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THE RICCI-BOURGUIGNON FLOW

GIOVANNI CATINO, LAURA CREMASCHI, ZINDINE DJADLI,
CARLO MANTEGAZZA AND LORENZO MAZZIERI

We present some results on a family of geometric flows introduced by J. P.
Bourguignon in 1981 that generalize the Ricci flow. For suitable values of
the scalar parameter involved in these flows, we prove short time existence
and provide curvature estimates. We also state some results on the associ-
ated solitons.

1. Introduction

In this paper we consider an n-dimensional, compact, smooth, Riemannian manifold
M (without boundary) whose metric g = g(¢) is evolving according to the flow
equation

d

(1-1) 578 = —2Ric+2pRg = —2(Ric — pRg)

where Ric is the Ricci tensor of the manifold, R its scalar curvature and p is a real
constant. This family of geometric flows contains, as a special case, the Ricci flow,
setting p = 0. Moreover, by a suitable rescaling in time, when p is nonpositive,
they can be seen as an interpolation between the Ricci flow and the Yamabe flow
(see [Brendle 2005; Schwetlick and Struwe 2003; Ye 1994], for instance), obtained
as a limit when p — —o0.

It should be noticed that for special values of the constant p the tensor Ric — pRg
appearing on the right-hand side of the evolution equation is of special interest. In
particular,

e p = 1/2, the Einstein tensor Ric — %g,

p = 1/n, the traceless Ricci tensor Ric — R g,
n

o = 1/2(n — 1), the Schouten tensor Ric — ﬁg,

e p =0, the Ricci tensor Ric.
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In dimension two, the first three tensors are zero, hence the flow is static, and in
higher dimension the values of p are strictly ordered as above, in descending order.

Apart from these special values of p, for which we will call the associated flows
by the name of the corresponding tensor, in general we will refer to the evolution
equation defined by the PDE system (1-1) as the Ricci—-Bourguignon flow (or shortly
RB flow).

The study of these flows was proposed by Jean-Pierre Bourguignon [1981,
Question 3.24], building on some unpublished work of Lichnerowicz in the sixties
and a paper of Aubin [1970]. In 2003, Fischer [2004] studied a conformal version of
this problem where the scalar curvature is constrained along the flow. In 2011, Lu,
Qing and Zheng [Lu et al. 2014] also proved some results on the conformal Ricci—
Bourguignon flow. Some results concerning solitons of the Ricci-Bourguignon
flow (called gradient p-Einstein solitons) can be found in [Catino and Mazzieri
2016; Catino et al. 2015b].

We will see in the next section that when p is larger than 1/2(n — 1) the principal
symbol of the operator in the right hand side of the second order quasilinear parabolic
PDE (1-1) has negative eigenvalues, not allowing even a short time existence result
for the flow for general initial data (manifold M and initial metric go). On the
contrary, the main task of Section 2 will be to show that for any p < 1/2(n—1), every
initial compact Riemannian manifold (M, gg) has a unique smooth solution g(¢)
solving the flow equation (1-1), with g(0) = go, at least in a positive time interval.

However, the problem of knowing whether the “critical” Schouten flow

0 . R
(1-2) 3,8= —2Ric + 1%
8(0) = go,
when p =1/2(n—1), admits or not a short time solution for general initial manifolds
and metrics remains open, when n > 3.

We will see that if p < 1/2(n — 1), the principal symbol of the elliptic operator
is nonnegative definite and it actually contains some zero eigenvalues due to the
diffeomorphism invariance of the geometric flow. When p < 1/2(n — 1), these zero
eigenvalues are the only ones, while all the others are actually positive, hence, they
can be dealt with (as is customary by now) by means of the so-called DeTurck’s
trick [1983; 2003]. In the case of the Schouten flow p = 1/2(n — 1) instead,
the principal symbol contains an extra zero eigenvalue besides the ones due to
the diffeomorphism invariance, preventing this argument from being sufficient to
conclude and to give a general short time existence result.

We mention that the presence of this extra zero eigenvalue should be expected,
as the Cotton tensor, which is obtained from the Schouten tensor A by

Cijk = ViklAij — VA = VkR;j — ViR — (VkRgij — ViRgix),

_
2(n—1)
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satisfies the following invariance under the conformal change of metric g = g,
3ugs .
e Cijx = Ciji + (n — 2)Wijy V'u;

see [Catino et al. 2016, equation 3.35]. Recently, Delay [2014], following the work
of Fischer and Marsden, gave some evidence on the fact that DeTurck’s trick should
fail for the Schouten tensor.

In Section 3, we will compute the evolution equations for the curvature.

In Section 4, by means of the maximum principle, we derive, from the evolution of
the curvature, some conditions on the curvature which are preserved by the RB flow.
In particular, we show that the Hamilton—Ivey estimate in dimension three holds.

In Section 5, we establish some a priori estimates on the Riemann tensor and
prove that, if a compact solution of the flow exists up to a finite maximal time 7,
then the Riemann tensor is unbounded when approaching 7.

Finally, in the last section we discuss the structure and the classification of the
solitons of the RB flow.

1A. Notation and preliminaries. The Riemann curvature operator of a Riemann-
ian manifold (M, g) of dimension 7 is defined as in [Gallot et al. 1990] by

Riem(X,Y)Z = WVxZ — VxVWZ + Vix v Z,

and we will denote by dji, the canonical volume measure associated to the metric g.

In a local coordinate system, the components of the (3, 1)-Riemann curvature
tensor are given by Rfjk (3/3x") = Riem(d/dx’, 8/9x7)d/9x*, and we denote by
Riju = gsz?}k its (4, 0)-version.

kw! 0.

With this choice, for the sphere S we have Riem(v, w, v, w) =Rji viwlv

The Ricci tensor is obtained as the contraction R;; = g/ IR, jki> and R = g”‘Rik
will denote the scalar curvature.

The so-called Weyl tensor is then defined by the decomposition formula (see
[Gallot et al. 1990, Chapter 3, Section K]) of the Riemann tensor in dimension

n>3,
R
(1I-3) Wi =Rjju + m(gikgjl — &ilgjk)
1
- E(Rikgjl —Riugjik +Rjigik —Rjrgin).

The tensor W satisfies all the symmetries of the curvature tensor and all its traces
with the metric are zero, as can be easily seen from the above formula.

In dimension three, W is identically zero for every Riemannian manifold (M, g),
and it becomes relevant when n > 4 since it vanishes if and only if (M, g) is
locally conformally flat. This latter condition means that around every point p € M
there is a conformal deformation g;; = el gij of the original metric g, such that the
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new metric is flat, namely, the Riemann tensor associated to g is zero in U, (here
f : U, — Ris a smooth function defined in a open neighborhood U, of p).

2. Short time existence

Theorem 2.1. Let p < 1/2(n — 1). Then, the evolution equation (1-1) has a
unique solution for a positive time interval on any smooth, n-dimensional, compact
Riemannian manifold M (without boundary) for any initial metric g.

Proof. We first compute the linearized operator D L, of the operator L = —2(Ric —
pRg) at a metric gg. The Ricci tensor and the scalar curvature have the following
linearizations (see [Besse 1987, Theorem 1.174] or [Topping 2006]), where we use
the metric go to lower and raise indices and to take traces:

DRicg, (h)ix = L (= Ahix — ViV tr(h) + Vi V' By + Vi V' i) + LOT,
DRy, (h) = —A(trh) + V*V'hy, + LOT.

Here LOT stands for lower order terms.
Then, the linearization of L at gg is given by

DL (h)ix = —2(DRicg,(h)ix — pDRg(h)(g0)ik) +20Rgohik
= Ahjx + Vi Vi tr(h) — ViV hy — ViV,
—2p(A(trh) — V*V'hy)(g0)ix + LOT,

for every bilinear form 4 € I'(S?M). Now, we obtain the principal symbol of the lin-
earized operator in the direction of an arbitrary cotangent vector £ by replacing each
covariant derivative V,, appearing in the higher order terms with the corresponding
component &,:

05 (DLg))(h)ik = &' hix + &i&y trgy (h) — &8 hyy — §x&"hiy
—2pE" & trg, (h)(80)ik + 208§ hys(0)ik-

As usual, since the symbol is homogeneous we can assume that |§],, = 1 and we
perform all the computations in an orthonormal basis {e;};—1,...., of T, M such that
& =go(er, ), thatis, & =0fori # 1.

Hence we obtain

.....

0s(DLg))(h)ix = hik + ;181 trg,(h) — 8i1hi1 — Sx1hit — 2p trgy (h)Sik + 2ph 116,
which can be represented in the coordinate system

(h11s ho2s oo by, By oo B, Bo3, hoay oo hy—1 )
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for any 1 € I'(S?M), by the following matrix

01-2p e 1-2p
: Aln—1] 0 0
0
0g(DLgy) = 0 0 0 :
0 0 |Idu—1n@m—-2)/2

where A[n — 1] is the (n — 1) x (n — 1) matrix given by

1-2p —2p --- =2p
Aln—1]= : . :

We can see that there are at least n null eigenvalues, as would be expected by the
diffeomorphism invariance of the operator L, and (n — 1)(n — 2)/2 eigenvalues
equal to 1. The remaining n — 1 eigenvalues can be computed by the following
lemma which is easily proved by induction on the dimension of A.

Lemma 2.2. Let A[m] be the m x m matrix

1-2p -2p -+ =2p
(2-1) Alm] = ) . )

Then we have
det(A[m] — Ald,) = (1 =) D1 = 2mp — ).

Using this lemma, we conclude that the eigenvalues of the principal symbol of
DL, are 0 with multiplicity n, 1 with multiplicity %(n +1)(n—2)and 1-2(n—1)p
with multiplicity 1.

Now we apply the so-called DeTurck’s trick [1983; 2003] to show that the RB
flow is equivalent to a Cauchy problem for a strictly parabolic operator, modulo
the action of the diffeomorphism group of M. Let V : I'(S?M) — I'(TM) be
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“DeTurck’s” vector field defined by

(2-2) Vi(g) = —g3'g"1V, (4 trg(80)gqk — (80)gk)
= —1e0%6P (% (20) pg — Vp(80)ak — Vg (80) pi)s

where gg is a fixed Riemannian metric on M and gék are the components of the
inverse matrix of gg.

DeTurck’s trick (see [DeTurck 1983, 2003] for details) states that in order to
show the smooth existence part of the theorem, we only need to check that the
operator D(L — £y ), is strongly elliptic, where £y is the Lie derivative operator
in the direction of V.

The principal symbol of this latter operator, with the same notation used above,
is well known and is given by

0s(DLy) gy (h)ik = 8i18k1 trgy (h) — 8i1hiky — Sxrhin.

Then we can easily see that the linearized DeTurck—Ricci—-Bourguignon operator
has principal symbol in the direction &, with respect to an orthonormal basis
(€, ez, ..., ey}, given by

1 =2p - —2p
: Aln—1] 0 0
0
06 (D(L — %y)g)) = 0 Idu—1) 0 :
0 0 |dup-1nm-2),2

expressed in the coordinate system

(hll’ h22a ce hnn, h127 h139 MR hll’l’ h237 h249 MR hn—l,n)

for any h € I'(S°M).

Using Lemma 2.2 again, this matrix has %n(n + 1) — 1 eigenvalues equal to 1
and 1 eigenvalue equal to 1 —2(n — 1) p. Therefore, by DeTurck’s trick, a sufficient
condition for the existence of a solution is that p < 1/(2(n — 1)).

The uniqueness part of the theorem is proven in the same way as for the Ricci
flow (see [Hamilton 1995]). The RB flow is equivalent, via the one parameter
group of diffeomorphisms generated by DeTurck’s vector field, to the DeTurck—RB
flow which is strictly parabolic. On the other hand, the one parameter group of
diffeomorphisms satisfies the harmonic map flow introduced by Eells and Sampson



THE RICCI-BOURGUIGNON FLOW 343

[1964], which is also parabolic. These two facts imply the uniqueness of the
solution for the RB flow (see [Chow and Knopf 2004, Chapter 3, Section 4] for
more details). U

3. Evolution of the curvature

3A. The evolution of curvature. As the metric tensor evolves by

ad
3781 = —2(Rij — pRgi)),

it is easy to see, differentiating the identity g; jgj P = 85, that

3-1) % ¢/l = 2(Ric/ — pRg!).

It follows that the canonical volume measure (o satisfies
du 9 Jdetgiig"  gij
d—‘t‘ = o /det g & = %58" = (np — )R /det g; %" = (np — )Ry

Computing in a normal coordinate system, the evolution equation for the Christof-
fel symbols is given by

i 1 il{i(i ) i(i .)_i<i )}
ot ik =28 1o, \ar84) T 3 \5:811) ~ 5 518

19 il{i 0, 9, }
2908 1o 84 T ax 81 o S

L) 5 ) - )

=78 Vi 578K + Vi 578! Vi o7 Sik

=— ¢"'{V;(Ry — pRgu) + Ve (Rj; — pRgj1) — Vi(Rjx — pRgjx)}
= — ;R — ViR, — V'R i + p(V;R8; + ViRS] + V'Rgj).

Proposition 3.1. Along the RB flow on a n-dimensional Riemannian manifold
(M, g), the curvature tensor, the Ricci tensor and the scalar curvature satisfy the
following evolution equations:

0

(G-2) o

Rijit = AR;jii +2(Bijr — Bijik — Birjk + Bikji)
— 8" (RpjuiRgi +RipriRyj + RijpiRyr +RijipRyr)

— p(ViViRgji — ViViRgji — V;ViRgii + V;ViRgi) + 2pRRijus,
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where the tensor B is defined as B;ji; = g7 8" RipjrRiqiss

9 Ny
(3’3) ERik = ARy + 2gpqg bRpirqus - 2gqupquk
— (n—2)pViViR — pARgi,

(3-4) SR =(1-201— )p)AR +2[Ric> — 20R?,

Proof. The following computation is analogous to the one for the Ricci flow
performed by Hamilton [1982].

By the first variation formula for the (4, 0)-Riemann tensor (see [Besse 1987,
Theorem 1.174] or [Topping 2006]), we have in general

%Riem(X, YW,Z) = %(h(Riem(X, YW, Z)— h(Riem(X,Y)Z, W))

3=V h(X,2) = V3 ;h(Y, W)+ V§ y h(Y, Z) + V] (X, W),

where X, Y, W, Z e I'(TM) are vector fields and & = (d/9¢)g. Along the RB flow
h = —2(Ric — pRg), and therefore

%Riem(X, Y, W,Z)
= —Ric(Riem(X, Y)W, Z) +Ric(Riem(X, Y)Z, W)
—VywRic(X, Z) — Vg ,Ric(Y, W) + Vg yRic(Y, Z) + Vy ,Ric(X, W)
—p(—VywRg(X, Z) — Vi ,Rg(Y, W) + Vg yRg(Y, Z) + V; ;Rg(X, W))
+2pRRiem(X, Y, W, Z).
Using the second Bianchi identity and the commutation formula for second covariant
derivatives, we get the following equation for the Laplacian of the Riemann tensor:
ARiem(X, Y, W, Z)
= —VpwRic(X, Z) — Vg 4Ric(Y, W) + Vg y Ric(Y, Z) + Vy ,Ric(X, W)
— Ric(Riem(W, 2)Y, X) + Ric(Riem(W, 2)X,Y) —2(B(X, Y, W, Z)
—-B(X,Y,Z, W)+B(X,W,Y,Z)-B(X,Z,Y,W)).

Plugging it into the evolution equation, we obtain

%Riem(x, Y. W, Z)

= ARiem(X,Y, W, Z) — p(V’R® ¢)(X,Y, W, Z)
+2(B(X,Y, W, Z)—B(X,Y, Z, W) +B(X, W,Y, Z) —B(X, Z,Y, W))
— Ric(Riem(X, Y)W, Z) + Ric(Riem(X,Y)Z, W) — Ric(Riem(W, Z)X,Y)
+ Ric(Riem(W, 2)Y, X) 4+ 2pRRiem(X, Y, W, Z),
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which is formula (3-2) once written in coordinates. Here the symbol @® denotes the
Kulkarni—-Nomizu product of two symmetric bilinear forms p and ¢, defined by

(pOq)X,Y, Z,T)
=pX,2)q(Y,T)+p(Y,T)q(X,Z) — p(X,T)q(Y, Z) — p(Y, 2)q(X, T),

for every tangent vector fields X, Y, Z, T € I'(TM).

Taking into account the evolution equation for the inverse of the metric (3-1),
contracting equation (3-2) and using again the second Bianchi identity, formula
(3-3) follows (see [Hamilton 1982] for details). Contracting again one gets the
evolution equation (3-4) for the scalar curvature. U

3B. Uhlenbeck’s trick and the evolution of the curvature operator. In this sub-
section we want to study the evolution equation of the curvature operator, as was
done for the Ricci flow by Hamilton [1986].

First of all, we simplify the expression of the reaction term in equation (3-2) by
means of the so-called Uhlenbeck’s trick [Hamilton 1986]. Briefly, we will relate
the curvature tensor of the evolving metric to an evolving tensor of an abstract
bundle with the same symmetries of the curvature (see Proposition 3.4) and a nicer
evolution equation; afterwards we will find a suitable orthonormal moving frame
of (TM, g(t)) and write the evolution equation of the coordinates of the Riemann
tensor with respect to this frame. The result will be a system of scalar evolution
equations and no more a tensorial equation (see [Chow and Knopf 2004] for more
details on this method in the case of Ricci flow).

Let (M, g(t))ici0,1) be the solution of the RB flow with initial data gy and
consider on the tangent bundle TM the family of endomorphisms {¢(f)};c(0.1)
defined by the evolution equation

&9(1) =Rick ;) 0 p(1) — pRey9 (1),
®(0) =Idru,

where Rici’,E (1 18 the endomorphism of the tangent bundle canonically associated to
the Ricci tensor by raising an index.

For every point p of the manifold M, the evolution equation (3-5) represents a
system of linear ODEs on the fiber T, M; therefore a unique solution exists as long as
the RB flow exists. Moreover, if we let (h(t))¢[o,7) be the family of bundle metrics
defined by h(t) = ¢(¢)*(g(t)), where ¢(¢) satisfies system (3-5), then h(¢) = g for
every t € [0, T). As

(3-5) {

forall r € [0, T), o) (TM, go) — (TM, g(1))

is a bundle isometry, the pullback via ¢(¢) of the Levi-Civita connection associated
to g(¢) is a connection on TM compatible with the metric gg. In the following, we
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will denote by (V, &) the vector bundle (TM, go) in order to stress the fact that we
are not considering the Levi-Civita connection associated to go, but the family of
time-dependent connections D(¢) defined via the bundle isometries ¢ (7).

The following lemma states some basic properties of these pullback connections:

Lemma 3.2 (see [Chow and Knopf 2004, Chapter 6, Section 2]). Let D(t) :
[(TM) x T'(V) — I'(V) be the pullback connection defined by

DW)x¢ = p(0)* (Vi (@) (D)),

forallt € [0,T),forall X € I'(TM), forall ¢ € T'(V), where V8" s the Levi-
Civita connection of g(t).

Let again D(t) be the canonical extension to the tensor powers of V and T be a
covariant tensor on M. Then, for every t € [0, T) and X € I'(TM) we have

D) x (@) (T)) = p(1)*(V"'T).

In particular, D(t)xh = ¢*(V)g((t)g(t)) =0, so every connection of the family D(t)
is compatible with the bundle metric h on V.

Let D* : T (TM) x T(TM) x T'(V) — I'(V) be the second covariant derivative
defined by

Di’y(;) = Dx(Dyt) — Dv)g(mY;, forall X,Y e '(TM), forall; e T'(V),

and the rough Laplacian defined by Ap = trg(Dz). Then, for every covariant tensor
T on M, we have

(3-6) D% y(@*(T)) = ¢*(Vx y T) forall XY e T(TM),

(3-7) Ap(p*(T)) = ¢*(AgT).

Remark 3.3. Let R € End(A’M) be the Riemann curvature operator defined by
(3-8) (R(XAY), WAZ)=Riem(X, Y, W, Z),

where (-, -) is the linear extension of g to the exterior powers of TM.

In the following, we use a convention on the Lie algebra structure of A>M which
is different from the original one chosen by Hamilton [1986]. More precisely, with
his convention, the eigenvalues of the curvature operator are twice the sectional
curvatures, whereas with our convention the curvature operator has the sectional cur-
vatures as eigenvalues. In particular, every formula differs from the corresponding
one in the usual theory of the Ricci flow by a factor of 2 (see also [Chow and Knopf
2004, Chapter 6, Section 3] for the details). We recall that R can be considered as
an element of I'(S2(AZM)), and the following equations hold:

R=2 Z Rgg (R®ijet = Bijur — Bijie,  (R#R)ijrt = Birji — Busjik,

i<k
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where B is defined as in Proposition 3.1. For more details on the structure of the
curvature operator we refer the reader again to [Chow and Knopf 2004, Chapter 6,
Section 3].

We now consider the pullback of the Riemann curvature tensor and the curvature
operator.

Proposition 3.4. Let Piem be the pullback of the Riemann curvature tensor via the
family of bundle isometries {¢(t)}:cjo,1). The following statements hold true:

(1) Piem has the same symmetry properties as Riem, i.e., it can be seen as an
element of T'(S>(A*V)) and it satisfies the first Bianchi identity;

(2) Forevery p e M andt € [0, T) the algebraic curvature operator P(p,t) €
End(A? V) (see Remark 3.7), defined by ¢ o' P =Rog has the same eigenvalues
as R(p, t). In particular, P is positive (nonnegative) definite if and only if R
is positive (nonnegative) definite;

(3) Pic(t) = try (Piem(?)) = ¢(1)* (Ricg());

(4) P=1tr;(Pic(t)) = Ry(;

(5) B(Piem) =¢™*(B(Riem)), where B is defined the same way as in Proposition 3.1
for a generic element of S*>(A*V*).

Finally, we can compute the evolution of Piem and P.

Proposition 3.5. The tensors Piem and P satisfy respectively the following evolu-
tion equations

. . *
(3-9) E(Plem)a = Ap(Piem) | —p(¢ (V’R) ® h)abcd

+2(B(Piem) ,  —B(Piem)  +B(Piem) , —B(Piem) )

bed

—2pPPiem,, ,,

(3-10) %P = ApP —2p¢* (V2 try(P)) ® h + 2P +2P* — 4p tr),(P)P,

where try(P(t)) = trg() (R(1)) = 3R ().

Remark 3.6. On the right-hand side of (3-9) the term ¢*(V2R) appears (i.e., the
pullback of the Hessian of the scalar curvature, seen as a symmetric 2-form on the
tangent bundle) and it cannot be expressed in terms of the connection D(¢).
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Proof. Let g1, ..., L4 be sections of V; then combining the evolution equations of
the Riemann tensor (3-2) and of the bundle isometry ¢ (3-5), we obtain

0
5(Piem)(§1, 02,83, 84)

9 0
= (p*(aRiem> (1,82, 85, 8a) + Riem(a—(f(zl),fp(éz),w(@),w(a))

ad d
+ Riem(p (), =o(62).9(), (62)) + Riem (p(60),0 (02), =2 (6).9.6)

ad
+ Riem (p (5.0 (62)0(0). 5 (64))

= @*(AgRiem)(81, 02, 3. £4) — p@* (V'R © @) (&1, {2, &3. L)
+2¢*(B(Riem) (1, &2, 3, £4) — B(Riem) (1, £2, &4, &3) — B(Riem) (&1, 84, &2, 3)
+ B(Riem) (&1, 3, {2, 84)) + 2pRe*(Riem) (&1, $2, &3, £4)
—Riem(Ric* 00 (51),¢(22),9(23),9(24)) — Riem (¢ (51), Ric* 09 (£2),0(53),90(84))
—Riem(¢(51),9(£2), Ric* 09 (83),0(84)) — Riem(¢(81),9(£2),9(83). Ric* 0 p(84))
+ Riem((Ric*op — pR@) (&1),¢(£2),9(&),¢(£4)
+ Riem(¢(81), (Ric*op — pR9)(22),9(83),9(8a))
+ Riem(¢(&1),¢(£2), Ric*op — pR9) (&3),9(84))
+ Riem(¢(21),9(£2),9(%), Ric*op — pR)(24))

= Ap(Piem) (&1, &2, &3, 84) — p(@*(VPR) © 1) (&1, 82, &3, £a)
+ 2¢™(B(Piem) (1, {2, &3, ¢4) — B(Piem) (&1, 2, 84, §3) — B(Piem) (&1, 84, £2, &3)
+ B(Piem) (&1, &, £2, §4)) — 2pPPiem(&y, §2, &3, Ca),

where we used several identities stated above. For ¢, .. ., {4 belonging to a local
frame we get the desired equation (3-9).

Combining the evolution equation for Piem with the formulas in Remark 3.3,
we find the evolution equation of P. ([

Remark 3.7. It must be noticed that, even though forevery p e M and ¢ € [0, T'), the
tensor P(p, t) belongs to the set of algebraic curvature operators C,(V,,), in general it
does not coincide with the curvature operator of the pullback connection D(¢). In the
present literature the pullback tensor is always denoted by Riem and this abuse of no-
tation is somehow misleading, suggesting wrongly that Piem(z) = ¢ ()" (Riemg ;) is
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equal to Riemy)«(¢(:)) = Riemy, but this is no longer true for general isomorphisms
of the tangent bundle (however it is true for ¢ € Diff(M)).

By Uhlenbeck’s trick, the evolution equation (3-10) for P allows a simpler use
of the maximum principle for tensors as the reaction term is nicer and the metric
on S%(A*V) is independent of time. Moreover, the subsets of S2(A2V) preserved
by such PDE correspond to curvature conditions preserved under the RB flow.

4. Preserved curvature conditions

In this section we will use the maximum principle in various formulations in order
to find curvature conditions which are preserved by the RB flow.

4A. The scalar curvature. We begin by considering the evolution equation for the
scalar curvature (3-4), which behaves as under the Ricci flow.

Proposition 4.1. Let (M, g(t)):c(0,1) be a compact maximal solution of the RB flow
(1-1). If p < 1/Q2(n — 1)), the minimum of the scalar curvature is nondecreasing
along the flow. In particular if Ry > «, for some a € R, then Ry() > o for every
t €[0, T). Moreoverifa > 0then T <n/Q2(1 —np)x).

Proof. As p <1/2(n —1)) <1/n, for any n > 1, it follows that

%R = (1—2(n— 1)p) AR + 2|Ric|? — 2pR?

> (1—2(n—1)p)AR+2R?*/n —2pR?
> (1=2(n—1)p)AR,

hence, by the maximum principle, the minimum of the scalar curvature is nonde-
creasing along the RB flow on a compact manifold. In particular, for every o € R,
the condition R > « is preserved.

Finally, integrating the inequality

0 1 2
&Rmin = 2(; - P)Rmin,
that holds almost everywhere for ¢ € [0, T') (by Hamilton’s trick (see [Hamilton

1997], [Mantegazza 2011, Lemma 2.1.3])), we obtain

no
4-1 Ryjn(8) > ———————
which, for o > 0, gives the estimate on the maximal time of existence. |

Remark 4.2. In the special case of the Schouten flow (when p = 1/2(n — 1)), we

actually have
0 R> n—2 R2

ot —nm—-1) "~
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at every point of the manifold, which implies that the scalar curvature is pointwise
nondecreasing and diverges in finite time.

Remark 4.3. By means of the strong maximum principle, it follows that if the
initial manifold has nonnegative scalar curvature, then either the manifold is Einstein
(Ric = 0) or the scalar curvature becomes positive for every positive time under
any RB flow with p < 1/Q2(n —1)).

Proposition 4.4. Let (M, g(t)):c(—0,0] be a compact, n-dimensional, ancient so-
lution of the RB flow (1-1). If p < 1/(2(n — 1)) then, either R > 0 or Ric =0 on
M x (—o00, 0].

Proof. As g(t) is an ancient solution, for every #y < t; <0, we can define g(s) =
g(s + o), which is a solution of the RB flow for s € [0, #{ — f9]. Then we have
Rinin (0) = Riin (%), hence, from formula (4-1)
n

= ,
nR . (0) —2(1 —np)s

1Fimin (S ) =

for every s € (0, t; — fp]. In particular, we have
n
R (t0) — 2(1 = np) (11 — 19)

If Ryin(f0) > 0, by Proposition 4.1, it follows that Ryin(#1) > 0, so we can assume
that Ryin(79) < 0, hence

Runin(t1) = Ronin (1 — 10) >

n n

Rmin(tl) = 1 > — ,
nR_. (o) —2(1 —np)(t; — 1) 2(1 —np)(t1 — 1)

for every t; < ty, and sending 7y to —oo, we still conclude that Ry, (#1) > 0. Since
this holds for every #; < 0 the previous remark implies the result. ([

4B. Maximum principle for uniformly elliptic operators. Let M be a smooth
compact manifold, g(¢), t € [0, T'), a family of Riemannian metrics on M and
(E,h(t))t €0, T), be areal vector bundle on M, endowed with a (possibly time-
dependent) bundle metric. Let D(¢) : I'(TM) x I'(E) — I'(E) be a family of linear
connections on E, compatible at each time with the bundle metric /(7). We have
already seen in Section 3B how to define the second covariant derivative, using also
the Levi-Civita connections V) associated to the Riemannian metrics on M.

Definition 4.5. We consider a second order linear operator £ on I"'(E) that lacks a
0-th order term, and hence can be written in a local frame field {e;};=;1,.., of TM

(4-2) c=d'D?, ~i'D,

where a = a'e; ® ej € ['(S*(TM)) is a symmetric (0, 2)-tensor and b = ble; is a
smooth vector field. We say L is uniformly elliptic if a is uniformly positive definite.
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Remark 4.6. In the previous definition, both the coefficients and the connections
are in general time-dependent and we say that £ is uniformly elliptic if it is so for
every ¢ € [0, T') uniformly in time.

Weinberger [1975] proved the maximum principle for systems of solutions of
a time-dependent heat equation in Euclidean space; Hamilton [1986] treated the
general case of a vector bundle over an evolving Riemannian manifold. Here we
present a slight generalization of Hamilton’s theorem for parabolic equations with
uniformly elliptic operator (Savas-Halilaj and Smoczyk [2014, Theorem 2.2] proved
a “static” version). As before, (M, g(¢)) is a smooth compact manifold equipped
with a family of Riemannian metrics; we consider a real vector bundle E over M,
equipped with a fixed bundle metric /4 and a family of time-dependent connections
D(t) compatible at every time with 4.

Definition 4.7. Let S C E be a subbundle and denote S, = SN E,, for every p € M.
We say that S is invariant under parallel translation with respect to D, if for every
curve y : [0,1] — M and vector v € S, (), the unique parallel (with respect to D)
section v(s) € E, () along y (s) with v(0) = v is contained in S.

Theorem 4.8 (vectorial maximum principle). Let u : [0, T) — ['(E) be a smooth
solution of the following parabolic equation

0
(4-3) P =Lu+F(u,t),

where L is a uniformly elliptic operator as defined in (4-2)and F : E x [0, T) — E
is a continuous map, locally Lipschitz in the E factor, which is also fiber-preserving,
ie,F(v,t)€ E, foreverype M, ve E,, t €[0,T).

Let K C E be a closed subbundle (for the metric h), invariant under parallel
translation with respect to D(t), for every t € [0, T), and convex in the fibers, i.e.,
K, = K NE,is convex for every p € M.

Suppose that K is preserved by the ODE associated to (4-3), i.e., for every p e M
and Uy € K,,, the solution U (t) of

{dd—‘,’ =F,(U@t), 1),

44 U@ =U,.

remains in K,. Then, if u is contained in K at time 0, u remains in K, i.e.,
u(p,t) € K, foreverype M, t €[0,T).

Proof. (Sketch) We can follow exactly the detailed proof written in [Chow et al.
2008, Chapter 10, Section 3], provided that we generalize their Lemma 10.34 to the
analogue one for uniformly elliptic operator (see again [Savas-Halilaj and Smoczyk
2014, Lemma 2.2]): if K C E satisfies all the hypotheses of Theorem 4.8 and
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u € I'(E) is a smooth section of E, then
u(p)e K, foralpeM = L(u),€CypK, forall peM,

where C, () K), is the tangent cone of the convex set K, at u(p). O

There is a further generalization of this maximum principle which allows the
subset K to be time-dependent.

Theorem 4.9 (vectorial maximum principle, time-dependent set). Let u : [0, T) —
["'(E) be a smooth solution of the parabolic equation (4-3), with the notations of the
previous theorem. For every t € [0, T), let K(t) C E be a closed subbundle (for the
metric h), invariant under parallel translation with respect to D(t), convex in the
fibers and such that the spacetime track

T={(v,t)e ExR:veK(),te€l[0,T)}

is closed in E x [0, T). Suppose that, for every ty € [0, T), K (ty) is preserved by
the ODE associated, i.e., for any p € M, any solution U (t) of the ODE that starts
in K (ty), remains in K (t),, as long as it exists. Then, if u(0) is contained in K (0),
u(p,t) € K(t), forever pe M, t €[0,T).

The proof of this theorem, when K depends continuously on time and F does not
depend on time is due to Bohm and Wilking [2007, Theorem 1.1]. In the general
case the proof can be found in [Chow et al. 2008, Chapter 10, Section 5], with the
usual adaptation to the uniformly elliptic case.

As remarked before, the evolution equation (3-2) of the Riemann tensor has
some mixed products of type Riem x Ric which makes it difficult to understand the
behavior of the reaction term. On the other hand, if we perform Uhlenbeck’s trick,
the evolution equation (3-9) becomes a little nicer and can be used to understand
how the RB flow affects the geometry.

More precisely, we use the evolution equation (3-10) for the algebraic curvature
operator P €T’ (S2(A2V*)) to prove that the cone of nonnegative curvature operators
is preserved by the RB flow.

Proposition 4.10. Let (M, g(t)):ej0,1) be a compact solution of the RB flow (1-1)
with p < 1/(2(n — 1)) and such that the initial data go has nonnegative curvature
operator. Then Ry > 0 for everyt € [0, T).

Proof. We recall the evolution equation (3-10) for P = ¢!

%P = ApP — 200" (V2 try(P)) ® h + 2P +2P* — 4p try(P)P,

where trj, (P(t)) = 1/2R(¢) is half of the scalar curvature of the metric g(¢). By
Proposition 3.4, it suffices to show that the nonnegativity of P is preserved by

oR o,
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equation (3-10). We want to apply the vectorial maximum principle Theorem 4.8,
and therefore we must show that

L(Q)=ApQ —2pp* (V2 tr;(Q)) O h

is a uniformly elliptic operator on the bundle (I"(S 2(N2V*), h, D(1)).

As L is a linear second order operator, we compute as usual its principal symbol
in the arbitrary direction £. In order to simplify the computations, we choose
opportune frames at every point p € M and time ¢ € [0, T'). Then let {e;};=1,.._, be
an orthonormal basis of (V),, h,,) such that & = h, (e, - ). According to Uhlenbeck’s
trick (Section 3B) and the convention on algebraic curvature operators (Section 3B)
we have that { f; = ¢(t),(e;)};,,....» 1s an orthonormal basis of 7, M with respect to
g(t)p, the components of ¢(t), with these choices are ¢ = 57, and {e; A ¢;};<;
is an orthonormal basis of AZVP. Hence, the principal symbol of the operator £
written in these frames is

o: (L) ijykt) = EPEp Qijyky — 2087 87881 tr4(Q) (€ ® & O 1) (aby(ca)
= &7 Qujykn — 20t (Q) (€ ® £ ® h)ijyu
= Qj)kt) —2p (Z Q(pq)(pq>)5i151§5ﬂ’
p<q

where we used that |§| =1, i < j and k <[ in the last step. Now it is easy to see
that the matrix representing the symbol has the following form:

Aln—11| @ .. 0
og(L) = 0 |[Idu-—nw-2)2 0 ’
K 0 0 Idyv=1)2

where we have ordered the components as follows: first the n — 1 ones of the form
(17)(1j) with j > 1, then the (n — 1)(n — 2)/2 ones of the form (ij)(ij) with
1 <i < j, and last the N(N — 1)/2 “nondiagonal” ones, with N =n(n — 1)/2 and
A is the matrix defined in (2-1).

By Lemma 2.2 the eigenvalues of the symbol are 1 with multiplicity %N (N+1)—1
and 1-2(n—1)p with multiplicity 1, since p < 1/2(n—1) the operator £ is uniformly
elliptic.
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We next consider the reaction term F(Q) = 2(Q% + 0% —2p tr,(Q) Q). Clearly
F is continuous, locally Lipschitz and fiber-preserving. Let Q C T'(S?(A?V*))
be the set of nonnegative algebraic curvature operators, where we have identified
S2(A*V*) ~Endgs(A2V) via the metric #. We observe that @ ={Q : An(Qp) =0},
where N =n(n —1)/2 and Ay is the least eigenvalue of Q,. Hence 2 is clearly
closed, by [Chow et al. 2008, Lemma 10.11] it is invariant under parallel translation
with respect to every connection D(¢) and it is convex, provided that the function
O — An(Qp) is concave. We can rewrite

AN(Qp) = inf h(Qp(v), v),
{veA?V,:|v],=1}

so it is easy to conclude, by the bilinearity of the metric 4 and the concavity of
inf, that the function defining €2 is actually concave and so its superlevels are
convex. In order to finish the proof we have to show that the ODE dQ/dt = F(Q)
preserves 2. Now, by standard facts in convex analysis, we only need to prove that
F,(Q)p) € Tg,L2p for every p € M such that O, € 9€2),, where €2, is the set of
0, € Q, where there is v € A2V, such that Q,(v, v) = 0 and the tangent cone is

T, Q2p=1{S, € S*(A°V}): S, (v, v) = 0 for every v € A”V), such that Q,, (v, v) =0}

Letv e AZVP and {6, } be respectively a null eigenvector of Q, and an orthonormal
basis of A? V), that diagonalizes Q). Clearly v = v¥60, and (Qp)as = AaSup. With
o = 0. Then (Q2)ap = A28up and (Q%)ap = 3(ck")? Ay hydup and

Fo(Qp) (v, v) = 250" + 3 ()2 2y (v*) > 0. O

4C. The evolution of the Weyl tensor. By means of the evolution equations found
for the curvatures, we are also able to write the equation satisfied by the Weyl tensor
along the RB flow (1-1). In [Catino and Mantegazza 2011] the authors compute the
evolution equation of the Weyl tensor during the Ricci flow (see [Catino et al. 2015a]
for a significant application of this formula) and we use most of their computations.

Proposition 4.11. During the RB flow of an n-dimensional Riemannian manifold
(M, g) the Weyl tensor satisfies the following evolution equation:

d

E\Vijkl = AW;ji +2(BW)ijrr — BW)ijie — B(W)igjx +B(W)ixjr)

+2pRWjjr — 871 (WpjkiRyi + WipraRgj + WijpiRgk + WijkpRg1)

2 R - —— (Ric ®Ric)iju

(n—2)? (n—2)
2 Rinl2
- %(Ric@g%ﬂd + %(8 D 8)ijkis

where B(W);jx = g718" Wipjr Wiqis-
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Proof. By recalling the decomposition formula for the Weyl tensor (1-3) we have

0 0. 1 0 0
EW_ §R16m+—2(n—1)(n—2) <§Rg®g+2§g®g>
1 J. . 0
— n_2<5Rlc®g+Rlc®ag>
= L1 + Lo,

where L;; is the second order term in the curvatures and £ the O-th one. We deal
first with the higher order term; plugging in the evolution equations of Riem, Ric
and R (Proposition 3.1) we get

—2(m—1)p

1
L;; = ARiem — p(V’R — = " AR
1 P( @g)+2(n_1)(n_2) §0g

1 .
—m(ARw@g —(n—=2)pV’R® g — pARg® g)

) 1-2m—1Dp+2(n—1)p 1 )
= AR AR — ——AR
iem + 20— ) —2) gD g P IcOg

= AW.
Then we consider the lower order terms
(Lo)ijr = 2(B(Riem);j; — B(Riem);j;x — B(Riem);;jx + B(Riem);y;;)
— 87" (RpjuiRgi +RipriRgj + RijpiRgr +RijkpRy1)

1 1 .
+2R(W = gy Re0s + r5Ricos)
T =D n—2) (2IRicl’¢®g —2pR*g® g — 4RRic ®g +4pR*¢ B &)ijui

— ﬁ[z(Riem +Ric)0g — 2Ric> ® g — 2Ric ®Ric + 2pRRic ® gliju
= 2(B(Riem);jx; — B(Riem);;;x — B(Riem);;jx + B(Riem);y;r)

— 87" (RpjuRgi +RipiRgj + RijpiRgr + RijkpRyr) +20RWijig

— nsz[(Riem *Ric)® g — Ric’® g — RicORic];jk

2R IRic|?

- m(RiC@g)ijk1+ )(g@g)ijkl,

n—1(n-2

where (Riem * Ric) 5 = RyppgRsrg”* g?" and (Ric?)sp = RypRp, 7.

Now we deal separately with every term containing the full curvature Riem,
using its decomposition formula, expanding the Kulkarni-Nomizu products and
then contracting again. We have that

[(g®g)*Riclap =2[Rg—Riclup, [(Ric®g)*#Riclyp =[—2Ric*+RRic+ [Ric[*glap.
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Hence
2
(4-5) (Riem*Ric) ® g = (W*Ric) ® g — 2Ric2®g
n_
N nR Ric® +(n—1)|Ric|2— o
——F RIC .
n—Dn—2 T T —nHm—2 °°F

Then

R
R;iRpjugh =Ry <ijkl ~ D) 88t~ gngjk)>gpq

1
+ 5 Rai Rpkgji + Rjigpk = Rpigji = Rjxgp1) g™

=RyiWpjugh?! — (Rirgji —Rigjr)

R
(n—1)(n—-2)

+ TZ(R,?kgjl —R%gik + RixRji — RyRjp).
Interchanging the index and using the symmetry properties we get

4-6) g’ (RpjuRgi +RipuRyj 4+ RijpiRygk + RijkpRy1)
= 8pq (WpjkiRgi + WipiRy j + Wi Ryk + WijkpRg1)

2 Ric2 © iju + 5 (Rie O Ric);jxs — %(Rie@gm.
Finally the “B”-terms:
B(Riem)gpcq
= (W= Szt et gRieos)

(Wapbq (8B Qecsar +(g® g)apbqwcsdt)gpsgqt = —2Waape — 2Webda
(Wapbq (Ric ® g)csar + (Ric ® g)apbqwcsdt)gpsgqt
= (W Ric)abgcd + (W Ric)cdgab
_(chdpRaq + chdath + wadprcq + Wapbdeq)gpq

(8D 8apba(8 ® &ecsar g™ g
=4((n—2)8ab8edF8ac&bd) (RICOL)apby (§DG)esdr+(RICOL) csar (§DL)apbq) 87’8
=2((n —HRapgca + (n —HReagab + 2Rucgpd + 2Rpagac)
(Ric ® &) abpg (Ric ® &)esar g™’ g
= _ZRZ};gcd - 2Rgdgab + Rgcgbd + R[%dgac
+ (n — HRupReg + 2R4cRpa + R(Rapged + Rea&ab) + IRic|* gapgea
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Now, adding the same type quantities for the different index permutations and using
the symmetry properties of W we obtain

(4-7)  B(Riem);j; — B(Riem);j;x — B(Riem);;jx + B(Riem);xj;
= B(W)ijri — BW)ijix — BOW)izjx + BIW)iji

L i 1 2 1 . .
+n_2((W*RIC)®g)ijkl_m(RlC @g)ijkl+m(R1C@R1C)ijk[
R . IRic|? R2
R . ( _ ) .
+(n—1)(n—2)2( ic® g)ijki + =22 D)2 (gD Q)ijki

We are ready to complete the computation of the O-th order term in the evolution
equation, using the previous formulas (4-5), (4-6), (4-7):
(Lo)ijrt = 2(BW)ijrr — BOW)jjik — BOW)ijk + B(W)ixji) +2pRW;jiy
- gpq (ijkqui + Vvipkquj + Vvijleqk + \Vijkqul)
2 . 2 1 . .
1—2)2 (Ric™ ® g)iju + m(RIC O Ric);ju
2R R?—|Ric|?

- m(Ric @g)ijkl + m

+

Eogiu U

4D. Conditions preserved in dimension three. In general dimension, it is very
hard to find other curvature conditions preserved by the flow, and this is due
principally to the complex structure of the reaction terms; for example in the
evolution equation satisfied by the Ricci tensor (3-3), the reaction terms involve
the full curvature tensor. Therefore it is easier to restrict our attention to the three
dimensional case, in which the Weyl part of the Riemann tensor vanishes and all
the geometric information is encoded in the Ricci tensor.

In the special case of dimension three, we can also use the evolution equation
(3-10) of the pullback of the curvature operator to obtain more refined conditions
preserved, because we can rewrite the ODE associated to the evolution of P as a
system of ODE:s in the eigenvalues of P that, by Proposition 3.4, are nothing but
the sectional curvatures of R. This point of view was introduced for the Ricci flow
by Hamilton [1997] and can be easily generalized to the RB flow as follows:

Lemma 4.12. If n = 3, then P, has 3 eigenvalues, A, j1, v, and the ODE fiberwise
associated to equation (3-10) can be written as the following system:

D =202 20 — 4pA (A + 1 +v),
(4-8) fl_lf =2u?+2xv —dpu(h 4+ pn+v),
‘fl—‘; =202 42 —4pv(A+ 1+ v).

In particular, if we assume A(0) > w(0) > v(0), then A(t) > u(t) > v(t) as long as
the solution of the system exists.
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Proof. We can pointwise identify V,, with an orthonormal frame of R? with the
standard basis. Then A? V), > s0(3) with the standard structure constants and if an
algebraic operator Q) is diagonal, both lej and Qﬁ are diagonal with respect to
the same basis (for the detailed computation of this fact, see [Chow and Knopf
2004, Chapter 6.4]). Hence the ODE (d/dt)Q, = F,(Q),), associated fiberwise
to equation (3-10), preserves the eigenvalues of Q,, that is, if Q,(0) is diagonal
with respect to an orthonormal basis, Q, () stays diagonal with respect to the same
basis and the ODE can be rewritten as the system (4-8) in the eigenvalues.
To prove the last statement, we observe that

%(A — 1) =20 — ) (1 =2p)(A + ) — (1 +2p)v),

L (=) =202 =) (1= 20) (1 +v) = (1 +29)0). O

Remark 4.13. We already proved that the differential operator in the evolution
equation of P is uniformly elliptic if p < 1/2(n — 1), that is, p < Zl; in dimension
three. Therefore any geometric condition expressed in terms of the eigenvalues
is preserved along the RB flow if the cone identified by the condition is closed,
convex and preserved by the system (4-8).

By using this method, we can prove:

Proposition 4.14. Let (M, g(t)):c(0,1) be a compact, three dimensional solution of
the RB flow (1-1). If p < }‘, then

(i) nonnegative Ricci curvature is preserved along the flow;

(i) nonnegative sectional curvature is preserved along the flow;
(iii) the pinching inequality Ric > ¢Rg is preserved along the flow for any ¢ < %
Proof.

(i) If Ric(g(0)) > 0, then Ricg(;y > 0. The eigenvalues of Ric are the pairwise sums
of the sectional curvatures. Hence the condition is identified by the cone

K, ={0): (u+v)(Qp) > 0}.

The closedness is obvious; in order to see that K, is convex, we observe that the
greatest eigenvalue can be characterized by A(Q,) =max{Q, (v, v) ;v € V,|v|, =1}.
Hence K, is convex. Then the function Q, = u(Qp,) +v(Q,) =tr(Q,) —A(Q)) is
concave and this implies that its superlevels are convex. By system (4-8) we obtain

L (14 v) = 240+ 207 + 201 +v) — Ap (1) Q).

There is the stationary solution corresponding to w(0) = 0 = v(0). Otherwise,
whenever () + v(tg) = 0 with u(tg) # 0 and v(#y) # 0, (d/dt)(n +v)(ty) =
2(u? 4+ v?)(tg) > 0, then K is preserved.
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(i1) If Sec(g(0)) > 0, then Sec, () > 0. This condition is the nonnegativity of P,
already proved in general dimension in Proposition 4.10, identified by the cone
K, ={Q0p :v(Qp) > 0}, which is convex as a superlevel of a concave function. We
suppose that v(#y) = 0. Then

%v(ro) = 2A(to) u(10) > 0,

since the order between the eigenvalues is preserved and therefore A (f) > u(fy) > 0.

(iii) Forevery € € (O, %] if Ric(g(0))—eR(g(0))g(0) >0, then Ricg () —eRg(1 g (1) >
0. Translating in terms of eigenvalues of P, the condition means u(Q,) +v(Q,) —
2etr(Qp) > 0; that is, A(Q)) < (1 —2¢)/(2e)(u(Qp) +v(Q))). Then the right
cone is

Ky, ={0p : 1(Qp) — C(&)(u(Qp) +v(Q)p)) = 0},

where C(¢) = (1 —2¢)/(2¢) € [% +oo). The defining function is the sum of two
convex functions, hence its sublevels are convex. Now, for C = %, that corresponds
toe = %, and we have A(0) = u(0) = v(0) at each point of M; that is, the initial
metric g(0) has constant sectional curvature and this condition is preserved along
the flow.

For C > % we suppose A(ty) = C(u(tg) + v(ty)), then

L.~ Cu+v)(0)
=2[2% + v — C(1? + v + A1 +)) = 2p tr(Qp) (h — C (1 +v))1(to)

= 2[C%(u(to) + v(t0))* + 1 (to) v (to) — C (1 (t9)? + v(t0)?) — C(u(to) + v(19))*]
< (1 =2C)(u(to)* + v(t)*) <0,

which completes the proof. U

4E. Hamilton-Ivey estimate. A remarkable property of the three dimensional
Ricci flow is the pinching estimate, independently proved by Hamilton [1995]
and Ivey [1993], which says that positive sectional curvature dominates negative
sectional curvature during the Ricci flow, that is, if the initial metric go has a
negative sectional curvature somewhere, the Ricci flow starting at gy evolves the
scalar curvature towards the positive semiaxis in future times, which means that
there will be a greater (in absolute value) positive sectional curvature.

We have generalized the pinching estimate and some consequences for positive
values of the parameter p. In the same notation used before, let A > 1 > v be the
ordered eigenvalues of the curvature operator.
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Theorem 4.15 (Hamilton—Ivey estimate). Let (M, g(t)) be a solution of the RB
on a compact three-manifold such that the initial metric satisfies the normalizing
assumption min,epy v,(0) > —1. If p € [0 L

, 6)’ then at any point (p,t) where
V(1) < 0, the scalar curvature satisfies

(4-9) R > [v|(log |v] +log(1 +2(1 — 6p)t) — 3).

Proof. We would like to apply the maximum principle for time-dependent sets
in Theorem 4.9. Hence we need to express condition (4-9) in terms of a family
of closed, convex, invariant subsets of S2(A2V*), where (V, h(t), D(¢)) is the
usual bundle isomorphism of the tangent bundle defined via Uhlenbeck’s trick
(Section 3B). Moreover, by [Chow et al. 2008, Lemma 10.11], we already know
that, for any ¢ € [0, T'), the set

Qp:10(Qp) = —riigyy  and i w(Q)) < — gy }
then tr(Q,) > [V(Q,)|(10g [v(Q,)] +log(1 +2(1 = 6p)1) —3)

defines a closed invariant subset of S>(A2V*). Since, for p € [0, %), K (t) depends
continuously on time, the spacetime track of K (¢) is closed in S2(A2V™).

Now we show that K, (¢) is convex for every p € M and ¢ € [0, T'). Following
[Chow and Knopf 2004, Lemma 9.5], we consider the map

D:STNVH >R @(Q)) = ([v(Qp)]. tr(Q)))
Clearly, we have that Q, € K, (¢) if and only if ®(Q,) € A(t), where

Kp(t) = {

(x,y)eletyZ—m; y = —3x; }

A = { if x > then y > x(log x +log(1+2(1 — 6p)t) — 3)

T
is a convex subset of RZ. Then in order to show that K p(1) is convex it is sufficient
to show that the segment between any two algebraic operators in K, () is sent
by the map ® into A(¢). Therefore let Q,,, Q;, € K,(t), s €[0,1] and Q,(s) =
sQp+(1—s) Q;,. About the first defining condition for A(z), the trace is a linear
functional, hence it is obviously fulfilled by Q,(s), while the second condition is
satisfied by any algebraic operator.

The third condition is a bit tricky. If v(Q,), v(Q;)) >—1/(14+(1—6p)t), then the
condition is empty for every point of the segment because v is a concave function.
By continuity we can assume that v(Q,(s)) < —1/(1 + (1 — 6p)1) without loss
of generality for every s € [0, 1], and hence x(Q,(s)) = —v(Q,(s)) is a convex
function and x(Q,(s)) < sx(Qp) + (1 — s)x(Q;). On the other hand the second
condition implies that x(Q,(s)) > —y(Q,(s))/3 = —%(sy(Q,,) + (1 - s)y(Q;,)).
Then ®(Q,(s)) belongs to the trapezium of vertices

®(Q)), (—3(Qp), ¥(Qp)), P(Q)), (—3¥(Q)), ¥(2,)),
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which is contained in A(¢), as its vertices are, and A(¢) is convex.
Now we prove that K (¢) is preserved by the system (4-8). By taking the sum of
the three equations in the system (see also Remark 4.13) we get

d 4 2

T(0y) = 3(1=3p)r(Q,)’.
By hypothesis, v(Q,)(0) > —1, hence tr(Q,)(0) > —3 for every p € M and by
integrating the previous inequality,

. 3 - _ 3
1+4(1-3p)t = 142(1—6p)t’

tr(Qp) (1) =

which holds for any p € [0, §).
In order to prove that the second inequality is preserved, too, we consider, for
every p € M such that v(Q,)(0) < 0, the function

tr(Qp)
(4-10) ft) = ——— —log(—v(Qp)) —log(1 +2(1 —6p)1),
_V(Qp)
and we compute its derivative along the flow:
%f =%[(—2v)()»2+/L2+v2+)»pc+)»v+uv—2,0()»+M+v)2)
+200 4+ s+ V)W 4+ A —2pv(h+ pw+ )]
_242 _ __2U-6p)
l)(v + A —2pv(A 4+ 1 —+v)) TT2(1=6p)1
_2 20,2 3 2 __2(-6p)
_1)2[ VAT pu A +Au A+ ) — v+ 2pv° (A + e+ v)] T+20—60)1"

As in the case of the Ricci flow, it is easy to see that the quantity —v(A24+u2+Ap)+
A(A 4+ ) is always nonnegative if v < 0. In fact, if u > 0 it is obvious, whereas
if 4 <0 one has

VA A u A F A4 ) = (= )R P ) — > 0.

Hence we get

) d _ __2(=6p)
If p >0, since A + u + v > 3v, we obtain
4 rs —2(1—6p)<v+;> >0
dt’ — 1+2(1—6p)t/ —

whenever v < —1/(1 +2(1 —6p)t) and p < é.
Hence, if (A, w, v) is a solution of system (4-8) in [0, T") with (L(0), n(0), v(0)) €
K,(0), we suppose that there is 7; > 0 such that v(#;) < —1/(1+2(1—-6p)t1). Then
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either v(t) < —1/(14+2(1 —6p)t) for any ¢ € [0, #1], or there exists #y < #; such that
V(tg)=—1/(1+2(1—6p)tp) and v(t) < —1/(14+2(1—6p)¢) for any ¢ € (¢o, t1]. In the
first case, by hypothesis we obtain f(0) > —3 and (d/dt) f (t) > 0 for any ¢ € [0, #;],
therefore f (1) > —3; in the second case f(#y) = (A+u+v)(ty)/—v(to) > —3 and
(d/dt) f(t) = 0 for any ¢ € [tg, t1], therefore again f(¢;) > —3, which is equivalent
to the second inequality. O

Remark 4.16. The extra term 4p (A + u + v) on the key equation (4-11) requires
strong assumptions on the parameter p since we have no information on the sign
of the trace. However, combining equation (4-11) with Proposition 4.4, we can
enlarge the range of p to [0, %), simply by dropping the extra term, nonnegative for
ancient solutions and therefore conclude that an ancient solution to the RB flow on
a compact three-manifold with bounded scalar curvature has nonnegative sectional
curvature for any value of p € [0, ;11) (see [Chow and Knopf 2004, Corollary 9.8]).

Proposition 4.17. Let (M, g(t)):c(—c0,01 be a compact, three dimensional, ancient
solution of the RB flow (1-1) with uniformly bounded scalar curvature. If p € [0, ‘l‘)
then the sectional curvature is nonnegative.

5. Curvature estimates

5A. Technical lemmas. Before proving the curvature estimates for the RB flow,
we need some technical results, the first being the following proposition:

Proposition 5.1. Letk e N, p €[1, +o0] and g € [1, +00). There exists a constant
C(n, k, p, q) such that for all 0 < j < k and all tensors T

j L—j/k ok ilk
IV/T Ny, = CITI, 7 HIVET I,
where 1/rj =(1—j/k)/p+j/k/q.
To prove this proposition, we need several lemmas.

Lemma 5.2. Let p € [1, +00], g € [1, +00) and r € [2, +00) such that 2/r =
1/p+ 1/q. There exists a constant C(n, r) such that for all tensors T,

IVT|?> < C|IT|l, I V*T |-
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Proof.

IVTIE = [(TVTE VT dg
M

= —/(T, V(IVTI"2VT)) du,
M

= —/(T, (r—2)V2T|VT|’3VT)dMg—f<T, \VT|"72V?T) du,
M M

< C/ IT|IVTIIVT|"2 dug
M

<CITIH VTl VT2,

using Holder’s inequality with (r —2)/r +1/p + 1/ = 1. This ends the proof of
this lemma. (]

Lemma 5.3 [Hamilton 1982, Corollary 12.5]. Letk e N. If f : {0, ..., k} > R
satisfies for all 0 < j <k
L 1
fH=CrG—-Db2fG+1D2,
where C is a positive constant, then for all 0 < j <k,
fO) = /D FOIE iy
Proof of Proposition 5.1. We apply Lemma 5.3 with f(j) = ||VjT||rj. Since
2/rj =1/rj—1+1/rj41, Lemma 5.2 shows that there exists C(n, k, p, g) such that
1 1
Fh=CfG-bH2fG+D2,
and then Lemma 5.3 gives Proposition 5.1, since ro = p ary =gq. U

Lemma 5.4. For all tensors of the form S x T, there exists C depending on the
dimension and the coefficients in the expression such that

IS T| < CIS|IT].

Proof. By the Cauchy-Schwarz inequality, (tr, T)? = (g% Top)? <nTup T =n|T|>
Then
8 o (o—1\®k Itk
IS«xT|<CM)|SRT®g¥ (g ) <Cmn 2 |S||T|. U
Let k € N, and set, for a tensor T, Fo(T) =Y /4. ;50 V/ T % V' T % VT,

Lemma 5.5, Letk eN. Let p €[2, +00] and g € [2, +00) such that 1/p+2/q = 1.
There exists C(n, k, p, q, F) such that for all tensors T,

/M|Fg<T>|dug < CITI,IVFT 2.
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Proof. Let us consider one term in F,(T) that can be written VIT %« VT % VFT,
Jj, 1 >0. We set

1 1-1 1 1 3
T P q T p q

Since 1/r; +1/rj +1/g =1, by Lemma 5.4 and Holder’s inequality we have
f|va *VIT« VT du, < C’/|VjT||VlT||VkT| dug
M M
< CIVI Tl IV Tl I VT Nl
Then, by applying Proposition 5.1 to the first two factors, we get

/MW/T*VIT*V"TM,ug < CITl,IV*T ;.

The result follows since Fy(T') is a linear combination of such terms. O

5B. Curvature estimates.

Theorem 5.6. Assume p < 1/2(n —1)). If g(¢t) is a compact solution of the RB
flow fort € [0, T) such that

sup |Riem(x, t)] < K,
(x,HHeM x[0,T)

then for all k € N there exists a constant C (n, p, k, K, T) such that for all t € (0, T']

k

ko - 2 C . 2
IVERiemg Il < 7 sup [[Riemgq 3.
tel0,7)

Proof. A direct computation gives

%|Riem|2 = A(Riem|*) — 2|VRiem|? — 8pR;; V' V/R + Riem * Riem * Riem

%RZ =(1-=2(n—1p)AR?*) —2(1 —2(n— 1)p)|VR|> + 4R|Ric|> — 4pR>.

It follows that
%/|Riem|2dug = —2/|VRiem|2dug — sp/R,-jvivadMg
M M M
+ / Riem * Riem * Riem dji ¢
M

i/R%mg =-2(1-2(n-— 1),0)/|VR|2d;Lg + /Riem*Riem*Riemd;Lg.
dt Jy M M
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Now we want to compute fM R;;V!V/Rdp,. Using the Bianchi identity we have

/R[,ViVdeug __1 /lVR|2dMg.
M 2 Ju
We conclude that

%/Riemlz dpg = —2f|VRiem|2 diig +4,0/|VR|2dMg
M M M

+ / Riem * Riem * Riem dj ¢
M
and
;t R? dug = —2(1 —2(n — 1),0)/|VR| dug + /Riem*Riem*RiemdMg.
M

As we did before, a straightforward computation gives:
4 |VFRiem|* dug = —2 | [V*T'Riem|* du, +4p | |VFTIRIZ dieg
dt Jy M M

+ Z /VjRiem % V/Riem x V¥Riem divg
JH=k: j1=0 "M
& [ IVRE g = =201 20~ Do) [ IVEIRE d
dt [y M
+ Z /VjRiem % V/Riem x V¥Riem dug.
JH=k;j,1>0 M

Consider

: 4lp| kR (2
A ::/ VFRiem|? d, —i——/V R|“du,,
k Ml | Mg (1—2(n—1)p) M| | Mg

and set fi (1) := Zl;zo(ﬂftf/j!)/lj, where 8 :=min(l, 1 —2(n — 1)p). We have
k—1 jt] IBktk

(5-1) fk’(t)=Z]—(A’ +BA )+

j=0

A

We have by a direct computation, for any j:

4B1p
1-2(n—1)p
+ Z /V’Riem % V/Riem x V/Riem dug.
i+i=j,i=0"M

A+ BAj1 = (=24 BV Rieml3 + (49 — 81| + )IVIIRI3
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We need to estimate
Z ViRiem * V/Riem x V/Riem dig.
i+1=j.i1=0 "M
For this we use Lemma 5.5 with p = +o00 and g = 2:

/V’Riem % V/Riem * V/Riem dju, < C||Riem||o || V/Riem||3.
i+i=j,i1=0'M

Using Proposition 5.1, with k = j + 1 we get

Z /V’Rlem *V'Riem *V’Rlemdug < C||Rlem||oo(||R1em||2)J+1(||V/+1R1em|| )J+1
i+l=k

where i, [ > 0. Now we apply Young’s inequality ab < a”/p + b?/q, where

1 . I
a = C|[Riem||oo(|Riem|[3) /T, b = (||V/*'Riem]|3) 7+

and p=j+1, g =(j+1)/j. We use the hypothesis on the boundedness of
||IRiem|| o, and we obtain

> /v RiemxV/RiemsV/Riem du, < C'(n, p, j, K)||Riem||3+ || V/*'Riem|}3,
i+l=j

where i, [ > 0. Putting this last inequality in the previous computation, we obtain

4 .
T
1—2(n—1)p

+C'(n, p, j, K)||Riem||3
<C'(n, p, j, K)||Riem|f3,

A+ BAj41 = (=1 + BV Riem|} + (4p 80| +

where we use the facts that —1+ 8 <0 and 4p —8|p|+4|p|B/(1 —2(n —1)p) <O0.
The same estimates holds for the last term in equation (5-1), since

Al < A+ BAis1 < C'(n, p, k, K)||Riem||3
Therefore
Bt/ . .
Ro <Y 5 C'np. K)||Riem||3

j=0
<C(n, p, k, K)|[Riem|3(e?" —1) < C(n, p, k, K, T)||Riem||2.
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Since f;(0) = Ay < C(p, n)||Riem||%, by integrating the previous inequality we
finally get

IV*Riem||3 < Ax < T kfk< ) < k[fk(0)+Cr||R1em|| ]

3 C[C(p,n) +Ct]

|Riem||3 < E||Riem||2
tk 2=y 2

which concludes the proof of the theorem. (]

SC. Long time existence. In this section we will prove the following result.

Theorem 5.7. Assume p < 1/(2(n —1)). If g(¢t) is a compact solution of the RB
flow on a maximal time interval [0, T), T < 400, then

lim sup max|Riem( -, t)| = +o0.
t—>T M

Proof. This proof follows exactly the one given by Hamilton for the Ricci flow
(see [Hamilton 1982, Section 14]). First of all we observe that, if the Riemann
tensor is uniformly bounded as t — T and T < 400, then also its L2-norm is
uniformly bounded, because from the previous computations, for A9 = ||Riem||% +
41p1/(A —2(n — 1)p)||R||%, so we have Aj < CAp.

Then, by Theorem 5.6, we get, for any j € N

| V/Riem||3 < C;.

Now, by using the interpolation inequalities in Proposition 5.1 with p = 0o, g =2,
we immediately get the estimates

IV/Riem| 2 < Cjx,
J

for all j € N and k > j. Therefore, by interpolation the same result holds for a
generic exponent », with a constant that depends on j and r.
Now, let E; := |V/Riem|? Then, for all » < +00 we have

g+ v <,
M
Thus, by the Sobolev inequality, if » > j, one has
max [E <G [ (B +IVE du
M M

Notice that the constant C; depends on the metric g(¢), but it does not depend on the
derivatives of g(¢). Moreover, from [Hamilton 1982, Lemma 14.2], it follows that
the metrics are all equivalent. Hence, the constant C; is uniformly bounded as t — T
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and, from the previous estimates, it follows that, if |[Riem| < C on M x [0, T')], for
every j € N one has

max|VjRiem| <C;,
M

where the constant C; depends only on the initial value of the metric and the
constant C.

Arguing now as in [Hamilton 1982, Section 14], it follows that the metrics g(¢)
converge to some limit metric g(7) in the C*° topology (with all their time/space
ordinary partial derivatives, once written in local coordinates), hence, we can restart
the flow with this initial metric g(7"), obtaining a smooth flow in some larger time
interval [0, T + §), in contradiction with the fact that 7 was the maximal time of
smooth existence. This completes the proof of Theorem 5.7. (]
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