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OPERATOR IDEALS RELATED TO ABSOLUTELY SUMMING
AND COHEN STRONGLY SUMMING OPERATORS

GERALDO BOTELHO, JAMILSON R. CAMPOS AND JOEDSON SANTOS

We study the ideals of linear operators between Banach spaces determined
by the transformation of vector-valued sequences involving the new se-
quence space introduced by Karn and Sinha and the classical spaces of ab-
solutely, weakly and Cohen strongly summable sequences. As applications,
we prove a new factorization theorem for absolutely summing operators
and a contribution to the existence of infinite-dimensional spaces formed
by nonabsolutely summing operators is given.

Introduction and background

In the theory of ideals of linear operators between Banach spaces (operator ideals), a
central role is played by classes of operators that improve the convergence of series,
which are usually defined or characterized by the transformation of vector-valued
sequences. The most famous of such classes is the ideal of absolutely p-summing
linear operators, which are the ones that send weakly p-summable sequences to
absolutely p-summable sequences. The celebrated monograph [Diestel et al. 1995]
is devoted to the study of absolutely summing operators.

For a Banach space E, let £,(E), E?(E) and £,(E) denote the spaces of abso-
lutely, weakly and Cohen strongly p-summable E-valued sequences, respectively.
Karn and Sinha [2014] recently introduced a space E‘;}id(E ) of E-valued sequences
such that

(1) p(E) S L,(E) S LVU(E) S LY (E).

In the realm of the theory of operator ideals, it is a natural step to study the classes
of operators T : E — F that send: (i) sequences in EZ’(E ) to sequences in EI;id(F ),
(i1) sequences in Erl’,“id(E) to sequences in £,(F), (iii) sequences in E?id(E) to
sequences in £, (F). This is the basic motivation of this paper.
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We start by taking a closer look at the space E‘;‘id(E ) in Section 1. First we give
it a norm that makes it a Banach space. Next we consider the relationship with the
space £),(E) of unconditionally p-summable E-valued sequences. We show that,
although (1) and £, (E) € £%(E) € €%(E) hold for every E, in general £2%¢(E) and
¢},(E) are not comparable. It is also proved that the correspondence E +—> E‘;id(E )
enjoys a couple of desired properties in the context of operator ideals.

In Section 2 we prove that the classes of operators described in (i), (ii) and
(iii) above are Banach operator ideals. Characterizations of each class and their
corresponding norms are given and properties of each ideal are proved. We establish
a factorization theorem for absolutely summing operators and a question left open
in [Karn and Sinha 2014] is settled. In both Sections 1 and 2 we study Banach
spaces E for which £,(E) = (ernid(E) or E;‘,‘id(E) = (Y(E).

In Section 3 we give an application to the existence of infinite-dimensional
Banach spaces formed, up to the null operator, by nonabsolutely summing linear
operators on nonsuperreflexive spaces.

Let us define the classical sequences spaces we shall work with:

e {,(E) =absolutely p-summable E-valued sequences with the usual norm ||| ,.

* {})(E) = weakly p-summable E-valued sequences with the norm

152w,y = sup (x5 11p-
X*EBE*

o L(E) = {(x N2 €Ly (E): 1i]£n 1(x)5%4 llw.p = O} with the norm inherited
from ¢})(E) (unconditionally p-summable sequences, see [Defant and Floret
1993, 8.2]).

. ep<E>={(xj>j?°_1 cEV:aNZllepi=  sup GG <oo},
()3 €Ben, )
where 1/p 4 1/p* =1, (Cohen strongly p-summable sequences or strongly
p-summable sequences, see, e.g., [Cohen 1973]).

The letters E, F shall denote Banach spaces over K = R or C. The closed unit
ball of E is denoted by B and its topological dual by E*. The symbol E <> F
means that E is a linear subspace of F and ||x||r < ||x| g for every x € E. By
L(E ; F) we denote the Banach space of all continuous linear operators 7 : E — F
endowed with the usual sup norm. By II,., we denote the ideal of absolutely
(p; g)-summing linear operators [Defant and Floret 1993; Diestel et al. 1995].
If p = g we simply write IT,. The ideal of Cohen strongly p-summing linear
operators [Campos 2013; Cohen 1973] shall be denoted by D,,. We use the standard
notation of the theory of operator ideals [Defant and Floret 1993; Pietsch 1980].
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1. The space l;‘}id(E)

In this section we give the space of sequences defined by Karn and Sinha [2014]
a norm that makes it a Banach space and establish some useful properties of this
space.

The vector-valued sequences introduced in [Karn and Sinha 2014] are called
operator p-summable sequences. This term is quite inconvenient for our purposes,
and considering the intermediate position of the space formed by such sequences
between £, (E) and ZI",’(E) (see (1)), we shall use the term mid- p-summable se-
quences. Instead of the original definition, we shall use a characterization proved
in [Karn and Sinha 2014, Lemma 2.3 and Proposition 2.4]:

Definition 1.1. A sequence (x.,-);’.":l in a Banach space E is said to be mid-p-
summable, 1 < p < oo, if ((x;l“(xj))?;l o2 | €4£,(€,) whenever (x;)07 | € E;’(E*).
The space of all such sequences shall be denoted by Z?id(E ).

Observe that £,(E) C E‘;}id(E ) C Z;’(E ). The following extreme cases will be

important throughout the paper:

Theorem 1.2 [Karn and Sinha 2014, Proposition 3.1 and Theorem 4.5]. Let E be
a Banach space and 1 < p < oo. Then:

(i) €3'4(E) = €Y (E) ifand only if T ,(E; £,) = L(E; £)).

(ii) Eg‘id(E) = {,(E) if and only if E is a subspace of L,(u) for some Borel
measure (L.

We say that a Banach space E is a weak mid- p-space if Erpnid(E) = Ez (E); and
it is a strong mid- p-space if K’;‘id(E) ={,(E).

The space Z‘;id(E ) is not endowed with a norm in [Karn and Sinha 2014]. Our
first goal in this section is to give it a useful complete norm. Let us see first that the
norm inherited from ZZ’(E ) is unhelpful. We believe the next lemma is folklore; we
give a short proof because we have found no reference to quote. As usual, coo(E)
means the space of finite (or possibly null) E-valued sequences.

Lemma 1.3. If E is infinite-dimensional, then the norms || - ||, and || - ||, , are not
equivalent on coo(E). In particular, £,(E) is not closed in E;‘,’(E).

Proof. It is clear that coo(E) is dense in (£,(E), || - || ,), and the definition of Z;‘?(E)
makes clear that coo(E) is dense in (E‘;,(E ), I llw, p) as well. Assume that the norms
Il -1, and || - ||, p are equivalent on coo(E). Then

£p(E) = coo(B) " = coo(B) " = ().

It follows that the identity operator in E is absolutely p-summing [Defant and Floret
1993, Proposition 11.1(c)], hence E is finite-dimensional. Now the second assertion
follows from the open mapping theorem and the inclusion coo(E) € £, (E). (]
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From Theorem 1.2(ii) we know that £714(£,,) = £, (€£,,), so €5'(¢,,) is not closed
in 61‘3 (£,) by Lemma 1.3, proving |||, , does not make Z;‘id(E) complete in general.

Proposition 1.4. The expression

© x 1/p
) 1) mia.p := sup (ZDx:(x,-)V’) :

CGRZi€Ban e \ =1 j=1

is a norm that makes Zmid(E) a Banach space and £, (E) ds Zmid(E) BN L, (E).
Proof. Let x = (x J) °, € Emld(E) By definition, the double series in (2) is

convergent (this is why we chose this condition to be the definition of Em‘d(E ).
The map

Te: € (E%) = £,(Lp),  Tu((x)p2y) = (O, (X)) T2 )02

is a well-defined linear operator. By the closed graph theorem, it is continuous.
Therefore,

X I/p
(ZDx::(xmp) = (@D S N Tell - 1D

n=1 j=1
for every (x;)o°, € Z’”(E *), showing that the supremum in (2) is finite. Straightfor-
ward computatlons prove that || - [|miq, » is @ norm and a canonical argument shows
that (Z;ﬁd(E), Il - llmid, p) 1s a Banach space.

For every ¢ € B+, it is clear that (¢, 0,0, ...) € B@,";(E*), SOl llw,p < Il - llmid, p
in (M4(E).

Let (xj) 2, €Lp(E)and (x);2 | € Zw(E*) Since B, regarded as a subspace
of E**, is anorming subset of E**, we have 12 i p =SUPLep, D omet X (X)]7.
Putting J = {j € N: x; # 0}, we have

X p
()
"\ |

ZDx (x,>|P—Z(||xj||P-(Z
n=1
3 (65 Tt [ N BT TLE TC ol AR NN (91 L
j=1

j=1n=1
jeJ

from which the inequality || - |lmiq,p < || - ||, follows. O
Proposition 1.5. The following are equivalent for a weak mid- p-space E'

(@) £p(E) is closed in £'(E).

(b) The norms || - ||, and || - |Imia, p are equivalent on £, (E).

(c) The norms || - ||, and || - |lmid, p are equivalent on coo(E).

(d) E is finite-dimensional.
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Proof. (a) = (b) follows from the open mapping theorem, (b) = (c) and (d) = (a)
are obvious. Let us prove (c) = (d): Since E is a weak mid- p-space, the norms
I - llmig, p and || - ||, p are equivalent on E‘;‘id(E ) by the open mapping theorem, hence
they are equivalent on coo(E). The assumption gives that the norms ||- ||, and || - ||, »
are equivalent on cgp(E). By Lemma 1.3 it follows that E is finite-dimensional. []

Analogously, we have:
Proposition 1.6. The following are equivalent for a strong mid-p-space E:
(@) Lmid(E) is closed in EZ)(E).
(b) The norms || - lmia,p and || - v, p are equivalent on E’;‘id(E).
(¢) The norms || - |miq,p and || - ||w, are equivalent on coo(E).
(d) E is finite-dimensional.

The next examples show that the spaces E’;(E ) and EI;id(E ) are incomparable in
general.

Example 1.7. On the one hand, combining Theorem 1.2(i) with [Diestel et al.
1995, Theorem 3.7] we have Eg‘id (co) = €5 (co). Since £5(co) is a proper subspace
of £5(co) [Defant and Floret 1993, page 93], it follows that Eg‘id (co) ¢_ £5(co). On
the other hand,

) =) € 018 = 614,

where the first equality follows from the fact that bounded linear operators from cq
to £; are compact combined with [Defant and Floret 1993, Proposition 8.2(1)], and
the last equality is a consequence of Theorem 1.2(ii).

We saw that E‘;id(E ) is not contained in E;(E ) in general. But sometimes this
happens:

Proposition 1.8. If E is a strong mid-p-space, then Emid(E) N E,(E).

Proof. The norms || - ||, and || - [|mid,, are equivalent on Zm‘d(E) = {,(E) by
the open mapping theorem. Let x = (xj) 2, € Em‘d(E) Smce (xj)k L) x in
L,(E), we have (x J)k_l *5 x in Emld(E ) by the equivalence of the norms. As
zmld(E) <l> £¥(E), we have

1Dkl p = D5 = G52, < 1052 = 62 ., 2220,

proving that x € £}, (E). ]

The purpose of the next section is to study the operator ideals determined by
the transformation of vector-valued sequences belonging to the sequence spaces
in the chain (1). A usual approach, proving all the desired properties using the
definitions of the underlying sequence spaces, would lead to long and boring proofs.
Alternatively, we shall apply the abstract framework constructed in [Botelho and
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Campos 2016] to deal with operators of this kind. In this fashion we will end up
with short and concise proofs. Instead of its definition, we shall use that the class
of mid- p-summable sequences enjoys the two properties we prove below. For the
definitions of finitely determined and linearly stable sequence classes, see [Botelho
and Campos 2016].

Proposition 1.9. The correspondence E +— E‘;id(E ) is a finitely determined se-
quence class.

Proof. It is plain that coo(E) € ¢™9(E) and ||, || mia, = 1, where e; is the j-th canon-
ical unit scalar—valued sequence. Since Em‘d(E)%Zw(E) and E“’(E);)ZOO(E) we
have @m‘d(E )L £oo(E). Let (x j) be an E- Valued sequence. The equality

00 % /p ook 1/p
* *
sup (ZZ|x,,<x,~>|P> —swp  sup (zz|x,,<x,->|p)
(x;f)f;O:]EBl}l)l(E*) n=1 j:1 k (X,T)’C:O:]EBZUJ(E*) n=1 ]:1

shows that (x]) 2, € Z““d(E) if and only if sup, ||(x])J {lImid,p < o0 and that
||(x])j 1||m1dp—supk ||(x])] 1||m1dp U
Proposition 1.10. The correspondence E +— Er;,‘id(E) is linearly stable.

Proof. LetT € L(E ; F). By the linear stability of Zw( ) [Botelho and Campos 2016,
Theorem 3.3], (T*(y;)e, = (poT)2, € E”’(E*) for every (y;),2, € Ew(F*)
where T* : F* — E* is the adjoint of T'. Therefore

(O (T xNFZDnzy = (G o T (x50 € €p(Ep),

hence (T (x))32, € £4(F) for every (x;)%2, € £M4(E). Defining T : (74(E) —
Emld(F) by T((x]) 1) = (T(xj))] 2 standard calculatlon shows that ||T|| = ||T||
completmg the proof ([

2. Mid-summing operators

Following the classical line of studying operators that improve the summability of
sequences, in this section we investigate the obvious classes of operators, involving
mid- p-summable sequences, determined by the chain

£p(E) € £,(E) C €54(E) C €4 (E).

From now on in this section, 1 <¢g < p < oo are real numbers and T € L(E ; F)
is a continuous linear operator.
Definition 2.1. The operator 7 is said to be
(1) absolutely mid-(p ; q)-summing if

3) (T(xj))] 1 € £,(F) whenever (x]) °,€ Zm‘d(E)
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(1) weakly mid-(p ; q)-summing if

4) (T (x)32; € £3'(F) whenever (x;)32, € £ (E);
(iii)) Cohen mid- p-summing if

(5) (T (x)52 € £,(F) whenever (x;)52, € £7(E).

The spaces formed by the operators above are denoted Hm‘d(E F), Wm‘d(E F)
and Dm‘d(E F), respectively. When p = g we s1mply erte mid- p-summing
1nstead of mid-(p ; p)-summing and use symbols l'[mld and Wm‘d. A standard
calculation shows that if p < g then Hmld(E F)= Wmld(E F ) {0}. From the
definitions it is clear that

. mid mid midc mid
Hp,q_Wp;qﬂHp;qande _Dpﬂl'[p .

Having in mind the properties of Z'I‘,ﬁd(E ) proved in the previous section, the
following three results are straightforward consequences of [Botelho and Campos
2016, Proposition 1.4] (with the exception of the equivalences in Theorem 2.3
involving E” (E), which follow from [Botelho and Campos 2016, Corollary 1.6]).
Recall that any map 7 : E — F induces a map T between E-valued sequences and
F-valued sequences given by T((xj)?il) = (T(xj))j:1

Theorem 2.2. The following are equivalent:
. mid .
1) Te Hp;q(E, F).
(1) The induced map T Eqmid(E ) — £, (F) is a well-defined continuous linear
operator.

(ii1) There is a constant A > 0 such that ||(T(xj))§:1||p < A||(xj)];:1||mid,q for
everyk eNandallx; e E, j=1,...,k

(iv) There is a constant A > O such that ||(T(xj)) "l = A||(xj) 2 Imia,q for
every (x]) 2, € Em‘d(E)

Moreover,
1T || ymia := ||T|| = inf{A : (iii) holds} = inf{A : (iv) holds}.
pq
Theorem 2.3. The following are equivalent:
() T e ngi;(E . F).

(i1) The induced map T: EZ’(E) — Eg‘id(F) is a well-defined continuous linear
operator.

(ii1) (T(x])) 2, € Emld(F) whenever (x]) ~, € E”(E)

(iv) The induced map T : EZ (E) —> Zgnd(F) is a well-defined continuous linear
operator.
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(v) There is a constant B > 0 such that ||(T (x j))’;zlumid,,, < B|(x ,-)’;zluw,q for
everyk e Nandallx; e E, j=1,... k.

(vi) There is a constant B > 0 such that

ook 1/p
(Z Zlyf:(T(xj)nP) < BN, Ly lung - 1O o

n=1 j=1
foreverykeN,allx; e E, j=1,...,k,and every (y;)7>, € Zw(F*)

(vii) There is a constant B > 0 such that

x 1/p
(ZZw::(T(x,»))w) < BIGEH T wg 1O . p

n=1 j=1
for all (x,-)?‘;l € {y(E) and e € E;’(F*).
Moreover,

17 llymia := ITl= T || =inf{B: (v) holds} =inf{B: (vi) holds} =inf{B:(vii) holds).

Theorem 2.4. The following are equivalent:
(i) T e DY'U(E; F).
(ii) The induced map T: E'P‘,‘id(E ) = £,(F) is a well-defined continuous linear
operator.

(iii) There is a constant C > 0 such that ||(T(x]'))1;-:1 le.p < Cll(xj)];:1 | mid, p for
everyk e Nandallx; e E, j=1,...,k.

(iv) There is a constant C > 0 such that

Z|y,<T<x,)>|<C||<x,> i llmia.p - 175l

j=1
foreveryk €N, allx; € Eand y; € F*, j=1,...,k

(v) There is a constant C > O such that

ST < CHED lmia.p - 15D T
j=1

for all (x;)%2, € (3'4(E) and (y)72, € L. (F*).
Moreover,
||T||Dmid = ||f|| =inf{C : (ii1) holds} = inf{C : (iv) holds} = inf{C : (v) holds}.

Theorem 2.5. The classes (™4 || lramo)- (W |-l ymia) and (DR, |- [l pgia)
are Banach operator ideals. "
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Proof. We use the notation and the language of [Botelho and Campos 2016]. All
involved sequence classes are linearly stable. Comparing Definition 2.1 and [Botelho
and Campos 2016, Definition 2.1], a linear operator 7 is mid (p; g)-summing if
and only if it is (Zmld( ); £,(-))-summing. Since Zmld(K) = £, =£,(K), from
[Botelho and Campos 2016, Theorem 2.6] it follows that Hm‘d isa Banach operator
ideal. The other cases are similar. (]

The following characterizations of weak and strong mid- p-spaces complement
the ones proved in [Karn and Sinha 2014, Theorems 3.7 and 4.5].

Theorem 2.6. The following are equivalent for a Banach space E and 1 < p < 00:
(a) E is a weak mid-p-space.

(b) l'[‘;;id(E ; F)=11,(E; F) for every Banach space F.

() MM(E; €,) =T1,(E: £,) = L(E; £)).

(d) W;,nid(F ; E) = L(F ; E) for every Banach space F.

(e) idg € WU(E; E).

Proof. The implications (a) = (b), (d) = (e) = (a), and (b) = the first equality
in (c) are obvious. Let us see that the first equality in (c) implies (a): Given

= (x)2, € Eﬁ(E*), the identification E?(E*) = L(E, £,) (see the proof of
Proposition 2.12) yields that the map

Ser t E— Ly, Ser(x) = (0 (0)g2 ;s
is a bounded linear operator. By the definition of Emid(E ),

(S () sy = (O ()R )y € £p(Ep),

for every (x,)°, € Em‘d(E) This means that S+ € Hm‘d(E £p), hence S+ €
IT,(E; £,) by assumption, for every x* = (x})72, € Ew(E*) Therefore, given
(x,,)o"1 € Ew(E) it follows that (Sy+(x,))72, = ((x} (x,,))k Dol € £p(L)y) for
every x* = (xk)k | € (Zw(E*) proving that (x,,);2 ;| € Em‘d(E)

That (a) is equlvalent to the second equality in (c) is prec1se1y Theorem 1.2(i).

To complete the proof, let us check that (a) = (d): Let T € L(F; E) and
(x ])°°_1 € Ew(F ) be given. The linear stability of Ew( ) and the assumption give
(T(x)))32, € Ly (E) = £3'(E). This proves that T € W*(F ; E). O

The corresponding characterizations of strong mid- p-spaces are less interesting.
We state them just for the record:

Theorem 2.7. The following are equivalent for a Banach space F and 1 < p < 00:
(a) F is a strong mid-p-space.
(b) l'[‘;:id(E ; F) = L(E; F) for every Banach space E.
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(c) idp € TTN(F ; F).
(d) F is a subspace of L () for some Borel measure .
Recall that an operator ideal 7 is

e injective if u € Z(E, F) whenever v € L(F, G) is a metric injection (||v(y)|| =
|ly|| for every y € F) such that vou € Z(E, G);

e regular if u € Z(E, F) whenever Jrou € Z(E, F**), where Jp : F — F** is
the canonical embedding.

Proposition 2.8. The operator ideal Hmld is injective and the operator ideals Wmld
and Dmld are regular.

Proof. The injectivity of l'[mlg is clear. To prove the regularity of Wmlcl let
(y])j | € F be such that (Jp(yj))C><> | € Em‘d(F**) We have

(6) O (JrN Szt € € (Lp) for every (y,");2; € Beu(pos).

In order to prove that (yj)OO | € Km‘d(F) let (y;)o2, € ng(F*) be given. Then

o0

(7 D FMGNIP = Z|y;:<y>|f’ < 1 for every y € B.

n=1 n=1
Let us see that, defining y;** := Jp= (yn) € F*** for each n, we have (y;**)7° | €
By (pees). To accomplish this task, let y** € B Fe be given. By Goldstine’s theorem,
there is a net (y;), in Br such that Jr(y;) why y**, that is,
®) Y ) = Jr(n) (") — ¥y (y") for every y* € F*.

From (7) it follows that ZZOZI |y (ya)|? <1 for every A, in particular

k
) Z lyy (y)1P <1 for every k and every A.

n=1

On the other hand, from (8) we have [y (y)|” AN ly**(y;)|? for every n, hence
k k
D ronlP 2 oI
n=1 n=1
for every k. So, for every y** € Bp«,

Z|y;:**<y**)|P = ZUF*(yn)(y**w = Z|y**<y )P = supr**(y )P

= supli{nZIy:‘:(yx)I" <1,
k
n=1
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the last inequality being a consequence of (9). This proves that (y;**)° | € B ().
From (6) we get

Gr NSt = TFODON e = (TEODITEG)))
= 0 Ur(N =1 € £p(Lp).

This holds for arbitrary (y;),2, € Bew(r+), which allows us to conclude that
(y ])°° | € Km‘d(F ). Thus far we have proved that (y J)°° | € Em‘d(F ) whenever
(Jr(y ]))j’o | € Em‘d(F **). Now the regularity of Wmld follows eas1ly

An adaptatlon of the argument above shows that (y ]) ~, € {,(F) whenever
(JF(Y)5Z, € £p(F*). The regularity of DI follows. O

j.n=1

Remark 2.9. The final part of the proof above also proves that the ideal D, of
Cohen strongly p-summing operators is regular. We also know that it is surjective
because it is the dual of the injective ideal IT,+ [Cohen 1973].

It is clear from the definitions that TT¢ o W C T1,, , for ¢ <r < p. Next we
show that the equality holds if p = g, which gives a new factorization theorem for
absolutely p-summing operators:

Theorem 2.10. Every absolutely p-summing linear operator factors through abso-
lutely and weakly mid- p-summing linear operators, that is, I1, = Hr;id o W;,nid.

Proof. We already know that I'IIIT,lid o W;“id CII,. Letu e I1,(E ; F). By Pietsch’s
factorization theorem ([Defant and Floret 1993, Corollary 1, page 130] or [Diestel
et al. 1995, Theorem 2.13]), there are a Borel-Radon measure @ on (Bgx, w*), a
closed subspace X of L,(x) and an operator & : X — F such that the following
diagram commutes (ig and j, are the canonical operators and j}fj is the restriction
of j, toig(E)):

J
CK) — " L,

Let (x j) °,€ Ew(E ). By the continuity of ig and the linear stability of Ew( ),
we have (zE(x]))OO | € Zw(zE(E)) Since j, is absolutely p-summing, it follows
that (j} (lE(xJ)))jo1 € ¢ p(X) € €394(X), proving jE oip € WM(E, X). Now,
let (y])°° s Em‘d(X) As X is a closed subspace of L, (u), from Theorem 1.2(ii1)
we have (y j) > 1 € £p(X). Thus, as i is bounded and ¢,(-) is linearly stable,
@y 1ee (F), proving that & € TIM(X, F). O
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Corollary 2.11. Let p > 1, u € L(E, F) and v € L(F, G). If u* is absolutely
mid- p*-summing and v* is weakly mid-p*-summing, then v o u is Cohen strongly
p-summing.

Proof. Denoting, as usual, by Z 9 the ideal of all operators u such that u* € Z, we
have

id\ dual id\dual id id\dual dual
(Wml ) ua O(l—[ml ) ua C(l—[ml Wml ) ual l—I ual Dpv

where the inclusion is clear, the first equality follows from Theorem 2.10 and the
second from [Cohen 1973]. O

We finish this section solving a question left open in the last section of [Karn
and Sinha 2014]. There, the authors prove the following characterization in their
Theorem 4.4: an operator T € L(E, F) is weakly mid-p-summing if and only if
SoT ell,(E,¢,) forevery S € L(F, £,). They define

It,(T) = sup{7,(SoT): S € L(F, £,) and ||S|| < 1},

and prove that (W;“id, It,(-)) is a normed operator ideal. The question whether
or not this ideal is a Banach ideal is left open there, and now we solve it in the
affirmative:

Proposition 2.12. Since 1t,(T) = ||T||Wm1d forevery T € Wm‘d(E F), we have
(Wmld It (-)) is a Banach operator zdeal

Proof. Let T € W(E ; F) and S € L(F, £,) with [|S|| < 1. Here we use that
the spaces £ (F*) and L(F, £p) are canonically isometrically isomorphic via the
correspondence x* = (x{);2, € Ew(F*) > Sex € L(F, £p), See(x) = (x{ (X)),
[Defant and Floret 1993, Prop0s1t10n 8.2(2)]. So there exists (y;);2, € Bgu (F*)
such that S(y) = (y;(y))¢, for every y € F. Thus

1/p

(ZnSoT(xj)ng) (ZZ yk<T<xj>>|f’) < Ty - 1)l
j=1 j=1k=1

for every (x])°° | € Ew(E) Therefore SoT € I1,(E; £,) and ,(SoT) < I|T||Wm1d.
From

1/p

[eolNee] 1/p [e%e]
(ZDy:(T(xjw) =(Z||SoT<xj)||§) <7p(SoT) 1)) lw.pe
j=1

j=1n=1

we obtain ||T'||yma < 7,(S o T), proving that It,(T) = ”T”Wlmd The second
assertion followslﬁiow from Theorem 2.5. O
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3. Infinite-dimensional Banach spaces formed by non-summing operators

We say that the subset A of an infinite-dimensional vector space X is lineable if
A U {0} contains an infinite-dimensional subspace. If A U {0} contains a closed
infinite-dimensional subspace than we say that A is spaceable (see [Bernal-Gonzélez
et al. 2014] and references therein).

Let us give a contribution to this fashionable subject. Improving a result of
[Botelho et al. 2009], in [Kitson and Timoney 2011] it is proved, among other things,
that if E is an infinite-dimensional superreflexive Banach space, then, regardless
of the infinite-dimensional Banach space F, there exists an infinite-dimensional
Banach space formed, up to the null operator, by non-p-summing linear operators
from E to F. Very little is known for spaces of operators on nonsuperreflexive
spaces. We shall give a contribution in this direction.

The next lemma is left as Exercise 9.10(b) in [Defant and Floret 1993]. We give
a short proof for the sake of completeness.

Lemma 3.1. An operator ideal T is injective if and only if the following condition
holds: ifu e Z(E ; F), v € L(E ; G) and there exists a constant C > 0 (possibly
depending on E, F, G, u and v) such that ||v(x)|| < C|lu(x)|| for every x € E, then
veZI(E;G).

Proof. Assume that 7 is injective and let u € Z(E ; F), v € L(E ; G) be such that
lv(x)|| < Cllu(x)| for every x € E. This inequality guarantees that the map

wi:u(E)CTF— G, wulkx))=uvx),

is a well-defined continuous linear operator. Considering the canonical metric
injection Jg : G — £~ (Bg~), by the extension property of £,(Bg+) [Pietsch 1980,
Proposition C.3.2] there is an extension w € L(F ; £ (Bg+)) of Jg ow to the whole
of F. From W ou = Jg ov we conclude that Jg o v belongs to Z, and the injectivity
of 7 gives v € Z(E ; G). The converse is obvious. U

Henceforth, all Banach spaces are supposed to be infinite-dimensional. Recall
that a sequence in a Banach space E is overcomplete if the linear span of each of
its subsequences is dense in E (see, e.g., [Chalendar and Partington 2007; Fonf and
Zanco 2014]). We need a weaker condition:

Definition 3.2. A sequence in a Banach space E is weakly overcomplete if the
closed linear span of each of its subsequences is isomorphic to E.

Example 3.3. The sequence (e j)‘/?o:1 formed by the canonical unit vectors is a
weakly overcomplete unconditional basis in the spaces ¢p and £,, 1 < p < o0
[Fabian et al. 2011, Proposition 4.45].

Proposition 3.4. Let (Z, | - ||z) be a normed operator ideal, .J be an injective
operator ideal and suppose that F contains an isomorphic copy of a space X with a
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weakly overcomplete unconditional basis. If Z(E ; X) — J(E ; X) is nonvoid, then
I(E; F)—J(E; F) is spaceable (in (Z(E ; F), || - l2))-

Proof. Let (e,);2 , be a weakly overcomplete unconditional basis of X with uncon-
ditional basis constant o. Split N = U;’i | A; into infinitely many infinite pairwise
disjoint subsets. For each j € N, define X ; =spanf{e, :n € A;}andlet P; : X — X ;
be the canonical projection. It is known that || P;|| < o [Megginson 1998, Corol-
lary 4.2.26]. For x; € X; we have P;(x;) = §;jx; because the sets (A;)7Z, are
pairwise disjoint. Let /; : X — X ; be an isomorphism, 7 : X ; — X denote the formal
inclusion and T : X — F be an isomorphism into. Let u € Z(E ; X) — J(E ; X).

Defining

uj:E—>F, I/tj:TOTjOIjOI/t,

we have u; € Z(E, F). Using that J is injective, u ¢ J(E ; X) and

1

———— u )]
=117

luj )|l =|T(Tjoljoux)| = ﬁurj oljou(x)| =
for every x € E, we conclude by Lemma 3.1 that each u; ¢ J(E ; F). In particular,
we have u; #0. Let Y :=span{u; : j € N}H'”I CI(E; F). Given0#veV,let
(vn);2 Sspanfu; : j € N} be such that vpIZ5 v, For each n, write v, = Z;’il a;’uj,
where a? # 0 for only finitely many j. Let xo € E be such that v(xp) # 0. It is plain
that v(E) C T(X), so T~ '(v(xg)) # 0, and in this case there is k € N such that
P(T~ ' (v(x0))) #0. Since || - || < || - ||z, we have v, (x) — v(x) for all x € E. So,

Ty (o)) = Y Pe(@ T (L uGo)) = Y Pu(T~ (@ T(Tj(1;(u(x0))))))

j=1 j=1
= PioT ' (up(x0)) = ProT ' ow(xg) #0.

It follows that
0% ToProT " ov(xg) =lim T (af Ti (Ix (u(x0)))) =lim af uy (xo) = (lim &}l )uy (xo).
n n n

Setting A := lim, a; # 0, we have

[e.¢]

.. T\ ;.

e (o) = 157 - lim o) = Bt 'hrlan Pk(Z Tjol) ou(af}x)) H
j=1

<elTl iT-ofou(a’?x)
= |)\| n = J J ]
olTI- T~ (°°
<-——— . lim||T T:oliou(ax)
(e eu
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_olTi- ATt
Al

ol 7|71

1 j%(x}H = Tllv(x)ll

for every x € E. Since uj does not belong to the injective ideal 7, it follows from
Lemma 3.1 that v ¢ J(E ; F). This proves that Y C (Z(E ; F) — J(E ; F)U{0}).

Given n € N, scalars ay, .. ., a, such that Z?:l ajuj=0andk €{l,...,n}, let
X € E be such that uy (xg) # 0 (recall that u; 7~ 0). From

1
T j(Tjoljou)(xi)
= ol T— 1||‘Pk(ZaJ(T OI OM)(xk)) H W”ak(TkOIkOM)(xk)”
1 |
—— g 1T Tiolyo - - . ’
> et 1T @0 T )l = gl o |

it follows that a; = 0, proving that the set {u; : j € N} is linearly independent. []

Remark 3.5. (a) Proposition 3.4 is not a consequence of [Kitson and Timoney
2011, Proposition 2.4] because we are not assuming neither that (ZN J)(E ; F) is
not closed in Z(E ; F) nor that Z(E ; F) is complete.

(b) A result related to Proposition 3.4, with different assumptions, has appeared
recently in [Herndndez et al. 2015, Theorem 3.5].

Recall that Space(Z) denotes the class of all Banach spaces E such that the
identity operator on E belongs to the operator ideal Z (cf. [Pietsch 1980, 2.1.2]).

Theorem 3.6. Let E be isomorphic to a subspace of L1(u) for some Borel mea-
sure |, let F contain an isomorphic copy of £| and let (Z, || - ||z) be a Banach
operator ideal such that £, € Space(Z). Then there exists an infinite-dimensional
Banach space formed, up to the null operator, by non-1-summing linear operators
from E to F belonging to T.

Proof. By Theorem 1.2(ii), idg € TI™MY(E ; E). Since idg fails to be 1-summing,
because E is infinite-dimensional, by Theorem 2.10 we have idg ¢ W{“id(E s E).
From Theorem 1.2(i), there is a non-1-summing linear operator u : E — £;. Of
course u € Z(E ; £1). Taking into account that the canonical unit vectors form a
weakly overcomplete unconditional basis of £; (Example 3.3) and that the ideal of
absolutely p-summing linear operators is injective, from Proposition 3.4 we have
that Z(E ; F) — I1{(E; F) is spaceable. The completeness of (Z(E ; F), | - |lz)
finishes the proof. U

Examples of Banach operator ideals Z for which ¢; € Space(Z) are the following:
separable operators, completely continuous operators, cotype 2 operators, absolutely
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(r , g)-summing operators with % < % — % [Defant and Floret 1993, Corollary 8.9]

(in particular, absolutely (r, 1)-summing operators for every r > 2).
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