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ON THE FOURIER-JACOBI MODEL FOR SOME
ENDOSCOPIC ARTHUR PACKET OF U (3) x U(3):
THE NONGENERIC CASE

JAEHO HAAN

For a generic L-parameter of U(n) x U (n), it is conjectured that there is
a unique representation in their associated relevant Vogan L-packet which
produces the unique Fourier-Jacobi model. We investigated this conjecture
for some nongeneric L-parameters of U(3) x U(3) and discovered that it
is true for some nongeneric L-parameters and false for some nongeneric
L-parameters. In the case when it holds, we specified such representation
under the local Langlands correspondence for unitary groups.

1. Introduction

The local Gan—Gross—Prasad conjecture deals with certain restriction problems
between p-adic groups. In this paper, we shall investigate it for some nongeneric
case not treated before.

Let E/ F be a quadratic extension of number fields and G = U (3) be the quasisplit
unitary group of rank 3 relative to E/F. Then H = U(2) x U(1) is the unique
elliptic endoscopic group for G. Rogawski [1990] has defined a certain enlarged
class of L-packets, or A-packets, of G using endoscopic transfer of one-dimensional
characters of H to G. In more detail, let o = ®,0, be a one-dimensional automor-
phic character of H. The A-packet I[1(0) >~ ®TI1(p,) is the transfer of o with respect
to functoriality for an embedding of L-groups & : “H — £G. Then for all places
v of F, the packet I1(p,) contains a certain nontempered representation 7" (0,)
and it contains an additional supercuspidal representation 7°(o,) precisely when v
remains prime in E. Gelbart and Rogawski [1991] showed that the representations
in this A-packet arise in the Weil representation of G. Our goal is to study the
branching rule of the representations in this A-packet.

For the branching problem, there is a fascinating conjecture, the so-called
Gan—Gross—Prasad (GGP) conjecture, which was first proposed by Gross and
Prasad [1992] for orthogonal groups and later they, together with Gan, extended it

MSC2010: 11F27, 11F70, 11F85.
Keywords: Gan—Gross—Prasad conjecture, Fourier—Jacobi model, nongeneric parameter, local theta
correspondence.

69


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2017.286-1
http://dx.doi.org/10.2140/pjm.2017.286.69

70 JAEHO HAAN

to all classical groups in [Gan et al. 2012]. Since it concerns our main theorem, we
shall give a brief review on the GGP conjecture, especially for unitary groups.

Let E/F be a quadratic extension of nonarchimedean local fields of characteristic
zero. Let V11 be a hermitian space of dimension n + 1 over E and W,, a skew-
hermitian space of dimension n over E. Let V,, C V,,11 be a nondegenerate subspace
of codimension 1, so that if we set

G,=UV,) xUVyy1) or UW,) xUW,)

and
Hn:U(Vn) or U(Wn)a

then we have a diagonal embedding
A H,— G,.

Let  be an irreducible smooth representation of G,,. In the hermitian case, one
is interested in computing

dim(]: HOI‘I]AH” (7‘[, C)

We shall call this the Bessel case (B) of the GGP conjecture. For the GGP conjecture
in the skew-hermitian case, we need to introduce a certain Weil representation
Wy, x,w, of H,, where ¥ is a nontrivial additive character of F" and x is a character
of E* whose restriction to ' is the quadratic character wg,r associated to E/F
by local class field theory. (For the exact definition of wy, , w,, please see page 77.)
In this case, one is interested in computing

dim¢c Homa g, (77, @y 4, w,)-

We shall call this the Fourier—Jacobi case (FJ) of the GGP conjecture. To treat both
cases using one notation, we shall let v equal C or wy, , w, in the respective cases.
By the results of [Aizenbud et al. 2010; Sun 2012], it is known that

dim¢ Homa g, (7, v) <1,
and so the next step is to specify irreducible smooth representations 7 such that
Homagy, (7, v) = 1.

(A nonzero element of Homa g, (7w, v) is called a Bessel (Fourier—Jacobi) model of
7t in the hermitian (skew-hermitian) case.)

Gan, Gross and Prasad [2012] brought this problem into a more general setting
using the notion of relevant pure inner forms of G, and Vogan L-packets. A pure
inner form of G, is a group of the form

G,=UV) xU(V,, ) or UW,)xUW,),
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where V,; C V', | are n and n+ 1 dimensional hermitian spaces over E, and W, W,/
are n-dimensional skew-hermitian spaces over E.
Furthermore, if

V VI Z Ve[V o W=W/,

we say that G, is a relevant pure inner form.
(Indeed, there are four pure inner forms of G, and among them, only two are
relevant.)

If G}, is relevant, we set

H =UV) or UW,)),
so that we have a diagonal embedding
A:H, — G,.

Now suppose that ¢ is an L-parameter for the group G,. Then the (relevant)
Vogan L-packet Iy associated to ¢ consists of certain irreducible smooth represen-
tations of G, and its (relevant) pure inner forms G/, whose L-parameter is ¢. We
denote the relevant Vogan L-packet of ¢ by I1 (I; .

With these notions, we can loosely state the result of Beuzart-Plessis [2014;
2012; 2015] for the Bessel case and Gan and Ichino [2016] for the Fourier—Jacobi
case as follows:

Theorem 1.1. For a tempered L-parameter ¢ of G, the following hold.:

1) Zn/enf; dim¢c Homag (7', v) = 1.

(i1) Using the local Langlands correspondence for unitary groups, we can pinpoint
the unique ' € Tl (I; such that

dim¢ Homa g (7, v) = 1.

To emphasize its dependence on the number n, we denote the Fourier—Jacobi
and Bessel cases of Theorem 1.1 as (FJ), and (B), respectively, and later we shall
elaborate more on this notation. The GGP conjecture predicts that this theorem
also holds for a generic L-parameter ¢ of G,,.

Our main theorem is to investigate (FJ)3; for some L-parameter of G3 involving
a nongeneric L-parameter of U (W3). More precisely, we have:

Main Theorem. For an irreducible smooth representation wp of U(W3), let 1 =
" (0) ® my as a representation of G3. Then

(1) Homa g, (7w, wy, . wy) = 0 if 2 is not a theta lift from U (V3).
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(ii) Assume that m, is the theta lift from U(V|) and let ¢ = ¢" @ ¢ be the
L-parameter of . Then

> dimg Homp gy (7', @y ;) = 1.
n’el'[lf
(iii) Using the local Langlands correspondence for unitary groups, we can explicitly
describe the representation ' € Tl g appearing in (ii) such that

. /
dimg Homp g (707, @y, 5 w;) = 1.

Remark 1.2. As we shall see in Theorem 3.2, the L-parameter of 7" (g,) is not
only nontempered but also nongeneric. Thus if we choose the L-parameters of ¢»
in ¢ apart from those obtained by the theta lift from U (V;) to U(W3), then the
first part of the Main Theorem tells us that the GGP conjecture may not be true for
nongeneric L-parameters of G,.

The proof of the Main Theorem is based on the following see-saw diagram:

U(Ws3) x U(W3) UV,)

U(W3) UV xU(WVy)

Since all elements in the A-packet I1(o) can be obtained by theta lift from U (V}),
we can write 7" (0) = Oy , w;,, v, (0) where o is an irreducible smooth character
of U(V}), and yr,x are some characters, which are needed to fix a relevant Weil
representation. Then by the see-saw identity, we have

Homy (wy) (O, x, w3, 11 (0) ® @y w,» T5) = Homy vy (O, y vy w3 (715, 0).

From this, we see that for having Homy (ws)(®y, w3 v, (0) @ 0y ., 7)) #0, it
should be preceded by Oy » v, w; (nzv ) #% 0. This accounts for (i) in the Main The-
orem because

Homy (wy) (@ . w3, v, (0) ® @y, y, T))

>~ Homy (wy) (Oy, w3, v, (0) @ 2, Wy x w3)-

If ®y y.v,,w;()) # 0, then by the local theta correspondence, 7,” should be
Oy, x, w5, (o), Where mg is an irreducible representation of U (V). By applying
(B)1, we can pinpoint 77y and o in the framework of local Langlands correspon-
dence such that Homy (y,) (o, o) # 0. Next we shall use the precise local theta
correspondences for (U (Vy), U(W3)) and (U (Vy), U(Wy)) in order to transfer the
recipe for (B); to (FJ)s.
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The rest of the paper is organized as follows: In Section 2, we shall give a brief
sketch of the local Langlands correspondence for unitary groups. In Section 3, we
collect some results on the local theta correspondence for unitary groups which
we will use in the proof of our main results. In Section 4, we shall prove our
Main Theorem.

Notations. We fix some notations we shall use throughout this paper:
o E/F is a quadratic extension of nonarchimedean local fields of characteristic
Zero.
e ¢ is the nontrivial element of Gal(E/F).
e Frg is a Frobenius element of Gal(E /E).
 Denote by Trg,r and N, f the trace and norm maps from E to F.
e § is an element of E such that Trg,r(8) =0.
o Let ¥y be an additive character of F' and define

Y @) =¥ (3 Trg/p(8x)) and 3 (x) := ¥ (Trg, p(6x)).

e Let x be a character of E* whose restriction to F'* is wg,r, which is the
quadratic character associated to E/F by local class field theory.

« For a linear algebraic group G, its F-points will be denoted by G (F) or simply
by G.

2. Local Langlands correspondence for unitary groups

By the recent work of Mok [2015] and Kaletha, Minguez, Shin and White [2014],
the local Langlands correspondence is now known for unitary groups conditional on
the stabilization of the twisted trace formula and weighted fundamental lemma. The
twisted trace formula has now been stabilized in [Waldspurger 2014a; Waldspurger
2014b] and [Moeglin and Waldspurger 2014a; Moeglin and Waldspurger 2014b] and
the proof of the weighted fundamental lemma is an ongoing project of Chaudouard
and Laumon. Since our main results are expressed using the local Langlands
correspondence, we shall assume the local Langlands correspondence for unitary
groups. In this section, we list some of its properties which are used in this paper.
Indeed, much of this section is excerpts from Section 2 in [Gan and Ichino 2016].

Hermitian and skew-hermitian spaces. For e ==1, let V be a finite n-dimensional
vector space over E equipped with a nondegenerate e-hermitian c-sesquilinear form
(+,-)v: VxV — E. That means forv,we V anda,be E,

<av7bw>V:abC<v5w>Va (wav>V=8'<v5w>€/'
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We define disc V = (= 1)"~D"/2 . det V, so that

FX/NE/F(EX) if &6 = +1,

discV € .
8" - F*/Ng/p(E™) ife=-—1,

and we can define € (V) = +£1 by

wg/r(disc V) if e =—+1,

2-1) (V)= in/F(5_”'diSC V) ife=—1.

By a theorem of Landherr, for a given positive integer n, there are exactly two
isomorphism classes of e-hermitian spaces of dimension » and they are distinguished
from each other by €(V). Let U (V') be the unitary group of V defined by

U(V)={g eGL(V)|(gv, gw)y = (v, w)y for v, w € V}.
Then U (V) turns out to be the connected reductive algebraic group defined over F.

L-parameters and component groups. Let I be the inertia subgroup of Gal(F / F).
Let Wr = Ip x (Frp) be the Weil group of F and WD = Wg x SL,(C) be the
Weil-Deligne group of F. For a homomorphism ¢ : WD — GL, (C), we say that
it is a representation of WD if

(i) ¢ is continuous and ¢ (Frg) is semisimple,

(ii) the restriction of ¢ to SL,(C) is induced by a morphism of algebraic groups
SL, — GL,,.

If, moreover, the image of W is bounded then we say that ¢ is tempered. Define
¢V by ¢V (w) ="'¢(w)~" and call this the contragredient representation of ¢. If
E/F is a quadratic extension of local fields and ¢ is a representation of WDg,
fix s € Wr \ W and define a representation ¢¢ of WD by ¢(w) = ¢ (sws ™).
The equivalence class of ¢ is independent of the choice of s. We say that ¢ is
conjugate self-dual if there is an isomorphism b : ¢ — (¢")°. Note that there
is a natural isomorphism (((¢"))")¢ =~ ¢ so that (b")¢ can be considered as an
isomorphism from ¢ onto (¢")¢. For ¢ = £1, we say that ¢ is conjugate self-dual
with sign ¢ if there exists such a b satisfying the extra condition (b")¢ = ¢-b. Define
As(¢) : WDp — GL,2(C) by tensor induction of ¢ as follows:

¢(w)®¢(s_1ws) if w € WDg,

As(p)(w) = {LO(¢(S_IU))®¢(LUS)) if we WDr \ WDg,

where ¢ is the linear isomorphism of C" @ C" given by t(x ® y) = y Q x.
Then the equivalence class of As(¢) is also independent of the choice of 5. We
set AsT(¢) = As(¢p) and As™ (¢) = As(x ® ¢).
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Let V be an n-dimensional e-hermitian space over E. An L-parameter for the
unitary group U (V) is a GL, (C)-conjugacy class of admissible homomorphisms

¢ :WDp — LU(V) =GL,(C) x Gal(E/F),

such that the composite of ¢ with the projection onto Gal(E/F') is the natural
projection of WDy to Gal(E/F).

The following proposition from [Gan et al. 2012, Section 8] enables us to remove
the cumbersome Gal(E / F))-factor in the definition of L-parameters of U (V).

Proposition 2.1. Restriction to the Weil-Deligne group WDE gives a bijection
between the set of L-parameters for U(V) and the set of equivalence classes of
conjugate self-dual representations

¢ : WDz — GL,(C)

of sign (—1)" 1.
With this proposition, by an L-parameter for U (V), we mean an n-dimensional
conjugate self-dual representation ¢ of WD of sign (—1)"~1.

Given an L-parameter ¢ of U (V'), we say that ¢ is generic if its adjoint L-function
L(s, Ado¢) = L(s, AsCD"! (¢)) is holomorphic at s = 1. Write ¢ as a direct sum

¢ =P migi

of pairwise inequivalent irreducible representations ¢; of WDg with multiplici-
ties m;. We say that ¢ is square-integrable if it has no multiplicity (i.e., m; = 1 for
all i) and ¢; is conjugate self-dual with sign (—1)"~! for all i. Furthermore, we can
associate its component group Sy to ¢. As explained in [Gan et al. 2012, Section 8],
S¢ 1s a finite 2-abelian group which can be described as

S = [@/22)a;
J

with a canonical basis {a;}, where the product ranges over all j such that ¢; is
conjugate self-dual with sign (—1)"~!. If we denote the image of —1 € GL,(C) in
Sy by z4, we have

26 = (mja;) € [ [2/22)a;.
j

Local Langlands correspondence for unitary groups. The aim of the local Lang-
lands correspondence for unitary groups is to classify the irreducible smooth repre-
sentations of unitary groups. To state it, we first introduce some notations.

o Let V* and V™~ be the n-dimensional e-hermitian spaces with e(V1) = +1,
€(V ™) = —1 respectively.
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e Let Irr(U (V7)) be the set of irreducible smooth representations of U ( V).

Then a form of the local Langlands correspondence enhanced by Vogan [1993],
says that for an L-parameter ¢ of U (V ), there is the so-called Vogan L-packet Ty,
a finite set consisting of irreducible smooth representations of U (V ), such that

Irr(U (V) uTer(U (V7)) = || Ty,
0

where ¢ on the right-hand side runs over all equivalence classes of L-parameters
for U (V*). Then under the local Langlands correspondence, we may also decom-
pose ITy as

— U
My =7 Uy,

where for € = %1, the L-packet H; consists of the representations of U (V) in Iy.
Furthermore, as explained in [Gan et al. 2012, Section 12], there is a bijection

JV () : Ty — Trr(Sy),

which is canonical when 7 is odd and depends on the choice of an additive character
of ¥ : F* — C when n is even. More precisely, such bijection is determined by
the Ng,r(E™)-orbit of nontrivial additive characters

{wE:E/F—MDX if e =+1,
v F— C~* ife =—1.

According to this choice, when 7 is even, we write

J¢ if&‘:—],

and even when n is odd, we retain the same notation J (¢) for the canonical
bijection. Hereafter, if a nontrivial additive character ¢ : F — C* is fixed, we
define ¥ : E/F — C* by

V' @) =9 (3 Tre r(60)),
and using these two characters, we fix once and for all a bijection
TV (@) : Ty — Trr(Sy),

as above.
With these fixed bijections, we can label all irreducible smooth representations
of U(V¥) as m(¢, n) for some unique L-parameter ¢ of U(V*)and n e Irr(Sy).
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Properties of the local Langlands correspondence. We briefly list some properties
of the local Langlands correspondence for unitary groups, which we will use in this

paper:
e (¢, n) is a representation of U (V<) if and only if n(z4) = €.
o (¢, n) is tempered if and only if ¢ is tempered.
e (¢, n) is square-integrable if and only if ¢ is square-integrable.

e The component groups Sy and Ssv are canonically identified. Under this
canonical identification, if w = (¢, 1), then its contragredient representation
7Y is (¢, n-v) where

v@) wgp(—1)4me; if dimc ¢ is even,

a;) =

/ 1 if dime ¢ is odd.

(This property follows from a result of Kaletha [2013, Theorem 4.9].)

3. Local theta correspondence

In this section, we state the local theta correspondence of unitary groups for two
low rank cases. From now on, for € = £1, we shall denote by V¢ the n-dimensional
hermitian space with (V7)) =€ and by W the n-dimensional skew-hermitian space
with €(W;) =€, so that Wy =46 - V¢,

The Weil representation for unitary groups. In this subsection, we introduce the
Weil representation.

Let E/F be a quadratic extension of local fields and let (V,,, (, )y, ) be an
m-dimensional hermitian space and (W, (, )w,) an n-dimensional skew-hermitian
space over E. Define the symplectic space

WVmaWn = ReSE/F Vm ®E Wn
with the symplectic form
(W w, v ®@w)w,, y, =13 Tre/r((v, ')y, (w, why).

We also consider the associated symplectic group Sp(Wy,, w,) which preserves
(-, )w,,, y, and the metaplectic group %(W%,,,Wn) which sits in a short exact
sequence:

1->C*— é\l/)(W‘/m,Wn) — Sp(Wy, w,) — 1.

Let Xy, w, be a Lagrangian subspace of Wy, w, and fix an additive character
Y : F — C*. Then we have a Schrodinger model of the Weil representation wy, of
Sp (W) on ¥(Xy,, w,), where ¥ is the Schwartz—Bruhat function space.

If we set
m n

xv, =x" and xw, :=x",
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where x is a character of E* whose restriction to F'* is wg,r, which is the quadratic
character associated to E/F by local class field theory, then (xv, ., xw,) gives a
splitting homomorphism

L w2 U (Vi) X U (W) = Sp(Wy, ),

and so by composing this with wy,, we have a Weil representation wy, o ty,,  y, 0f
U(Vy) xUW,) on SXy,, w,)-
When the choice of ¢ and (v, , xw,) is fixed as above, we simply write

wl/f,Wn»Vm = a)’# © ['XVm SXWp ®

Throughout the rest of the paper, we shall denote the Weil representation of U (V,,,) x
U(W,) by wy, w,,v, with the choice of characters (xv,,, xw,) understood as above.

Remark 3.1. When m = 1, the image of U (V) in §1,)(WVI,WH) coincides with
the image of the center of U(W,), and so we regard the Weil representation of
U (V1) x U(W,) as a representation of U (W,). In this case, we denote the Weil
representation of U(W,) as wy, w,. Furthermore, we can also use xy, = X_l for
the choice of splitting homomorphism ¢, 4, instead of xv, = x. In this case, the
Weil representation of U (W,,) is a)I/V,’Wn.

Local theta correspondence. Given a Weil representation wy, w, v, of U(V,,) x
U(W,) and an irreducible smooth representation = of U(W,), the maximal
m-isotypic quotient of wy v, w, is of the form

®¢,meWn (7‘[) X

for some smooth representation ®y, v, w, (7) of U(V,,) of finite length. By Howe
duality!, the maximal semisimple quotient 0y, v, w, () of Oy v, w, () is either
zero or irreducible.

In this paper, we consider two kinds of theta correspondences for (U (1) x U(3))
and (UQ2) x U3)):

Case 1. First we shall consider the theta correspondence for U (V) x U(W5 "). The
following is a compound of Theorem 3.4 and Theorem 3.5 in [Haan 2016].

Theorem 3.2. Let ¢ be an L-parameter of U (Vli). Then:

(1) Forany ¢, e’ = +1 and any 7w € T, we have © ¢ () is nonzero and

. . v, WE, V|
irreducible.

It was first proved by Waldspurger [1990] for all residual characteristics except p = 2. Recently,
Gan and Takeda [2014; 2016] have made it available for all residual characteristics.
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(i) ©, e e (r) =

{a nontempered representation ife(%, PR x 3, g[/ZE) €€,

—€-€,

a supercuspidal representation ife (% PR x 3, sz )

where

¥y (x) = ¥ (Trg/p(8x)).
(iii)) The L-parameter 6(¢) of ©®

W VE () has the following form:
G-1) 0(p) =
1 _1
0"@)=x|- 1z ®¢-x 2@ xl-1g° ife(3,00x 7, ¥5) =€ €,
(@) =¢-x B YRS ife(3.¢®@x 2 ¥5) =—e €,

where S, is the standard 2-dimensional representation of SL,(C).

(iv) For €, €' such that 6(%, R x 3, sz) = € - €, the theta correspondence

T 6 ¢ () gives a bijection

ANG
My <— Hor(g).-
(v) For €, € such that e(% PR x 3, 1//2E) = —€ - €, the theta correspondence
T Gw,wf,vf/ () gives an injection
[y = Mps(g)-
Write
. Sp= Z/2D)ar,
. Sonip) = (Z/)27)a ife(3.00x 3 yf)=€-¢,
o Spsigy = (Z)220)ay x (Z)2Z)a;  ife(3, 9@ x>, YF)=—€-€,

where

Yy (x) = ¥ (Trg)F(8x)).

(Note that 6°(¢) is a square-integrable L-parameter of U(W5) and the summand
(Z]22)ay of Ses(g) arises from the summand y XS, in 0°(¢).)

Since we are only dealing with odd dimensional spaces, there are three canonical
bijections:

o JV(p): Ty «—> Irr(Sy),

o JV(0"(9)) : Tgng) «<—> Irr(Spr(g)).

o JVO5 (@) : Hos gy < Irr(Sps(g))-
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Using these maps, the following bijections and inclusions

Irr(Sy) <— Irr(Senp))
n—0"(n),

Irr(Sg) < Irr(Sps(g))
n—0°(),

induced by the theta correspondence can be explicated as follows:

(3-2)  0"ma) =nla) €(3. 6@ x>, ¥1),
(33) 0D =n) €3, ¢@x.¥3),  ia)=—L.

Remark 3.3. Note that 6" (¢) is a nongeneric L-parameter. Gan and Ichino [2016,
Proposition B.1 in Appendix] proved that an L-parameter is generic if and only if
its associated L-packet Iy contains a generic representation (i.e., one possessing a
Whittaker model). Together with Corollary 4.2.3 in [Gelbart and Rogawski 1990],
which asserts that all elements in ITgn4) have no Whittaker models, we see that
0" (¢) is a nongeneric L-parameter.

Case 2. Now we shall consider the theta correspondence for U (V;/) x U(W5).
The following summarizes some results of Gan and Ichino [2014; 2016], which are
specialized to this case.

Theorem 3.4. Let ¢ be an L-parameter for U (Vzi). Then:

(i) Suppose that ¢ does not contain x>.
(a) Foranym € I'I;)/ and any € € {£1}, we have ©® 1 () is nonzero and

v WS Vs
0 Ve () has L-parameter
V2

v, WE
0(p)=(p@x Hdx™

(b) For each € = %1, the theta correspondence w +— 0

¢ () gives a
. Vs
bijection

VW
MMy «— HZ(@'

(i) Suppose that ¢ contains x>.
(a) Foranym € I, exactly one of ©
(b) If®

W vE () or ®w,W3’,Vf/ (7r) is nonzero.

¢ () is nonzero, then 0, . . (mw) has L-parameter
A ¥, W3V,

A

0(p)=(p@x Hdx™

(c) The theta correspondence w +— 6 () gives a bijection

v, WE,VE

H¢ <> H9(¢).
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(iii)) We have fixed a bijection
Jye(@) 1 Ty <— Irr(Sy),
where
v () =¥ (3 Tre/r(6x))
and there is the bijection
TV (0()) : Ty <> Irr(Sp())-
o If ¢ does not contain x>, we have
Sop) =S¢ X (Z/22)by,

where the extra copy of Z/2Z of Seg) arises from the summand x? in
0(¢). Then for each €, using the above bijections J and J«, one has a
canonical bijection

Irr(Sy) <— Irr€ (So(¢))
n<— 0@,
induced by the theta correspondence, where It (Sy(4)) is the set of irre-

ducible characters ' of Sp(p) such that ' (zg¢()) = € and the bijection is
determined by

Omls, =n.
o If ¢ contains x>, then ¢ @ x~' contains x?, and so
Sop) = Sp-
Thus, one has a canonical bijection

Il‘I‘(S¢) <> Il‘l‘(Sg(¢)),
n < 6(n),

induced by the theta correspondence and it is given by

0(n) =n.

(v) If m is tempered and ®¢,W§,Vf/ () is nonzero, then ®1//,W3€,V2€/ () is irre-

ducible and tempered.
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4. Main Theorem

In this section, we prove our Main Theorem. To prove it, we first state the precise
result of Beuzart-Plessis which we shall use in the proof of Theorem 4.12.

Theorem (B),.. Let ¢ = ¢V x ¢ be a tempered L-parameter ofU(an_EH) X
U (VF) and write Symin =[1;(Z/22)a; and Sym = Hj (Z/22)b;. Let
AUWVE) > UL x UV
be the diagonal map. Then for 7t (n) € I'[(I;’ = H{:;(m) X H(:;(n)’ where n € Irr(Sy) =
Irr(S¢(n+1)) X II‘I‘(S¢(n>),
Hom, ), (), ©) =1 & n =7,

h
e { nha) = e(L, 0" @™, Y E,),
i) =e(3. 6"V @9, YE),
where YE, (x) = (= Trg 5 (5x)).

Theorem 4.1. Let ¢V, @ be tempered L-parameters of U (Vli) and U (Vzi),
respectively and suppose that $® does not contain x 3. Let

1 _1
0" @) =xI- 1z @V - x 2@ xl- 17,
@) =9V x @ xKS,
be the two L-parameters of U (Wf) appearing in (3-1) and let
0 =@ x®x

be the L-parameters of U (W;E) appearing in Theorem 3.4 (ii), in which yx is replaced
by x .

Write

o Sy = Sgnpy = (Z/20)ay,

o Sps ey = Spn X (Z/22)ay,

(Z)27)b; if @ is irreducible,
" o0 = {(Z/2Z)b X (Z)27)b if 6@ = ? @ ¢ is reducible
1 2 1 > ,

* Sop) = Spa X (Z/227)c,
where ¢; comes from the component x ~2 of 8(¢®). We use the fixed character v/
to fix the local Langlands correspondence for I, <> Irr(Sy@).

2Recently, Gan and Ichino [2016] extended Beuzart-Plessis’s work to the generic case relating it
to the (FJ) case.
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For x =n, s, let

0 (", @) = 6" (") x 0(¢®)

be an L-parameter of G3 = U(Wi) X U(Wi) and 7°(n) € nk
representation of a relevant pure inner form of Gs. Then,

0, g D
Homayws) (7" (0), @y we) #0 <= n =11,
where ni € Irr(Spx (g, @) = Irt(Spx (p0y) X Irr(Syp2)) 18 specified as follows:
(i) When ¢ is irreducible,

nia) =€(3. 6V @x 3, ¥F) €(3. 6V 0P, v F),
ni(b) =€(3, 6V @0, yF),
nie) =e(X oM@ x 3, vf),

y)-

ni(a1)=e( V@ X7, ¥,
ni(ay) = —1,
ni(b) =e€(3, ¢V @02, yF),
775(61)=—6(2,¢“)®x’3,¢/2)-

(i) When ¢® = ¢](2) @ ¢§2) is reducible,
nia) =€(3, 6V @x 3, ¥ F) €(3. 6V ®0?, v F),

(3,90 ®@¢@, ),

nib)=e(1, 0V @0, z/fz)

nf(b2) = €(} ¢<1>®¢@> 7)s

nic)=¢€(3 oV ®x 3, wz),

nia) =€(3, 6V @ x73 vf) - €(3, 6V @9, yF),
ni(a) = —1,

Tnin =e(L 0V @67, vF),
ni(by) =e(L, ¢ ®¢§2), vE),
ni(c)) =—€(3, ¢V @ x 3, ¥ F).

Furthermore,
dim¢ Homay wg) (7 (n;), wywe) = 1.

Remark 4.2. When x =n or s, we have 77}: (Zgr(pmy) = n}: (Zg(p)) so that 77}: always
corresponds to a representation 7* (nl) of a relevant pure inner form of G3.

Proof. For each x = n, s, we first prove the existence of some €, € {1} and

Tt (n) € Hex () g, Such that

HomAU(Wix)(ﬂx(n)s a)wvw:fx) # 0.
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Fora € F*, let L, be the 1-dimensional hermitian space with form a - Ng,r. Then
VS Vi~V Vv >~ L.
We consider the following see-saw diagram (¢, €’ will be determined soon):
U(W$) x U (W5) Uvs)

=

U(W$) UVE)x U(L-y)

(4-1)

In this diagram, we shall use three theta correspondences:

G u (Vf,) x U(Wj) relative to the pair of characters ( %2 1),
) U (Vf,) x U(W3) relative to the pair of characters (x, x2),
(iii)) U(L_1) x U(Wj) relative to the pair of characters ( x5 ).

By (B)j, there is a unique €’ € {1} and a unique pair of component characters

(12, M1) € Trr (Sgeny) x T (Sgnyv),
such that
HomAU(vf’)(”(nl) ®m(n1), C) #0.

Moreover, € =n;(a;) = €(3. (¢)" ® (9@, ¥E) =€(5. 0V @ 6P, yF).
By Theorem 3.4 (i), (iv) and [Atobe and Gan 2016, Theorem 4.1],
®w}v2€/’wé( w W€ 6 (77(772)))

is nonzero for any € € {+1}. Since

®W’W§yV§/ (e (m2)) & ®WYV§/,W§ (®W,W§,v§/ (7 (n2)))

is the maximal @ ¢ ye (7w (n2))-isotypic quotient of wy, v, w, and we have that
3 2

®1ﬂ We v (7w (m2)) ﬁn(nz) isa ®w We v ' (r(n2))-isotypic quotient of wy, v, w;,, the

representation 7 (1;) should be a quotient of ® " vf we (@ WW;V; (n(nz))) By

Proposition 5.4 in [Atobe and Gan 2016],

®W,V2€/,W3€ (®W,W3€,V2€, (jT(HZ)))

is irreducible and thus we have ®w,v;’,vv$ (®w,W§,Vf/ (w(12))) =7 (n2).

Since
Hom,; e, (e (n2), 77 () #0,

by the see-saw identity and Remark 3.1, we have

Hom,ywe) (0, e ye (T (1) @0y e, O e e (T (1)) #0
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and since ® (7 (n2)) and w” . are admissible, we have
v, WE, VS v, WS

Hom (e (© ve (T () @O’ /(T (12)), wy we) #O.

€
V. Wy, Y WS, Vs

By Theorem 3.2 (i) and Theorem 3.4 (i), the L-parameter of ® yWE VE @V () ®

v (m(12)) 18

VWsL VS

0" (¢, @) ife = 6(%’ oV ® x 73, yF) .6(%, oD ®o?, yF),
{95(¢>(”, ¢?) if e =—€(3.00@x 7 vf) €(5. ¢V @9, vf),

and by Theorem 3.2 (v) and Theorem 3.4 (iii), we see that their associated component
characters are 1! and 7! in each case.

Next we shall prove that these are the unique representations which yield Fourier—
Jacobi models in each of the L-packets, [Tpn g g2y and [gs g gy

Since 0% (¢pV, ¢) is a tempered L-parameter, the uniqueness easily follows
from (FJ); in this case. Therefore, we shall only consider the nontempered
L-parameter 6" (¢, $@). Let m @ 7 € nk = II¢ x 1€ be
a representation satisfying

Qn ¢(1) oDy T Then(pM) 0(p@)

HomAU(W;)(ﬂz Ky, wl/,,wf) # 0,

and in turn

HOmAU(Wf)(JTz ®a);sw3e, 7T1v) # 0

(The existence of such m, ® m; was insured by the previous step.) Then by

Theorem 3.2 (iv), we can write 75 = ©, we Ve (r D) for some 7V € H;’m where

€ =€ e( ¢(1)®X sz)
Then by applying the see-saw duality in the see-saw diagram in (4-1), one has
HomAU(W€ (72 ®a) wer T V)~ HomU(V6 (x?, 7 M) £0,
where

2

Note that 7 # 0 and so it has the tempered L-parameter (¢®)Y. Then by (B);,
(r@, ) is the unique pair in the L-packet IT(4eyv x Iy such that

Hom,, o (x®, D) 0,

and so (mp, 1) should be (®1//,W3€,Vf/ (M), @;’W;V;, (r®)). This settles the

uniqueness issue. (]
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Remark 4.3. When the L-parameter ¢@ of U (Vzi) contains x ~3, we can write
$® = ¢o ® x 3 for an L-parameter ¢y of U (Vli). Then, we set

3-x72 if po=x"",
9(¢(2)):{ X . ! %o X_3
$o-x D2 x if o # x 7,
and
(Z/22)b, if po=x"",
Sop) = : 3
(Z/22)by x (Z/2Z)c, if o # x .

If one develops a similar argument in this case, one could also have a recipe as
in Theorem 4.4 for the nontempered case. However, we need some assumption
on the irreducibility of the theta lifts because we cannot apply Proposition 5.4 in
[Atobe and Gan 2016].

Theorem 4.4. Let the notations be as in Theorem 4.1 and assume this time that
2 -3 . .
¢ contains x 3. Assume that for 7 € HG(@(Z))V), if ®w,v§/,w§ (7r) is nonzero, it
is irreducible.
Then,
Hom ey (2" (1), @y, we) # 0 = n=n;,

where ni € Irr(Spn (g, @) = It (Sgn(gmy) X Irr(Sy4@)) 1s specified as follows:
« When ¢ = x 2,
{n;(al) =e(z. 0V @x 7 ¥7),
(b)) =€(3. 0V @ x 7 ¥7).
« When ¢ # x 7,

(@) =€(3, 0" ® o, ¥7),
i) =e(3, ¢V @ o, v E),
nien =e(3, 60 @x 7, v5).
Proof. We first prove the existence of some € € {£1} and 7" (n) € nk
that

9,1@(,) +®) such

Homu g (we) (" (1), w‘p,wf) # 0.
By (B)j, there is a unique €’ € {£1} and a unique pair of component characters

(m2, m1) € II’I‘G/(S@(z))v) X Irre/(SM,(]))v),

such that
HomAU(Vle’)(”(ﬂz) ®m(m), C) #0.

Moreover, no(b1) = € (V)Y @ (¢0)¥, ¥ E,) = €(3, ¢V ® ¢, ¥'£) and
e =ni(a) =€e(2 @) @ @), vE) =€e(3. 0V ®0P, yF).
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By Theorem 3.4 (ii) and (iv),
®¢’W36’V2€/ (ﬂ(ﬂz))

is a nonzero irreducible representation of U (W5) for some € € {£1} and by Theo-
rem 4.1 in [At(?be a'nc'l Qan 20?6], ®W,V2€/,W§ (®w,w§,v§' (7w (112))) is nonzero. So
by our assumption, it is irreducible and

®W’V2€/’W3€ (G)Wwayvze/ (77(772))) =n(n2).

Since
Hom e, Gr(n2), 7 () # 0,

by the see-saw identity and Remark 3.1, we have

Homaywe) (0, e ye (T (1) @0y ye, O e e (T(12)) #0

and since © PWE VE +(m(n2)) and a) we are admissible, we have
Homayawe) (O, e e (ﬂv(m)) ®O) e ye (T, @y we) #0.

Let ®1ﬂ We e (w(n2)) = m(n3) for some 13 € ]_[9((¢<2>)v) If g9 = x 3, then
13 (Ze((¢<2))v)) =n3(3-b1) =n3(by) and if g # x then 13 (Ze((¢<2))v ) =n3(by1).
Thus in both cases, we have

€ =m3(2g(p2y)) = m 1) = mb) =€(3. 0V @ ¢0, ¥7 ).

Since
€ = G(l, ¢(1) ®¢(2)’ sz) — 6(%, ¢(1) ® ¢o. w-2E) '6(%, ¢(1) ®X_3» wZE)s

we have e-¢' = e( oM@y 3 Y, ) and so by Theorem 3.2 (iii) and Theorem 3.4 (i),
the L-parameter of © WEVE (7Y () ® @V (n(nz)) is 0" (¢, @),

Furthermore, by applying Theorem 3.2 (V) and Theorem 3.4 (ii1), we see that the
associated component character of
O e T O ®OY (T ()
is exactly nj; in each case and it proves the existence part. The proof of the
uniqueness part is essentially the same as the one in Theorem 4.1. ([

Remark 4.5. It is remarkable that for the supercuspidal L-parameter 6% (¢, ¢)
with 6(¢®) as above, the recipe, which is suggested in (FJ)3, does not occur with
the theta lift from U (Vli) and U (Vzi). This is quite similar to Proposition 4.6 in
[Haan 2016], which concerns the nongeneric aspect of Bessel cases of the GGP
conjecture.
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