ—(n—S)/Z sin(,B In §+E1j§)+0(92k—(n_5)/2))
k=2 *j=1
+ 0(92<”5)/2)>
o,k
te Z(Z(Mfkez"‘zf‘ﬁlezf”l)
J
k=1 j=1
J n 0(M29f)1+1)|+2k6—171—v1 +M9ﬁ]+a+2k6_f,] —rr)
(2] V14v; 0 bi4o
0( 2(_) <_> ) .
+O0(un c +u ;
Proof. This is a direct consequence of Proposition 3.3 by setting r = 6/¢. N

We now obtain some useful lemmas.

Lemma 3.5. Let (n+3)/(n —5) < p < p.(n — 1) and

v(Q, 11, 0) = Quo(QP~1/49).
Then for QP=V/4¢ e [eT, e with T > 1,

1
a O((Q(”‘“/“G)”l“’)
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andn =0, 1,2, we have that v(Q, i, 0) satisfies

n

20" (@, u, )

3" Ap 3" 5)/2 1 5)/8—1) .: 1)/4
= 507 (0_a> + @(CQ_(H_ )/ Q—((P— )(n—5)/8— )sm(ﬁ m(Q(p— )/ 0) +K))

+ Qf)z/a+lfn0(9172) _i_MBpQDl/aJrlfneDl
_|_ O(MZQ(f}]-‘rU])/Ol-i-]—neﬁ]-i-U] +ILQ(\~11+O')/(X+1—}10(7+\~)|)’
n

5o Uh(Qo 1)

a" Ap
- Q" (_a9a+1>

n+1
4 50756 (CQ—(H—5)/2Q—((p—l)(n—5)/8—1) sin(ﬂ ln(Q(p_l)/49) —|—K))

+ QP IO (") + 1y B, Q7 /AT g
+ 0(MZQ(Dl+v1)/a+lfn9ﬁ1+v171 +MQ(171+J)/a+lfn90+17171)’

" [ 92
<—U(Q, u, 9))

FIZATE
" Ap
= 30" (ot(oz + 1)9a+2)
n+2
+ (CQ*(H*5)/2 Q*((P*l)(n*5)/8*1) sin(ﬂ ln(Q(Pfl)/“Q) + K))

001962
+ Q1~12/Ol+1—n0(91~)2—2) +M‘~)1 (]")’1 _ l)Bp Qﬁl/a+1—n9f)1—2
+ 0(M2Q(lj1+vl)/a+l—n91~)1+v1—2 +MQ(51+J)/a+l—n90+ﬁ1—2)

an (9
8Qn <@U(Q, u, 9))

n

( )
—a(a+1)(a+2)

Qu+3
n+3
00"303
+ QRO (07273 1 by By — 1)(9y —2) B, @M/t g3
+ 0(MZQ(91+V1)/a+1—n951+v1—3 + MQ(ﬁ1+a)/a+1—n90+ﬂ1—3)’

where k = tan"!(bg/ag) and C = ,/ag + b(z).

+

(CQ*(H*S)/2 Q*((P*l)(n*5)/8*1) sin(ﬂ ln(Q(Pfl)/“@) + K))
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Forn =20, 1, we have

n

(w(Q, u,0))
au"
— MI*anQﬁl/OH’le‘jl 4 O(szn Q(lj1+l)1)/(x+10171+l)1 +//L17n Q(ﬁ1+0)/(¥+160+§1)’
" (0 (Q, 1. 0)
—V ) )
o \ag M
— Ml—nl’jl Blejl/Ol-‘rlgljl—l
+ O(Mz—nQ(ﬁ|+l)1)/0t+191;1+1)|—1 +M1_n Q(f)|+o“)/a+190+f)1—1),
[ 9?
W(WU(Q’ W, 9))
— lenf)l (f)l _ I)BpQﬁl/oHﬁgfll*Z
4 O(MZ—n Q(ﬁ1+v1)/a+19ﬁ1+v1—2 +/~L1_n Q(ﬁ1+0)/a+190+ﬁ1—2)’

[ 93
W @U(Q»M,Q)

— Ml—nﬁl(f)l . 1)(]31 _2)BPQ1~)|/06+]01~11—3
+ O(MZ—n Q(lj|+\)])/0l+191~)1+1)|—3 +M1—l’l Q(lj|+0‘)/0l+190'+1~)1—3),

while for n =2, we have

32 gm - -
ﬁ(ava(Q, . 9>) = 0(QUr/etlghtvizmy -y =0, 1,2, 3.
n

Proof. These estimates are obtained by the expansions of vg; () and v (r) given
above and direct calculation. O

Lemma 3.6. In the region
0=10(Q7 =), u=00>), o=—30n—5-20),
the solution w(Q, wu, 0) of (1-7) with
w(Q, u,0)= 0, wp(Q, p, 0) =0,
wee(Q, 1, 0) = (b+ ) Q% wees(Q, 1, 0) =0

satisfies

m+n m+n

(D WW(Q, w,0) — WU(Q’ w,0)

= Q- =HP=D/E=(1=D) | (=(n=5)/2=m) |
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m+n n—+m

9 70 -
apraem V(@ 10 = o g

2 v(Q, 1, 0)

— | O(szn Q(171+v1)/a+19171+v17m)|.
Proof. This lemma can be obtained from Lemma 3.5 and Theorem 3.4. Note that
e=07 ola=g(p-Dn-35~1.
Moreover,

0P—D/4g ¢ [T, 10T]

provided that Q is sufficiently large. U

Now we write the inner solutions obtained in Theorem 3.4 in terms of the
parameters Q and pu.

Theorem 3.7. Let (n+3)/(n —5) < p < p.(n—1) and let w‘““ (9) be an inner
solution of problem (1-7) with w(0) = Q, wy(0) =0, wgg(()) (b +pn) Q1+,
weee (0) = 0. Then for any sufficiently large Q > 0 and 6 = |0 (Q°/(?=)| =
|0<u0/<2“—2”1>>|,

C
W (0) = g+ 52t 2+Bqu”'/“9”l+ZdeQ (P=Dk—1)/2g2j
k=2 j=1
o/ ap cos(B In(QP=D/49)) + by sin(B In(QP~1/49))
+0 9(n—=5)/2

ar cos(B In(QP~V/49)) +b, sin(B In(QP~D/49))
+ 91—3)/2—2
OO

o0 k
k )—(p—Dk—))/2p2j—(n—5)/2
+3(Xedo ;

k=2 N j=1
xsin(8 In(QP~"/*0)+ E¥) +o(92k—<"—5>/2)))
k

i(z ufk Q—(Zk—Zj—f).)/aQZj—H?l)
J

=1 +0(MzQ(ﬁ1+vl>/a9a1+v1+2k+MQ(51+5>/a9m+a+zk)>.

4. Outer solutions

In this section, we construct outer solutions for (1-7). Let w,(6) be the singular
solution given in (1-8).

Lemma 4.1. The equation

(4-1) Ti¢(0) + ki T4 (0) + ko = pwl ™' (0)¢ (), 0<6 <7,
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admits a solution, which can be written as
4-2) ¢(@)=0"""I"2(c;cos(BInf)+crsin(BIn§))+0 O ") aso—0,

where ¢y, ¢y are constants such that c1 + c2 #£ 0, and also admits another solution,
which can be written as

(4-3) V(0) =cof™ + 00™%?) aso — 0,
where cg is a nonzero constant. Here T\ and T, are differential operators defined
in (1-7).

Proof. For the equations

(44) {T1¢1(9) +kiTag1 (6) + ko1 (6) = pw* (9)¢1(9) 0<6<1,
¢1(7):1’ ¢1(7): ) ¢1(2) ¢W(ﬂ)

and

“@5) {T1¢>2(9) + ki Ta$2(0) + ko2 (0) = pwl™ (9)@(9) 0<6<Z,
$,(3)=0. ¢5(5)=0. ¢5(3) =1, $,'(3) =

we claim that both ¢ (0) and ¢, (0) are strictly decreasing for 6 € (O, %) We only
show the case of ¢, (6); the case of ¢(6) can be treated similarly.

Let us set J Jén (6
A@Q) = — sin—2 94920\
do do

Before proving that ¢, (0) is decreasing, we first present a useful fact. If A(8) > 0
for 6 € (6o, %), where 6y € (0, 3), then for 6 € (6o, %), we have ¢}(6) < 0 and
¢2(0) > 0. The proof of this fact is simple; thus we omit it here. Next we show
that ¢, (0) is decreasing. By using the boundary condition of ¢, at 6 = %, we have
A(%)=1andfind 6; € (0, %) such that A(6) > 0 for 6 € (61, 3); then ¢2(9) > 0 for
0e (91 , ) Using the fact that ki(n) < 0 and the second conclusion in Lemma A.1,
we have

%
Ti$2(0) = (pw? ™" — ko)¢2(6) —k1 n )9 >0 for6e(6,%).

Now we are going to show that 6; = 0. If not, 6 € (0, %) and A(6;) = 0. For

6 € (61, %), we have
i sin"*20i A©) >0
dao do \sin" %6 )

Using this inequality and
d A(t9)
do nt 29

I
[SE}
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we have

(4-6)

d A(9)
do
It follows from (4-6) that

sin"29) <0 foroe(6),%).

A(9)

sin" 26

(4-7) >1 for6e(61,3),

which contradicts the fact that A(6;) = 0. Thus, A(®) > 0 and ¢}(6) < O for
6 € (0, 5). Hence, we have proved the claim.
We now prove that there are D; % 0 and D, # 0 such that for 6 near 0,

(4-8) $1(0) = D16™ + 0(0*™)
and
(4-9) 2 (0) = D26 + 0(67™7).

We only show (4-9). The proof of (4-8) is similar. Using the Emden—Fowler
transformation

¢(t) = (sin0)*¢>(0), t=In(tan$),
we obtain that <]3(t), for t € (—o0, 0), satisfies the homogeneous equation

4-10) W) +a3()P” (1) + ax()d" (1) + ar1(1)' (1) + ao(H$(t) =0,
where

a3(t) = K3+ 0(e”), ax(t) = K2+ O(e*),

a1(t) =K1+ 0(e™), ao(t) = (1— p)K.
Therefore,
4-11) ¢ (1) + K3¢" (1) + K29 (1) + K1/ (1) + (1 — p) Ko (1)

=0 (@ (1) +¢" 1)+ (1))

Following the arguments in the proof of Lemma 3.1, we can write the solutions of
(4-11) as (for any T < —1):
(4-12)  ¢(1) = Ase®’ cos Bt + Age’" sin Bt + A7 + Age""!

t
+35/ U= sin B(t — 5)g(s, p(s)) ds

—00

+B6/ =9 cos B(t — $)g(s, p(s)) ds

—0o0

t t
+ B / e g(s, G (s)) ds + By / "1 g (s, (5)) ds.
T

—0o0
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where g (¢, d;(t)) is the right-hand side of (4-11), Ag depends on T and each B; 4
depends only on v; (i = 1,2, 3,4). It is known from (4-12) that if A7 = 0, then
for |t] sufficiently large,

(4-13) () = Ase®' cos Bt + Age®' sin Bt + 0 (@)
with A2+ A2 #£0 or
(4-14) P(1) = Age”'' + 0 (e

with Ag #0. Otherwise, if A2+A2 =0and Ag =0, we know that (1) = O (e?+"1)").

Substituting this into (4-12), we see that &(t) =0 (e“rvhy; repeating this procedure,

we eventually obtain that ¢(¢) = 0. This is impossible. Therefore, for 6 near 0,
$2(0) = As0~ "I 2 cos(BIn §) + A0~ "2 sin(BIn §) + 0 (6> V7%

or

$2(0) = Ag6” + 0+,

But these contradict the fact that ¢, () is strictly decreasing for 8 € (O, %) Thus,
we prove the claim and get (4-9).

Let ¢(0) = ¢1(0) — (D1/D2)92(0). Then ¢ (0) satisfies the problem
Tip(0) + ki T2 (0) + kod (9) = pwl ™ ) (©), 0<6 <%,
#(3)=1, 9(3) =0, ¢'(3) = ~Di/Ds, 9" (3) =0.

We claim that for 6 near O,

(4-15)

4-16)  ¢(©)=0"""I(cicos(BIng) +crsin(BIn§)) + OO "2)
with c% + c% # 0. Using the Emden—Fowler transformation

(4-17) ¢(1) = 5in0)*$(0), t=In(tan?),

(4-8) and (4-9), we obtain that for r near —o0,

(4-18) (1) = €' (¢ cos(Bt) + ¢z sin(Bt)) + ez + 0 ()
provided c% + c% # 0 or

(4-19) (1) = c3e" + 0 (@)

provided c% + c% =0 and ¢3 # 0. (Note that if both c% + C% =0 and c3 =0, we can
obtain ¢(¢) = 0. This is impossible.) We now show that (4-19) cannot occur. On
the contrary, we see that for 6 near 0,

¢ (0) =c36™ + 0> ™).
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This implies that ¢ (6) — 0 as & — 0. Since
o) =0(""), ) =0(""), ' @)=0(""), ¢"@)=0("",

we obtain from (4-17) that

¢'©)=00"""),

2,490) a3,

0 70 =0( )s

d (12, d0@)\ _  uars
d@( T )_0(9 ).

Similar arguments imply that

d 1 d dg (0 ;
sin"—29—< — —(sin"—Zeﬂ)) = 0" ™).
do \ sin"* 0 do do

d 1 d do (0
e(d) =sin" 20— — sin”_20—¢( ) ,
dof \sin"~%¢0 db do

we see that e(0) = 0. Then, we claim that ¢ changes sign in (O, %) Suppose that
this is not true. Without loss of generality, we assume ¢ > 0 in (0, %) Then it
follows from the equation of ¢ that for 6 € (0, ),

If we define

d do©

(4-20)  — | e(®) +k; | sin"? 9M =sin" 20 (pw! ™! —ko)pp(0) > 0.
do do

But integrating both sides of (4-20) in (0, %) and using the boundary conditions

¢'(5) =¢" (%) =0, we obtain

s

f2 sin" 20 (pw? ! — ko) (0) d6 = 0.
0

This is clearly impossible. Noticing that ¢ # 0 for 6 near O, we see that there is
a minimal zero point § € (0, Z) of ¢. Without loss of generality, we assume that
¢ > 01in (0, é). It follows from (4-20) that E(0) = e(0) + k; sin" 2 O0(dp(0)/do)
is increasing for 9 € (0, é). Noticing E(0) = 0, we then obtain that £(8) > 0 for
0 € (0, §). Therefore,

d 1 d (. ,._ dd)(@) A
(4-21) @< "7 40 <sm 70 ) +k1¢(9)) >0 for6 e (0,0).

Moreover, by a similar argument, we have

¢ (s

4-22
( ) do do

)>0 for 0 € (0, 6),
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and

de¢(©)
do

But (4-23) implies d)(é) > 0, which contradicts the fact that ¢(é) = (. This contra-
diction implies that (4-19) cannot occur and thus (4-18) holds. As a consequence,
(4-16) holds and hence (4-2) holds.

Let 1/ (0) = ¢1(0). We easily see that (4-3) can be obtained from (4-8). O

(4-23) >0 for6 e (0,0).

For any sufficiently small § > n > 0, we set ¥;(6) to be the solution of the
problem

T1y1(0) + k1 Toyr1 (0) + ko1 (0)

=72 ((we+ @+ W)? —w! — pwl~ (@ +ny)),
W +v)(%) =2, W +v) (%) =0,
W1 +v)"(%) = D18%/ (Do), (W1 +v)" (%) =0,

where () is given in Lemma 4.1, ® = §%¢(0) and ¥ = n* (1 () + ¥ (0)). We
can see that W satisfies the problem

(4-24)

T\W () + ki T (6) + koW () = (wy + D+ W)? —w! — pw! ™"

W(3) =207, W(5) =0, W(5) = Do/ D5, W(3) =0,

o,
(4-25)
This implies

Ti (¥ + @)+ kT (¥ + D) + ko(V + @) = (wye + P+ V)? —w?,
(4-26) (¥ + @) (%) =20"+8% (V+®)(3)=0,

(¥ +d)'(5) =0, (¥ +®)"(3)=0.

Arguments similar to those in the proof of Lemma 4.1 imply that W(0) + ®(0) is
strictly decreasing. Then

(4-27) V() +P@O)>0 forbe(0,%).
Setting ¥, (0) = ¥ (0) + 1 (0), we easily see that v, satisfies the problem

T1v2(0) + ki Ty (6) + koya (6)
(4-28) = pw! "W + 72 (we 4+ D + 2P ” — wl — pwl (@ 4+ nyn)),
¥y (3) =2, ¥5(5) =0, ¥3(3) = D18*/(Dan®), ¥3'(5) =0.

By the Emden—Fowler transformation

Yo (t) = (sin€)*y»(0), t=Intan,
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we see that 1}2 () satisfies the problem
U (0 + a3 (Y5 (1) + ax ()T (1)
(4-29) a1 ()5 (1) + a0 (1) = G(Ya(t)), —oo <t <0,
¥5(0) =0, ¥7'(0) =0,
where ay(t), ai(t), ax(t), a3(t) are defined in (4-10), and
G (1))
= (sin 9)4+"‘17_2((w* + @+ n%sin"% 0yn)” — w? — pwf‘1 (®+n?sin™® 91}2)).
Moreover, we can rewrite (4-29) in the following form (see the proof of Lemma 4.1):
(4-30) 9" (1) + K3y (1) + KW () + K15 (1) + (1 — p) Koy (1)
= G(n(1) +g(t, (1)),
where
g(t, Ya(0) = 0 (' (W3 (1) + 93 (1) + ¥5(1)))
for t « —1. Therefore, for t < T with any T <« —1,
(4-31) ¥ (t) = Dse™ + Dge®' cos Bt + D7¢”" sin Bt + Dge”'’

+ Bs / 709 sin Bt — (G (Fa(s)) + g (s Fa(s))) ds

—0o0

+ Bg / e” %) cos B(1 —5)(G (Y2(5)) + g (5, ¥a(s))) ds

—00

t
+ By / eGP (s)) + g(s, Ya(s))) ds

+ By / e (G (Y2(5)) + g(s, Y2 (s))) ds,
T

where Bs, Bg, B7, Bg depend only on v; (i =1, 2, 3, 4). Using the fact W (6)+®(0)
is strictly decreasing in ((), %) and (4-2), we conclude that D5 # 0. Letting ¢ (6) =
sin™® 0 (1), we see that for t € [107, 2T ] and 82 = 0 (e®~)), n? = O (e@"2"),

(4-32) G () =072 08¢ (1) + n*P2(1))*) = 0.

Note that
$(1) = ¢! (c1 cos(B1) + ca sin(B1)) + O e+

and ¥ (1) = Dse" + 0(e@T)"). Then

820 () +n* P (t) = O(e*).
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Therefore, it follows from (4-31) and (4-32) that
(4-33) V(1) = Dse" + Dge®' cos Bt 4+ D¢ sin Bt + O (1)
provided 82 = 0(e?~9") and n? = O (e*"»"). Hence, for 0 near 0,
(4-34) W(0)=n*(Ds6™+0~""V/2(Dgcos(BIn%)+Dysin(BIng))+0(6*))
with Ds # 0 provided that

0 = 0¥y = 0¥,

Since 1, < 3 — n, we easily see that 1, +2 < —(n — 5) < —(n — 5)/2. Thus,
9—(n—5)/2 — 0(92-‘,-172).

Now we can obtain the following theorem.

Theorem 4.2. For any § > n > 0 sufficiently small, problem (1-7) admits outer
solutions wg'y € C 4(0, %) satisfying

(4-35) w§y (@) =w.(0) +PO)+ W), 60¢€(0,%),

with (wa‘") (%)= (u)°ut ”(%) = 0. Moreover,

2A 1
(4-36) w§h(O) =2+ —F———
( 1) 90{—2
Pt cos(BInZ)+ Hhsin(BIn 3 1
5(1 (BIn%) + 9> sin(B )+0( ))
9(n—5)/2 g (n—5)/2-2
+1°(936™ + 0(6™))

provided that
6 — 0(82/(2—0)) — 0(772/(2—”2))’
where ¥, U, 93 are constants independent of §, n such that 1912 + 1922 #0, 93 #£0.

Proof. The proof can be obtained from the expressions of w,(8), ®(6) and WV (60)
given in (1-8), (4-16) and (4-34). O

5. Infinitely many solutions of (1-7) and proof of Theorem 1.1

In this section, we construct infinitely many regular solutions for (1-7) by matching
the inner and outer solutions.
We construct solutions of the problem

Tiw+kihw+kow=wP, w(@) >0, 0<9<%,

5-1
O w0 = 0 (=), w/(5) =0, 'O = G+ we =2 w(3) =0
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by matching the inner and outer solutions given in Theorems 3.7 and 4.2. To do so,
we will find © € (0 ) with

0 =0(Q @) (0>1)

such that the following identities hold:

(5-2) (w0, (0) = w(©)|o_g =0,
(5-3) (5", (0) = w(©)),],_e =0,
(5-4) (w51, ©®) = w55 ®)glye =0
55 (082, 0) — O, =0

These will be done by arguments similar to those in the proof of Lemma 6.1 of
[Budd and Norbury 1987] and Theorem 1.1 of [Dancer et al. 2012]. Then, we obtain
a C* function w(0) defined by w(0) = w‘““ () for < ® and w(0) = w"‘“(e) for
6 > ©® which is a solution to (5-1).

First, we observe that

24,
(5-6) ——=C,
3(p—=1
by (3-35), Where Ap, C, are given in Section 3.
Define Q,, 82, n2 and wu, by
(5-7) BIn QP4 4 =gIn27 + w4 2mm,
2 p2
ai+b
5.8 82 — 0 0 a/(x’
(5-9) 7742< — O(fovz)a/(@*ff)a))’ n, = 0(Qi2072vl)/((2*<7)0!))’
(5-10) 1, B, QU = 9ynle T,
where

a 2
Kk =tan”! X , W= tan~! -1
b() g3

and m > 1 is an integer. The integer m is chosen such that the results in Sections 3
and 4 hold.
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Note that
0(82/2=9)y = 0 (/20D
X *k 9
ag cos(B1In(QP~D/49)) + by sin(B In(QP~"/49))
= /a2 +bZsin(BIng + B1In QP4 4 i),
91 cos(B1n§) + v sin(BIng) = msm(ﬂ 6 +pIn27" + ).

We will see that the Q, u, 8> and n? required to satisfy the matching conditions
(5-2)—(5-5) can be obtained as small perturbations of Q., 1., 82 and 2 given in
(5-7)—(5-10), i.e.,

(5-11) 0= 0,(1+0(Qy/F),
(5-12) =, (14+0(Q/ (=),
G-13) 82 = 52(1+ 0(Q/(*-2),
(5-14) n* = n2(1+ 0(Q2/(@=0y)

To show this we define the function F(Q, u, §, n) by

T eI W (@) —ugt©) ]

reo s | QO WO Ol
s M0, 1) =

®2(9(n_5)/2(wi5?u(0) —wOUt(G))) |9 o

—®3(0(n_5)/2(wi5?/1(9) out(g)))/”|9 o

Now, we regard 82, n2 as new variables. Taking O, u,, 82 and n*, we find a bound
for F(Q,, 1. 85, ni) by using the behaviors of wm“ (0) and w"“t (0) given in The-
orems 3.7 and 4.2 respectively. Accordingly we ﬁnd for some M > 1 suitably large,

(5-15) @~ I2F(Q,, 1., 82, nH| < MO ~""/2 4 small terms.

We seek values of Q, u, 82, n2 which are small perturbations of O, u,, 83, ni
and such that F(Q, u, 8%, n%) = 0. As in [Dancer et al. 2012], we need to evaluate
the Jacobian of F at (Q,, i,, 82, n2):

LI+ 1z Iy, —Dsint Is

IF(Q, w, 8% 0% | Bhtqilz qily —BDcost guls
30, m, 8%, m>) Is q214 I3 gsls
I; q3ls Iy qe1s

+ higher-order terms,
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where
—1
I = C(g sint + M cos r) QZ/‘)‘_I,
—1
I, = C(z COST — M sinr) Q‘*’/O‘_l,
o 4

I = %Bpu*®al+(n—5)/2 ou/l = B, Qil/a®ﬂ1+(n—5)/2’
Is = 3,070, Is=—p1 — B+ 215,

I =—BL+3p°1 +2BL +q313, Ig=p*Dsint+BDcosT,
Io=p>Dcost —3B*Dsint —2BD cos T,
q=0+30=5, a=01+30-D)q1. ¢z=1+30—9)q,
Ga="+3m=5), gs=D2+300—D)qs g6= (2430 —9)gs,

C=.al+b}, D=.9}+93,

T=BMmO+ MmOV V4 k=IO +Lm2™ +w+2mm.

and

We define the function G(x, y, z, w) by

G(x,y,z, w)
= F(Q* _{_in—G/(X’ M’* +®—1~Jl_(fl—5)/2Q;V1/(¥y7 8$+Z, ni_i_@—f)z—(n—s)/Zw).

Using (5-15), (4-36) and the results in Lemmas 3.5 and 3.6, we express G (x, y, z, w)
in the form

I+ 14 I, —Dsint I
BL+qi1; g1l —BDcost qul.
Koowl K sk

L @l Iy gels

G(x,y,z,w)=C+ + small terms

€ N = w

+Ex, y,z,w, Q,, i,, 82,12,

where

—1 —1

I{:C(gsint—k%cosr), IézC(zcosr—%sinr),
o o

Vi

I = EBP,L@W("—S)/Zka”l—f”/“, I,=B,,

L= —s, Ig=—p1{ = Bl + 13,

I=—B1+38°1 + 281, +q31;, I3 =p>Dsint+pDcosr,
I, =p>Dcost —3B°Dsint —2BDcost,
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and where C is a constant vector independent of (x, y, z, w) which is bounded above
by MO* and |E| is bounded independently of x, y, z, w, Q, u,  and n. Thus,
X
G(x.y.z.w)=C+L i +T(x,y. 2, w),
w

where L is a linear operator which is invertible; we shall prove this fact in Lemma A.1.
If we define the operator J mapping R* into itself by

J(xayaZa w) = _(L_1C+L_1T(xaysZ7 U))),

then, provided that Q, is sufficiently large, a direct calculation shows that J maps
the set I into itself, where I is the ball

(5-16) I={(x,y,z,w): (x> +y*+ 22+ wH)? <4M(det L)' 0%},

and det L is the determinant of L, which depends on 1/ag + b2, B, D, a, B, U3
and v; (i =1, 2, 3,4). We apply the Brouwer fixed point theorem to conclude that
J has a fixed point in /. This point (x, y, z, w) satisfies G(x, y, z, w) = 0 and

(x2+y2+z2+w2)1/2§M/®470’

where M’ is a constant defined in (5-16) and is independent of O, 1., é,, n, and ©.
By substituting for Q, u, § and n, then taking ® to have the upper limiting value
of Q:/ (2=0)) e obtain (5-11)—(5-14). Therefore, we can find a solution to (5-1)
such that (5-2)—(5-5) hold.

We have shown that (5-2)—(5-5) have a solution for each large fixed m. This
yields a solution of (5-1) and also gives the proof of Theorem 1.1. Hence we have:

Theorem 5.1. For m > 1 large and Q, u, 6 and n as given in (5-11)—(5-14),
problem (5-1) admits a classical solution wg , 5.,(0). Moreover, there is ® =

|0 (Q°/@=2))| such that (5-2)—(5-5) hold.
As a consequence, problem (1-7) admits infinitely many nonconstant positive
solutions. Hence, we have proved Theorem 1.1.
Appendix
We will prove a lemma which was used in the previous sections.

Lemma A.l1. For the terms E» and ko(n) and the matrices K and L, which were
defined in previous sections, we have

(1) E» #0,
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n+3
@ pe ( —s
(3) detK #0,
(4) detL 0.

Proof. First, we show that E # 0. It is known that

(A-1) Er=01+2)01 (01 +n=3)(01+n—1)—pn—5—a)(n—-3—-a)2+a)a.

s Pe(n — 1)) = pko(n —1) = ko(n),

For convenience, we use n instead of n — 1 and v (n) instead of V;(n — 1); i.e., we
study the term

(A-2) Er =W +2)01(01+n—=2)(1+n)—pn—4—a)(n—2—-a)2+a)a.

Let f() =p(n—4—a)(n —2 —a)(2 + a)a. Through a simple computation, we
get f(a) and its derivative f'(a):

f@)=a*+(12=2n)a>+(n*>—18n+52)a* + (6n> —52n+96)a+8(n —2) (n —4),
and
(o) = 40 + (36 — 6n)a® + (2n* — 36n + 104)a + (6n% — 52n + 96).

We compute the roots of f’(«) to find its zero points: %(n —6++/n%2+4) and
3(n—6). Itis easy to see that f () is strictly increasing for & € (0, 3(n — 6)) and
decreasing for o € (%(n—6), %(n—6+\/ n?+ 4)). Weknowa=4/(p—1) < %(n—4)
and %(n —4)e (% (n—6), %(n —6++/n%+ 4)). As a consequence, we can conclude

fe) < f(5(n—6) = laf—zn+4fmaupe<”+jd%m9

Let g(x) =x(x +2)(x +n)(x +n—2) = x* +2nx3+ (n> +2n —4) x>+ (2n* —4n)x.
We compute its derivative, g’(x) = 4x> + 6nx? + (2n> + 4n — 8)x + (2n*> — 4n),
and find g’(x) > 0 for x > 0 when n > 5. On the other hand, using 4,/N3 > N for
pe(n+4)/(n—4), p.(n)), we find

U > 2(V2(m2 —4n+8) — (n — 4)).
Therefore,
(A-3) g() = g(3(V2(2—4n+8) — (n—4)))
= 96—40n+11n> = 1n3 4 Ln* 4 V224 —dn+n®)V/8 —dn+n?.

Comparing %n“ — %nz + 1 and the right-hand side of (A-3), by direct computation,
we can get

s (V22 —4n+8) — (n—4))) > £n*—In* +1 forn € (0, ).
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As aresult, g(v;) > f(a). Hence, E; is nonzero.
Next, we prove pko(n—1) > ko(n) for p € (n+3)/(n—5), p.(n—1)). According
to the definition of ky(n), it is enough for us to show

(A-4) pn—5—a)n—-3—-a)>mn—-4—a)(n—-2—a).

Using the relation p =4/« + 1, it is equivalent to show (after computation)
(A-5) 60> + (39 — 10n)a + 4n* — 32n + 60 > 0.

It is known that (A-5) holds provided

a>+(10n—39+v4n2 — 12n+81) or o <-5(10n—39—+/4n2—12n+381).

On the other hand, since p € (n+3)/(n—35), p.(n—1)), we have o < %(n —5. 1t
is easy to show %(n -5 < 11—2(1071 —39—4n?2 —12n+ 81) when n > 5. Hence,
(A-5) holds. Therefore (A-4) holds.

Then, to show K is invertible, it is enough for us to show B # 0 or A # 0. Recall

B=(2n*—12n—6)f+8B> = (2(n—3)>—24)8 +88°.

It is known that 2(n — 3)> — 24 < 0 only when n = 6. Since 8 > 0, we have B # 0
when n > 7. When n = 6, we find

A=p*—Fp - B (1 -)B3-a0)2+a)d+a), B=-—-68+8p".

If B # 0 for n = 6, we have that K is invertible, while if B = 0 for n = 6, then
A=-21-(1-a)B—a)24+a)d+a) <0fora e (O, %) and K is also invertible.
Therefore, we have proved the third conclusion.

Finally, we show the matrix L is invertible. Recall that L is given by

I+ 1 I, —Dsint I
BL+qi1; qi1; —BDcost g4l

A-6 L =
(A0 ool sk |
Boowl Bl
where
o) —1 log —1
I|=C —sint—{—Mcosr , ILb=C —cosr—Msinr ,
o 4 o 4

Vv ~
= EIBP,LL*@UI—’_(H_S)/Zkavl_g)/a, I,=B,.

15 =19, Ig=—B*I] = BL; + @213,
I=—B1+38°1 + 281, +q31;, I3 =p>Dsint+pDcosr,
I;=B°Dcost —3p>Dsint — 28D cos t.
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Using simple linear transformations, we see that

I+ I I, —Dsint I I I, —Dsint I
BL+qi1; g1l —BDcost gl _ BL,  qil, —BDcost q4l;
Iy @y Iy gsly Ig—qply @2l Iy gslg
L gy 1y gels L—qgly g3l 1y gels
I{ —Dsint I} I I{ —Dsint I, —I
N Bl —BDcost qil; q4l; N Bl —BDcost qil; —qal;
I{ — g1, Ig a1, gsl; 0 0 I, I, |
I —q31 Iy g3y gels 0 0 Ii, I,
where
Iy =q2B,+q1B,+ BB, 1]} = gs03+qat3 + 203,

Il =q3B,+B°q1B, —3B°B, —2q1 By, I{3 = qe93+ B a3 — 303 —2q4D3.

Here we use the first column minus 75/, times the second column in the first step,
change the places of the second and third columns in the second step, and in the end,
add the second row and f times the first row to the third row and add —3 82 times the
first row and % — 2 times the second row to the fourth row. On the other hand, since

I{ —Dsint
det[ﬁlz’ —ﬁDcosr} 70,

to show that L is invertible, it is enough for us to prove that the 2 x 2 matrix

(A7) [ @ +q1+ B> qs+qa+ B> }

@+ B%q1 —3B8°—2q1 g6+ B%qs—3B*>—2qa

is invertible. It follows from the definitions of ¢; (i =1, 2, 3,4, 5, 6) and 8 that
@2 +q1+ B =qs+qs+ 2 #0. Let

x1=q3+B2q1 =382 —2q1, x>=qe+B°qs—3B* —2qu.
Then
X1— X2 =g3—q6—(q1—q4) 2—B?)
= (01— 02) ((D14+02)* =1 D2+5 Bn—21) (91 +72) + 3 (30 ~42n+135)+ %)
= (U1 —12) (§ ("> = 10n+25)— 9+ %),

where we are using the fact that v + v, = —(n—5). It is known (from Section 2) that

n2—10n+25 N +4N;
4 4(p —1)2

Vv =
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and B2 = (44/N3 — N>)/(4(p —1)?), where N, and N3 (with the dimension n being
replaced by n — 1) are defined in Section 2. Therefore,
-~ 2JN3
X1—x2=(1 —v)——— #0.
(p—1?
Hence, (A-7) is invertible. U
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