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In this paper we introduce the notion of Einstein-type structure on a Rie-
mannian manifold (M, g), unifying various particular cases recently stud-
ied in the literature, such as gradient Ricci solitons, Yamabe solitons and
quasi-Einstein manifolds. We show that these general structures can be
locally classified when the Bach tensor is null.

1. Introduction and main results

In the last years there has been an increasing interest in the study of Riemannian
manifolds endowed with metrics satisfying some structural equations, possibly
involving curvature and some globally defined vector fields. These objects naturally
arise in several different frameworks; the most important and well studied examples
are Ricci solitons, see, e.g., [Hamilton 1988; Perelman 2002; Ni and Wallach
2008; Naber 2010; Cao and Chen 2012; Brendle 2013] and references therein.
Other examples are, for instance, Ricci almost solitons [Pigola et al. 2011], Yamabe
solitons [Daskalopoulos and Sesum 2013; Cao et al. 2012], Yamabe quasisolitons
[Huang and Li 2014; Wang 2013], conformal gradient solitons [Tashiro 1965;
Catino et al. 2012], quasi-Einstein manifolds [Kim and Kim 2003; Case et al. 2011;
Catino et al. 2013; He et al. 2012], and p-Einstein solitons [Catino and Mazzieri
2016; Catino et al. 2015].

In this paper we study Riemannian manifolds satisfying a general structural
condition that includes all the aforementioned examples as particular cases, in order
to hopefully provide a useful compendium that also gives a summary and unification
of classification problems thoroughly studied over the past years.

Catino was partially supported by GNAMPA section “Calcolo delle Variazioni, Teoria del Controllo e
Ottimizzazione”, and GNAMPA project “Equazioni Differenziali con Invarianze in Analisi Globale”.
Mastrolia was supported by GNAMPA project “Analisi Globale ed Operatori Degeneri”. Monticelli
was partially supported by GNAMPA section “Equazioni Differenziali e Sistemi Dinamici” and
GNAMPA project “Analisi Globale ed Operatori Degeneri” .

MSC2010: 53C20, 53C25, 53A55.

Keywords: Einstein-type manifolds, Ricci solitons, Rigidity results.

39


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2017.286-1
http://dx.doi.org/10.2140/pjm.2017.286.39

40 G. CATINO, P. MASTROLIA, D. MONTICELLI AND M. RIGOLI

Towards this aim we consider a smooth, connected Riemannian manifold (M, g)
of dimension m > 3, and we denote by Ric and S the corresponding Ricci tensor
and scalar curvature, respectively (see the next section for the details). We denote
by Hess(f) the Hessian of a function f € C*°(M) and by £ g the Lie derivative
of the metric g in the direction of the vector field X. We introduce the following:

Definition 1.1. We say that (M, g) is an Einstein-type manifold (or, equivalently,
that (M, g) supports an Einstein-type structure) if there exist X € X(M) and
A € C°°(M) such that

(1-1) aRic+§§£Xg+qu®Xb = (pS+ Mg,

for some constants «, 8, i, p € R, with (o, 8, u) #(0, 0, 0). If X =V for some f €
C®° (M), we say that (M, g) is a gradient Einstein-type manifold. Accordingly (1-1)
becomes

(1-2) aRic+BHess(f)+udf @df =(pS+1A)g,
for some «, B, i, p € R.

Here X(M) denotes the set of smooth vector fields on M and X" the 1-form
metrically dual to X.

We note that, from the definition, the term pS could clearly be absorbed into
the function A. However, we keep them separate in order to explicitly include and
highlight the case of p-Einstein solitons.

In the present paper we focus our analysis on the gradient case.

Leaving aside the case § = 0 that will be addressed separately, see Proposition 5.7,
we say that the gradient Einstein-type manifold (M, g) is nondegenerate if B # 0
and B2 # (m — 2)au; otherwise, that is if 8 # 0 and % = (m — 2)au, we have a
degenerate gradient Einstein-type manifold. Note that, in this last case, necessarily
o and p are not null. The above terminology is justified by the next observation:

(1-3) (M, g) is conformally Einstein
¢
(M, g) is a degenerate, gradient, Einstein-type manifold,
for some «, B, u # 0.

For the proof and for the notion of conformally Einstein manifold see Section 2.

In case f is constant we say that the Einstein-type structure is trivial. Note that,
since m > 3, in this case (M, g) is Einstein. However, the converse is generally
false; indeed, if (M, g) is Einstein, then for some constant A € R we have Ric= Ag
and inserting into (1-2) we obtain

BHess(f)+udf @df = (pS+i— Aa)g.



ON THE GEOMETRY OF GRADIENT EINSTEIN-TYPE MANIFOLDS 41

Thus, if p # 0, (M, g) is a Yamabe quasisoliton and f is not necessarily constant
(see [Huang and Li 2014; Wang 2013]).

We will also deal with the case o = 0 separately, see Theorem 1.4. We explicitly
remark that, from the definition, o« and 8 cannot both be equal to zero.

As we have already noted, the class of manifolds satisfying Definition 1.1 gives
rise to the previously quoted examples by specifying, in general not in a unique way,
the values of the parameters and possibly the function A. In particular we have:

(1) Einstein manifolds: («, 8, u, p) = (1,0,0, 1/m), A = 0 (or, equivalently for
m>3, p=0and A = S/m).

(2) Ricci solitons: («, B, 1, p) =(1,1,0,0), L € R.

(3) Ricci almost solitons: (a, 8, i, p) =(1,1,0,0), L € C°(M).

(4) Yamabe solitons: («, B, u, p) =(0,1,0,1), A e R.

(5) Yamabe quasisolitons: (o, 8, u, p) = (0, 1, —1/k, 1), k € R\ {0}, A e R.
(6) conformal gradient solitons: (&, 8, u, p) = (0, 1,0, 0), L € C*(M).

(7) quasi-Einstein manifolds: («, 8, u, p) = (1,1, —-1/k,0), L e R, k #0.
(8) p-Einstein solitons: (&, 8, u, p) =(1,1,0,p), 0 #0,A € R.

Of course one may wonder about the existence of Einstein-type structures. We
know from the literature positive answers to the various examples that we mentioned
earlier. For the general case we can consider three different necessary conditions.
The first two are the general integrability conditions (4-5) and (4-6) contained in
Theorem 4.4 below. The third comes from the simple observation that, in the case
w #0, tracing (1-2) and defining u = e/ */#  the existence of a gradient Einstein-type
structure on (M, g) yields the existence of a positive solution of

Lu=Au— %[mk + (mp —a)Slu =0,

so that, by a well-known spectral result (see, for instance, [Fischer-Colbrie and
Schoen 1980; Moss and Piepenbrink 1978]), the operator L is stable, or, in other
words, the spectral radius of L, AIL(M ), is nonnegative. Here we will not further
pursue this direction.

As it appears in Definition 1.1, the fact that (M, g) is an Einstein-type manifold
can be interpreted as a prescribed condition on the Ricci tensor of g (see, for
instance, the nice survey [Bourguignon 1981]), that is, on the “trace part” of the
Riemann tensor. Thus, it is reasonable to expect classification and rigidity results
for these structures only assuming further conditions on the traceless part of the
Riemann tensor, i.e., on the Weyl tensor. Indeed, most of the aforementioned papers
pursue this direction, for instance, assuming that (M, g) is locally conformally
flat or has harmonic Weyl tensor. In the spirit of the recent work of H.-D. Cao
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and Q. Chen [2013], we study the class of gradient Einstein-type manifolds with
vanishing Bach tensor along the integral curves of f. We note that this condition is
weaker than local conformal flatness (see Section 2).

It turns out that, as in the case of gradient Ricci solitons (see [Cao and Chen 2012;
2013; Cao et al. 2014]), the leading actor is a three tensor, D, that plays a funda-
mental role in relating the Einstein-type structure to the geometry of the underlying
manifold. D naturally appears when writing the first two integrability conditions
for the structure defining the differential system (1-2). Quite unexpectedly, the
constant p and the function A have no influence on this relation.

Our main purpose is to give local characterizations of complete, noncompact,
nondegenerate gradient Einstein-type manifolds. Denoting with B the Bach tensor
of (M, g) (see Section 2), our first result is

Theorem 1.2. Let (M, g) be a complete, noncompact, nondegenerate, gradient,
Einstein-type manifold of dimension m > 3. If B(Vf,-) = 0 and f is a proper
Jfunction, then, in a neighborhood of every regular level set of f, the manifold
(M, g) is locally a warped product with (m—1)-dimensional Einstein fibers.

In dimension four we improve this result, obtaining

Corollary 1.3. Let (M*, g) be a complete, noncompact, nondegenerate, gradient,
Einstein-type manifold of dimension four. If B(Vf, -) =0and f is a proper function,
then, in a neighborhood of every regular level set of f, the manifold (M, g) is locally
a warped product with three-dimensional fibers of constant curvature. In particular,
(M*, g) is locally conformally flat.

As we will show in Section 7, the properness assumption is satisfied by some
important subclasses of Einstein-type manifolds, under quite natural geometric
assumptions. As a consequence, in the case of gradient Ricci solitons, we recover
a local version of the results in [Cao and Chen 2013; Cao et al. 2014], while,
in the cases of p-Einstein solitons and Ricci almost solitons, we prove two new
classification theorems (see Theorem 7.1 and 7.2).

In the special case & = 0 (which includes Yamabe solitons, Yamabe quasisolitons
and conformal gradient solitons) we give a version of Theorem 1.2 in the following
local result that provides a very precise description of the metric in this situation.
Note that Theorem 1.4 and Corollary 1.5 also apply to the compact case.

Theorem 1.4. Let (M, g) be a complete, gradient, Einstein-type manifold of dimen-
sion m > 3 with « = 0. Then, in a neighborhood of every regular level set of f,
the manifold (M, g) is locally a warped product with (m—1)-dimensional fibers.
More precisely, every regular level set X of f admits a maximal open neighborhood
U C M™ on which f only depends on the signed distance r to the hypersurface X.
In addition, the potential function f can be chosen in such a way that the metric g
takes the form on U
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g=dr®dr+ (—;:g); e“f(’))zgz,

where g¥ is the metric induced by g on . As a consequence, f has at most two

critical points on M™ and we have the following cases:

ey

2

3)

If f has no critical points, then (M, g) is globally conformally equivalent to
a direct product I x N™"~! of some interval I = (t,,t*) € R with a (m—1)-
dimensional complete Riemannian manifold (N, gN). More precisely, the
metric takes the form

g =u(1)(dr’ +g"),
where u : (t, t*) — R is some positive smooth function.

If f has only one critical point O € M™, then (M, g) is globally conformally
equivalent to the interior of a Euclidean ball of radius t* € (0, +00]. More
precisely, on M™ \ {0}, the metric takes the form

g= 1)2(t)(dt2 + tzggmfl),

where v : (0, t*) — R is some positive smooth function and S™~" denotes the
standard unit sphere of dimension m — 1. In particular (M, g) is complete,
noncompact, and rotationally symmetric.

If the function f has two critical points N, S € M™, then (M, g) is globally
conformally equivalent to S™. More precisely, on M™ \ {N, S}, the metric
takes the form

g = w(t)(d? +sin? (g ),

where w : (0, m) — R is some smooth positive function. In particular (M, g)
is compact and rotationally symmetric.

In this case we can obtain a stronger global result just assuming nonnegativity

of the Ricci curvature, namely we have the following:

Corollary 1.5. Any nontrivial, complete, gradient, Einstein-type manifold of di-
mension m > 3 with « = 0 and nonnegative Ricci curvature is either rotationally
symmetric or it is isometric to a Riemannian product R x N1 where N~ is an

(m—

1)-dimensional Riemannian manifold with nonnegative Ricci curvature.

The proof of Theorem 1.4 follows immediately from [Catino et al. 2012] by
substituting u = e*/ in the equation. This result covers the cases of Yamabe
solitons [Cao et al. 2012] and conformal gradient solitons [Catino et al. 2012].
Concerning Yamabe quasisolitons, Corollary 1.5 improves the results in [Huang
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and Li 2014]. In particular, this shows that most of the assumptions in [Huang and
Li 2014, Theorem 1.1] are not necessary.

The paper is organized as follows. In Section 2 we recall some useful definitions
and properties of various geometric tensors and fix our conventions and notation. In
Section 3 we collect some useful commutation relations for covariant derivatives of
functions and tensors. In Section 4 we prove the two aforementioned integrability
conditions that follow directly from the Einstein-type structures. In Section 5 we
compute the squared norm of the tensor D in terms of D itself, the Bach tensor B
and the potential function f. In Section 6 we relate the tensor D to the geometry
of the regular level sets of the potential function f. Finally, in Section 7 we prove
Theorem 1.2 and Corollary 1.3, and we give some geometric applications in the spe-
cial cases of gradient Ricci solitons, p-Einstein solitons, and Ricci almost solitons.

2. Definitions and notation

In this section we recall some useful definitions and properties of various geometric
tensors and fix our conventions and notation.

To perform computations, we freely use the method of the moving frame referring
to a local orthonormal coframe of the m-dimensional Riemannian manifold (M, g).
We fix the index range 1 <, j,... < m and recall that the Einstein summation
convention will be in force throughout.

We denote by R the Riemann curvature tensor (of type (1, 3)) associated to the
metric g, and by Ric and S the corresponding Ricci tensor and scalar curvature,
respectively. The components of the (0, 4)-versions of the Riemann tensor and of
the Weyl tensor W are related by the formula

1
2-1) Rijre = Wijre + m(Rikajt — Ri18k + Rjiix — Rjibir)

S
— m(5ik5ﬂ —8irdjk)

and they satisfy the symmetry relations

Rijkt = —Rjikr = —Rijuc = Rusij,

Wijki = =Wijite = =Wijik = Whaij-
A computation shows that the Weyl tensor is also totally trace-free. The Schouten
tensor A is defined by

—Ric—_ 5
A =Ric 2(m—1)g'

Tracing we have tr(A) = A;;, = ((m —2))/2(m — 1))S.

Remark 2.1. Some authors adopt a different convention and define the Schouten
tensor as A/(m — 2).
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According to this convention the (components of the) Ricci tensor and the scalar
curvature are respectively given by R;; = R;;j; = R;i;; and § = R;;. We note that, in
terms of the Schouten tensor and of the Weyl tensor, the Riemann curvature tensor
can be expressed in the form

1
R—W+mA®g,

where @ is the Kulkarni-Nomizu product; in components,
1
Rijie = Wijke + m(Aik‘Sjt —Aitbjk + Ajidix — Ajibir).

Next we introduce the Cotton tensor C as the obstruction to the commutativity
of the covariant derivative of the Schouten tensor, that is

1

(2-2) Ciji = Aijs = Airj = Rijx = Rit.j = 50—

(Sk8ij — S;dik)-
We also recall that the Cotton tensor, for m > 4, can be defined as one of the possible
divergences of the Weyl tensor; precisely

-2 -2
(2-3) Cijk = <%)Wtikj,t = —(Z—_3> Wiijk,i-
A computation shows that the two definitions (for m > 4) coincide.

Remark 2.2. It is worthwhile to recall that the Cotton tensor is skew-symmetric
in the second and third indices (i.e., C;jx = —Cjx;) and totally trace-free (i.e.,
Ciik = Cixi = Crij = 0).

We are now ready to define the Bach tensor B, originally introduced by Bach
[1921] in the study of conformal relativity. Its components are

1
2-9 Bij = m(cjik,k + Rt Wikje),
that, in case m > 4, by (2-3) can be alternatively written as

1
Wikjt,tk + —Rkt Wikjt-

Bij= m—2

1
m—3
Note that if (M, g) is either locally conformally flat (i.e., C=0if m =3 or W =0
if m > 4) or Einstein, then B = 0. A computation shows that the Bach tensor is
symmetric (i.e., B;; = Bj;) and evidently trace-free (i.e., B;; =0). As a consequence
we observe that we can write

1
Bij — m(cijk,k —+ Rkl Wikjl)-

We recall that
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Definition 2.3. The manifold (M, g) is conformally Einstein if its metric g can be
pointwise conformally deformed to an Einstein metric g.

We observe that, if § = ¢?*“g, for some ¢ € C*°(M) and some constant a € R,
then its Ricci tensor Ric is related to that of g by the well-known formula (see
[Besse 2008])

(2-5) Ric=Ric —(m—2)a Hess(¢)+(m—2)a*dp@¢p—[(m—2)a|Vo|*+aAplg.

Here the various operators (for their precise definitions see Section 3) are defined
with respect to the metric g.

Now we can easily prove statement (1-3); indeed, suppose that § # 0 and
B% = (m —2)ap, that is, the Einstein-type structure is degenerate. Tracing (1-2)
we obtain

1 _ Ll B Ky rp2
(2-6) a(pS+k)—m(S+aAf+a|Vf| ).
Choose ¢ = f and a = —B/((m — 2)a) in (2-5) to obtain
(2-7)
o1 B> _ 1 B _B 2
Ric = oz|:—(m—2)a u]df@df+a(p5+k)g+ T (Af E1vri )g.

Inserting (2-6) into (2-7) and using the fact that the Einstein-type structure is
degenerate yields

—~ 2 7]
Ric—l[(mﬂz)a u_df@df+1[s+zﬁ’" Af =Em - 1)|Vf|2]g.

Hence, since g% = (m —2)a /.,

s 1T Bm—1 H, ]
RlC—m S+2 pr— Af (m DIV~ g,

that is, § = e~ A/ ((n=20)f ¢ i5 an Einstein metric (this was also obtained in [Besse
2008, Theorem 1.159]).

Conversely suppose that § = e2“/ g, a #0, is an Einstein metric, so that Ric=A g,
for some A € R. From (2-5)

(2-8) Ric —(m —2)aHess(f) + (m —2)a’df @ df
= [Ae* + (m —2)a?|V/ 12 +arf]g.
Tracing we get
mil = [(m —2)a2|Vf|2—|-aAf] +aAf + _mnilAeZaf

Thus, inserting into (2-8),

Ric —(m — 2)a Hess(f) + (m — 2)adf @ df = (% —aAf - m/ilezaf)g_
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We choose o = 1, B = —(m — 2)a, = (m —2)a?, p = 1/(m — 1), and A(x) =
—aAf —A/(m —1)e** . We note that B # 0 and

B* = (m —2)%a* = (m —2)apu,

so this choice of «, B, i, p, and A yields a degenerate Einstein-type structure.

To conclude we note that the equivalence of degenerate gradient Ricci solitons
and conformally Einstein metrics is well-known in conformal geometry (see [Catino
2012; Jauregui and Wylie 2015]).

3. Some basics on moving frames and commutation rules

In this section we collect some useful commutation relations for covariant derivatives
of functions and tensors that will be used in the rest of the paper. All of these
formulas are well-known to experts.

Let (M, g) be a Riemannian manifold of dimension m > 3. For the sake of
completeness (see [Alias et al. 2016] for details) we recall that having fixed a (local)
orthonormal coframe {#'}, with dual frame {e;}, the corresponding Levi-Civita
connection forms {0} } are the 1-forms uniquely defined by the requirements

do’ = —0; NCL (first structure equations), and 9; + Qij =0.

The curvature forms {@;} associated to the connection are the 2-forms defined via
the second structure equations

i _ _pi A pk i
They are skew-symmetric (i.e., ®;. + 9{ = 0) and they can be written as

k<t

where R} i are precisely the coefficients of the ((1, 3)-version of the) Riemann
curvature tensor.
The covariant derivative of a vector field X € X(M) is defined by

VX =dX' + X0 ®e; = Xj0F @ ey,
while the covariant derivative of a 1-form w is defined by
Vo = (do; — w;0)) ® 60" = 0y 0* @ 6"

The divergence of the vector field X € X(M) is the trace of the endomorphism
(VX)!: TM — TM, that is,

divX = tr(VX)* = g(V,, X, e;) = X\.
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For a smooth function f we can write
df = fi0',

for some smooth coefficients f; € C°°(M). The Hessian of f, Hess(f), is the
(0, 2)-tensor defined as

Hess(f) = Vdf = f;;6' @6,
with
fij0! =dfi — 1,6}
Note that (see Lemma 3.1 below)
fij = Jji-
The Laplacian of f, Af, is the trace of the Hessian, in other words
Af =tr(Hess(f)) = fii.

The moving frame formalism reveals extremely useful in determining the commu-
tation rules of geometric tensors. Some of them will be essential in our computations.

Lemma 3.1. Let f € C3(M). The following equalities hold.

G- fij = fii-

(3-2)  fijk = fjik-

(3-3)  fijk = fikj + St Reijk-

G4 fijk = fiy + [iWiijr + ﬁ(fthjaik — fiRuSij + fjRik — fxRij)

S
- m(fj(sik — fkdij).

1
(3-5)  fijk = firj + fi Wik + m(sztijik — f1Aubij + fiAik — frAij).
In particular, tracing (3-3), we deduce

(3‘6) fitt = ftti + ftRn'-

For the Riemann curvature tensor we recall the classical Bianchi identities that
in our formalism become

Rijki + Risjk + Rikij =0 (first Bianchi identity),
Rijkii + Rijik,s + Rijux =0 (second Bianchi identity).

For the derivatives of the curvature we have the well known formulas
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Lemma 3.2.
Rijkr,ir — Rijke,rt = Rsjke Rsitr + Riske Rsjir + Rijst Rokir + Rijks Reir s
Rijx — Rik,j = —Ryijk,s = Riikjt
Rij ke — Rijik = Riike Rij + Rijre Rii-
The first Bianchi identities imply that
(3-7) Cijk + Cjri + Crij = 0.
From the definition of the Cotton tensor we also deduce that

Cijk,t = Aijkt — Aik,jt = Rij ke — Rik jr — (Skr0ij — Sjidir).

_ L
2(m—1)
On the other hand, by Lemma 3.2 and Schur’s identity S; = %Rik,k,

1
§Sij — Ry Risjk + Rit Ryj.

This enables us to obtain the following expression for the divergence of the Cotton
tensor:

Rik, jk = Rikkj + Reijk Rix + Rekji Rii =

1
Cijkx = Rij ok — 2( 1) s—Sij + R Ritjx — Ris Rij — Z(m—_l)AS5ij-

The previous relation also shows that
(3-8) Cijkk = Cjik ks

thus confirming the symmetry of the Bach tensor, see (2-4).
Taking the covariant derivative of (3-7) and using (3-8) we also deduce

Ckij,k =0.

4. The tensor D and the integrability conditions

The main result of this section concerns two natural integrability conditions that
follow directly from the Einstein-type structure; as in the case of Ricci solitons
and Yamabe (quasi-)solitons, there is a natural tensor that turns out to play a
fundamental role in relating the Einstein-type structure to the geometry of the
underlying manifold. Quite surprisingly, as it is shown in Theorem 4.4, the presence
of the constant p and of the function A seems to be completely irrelevant.

Let (M, g) be gradient Einstein-type manifold of dimension m > 3. Equation (1-2)
in components reads as

4-1) aR;j+ Bfij+ufifi = (pS+1)éi;.
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Tracing the previous relation we immediately deduce that

(4-2) (@ —mp)S + BAS + u|VF|* =ma.
Definition 4.1. We define the tensor D by its components
1 1
4-3) Dijr = m(fkRij — fiRix) + mﬁ(&k&j — Ryjdix)

B S
(m—1)(m—2)

Note that D is skew-symmetric in the second and third indices (i.e., D;jx = —D;i;)
and totally trace-free (i.e., Djjx = Djx;i = Dy;i = 0).

(fxdij — fjdik)-

Remark 4.2. We explicitly note that our conventions for the Cotton tensor and for
the tensor D differ from those in [Cao and Chen 2013].

Lemma 4.3. Let (M, g) be a gradient Einstein-type manifold of dimension m > 3.
The tensor D can be written as

(4-4) D= g[ﬁmﬁk ~ i)+ Gy b= fudy)
A s fit
_m(fJSlk fk3z]):|-

The proof is just a simple computation, using the definitions of the tensors
involved, (4-1) and (4-2).

The following theorem should be compared with [Cao and Chen 2013, Lemma 3.1
and Equation (4.1)], [Cao et al. 2014, Lemma 2.4 and Equation (2.12)] and [Huang
and Li 2014, Proposition 2.2]. This result highlights the geometric relevance of
D in this general situation and shows that, even in this more general framework,
similar structural equations hold.

Theorem 4.4. Let (M, g) be a gradient Einstein-type manifold with 8 # 0 of
dimension m > 3. Then the following integrability conditions hold

4-5) aCijk + BfiWrijk = [,3 - W} Dij,
(4-6) oB;; = ﬁ{[ﬁ - W]Dzjk,k +,3(nm1_:g)ftcjit - MfszWizjk}-

Proof. We begin with the covariant derivative of (4-1) to get

aRijk + Bfijx + (fi fi + fi fix) = (pSk + Ai)dij -

Skew-symmetrizing with respect to j and k and using (3-3) we obtain

4-7)  a(Rijk — Rix,j) + Bfi Reijk + n(fik fj — fij fi)
= p(Skbij — Sjbix) + (Midij — Ajdix).
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To get rid of the two terms on the right-hand side of (4-7) we proceed as follows.
First we trace the equation with respect to i and j and we use Schur’s identity
Sk = 2Ryk.; to deduce

(4-8) [o —2p(m — DSk = 2Bfi Rexe +2(m — DAg — 2 (fy fre — Af fr)-

Second, from equations (4-1) and (4-2) we respectively have

(4-9) fuc = %[(;)Sﬂ)sﬂc — Ry — 1uf; fi b
and
Af = %[(m,o —a)S +mx—p|VF].

Inserting the two previous relations into (4-8) and simplifying we deduce the
following important equation

(4-10) [ =2p0m—11S =2(p+ %)ﬁktk +2(m — Dy

_ %ﬂ[a — p(m—DISfi + %"(m ~ DAfi.

From (2-1) and (4-4) we deduce that
1
(4-11) JtRiijk = fiWhijk — Dijr — m(ftRszij — fiR:jdik).

Inserting now (4-11), (2-2), and (4-10) into (4-7) and simplifying we get (4-5).
Taking the divergence of (4-5) we obtain

aCijxx — BfixWirjk — ﬁ(nm1—:;>ftcjit = [,3 - W]Diﬂc,k-

Using the definition of the Bach tensor (2-4), (4-9), and the symmetries of W we
immediately deduce (4-6). Ol

Remark 4.5. Equation (4-10) is the analogue of the fundamental relation Sy =
2 fi Ry, valid for every gradient Ricci soliton.

Remark 4.6. In the case 8 = 0 (and thus « # 0), by direct calculations, using (2-2),
(4-3), and (4-1), one can show that D =0 and equations (4-5) and (4-6) take the form

aCijp =~ fy ik = fifip) = L fiFdue — fudip) + LEL (o — fisip).

1
aBjj = m{acﬁk,k — 1fi fiWisjic}-
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5. Vanishing of the tensor D

In this section we compute the squared norm of the tensor D in terms of D itself,
the Bach tensor B, and the potential function f. Moreover, under the assumption
of Theorem 1.2, we prove the vanishing of D. We begin with

Lemma 5.1. Let (M, g) be a nondegenerate gradient Einstein-type manifold of
dimension m > 3. Ifa # 0,

s (22— C=2ekipp

2 B
-2
=—Bm—=2)fifiBij + g[ﬂ - (m%](ﬁfj[)ijk)k,
while ifa =0
-2
(5-2) (521D = =n =2 £ £;Bi + (fi £ i
Proof. We observe that, since D is totally trace-free and D;jx = —Djy;j,

1 1
|D|* = D;jx Diji = mDijk(fkRij — fjRix) = m(fkRijDijk + fjRik Dikj),

so that
2

m—2

|D|* = fkRijDiji.

The nondegeneracy condition 8 — (m — 2)au/B # 0 implies that, using (4-5)
and the definition of the Bach tensor, we can write

-2 -2
("57) [~ IDP = fikyy@Cise + B Wy
= afiR;jCijk — Bfi fi R Wik
=afiRijCijx — Bm —=2) fi fiBij + Bfi fi Cijk.k-
By the symmetries of the Cotton tensor we also have
fifiCijkx = fi(fiCijir — [i fikCijk
= (fifiCij)x — fic fiCijk
= (fi fiCijx + fij [kCijk-
Therefore we obtain

55 (552)[p- 2o

=afiR;jCijx — B(m =2) fi i Bij + B(fi i Ciji)k + Bfij fiCijk-
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If « =0, using (4-1) in (5-3) we immediately get

(Z22)IDP = —0n = 2) £ 381 + (fi £ Cijoons

that is (5-2).
If o # 0, using equations (4-1) and (4-5) in (5-3) and simplifying we deduce
) m—2 _ (m=2)au ] 2

G4 (57| o

-2
= —Bm =2, ;B + 5[ 8= P2 (£ ;Do

that is, (5-1). ]

Remark 5.2. In the case o # 0, (5-1) can be obtained in a direct way. One takes the
second integrability condition (4-6), multiplies both members by f; f; and simplifies,
using the symmetries of the tensors involved and (4-5).

Theorem 5.3. Let (M, g) be a complete nondegenerate gradient Einstein-type
manifold of dimension m > 3. If B(Vf, ) =0 and f is proper, then D = Q.

Proof. We define the vector field ¥ = Y («) of components

B/ fi fiDiji  if a #0,
fiijijk if a =0.

By the symmetries of D and C we immediately have

(5-5) n:{

(5-6) g(Y,Vf) =

If B(Vf,-)=0and a # 0, from (5-1) we obtain

2
(222)1DP = L5 3 Dijoon.
while if ¢ =0 from (5-2) we deduce
m—2
<T)|D|2 = (fi fiCiji)k-

In both cases
(5-7) (ﬂ§3y0F=dwK

Now let ¢ be a regular value of f and 2. and X. be, respectively, the corre-
sponding sublevel set and level hypersurface, i.e., 2. ={x e M : f(x) <c} and
Y. ={xeM: f(x)=c}. Integrating (5-7) on 2. and using the divergence theorem

we get
/(’"22)|D| —/ divY=/ g(¥. v),
Q. Qe e
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where v is the unit normal to X.. Since v is in the direction of Vf, using (5-6) and
letting ¢ — +o00 we immediately deduce

[, (252w =

which implies D =0 on M. (|

Remark 5.4. The validity of Theorem 5.3 is based on that of the divergence theorem
in this situation. Thus, instead of using properness of f, we can use [Gol'dshtein
and Troyanov 1999, Theorem A] to obtain the above conclusion, that is D = 0,
under the following assumptions; for some p > 1, M is p-parabolic and the vector
field Y € L9(M), where ¢ is the conjugate exponent of p. We note that a sufficient
condition for p-parabolicity is

1
—————— ¢ L'(+00)
vol(dB,) r1
(see, e.g., [Troyanov 1999]), and, according to (5-5), Y € L9(M) if for some pair
of conjugate exponents P, P’ we have

IVfle L?*9(M) and |D|eL”9(M)ifa#0

or
IVfl e L**(M) and |C|e L"9(M)ifa=0.

Remark 5.5. A simple computation using the definition of the tensor D gives

fiDijx = ﬁ(ftfthj — Ji SR,

and then
i £ Dije = —= (Ric(Vf, V1) fi = [VF 12 fi R

This shows that, in the case o # 0, the vector field Y defined in (5-5) can be
expressed in the remarkable form

__ B - 2(Ri t
Y = m[RIC(Vf, VAV —IVfI*(Ric(Vf, )F)].
where § denotes the usual musical isomorphism.
Moreover, in the special case of a gradient Ricci soliton (M, g, f, 1), using the
fundamental relation Sy = 2 f; Rk, the vector field Y can also be written in the
equivalent form

_ 1 _ 2
Y = 2(m_l)[g(vs, VAVf —|VfI*VS].
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We also observe that

_ _ 2 210 p2
g(¥Y,Vf)=0,8(Y,VS) = 2(m_1)[g(VS, V) —IVSIPIVfI] <0,
and that
21 2 Qo2 A 2
Y= 4(m_1)2|vf| [IVSFIVSI? —g(VS, V)] = 2(m_l)lvfl g(Y, VS).

Remark 5.6. In case § = 0 and u # 0, using Remark 4.6 and arguing as in
Lemma 5.1, one can obtain the following identity

2,2 1CF = 0m =2 fiBij = (fifiCijiw
Then, following the proof of Theorem 5.3, we obtain

Proposition 5.7. Let (M, g) be a complete nondegenerate gradient Einstein-type
manifold of dimension m > 3 and with 8 = 0. If B(Vf,:) = 0 and f is proper,
then C = 0.

6. D and the geometry of the level sets of f

In this section we relate the tensor D to the geometry of the regular level sets of the
potential function f. Our first result highlights, in the case o # 0, the link between
the squared norm of the tensor D and the second fundamental form of the level sets
of f. This should be compared with [Cao and Chen 2013, Proposition 3.1] and
[Cao and Chen 2012, Lemma 4.1]. For the case « = 0 we refer to [Huang and Li
2014, Proposition 2.3].

From now on, we extend our index convention assuming 1 <i, j, k, ... <m and
1<a,b,c,...<m-—1.

Proposition 6.1. Let (M, g) be a complete, m-dimensional, gradient, Einstein-
type manifold with a, 8 # 0 and m > 3. Let ¢ be a regular value of f and let
Y. = {x € M| f(x) = c} be the corresponding level hypersurface. For p € X
choose an orthonormal frame such that {ey, ..., en—1} are tangent to ¥, and
em = Vf/IVf| (e, {e1, ..., em—1,en} is alocal first order frame along f). Then,
in p, the squared norm of the tensor D can be written as

22|V 2IVf P
-1 D2:<é)—h —h8up)* + —= L R Ram,
(6 ) | | o (m_2)2| ab abl + (m—l)(m—2) amam
where h,y, are the coefficients of the second fundamental tensor and h is the mean
curvature of X..

Remark 6.2. Note that |hg, — h8ap|? is the squared norm of the traceless second
fundamental tensor ® of components ®,, = h,p, — hdgp.
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Proof. First of all, we observe that in the chosen frame we have
df = fu.0" + fu0" =1|Vf|0™,

since f,=0,a=1,...,m—1.
The second fundamental tensor I/ of the immersion X, < M is

I =hgyt” @0,
where the coefficients &, = hj, are defined as
Ve, =Vv=0; Qe,=—0) Qe, = —hap0’ @ e,
(see also [Alias et al. 2016]), so that
hap = (Il (ea, €5), 1) = =8 (Ve, v, ) = —(Vv)(¢q, €5).

In the present setting we have

Vv = V(Vf)+v<

i )ovs

VS
and

(V) = o Hess(f)—i—d(

Thus, using (4-1), we deduce

|vf|>®df.

1
©2 hes =~ [57158 = B

The mean curvature % is defined as & = h,,/(m — 1). Tracing (6-2) we get

(6-3) h:ﬁ[(ﬁ—p)S—ﬁRmm—x].

Now we compute the squared norm of the traceless second fundamental tensor ®.

[@Rap — (S + A)dap].

(6-4)  |hap — h8up|* = |hap|* — 2hhaq + (m — DA* = |hgp|* — (m — 1)h?
2
{[Rap = (9 +2)50]

0[5 ]

[IRicl? = 2Rum Ram = (Ryum)?

_ Ll[s2 25 Ry + (Rmm)2]}

. 1
~ BAVSI

2

. o
~ BAVSI

2

= #WDRICF - 2RamRam - %(Rmm)2

2
-1

L824 2SR .
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On the other hand, from the definition of D we have

(6-5) |D|2 (fle] f] lk)2

(m—2)?
+ (ft(l,;ﬂfilj);(ﬁlfgizk)z t s l)f(zm_z)z (fidij = fi8i)?
+ m(ﬁc&j — fiRi) (fi Rukdij — fiRij)
- m(ﬁc&j — fiRi) (fidij — [idir)
28

T m—1)2m—2)? (ft Rixdij — fiRejdik) (fidij — fidik)

_ 2VfP ricg? _
= (m_2)2(|R1c| Ram Ram — Runm Rinm )
2|V
T AN . A RamRam RmmRmm
n—1)(m—2y2 e Kam ¥ :
252 2
27!
4Vf PP
+— SRmm Rmm - RamRam
m—1m )2( (Rum)* )
__ASIVfEE g ___ASIVfPE
= 1m—27 ™) T G =22
Simplifying, rearranging, and comparing (6-4) and (6-5) we arrive at
(m—=2)~ 2)? ,3) _ (m 2)
S PP = (5) 1VF Pl = hdal + (=7 ) Ran R,
which easily implies (6-1). O

Proposition 6.1 is one of the key ingredients in the proof of the following theorem,
which generalizes [Cao and Chen 2013, Proposition 3.2 ] (compare also with [Huang
and Li 2014, Proposition 2.4]). Our proof is similar to those in [Cao and Chen
2013; Huang and Li 2014], but the presence of i and the nonconstancy of A require
extra care, in particular in showing that S is constant on X..

Theorem 6.3. Let (M, g) be a complete, m-dimensional (m > 3), gradient, Einstein-
type manifold with a, B # 0 and tensor D = 0. Let ¢ be a regular value of f and let
Y. ={x € M| f(x) = c} be the corresponding level hypersurface. Choose any local
orthonormal frame such that {e1, . .., e;,—1} are tangent to ¥, and e, = Vf/|Vf]
(i.e., {e1,...,em—1,en} is a first order frame along f). Then

(1) |Vf|2 is constant on X,
(2) Ry = Rya =0foreverya=1,...,m—1and e, is an eigenvector of Ric;

(3) X, is totally umbilical,
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(4) the mean curvature h is constant on X,
(5) the scalar curvature S and A are constant on X,
(6) X, is Einstein with respect to the induced metric;

(7) on X, the (components of the) Ricci tensor of M can be written as Ry, =
(S — A1) /(m — 1)84p, where A1 € R is an eigenvalue of multiplicity 1 or m
(and in this latter case S =m\1); in either case ey, is an eigenvector associated
to Aq.

Proof. If D =0, from Proposition 6.1 we immediately deduce that
(6-6) hap — hdap =0,
that is, property (3), and
R,n =0, (a=1,...,m—1).
From (6-6) a simple computation using (6-2) and (6-3) shows that

:m(g

(6'7) Rab 1 ab s

which also implies

. R ff:
Ric(v,v) = % = Rym = Rmm|V|2~

This complete the proof of (2). To prove (1) we take the covariant derivative of
BIVf|? and use (4-1).

BUVS 1P = 2B fin

=2[(pS + 1 = WV ) fi — afi Rue]

=2[(pS+ % = wIVf ) fi — afeRek — @V | Rut]-
Evaluating the previous relation at k = a and using property (2) we immediately get

(lvf|2)a = 0’
that is (1). To prove (4) we start from the Codazzi equations, that in our setting read
_Rmabc = hab,c - hac,b-
Tracing with respect to a and ¢ we get
_Rmaba = _Rmkbk + Rmmbm == hab,u - haa,bv

that is, using (2),

(6‘8) 0= _Rmb = hab,a - haa,b-
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On the other hand, from (3) we have
haba =hp and  hgeqp = (m —1)hp,
so that (6-8) immediately implies
0=@m-—2hp, for b=1,...,m—1,

that is (4). To show the validity of (5) we first observe that, evaluating (4-10) at
k = a and using (2), we deduce

[ —2p(m —1)]S;, —2(m — 1)A, =0,
which implies
(6-9) [« =2p(m —1)]S —2(m — 1)\ is constant on X..
From (6-3), the constancy of & and of |Vf| on X, also give that
(6-10) [« —p(m —1)]S —aR;,;, — (m— 1)L is constant on X..
Combining (6-9) and (6-10) we arrive at
(6-11) S —2R,m 1S constant on X..
Now we evaluate (4-10) at k = m, we use (2) and rearrange to deduce
[a—2p(m—1)]1Sn

= 2<,3+%>|Vf|Rmm+2(m—1))»m—w{[a—p(m—l)]S—(m—l)A}

=2ﬁ|Vf|Rmm+2<m—1>Am—%{[a—p(m—l)]S—aRmm—<m—1)x}.

Since by (1) and (6-10) the quantity Cu|Vf|)/B{la—p(m—1)]S—a Ry —(m—1)A}
is constant on X, we infer that

(6-12) [a—2p(m—1)]1S,, —2B8|Vf|Rum —2(m — 1)X,, is constanton X..
Now we take the covariant derivative of (6-12) and evaluate at k = a to obtain
(6-13) [0 —2p(m — 1)]Sma — 2BIVf|Rmm.a —2(m — Ay =0 on Z..
But S,,u = Sum and Ay = Agm, thus (6-13) can be written as

{la =2p(m — DS —2(m — DA}am =2BIVf|IRum.a on X,
which implies, by (6-9), that

R,.,n 1s constant on X..
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The previous relation, (6-11), and (6-9) show that S and A are constant on X, that
is (5). To prove (6) we start from the Gauss equations
> Raped = Rabed + hachva — haahpe,
which, by property (3), can be rewritten as
(6-14) ¥ Rabed = Rabea +h* BacSpa — 8aadhe)-
Tracing (6-14) with respect to b and d gives
(6-15) " Rae = Rac = Ramem + (m — 218y
Tracing again we deduce that
(6-16) Teg=8— 2Rym + (m—1)(m — 2)h2 is constant on X.
Now a simple computation using decomposition (2-1) of the Riemann tensor, (6-7)

and the fact that W, = 0 (see Proposition 6.4) shows that

1
(6'17) Ramcm = Rmmaac-
m—1

Next, inserting (6-7) and (6-17) into (6-15), we get
5 Rae = [2 2R 4 — 2002,
m—1
which shows the validity of (6). Now (7) is an easy consequence of the other
properties. (I

The next two results are analogues of, respectively, Lemmas 4.2 and 4.3 of [Cao
and Chen 2013].

Proposition 6.4. Let (M, g) be a complete, noncompact, m-dimensional (m > 3),
nondegenerate, Einstein-type manifold with o # 0. If D = 0 then C = 0, unless f
is locally constant.

Proof. First of all, by analyticity, it is sufficient to prove the result where {Vf # 0}.
We choose a local first order frame along f (so that f, =0,a=1,...,m —1 and
fm =1Vf|). The vanishing of D implies, by the first integrability condition (4-5),
that

aCijk + BfiWiijk =0,

which implies, since o # 0,
(6-18) Cije ==L fiwi
and consequently

ﬁ-Cijk:fmijk:Wﬂijk:O, (j,kzl,...,m).
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Thus
Cnjk =0
at all points where |Vf| # 0. Using (3) and (4) of Theorem 6.3 we have
hap.c =0,
and from the Codazzi equations we get
—Rmabe = hab.c —hacpy =0.

Since R, = 0 by (2) of Theorem 6.3, from the decomposition (2-1) we easily
deduce
Wambc = O,

which implies by (6-18) that
Cabc =0.

By the symmetries of C, to conclude it only remains to show that Cyp, = 0= Cgpp.
First we observe that R,,, = 0 implies, by the definition of covariant derivative,

0=dRun
_ k k k
= kaea + Rakem + Ram,ke
= Romby + Rum03' + RavOy, + Rambyy + Ram k6"
= Rmmetgn + Rabe,l,jl + Ram,kekv
so that, using (6-7),
(6‘19) Ram,kek = Ram,beb + Ram,mem = Rabellyn - Rmmeén

S—R
- (S5 ) Rty

. S—mRmm> m
_< m—1 O -

Now we want to show that R, ,, = 0. To see that we first evaluate (4-1) fori =a
and j = m, obtaining f,,, = 0; then we take the covariant derivative of the same
equation

aRijk+ Bfijk + n(fik fi + fi fix) = (0Sk + Ai)dij,
which for i =k =m and j = a gives (using f,,, =0)

O5Ram,m = _,Bfmam;
but
fmam = fmma + fiRimam = fmmm

while (4-2) and Theorem 6.3 tell us that the (globally defined) quantity Af is
constant on X, so that

(Af)a=0.
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On the other hand, from (4-1) and (6-7) we deduce

(6-20) Bfab=—
which implies, by tracing, that
B(Af — fum) 1S constant on X..

— {le = p(m = DIS — & Rym — (m — DAYap

In particular
fmam = fmma = (Af)a =0,

and thus
Rym.m =0.

Getting back to (6-19) we now have
Ram,beb — (%)@m

m—1 a’

and thus
(6-21) Ramp = (=28 Yo o,
1 (mRmm )

Schur’s identity implies
(6‘22) Sm = 2Rim,i = 2Ram,a + 2Rmm,m~

From the definition of C we have, using (6-7) and (6-21),
1
(6‘23) Cabm = Rab,m - Ram,b 2( — 1) S Sab
S 77

1 1 1 (S5— mRmm
= mSmSab — mRmm,mSab-i- |Vf|( m— )fa .

Using (6-22), (6-21), and (6-20) in (6-23) we arrive at

1
) fab Z(m—) Sm 3ab

1 1 (S—mR
Cabm = chm,c‘sab + |Vf| ( mm mm)fab
_ 1 1 (S— mRmm)
= T |Vf|(S mRmm,m)fab+ |Vf|< m—1 Sab
=0,
concluding the proof. ([l

In dimension four, we can prove the following:

Corollary 6.5. Let (M*, g) be a complete, noncompact, nondegenerate, Einstein-
type manifold of dimension four with @ # 0. If D = 0 then W = 0, unless f is
locally constant.
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Proof. From Proposition 6.4, we know that C;;; = 0. Hence, from (4-5), we deduce
fiWiijx=0forany i, j,k=1,...,4. Forany p € M* such that V£ (p) # 0, we
choose an orthonormal frame {eq, ..., e4} such that e, = Vf/|Vf]|, thus we have

Waije(p) =0, fori, jk=1,...4.

It remains to show that W,.;(p) =0 for any a, b, c,d =1, 2, 3. This follows from
the symmetries and the traceless property of the Weyl tensor (see, for instance, [Cao
and Chen 2013, Lemma 4.3]). O

7. Proof of the main theorems and some geometric applications

In this last section we first prove Theorem 1.2 and Corollary 1.3. Then, we give some
geometric applications in the special cases of gradient Ricci solitons, p-Einstein
solitons, and Ricci almost solitons. We begin with

Proof of Theorem 1.2 and Corollary 1.3. From Theorem 5.3 we know that the tensor
D has to vanish on M. Let X be a regular level set of the function f: M — R, i.e.,
|Vf|#0on X, which exists by Sard’s Theorem and the fact that f is nontrivial. By
Theorem 6.3 (1) we have that | Vf| must be constant on X. Thus, in a neighborhood
U of ¥ which does not contain any critical point of f, the potential function f
only depends on the signed distance r to the hypersurface X. Hence, by a suitable
change of variable, we can express the metric g;; as

ds®> =dr* + gap(r, 0)d0 ® do” (re <r <r®

for some maximal r, € [—00, 0) and r* € (0, 0o], where (82, ..., 0™)is any local co-
ordinates system on the level surface . Moreover, by Theorem 6.3 (3)-(4), we have

d
5 8ab = —2hap = (1) gab-

where ¢ (r) = —2h(r). Thus, it follows easily that

gap(r,0) = e® Vg (0,60), where @(r) = / ¢(r)dr.
0

This proves that on U the metric g takes the form of a warped product metric
ds* =dr* +w(r)’g®, re(r.r,

where w is some positive smooth function on U, and g¥ = g% is the metric defined
on the level surface X, which is Einstein, by Theorem 6.3 (6). This concludes the
proof of Theorem 1.2.

The proof of Corollary 1.3 follows from the previous considerations combined
with Corollary 6.5. O
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Next we show that the properness assumption on the potential function f in
Theorem 1.2 is automatically satisfied by some classes of Einstein-type manifolds.

First of all, let (M, g) be a complete, noncompact, gradient Ricci soliton with
potential function f. Then, it is well known that f is always proper, provided
that the soliton is either shrinking [Cao and Zhou 2010, Theorem 1.1], or steady
with positive Ricci curvature and scalar curvature attaining its maximum at some
point [Cao and Chen 2012, Proposition 2.3], or expanding with nonnegative Ricci
curvature [Cao et al. 2014, Lemma 5.5]. Hence, in these cases, Theorem 1.2
provides a local version of the classification results obtained in [Cao and Chen
2013; Cao et al. 2014].

Secondly, if (M, g) is a complete, noncompact, gradient shrinking p-Einstein
soliton with p > 0 and bounded scalar curvature, then it follows by [Catino et al.
2015, Lemma 3.2] that the potential function f is proper. Hence, Theorem 1.2
implies the following

Theorem 7.1. Let (M, g) be a complete, noncompact, gradient shrinking p-Einstein
soliton of dimension m > 3 with bounded scalar curvature and p > 0. If B(Vf, -) =0,
then around any regular point of f the manifold (M, g) is locally a warped product
with (m—1)-dimensional Einstein fibers.

Finally, we want to show the following result concerning gradient Ricci almost
solitons which are “strongly” shrinking.

Theorem 7.2. Let (M, g) be a complete, noncompact, gradient Ricci almost soliton
of dimension m > 3 with bounded Ricci curvature and with .. > A > 0, for some A.
If B(Vf,-) =0, then around any regular point of f the manifold (M, g) is locally a
warped product with (m—1)-dimensional Einstein fibers.

Proof. By Theorem 1.2 it is sufficient to show that under these assumptions the
potential function is proper. To do this we will apply a second variation argument
as in [Cao and Zhou 2010, Theorem 1.1]. Let r(x) = dist(x, o), for some fixed
origin o € M. We will show that, for r(x) > 1,

FO) = 3a(r) — ),

for some positive constant ¢ > 0 depending only on m and on the geometry of g on
the unit ball B,(1). Let y(s), 0 <s < 59 for some sy > 0, be any minimizing unit
speed geodesic starting from o = y (0) and let y (s) be the unit tangent vector of y .
Then by the second variation of the arc length, we have

/ " $2) Ric(7, 7)ds < (m— 1) / * )2 ds,
0 0

for every nonnegative function ¢ : [0, so] — R. We choose ¢(s) = s on [0, 1],
¢(s)=1on[l,s9—1],and ¢(s) =s9—s on [sg— 1, sg]. Then, since the solitons
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has bounded Ricci curvature, one has

S0
/ Ric(y, y)ds <2(m — 1)+ max |Ric|4+ max |Ric|=<C,
0 B1(0) Bi(y (50))

for some positive constant C independent of sg. On the other hand, from the soliton
equation, we have

VyVyf =A —RiC()}, ]/)

Integrating along y, we get

. . S0 S0 .
Fre0) = ) = [rds— [ Rietr pyds = a0 - .
0 0
Integrating again, we obtain the desired estimate

[y (s0) = 3A(s50— ),
for some constant c¢. This concludes the proof of the theorem. (]

Remark 7.3. From the above proof, if A = A(r) is such that 1/A(r) = o(1/ r?) as
r — +o00 we have f(r) — 400 as r — +4o00. This suffices to prove Theorem 7.2.

To conclude, we note that Ricci almost solitons which are warped products were
constructed in [Pigola et al. 2011, Remark 2.6].
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