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THE SYMPLECTIC PLACTIC MONOID,
CRYSTALS, AND MV CYCLES

JACINTA TORRES

We study cells in generalized Bott—-Samelson varieties for type C,. These
cells are parametrized by certain galleries in the affine building. We define
a set of readable galleries — we show that the closure in the affine Grassman-
nian of the image of the cell associated to a gallery in this set is an MV cycle.
This then defines a map from the set of readable galleries to the set of MV
cycles, which we show to be a morphism of crystals. We further compute
the fibers of this map in terms of the Littelmann path model.

1. Introduction

This paper is part of a project started by Gaussent and Littelmann [2005] the aim
of which is to establish an explicit relationship between the path model and the set
of MV cycles used by Mirkovi¢ and Vilonen for the Geometric Satake equivalence
proven in [Mirkovi¢ and Vilonen 2007].

1A. We consider a complex connected reductive algebraic group G and its affine
Grassmannian ¥ = G(C((¢)))/G(C[[z]). We fix a maximal torus T C G. The
coweight lattice X¥ = Hom(C*, T) can be seen as a subset of 4. For a coweight A,
which we may assume dominant with respect to some choice of Borel subgroup
containing T, the closure X, of the G(C[[¢]])-orbit of A in ¢ is an algebraic variety
which is usually singular. The Geometric Satake equivalence identifies the complex
irreducible highest weight module L()) for the Langlands dual group G¥ with
the intersection cohomology of X, a basis of which is given by the classes of
certain subvarieties of X, called MV cycles. The set of these subvarieties is denoted
by 2 (A). The Geometric Satake equivalence implies that the elements of Z'())
are in one to one correspondence with the vertices of the crystal B(1). Braverman
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and Gaitsgory [2001], endow the set 2°(A) with a crystal structure and show the
existence of a crystal isomorphism ¢ : B(A) => Z°(A).

1B. Gaussent and Littelmann [2005] define a set I'(y,)™> of LS galleries, which
are galleries in the affine building _# aff associated to G, and they endow this set
with a crystal structure and an isomorphism of crystals B(,) = T'(y,)"S. They
view the latter as a subset of the T-fixed points in a desingularization %,, 7 Xj.
To each of these particular fixed points § € I' ()" corresponds a Biatynicki-Birula
cell Cs C X,,. Gaussent and Littelmann [2005] show that the closure 7(Cy) is an
MYV cycle, and Baumann and Gaussent [2008] show that the map

Ty — 20, 8§ 7(Cs)

is a crystal isomorphism with respect to the crystal structure on Z°(1) described by
Braverman and Gaitsgory [2001]. It is natural to ask whether the closures 7 (Cs)
are still MV cycles for a more general choice of fixed point §.

1C. Gaussent and Littelmann [2012] consider one skeleton galleries, which are
piecewise linear paths in XV ®7 R. Such galleries can be interpreted in terms of
Young tableaux for types A, B and C. For G¥ = SL(n, C), Gaussent et al. [2013]
show that for any fixed point § € 2;, the closure 7 (Cs) is in fact an MV cycle.
They achieve this using combinatorics of Young tableaux such as word reading and
the well known Knuth relations, and by relating them to the Chevalley relations
for root subgroups which hold in the affine Grassmannian ¢. In [Torres 2016] it
is observed that word reading is a crystal morphism, and this allows one to prove
that in this case, the map from all galleries to MV cycles is in fact a morphism
of crystals. It was conjectured in [Gaussent et al. 2013] that generalizations of
their results hold for arbitrary complex semisimple algebraic groups, in terms of
the plactic algebra defined by Littelmann [1996]. It is with this in mind that we
formulate and state our results.

1D. Results. We work with G¥ = Sp(2n, C). We define a set I' ()R D T'(y)® of
readable galleries, which have an explicit formulation in terms of Young tableaux.
These galleries correspond to all galleries in type A. They are called keys in
[Gaussent et al. 2013]. Type C combinatorics related to LS galleries has been
developed by De Concini [1979], Kashiwara and Nakashima [1994], King [1976],
Lakshmibai [1987] (in the context of standard monomial theory), Proctor [1990],
Sheats [1999] and Lecouvey [2002], among others. We use the description of LS
galleries of fundamental type given by Lakshmibai in [1987; 1986]. We use the
formulation given by Lecouvey [2002]. There is a certain word reading described
in [Lecouvey 2002] which we show to be a crystal morphism when restricted to
readable galleries. We obtain results similar to those obtained in [Gaussent et al.
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2013] concerning the defining relations of the symplectic plactic monoid, described
explicitly by Lecouvey [2002], as well as words of readable galleries. These results
together with the work of Gaussent and Littelmann [2005; 2012], and Baumann
and Gaussent [2008] allow us to show in Theorem 6.2 that given a readable gallery
e F(yA)R there is an associated dominant coweight vs < A such that:

(1) The closure 7w (C;s) is an MV cycle in X,,.
(2) The map

(p —
()R 2 Z(us+), 8> 1(Cs)
sl (y)R/~

is a morphism of crystals.

Here F(yA)R /~ is some set of representatives for a certain equivalence relation
on the set of readable galleries. We compute the fibers of this map in terms of
the Littelmann path model. Moreover, this map induces an isomorphism when
restricted to each connected component. We then provide some examples of galleries
§ € %) —T'(y)" for which 7(Cs) is not an MV cycle in Z (vs).

1E. This paper is organized as follows. In Section 2 we introduce our notation and
recall several general facts about affine Grassmannians, MV cycles, galleries in the
affine building, generalized Bott—Samelson varieties, and concrete descriptions of
the cells Cs in them. In Section 3 we introduce the crystal structure on combinatorial
galleries, motivating our results with the Littelmann path model, and define readable
galleries as concatenations of LS galleries of fundamental type and “zero lumps.”
From Section 4 on we work with G¥ = Sp(2n, C), where we recall some type C
combinatorics and build up to our main result, which we state and prove in Section 6.
However, the main ingredients of the proof, stated in Section 5, are proven in
Section 7. In Section 8 we exhibit some examples in special cases where the image
of a certain cell cannot be an MV cycle. In the Appendix we show a technical result
that we need.

2. Preliminaries

2A. Notation. Throughout this section, we consider G to be a complex connected
reductive algebraic group associated to a root datum (X, XV, ®, &), and we denote
its Langlands dual by G. Let T C G be a maximal torus of G with character group
X =Hom(T, C*) and cocharacter group X" = Hom(C*, T). We will call elements
of X weights, and elements of X" coweights. We identify the Weyl group W with
the quotient Ng(T)/T, where Ng(T) denotes the normalizer of T in G. We will
abuse notation by denoting a representative in Ng(T) of an element w € W in the
Weyl group by the same symbol, w, that we use to denote the element itself. We fix
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a choice of positive roots @ (this determines a set ®"*T of positive coroots), and
denote the dominance order on X and X" determined by this choice by <. We will
denote the corresponding set of dominant weights and coweights by X+ C X and
XY+t C XY respectively. Let A = {ay, ..., a,} C ®* be the basis or set of simple
roots of ® that is determined by ®*. The number 7 is called the rank of the root
datum. Then the set A of all coroots ozl.v of elements «; € A forms a basis of the
root system ®V. Let (—,—) be the nondegenerate pairing between X and X, and
denote the half sum of positive roots and coroots by p and p" respectively. Note
that if A =), e, respectively A =) v viga”, is a sum of positive roots
then (A, p¥) =), ala> TESPectively (p, 1) =D v avlia)-

Let B C G be the Borel subgroup of G containing T that is determined by the
choice of positive roots @, and let U C B be its unipotent radical. The group U is
generated by the elements Uy (b) for b € C, a € &+, where for each root «, U, is
the one-parameter group it determines. For each coweight A € X" and each nonzero
complex number a € C*, we denote its image A(a) € T by a’.

The following identities hold in G (See [Steinberg 1968, §6]):

e Forany A € XV, a e C*,beC, and x € ,
(1) a*Ugy(b) = Uy (a'“Mb)a*.

* (Chevalley’s commutator formula) Given linearly independent roots «, B € @,
there exist numbers cf);fﬂ € {£1, £2, +3} such that, for all a, b € C,

) Ua (@ 'Us(0) " Ua@Up(0) = [ Uiarsp(cly(~a)v?).

i, jeN>0

The product is taken in some fixed order. The cijﬁ are integers which apart
from depending on i and j depend also on «, 8 and on the chosen order in the
product.

2B. Affine Grassmannians. Let ¢ = C[t] denote the ring of complex formal
power series and let #° = C((¢)) denote its field of fractions; it is the field of
complex Laurent power series. For any C-algebra %, we denote the set of %Z-valued
points of G by G(#). The set

9 =G(x)/G(0)

is called the affine Grassmannian associated to G. We will denote the class in ¢
of an element g € G(.#) by [g]. A coweight A : C* — T C G determines a
point t* € G(.#) and hence a class [t*] € 4. This map is injective, and we may
therefore consider XV as a subset of 4.
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G(0)-orbits in ¢4 are determined by the Cartan decomposition

G = |_| G(O)[t"].

AeXV-t

Each G(&)-orbit has the structure of an algebraic variety induced from the progroup
structure of G(¢) and for a dominant coweight A € X" T,

Gt = || Gl

nexV+
KA

We call the closure G(0)[t*] a generalized Schubert variety and we denote it by Xj.
This variety is usually singular. We will review certain resolutions of singularities
of it in Section 2E. The U(.¥")-orbits in ¢ are given by the Iwasawa decomposition

G = |_| U],

rexXv

These orbits are indvarieties, and their closures can be described by

U] = uene
H=A

for any A € X (see Proposition 3.1(a) of [Mirkovi¢ and Vilonen 2007]).

2C. MV cycles and crystals. Let A € X" and u € XY be a dominant integral
coweight and any coweight, respectively. Let L(X) be the irreducible representation
of GY of highest weight A. Then by Theorem 3.2 in [Mirkovi¢ and Vilonen 2007], the
intersection U [t*]1NG(O)[t] is nonempty if and only if w is a weight of L(}),
and in that case its closure is pure dimensional of dimension (p, A 4+ ) and has the
same number of irreducible components as the dimension of the p-weight space
L(%),, [Mirkovi¢ and Vilonen 2007, Corollary 7.4]. Moreover, X" = Hom(T", C*),
where T is the Langlands dual of T, which is a maximal torus of G" (see [Mirkovi¢
and Vilonen 2007, §7] ).

We denote the set of all irreducible components of a given topological space Y
by Irr(Y). Consider the sets

ZMW), =Ir(UEOH[t*1ING(O)[*]) and Z (1) = |_| ZMpy-
nexv

Elements of these sets are called MV cycles. Braverman and Gaitsgory [2001, §3.3]
have endowed the set 2°(A) with a crystal structure and have shown the existence
of an isomorphism of crystals B(A) = Z°(1). We do not use the definition of
this crystal structure, but we denote by ];a,- (respectively é,,) the corresponding
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root operators for i € {1, ..., n}, where n is the rank of the root system ®. See
Section 3A below for the definition of a crystal.

2D. Galleries in the affine building. Let 7 aff pe the affine building associated
to G and J#". It is a union of simplicial complexes called apartments, each of which
is isomorphic to the Coxeter complex of the same type as the extended Dynkin
diagram associated to G. We refer the reader to [Ronan 2009] for a thorough
account of building theory. The affine Grassmannian ¢ can be G(.%¢)-equivariantly
embedded into the building ¢ aff ' which also carries a G(.#") action. Denote by
@ the set of real affine roots associated to ®; we identify it with the set ® x Z.

Let A = XY ®7 R. For each («, m) € ®*, consider the associated hyperplane
and the positive and negative half spaces:
H(a,m) = {x € A : (av x) = m}’
+
H(a,m)

H(_mm) ={xeA:{a,x) <m}.

={xeA:{a,x)>

mj,

The affine Weyl group W is generated by all the affine reflections S(a,m) With
respect to the affine hyperplanes Hyy, ). We have an embedding W < Wil given
by sq > 5(«.0), Where s, € W is the simple reflection associated to o € ®. (The Weyl
group W is minimally generated by the set {so, : i € {1, ..., n}}.) The dominant
Weyl chamber is the set

Ct={xeA:(a,x) >0forall « € A},
and the fundamental alcove is in turn
Al={xeCt:(a,x) <lforalaecdr).

There is a unique apartment in the affine building _#*T that contains the image
of the set of coweights XV C ¢ under the embedding ¢ — _# aff This apartment
is isomorphic to the affine Coxeter complex associated to WT; its faces are given
by all possible intersections of the hyperplanes H, ) and their associated (closed)
positive and negative half-spaces Ham). It is called the standard ,apartment in
the affine building _#*T. The action on the affine building _#* by W coincides,
when restricted to the standard apartment, with the one induced by the natural action
of W2 on A. The fundamental alcove is a fundamental domain for this action.

To each real affine root (o, m) € ®* is attached the one-parameter additive
root subgroup U g, ) of G(¥) defined by b > U, (bt™) for b € C. Let A € XV
and b € C. Identity (1) implies that

) Ut (D[] = [Ug (™)1 = [17U (b1™~ @ M)],
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and [t*U, (bt™~(*2))] = [¢*] if and only if U, (bt~ (@4  G(0), or, equivalently,
(@, &) < m. Hence, the root subgroup Uy, stabilizes the point [t*] € 4 — g3l if
and only if A e H, . For each face F in the standard apartment, denote by Pr, Ur
and W%ff its stabilizer in G(.¢), U(#) and W2 respectively. These subgroups
are generated by the torus T, and respectively by the root subgroups U, ) such
that F C H(_a’m), the root subgroups Uy, my C P such that o € &, and those affine
reflections §(q,m) € W such that F C Hy,m) [Gaussent and Littelmann 2005, §3.3,
Example 3; Baumann and Gaussent 2008, Proposition 5.1].

Example 2.1. Let G¥ = Sp(4, C), then ®* = {«ay, a2, a1 + a3, a1 + 2a3}. In the
picture below the shaded region is the upper half-space H?;LO). Let F be the face in
the standard apartment that joins the vertices —(o; + or2) and —c«. This is depicted
here.

The subgroup Pr is generated by the root subgroups associated to the following
real roots:

(o, m)ym=>—1,
(g, m)m=>1,

(a1 +o,m)ym > —1,
(o1 4+ 200, m) m >0,
(—ay,m)m > 2,
(—az,m) m =0,
(—(o1+o2),m)m =1,

(—(o1 +2a2),m) m = 1.

The stabilizer Up is generated by the root subgroups associated to those previously
stated roots (c, m) such that @ € ®* is a positive root, and Wf}ff = {S(14ar,—1)s 1}

A gallery is a sequence of faces in the affine building _# 3,
4) y =NVo=0,Eo, Vi,..., B, Viy1),

satisfying these conditions:
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1. Foreachi e{l,...,k}, V; CE; D V4.

2. Each face labeled V; has dimension zero (is a vertex) and each face labeled E;
has dimension one (is an edge). In particular, each face in the sequence y is
contained in the one-skeleton of the standard apartment.

3. The last vertex Vi is a special vertex: its stabilizer in the affine Weyl
group W is isomorphic to the finite Weyl group W associated to G.

We denote the set of all galleries in the affine building by X. If, in addition, each face
in the sequence belongs to the standard apartment, then y is called a combinatorial
gallery. We will denote the set of all combinatorial galleries in the affine building
by I'. In this case, the third condition is equivalent to requiring the last vertex Vi,
to be a coweight. From now on, if y is a combinatorial gallery we will denote the
coweight corresponding to its final vertex by w, in order to distinguish it from the
vertex.

Remark 2.2. The galleries we defined are actually called one-skeleton galleries in
the literature. The word “gallery” was originally used to describe a more general
class of face sequences but since we only work with one-skeleton galleries in this
paper, we have left the word “one-skeleton” out.

2E. Bott-Samelson varieties. Let y be a combinatorial gallery (as above). The
following lemma can be obtained from [Gaussent and Littelmann 2012, Lemma 4.8
and Definition 4.6].

Lemma 2.3. There exist a unique combinatorial gallery,
v/ =V EJ VL VD,

with each one of its faces contained in the fundamental alcove, and elements
w; € Wi‘}?‘ for each j € {1,...,k} such that wo---w,_lVrf =V, for each
rel0,...)k+1}and wy---w,El =E, foreachr €0, ..., k).

If two galleries ¥ and 7 have the same associated gallery v = y/ =/ we say
that the two galleries have the same type. We will denote the set of combinatorial
galleries that have the same type as a given combinatorial gallery y by I'(y). The
map

() WYX x WY > T(p).

(6) (wo, ..., wk) = (Vo, woEo, wo Vi, wowiEq, ..., wo - wiViygr),

induces a bijection between the set []:_, W‘\‘,f’f/Wi‘l:flf and I'(y); it is in particular
finite. For a proof see [Gaussent and Littelmann 2012, Lemma 4.8].
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Definition 2.4. The Bott—Samelson variety of type y/ is the quotient of
G(ﬁ)XPV{ X”'XPV,{
by the following right action of Py X - -+ x Pps:
0 k

(G0s -+ k) - (POs P1s - s PK) = (Q0P0s Pg ' q1P1s - -+ s Pi 1k PE)-

We will denote this quotient by %, ;. The progroup structure of the groups P,
and Py, assures that ¥, s is in fact a smooth variety. To each point (go, - . ., g) in
G(0) x PVf X oo X PVf one can associate a gallery

1 k

(N (V{;, goEg, gV, goglV{, e 80 -ng,{H)-

This induces a well defined injective map i : X, , < X. With respect to this
identification, the T-fixed points in X, s are in natural bijection with the set r'(y/)
of combinatorial galleries of type y/.

Let w € A be a fundamental coweight. We define a particular combinatorial
gallery, which starts at O and ends at w. Let V{, ..., V{ be the vertices in the
standard apartment that lie on the open line segment joining O and w, numbered
such that V% | lies on the open line segment joining V{’ and w. Let further E{’
denote the face contained in A that contains the vertices Vi and V{? . The gallery

_ VU0 RO Yy Re 0 o o _
)/L()_(O_Vv 0> lvElv-"v kaVk+1_a))

is called a fundamental gallery. Galleries of the same type as a fundamental gallery
v Will be called galleries of fundamental type w.

Now let A € XV-* be a dominant integral coweight and let y; be a gallery with
endpoint A and expressible as a concatenation of fundamental galleries, where
concatenation of two combinatorial galleries y; * y» is defined by translating y» to
the endpoint of y;. (Note that it follows from the definition of type that if y, v are
two galleries of the same type as  and n respectively, then y * v has the same type
as §xn. Actually, if y =y *%---xy,. then I'(y) = {51 %--- %8, : §; € ['(y3)}.) Then
the map

(8) th 25 X;, lg0,....8 1+ go---g-[t"""]
is a resolution of singularities of the generalized Schubert variety X .

Remark 2.5. That the above map is in fact a resolution of singularities is due to
the fact that the gallery y, is minimal (see [Gaussent and Littelmann 2012, §5
and §4.3, Proposition 5]). This resembles the condition for usual Bott—Samelson
varieties associated to a reduced expression. See [Gaussent and Littelmann 2005,
§9, Proposition 7].
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Remark 2.6. The map (8) makes sense for any combinatorial gallery y. In this
generality one has a map ¥, > ¢ sending [go, ..., g&-] 10 go, . . ., g-[t"], which
is not necessarily a resolution of singularities. From now on we will write (2,,/, 1)
to refer to the Bott-Samelson variety together with its map X, ; = ¢ to the affine
Grassmannian.

2F. Cells and positive crossings. Let ro, : ¢ — A be the retraction at infinity
(see [Gaussent and Littelmann 2005, Definition 8]). It extends to a map

rys X, — ry’).

To a combinatorial gallery § € F(yf ) is associated the cell Cs = ry_f1 (8) which
was explicitly described in [Gaussent and Littelmann 2005; 2012; Baumann and
Gaussent 2008]. In this subsection we recollect their results; we will need them
later. They are originally formulated in terms of galleries of the same type as y;;
we formulate them for any combinatorial gallery. The proofs remain the same,
and therefore we do not provide them all, but refer the reader to [Gaussent and
Littelmann 2005; 2012].

First consider the subgroup U(.#") of G(.¢"). It is generated by the elements of
the root subgroups U, ) for @ € @ a positive root and n € Z. Let V C E be a
vertex and an edge (respectively) in the standard apartment, the vertex contained in
the edge. Consider the subset of affine roots

O p =1 n) € d:a e, VeHun ELH,,}

and let Uy gy denote the subgroup of U(.#") generated by U, ) for all (o, n) €
CDR,’E). The following proposition will be very useful in Section 7. It is stated and
proven in [Baumann and Gaussent 2008, Proposition 5.1].

Proposition 2.7. Let V C E be a vertex and an edge in the standard apartment as
above. Then Uy g is a set of representatives for the right cosets of Ug in Uy. For

any total order on the set CDR,’E), the map

@p)peat,, = |1 Uptap)
BeP k)

N
is a bijection from c'®vel onto Ucv,g). The order in the product is the same as the
one on the set CDX,,E).

Now let y be a combinatorial gallery with notation as in (4). Foreachi € {1, ..., k},
let [U}\’,i = Uv, k). For later use we fix the notation ! = CI>:§,I_’E1_).

Example 2.8. Let G¥ = Sp(4,C) as in Example 2.1, and y,,, be as in Definition 2.4.
Then UJ{,";’ is generated by the root subgroups associated to the real roots («q, 0),
(o1 + a2, 0), and (o + 22, 0). Let § be the gallery with one edge and endpoint o;.
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Then [UQ,0 is generated by the groups associated to (a», 0), (o) + 22, 0), as seen
here.

Hew,,00 Hio 4,00 Hi 20,0

Now write § = (Vy, Eo, ..., Ex, Vk+1) € F(yf) in terms of (7) as § =[d, . . ., O]
This means §; € Wil and & - - XJ E = E;. A beautiful exposition of the following
description (Theorem 2.9) of the cell Cs can be found in [Gaussent and Littelmann
2012, Proposition 4.19]. We provide an outline of the proof for the benefit of the
reader and in order to state Corollary 2.10, which is actually a corollary to its proof.

Theorem 2.9. The map ¢ : U =1, x Uy x - x U, — X1 given by

(V0 - - - Uk) > [V080, 8 V18081, -+, (8o -+ 81 vrdo - - - ]
is injective and has image Cs.

Proof. Let U= Uy, x - -- x Uy, /Ug, x - - - x Ug, where
-1 -1
(€0, - - &) (vo, ..., k) = (voeo, €y Vi€, ..., € Vkek).

The map (vo, ..., vx) — [v1, ..., vi] defines a bijection ¢ : U — 0. Indeed, by
[Gaussent and Littelmann 2012, Proposition 4.17], Uy, is a set of representatives
for right cosets of Ug; in Uy;, and hence for [ag, ..., ai] € U there is a unique
(vg, ..., vr) € U such that (for some ej € UEj) voeg = ap, and vje; = ej_14j,
ie., ¢((vo,...,v)) = lao,...,ar]. We use this bijection and consider instead
the map @ := ¢ 0 ¢~'. Fix [vo, ..., vx] € U. The map @ is well defined because
(80 -+ 8j—1)"vij(80 - -~ 8;) €Py/, and if ¢ € Ug; then (8 - - - ;)¢ (80 - - - 67) € U/
Since by [Gaussent and Littelmann 2005, Proposition 1] the fibers of 7, are U(.%")-
orbits, an element p = [po, ..., pr] € £, s belongs to Cs if and only if there exist
elements uo, ..., u; € U(J) such that

(1) po'-‘ijJf =u;E; and

(2) Ltj_1Vj = ujVj.

Define ug = vo and u; = vg - - - v;. Then conditions (1) and (2) above hold for
pj= - 8j-D""vj(---3)).

Hence the image of the map is contained in the cell Cs. For the other inclusion,
define v; = u]__l1 u; (see [Gaussent and Littelmann 2012, Proposition 4.19]). To show
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injectivity assume ¢([v, ..., vk]) = ¢([vy, ..., v;]). Then there exist elements
ej € Ug; such that vy - - - v; = v, - - v}e;, this implies injectivity. O

The following corollary can be found in [Gaussent et al. 2013, Corollary 3]
for G¥ = SL(n, C). Note that in particular it implies that uw (Cs) = 7 (Cj) for all
ue UVo-

Corollary 2.10.  7(Cs) =1, --- LS, [1#] = Uy, - - - Uy, [1].
Proof. By the arguments in the proof of Theorem 2.9 the image of the map
Uy, x -+ x Uy, = X, s
(00, - - » Uk) F> [V080, 85 V18081, .-, 80+ -8 ko - - 8]

is contained in and is surjective onto the cell Cs. In particular conditions (1) and (2)
above are satisfied for p; = (§p--- 6 j_l)_l V(8o - - - §;). The corollary follows since

8081y r = [hs- O

3. Crystal structure on combinatorial galleries, the Littelmann path model,
and Lakshmibai—Seshadri galleries

Let A € X*Y be a dominant integral coweight and let L(}) be the corresponding
simple module of G¥. To L(A) is associated a certain graph B(A) that is its “combi-
natorial model”. It is a connected highest weight crystal, which means that there
exists by € B(A) such that ey, (b)) =0 foralli € {1, ..., n}, where n is the rank of
the corresponding root datum. The crystal B()) also has the characterizing property
that

dim(L(1),) = #{b € B(A) : wi(b) = p}.

See below for definitions. After recalling the notion of a crystal we review the
crystal structure on the set I of combinatorial galleries.

3A. Crystals. A crystal is a set B together with maps

ew;» Jo; : B—>BU{0} (the root operators),
wt:B — XV (the weight function),

fori e{l, ..., n}, such that for every b, b’ € B; b’ =e,, (b) if and only if b = f,, (b),
and, in this case, setting

gi(b") =max{n : ey (b") #0} and ¢;(b") =max{n: f; (b") # 0}
for any b” € B, we have

wt(b') =wt(b) + o and ¢;(b) = &; (D) + (o, wt(D)).
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A crystal is in particular a graph, which we may decompose into the disjoint union of
its connected components. Each element b € B lies in a unique connected component
which we will denote by Conn(b). A crystal morphism is a map F : B — B’ between
the underlying sets of crystals B and B’ such that wt(F(b)) = wt(b) and such
that it commutes with the action of the root operators. A crystal morphism is an
isomorphism if it is bijective.

3B. Crystal structure on combinatorial galleries.

Definition 3.1. For each i € {1, ..., n} and each simple root «;, we recall the
definition of the root operators fy, and ey, on the set of combinatorial galleries I"
and endow this set with a crystal structure. We follow [Gaussent and Littelmann
2005, §6; Braverman and Gaitsgory 2001, §1], and refer the reader to [Kashiwara
1995] for a detailed account of the theory of crystals.

Let y = (Vo, Eo, V1, E1, ..., Et, Viy1) be a combinatorial gallery. Define a
weight function by wt(y) = u,,. Let my, =m € Z be minimal such that V, € Hi, )
for some p € {0, ..., k+ 1}. Note that m < 0.

Definition of f,,. Suppose («;, t,,) > m + 1. Let j be maximal such that V; €
H;.m) and let j <r <k + 1 be minimal such that V, € Hy, m+1). Let

E, if p<j,

E;; = s((xi,m)(Ep) lf] =p<r,

1—qv(Ep) ifr <p.
Define V(; =0, and for 1 < p <k, set V;, = E;_l ﬂE’p, and let V| be the extreme
point of the line segment E}_that is not V,. Define

fai(v) = (Vo. Eg. VILEpL B Vi),

and if (o, u,) <m+1, then f,, (y) =0.

Definition of ¢,,. Suppose m < —1. Let r be minimal such that the V, € H, m)
and let 0 < j < r be maximal such that V; € Hy, n11). Let

E, if p<j,
E/p = S(a,-,m-i—l)(Ep) ifj<p<r,
taiv (Ep) ifr <p,

define V;, as above and define
ey, (y) = (V(’), E(’), Vi,E|, ..., E, V;<+1)-
If m =0 then ey, (y) =0.

Remark 3.2. It follows from the definitions that the maps e,,, fo, and wt define a
crystal structure on I". Note as well that if y is a combinatorial gallery then fq, (y)
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and e,, (y) are combinatorial galleries of the same type as y (as long as they are
not zero). We say that the root operators are type preserving. See also [Gaussent
and Littelmann 2005, Lemma 6].

3C. The Littelmann path model and Lakshmibai—Seshadri galleries; readable
galleries. Let y be a combinatorial gallery that has each one of its faces contained
in the fundamental chamber. We call such galleries dominant and denote the set of
all dominant combinatorial galleries by ['%°™. By [Littelmann 1995, Theorem 7.1]
the crystal of galleries P(y) generated by y is isomorphic to the crystal B(u, )
associated to the irreducible highest weight representation L(u,) of GY. In its
original context [Littelmann 1995] it is known as a Littelmann path model for the
representation L(u,, ). We say that a combinatorial gallery y is a Littelmann gallery
if there exist indices iy, ..., i, such that Co;, " €, (y) =yt is a dominant gallery.
If wy+ = Ws+, g €a, (V) = y* and e, a; (8) = 8T for two Littelmann
galleries y and &, we say that they are equivalent. This defines an equivalence
relation on the set of Littelmann galleries.

Let A € X¥'* be a dominant integral coweight and y; a gallery that is a con-
catenation of fundamental galleries and that has endpoint A (as above). We denote
by I'(y)S the set of combinatorial LS galleries of the same type as y,. (LS is
short for Lakshmibai—Seshadri. All LS galleries are Littelmann — see [Littelmann
1995, §4] —and Littelmann galleries generalize LS galleries enormously.) The
set I'(y,)™® is stable under the root operators and has the structure of a crystal
isomorphic to B(A). It was proven by Gaussent and Littelmann [2005] that the
resolution in (8) induces a bijection I'(y)YS = (). This bijection was shown to
be a crystal isomorphism by Baumann and Gaussent [2008]. We use this heavily in
the proof of Theorem 6.2. In [Gaussent and Littelmann 2005] see Definition 18
for a geometric definition of LS galleries, and Definition 23 for an equivalent
combinatorial characterization that for one skeleton galleries agrees with the original
definition by Lakshmibai, Musili and Seshadri (see [Lakshmibai et al. 1998], for
example) in the context of standard monomial theory. We will give a combinatorial
characterization of LS galleries of fundamental type in the case G = Sp(2n, C),
omitting therefore the most general definitions.

We finish this section with a question. Let y be a dominant gallery (see
Section 3C). Consider the map ¥, ; — ¢ defined by [go, ..., &1 go- - & [#"77]
(see Remark 2.6).

Question. Does this map induce a crystal isomorphism P(y) = 2/(u,)?

This question was answered positively in [Gaussent et al. 2013; Torres 2016]
for G¥ = SL(n, C). In the rest of this paper we do so as well for G¥ = Sp(2n, C)
and y a readable gallery. For G¥ = SL(n, C) all galleries are readable. This is due
to the well known fact that in this case fundamental coweights are all minuscule. In
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the next sections we will describe readable galleries explicitly for G¥ = Sp(2n, C)
and show that they are Littelmann galleries. Moreover, we will see there exist
readable galleries that are not of the same type as any concatenation of fundamental
galleries y; (see Remark 4.9).

Definition 3.3. A readable gallery is a concatenation of its parts. Its parts are either
LS galleries of fundamental type or galleries of the form (Vq, Eg, V1, E1, V3) (we
call them zero lumps) such that both edges Ey and E; are contained in the dominant
chamber and such that the endpoint V; is equal to zero. We denote the set of all
readable galleries by I'R, and if a combinatorial gallery y is fixed, by I'(y)R, the
set of all readable galleries of same type as y.

Remark 3.4. It follows from [Gaussent and Littelmann 2005, Lemma 8] that
readable galleries are stable under root operators.

4. “Type C”’ combinatorics

4A. Weights and coweights. Consider R"” with canonical basis {¢1, ..., &,} and
standard inner product (—,—). In particular (g;, ;) = §;;. From now on we consider
the root datum (X, ®, XV, ®V) defined by

Q ={%ei, & £l jeql,..n)s
200 .
<I>V={otv=ﬁ.aed>},
X=WeR": (v,a’)eZ},
X' =WweR": (a,v) €Z)}.
Indeed the sets X and X" are free abelian groups which form a root datum together

with the pairing (—,—) between them and the subsets ® C X and ®¥ C XV. We
choose a basis A C ® given by

A={ai=¢ —¢ip1:i€f{l,...,n=1}}U{a, = ¢&,},
hence the set

A ={a)=¢i—eip1:ie{l,....n—1}}U{a, =2¢,}

is a basis for the root system ®Y. Then X" has a Z-basis given by the set of

corresponding fundamental coweights {®;}ie(1,....n), Where

.....

wi=¢&+---+¢&1<i<n.

Then G = SO(2n + 1, C) and G¥ = Sp(2n, C). For later use we introduce the
notation &; = —e¢;.
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4B. Symplectic keys and words. Let p € 7> be an integer, greater than or equal
to 1. To it we associate a sequence of positive integers p as follows:

_ {(1) if p=1,

- lp,p ifp=2.
Given two sequences of integers a = (ay, ..., a,) and b= (by, ..., bs) we denote
the associated merged listby axb = (ay, ..., a,, b1, ..., bs). A symplectic shape d

is a sequence of natural numbers of the form d = py *- - - x p;, where p; € Z>1. An
arrangement of boxes of symplectic shape d is an _arrangemént of as many columns
of boxes as elements in the sequence d such that column j (read from right to left)
has p; boxes.

Example 4.1. An arrangement of boxes of symplectic shape 1% 1 %2 1.

| [ |

Consider the ordered alphabet 6, ={l <2 <---<n—-l<n<n< n—l<---< I}.
A symplectic key of (symplectic) shape d = p*- - - p; is a filling of an arrangement
of boxes of symplectic shape d with letters of the eﬁphabet %, in such a way that
the entries are strictly increasing along each column and such that p; < n for
je{l,... I}

Example 4.2. A symplectic key, for n > 5, of symplectic shape 12 1.

1]1]2]3

512

We denote the word monoid on 6, by #4,. To a word w = wy - - - wi in #, we
associate a symplectic key %, that consists of only one row of length &, and with
the boxes filled in from right to left with the letters of w read in turn from left to
right. For example, the word 12 corresponds to the key .

4C. Readable keys: symplectic keys associated to readable galleries. The aim of
this section is to assign a symplectic key to every readable gallery. For a subset
Y C %, we denote the corresponding subset of barred elements by Y={(y:yeY},
where, for i unbarred, i = .

Definition 4.3. Let # be a symplectic key. We call & an LS block if it is of shape p
for p € Z>; and such that if p > 2 (which means that % consists of two columns
of size p) there exist positive integers k, r, s with 2k +r 4+ s < n and disjoint sets
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of positive integers

A={g:1<i<ra <---<a},
B={b:1<i<s,by<---<by},
Z={Zi11§i§k,zl<---<zk},

T={t:1<i<k,tyj<-- <},

such that the right column of £ (respectively the left one) is the column with
entries the ordered elements of the set T UZ U A UB (respectively ZUT U A UB),
7Z = @ if and only if T = &, and such that if Z #= & the elements of T are uniquely
characterized by the properties

) trh=max{t €%, :t <z, t ¢ ZUAUB]},
(10) tj-1=max{t € 6, :t <min(z;_1,t;),t ¢ ZUAUB} for j <k.

We say that # is a zero block if it is of shape k for k € Z-; and such that its
right column is filled in with the ordered letters 1 < - - - < k and its left one, with
k <---<1. A symplectic key is called a readable block if it is either an LS block or
a zero block. Note that a readable block has symplectic shape p, where p € Z>;. A
readable key is a concatenation of readable blocks. Now assume that d=pi*x---*xp;
is such that p; <--- < p;. A symplectic key of shape d is called an LS_symplect_ic
key if its entries are weakly increasing in rows and if it is a concatenation of LS
blocks. We denote the set of LS symplectic keys of shape d by I'(d)"5.

Example 4.4. The symplectic key

12
313
515
4|4
211

is an LS block of shape 5 = (5, 5), with A= {3,4}, B={4},Z={2} and T = {1}.
The first symplectic key immediately below is not an LS block; the second is a zero
block.

1
2

1
2

=l Sl
—1 N1

Remark 4.5. A pair of columns that form an LS block is sometimes called a pair
of admissible columns. The original definition of admissible columns was given
by De Concini [1979], using a slightly different convention than Kashiwara and
Nakashima’s, which is the one we use here. The map that translates the two can be
found in [Lecouvey 2002, §2.2].
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To a readable block % we assign a gallery y,, as follows. If % consists of
only one box filled in with the letter / € %,, then we define VOJ3 =0, V1 =g,
E/={tV{:1€]0,1]}, and

Ve = (V7. EJ. VD).
If the readable block 4 has at least two boxes, then its columns are filled in with

the letters / 11 <. < l(ll (right column) and 112 <. < lﬁ (left column) respectively.
We then define

V?:O
1 —2(511+ +811)
E/ ={(tV{ :t€[0, 11},
VY =g e Fep e,
= (V{ +5t(ep +---+ep) i1 €[0, 11},

Vs = (V¢ By, VI, B, VY).
Note that (9) implies that V"B + 5 (812 4+ 4 812) = V and therefore that El/3 is
the line segment joining V"ﬁ and V”?

Example 4.6. Letn=2and y = (Vq,Eg, V1,E1, V2) where Vo =0, V| = %(81 +&7),
V, = ¢1 + & and the edges are the line segments joining the vertices in order. See
below for a picture of the gallery y,, associated to the symplectic key 2.

= (V{ B VB V)

To a readable key ¢ = %, - - - B, we associate the concatenation

Vo =Vp * *Vp

of the galleries of each of the readable blocks #;, for j € {I,. k} that it is a
concatenation of (from right to left). To a symplectic shape d = p; *- - - * p; such
that p; <n for j € {1, ...,1} (once n is fixed, we will only consider such shapes)
we associate the dominant coweight Ay = w),, + - - + wp,. For example, to the
shape (2, 2) is associated the coweight w,. We will denote the set of all readable
keys of shape d by I'(d)R.
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Remark 4.7. The set T'(d)R is nonempty: since pj < n, there is a natural readable
key of symplectic shape d whose columns are filled in with consecutive integers,
starting with 1 at the top. For example, if d = 3 = (3, 3) and n > 3, this is the key

1)1
212|.
313

It is an LS block, with A ={1,2,3}and B=7Z=T = @.

The following proposition follows directly from [Gaussent and Littelmann 2012,
Lemma 2].

Proposition 4.8. The map

U T@f—r1% x>y,
d=p1---pi
pj=n
is well defined and is a bijection. Moreover, if p; < --- < p; then this map induces
a bijection
T(d)" < T (u,, % % Vi )™
Remark 4.9. Zero lumps are not necessarily of fundamental type: this follows
from [Gaussent and Littelmann 2012, Lemma 2] for a zero lump with odd k in the
above description. This is why readable galleries are not necessarily of the same
type as a concatenation of fundamental galleries. This also means that there can be
two readable keys of the same shape but such that their associated galleries are not
of the same type! For example, take n > 3, and consider the keys

T = and ¥ =

W [\%) —_
W [}8) —_

DI =
W (3] —_

3

The first is LS and y.; is of fundamental type ws. The second key is a zero block.
Its associated gallery, y,,, is not of fundamental type.

5. The word of a readable gallery

To a readable key .7 we assign a word w(.#"). The first aim of this section is to
state Proposition 5.5, which says that the closure in the affine Grassmannian of the
image 7 (C,_ ) C ¢ considered in Section 2F depends only on the word w (.%").

Definition 5.1. The word of a readable block, % = C; Cg (C. is the left column,
CR the right), is obtained by reading first the unbarred entries in Cr and then the
barred entries in Cr.. We denote it by w(#) € #4,.
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Remark 5.2. For an LS block this is the word of the associated single admissible
column defined by Kashiwara and Nakashima [Lecouvey 2002, Example 2.2.6].

Definition 5.3. Let y,, be the readable gallery associated to the key .#". As before,
we may write % as a concatenation of blocks " = % - - - . The word of y,,
(or of J2) is w(%y) - - - w(H1). We denote it by w(y,,) (or w(x)).

Example 5.4. Let

@12 ; ?, @22, and %2%1@22 —T—

Then w(%;) =22, w(%,) = 1, and w(¥) = 122.

We have the following result about words of readable galleries, which we prove
in Section 7. We will use it in Theorem 6.2. It is in this sense that such galleries
are called readable.

Proposition 5.5. Let y and v be combinatorial galleries and % be a readable
key. Consider the combinatorial galleries y * yyx) * v and y *y, xv. Let
(Z sy ) and (Z(y*yx*v)f, 7') be the Boti—Samelson varieties together
with their maps to the affine Grassmannian &4 (as in Remark 2.6). Then

ﬂ(cy*yw(x)*v) = n/(cy*yx*v)~

5A. Word galleries. We associate a (readable!) gallery y,, of the same type as the
m-fold product Y, *- - - * ¥, to a word w € #4;, of length m — it is the gallery y,,.
associated to the readable key .7,,. We denote the set of word galleries in this
case by 'y, . Below we recall the crystal structure on the set #4;, as described
by Kashiwara and Nakashima [1994, Proposition 2.1.1]. The set of words %%,
just like the set #;,, is in one-to-one correspondence with the set of vertices of the
crystal of the representation P, eZ>0V:§)l’ where V,, is the natural representation
L(w1) and hence inherits its crystal structure. Proposition 5.7 says that this structure
is compatible with the crystal structure defined on galleries in Section 3.

Definition 5.6. Let w = wy---w; € 6, be a word and i € {1,...,n}. Define
wt(w) = ZL] ¢;. To apply the root operators ey, and fy, to w one first obtains a
word consisting of letters in the alphabet {4, —, @}. The word will be obtained
from w by replacing every occurrence of i or i+1 by “+”, every occurrence of i+1
or i by “— and all other letters by “@”. This word, which we denote by s; (w) is
sometimes called the i-signature of w. To proceed, erase all symbols & and then all
subwords of the form “+—"". Repeat this process until the i-signature s; (w) of w
has been reduced to a word of the form

si(w) = (=) (+)".
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To apply f,, (respectively e,,) to w, change the letter whose tag corresponds to the
leftmost “+” (respectively to the rightmost “—") from i to i+1 and from i+1 to i
(respectively from i+1 to i and from i to i+1). If s = 0, respectively r = 0, then
Jo; (w) =0, respectively eg, (w) = 0.

Proposition 5.7. The crystal structure on words from Definition 5.6 coincides with
the one induced from Definition 3.1.

For a proof, see [Littelmann 1996, §13]. It also follows directly from the
definitions.

Example 5.8. Let n = 2 and w = 11212. We first consider i = 1, for which
s1(w) = + 4 — 4 +, and therefore s{(w) = + 4 +. Hence fy, (w) = 21212 and
eq, (w) =0. Fori =2 we have s,(w) = 9 4+ &—. Therefore sé is the empty word
and fo,(w) = ey, (w) = 0. Now consider the readable gallery Y, associated to w.
Explicitly we write it as '

Vw = (VOa E07 V17 E17 V2’ E27 V3v E3’ V47 E47 VS)a

where Vo =0, Vi =¢, Vo =2¢1, V3 =261+ &2, V4 =3¢, + &2, Vs =3¢ and Ej
is the line segment joining V; to V;; for j € {0, ...,4}. We have m,, =0, so
by Definition 3.1, ey, (y) = 0. We have s,,.0)(Eo) = {te2 : t € [0, 1]}, see below.
Then j =1 (Definition 3.1) and hence

fC{] (Vw)=(V6aEE),V/1»E/1»V/2’ E/Zv V/3’ ;,’VZPEZPV/S)’

where V(, =0, V| =&, V, = e +¢1, Vs =282 4¢1, V, =262+ 261, Vi =63+ 26
and E’; is the line segment joining V', and V', for j € {0, ..., 4}. Fori =2 we
have m,, =0, which implies that ey, (y,,) =0. We also have 1,,, =3¢, and therefore
(o2, iy, ) =0 <mg, +1 =1, so that f,(y,) =0 as well. Then f,, (Yw) = Y fuy (w)>

€, (yw) = )/ea, (w)» focz(yw) = Vfaz(w) and eaz(yw) = Veaz(w)-

[ ]
‘\ // \\ \\ //
fé‘l(}'w) AN AN
.
ORI R SR
,
s

N K
N RN P ’
N N NI
| A A Yw
A N
’ N o N
0 & I

e
&1

5B. Word reading is a crystal morphism. This subsection is the “symplectic” ver-
sion of [Torres 2016, Proposition 2.5]. Since the root operators are type preserving
(see Definition 3.1), the set of words #4 is naturally endowed with a crystal
structure. The following proposition will be useful in Theorem 6.2. This result was
shown for LS blocks by Kashiwara and Nakashima [1994, Proposition 4.3.2]. They
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show that word reading induces an isomorphism of crystals from B(wy) onto the

subcrystal of | |, Z.o B(w)® generated by the tensor product |  |®--- ® . We
show that for readable galleries the proof is reduced to this case.

Proposition 5.9. The map
PR =% Ty Vo = Yul)
is a crystal morphism.

Proof. First note that the map is weight preserving. This follows from the definitions
and from the fact that in the definition of a readable block, the sets Z and T do not
contribute to the endpoint of the associated gallery. Let y be a readable gallery and
let

B 0B B B P
yﬂ=(V07E07V 7E17V2)

be one of its parts, associated to some readable block %. We write

Vs = (Vg " B " L V],
If
w(B)=gi---gshi--hi,
for g and h; unbarred, then V"' = 0 and V/** = 2/ 6, for 1 < j <5+,

where x; = g; for 1 <i <s and x;4; = h; for 1 <i <k. Let
h(j) = (@, V7) and 1'(j) = (e V"),
for 1 < j <k+s+1. Then there exist di, d, with d| <s < d> < s+ k and such that

h(Q) for0<j<d,
R (j)=1h(1) ford <j<do,
h(2) fordy<j<k+s+1.

From this we conclude that it is enough to consider readable blocks. As mentioned
previously, this was shown in [Kashiwara and Nakashima 1994] for LS blocks.
Hence let . be a zero lump —it has word w(¥) =1-- -kk ---1—and let o; bea
simple root. Then, since the galleries associated to . and w(.Z) are both dominant,
Joi (L) = eq; (L) = [o; (W(ZL)) = eq, (W(ZL)) = 0. 0

Example 5.10. Let n = 2 and 4 be the readable block ——. Then w(%) = 22.

To calculate fy, (), first consider the gallery,

){% = (V07 EO’ Vlv Ela Vz)a
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where Vo =0, V; = %(82 —¢1), Vo2 = 0 and E; is the line segment joining V;
and V;; fori € {0, 1}. Note that m,, = —1, j = 1, and r = 2 (see Definition 3.1).
Therefore

fOl] (y;/?) = (V67 E67 /19 /17 V’z)y

where V, =0, E) =Eg, V] =V, E| =5(,,—1)(E1) and V), =5, —1)(V2) = &2 —¢1.
Then fo,(v2) = v, Where

PAREAE
(1

Similarly, fy, (W(B)) =21 = w(fu, (V,))-
5C. Readable galleries are Littelmann galleries. We begin with a lemma.

Lemma 5.11. Let y,, be the readable gallery associated to a readable key J¢ .
Then vy, is dominant if and only if v, () is dominant.

Proof. Since the entries in the columns of symplectic keys are strictly increasing, it
follows from the definition of word reading (Definition 5.1 and Definition 5.3) that
if y is a dominant readable gallery then y,,(,) is also dominant. Now let y be a
nondominant readable gallery. Then there is a readable block % = C;.Cr such that
Y =11 * Y * 2 with 71 dominant and 7, * y,, not dominant. This block can’t be a
zero lump (they are dominant) — so it must be LS. Let A, B, Z and T be the sets
from Definition 4.3 that define the LS block #: The entries of its right column Cr
are the letters in AUZUBUT and the entries its left column Cp are the letters in
AUTUBUZ. Now, fiy,+y,, may or may not be dominant. If it is not, then, since
gy = Moy the word gallery yu(y,y,,) is not dominant, and this implies
that y,,() is not dominant either. Now assume that the coweight

Moy = M + Zga - Zé‘b
acA beB

is dominant, but that the gallery n; * y,, is not. The last three vertices of this gallery
are

(11) Vioi =y, €CT,
1
(12) Vlzum+§<Zea+ZeZ—Zeb—Zs,)¢c+,
acA zeZ beB teT
(13) Vigr =gy + Y ea— Y epeCh,
acA beB

for some d > 1. Letd; < --- < d,4+4 be the ordered elements of AUZ and let
f1 <--- < fs4« be the ordered elements of B UZ. We have

w(B) =dy - -dr i foix - fi.
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We claim that the weight

r+k

My +28di = K +Zga+2817
i=1

acA z€Z

which is the endpoint of 7y * yg4,...q,,, and therefore a vertex of 1 * y, (%), is not
dominant. To see this, assume otherwise:

Mn1+ZSQ+ZEZ€C+.

acA z€Z

Since the dominant Weyl chamber C* is convex, this means that the line segment
that joins p,, and i, + Y ,ca €a + 2,7 € is contained in CT, in particular the
point

(14) I, +%<Z€a+28z) eCt

acA z€Z

belongs to the dominant Weyl chamber. We will now show

Vi=puy + %(Zea +Z€Z —Zsb — Ze,) eCt.
acA Z€Z beB teT
This would contradict (12) and therefore complete the proof.

Set py, =Y i, qi&. Recall thata; < --- <ay, by <--- <bg, 21 <+ < Z,
and 1] < --- <t are the ordered elements of the sets A, B, Z and T, respectively.
The dominant Weyl chamber has, in this case, the following description in the
coordinates &1, ..., &,:

n
(15) C+={Zpieiipi€R>oandp12~'217n}-

i=1
This description allows us to make the following conclusions. For every ie{1,- - -, r},
we have t; < z; < j forevery j € {1, ..., n} such that#; < j. It follows from (15)

and (14) that
(16) qj <4z +7% <,
which implies, since ¢;, q,, g;; € Z, that

4 <4j+3<q5+5 =<~

Now let b € B, and let j € {1, ..., n} such that b < j. By (13),

Vit1 = Un, +Zea—ZebeC+.

acA beB
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Together with (15) this implies

4 <qj+35=<q—3
particularly so if j € (ZUT)C. If j € ZUT then, as before, by (16) we may assume

that j =t € T. But this means ¢, < g, therefore ¢, — % <qp— % All of these
arguments, together with (15), imply

o, +%<Z8a+28z—28b—28,> eCt,

acA zeZ beB teT

which contradicts (12). U

Lemma 5.12. A readable gallery v is dominant if and only if ey, (v) = 0 for all
ief{l,...,n}.

Proof. First notice that it follows directly from Definition 5.6 that for a word w € #4;,
and o; a simple root, ey, (w) = 0 if and only if y,, is dominant. Lemma 5.12 then
follows from Lemma 5.11 and Proposition 5.9. ([

Proposition 5.13. Every readable gallery is a Littelmann gallery.

Proof. Let V, be the vector representation of Sp(2n, C). Then the crystal of
words %, is isomorphic to the crystal associated to T(V,) = @lez>0 fol , see
for example [Lecouvey 2002, §2.1]. Now let y be any readable gallery. Then
there exist indices iy, ..., i, such that ey, - - - €a;, (Yw(y)) 1s a highest weight vertex,
hence dominant by Lemma 5.12. Since word reading is a morphism of crystals by
Proposition 5.9, Vi(eq,eq; () = € " €y (Yw(y)). It follows from Lemma 5.11

that eg, - - - €q;, (y) is dominant. O

Definition 5.14. The symplectic plactic monoid P, is the quotient of the word
monoid %4, by the ideal generated by the following relations:

R1. For z # x:
yxz=yzx forx<y<g,

xzy=zxy forx<y<z.
R2. Forl <x <mandx <y <x:
yx—lx—1l=yxx,
x—lx—1ly=xxy.
R3. For a;,b; € {1,...,n},i € {1,..., max{s, r}} such that a; < --- < a, and

by < --- < by, and such that the left-hand side of the next expression is not the
word of an LS block:

aj---a, 7 7bs---by=ay---a, by---by.
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If two words w1, wp € #4, are representatives of the same class in #4, we say
they are symplectic plactic equivalent.

Example 5.15. We have the following equivalences of words:

121=11=9,
112 = 121.

Remark 5.16. Relations R1 are the Knuth relations in type A, while relation
R3 may be understood as the general relation that specializes to 11 = . Note
that the gallery y,, associated to w = 11 is a zero lump. This definition of the
symplectic plactic monoid is the same as [Lecouvey 2002, Definition 3.1.1] except
for relation R3. The equivalence between the relation R3 above and the one in
[Lecouvey 2002] is given in the Appendix.

The following Theorem is proven in [Lecouvey 2002].

Theorem 5.17. Two words wy, wa € W4, are symplectic plactic equivalent if and
only if their associated galleries y,,, and y,,, are equivalent.

Together with the results we have recollected in this section, Theorem 5.17
implies the following proposition.

Proposition 5.18. Two readable galleries v and v are equivalent if and only if the
words w(y) and w(v) are symplectic plactic equivalent.

Proof. Two readable galleries y and v are equivalent if and only if, by definition,
there exist indices iy, ..., i, such that the galleries Ca;, " €, (y) and Ca;  Ca, v)
are both dominant and have the same endpoint, i.e., Pewiea, () = Megea; (0)-
By Lemma 5.11 and Proposition 5.9 this is true if and only if Viw(ewi ea;, (1)) and
Viv(eq; +ea;, (1)) ATE also both dominant with the same endpoint. By Proposition 5.9,
we have w(eail- eg; (8) = Co;) €, (w(ys)) for any readable gallery 6. This
means that the previous sequence of equivalences is also equivalent to yy,() ™~ Yw ()
which by Theorem 5.17 is equivalent to w(y) = w(v). ([

The following theorem is originally due to Kashiwara and Nakashima (see
[Kashiwara and Nakashima 1994]). For this particular formulation, see [Lecouvey
2002, Proposition 3.1.2].

Theorem 5.19. For each word w in W4, there exists a unique symplectic LS key .7
such that w = w(7).

The following proposition will be proven in Section 7. Along with Proposition 5.5
it will play a fundamental role in the proof of Theorem 6.2.

Proposition 5.20. Let y and v be combinatorial galleries and let w1, wy € Wy, be
two plactic equivalent words. Consider the combinatorial galleries y * y,,, * v and
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Y * Y, %V as well as their associated Bott—Samelson varieties (E(y*ywl w0 /> 7T) and
(E(V*ywz*v)_f, 7') together with their maps to the affine Grassmannian 9. Then

ﬂ(cy*ywl w) = n/(cy*ywz*v)-

6. Readable galleries and MV cycles

The following result holds in greater generality than is stated here: part (a) is an
instance of [Gaussent and Littelmann 2005, Theorem C], and part (b) is an instance
of [Baumann and Gaussent 2008, Theorem 5.8].

Theorem 6.1. Let d = pj *- - - p; be a symplectic shape such that py < --- < p;
and consider the desingularization w : g — X,

(a) If § € F(gl)Ls is a symplectic LS key, the closure w(Cs) is an MV cycle in
% (Ag). This induces a bijection T (d)*S 25 7 (1,).
(b) The bijection @4 is an isomorphism of crystals.

To formulate our main result we need the following additional notation. Given a
readable gallery y and a dominant coweight A € XV, let

n;f =#velr®™Nry/ ) pn, =4},

and let
x;_;* ={reXx"Vt: n;f #£0}.

Further, let I'(y /)R / ~ be a set of representatives of the classes for the equivalence
relation on Littelmann galleries (and hence on readable galleries by Remark 3.4
and Proposition 5.13) defined in Section 3C.

Theorem 6.2. Let § € I'(y /)R be a readable gallery. Consider the corresponding
Bott-Samelson variety (X, 1) together with its map 7 to the affine Grassmannian
as in Remark 2.6. Let 81 be the gallery that is the highest weight vertex in Conn(3).
(This gallery is dominant and readable by Lemma 5.12 and Remark 3.4, respectively.)
Then:

(a) The closed set w(Cs) is an MV cycle in 2 (jhs+) -
(b) The map
roy/ R @ 2. 8+ (s
vel (y/)R/~
is a surjective morphism of crystals. The direct sum on the right-hand side is a

direct sum of abstract crystals.

(¢) IfC is a connected component of T'(y /)R, then ¢|c is an isomorphism onto its
image.
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(d) The number of connected components C of I’ Ry 1Y such that ¢, 1 (C) = Z(A)
is equal to n;f.

(e) Givenan MV cycle Z € Z (L), the fiber (p;} (Z) is given by
0 ) =T 0O =2y =8 €T 1y ~ i),

where ylf’z is the unique LS key which exists by Theorem 6.1.

Proof. Let § be a readable gallery. Then by Theorem 5.19 there exists a (unique) LS
key v such that § ~ v. By Proposition 5.18, the words w(§) and w(v) are plactic
equivalent. Propositions 5.20 and 5.5 together with Theorem 5.17 then imply that

7(Cs) =m(C,),

which, by Theorem 6.1 implies that JT(:g) is an MV cycle in Z°(us+),,. The
map ¢, in (b) is surjective by Theorems 5.19 and 6.1 above. Now let r be a root
operator, and let 7 be the corresponding root operator that acts on the set of MV
cycles. Then by Propositions 5.5, 5.9, 5.20, and Theorem 6.1 we have

”(Cr(y)) = n(cyw(r(y))) = N(Cyw(,(v))) = n(cr(v)) = ’7(77 (Cv)) = ’7(77 (Cy))

This completes the proof of (b). Part (c) follows immediately, since every connected
component C is crystal isomorphic to the corresponding component consisting of
the LS galleries equivalent to those in C. Parts (d) and (e) follow from [Littelmann
1995, Theorem 7.1] (see Section 3C). O

7. Counting positive crossings

We provide proofs of Propositions 5.5 and 5.20. We begin by analyzing the fail of
a gallery in Section 7A. In Example 7.3 we calculate an example in which it can be
seen how to use this proposition. Then in Section 7B we prove Proposition 5.5 and
in Section 7C we prove Proposition 5.20. We also wish to establish some notation
that we will use throughout. Recall our convention &j =—¢ for [ € 6, unbarred.
Forl,s,d, m € €, we will write c;;,{ 4m for the constant ¢’ . .. in Chevalley’s
commutator formula (2). Additionally we will write c;jfim, and respectively c;’s{ a0
for cé/ egte, > and C;J,[J-‘rss, ¢, (Each time we use such notation a total order will be
fixed on the set of positive roots.) If Y C %, and y € %, then we will write Y=Y
(respectively Y=Y, Y=Y, Y>) for the subset of elements x € Y such that x <y

(respectively x <y, x >y, x > y).

7A. Truncated images and tails. Let y be a combinatorial gallery with notation
as in (4) with endpoint the coweight w, and let 1 <r <k +1 such that V, is a
special vertex; we denote it by u, € X¥. By Corollary 2.10 we know that the image
m(C,) is stable under Uy.
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Proposition 7.1. The r-truncated image of y,

TS =0 U - U, 7],

P
is Uy,-stable, i.e., for any u € Uy, it follows that uT5" =T=".
Proof. By (3) we know that t* Uyt~ =U,, . We consider the r-truncated gallery
y=" =0 Ep o Vi),
which is the combinatorial gallery obtained from the sequence
(Ve Ers Vit oo Bk, Vi),

by translating it to the origin. Since V, is a special vertex, " [U{,: 1T = U_J{,Hr.
This gallery has endpoint i, — 1, and is in turn a T-fixed point of a Bott—Samelson
variety (X, 7). Letu € Uy, and u’ = t# ut"s € Uy. Then
> _ oYY Y o[pm
uTy = ”[UVr[UVm' .- [ka[t 7]
— Y e
=1"uUy, - Uy, [1577]

= thr [U}\’/; . [U{//;r [tMV_/Lr] — T;r.

Where the final equality follows from Corollary 2.10. ([

For later use let us fix the notation

T, =Ug, - Uy

r—17
so that
7(C)) = T;’Tf’.

Remark 7.2. This Proposition is proven for SL(n, C) in [Gaussent et al. 2013,
Proposition 3]. The proof we have provided is exactly the same, except for the
restriction of only being able to truncate at special vertices.

Example 7.3. Let n = 2. Consider the symplectic keys

Jiﬁ:lll‘and %:’2}%,
202 211

and their words
w() =112 and w(H) =222.

Note that Y, * Y, ~ Ve, * Ve, sSince both y,, * y,, and y,, * ¥, are contained in
the fundamental chamber and have the same endpoint w; + w;. One checks that

fmfazfal(ya)]*ywz):yjifl and fmfolzfal(ya)z*ya)]):yj{/z’
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Therefore Y ~ Yoz Lemma 5.11 and Proposition 5.9 imply that yy,) ~ Yw(s)
(it can also be checked directly using Relation R2 in Theorem 5.17 with y = x = 2).
Now consider combinatorial galleries y and v. The galleries y*y,,. v and y *y,, *v
are T-fixed points in the Bott-Samelson varieties (X%, g ) ), respectively
(E(V*sz*") r, "), The galleries yy,(#) and yy ) that correspond to their words
are T-fixed points in (E 4y, sy, wy,, #0)/ 5 7""). We show that

n(cy*y)gl*v) = n//(cy*yw(x])*v) = n/(cy*yw(xz)*v)-

We use the same notation as in (4) for y. Since for any combinatorial gallery 7,
(a,n) € <I>k+1 if and only if (a, n — (o, uy)) € @g, we may assume that y = @
Since ¥y, Y50 Yw(ri) and yu(r,) have the same endpoint &7, this also implies that
22, = Tiz@*v =723 =723 . By Proposition 2.7, for a’, b’, ¢, d’ € C,

VX *V Yw( ) *V Yw (o) *V
T(Cy ) = Uter~1) (@)U ey, ~1) BV U 62,0 () Ue, 6,00 (@' )Tw *v°

By Chevalley’s commutator formula (2) and an application of Proposition 7.1 to
U —e,,—1y(e) € Ug,, we obtain
H//(CVUJ(XI)*V)
= U, —1)(@) - Uge 465, - 1) (D) * Ue g5, 1) (€) + U(e,0) (€) - Ue) +,,0) (d)vaix])*v
= U(el,_l)(a + Cli 2( e)c) Ue e,—1) (b +612 ,(=e)c )
U0 Uter16,0(@) Uy er, -1y (T,
= Ug, ,1)(0 + C]z 2( e)c) “Uler e, *U(b +Cizlz( e)c )
U0 Uger e, 0 @ T,
- n(cy%,l*v),
fora,b,c,d,e € C. Choosinga =a’,b=">b",c=c,d=d', and e =0, we have
m(C, ) - JT//(C},MJ/ ,). Hence, in this case 7 (C, ) = n”(Cyw(% ). Similarly, for
a// b// c// d// e c C

n//(c}’w(%z)*‘))
=Ug,,0(a") U(£1+£2 00" Uge,—e,, 71)(6 ) Uer,00(€") - Uty 62,0 (@) T yw(x)*v

/ / / 2

=Ug,—n(c)] e 2(=e")¢") Uty per -1y (c1 12 *(=¢")c")
“Ue,, 0)(a +c’ ) “Ue) e, 0)(b//+d//)TV () *V
C n(Cy%l*v).

Hence the open subset of 7 (C,, ) givenby a #0, b #0, c #0, d # 0 is contained

in 7’ (C}’w(.)ﬂ/z)*‘))'
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7B. Proof of Proposition 5.5. 1Itis enough to show that if y and v are combinatorial
galleries and 7" is a readable block, then

(17) ”(Cy*yx*v) :T[/(Cy*yw(:)g)*v)s

where (E(y*yx*v)f, ) and (X, uy, o)/ 7’) are the Bott—Samelson varieties
associated to the galleries y x y,, % v and y * y,,(») * v respectively.

Proof. We assume y = &; we may do so by the argument given at the beginning of
Example 7.3. Let 2# be an LS block and let A = {ay, ..., a,}, B={by, ..., bs},
Z={z1,...,zx}and T={z1, ..., t¢} be the subsets of {1, ..., n} from Definition 4.3
that determine .#". We will use the notation d; < - - - < d, to denote the ordered
elements of ZUA and f; < --- < f1 the ordered elements of B UZ. We also
write

v» = (Vo,Eo, V1, E, V2).

The proof is divided into Lemmas 7.4 and 7.5 below.

Lemma 7.4. Let v be a combinatorial gallery and ¥ be a readable block. Then

' (Cypinryxv) S n(ny*v),

Proof. We first show that

>2k X
(18) n/(c)/w(x/)*v) C UO”:D/]»/‘,/(+; v P/}‘Z wa(;:gy,
where
(19) Pg/ = 1_[ U(E]*Sb,O) (k]l;) l_[ U(Sr*&?b,o) (kll;) l_[ U(gafebJ)(kal;)’
1¢ZUAUBUT reT<b acA<b
I<b
20) PY=[] Uwen®2 [] Uereen®z) [] Utepee1yks2),
l¢ZUlAUBUT; teT<z beB<:
<Z

for b € B, z € Z and k;; € C. Indeed, the points of n/(Cyw(%)*V) are of the form

@ Pa - Pa P, PRSI
where
Py =Ue,,0)(8a) l_[U<arg,,0)(gdi) l_[ U ey+6,,0) (8ar) 1_[ Ulegtern (81
d<l<n 1¢(ZUA)<d le(ZUA)<d
P;=S;PY withS;= [] Ug,—e,0(85) [] Ueer(8lp) €Uo and
b'eB=b zeZ=<b

[FD%U: l_[ Ue)—e,.0)(815) 1_[ Ute,—e,.0)(&15) l_[ Utey—e.1)(&4i)

[¢ZUAUBUT teT<b acA<b
I<b
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and finally
Pzz.lzpév with JZ: 1_[ U(ga_gmo)(gaz) l_[ U(EZ/—EZ,O)(gZ/Z)EUO and
a€A<Z Z/€Z<z
Pr=J: [] Ue-e-0@2 [] Uee-n@2 [] Uer-en-1(go2),
lgEZUlAUBUT teT<z beB<z
<z

ford € AUZ,z€Z,beB, and g;; € C. All terms in J; commute with P'? for 7' € Z**
and with IP“’ for b € B7*. All terms in S; commute with IP’” for b/ € B>". For
7 >bit commutes with all terms of IP”_}’ except for the term U(g,, —e,—1)(gpz). But
commuting S; with this term (using Chevalley s commutator formula (2)) produces
terms Uy, -y 0 (x) and U, — —e, —1y(), of these terms, Uy, -y ,0)(*) commutes
with [F°”’ for 7/ € Z7% and with IP’” for b € B7%, and U, — —e,,—1)(*) is a term of the
form of those appearing in IP’”

Since the terms that appear in IPZU and I]:Dé” are the same as those in [P’;; and [P’;
respectively, this justifies (18), concluding the first step in the proof of Lemma 7.4.

The second step is this:

Claim. There is a dense subset of P’ ;C; - [P’/}/l T;z(’f;)’ 15 contained in the subset
2% —

(22) [FDT,B”:D%,JFS T plf,ﬂTi,(;)r;;S - ”(ny*v),

where

Pre= [] Ue-eo@d ] Uke.0@s €Uy,

1¢ZUAUBUT 1¢ZUAUBUT
teT,l<t beB,l<b
Pyi= ] Uee0®3) [] Uteoer)@ap) € Uy,
beB acA<b
teT<b
Poz= 1_[ Ug,—e.,—1) (V12) 1_[ U(ey—s.,—1)(0pz) € Uy,
teT<z beB~z

forv;j € C,b € B and z € Z. (The inclusion in (22) holds by Corollary 2.10.)

To prove this we start by noting that TZ2k+7+s — Tfj/*v and that

Yw(A#)*V
(23) u=[] Ue-e0@d €Uy,
1¢ZUAUBUT
teT,l<t

We have the equalities

Q4) PraPy Py g Tl i =P P T2, = P PET 22

Yw(H)*V fs }/ *V fs y *p 2

where we have introduced symbols analogous to those of (19) and (20); namely,
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forzeZ and b € B,

Pl= [] Ye-o06d [[Ue-o00Ep []Ue-onEsm.

1¢ZUAUBUT teT<b acA<b
I<b
P/= J[ Ue-e-0GE2 [[Ve-eE []Uee.mnE2)
l&ZL;A%BUT teT<z beB<z
<

with é"tz = Uz, Sbi = Upz, ‘gtl; = Vs>

- LL 0 N
§ip = vip + Z €715 (VD Vs

I<b<b
teT
G =prt Y oozt Y ekl (~gpup for
1z =PIz 12,27\ TPV bzt b ThE
ez I<b<z

beB
1,1
pz=Y_ ¢ -(—vpvsz (for z € 2).

I<t<z
teT

To complete the proof of the Claim we must set open conditions on the parameters
kij such that the system of equations defined by v;; = &;; has a solution in the
variables v;;. Setting v,z := k;z and vy := k7 this is reduced to setting conditions
on the k;; so that the following system can be solved:

1,1
(25) kijp =v;;+ E Clt_’ﬂ;(—vl;)ktl;,
I<t<b
teT
1,1 1,1
(26) kiz = piz — E cz;;,hz(vl5+ E Cl;,,,;(—vzf)kt;;)khz,
I<b<z I<t<b
beB teT
1,1
27) pr= Y i (—upkez.
I<t<z
teT

Lines (25) and (26) define a linear system of as many equations as variables. The
variables are {v;;};¢auut,peB>! U{Uir}igauBuzuT, reT>1 5 there is one equation for each
Ib such that [ ¢ AUBUT and b € B>/, and one for each /7 such that/ ¢ AUBUT and
z € Z”!. Note that by definition of an LS block the sets {I7,/ ¢ AUBUT,; z € Z*}
and {If, s ¢ AUBUT; b € B>!} have the same cardinality (# is the maximal element
of theset {{ ¢ AUBUT, s <tj;1,s < z;}). Therefore the system has a solution as
long as the matrix of coefficients has nonzero determinant, which imposes open

conditions on the k] ;5. Hence the Claim is proven.
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To finish the proof of Lemma 7.4, note that if the k; ;S satisfy the open conditions
established by the Claim, then

/1! " p>2k~4r+s
Pfk-m P TVu(K)*V g”(cyx*v),

and therefore Proposition 7.1 implies that

" " >2k+ +.
UO[Fka s [FD i gn(cyx*v),

}’u (K)*V

which implies Lemma 7.4. (]

Lemma 7.5. Let v be a combinatorial gallery and ¢ be an LS block. Then

(28) N(ny*v) C '(Cypryxv)-

Proof. Recall that

Vo KV yx*v >2
7 (Cy ) = U U2

Notice that [U:,’Og ™ C Uy and that all generators of [U}\/,’f " also belong to Uy except
for those of the form Uy, . _1)(U,Z) or Ug,te,,—1)(vyp) fort, ¢ € T, z € 277, and

vz, Uy € C. Hence, since T)7 o =T52500S, all elements of 7(C, ) belong to
=2k+r+
(29) Uo [] Uter—eeny@2) [] Ugerteyny @i T;250755
teT t,t'e€T
z€Z”!

Now consider

>2k—+r+s
| |U(az+8,/,0)(kzt’) | | Uley—e,. -0 ki) T3 0000
teT teTzeZ™!
zeZ

which is a subset of 7(C,, . +) by virtue of Proposition 7.1 and because

[]Ueteoke) €Uo and [ Uy ki) T525 5 € 1 (Cyy )

z€Z teT
teT 72€2”!
We have
2k X
B0 [[Utre,0®e) [ ]Ute—ecny ki) T34 ES
t'eT teT
z€Z zeZ>!
G = [[Yerser-nE) [[Ue-ecyiz) [ | Uterte, 00 ke T2 ES
t,t'eT teT t'eT
t#£t zeZ”! Z€Z
2k X
32 = []VerenE) [ [Vt T,
t,t'eT teT

1t zeZ>!
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where

(33) Ev= Y ch(—kadkz+ D el 2~k iz

ze2>" z€2>!

The equality between (30) and (31) is due to Chevalley’s commutator formula (2)
and the equality between (31) and (32) is obtained by using Proposition 7.1 and
Ute,+e,,0)(kzr) € UMX. Now fix an element in (29). Setting k;; = v;; defines the
linear equations

Uy = Z th tZ( kzt)vl‘z+ Z Czt/ tZ( th/)th’

Z€Z>7/ z€Z>!

in the variables k;;, for z € Z and t € T. There are more variables than equations.
For each equation indexed by a nonordered pair (#;, t;) there are the variables v,
and vy, for z > t" and 7’ > t (which always exist by definition of an LS block),
hence the system has solutions as long as the matrix of coefficients has nonzero
determinants. This imposes an open condition on the parameters v;z. Hence for
such vz, vy, kiz = vyz, and solutions k;;, for the latter equations we have

[TUe-c.v@2) [[Ure, -1 @u) T2 kS

teT t,t’'eT
72!

=[] Utte,00ker) [[Ute—eeny ki) T2 € 1/ (Cyp o).

t'eT teT
€7 zeZ7!

Proposition 7.1 then implies,

Uo [T Ut—ee-0@2) [T Uterey - @) TE2 o, C o' (Cppryin)-

teTt t,t'eT
7€Z2”

This completes the proof of Lemma 7.5 and hence of (17) for .# an LS block. [

Now let .#" be a zero lump. This means there exists k > 1 such that the right
(respectlvely left) column of 7" has as entries the mtegers 1 <--- <k (respectively
k <---<1),its word is therefore w(#) =1---kk - -- 1. This means, in particular,
that the truncated images T=2¢ =TZ2 _ are stabilized by Uy, by Proposition 7.1.

Yw (:)g)*l) ]/ kD
We have

UVU(;(J&’)*V [Uyu (H)KY >2k

/ —
T (CVIU(X)*U) - Vor—1 Yw (A )*V?

C Ugp, for 1 <[ < k.
For 0 < j <k — 1, the generators of [U{’,“kfjg "™ are all of the form U, —e_,.n,_)
for [ < k — j. In particular the gallery Vieokek—j =1 has crossed the hyperplanes

by Theorem 2.9. Clearly all of the subgroups [U{,"l’w)*v
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He,—e,_;.m) once positively at m = 0 and once negatively at m = 1, which means
that ng—; =0, and Ue,—g,_; i) (@) = Ug,—g,_;.0)(a) € Uy, for all a € C. Hence

[U{/"(;(X)*V . [Uyw(%)*v >2k _ =2k — T;Z

/ _
4 (C)’u»us’)*‘)) - Vor—1 Yw(H)*V T T Vu () *Y RV

In
_ )/X*V )/L%/*I) 22
JT(CM,*U) = [Uvo [le TVx*U

we have [U{,’f ™ = {1d) and [U(;f ™ C Uy, therefore

—T22 _T=2%
n(ny*v) - V%*U - yw(x)*v’

SINCE fLy, = [y, - This finishes the proof of (17) and that of Proposition 5.5. [

7C. Proof of Proposition 5.20. The remainder of this section, through page 494,
is devoted to the proof of Proposition 5.20. Let v be a combinatorial gallery.

Relation R1. For 7 # x:
yxz=yzx forx<y<g,
xzy=zxy forx<y<z.
Lemma7.6. Letwi=yxz,wo=yzx,w3=xZzy,and wy=7Xx Yy forz #X.
(@) 7(Cpy ) = 7(Cry ).
(d) 7(Cy, ) =7(Cy,,50)-

Proof. Recall the notation ¢; = —¢, and ; =i foranyi € {1, ..., n}. Note that the
T;ﬁw all coincide for i € {1, 2, 3, 4}; we will denote them by T*. We divide the
proof of Lemma 7.6 into three cases.

Case 1: x <y < z. We claim that if z £ y and y # x, the following equalities hold:

L 7(Cy, ) = UoUge, —e,,—1) (Uxs) T”.

ii. 7(Cy,, ) = UoUce, —e,,—1) (Uxi) Ue,—e,,—1) (vx2) T".
i, 7(Cppy i) = UpUge, —e -1 (0,2) T,
iv. 7(Cy,, ) = UoU(e, —e,,—1) (Vx2)U e, —e,,—1) (0y2) T".

Before proving this we remark that, regardless of whether x, y, and z are barred
or unbarred, the roots &, —¢;, &, — &, and &, — &, are positive. Now we recall the
notation from Theorem 2.9:

le' *V }/w,- *V le' *V w

7(Cy,y ) = UG UG LG T

Assume that z # y and y # Xx.



THE SYMPLECTIC PLACTIC MONOID, CRYSTALS, AND MV CYCLES 475

i. We have U, ¢, —1)(vr5) € [U)I/"”*v for any v,5 € C, hence
UoUe,—,,—1) (i) T S 7(C,y,, 40)-

Out of all generators of [Uy"’" * fori € {0, 1, 2} the only one that does not belong
to Up is of the form U, ¢, —1)(vy5) € [Uy"'1 , and the ones from [Uy“1 that do
not commute with it are those of the form U(E te,, 1) (a), but in that case Chevalley S
commutator formula produces a term Ug, 1¢_ ) (cx) yz( vyy)a) € Ug. This implies
the other inclusion, together with Proposition 2.7, which allows us to write down
the generators of each [Uy"fl*v in any order.

ii. The only generators of [U for i € {0, 1, 2}, that do not belong to Uy are
those of the form Uge,—e,. ,1)(1)”) € [U or the form U, —1)(vyz) € [Uywz*v
The equality follows by Proposrtron 2. 7 Theorem 2.9, and Proposition 7.1.

iii. All the generators of [U " and [Ui/,‘?*v belong to Uy, and the only generators
of [Uy“ that do not are U(gy_gz,_l). Thus iii follows by Proposition 7.1 and
Theorem 2.9.

iv. As in the previous cases, we have

— yll)4 *V )/u 4 *V Vu}4 *V w
w(Cy,,.) =Uy, Uy Uy T

and [Uy“4 c Uy. All generators of [Uyul’“ and [Uy ¢ respectively, belong to Uy
except for Uge,—e.,—1)(a) € Uy "’4 and U, _, _1)(b) e Uy "4 , respectively, for
{a, b} C C. To prove iv we observe that U, ¢, —1)(a) Commutes with all generators

of [Uy“"“*v except for Ue, 1¢,.1)(d), with d € C. However, commuting the latter two

terms produces elements Ue,+e,.0) (sz Zy( a)d) € Uy. Therefore

T (Cyw4 *V) g UOU(Sx_gzs_l) (UXZ)U(S),—SZ,—I) (vyZ)Tw )
and the other inclusion is clear by Proposition 7.1 and the above discussion. This
finishes the proof of our claim.

Now we use this to prove Lemma 7.6, assuming z # y and y # Xx. For both
conclusions (a) and (b) of the lemma, our equalities i—iv immediately imply

n(cywl*v) - n(cywz*v) and n(cyw3*v) - 7T(Cyw4*v)-

Next we will show that

”(Cywz*v) - 7T(Cyw1 )
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For this, let vy; € C and v, 5 € C with v, 5 # 0. Then since Uey—e..0)(vyz) € Uy, NUp
for any v,; € C Chevalley’s commutator formula, and Proposition 7.1 imply
7(Cy, ) D Uie,—.,0)(0y2)U e, —e,,—1) (x5) T”
= Uley—ee - (€32 15 (030U, W) Uy e, 0) (02) T
= U(sx—sz,—l)(C;’gl,v)‘,(_vyZ)Uxﬁ)U(sx—s).,—l)(vsz)Tw-
Therefore

U(gx_gyv_l) (UXy)U(Ex_Ez»_l) (sz)Tw - n(Cle *V)’

. . 1,1 _ L
as long as v, # 0, since in that case Cyz,uy(—vyz)vxy = v,z has a solution in vyz.
Hence Proposition 7.1 implies

UOU(sx—sy,—l)(ny)U(sx—sz,—l)(vxZ)Tw C H(Cyw] wv)-

Equalities i and ii then imply that a dense subset of 7(C,, ) is contained in
JT(C),w1 «v), which implies Lemma 7.6(a). To finish the proof of Lemma 7.6(b), let
vy € C and vy; € C with vyz # 0. Then, just as for (a),

(34) 7(Cy,50) D Ue,—e,,0) Wx i) Uey—e.,—1) (vy2) T
(35) = Ue,—e. 1) (€47 32 (—0x5)032) Uey e, -1y (0320 U, .00 (0y2) T
(36) = Ufey—e..— (€2 (—0x5) 032 Ue, e 1) (0y2) T,

Therefore the elements of the set

Uge,—e..- 1) (0x2)Ue,—e., 1) (0y2) T

such that vy; # 0 are contained in (36). By items iii and iv and Proposition 7.1
there is a dense subset of

n(cyw4*v) = UOU(ax—sz,—l)(vxZ)U(sy—sz,—l)(UyZ)Tw
that is contained in 77 (Cy,, ).

The cases z =y and y = x are missing so far. (Note that z # x is not allowed.
Also note that if y = x then x must be unbarred and if z = y then y must be
unbarred.)

Now assume z = y. To prove Lemma 7.6(a) in this case, we first show that

(37 7T(Cyw1 w) € T[(C)/wz*l))'

All of the generators of Mr,“'l*v*vbelong to Up except for U, ¢, —1)(vxy), for
vy € C. The generators of [UV‘:" are U, ¢, —1)(vy) for [ # x and vj5 € C, and
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Ue,—e,.0)(vx3) for vy € C. This last term commutes with U, —¢, —1)(vy5). There-
fore, by parallel arguments to those given in the proof of equalities i—iv on page 474,

7(Cy, x0) = UoUe,—,, 1) (Vx5) l_[ Ue—e,,—1) (vi5) T
I<y
I#x
All terms in the product

Ue,—e,.—1) (Vx3) l_[ Ue—e,.—1) (v13)
I<y
I#x
are at the same time generators of Mf,";z as well. Therefore, by Proposition 7.1,

”(Cywl w) C ”(Cwa*v),

as wanted. Next we would like to show

(38) n(cwa*v) c n(cywl )

To do so we will make use of Proposition 5.5. Let

x | x X 1
= Y and % = Y i

Y|y y |yl

Then we have w; =y x y = w(#]) and wy =y y x = w(J#). By Proposition 5.5
it then suffices to show

7"(C,,) ST (Cy )

First assume y — 1 # x. In this case EJVI " is ger}:erated by terms U, ¢, —1)(@)
witha € C, and all generators of U_J and lU belong to Uy. Out of these, the
only ones in [U 5™ that do not comrnute w1th U, —e,.—1)(a) are U, 1¢,.0)(D)
and Ue,—¢,1.0) (d) Then for every element in 7 (C,, *V) there is a u € Uy such
that it belongs to

uUge, y—e, -1y (@u'T" = ut'Uge,_ 1o, —1) () o1y (—@)D)

,1
U(Sx_av _1)( y—17, X)ﬁ( a)d)U(Sy_l—8y,—1)(a)Twa

where I/t/ = U(sx-i-sy,()) (b)U(gx_gyil’o) (d)
Fix u, a, b, and d such that abd # 0. Such elements form a dense subset
of n/’(CV%*V). We will show that

U(€y—1+€x,—1)( y— lyx)( a)b)U(ax—a‘ 1)( ( CZ)d)U(,;}1 —éy, _1)(a)T

y—lyx
is contained in 7'(C,, *v) If this is true, then (38) is implied by Proposition 7.1
applied to uU(gXJrEy,o) (b)U(g.k,g}fl,o) (d) € Uy.
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First note that for any {a.j, ay—15, ayy—1} C C, both Ue, ¢, —1y(ay—1y) and

V4 kY e
Ue,—e,.—1)(@x3) belong to [U\}}Ig1 sand v =Ue, 1e,_,.0)(@yy—1) € U;, NU stabilizes
the truncated image T" as well as the whole image 7'(C, 4 «v). Therefore all
elements of

U_]U(sx—sy,—l)(axy)U(sy,l—sy,—l)(ay—li)UTw =
1,1
Uerte,1.-1 (€551 (—ax5)ayy— DU, e, —1) (@x3) U, —e,, 1) (ay—15) T
belong to (C *,,) and, since abd # 0, we may find a,3, ay_15, and a,,_; such

that

11 1,1 e
ax}-,—c) 15y 1( a)d, Cogryy— ((=axp)ayy 1 = y lyxy( a)b, ay,_15=a.

This concludes the proof if y 2 x — 1. Now assume that y = x — 1. In this case all
generators of [U\y,i 2" commute with U(gy_1 —ey.—1) (ay—15), and therefore all elements
in n”(CV%*U) belong to

MU(S).,I —gy,—1) (a)Tw s

for some u € Up anda € C—but U, |, —1)(a) € U_Ji/}}]g‘ *V, which implies (38) by
applying Proposition 7.1 to u € Uj.

Next we prove Lemma 7.6(b), still assuming z = y. We now have
wi=xyy=w(A3) and ws=yxy=w(r),

where

yi|x|x xxy‘

Ji@:’ and % =

~1
<1

We want to show

7" (Cyx0) =T (Cyp )

. Vo ¥V Yoy ¥V Vot *V
First Uy ® and Uy~ are both contained in Up. The generators of Uy  that
do not belong to Uy are U(gy,_l)(ay), U(gy+g,,—1)(,3y1), and U(s),_gs,_l)(yyg) for
{ay, By, vys) CCandl <n,l #x,y <s <n. All of these are also generators

of Mi’f}@*”’ hence by Proposition 7.1 and Theorem 2.9 we have
n///(cy%%*v) - n////(cyx4*v)-

The discussion above also implies the equality

(39) JT///(C)/%3*V) = UOU(s).,fl)(ay) HU(S)-+81,*1)(IB)'I) 1_[ U(e}vfes,fl)(VyE)Tw-
I<n y<s=<n

I#x

. Vo, *V .
There is one more generator of Uy, * not mentioned above, U, +¢,,—1)(dxy)-
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Since all generators of [U (which are U, 4¢,.0)(d") € Uy for d’ € C) commute
o )
with those of [U , we have by Proposition 7.1,
n//// (CVWA*U) —
UoUe, +6,.- 1) (@e)Uce,. -1y @] Uty ter-1y @) | [Ute, -1 () T
I<n s<n
I#x s>y

We now would like to show

7" (Cyyv) CT(Cypy )

To do this we will see that for complex numbers a,, by, ¢ys, and dy,,, with a, # 0,

(40)  Uge,+e,,—1)(dxy)Ue, -1y (ay) 1_[ Ueyt.—1)(by1) 1_[ Uge,—e,.—1)(cys) T

I<n s=n

I#x s>y C n///(cyx o).
3

By (39) we conclude that for any complex numbers o, By;, ¥y5, and § the following
set is contained in n///(CV%*U):

41 v U e, nOUge, 1y @) ] [Ue,ter -0 By | [Ute, -1y 1) T

I<n s<n
I#x s>y
=" 00,16, 1) (0x)Ute,. -1y @) [Utey v -1y By ] [Utey 01y 1) T,
I<n s<n
I#x s>y
where
1,1 1,1 1,1
v=U, 0 (5, (=) [ [Uerrer0(cr3 i (=B [ [Uter—e,.00 (15 y5(=8)715)
I<n s<n
I#x §>y

and p,, = ny )( 8)0{ and where the equality in (41) is obtained by applying
Chevalley’s commutator formula (2) and Proposition 7.1 to U, _¢, 1)(8), which
stabilizes the truncated image T". We will have shown our claim in (40) if we find
complex numbers ay, By, Yy, and § such that

1,2
xy)( 5)05 _dxyv oy = dy, ,Byl:byls
which we may obtain since a, # 0. This concludes the proof in case z = y.

Lastly assume y = x. This means that x is necessarily unbarred and therefore
z = b for some b < x.

To prove Lemma 7.6(a) in this case, as before, we use Proposition 5.5. We have

wi=Xxb=w(#) and wy=Xbx=w(H5),
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where
X|x|x X | X
=1 d — i
A=5T0 and A3 b5
First we show
42) A (O *v)CJT”(C )
To do this, we claim that
43) 7' (Cppyx0) = UoUge, —1y(@x) [ ] Utees, -1y (@) T,
s#b
&y teedt

Indeed U(g —n(ay)and U 4o —1)(axs) for s € %, such that s # b are the generators

of U_J that do not belong to Uy, and [U is the identity, because ,—e¢p, is not a
posmve root. Therefore (43) follows b Proposmon 7.1. The aforementioned terms
are also generators (but not all!) of [U ; therefore (42) follows. Now we show
(44) 7(Cy ) ST(Cy i)

To do this, let us first analyze the image
Vo, ¥V Vg KV Yo KV
JT//(C){%, *v) = V()2 UVIZ HJVZZ Tw.
oty ¥V 'ty ¥V
In this case [UV c Up and [UV is ‘Ehe identity, because —(&, + €p) is not

>k
a positive root. The generators of [U are U, —1)(0ty), Uge,+¢,,—1)(0xs) and
U, +e,,—2)(axp) for s € €, such that s ;é b and complex numbers o, oy, and op.
Therefore

45 7(Cyy i) =UoUe, (@) [ Uteoten—1) @)U, 46,2 (@x) T.
s#b

&xteedT

Let us fix complex numbers oy, o5, and o, such that o, #= 0. We will show, as
for (43), that

46) U, —n) ] Ueeter.—1) (@) Uge, 45, -2 (@xp) T C 7' (Cyp ).
s#b

exte,edT

To do this we will use Corollary 2.10, which says, in particular, that if we write
A = (VOv EOv Vla Ela V27 E27 V3)7

then
v (C ) D) UVOUVIUVZ
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Therefore, since u = U, ¢, 0)(a) € Uy, N Uy for all a € C, and since U, _1)(ay)
and U, ¢, —1)(axs), for s € €, and s # b, are the generators of [U}l/x‘ " C Uy,, by
using Proposition 7.1 applied to u € U and v € Uy, (V3 stabilizes the truncated
image T, see below for a definition of v), we have the following. For any complex
numbers a,y and a,,

7' (Cpp ) Du” Ve, (@) [ Ugeyter—1y(ax)uT”

b
sx+s7fe<i[>+
:u_]uU(sﬁs,,,_z)(cijf(ax)b)U(ax,—l)(ax) 1_[ Ue,te,.—1) (@xs) VT
b
ex—l—sgfedﬁ
2,1
=Ute,4er-2 (€5 @DB)Uge, -1y (@) [ ] Ueyeny (@x) T,
s#b
er+e,€dT

where

1,1 1,1
v=Ug, (e pe(—a0b) [T Utpte,—1(cyp(—aw)b) € Uy,.
s#b
&xteedT
In order to show (46) it suffices to find complex numbers ay, a,,, and b such that
2,1
cx,b)f (a)%)b = Qxp, Ax =0y, dys = Oxg,
and we may do this, since o, 7# 0.
For (b), we again use Proposition 5.5. We have

=xbi=w(a) and wi=bx i=w(A),

where

S

X | x| x x—1| x
Y= and ;= —

b | b

x—1

=1

By Proposition 5.5 it is enough to show

47) 77(Cppa) =7 (Cpp ).
We analyze both i 1mages JT/ " (C *U) and 71/ " (C *,,) separately and then show (47).
First we observe that [U C UO and [U is the identity (this is because &, — &,
is not a positive root). Hence
(48) ﬂ///(Cy%*u) = Up 1_[ Uer—er,— 1) (@15)U(gy—e,,—2) (apz) T".

1%

Yo, ¥V . Vo, ¥
Now, [UVz is generated by elements U, ¢ —1)(0tx—1x) for a1, € C, and [UV1
is generated by U, _, —1)(0;=) for a;= € C, by U, ¢, 0)(0;;=) for
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I < x —1 and a;;= € C (this last element stabilizes the truncated image T"),
and by other elements of Uy. Therefore

(49) 7"(Cyp )

(50) =Up 1_[ Uler—ee1,00(@5=1) Uey—ee 1,1 @577 Uer 1 e, — 1) (@x—15) TY
ﬁ/f
GhH  =Up l_[ Uge—e,~1) U e, —,,—1) (@x—10)U(e, —e,,—2) (§p) T,
I<x,l#b
I#x—1
where

1,1

11
be = ¢, (T %iTie, )y ElE=C

1ﬁ,x—1x(_alﬁax_1,;)’

and where the equality between (50) and (51) arises by using (2) and Proposition 7.1
applied to

U0 @)U et -0 (@) € U, -

The sets displayed in (48) and (51) are equal as long as all the parameters are nonzero.

Case2: x =y <zand z # x.Inthiscase wehave w; =y y zandwy; =y z y. We
want to look at

Ywy ¥V o Yw ¥V Vw ¥V
7(Cy, ) = [UVO‘ [lel [UV2‘ T,
Vun ¥V Vun ¥V Yoy ¥V
7(Cy, ) = Uy, Uy Uy TY.
. Yw) ¥V Yy ¥V .
In this case all generators of Uy, ' and of Uy *  belong to Uy for i € {1, 2, 3}.
Therefore Proposition 7.1 implies in this case that

”(Cywl w) = UOTw = N(Cwakv)-

Case 3: x <y =z and z # x. Here it will be convenient to use Proposition 5.5. Let

%:’y; and Jiﬁ:x y‘.

It is then enough to show (by Proposition 5.5) that

n/(CVJ{q *v) = n//(cyﬂ,z*v),
since

wi=xyy=w(*#) and wr=yxy=w(*).
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However thlS case is now the same as the previous one: all generators of [U
and [U belong to Uy, therefore, as before,
/ 4
T (nyl *v) = UOTw =7 (nyz*v)-
With this case we conclude the proof of Lemma 7.6. (]

Relation R2. For1 <x <nandx <y <ux:

Lemma 7.7. Let
wi :ylex—l, Wy =YyxX, wgzxflx—ly, Wp=XxXxYy,
then
(@) 7(Cy, ) =7(Cy, ),
(d) 7(Cy, ) =7(Cy,,50)-

Proof. As usual, the proof is divided in some cases. We first consider the case
where y ¢ {x, x} and then we analyze y = x and y = X separately.

Case 1: y ¢ {x, x}.
Note that

wi=yx—lx—1=w ’x_ly Y , Wr=yXxXx=w ol y‘.
x—1|x—1 x—1

Hence by Proposition 5.5, to show (a) it is enough to show that

n/(cyx,l w) = n//(cyxz*u)7

=1

where

x—1| x |y x—1| y | ¥
— and 7 = —

x—1 x—1{x—1

S =

=1

First we check that

77(Cypn) € 7 (Crpp )

Clearly [U o C Up. The only generators of [U o™ that do not belong to Uy are

those of the form U, —¢, —1y(a), fora € C, and those in [U 5™ are U, -6, -1 (D),
for b € C. This means that every element in 7”(C,, *v) belongs to

uUce,—e,,—1)(@Ue,_ -, —1)(D)T",
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for some u € Up. Both U, ¢, —1)(a) and U¢e, ¢, —1)(D) belong to U ¢, and
this implies the contention by Proposition 7.1 and Corollary 2.10. Now we want to
show

ﬂ,(cyxl*v) - ﬂ//(cyxz*v)-
By Theorem 2.9, all elements of 7'(C,, *u) belong to the set

(52) uUe, -, —2)(Vx—15)U¢e, ;. —1)(Vx—1)
J Ve a0 @) [T U0 a1 T,

I>x SFEY
I#y

.. Vo ¥V Vor XV .
for u € Ug and v,_; € C. This is because both [UVO and [UV1 are contained
in Up. Fix such an element such that v,_;z 7% 0. We know that

Yo, ¥V
U, e - (0x—12) € Uy,*

and that for any a,5 € C, U, —¢,,—1)(ax5) € Ug,. This means that these elements
stabilize both the truncated images T;jg L« and Tilg - Hence the elements in
2 2

(53) Ue,—e,.—1) (Ux—12)Ug, ey, —1) (Ux) T
1,1
= U, —e,.— 1) (Ux5) U, —e,.-2) (Cx_b;’xy(_vx—li)axf)

“Ue, 1=, — 1y (Ux—10)TY

all belong to 7" (C,, *V) More they belong to precisely to [U i Tw T>1 -
A’/

hence by Proposmon 7.1, we may multiply the right side of equatlon (53) by

U(e,—e,.—1)(—vx3) on the left and the product still belongs to 7" (C, fz*”)’ hence

1,1
U(‘?x—l 78,\”72) (CX—I)E,X)_’ (_Uxili)aXy)U(exfl —&x,—1) (vxflj)Tw C n//(cyfﬁ*‘)).
Now consider the product
t=Ue, te,.1)(@)U0¢e,.0) (@) [ [ Ute,—e.00(@D) [ [ Utee,.0)(@rs) € Us, NG
I>x SFEY
I#y
Proposition 7.1 then implies that

_ 11
n(CyXZ*v) Du lU(ax,l—a_v,—Z)(Cx_b;’x}:(_Ux—li)asz)U(sx,l—ax,—l)(Ux—lf)uTw
=Ue, 1460 - 1) (Px—10)U(e, 1, —1) (Px= DU, e, —2) (Px—1y)
. l—[ U(sx,l—sl,—l)(px—ll)

I>x

I#y

. 1_[ Ue, 146, -1 (Px—15) U, e, —1y (Vx—12) TV,
SFEY
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with

1,2 2 1,1 1,1
Px—1x = C,_q5, x(_vx—li)a —C,_ 1y, yxcx 1% xy(vx lx)axyaym

Px—1j = j, 1xx1( Ux— lx)aXJ] 7’5)’ JE{Z l>X}U{S Ex— 1+8s€q> }

1,1
Px—1=C,_ lxx( Uy —15)dx -

The system of equations defined by vy = px—1 and v,_;; = p,_1; does have
solutions (the variables are a,, ay., a,j, and ayy) since vy  # 0. This means that
for such solutions we have (see (52))

Ue, 1—ey.—2) (Vx—15)U e,y —1)(Vx—1)
: 1—[ U, 1~ -1 (V1D H Uge, e, —1) (Ux—15) T

Izx S#Y
I#y

= Ue, 1460 — 1) (Px—1)Ue, 1 1) (0x =D Ue,_ —e.—2) (Px—1y)

. 1_[ U, 1—e,,—1) (Px—11) 1_[ Uer 146, - 1) (Px—15) * Uggr_1—sr, = 1) (V1) T

[>x KEY
I#y

C ”(nyz*u)s

and so by Proposition 7.1 we get that all elements in (52) belong to 7" (C,, %2*,,).
All such elements of 7’ (C, o «v) form a dense open subset. This finishes the proof
in this case.

We turn to (b). Let

x—1lx—1{x—1 y |x—1| x

J5 = and 7 =
y |y

x—1

=1

Then w3 =x—1x -1y = w(3) and wy = x x y = w(H#;). As in (a), by
Proposition 5.5, it is enough to show that

77(Crpn) = 7" ()

To show

7"(Cyy0) C(Cy w0,
*
note first that the only generator of [UV,- 74" that does not belong to Uy is
Y o KV
Uge,—e,—(@) €Uy*, fora e C.

Oof [U{,Jj“ *U, the only generators that do not commute with U . _1)(a) are
Ule,+e,.0 (D), with b € C. Then Chevalley’s commutator formula (2) implies that
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all elements of 7" (C,, *v) belong to the set
(54) UoUe,_+e,- 1) (€4 L 15y (D) Uge, e, 1) (@T".

)V
Since both U, 1, —n(c s y(—a)b) and U, —,,—1)(a) belong to [U ,
the desired contention follows by Proposition 7.1. Now we show

(55) ///(C ) C n////(C )

The proof is similar to that of (a), but there are some subtle dlffeggnces First we
look at the image 7"(C,, *U) Out of all the generators of [U , the only ones
that do not belong to Uy belong to [U S U, =1 (Wx), Uge,_—e,.—1)(Ux—15), and
U, 14e,—1)(Vx—17) for [ 7& X~ 1,s > x,s # v, and complex numbers vy_1, Vy_1s,
and v,_y;. The group U_J has as generators the terms U, 1¢,.0)(a) (only),
and these commute with all the latter terms. Therefore all elements of 77" (C, %*v)
belong to

56)  uUp,_,—y@W) [] Uermr—ern@xo1e) [ Uteror ety @eoi) T,

s>x—1 I#x—1
SFY

for some u € Uy. Fix such a u, and assume v,_13z # 0 and v, _1, # 0. Such elements
as (56) form a dense open subset of 7””(C, %3*1)). Now, for all complex numbers
a, Ayy, and axy We have U(gx_l_gx’_l)(a) € [I_J71’%4*V, U(gx_;_gy,()) (axy) € [U)lllﬁ*v, and
Ute, —e,.0)(ax5) € Up, which stabilizes the truncated image T ;j/ .- Therefore, setting
¢ = Uge,+e,.0)(@xy)Ue, —e,.0) (ax5) € Up, all elements in !

¢ Wier e -n(@eT" = Ute, 46— 1) (Px—1)U (e, 42, — 1) (Px—1y)
-U(Ex—l_?v’_l)(C)lf;llx,xy(_a)ax;')U(sx_l_gx,_l)(a)Tw
= Ute, e~ (0r— 19U e,y ey~ 1) (Px 1)U e, e, — 1) (@)
e )T
=Ufe,_ 14— 1) (0x—10)Ue,_ e, - 1) (Px—1y)
“Uey_i—e,—n(@)T"
belong to 7"(C, *u) where

1,1 1,1
Px—1x = cx 1y, xycx 1x xyaa)fanY’

_ 11
Px—1y = cx—l)f,xy(_a)axY’

and where the last equality holds because U, ¢, — 1)( (= a)ax}) e U,

x—1lx,xy
and all elements of the latter stabilize the truncated image T" by Proposition 7.1.
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Now let

¢’ = Ug,,0)(ax) l_[ Ue,—s,,0) (ax5) 1_[ Ue,+6,0)(axt) € Ug, N Vo,
§>x I#£x—1

7Y Iy
for ay, a3, and a,; complex numbers; by Proposition 7.1 this element stabilizes
the truncated image T* and the image 7"(C, __ ). Therefore the following are
Ky
s . "
contained in 7" (C,, M),

C/_IU(£X_1+£X,—1) (,Ox—lx)U(ax_l-i-ay,—l) (,Ox—ly)U(ax_l —&,,—1) (a)C/Tw
(57) = U(gx,l,fl)(px)

: l_[U(sx,l—es,—l)(,Ox—ls)U(s_x,l—ex,—l)(a)U(sx,H-sx,—l)(p;_lx)
s>x—1
SFY
SFEX
(58) T Uerr+er—1y(ox-1)T".
I¢{x—1,x}

where

1,1
Px—1 =€, (—a)ay,
1,2 2
Py_1x = Pr—lx T ¢, 7, (—a)ay,

AR
Px—11 =€, 1z q(—a)axi,

- — L1 _
Px—15 = Cx_li’xg(_a)axs-

We want to show that

Uty -y xe) [] Uteroi—ery@rmt19) [ Utersper—ny (0xmi) T
s>x—1 I#x—1
SEY
is equal to the product in the last lines (57) and (58) above (see (56)), for some
ay, ayy, and a,s. This determines a system of equations:

vx—l)? == aa

1,1 1,1
xfly,xycxfli,xy
1,1

Vi1 =, (—a)ay,

1,1
Ux—15 = Cx,u,xg(_a)axia

1,2 2
Vx—1x =C adxyayy +c,.7y, (—a)ay,

1,1
Vi1 =€, 1z y(—a)ax,

1.1
Vy_1y =¢C —1;,xy(_a)axy-
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which can always be solved since vy_1, # 0 and v, ;= # 0. This completes the
proof of (b) in this case. (]
Casel. y =x.

Proof. As in Case 1, we will make use of Proposition 5.5. Let

’x—lx X and %zx—lix‘

r—1x—1 X x—1

=

Then
wi=xx—1x—1=w(#) and wr=xx x =w( ).

By Proposition 5.5 it is enough to show

T[/(Cy)ﬁ,l w) = n//(cyxz*v)-
First we show

(59) 77(Crpn) €T (Cpy )

Since [U:,fz*v is generated by elements of the form U, . —2)(a), for a € C, and
the generators of [U:,f{z*v belong to Uy, for i € {1, 2}, all elements of 7" (C,, %2*,,)
are of the form

uUe, -, —2)(@)T"

for some u € Ug. Since Uy, ¢, —2)(a) € [Ui/})fl *v, (59) follows by applying
Proposition 7.1 to u. To finish the proof in this case it remains to show

(60) T[/(ny,] w) C n//(cyxz*v)-

V4 *V
The generators of [Uv‘jf1 belong to Uy, for i € {0, 1}, and the generators that do not
are Uge,_; —1)(vx)s Uge,1—e.—1) (U _17)> Uge,_y+e,,—1)(Vx—15), and U, ¢, —2)(vx—13),
forn>1>x,s ¢ {x,x — 1}, and complex numbers vy, v,_j, Vx—15, and vy_x.
Therefore all elements of 7'(C,, o «v) belong to
1
uU, 1, 1) (W)U, —e,— 1) (V1D U ey ey~ 1) (Wr—19) Uge, —ep,—2) (V- 12) T
Fix such u € Uy and vy, v,_;7, vx—1s, and vy_1z complex numbers such that

Yoy KV
Vy—1x 7 0. We know for any a € C, that U, ,_, _2)(a) € [Uvﬁzi’z Let

q= U(ex,1)(ax)1_[U(ex—es,1)(axi)l_[U(sx+61,l)(axl) € U,,n NUg

§>X I#x

for any complex numbers ay, a5, and a,;. Then by Proposition 7.1,

(61) 4" Ugero e, -2 (@qT" C 7" (Cy w0).
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As in the previous cases, we want to find a, a,, a,s, and a,; such that

tU e~ W)Uy~ V1D Uy ey~ 1) (W 15) Uey g —e—2) (Ua—10) T
equals (61), for some ¢ € Uy. But

g U, —er,—2)(@)qT”
=1""Uge, 11 (0)Ue,—e1 -1 (05 1)Uty e~ 1) (0215 Ue,y —,—2) (@) T,

where
7' = Ugeyte,0.0)(6, 2150 (—a)a; € Ug,
pr=c.l i (—a)ay,
Px—1l = Ci llx xl( a)a"l’
Px—1s = )lc 11x xs( a)dys.
The system
Ux—1x = 4,
Vx—11 = Px—10>
Ux—1s = Px—1s
always has a solution since v,_1;z # 0. This concludes the proof of Case 2. |
Let
e i th— 1] and s =L x|
x| x x x—1
Then

wy=x—1lx—1x=w(3) and ws=xxx =w(H,).

By Proposition 5.5 it is enough to show

77 (Crp) = 7" ()

To do this we will describe a common dense subset of JT”’(C *U) and n””(ny wv).

Vo ¥V - Vo ¥V Vo * 3 ¥V
Consider ﬁist x"(C, Yoty ) = [UV03 [UV13 [UV23 Tw We have [U c Up
and also [U C Uy, since it is generated by the terms Ug, | 4¢,,0) (d) ford e
C. These commute with all generators of [U , out of which U | _1y(vy—1),

U, 4e,—1)(Wx—15), and Uge, ¢, 1) (v _17)> (for s<n,s#x—1,1>x,and v,_q,
vx—1s and v,_;; complex numbers) do not belong to Uy. Therefore 7" (C,, )
A3
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coincides with

62)  UoUge,_.—y(0x—1) [ [ Uterren—) @15 [ [ Uteroy—ero—1y (0, DT,

s<n x<Il<n

s#Ex—1

for complex numbers v,_1, vy_15 and v, _;;. Now we look at elements of
Vo ¥V Vo ¥V Vog ¥V
i _ 4 4 4w
b4 (C,,%*,,) = [UVO [UV1 [UV2 ™.

Both UJ?}?‘*U and [szf“*v are contained in Uy, and UJ]\/,T“*U is generated by the
elements U, ¢ —1)(d), which belong to U, and therefore stabilize the truncated
image ;Fw*l‘?y Proposition 7.1. Now, by Proposition 2.7, we may write any element
k of Uv‘f“ as

k=Uge,.0)(ke) [ ] Ues—er0®d) [ [ Uterter.0) (k) € Ug
x<l<n s<n

SFEX

for some complex numbers &, k
that

and k.. Theorem 2.9 and Proposition 7.1 imply

xI
(63) ﬂ/”’(C;{m*v) =UoU(e,_—g,,— 1) (d)kTY
= UokUe,_,,—1)(0x—1DU(e,_ 4e,,—1) (0x—1x)

) 1_[ Uge,oi—er. -1 (0,17

x<lIl<n

J TV 6.0 @19 Ue,y e,y T
s<n

SFEX
%
for k € [Uz}}f“ ' and d € C, where

1,1
Ox—1= Cx,u,x(_d)kxa
1,2 2
Ox—1x = Cx_bz,x(_d)kx,
1,1

x—1x,x/ xI»

1.1
Ox—1s = Cx_lj’xs(_d)kxs-
The set (63) is clearly contained in (62). Moreover, the system
Ux—l = Gx—l ’
Uy—1x = Ox—1x»
Uy 1] = 01>

Ux—1s = Ox—1s,
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has solutions for d, ky, k,j, and ks as long as {vy_1, Vx—1x, V,_, Vx—15} C C*.
Proposition 7.1 then implies that a dense subset of n”’(CV%*v) is contained in
JT////(CVX4*U), which finishes the proof of Case 1. ‘

Case2. y =1x.

Proof. Let

=1

%/l:’x—lx and =

wr—1x—1]

x—1| x )E‘

=1
=

|
—_

Then
wi=xx—1x—1=w(#) and wr=xx x =w( ).

By Proposition 5.5 it is enough to show

ﬂ/(c){y(l *v) = n//(cyxz*v)-

. Vo ¥V Vo ¥V .
In this case we have U, =1="Uy," . Proposition 2.7 and Theorem 2.9 then

say,
64 7'(Cyyw0) =Ule,1—0.0 Vr— 10U, o) 0D U e, e ~2) (V1)
. 1_[ Ue,1—e, -1 (0x—11) l_[ Ue, 146 (Ue—15)TY,

x<l<n s<n
s#Ex—1
XF#X
for complex numbers vy_1x, Vx—1, Ux—1x, VUx—1/, and }/Jx,*lg. Fix )s;uc}}v complex
numbers. Now we look at 7”(C, ). We have that [vaz and [UV‘T2 are both
contained in Uy, and the latter is generated by elements U, 0)(a), for a € C.
*
Out of the generators of [U{/,K1 2 v, the ones that do not belong to Ug are U, —1y(ax),

U, +e,,—1)(axs), and U, ¢, —1y(a,j). Therefore, if

A=Uq, (@)U +e,,—1)(@xs) U, —g,—1)(a,p) € Ug;,

we conclude that
n//(cyxz*v) = UOAU(sx,lfsx,O) (a)Tw

=UoU(e,_1—6,,00 @ U,y -1y Ex— 1D U(e, 1460, —2) Ex—1x)
JTYerai—en1GE-10) T ] Ue,oiren) (Exo15) AT

x<Il<n s<n
s#Ex—1
SFEX
(65) =UoU¢e,_ 1, - ) Ex—D U,y 460, —2) Ex—1x)
T V-G T | ey Exo1) T,
x<Il<n s<n
s#Ex—1

SFEX



492 JACINTA TORRES

where

1,1
§x1= Cx’x_lj(_ax)aa

2,1 2
Ex—1x = Cx,x—li(ax)a’

11 i
%‘x—ll— = cxl_,x—li(_aXI)a’

1,1
Ex—ls = st,x,b;(_axs)a-

Therefore it follows directly that in fact

ﬂ//(c}{y(z*v) - T[/(CVJL/] wv)-

Now, the system of equations

Vx—1 = &x—1,
Ux—1x = Ex—1x»
V17 =&
Vx—1s = Ex—1s,

has solutions as long as {vy—1, Vx—1x, V,_;7, Vx—1s} C C*. For such a set of solutions
we conclude

Uty -1 (W=D U(e,_ 46, -2) (Vx—1x)
: HU(ax_l—a,,—l)(Ux—u) 1_[ Ue,y+e0) (Ux—15)

x<l<n s<n
s#Ex—1
SFEX

=Ug,_;, - Ex— DU, 4er,—2)Ex—1x)
Ve &) []Utersven e,

x<Il<n s<n
S#EX—q
SFEX
and therefore we conclude by Proposition 7.1 (applied to U, ¢, ,0)(Vx—1x) in (64))
that a dense subset of JT/(C){Z/I*,,) is contained in n”(CV%*U) (see (64), (65)). O

Proof. To prove (b) let

1 _1)571‘ X =1 x

= and Jiﬁ:’

=1

=
=1
=

|

then
wi3=x—1lx—1x=w(%) and wsg=xx x =w(*4).

By Proposition 5.5 it is enough to show

7.[/// (C:y;g3 ) — n//// (C)/%/A‘ ) .
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First we claim

n////(c}{y(4*v) c 71'”/((:){%/z *v)-

Yoy kU

Note that the terms U, ,—¢,,—1)(b), for b € C, generate both [UV"F‘ and are
. . VYo, XV . Y *V

contained in [U\,‘/f3 . Also, the terms U, _0), which generate [UVJ:“ , commute

with U, ¢ . —1)(b). Therefore
7" (Cpp) = UoUpe, e,y (DITY S7(Cy ),

where the last contention follows by Proposition 7.1. Now we will show

”W(nyg*v) - n////(cyx4*v)'
We claim that
(66) 7" (Cyy )

=UoUe,_;,— 1) (x—1DU(e,_ 1 —e,,— 1) (Ux—13) 1_[ U, y4ey,—1) (-1 TY,
SFEX

sgter_1€dT

for complex numbers v,_j, vy_13, and v,_15. Let us fix such complex numbers.
Let

D = U, 0)(ax) 1_[ Ue,+e,,—1) (ax—15) € Uo,
SFEX

“5'_s'+5)(71€':‘I>+
then by the usual arguments (note that Uy stabilizes both the image n””(Cyﬂ) and
. 2
the truncated image T)%%*U),
D 'U¢, ,—e,.-1)(b)DT” C 7""(Cy,)s

and

D 'Ue, ,—e,.-1y()DT” =Ue,_,.—1)(0x—1)U¢e,_—e,.—1)(b)

- TT Urarter—n(0r-1) Uy, 1) (Pxx-1):
SFEX

syterr1€dT

where

1,1
Px—1= Cx_]jyx(_b>a)h
2,1 2
Px—1x = Cx—li,x(_b)ax’

1,1
Px—1s = Cx,u,xs(_b)axs-
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As usual by requiring that vy_1, Vx—13, Ux—1x, and px_1s; be nonzero we may find
suitable complex numbers b, a,, a,s such that

Ute, 1 DU,y —ep -y We18) [ | Uteyoienty (0-1s)
SFEX

gt+er_1€dt

=D U, ,_e,._1)(b)DTY.

Therefore Proposition 7.1 (see (66)) implies that a dense open subset of 7" (C,, oty wv)
is contained in 7" (C,, ;ef4*")' This completes the proof of Lemma 7.7. O

Relation R3.

Lemma 7.8. Let w € #4, be a word and let w be a word that is not of an LS block,
and such that it has the form wy =ay - - - a,z2Zbs - - - by, and let wp =ay - - - a,bs - - - by
witha; <---a, <7 >bg > --->by. Then ”(Cywlw) = n’(Cyww).

Proof. Let A={ay,...,a,}. We have
7(Cy,,,) =Pa, -+ Pg, P.P:P; - PZ;IT;::U”Z,
where
P, = U(gz,o)(vz)l_[U(efg,,O)(UZ[)HU(SZH,,O)(vzl) l_[ Ute 46,1 (Vza)s
I>2 1¢A aieA
P: = HU(% —e.,0)(Vg;2),

a,-eA

and note that iy, = iy, =D ;1 €a; — D jer, €b;- The terms that appear in P all
stabilize 1,,, and commute with [P’,;j, while the terms in P; all appear in P, and
commute with P, for [ > i. This concludes the proof of Lemma 7.8 with the usual
arguments, and therefore of Proposition 5.20. ([

8. Nonexamples for nonreadable galleries

Letn =2 and A = ¢; + &2, and (%,,, ) the corresponding Bott—Samelson variety,
as in (8). Let y be the gallery corresponding to the block

‘h—tl (ST}

1

2]

Then points in 77(C,,) are of the form
Ui, -1 (D)),

for b € C, hence form an affine set of dimension 1. We claim that the set Z =7 (C,)
cannot be an MV cycle in £ (u) for any dominant coweight p. First note that for
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any u € U(¥) a necessary condition for ut? to lie in the closure U(#)t¥ N G (O) 1+
is that 0 < v, since it would in particular imply that ur® € U(#)¢". Also note that
it is necessary for v < u in order for the set 2°(u), not to be empty. Any MV cycle
in #(u), has dimension (o, u + v), and the only possibility for the latter to be
equal to 1 (since p + v is a sum of positive coroots) is for either © =0 and v =,
orv=0and u =, for some i €I, and both options are impossible: the first
contradicts v < u, and the second contradicts the dominance of ©. Note that y is
not a Littelmann gallery.

Appendix

Here we show that relation R3 in Theorem 5.17 is equivalent to relation R3 in
[Lecouvey 2002, Definition 3.1]. For a word w € #4, and m < n define N(w, m) =
[{x € w:x <m or m < x}|. Lecouvey’s relation Rj3 is: “Let w be a word that is not
the word of an LS block and such that each strict subword is. Let z be the lowest
unbarred letter such that the pair (z, z) occurs in w and N(w, z) = z+ 1. Then
w = w’, where w’ is the subword obtained by erasing the pair (z, z) in w.” The
following Lemma is a translation between R3 and R3.

Lemma 8.1. Let w be a word that is not the word of an LS block and such that each
strict subword is. Then w=ay - - - a,zZby - - - by for a;, b; unbarred and a; < - - - <ay,
by <--- < by

Proof. By [Lecouvey 2002, Remark 2.2.2], w is the word of an LS block if and only
if N(w, m) < m for all m < n. Let w be as in the statement of Lemma 8.1. Then
there exists in w a pair (z, z) such that N(w, z) > z. Let z be minimal with this
property. In particular N(w, z) = z + 1 since if w” is the word obtained from w by
erasing z, then z > N(w”, z) = N(w, z) — 1. We claim that z is the largest unbarred
letter to appear in w. If there was a larger letter y then N(w”’, z) = N(w, z) =z+1
where w”’ denotes the word obtained from w by deleting y. This is impossible
since by assumption w”’ is the word of an LS block. Likewise Z is the smallest
unbarred letter to appear in w. The a/s and bs are then those from Definition 4.3
for the word obtained from w by deleting z, z from it. O
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