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SMOOTH APPROXIMATION OF CONIC KAHLER METRIC
WITH LOWER RICCI CURVATURE BOUND

LIANGMING SHEN

We apply methods in a paper of Tian (Comm. Pure Appl. Math. 68:7 (2015),
1085-1156) to prove that a conic Kihler metric with lower Ricci curvature
bound can be approximated by smooth Kéhler metrics with the same lower
Ricci curvature bound. Furthermore, conic singularities here can be along
a simple normal crossing divisor.

1. Introduction

Recently, very important progress has been made on Kihler-Einstein metrics on
Fano manifolds (see [Tian 2015; Chen et al. 2015a; 2015b; 2015¢]). The main
tool is an extension of Cheeger—Colding—Tian theory [Cheeger et al. 2002] to
conic Kihler—Einstein metrics. This extension allows one to establish a partial
C%-estimate, which has long been known to be crucial in proving the existence of
Kihler-Einstein metrics. To extend Cheeger—Colding—Tian theory from the smooth
case to the conic case, Tian [2015] proved a sharp approximation theorem: any
conic Kdhler—Einstein metric can be approximated by smooth Kihler metrics with
the same lower Ricci curvature bound in the Cheeger—Gromov sense.

The main idea for proving this sharp approximation came from [Tian 2000], which
gives a method of proving the equivalence of the C°-estimate and the properness
of the Lagrangian of the corresponding complex Monge—Ampere equation. Let’s
describe this in more detail. First, we can define the so-called twisted Ding energy
Fy,(p) and the twisted Mabuchi energy v, (@) as in [Li and Sun 2014]; they are
Lagrangians of the corresponding complex Monge—Ampere equation for the conic
Kéhler—FEinstein metric. Then we can prove these two energies are both proper
with respect to the functional J, (¢). After that, we perturb this singular complex
Monge—Ampere equation, and prove that the corresponding energies are also proper
after such a perturbation. Then, we make use of the C°-estimate in [Tian 2012]
to get a new C?-estimate for the perturbed complex Monge—Ampeére equation.
Finally, according to the compactness theorem, we can prove that the perturbed
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Kihler metrics converge to the original conic Kéhler—Einstein metric in the Cheeger—
Gromov sense, and converge smoothly in the C°° sense outside the divisor.

Now a more general problem is to understand the structures of Kdhler manifolds
with lower Ricci curvature bound. A natural question is whether we can also
approximate an arbitrary conic Kihler metric by smooth Kéhler metrics with the
same lower Ricci curvature bound. We observe that the method in [Tian 2015]
applies if we can get suitable complex Monge—Ampere equations and define suitable
energies for them. Moreover, instead of multiple anticanonical divisors as in the
original proof, we can generalize our result to simple normal crossing divisors. A
divisor D is called a simple normal crossing divisor if it can be written as

m
D=) D,

i=1
where each D; is an irreducible divisor, and they cross only in a transversal way.
Each point p € D lies in the intersection of k divisors, say Dy, ..., Dy, and in
the local coordinate neighborhood U we can write D; = {z; = 0}. Assume that
our conic Kihler metric w on the Kédhler manifold M takes an angle 27 8; along
each D;, where 0 < 8; < 1. Then near the point p € D which lies in the intersection
of all D;, the metric w is asymptotically equivalent to the model conic metric

dzi NdZ;
wo,p:\/—l(zu 2= Z dz,/\dz,)
i=k+1

We say a smooth Kihler metric wg on M has a lower Ricci curvature bound p if
there exists a nonnegative (1, 1)-form ¢ such that

(1-1) Ricwg = pwg + QL.

And we say our conic Kéhler metric w has a lower Ricci curvature bound p if there
exists a nonnegative (1, 1)-form €2 such that

k
(1-2) Ricw = pw + Y 2(1—B)[Di] + Q
i=1
(we may assume that 2 # 0; otherwise we come back to the conic Kéihler—Einstein
case). This equation is in the sense of currents on M and in the classic sense outside
the singular part D. Considering these equations and applying Tian’s methods for
conic Kéhler-Einstein metrics, we can prove our main theorem.

Theorem 1.1. For a Kihler manifold (M, D), where D is a simple normal crossing
divisor, assume that we have a smooth background Kdhler metric wo and a conic
Kdiihler metric w = wg + v/ —100¢ with cone angle 2xf; (0 < B; < 1,1 <i <m)
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along each irreducible component D; of D and that ¢ is a smooth real function
on M \ D. If the conic Kdhler metric w has a lower Ricci curvature bound |,
or w is a conic Kahler—Einstein metric with Ricci curvature constant | and an
extra condition that M does not have holomorphic fields, then for any § > 0, there
exists a smooth Kdhler metric wg with the same lower Ricci curvature bound |1
which converges to w in the Gromov—Hausdorf{f topology on M and in the smooth
topology outside D as § tends to 0.

Note that here we can deal with all the cases for ;. However, by work of Aubin
and Yau, the cases u < 0 and u = 0 are easy to handle. The difficulty will be
when p > 0, i.e., the Fano case. In the following section, we set up the complex
Monge-Ampere equation and perturb it, and derive a C°-estimate for nonpositive /.
We deal with the case © > 0 in the remaining parts of this paper.

2. Basic setup and the case u < 0

First, comparing equations (1-1) and (1-2), we have

m
- n -
v—199log % = —pe+Qo—Q =) (1—B)(R(|- 1) + v—T18dlog|| Si 7).
0

i=1

where @ = wg + v/—1 8(‘_)(,0 is the conic Kéhler metric. As each D; is an irreducible
positive divisor, we set .S; as its defining holomorphic section, with (| - ||;) as the
Hermitian product on the associated line bundle [D;], and the curvature of this
bundle is defined as R(|| - ||;) := —+/—130log| - 7. Then we get the equation
above just from the Poincaré—Lelong equation

27[D] = v/—18dlog|S|? = /=189 10g||S||> + R(| - ||).

Noting that the left-hand sides of (1-1) and (1-2) both lie in the cohomology class
¢1 (M), we deduce that

m
(2-1) Qo—Q—) (1-B)R(|- ;) = v/~130ho.
i=1
where /1 is a smooth function on M, and we note that ﬁR(H - |l;) represents
¢1(Dj). Then we get our complex Monge—Ampere equation:
(2-2) (CUO + ,/_135¢)” — ehO_.U«(P_szzl(l_Bi)lOg”Si ""2+ng’

where the constant ¢ is chosen so that

/ (Mo~ T =B 0glSiF+e _ 1) m —
M



458 LIANGMING SHEN

As in [Tian 2015], we can choose such an approximation equation:
(2-3) (wo + V—13dp)" = et e,
where

m
hs =ho—Y (1= i) log(8 + [|Si[I}) + cs

i=1

and the constant cg is chosen such that

/ (Mo I =P oG+ P Hes _ 1) — .
M

Here c; is uniformly bounded. If we have a solution ¢s for (2-3), then we get a
smooth Kiahler metric wg = wg + ~/—109d¢gs with Ricci curvature given by
Ric wg = Ricwgy + ,u«/—laé_kpg —/—100h;

m
= wo+Qo+uV—190ps—v—=130ho+ Y _(1—B;)v/~100log(8+Si[})

i=1

=lpws+ Q2

m 2 n o
1S 1l - »  O0DS;ADS;
+ (1—ﬂ-)(R(||-||~>+—’¢—1aalog||s~||-+—
,.; ’ U] Si? RN TS

N _

8DS; A DS;

— s+ 2+ 3 (1= R + 2o,

; R N R T 5

Note that ||.S; ||12«/—_185 log|S; |12 =|S; ”12 -27[D;] = 0. We can see that if we have
a solution ¢g for small § > 0, the Ricci curvature of wg is always greater than p.

By the computation above, we have a corollary which asserts the openness of
the solvable set for the continuity path below.

Lemma 2.1. Consider the continuity path of (2-3),

(2-4) (wo + V—13dg)" = ehﬁ_"pa)g,

which corresponds to the equation

(2-5)  Ricw, := Ric(wy + v—1309) = tw; + (1t — t)wo + Q2 — ~/—10hs,
and set the interval Ig as its solvable interval. Then 0 € Ig and this interval is open.

Proof. That 0 € I follows from the Calabi—Yau theorem. By the computation
above and [Tian 2015], it’s easy to see that A;(—A/) is strictly larger than z. Then
the openness of /g follows. O
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So now, to solve (2-3), we need to set up a C°-estimate for 5. We first consider
the cases © = 0 and u < 0. Actually, by the Calabi—Yau theorem and Aubin’s work
(see [Yau 1978]), we can get C 0_estimates for these cases. The main difficulty lies
in the case u > 0, which we will deal with in the following sections.

3. Twisted functionals for complex Monge—~Ampere equations,
bounded from below

Following [Berman 2013; Ding and Tian 1992; Jeffres et al. 2016; Tian 2000;
Li and Sun 2014], we can still define corresponding functionals for our complex
Monge—Ampere equation (2-2). First, we define generalized energy functionals.

Definition 3.1. We have

n—
€)) on(w):%Zl_l_l/«/ 8<p/\8(p/\wo/\w —i=l
i=0

@) loy@) = [ p@i—0p),

where V = [}, wf and o, = wo + V—=180¢.

Note that these functionals are well defined even in the conic case. It’s easy to

check that

0< wao(w) < I (@) < (1 + 1) Ty ().

Next let’s define two functionals which are both Lagrangians of (2-2). For simplicity
here we set

m
Ho =ho—Y_(1—p)log||Sill} +c.

i=1
and we can choose a family ¢; connecting 0 and ¢.

Definition 3.2. (1) We define the twisted Ding functional as

1 1 1 Ho—
BN Fop) = don0) =, [ o= Liog( [ etrneag).

(2) We define the twisted Mabuchi functional as

1 m
Vao.u(9) =_%/ / ¢(Ricw¢_“ww—22ﬂ(1 —ﬁi)[Di]—Q) Aol dt
i=1

=1 / log —‘pw . /MHo(wg — ) = 11Ty (9) — Ty (@)

_ 0 1
— [ ox 2o [ Howl - o)+ u(Fo@)+ 4 [ o)
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where
1
F,(0) = Jun(@) ~ 3 [ g0,
M

These definitions are similar to the smooth case [Tian 2012] and the conic Kihler—
Einstein case [Li and Sun 2014]. We can check that they are well defined for the
conic case. From those papers, we know that to get a C°-estimate for ¢z, we need
to prove the corresponding twisted Ding functional is proper with respect to the
generalized energy Jy,,(¢). Now let’s recall the definition of properness.

Definition 3.3. Suppose the twisted Ding functional F,, ,(¢) (twisted Mabuchi
functional v, 4 (¢)) is bounded from below, i.e., F 4 (¢) = —Co (Vo u(@) = —Cw).
We say it is proper on P.(M, w) if there is an increasing function f :[—cy, 00) = R,
and lim; oo f(t) = 00, such that for any ¢ € P.(M, ),

Fou@) = f(Jo(@) (oul@)= f(Julp))),

where ¢ € Pc(M, ) is a bounded function which is smooth on M \ D, and such
that wy, = w + ~/—100¢ is a conic metric with the prescribed angles along each
component of D.

There are a lot of properties for these functionals, which are parallel to those in
[Tian 2012; Li 2012; Li and Sun 2014]. We just put two basic facts here; the proofs
are in [Tian 2012; Li and Sun 2014].

Proposition 3.4. (1) Given a path {¢;} in P.(M, w), we have
d 1 .
EJ‘”(%) =7 /M Gr(wy, — "),
d o 1 .
EFw(q)t) =7V /M §0th-
(2) Fo,u(p), F (g () and vy 4, (@) satisfy the cocycle condition:

Fw,u((/)) + Fww,u(w —@) = Fw,u(‘ﬂ),
Folp) + Fo, (¥ —¢) = Fa(¥).
Vw,u((p) + Vaw,u(‘ﬂ —@)= Vw,u(¢)~

In (2), the last two equations follow directly from differentiation. For Fy,, ;.. we
need to choose a corresponding function /4, parallel to /¢ in (2-1). Whenever w,,
is smooth or conic along D, we can write Ricwy, = pwy + Q4 or Ricw, =
Uwe + Z{F:l 2m(1—=Bi)[Di]+ 24, where 2, is not necessarily nonnegative. Then
all the arguments in the smooth case will apply.

From (1) we have a useful corollary from W. Ding [1988].
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Corollary 3.5. For 0 <t < 1, we have
Jo(te) <t/ ], (g).

Proof. Consider the path {f¢}o<;<1. Then we have

Glattr) == [ oo —om = 2 2 T,
Integrate this inequality, and then the corollary follows. O

Now we discuss some relations among these functionals and their behaviors
under different background metrics. First we have a lemma on the generalized
energy Jy; see [Li and Sun 2014] for its proof.

Lemma 3.6. Suppose w, = wy + \/—18590. Then for any ¢ € P.(M,w1) N
P.(M, w,), we have

|Jw1 ((,0) - sz((ﬂ)| = C(a)lva)-

From this lemma and the cocycle property of F, 4 (¢) and vy, 4 (¢), we observe
that the properties of boundedness from below and properness are independent of
the choice of metrics in the same Kihler class.

Next we want to know the relation between Fy, ;, (¢) and vy, 4 (¢). We want to
prove that these two properties of the two functionals are actually equivalent. These
are similar to the proofs by Berman [2013] and Li and Sun [2014], and we use the
proof in [Li 2012].

Lemma 3.7. (1) There exists a constant C > 0 such that

Vw,u(w) z //LFa),u,(<P) —C.

(2) Suppose Y solves a)l”p = eHo=1® py the Calabi-Yau theorem. Then we have

1
MFw,M((P) + v /MHOwn > Vw,,u(W)-

In particular, by (1) and (2) we know that F, ;, being bounded from below is
equivalent to v,y being bounded from below.

(3) In the case that v ; (@) = C1Ju(@) — Ca, where Ci, Cy > 0, there exist
constants ¢, C' > 0 such that

Fw,u(‘p) > cvw,u((P) —C'.



462 LIANGMING SHEN

Proof. (1) We modify the expression of the twisted Mabuchi functional in the
definition:

1 @y 1
o) = [ oe 2w+ [ ot~ n(ES 44, [ vot)

n
=uFpulp)+ < /Hoa) —i——/ log —(p Wy

1 Ho— n
-7 | (Ho—po)og +10g(—/ eHo1ey, )
4 /M 4 V Iy
= uFy u(p)+ 1 Hyo" + log 1 e Ho—po—log(wy/w™) n
’ V Im V Im @
1 wg

Then (1) follows from the concavity of the logarithm.

(2) Still making use of the definition and the cocycle property, we have
Vo (V) = 1 lo %a}” —I—l Hy(o" —o” )+ FO(W)—FL Yol
[ =V v 24 o v Ty " 0 w) TH| Ly V |y v

— [ t-por iy [ oo —oln(FSw+ 5 [ vay)

= %/MHow”+M(F3(¢)—F£w(¢—1/f)+%/M(t/f—so)w;’,)

1 n 1 Hy— ny_ _
-} el o) o)

Then (2) follows from efo=1¢ " = a)f}, and Jo, (¢ —¥) = 0.

(3) From the assumption, we have a small § > 0 such that v, ;4 §(¢) = Ve pu(®)—
8(1 — J)w(¢) is bounded from below, and so is F, , 4s(¢) by (2). Then

— POy B L (L[ oA e
Fuuo) = F3@0) - Loiog( 4 [ v

6
o o) ()

> Jul) =152 (’15 )—C’

>(1— L% el
= (1= (35 ) ot

where the last inequality follows from Corollary 3.5. O
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To prove the properness of the functionals in the case of the existence of the
conic metric @ = wy,, we need to verify that they are bounded from above.

Theorem 3.8. If the singular Monge—Ampere equation (2-2) has a solution ¢, i.e.,
there exists a conic Kéhler metric wy = wq + V-1 85(0 satisfying (1-1), then ¢
attains the minimum of the functional F, ,, on the space P.(M, wy). In particular
Foo,u is bounded from above.

Proof. A parallel result is proved in [Li and Sun 2014], but we’d like to extend
Ding and Tian’s proof [Ding and Tian 1992; Tian 2000] to our conic case. Let’s
consider the continuity path of the complex Monge—Ampere equation

(3-2) (w0 + vV=130¢;)" = eHo™101 .

We know that when ¢ =  this equation is solvable. By [Brendle 2013], we know that
it is also solvable when ¢ = 0. When 0 < ¢ < u, by the implicit function theorem, we
need to consider whether the linearized operator of (3-2), A; + ¢, is invertible. We
know that in the smooth case, by Bochner’s formula, as Ric w; > twy, it is invertible
and we can prove the openness of the solvable set for 7. However, in the conic
case, [Jeffres et al. 2016] gives a parallel result. By their argument, we have A; as
the Friedrichs extension of the Laplacian associated to w; = wg + v/—1 35(/), and
A1(—=Ay) > t, so the openness is true. We can set {¢;} as a continuous family of
solutions of (3-2), and then we can do computations as [Tian 2000] in a weak sense.
First, taking the derivative of (3-2) with respect to ¢, we have

At@r = —@t — 1 ¢y,

where A; is in a weak sense as in [Jeffres et al. 2016]. As for all ¢, we have
Jar €071t = V, and taking the derivative with respect to ¢ we get

/ (pr + t(/it)eH"_t‘p’a)g =0.
M
Making use of the formulas in the beginning of this section, we have

L Ty @)~ T @0))

1 . 1 . 1 .
=7 /M ¢t (wg — wf) — v /M Pt A1 grof — v /M ¢t (wy — o)

1 .
:7/ @i (@r + tgr) 0}
M
__i l Ho—ty: .n i « Hy—to: n
a dl(V /the X )ty Fasle “o

__iL/ wn_L/ "
~Tal\v [, ) T ), e
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From this, we have

(39 40Uy (00 = Jon(00) = (on(o0) o) == [ wrot).

and integrating this from 0 to 7, we have

t
(o9 = a0 = [ a0 = Sl ds = [ g1t

By the definition, it’s just

t
34 = [ Uy~ donto ds =t (dunton = [ 0i0t) =188, 0.

As we have [, eH0"#9ol =V we can derive that Fo,,.(¢) < 0.
Now we choose ¢ such that w, = g + ~/—1090¢ is a smooth Kihler metric.
Then we have

Ricwy = pwy + 24,
where €2, is not necessarily nonnegative. Comparing it with (1-1), we have
(a)(p + ~/—100(¢ — g0))” — oho—nlp—0)—YiL, (1-Bi) logllS; ||,-2+wa$’
where we take
_ m
V=100hy = Q==Y (1= B)(R(|-Il1).
i=1

Then all the arguments are parallel and we have Fy,, (¢ —¢) < 0. Now let’s
consider the case when w,, is conic along D. Here we have the equation

k
Ricwy = pwy + 2277(1 — B[Di] + Q.

i=1

Comparing it with (1-1), we have
(0 + V=103(p — )" = eloTHETO o gp,

where we have v/—100h, = Q, — Q. In this case, all the arguments are similar
to those in the smooth case and we get the same conclusion. Now by the cocycle
condition, we have

Foou(@) = Fwo,u(‘/’)_Fww,u(ﬁl’_(ﬂ) > Foou(@). U
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4. log a-invariant and properness of twisted energies

We want to prove the properness of the twisted Ding energy. First we introduce
the log a-invariant, and then see how to use this invariant to prove the properness
of the twisted Mabuchi energy in the case that p is small. Then we make use of
concavity of energies to prove the properness of energies in the general case.
Recall that the a-invariant in the smooth case was introduced by Tian [1987]. In
[Berman 2013; Jeffres et al. 2016] this invariant is generalized to conic case. We
introduce the so-called log «-invariant here, following [Li and Sun 2014].

Definition 4.1. Fix a smooth volume form vol. For any Kihler class [w], we define
the log a-invariant by
a(w, D) = sup{oe > (0 :3C, < oo such that

vol

1/ o (sup p—@)
= e < Cy for any pe P.(M, w) ;.
Viu [Tyl 20=A0 = ‘

Berman [2013] has an estimate for the positive lower bound of the log «-invariant
in the conic case; i.e., there exists a positive number ¢ such that ¢ (w, D) > «g > 0.
Using this estimate, we can prove that the twisted Mabuchi energy is proper when p
is small enough.

Theorem 4.2. Suppose

a(w, D) > ag > nn?p, > 0.
Then we have

Vwo,u((p) = 6Ja)() (90) - C’
where €, C are constants depending on «y, [A.

Proof. Following [Jeffres et al. 2016; Li and Sun 2014; Tian 2000] and making use
of the logarithm property, for U <a <oy we have

n
n+1
H() n
1 a(sup p—¢) %
> —_—
log Cy _log(V /Me TS |2 =0

> log (% /M @ up o) —lox (174 1S; IZ“-Bf’wz)/ngHowﬁ)
1 | |Si|2(1_ﬂi)wg o
> H _ n el _ n
27 /M( 0 o w0y + 37 /M(supw Plwg
m 2(1=Bi) o)1
> = Hy— 1 .
ol V/M( 0 Cl)g a)(p +o a)o(@)
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By the definition of twisted Mabuchi energy, we have
1
Vao,u(p) = — | log —w + — [ Ho(wg —0g) — 1Ly (9) — Juwy (#))
V Im M

2bﬂh+7[?%@Hﬂ%ﬂ@—M%JW—hJ@)

n
= (04— m#)[wo(q’)—c
1
z(%;ﬂ—u)MJ@—c. o

Given the equivalence of the properness of the twisted Ding energy and the
Mabuchi energy, we have an easy corollary.

Corollary 4.3. When a(w, D) > oy > ? u >0, we have

Foou(®) = €Jw,(9) —C,
where €, C are constants depending on o, [L.

Until now we only had the properness when u is small enough. For the general
case, we need to apply the continuity method and the concavity property of the
energy which is shown below to increase p. Here is a lemma which allows us to
increase (; see also [Li and Sun 2014].

Lemma 4.4. Suppose 0 < g < b1, and write u = (1—t) o +tpu1, where 0 <t < 1.
We have

1 wg,u(9) = (1 =1) 100 Fuog,u (@) + 111 Foog,u (@)
Proof. The inequality follows from the convexity of exponential functions. O

Now we can prove our main theorem in this section; similar results also appear
in [Li and Sun 2014; Tian 2015].

Theorem 4.5. Fort € (0, u] and any ¢ € P.(M, wq) there exist constants €, C¢
such that

4-1) F(oo,t((/’) GJa)o(SD) Ce.

Proof. We apply the continuity path similar to [Jeffres et al. 2016], i.e., (3-2). In our
case, we may assume that 2 # 0. Then by that paper, we have that A;(—A;) > ¢
for all ¢ € (0, ], which allows us to prove the openness at # = . So now when
i = pn + 8, where § is very small, we have a solution ¢ for (3-2), where u is
replaced by ji. By Theorem 3.8, Fy,, ;;(¢) is bounded from below. Since we have
the corollary above, which asserts that when ¢ > 0 is very small Fy, ;(¢) is proper,
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by the lemma above, we know that for all ¢ € (0, ] the twisted Ding energy is
proper, i.e.,

(4'2) Fa)(),t (90) > GJCU() (90) - Cé- O

5. C¥-estimate for approximating solution: the case u > 0

Recall that in Section 2 we set up the approximating complex Monge—Ampere
equation (2-3), which is expected to give us a smooth approximation of the conic
Kihler metric @ = wg + v/—1 85<p. We also proved a C°-estimate for ¢5 when
@ < 0. In this section, we want to make use of the properness of corresponding
Lagrangians to prove the C%-estimate when y1 > 0. The first step is to prove the
properness of the new approximating twisted Ding energy, which can be deduced
from Section 4.

Lemma 5.1. Fort € (0, ] we introduce the new approximating twisted Ding energy

1 1 1 _
(5-1) Fs,t(¢)=on(<0)—7/ <pw6'—;10g(7/ ehs “"w(')’),
M M

which is the Lagrangian of the approximating complex Monge—Ampére equation
(2-4) in the continuity path. Then we have

Fs1(9) = €Juy (9) = C(e,8,1).

Proof. At the end of Section 4, we proved that

Fwo,t((/)) = EJa)O((P) - CG-

Note that
m
hs =ho—Y _(1—Bi)log(8 + || Sill7) + cs
i=1
m
<ho—Y _(1—Bi)log||Sil} + cs
i=1
= Hy—c +cs.
We have
c—cs
Fé’,t(‘/)) 2 Fw(),t (§0) + ¢ ’
and the lemma follows very easily. O

Now we will follow [Tian 2000] to finish the C°-estimate for @s. Similar to
(3-4), we have

t
1
= [ on(0s. = Jon(ossn ds = t(tgsr= 5 [ gs.0) =152, 5.0,
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where @5 ; solves (2-4). By this equation, we can estimate

1 -
FB,/L(‘PS,t) = F(go ((pgg’t) —log(V/ eha l’«(ﬂa,twg)
M

=< —log(% /M eha—twa.t—(u—t)wa,twg)
1 —(—
=—log(7 /Me (m t)(pé.ta)g,t)

u—t 1
< TV M(pa’,a)g”t.

To finish the estimate, we need a useful lemma.
Lemma 5.2. [|¢s /[l co = C(1 + Joy, (@5,1))-

Proof. First we note that Ric ws ; > 7, and the volume is preserved. Then we have
uniform Sobolev and Poincaré constants when ¢ doesn’t tend to 0. We observe that
n+ Aogps, > 0; then we get

0 <supgs; < %/ @51y +C
M

by Green’s formula. On the other hand, we have n — As ;@5 ; > 0; by Moser’s
iteration, we have

. C
—infgs,; < _7/ gs.105,+C.
M
By the normalization condition, when ¢s ; changes sign, we have

l@s.illco <supes,—infos ; < C(1 4 Loy (@s,s)) < C(1+ Joy(@s,)). O

In the proof we have

0 < —infgs, < —% /M 5,105, +C;

then we have

1
v /M 5105, = C,

which gives Fs ,(¢s;) < C. Combining the two lemmas above, we have the
C-estimate for @5 and get the following result.

Theorem 5.3. For each § > 0, the approximating complex Monge-Ampére equa-
tion (2-3) has a unique smooth solution ¢g, which gives us a smooth Kiihler metric
ws = wo + v/ —100ps such that Ric wg > pws.
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6. Convergence when § tends to 0

In Section 5 we proved a C ®-estimate for ¢5. We also noted that in the approximating
complex Monge—Ampere equation (2-3), the constant cg is uniformly bounded.
Then the constant C(¢, §,¢) in Lemma 5.1 is uniform with respect to §. According
to this observation, we conclude that our C°-estimate for g is uniform with respect
to 8, i.e., sup|ps| < Co. Based on this, we can give a C?-estimate for @5 by the
generalized Schwarz lemma first.

Lemma 6.1. We have

< g < Crwg
TS S+ 1SR

(6-1) Ciwo

Proof. First we have sup|ps| < Cp and Ric wg > pwgs. Take A as the Laplacian
for ws and take a normal coordinate around a point p for ws, i.e., gi7(p) = dij,
dgi7(p) = 0. We may also take go;7(p) = g0i7dij, i.e., diagonal for wy. Then
Atryg wo = gﬁ(gklgokj)ﬁ
(&) irgorr + &7 g (g )i

= g”R”kk(g)gokk g”gkkR kk(gO) + g” Kk ”(gokl) (golk)l

= Rkkgok]; - g kkR”kk(gO) + g” K ”(gokl) (golk)l

> g g R 2 (30) + 8 6" g (g i (801

and the last inequality follows from Ric wg > pws. Now we have

Atry, o V try,, wol?
Alogtry wo = @s 0—| @ 0

e @0 |tres wo|?
_ (tr 00)gl "k ¢! (g, Di(goi)7 — 27" * ¢ (g0 0)i (g7
N |tra)5 C()()|2
. g kkR”kk(gO)
treys wo

Z —alrys wo,

where the bisectional curvature of wy is less than a and the last inequality follows
from gf)’ treps wo > g''. As we have sup|ps| < Co, we take u = log tr, wo—(a+1)@s.
Then we will have

Au > trgs wo—n(a+1) = @) _ a4 1),
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By the maximal principle # < C(a), and we then get tr,,; wo < C’, which will give
us that Cyw¢ < wg. For the other side, making use of the complex Monge—Ampere
equation (2-3) and the inequality we obtained, we can easily deduce that

w5 < Crwg
TS S+ IS A—AD

From this lemma, by the C 3_estimate in [Yau 1978] (or see [Tian 2000]) and
regularity theory we can prove that for any / > 2 and compact set K € M \ D, there
exists a uniform constant C(/, K) such that we have a high order estimate locally:

O

(6-2) losll = C(L. K).

As we have all the estimates we need, we can prove the main theorem below,
following [Tian 2015].

Theorem 6.2. As § tends to 0, the smooth Kdihler metric wg converges to the conic
Kdhler metric w in the Gromov—Hausdorff topology on M and in the smooth
topology outside the divisor D.

Proof. We first consider the case that D is an irreducible divisor. As we have
high order estimates (6-1) and (6-2) outside the divisor D, it suffices to prove wg
converges to @ in the Gromov—Hausdorff topology. For all wg we have Ric wg > u,
Vol(M, wg) = V; to apply the compactness theorem of Cheeger—Gromov (e.g., see
Chapter 10 in [Petersen 2006]), we only need to bound the diameter for all wg. In
the case that ;> 0 we can get it directly by Meyer’s theorem. However, as we have
the estimate (6-1), it’s easy to control the length of arbitrary geodesics outside the
divisor. And in the neighborhood of some irreducible divisor, say D, we make use
of local coordinates and set » = |z;|, where {z; = 0} locally defines the divisor D.
Now we know that ||.S'|| here is almost r near the divisor and we consider the length
of a short geodesic y transverse to D such that

B

ro dr o dr Cr
L(y,a)(g)%C/ —I_ﬁEC/ Sy
0 ($+r2) 2 o B

Along the geodesics almost tangential to D we almost have dz; = 0 so in all cases
the diameter with respect to wg is uniformly bounded. Now by the compactness
theorem, without loss of generality, (M, ws) converges to a length space (M, d)
in the Gromov—Hausdorff topology. To prove the theorem we need to prove that
(M, d) coincides with (M, w). As we have high order estimate (6-2) outside the
divisor D, there exists an open set U in M which is equivalent to M \ D, and the
equivalence i : M \ D — U induces an isometry between M \ D, w|ps\ p and

(U,d). Now we note that M \ D is geodesically convex with respect to w, i.e.,
given any two points p,q € M \ D, there exists a minimal geodesic y C M \ D
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joining them. Actually we only need to consider the case when p, g are in the
small neighborhood of 0 € D. In this case we know that the metric  is almost the
standard conic metric around a point 0 € D, which behaves like

le/\dzl " _
Wo,c = V-l(lZIPTﬂ) +§d2i /\dZ,‘ .
=

Now we assume that |z1(p)| = |z1(q¢)| = € and |z; (p)|, |zi(¢)| ~ €, where € > 0
is small enough and 2 > i > n. First we choose the segment connecting p and ¢
across the point o € D. By the estimate above we know that

B
d(p,0)+d(o,q) ~ 2%

On the other hand we choose a segment ' whose projection on the z; coordinate is
almost a geodesic in the cone with angle §; by standard computation we know that
N A~ . ,3 Eﬂ
L(y") ~ Ce+2sin 2B

As € is small and B < 1, we conclude that the geodesic connecting p and g doesn’t
cross the point 0 € D. In the general case we only need to choose p’, ¢’ as in the
case above to replace p, ¢ and connect p, p’ and ¢, ¢’ respectively. Then the rest
of the argument follows.

As M \ D is geodesically convex, by the C2-estimate in (6-1), we can estimate
as above to show that for each point o € D, a radical short line connecting o and a
point outside the divisor is always rectifiable and absolutely continuous with respect
to local coordinates; thus we can see that M is the metric completion of M \ D.
Moreover, the equivalence i extends to a Lipschitz map from (M, w) onto (M, d )
(we still denote this map by 7) and the Lipschitz constant is 1. What remains to do
is to prove i is an isometry between (M, w) and (M, d). As (M, d) is a metric
completion of M \ D, we only need to prove that for p,g € M \ D,

do(p.q) =d(i(p).i(q)).

Observe that D = i (D) is the Gromov—Hausdorff limit of D under the convergence
of (M, wg) to (M, d), whose Hausdorff measure is 0, by the C2-estimate in (6-1).
Now we only need to prove that for any p,g € M \ D there exists a minimizing
geodesic y C M \ D joining p, §. If not, we will have

g(ﬁ»Q) < dw(p,Q),
where p =i(p), ¢ =1i(g). Then there exists a small » > 0 such that

1 Br(ﬁ,c?_) ND =g, B,(q,a_f) N D = @, where B,(-,d) is a geodesic ball
in (M,d);
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(2) d(%,7) <dy(x,y), where X = i(x) € B,(p,d) and j = i(y) € B,(q.d).
From these two we know that any minimizing geodesic y connecting X and y
intersects D. As r > 0 is small, and i is an isometry outside the divisor D, we have

B, (p,d) =i(B,(p,w)), By(q,d)=i(Br(q,w)).

Choose a small tubular neighborhood 7" of D in M whose closure is disjoint from
both B,(p,w) and B, (g, ). When the radius of such a tubular neighborhood is
small enough we can make Vol 9T arbitrarily small. Now we can choose pg, gs € M
and a neighborhood T of D with respect to wg such that as § — 0, ps, s, Ts con-
verge to p, g, i (T) in the Gromov—Hausdorff topology. By the volume convergence
theorem of Colding, limg_, o4 Vol(dTs, ws) = Vol(dT, w), so Vol(dTy, wg) can also
be arbitrarily small as § — 0. Also by convergence, when § is small enough,
B, (ps,ws), Br(qs,ws) and Ty are mutually disjoint. By (2), any minimizing
geodesic ys connecting any w € B, (ps, ws) and z € B, (g5, wg) intersects Ts. Now
we need an estimate due to Gromov:

Lemma 6.3. We have
c(u)r*" < Vol(By (g5, ws), ws) < C(L, ., n,r) Vol(3T5, wg).

where L = d(p, ).

Proof. The first inequality follows from the Ricci lower bound and Gromov’s relative
volume comparison theorem directly. For the second inequality, by Chapter 9 in
[Petersen 2006], we set A(Z, 0) as the volume density function, where 7 is the
distance from pg. We also set Ay (¢, 0) as the standard volume density function
of the space form with constant curvature k = p/(n — 1). By the argument in
[Petersen 2006] we know that the map ¢ — A(z, 6) /A (¢, 0) is nonincreasing in ¢.
In our case, we consider the geodesics from pg to z € B, (qs, ws). According to
the construction, we have r < d(pg,zr) < d(ps,z), L—r <d(ps,z) <L +r,
where z7 is the intersection point of the geodesics from pg to z and 07y, and
L ~ d(ps),qs). Along 0T, we have

AMzr) _ ME)
Me(zr) — Ak (2)
Let S € $2"~1 let C(S) denote the part where all the geodesics from pg to

z € B,(gs,ws) lie in the corresponding geodesic cone, and let #(6) be the distance
from pg to each point of d7. Then we have

Vol 3Ts > f A, 0) = f 21O, 0) dO
ATsNC(S)

A (2(8)) jan—1 N r2n—1
/A(L) 15 (0)d8>C/SA(L )L'2"1 dg,
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where L —r < L’ < L + r. Taking the integral of this inequality yields

L+r
Vol 3T > E f MLYL'*" 7V d6 dt > C(L, ., n,r) Vol(B, (g5, ws), ws).

Then the lemma follows. O

Since we know that Vol(dT}, wg) can also be arbitrarily small as § tends to 0,
the lemma above leads to a contradiction. Then 7 can extend to an isometry from
(M, w) onto (M, d), and the theorem follows when D is irreducible. In the case
that D is a simple normal crossing divisor, we observe that near the crossing point o,
the model metric can be rewritten as

dZ,/\dZ,
wo’c:\/—l(zv 2= Z dz,/\dz,)

i=m+1
d ﬂz/\d 51 n
i=1 i=m+1

For 1 <i <m, if we take w; := Zf " /Bi, we can realize the original conic metric
as a Euclidean metric under these new coordinates. To find the minimal geodesic
we then only need to project two points in the original space to each coordinate
direction; if in each direction we can find a minimal geodesic, we are done. In this
case we deduce the problem to the one irreducible divisor case. Obviously, for the
conic metric along a simple normal crossing divisor, the minimal geodesic will
always lie in the regular part. Hence in the general case the theorem still follows. [
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