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THE YAMABE PROBLEM ON NONCOMPACT CR MANIFOLDS

PAK TUNG HO AND SEONGTAG KiM

Let (M, 0) be a noncompact complete strictly pseudoconvex CR manifold of
real dimension 27 + 1 > 3 with positive Webster scalar curvature. We show
that there exists a conformal contact form 6 = u2/"¢ with positive constant
Webster scalar curvature if the CR-Yamabe invariant Y(M, 6) of (M, 0) is
positive and strictly less than the CR-Yamabe invariant at infinity Y (M, ).

1. Introduction

Suppose that (M, g) is a compact Riemannian manifold of dimension n > 3. As
a generalization of the uniformization theorem, the Yamabe problem is to find a
metric conformal to g such that its scalar curvature is constant. This was solved by
Trudinger [1968], Aubin [1976] and Schoen [1984]. The uniqueness of the solution
of the Yamabe problem was studied in [Kazdan and Warner 1975; Lou 1998]. See
the survey article [Lee and Parker 1987] for more about the Yamabe problem. See
also [Brendle 2005; 2007; Chow 1992; Schwetlick and Struwe 2003; Ye 1994] for
results related to the Yamabe flow, which is the geometric flow introduced to study
the Yamabe problem.

The Yamabe problem was also studied on complete noncompact Riemannian
manifolds. In this case, there is a simple counterexample such that the Yamabe
problem does not have a solution (see [Jin 1988]). See also [Aviles and McOwen
1988; Bland and Kalka 1989; Grofie and Nardmann 2014; Kim 1997; 2000; Zhang
2003] and references therein for results related to the Yamabe problem on noncom-
pact Riemannian manifolds. In particular, we mention the following result which is
related to our main theorem. If (M, g) is a noncompact Riemannian manifold with
positive scalar curvature Rg, we define

/ |vgu|2+4?n__21)Rgu2dVg
Y(M,g)= inf M —

ueCge (M) o i
(/ un=2 dVg)
M
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and
T VA . . _B 4(n—1)
Y(M,g)= lim inf - — ,
r—>00 4eC§S(M—By) - 7
(/ un=2 dVg)
M—B,

where r is the distance induced by the Riemannian metric g from x to a fixed
point xq in M, and B, is the ball of radius r centered at xy. The second author
[Kim 1996] proved the following:

Theorem 1.1. Suppose (M, g) is a noncompact Riemannian manifold with positive
scalar curvature with 0 < Y(M, g) < Y(M, g). Then there exists a Riemannian
metric conformal to g which has positive constant scalar curvature.

The Yamabe problem can also be formulated in the context of CR manifolds.
Suppose that (M, ) is a compact strictly pseudoconvex CR manifold of real
dimension 27 + 1 with a given contact form 6. The CR Yamabe problem is to find a
contact form conformal to 6 such that its Webster scalar curvature is constant. This
was introduced by Jerison and Lee [1987], and was solved by them for the case
when n > 2 and M is not locally CR equivalent to the sphere S2”*! in [Jerison
and Lee 1987; 1988; 1989]. The remaining cases, namely when n = 1 or when M
is locally CR equivalent to the sphere, were studied respectively in [Gamara and
Yacoub 2001] and in [Gamara 2001]. See also the recent work of Cheng, Chiu and
Yang [Cheng et al. 2014] and Cheng, Malchiodi and Yang [Cheng et al. 2013] for
the study of these two cases. The uniqueness of the solution of the CR Yamabe
problem was studied in [Ho 2013; Jerison and Lee 1987]. On the other hand, the
CR Yamabe flow, the geometric flow introduced to study the CR Yamabe problem,
was studied in [Chang and Cheng 2002; Chang et al. 2010; Ho 2012; 2015].

In this paper, we study the CR Yamabe problem on noncompact manifolds.
We suppose that (M, 0) is a noncompact strictly pseudoconvex CR manifold of
real dimension 2n 4 1 such that its Webster scalar curvature Ry is positive. We
would like to find another contact form conformal to € such that its Webster scalar
curvature is constant. This is equivalent to finding a positive solution to the equation

n
2n+2

(1-1) —Agu + Reu:qul"’_%’

where ¢ is a positive constant. We define

Voul? + = Rou?
Y(M.0)= inf [M| TS el

ueC>® (M) T
’ (/ u2+% dVg)
M
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and

|V9u|2+ 1 RG”ZdVG
Y(M,6) = lim inf /M—Br 2n+2

_n__
r—=>00 yeC§°(M—By) (/ u2+% dVe)n+l
M-—B,

where Vjy is the subgradient with respect to 6, dVy = 6 A (d8)" is the volume form
of 0, r is the Carnot—Carathéodory distance from x to a fixed point xo € M with
respect to the contact form 6, and B, is the ball of radius r centered at xo. We refer
readers to the book [Dragomir and Tomassini 2006] or the paper [Jerison and Lee
1987] for more about the definitions and concepts related to CR manifolds.

Note that Y (M, 6) is well defined. Indeed, if we let

2 n 2
o . /M_Br |Voul” + 2n+2R9u dVy
r)= m

n
ueCsS°(M—B,) n+1
M—B,

then it follows from the definition that f(r) is nondecreasing as a function of r.
Since f(r) is bounded above by Y (S, O¢ant1), lim, 0o f(r) exists.
The following is our main theorem, which is the CR version of Theorem 1.1.

Theorem 1.2. Let (M, 0) be a noncompact strictly pseudoconvex CR manifold of
real dimension 2n 4+ 1 > 3 with positive Webster scalar curvature. Assume that

0<Y(M,0)<Y(M,D0).
Then there exists a positive solution u of (1-1). That is, the contact form u?/ng
conformal to 0 has positive constant Webster scalar curvature.
2. Proof

Since we have assumed that
0<Y(M,0)<Y(M,0) (XY(S*T! Ogant1)),

there exists a sequence of smooth compact domains K; such that Y (K;, 0) <
Y(M,0) with K; C K;4; satisfying | J K; = M. Using the work on the CR
Yamabe problem in the compact case (see [Jerison and Lee 1987]) for 2n + 1 > 3,
we have a positive smooth function u; on each K; with

1+7

Rou; =qju; " on K;,

2-1 —Agu;
(2-1) gu; + PP i
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u; =0 on dK; and
242
(2-2) u; "dVg=1,
K.
where
qi =Y(K;,0) > Y(M,0) asi— oo.

We extend the domain of u; by defining u; = 0 outside K;, and we still denote
its extension by u;. Then the extension of u; is in S12 (M, 0), the completion of
Cg° (M) with the norm

n
||u||§]2(M’9) = /M |V9u|2 + 5 +2R9u2 dVy.

For sufficiently large 7, let K and K’ be fixed smooth compact subsets of M with
K c K’ C K;. We shall show that fK~ u§1+b)(2+2/")dV9 is uniformly bounded
for some positive b. The constant c(¢) in the Sobolev embedding for #; on a
noncompact complete Riemannian manifold depends on the domain and does not
have to be uniformly bounded (see (2-7)); therefore the Sobolev embedding is
not directly applicable in (6) of [Kim 1996]. However, the Sobolev embedding
holds for u;¢ on a fixed domain K’, where ¢ is a cutoff function supported in K.
The uniﬁorm bound of u; in L yp)2+42/ ,,)(IZ ) can be obtained on each compact
subset K, by applying the same method of [Kim 1996] to u;¢. The detailed proof
for the CR case is provided in the following steps.

Take
Q={xeK |u(x)>1}
with
Y(K',0) < Y(S*" T Ogans1).
Then
(2-3) |Q|=/QdV9<l

by (2-2). Now let u; = 1 + w;. Then
(2-4) Q={xeK'|wi(x)>0}

by definition, for sufficiently large i, and (2-1) is equivalent to

n

2
o +2R9(1 +w;) =qi(1+w)' 7 onK;.

(2-5) —Aqw; +
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Take a smooth cutoff function ¢ € Cg°(K’) with ¢ =1 on K and |¢| <1 on K.
Multiplying (2-5) by @3t2b wi1+2b, where b > 0, and integrating it over 2, we get
(2-6)

2
qi/gz(p2+2bwl;+zb(1+wi)1+n v,

n
_ _[ G128 0y dV 4 / Ro(1 +wi)p> 2wl 20 4y,
Q 2n+2 Jo

1+2b 5.5 14+b1,2 \+b, 14bw . 1+b 1+b
_ Vo (w! N w; T°Vow: 7.V, dV,
Ewsvis Vo (w; ™) A i Vew; (1% 9
Lot Ry (1 4+ w;)w!T28p2+28 gy,
21’l+2 Q !
1+2b—€1 545 1+by2 L 146
> _— Vo (w; — V! th 122120 gy,
> [ S N 0 R~ Ve avy
Ra(1l . .1+2b 2+2de ,
+2n+2/9 g(1+wiw; " "¢ 9

where we used integration by parts, Holder’s inequality and (2-4).

We are going to estimate the terms on the right-hand side of (2-6). Applying
(A-1) in the Appendix for pw; € C$°(€2), where Q2 C K; C M, we obtain that for
any given € > 0, there exists C(¢), which depends on the given domain €2, such that

2-7)

S
(\/Q(wl-i-bwil-i-b)Z-i—n dVg)

1+e 146 14+by(2 f 14b, 14+b\2
=< V, w; dVy+C(e w; dv,
Y(s2n+1,esz,1+l>/g' o PP AV C@) | @l avy

1+e 2+2b 1462
E Y(SZI’H—I 052;1+1) \/Q(l +€2)¢ |VQU)i |

1
+5wi2+2b|veg01+b|2 dV9+C(E)/;2((pl+bwil+b)2 dVg

< I+e (14+5)%(1 +¢€2)

T Y(SHL Ogani) o 14+20—€
2 1

x (g™ w2 (14w i+ Vo' O Pu

n

2n+2

+ eiw'2+2b|v9(pl+b|2 dVg)
2

Ro(1+ wi)wi1+2b<p2+2b)

1

+C(€)A‘2(¢l+bwil+b)2 dVg,
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where we have used (2-6) in the last inequality. Now let 21 = {x € Q | w; > 2}
and Q, = Q2 —Q. Leta =14 2/n and x = 1/w;. Note that if w; € Qy, i.e.,
w; > 2, then |x| < % and

a
(2-8) (1+w)—wi = wf(l + L) —wf
Wi
=w!(l+x)—wf
= wf(l+ax+ %a(a— Dx2 4. — 1)

2/n
fclwl./

for some constant ¢q. Using (2-8), the integral in (2-7) can be estimated as follows:

(2-9)

2 n+1
(L(¢1+bwil+b)2+n dVg)

- 1+e¢ (14+b0)2(1 +¢€)
T Y (S Ogant1) 1+2b—¢

2 2
% (/ qi<p2+2bw,-2+2b+” +C<p2+2bwi1+2b+” AV,
Q)
2
+/ G0 2Pw! 2 (1 w1+ v,
Q>
1
2Vl Hh 22+ 2b
P

n
2n+2

Ry(1+ w,-)wl.1+2bg02+2b dVg)
1
_,’_/ _wi2+2b|V9§01+b|2dV6)
Q €2

+C(E)/ ((p1+bwi1+b)2 dVg
Q

By Holder’s inequality, we have

1

2
(2-10) / o2 +2by, 220 gy
Q

n 1

n+1 2 n+1
< (/ ((p1+bwl‘l+b)2+’%dV9) (/ win(n+1)dV9)
Q Q

n

2 n+1
< (]s;((pl+bwil+b)2+n dVQ) ,
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where the last inequality follows from

2 2
/ wl.2+" dVy E/ ui2+” dVy <1
Q Q
by (2-2) and the definition of w; and 2. Since 2; C €2, we can combine (2-9) and
(2-10) to get
(2-11)
1+b, 1+b\2+2 T
([ routenidav,)
1+¢€
=<
Y (S2" 1 Ogant1)

8 (1+5)2(1+€)
1+2b—61

3 mH 1+2b+2
" (qi(/ (p"*Puy T2 E dVe) +C/ 220w, d v
Q Q
2 1
+/;Z ql'(p2+2bwi1+2b(1+wi)l+” dVe+/gg|V6(p1+b|2wiz+Zb
2

2n+2R0(1+wi)wi1+2b(p2+2b dVg)

1
/Qezw"HZbl%‘pr'deG)
—{—C(e)/S]((prwiH'b)zdl/@.

Since g; < Y(K',0) < Y(M,0) < Y(S?"*! Og2ns1), we can take €, €1, € and
0 < b < 1/n sufficiently small such that

1+e€ (14+b6)2(1+€)
Y(S2m+1 Ogant1) 1+2b—¢

Combining this with (2-11), we obtain

qgi <co <l

(2-12) .
n+1
(1_00)(/ (<pwi)(1+b)(2+2/”)dV9) —I—C/ R9(1+wi)wi1+2b902+2b dVy
Q Q

2
< C/Q wi1+”+2b<p2+2b dV9+C/Q w,~1+2b(1+wi)1+%<ﬂ2+2b AV,
1 2

+C/ (U}i1+b)2§02+2b dVg—l-C/ |V9§01+b|2wi2+2b dVg
Q Q
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Here C is a constant independent of i. We are going to estimate the terms on the
right-hand side of (2-12). Since 2, = 2 — Q, we have

|2, <1 and 0<w; <2 on ;.

This implies that
/ w2 (1 pwy) T 242 gy < C
Q)

for some constant C independent of i. Also, since b < 1/n, we have

14D
141

< 1.

Then it follows from Holder’s inequality that

2 11 2 4l
/Q(wil'l'b)Z(pZ-i-Zb dVg < (/Q wi2+n dV@) |Q|1—11 < (L u?‘i‘n dVQ) <1,

where we have used (2-2), (2-3) and (2-4). On the other hand, since w; > 2 in
and b < 1/n, we have

1+2+2b 2+2 2+2
/ w; " (p2+2de9§/ w; ”dVgS/ u; "dVp =<1,
Q) Q Q

where we have used (2-2). Since ¢ is a smooth fixed cutoff function, the last term
of (2-12) is also bounded. Combining all these, we can conclude that the right-hand
side of (2-12) is uniformly bounded. Thus, the left-hand side of (2-12) is uniformly
bounded; i.e.,

T
(l—co)([ (pw;)(1+D)@+2/m) dVg) +C/ Ro(1+wi)w! T2 28 gy, <C.
Q Q

In particular, this implies that

n

n+1
(2-13) (/ (<pw,-)(1+b)(2+2/")dvg) < Cy
Q
and
(2-14) / w2 gy, <
~ i —_
K

for some constants Co and Cj independent of i. Therefore, u; is uniformly bounded
in Li4p)2+2/ n)(K ) for each compact subset K of M and some positive b.

We can now show that w; is C%** bounded on each compact subset of M in the
following way: Consider sufficiently large compact subsets K C Ko C K; C K,
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with smooth boundary satisfying Y (K, 0) < Y(S?"1, 0¢2n41). It follows from

(2-14) that
.
/ w_2+n+2b dVp < Co.
K>

l

where b = b(1 + 1/n) and Cj is a constant independent of i. Also, we have

n
2n+2

where C is a constant that depends only on K, and maxg, Rg. Hence, Agw; €
L9(K>), where ¢ = (2n+2+2nb)/(n+2). By the regularity theory (see [Jerison
and Lee 1987, Proposition 5.7(c)]), we have w; € Sg(K 1). From the Folland-
Stein embedding theorem (see [Jerison and Lee 1987, Proposition 5.5]), we have
w; € L5(K1), where

[Agw;| =' R9(1+wi)_(]i(1+wi)l+% SC(1+wi)1+% on K,

5= (2+%+25)L1_ 242 4 2b,
n n+1-2b n
Continuing this procedure, we get w; € Sé(KO) for all # > 1. Again by the Folland—
Stein embedding theorem (see [Jerison and Lee 1987, Proposition 5.7(a-b)]), we
have wl2 +2/n ¢ C%(Ky) for some o > 0. By the regularity theory again (see
[Jerison and Lee 1987, Proposition 5.9(b)]), we can conclude that w; € C 20K ),
as required.

By the definition of 2 and since u; = 1 4+ w;, we have a uniform C 2,% hound
for u; on each compact subset of M. Therefore, we can find a subsequence, which
we still denote by {u;}, that converges to some u uniformly on each compact subset
by the Arzela—Ascoli theorem.

To sum up, we have proved the following:

Lemma 2.1. If Y(M, 0) < Y(M, 0), then there exists a subsequence {u;} which
converges to a solution u of (1-1) uniformly on each compact subset of M.

We remark that we do not know whether u is strictly positive. Note that if u = 0
at some point of M, then by applying Proposition 2.2 (stated below) to (1-1), we
can conclude that u is identically equal to zero.

Proposition 2.2. Suppose that u is a nonnegative function on M satisfying
—Agu+ P(x)u =0,

where P(x) is a smooth function on M. Then for any compact set K in M, there
exists a constant C such that
n+2

/KMH’% dVy §C<n}}nu>(m1?xu) "
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We skip the proof of Proposition 2.2, because it is essentially the same as the
proof of Proposition A.1 in [Ho 2012].

We are going to show that it is impossible for u to be identically equal to zero.
First, we have the following:

Lemma 2.3. Asi — oo,

/|u,-|2+5dv,,—/ |u—u,-|2+ﬁdve—>[ |2+ 5 dV,.
M M M

Proof. Note that
/ |ui|2+% dVO_/ |Z/l—l/ll'|2+% dVQ
M M
1
0
:_/ / D s — P dr dvy
MmJo Ot
2 : 2
=(2+—)/ /u(ui—tu)lui—luI”dZdVo
n7JmJo
1
_>(2+2)[ /u(u—lu)lu—tuﬁdde@
n7JmJo

=/M WPt dv

asi — o0. O
For abbreviation, we let

n
2n+2

v;i =u; —u and E(v):/ (|V9v|2+ R@Uz)dVQ.
M

Lemma 2.4. Asi — oo,
E(ui) — E(vi) = E(u).
Proof. We compute
E(ui)— E(vi) = E(u +vi) — E(vi)
= E(u) +2/ (—Agu +
M

— E(u)

n
2n+2

Rgu) v dVy

as i — oo, since v; tends to 0 weakly in S 12(M ). This proves the assertion. g

Lemma 2.5. For any fixed B, we have

242 w1 ;
E(;j)=Y(M — B,,0) |vi|Tn dVy +o(l) asi— oo.

r
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Proof. Note that

n
E(v;) = /M(|V0Ui|2+2n+2R9Ui2)dV0

385

n n
= Vyv;|? Ryv? |dV, / Vyv;|? Ryv? |dV,
/M—Br(| o Vi +2n+2 ev,) 9+ N |Voui| -|-2n+2 9V; b

n
> Vauil* Rgv} |dVg+o(l
= [ (ol 5 kvt )aVrot)

ey
> Y(M—B,.0) lvi|"TndVg ) +o(1),
M—B,

where the first inequality follows from the fact that v; — 0 uniformly on B,
Lemma 2.1. This proves the assertion.

Note that #; — u weakly in S 12(M , 0). Assume that

/ Y2/ qvy = .
M

Note that if A > 0, then

(2-15) E(u) = A7 1 E(A"20F2y) > Aa+1Y (M, 6).

Furthermore, if A < 1, then

n

(2-16) E(v;) = (1 =\ E((1—A)"Z¥2v;) > (1 = A) a1 Y (M, 6) + O(1)

by the definition of Y (M, 0).
We have the following three cases:

Case 1. If 0 < A < 1, then
Y(M,0) = E(u;) +o(1)
= E(u) + E(vi) +o(1)
> MY (M, 0) + (1 — L)1 Y (M, ) +o(1)
> (AT 4 (1 =AY (M, 0) + o(1),

by
O

where the second equality follows from Lemma 2.4, the first inequality follows
from (2-15) and (2-16), and the last inequality follows from the assumption that

Y(M,0) < Y(M,®0). But this is a contradiction, since

M+A=D'>0=-r+1)"'=1 for0<A<land0<?<1.
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Case 2. If A = 0, then
Y(M,0)= E(u;)+o(1)
= E(u)+ E(vi) +o(1)
> E(vi) +o(1)
>Y(M,0)+o(1),

where the second equality follows from Lemma 2.4, and the last inequality follows
from (2-16) with A = 0. But this contradicts the assumption that Y (M, 0) <
Y(M,0).

Case 3. Therefore, we must have A = 1; i.e.,

/M T dVy = 1.

This implies that u is not identically equal to zero. As pointed out in the remark
after Lemma 2.1, u is strictly positive. Therefore, we have a positive solution « in
SE(M., ) for (1-1).

Now it follows from Theorem 5.15 in [Jerison and Lee 1987] that « is smooth.
This proves Theorem 1.2.

Appendix

We prove the following inequality related to the Folland—Stein embedding:

Theorem A.1. Suppose K is a smooth compact subset in M. For any € > 0, there
exists a constant C (€, K) such that

(A-1) Y(S2”+1,952n+1)(/ |go|2+5dV9)
K

< +e)/K Vool? dV + Cle. K)/K 2 dVy

forall ¢ € SIZ(M, 0) with its compact support lying in K.

We remark that Theorem A.1 is probably well known. But we cannot find it in
the literature. Therefore we provide the proof here. In particular, the Riemannian
version of Theorem A.1 can be found in Theorem 2.21 of [Aubin 1998].

Proof of Theorem A.1. Given any § > 0, for any point p € M, there exists a
neighborhood U, of p and a diffeomorphism f), from U, to a neighborhood of the
origin of H” such that (see [Jerison and Lee 1987, Theorem 4.3])

(fp)x(dVg) = (1+ O(8))d Vg, .

(A-2) 5 )
(/p)+(IVogl”) = (1 + 0(8))| Vg, (9 0 1)
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for any function ¢ in M. It follows from [Jerison and Lee 1988, Corollary C] that

L\
wd ([erriave, ) < k0 [ V0 dv,

for any smooth function ¢ which has compact support in H”, where

1
2an(n+1)
_ 1
Y (St Ogant1)

K(n,2)=

This implies that (A-3) is also true for ¢ € S 12(|H]”, O ) which is compactly sup-
ported. Combining (A-2) and (A-3), we get

(A-d) ( f |90|2+”dV9) =( / |¢ojz|2+n<fp)*(dve))
Uy fp(Up)

<0+ 0(6))( [N dvawz)"“

o (Up)

<(1+ 0()K(n.2) ff o, Voo TP Ve,
<1+ 0(8))K(n,2)/U |Vap|? dVy

for any function ¢ which has compact support in U,,.
Since K is compact, there exists a finite subcovering {Upi}f';l; ie.,

k
K=|]JU,.

i=1
Suppose {h,-}f.‘:1
h; lies in Up,,

is a partition of unity subordinate to {Up, }{.‘:1; i.e., the support of

k
(A-5) S hi=1 and |Vo(h}'*)| < H.

i=1

For abbreviation, we write

1

p

ol = (/ |¢|pdV0) |
M
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Therefore, for any function ¢ compactly supported in K, we have

k
(A6) >l hill s

i=1

k
1/2
= leh?13,

i=1

k
<(I+0E)Kn.2) Y Ve (ph! )13

i=1

k
<(1+0ENKn.2) Y / (IVoolh,*+¢I Ve (h}' )2 d Vg

i=1

< (14+0())K(n,2)

k
xfZ(|ve¢|2hi+z|w|h}/2|¢||v9(h3/2)|+|<p|2|ve<h;/2)|2)dve

i=1

= (1+0@)K(n.2) (Vo3 +2kH [Vagl2llplla+kH lo]3).
where the first inequality follows from (A-4), the last inequality follows from (A-5)
and
k 2 k
(}:@”)ngZmzk
i=1 i=1

by Holder’s inequality.
For any € > 0, we can choose § small enough such that

(A-7) a+mmeamem+§

Since the last expression of (A-6) is independent of i, we establish the inequality

k
oI, 3=l = o]

i=1 n

k
< _l0?hillaa

i=1

< (1+ 0 K(n.2) (I Va0l 3+2kH[[ Voo 2 ll¢ |2 +k H]13)
< (K0.2)+5) (1Vo0 13+ 2k H [ Voo 12+ kg |2)

< (KL2+5) (1 +0)IVagl3+C ek 1) g 13).
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where we have used (A-7) and Young’s inequality. Here C(e, k, H) is a constant
depending only on €, k and H. This proves the assertion. O
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