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MAXIMAL OPERATORS FOR THE p-LAPLACIAN FAMILY

PABLO BLANC, JUAN P. PINASCO AND JULIO D. ROSSI

We prove existence and uniqueness of viscosity solutions for the problem
max{—A, u(x), —Ap,u(x)} = f(x)

in a bounded smooth domain € c RN with u = g on 9Q. Here —A,u =
(N + p)~'|Du|* Pdiv(|Du|?~2Du) is the 1-homogeneous p-Laplacian
and we assume that 2 < pj, p» < oo. This equation appears naturally
when one considers a tug-of-war game in which one of the players (the one
who seeks to maximize the payoff) can choose at every step which are the
parameters of the game that regulate the probability of playing a usual tug-
of-war game (without noise) or playing at random. Moreover, the operator
max{—A, u(x), —A,,u(x)} provides a natural analogue with respect to p-
Laplacians to the Pucci maximal operator for uniformly elliptic operators.

We provide two different proofs of existence and uniqueness for this
problem. The first one is based in pure PDE methods (in the framework
of viscosity solutions) while the second one is more connected to probability
and uses game theory.

1. Introduction

In this paper our goal is to show existence and uniqueness of viscosity solutions
to the Dirichlet problem for the maximal operator associated with the family of
p-Laplacian operators, —Apu = — div(|Vu|?~2Vu) with 2 < p < co.

When one considers the family of uniformly elliptic second-order operators of
the form — tr(4D?u) and looks for maximal operators, one finds the so-called
Pucci maximal operator, Pf’ A (D?u) = maxge — tr(AD?u), where A is the set of
uniformly elliptic matrices with ellipticity constant between A and A. This maximal
operator plays a crucial role in the regularity theory for uniformly elliptic second-
order operators and has the following properties; see [Caffarelli and Cabré 1995]:

(1) (monotonicity) If A1 <Ay < Ay < Ay, then P;;,Az(Dzu) < P;I,AI(DZM)'
(2) (positive homogeneity) If « > 0, then P;:A (aD?u) = aP/{’:A (D?u).

MSC2010: 35J70,49N70, 91A15, 91A24.
Keywords: Dirichlet boundary conditions, dynamic programming principle, p-Laplacian, tug-of-war
games.
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(3) (subsolutions) If u verifies P; A(Dzu) < 0 in the viscosity sense, then

—tr(AD?u) < 0 for every matrix A with ellipticity constants A and A (that
is, a subsolution to the maximal operator is a subsolution for every elliptic
operator in the class). Therefore, from the comparison principle we get that a
solution to P)t A (D?u) < 0 provides a lower bound for every solution of any
elliptic operator in the class with the same boundary values.

If we try to reproduce these properties for the family of p-Laplacians, we are
led to consider the operator maxp, <p<p, —Apu(x). As we will show in this paper,
this operator has similar properties to the ones that hold for the Pucci maximal
operator, but with respect to the p-Laplacian family.

Hence, it is natural to consider the Dirichlet problem for the partial differential
equation

1-1 max —Aju(x)= f(x
( ) P1=P=p2 P ( ) f( )
in a bounded smooth domain  c RY for2 < P1, p2 <0c. Here we have normalized
the p-Laplacian and considered the operator

_ diV(|Vu|p_2Vu)
PN+ p) [V

which is called the 1-homogeneous p-Laplacian. We will assume that f = 0 or
that f is strictly positive or negative in 2. We will consider solutions u (along the
whole paper we consider solutions in the viscosity sense, see [Crandall et al. 1992])
to this problem with f = 0, as py-p,-harmonic functions.

Note that, formally, the 1-homogeneous p-Laplacian can be written as

_ p—2 1
Apu = —+pAoou + N-l—pAu’

where Au is the usual Laplacian and Asou is the normalized co-Laplacian, that is,

N | N

Au = E Uy;x; and Aoou=—2 E U Unxjx; U -

, |Vul? £
i=1 i,j=1

Therefore, we can think about the 1-homogeneous p-Laplacian as a convex combi-
nation of the Laplacian divided by N + 2 and the oco-Laplacian, in fact,
N+2 Au

witha = (p—2)/(N+p)and 8 =1/(N + p) (we reserve 8 for a different constant)
for2 < p<oo,anda =1 and 6 =0 for p = occ.
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Since we are dealing with convex combinations, equation (1-1) becomes

12 max —Apu(x) = max{=Apu(x). —Apu(x)} = f(x),

with 2 < py, pr < 0.
Our main result concerning viscosity solutions to (1-2) reads as follows:

Theorem 1.1. Let Q2 be a bounded domain such that the exterior ball condition
holds when p1 < N or py < N. Assume that infg f > 0, supg f <0or f =0.
Then, given g a continuous function defined on 0$2, there exists a unique viscosity
solution u € C(2) of (1-2) withu = g in K.

Moreover, a comparison principle holds: if u,v € C() are such that

max{—Ap u,—Ap,u} < f and max{—Ap v,—Ap,v} > f

arein Q and v > u on 082, then v > u in Q.
In addition, we have a Hopf’s lemma: let u be a supersolution to (1-2) and
X € 02 be such that u(xg) > u(x) forall x € Q, then we have

u(xo—tv)—u(xo) _ 0
t b

lim sup
t—0t

where v is exterior normal to 0S2.

Remark 1.2. An analogous result holds for the equation min —A,u(x) = f.
P1=P=D2

Remark 1.3. For the homogeneous case, f = 0, we have that viscosity sub- and

supersolutions to the 1-homogeneous p-Laplacian,

p—2 1

N poou N+p

Au =0,

coincide with viscosity sub and supersolutions to the usual ((p—1)-homogeneous)
p-Laplacian — div(|Vu|p_2Vu) = 0; see [Manfredi et al. 2012b].

Therefore, for f = 0 we are providing existence and uniqueness of viscosity
solutions to maxp, <p<p, —Apu(x) = 0, with A,u being the usual p-Laplacian
that comes from calculus of variations.

Remark 1.4. This maximal operator for the p-Laplacian family has the following
properties that are analogous to the ones described above for Pucci’s operator:

(1) (monotonicity) If p1,1 < p2,1 < p2,2 < p1,2 then

max —Apu < max —Apu.
D2, 1=P=P22 P1.1=DP=P1.2

(2) (positive homogeneity) If o > 0, then

max —Ap(au)=a max —Aju.
P1=P=p2 P1=P=p2
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(3) (subsolutions) A viscosity solution ¥ to maxy, <p<p, —Apu(x) < 0, is a
viscosity solution to —A,u(x) < 0 for every p1 < p < p>. Hence, from the
comparison principle, we get that a solution to max,, <p<p, —Apu(x) <0
provides a lower bound for every solution of any elliptic operator in the class
with the same boundary values.

We have two different approaches for this problem. The first one is based on
PDE tools in the framework of viscosity solutions. The second one is related to
probability theory (game theory) using the game that we describe below.

Let us introduce a game that we call unbalanced tug-of-war game with noise. It
is a two-player ( Players I and II) zero-sum stochastic game. The game is played in
a bounded open set @ C RY. Fix an & > 0. At the initial time, the players place
a token at a point xg € €2 and Player I chooses a coin between two possible ones.
They toss the chosen coin which is biased with probabilities o; and 8;, o; + B; =1
and 0 < o;,8; <1, i = 1,2. Now, they play the tug-of-war with noise game
described in [Manfredi et al. 2012b] with probabilities «;, B;. If they get heads
(probability «; ), they toss a fair coin (with equal probability of heads and tails) and
the winner of the toss moves the game position to any x; € Bg(xg) of his choice.
On the other hand, if they get tails (probability B;) the game state moves according
to the uniform probability density to a random point x; € Bg(xg). Once the game
position leaves €2, let’s say at the t-th step, the game ends. The payoff is given by
a running payoff function f : Q — R and a final payoff function g : RN \ @ — R
(note that we only use the values of g in a strip of width & around 92). At the end
Player II pays to Player I the amount given by the formula

7—1

g(x)+> Y flxn).

n=0

Note that the positions of the game depend on the strategies adopted by Players I
and II. From this procedure we get two extreme functions, ur(xg) (the value of the
game for Player 1) and uy(xg) (the value of the game for Player II), that are in a
sense the best expected outcomes that each player may expect choosing a strategy
when the game starts at xo. When u(x¢) and uy(xo) coincide at every xo € €2 this
function u, := uy = uy is called the value of the game.

Theorem 1.5. Assume that f is a Lipschitz function with supg f <0 orinfg f >0
or [ = 0. The unbalanced tug-of-war game with noise with {a1, a2} # {0, 1} when
f =0 has a value and that value satisfies the dynamic programming principle,
given by

ue(x)=e? f(x)+ max (%{ sup ug(y)+ inf us(y)}+ﬁi][
ie{1,2}\ 2 y€B,(x) YEB:(x) Be(x)

ue(y) dy)
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for x € Q, withuy(x) = g(x) for x & Q.
Moreover, if g is Lipschitz and Q satisfies the exterior ball condition, then there
exists a uniformly continuous function u such that

Ug —u uniformly in Q.

This limit u is a viscosity solution to

max{—Ap u,—Apu}=f onQ,
uU=g on 092,
where f =2f and p1, p» are given by

pi—2 Bi = 2+N
pi+N’ Tpi+N’

o = i=1,2.
Remark 1.6. When f is strictly positive or negative, we have that the game ends
almost surely (a.s.). The same is true (regardless of the strategies adopted by the
players) when they play with some noise at every turn, that is, when the two f8; are
positive. This fact simplifies the arguments used in the proofs.

When one of the «; is 1 (and therefore the corresponding f; is 0) the argument
18 more delicate; see Section 4.

Remark 1.7. The proof of Theorem 1.5 follows from the results in Sections 4
and 5. In Section 4 we establish that the game has a value and that the value is
the unique function that satisfies the dynamic programming principle (DPP). In
Section 5 we prove the convergence part of the theorem. In Proposition 4.4 we
establish the existence of a function satisfying the DPP. In Theorem 4.6 we prove
that the function satisfying the DPP is unique and coincides with the game value,
in the case f1, 82 >0, sup f <O or inf f > 0. The same result is obtained in the
remaining cases in Theorems 4.8 and 4.9. Here is where we had to assume that
{1, a2} # {0, 1}. Finally, the convergence is established in Corollaries 5.8 and 5.9.

Remark 1.8. Note that in the limit problem one only considers the values of g on
02 while in the game one needs g to be defined in a bigger set. Given a Lipschitz
function defined on 02 we can just extend it to this larger set without affecting
the Lipschitz constant. For simplicity but making an abuse of notation we also call
such an extension g.

Remark 1.9. We also prove uniqueness of solutions to the DPP; see Section 4.
That is, there exists a unique function verifying

o) =20+ max (S s o)+ nt o} +pif vy
B:(x)

ie{1,2} yeBe(x) YE€B:(x)

for x € @, with v(x) = g(x) for x & Q.
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Remark 1.10. When Player II (the player who wants to minimize the expected
outcome) has the choice of the probabilities o and 8 we end up with a solution to

min{—Ap u, —Ap,u} = f on,
uU=g on 0%2.

Let us make some brief comments on related work. First, let us recall that Pucci
operators are crucial in regularity theory for uniformly elliptic operators, due to
their natural comparison with a nondivergence linear operator with measurable
coefficients. We refer to [Busca et al. 2005; Caffarelli and Cabré 1995; Felmer et al.
2006; Quaas and Sirakov 2006].

On the other hand, concerning probabilistic ideas for PDEs, the fundamental
works of Doob, Hunt, Kakutani, Kolmogorov and many others have shown the
profound and powerful connection between the classical linear potential theory
and the corresponding probability theory. The idea behind the classical interplay
is that harmonic functions and martingales share a common origin in mean value
properties. This approach turns out to be useful in the nonlinear theory as well,
since p-harmonic functions verify an asymptotic mean value property; see, for
example, [Manfredi et al. 2010; Hartenstine and Rudd 2013; Kawohl et al. 2012;
Llorente 2014; 2015]. Concerning tug-of-war games and PDEs the story begins
with [Peres et al. 2009; Peres and Sheffield 2008] and was extended in [Atar and
Budhiraja 2010; Bjorland et al. 2012a; 2012b; Nystrom and Parviainen 2014], etc.
For the p-Laplacian the equivalence between viscosity and weak solutions was
proved in [Julin and Juutinen 2012; Juutinen et al. 2001]. This probability approach
was used to obtain regularity properties of solutions; we refer to [Armstrong and
Smart 2010; Luiro and Parviainen 2015; Luiro et al. 2013; Ruosteenoja 2016].

We finish the introduction with a comment on the main technical novelties
contained in this manuscript. To obtain existence and uniqueness for our maximal
PDE we first use ideas and techniques from viscosity solutions theory. This part
follows the usual steps (the first one shows a comparison principle and then applies
Perron’s method, including the construction of barriers near the boundary), but here
some extra care is needed to deal with points at which the gradient of a test function
vanishes. Concerning the game theoretical approach we want to emphasize that when
p2 = oo we don’t know a priori that the game terminates almost surely and this fact
introduces some extra difficulties. The argument that shows that there is a unique so-
lution to the dynamic programming principle in this case is delicate; see Theorem 4.8.
The proof of convergence of the values of the game as the size of the steps goes
to zero is also different from previous results in the literature since here one has to
take care of the strategy of the player who chooses the parameters of the game. In
particular, the proof that when any of the two players pull in a fixed direction the
expectation of the exit time is bounded above C &2 is more involved; see Lemma 5.2.
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The paper is organized as follows: In Section 2 we prove the comparison principle
and then existence and uniqueness for our problem using Perron’s method; in
Section 3 we introduce a precise description of the game; in Section 4 we show that
the game has a value and that this value is the solution to the dynamic programming
principle; and finally, in Section 5 we collect some properties of the value function
of the game and show that these values converge to the unique viscosity solution of
our problem.

2. Existence and uniqueness

First, let us state the definition of a viscosity solution. We have to handle some
technical difficulties as the 1-homogeneous co-Laplacian is not well-defined when
the gradient vanishes. Observing that

Vu
|Vul

Vu

2 [
D u|Vu|’

Au=tr(D?*u) and Agu =

we can write (1-2) as F(Vu, D?u) = f, where

F(v, X) = max {—oriXi—@“[rX }
( ) ie{l,z} l |v| |U| l ( )

Note that F is degenerate elliptic, that is,
F(v,X)<F(u,Y)forveRY\{0}and X,Y € SV provided X >V,

as is generally requested to work in the context of viscosity solutions.

This function F : RY x SV - R is not well-defined at v = 0 (here SV denotes
the set of real symmetric N x N matrices). Therefore, we need to consider the
lower semicontinuous F, and upper semicontinuous F* envelopes of F. These
functions coincide with F for v # 0, and for v = 0 are given by

F*(0,X) = max {—a;Amin(X) —0; tr(X)},
ie{1,2}
Fo(0.X) = max {~aiAmu(X) - 6; tr(X)},
ie{1,2}
where Apnin(X) and Apax (X) are the minimum and maximum eigenvalues of X,

respectively.
Now we are ready to give the definition for a viscosity solution to our equation.

Definition 2.1. For 2 < p;, p» < oo consider the equation
max{—Ap u, —Ap,u} = f

in Q. Then we have the following definitions:
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(1) A lower semicontinuous function u is a viscosity supersolution if for every
¢ € C? such that ¢ touches u at x €  strictly from below, we have

F*(Vg(x), D?*¢(x)) = f(x).

(2) An upper semicontinuous function u is a subsolution if for every ¥ € C? such
that ¥ touches u at x € 2 strictly from above, we have

Fu(V(x). D?y(x)) < f(x).
(3) Finally, u is a viscosity solution if it is both a sub- and supersolution.

In the case f = 0, the comparison holds for our equation as a consequence of
the main result of [Koike and Kosugi 2015]. See also [Barles and Busca 2001].
Note that the comparison principle obtained in the former is slightly more general
than the one obtained in the latter. We need this more general result here as our F
is not necessarily continuous when the gradient vanishes. In [Koike and Kosugi
2015] a different notion of viscosity solution is considered. We remark that when a
function is a viscosity sub- or supersolution in the sense of Definition 2.1 it is also
that in the sense considered in [Koike and Kosugi 2015]. Therefore we can use the
comparison result established there once we check their hypotheses.

Proposition 2.2. Let u € USC(R2) and v € LSC(R2) be, respectively, a viscosity
subsolution and a viscosity supersolution of (1-2) with f =0. Ifu <v on 0Q, then
u <vin .

Proof. We just apply the main result in [Koike and Kosugi 2015], referring to
notations and details therein. To this end we need to check some conditions. First,
let us show that F' is elliptic. In fact, we have

F(v,X —puv®v) = max {—aii(X—,uv@v)i—Qi tr(X—;w®v)}
iefr,23U 7 [v] v
= max {—aiiXL +a;ipulv|® —6; tr(X)+9,-u|v|2}
ie{1,2} o[ |v]
Vo, U 2
= max {—a; — X — —6; tr(X —I—0~}—|— v
16{1,2}{ llvl |v| 1 ( ) 1 /’L| |
=F@,X)+ uv|*

Moreover, F' is invariant by rescaling in v and 1-homogeneous in X.

So, using the notation from [Koike and Kosugi 2015], we can take o¢(v) = |v|?,
01(t) =t and p = 0 that satisfy the conditions imposed in that paper, to obtain the
comparison result. O

Now we deal with the case where f is assumed to be nontrivial and does not
change sign. In fact, we assume that inf f > 0 or sup f < 0. We follow similar
ideas to the ones in [Lu and Wang 2008].
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Lemma 2.3. If we have u, v € C(Q) such that
max{—Ap u,—Ap,u} < f and max{—Ap v,—Ap,v}>g,
where g > f and v > u in 02, then we have v > u in Q.

Proof. By adding a constant if necessary we can assume that u, v > 0. Arguing by
contradiction we assume that

max(u —v) > 0> max(u — v).
Q aQ

Now we double the variables and consider

sup {u(x) —v(y) = (j/2)lx = y[*}.
X,y
For large j the supremum is attained at interior points x;, y; such that x; — X,
y; — X, where X is an interior point (that X cannot be on the boundary can be
obtained as in [Lindqvist and Lukkari 2010]).

Now, we observe that there exists a constant C such that j|x; —y,;| < C. The
theorem of sums (see Theorem 3.2 from [Crandall et al. 1992]) implies that there are
symmetric matrices X;, Y, with X; <Y; such that (j|x; — y; |, X;) € JZF(u)(x))
and (j|x; —y;[.Y;) € ﬂt(v)(yj), where J2:+(u)(x;) and J2:—(v)(y;) are the
closures of the super- and subjets of u and v respectively. Using the equations,

assuming that x; # y;, we have

Xi—V; Xj—Yj
_max {—O{i<Xj( J yj), ( J yj)>—9i tI‘(Xj)} =< f(yj)
ie{1,2} lxj —yil 1xj —yjl

and
X)) (xi— v
“max {—ai<Yj(] yj),(J y])>—9itr(Yj)} > g(yj)-
i€{1,2} lxj =yl |xj —yjl

Now we observe that, since X; <Y; we get

—tr(X;) > —tr(Y;)

and
_<Xj (=) (x —yj)> . —<vj (=) (5 —yj)>.
lx; —yil [xj —yjl lx; =yl Ixj —yjl
Hence
F(y;) > max {—ai<xj (xj —yj)’ (xj —yj)>_ 6 tr(X,-)}
ie{1,2} lx; =yl 1x; —yjl '

> max {—al—<vj (X = 3)) (xf_yf)>—9i tr(Y,-)} > g(x)).
ie{1,2} lxj —yil 1xj —yjl '
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This gives a contradiction passing to the limit as j — oo.
When x; = y; we obtain

— @ Amax (Yj) — 0; tr(Yj)} < i
iggi);}{ a (Y;) (Y;)} < f(y))

and
ig{lzliz}{—aikmm(xj) —0; r(X;)} = g(x)),
which also lead to a contradiction since Amax (Y;) > Amax (Xj) = Amin(X;).
Hence we have obtained that ¥ < v, as we wanted to prove. O

Lemma 2.4. Ifu,v € C(Q) are such that
max{—Ap u,—Apu} < f, and max{—Ap v,—Apv}> f
in Q with infg f > 0and v > u on dQ2, then we have v > u in Q.

Proof. By adding a constant if necessary we can assume that u#, v > 0. Let’s consider
vs = (1 4+ 6)v, then

max{—Ap u, —Apu} < f <(1+68)f <max{—Ap vs, —Ap,vs}

and vg > v > u in Q2. Then by the preceding lemma we conclude that vg > u in
Q for all § > 0. Making § — 0, we get v > u in Q as we wanted to show. O

Remark 2.5. The above lemma is also true when supg f < 0. So, we have
comparisons for the cases infg f >0, supg f <0and f =0. From this comparison
result we get uniqueness of solutions.

Now we deal with the existence of solutions. In the proof of this result we are
only using that the exterior ball condition holds for 2 when p; < N or p < N.

Theorem 2.6. Assume that inf f > 0, sup f < 0 or f = 0. Then, given g a
continuous function defined on 092, there exists u € C(Q) which is a viscosity
solution of (1-2) such that u = g in 0S2.

Proof. We consider the set
A= {v e C(Q) :max{—Ap,v,—Apv}> finQand v > g on 89},

where the inequality for the equation inside €2 is verified in the viscosity sense and
the inequality on 9% in the pointwise sense. Since A|x|? =2n and Aso|x|? = 2,
we have that max{—Ap, v, —Ap,v} > 0 for v(x) = —|x|% Hence we can choose
K1 such that the operator applied to —K|x|? is greater than sup f and then we
can choose K> such that K, — K1|x|?> > g(x) in dQ. We conclude that the function
K> — K1|x|? is in A for suitable K1, K5. Therefore the set A is not empty.
We define
u(x) = inf v(x), xeQ.
veA
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This infimum is finite since, as the comparison holds, we have u(x) > —L,+ L1 |x|?
for all u € A for large L1, L,. The function u, being the infimum of supersolutions,
is a supersolution. We already know that u is upper semicontinuous, as it is the
infimum of continuous functions. Let us see that it is indeed a solution. Suppose not,
then there exists ¢ € C2 such that ¢ touches u at xo €  strictly from above, but

max{—Ap, ¢ (x0), =Ap,¢(x0)} > f(x0).

Let us write
P(x) = ¢ (x0) + Ve (x0) - (x —x0) + (D ?¢ (x0) (x — x0). x — x0) + o(|x — xo[?).

We define <}5 (x) = ¢(x)—§ for a small positive number §. Then <}5 < u in a small
nelghborhood of xg, contained in the set {x max{—Ap ¢ (x), —Ap,p(x)} > f (x)},
but d) > u outside this nelghborhood if we take § small enough.

Now we can consider v = mm{qb, u}. Since u is a viscosity supersolution in €2 and
$ also is a viscosity supersolution in the small neighborhood of xy, it follows that v is
a viscosity supersolution. Moreover, on 92, v =u > g. This implies v € A, but v =
qAS < u near xo, which is a contradiction with the definition of u as the infimum in A.

Finally, we want to prove that u = g on 92 and that boundary values are attained
with continuity. To this end, we have to construct barriers for our operator. It is
enough to prove that for every xo € 02 and ¢ > 0 there exists a supersolution
such that v > g on 92 and v(xg) < g(x¢) + &, and that there exists a subsolution
such that v < g on dQ2 and v(xg) > g(xo) — &. We prove now the existence of the
supersolution, and the subsolution can be obtained in a similar way.

Let us consider ¢ a radial function, ¢ (x) = ¥ (r) with ¥/(r) > 0. Then

Ao =" and Ap =y + X1y
and we get
I, A0 = i (e dood — 09
- ,-2{“;‘,2}{ (v + )
=z‘g{1i}§}{ T w”_N—Il—pi (v +=1y)

= max

{_ pl_l "_ 1 N—l /}
ie{1,2} ’

N+ pi N+pi r

We want this last expression to be greater than a positive constant.
To have a function of the form v (r) = r¥ with y > 0 that fulfills this, we need

Dpi—1 N-1 } y—2
max {— —-1)— >c>0.
ie{l,);}{ N+ p; y(y b N+ p; vyr -
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Hence we have to choose y according to

N—1
O0<y<l1 sl
We have that such y exists if N < pj or N < pp. We will require that min{ py,p2} >N,
that is, N < p1, p2.

In this case we can consider v(x) = K¢ (x —x¢) + g(x0) + & with K big enough.
If Kc > sup f, then v is a supersolution. We have that v(xg) = g(xo) + &, it
remains to prove that v > g on d€2. Since g is continuous at xg, there exists § > 0
such that |g(x) — g(xo)| < € for every x € Bg(xp). Then we have that v > g on
02 N Bg(xp). Finally we can pick K such that K§¥ + g(xo) + & > sup g, and we
obtain v > g on 2 N Bg(xp)°.

When N > p; or N > p,, we can find (with similar computations) a barrier of
the form v (r) = —r? with y < 0. Note that this function is not well-defined at 0.
In this case, we have a barrier if the exterior ball condition holds. Given xg € 0€2,
there exist A > 0 and yo € ¢ such that |xg — yo| = A and B, (yo) C Q€. We can
consider v(x) = K(¢(x — yo) — ¢ (x0 — yo)) + g(x0) + € and pick K in a similar
way to above. O

Now, we prove a version of the Hopf lemma for our equation. Note that since we
deal with viscosity solutions, the normal derivative may not exist in a classical sense.

Lemma 2.7. Let Q@ C RY be a domain with the interior ball condition and u a
subsolution to (1-2) with f = 0. Given x¢ € 02 such that u(xo) > u(x) for all
x € Q, we have

u(xo—lvt)—u(xo) <0

lim sup
t—0t

where v is exterior normal to 0%2.

Proof. As the interior ball condition holds, we can assume there exists a ball centered
at 0, contained in €2 that has x¢ in its boundary; that is, we have B,(0) C € and
Xxo € 0B,(0). Let us consider ¢(x) = 1/(|x|N_2) — 1/(rN_2) if N > 2 and
¢(x) = —In|x| + In(r) for N = 2. Tt is easy to check that

Ap=0, Ac>0, in B (0)\{0}.
So we have

max{—Ap ¢, —Ap, ¢} <0 in B, (0)\ {0},
¢=0 on 0B, (0).
As u(xo) > u(x) for all x € 2, in particular on dB,/,(0), then there exists & > 0

such that u(xo) —&¢ > u on dB,/,(0). Therefore, by the comparison principle, we
get u(xg) —e¢ > u in B;(0) \ B,/>(0) and the result follows. O



MAXIMAL OPERATORS FOR THE p-LAPLACIAN FAMILY 269

3. Unbalanced tug-of-war games with noise

In this section we introduce the game that we call unbalanced tug-of-war game
with noise. First, let us describe the game without entering in mathematical details.
It is a two-player zero-sum stochastic game. The game is played over a bounded
open set @ C RV, An & > 0 is given. Players I and II play as follows. At an initial
time, they place a token at a point x¢ € 2 and Player I chooses a coin between
two possible ones (each of the two coins have different probabilities of getting a
head). We think of this as choosing i € {1,2}. Now they play the tug-of-war with
noise introduced in [Manfredi et al. 2012b] starting with the chosen coin. They toss
the chosen coin, which is biased with probabilities «; and f;, where «; + 8; = 1
and 0 < «;, B; < 1. If they get heads (probability «;), they toss a fair coin (with
the same probability for heads and tails) and the winner of the toss moves the
game position to any x; € B.(xg) of his choice. On the other hand, if they get
tails (probability B;) the game state moves according to the uniform probability
density to a random point x; € B.(xo). Note that Player I chooses the probability
of playing the usual tug-of-war game or moving at random with the choice of the
first coin between two possibilities. Then they continue playing from x;. At each
turn Player I may change the choice of coin.

This procedure yields a sequence of game states xg, X1,.... Once the game
position leaves €2, let’s say at the t-th step, the game ends. At that time the token
will be on the compact boundary strip around €2 of width ¢ that we denote

[, ={xeR"\Q : dist(x, Q) < &}.

The payoff is given by a running payoff function f : 2 — R and a final payoff
function g : T'e — R. At the end, Player II pays Player I the amount given by
g(xe) + &2 Z;;}) f(xn), that is, Player I will have earned

T—1
gxo)+&2 ) flxn)

n=0

while Player II will have earned
T—1
—g(x0) =&Y f(xn).
n=0

We can think of this as Player II paying Player I &2 f(x;) when the token leaves x;,
and g(x;) when the game ends.
A strategy Sy for Player I is a pair of collections of measurable mappings

S1= ({Vk}liio’ {Slk}lio=0)’
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such that, given a partial history (xg, X1, ...,Xg), Player I chooses coin 1 with
probability

y*(x0,x1,...,xk) =y €0, 1]
and the next game position is
SIk(xo,xl, cees Xg) = Xg41 € Be(xg)
if Player I wins the toss. Similarly, Player II plays according to a strategy
St = {Sllf}l?;o-

Then, the next game position xg +1 € B¢ (xg ), given a partial history (xg, X1, . . ., Xg),
is distributed according to the probability

sy, Sy (X0, X1, ..., X, A) =
BIANBe(x)| | o o
|B£(xk)| + 5 Slk(xo,xl ..... xk)(A) + ESSllf(xo,xl ..... xk)(A)’
where y = y*(x.x1....x¢), @ =1y +az(1—y), B=B1y+B2(1—y) and 4
is any measurable set (note that & and 8 depend on Sy and (x¢, X1, . .., X;); we do

not make this explicit to avoid overloading the notation). From now on, we shall
omit k and simply denote the strategies by y, St and Sy;.

Let Q, = QUT e C R" be equipped with the natural topology, and the ¢ -algebra
B of the Lebesgue measurable sets. The space of all game sequences

H® = {xo} X Qe X Qg X+,

is a product space endowed with the product topology.

Let {F }po, denote the filtration of o-algebras, Fo C F1 C - which are defined
as follows: Fy is the product o-algebra generated by cylinder sets of the form
{x0} X A1 X+ X A X Qg X Qg --- with A; € B. For

o = (xg,w1,...) € H®,
we define the coordinate processes
Xk(a)):a)k, XkZH°°—>Rn, k:(),l,...

so that X}, is an Fz-measurable random variable. Moreover, Foo = O'(U .Fk) is the
smallest g-algebra so that all X are Foo-measurable. To denote the time when the
game state reaches I'¢, we define a random variable

t(w) =inf{k : Xp(w) e, k=0,1,...},

which is a stopping time relative to the filtration {F¢}22 -
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A starting point xo and the strategies S; and Sy define (by Kolmogorov’s
extension theorem) a unique probability measure [P’xo in H ™ relative to the
o-algebra F°°. We denote by [E 5181 the correspondlng expectatlon

Then, if St and Sy denote the strategles adopted by Player I and II respectively,
we define the expected payoff for Player I as

{ S5, [8(Xo) + €2 Sr_l f(xn)]  if the game ends a.s.,
—00

Vo, 1(S1. S11) = otherwise

and then the expected payoft for Player II as

Ey s, [8(Xc) + € Sl f(xn)] if the game ends ass.,

Vo, (ST, S11) = { )
+00 otherwise.

Note that we penalize both players when the game doesn’t end almost surely.
The value of the game for Player I is given by

ur(xo) = supg, infgy Vxo,1(51, Su),

while the value of the game for Player Il is given by

un(xo) = infg, supg, Vxo,1(S1. Su)-

When uy = uy we say the game has a value v := uy = uy. The values u(xp) and
um(xp) are in a sense the best outcomes each player can expect when the game
starts at xo. For the measurability of the value functions we refer to [Maitra and
Sudderth 1993; 1996].

Comment. It seems natural to consider a more general protocol to determine « in a
prescribed closed set. It is clear that there are only two possible scenarios: At each
turn, Player I wants to maximize the value of o and Player II wants to minimize
it, or the converse. An expected value for « is obtained in each case assuming
each player plays optimally. Depending on the value of « in each case, we are
considering a game equivalent to the one that we described previously or another
one where Player II gets the choice of the first coin, for certain values of ;.

4. The game value function and the dynamic programming principle

In this section, we prove that the game has a value, that is, u; = uy; and that this
value function satisfies the dynamic programming principle (DPP) given by

e2 f(x) + max (a {sup u + inf u}+,3,][ u(y)dy), x €,
2 B:(x)

u(x)= ie{1,2} B.(x) Be(x)
g(X), X € FS-
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Let’s see intuitively why this holds. At each step we have that Player I chooses
i € {1,2} and then we have three possibilities:

e With probability «;/2, Player I moves the token, trying to maximize the
expected outcome.

e With probability «; /2, Player II moves the token, trying to minimize the
expected outcome.

e With probability §;, the token moves at random.

Since Player I chooses i trying to maximize the expected outcome we obtain a
max; (1,2} in the DPP. Finally, the expected payoff at x is given by 2 f(x) plus
the expected payoff for the rest of the game.

Similar results are proved in [Antunovic et al. 2012; Liu and Schikorra 2013;
Luiro et al. 2013; Manfredi et al. 2012a; Peres et al. 2009; Ruosteenoja 2016]. Note
that when o; = a» (and hence 81 = f») Player I has no choice to make and we
recover known results for tug-of-war games (with or without noise); see [Peres
et al. 2009; Manfredi et al. 2012b]. We follow [Ruosteenoja 2016] where the idea
is to prove the existence of a function satisfying the DPP and then that this function
gives the game value. For the existence of a solution to the DPP we borrow some
ideas from [Antunovic¢ et al. 2012], and for the uniqueness of such a solution and
the existence of the value of the game we use martingales as in [Manfredi et al.
2012a]. However we will have two different cases: One, where the noise or the
strict positivity (or negativity) of f assures us that the game ends almost surely,
independently of the strategies adopted by the players. And another one where
we have to handle the problem of getting strategies for the players to play almost
optimally and to make sure that the game ends almost surely.

In what follows, Q2 C RY is a bounded open set and ¢ > 0, g: 'y — R and
f :Q — R are bounded Borel functions such that f =0, infg f > 0 orsupg f <O.

Definition 4.1. A function u is sub-p;-py-harmonious if

2 o .
e” f(x) + max (— sup u + inf u +,3-][ u(y)dy) x€Q,
u(x) < ie{1,2}\ 2 {BS(E) B.(x) )+ B.(x)

g(x) x €Tl
Analogously, a function u is super-pi-p>-harmonious if

2 0%} .

e f(x) + max (— sup u + inf u —i—ﬂ'][ u(y)dy), x €,
u(x) > ie{1,23\ 2 {Bg(x) Be(x) } ' B.(x)

g(.X), X € F8-

Finally, u is p1-p2-harmonious if it is both sub- and super-p;-p,-harmonious (i.e.,
the equality holds).
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Figure 1. The partition considered in the proof of Lemma 4.2.

Here «; and f; are given by

o pi—2 - N+2
al_pH—N and ﬂ’_pi+N’

Our next task is to prove uniform bounds for these functions.

=1,2.

Lemma 4.2. Sub-pi1-p>-harmonious functions are uniformly bounded from above.

Proof. We will consider the space partitioned along the x » axis in strips of width &/2.

To this end we define

[y € Be:yw <—¢/2| _ |y € Biiyn <—1/2)]
| Bs| | Bi]

The constant D gives the fraction of the ball B¢(x) covered by the shadowed
section in Figure 1, {y € B, : yny < xy —&/2}, and C the fraction occupied by its
complement.

Given x € Q, let us consider ¢ € R such that xy <tg/2+ /2. We get

D = and C=1-D.

{yeBe(x):yN <xN—%}C{ZE[RN:ZN<t%>.

Now, given u a sub-pj-p-subharmonious function, we have that

<2 f(x)+ (ﬂ + inf u)+ B d).
u(x) <& f(x)+ max 2{supu in u} ﬂﬁg(x)u(y) 'y

ie{1,2} Be(x) B (x)
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Now we can bound the terms in the right-hand side considering the partition given
above, see Figure 1. We have

supBg(x) u=< supQE u,
infBs(x) u=< SUP{yeB.(x):yn<xn—e/2} U = SUPQ, . N{zy <te/2} U>
and

&
]i Oy = [y € Bt o = = | suppy e comnzey e
e (x

&
+ “y € Be(x) : YN < XN — E}) SUP{yeB, (x):yn<xny—e/2} Y

<C supg, ¥ + D SUPQ. Nz <te/2} U-
Hence, we obtain
u(x) < &% supg f + maXie{l,Z}(%{supQE U+ SUPQ, iz <ts/2) U}
+ Bi{C supg, u + D Supg, iz, <te/2} “})
= &”supg f + maxi€{1,2}({% + ,Bic} supg, U
+ {%’ + ﬂiD} SUPQ, N{z,<t5/2} M)
= g2 supg f + maxie{1,2}<% + ﬁiC} supg, U
+ min; e(1 2} {O;—’ + Bi D} SUPQ, N{zy <te/2} U
=&”supg [ + K supg_ u+ (1= K)supg_nsy <se/2y U
where K = max; ey 23{ei /2 + BiC}. We conclude that
SUPQ. {2y <(1+1)e/2) Uk <€ supg [+ K supg_ ug+(1—K) Supg_nezy <re/2) Uk-
Then, inductively, we get
SUPQ. iz <(t+me/2} U < (€7 supg [ + K supg_u)
X3 U K) (1= K supgy ey <te2) -

We assume without loss of generality that @ C {x € RY : 0 < x5 < R} for some
R > 0. Now, we apply the formula for t = 0 and » such that ne/2 > R, and get

n—1 .
supg, u < (2 supg f + K supg, u) Zi:()(l —K)' +(1—K)"suprp, g

1—(1—K)"

= (gzsupgf-i-KsuPQg u) 1-(1-K)
_ _ n
- %82 supg f + (1= (1= K)") supg, u + (1 — K)" supr, g.

+ (1 —K)"supr, g
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Hence, we obtain
_ _ n
(1-K)"supg_u < %82 supg f + (1 —K)" supr, g.

that gives the desired upper bound,

S S— A
supg, U K(l K) g2 supg f + supr, &. O

Analogously, there holds that super-p1-p2-harmonious functions are uniformly
bounded from below.

Now with these results we can show that there exists a p1-p>-harmonious function
as in [Liu and Schikorra 2015] applying Perron’s Method. Remark that when f
and g are bounded we can easily obtain the existence of sub-p;-p>-harmonious and
super-p1-p>-harmonious functions.

We prefer a constructive argument (since we will use this construction again in
what follows). Let uy : 2, — R be a sequence of functions such that u; = g on
I'; for all k € N, then ug is sub-p;-p>-harmonious and

e (9= 2700+ ma (5 sup et ot el 6 f, e av),
B:(x) B:(x)

ie{1,2} B.(x)

for x € Q.

Now, our main task is to show that this sequence converges uniformly. To this
end, let us prove an auxiliary lemma where we borrow some ideas from [Antunovic¢
et al. 2012].

Lemma 4.3. Let x € Q, n e Nand fix A; fori = 1,...,4, such that

Up+1(X) —up(x) > Ay, lun —tn-1llcc = A2, ][ Up —Up—1 < A3,
B.(x)

A3z < A1, and Ag > 0. Then, for a := max{oi, oz} > 0, there exists y € Bg(x)
such that

201
o

Ca,— 2(1—“0{)/\3

inf > U, + — 4.
Blgr%x)un_un 1(y) 4

Proof. Given u,4+1(x) —un(x) > A1, by the recursive definition, we have

)L<52(x+max(a suu+1nfu+][ u d)
! S ie{1,2} 2{38(5) g B (x) n} P B (x) n(y)dy

_ng(x)_ max ( {SUP Up—1 + mf Up— 1}+,31][ un—l(y)dy)-
2 B (x) B.(x)

ie{1,2} B.(x)
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Since max{a, b} —max{c,d} <max{a —c,b—d}, we get

A1 < max (%{ sup u, + inf wu, — sup uy—; — inf un_l}
i€{1,2} B.(x) B (x) B.(x) Be(x)

+:8i][ Un(y) —un—1(y) dy)-
B:(x)
Using that st(x) Up —Up—1 < A3 We get

Q; . )
max (—-qsup up + inf u, — sup up—1 — inf u,— +'/\>>)L,
ie{l’Z}(z{Ba(l;) "TEO " pe B " o+ hids) = A

Now A3 < A implies

S{sup un + inf up— sup up—1— inf up_1}+(1—a)Az > Ar.
Bg(x) B:(x) Be(x) Be(x)

We bound the difference between the suprema using |[u, —uUn—1|lco < A2 and we
obtain

oy . . Ot/\z
—4inf u, — inf w1+ ==+ {1 —-a)Asz > A1,
2{B€(x) n Be(x) n 1} 2 ( ) 3 - A1
that is,
inf u, > inf u,_1+ 2’\_1_12_ 2(1—(1)13.
B (x) B.(x) o o

Finally we can choose y € B¢(x) such that
Up— < inf u,_1+ As,
n 1(y)_Bg(x) n—1 4

which gives the desired inequality. O

Now we are ready to prove the uniform convergence and, therefore, the existence
of a p1-pa-harmonious function.

Proposition 4.4. The sequence uy converges uniformly and the limit is a solution
to the DPP.

Proof. Since ug is sub-p1-pa-harmonious we have 11 > ug. In addition, if ug > uy_1,
by the recursive definition, we have uy 1 > ug. Then, by induction, we obtain that
the sequence of functions is an increasing sequence. Replacing uy < uy in the
recursive definition we can see that uy is a sub-p;-p-harmonious function for all k.
This gives us a uniform bound for u; (independent of k). Hence, the u; converge
pointwise to a bounded Borel function u.

In the case &1 = o = 0 we can pass to the limit on the recursion because of
Fatou’s lemma. Hence we assume « := max{o, a2} > 0.

Now we show that the convergence is uniform. Suppose not. Observe that if
lun+1 — Unlloo — O we can extract a uniformly Cauchy subsequence, thus this
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subsequence converges uniformly to a limit ». This implies that the u; converge
uniformly to u, because of the monotonicity. By the recursive definition we have
lun+1—unlloo = llUn —Un—1llco = 0. Then, as we are assuming the convergence
is not uniform, we have

lun+1—tnlloo > M and |[up41—tnlooc>M

for some M > 0.
Let us observe that by Fatou’s lemma it follows that

lim . u(y) —un(y)dy =0,

n—>oo

so we can bound fBe (x)Un+1—tn uniformly on x.
Given 6 > 0, let ng € N such that for all n > ny,

lun+1—unlloo <M +38 and ][ Up4+1—Up <6,
B:(x)

for all x € Q. We fix k > 0. Let x¢ € 2 such that

Ung+k (X0) — Upgtk—1(x0) = M — 4.

Now we apply Lemma 4.3 for Ay = M —§, A, =M + 6, A3 =6 and A4 = § and
we get

Ung+k—1(X0) Ungrk—1(x1) = Bil(lfo)uno+k—1
>ty 2 () + 20y 1) - 20 s
=ty k2 (o) + M (2—1) =52
> Mno+k—2(x1)+M_8§7

for some x1 € Bg(x0). Let us define £ = 4/«. If we repeat the argument for x1,
but now with A; = M — §&, we obtain

Ung+k—2(X1)s Ung+k—2(X2) = Upgyi—3(x2) + M —§(E + £).
Inductively, we obtain a sequence x;, 1 </ <k — 1 such that
l
Ung+k—1 (X1=1)s Ungke—1 (X1) = Ungyk—1—1(x7) + M =6 thl g
In Lemma 4.3 we require A3 < A1, so we need k(§) to satisfy

)
M-5§) E>58,

t=1
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that is, ;
M>$§ Z g
=0

for 1 </ <k —1. As the right-hand side term grows with /, it is enough to check it
for | =k — 1. Since

I
Z i,— <gt o<t

we obtain
I+1
Ung k-1 (X1—1) = Ungtk—i—1 (X)) + M —8E T,

Adding these inequalities for 1 </ <k —1, and u,, -k (X0) —Up+k—1(X0) = M —§
we get

Ung+k (X0) = g (Xg—1) + kM — 82 N

From the last inequality and the condition for k(8), since

k—1 k

I+1 I k+1
D= g <kt
=0 I=1

we have
Ungtk (X0) > tng (Xg—1) + kM — §EFH1

for all k such that M > §g¥*1 Fork + 1 = Llog(M/S)/log SJ this gives

log(M/8) 3)M
log & '

Uno+k (X0) = Uny(Xk—1) + (

which is a contradiction since
log(M/38)
s>o+ logé

and the sequence u, is bounded. We have that u;, — u uniformly, therefore the
result follows by passing to the limit in the recursive definition of u,. In fact, that
the uniform limit of the sequence uj is a solution to the DPP is immediate since
from the uniform convergence we can pass to the limit as 7 — oo in all the terms
of the DPP formula. O

Now we want to prove that this solution to the DPP, u, is unique and that it
gives the value of the game. To this end we have to take special care of the fact
that the game ends (or not) almost surely. First, we deal with the case 1, B2 > 0,
supg f <0 orinfg f > 0. We apply a martingale argument to handle these cases.
In other cases we also use the construction of the sequence up.
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Lemma 4.5. Assume that B1, B2 >0, sup f <0 orinf f > 0. Then, if the function
v is a p1-pa-harmonious function for g, and f, such that g, < gu, and fy, < fu,.
then v < uy.
Proof. By choosing a strategy according to the points where the maximal values
of v are attained, we show that Player I can obtain a certain process which is a
submartingale. The optional stopping theorem then implies that the expectation of
the process under this strategy is bounded by v. Moreover, this process provides a
lower bound for uj.

Player II follows any strategy and Player I follows a strategy SIO such that at
Xr—1 € 2 he chooses y to be 1 if

o1
T sw )+ u(y)}+ﬂ1][ u(y) dy
2 yeB:(x) €B:(x) e (x)

a2
> 2 s u+ it M(y)}+ﬁz][ u(y) dy
2 yeBa(x) s(x) Bg(x)

and 0 otherwise, and he chooses to step to a point that almost maximizes v, that is,
to a point x; € Bg(x;_1) such that

V(Xk) = SUPB, (x;_ 1)V — 2k

for some fixed n > 0. We start from the point xg. It follows that
k—1

[Eiéos() |:v(xk) + 82 Z f(-xn) - nz—k L X0y ey Xk_1:|
n=0

o —k
> max (— inf v—n2""4+ sup v{+ ,3-][ v dy)
ie{1,2} 2 {Be(xk D) Bo(xg—1) } l Be(xx—1)

k—1
+e2 Y flan)—m27F
n=0
k—1

> (k1) — 2 f (1) = 127F + 62 Y flxn) =27

n=0
k—2

= v(x—1) +82 ) flxn) —n2*
n=0

where we have estimated the strategy of Player II by inf and used the fact that v is
p1-p2-harmonious. Thus
k—1

M =v(xe) + 2 3 f (n) =027
n=0

is a submartingale.
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Now we observe the following: if 81, 82 > 0 then the game ends almost surely
and we can continue (see below). If sup f* < 0 the fact that M}, is a submartingale
implies that the game ends in a finite number of moves (that can be estimated). In
the case inf f > 0 if the game does not end in a finite number of moves then we
have to play until the accumulated payoff (recall that f gives the running payoff)
is greater than v and then choose a strategy that ends the game almost surely (for
example pointing to some prescribed point xo outside €2).

Since gy < gy, and f, < fy,, we deduce

. —1
(o) = sup inf 5, [2us () + 2 ano £ )]
=inf B ¢ [gote0) +62 30 f0m)—n27"]

(r—1)Ak
X0 2 2 : _ ~—(tAk)
= ls%lf lllcn—l>10r<13f IESI aSn I:v(xt/\k) te n=0 f(xn) 72 ]

> 1§1Hf Ego g, [Mo] = v(xo) —17.

where (t — 1) Ak = min(t — 1, k), and we used Fatou’s lemma as well as the
optional stopping theorem for Mj.. Since 7 is arbitrary, this proves the claim. [

A symmetric result can be proved for uy;, hence we obtain the following result:

Theorem 4.6. Assume that B1, B2 > 0, sup f <0 orinf f > 0. Then there exists
a unique p1-p2-harmonious function. Even more the game has a value, that is
Uy = uyg, which coincides with the unique pi-p-harmonious function.

Proof. Let u be a pi-pp-harmonious function, which exits, as we know from
Proposition 4.4. From the definition of the game values we know that uy < uyj.
Then by Lemma 4.5 we have that

Uy <unpg =u < uj.

Thus u; = uy; = u. Since we can repeat the argument for any p;-p>-harmonious
function, uniqueness follows. O

Remark 4.7. Note that if we have a sub-p1-p-harmonious function u, then v given
by v=u—C in Q and v =u in ['¢ is sub-p-p-harmonious for every constant C > 0.
In this way we can obtain a sub-p1-p>-harmonious function smaller than any super-
Pp1-p2-harmonious function, and then if we start the above construction with this
function we get the smallest p;-p>-harmonious function. That is, there exists a
minimal pi-pa-harmonious function. We can use the analogous construction to get
the largest p1-p2-harmonious function (the maximal p;-p>-harmonious function).

We now tackle the remaining case in which f = 0 and one of the f; is O (that is
the same as saying that one of the «; is equal to 1).
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Theorem 4.8. There exists a unique pi-pa-harmonious function when o = 1,
ar>0and f =0.

Proof. Suppose not, then we have u and v such that

v(x) =max{l(sup v+ inf v),

sup v+ inf v)+pB v}
2 B.(x) B:(x) ( ) B (x)

B.(x) B:(x)

IR

1 . o .
u(x)=max{— sup u+ inf u), = supu—l—mfu—l—,B][ u}
2(Ba(x) B:(x) ) 2(Bg(x) Be(x) ) Be(x)
in 2 and
u—=7uv= g
on I'; with

lu —v|oo =M > 0.

As we observed in Remark 4.7 we can assume u > v (just take v as the minimal
solution to the DPP). Now we want to build a point where the difference between u
and v is almost attained and v has a large variation in the ball of radius ¢ around
this point (all this has to be carefully quantified). First, we apply a compactness
argument. We know that

S_25/4 C U Ba/2(x)~

x€N

As Q, /4 1s compact, there exists y; such that

k
ﬁ‘9/4 C U Bs/2(yi)-
i=1

Let A={i €{l,...,k} :u or v are not constant on B/, (y;)} and let A > 0 such
that, for every i € 4,
. 48 .
sup u— inf u>[(44+--5)A or sup v— inf v>2A.
B:(y;))  BeOi) o B.(y;)  BsOi)

We fix this A. Now, for every § > 0 such that A > § and M > §, let z € Q such that
M —§ <u(z)—v(z). Let

O={xeQ:u(x)=u(z)and v(x) =v(z2)} C Q.
Take Z € 00 C Q. Letting io be such that Z € Bg/2(yig), we have
Bej2(3ig) VO #@ and  Bgjp(yip) N O # 3,

hence ig € A. Let xo € Bg/2(yi,) N O. In this way we have obtained xo such that
u(xp) —v(xg) > M —§ and one of the following holds:
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. 48

(1) sup u— inf u> {44+ — A,
Be(xo)  Be(xo) o
2) sup v— inf v >2A.

B.(x0) B (x0)
Let us show that in fact the second statement must hold. Suppose not, then the first
holds and we have

sup v— inf v <2A.
B (x0) Be(x0)

Given that
v(xo) > 3( sup v+ inf v),
B (x0) B (x0)
we get
v(xg) +A > sup v.
B (x0)
Hence

v(xg) +A+M > sup v+ M > sup u.
B.(x0) B¢ (x0)

Further, since
u(xo)—v(xg) >M—-6>M—A,

we get
u(xg) +2A > sup u,
B:(x0)
and A
sup u> inf u+ (4+ —'B)A
Be(xo)  Be(xo) o
Hence

u(xo)—(2+%))\> inf wu.

B¢ (x0)

If we bound the integral by the value of the supremum we can control all the terms
in the DPP in terms of u(x¢). We have

( sup u+ inf u)+p

( sup u+ inf u), u}
Be(xo)  Be(xo) B:(x0)

B (x0) Be(x0)
(u(xo) + 24 +u(xo) — (2 + %)k),
%(u(xo) + 2 4 u(xg) — (2 + %)A) + B(u(xo0) + ZA)}

N —
IR

u(xg) = max{

< max{

N [—

< max{ u(xo) — %)&, u(xo)} = u(xo),
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which is a contradiction. Hence, the second condition must hold, that is, we have

sup v— inf v>2A.
B (x0) Be(x0)

Applying the DPP we get

v(xo) > 3( sup v+ inf v)
B.(x0) B (x0)

together with the fact that

sup v— inf v>2A,
Be(xo)  Be(xo)

and then we conclude that

v(xg) > inf v+ A.

B¢ (x0)

We have proved that there exists xo such that

v(xg)> inf v+A and u(xg)—v(xg) > M —38.

B (x0

Now we are going to build a sequence of points where the difference between u
and v is almost maximal and where the value of v decreases by at least A in every
step. Applying the DPP to M —§ < u(xg) — v(xo) and bounding the difference of
the suprema by M we get:

M—25+ inf v< inf u.
@ " Be(xo)  Be(xo)

Let x1 be such that v(x) > v(x1) + A and infp_(,) v+ > v(x1). We get

M—(1+ 5)5 Fux) <ulx).
To repeat this construction we need the following two results:

e In the last inequality, if § is small enough u(x;) # v(x1), hence x; € Q.

* We know that 2v(x1) > infp,(x,) v +8upp, (x,) V > v(xo) +infp, (x,) v. Hence,
since v(xp) > v(x1) + A, we get v(x1) > infp,(x,) v + A.

Then we get
v(Xp—1) > v(xn) + A

and

M- ( Z(%)k)s +u(xn) < u(xn).

k=0
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We can repeat this argument as long as

- (26 )e

k=0

which is a contradiction with the fact that v is bounded. O

Now we want to show that this unique function that satisfies the DPP is the
game value. The key point of the proof is to construct a strategy based on the
approximating sequence that we used to construct the solution.

Theorem 4.9. Given f =0, the game has a value, that is uy = ur, which coincides
with the unique pi1-pa-harmonious function.

Proof. Let u be the unique pi-pp-harmonious function (the uniqueness is given by
Theorems 4.6 and 4.8). We will show that ¥ < uj. The analogous result can be
proved for uy, completing the proof.

Let us consider a sub-p1-p>-harmonious function uo which is smaller than infg g
at every point in 2. Starting with this uo we build the corresponding u; as in
Proposition 4.4. We have that uy — u as k — oo.

Now, given § > 0, let n > 0 be such that u, (xo) > u(xg) — /2. We build a
strategy SIO for Player I: in the first # moves, given x;_1 he will choose to move to
a point that almost maximizes u,_, that is, he chooses x; € Bg(xj_1) such that

§
Up_i(Xg) > sup Un—k =75
Be(xk—1) n

and chooses y in order to maximize

%{ inf  u,_j— ; + sup un_k} + ,31'][ Up—k dy.
Be(xk—1) Be(xx—1) B (xk—1)

After the first n moves he will follow a strategy that ends the game almost surely
(for example pointing in a fix direction).

We have
ké
5 L1k C50) % 2 £ S0n--
oz,-{ . 8 ké
> max |—={ inf wu, p—=—4+ sup u —k}+,3‘][ U _kdy)+—
"6{1’2}(2 B "2 iy e " 2n

k—1)6
> Up_fey1(Xk—1) + (2—’1)
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where we have estimated the strategy of Player II by inf and used the construction
for the uy. Thus

k§ 6
M = un—k(xk)+ﬂ—§ for0 <k <n,

infg g for k > n,

is a submartingale.
Now we have

i) = sup inf E20 ¢ [g(xo)]
S; Su ’

> inf E¥9 X
i SII SIO’SII [g( ‘L’)]

> inf liminf EY9, _ [My]

Su k—oo SIO S
>infEgo ¢ [Mo] = un(xo) — g > u(xg) — 8,
Sy °21Pu 2
where t Ak = min(z, k), and we used the optional stopping theorem for Mj. Since
§ is arbitrary, this proves the claim. O

As an immediate corollary of our results in this section we obtain a comparison
result for solutions to the DPP.

Corollary 4.10. If v and u are pi1-pz-harmonious functions for g, fy and gy, fu,
respectively such that g, > g, and f, > fy, then v > u.

5. Properties of harmonious functions and convergence

First, we show some properties of pi-pa-harmonious functions that we need to
prove convergence as ¢ — 0. We want to apply the following Arzela—Ascoli-type
lemma. For its proof, see [Manfredi et al. 2012b, Lemma 4.2].

Lemma 5.1. Let {u, : Q@ — R, & > 0} be a set of functions such that

(1) there exists C > 0 such that |ug(x)| < C for every e > 0 and every x € 2,

(2) given n > 0 there are constants ro and &g such that for every € < g9 and any
X,y € Qwith |x —y| <ro,

e (x) —ue(y) <.

Then, there exists a uniformly continuous function u : @ — R and a subsequence
still denoted by {u.} such that

U —u uniformlyin S,

as & — 0.
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So our task now is to show that the family u, satisfies the hypotheses of the
previous lemma. To this end we need some bounds on the expected exit time in the
case of a player choose a certain strategy.

Let us start showing that u, are uniformly bounded. In Lemma 4.2 we obtained
a bound for the value of the game for a fixed &; here we need a bound independent
of e. To this end, let us define what we understand by pulling in one direction: we
fix a direction, that is, a unitary vector v and at each turn of the game the player
strategy is given as S(xg_;) = xg_; + (e —&3/2F).

Lemma 5.2. In a game where a player pulls in a fixed direction the expectation of
the exit time is bounded above by

E[t] < Ce™?
for some C > 0 independent of ¢.

Proof. First, let us assume without loss of generality that
QC{xeR":0<x, <R}

and that the direction that the player is pulling to is —e,. Then

My = (xg)n + ;—k
is a supermartingale. Indeed, if the random move occurs, then we know that the
expectation of (Xg41)n is equal to (xg),. If the tug-of-war game is played we
know that with probability one half, (xgy1)n = (Xg)n —& + &/ 2k and if the other
player moves (xx41)n < (xg)n + &, so the expectation is less than or equal to
(xk)n + £3/25 1.

Let us consider the expectation for (M. — My )?. If the random walk occurs,
then the expectation is £2/(n 4 2) + o(¢?). Indeed,

2 2 |8B1| ¢ n+1 g2
B = .
][ ][' = i |/ OB = Gl Jy T T 2

If the tug-of-war occurs we know that with probability one half (xgy1), =
(Xk)n — €& + &3 /2%, so the expectation is greater than or equal to £2/3.

Let us consider the expectation for M 2 M ,3 1- We have

E[MZ — M ] = E[(Mg 41 — My)?] + 2E[(M — My 1) My 1]
As (xg)n is positive, we have 2E[(My — Mg 4+1)Mj41] > 0. Then

E[MZ—MZ, 1> ¢&/(n+2),
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so M kz + ke?/(n + 2) is a supermartingale. According to the optional stopping
theorem for supermartingales,

(r/\k)s2 2
[E|:Mmk+ | =M.

We have

El(e A RS < MG — EIM2, ] < M3

Ak
Taking the limit in k£, we get a bound for the expected exit time,

EFlz] < (n +2)Mge2,
so the statement holds for C = (n + 2)R>. O

Lemma 5.3. An f-p1-pa2-harmonious function ug with boundary values g satisfies

(5-1) mf g(y) +C lnf S() Sue(x) < sup g(y) + C sup f(y).

yele ye

Proof. We use the connection to games. Let one of the players choose a strategy of
pulling in a fixed direction. Then

E[z] < Ce™2,

and this gives the upper bound

—1

[g(xf)ﬂ 3 f(Xnﬂ < sup g(3)+ B[l sup /()

n=0 yele yeQ

< sup g(y)+C sup f).
yele yeQ

The lower bound follows analogously. O

Let us show now that the u. are asymptotically uniformly continuous. First we
need a lemma that bounds the expectation for the exit time when one player is
pulling towards a fixed point.

Let us consider an annular domain Bg(y)\ Bs(y) and a game played inside. In
each round the token starts at a certain point x, an e-step tug-of-war is played inside
BRr(y) or the token moves at random with uniform probability in Br(y) N B¢(x).
If an e-step tug-of-war is played, there is a probability of one half for either player
to move the token to a point of his choosing in Br(y) N B.(x). We can think there
is a third player choosing whether the e-step tug-of-war or the random move occurs.
The game ends when the position reaches B(y), that is, when x;+ € Bg(y).
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Lemma 5.4. Assume that one of the players pulls towards y in the game described
above. Then, no mater how many times the tug-of-war is played or the random
move is done, the exit time verifies

(5-2) E*0(*) < (C(R/8) dist(dBs (). xo) + o(1)) /€%,

for xo € BR(y) \ Bs(y). Here t* is the exit time in the previously described game
and o(1) — 0 as € — 0 can be taken as depending only on & and R.
Proof. Let us denote

he(x) = E¥ (7).

By symmetry, we know that /4, is radial and it is easy to see that it is increasing in
r = |x — y|. If we assume that the other player wants to maximize the expectation
for the exit time and that the random move or tug-of-war is chosen in the same way,
we have that the function /i, satisfies a dynamic programming principle,

he(x) = max{ l( max he + min hg), ][ he dz} +1,
2\ B.(x)NBr(») B:(x)NBr(») B:(x)NBr(»)

by the above assumptions and that the number of steps always increases by 1 when
making a step. Further, we denote v¢(x) = £2h(x) and obtain

ve(x) = max{ l( sup Ve + inf vs), ][ Vg dz} + &2
2 B:(x)NBR(y) Be(x)NBR(y) B:(x)NBR(y)

This induces us to look for a function v such that

(5-3) v(x) > ][ vdz+¢*> and v(x)> %( sup v+ inf v) + &2
B (x) Be(x) Be(x)

Note that for small ¢ this is a sort of discrete version of the following inequalities:

{Av(x) <-2(n+2), x€Bris(y)\ Bs—e().
Aocov(x) <=2, X € BRe(¥) \ Bs—¢ ().

This leads us to consider the problem

Av(x) =—=2(n+2), x€ Bris(y)\Bs(y).

(5-4)

(5-5) v(x) =0, x € 0Bs(y),
3
5 =0, X € BRrie(y),

where dv/dv refers to the normal derivative. The solution to this problem is radially
symmetric and strictly increasing in » = |x — y|. It takes the form

—ar?—pr2=N 4+ ¢  if N >2,and

v(r) =
") —ar?>—blog(r)+c if N=2.
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If we extend this v to Bs(y)\ Bs_. (), it satisfies Av(x) =—2(N +2) in Brys(»)\
Bs_.(y). We know that

N—-1

AoV = Vpr < Vpp + vy = Av.

Thus, v satisfies the inequalities (5-4). Then, the classical calculation shows that v
satisfies (5-3) for each Bg(x) C Braie(¥)\ Bs—_e(¥).
In addition, as v is increasing in r, it holds for each x € Bg(y) \ Bs(y) that

][ vdzf][ vdz <v(x)—¢?
B:(x)NBR(») Be(x)

and
%(Bg(x)sggze(y) o Be(x)ifglgR(Y) )= %(Bsgu(g) o Bisr})fc) v) vl -
It follows that
Elv(xg) +ke? : xo,.. ., Xf—1]
< max] 1( sup v+ inf v ][ vdz
Be(xk—)NBr(y)  BeGk—1NBr() Be(xk—1)NBR(Y)

<v(xg_1) + (k —1)&2,

if xx_1 € BR(y)\ Bs(y). Thus v(x) + k&2 is a supermartingale, and the optional
stopping theorem yields

(5-6) E°[v (xpx pk) + (7% Ak)E?] < v(x0).
Because x;+ € Bs(y) \ Bs_e(y), we have
0 < —E*[v(x=)] < o(1).
Furthermore, the estimate

0 < v(xo) < C(R/8) dist(dBs (). xo)

holds for the solutions of (5-5). Thus, by passing to the limit as k — oo, we obtain
2 EX[*] < v(x0) — E[u(x.+)] < C(R/8)(dist(dBs (). xo) + o(1)).

This completes the proof. O

Next we derive a uniform bound and estimate for the asymptotic continuity of
the family of p;-p>-harmonious functions.

We assume here that 2 satisfies an exterior sphere condition: for each y € 9€2,
there exists Bg(z) C R" \ Q such that y € dBs(z).
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Lemma 5.5. Let g be Lipschitz continuous in U and f Lipschitz continuous in
such that f =0, inf f > 0 orsup f <O0. The p1-pa-harmonious function ug with
data g and f satisfies

(5-7)  |ug(x) —ug(y)| <Lip(g)(|x — y|+6)
+C(R/8)(Ix = y| +0(D)) (1 + || flloo) + C Lip(f)]x — !,

for every small enough § > 0 and for every two points x,y € Q U Tg. Here o(1)
can be taken depending only on § and R.

Proof. The case x, y € I'; is clear. Thus, we can concentrate on the cases x € €2
and y € I'; as well as x, y € Q.

We use the connection to games. Suppose first that x € Q and y € [';. By the
exterior sphere condition, there exists Bg(z) C R" \ € such that y € dBg(z). Now
Player I chooses a strategy of pulling towards z, denoted by S7. Then

Mk = |xk—z| —C82k
is a supermartingale for a sufficiently large constant C, independent of ¢. Indeed,

[Eié%snﬂxk —z| t X0, ..., Xp—1]

< max (ﬂﬂxk_l —z|+e—& 4 |xp_1 — 2| —e} +,8,~][ |x —z| dx)
ief1,23\ 2 Be(xk—1)
< |xp_1 —z|+ Ce%

The first inequality follows from the choice of the strategy, and the second from the
estimate

][ |x —z|dx < |xp_; —z| + C%.
Be(xx—1)

By the optional stopping theorem, this implies that

(5-8) [E);?Z,SI][|XT —Z|] <|xo—z|+ C &2 S [z].

z
SI’ I

Next we can estimate [E’;g 5[] by the stopping time of Lemma 5.4. Let R > 0
1210
be such that 2 C Bgr(z). Thus, by (5-2),

82 [EXO

525,111 < 82[E§‘I§, s, [t*] < C(R/8)(dist(dBs(z), x0) + o(1)).

Since y € 0Bs(2),
dist(aBg(z),xo) <|y—xol,

and thus, (5-8) implies

B g, [1e = 21] = C(R/8) (10 = ¥+ 0(1).
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We get
g(2) = C(R/8)(1x = y| +0(1) < B ¢ [(xo)].

Thus, we obtain

—1
supg, infg; [Eg?,sn[g(xt) 4+ g2 Z f(xn)]

n=0
7—1
> infg, [E);‘I;,Sn[g(xr) +e2 ) f(xn):|
n=0

> g(z) — C(R/8)(Ixo — y| +0(1)) — e infis, ES ¢ [¢]l]f lloo
> 2() — Lip(£)8 — C(R/8) 10 — y| +0(D) (1 + | /| oo).

The upper bound can be obtained by choosing for Player II a strategy where he
points to z, and thus, (5-7) follows.

Finally, let x, y € Q and fix the strategies Sy, Sy for the game starting at x. We
define a virtual game starting at y: we use the same coin tosses and random steps as
the usual game starting at x. Furthermore, the players adopt their strategies S, S}
from the game starting at x, that is, when the game position is y;_1 a player chooses
the step that would be taken at x;_ in the game starting at x. We proceed in this
way until for the first time xj € I's or yi € I's. At that point we have

|xk — yi| =[x =y,

and we may apply the previous steps that work for x; € Q, y; € I's or for
Xk, Vi € Te.

If we are in the case f = 0 we are done. In the case infycq|f(y)| > 0, as we
know that the u, are uniformly bounded according to Lemma 5.3, we have that the
expected exit time is bounded by

maxyer, |g(¥)| + C maxy e[ f(¥)]
infyeqlf(y)]

So the expected difference in the running payoff in the game starting at x and
the virtual one is bounded by C Lip( f)|x — y|, because |x; — y;| = |x — y| for all
0<ic<k. O

C =

Corollary 5.6. Let {u.} be a family of p1-pa-harmonious functions. Then there
exists a uniformly continuous u and a subsequence still denoted by {u¢} such that

Ug — u uniformly in Q.

Proof. Using Lemmas 5.3 and 5.5 we get that the family u, satisfies the hypothesis
of compactness in Lemma 5.1. O
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Theorem 5.7. The function u obtained as a limit in Corollary 5.6 is a viscosity
solution to (1-2) when we consider the game with f/2 as the running payoff
function.

Proof. First, we observe that u = g on 92 since u, = g on d2 for all ¢ > 0.
Hence, we can focus our attention on showing that u is p;-p;-harmonic inside
Q in the viscosity sense. To this end, we recall from [Manfredi et al. 2010] an
estimate that involves the regular Laplacian (p = 2) and an approximation for the
infinity Laplacian (p = co). Choose a point x € © and a C2-function ¢ defined in
a neighborhood of x. Note that since ¢ is continuous we have

min ¢(y) = inf @P(y)

yeEB(x) Y€E€B:(x)
for all x € Q. Let x{ be the point at which ¢ attains its minimum in B(x),
¢(x{)= min (y).
Y€B:(x)
It follows from the Taylor expansions in [Manfredi et al. 2010] that

(5-9) S( max )+ min M)+ Py dy—¢x)

yEB.(x) y€B:(x) B:(x)

= ol e (P2 () (S5 asc) o,

Suppose that ¢ touches u at x strictly from below. We want to prove that
F*(Vé(x), D?¢(x)) > f(x). By the uniform convergence, there exists a sequence
{x¢} converging to x such that u; — ¢ has an approximate minimum at x, that is,
for n, > 0, there exists x, such that

Ug(x) —P(x) = ug(xe) — P (xe) — 1.

Moreover, considering ¢ = ¢ —u(xs) — ¢ (x;), we can assume that ¢ (xg) = 1 (x¢).
Thus, by recalling the fact that u, is p;-p>-harmonious, we obtain

ne > 2f(xs) —¢(x;) + max {%( max ¢+ min ¢>)+,31][ ¢(y)d)’}’
B:(x¢)

ie{1,2} Be(xe) Be(xe)

and thus, by (5-9), and choosing 7, = 0(£?), we have

0= % max gai<D2¢(x8)(xf_xs), (XT_XS)>+91‘A¢(X8)}
ie{1,2} 3 €

+ &2 —f(XS) + 0(82).
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Next we need to observe that

(o) (7))
& &

converges to Aso(x) when V@ (x) # 0 and is always bounded in the limit by
Amin(D2¢(x)) and Apax (D2 (x)). Dividing by €2 and letting £ — 0, we get

F*(Vg(x), D*¢(x)) = f(x).

Therefore u is a viscosity supersolution.

To prove that u is a viscosity subsolution, we use a reverse inequality to (5-9)
by considering the maximum point of the test function and choose a smooth test
function that touches u from above. O

Now, we just observe that this probabilistic approach provides an alternative
existence proof of viscosity solutions to our PDE problem.

Corollary 5.8. Any limit function obtained as in Corollary 5.6 is a viscosity solution
to the problem

max{—Ap u,—Ap,u}=f ong,
u=g on 082.
In particular, the problem has a solution.

We proved that the problem has an unique solution using PDE methods, therefore
we conclude that we have convergence as € — 0 of u, (not only along subsequences).

Corollary 5.9. It holds that
ug —u uniformlyin  Q,

being u the unique solution to the problem

max{—Ap u,—Ap,u}=f onQ,
u=g on 092,
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VAN EST ISOMORPHISM FOR HOMOGENEOUS COCHAINS

ALEJANDRO CABRERA AND THIAGO DRUMMOND

VB-groupoids define a special class of Lie groupoids which carry a compati-
ble linear structure. We show that their differentiable cohomology admits a
refinement by considering the complex of cochains which are k-homogeneous
on the linear fiber. Our main result is a van Est theorem for such cochains.
We also work out two applications to the general theory of representations
of Lie groupoids and algebroids. The case k = 1 yields a van Est map for
representations up to homotopy on 2-term graded vector bundles and, more-
over, to a new proof of a rigidity conjecture posed by Crainic and Moerdijk.
Arbitrary k-homogeneous cochains on suitable VB-groupoids lead to a novel
van Est theorem for differential forms on Lie groupoids with values in a rep-

resentation.
1. Introduction 297
2. Homogeneous cochains and the van Est map for VB-groupoids 300
3. 1-homogeneous cochains and representations up to homotopy 309
4. Differential forms with values in a representation 317
Appendix: Formulas for the evaluation map 327
Acknowledgments 334
References 335

1. Introduction

The van Est theorem [1953a; 1953b; 1955a; 1955b] is a classical result relating
the differentiable cohomology associated to a Lie group with the underlying Lie
algebra cohomology. More precisely, given a Lie group G with Lie algebra g, the
van Est map is a map

VE:CP(G)={f € C®(G"): f(g1.....8y) =0if g = e} - CE(g) = A’g"

MSC2010: 22A22,53D17.
Keywords: Lie groupoids, van Est theorem.
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taking (normalized) differentiable p-cochains on G to Lie algebra p-cochains. It is
defined (up to sign) by

(1-1) VE(f)(u1, ... up) = Y sg0(0) Ruygy - - Ruyg /-

o€S,

where R, : CP(G) — CP~1(G) is the operator which differentiates f (-, g2,..., &p)
at the unit e with respect to the right-invariant vector field corresponding to u. The
map VE can be seen as a model for the pullback of functions along the projection
of the universal G-bundle EG — BG. The van Est theorem then states that if
G is (topologically) po-connected, the map induced by VE in cohomology is an
isomorphism for p < pg and injective for p = pg+ 1. In the setting of Lie groupoids,
the van Est theorem was first studied by A. Weinstein and P. Xu [1991] for pg =1
and later generalized for arbitrary degrees by M. Crainic [2003] (see also the more
recent work of D. Li-Bland and E. Meinrenken [2015]).

In this paper, we provide a refinement of this theorem for a particular class of
Lie groupoids endowed with a compatible linear structure, called VB-groupoids
[Pradines 1988] (see also [Bursztyn et al. 2016; Gracia-Saz and Mehta 2010; 2011]).
In this case, the linear structure allows us to refine the van Est theorem by looking
at homogeneous cochains, and we are able to derive several interesting applications
from this general result.

To illustrate our approach, we examine here a simple situation involving a Lie
group G and a linear representation pg : G — Aut(V) on a (finite-dimensional)
real vector space V. The associated complex of differentiable cochains for G with
values in V is CP(G, V) ={f : G’ — V : f(g,...,8p) =0if g; = e} with
a differential § : C”(G, V) — CP*(G, V) which encodes pg (see Example 2.5
below for an explicit formula). Infinitesimally, associated to the induced Lie algebra
representation pg : g — End(V'), we have the Chevalley—Eilenberg complex of Lie
algebra cochains with values in V, namely CE” (g, V) = A’g* ® V. In this setting,
there exists a natural analogue of the van Est map

(1-2) V,:CP(G,V)— CE”’(g, V).

How can one prove a van Est theorem for W,? There are two approaches: the first
one is to re-prove the statement from scratch mimicking the proof of the standard
case. The second one is to deduce the desired result from the known van Est theorem
for Lie groupoids by relating the map (1-2) to the van Est map VE for the action
groupoid V = V* x G. It is the second approach that we pursue in this paper.

To relate VE and W, notice that both V' and its space of p-composable arrows
B,V define vector bundles V — G and B,V — GP?, respectively. (Actually, B,V
is isomorphic to V* x G”.) One can then show that the differentiable cochains
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f € C*(B,V) which are fiberwise k-homogeneous define a subcomplex
ClhomW) CCP (V).

Analogously, the Lie algebroid v = V* x g of V also defines a trivial vector bundle
v — g and the fiberwise k-homogeneous cochains define a subcomplex

CE} jom (D) C AP0,
The key point is that VE preserves k-homogeneous cochains, thus restricting to a map
VEihom : Cf pom (V) = CEL4om (V)

which, by a simple homological algebra argument (see page 307), is an isomorphism
(resp. injective) in cohomology whenever VE is. Finally, to obtain the van Est
theorem for V-valued cochains one has to verify that

HP(C{hom(V) = HP(C*(G, V),
HP(CE} o (1)  HP (A'g"Q V),

1-hom

VEl-hom ~ \I’p.

In this paper, we follow the same reasoning but with V replaced by an arbi-
trary VB-groupoid. The main arguments follow directly as above but nontrivial
computational effort needs to go into the last ingredient of the argument, namely,
into relating the complexes of homogeneous (groupoid and algebroid) cochains to
certain complexes already introduced in the literature from different perspectives.
In particular, we obtain explicit formulas for the underlying van Est maps.

We work out two applications: in the first, we deduce a van Est theorem for repre-
sentations up to homotopy in 2-term graded vector bundles [Arias Abad and Crainic
2012; 2013; Gracia-Saz and Mehta 2010; 2011] by looking at 1-homogeneous
cochains and generalizing the case of p above, recovering results from [Arias Abad
and Schitz 2011]. Moreover, we prove a cohomological vanishing result for these
1-homogeneous cochains which, in the case of the adjoint representation, leads
to a realization of the original idea proposed in [Crainic and Moerdijk 2008] for
showing a rigidity result for certain proper groupoids. (This last result was also
proven in [Arias Abad and Schitz 2011] using different methods.) The second
application provides a new van Est theorem for differential forms on Lie groupoids
with coefficients in a representation, generalizing [Arias Abad and Crainic 2011]
on the Bott—Shulmann complex and [Crainic et al. 2015b] on Spencer operators. It
is interesting to notice that, in this second application, another idea is incorporated
(which has its roots in supergeometry and was used in a Lie-theoretic context
by Mehta [2009]): forms in A*V* are k-homogeneous functions on V*. For this
application, we need the refinement of the van Est theorem in its full extent (i.e., for
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k-homogeneous cochains, where k is arbitrary). Even in the particular case of differ-
ential forms with trivial coefficients, our proof of the corresponding van Est theorem
is new and can be seen as illustration of the usefulness of homogeneous cochains.

Outline of the paper.

« In Section 2 we set up some notation, introduce homogeneous cochains on VB-
groupoids and VB-algebroids and provide our main result: the corresponding
refinement of the van Est theorem.

« In Section 3, we specialize to 1-homogeneous cochains and deduce a van Est
result for representations up to homotopy. Along the way, we mention how this
argument can be used to provide an alternative proof of the rigidity conjecture
as originally proposed in [Crainic and Moerdijk 2008].

« In Section 4, by means of k-homogeneous cochains in suitable VB-groupoids
and VB-algebroids, we prove a van Est theorem for differential forms with
coefficients in a representation.

To keep the main text as simple as possible, we postpone to the Appendix some
of the more technical or computational parts of the arguments in Section 4. Most of
the explicit formulas contained in the Appendix follow from extensions of known
lift properties of vector fields to Lie groupoids (see [Mackenzie and Xu 1994;
1998]). We would like to mention that part of this paper grew out of the project of
understanding the Lie theory of multiplicative tensors on Lie groupoids [Bursztyn
and Drummond > 2017].

2. Homogeneous cochains and the van Est map for VB-groupoids

In this section, we present a refinement of groupoid and algebroid cohomology the-
ory for VB-groupoids and VB-algebroids by considering k-homogeneous cochains.
We also show that an analogue of the van Est theorem holds for such homogeneous
cochains.

Homogeneous functions on vector bundles. Given any vector bundle 7 : V — B,
fiberwise multiplication by scalars 4 : R x V — V defines an action of the mul-
tiplicative monoid R which we shall call the homogeneous structure of V. — B.
Following [Grabowski and Rotkiewicz 2009], we recall that the homogeneous
structure completely characterizes the underlying vector bundle structure and that, in
particular, a smooth map between the total spaces defines a vector bundle morphism
if and only if it commutes with the underlying R-actions. (See [Bursztyn et al.
2016] for applications of these ideas in a Lie-theoretic context.)
For each k € N, we consider

CE (V) :i={feC®V):hif=2Ff VreR),
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the set of fiberwise k-homogeneous functions. Note that
Cotom(V) ={f € C®(V):3fy € C*(B) such that f = fyon} = C*(B).

Multiplication of functions gives a map C5., (V) x C22 (V) — C22 k- hom (V)
and, in particular, each C25 (V) is a C*(B)-module. In fact, C5 (V) =
I'(B, S¥V*) for the symmetric algebra bundle S¥V* — B. The isomorphism
(B, V) =C50m (V) takes a section € I' (B, V*) to the fiberwise-linear function
£, € CY5. (V) given by

1-hom
L,(v) ={(ub),v), veV, beB.

The k-th derivative along the fiber defines a projection Pyphom : C*(V)— C25.,(V),

k
(2-1) Prhom(f) = Ed?(hxf)h:o'
If (x, &, ...,&,) are trivializing coordinates on V, then
1 o f k k
Pihom(f)(x,8) = (x,0)&"---&"
k1+~;cn—k kl!---kn!agfl...ag,’l‘n n

Homogeneous groupoid cochains. Let G = M be a Lie groupoid with source and
target maps s, t: G — M, unit 1 : M — G, inversion ¢ : G — G and multiplication
m:Gsx:G— G. We denote by B, G the manifold of composable p-tuples (ByG =M).
The nerve of G is the simplicial manifold whose space of p-simplices is B,G with

the simplicial structure given by the face maps 0; : B,G — B,_1G, i =0, ..., p,
defined by
(gZa"'agp) 1fl=0,
0i(g1s - 8p)=1(81,---,8—1,8i&+1,8i+2,---,8&p) f1=<i<p-—1,
(gla"'agp—l) 1fl=pa

and the degeneracy maps s; : B, 1G — B,G, i =0, ..., p—1, defined by

Si(g]a "'7gp—1) = (g]a "'7gi’ lt(gH.])? gi-i—]? "'agp—l)'

For p=1, dg=s, 91 =tand so = 1.

The nerve defines a functor B, from the category of Lie groupoids to the category
of simplicial manifolds. For a groupoid morphism ¢ : G; — G, the morphism
B¢ : BG) — BG, is defined by B,¢ (g1, ..., 8p) = (P(g1), ..., d(gp)).

The space of (normalized) p-cochains C?(G) on G consists of smooth functions
f :ByG — Rsuch that s7 f =0 fori =0,..., p— 1. These define a cochain
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complex with differential § : C? —1 (G) = CP(G) defined by
p .
(2-2) §= Z(—l)’a,.*.
i=0

The differentiable cohomology of G is the cohomology of the complex (C*(G), 8)
and we denote it by H*(G). For f; € CP(G), f> € C"/(g), the cup product fix f» €
CP+P'(G) is defined by

(2-3) (fix )81 &p+p) = [1(81, -+, 8p) 2(8p+1s - Ep+p!)-

It defines an algebra structure on C*(G) which passes to cohomology due to the
Leibniz formula

5(fix f2) =8(f1)* 2+ (=DP fix8(f2).

In the following, we investigate how the differentiable cohomology of a VB-
groupoid interacts with its underlying homogeneous structure.

Definition 2.1. A VB-groupoid is given by a commutative square
V——¢G

= I
E— M,

where the left and right sides are Lie groupoids and the top and bottom sides are
vector bundles satisfying the following compatibility condition:

(2-5) ﬂ ;

E—
hi
defines a Lie groupoid morphism for each A € R, where hf :V—>Vandh,:E—E
are the homogeneous structures corresponding to V — G and E — M, respectively.
We denote the structure maps of V = E by sy, ty, 1y, ty, my.

hg
A
—

Instead of looking at the homogeneous structure, VB-groupoids can be alterna-
tively defined by focusing on the fiberwise defined sum (see [Gracia-Saz and Mehta
2011]). Our choice of definition comes from [Bursztyn et al. 2016], where the two
definitions are shown to be equivalent (see Theorem 3.2.3 therein).

VB-groupoids have found several applications in recent years ([Bursztyn and
Cabrera 2012; Bursztyn et al. 2016; Bursztyn and Drummond > 2017; Gracia-Saz
and Mehta 2011; Mackenzie and Xu 1994; 1998] to mention just a few). Natural
examples of VB-groupoids are given by the tangent TG = TM and cotangent
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T*G = Lie(G)* groupoids, which provide intrinsic versions of the adjoint and
coadjoint representations (up to homotopy; see Section 3 below) of a Lie groupoid G.
Ordinary representations also provide examples of VB-groupoids, as we shall see
in detail in Example 2.5 below.

From now on, we focus on introducing homogeneous cochains on a VB-groupoid
and to study their properties with respect to the van Est map, while having in mind
the applications to be developed in Sections 3 and 4. The first result states that B,
restricts to a functor from VB-groupoids to simplicial vector bundles.

Lemma 2.2. Let V = E be a VB-groupoid over G = M. The space of p-composable
arrows B,V is a vector bundle over B,G. Moreover, the face and degeneracy maps
are all vector bundle maps.

Proof. Consider V¥ =V x - -- x )V as a vector bundle over G”. We shall present B, )
as a subbundle of V? restricted to B,G C GP. It follows from the commutativity
of (2-4) that B,V projects onto B,G. As B,V is a smooth submanifold of V7, it
remains to check that it is invariant by the homogeneous structure of the vector
bundle V? — G” (see [Grabowski and Rotkiewicz 2009]). This is a straightforward
consequence of the fact that (2-5) is a groupoid morphism. The statement regarding
the face and degeneracy maps follows now from the fact that the multiplication
my : B,V — V is a vector bundle map (see also [Bursztyn et al. 2016]). O

B
Note that the homogeneous structure /2, " 9.B »V — B,V of the vector bundle

B,V — B, satisfies
B,h =hore.

Itis now a straightforward consequence of Lemma 2.2 that homogeneous cochains
define a subcomplex of the differentiable cohomology of V.

Proposition 2.3. Let V = E be a VB-groupoid. If
g,
Piom : CT(BpV) = Cliom(BpV)
is the projection (2-1) induced by hf” g’ then

G,p+1 _ G.p
Pk—hom 0d=480 Pk—hom'

In particular,
8 (Cl??hom(BPV)) C Cl??hom(BP'H V) :

Thus, for a VB-groupoid V = E, we define natural subcomplexes of (C*(V), §)
by considering the set of fiberwise k-homogeneous functions:

Cl:-hom(v) = Cl(:?hom(v(.)) and Hk.-hom(v) = H(Clz-hom(v))'



304 ALEJANDRO CABRERA AND THIAGO DRUMMOND

Remark 2.4. For k =0, we have C, (V) >~ C*(G) and the cup product (2-3) on
C*(V) induces a right C*(G)-module (resp. H*(G)-module) structure on C; (V)
(resp. HY o V)).

Example 2.5. Let C — M be a (left) representation of the Lie groupoid G =2 M.
The vector bundle V = t*C* — G carries a VB-groupoid structure t*C* = C*
defined by

sv(g.6) = ALE).  t(g.§) =6,

w(g, &) =" A58, WE) =Ure), 8, mu((g &), (h &) = (gh, &),

where A, : Csq) —> Cy(g) is the action of g € G. Note that t*C* = C* x G, the action
groupoid for the adjoint action of G on C*. As vector bundles over B,§, one has
that B,(t*C*) = t;C*, where t, : B,G — M is given by t,(g1, ..., gp) = t(g1)
and the isomorphism is given by ((g1, §1), ..., (gp,&p)) — ((g1, ..., &p),&1). In
particular,

ClromWV) =T (B,G, t50).

The right C*(G)-module structure on C;, (V) corresponds to a right module
structure on I'(B,G, tfC) given by

(2-6) (¢*f)(glv ] gp+p’) - ¢(g17 sy gp)f(gp-Ha ] gp+p’)’
feCP (@), ¢ €T(ByG.t50).
Further, the differential on C? (V) corresponds to the differential on I'(B,G, t¥C)

1-hom

given by
((Sd))(glv ~--7g17+1)
p—1

=Ag (@820 8D+ D (DG (81, 8igit 1o 8p) T (= DPP (g1, ... 8p 1)
i=1

Hence, as H*(G)-modules, H;, (V) = H*(G, C), the cohomology of G with coef-

ficients on the representation C (see [Crainic 2003]). More generally, Hy , (V) =

-hom
H*(G, SkC).

Homogeneous algebroid cochains. Given a VB-groupoid V = E, its Lie algebroid
v — E inherits the structure of a VB-algebroid; see [Bursztyn et al. 2016]. As for
VB-groupoids, we take our working definition from that paper.

Definition 2.6. A VB-algebroid is given by a commutative square
bp——

g
]
M

E——

>
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where the left and right sides are Lie algebroids and the top and bottom sides are
vector bundles satisfying the following compatibility condition:

s
o]
(2-8) J
E

defines a Lie algebroid morphism for each A € R, where /] and h; are the homoge-
neous structures of the vector bundles v — g and E — M, respectively.

Parallel to VB-groupoids, VB-algebroids together with Lie theory for VB-objects
have found several applications in recent years (again, we list just a few of the
available references: [Bursztyn and Cabrera 2012; Bursztyn et al. 2016; Bursztyn
and Drummond > 2017; Gracia-Saz and Mehta 2010; Mackenzie and Xu 1994;
1998]). The tangent TA — TM and the cotangent lift 7*A — A* define examples of
VB-algebroids corresponding to TG and 7*G when A = Lie(G), providing intrinsic
versions of the adjoint and coadjoint representations (up to homotopy; see Section 3
below) of a Lie algebroid A. Ordinary representations of A also provide examples
of VB-groupoids, as explained in Example 2.9 below. We now investigate the
infinitesimal version of the notion of homogeneous cochains.

For any Lie algebroid A — M, let CE?(A) :=T'(M, A’ A*) and d : CE?(A) —
CEP*!(A) be the (Chevalley—Eilenberg) differential. The Lie algebroid cohomology
H*(A) is the cohomology of the complex (CE*(A), d). The wedge product on
(M, A°A*) induces a graded commutative algebra structure on H*(A).

When considering a VB-algebroid A = v, the dual v* is always taken with
respect to the Lie algebroid side v — E, so that CE” (v) = I'(E, APv*). The space
of fiberwise (with respect to v — g) k-homogeneous p-forms on v — E is

(29)  Tinom(E, AP0*) :={a € T(E, A%0*) : h{*a = 2a V1 € R).
The wedge product induces a map
A Thnom (E, AP0*) X Tnom (E, AP 0*) = Tip-nom (E, AP 0*%).

Similarly to equation (2-1), there exists a projection P2" : I'(E, APv*) —
Ckhom (E, APU*) defined by
1 d*
g, —
(2-10) Peiom® = Em(hg*a)hzo-

Proposition 2.7. Let v — E be a VB-algebroid. For each k € Ny and every p > 0,

g,p+1 _ 9,p
Pk-hom od=do Pk-hom'
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In particular,
d(Tichom (E, AP0%) C Ticpom(E, AP 0%).

Proof. Since the Chevalley—FEilenberg differential d is a local operator, we can
assume v — E is trivial. By looking at 4} *« as a smooth 1-parameter family of
forms, one can see that d commutes with d/dX. The statement then follows from
the fact that A} is a Lie algebroid morphism and, hence, /}* commutes with 4. O

Thus, for each k € N, the k-homogeneous forms define a subcomplex CEg ., (b)
of (CE*(v), d). The notation we use is
CE} 1om (®) 1= Tihom(E, APv*) and  Hp . (0) = H(CE} o (0)).

Remark 2.8. For k =0, we have I'g.hom (E, AP0*) ZT'(M, APg*) and the wedge
product turns ['ihom(E, A®0*) (resp. HZ, . (0)) into a right I'(M, A*g*)-module
(resp. H*(g)-module).

hom

Example 2.9. Let C — M be a representation of the Lie algebroid g — M defined
by a flat g-connection V : I'(g) x I'(C) — I'(C). Consider the vector bundle
v=C"xpyg— C* Given u € I'(g), let x, : C* — v be the section given by

(2-11) xu(€) = (&, u(m)) for§ e Cy,.

The sections y, with u varying on I'(g) generate I'(C*, v) as a C*°(C*)-module.
One can now show that the action algebroid structure C* x g — C*, determined by
[Xurs Xuxd = Xty ,un)s w1, u2 €T(9),

Po(Xu) () = €9, s Po(Xu))(f o) = (Lpwp flom, feCP(M), pel(0),

endows v — C* with a VB-algebroid structure, where 7 : C* — M is the projection.
The chain complex CEj ,,(v) is naturally isomorphic to I'(A*g* ® C) with the
Koszul differential

dVJ/(ul, s up-‘rl)
p+1
=2 DV y )
i=1 L
+ Z (_1)1+J)/([I/li,uj],l/l],...,Mi,...,Mj,...,up+]),
I<i<j<p+l
where y € I'(APg* ® C). More precisely, the evaluation map ev : CE‘{’_hom (0) —>

['(APg*® C), given by
(ev(@)(ui, ..., up), &) = a(xu, (§), ..., xu,(§)) foruy,...,u, el (g), & €C,

defines a chain isomorphism. The induced right I'(A®g*)-module structure on
'(A’g* ® C) is wedge multiplication on the right in the A°g* factor. In particular,
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as H(g)-modules, H", (v) = H*(g, C), the cohomology of g with values in the

1-hom

representation C. As for groupoids, Hy, (v) = H*(g, SkC).

Van Est theorem for homogeneous cochains. Let G = M be a Lie groupoid with
Lie algebroid g. For every section u € I'(g), consider the corresponding right
invariant vector field u € X(G). In the following, we denote by B,u the vector field
on the space of p-composable arrows B,G given by

(2-12) Byu(gi, ..., 8p) = (u(g1),0g, ..., 0g,).
Let us now recall the definition of the van Est map. First, using the degeneracy
map o : B,—1G — B,G, we define R, : C”(G) — cr~1g) by

Ru = Sg O LB,,u-
The van Est map VE : C?(G) — CE”(g) is defined (up to p-dependent sign) as
follows [Crainic 2003]: for a p-cochain f € CP(G),
(2-13) VE(f) i, ... up) = Y sgn(o) Ry, .- - Ry, (f).

o€eS),

In [Crainic 2003] it is shown that it induces a map in cohomology which preserves
the corresponding product structures. We also need the following naturality result
about VE.

Lemma 2.10. Let H,, H, be Lie groupoids with Lie algebroids b1, b, respectively.
If ¢ : H1 — H» is a Lie groupoid morphism with the corresponding Lie algebroid
morphism Lie(¢) : by — by, then

VE(B,¢" f) =Lie(¢)"VE(f) Vf € Cl(Ha).
Proof. For any x € I'(h;) we can write

Lie(@)(x) = ) _ % (%i o o) € T(¢5h2),

where ¢9 = Bo¢p : M| — M, denotes the map between objects induced by ¢,
y; € C*°(M7) and x; € I'(h2). A direct computation shows that

Ry((Bp)* f) = (65 7)) (Bp19)* (R f) Vf € CP(Hy).
i
If we apply the above formula p times, we notice that most of the terms in

Ry, ... Ry, (B,¢)* f will vanish since VE is defined on normalized cochains (namely,
s} f = 0). The only remaining terms are

> Vi i, 8 Ry, Ry, ),

and we thus get the statement of the lemma. (]
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The main result about the van Est map in the present context is as follows.

Theorem 2.11 [Crainic 2003]. Let G be a Lie groupoid and let g be its Lie algebroid.
The van Est map (2-13) induces an algebra homomorphism

VE: H*(G) — H*(g).

Moreover, if G has pg-connected source fibers, then VE is an isomorphism in
degrees p < po, and it is injective for p = po+ 1.

To get our refinement of Theorem 2.11 for homogeneous cochains on VB-
groupoids and algebroids, we first state a simple homological algebra fact.

Homological lemma. Let (C;, §;) be differential complexes, i = 1,2, endowed
with projections P; : C; — C? (i.e., P; 0 §; = §; o P; and Pi2 =P).If F:C; — C5
is a morphism satisfying F o P = P, o F, then for each p such that F : HP (Cy) —
HP(Cy) is injective (resp. surjective) its restriction F, : HP(S1) — HP(S,) is also
injective (resp. surjective), where S? = P;(C?).

We are thus left with studying the behavior of the projections onto homogeneous
cochains under the van Est map. To that end, let V = E be a VB-groupoid over
G = M and let v — E be its Lie algebroid.

Proposition 2.12. For each k € Ny and every p > 0,

g, g,
VEo P}P = P%P oVE.

In particular, VE(CS,o (BpV)) C Tihom (AP 07).

Proof. Let h{ : V — V and h : v — v be the homogeneous structures of the vector
bundles V — G and v — g, respectively. By Lemma 2.10, the fact that hf is a
groupoid homomorphism with Lie (hf) = hi implies that

VEoh{*=h{*oVE Vi.

Hence, by applying ¢ | ,—o On both sides, one obtains the commutation relation

between VE and the projections Ph The result now follows directly. ([

om,k*

The restriction of the van Est map to the subcomplex of k-homogeneous cochains
shall be denoted by

VEihom 1= VElcr (1) 1 Cf o (V) = CEf 1, (0).

Example 2.13 (0-homogeneous cochains). For £k = 0, using the isomorphisms
Cghom(V) = CP(G) and CE0 hom(®) = CE”(g), one can check that VEq.hom =
VEg : C?(G) — CE?(g). To see this, take f € CO hom W) and xi, ..., xp € b, and
notice that VEonom(f) (X1, - .., Xp) only depends on the projections u; € g of x;,
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i =1,..., p. Hence, to compute VEgnom, it suffices to take xi, ..., x, linear
sections! of b covering u1, ..., u, € I'(g). In this case,

VEq.hom (f)(X1s -+ +» Xp) =T VEg(fo)(ui, ..., up),

where f =n§pgf0, fo€ C>(B,G),and where rg : E — M, 7p,y: ByV — B,G are
the vector bundle projections.

We are now ready to state and prove our main theorem.

Theorem 2.14. Let G = M be a Lie groupoid with Lie algebroid g. For a VB-
groupoid V = E over G with underlying VB-algebroid v — E, the van Est map on
k-homogeneous cochains induces a module homomorphism

VEk—hom : Hk.-hom(v) - Hk.-hom(n)

covering the algebra homomorphism VEg : H*(G) — H*(g). Moreover, if G has
po-connected source fibers, then VEy non is an isomorphism for all p < po and it is
injective for p = po + 1.

Proof. The H*(G)-module structure on H;, (v) comes from the cup product of
CihomW) and Cg (V) = C*(G). So, the first statement follows from the fact that
VE.hom 1S the restriction of the van Est map of V to homogeneous cochains and
that VEg.hom = VEg.

Let us now assume that G has pg-connected source fibers. First note that this
implies that ¥V =3 E is also source pg-connected. Indeed, a source fiber of V = E
is an affine bundle over the corresponding source fiber of G = M. So, the van Est
theorem (Theorem 2.11) implies that VE : H? (V) — H?(v) is an isomorphism for
P < po and injective for p = po + 1. The result now follows from Proposition 2.12
by applying the homological lemma to F' = VE, (C?%, ;) = (C*(B,V), §) and
(C5,8)={(E, A°v*), d) with projections P, = Pkg_;;om :C®(BYV) = Chom(BYV)
and P, = Py :T(E, A0*) = Tihom(E, A®0¥). O

3. 1-homogeneous cochains and representations up to homotopy

In [Gracia-Saz and Mehta 2010; 2011], it was shown that VB-groupoids and VB-
algebroids provide an intrinsic version of the notion of (2-term) representation up to
homotopy, generalizing the example given in the introduction, as well as Examples
2.5 and 2.9 above. In this section, we show how Theorem 2.14, when applied
to 1-homogeneous cochains, recovers a van Est result for the underlying 2-term
representations up to homotopy [Arias Abad and Schitz 2011]. We also outline a
new proof, realizing an original proposal [Crainic and Moerdijk 2008] of a rigidity
conjecture involving the deformation cohomology underlying proper groupoids.

1A linear section x of visasection x : E — v which is a vector bundle homomorphism covering
a section u : M — g (see [Gracia-Saz and Mehta 2010]).
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VB-groupoid and VB-algebroid cohomology. Following [Gracia-Saz and Mehta
2011], given a VB-groupoid 7 : V — G we define CGB (V) to be the space of
1-homogeneous cochains ¢ € C{5 . (B,V) satisfying the two additional conditions

(1) ¢(0g9 51’ '“’Sp—l) =0,
2) ¢Og-&1,....8)=0E1,....5p)

for all (§1,...,§,) € B,V and g € G such that (Og, &) € B,V. As observed in
[Gracia-Saz and Mehta 2011], condition (1) above implies that ¢ (&1, &, ...,&))
only depends on &; and on the projections g; = n(§) € G, i =1,..., p, while
condition (2) is a left-invariance property.

It is shown in that paper that Cy5()) defines a subcomplex of C7, (V). More-
over, the cup product with C5, VvV = C*(G) defines a right C*(G)-submodule
structure on Cy5 (V). The next lemma relates the cohomology of the two complexes.

1-hom

Lemma 3.1. The inclusion  : C35(V) — Cj
right H*(G)-modules in cohomology.

! hom (V) induces an isomorphism of

Proof. Tt is enough to show that for every ¢ € C? Lhom (V) With 6¢ € C p H(V) there
exists a € C! I hOm(V) so that ¢ + 8¢ € Ch vg (V). To that end, first notice that
if an arbitrary ¢ is such that both ¢ and 3¢ satisfy condition (1), then ¢ satisfies
condition (2). This follows directly from evaluating

0=(8¢)(0g, &1, ....5p).

We are thus left with showing that for each ¢ € CT5, (B, V) such that 8¢ satisfies (1)
there exists a ¢ € CT5, ., (Bp—1V) such that $+35 satisfies (1). This, in turn, follows
by applying recursively the following claim: if §¢ satisfies (1) and

(3-1) ¢(§0""7sp—1):0

forall (&, ...,&,-1) € BV suchthat§; =0,i=0, ...,/ < p—1, then there exists
ay € CYSom(Bp—1V) such that ¢ + 8y satisfies (3-1) for all (&, ...,&,-1) € B,V
such that § =0, i =0, ...,/ — 1. Notice that for / = p — 1, (3-1) follows from ¢
being homogeneous of degree 1. To prove this claim for [ < p — 1, one chooses
any ¥ € C75,.,,(Bp—1V) such that

1-hom

w(él, ey gp—l) - _¢(07[(§],,1)_'~--7[(§1)_] ) Elv e sp—l)

forall (§1,...,8,-1) € Bp_1V such that ty)(§1) = O¢(r(¢,)). This is always possible
since the subset of such elements in B,_V is a smooth embedded submanifold
since the target map is a submersion. What needs to be shown now is

(@+6v)&o,....6p-1)=0 V(,....5p-1)€BV, §=0,,i=0,...,[—1.
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Finally, this last identity follows by evaluating

0=(60)On(t,_,)1-mEo)-1> 505 - - -» Ep—1)
and using the recursion hypothesis. U

For a VB-algebroid v — A, the VB-algebroid cochain complex is defined exactly
as the complex of 1-homogeneous cochains

k(o) :=CE, (v).

The restriction of the van Est map to 1-homogeneous cochains as on page 307
provides a map VEhom : C} (V) — CE{p(v). Its restriction to the subcomplex
Cyg(V) C Ct 4oy V) will be denoted by

1-hom

VEyp : Cyg(V) — CEyg(v).
Corollary 3.2. With the notations above, the van Est map
VEyp : H*(Cvg(V)) — H*(CEyg(b))

is a right-module homomorphism over VEg : H*(G) — H*(g). Moreover, if G is
source po-connected, then VEvyg is an isomorphism in degree p for all p < py and
it is injective for p = po + 1.

Cohomological vanishing for proper groupoids. The VB-groupoid cohomology
can be shown to be trivial in several cases as shown by the following proposition.

Proposition 3.3. When G is a proper groupoid or, more generally, admits a Haar
system du together with a cutoff function ¢ € C*°(M) (see, e.g., [Arias Abad and
Crainic 2013] and the proof below), then

HP(Cyp(V) =0, p=2.

Proof. The idea is to define a map ch vBOW) 2o = k(9) € C{;B (V) for p =2 by
the formula

K(d))(él,---,ép—l):f “ ))(b(él,---,ép—l,G(h,Sv(ép—l)))C(S(h))dM(h),
- s(8p-1

where g, =n(§)€G,i=1,..., p—1, as before and o : t*E — V is any linear
splitting of the epimorphism ty, : ¥V — t*E. Notice that the right-hand side in
the formula above is independent of the choice of o since ¢ only depends on
(81, ..., 8p—1,h) and &;. The key point is that, for §¢ =0, ¢ € C{’,B(V), p=>2,we
have 5k (¢) = (—1)P¢, hence leading to the above cohomological vanishing. This
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statement can be checked by direct computation: let us write §,1(h) =0 (h, sy (§)))
for h € t7'(s(g,)) and n, (k) = o (k, sy(§,—1)) for k € t~1(s(gp—1)). Then

Sk (@)1, ..., 8p)
=/ |:¢(§2,---,§p,§p+1(h))
til(s(gp))

p—1
YD PEL . EEir sp+1(h))] c(s(h)) duu(h)

i=1

+(—1)p/ “ ))45(-‘:'1,---,§p—1,np(k))C(S(k))dM(k)

t=(s 8p-1

= (—l)p/ “ ))[—¢(§1, b1 EpEpr (M) + @61, . Ep) ] c(s(h) du(h)
t=1(s(g,

+(—1)p/ “ ))¢(§17---:ép—l’np(k))c(s(k))dﬂ(k)
t1(s(gp—1

=(=DP¢ (&1, ....&p).
Above, the first equality follows from the definitions of § and «, the second equality
follows by applying 8¢ = 0 inside the square brackets and, finally, the third equality
follows by the normalization condition ft’l(x) c(s(h))du(h) =1 and by the left
invariance of the measure ft_l(s(g)) f(gh)du(h) = ft—l(t(g)) f(k)du(k) together
with the independence of ¢ (&, ...,&,) on the &; for j > 1, as was mentioned
before. (]

Let us now mention an application of the above general vanishing result, following
[Crainic and Moerdijk 2008]. Given a Lie algebroid g — M, there exists a complex
C3.¢(9) controlling the deformations of g and which is related to VB-cohomology as
follows. Consider the induced linear Poisson structure on g*, 7 € I'(A2Tg*). The
cotangent Lie algebroid 7*g — g* has the property that its Chevalley—Eilenberg
complex (CE(T*g), d) is isomorphic to the Poisson complex (X(g*), [, - ]); see
[Mackenzie and Xu 1994]. Under this isomorphism, the subcomplex CE3,5(T*g) C
CE*(T*g) corresponds to the so-called linear Poisson complex Xiin(g*) of g*. On
the other hand, Proposition 7 in [Crainic and Moerdijk 2008] shows that X7, (g*) =
Cier(9), so that

CEV(T"g) = Xjin(87) = Cler(@)-

On the groupoid side, for a Lie groupoid G = M, the complex Cyg(T*G) was
shown in [Crainic et al. 2015a] to be isomorphic to the complex Cg.r(G) controlling
deformations of the Lie groupoid structure.

In this context, Corollary 3.2 recovers a result from [Crainic et al. 2015a]: the map

VEqer : Hiot(G) — Hius(9)
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defines a (graded) module homomorphism covering VEg : H*(G) — H*(g) which
induces isomorphisms in degrees p < pg and a monomorphism in degree p = pg+1
when G is source py-connected.

By combining this result with our general vanishing criteria (Proposition 3.3
above), we further obtain an independent proof of the (cohomological) rigidity
conjecture of [Crainic and Moerdijk 2008]: if G is proper and source 2-connected,
then Hdzef(g) = 0. Note that the map VEg is the “lin version” of the van Est map
which was assumed to exist by Crainic and Moerdijk [2008] as a step towards
proving their conjecture.

Remark 3.4. The conjecture was originally proved in [Arias Abad and Schitz
2011] using a van Est result for representations up to homotopy. In particular, they
used a vanishing result for cohomologies with coefficients in representations up to
homotopy established in [Arias Abad and Crainic 2013]. Our vanishing result should
be considered as a geometric counterpart to theirs in the 2-term case (see below).

Splittings and representations up to homotopy. VB-groupoids and VB-algebroids
can be (noncanonically) split into the base Lie groupoid and Lie algebroid data and
representation-like information on the fibers (recall Examples 2.5 and 2.9). It turns
out that the correct notion encoding this split data is that of (2-term) representations
up to homotopy [Arias Abad and Crainic 2012; 2013; Gracia-Saz and Mehta 2010;
2011], which we now recall.

Let G = M be a Lie groupoid with Lie algebroid g - M and £ =C[1]D E a
graded vector bundle over M with C in degree —1 and E in degree 0. The associated
space of £-valued (normalized) p-cochains is defined as

C(G,&or
i={n = (e, nc) €T(BLG; t,E) BT (Bp11G; t,,C) |5/ e =0, si e =0},

where s; : B,G — B,11G is the i-th degeneracy map. There is a (right) C*(G)-module
structure on C (G, £)* defined by ux f = (ug * f, uc x f), where each component
is given by formula (2-6). A representation up to homotopy of G on & is an R-linear
map Dg : C(G, £)* — C(G, )**! satisfying DF = 0 and

Dg(u* f)=Dg(u) * f + (=) ux(8f)., neC(G.EP, feCr Q).

The resulting cohomology is denoted by H(G, £). Note that x defines a right
H (G)-module structure on H (G, £).

A representation up to homotopy on £ can be alternatively given by quasiactions
Af and A€ of G on E and C, respectively, a bundle map d : C — E and a
smooth correspondence which, for each (g1, g2) € B»>G, gives a linear map Q4 ¢,) :
Els(g,) = Cli(q,) satisfying certain structural equations (see [Arias Abad and Crainic
2013; Gracia-Saz and Mehta 2011]). Moreover, in analogy with the case of an
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ordinary representation (cf. Example 2.5), a representation up to homotopy of G on
& endows V = s*E* @g t*C* = C* with a VB-groupoid structure [Gracia-Saz and
Mehta 2011]. The structure maps are given by

sp(€,8,m) = (A E— 0%, (&, g M =E &€ Cly, n€E s,
(&1, 81,m) - (&2, 82, m2) = (61, 8182, yy o0&l + (D) 11 +m2)

for compatible arrows and 1y,(¢§) = (&, 1,,, 0) for & € C*|,,. Finally, in [Gracia-
Saz and Mehta 2011] the authors show that every VB-groupoid can be presented
(noncanonically) in this form, thus establishing a correspondence between VB-
groupoids and 2-term representations up to homotopy of G.

The above correspondence between VB-groupoid structures and representations
up to homotopy can be understood from the following relation between the cochain
complex associated to £ and that of 1-homogeneous cochains on V. Consider the
map ¥ : C(G, &) — CTY,.,,(Bp+1V) defined by

1-hom

(3-3) W), 81,15 -y Epr1s &pr1s Mpt1))
= (N1, we(g2, -5 &p+1)) + (61, k(815 - - -5 &p+1))-

In [Gracia-Saz and Mehta 2011] (see Theorem 5.6), it is proven that W : C(G, £)°* —
c:tl (V)isa monomorphism of graded C(G)-modules satisfying

1-hom
Vo (—Dg)=6860W

whose image coincides with the VB-groupoid cochain complex C,5 (V) C Cy ., (V)
(shifted by one, hence the minus sign in the equation above). We then obtain the

next lemma as a direct consequence of Lemma 3.1.

Lemma 3.5. The map ¥ : H*(G, &) — HH (V) induced in cohomology is an

1-hom

isomorphism of right H*(G)-modules.

Infinitesimal counterpart. Let g be a Lie algebroid and £ be as before, and consider
Q(g. )’ =T (A’g" @ E) T (A" 'g" ® O).

The space (g, £) is a right I'(A®g*)-module with multiplication defined by wedge
product on the right on the A®g* factor. A representation up to homotopy of g on £
is an R-linear map Dy : Q2 (g, £)* — Q (g, £)**! satisfying D§ =0 and

Dy(@ A B) =Dy(@) AB+ (—D)PwrdB, weQ(g &), BeT(AgH.

We denote the cohomology of (2(g, £), Dy) by H(g, £).
As in the VB-groupoid case, VB-algebroid structureson v =C*x yy g x yy E*— C*
are in one-to-one correspondence with representations up to homotopy of g on
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E =CJ[1]6® E (see [Gracia-Saz and Mehta 2010]). We recall here how this corre-
spondence can be seen from the cohomological perspective. The space of sections
['(C*, v) is generated, as a C*°(C*)-module, by sections:

Xu() = (&, u(m),0), Y,(&)=(,0,n(m))
for &£ € C*|,,, u € T'(g), n € I'(E™). Define a map

(3-4) ev:CE’™! (1) > Q(g, )7, ev(e) = (@, &c),

1-hom

where @ € T'(APg* ® E) and a¢ € T (AP g* ® C), by

(@i, ....oup),n) =Ty, Xus -+ Xup) € Copom(CT) = CZ (M),
ac@uri, ..o tpr) =(Xuys -+ Xupyy) € Clhom(CHET(C)
foruy,...,upr1 €I'(g), n e D'(EY).

Lemma 3.6. Under the identification I' (A°g*) = CEjom.0(b), the map ev is a (right)
"' (A*g*)-module isomorphism.

Proof. Let {& }mnk(c )y }ra‘"k(g ) and {el}fdn}((E) be local frames for C*, g* and E
respectively. We identify e; (resp y7) with the corresponding section of v*: C*|,,
£+ (£,0, e;(m)) (resp. & — (£, y/(m), 0)). Locally, any element « € CEfﬁ;m(n)
is written as

)y A Ayt £ BE L (mYei Ay A Ay,

a(m, é)_akA terd

Jledpt1

where & = a; £¥(m). From the definition, one sees that
AL ,+,(m)=<&c<ujl,...,ujp+1),sk(m>>,
B, j,(m) = (GEWj, ;) 0" (m)),

where {u;}, {n'} are local frames for g and E* dual to {y/}, {e;}, respectively. It is
now straightforward to prove the statement. U

Hence, the operator Dy defined by Dgoev =evo(—d), where d is the Chevalley—
Eilenberg differential of v, defines a representation up to homotopy of g on £. (Note
that ev shifts degree by minus one, hence the sign in the definition of Dy.) It is
shown in [Gracia-Saz and Mehta 2010] that, moreover, every VB-algebroid can be
split as v >~ C™* x g x y E* — C*, thus establishing a correspondence between
VB-algebroids and 2-term representations up to homotopy of g.

Given a representation up to homotopy Dg : C(G, £) — C(G, E) of G on &, the
VB-groupoid V = C* defined by (3-2), seen as a Lie groupoid over C*, has a Lie
algebroid whose underlying bundle is precisely v = C* xp g Xy E* — C* In
this case, the above construction of Dy can understood as the differentiation of the
representation Dg, namely, Dy =Lie(Dg). (See also [Arias Abad and Schitz 2011].)
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Remark 3.7. A representation up to homotopy of g on £ can be alternatively
described by amap 9 : C — E, g-connections VX and V€ on E and C, respectively,
and a curvature term R € I'(A?g*®Hom(E, C)) satisfying some compatibility equa-
tions (see [Arias Abad and Crainic 2012; Gracia-Saz and Mehta 2010]). We refer to
[Brahic et al. 2014] for the formulas of the operators (9, VE , VE R) corresponding
to Lie(Dg) in terms of the data defining Dg.

Van Est theorem for representations up to homotopy. Define VE,,: C(G, £)P —
(g, £)? by VE,¢p :=ev o VE .pom 0 W. Diagrammatically,

14
C(G, &) ——— Cliom

(3-5) VErepl lVEl-hcm

ev
Q(g, O)F ———— CEXL! (v

(V(k+l))

It is clear from the previous discussion that VE, induces a map in cohomology.

Theorem 3.8. The van Est map VE, : H*(G, &) — H*(g, &) is a right module
homomorphism over VEg : H*(G) — H*(g). Moreover, if G is source po-connected,
then the induced map in cohomology VE., : H? (G, ) — HP(g, £) is an isomor-
phism for —1 < p < po — 1 and it is injective for p = py.

Proof. This is a straightforward consequence of Theorem 2.14 and Lemmas 3.5
and 3.6. Notice the shift in grading for which one has isomorphisms. This arises
because one has to apply Theorem 2.14 to CT5 (Br+1V) — CEll‘_J[lz)m(n) in order
to analyze C(G, ) — Q*(g, &). ([l

The fact that the above cohomology groups are isomorphic was also proven
in [Arias Abad and Schitz 2011] using different techniques (in the more general
setting of representations on arbitrarily graded vector bundles). Notice that, from
our perspective, it just arises as a refinement of the usual van Est map for V for
1-homogeneous cochains.

Remark 3.9 (formulas for VE). For u € I'(g), define the map R, : C?(G, £) —
cr=1(g, &) by

d
(Ruptc) (g1, - 8p) = =2 Agg(t(gl))_nMc(¢?(t(81)), 8ls -1 8p)s
=0

where ¢! : M — G is the flow of the right-invariant vector field # and the defi-
nition R, g is analogous. Note that our conventions are different from those in
[Arias Abad and Schéitz 2011]. One can now check the identities

Ry, V(1) =W (Rypc, 0), Ry, W(w) =q" (e, 1),
Ry, Ry, V() =q"(Rypr,n), Ry,R,,¥(u) =0,
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where ¢ : B,V — B.,G is the projection map. Using these identities, it is now
straightforward to check that

VErep() = (g, fic) e T(APg* @ E) @ T(APTg* ® C)

is given by
REG. ... up) = (=17 Y sgn(0)Ru,q - - - Ruyg tho-
o€S,
[lc(bt], ey up_H) = Z sgn(a)Ruﬁ(]) . Ru(,(p_,_.)/LC-

O’ESP+1

4. Differential forms with values in a representation

In this section, we study differential forms on a Lie groupoid G with values in a
representation C — M. These objects were introduced in [Crainic et al. 2015b]
together with their infinitesimal counterparts, the Spencer operators. We here
provide a van Est theorem for them as an application of our main result. The key
idea is to reinterpret forms as homogeneous functions.

Van Est theorem for differential forms with coefficients. We start this section by
formally defining the ingredients entering the van Est theorem for forms with
coefficients (Theorem 4.4 below) without any reference to the VB-groupoids and
algebroids. Later, we show how VB-groupoids and VB-algebroids provide a use-
ful framework for interpreting many of the definitions and for giving a proof of
Theorem 4.4.

Let G = M be a Lie groupoid and C — M be a representation of G and consider
the mapt, : B,G — M, t,(g1,...,8p) =t(g1). When no confusion arises, we
omit the reference to p and simply denote t,, by t. The space of g-differential forms
on the nerve of G with coefficients in C is Q4(B.,G, t*C). It carries a differential
8:Q4(B,-1G,t*C) — Q4(B,G, t*C) defined by

p

.....

i=1
Swlg=Agos*w—t'w for p=1.

It is straightforward to check that 82 = 0.
Note that, for w € Q9(G, t*C),

8w|(g,,0:) = Ag 0 pr30 —m*w + priw,

where pr; (g1, g2) = g; for i = 1, 2. In this case, a form w € Q9(G, t*C) which
satisfies w = 0 is called multiplicative (see [Crainic et al. 2015b]). Note that
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Q4(B,G, t*C) is a right dg-module for C*(G) with the module structure defined as
usual by

(@* ) (g1,8ps ) = @ligrng) [ (8p+15 -5 8p+p)s weQ!(B,G,t*C), feCP ().

Remark 4.1. In the case of trivial coefficients (i.e., when C is the trivial line bundle),
the de Rham differential turns Q4(B,G, t*C) = Q4(B,G) into a double complex
known as the Bott—Shulman double complex associated to G (see [Arias Abad
and Crainic 2011]). In the remainder of this paper, we focus on the cohomology
of & alone and leave the investigation of compatible double complex structures
(corresponding to “multiplicative linear flat connections”) for future work.

Let g — M be the Lie algebroid of G. Similarly to [Arias Abad and Crainic
2011], we define the Weil complex W79 (g, C) to be the space of sequences ¢ =
(co, c1, ...), where each

e T(g) x -~ xT(g) — QI %M, Skg* ® C)

p—k times

is an R-linear skew-symmetric map whose failure at being C°°(M)-linear is con-
trolled by

@-1) a(fur,...,upxl-)
= fox(ui, ... upkl ) FdfAckpi(ua, .. upgluy, o) VfeC®(M).

For each ¢, the complex W*4(g, C) carries a differential dy : W?P4(g, C) —
Wprtlda(g, C), which we now define. First, note that Q' (M, S/g* ® C) is a module
for the Lie algebra I'(g). Indeed, for « € Q' (M) and P e T'(S/g* ® C),

u-(@P)=Lyuwa) P +a®@wm-P), uecl(y),

defines an action of I'(g) on Q(M, Sjg* ® C), where

k
- PYwr1, ., v) =V Pr, . v) = Y Pn, . [, v, v,
i=1

and V:T'(g) xI'(C) — I'(C) is the g-connection giving the representation C. Now,
dw is defined by

(4_2) dW(C)k(ulv"'7Mp*k+l|vl9"'vvk)
= (-D* <dCE(Ck)(M1, oo Up—kt1]VL, -, VE)

k
= ippChr W, Uyt V1L T vk)>,
j=1
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where dcg is the Chevalley—Filenberg differential on C*(I"(g), Qi—k(Mm, Sk g 0C)).
There is a right I'(A*g*)-module structure on W*4(g, C). It is defined, for 8 €
I'(A?'g*) and ¢ € WP4(g, C), by

(C/\ﬂ)k(ulv ) M[)er/—kl )
= Z sgn(o) ek (Ug (1), -+ - s Uo(p—k)) BUo (p—k+1)s - - s Ua(p+p'—k)) s
oeS(p—k,p’)

where S(p —k, p’) is the space of (p—k, p’)-unshuffles.
Proposition 4.2. W*9(g, C) is a right dg-module for I (A*g*).

This result will follow from an evaluation isomorphism similar to (3-4) (see
Proposition 4.12 below) between W*9(g, C) and another right dg-module for
['(A*g*). It is important to remark that all the signs appearing in the above formula
for dw, as well as in formula (4-4) below, are natural consequences of a simple
ordering convention in the definition of this evaluation isomorphism.

Remark 4.3. For p = 0 we have W%9(g, C) = Q4(M, C). In this case, for ¢ €
W04 (g, C) we have dy (c) = (dw (c)o, dw (c)1), where dyw (c)o : T'(g) — Q4(M,C)
and dy (c); € Q471 (M, g* ® C) are given by

dw(c)ow) =u-c and dw(c)i(v) =i,wc.
For W4(g, C), its elements are ¢ = (¢, ¢1), where ¢ : T'(g) — Q4(M, C) and
c1 € QY (M, g*®C) =ZHom(g, A~'T*M ® C). In this case,
dw(c)o(ui, uz) =uy - couz) —uz-co(ur) — co([ur, uzl),
dw ()1 (u|v) = ip@ycom) —u-c1(v) +c1([u, v]),
dw (€)2(v1, V2) = —ip@)C1(V2) —ipwyC1(V2).

Note that, in the case p = 1, the equation d(c) = 0 is equivalent to (cg, c1) being
a C-valued Spencer operator on g [Crainic et al. 2015b] and, thus, in particular, to
(co, c1) being an infinitesimally multiplicative form [Arias Abad and Crainic 2011]
when C = R, with the trivial representation.

Van Est map. Given u € I'(g), let ¢! : G — G be the flow of the right-invariant
vector field u. The flow of the corresponding vector field B,u € X(B,G) is given by
Ve (8.0 8p) = (9£(81). 82, -+ 8p)-

Define operators R, : Q4(B,G,t*C) — Q4(B,_1G,t*C) and J, : Q4(B,G,t*C) —
Q171 (B,-1G, t*C) by

d
=S* —_— Ay -10 "*a) ,
wy  ele gpot) 0( de | _, Do Ve )

£
Juw = syip,uw.

€=
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The van Est map VEq : Q4(B,G,t*C) — WP4(g, C), defined by VEq(w) =
(co(w), c1(w), ...), has each cx(w) given by

(4-4)  cr(@)(up, ... upklvr, ..., vr)
= (—l)k(k—l)/2 Z sgn(a)(_l)e(a,k)DJ(]) ... Doy,
oeS(p)
where
(4-5) D.:{Jv_,- it je{l,... kb
' Ry, ifjefk+1,...,p}
and

elo, k) =#{, ye{l,....k}x{1,....k}|i<jand o' (i)) > o~ ())}.

Theorem 4.4. VEq, induces a map on cohomology VEq : H*(24(B.G, t*C)) —
H*(W*i(g, C)) which is a right module homomorphism over VEg : H*(G) —
H*(g). Moreover, if G is source py-connected, then

VEq: H(Q1(B.G,t"C)) — HP(W*(g, C))
is an isomorphism for p < pg and it is injective for p = po + 1, for each fixed q.

In the remainder of the paper, we prove Theorem 4.4 by showing how it can
be framed as a van Est result for a class of VB-groupoids. Notice that the above
theorem recovers Theorem 5.1 of [Arias Abad and Crainic 2011] (up to some sign
conventions) when C = M x R with the trivial representation. It is interesting that,
even in this particular case, our proof is independent of the one given in that paper.

Forms as functions. The key idea in the proof of Theorem 4.4 is that differential
forms can be seen as homogeneous functions on an appropriate space. In this
subsection, we elaborate on this classical viewpoint.

Let Vi, ..., V441 be vector bundles over B and consider the fiber product
31:} Vi = Vi xp -+ xp Vy41 with the natural vector bundle structure over B

(the Whitney sum Vi @ --- @ V, 41 — B).

Simple functions. Fori=1,...,q+1,1et0; : []; V; — []; V; be the inclusion
which puts a zero in the i-th coordinate. Then a function f € C*°([] j V;) is said
to be simple if

0Ff=0 Vi=1,....q+1.

Forasubset I C{l, ..., g+1}, denote by || its cardinality and by Oy : ng[ Vi—
I1 ; V;j the inclusion which puts a zero in the entries indicated by the elements of /.
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Define Py : C*([1; V;) = C>(I1; V;), I=—1,0,1,...,4, by

Pen(f) =1,
(4-6) Poy(f)=Pu—iy(f)— Y OjPe_p(f) forl=0,....q.
| |=q+1-1
Each P, [=0,..., g, is a projection onto the space of functions of [] j V; which

vanishes whenever g +1—1 entries are zero. In particular, Pgp := P(,) is a projection
onto the space of simple functions.

Multilinearity and skew-symmetry. The map

DB Vi®- - ® Vi) — C([T1 V).
nw - ®Mq+l e (Zm Oprl) (L Mg+l Oprq-‘,—l)

is a monomorphism of C*°(B)-modules, where pr; : ]_[q+1 Vi V; is the projection
onto the i-th summand. It follows from Taylor’s theorem that its image is the space
of simple (¢g+1)-homogeneous functions.

We are mainly interested in the case V; = --- =V, =V and V4| = W*
and we denote the g-fold fiber product V xp --- xp V by X% V. A function
f€C®(X 5V xp W¥) is said to be skew-symmetric if

f(va(l)’ -5 Vo(q)» g) = Sgn(o)f(vl, ey vq’g) Vv eV, S € W*, (oS! Sq-
The map Py : COO(XqB V xp W*) — COO(X% V xp W*), defined by
1
(4-7) Pi(f)=— ) sgn(o) f oo,
q: oES,

is a projection onto the space of skew-symmetric functions, where S, is the sym-
metric group and o : X GV xg W* - X%V xpg W* is the permutation of the
first ¢ entries belonging to V according to o. Let us define
“48) F:T(B, AV QW) —> C®(XEV x W),

©= (1 A Atg) ®E > g1 Pac((€y 0 pry) -+ (€, 0 Pry) (G 0 pryy ).

It is straightforward to check that § is a monomorphism of C*°(B)-modules whose
image is the space of simple, skew-symmetric (¢+1)-homogeneous functions. We
denote the image of § by C5, (X % V x W*). The projections Py, Pepi and Py i-hom
commute with each other, and so

(4-9) Pexi := Pok 0 Papi 0 Pypihom : CZ(X 5V xg W¥) = CoH (X5 V x5 W)

is a projection onto C35( X %V x g W*).
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Example 4.5. For V = B x R", let {6;,...,0,} be a local frame for W and
{e!,...,e"} bea global frame for V*. A point p € X% V xg W¥ g < n, has
coordinates

p:(x’)ﬂ"'~’)ﬁvél"°'7€m)7 XEBv)Lj:(yl,jv""yn,j)ERn’ %.IG[R'

For a function f € C°°(X% V xp W*), we have Pe f = l'%(a)f), where wy €
['(B, A9V*® W) is given by h

wr(p) 1
+
~ Y Y e AR (1,001 A - A ekt @6 (x).

I <k < <ky<n i=1 oS, Vo) 17" BVko ). 08

The VB-groupoid behind the curtains. We define here the VB-groupoid whose
differentiable cochain complex contains the complex of differential forms with
coefficients. Later on, we show how the Weil complex is embedded in the Chevalley—
Eilenberg complex of its Lie algebroid.

Differential forms with coefficients. Let TG = TM be the tangent groupoid, ob-
tained by taking the derivative of all the structure maps defining G. Let us introduce
the VB-groupoid G, = M, defined by

Gy =TG xg-+xgTG xgt"C*———— ¢

q times

. I

Mq=TMXM~-'XMTMXM cCr—M

q times

where the structure maps are defined’ componentwise and t*C* = C* is the
action groupoid corresponding to the right action of G (see Example 2.5) on C*
obtained by taking adjoints. We frequently omit the subscript ¢ when no confusion
arises. The g-fold fiber products on (4-10) are also denoted as X‘é TG xgt*C*
and X%,, TM x 3 C*.

Lemma 4.6. The space of p-composable arrows B,G is isomorphic as a vector
bundle over BG to the q-fold fiber product TB,G xp,g - -+ Xp,g TBpG X p,g t*C™.
More concisely,

(4-11) ByG = B,(X§TG xgt"C*) = (X 6 TByG) xp,gt"C™.

2There is a more general fact playing a role here: Whitney sums of VB-groupoids yield VB-
groupoids (see [Bursztyn and Cabrera 2012]).
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The proof consists in simply defining the isomorphism
B,G>W",...,u")
= (O, U U U, (g1 g ED),
where each U®) = (Ul(i), el Uq(i), (gi,&)) e G.
One important consequence of the isomorphism (4-11) is that the space of

differential forms Q9(B,G, t*C) can be identified with a subspace of C*°(B,G),
which we denote by CZ(B,G). It is the image of the map (4-8):

ext
(4-12)  §:Q9(B,G,t°C) — cm((xgpg TB,G) x,g t*"C*) = C*(B,0).

In order to characterize Cg (B,G) more explicitly, note that, given a permutation

o € §,, the permutation map
0g: X§TGxgt*C — XETG xgt*C
is a groupoid morphism and, under the isomorphism (4-11),
(4-13) B,0og =03,
for the corresponding permutation map
08,6 Xp,6TBpG xp,gt"C — X3 5TB,G xgt"C.

Similarly, the zero maps Ol.g G641 —> Gy (i=1,...,g9)and Ogﬂ : Xg TG — G,
are groupoid morphisms and

(4-14) B09 =07 Vi=1,...,g+1.

Hence,

CX(BpG) = {f € CL 1) nom(BpG) | (Bpog)* f =sgn(o) f. (B,09)* f =0
VoeS, i=1,....,q+1}.

Note that the projection (4-9) gives here, under the isomorphism (4-11), a projection

Peig : C¥(B,G) — CZ(B,G).

ext

Proposition 4.7. The projection Pex g satisfies

Pext,g od=348o PCXI,Q'

o]
ext

Proof. The result follows directly from (4-13), (4-14) and the fact that

(Bp119)"0f =86(Bpp)" f
for an arbitrary groupoid morphism ¢ : H; — H> and f € C?(Hy). (]

In particular, C35.(B,G) is a subcomplex.
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In the following, we denote by C¢,,(G) and HZ,(G) the complex (CZL(B.G), )
and its cohomology, respectively.

Proposition 4.8. The map § : Q4(B,G,t*C) — C P (G) is a dg-module isomor-

ext
phism.
Proof. Let d; : B,11G — BpG and §; : B,11G — B,G,i=0,..., p+1, be the
face maps and let s; : B,_1G — B,G ands; : B, 1G— B,G, j=0,...,p—1,be
the degeneracy maps for G and G, respectively. The result follows from the fact that

agga) = Sgl.a;;w, a;k%’w = Sai*a)’ Sj%’a) = %'s;‘w Vo e Q! (Bpga t*C),
when restricted to the fiber over (g1, ..., gp) € B,G. O

Remark 4.9. The framework presented here can be used to define multiplicativity
for differential forms on a Lie groupoid with values in a 2-term representation
up to homotopy. This was done in [Egea 2016] by simply changing t*C* to
V =s*E* @ t"C* with the VB-groupoid structure defined by (3-2).

Weil complex. The Lie algebroid A, — M of the Lie groupoid (4-10) G, = M is
the g-fold fiber-product® X § Tg xq 7*C* — X3, TM xy C*, where 7 : g — M
denotes the projection map of the Lie algebroid of G.

Definition 4.10. Let « € I'(M, A*A*). We say that « is skew-symmetric with
respect to A — g if

(4-15) O'g*Ol =sgn(oc)a Voes,

where o4 : A, — A, permutes the g-coordinates on X g T g according to o. Similarly,
« is multilinear with respect to A — g if

(4-16) hi*a = A0ty

4-17) ON'a=0 Vi=1,...,q+1,

where b} : A, — A, is the homogeneous structure of the vector bundle A, — g,
and O? :Ay_1 — A, and 03+1 : Xg Tg— A, i=1,...,q,are the zero maps.

Let Tex (M, AI’A;) be the subspace of I'(M], APA\;) of skew-symmetric multi-
linear forms with respect to A — g. In particular, [ex (M, AI’A;‘) is a subset of
I (g+1)-hom(M, APA,). In the following, we frequently omit the reference to g on the
Lie algebroid A,. There exists a projection Pex¢ g : I'(M, APA) — [ex (M, APA*)
obtained exactly as (4-9) composing the projection P(gq’ _’il)_hom (2-10) with the ones
constructed from the zero maps 0? and permutations o9 exactly as in (4-6) and

(4-7), respectively.

3 As with VB-groupoids, Whitney sums of VB-algebroids yield VB-algebroids. Moreover, Whitney
sums are preserved by the Lie functor (see [Bursztyn and Cabrera 2012]).
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Proposition 4.11. The projection Pey g satisfies
Pext,god =d o Pexg.
In particular, Uex (M, A°A*) is a subcomplex of CE*(A).

Proof. The result follows from the fact that the maps hi, O? , 04 are all Lie algebroid
morphisms. In fact,

(4-18) hd =Lie(hy), 0f =Lie(0f), o, =Lie(og)
for the corresponding maps hf, Oig, og on the Lie groupoid G. ([

In the following, we shall denote by CEZ, (A) and by H¢Z(A) the complex
(Text(M, A*A*), d) and its cohomology, respectively. Note that CEg,,(A) is a right
dg-module for I"(A*g) = 'o.hom (M, A*A*) by considering the wedge product.

Proposition 4.12. There exists a right I’ (A*g*)-module isomorphism ev : CE?
— W*i(g, C) satisfying

A)

ext

evod =dwy oev.

We refer to the Appendix (see Proposition A.3) for a proof. It is important to
note that Proposition 4.12 implies that W*4(g, C) is a right dg-module for I"(A*g*)
as stated in Proposition 4.2. It is also worth noting that ev is a map defined similarly
to (3-4) (i.e., it evaluates an element o € [exi (M, APA*) on a set of generators of
(M, A) to give the sequence (cg, ¢1,...) € WP4(g, C)).

Remark 4.13. An alternative characterization of 'ex((M, A?A*) can be given by
seeing vector bundles as Lie groupoids (With multiplication given by addition on the
fibers). Set AP) = X A and g'») = X g. One has AP = B,A and gP = B,g.
In particular, the 1somorph1sm “4-11) 1mphes that

(4-19) AP =1, ) X THCH

as vector bundles over g”, where 7 : g»» — M is defined (following the previous
convention for ¢ : GP) — M) as w(uy, ..., u,) = w(uy). Hence, Q4(g”, n*C),
the space of differential forms on g(l’) with values on C, can be embedded as a
subspace of C*®°(A(P)) via (4-8). Similarly, I'(M, A?A) can also be embedded as a
subspace of C*®(A(P)). One can now check that

Cext (M, APA*) = T(M, APA)N Q4 (gP, 7*C).

In the case where C = R, with the trivial representation, Li-Bland and Meinrenken
[2015] gave a similar characterization of the Weil algebra as a subspace of differential
forms on g. In this context, the case p = 1 was already studied by Bursztyn, Cabrera
and Ortiz [Bursztyn and Cabrera 2012; Bursztyn et al. 2009].



326 ALEJANDRO CABRERA AND THIAGO DRUMMOND

Proof of the van Est theorem for differential forms with coefficients. Let VE :
(C*(G), 8g) — (I'(M, A*A*), d) be the van Est map (2-13) for the groupoid G = M.

Proposition 4.14. We have
VEo PSP = P3P o VE.

ext T ©ext

In particular, VE(C (B, 5)) C I'ext (M, APA¥).

Proof. From Proposition 2.12, one already has that VE satisfies VE o qu Jj hom =
qu +pl hom © VE. It remains to show that VE commutes with the projections asso-
ciated to the skew-symmetry and the simplicity properties. But this follows from

Lemma 2.10 together with the relations (4-13), (4-14) and (4-18). U

Let VEey : Coq(BpG) — Texo (M, APA™) be the restriction of the van Est map.

ext
Lemma 4.15. The following diagram commutes:

QI (B,G.t"C) —> 4 C%(B,G)

(4-20) VES{ lVE
WP4(g, C) +———— Texr(M, APA¥)

The proof of Lemma 4.15 consists of a direct but technical verification that
we postpone until the Appendix (see page 328). Finally, we are ready to prove
Theorem 4.4.

Proof of Theorem 4.4. As ev and § are dg-module isomorphisms, it remains to
show that VE.y; induces isomorphisms on the cohomology H?(C(B.G)) —
HP (Text(M, A*A*)) for p < pg and a monomorphism for p = pg + 1. Since the
ordinary van Est map VEg for G satisfies the above, the theorem then follows from
the homological lemma by means of the underlying projections exactly as in the
proof of Theorem 2.14. ]

Remark 4.16. The space Q°(B,G, t*C) is a bigraded right module for the bigraded
algebra Q°*(B,G) with the cup product [Dupont 1978]. The multiplication is given by

wolUn= (—l)qp/Pr*a)/\Pr/*ﬂ, we QI(B,G,t*C), n e Qq/(Bp’g)’

where pr: B4 ,G — B,G (resp. pr’: By G — B,/G) is the projection onto the first
p arrows (resp. last p” arrows). It is interesting to note that such module structure
can also be described within the VB-groupoid context. Indeed, by considering
the projections pr : G474 — G and pt’ : G414 — X G ' TG, one can check that
Sowun € C®(Bpyp /G974 can be obtained from (B,p1)*Fp € C®(B), G9+4') and
(Bypr')*§, € C*(ByG? +4") by skew-symmetrizing their cup product

(Bppt) "o * (ByPr) g, € COO(Bp+p’Gq+q/).
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Similarly, one can define a bigraded module structure on W**(g, C) for the Weil al-
gebra W**(g) [Arias Abad and Crainic 2011] using the wedge product for their mod-
els as subcomplexes of the Chevalley—Eilenberg complexes. These bigraded module
structures should be useful for studying “multiplicative linear flat” connections on C.

Appendix: Formulas for the evaluation map

We turn to the proof of Lemma 4.15 relating the formula for VEq with the standard
van Est map for G and A. In the process, we also give a detailed description (see
(A-8) below) of the map ev : I'ext (M, APA;‘) — WP4(g, C), making use of special
sections of A,.

Special sections. Let TB — B be the tangent bundle of B. Given a vector field
X € X(B), let XT, XV € X(TB) be its tangent and vertical lift respectively.* Define

vector fields X7+ and X (V]()f, j=1,...,q, on the manifold XqB TB as follows:

(A-1) Xty v = (X (1), ., X (vy)),
(A-2) X(Vja;f(vl, i 0g) =0y XY (), 1, Oy,

Let now G = M be a Lie groupoid with Lie algebroid 7 : ¢ — M. For a
representation C — M of G, consider the Lie groupoid (4-10), X‘é TGxgxt'C*=
X %, TM x y C*, with corresponding Lie algebroid Xg T'g xg*C* For a section
u:M— g,let Tu:TM — Tg be its derivative and y, : C* - 7*C*=C* x 1 g
the section defined by (2-11). The expressions

Tu(xr, ..., xq,8) = (Tux1), ..., Tu(xg), xu(§)),

(eu(m)), ..., TO(xy), Og),
=0

€=

d
Ziu(xy, ..., x4,8) = <T0(x1), e, TO(M)-FE

fori=1,...,q9, x1,...,x, € T,M, & € C;; and m € M, define sections of the Lie

algebroid A = X § Tg xg*C* — M= X, TM xy C* It is known that Tu and
Ziu,i=1,...,q, generate '(M, A) as a C*°(M) module.’

Lemma A.1. As vector fields on B ( Xg TG xgt"C*H=E X qug TB,G xp,g t*C*,
the following identities hold:
(A-3) B,(Tu) = ((B,w)"?, X,,),
(A-4) B,(Ziv) = ((Bpv)!;7, 0),

4The flow at time € of X7 (resp. XV) is the derivative of the flow at time € of X (resp. translation
by €X).

SThis follows from a general result regarding core and linear sections of double vector bundles
(see [Mackenzie 2011]).
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where X,, € X(t*C*) is the vector field whose time-€ flow is given by

(gh ] gpv %‘) = (W;(gl» ] gp), A*Z(t(gl))_] (g))

In particular, for w € Q4(B,G, t*C),

(A-5) SoLB,Tuw)Sw = S Ryws

(A-6) 5L, 20%0 = (=1 '§r00prl

where R, and J, were defined in (4-3),

pr('l?;’ : X%_g TB.G xggt'C* - X qB;]l TB.G xpgt*C*

is the projection which forgets the i-th component and S is the first degeneracy map

for G.

Proof. For u € I'(g), consider the sections Zu, Tu of Tg — TM, where
d

Zu(x) =TO0(x)+ — (eu(m)), xeTl,M.

de e=0

One has that Tu = &7 and Zu = ii" as vector fields on TG = TM (see [Mackenzie
and Xu 1994]). Also, the flow of the right invariant vector field x, € X(t*C*) is
given by

(g, &) = (@5(2), p5(t(g) " - &).

The identities (A-3) and (A-4) now follow from analyzing the flows together with
the rearrangement isomorphism (4-11). Hence, for o € Q4(B,G, t*C),

(L8, @8 (T),...T, (81108060

d - —
= | So(Tvi@n..... TV, (Wi 8p), (gt £)
e=0

=& o te)) ™" - (W) W1, ...,Uy))

Now, (A-5) follows from the commutation relations on Proposition 4.8. The identity
(A-6) follows similarly. O

The evaluation map. We now describe the chain isomorphism ev: ey (M, APA*) —
WP (g, C). First, for a € Cexe(M, APA*) C T'(M, APA*), define

&) : (X" (@) x (X T(g)) = C®(X %, TM x5, C¥)

as

Ek(a)(ul, ey up_k|v1, ey vk) =Ot(le)1, ey Zkvk,Tul, .. .,'I]'up_k).
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Lemma A.2. There exists a map ci(a) : X T'(g) = Q4%(M, C) such that
(A-7) k(@) =Fe@ 0Py Yoo € Fexd (M, APAY),

where pryy 410 X Z,, TM xy C*— X f{/,_k TM x p; C* is the projection which forgets
the first k entries.
Proof. The multilinearity with respect to both vector bundle structures, A — M

and A — g, implies that ¢i(a)(uy, ..., up_glvi,...,00) = Fy 0 pryy 4, Where
Fy € C"O(quk TM xy C*) is given by

Fa(yla "'7yq—k7§)

=cr(@) @i, . upg|vr, o, V) Oy ooy Oy Y15 - - Yg—ks 6).
—_————

k times

We now have to check that F, € ngt(x"*" TM xy C*), ie., Fis (g—k+1)-
homogeneous, simple and skew-symmetric. The homogeneity of F,, follows from
the homogeneity of « together with the linearity of the sections Tu and the properties

of the section Z ;v:

1
Z;i () Op.....0m Ay qufk,m:h?i(Zj(xv)

Z;(w) =1-Z;(v),

where A > 0 and - stands for the multiplication for A — M. The simplicity of Fy
follows from the identity

(Fa o()l') opr[l’k] = ((OgH)*a)(Z]v], ey Zkvk, Tul, ey Tup_k) =0
fori=1,...,g—k+1. Finally, leto € S,_x C S, seen as the subgroup acting as
the identity on {1, ..., k}. One can check that

(Fa OOM) opr[l’k] = (O’JO[)(Z]U], ey Zkvk, Tul, ey Tup_k)

= sgn(a)a(Zlvl, ey Zkvk, —ﬂ—u1, ey Tup_k)
=sgn(o) Fy o pryy 4

This shows that F, € CZ,( X TR TM x C*) and, therefore, there exists ¢k (o) :

ext

Xp F(g) - quk(M’ C) SUCh that Fy = ka(a)(ul ----- ”p*k|Ul ----- vk) - U
Our aim is to prove that
(A-8) ev(a) = (co(a), ci(@), ...)

defines a map from e (M, APA*) into W?-49(g, C). First note that the sequence
(co(@), c1(e), ...) completely determines o € I'ex( (M, A?A*). Indeed, as ['(M, A)
is generated as a C*°(M))-module by sections of the type Tu, Z;v, any element of
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'(M, APA*) is determined by its values on these sections. Now, one can check
that, for a € [ext (M, APA™*),

(A-9) izviz;wee =0 forj=1,...,q,
and, for a permutation o € S,
(A-lO) Ol(ZJ(l)Ul, ey Zo'(k)vk, Tul, ey _H_Mp_k)
=sgn(o)oy(a(Zvy, ..., Zrve, Tuy, ..., Tup_p)).

Hence, to recover o from its values on the sections Tu, Z; v, it suffices to know the
values of o encoded on the sequence (co(x), ci(e), ...). The next result gives the
desired proof of Proposition 4.12.

Proposition A.3. Given a € I'ex((M, APA*), one has that
(1) cx (@) is skew-symmetric on the u entries;

(2) cx () is symmetric on the v entries;

(3) given f € C*(M),

@)y, .. upglor, ..o, for) = fer()wr, ... up—glvr, ..o, ve),
ck@(fur, ... ,up—glvr, ..., v) = fer(a) Uy, ..., up—glvr, ..., vg)
+df/\ck+1(a)(u25 ey up—klvlv cooy Uk, Ml)-

In particular, each ci can be viewed as an R-linear skew-symmetric map cy :
X pk I'(g) — QI %M, S g* ® C). Moreover, the map ev : Tet(M, APA*) —
WP (g, C) defined by (A-8) is a right T (A*g*)-module isomorphism satisfying

evodex = dw oev.
Proof.

(1) This follows directly from the skew-symmetry of « with respect to A — M.

(2) Leto € S C S, seen as the subgroup acting as the identity on {k+ 1, ..., g}.
From (A-10) and the skew-symmetry of o with respect to A — M),

a(Zlva(l), ey Zkvo'(k), —I]—I/tl, ey Tup_k)

=sgn(0) a(Zs(1)Vo(1)s - - > Lo (k) Vo k> Tttty .oy Tup_g)
= (sgn(0) > a(Zyvy, ..., Zyvg, Ty, ..., Tup—p).

In the second equality we have used the fact that
oe(TTul, ey Tup_k, Zo‘(l)vg(l), ey Zo(k)vo'(k)) S Coo(Xt] ™ XM C*)

does not depend on the first k£ coordinates.
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(3) One can check that
Zi(fv)y=(fom)-LZv,

q
T(fuy=(fom) -Tu+Y (Layopr;)-Zju,
j=1
where all the sums and scalar multiplications are with respect to 7 : A — M,
pr;: XX,, TM xpy C* — TM is the projection onto the j-th factor and £, €
C*(TM) is the linear function corresponding to df € Q' (M). To simplify notation,
we identify Q4~%(M, C) with its image on C*°( X TRTM x C*) under § in the
following. The first equation of (3) is now straightforward to check. As for the
second, it follows from (A-9) and (A-10) that

ce(a)(fur, ... up—k|vr, ..., V) OPIY
=(fom)a(Z\vy,...,Zxvk, Tuy, ..., Tup_g)
q
+ Y Wapoprpa@vy..... Zivg. Zjuy, Tus, ..., Tup )
j=k+1
= (fom)ck(@)(up, ..., Up—k|V1, ..., V) OPIpy g

q
+ Z (=17 1ty opry)a(Zivy, ..., Livi, Lgwiur, Tuz, ..., Tup_i) oo,
j=k+1

()

where o/ € Sy is the cycle (j j—1--- k+2 k+1), for k +1 < j < g, which
has sign equal to (—1)/ %=1, It is now straightforward to check that (x) equals
df Nexgr(ua, oo up ilvr, .., Vg, ) oIy 4]

It remains to prove that ev is a dg-module isomorphism. Let us first prove that
ev commutes with the multiplication. Let 8 € F(AP/ %) = T'ochom (M, AP/A*) and
consider ev(a A B) = (co(a A B), c1(a A B), ...). By definition,

c(a ABYur, .oy tpqp—k|VLs - ., V) 0PI g
= (a /\ﬁ)(Zﬂ)l, L] Zkvk5 —l]—ula L] —l]—up+p’—k)

= Z sgn(a)a(Zlvl, ...,Zkvk,TTua(l), ...,Tua(p_k))
o€S(p—k,p) % ﬂ(—”—ua(p—k—i-l)a o —l]—ua(p-i-p/—k))s
where S(p—k, p’) is the space of (p—k, p’)-unshuffles and the last equality follows
from the fact that the contraction of 8 with any section of type Z.v. is zero. The
result now follows easily.
Finally, to prove that ev intertwines the differential, consider

ev(da) = (cop(da), ..., c(da), ...),
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where

ce(da)(uy, ..., Upyp1—k|V1, oo, UE) O PIy g

:da(Zlvl, e ,Zkvk,Tul, .. .,—l]—up+1_k)

k
= Z(—l)j+1ﬁp(zjvj)ot(zlv1, e Zjvj, L)
j=1

(4)
p—k+1
+ Z (—1)‘+k+1£pqu,)a(llv1, ey Tu,-, .. )

i=1

(B)

+ Y DHa(Tu, Tul. ... Ty, ... T, ...
I<i<j<p+l—k

©)
p+l—k k
+ >0 Y 0z Tug) L Zyyy . T ).
i=1 j=1

(D)
Notice that there are no terms containing [Z v}, Z;,v},] since these brackets are
all zero. To study the remaining terms, we use some properties of the tangent Lie
algebroid Tg — TM (see [Mackenzie and Xu 1994]) and the action algebroid
C*xyg— C*
(A): From (A-10),
a(Zlvl, ey Zjvj, ey Zkvk, Tul, ey Tup+k_1)
P
= (_1) JO—]TJ(‘SCkfl(O[)(ul ,,,,, up+1,k|v1,...,vj,1,vj+1 ..... Uk) Opr[],k—l])s

where 0 = (j k)(j k—1)---(j j+1) € S;. Now,

pr[l’kfl]OO—M(xl9 --.,Xq,§) = (xjvxk+17 --'7xq7§)7

p(Zjvj) = (,O(Uj)Z}g, 0)
and

E(XZ;?,O)gw:ginopr(l) VXE%(M), a)EQq(M, C)?

where pr(;y @ X TTM xy C* — X =Ty x m C* is the projection which forgets
the first component. These facts imply that

k
(A) = (=) Z(ip(vj)ck—l(a)(ul’ e Up kUL VL Vg,
j:] ey Uk)) opr“,k].



VAN EST ISOMORPHISM FOR HOMOGENEOUS COCHAINS 333

(B): The fact that p(Tu;) = (p(u;)", p(x.)), where (-)7 stands for tangent lift,
implies that, for w € Q9(M, C), L,Tu;)Sw =Su;-0> Where u-(BOu) = L,w) B U+
BRV,u, BeQi(M), wel(C)andV is the g-connection on C defining the
representation of g on C. Hence,

p—k+1
(B)=(=DF Y (=D (wi - cxur, ooy @iy ttprr 01, -, 00)) 0PIy .

i=1
(C) and (D): From the identities [Tu;, Tu;] = T[u;, u;], [Tu;, Zjv;1=Z;lu;, vjl,

it is straightforward to check that

©)==DF Y D () iy i) w187y

1<iy <ij<p—k+1 e Ut 1 VL, o UR)) 0PI s
p—k+1 k
(D)= (=D* 3" > (=D (@), ...,
i=1 j=1 e Ut —kV1, o [, 0] ) 0PI -

Hence,
(A)+(B) + (C) + (D) =dw(c(@)k(ur, ..., up—k+1|v1, - .., Vk) OPIpy g
= c(da); =dw(c(a))k,

as we wanted. O

Proof of Lemma 4.15.

Lemma 4.15 rephrased. Let o be an element of Q4(B,G,t"C) and consider
VEq(w) = (cp(w), c1(w), ...) as defined in (4-4). Also, let @ = VEx(Fw) €
Cext(M, APA*) and consider ev(a) = (co(), c1(), . ..) defined by (A-7). Then

cr(w) =cp(a) Yk=0.
Proof. From (2-13),

{S:ck(a)(ul ..... Up—|v1,..svx) © PI1 k] = VEex((Sw)(Z1v1, ..., Zyvg, Tuy, --~,_]]—up—k)
= sgn(0) Ry, - - Ry, S

o€S),

where y; = Z;v; (resp. Tu;—p)ifi € {1,...,k} (resp.ifi e {k+1,..., p}). The
main ingredients of the proof are the identities from Lemma A.1:

RTu,-%w = SSEB,,TLliSw = gRuiwv

P _]’
RZ,‘U,‘S&):(_I)l 13'Jv,-wopr(pi) q’
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where pr&l?;’ : X%.g TB.G xpgt"C* — X%L} TB.G x g g t*C* is the projection
which forgets the i-th component. In the rest of the proof, the difficulty lies in the
combinatorics needed to count the number of —1’s appearing due to the presence
of the sections Z;v;.

LetO<r<p,1<s<gandl<i, j<s. ForneQ (B.G, t*C), one can
check that

Ry (Fy o pris}) = Sron o priy,
and
j— - 1, cp s .
(=10’ 11'3:]”; oprE) Opl‘fl) s ifi > j,
Rz, opiy) = { —(=1) 1§y opry) o)1 ifi < j,
0 ifi =j.

Let us now fix a permutation o € S,. For 1 </ <k, let j; = o~ 1(1) for I > 1 and set
Jo =0. Denote by 7 the permutation of {0, 1, ..., k} such that j; ) <:-- < jr).
One can now prove by induction that, for j.¢y <r < jra+1),

,q—k+l )
(A-11) Ryyiiry - - RXa(p)%’w =4(k, 1) (gDo()‘+l)~~'Da(p)w Oprzi?) o oprzif_”),

where the D; are the operators (4-5), {iy <--- <iy}={r(+1),...,t(k)} and
(k. 1) = (—1)k~! (= 1)TU+D++T®) )N (E.D)
with
N D =#{G j)ell+1,... .k x{I{+1,....k}|i<jand o' () >0 ()}
Note that, for / =0,
5(k,0) = (—D)k(=1)! 7+ (Z1)e@h) — (_1)kk=D/2(_1ye(@k)
In particular, when r = 0, we have

Ser@ i, .. up—klvr,..,ve) © PI[1 &)

= Z sgn(o) Ry, ) - - - Ry, () Sw

o€eS),
k(k—1)/2 k ?
= (=1) (k—1)/ Z sgn(o)(— 1)6(5 )%’Da(l) Da(p)wopr(l) o . opr(k’)]
o€S)
zgck(w)(ul ..... Up—ilvr,..,vr) © PI[L k- H
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THE RICCI-BOURGUIGNON FLOW

GIOVANNI CATINO, LAURA CREMASCHI, ZINDINE DJADLI,
CARLO MANTEGAZZA AND LORENZO MAZZIERI

We present some results on a family of geometric flows introduced by J. P.
Bourguignon in 1981 that generalize the Ricci flow. For suitable values of
the scalar parameter involved in these flows, we prove short time existence
and provide curvature estimates. We also state some results on the associ-
ated solitons.

1. Introduction

In this paper we consider an n-dimensional, compact, smooth, Riemannian manifold
M (without boundary) whose metric g = g(¢) is evolving according to the flow
equation

d

(1-1) 578 = —2Ric+2pRg = —2(Ric — pRg)

where Ric is the Ricci tensor of the manifold, R its scalar curvature and p is a real
constant. This family of geometric flows contains, as a special case, the Ricci flow,
setting p = 0. Moreover, by a suitable rescaling in time, when p is nonpositive,
they can be seen as an interpolation between the Ricci flow and the Yamabe flow
(see [Brendle 2005; Schwetlick and Struwe 2003; Ye 1994], for instance), obtained
as a limit when p — —o0.

It should be noticed that for special values of the constant p the tensor Ric — pRg
appearing on the right-hand side of the evolution equation is of special interest. In
particular,

e p = 1/2, the Einstein tensor Ric — %g,

p = 1/n, the traceless Ricci tensor Ric — R g,
n

o = 1/2(n — 1), the Schouten tensor Ric — ﬁg,

e p =0, the Ricci tensor Ric.

MSC2010: 53C21.
Keywords: Ricci flow, Ricci-Bourguignon flow, short time existence.
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In dimension two, the first three tensors are zero, hence the flow is static, and in
higher dimension the values of p are strictly ordered as above, in descending order.

Apart from these special values of p, for which we will call the associated flows
by the name of the corresponding tensor, in general we will refer to the evolution
equation defined by the PDE system (1-1) as the Ricci—-Bourguignon flow (or shortly
RB flow).

The study of these flows was proposed by Jean-Pierre Bourguignon [1981,
Question 3.24], building on some unpublished work of Lichnerowicz in the sixties
and a paper of Aubin [1970]. In 2003, Fischer [2004] studied a conformal version of
this problem where the scalar curvature is constrained along the flow. In 2011, Lu,
Qing and Zheng [Lu et al. 2014] also proved some results on the conformal Ricci—
Bourguignon flow. Some results concerning solitons of the Ricci-Bourguignon
flow (called gradient p-Einstein solitons) can be found in [Catino and Mazzieri
2016; Catino et al. 2015b].

We will see in the next section that when p is larger than 1/2(n — 1) the principal
symbol of the operator in the right hand side of the second order quasilinear parabolic
PDE (1-1) has negative eigenvalues, not allowing even a short time existence result
for the flow for general initial data (manifold M and initial metric go). On the
contrary, the main task of Section 2 will be to show that for any p < 1/2(n—1), every
initial compact Riemannian manifold (M, gg) has a unique smooth solution g(¢)
solving the flow equation (1-1), with g(0) = go, at least in a positive time interval.

However, the problem of knowing whether the “critical” Schouten flow

0 . R
(1-2) 3,8= —2Ric + 1%
8(0) = go,
when p =1/2(n—1), admits or not a short time solution for general initial manifolds
and metrics remains open, when n > 3.

We will see that if p < 1/2(n — 1), the principal symbol of the elliptic operator
is nonnegative definite and it actually contains some zero eigenvalues due to the
diffeomorphism invariance of the geometric flow. When p < 1/2(n — 1), these zero
eigenvalues are the only ones, while all the others are actually positive, hence, they
can be dealt with (as is customary by now) by means of the so-called DeTurck’s
trick [1983; 2003]. In the case of the Schouten flow p = 1/2(n — 1) instead,
the principal symbol contains an extra zero eigenvalue besides the ones due to
the diffeomorphism invariance, preventing this argument from being sufficient to
conclude and to give a general short time existence result.

We mention that the presence of this extra zero eigenvalue should be expected,
as the Cotton tensor, which is obtained from the Schouten tensor A by

Cijk = ViklAij — VA = VkR;j — ViR — (VkRgij — ViRgix),

_
2(n—1)
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satisfies the following invariance under the conformal change of metric g = g,
3ugs .
e Cijx = Ciji + (n — 2)Wijy V'u;

see [Catino et al. 2016, equation 3.35]. Recently, Delay [2014], following the work
of Fischer and Marsden, gave some evidence on the fact that DeTurck’s trick should
fail for the Schouten tensor.

In Section 3, we will compute the evolution equations for the curvature.

In Section 4, by means of the maximum principle, we derive, from the evolution of
the curvature, some conditions on the curvature which are preserved by the RB flow.
In particular, we show that the Hamilton—Ivey estimate in dimension three holds.

In Section 5, we establish some a priori estimates on the Riemann tensor and
prove that, if a compact solution of the flow exists up to a finite maximal time 7,
then the Riemann tensor is unbounded when approaching 7.

Finally, in the last section we discuss the structure and the classification of the
solitons of the RB flow.

1A. Notation and preliminaries. The Riemann curvature operator of a Riemann-
ian manifold (M, g) of dimension 7 is defined as in [Gallot et al. 1990] by

Riem(X,Y)Z = WVxZ — VxVWZ + Vix v Z,

and we will denote by dji, the canonical volume measure associated to the metric g.

In a local coordinate system, the components of the (3, 1)-Riemann curvature
tensor are given by Rfjk (3/3x") = Riem(d/dx’, 8/9x7)d/9x*, and we denote by
Riju = gsz?}k its (4, 0)-version.

kw! 0.

With this choice, for the sphere S we have Riem(v, w, v, w) =Rji viwlv

The Ricci tensor is obtained as the contraction R;; = g/ IR, jki> and R = g”‘Rik
will denote the scalar curvature.

The so-called Weyl tensor is then defined by the decomposition formula (see
[Gallot et al. 1990, Chapter 3, Section K]) of the Riemann tensor in dimension

n>3,
R
(1I-3) Wi =Rjju + m(gikgjl — &ilgjk)
1
- E(Rikgjl —Riugjik +Rjigik —Rjrgin).

The tensor W satisfies all the symmetries of the curvature tensor and all its traces
with the metric are zero, as can be easily seen from the above formula.

In dimension three, W is identically zero for every Riemannian manifold (M, g),
and it becomes relevant when n > 4 since it vanishes if and only if (M, g) is
locally conformally flat. This latter condition means that around every point p € M
there is a conformal deformation g;; = el gij of the original metric g, such that the
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new metric is flat, namely, the Riemann tensor associated to g is zero in U, (here
f : U, — Ris a smooth function defined in a open neighborhood U, of p).

2. Short time existence

Theorem 2.1. Let p < 1/2(n — 1). Then, the evolution equation (1-1) has a
unique solution for a positive time interval on any smooth, n-dimensional, compact
Riemannian manifold M (without boundary) for any initial metric g.

Proof. We first compute the linearized operator D L, of the operator L = —2(Ric —
pRg) at a metric gg. The Ricci tensor and the scalar curvature have the following
linearizations (see [Besse 1987, Theorem 1.174] or [Topping 2006]), where we use
the metric go to lower and raise indices and to take traces:

DRicg, (h)ix = L (= Ahix — ViV tr(h) + Vi V' By + Vi V' i) + LOT,
DRy, (h) = —A(trh) + V*V'hy, + LOT.

Here LOT stands for lower order terms.
Then, the linearization of L at gg is given by

DL (h)ix = —2(DRicg,(h)ix — pDRg(h)(g0)ik) +20Rgohik
= Ahjx + Vi Vi tr(h) — ViV hy — ViV,
—2p(A(trh) — V*V'hy)(g0)ix + LOT,

for every bilinear form 4 € I'(S?M). Now, we obtain the principal symbol of the lin-
earized operator in the direction of an arbitrary cotangent vector £ by replacing each
covariant derivative V,, appearing in the higher order terms with the corresponding
component &,:

05 (DLg))(h)ik = &' hix + &i&y trgy (h) — &8 hyy — §x&"hiy
—2pE" & trg, (h)(80)ik + 208§ hys(0)ik-

As usual, since the symbol is homogeneous we can assume that |§],, = 1 and we
perform all the computations in an orthonormal basis {e;};—1,...., of T, M such that
& =go(er, ), thatis, & =0fori # 1.

Hence we obtain

.....

0s(DLg))(h)ix = hik + ;181 trg,(h) — 8i1hi1 — Sx1hit — 2p trgy (h)Sik + 2ph 116,
which can be represented in the coordinate system

(h11s ho2s oo by, By oo B, Bo3, hoay oo hy—1 )
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for any 1 € I'(S?M), by the following matrix

01-2p e 1-2p
: Aln—1] 0 0
0
0g(DLgy) = 0 0 0 :
0 0 |Idu—1n@m—-2)/2

where A[n — 1] is the (n — 1) x (n — 1) matrix given by

1-2p —2p --- =2p
Aln—1]= : . :

We can see that there are at least n null eigenvalues, as would be expected by the
diffeomorphism invariance of the operator L, and (n — 1)(n — 2)/2 eigenvalues
equal to 1. The remaining n — 1 eigenvalues can be computed by the following
lemma which is easily proved by induction on the dimension of A.

Lemma 2.2. Let A[m] be the m x m matrix

1-2p -2p -+ =2p
(2-1) Alm] = ) . )

Then we have
det(A[m] — Ald,) = (1 =) D1 = 2mp — ).

Using this lemma, we conclude that the eigenvalues of the principal symbol of
DL, are 0 with multiplicity n, 1 with multiplicity %(n +1)(n—2)and 1-2(n—1)p
with multiplicity 1.

Now we apply the so-called DeTurck’s trick [1983; 2003] to show that the RB
flow is equivalent to a Cauchy problem for a strictly parabolic operator, modulo
the action of the diffeomorphism group of M. Let V : I'(S?M) — I'(TM) be
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“DeTurck’s” vector field defined by

(2-2) Vi(g) = —g3'g"1V, (4 trg(80)gqk — (80)gk)
= —1e0%6P (% (20) pg — Vp(80)ak — Vg (80) pi)s

where gg is a fixed Riemannian metric on M and gék are the components of the
inverse matrix of gg.

DeTurck’s trick (see [DeTurck 1983, 2003] for details) states that in order to
show the smooth existence part of the theorem, we only need to check that the
operator D(L — £y ), is strongly elliptic, where £y is the Lie derivative operator
in the direction of V.

The principal symbol of this latter operator, with the same notation used above,
is well known and is given by

0s(DLy) gy (h)ik = 8i18k1 trgy (h) — 8i1hiky — Sxrhin.

Then we can easily see that the linearized DeTurck—Ricci—-Bourguignon operator
has principal symbol in the direction &, with respect to an orthonormal basis
(€, ez, ..., ey}, given by

1 =2p - —2p
: Aln—1] 0 0
0
06 (D(L — %y)g)) = 0 Idu—1) 0 :
0 0 |dup-1nm-2),2

expressed in the coordinate system

(hll’ h22a ce hnn, h127 h139 MR hll’l’ h237 h249 MR hn—l,n)

for any h € I'(S°M).

Using Lemma 2.2 again, this matrix has %n(n + 1) — 1 eigenvalues equal to 1
and 1 eigenvalue equal to 1 —2(n — 1) p. Therefore, by DeTurck’s trick, a sufficient
condition for the existence of a solution is that p < 1/(2(n — 1)).

The uniqueness part of the theorem is proven in the same way as for the Ricci
flow (see [Hamilton 1995]). The RB flow is equivalent, via the one parameter
group of diffeomorphisms generated by DeTurck’s vector field, to the DeTurck—RB
flow which is strictly parabolic. On the other hand, the one parameter group of
diffeomorphisms satisfies the harmonic map flow introduced by Eells and Sampson
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[1964], which is also parabolic. These two facts imply the uniqueness of the
solution for the RB flow (see [Chow and Knopf 2004, Chapter 3, Section 4] for
more details). U

3. Evolution of the curvature

3A. The evolution of curvature. As the metric tensor evolves by

ad
3781 = —2(Rij — pRgi)),

it is easy to see, differentiating the identity g; jgj P = 85, that

3-1) % ¢/l = 2(Ric/ — pRg!).

It follows that the canonical volume measure (o satisfies
du 9 Jdetgiig"  gij
d—‘t‘ = o /det g & = %58" = (np — )R /det g; %" = (np — )Ry

Computing in a normal coordinate system, the evolution equation for the Christof-
fel symbols is given by

i 1 il{i(i ) i(i .)_i<i )}
ot ik =28 1o, \ar84) T 3 \5:811) ~ 5 518

19 il{i 0, 9, }
2908 1o 84 T ax 81 o S

L) 5 ) - )

=78 Vi 578K + Vi 578! Vi o7 Sik

=— ¢"'{V;(Ry — pRgu) + Ve (Rj; — pRgj1) — Vi(Rjx — pRgjx)}
= — ;R — ViR, — V'R i + p(V;R8; + ViRS] + V'Rgj).

Proposition 3.1. Along the RB flow on a n-dimensional Riemannian manifold
(M, g), the curvature tensor, the Ricci tensor and the scalar curvature satisfy the
following evolution equations:

0

(G-2) o

Rijit = AR;jii +2(Bijr — Bijik — Birjk + Bikji)
— 8" (RpjuiRgi +RipriRyj + RijpiRyr +RijipRyr)

— p(ViViRgji — ViViRgji — V;ViRgii + V;ViRgi) + 2pRRijus,
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where the tensor B is defined as B;ji; = g7 8" RipjrRiqiss

9 Ny
(3’3) ERik = ARy + 2gpqg bRpirqus - 2gqupquk
— (n—2)pViViR — pARgi,

(3-4) SR =(1-201— )p)AR +2[Ric> — 20R?,

Proof. The following computation is analogous to the one for the Ricci flow
performed by Hamilton [1982].

By the first variation formula for the (4, 0)-Riemann tensor (see [Besse 1987,
Theorem 1.174] or [Topping 2006]), we have in general

%Riem(X, YW,Z) = %(h(Riem(X, YW, Z)— h(Riem(X,Y)Z, W))

3=V h(X,2) = V3 ;h(Y, W)+ V§ y h(Y, Z) + V] (X, W),

where X, Y, W, Z e I'(TM) are vector fields and & = (d/9¢)g. Along the RB flow
h = —2(Ric — pRg), and therefore

%Riem(X, Y, W,Z)
= —Ric(Riem(X, Y)W, Z) +Ric(Riem(X, Y)Z, W)
—VywRic(X, Z) — Vg ,Ric(Y, W) + Vg yRic(Y, Z) + Vy ,Ric(X, W)
—p(—VywRg(X, Z) — Vi ,Rg(Y, W) + Vg yRg(Y, Z) + V; ;Rg(X, W))
+2pRRiem(X, Y, W, Z).
Using the second Bianchi identity and the commutation formula for second covariant
derivatives, we get the following equation for the Laplacian of the Riemann tensor:
ARiem(X, Y, W, Z)
= —VpwRic(X, Z) — Vg 4Ric(Y, W) + Vg y Ric(Y, Z) + Vy ,Ric(X, W)
— Ric(Riem(W, 2)Y, X) + Ric(Riem(W, 2)X,Y) —2(B(X, Y, W, Z)
—-B(X,Y,Z, W)+B(X,W,Y,Z)-B(X,Z,Y,W)).

Plugging it into the evolution equation, we obtain

%Riem(x, Y. W, Z)

= ARiem(X,Y, W, Z) — p(V’R® ¢)(X,Y, W, Z)
+2(B(X,Y, W, Z)—B(X,Y, Z, W) +B(X, W,Y, Z) —B(X, Z,Y, W))
— Ric(Riem(X, Y)W, Z) + Ric(Riem(X,Y)Z, W) — Ric(Riem(W, Z)X,Y)
+ Ric(Riem(W, 2)Y, X) 4+ 2pRRiem(X, Y, W, Z),
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which is formula (3-2) once written in coordinates. Here the symbol @® denotes the
Kulkarni—-Nomizu product of two symmetric bilinear forms p and ¢, defined by

(pOq)X,Y, Z,T)
=pX,2)q(Y,T)+p(Y,T)q(X,Z) — p(X,T)q(Y, Z) — p(Y, 2)q(X, T),

for every tangent vector fields X, Y, Z, T € I'(TM).

Taking into account the evolution equation for the inverse of the metric (3-1),
contracting equation (3-2) and using again the second Bianchi identity, formula
(3-3) follows (see [Hamilton 1982] for details). Contracting again one gets the
evolution equation (3-4) for the scalar curvature. U

3B. Uhlenbeck’s trick and the evolution of the curvature operator. In this sub-
section we want to study the evolution equation of the curvature operator, as was
done for the Ricci flow by Hamilton [1986].

First of all, we simplify the expression of the reaction term in equation (3-2) by
means of the so-called Uhlenbeck’s trick [Hamilton 1986]. Briefly, we will relate
the curvature tensor of the evolving metric to an evolving tensor of an abstract
bundle with the same symmetries of the curvature (see Proposition 3.4) and a nicer
evolution equation; afterwards we will find a suitable orthonormal moving frame
of (TM, g(t)) and write the evolution equation of the coordinates of the Riemann
tensor with respect to this frame. The result will be a system of scalar evolution
equations and no more a tensorial equation (see [Chow and Knopf 2004] for more
details on this method in the case of Ricci flow).

Let (M, g(t))ici0,1) be the solution of the RB flow with initial data gy and
consider on the tangent bundle TM the family of endomorphisms {¢(f)};c(0.1)
defined by the evolution equation

&9(1) =Rick ;) 0 p(1) — pRey9 (1),
®(0) =Idru,

where Rici’,E (1 18 the endomorphism of the tangent bundle canonically associated to
the Ricci tensor by raising an index.

For every point p of the manifold M, the evolution equation (3-5) represents a
system of linear ODEs on the fiber T, M; therefore a unique solution exists as long as
the RB flow exists. Moreover, if we let (h(t))¢[o,7) be the family of bundle metrics
defined by h(t) = ¢(¢)*(g(t)), where ¢(¢) satisfies system (3-5), then h(¢) = g for
every t € [0, T). As

(3-5) {

forall r € [0, T), o) (TM, go) — (TM, g(1))

is a bundle isometry, the pullback via ¢(¢) of the Levi-Civita connection associated
to g(¢) is a connection on TM compatible with the metric gg. In the following, we
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will denote by (V, &) the vector bundle (TM, go) in order to stress the fact that we
are not considering the Levi-Civita connection associated to go, but the family of
time-dependent connections D(¢) defined via the bundle isometries ¢ (7).

The following lemma states some basic properties of these pullback connections:

Lemma 3.2 (see [Chow and Knopf 2004, Chapter 6, Section 2]). Let D(t) :
[(TM) x T'(V) — I'(V) be the pullback connection defined by

DW)x¢ = p(0)* (Vi (@) (D)),

forallt € [0,T),forall X € I'(TM), forall ¢ € T'(V), where V8" s the Levi-
Civita connection of g(t).

Let again D(t) be the canonical extension to the tensor powers of V and T be a
covariant tensor on M. Then, for every t € [0, T) and X € I'(TM) we have

D) x (@) (T)) = p(1)*(V"'T).

In particular, D(t)xh = ¢*(V)g((t)g(t)) =0, so every connection of the family D(t)
is compatible with the bundle metric h on V.

Let D* : T (TM) x T(TM) x T'(V) — I'(V) be the second covariant derivative
defined by

Di’y(;) = Dx(Dyt) — Dv)g(mY;, forall X,Y e '(TM), forall; e T'(V),

and the rough Laplacian defined by Ap = trg(Dz). Then, for every covariant tensor
T on M, we have

(3-6) D% y(@*(T)) = ¢*(Vx y T) forall XY e T(TM),

(3-7) Ap(p*(T)) = ¢*(AgT).

Remark 3.3. Let R € End(A’M) be the Riemann curvature operator defined by
(3-8) (R(XAY), WAZ)=Riem(X, Y, W, Z),

where (-, -) is the linear extension of g to the exterior powers of TM.

In the following, we use a convention on the Lie algebra structure of A>M which
is different from the original one chosen by Hamilton [1986]. More precisely, with
his convention, the eigenvalues of the curvature operator are twice the sectional
curvatures, whereas with our convention the curvature operator has the sectional cur-
vatures as eigenvalues. In particular, every formula differs from the corresponding
one in the usual theory of the Ricci flow by a factor of 2 (see also [Chow and Knopf
2004, Chapter 6, Section 3] for the details). We recall that R can be considered as
an element of I'(S2(AZM)), and the following equations hold:

R=2 Z Rgg (R®ijet = Bijur — Bijie,  (R#R)ijrt = Birji — Busjik,

i<k
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where B is defined as in Proposition 3.1. For more details on the structure of the
curvature operator we refer the reader again to [Chow and Knopf 2004, Chapter 6,
Section 3].

We now consider the pullback of the Riemann curvature tensor and the curvature
operator.

Proposition 3.4. Let Piem be the pullback of the Riemann curvature tensor via the
family of bundle isometries {¢(t)}:cjo,1). The following statements hold true:

(1) Piem has the same symmetry properties as Riem, i.e., it can be seen as an
element of T'(S>(A*V)) and it satisfies the first Bianchi identity;

(2) Forevery p e M andt € [0, T) the algebraic curvature operator P(p,t) €
End(A? V) (see Remark 3.7), defined by ¢ o' P =Rog has the same eigenvalues
as R(p, t). In particular, P is positive (nonnegative) definite if and only if R
is positive (nonnegative) definite;

(3) Pic(t) = try (Piem(?)) = ¢(1)* (Ricg());

(4) P=1tr;(Pic(t)) = Ry(;

(5) B(Piem) =¢™*(B(Riem)), where B is defined the same way as in Proposition 3.1
for a generic element of S*>(A*V*).

Finally, we can compute the evolution of Piem and P.

Proposition 3.5. The tensors Piem and P satisfy respectively the following evolu-
tion equations

. . *
(3-9) E(Plem)a = Ap(Piem) | —p(¢ (V’R) ® h)abcd

+2(B(Piem) ,  —B(Piem)  +B(Piem) , —B(Piem) )

bed

—2pPPiem,, ,,

(3-10) %P = ApP —2p¢* (V2 try(P)) ® h + 2P +2P* — 4p tr),(P)P,

where try(P(t)) = trg() (R(1)) = 3R ().

Remark 3.6. On the right-hand side of (3-9) the term ¢*(V2R) appears (i.e., the
pullback of the Hessian of the scalar curvature, seen as a symmetric 2-form on the
tangent bundle) and it cannot be expressed in terms of the connection D(¢).
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Proof. Let g1, ..., L4 be sections of V; then combining the evolution equations of
the Riemann tensor (3-2) and of the bundle isometry ¢ (3-5), we obtain

0
5(Piem)(§1, 02,83, 84)

9 0
= (p*(aRiem> (1,82, 85, 8a) + Riem(a—(f(zl),fp(éz),w(@),w(a))

ad d
+ Riem(p (), =o(62).9(), (62)) + Riem (p(60),0 (02), =2 (6).9.6)

ad
+ Riem (p (5.0 (62)0(0). 5 (64))

= @*(AgRiem)(81, 02, 3. £4) — p@* (V'R © @) (&1, {2, &3. L)
+2¢*(B(Riem) (1, &2, 3, £4) — B(Riem) (1, £2, &4, &3) — B(Riem) (&1, 84, &2, 3)
+ B(Riem) (&1, 3, {2, 84)) + 2pRe*(Riem) (&1, $2, &3, £4)
—Riem(Ric* 00 (51),¢(22),9(23),9(24)) — Riem (¢ (51), Ric* 09 (£2),0(53),90(84))
—Riem(¢(51),9(£2), Ric* 09 (83),0(84)) — Riem(¢(81),9(£2),9(83). Ric* 0 p(84))
+ Riem((Ric*op — pR@) (&1),¢(£2),9(&),¢(£4)
+ Riem(¢(81), (Ric*op — pR9)(22),9(83),9(8a))
+ Riem(¢(&1),¢(£2), Ric*op — pR9) (&3),9(84))
+ Riem(¢(21),9(£2),9(%), Ric*op — pR)(24))

= Ap(Piem) (&1, &2, &3, 84) — p(@*(VPR) © 1) (&1, 82, &3, £a)
+ 2¢™(B(Piem) (1, {2, &3, ¢4) — B(Piem) (&1, 2, 84, §3) — B(Piem) (&1, 84, £2, &3)
+ B(Piem) (&1, &, £2, §4)) — 2pPPiem(&y, §2, &3, Ca),

where we used several identities stated above. For ¢, .. ., {4 belonging to a local
frame we get the desired equation (3-9).

Combining the evolution equation for Piem with the formulas in Remark 3.3,
we find the evolution equation of P. ([

Remark 3.7. It must be noticed that, even though forevery p e M and ¢ € [0, T'), the
tensor P(p, t) belongs to the set of algebraic curvature operators C,(V,,), in general it
does not coincide with the curvature operator of the pullback connection D(¢). In the
present literature the pullback tensor is always denoted by Riem and this abuse of no-
tation is somehow misleading, suggesting wrongly that Piem(z) = ¢ ()" (Riemg ;) is
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equal to Riemy)«(¢(:)) = Riemy, but this is no longer true for general isomorphisms
of the tangent bundle (however it is true for ¢ € Diff(M)).

By Uhlenbeck’s trick, the evolution equation (3-10) for P allows a simpler use
of the maximum principle for tensors as the reaction term is nicer and the metric
on S%(A*V) is independent of time. Moreover, the subsets of S2(A2V) preserved
by such PDE correspond to curvature conditions preserved under the RB flow.

4. Preserved curvature conditions

In this section we will use the maximum principle in various formulations in order
to find curvature conditions which are preserved by the RB flow.

4A. The scalar curvature. We begin by considering the evolution equation for the
scalar curvature (3-4), which behaves as under the Ricci flow.

Proposition 4.1. Let (M, g(t)):c(0,1) be a compact maximal solution of the RB flow
(1-1). If p < 1/Q2(n — 1)), the minimum of the scalar curvature is nondecreasing
along the flow. In particular if Ry > «, for some a € R, then Ry() > o for every
t €[0, T). Moreoverifa > 0then T <n/Q2(1 —np)x).

Proof. As p <1/2(n —1)) <1/n, for any n > 1, it follows that

%R = (1—2(n— 1)p) AR + 2|Ric|? — 2pR?

> (1—2(n—1)p)AR+2R?*/n —2pR?
> (1=2(n—1)p)AR,

hence, by the maximum principle, the minimum of the scalar curvature is nonde-
creasing along the RB flow on a compact manifold. In particular, for every o € R,
the condition R > « is preserved.

Finally, integrating the inequality

0 1 2
&Rmin = 2(; - P)Rmin,
that holds almost everywhere for ¢ € [0, T') (by Hamilton’s trick (see [Hamilton

1997], [Mantegazza 2011, Lemma 2.1.3])), we obtain

no
4-1 Ryjn(8) > ———————
which, for o > 0, gives the estimate on the maximal time of existence. |

Remark 4.2. In the special case of the Schouten flow (when p = 1/2(n — 1)), we

actually have
0 R> n—2 R2

ot —nm—-1) "~
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at every point of the manifold, which implies that the scalar curvature is pointwise
nondecreasing and diverges in finite time.

Remark 4.3. By means of the strong maximum principle, it follows that if the
initial manifold has nonnegative scalar curvature, then either the manifold is Einstein
(Ric = 0) or the scalar curvature becomes positive for every positive time under
any RB flow with p < 1/Q2(n —1)).

Proposition 4.4. Let (M, g(t)):c(—0,0] be a compact, n-dimensional, ancient so-
lution of the RB flow (1-1). If p < 1/(2(n — 1)) then, either R > 0 or Ric =0 on
M x (—o00, 0].

Proof. As g(t) is an ancient solution, for every #y < t; <0, we can define g(s) =
g(s + o), which is a solution of the RB flow for s € [0, #{ — f9]. Then we have
Rinin (0) = Riin (%), hence, from formula (4-1)
n

= ,
nR . (0) —2(1 —np)s

1Fimin (S ) =

for every s € (0, t; — fp]. In particular, we have
n
R (t0) — 2(1 = np) (11 — 19)

If Ryin(f0) > 0, by Proposition 4.1, it follows that Ryin(#1) > 0, so we can assume
that Ryin(79) < 0, hence

Runin(t1) = Ronin (1 — 10) >

n n

Rmin(tl) = 1 > — ,
nR_. (o) —2(1 —np)(t; — 1) 2(1 —np)(t1 — 1)

for every t; < ty, and sending 7y to —oo, we still conclude that Ry, (#1) > 0. Since
this holds for every #; < 0 the previous remark implies the result. ([

4B. Maximum principle for uniformly elliptic operators. Let M be a smooth
compact manifold, g(¢), t € [0, T'), a family of Riemannian metrics on M and
(E,h(t))t €0, T), be areal vector bundle on M, endowed with a (possibly time-
dependent) bundle metric. Let D(¢) : I'(TM) x I'(E) — I'(E) be a family of linear
connections on E, compatible at each time with the bundle metric /(7). We have
already seen in Section 3B how to define the second covariant derivative, using also
the Levi-Civita connections V) associated to the Riemannian metrics on M.

Definition 4.5. We consider a second order linear operator £ on I"'(E) that lacks a
0-th order term, and hence can be written in a local frame field {e;};=;1,.., of TM

(4-2) c=d'D?, ~i'D,

where a = a'e; ® ej € ['(S*(TM)) is a symmetric (0, 2)-tensor and b = ble; is a
smooth vector field. We say L is uniformly elliptic if a is uniformly positive definite.



THE RICCI-BOURGUIGNON FLOW 351

Remark 4.6. In the previous definition, both the coefficients and the connections
are in general time-dependent and we say that £ is uniformly elliptic if it is so for
every ¢ € [0, T') uniformly in time.

Weinberger [1975] proved the maximum principle for systems of solutions of
a time-dependent heat equation in Euclidean space; Hamilton [1986] treated the
general case of a vector bundle over an evolving Riemannian manifold. Here we
present a slight generalization of Hamilton’s theorem for parabolic equations with
uniformly elliptic operator (Savas-Halilaj and Smoczyk [2014, Theorem 2.2] proved
a “static” version). As before, (M, g(¢)) is a smooth compact manifold equipped
with a family of Riemannian metrics; we consider a real vector bundle E over M,
equipped with a fixed bundle metric /4 and a family of time-dependent connections
D(t) compatible at every time with 4.

Definition 4.7. Let S C E be a subbundle and denote S, = SN E,, for every p € M.
We say that S is invariant under parallel translation with respect to D, if for every
curve y : [0,1] — M and vector v € S, (), the unique parallel (with respect to D)
section v(s) € E, () along y (s) with v(0) = v is contained in S.

Theorem 4.8 (vectorial maximum principle). Let u : [0, T) — ['(E) be a smooth
solution of the following parabolic equation

0
(4-3) P =Lu+F(u,t),

where L is a uniformly elliptic operator as defined in (4-2)and F : E x [0, T) — E
is a continuous map, locally Lipschitz in the E factor, which is also fiber-preserving,
ie,F(v,t)€ E, foreverype M, ve E,, t €[0,T).

Let K C E be a closed subbundle (for the metric h), invariant under parallel
translation with respect to D(t), for every t € [0, T), and convex in the fibers, i.e.,
K, = K NE,is convex for every p € M.

Suppose that K is preserved by the ODE associated to (4-3), i.e., for every p e M
and Uy € K,,, the solution U (t) of

{dd—‘,’ =F,(U@t), 1),

44 U@ =U,.

remains in K,. Then, if u is contained in K at time 0, u remains in K, i.e.,
u(p,t) € K, foreverype M, t €[0,T).

Proof. (Sketch) We can follow exactly the detailed proof written in [Chow et al.
2008, Chapter 10, Section 3], provided that we generalize their Lemma 10.34 to the
analogue one for uniformly elliptic operator (see again [Savas-Halilaj and Smoczyk
2014, Lemma 2.2]): if K C E satisfies all the hypotheses of Theorem 4.8 and
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u € I'(E) is a smooth section of E, then
u(p)e K, foralpeM = L(u),€CypK, forall peM,

where C, () K), is the tangent cone of the convex set K, at u(p). O

There is a further generalization of this maximum principle which allows the
subset K to be time-dependent.

Theorem 4.9 (vectorial maximum principle, time-dependent set). Let u : [0, T) —
["'(E) be a smooth solution of the parabolic equation (4-3), with the notations of the
previous theorem. For every t € [0, T), let K(t) C E be a closed subbundle (for the
metric h), invariant under parallel translation with respect to D(t), convex in the
fibers and such that the spacetime track

T={(v,t)e ExR:veK(),te€l[0,T)}

is closed in E x [0, T). Suppose that, for every ty € [0, T), K (ty) is preserved by
the ODE associated, i.e., for any p € M, any solution U (t) of the ODE that starts
in K (ty), remains in K (t),, as long as it exists. Then, if u(0) is contained in K (0),
u(p,t) € K(t), forever pe M, t €[0,T).

The proof of this theorem, when K depends continuously on time and F does not
depend on time is due to Bohm and Wilking [2007, Theorem 1.1]. In the general
case the proof can be found in [Chow et al. 2008, Chapter 10, Section 5], with the
usual adaptation to the uniformly elliptic case.

As remarked before, the evolution equation (3-2) of the Riemann tensor has
some mixed products of type Riem x Ric which makes it difficult to understand the
behavior of the reaction term. On the other hand, if we perform Uhlenbeck’s trick,
the evolution equation (3-9) becomes a little nicer and can be used to understand
how the RB flow affects the geometry.

More precisely, we use the evolution equation (3-10) for the algebraic curvature
operator P €T’ (S2(A2V*)) to prove that the cone of nonnegative curvature operators
is preserved by the RB flow.

Proposition 4.10. Let (M, g(t)):ej0,1) be a compact solution of the RB flow (1-1)
with p < 1/(2(n — 1)) and such that the initial data go has nonnegative curvature
operator. Then Ry > 0 for everyt € [0, T).

Proof. We recall the evolution equation (3-10) for P = ¢!

%P = ApP — 200" (V2 try(P)) ® h + 2P +2P* — 4p try(P)P,

where trj, (P(t)) = 1/2R(¢) is half of the scalar curvature of the metric g(¢). By
Proposition 3.4, it suffices to show that the nonnegativity of P is preserved by

oR o,



THE RICCI-BOURGUIGNON FLOW 353

equation (3-10). We want to apply the vectorial maximum principle Theorem 4.8,
and therefore we must show that

L(Q)=ApQ —2pp* (V2 tr;(Q)) O h

is a uniformly elliptic operator on the bundle (I"(S 2(N2V*), h, D(1)).

As L is a linear second order operator, we compute as usual its principal symbol
in the arbitrary direction £. In order to simplify the computations, we choose
opportune frames at every point p € M and time ¢ € [0, T'). Then let {e;};=1,.._, be
an orthonormal basis of (V),, h,,) such that & = h, (e, - ). According to Uhlenbeck’s
trick (Section 3B) and the convention on algebraic curvature operators (Section 3B)
we have that { f; = ¢(t),(e;)};,,....» 1s an orthonormal basis of 7, M with respect to
g(t)p, the components of ¢(t), with these choices are ¢ = 57, and {e; A ¢;};<;
is an orthonormal basis of AZVP. Hence, the principal symbol of the operator £
written in these frames is

o: (L) ijykt) = EPEp Qijyky — 2087 87881 tr4(Q) (€ ® & O 1) (aby(ca)
= &7 Qujykn — 20t (Q) (€ ® £ ® h)ijyu
= Qj)kt) —2p (Z Q(pq)(pq>)5i151§5ﬂ’
p<q

where we used that |§| =1, i < j and k <[ in the last step. Now it is easy to see
that the matrix representing the symbol has the following form:

Aln—11| @ .. 0
og(L) = 0 |[Idu-—nw-2)2 0 ’
K 0 0 Idyv=1)2

where we have ordered the components as follows: first the n — 1 ones of the form
(17)(1j) with j > 1, then the (n — 1)(n — 2)/2 ones of the form (ij)(ij) with
1 <i < j, and last the N(N — 1)/2 “nondiagonal” ones, with N =n(n — 1)/2 and
A is the matrix defined in (2-1).

By Lemma 2.2 the eigenvalues of the symbol are 1 with multiplicity %N (N+1)—1
and 1-2(n—1)p with multiplicity 1, since p < 1/2(n—1) the operator £ is uniformly
elliptic.



354 G. CATINO, L. CREMASCHI, Z. DJADLI, C. MANTEGAZZA AND L. MAZZIERI

We next consider the reaction term F(Q) = 2(Q% + 0% —2p tr,(Q) Q). Clearly
F is continuous, locally Lipschitz and fiber-preserving. Let Q C T'(S?(A?V*))
be the set of nonnegative algebraic curvature operators, where we have identified
S2(A*V*) ~Endgs(A2V) via the metric #. We observe that @ ={Q : An(Qp) =0},
where N =n(n —1)/2 and Ay is the least eigenvalue of Q,. Hence 2 is clearly
closed, by [Chow et al. 2008, Lemma 10.11] it is invariant under parallel translation
with respect to every connection D(¢) and it is convex, provided that the function
O — An(Qp) is concave. We can rewrite

AN(Qp) = inf h(Qp(v), v),
{veA?V,:|v],=1}

so it is easy to conclude, by the bilinearity of the metric 4 and the concavity of
inf, that the function defining €2 is actually concave and so its superlevels are
convex. In order to finish the proof we have to show that the ODE dQ/dt = F(Q)
preserves 2. Now, by standard facts in convex analysis, we only need to prove that
F,(Q)p) € Tg,L2p for every p € M such that O, € 9€2),, where €2, is the set of
0, € Q, where there is v € A2V, such that Q,(v, v) = 0 and the tangent cone is

T, Q2p=1{S, € S*(A°V}): S, (v, v) = 0 for every v € A”V), such that Q,, (v, v) =0}

Letv e AZVP and {6, } be respectively a null eigenvector of Q, and an orthonormal
basis of A? V), that diagonalizes Q). Clearly v = v¥60, and (Qp)as = AaSup. With
o = 0. Then (Q2)ap = A28up and (Q%)ap = 3(ck")? Ay hydup and

Fo(Qp) (v, v) = 250" + 3 ()2 2y (v*) > 0. O

4C. The evolution of the Weyl tensor. By means of the evolution equations found
for the curvatures, we are also able to write the equation satisfied by the Weyl tensor
along the RB flow (1-1). In [Catino and Mantegazza 2011] the authors compute the
evolution equation of the Weyl tensor during the Ricci flow (see [Catino et al. 2015a]
for a significant application of this formula) and we use most of their computations.

Proposition 4.11. During the RB flow of an n-dimensional Riemannian manifold
(M, g) the Weyl tensor satisfies the following evolution equation:

d

E\Vijkl = AW;ji +2(BW)ijrr — BW)ijie — B(W)igjx +B(W)ixjr)

+2pRWjjr — 871 (WpjkiRyi + WipraRgj + WijpiRgk + WijkpRg1)

2 R - —— (Ric ®Ric)iju

(n—2)? (n—2)
2 Rinl2
- %(Ric@g%ﬂd + %(8 D 8)ijkis

where B(W);jx = g718" Wipjr Wiqis-



THE RICCI-BOURGUIGNON FLOW 355

Proof. By recalling the decomposition formula for the Weyl tensor (1-3) we have

0 0. 1 0 0
EW_ §R16m+—2(n—1)(n—2) <§Rg®g+2§g®g>
1 J. . 0
— n_2<5Rlc®g+Rlc®ag>
= L1 + Lo,

where L;; is the second order term in the curvatures and £ the O-th one. We deal
first with the higher order term; plugging in the evolution equations of Riem, Ric
and R (Proposition 3.1) we get

—2(m—1)p

1
L;; = ARiem — p(V’R — = " AR
1 P( @g)+2(n_1)(n_2) §0g

1 .
—m(ARw@g —(n—=2)pV’R® g — pARg® g)

) 1-2m—1Dp+2(n—1)p 1 )
= AR AR — ——AR
iem + 20— ) —2) gD g P IcOg

= AW.
Then we consider the lower order terms
(Lo)ijr = 2(B(Riem);j; — B(Riem);j;x — B(Riem);;jx + B(Riem);y;;)
— 87" (RpjuiRgi +RipriRgj + RijpiRgr +RijkpRy1)

1 1 .
+2R(W = gy Re0s + r5Ricos)
T =D n—2) (2IRicl’¢®g —2pR*g® g — 4RRic ®g +4pR*¢ B &)ijui

— ﬁ[z(Riem +Ric)0g — 2Ric> ® g — 2Ric ®Ric + 2pRRic ® gliju
= 2(B(Riem);jx; — B(Riem);;;x — B(Riem);;jx + B(Riem);y;r)

— 87" (RpjuRgi +RipiRgj + RijpiRgr + RijkpRyr) +20RWijig

— nsz[(Riem *Ric)® g — Ric’® g — RicORic];jk

2R IRic|?

- m(RiC@g)ijk1+ )(g@g)ijkl,

n—1(n-2

where (Riem * Ric) 5 = RyppgRsrg”* g?" and (Ric?)sp = RypRp, 7.

Now we deal separately with every term containing the full curvature Riem,
using its decomposition formula, expanding the Kulkarni-Nomizu products and
then contracting again. We have that

[(g®g)*Riclap =2[Rg—Riclup, [(Ric®g)*#Riclyp =[—2Ric*+RRic+ [Ric[*glap.
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Hence
2
(4-5) (Riem*Ric) ® g = (W*Ric) ® g — 2Ric2®g
n_
N nR Ric® +(n—1)|Ric|2— o
——F RIC .
n—Dn—2 T T —nHm—2 °°F

Then

R
R;iRpjugh =Ry <ijkl ~ D) 88t~ gngjk)>gpq

1
+ 5 Rai Rpkgji + Rjigpk = Rpigji = Rjxgp1) g™

=RyiWpjugh?! — (Rirgji —Rigjr)

R
(n—1)(n—-2)

+ TZ(R,?kgjl —R%gik + RixRji — RyRjp).
Interchanging the index and using the symmetry properties we get

4-6) g’ (RpjuRgi +RipuRyj 4+ RijpiRygk + RijkpRy1)
= 8pq (WpjkiRgi + WipiRy j + Wi Ryk + WijkpRg1)

2 Ric2 © iju + 5 (Rie O Ric);jxs — %(Rie@gm.
Finally the “B”-terms:
B(Riem)gpcq
= (W= Szt et gRieos)

(Wapbq (8B Qecsar +(g® g)apbqwcsdt)gpsgqt = —2Waape — 2Webda
(Wapbq (Ric ® g)csar + (Ric ® g)apbqwcsdt)gpsgqt
= (W Ric)abgcd + (W Ric)cdgab
_(chdpRaq + chdath + wadprcq + Wapbdeq)gpq

(8D 8apba(8 ® &ecsar g™ g
=4((n—2)8ab8edF8ac&bd) (RICOL)apby (§DG)esdr+(RICOL) csar (§DL)apbq) 87’8
=2((n —HRapgca + (n —HReagab + 2Rucgpd + 2Rpagac)
(Ric ® &) abpg (Ric ® &)esar g™’ g
= _ZRZ};gcd - 2Rgdgab + Rgcgbd + R[%dgac
+ (n — HRupReg + 2R4cRpa + R(Rapged + Rea&ab) + IRic|* gapgea
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Now, adding the same type quantities for the different index permutations and using
the symmetry properties of W we obtain

(4-7)  B(Riem);j; — B(Riem);j;x — B(Riem);;jx + B(Riem);xj;
= B(W)ijri — BW)ijix — BOW)izjx + BIW)iji

L i 1 2 1 . .
+n_2((W*RIC)®g)ijkl_m(RlC @g)ijkl+m(R1C@R1C)ijk[
R . IRic|? R2
R . ( _ ) .
+(n—1)(n—2)2( ic® g)ijki + =22 D)2 (gD Q)ijki

We are ready to complete the computation of the O-th order term in the evolution
equation, using the previous formulas (4-5), (4-6), (4-7):
(Lo)ijrt = 2(BW)ijrr — BOW)jjik — BOW)ijk + B(W)ixji) +2pRW;jiy
- gpq (ijkqui + Vvipkquj + Vvijleqk + \Vijkqul)
2 . 2 1 . .
1—2)2 (Ric™ ® g)iju + m(RIC O Ric);ju
2R R?—|Ric|?

- m(Ric @g)ijkl + m

+

Eogiu U

4D. Conditions preserved in dimension three. In general dimension, it is very
hard to find other curvature conditions preserved by the flow, and this is due
principally to the complex structure of the reaction terms; for example in the
evolution equation satisfied by the Ricci tensor (3-3), the reaction terms involve
the full curvature tensor. Therefore it is easier to restrict our attention to the three
dimensional case, in which the Weyl part of the Riemann tensor vanishes and all
the geometric information is encoded in the Ricci tensor.

In the special case of dimension three, we can also use the evolution equation
(3-10) of the pullback of the curvature operator to obtain more refined conditions
preserved, because we can rewrite the ODE associated to the evolution of P as a
system of ODE:s in the eigenvalues of P that, by Proposition 3.4, are nothing but
the sectional curvatures of R. This point of view was introduced for the Ricci flow
by Hamilton [1997] and can be easily generalized to the RB flow as follows:

Lemma 4.12. If n = 3, then P, has 3 eigenvalues, A, j1, v, and the ODE fiberwise
associated to equation (3-10) can be written as the following system:

D =202 20 — 4pA (A + 1 +v),
(4-8) fl_lf =2u?+2xv —dpu(h 4+ pn+v),
‘fl—‘; =202 42 —4pv(A+ 1+ v).

In particular, if we assume A(0) > w(0) > v(0), then A(t) > u(t) > v(t) as long as
the solution of the system exists.
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Proof. We can pointwise identify V,, with an orthonormal frame of R? with the
standard basis. Then A? V), > s0(3) with the standard structure constants and if an
algebraic operator Q) is diagonal, both lej and Qﬁ are diagonal with respect to
the same basis (for the detailed computation of this fact, see [Chow and Knopf
2004, Chapter 6.4]). Hence the ODE (d/dt)Q, = F,(Q),), associated fiberwise
to equation (3-10), preserves the eigenvalues of Q,, that is, if Q,(0) is diagonal
with respect to an orthonormal basis, Q, () stays diagonal with respect to the same
basis and the ODE can be rewritten as the system (4-8) in the eigenvalues.
To prove the last statement, we observe that

%(A — 1) =20 — ) (1 =2p)(A + ) — (1 +2p)v),

L (=) =202 =) (1= 20) (1 +v) = (1 +29)0). O

Remark 4.13. We already proved that the differential operator in the evolution
equation of P is uniformly elliptic if p < 1/2(n — 1), that is, p < Zl; in dimension
three. Therefore any geometric condition expressed in terms of the eigenvalues
is preserved along the RB flow if the cone identified by the condition is closed,
convex and preserved by the system (4-8).

By using this method, we can prove:

Proposition 4.14. Let (M, g(t)):c(0,1) be a compact, three dimensional solution of
the RB flow (1-1). If p < }‘, then

(i) nonnegative Ricci curvature is preserved along the flow;

(i) nonnegative sectional curvature is preserved along the flow;
(iii) the pinching inequality Ric > ¢Rg is preserved along the flow for any ¢ < %
Proof.

(i) If Ric(g(0)) > 0, then Ricg(;y > 0. The eigenvalues of Ric are the pairwise sums
of the sectional curvatures. Hence the condition is identified by the cone

K, ={0): (u+v)(Qp) > 0}.

The closedness is obvious; in order to see that K, is convex, we observe that the
greatest eigenvalue can be characterized by A(Q,) =max{Q, (v, v) ;v € V,|v|, =1}.
Hence K, is convex. Then the function Q, = u(Qp,) +v(Q,) =tr(Q,) —A(Q)) is
concave and this implies that its superlevels are convex. By system (4-8) we obtain

L (14 v) = 240+ 207 + 201 +v) — Ap (1) Q).

There is the stationary solution corresponding to w(0) = 0 = v(0). Otherwise,
whenever () + v(tg) = 0 with u(tg) # 0 and v(#y) # 0, (d/dt)(n +v)(ty) =
2(u? 4+ v?)(tg) > 0, then K is preserved.
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(i1) If Sec(g(0)) > 0, then Sec, () > 0. This condition is the nonnegativity of P,
already proved in general dimension in Proposition 4.10, identified by the cone
K, ={Q0p :v(Qp) > 0}, which is convex as a superlevel of a concave function. We
suppose that v(#y) = 0. Then

%v(ro) = 2A(to) u(10) > 0,

since the order between the eigenvalues is preserved and therefore A (f) > u(fy) > 0.

(iii) Forevery € € (O, %] if Ric(g(0))—eR(g(0))g(0) >0, then Ricg () —eRg(1 g (1) >
0. Translating in terms of eigenvalues of P, the condition means u(Q,) +v(Q,) —
2etr(Qp) > 0; that is, A(Q)) < (1 —2¢)/(2e)(u(Qp) +v(Q))). Then the right
cone is

Ky, ={0p : 1(Qp) — C(&)(u(Qp) +v(Q)p)) = 0},

where C(¢) = (1 —2¢)/(2¢) € [% +oo). The defining function is the sum of two
convex functions, hence its sublevels are convex. Now, for C = %, that corresponds
toe = %, and we have A(0) = u(0) = v(0) at each point of M; that is, the initial
metric g(0) has constant sectional curvature and this condition is preserved along
the flow.

For C > % we suppose A(ty) = C(u(tg) + v(ty)), then

L.~ Cu+v)(0)
=2[2% + v — C(1? + v + A1 +)) = 2p tr(Qp) (h — C (1 +v))1(to)

= 2[C%(u(to) + v(t0))* + 1 (to) v (to) — C (1 (t9)? + v(t0)?) — C(u(to) + v(19))*]
< (1 =2C)(u(to)* + v(t)*) <0,

which completes the proof. U

4E. Hamilton-Ivey estimate. A remarkable property of the three dimensional
Ricci flow is the pinching estimate, independently proved by Hamilton [1995]
and Ivey [1993], which says that positive sectional curvature dominates negative
sectional curvature during the Ricci flow, that is, if the initial metric go has a
negative sectional curvature somewhere, the Ricci flow starting at gy evolves the
scalar curvature towards the positive semiaxis in future times, which means that
there will be a greater (in absolute value) positive sectional curvature.

We have generalized the pinching estimate and some consequences for positive
values of the parameter p. In the same notation used before, let A > 1 > v be the
ordered eigenvalues of the curvature operator.
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Theorem 4.15 (Hamilton—Ivey estimate). Let (M, g(t)) be a solution of the RB
on a compact three-manifold such that the initial metric satisfies the normalizing
assumption min,epy v,(0) > —1. If p € [0 L

, 6)’ then at any point (p,t) where
V(1) < 0, the scalar curvature satisfies

(4-9) R > [v|(log |v] +log(1 +2(1 — 6p)t) — 3).

Proof. We would like to apply the maximum principle for time-dependent sets
in Theorem 4.9. Hence we need to express condition (4-9) in terms of a family
of closed, convex, invariant subsets of S2(A2V*), where (V, h(t), D(¢)) is the
usual bundle isomorphism of the tangent bundle defined via Uhlenbeck’s trick
(Section 3B). Moreover, by [Chow et al. 2008, Lemma 10.11], we already know
that, for any ¢ € [0, T'), the set

Qp:10(Qp) = —riigyy  and i w(Q)) < — gy }
then tr(Q,) > [V(Q,)|(10g [v(Q,)] +log(1 +2(1 = 6p)1) —3)

defines a closed invariant subset of S>(A2V*). Since, for p € [0, %), K (t) depends
continuously on time, the spacetime track of K (¢) is closed in S2(A2V™).

Now we show that K, (¢) is convex for every p € M and ¢ € [0, T'). Following
[Chow and Knopf 2004, Lemma 9.5], we consider the map

D:STNVH >R @(Q)) = ([v(Qp)]. tr(Q)))
Clearly, we have that Q, € K, (¢) if and only if ®(Q,) € A(t), where

Kp(t) = {

(x,y)eletyZ—m; y = —3x; }

A = { if x > then y > x(log x +log(1+2(1 — 6p)t) — 3)

T
is a convex subset of RZ. Then in order to show that K p(1) is convex it is sufficient
to show that the segment between any two algebraic operators in K, () is sent
by the map ® into A(¢). Therefore let Q,,, Q;, € K,(t), s €[0,1] and Q,(s) =
sQp+(1—s) Q;,. About the first defining condition for A(z), the trace is a linear
functional, hence it is obviously fulfilled by Q,(s), while the second condition is
satisfied by any algebraic operator.

The third condition is a bit tricky. If v(Q,), v(Q;)) >—1/(14+(1—6p)t), then the
condition is empty for every point of the segment because v is a concave function.
By continuity we can assume that v(Q,(s)) < —1/(1 + (1 — 6p)1) without loss
of generality for every s € [0, 1], and hence x(Q,(s)) = —v(Q,(s)) is a convex
function and x(Q,(s)) < sx(Qp) + (1 — s)x(Q;). On the other hand the second
condition implies that x(Q,(s)) > —y(Q,(s))/3 = —%(sy(Q,,) + (1 - s)y(Q;,)).
Then ®(Q,(s)) belongs to the trapezium of vertices

®(Q)), (—3(Qp), ¥(Qp)), P(Q)), (—3¥(Q)), ¥(2,)),
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which is contained in A(¢), as its vertices are, and A(¢) is convex.
Now we prove that K (¢) is preserved by the system (4-8). By taking the sum of
the three equations in the system (see also Remark 4.13) we get

d 4 2

T(0y) = 3(1=3p)r(Q,)’.
By hypothesis, v(Q,)(0) > —1, hence tr(Q,)(0) > —3 for every p € M and by
integrating the previous inequality,

. 3 - _ 3
1+4(1-3p)t = 142(1—6p)t’

tr(Qp) (1) =

which holds for any p € [0, §).
In order to prove that the second inequality is preserved, too, we consider, for
every p € M such that v(Q,)(0) < 0, the function

tr(Qp)
(4-10) ft) = ——— —log(—v(Qp)) —log(1 +2(1 —6p)1),
_V(Qp)
and we compute its derivative along the flow:
%f =%[(—2v)()»2+/L2+v2+)»pc+)»v+uv—2,0()»+M+v)2)
+200 4+ s+ V)W 4+ A —2pv(h+ pw+ )]
_242 _ __2U-6p)
l)(v + A —2pv(A 4+ 1 —+v)) TT2(1=6p)1
_2 20,2 3 2 __2(-6p)
_1)2[ VAT pu A +Au A+ ) — v+ 2pv° (A + e+ v)] T+20—60)1"

As in the case of the Ricci flow, it is easy to see that the quantity —v(A24+u2+Ap)+
A(A 4+ ) is always nonnegative if v < 0. In fact, if u > 0 it is obvious, whereas
if 4 <0 one has

VA A u A F A4 ) = (= )R P ) — > 0.

Hence we get

) d _ __2(=6p)
If p >0, since A + u + v > 3v, we obtain
4 rs —2(1—6p)<v+;> >0
dt’ — 1+2(1—6p)t/ —

whenever v < —1/(1 +2(1 —6p)t) and p < é.
Hence, if (A, w, v) is a solution of system (4-8) in [0, T") with (L(0), n(0), v(0)) €
K,(0), we suppose that there is 7; > 0 such that v(#;) < —1/(1+2(1—-6p)t1). Then



362 G. CATINO, L. CREMASCHI, Z. DJADLI, C. MANTEGAZZA AND L. MAZZIERI

either v(t) < —1/(14+2(1 —6p)t) for any ¢ € [0, #1], or there exists #y < #; such that
V(tg)=—1/(1+2(1—6p)tp) and v(t) < —1/(14+2(1—6p)¢) for any ¢ € (¢o, t1]. In the
first case, by hypothesis we obtain f(0) > —3 and (d/dt) f (t) > 0 for any ¢ € [0, #;],
therefore f (1) > —3; in the second case f(#y) = (A+u+v)(ty)/—v(to) > —3 and
(d/dt) f(t) = 0 for any ¢ € [tg, t1], therefore again f(¢;) > —3, which is equivalent
to the second inequality. O

Remark 4.16. The extra term 4p (A + u + v) on the key equation (4-11) requires
strong assumptions on the parameter p since we have no information on the sign
of the trace. However, combining equation (4-11) with Proposition 4.4, we can
enlarge the range of p to [0, %), simply by dropping the extra term, nonnegative for
ancient solutions and therefore conclude that an ancient solution to the RB flow on
a compact three-manifold with bounded scalar curvature has nonnegative sectional
curvature for any value of p € [0, ;11) (see [Chow and Knopf 2004, Corollary 9.8]).

Proposition 4.17. Let (M, g(t)):c(—c0,01 be a compact, three dimensional, ancient
solution of the RB flow (1-1) with uniformly bounded scalar curvature. If p € [0, ‘l‘)
then the sectional curvature is nonnegative.

5. Curvature estimates

5A. Technical lemmas. Before proving the curvature estimates for the RB flow,
we need some technical results, the first being the following proposition:

Proposition 5.1. Letk e N, p €[1, +o0] and g € [1, +00). There exists a constant
C(n, k, p, q) such that for all 0 < j < k and all tensors T

j L—j/k ok ilk
IV/T Ny, = CITI, 7 HIVET I,
where 1/rj =(1—j/k)/p+j/k/q.
To prove this proposition, we need several lemmas.

Lemma 5.2. Let p € [1, +00], g € [1, +00) and r € [2, +00) such that 2/r =
1/p+ 1/q. There exists a constant C(n, r) such that for all tensors T,

IVT|?> < C|IT|l, I V*T |-
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Proof.

IVTIE = [(TVTE VT dg
M

= —/(T, V(IVTI"2VT)) du,
M

= —/(T, (r—2)V2T|VT|’3VT)dMg—f<T, \VT|"72V?T) du,
M M

< C/ IT|IVTIIVT|"2 dug
M

<CITIH VTl VT2,

using Holder’s inequality with (r —2)/r +1/p + 1/ = 1. This ends the proof of
this lemma. (]

Lemma 5.3 [Hamilton 1982, Corollary 12.5]. Letk e N. If f : {0, ..., k} > R
satisfies for all 0 < j <k
L 1
fH=CrG—-Db2fG+1D2,
where C is a positive constant, then for all 0 < j <k,
fO) = /D FOIE iy
Proof of Proposition 5.1. We apply Lemma 5.3 with f(j) = ||VjT||rj. Since
2/rj =1/rj—1+1/rj41, Lemma 5.2 shows that there exists C(n, k, p, g) such that
1 1
Fh=CfG-bH2fG+D2,
and then Lemma 5.3 gives Proposition 5.1, since ro = p ary =gq. U

Lemma 5.4. For all tensors of the form S x T, there exists C depending on the
dimension and the coefficients in the expression such that

IS T| < CIS|IT].

Proof. By the Cauchy-Schwarz inequality, (tr, T)? = (g% Top)? <nTup T =n|T|>
Then
8 o (o—1\®k Itk
IS«xT|<CM)|SRT®g¥ (g ) <Cmn 2 |S||T|. U
Let k € N, and set, for a tensor T, Fo(T) =Y /4. ;50 V/ T % V' T % VT,

Lemma 5.5, Letk eN. Let p €[2, +00] and g € [2, +00) such that 1/p+2/q = 1.
There exists C(n, k, p, q, F) such that for all tensors T,

/M|Fg<T>|dug < CITI,IVFT 2.
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Proof. Let us consider one term in F,(T) that can be written VIT %« VT % VFT,
Jj, 1 >0. We set

1 1-1 1 1 3
T P q T p q

Since 1/r; +1/rj +1/g =1, by Lemma 5.4 and Holder’s inequality we have
f|va *VIT« VT du, < C’/|VjT||VlT||VkT| dug
M M
< CIVI Tl IV Tl I VT Nl
Then, by applying Proposition 5.1 to the first two factors, we get

/MW/T*VIT*V"TM,ug < CITl,IV*T ;.

The result follows since Fy(T') is a linear combination of such terms. O

5B. Curvature estimates.

Theorem 5.6. Assume p < 1/2(n —1)). If g(¢t) is a compact solution of the RB
flow fort € [0, T) such that

sup |Riem(x, t)] < K,
(x,HHeM x[0,T)

then for all k € N there exists a constant C (n, p, k, K, T) such that for all t € (0, T']

k

ko - 2 C . 2
IVERiemg Il < 7 sup [[Riemgq 3.
tel0,7)

Proof. A direct computation gives

%|Riem|2 = A(Riem|*) — 2|VRiem|? — 8pR;; V' V/R + Riem * Riem * Riem

%RZ =(1-=2(n—1p)AR?*) —2(1 —2(n— 1)p)|VR|> + 4R|Ric|> — 4pR>.

It follows that
%/|Riem|2dug = —2/|VRiem|2dug — sp/R,-jvivadMg
M M M
+ / Riem * Riem * Riem dji ¢
M

i/R%mg =-2(1-2(n-— 1),0)/|VR|2d;Lg + /Riem*Riem*Riemd;Lg.
dt Jy M M



THE RICCI-BOURGUIGNON FLOW 365

Now we want to compute fM R;;V!V/Rdp,. Using the Bianchi identity we have

/R[,ViVdeug __1 /lVR|2dMg.
M 2 Ju
We conclude that

%/Riemlz dpg = —2f|VRiem|2 diig +4,0/|VR|2dMg
M M M

+ / Riem * Riem * Riem dj ¢
M
and
;t R? dug = —2(1 —2(n — 1),0)/|VR| dug + /Riem*Riem*RiemdMg.
M

As we did before, a straightforward computation gives:
4 |VFRiem|* dug = —2 | [V*T'Riem|* du, +4p | |VFTIRIZ dieg
dt Jy M M

+ Z /VjRiem % V/Riem x V¥Riem divg
JH=k: j1=0 "M
& [ IVRE g = =201 20~ Do) [ IVEIRE d
dt [y M
+ Z /VjRiem % V/Riem x V¥Riem dug.
JH=k;j,1>0 M

Consider

: 4lp| kR (2
A ::/ VFRiem|? d, —i——/V R|“du,,
k Ml | Mg (1—2(n—1)p) M| | Mg

and set fi (1) := Zl;zo(ﬂftf/j!)/lj, where 8 :=min(l, 1 —2(n — 1)p). We have
k—1 jt] IBktk

(5-1) fk’(t)=Z]—(A’ +BA )+

j=0

A

We have by a direct computation, for any j:

4B1p
1-2(n—1)p
+ Z /V’Riem % V/Riem x V/Riem dug.
i+i=j,i=0"M

A+ BAj1 = (=24 BV Rieml3 + (49 — 81| + )IVIIRI3



366  G. CATINO, L. CREMASCHI, Z. DJADLI, C. MANTEGAZZA AND L. MAZZIERI
We need to estimate
Z ViRiem * V/Riem x V/Riem dig.
i+1=j.i1=0 "M
For this we use Lemma 5.5 with p = +o00 and g = 2:

/V’Riem % V/Riem * V/Riem dju, < C||Riem||o || V/Riem||3.
i+i=j,i1=0'M

Using Proposition 5.1, with k = j + 1 we get

Z /V’Rlem *V'Riem *V’Rlemdug < C||Rlem||oo(||R1em||2)J+1(||V/+1R1em|| )J+1
i+l=k

where i, [ > 0. Now we apply Young’s inequality ab < a”/p + b?/q, where

1 . I
a = C|[Riem||oo(|Riem|[3) /T, b = (||V/*'Riem]|3) 7+

and p=j+1, g =(j+1)/j. We use the hypothesis on the boundedness of
||IRiem|| o, and we obtain

> /v RiemxV/RiemsV/Riem du, < C'(n, p, j, K)||Riem||3+ || V/*'Riem|}3,
i+l=j

where i, [ > 0. Putting this last inequality in the previous computation, we obtain

4 .
T
1—2(n—1)p

+C'(n, p, j, K)||Riem||3
<C'(n, p, j, K)||Riem|f3,

A+ BAj41 = (=1 + BV Riem|} + (4p 80| +

where we use the facts that —1+ 8 <0 and 4p —8|p|+4|p|B/(1 —2(n —1)p) <O0.
The same estimates holds for the last term in equation (5-1), since

Al < A+ BAis1 < C'(n, p, k, K)||Riem||3
Therefore
Bt/ . .
Ro <Y 5 C'np. K)||Riem||3

j=0
<C(n, p, k, K)|[Riem|3(e?" —1) < C(n, p, k, K, T)||Riem||2.
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Since f;(0) = Ay < C(p, n)||Riem||%, by integrating the previous inequality we
finally get

IV*Riem||3 < Ax < T kfk< ) < k[fk(0)+Cr||R1em|| ]

3 C[C(p,n) +Ct]

|Riem||3 < E||Riem||2
tk 2=y 2

which concludes the proof of the theorem. (]

SC. Long time existence. In this section we will prove the following result.

Theorem 5.7. Assume p < 1/(2(n —1)). If g(¢t) is a compact solution of the RB
flow on a maximal time interval [0, T), T < 400, then

lim sup max|Riem( -, t)| = +o0.
t—>T M

Proof. This proof follows exactly the one given by Hamilton for the Ricci flow
(see [Hamilton 1982, Section 14]). First of all we observe that, if the Riemann
tensor is uniformly bounded as t — T and T < 400, then also its L2-norm is
uniformly bounded, because from the previous computations, for A9 = ||Riem||% +
41p1/(A —2(n — 1)p)||R||%, so we have Aj < CAp.

Then, by Theorem 5.6, we get, for any j € N

| V/Riem||3 < C;.

Now, by using the interpolation inequalities in Proposition 5.1 with p = 0o, g =2,
we immediately get the estimates

IV/Riem| 2 < Cjx,
J

for all j € N and k > j. Therefore, by interpolation the same result holds for a
generic exponent », with a constant that depends on j and r.
Now, let E; := |V/Riem|? Then, for all » < +00 we have

g+ v <,
M
Thus, by the Sobolev inequality, if » > j, one has
max [E <G [ (B +IVE du
M M

Notice that the constant C; depends on the metric g(¢), but it does not depend on the
derivatives of g(¢). Moreover, from [Hamilton 1982, Lemma 14.2], it follows that
the metrics are all equivalent. Hence, the constant C; is uniformly bounded as t — T
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and, from the previous estimates, it follows that, if |[Riem| < C on M x [0, T')], for
every j € N one has

max|VjRiem| <C;,
M

where the constant C; depends only on the initial value of the metric and the
constant C.

Arguing now as in [Hamilton 1982, Section 14], it follows that the metrics g(¢)
converge to some limit metric g(7) in the C*° topology (with all their time/space
ordinary partial derivatives, once written in local coordinates), hence, we can restart
the flow with this initial metric g(7"), obtaining a smooth flow in some larger time
interval [0, T + §), in contradiction with the fact that 7 was the maximal time of
smooth existence. This completes the proof of Theorem 5.7. (]
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We prove a normal form theorem for Poisson structures around Poisson
transversals (also called cosymplectic submanifolds), which simultaneously
generalizes Weinstein’s symplectic neighborhood theorem from symplectic
geometry and Weinstein’s splitting theorem. Our approach turns out to be
essentially canonical, and as a byproduct, we obtain an equivariant version
of the latter theorem.
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1. Introduction

This paper is devoted to the study of semilocal properties of Poisson transversals.
These are submanifolds X of a Poisson manifold (M, ) that meet each symplectic
leaf of m transversally and symplectically. A Poisson transversal X carries a
canonical Poisson structure, whose leaves are the intersections of leaves of &
with X, and are endowed with the pullback symplectic structure.

Even though this class of submanifolds has very rarely been dealt with in full
generality — much to our dismay and surprise — Poisson transversals permeate the
whole theory of Poisson manifolds, often playing a quite fundamental role. This lack
of specific attention is especially intriguing since they are a special case of several
distinguished classes of submanifolds which have aroused interest lately: Poisson
transversals are Lie—Dirac submanifolds [Xu 2003], Poisson—Dirac submanifolds
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Keywords: differential geometry, symplectic geometry, Poisson manifolds, Poisson groupoids and
algebroids.
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[Crainic and Fernandes 2004], and also pre-Poisson submanifolds [Cattaneo and
Zambon 2009] (see also [Zambon 2011] for a survey on submanifolds in Poisson
geometry).

No wonder, then, that Poisson transversals have shown up already in the infancy
of Poisson geometry, in the foundational paper of Weinstein [1983]. Namely, if L
is a symplectic leaf and x € L, then a submanifold X that intersects L transversally
at x and has complementary dimension is a Poisson transversal, and its induced
Poisson structure governs much of the geometry transverse to L. In fact, a small
enough tubular neighborhood of L in M will have the property that all its fibers are
Poisson transversals. Such fibrations are nowadays called Poisson fibrations, and
were studied by Vorobjev [2001] — mostly in connection with the local structure
around symplectic leaves — and also by Fernandes and Brahic [2008]. That Poisson
fibrations are related to Haefliger’s formalism of geometric structures described
by groupoid-valued cocycles (see [Haefliger 1958] and also [Gromov 1986]) — of
which the “automatic transversality” of Lemma 7 is also reminiscent — should not
escape notice. In fact, in physics literature, Poisson fibrations have long been known
in the guise of second class constraints, and motivated the introduction by P. Dirac
[1950] of what we know today as the induced Dirac bracket, which in our language
is the induced Poisson structure on the fibers.

The role played by Poisson transversals in Poisson geometry is similar to that
played by symplectic submanifolds in symplectic geometry and by transverse
submanifolds in foliation theory (see the examples in the next section). The key
observation is that the transverse geometry around a Poisson transversal X is of
nonsingular and contravariant nature: it behaves more like a 2-form than as a
bivector in the directions conormal to X. This allows us to make particularly
effective use of the tools of “contravariant geometry”. In the core of our arguments
lies the fact that the contravariant exponential map exp, associated to a Poisson
spray X gives rise to a tubular neighborhood adapted to X C (M, ), in complete
analogy with the classical construction of a tubular neighborhood of a submanifold
X in a Riemannian manifold (M, g), thus effectively reducing many problems to
the symplectic case.

The main result of this paper is a local normal form theorem around Poisson
transversals, which simultaneously generalizes Weinstein’s splitting theorem [1983]
and Weinstein’s symplectic neighborhood theorem [1971]. At a Poisson transversal
X of (M, m), the restriction of the Poisson bivector 7|y € I'(A2TM |x) determines

¢ a Poisson structure on X, denoted my,

* a nondegenerate, fiberwise 2-form on the conormal bundle p : N*X — X,
denoted

wy € T(A2NX).
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Let & be a closed 2-form on N *X that extends o := —wy, i.e., which restricts on
T(N*X)|x =TX & N*X to the trivial extension of o by zero.

To such an extension we associate a Poisson structure () on an open set
U(G) C N*X around X . The symplectic leaves of 77(G') are in one-to-one correspon-
dence with the leaves of 7y ; namely if (L,wpr) is a leaf of my, the corresponding
leaf of 7(G) is an open set LcC p~Y(L) around L endowed with the 2-form
w7 := p*(wr) + & |7. The Poisson manifold (U(), 7(5)) is the local model of 7
around X. We will provide a more conceptual description of the local model using
Dirac geometry.

Theorem 1 (normal form theorem). Let (M, v) be a Poisson manifold and X C M
be an embedded Poisson transversal. An open neighborhood of X in (M, i) is Pois-
son diffeomorphic to an open neighborhood of X in the local model (U(G), 7 (7)).

Under stronger assumptions (which always hold around points in X)) we can
provide an even more explicit description of the normal form. Assuming symplectic
triviality of the conormal bundle to X, the theorem implies a generalized version
of the Weinstein splitting theorem, expressing the Poisson as a product, i.e., in the
form (1) below. This coincides with Weinstein’s setting when we look at (small)
Poisson transversals of complementary dimension to a symplectic leaf.

The proof of Theorem 1 relies on the symplectic realization constructed in
[Crainic and Marcut 2011] with the aid of global Poisson geometry, and on elemen-
tary Dirac-geometric techniques; the former is the crucial ingredient that allows
us to have a good grasp of directions conormal to the Poisson transversal, and the
latter furnishes the appropriate language to deal with objects which have mixed
covariant-contravariant behavior. As an illustration of the strength and canonicity
of our methods, we present as an application the proof of an equivariant version
of Weinstein’s splitting theorem. Other applications of the normal form theorem,
which reveal the Poisson-topological aspects of Poisson transversals, will be treated
elsewhere.

Theorem 2. Let (M, i) be a Poisson manifold and let G be a compact Lie group
acting by Poisson diffeomorphisms on M. If x € M is a fixed point of G, then

there are coordinates (P1, ..., Pnsqis--->qns V1s---»Vm) € R2%+™M contered at x
such that
8
1 T =
(1) Zaql 2 Z ],k(Y)ay e

and in these coordinates G acts linearly and keeps the subspaces R*" x {0} and
{0} x R™ invariant.
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This answers in the negative a question posed by Miranda and Zung [2006] about
the necessity of the “tameness” condition they assume in their proof of this result.
We wish to thank Miranda for bringing this problem to our attention.

We should probably also say a few words about terminology. Poisson transver-
sals are also referred to as cosymplectic submanifolds in the literature, and this
is motivated by the fact that the conormal directions to such a submanifold are
symplectic, i.e., the Poisson tensor is nondegenerate on the conormal bundle to
the submanifold. Even though this nomenclature is perfectly reasonable, there are
several reasons why we decided not to use this name. Foremost among these:

(1) There is already a widely used notion of a cosymplectic manifold, defined as a
manifold of dimension 2n + 1, endowed with a closed 1-form 6 and a closed
2-form w such that 8 A ®" is a volume form.

(2) The general point of view of transverse geometric structures is of great insight
into Poisson transversals when we rephrase the problem in terms of Dirac
structures and contravariant geometry. Moreover, the proximity between the
dual pairs used in the proof of the normal form theorem, and the gadget of
Morita equivalence, which is known to govern the transverse geometry to the
symplectic leaves, is too obvious to ignore.

2. Some basic properties of Poisson transversals

Let (M, ) be a Poisson manifold. A Poisson transversal in M is an embedded
submanifold X C M that meets each symplectic leaf of 7 transversally and sym-
plectically. We translate both these conditions algebraically. Let x € X and let
(L, w) be the symplectic leaf through x. Transversality translates to

TxX + TxL = T_xM.

Taking annihilators in this equation, we obtain that N} X N ker(nf;) = {0}, or
equivalently, that the restriction of 7 to N * X is injective:

#
) 0— N'X Z5 T M.

For the second condition, note that the kernel of wx |1, xn7, L is Tx X N nﬁ (NFX).
So the condition that 7 X N T L be a symplectic subspace is equivalent to

(3) ToX Naf(NX) = {0}.

Since TxX and N} X have complementary dimensions, (2) and (3) imply the
following decomposition, which is equivalent to X being a Poisson transversal:

(4) TX @ 7" (N*X)=TM|x.
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The decomposition of the tangent bundle (4) canonically gives an embedded
normal bundle, denoted

NX :=7*(N*X) Cc TM|x,
and a corresponding decomposition for the cotangent bundle
N*X®N°X =T*M|x.
For £ € NJ X and n € N X, we have that 7#(&) € Ny X, hence 7(€, 1) = 0. This
implies that 77 |y has no mixed component in the decomposition
NTM|xy = A2TX & (TX @ NX) ® A°NX.
Therefore 7|y splits as
nly =nx +wy, nx € [(A’TX), wy € T(AZNX).
It is well known that these two tensors satisfy the following properties, but for

completeness we include a proof.

Lemma 3. The bivector mty is Poisson and wyx, regarded as a 2-form on N*X , is
fiberwise nondegenerate.

Proof. To prove that y is Poisson, we will use Dirac-geometric techniques (for
other approaches, see [Crainic and Fernandes 2004; Xu 2003]; for the basics of Dirac
geometry, see [Bursztyn and Radko 2003]). It suffices to show that the pullback
via the inclusion i : X — M of the Dirac structure L, := {nﬁ(é) +E:6eT*M}
equals the almost Dirac structure L, 1= {Jt)ﬁ( E)+E:£€eT*X }, since this makes
Lz, automatically involutive, and hence wx Poisson. But to show this it suffices
to prove the following inclusion:

Luy = {mg®) +&: £ € T*X} = {mf(i*n) +i"n:ne N°X}
= {nﬂ(n)+i*n iNEN°X} Ci*Ly,
where we used that wgf (n)=0,forne N°X.

The map wy : N*X — NX is just the restriction of 7, which, by the decompo-
sition (4), is a linear isomorphism. O
We recall three natural instances of Poisson transversals, which appear throughout

Poisson geometry:

Example 4. If 7 is nondegenerate then X is a Poisson transversal if and only if X
is a symplectic submanifold of (M, ).

Example 5. If L is the symplectic leaf of (M, ) through a point x € M, a sub-
manifold X that intersects L transversally at x and is of complementary dimension
is a Poisson transversal around x.
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Example 6. If (M, 7) is a regular Poisson manifold with underlying foliation F
of codimension ¢, then every submanifold X of dimension ¢ that is transverse to
F is a Poisson transversal.

A very useful —and somewhat surprising — fact about Poisson transversals is
that they behave well with respect to Poisson maps:

Lemma 7. Let ¢ : (Mg, mo) — (M1, 1) be a Poisson map and X1 C My be a
Poisson transversal. Then:

(1) ¢ is transverse to X;.
(2) Xo:= ¢ Y(X1) is also a Poisson transversal.
(3) ¢ restricts to a Poisson map ¢|x, : (Xo, nx,) — (X1, 7x,).

(4) The differential of ¢ along X restricts to a fiberwise linear isomorphism
between embedded normal bundles ¢«|nx, : NXo — NX1.

(5) Themap F : N*Xog — N*X1, F(§) = (¢*)"1(§), £ € N*Xy is a fiberwise
linear symplectomorphism between the symplectic vector bundles

F:(N*Xo,wx,) — (N* X1, wx,).

Corollary 8. Let (M, ir) be a Poisson manifold, X C M be a Poisson transversal
and W C M be a Poisson submanifold. Then W and X intersect transversally, and
XNWis

e a Poisson transversal in (W, t|w ), and
e a Poisson submanifold of (X, mx).

Proof of Lemma 7. Consider x € X¢ and let y := ¢(x) € X;. Since ¢ is a Poisson
map we have:

”f(’l) = <P*(7T§(<P*77)), forall n € Ty*Ml,

therefore nf (Ty* M1) C o« (Tx Myp). But X; being a Poisson transversal now implies
that ¢ is transverse to X:

TyMy =Ty X1 + (T My) = Ty X1 + ¢u(Ti Mo).

In particular, X is a submanifold of My. To show that Xy is a Poisson transversal,
we will prove that the decomposition 7 Xy & J'rg (N*Xo) = TMpy|x, holds. Note
first that

TxXo=(¢x) ' (TyX1) and NiXo=¢"(NyX1).

Let v € Tx My, and decompose ¢«v = u + nf(n), withu € T, X and n € Ny X;.
Then ¢*n e N} Xo and w := v — ng((p*n) projects to u, hence w € Tx X¢. This
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shows that v = w + ng((p*r]) e TxXo+ JTg(N;X()), hence
T Mo = T Xo + mE (N Xo).

Counting dimensions, we conclude that this is a direct sum decomposition, and
therefore X is a Poisson transversal.
Note, moreover, that g, preserves the embedded normal bundles

¢+ (Nx Xo) = 0x (g (N X0)) = 0x (g (0™ (N X1))) = 7§ (Ny X1) = Ny X1,

and because they have the same rank, ¢«|yx, is a fiberwise isomorphism. Since
we also have ¢« (Tx Xo) C Ty X1, the Poisson condition ¢« (mg,x) = 71,, implies
that @ (ﬂXo,x) =X,y and ¢« (on,x) = wx,,y- This implies (3) and (4). O

3. The local model

The local model around a Poisson transversal depends on an extra choice:

Definition 9. Let (£, o) be a symplectic vector bundle over X. A closed extension
of ¢ is a closed 2-form & defined on a neighborhood of X in E, such that its
restriction to TE|y = TX @ E equals the trivial extension of o to TE|y. We
denote the space of all closed extensions by T (E, o).

Closed extensions always exist, and can be constructed employing the standard
de Rham homotopy operator (see, e.g., the extension theorem in [Weinstein 1977]).

In the warm-up for the construction below of the local model, let us revisit the
three instances which are generalized by our main result.

Example 10 (Weinstein’s symplectic neighborhood theorem [1971]). Let (M, w)
be a symplectic manifold, and (X, wyx) C M be a symplectic submanifold. The
symplectic orthogonal of TX, denoted by E := T X%, is a symplectic vector bundle
with bilinear form ¢ := w|g. The local model around X is given by the closed
2-form ¢ + p*(wx) on E, where p : E — X is the projection and & € Y (E, 0).
Weinstein’s symplectic neighborhood theorem says that a neighborhood of X in
(M, w) is symplectomorphic to a neighborhood of X in (E,7 + p*(wy)).

Example 11 (Weinstein’s splitting theorem [1983]). Let (M, &) be a Poisson man-
ifold and let x € M. Let also (L, w) be the symplectic leaf through x € M, and
(X, mx ) a Poisson transversal at x, of complementary dimension. The local model
around x is given by the product of Poisson manifolds

(TxL.07") x (X, mx).

Weinstein’s splitting theorem (or Darboux—Weinstein theorem) asserts that (M, i)
is Poisson diffeomorphic around x to an open set around (0, x) in the local model.
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Example 12 (transversals to foliations). Let M be a manifold carrying a smooth
(regular) foliation F, and let X C M be a submanifold transverse to F,

Ty X + Ty F =TxM, forall x € X.

Let Fx be the induced foliation on X . The local model of the foliation F around
X is (NX, p*Fx), where p: NX — X is the normal bundle to X; note that the
leaves of the local model are of the form p~1(L), for L a leaf of Fx. To build an
isomorphism between F and its model around X, consider a metric g on 7'F and let
expg : T'F DU — M denote the leafwise exponential map of g, i.e., for each leaf L,
expg : (TL NU) — L is the (Levi-Civita) exponential map of the Riemannian
manifold (L, g|z). Then T]-}J(- C T Flx is a complement to TX in TM |x, and
the composition
NX = TFy 225 M

pulls the foliation F to the local model.

The idea for constructing the local model around a Poisson transversal is to
put the foliation in normal form in the sense of Example 12, and then perform
Weinstein’s construction of Example 10 along all symplectic leaves simultaneously.

Let (E, 0) be a symplectic vector bundle over a Poisson manifold (X, my) with
projection p : E — X and consider a closed extension & € Y (E, 0). As mentioned
in the introduction, the symplectic leaves of the local model are (Z, wy), for (L, wL)
a symplectic leaf of (X, mx), where LcpY(L)isan open set containing L and

w7 =057 + p*(wL).
To show this construction yields a smooth Poisson bivector around X, we rewrite it
using the language of Dirac geometry. Let L 5, be the Dirac structure corresponding
to 7y . Dirac structures can be pulled back along submersions. The pullback of L,
to E, denoted by p*(Ly, ), has presymplectic leaves (p~!(L), p*(wr)), where

(L,wp) isa symplectic leaf of 7x. Finally, the gauge transform by o, denoted
by p*(Lyy)?, has the required effect: it adds to each leaf the restriction of &.

Lemma 13. Let (E,o0) be a symplectic vector bundle over a Poisson manifold
(X,mx),andlet o € Y(E,0) be a closed extension of 6. On a neighborhood U ()
of X in E, we have that the Dirac structure

L@) = p*(Lny)®
corresponds to a Poisson structure 7 (6) that decomposes along X as
7@)|x =7y +0 L e T(A2TX) @ T (A2E).

Equivalently, (X, mx) is a Poisson transversal for 7w (c), the canonical normal

bundle is E C TE|x, and the induced nondegenerate bivector is wxy = o L
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Proof. The condition that L(¢') be Poisson is open, thus it suffices to show that
L (o) has the expected form along X . This can be easily checked, since

P (Lay)lx = {713#((5) +Y +§:6€T*X, Y €E},
and therefore
L@)x = {mhy ) +Y +E+1yo £ €T*X. Y € E}
={zf @+ O +E+n:§eTX, ne E*)
={(mx +o H¥0) +0:0 € T*E|x}. O

Definition 14. The Poisson manifold (U(c), 7()) from the lemma is called the
local model associated to (E,0) and (X, my).

If X is a Poisson transversal of a Poisson manifold (M, ), mx is the induced
Poisson structure on X, £ = N*X is the conormal bundle to X and

0 =—-wxy =—(7|n*x),
then (U(c), 7(6)) is called the local model of w around X .

Remark 15. We point out that there is a choice in having the local models of =
around X live in the conormal bundle to X, as opposed to its normal bundle N X,
as is typically the case for normal form theorems. In fact, since

wy 1 (N*X, —wy) — (NX, wy")

is an isomorphism of symplectic vector bundles, we can translate canonically all
our constructions to NX via wy.

That we chose N*X instead of NX is meant to emphasize that we regard
the conormal N*X as the more appropriate notion of “contravariant normal”,
an opinion which is corroborated by the scheme of proof of Theorem 1, where
we spread out a tubular neighborhood of X by following contravariant geodesics
starting in directions conormal to X .

The construction of the local model depends on the choice of a closed exten-
sion. A Poisson version of the Moser argument, which first appeared in [Alekseev
and Meinrenken 2007] (see also [Alekseev and Meinrenken 2016]) will be later
employed to prove that different extensions induce isomorphic local models.

Lemma 16 (Moser lemma). Suppose we are given a path of Poisson structures
of the form t — m; 1= 7'
Then the isotopy ¢>{,’ ¥ generated by the time-dependent vector field V; := —nf(a)
stabilizes 7y

, where 1t is a Poisson structure and o € Q1 (M).

t,s _
¢V*'7TS - 7Tt,

whenever this is defined.
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Proof. Recall that Poisson cohomology is computed by the complex (X*(M), dr),
where d : X*(M) — X*T1(M) is defined by d := [r,-] and [-,-] stands for
the Schouten bracket on multivector fields. Moreover, 7, regarded as a map
7% T*M — TM, induces a chain map

(DT A7H (Q°(M), d) — (X°(M), dx),

from the de Rham complex of differential forms, see, e.g., [Dufour and Zung 2005].
In particular,

Ly, 7 = [me. 7} (@)] = dn, (@) = — A2 7} (der).
As maps, this can be written as
(Ly,70)* = 7} o (d)’ o 7.

where (da)? : TM — T*M stands for do regarded as a map. Also, by the very def-
inition of gauge transformation, we have the identity nt= Jttﬁ o (id —l—t(a’oz)b o n“),
whence

drt _dxt b : b
0= = T o (id +1(de) o 7¥) + nf o (dt)’ o ¥
#
= (dditt + Jrf o (doc)b o nf) o (id +l(d05)b o ”ﬂ)

#
(ddnt + Ly, nt> o (id —I—t(doc)b o nﬁ).

Finally, we obtain
d dm
@y T = (@) (Lvom + 1) =0,
showing that (¢y;*)* 7, = 7. O

Next, we show that different choices of closed extensions yield isomorphic local
models.

Lemma 17. If (E, o) is a symplectic vector bundle over a Poisson manifold (X, wx),
then all corresponding local models are isomorphic around X by diffeomorphisms
that fix X up to first order.

Proof. If 61 € Y(E,0) is a second extension, 61 — & is a closed 2-form on E
that vanishes on TE|y. Since the inclusion X C E is a homotopy equivalence,
&1 — G is exact, and one can choose a primitive n € Q1 (E) that vanishes on TE |x.
Actually, by the relative Poincaré lemma in [Weinstein 1977], one may choose 1
with vanishing first derivatives along X . Denote 7 (¢') and 7 (¢ + dn) by mp and 71,
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respectively. Then 7y is the gauge transform by dn of mp, denoted 71 = ng T,
These bivectors can be interpolated by the family of Poisson structures

me=mt reo,1).

Now, 77; corresponds to the smooth family of Dirac structures L; := p* (L )‘7"" dn
and the set U C R x E of those points (¢, x) where L, x is Poisson is open. Since
[0, 1]x X C U, there is an open neighborhood V' of X in E such that [0, 1|xV CU.
Thus, 7, is defined on V for all 7 € [0, 1]. By the Moser lemma (Lemma 16), we
see that the flow of the time-dependent vector field

=Ty (77)

trivializes the family, i.e., (d)t ¥Y*(7;) = ms whenever it is defined. Since 7 and its
first derivatives vanish along X, it follows that ¢Y fixes X and that its differential
is the identity on TE|yx. Arguing as before, the set where (]5 is defined up
to ¢ = 1 contains an open neighborhood V' C V of X, so we obtain a Poisson
diffeomorphism

oy (V' m0) = (o3 (V). m1). 0
4. The normal form theorem

The normal form theorem (Theorem 1) for a Poisson structure (M, ) around
a Poisson transversal X states that 7w and its local model (built out of 7 |x) are
isomorphic around X . In the symplectic case, this follows from the Moser argument
in a straightforward manner. For general Poisson manifolds, the proof is more
involved. The main difficulty is to put the foliation in normal form; namely, to find
a tubular neighborhood of X along the leaves of 7. If the foliation is regular, such
a construction can be performed by restricting a metric to the leaves and taking
leafwise the Riemannian exponential (cf. Example 12). If m is not regular, it is not
a priori clear if these maps glue to a smooth tubular neighborhood of X in M. We
will use instead a contravariant version of this argument in which we replace the
classical exponential from Riemannian geometry by its Poisson-geometric analog:
the contravariant exponential. The more surprising outcome is that a contravariant
exponential not only puts the foliation in normal form, but also provides a closed
extension and the required isomorphism to the local model. A funny consequence
is that a choice of Poisson spray X’ for (M, &) puts all of its Poisson transversals
in normal form canonically and simultaneously!
We start by recalling some notions and results from contravariant geometry.

Definition 18. A Poisson spray X € ¥'(T*M) on a Poisson manifold (M, 7r) is a
vector field on T*M such that

(1) psxX (&) = 7 (), forall £ € T*M,
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(2) mjxX =tX,forallt >0,

where p: T*M — M is the projection and m; : T*M — T* M is the multiplication
by z. The flow ¢, of X is called the geodesic flow.
The contravariant exponential of X is the map

expy:U—>M, £ pogh(f),

on an open set U C T*M where the geodesic flow is defined up to time 1. By
abuse of notation, we will write exp : T*M — M, as if it were defined on T* M.

Poisson sprays exist on every Poisson manifold. For example, if V is a connection
on T* M, then the map that associates to & € T*M the horizontal lift of 7#(&) is a
Poisson spray.

The main feature of Poisson sprays is that they produce symplectic realizations.

Theorem 19 [Crainic and Mdrcut 2011]. Given (M, ) a Poisson manifold and X
a Poisson spray, there exists an open neighborhood X C T*M of the zero section,
on which the average of the canonical symplectic structure wean € Q2(T* M) under
the geodesic flow

1
®) Qx :=/ (%) wean dt,
0

is a symplectic structure on X, and the projection p : (X,Qx) — (M, ) is a
symplectic realization (i.e., a surjective Poisson submersion).

Let X C (M, ) be a Poisson transversal. As before, we denote by my the
induced Poisson structure on X, and by wy := 7|y+x. We are ready to state the
main result of this paper.

Theorem 20 (detailed version of Theorem 1). Let (M, ) be a Poisson manifold
and let X C M be a Poisson transversal. A Poisson spray X induces a closed
extension of 0 := —wy in a neighborhood of X in N*X, given by

g)( = —Qx|N*X € T(N*X,G).

The corresponding local model w(Gy) is isomorphic to w around X. Explicitly, a
Poisson diffeomorphism between open sets around X is given by the map

expy IN*x : (N*X, 7(Gx)) => (M, 7).

For the proof of Theorem 20, we need some properties of dual pairs. Recall
from [Weinstein 1971]:

Definition 21. A dual pair consists of a symplectic manifold (X, €2), two Poisson
manifolds (Mg, o) and (M1, 1), and two Poisson submersions

(Mo, 10) <> (2. Q) > (M1, 1)
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with symplectically orthogonal fibers:
ker ds® = kerdt.

The pair is called a full dual pair, if s and ¢ are surjective.
Dual pairs and Poisson transversals interact pretty well, as the following shows:

Lemma 22. Let (Mg, mp) <> (X, Q)%(Ml, 1) be a dual pair, and let Xo C My
and X1 C My be Poisson transversals. Then ¥ :=s~1(Xo)Nt 1 (X1) is a symplectic
submanifold that fits into the dual pair

(Xo, mx,) <= (£, Ql5) 5 (X1, 7x,).

Proof. First note that X is the inverse image of the Poisson transversal X x X
under the Poisson map

(s,1) 1 (2, Q) = (Mo, mo) x (M1, 7).

By Lemma 7, (s, t) is transverse to Xo X X, X is a symplectic manifold and (s, 1)
restricts to a Poisson map

(s,1): (Z,Qls) > (Xo, mx,) X (X1, 7x,).
It remains to show that the maps
EZ:S|§ : i—)X() and ?::tli : §—>X1

are submersions with symplectically orthogonal fibers. Let m; := dim(M;) and
x; :=dim(X;). The fact that s and ¢ are submersions with orthogonal fibers implies
that dim(X) = mg + m;. By transversality of (s, ) and Xo x X1, we have that
codim(X) = codim(Xo x X1); thus dim(Z) = x¢ + x1. Now, for a point p € X,
one clearly has ker d,t C (ker dpo’)mi, and since ¥ is symplectic, it follows that

dim(ker dp5) + dim(ker d»7) < dim(Z) = xo + x1.

On the other hand, we have that dim(ker d,s) > dim(X) — dim(Xo) = x1, and
similarly dim(ker d) > xo, so we obtain dim(ker d),5) = x1 and dim(ker dp7) = xo.
This implies that d,5 and dy,t are surjective, and that ker d,s and kerd,¢ are
symplectically orthogonal. O

Lemma 23 shows how mg, 71 and Q are related.

Lemma 23. Let (Mg, o) <2 (2, Q) - (M1, m1) be a dual pair. Then the Dirac
structures Ly, corresponding to m; satisfy the following relation:

S (Ly) ™ =1*(L—gy).
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Proof. An element y € s”‘(L,TO)_Q is of the form
x=Y +s*E—1yQ, where £ € T* My, s.Y = ng(g).
Then, since s, Q71 (s*£) = th (&), we have that
Y —(Q7Y)H(s*E) e kerds = (Q7HH(*T* My).

Hence there is n € T*M; such that

Y =@ D — @ DA,
Applying ¢, and €2 (separately) to both sides, we find that

Y = —1,,(Q Hir*n) = —nf(n) and s*E—1yQ=1"n,
and hence
(=Y +s*E— 1wy Q=Y +t*net*(L_g,).

This shows one inclusion; the other follows by symmetry. O

As a first step towards the proof of Theorem 20, we analyze what happens
infinitesimally.

Lemma 24. We have that Gx extends o, 6x € Y(N*X,0), and that exp,, is a
diffeomorphism between open sets around X .

Proof. We identify the zero section of T*M with M, and for x € M, we identify
Tx(T*M) = TyM & T M. The properties of the Poisson spray imply that the
geodesic flow fixes M, and that its differential along M is given (see [Crainic and
Mircug 2011]) by

Aty : M ®TEM — TeM @ TEM,  (V,6) > (¥ +17¥(§), 8).

In particular, exp, = p o ¢1. is a diffeomorphism around X, restricting to the
identity along X, and the following formula for €2 x holds along M :

Qx((Y1,81), (Y2,82)) = &2(Y1) —&1(Y2) + (61, 62).
Taking (Y;, &) € TxX @ N X = Tx(N*X), for x € X, we obtain
Qx((Y1,61), (Y2, 62)) = 7(61.§2) = wx (§1.62),
showing that 5y € T(N*X, —wy). O
Next, we observe that Theorem 19 implies the existence of self-dual pairs.

Lemma 25. Let X be a Poisson spray on the Poisson manifold (M, ), and denote
by Q x the symplectic form from Theorem 19. On an open neighborhood of the zero
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section ¥ C T*M we have a full dual pair:
(M, 1) <& (2, Q) =25 (M, —7),

Proof. Let X be an open neighborhood of the zero section on which the geodesic
flow ¢%, is defined for all # € [0, 1], and on which €2 y is nondegenerate. In the proof
of Theorem 19 from [Crainic and Marcut 2011] it is shown that the symplectic
orthogonals of the fibers p are the fibers of exp,. To show that exp, pushes Q;l
down to a bivector on M, one could invoke Libermann’s theorem, and then, using
the formulas from the proof of Lemma 24, one could check that along the zero
section this bivector is indeed —7. We adopt a more direct approach. First, note
that —X is a Poisson spray for —m, and that on X_ := ¢}((E), the geodesic flow
of —X is defined up to time 1. Moreover, 2_y is nondegenerate on X_, because

@hr o= | BN ) nd = / O o di = / @)
=Quy.
This also finishes the proof, since exp , is the composition of Poisson maps:
(E,QX)%(Z_,Q_X)L(M, —7). O
We are ready to conclude the proof.

Proof of Theorem 20. We use the self-dual pair from Lemma 25, which, by abuse
of notation, we write as if it were defined on the entire 7* M :

(M, 1) <2 (T*M, Q) 222 (M, —7).

Using Lemma 22, we take the preimage under (p, exp,) of X x M to obtain a new
dual pair (again, the maps are defined only around X),

expy |7
(X.7x) <= (T* Mx, el mpy) ———% (M, —m).
By Lemma 23, we have the following equality of Dirac structures:

—-Q *
P (Lay) ¥ Mix = (expy |7+ 313 )* (L)

Since the left-hand side restricts along N*X to the Dirac structure of the local
model 7 (Gy), we have

LGy = (expy |[n+x)* (L)

Since expy |n*x is a diffeomorphism around X (Lemma 24), we see that it is a
Poisson diffeomorphism around X:

expy In+x : (N* X, n(Gx)) = (M, 7). O
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5. Application: equivariant Weinstein splitting theorem

As an application of the normal form theorem (or rather of its proof), we obtain an
equivariant version of Weinstein’s splitting theorem around fixed points. A version
of this result with extra assumptions was obtained in [Miranda and Zung 2006].

Theorem 26 (detailed version of Theorem 2). Let (M, ) be a Poisson manifold
and G a compact Lie group acting by Poisson diffeomorphisms on M. If x € M is a

fixed point of G, then there are coordinates (p1, ..., Pnsq1s---sqns V1s---» Vm) €

R27+m centered at x such that

n m
N0 a0 1 99 Oy —
" z=21 a; " opi ijz=1 w]’k(y)ayj "o @ (0) =0,

and in these coordinates G acts linearly and keeps the subspaces R*" x {0} and
{0} x R™ invariant.

In other words, (M, v) is G-equivariantly Poisson diffeomorphic around x to an
open set around (0, x) in the product

(6) (TxL,wi") x (X, mx),

where (L, ) is the symplectic leaf through x, X is a G-invariant Poisson transver-
sal of complementary dimension, and G acts diagonally on (6).

On equivariant symplectic trivializations. In the proof of Theorem 26 we will use a
lemma on equivariant trivializations of symplectic vector bundles, which we present
here. We start with a result about symplectic vector spaces:

Lemma 27. Let (V, wg) be a symplectic vector space. There exist an open neigh-
borhood U(wg) of wg in A2V *, invariant under the group Sp(V, wo) of linear
symplectomorphisms of wg, and a smooth map

b:U(wp) = GI(V), w> by,

satisfying

b:}(wo) :(X), ba)() :id9 S_IOba)os :bs*(a)),
Jfor all w € U(wgp) and all s € Sp(V, wyp).
Proof. On the open set O := C\ (—o0, 0] consider the holomorphic square root,

V() :0>C, Veatit . =ea/2402  ycR e (—n, 7).

Denote the set of linear isomorphisms of V' with eigenvalues in O by O(V) C GI(V).
By holomorphic functional calculus [Wikipedia 2013], there is an “extension” of
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the square root to O(V'), which satisfies

(VX)’=x, VxT=(Vx)"", J(roxoy=yoyxoy™ vir=(vx)".

for every x € O(V) and every linear isomorphism y : V' — W.
Consider U(wp) := {wp o x | x € O(V)}, and define the map

b:U(wo) > GI(V), by := /oy ow.

Note that via the identification A2V * C Hom(V, V*), the action of GI(V) on
A2V * becomes y*(w) = y*owo y. Let w = wg o x € U(wyp), with x € O(V) and
s € Sp(V, wp). The following shows that U/ (wg) is Sp(V, wp)-invariant:

s*(w) =s*owgoxos=(s*owpos)o(s loxos)=wgos L oxoselU(wy).

For the next condition, note first that
* / 1
b:;:( a)O_loa)) = wow(;l:a)oObwowo_y

b (wo) = b owyoby =wpob? =w.

therefore

Finally, for s € Sp(V, wg), we have that

slobyos= \/s_loa)gloa)os= \/s_loa)o_lo(s*)_los*oa)os

— \/(S*(a)o))_l 0 5*(w) = byx(w)- =

Remark 28. The lemma can also be proved using the Moser argument. First
note that U(wg) can be described as the set of 2-forms w € A?V* for which
w; = twgy + (1 —1)w is nondegenerate for all ¢ € [0, 1]. The 2-form @ — wp has a
canonical primitive given by n:= %L g(w—wy), where £ is the Euler vector field of V.
Let X;(w) be the time-dependent vector field defined by the equation ty, () @s = 7.
The Moser argument shows that the time ¢ flow of X;(w) pulls twg + (1 —1)w to w,
and one can easily check that b, is the time-one flow of X;(w).

Lemma 29. Let (E,0) — X be a symplectic vector bundle, and let G be a compact
group acting on E by symplectic vector bundle automorphisms. If x € X is a
fixed point, there exist an invariant open set U C X around x and a G-equivariant
symplectic vector bundle isomorphism,

(E.oly) = (Ex xU,o0y),

where the action of G on E x U is the product one.
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Proof. We first construct a G-equivariant product decomposition. Let U be a G-
invariant open set over which E trivializes, and fix a trivialization E|y = Ex x U.
The action of G on Ex x U is of the form g(e,y) = (py(g)e, gy). To make the
action diagonal, we apply the vector bundle isomorphism,

0 ExxU5ExxU, () (Ay(e).y). Ay:i= /G px(8) " oy (9)d(g).

where p is the Haar measure on G. Note that A, is a linear isomorphism for y
near x, and that it satisfies

Agyopy(g) = px(g)oAy.

Thus, by shrinking U, we may assume that the action on £ x U is the product
action, which we simply denote by g(e, y) = (ge, gy).

The symplectic structures are given by a smooth family {0y },ey of bilinear
forms on E. This family is G-invariant, in the sense that it satisfies

ogy =(g7)*(0y), g€G,yel.

Consider the open set U(0y) C A2E and the map b : U(ox) — GI(Ey) from the
previous lemma. By shrinking U, we may assume that oy, € U(0y), forall y € U.
Since by, (0x) = 0y, we have a “canonical” symplectic trivialization:

B:ExxU-—>ExxU, (e,y)r> (bg,e,y).

1

Now g™ ' : Ex — E preserves 0y, SO

bogy = b(g—1y+o, =& °bo, og L.

Equivalently, the map § is G-equivariant:

B(ge,gy) = (bo,, ge,8y) = (gbs,e,gy) = gP(e, y).

Thus, B o « is an isomorphism of symplectic vector bundles that trivializes the
symplectic structure, and turns the G-action into the product one. O

Proof of Theorem 26. We split the proof into four steps.

Step 1: a G-invariant transversal. Let (L, ®) denote the leaf through x. Since x is
a fixed point, it follows that G preserves L. Thus G acts by symplectomorphisms
on (L, w).

We fix X C M, a G-invariant transversal through x such that dim(L)+dim(X) =
dim(M). The existence of such a transversal follows from Bochner’s linearization
theorem: the action around x is isomorphic to the linear action of G on T M ; by
choosing a G-invariant inner product on 7 M, we let X be an invariant ball around
the origin in the orthogonal complement of T L.
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Let 7|y = mxy 4+ wy denote the decomposition of 7 along X. Then G acts by
Poisson diffeomorphisms on (X, my ), and by symplectic vector bundle automor-
phisms on (N* X, —wy).

Step 2: the G-invariant spray. Let X be a G-invariant Poisson spray. Such a vector
field can be constructed by averaging any Poisson spray; the conditions that a
vector field on T*M be a Poisson spray are affine. The flow of X is therefore
G-equivariant. By Theorem 20, and with the notations used there, we obtain a
G-equivariant Poisson diffeomorphism around X,

expy : (N*X,n(Gx)) > (M, ),

where Gy € YT(N*X, —wy) is automatically G-invariant.

Step 3: a G-equivariant symplectic trivialization. Note first that wy, regarded as a
map N*X — TM |y, yields a symplectic isomorphism,

wyx, x - (Ny X, —wx, x) => (Tx L, wy).

This remark and Lemma 29 imply that around the fixed point x, by shrinking X if
necessary, we can simultaneously trivialize the bundle (N * X, —wy ) symplectically
and turn the action to a product action, hence, we obtain a G-equivariant symplectic
vector bundle isomorphism

W:(pry: (TxL,wx) x X > X) =5 (p: (N*X, —wy) — X),

where the action on Tx L X X is the product action. Therefore, @y := ¥*(Gy) is a
closed G-invariant extension of wy, i.e., @x € Y (Tx L X X, wx). Moreover, the map

W (TxLx X, m(0x)) = (N*X, 7(Gx))
is a G-equivariant Poisson diffeomorphism, where 7 (@x) denotes the Poisson

structure around X corresponding to the Dirac structure pr5 (L )EX.

Step 4: the G-equivariant Moser argument. Note that w, has a second extension
to Tx L x X given by @y := prj (wx). The corresponding local model is the Poisson
structure from the statement

(TxL x X, m(@yx)) = (Tx L, 07") x (X, 7x).

By Steps 2 and 3, we are left to find a G-equivariant diffeomorphism around X
that sends 7 (@) to w(@wy). For this we need the equivariant version of Lemma 17,
whose proof can be easily adapted to this setting: first, note that the 2-form w, —@x
has a primitive

neQYUTyL x X)
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such that 7(,,) = 0 for all y € X. Since both @, and @y are G-invariant, by
averaging, we can make n G-invariant as well. Consider the time-dependent
vector field,

Y, = —ﬂf(n),

where 77; := (@ )'". The time-one flow ¢)1,’0 sends g = w(wy) to my = w(wy).
Since both 7; and n are G-invariant, it follows that ¢)1,’0 is G-equivariant as well.

This concludes the proof. O
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SOME CLOSURE RESULTS FOR C-APPROXIMABLE GROUPS

DEREK F. HOLT AND SARAH REES

We investigate closure results for C-approximable groups, for certain classes
C, of groups with invariant length functions. In particular we prove, each
time for certain (but not necessarily the same) classes C that: (i) the di-
rect product of two C-approximable groups is C-approximable; (ii) the re-
stricted standard wreath product G : H is C-approximable when G is C-
approximable and H is residually finite; and (iii) a group G with normal
subgroup N is C-approximable when N is C-approximable and G/N is
amenable. Our direct product result is valid for LEF, weakly sofic and
hyperlinear groups, as well as for all groups that are approximable by finite
groups equipped with commutator-contractive invariant length functions
(considered by A.Thom). Our wreath product result is valid for weakly
sofic groups, and we prove it separately for sofic groups. This last result has
recently been generalised by Hayes and Sale, who proved that the restricted
standard wreath product of any two sofic groups is sofic. Our result on
extensions by amenable groups is valid for weakly sofic groups, and was
proved by Elek and Szabé (2006) for sofic groups N.

1. Introduction

Our interest in C-approximable groups stems from the fact that, by making an
appropriate choice of the class C, the definition of a C-approximable group equates
to that of one of a variety of classes of groups currently of interest, including
sofic groups, hyperlinear groups, weakly sofic groups, linear sofic groups, and
LEF groups. Hence techniques that apply to one such class can often be applied
to another. In this article we develop some general techniques to establish some
closure properties for many of these classes, specifically for direct products, for
wreath products with residually finite groups, and for extensions by amenable
groups. We shall refer to closure results in the literature, mostly for specific classes
of C-approximable groups; in some cases our proofs have been inspired by the
proofs of those. We are grateful to the anonymous referee of the paper for a careful
reading and several helpful comments and corrections.
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Keywords: C-approximable group, sofic, hyperlinear, weakly sofic, linear sofic.
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Our definition of a C-approximable group is taken from [Thom 2012, Defini-
tion 1.6] and specialises to the definitions of sofic and hyperlinear groups in [Capraro
and Lupini 2015]; we shall discuss some of the alternative definitions later on in
this section. Our definition requires the concept of an invariant length function on
a group K; thatis, amap £ : K — [0, 1] such that, for all x, y € K:

) =0x=1, Lx"H=10W),
E(xy) < L(x)+L(y), Lxyx™h) =¢(@).

Every group admits the trivial length function £ defined by £o(x) = 1 if x # 1,
£p(1) =0, and may admit many others. The Hamming norm, which computes the
proportion of points moved by a permutation of a finite set, gives an invariant length
function for finite symmetric groups.

In the following definition C is understood to be a set of pairs, each pair consisting
of a group K together with an invariant length function £x on K; so the same group
may occur in C with more than one length function. For a group K, the statement
K € C means that K is the group in at least one such pair.

Definition 1.1. (1) For a group G, amap 6 : G — R (for which we write §, rather
than §(g)) is a weight function for G if §; =0 and §; >0 forall 1 # g € G.

(2) Let G be a group with weight function §, let K be a group with invariant
length function £k, let € > 0, and let F' be a finite subset of G. Then the map
¢:G — K isan (F,e€,$6, Lg)-quasihomomorphism if

s (=1,
e Vg, h e F, lg(p(gh)p () '¢(g)™") <€, and
s Vg e F\ {1}, lx(¢(8)) = .

(3) Let C be a class of groups with associated invariant length functions. Then
a group G is C-approximable if it has a weight function §, such that, for
each € > 0 and for each finite subset F' of G, there exists an (F, €, 8, £g)-
quasihomomorphism ¢ : G — K for some (K, lg) € C.

Since these conditions cannot possibly be satisfied if §, > 1 for some g € G, we
shall always assume that §; < 1.

In particular, sofic groups are precisely those groups that are C-approximable
with respect to the class C of finite symmetric groups with length function defined by
the Hamming norms, and with weight functions of the form §, = c forall 1 # g € G,
for some fixed constant ¢ > 0; see [Pestov and Kwiatkowska 2009, Theorem 5.2].

The (normalised) Hilbert—Schmidt norm on the set of n x n complex matrices
A = (a;;) is defined by

laplis, = /25 jla P = /1 Tr(a= ).
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The hyperlinear groups are precisely those groups that are C-approximable with re-
spect to the class C of finite-dimensional unitary groups with length function defined
by £(g) = %H g —I|lms, , and with the same weight functions as for sofic groups; see
[Pestov and Kwiatkowska 2009, Theorem 4.2]. Furthermore, weakly sofic groups,
linear sofic groups and LEF groups can all be defined as C-approximable groups,
where the classes C are (respectively) the class F of all finite groups equipped with
all associated invariant length functions, the groups GL,(C) equipped with the
norm £(g) = ,llrk(l,, — g) [Arzhantseva and Paunescu 2017], and the finite groups
equipped with the trivial length function. We refer the reader to [Arzhantseva and
Gal 2013; Ciobanu et al. 2014; Elek and Szab6 2006; 2011; Paunescu 2011; Stolz
2013] for a number of closure results involving various of these classes of groups.

Following [Thom 2012] we say that an invariant length function £ : K — [0, 1]
is commutator-contractive if it satisfies the condition

£([x, y]) =4(x)E(y) Vx,yeK.

Note that the trivial length function is commutator-contractive. Let F¢ be the
class of all finite groups, each equipped with all commutator-contractive length
functions. The main result of [Thom 2012] is that Higman’s group [1951] is not
Fc-approximable. This group is widely seen as a candidate for a first example of a
nonsofic group.

There are many variations in the literature of the definition of a C-approximable
group, not all of which are believed to be equivalent in general to our basic definition,
although the paucity of known examples of groups that are not C-approximable
makes it difficult to prove their inequivalence.

Some definitions, such as [Glebsky 2015, Definition 2] and [Stolz 2013, §2]
allow invariant length functions to take values in [0, oo) rather than in [0, 1]. This
does not affect the classes of sofic, hyperlinear, linear sofic and LEF groups, since
the length functions used in these classes all have range [0, 1]. It is also easily seen
that the class of weakly sofic groups is not changed by this variant since, if a group
is weakly sofic using length functions with range [0, c0), and £k is such a length
function on a finite group K, then simply by replacing £ (g) by the new length
function max(£x(g), 1), we can show that G is weakly sofic using length functions
with range [0, 1]. So this variation in the range of permissible length functions does
not appear to us to be significant.

The more substantial variants involve the condition

VeeF, tk(9(g) =4

in the definition of C-approximability. These are discussed in Section 2 of [Stolz
2013]. The group G is said to have the discrete C-approximation property if the
weight function for G can be chosen to be constant on all nonidentity elements. It
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is said to have the strong discrete C-approximation property if the condition above
is replaced by

Vg e F, lx(¢(g)) = diam(K) —e,

where diam(K) is defined to be sup{{x (x) : x € K}, and € is as in Definition 1.1(3).
By choosing the weight function §, = diam(G)/2 for all g € G \ {1}, we see
immediately that the strong discrete C-approximation property implies the discrete
C-approximation property, which clearly implies that G is C-approximable using
our definition. But the converse implications are not clear, and may not hold in
general.

The definition given for sofic groups in [Elek and Szab6 2006] enforces the
strong discrete approximation property. But it is shown in [Capraro and Lupini
2015, Exercise 11.1.8] that, for this class, any C-approximable group has the strong
discrete C-approximation property.

It is proved in [Arzhantseva and Paunescu 2017, Proposition 5.13] that lin-
early sofic groups have the discrete C-approximation property, but it appears to be
unknown whether they have the strong discrete C-approximation property.

Hyperlinear groups do not have the strong C-approximation property, and we are
grateful to the referee for pointing this out to us. The diameter of the unitary group
U (n) with length function defined as above by £(g) = %ll g — I |lms, is 1. By using
the identity

g — Rllgs, + g +hllfs, =4

for g, h e U(n) and putting h = I,,, we see that, if 1 — £(g) is small, then g is close
to —1I,, with respect to the Hilbert—Schmidt metric. So if 1 —£(g;) and 1 — £(g»2)
are both small, then g;g; is close to I, and hence £(g;g>) is close to 0. It follows
that a hyperlinear group with the strong discrete C-approximation property must be
finite with order at most 2.

For hyperlinear groups, it is true that, for any finite ' C G and € > 0, there exists
an approximately multiplicative map ¢ : G — U(n) for which |Tr(¢(g))/n| < €
for all g € F\ {1}. This was first proved in [Elek and Szab6 2005] using ideas
introduced in [Radulescu 2008].

It is not difficult to show that the classes of F-approximable (i.e., weakly sofic)
and Fc-approximable groups both have the strong discrete C-approximation prop-
erty. For a finite subset F of a group G in one of these two classes, and € > 0, let
c=min{d, : g € F},and let ¢ : G — K be an (F, ce, §, £ )-quasihomomorphism.
Then, by replacing £x by the length function £ (x) := min({g (x)/c, 1), which
is commutator-contractive if £x is, we see that ¢ is an (F, €, §, £} )-quasihomo-
morphism for which E’K (¢(g)) =1 forall g € F, so G has the strong discrete
C-approximation property.
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We prove our closure results for direct products, wreath products, and extensions
by amenable groups in Sections 2, 3 and 4, and 5, respectively. To prove the last of
these, on extensions of C-approximable groups N by amenable groups, we need to
assume that the group N has the discrete C-approximation property. For each of our
closure results, it is straightforward to show that, if the groups that are assumed to be
C-approximable have the discrete or the strong discrete C-approximation property,
then so does the group G that is proved to be C-approximable.

Concerning free products, we note that it is proved in [Elek and Szabd 2006,
Theorem 1], [Stolz 2013, Theorem 5.6] and [Popa 1995; Voiculescu 1998], re-
spectively, that the classes of sofic, linear sofic, and hyperlinear groups are closed
under free products; further it is proved in [Brown et al. 2008] that free products
of hyperlinear groups amalgamated over amenable subgroups are hyperlinear. We
thank the referee for bringing to our attention the results for hyperlinear groups. We
are unaware of any corresponding results for weakly sofic groups, and our efforts
to prove such a result have so far been unsuccessful.

2. The direct product result

In order to state and prove our closure result for direct products of C-approximable
groups, we must construct an appropriate invariant length function for the direct
product of two groups in C. Suppose that (J, £;), (K,€g) €C. Then, for p € NU{oo},
we define the functions Lg,,zK :J x K — [0, 1] by

ng,ﬁK (x,y) = I\)/%(Zl(x)p +Lxk(y)P), peN,

and L‘gf’gK (x,y) :=max(£;(x), £x (y)). We write just L?(x, y) when there is no
ambiguity.

Note that L”(x,y) < L*®(x,y) <1 forall p > 1.

It follows immediately from Minkowski’s inequality (basically the triangle in-
equality for the L” norm) that L? satisfies the rule

LP(x1x2, y1y2) < LP(x1, y1) + L? (x2, y2),

and hence is an invariant length function on J x K. As we shall see below, we can
use L? (for some choice of p) to deduce the closure of C-approximable groups
under direct products provided that (J x K, L?) e C.

Theorem 2.1. Let C be a class of groups with associated invariant length functions
and suppose that, for some fixed p € NU {00}, and for any groups J, K € C,

(J,45), (K, Lg)eC=(J xK,LP)eC.

Then the direct product G x H of two C-approximable groups G and H is also
C-approximable.
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Proof. Suppose that C, p satisfy the conditions of the theorem.
Let G and H be C-approximable with associated weight functions §¢ and §.
We define the weight function §¢*# by

5H (g, ) = 1/ 165 ()7 + 81 ()P).

Now suppose that € > 0 is given, and let F' be a finite subset of G x H. Then
we can find finite subsets Fg € G, Fy € H such that F C Fg x Fpy, pairs
(J,2y),(K,€lg) €C,an (Fg, €, 86, £ j)-quasihomomorphism ¢ : G — J, and an
(Fg, e, 81, £k )-quasihomomorphism ¢y : H — K.

We define ¢ : G x H > M :=J x K by ¢(g,h) := (¢c(g), ¢u(h)) and
Cyu(x,y) =L (x,y).

We verify easily that, for (g1, 1), (g2, hy) € F, and hence g, g» € Fg and
g2, hy € Fy,

En(p(g182, hih)d (g2, ha) "' p (g1, h1) ™)
= LP (¢ (8182)06(82) '¢6(g1) ™", du(h1ha)pu (ha) ' du(h1) ") <e,

and the other conditions are similarly verified. ([

We can apply the result to deduce closure under direct products for the classes
of weakly sofic groups, LEF groups, hyperlinear groups, linear sofic groups and
Thom’s class [2012] of F¢-approximable groups.

For weakly sofic groups, the condition holds for any p, and for LEF groups it
holds for p = oo.

When ¢, £ are Hilbert—Schmidt norms in the same dimension 7, the function
L? matches the Hilbert—Schmidt norm in dimension 2n; observing that whenever G
maps by a quasihomomorphism to a linear group in dimension m it also maps to a
linear group in dimension rm, for any r, via a quasihomomorphism with the same
parameters (the composite of the original quasthomomorphism and a diagonal map),
we see that in essence the theorem applies with p = 2 to prove closure under direct
products for the class of hyperlinear groups. Similarly it applies when p =1 to
prove closure under direct products for the class of linear sofic groups.

But for Hamming norms £, £g, the function Lz e is not a Hamming norm,
and hence we cannot deduce the closure of the class of sofic groups under direct
products from this result.

Of course all of these specific closure results are already known, and the corre-
sponding result for sofic groups is proved in [Elek and Szab6 2006].

The following lemma together with Theorem 2.1 shows that the class of F¢-
approximable groups is closed under direct products.
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Lemma 2.2. Suppose that the groups J, K have commutator-contractive length
functions £y : J — [0,1], g : K — [0,1]. Then L*, as defined above, is a
commutator-contractive length function for their direct product.

Proof. Let (g1, h1), (g2, h2) € G x H. Then

L>=([(g1, h1), (g2, h2)]D) = L™ ([g1, g2 [h1, hal)
= max(l;([g1, 821), Ik ([, h2]))
< max(4/;(g1)l;(82), 4k (h1)lk (h2))
< 4max(l;(g1), Ik (h1)) max(l;(g2), Ik (h2))
=4L%(g1, h1)L™(g2, h2). O

This result does not hold in general for L? with p € [1, 00).

3. The wreath product result

By definition, the restricted standard wreath product W = G H of two groups G, H
is a semidirect product H x B. The base group B of W is the direct product of copies
of G, one for each h € H, and is viewed as the set of all functions b : H — G with
finite support (that is, with b(h) trivial for all but finitely many & € H). Elements
of B are multiplied componentwise; that is, b1by(h) = by (h)b,(h) for by, by € B,
h € H. For b € B, we denote by b~ the function in B defined by b=!(h) = b(h)~!.
The (right) action of H on B is defined by the rule b"(h') = b(h’h~"); we often
abbreviate (b")~! = (b~")"* as b~". So the elements of W have the form /b with
heH, be B,and (hiby)(haby) = h1hob?by, while (h, b)~' = (b1, Y

To let us state and prove our closure result for wreath products of C-approximable
groups, we need to construct an appropriate invariant length function for the wreath
product J : X of a group J € C by a finite group X.

Where B’ is the base group of J: X, we define Ef :J 1 X — [0, 1] as follows.
For b’ € B’, we put

e (b") = max £, (b'(x)),
xeX

and then, for x # 1, put
(b)) =1.

It is straightforward to verify that Ef is an invariant length function.

Theorem 3.1. Let C be a class of groups with associated invariant length functions
and suppose that, for all (J, £y) € C and all finite groups X, the wreath product
(JX, Zj() is in C. Suppose the group G is C-approximable and the group H is resid-
ually finite. Then the restricted standard wreath product G H is C-approximable.
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Proof. Suppose that G is C-approximable with associated weight function §, and
that H is residually finite, and let W = G H be the restricted standard wreath
product. Let B be the base group.

We define the weight function 8 : W — R as follows:

1 ifh#1,
By = .
maxien Opky  otherwise.
Let € > 0 be given, and let F = {h;b; : 1 <i <r} be a finite subset of W. Our
aimis to find (K, £x) € C and an (F, €, Bw, £k )-quasihomomorphism ¢ : W — K.

Let E be a finite subset of H that contains
(i) h;forl <i <r;
(i1) all h € H with b;(h) # 1 for some j with 1 < j <r; and
(ii1) all &~ € H with bj(hhfl) #1forsomei, jwithl <i<r, 1<j<r.

Choose N < H with H/N finite such that the images in H/N of the elements
of E are all distinct and the images of E \ {1} are nontrivial.

Let D ={bj(h):1 < j <r, h € H}. Then D is a finite subset of G so, by our
definition of C-approximability, for a given € > 0, there exists (J, £;) € C, and a
(D, €, 8, £5)-quasihomomorphism ¢ : G — J.

We will approximate W by K := J:(H/N), and let £, be the length function
67/ N defined above. Let B’ be the base group of K, that is, the group of finitely
supported functions from H/N to J.

We define ¢ : W — K as follows. Suppose that b € B, and &k, k € H. Note
that our choice of N ensures that E N kN is either empty or consists of a single
element k' € kN. We let ¥ (hb) := hb, where we write i for AN and b : H/N—J
is defined by the rule

A~ 1 hen EN =g
BNy = when kN ,
¢(b(k')) when ENkN = {k'}.
We claim that ¢ has the appropriate properties. Certainly (1) = 1.
We first verify the required lower bound on £ (¢ (hb)) for elements hb € F. If
h # 1 then our choice of N ensures that h #1,and so g (Y (hb)) =1 = Bpp.

If h = 1, then (where the maximum of an empty set of numbers in [0, 1] is
defined to be 0),

Lk (Y (hb)) = Lg (Y (b)) = Lk (b)
= max L1 (@b (k)

" KNeH/N : {k'}=kNNE+£2
=max £;(¢(b(k")))
k'eE

> max 8pky = max dpky = Bp.
k'eE *) k'eH )
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The equality of the two maxima in the final line follows from the definition of E,
which ensures that b(k) = 1 for any k € H \ E and hence that, for such k, 8,4, =0.
It remains to show that, for h;b;, hjb; € F,

I (Y (hibihiby) (W (hibi)yr (hjb)) ™) < e.
We have

_

Y (hibihjb;) = (hih;b}ib;) = hihj b/ b;,

and

A

w(hb)W(hb)_(hb)(hb)_ h;b, Z;j.
Since [k is invariant under conjugation, the length we need is that of the element
T f— 1R~
b= blibjb; ' (b")

of B’. By definition, £x (b") = maxinep/n £7(b'(kN)). So choose a coset kN. We
want to bound £, (b’ (kN)) for each such choice. We have

b/ (kN) = Blib; (kN)(b; (kNY) ™" (Bl (kN))™!
=B by (kN ) (B (kN ™ by el ' N)) ™!
| @iten; Ny if kNNE=2, (1)
@i kR Db k) @ By (k) Bk INY) T ANNE=(K),  (2)

s/in_gin case (1) we have bhfb (kN) = l; (kN) = 1, and in case (2), we have
blib;(kN) = ¢((b}ib;) (k") = $(bi i (K'hj 1)b (k")), and b;(kN) = ¢ (b; (K')).

When ENkhj'N = @, we have b; (kh IN) = 1. In that case, by the definition
of E, we also have bi(k'hj 1) =1 and so, in both case (1) and case (2), we deduce
that b’ (kN) = 1 and Zj(b’(kN)) =0.

Otherwise EN khj_1 N is nonempty, and its single element is equal to k” hj_l, for
some k" € kN.

Suppose first that b; (k” hj_l) =1, and hence again we have l;,- (khj_1 N)=1.If we
are in case (2) then we must also have b; (K’ hj_l) =1, since if b; (k/ hj_l) =% 1, then
condition (ii) of the definition of E gives k’ hj_l € E, and so k' = k”, contradicting
b; (k”hjl) = 1. Then, just as above, we see that in both cases (1) and (2) we again
getb'(kN) =1 and £;(b'(kN)) =0.

Otherwise b; (k" h.,-_l) # 1 and condition (iii) of the definition of E gives k” € E
and hence we are in case (2) with X’ = k”. Then

b'(kN) = ¢ (bi (k' )by (k) (by (k') ™' (b (')~

Since ¢ was assumed to be a (D, €, §, £;)-quasihomomorphism, £; (b’ (kN)) < €
and, since this is true for all kN € H/N, we get £ (b') < € as required. O
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The conditions of the theorem clearly hold for the class F, as well as for finite
groups equipped with the trivial length function, and hence the classes of weakly
sofic and LEF groups are both closed under restricted wreath products with residually
finite groups. The following lemma together with Theorem 2.1 shows that the class
of Fc-approximable groups is also closed under restricted wreath products with
residually finite groups.

Lemma 3.2. Let J be a group equipped with an invariant function €;. If £; is
commutator-contractive, then so is E)J( , for any finite group X.

Proof. We consider the commutator of two elements x5 and x;b; in J.

First suppose that x1 and x, are both nontrivial. Then €% (x1b1) = €5 (x2b2) = 1,
and so the inequality holds trivially.

Now suppose that x; = x, = 1. Then

€5 ([br, ba]) = maxyex £y ([b1, b2](x))
=maxyex £ ([D1(x), ba(x)])
<4maxyex £;(b1(x))L;(b2(x))
<4maxyex £;(b1(x)) maxyex £;(b2(y))
= 4% (b))% (by).

Finally suppose that x; = 1, x; 5% 1 (the other case is very similar). Then

Y ([b1, x2b2]) = €5 (b7 '3 xy ' bixabn)
=X (b by 'b?hy)
= maxyex €7 (b1(x)"1ba(x) 1B (x)ba(x))
=maxyex £ (b1(x) " b (x) by (xx; b (x))
< maxyex (€ (b1 (x) ™) + €5 (ba(x) " by (xx5 b2 (x)))
= maxyex (5 (b1(x) ™) + €, (b1 (xx3 1))
< maxyex (€ (b1 (x) ™)) + maxyex (£y (b1 (1))
< 2maxyex (£y (b1 (x) ™) = 2% (by). O

4. The wreath product result for sofic groups

We prove now the corresponding result for sofic groups. For this, we are not free
to choose our own norm function on the wreath product, but we must use the
Hamming distance norm. The proof is nevertheless very similar in structure to that
of Theorem 3.1. We use the definition of sofic groups given in [Elek and Szabé
2006] where, rather than having a weight function on the group G, we require



SOME CLOSURE RESULTS FOR C-APPROXIMABLE GROUPS 403

that, for finite ' € G, the proportion of moved points of elements of F \ {1} in an
(F, €)-quasiaction of G on a finite set is at least 1 — €.

We note that this result has recently been generalised by Hayes and Sale [2016],
who proved that the restricted standard wreath product of any two sofic groups
is sofic.

Theorem 4.1. The restricted standard wreath product G H of a sofic group G and
a residually finite group H is sofic.

Proof. Assume that G is sofic and H is residually finite, and let W = G : H be the
restricted standard wreath product. So, as in the proof of Theorem 3.1, W is the
semidirect product of its base group B by H.

Let F ={h;b; : 1 <i <r} be a finite subset of W. Then, for a given € > 0, we
need to find an (F, €)-quasiaction of W on some finite set Y.

We define the finite subset E of H, the normal subgroup N of H, and the finite
subset D of G exactly as in the proof of Theorem 3.1. So, in particular, for any k € H,
E NkN is either empty or consists of a single element k'€ kN. Let m = |H/N|.

Then, by [Elek and Szabd 2006, Lemma 2.1], for a given € > 0, there is a
(D, €e/m)-quasiaction ¢ : G — Sym(X) of G on some finite set X, and we may
assume that ¢ (1) = 1. Since we can choose both m and X to be arbitrarily large
for given D and €, we may assume that | X|™"/? < €.

Let Y = X*H/N be the set of functions 8 : H/N — X. So |Y| = |X|". We define
¥ : W — Sym(Y) as follows. (The image of v is contained in the primitive wreath
product of Sym(X) and H/N, as defined in [Dixon and Mortimer 1996, §2.6].)

Forbe B, h,k € H,let V") (kN) := §(kh "' N)*®h | where

1 when ENkN = @,

(b, k) :=
¢(b(k")) when ENkN = {k'}.

We claim that ¥ is an (F, €)-quasiaction of W on Y. Observe first that v (1) = 1.

We check next that, for each h;b; € F \ {1}, ¥ (h;b;) is (1—e)-different from 1.
If h; # 1 then, by assumption, h; € N, so khi_lN # kN forall kN € H/N. So, if
8 €Y is a fixed point of {(h;b;), then the value of §(kN) is uniquely determined
by that of S(khi_lN ) for each kN € H/N, so the proportion of fixed points is at
most |X|’”/2/|X|’" = | X|~"/2, which we assumed to be less than €.

If, on the other hand, h; = 1 and b; # 1, then there exists 2 € E with b;(h) # 1.
Now an element § € Y is fixed by ¥ (h;b;) = v (b;) if and only if 6 (kN) is fixed by
(b, k) forall kN € H/N. Hence, in particular, for a fixed point &, we have § (A N) =
8(hN)* M "and so §(hN) is a fixed point of 7(b;, h) = ¢ (b; (h)). Since the pro-
portion of such points in X is, by assumption, at most €, the same is true for v (b;).
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Finally we need to verify that v (h;b; )y (h;b;) is e-similar to v (h;h; bl.hf bj) for
each i, j with 1 < i, j <r; that is, that the two permutations agree on at least a
proportion 1 — € of the points.

Now

SV bV hib) (kN = (594D (ks NYYFOR) = § (ki T N )T DT,

and
SI/I(hfhjbihjbj)(kN) — a(khj—lhi—lN)‘[(bihjbj,k)’

so we need to compare t(b;, khj_l)f(bj, k) with t(bl.hf bj, k).
The argument is very similar to that in the analogous part of the proof of
Theorem 3.1. We are in one of two cases. Either

(I) ENkN = &, in which case (b, k) = r(bl.h-ibj, k) =1, or
(2) ENkN = {k'}, for some k" € K, and so 7(b;, k) = ¢ (b (k')), and t(bl.h/'bj, k)=
P (b} b)) (k")) = p (bi (K'hj )b (K)).

When E Nkhj'N = @, then b;(k'h;") = 1 and, in both case (1) and case (2),
T(b;, khj‘l)t(bj, k) = r(bihfbj, k).

Otherwise, ENkh;'N = {k"hj '} for some k" € kN.

Suppose first that b; (k” hj_l) = 1. If we are in case (2) then b; (k' hj_l) =1, since
otherwise, just as in the proof of Theorem 3.1, condition (ii) of the definition of
E gives k’ hj_l € E, and so k' = k”, and we have a contradiction. Hence, in both
case (1) and case (2) we again have 7 (b;, khj_l)‘f(bj, k) = r(bl.h-f bj, k).

Otherwise b; (k" hfl) # 1, and then, again just as in the proof of Theorem 3.1,

condition (iii) of the definition of E gives k" € E. Hence we are in case (2)
and kK’ = k”. Then

T(bi, ghy (b, 8) = B (bi(K'h; ")) (b (k)
and
T(b}bj, ) = (bi(K'h; )b (k).

Since b; (k’hj_l), bj(k') € D, the fact that ¢ is a (D, €/m)-quasiaction implies that
the proportion of the points of X on which the permutations ¢ (b; (k’ hj_] )b (k')
and ¢ (b; (k/hj_l))q)(bj (k")) have the same image is at least 1 —€/m.

It follows that the proportion of elements § € ¥ with

51/f(hibi)10(hjbj)(kN) — SW(hihjbihjbj)(kN)
is at least 1 — e/m. But §¥#b)v (b)) — sV Bihsblib) if and only if they take the

same values on all kN € H/N, and the proportion of § € Y for which this is true
is at least 1 —e. ]
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5. Extensions by amenable groups

In Section 3 we defined the restricted standard wreath product G H of groups G, H.
In this section, we shall need wreath products by permutation groups. For a group
K and a finite set A, we define the permutation wreath product W = K :Sym(A) as
W = Sym(A) x B where the base group is now the set of all functions b : A — K.
As before, we define b1by(a) := bi(a)by(a) for by, by € B, a € A, and we define
the action of Sym(A) on B by the rule b%(a) = b(a"‘_l), for « € Sym(A), a € A.
Much as before, elements of the wreath product are represented as pairs («, b)
with @ € Sym(A) and b € B, multiplied according to the rule («y, by) (a2, b)) =
(@102, b*by), and with (&, b) ™' = (@1, b ).

In general the length function for finite wreath products that we used in the proof
of Theorem 3.1 is not suitable for the proof of Theorem 5.1 below. So we need to
define a different one.

Given an invariant length function £x on K, we can define an invariant length
function 572 on W by

0 (a, b) = Vl"( Y kb@+ Y 1).

acA:a%=a acA:a%#a

Most of the conditions for é2 to be an invariant length function are straightforward
consequences of the conditions on £k . The verification of

i (aaa, bby) < £ (ay, by) + 04 (a2, ba)

may require a little more thought. For this, we consider the terms corresponding
to the various a € A in the three sums that make up 04 x (oo, b“zbz) 04 % (a1, by),
and EK(ozz, by). We see that, for each a € A with ¢“! ;é aora* #a, the term in
@2 (102, b‘lxzbz) is at most 1/|A|, but at least one of the two nonnegative terms
in fﬁ (a1, by) and @,‘} (aep, bp) is equal to 1/]A|. On the other hand, for a € A with
a®' = a and a** = a, the term corresponding to a in EA (ajon, b“zbz) 18

|A|€K(ba2(d)b2(f1)) |A|€K(b1(a)bz(a)) = m(ﬁK(bl(a)) + Lk (b2(a)),

which is the corresponding term in KA (a1, b1) + oA % (a2, by).

Theorem 5.1. Let C be a class of groups with associated invariant length functions
and suppose that, for all (K, k) € C and all finite sets A, the wreath product
(K :Sym(A), oA %) is in C. Suppose that the group G has a normal subgroup N with
the discrete C-approximation property (as defined in Section 1) such that G/N is
amenable. Then G has the discrete C-approximation property.

This result has already been proved for sofic groups [Elek and Szabé 2006,
Theorem 1 (3)] and linear sofic groups [Stolz 2013, Theorem 5.3]. However, in
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order to avoid confusion we should comment that, while the above result considers
extensions G of C-approximable normal subgroups N with G/N amenable, by
contrast, [Arzhantseva and Gal 2013, Theorem 7] considers extensions G of finitely
generated residually finite normal subgroups N for which G/N is in a selected
class R of groups (including groups that are residually amenable groups, LEF, LEA,
sofic or surjunctive).

Proof. The proof is based on the corresponding proof in [Elek and Szabé 2006,
Theorem 1 (3)] for sofic groups N.

By assumption, the normal subgroup N of G is C-approximable using a weight
function § that takes a constant value ¢ on all elements of N \ {1}. Since we can
reduce the value of ¢ without affecting the C-approximability of N, we may assume
that ¢ < 1. If N # {1} then we define the weight function B of G by B, = ¢ for
all g #1, and if N = {1}, then we define B by B, = % for all g # 1.

For g € G, let g be the homomorphic image of g in G/N andleto : G/N — G
be a section (so o (h) = h for all h € G/N), where o(1) = 1. We can lift o to a
map from G to G for which the image of g € G is 0(g); we shall abuse notation
and call that map o as well.

To verify the C-approximability condition on G, let F be a finite subset of G
and let € > 0. We may assume that € < min(3, 1 —c).

The amenability of G/N ensures the existence of a finite subset A of G/N con-
taining the identity element such that |[Ag\ A| <€|A|forallg e FUF ' UF2UF 2,
Let A =0 (A); note that all points of A are fixed by the map o : G — G. We define
amap ¢ : G — Sym(A) as follows:

forgeG,acA, a?® .= {G(ag) ) . it ag E,A’

any choice with ¢(g) € Sym(A) otherwise.
Let E=NN(A-F-A~"). The C-approximability of N ensures the existence of an
(E, €, 6, £x)-quasihomomorphism ¥ : N — K with (K, £g) € C.

Now we let W = K : Sym(A) = Sym(A) x B and define ® : G — W by
®(g) = (¢(g), b) where, fora € A, b(a) := Y (o(ag”Hga™).

We show first that fﬁ(cb(g)) = Bg for g € F. If g & N then, since ¢(g) moves
all points a € A for which ag € A, we have

(e (@(g)>1—€e>1=46,.
If g€ N\ {1} thenag—' =@, so o(ag™") =a foralla € A, and £ (®(g)) is the
average over a € A of Cx (Y (aga™")). But since each aga™! € E \ {1}, these all
exceed Jg.

Now let g, h € F. We aim to show that

4 (@(gh)d () ' d(g)™") < Se.
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For a € A, we have

D(g) = ($(g), b), where b(a) = (o (ag™")ga™ ),
@ (h) = (¢p(h), ¢), where c(a) = ¥ (o (ah~Yha™"),
®(gh) = (¢(gh), d), where d(a) =y (o (ah~'g""gha™),

d(g)D(h) = (p(g)p(h), b*Mo),
where (0?®¢)(a) = b*P (@)e(a) = b(@®® ) e(a)
=0 @® g ga " Yy (o (ah ™ Yha ")

(where, for a, k € G, we write a—* as shorthand for (¢=")* = (¢*)~!). Then
D(gh) (@)D ()" = (¢(gh). d)(p()$(h). b? (h)c) ™!
= ($(gh), (PP () ™", (B? (h)c)~ @@
= ($(gh) (D)) ~L, (d(B? (h)c)~H@@sI ™),

Now, for a proportion of at least 1 — 2¢ of the points a € A, we have both
ah—' € A and ah—1g—1 € A. For those points a, we have a®™™ = o(ah™") and
so the final expression for (b?"¢)(a) above becomes

Y(o@h g™ go(ah™)™") x (o (ah™Yha™"),

and we see that the image of a under the second component of ®(gh)(P(g)P (h))~!
is equal to a conjugate of

YY) o

where x = o (ah™' g7 go(ah™")~" and y = o (ah~")ha~". The elements x, y are
both in the finite subset E of G, and hence, since i is a quasihomomorphism,
Lx (W)Y () 'Y ()™ < €, and we deduce that

EK((d(b¢(h)c)—l)(¢(g)¢(h))7l (@) <€,

for at least a proportion 1 — 2¢ of the points of A.

Our choice of A ensures also that ¢ (gh)(¢ (g)qb(h))_l(a) = a for at least a
proportion 1 — 2¢ of the points a of A.

Now, for at least a proportion 1 — 4€ of the points of A, the conditions of both
of the last two paragraphs hold, and so we can deduce

(@ (gh) @) D ()" < (1 —4e) +4e < Se. 0

In particular, by taking C = F with each K € F associated with all possible length
functions, we see that the class of weakly sofic groups is closed under extension by
amenable groups.
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In general, £x commutator-contractive does not imply that é2 is commutator-
contractive. But if, instead, we define Z2 as we did in Section 3 (that is, for b € B,
€4 (b) = maxgea Lk (b(a)), and €4 (ab) = 1 when 1 # o € Sym(A)) then, as we
proved in Lemma 3.2, £% is commutator-contractive.

Our proof of Theorem 5.1 does not always work with this commutator-contractive
norm, but it does work if ¢ : G/N — A is a homomorphism. In particular, when
G/N = (Z,+), we can choose A tobe {x € Z: —m < x < m} for some m and
define ¢ to be addition modulo 2m + 1. So, by applying this repeatedly, we have:

Proposition 5.2. The class of F.-approximable groups is closed under extension
by polycyclic groups.
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COMAN CONJECTURE FOR THE BIDISC

LUKASZ KOSINSKI, PASCAL J. THOMAS AND WEODZIMIERZ ZWONEK

We show the equality between the Lempert function and the Green function
with two poles with equal weights in the bidisc, thus giving the positive an-
swer to a conjecture of Coman in the simplest unknown case. Actually, we
prove a slightly more general equality which in some sense is natural when
studied from the point of view of the Nevanlinna—Pick problem in the bidisc.

1. Presentation of the problem and its history

Let D be a domain in C" and let & # P := {py,..., pn} C D where p; # py,
J #k. Letalsov: P — (0, 00). Denote v; :=v(p;). Letz € D.

Define Ip(z; P;v) :=Ip(z; (p1,v1), ..., (PN, vn)) as the infimum of the num-
bers

N
> vjlogll
j=1

such that there is an analytic disc ¢ : D — D with ¥(0) = z, ¥ (&;) = pj,
j=1,...,N.

Recall that Ip(z; P;v) = min{lp(z; A;vja) : O # A C P} (see [Nikolov and
Pflug 2006] for arbitrary D or [Wikstrom 2001] for D convex). The last equality
will be of interest for us since in the case of taut domains (convex and bounded
domains are taut) the infimum in the definition of /p(z; P; v) will be attained by
some analytic disc defining Ip(z; A; vj4) for some & # A C P.

The function Ip(-; P;v) is called the Lempert function with the poles at P and
with the weight function v (or weights v; ).

Analoguously we define the pluricomplex Green function gp(z; P; v) with the
poles at P and the weight function v as the supremum of numbers u(z) over all
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negative plurisubharmonic functions u : D — [—o0, 0) with logarithmic poles at P,
1.e., such that

u(-)—vjlog| - —pjll

is bounded above near p;, j =1,..., N.

It is trivial that gp(z; P;v) <Ip(z; P;v). D. Coman [2000] conjectured the
equality Ip(-; P; v) = gp(-; P;v) for all convex domains D.

The conjecture has an obvious motivation in the Lempert Theorem [1981] which
implies the equality in the case N = 1, and in the fact that the equality in the case
of the unit ball and two poles with equal weights (D =B,,, N =2, v; = v;) holds
(see [Coman 2000] and also [Edigarian and Zwonek 1998]).

The conjecture turned out to be false. The first counterexample was found in
[Carlehed and Wiegerinck 2003] (D := D2, N =2 and different weights). Later a
counterexample was found in the case of the bidisc (D = D?) with N =4 and all
weights equal (see [Thomas and Trao 2003]).

The simplest nontrivial case that was not clear yet was the case of the bidisc, two
poles and equal weights. Recall that a partial positive answer in this case was found
in [Carlehed 1999] (see also [Edigarian and Zwonek 1998]) in the case the poles
were lying on D x {0}. In [Wikstrom 2003] numerical computations were carried
out which strongly suggested that the equality in the case D = D3 N=2, vi=1,
should hold. The aim of this paper is to show that actually the Coman conjecture
holds in the bidisc (D = D?), N = 2, two arbitrary poles and v; = v,. In our proof
we show even more: the equality of the Carathéodory function (defined below) and
the Lempert function with two poles and equal weights in the bidisc. The methods
we use originated with the study of the Nevanlinna—Pick problem for the bidisc.

2. Nevanlinna-Pick problem, m-complex geodesics, formulation of the
solution

As already mentioned, the aim of the paper is to show a more general result than
one claimed in the Coman conjecture for the bidisc, two poles and equal weights.
To formulate the main result we need to introduce a new function. Since we shall
be interested in equal weights we restrict ourselves from now on to the case when
v = 1. To make the presentation clearer we adopt the notation

dD(Za {p19"'5pN}) :=dD(Z; {(plv 1)5 "'a(pNa 1)})

(d =1 or g) where the p; € D are pairwise disjoint, j =1, ..., N.
Let us recall the definition of the Carathéodory function with the poles at p;
(with weights equal to one)

() ¢ep(z,p1s...,pn) :==supllog|F(2)| : F € O(D,D), F(p;j) =0,j=1,...,N}.
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It is simple to see that

cp(-, 1y pN) =8gp(-5 p1s---, pN) < Ip(-, P, ... PN)-
Our main result is the following:
Theorem 1. Let p, g € D? be two distinct points. Then
cpe(2: pi @) =Ipe(z: piq)  for zeD?.

Note that the function F for which the supremum in the definition of the
Carathéodory function is attained always exists. On the other hand, in the case
where D is a taut domain, for a point z € D and pole set P there are always a

set @ # Q ={q1,...,qu} C P and a mapping f € O(D, D), A; € D such that
fO) =z, fO)=qj, j=1.....M and Ip(z; P) = Ip(z;: Q) = Y1 log |3;].
Consequently, in case the equality c¢p(z; p1, ..., pn) =Ip(2; p1; ... pn) holds,

there exist f € O(D, D), F € O(D, D) such that f(0) =z, f(X;)=g¢q;, F(q;)=0,
|[F(0)| = ]—[ﬁv"z1 |Ajl, j=1,..., M, and (thus) F o f is a finite Blaschke product
of degree M < N. This observation leads us to introduce and consider the notions
of m-extremals and m-geodesics.

First recall that given a system of m pairwise different numbers (A1, ..., Ay),
Aj €D and a domain D C C", a holomorphic mapping f :[D — D is called a (weak)
m-extremal for (A1, ..., A,) if there is no holomorphic mapping g : D — D such
that g(D) € D and g(A;) = f(;), j=1,...,m. In case f is m-extremal with
respect to any choice of m pairwise different arguments the mapping f is called
m-extremal. A holomorphic mapping f : D — D is called an m-geodesic if there
isan F € O(D, D) such that F o f is a finite Blaschke product of degree at most
m — 1. The function F will be called the left inverse to f. It is immediate to see
that any m-geodesic is an m-extremal.

The notions of (weak) m-extremals and m-geodesics, which have clear origin
in Nevanlinna—Pick problems for functions in the unit disk, have been recently
introduced and studied in [Agler et al. 2013; 2015], [Kosinski and Zwonek 2016a],
[Kosiniski 2014] and [Warszawski 2015]. It is worth recalling that the description of
m-extremals in the unit disc is classical and well known. The mapping & € O(D, D)
is m-extremal for (A1, ..., A), A; € D if and only if 4 is a finite Blaschke product
of degree at most m — 1. Moreover, in such a case the interpolating function is
uniquely determined (see [Pick 1915]).

The remark after Theorem 1 on the form of functions for which the extremum
in the definition of the Lempert function may be attained may be formulated as
follows. For any taut domain D, for any system of poles P ={p;,..., py} C D
and any z € D\ P there are a subset Q ={q1,...,qu} C P and f € O(D, D) such
that f(A;)=¢q;, j=1,..., M, f(0) =z, and f is a weak (M + 1)-extremal for
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(0, A1, ..., Apr). Assuming additionally the equality cp(z; P) = Ip(z; P) would
then imply the existence of a special (M + 1)-geodesic, the one having some subset
Q C P in its image but such that the left inverse F maps the whole set P to 0.
Consequently a necessary (but not sufficient!) condition for having the desired
equality at z for the set of poles P is the existence of some (M + 1)-geodesic
passing through a subset Q C P and mapping O to z.

Below we present a result on uniqueness of left inverses for m-geodesics in
convex domains in C> which we shall use in a (very special) case of the bidisc.
The result is a simple generalization of a similar result formulated for 2-geodesics
that can be found in [Kosiski and Zwonek 2016b] (however, for the clarity of the
presentation we restrict ourselves to dimension two). We also present its proof here
for the sake of completeness.

Lemma 2. Ler D be a convex domain in C2, rAjeD, j=1,...,m, m>2, be
pairwise different and let f, g : D — D be such that f(A;) = g(A;) =: z; and
f #£ g. Assume additionally that F, G € O(D, D) are such that Fo f and Go g
are Blaschke products of degree at most m — 1. Then F = G. Moreover, for any
w € Cand ) €D such that iuf (A) + (1 — n)g(A) € D we have the equality

F(uf) + (1= w)g) = F(f(A).

Proof. For t € [0, 1] define h; :=tf + (1 —1t)f € O(D, D). Then h;(A;) = zj,
j=1,...,m,so, due to the uniqueness of the solution of the extremal problem in
the disk, we get that Foh; = Goh, =: B, t € [0, 1], is a finite Blaschke product
of degree < m — 1. Consequently, we get the equality /' = G on the set

{tfM+A-0)g) =g +1(f(A) —gR)) 1 €[0,1], 2 € D}.

Moreover, the identity principle (applied to the map pu+— F(uf (X)) + (1 —w)g(i)))
implies that

F(uf )+ 0 = mw)g) = G(uf) + (1 —pn)gk)) = BQ)

for all (i, A) € V where V is the set (domain) of all (i, A) € C x D such that

D, 1) = pf A+ A —p)g) =gA) + u(f(2) —g)) € D.

Note that V D [0, 1] x D. The equality mentioned earlier gives, in particular, F = G
on ®(V).
Let @ # U € D be a domain such that f(1) # g(1), A € U, and B,y is injective.
Let VO Q:=U; xU D0, 1] x U be a domain. We claim that ®|q is injective,
which would finish the proof as in such a case ®(£2) would be open and then the
application of the identity principle would imply that F = G on D.
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To see the injectivity take (w1, A1), (142, A2) € 2 such that (1, A1) =P (w2, A2).
Then B(A1) = B(A2) so the injectivity of Bjy implies that A = A, which (since
f ) —g) = f(x2) — g(A2) # 0) gives the equality uy = uo. O

3. Properties of extremals for the Lempert function in case the Coman
conjecture holds

Let us now restrict our considerations to the case of the bidisc and two poles
p,q € D%, p # g. Without loss of generality we may assume that z = (0, 0).
Simple continuity properties of the Lempert and Carathéodory function allow us to
reduce the Coman conjecture to the proof of the equality

c(p,q) :=cp2((0,0), p,q) =Ilp2((0,0), p,q) =:1(p, q)

for (p, q) from some open, dense subset of D? x D?\ A to be defined later (A
denotes the diagonal in the corresponding Cartesian product X x X, here X = D?).

Below we shall present the starting point for our considerations. The proof
contains the reasoning which will lead us to the structure of the proof of the equality
c(p,q) =1(p, q) presented later.

Lemma 3. Let p,q € D*\ A be such that |pi| # |p2|, |q1| # |q2|, p1 # q1 and
P2 # qa. Then the equality c(p, q) = L(p, q) holds if an only if one of the following
conditions is satisfied:

(1) up to a permutation of coordinates |p2| < |p1l, |q2| < g1l and m(p2/p1, q2/q1) <
m(p1, q1), or py = wp1, g2 = wqy for some unimodular w, where m is the
Mobius distance on the disc, see Section 4,

(2) there exist o, B, c in the unit disc, a unimodular constant w, and t € (0, 1) such
that an analytic disc where my, mg are (idempotent) Mobius maps

satisfies ¢(c) = p and (m, (c)) = q, where y =ta + (1 —1)B.
In order to prove Lemma 3 we need the following technical result:

Lemmad. Leta,B €D, o # 8, t €0, 1], w, T € T. Define

(L) 1= A(my (L), wmg(X))
and let
2) G(x):= ”‘11 + (1= )ox + toxx
+7((1 = t)x1 + t@x2)

Set G(p(A)) =: Af(A), L €D. Denote f(0) =y :=ta+ (1 —1t)B. Then f is an
automorphism of D (equal to m,,) if and only if T = (a — B)/(a — ).

, x=(x1,x)€ D2,
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Proof. The proof of the above lemma reduces to showing that in the inequality
| £/(0)]/(1 —|£(0)]*) <1 the equality holds if and only if T = (0 — B8) /(¢ — B)
which is elementary although tedious. U

Proof of necessity in Lemma 3. Assume that we have the equality for (p, ¢). There
are two possibilities (up to a permutation of variables p and ¢):

(i) there exist a holomorphic ¢ : D — D? F:D? — Dand c € (0, 1) such that
#(0)=1(0,0), ¢(c) =pand F(p)=F(g)=c, F(0,0)=0.

Then F(p(X)) = A, so ¢(A) = (wA, ¥ (X)) where |w| = 1 (up to switching
coordinates). If ¥ ¢ Aut(D) then Lemma 2 implies that F(z) = @z so p1 = qi
and |p2| < |p1l.

The second subcase is when ¥ € Aut(D) and v (0) = 0. But then |p;| = |p2|.

(i1) The function ¢ realizing the infimum is a weak 3-extremal with respect to
(0, ¢, d) such that ¢(0) = (0,0), ¢(c) = p, ¢(d) = q. The special left inverse
F : D* - D would satisfy the equalities F(p) = F(g) = 0 and F(0) = cd.
Consequently F o ¢ =m.m,4. We have two possibilities:

(a) ¢ is a geodesic (2-extremal). This holds if either

o |p2l < Ip1ls lg2| < lgqil and m(p2/p1, p2/p1) <m(p1, q1), or
o |p1l <|Ip2l, lq1] < lq2| and m(p1/p2, q1/q2) < m(p2, q2), or

e pr = wp; and g, = wq; for some unimodular w.

(b) ¢ isnota2-extremal. First note that (1) = Ay (1) where ¢ is a 2-extremal (geo-
desic). Consequently, up to a permutation of the coordinates, ¢ (1) = A(m (1), h(})),
where m is some Mobius map and 2 € O(D, D). In the case & is not a Mdbius
map the mapping ¢ is not uniquely determined — in the sense that for the triple
(0, ¢, d) there also exists another 3-extremal mapping ¢ which maps this triple
of numbers to the same triple of points. But existence of the left inverse already
gives its uniqueness (see Lemma 2); moreover, it follows from the same lemma that
F(m(A), u) =mc(A)mg (L) for any u € D, which easily implies that F(z) =a(zy),
where a is some Md&bius map. But the last property may hold only if p; = g;.

Thus the generic case for ¢ being a 3-extremal from the definition of the Lempert
function which are not 2-extremals is the one given by the formula

3) (1) = M@'ma (1), omp (1)), A €D,

where «, B € D and ', w € T. Multiplying «, 8, ¢, d by a unimodular constant one
may assume that o’ = 1.

Our aim is now to show what the necessary form of functions F € O(D?, D)
such that F o ¢ is a Blaschke product should be. We present below the reasoning,
employing some results of McCarthy and Agler. Let us also mention that G. Knese
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(personal communication, 2014) let us know about another approach which leads
to the same form of left inverses.

We are looking for a form of a function F : D? — D such that F o © =memy.
Set G :=mq0 F. Clearly G o ¢(0) = 0, so it suffices to consider the following
situation:

G(Amy(A), wdmg(X)) = Am, (X)), AeD.

We are looking for a formula for G. Note that we consider only the case when
o # B. The cases y = o or B = y are also excluded.
Assuming that G and y do exist consider the following Pick problem:

0,00~ 0

(yma(y), wymg(y)) = 0,
AMmg (W), o mg(X)) = X'm,, (1),

where A’ is any point in D, A" # A. It is quite clear that this problem is strictly 2-
dimensional, extremal and nondegenerate (with the notions understood as defined in
[Agler and McCarthy 2002, Chapter 12], itself drawing from [Agler and McCarthy
2000] where the terminology is slightly different). Therefore, it follows from [Agler
and McCarthy 2002, Theorem 12.13, p. 201-204] that the above problem has a
unique solution which is given by a rational inner function of degree 2, with no
terms in xl2 or x%. It is easily seen that the solution to this problem is a left inverse

we are looking for. Therefore,

Ax;+ Bxo +Cxix

G(x)= .
1+ Dx1+ Exy+Gxixo

Now we proceed in a standard way: comparing multiplicities in the poles of m,
and mg, etc. After additional calculations we get that A +wB =1 and then
tx1+ (1 = )wxa — nx1x2
4 Gx) = :
1= ((I=0x1 +1x2)w
where r € (0, 1) and n € T. In particular, y =ta+(1—1)B. Itis clear that d =m,, (¢),
which finishes the proof of necessity. U

Proof of sufficiency in Lemma 3. Assume first that condition (1) is satisfied. In
other words there is ¥ € O(D, D) is such that Y(p1) = p2/p1, ¥(q1) =q2/q:. Let
F(2) :=mp, (z1)my, (z1), z € D?. Put

oA =, Ap(V), AeD.

Observe that ¢(0) = (0,0), ¢(p1) = p, ¢(q1) =q, F(0,0) = p1g1 and F(p) =
F(g) = 0 which give the equality

c(p;q) <l(p;q) <log|piqi|l <c(p;q).
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Now suppose that (2) holds, i.e., the analytic disc A — @ (A1) = A(my (L), wmg(X))
satisfies ¢(c) = p and ¢(m, (c)) = q. Let G be the function given by the formula
(2) with T = (o — B)/(a — B). It follows from Lemma 4 that G(¢(1)) = Am,, (1)
for A € D. In particular

Fi=mem,., oG
satisfies F o = TMcMm,, (c) for some T € T. This gives the equality

c(@(c), p(my (c))) = (gp(c), p(m, (c))). O

The above result is a key one — it will turn out that the set of pairs of points
(@A), (m, (1)) (parametrized by (c, B, ¢, t, w)) will build an open set, which
together with the one constructed with the help of extremals for the Lempert
functions being 2-geodesics will be dense in D? x D> — that will complete the
proof.

4. Proof of the equality c(p; q) =1(p; q)

To prove the Coman conjecture for the bidisc we consider open sets in D? x D%\ A
whose union forms a dense subset of D? x [)?\ A and on each part the desired
equality holds. Let us denote o (p, ¢) := ((p2, p1), (@2, 1)), p,q € D% Define U
as the set of points (p; ¢) € D? x D? satisfying the following inequalities

) Ip2l < Ip1l, g2l < lgq1l and  m(p2/p1,q2/q1) <m(p1, q1),

where m is the Mobius distance on the unit disc given by the formula m (1, A7) :=
| = 22)/(1 = X22)|.
Denote
Qi :=UUc((U).

The equality on ©2; was proved in Lemma 3.

We shall consider now the set given by 3-geodesics that are not 2-geodesics and
that appeared in Lemma 3.

Consider a real-analytic mapping

<I>:[[Dxl]])xl]])xTx(0,1)—>[I])2><[I:D2
given by the formula (below and in the sequel y :=ta+ (1 —1)8)
(a,B,c,w, 1) —~ (wa,ﬂ,w(c)» (Pot,ﬂ,a)(my(c)))’

where

Pa,p0(8) = (@Cma (), Emp (L)), ¢ €D.

Motivated by the considerations in Section 3 we define open sets.
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Denote A:={(p,q) e D> xD?: py=q; or p;=gq>}and
(6) Fi:={(p,q) €eD*xD*:|ps| > |p1] and |g2] < lq1l}-

We also define the set F» as the set of points (p, g) € D? x D? satisfying the
following inequalities:

P2 42
M Apl<ipil and gl <lail and m(U2 ) = m(pr g
1 1
Let F3 =0(F)), and Fy =0 (F2). Let E; := F; \ A.

Define
Q:=FE UE,UE3UEy4,.

Certainly the sets E; are disjoint and open. Moreover, they are connected. Actually,
A is an analytic set so it is sufficient to show the connectivity of F;. But Fj is the
image of D x D, x D, x D under the mapping A — (A1A2, A3, Ag, A3A4). On the other
hand the set F; is the image, under the mapping A — (A1, A1A2, A3, A3A4) of the set
B={LeD,xDxDyxD:m(\, A3) <m(Ay, Ag)}. To show connectedness of the
last set it suffices to show that B := AeDxDxDxD:m(Ay, A3) <m(rp, M)}
is connected, as B is obtained from B by removing an analytic set. This is the case
because any point A € B may be joined by the curve [0, 1] >t — (tA1, A2, A3, Ag)
with (0, A», 0, A4). And now it is sufficient to see that the set {0} x D, x {0} x D,
is arc-connected.

Let G; := o I(E ;). To finish the proof of the assertion it suffices to show that

qDlGj . Gj — EJ-

is surjective. In fact, in such a case ®(G;) = E; so the equality / = ¢ holds on €2,
which together with ; builds a dense subset of D? x D?\ A.

Therefore, to finish the proof of the theorem we go to the proof of the surjectivity
of the mappings defined above.

Without loss of generality we may restrict to the cases j = 1, 2.

First note that the sets G; are nonempty. Therefore, to finish the proof it is
sufficient to show that ®(G;) is open and closed in E;.

First we show that ®(G;) is closed. The proof may be conducted with the
standard sequence procedure; however, we shall make use of considerations that
were given in Section 3.

Take (p, q) in the closure of ®(G;) with respect to E;. The continuity property
implies that c(p, g) =I(p, q). It follows immediately from Lemma 3 that (p, ¢q)
lies in ®(Gj).

To show that the image is open it suffices to prove that @ is locally injective.

So assume that ® (o, B, ¢, w, t) = ®(@, B, &, @, 7).

Let ¢ :=@q g0, ¢ = Da j.o
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Let F(x) = (wtx; + (1 — t)xo + nx1x2)/(1 — ((1 — t)wx| + tx2)n), where n
is properly chosen. It simply follows from the previous discussion that F is a
left inverse to both ¢ and @. Therefore, F = F, where F denotes the appropriate
left inverse to ¢. Thus 7 =7 and w = @. Moreover, cm, (¢) = émy(¢) =:1 # 0.
Therefore, it suffices to show the local injectivity of the function

l l l l
Ve B0 > (ema(e), sma (o) emp(e), Smg ()
defined for (a, B, ¢) € D3 such that (z, w) = ®(«, B, c) satisfies |z1| # |z2], |wi| #
|lwa|, z1 # w; and z2 # wy (in particular, a # B, ¢ # 0).
Proposition 5. WV is locally injective. Moreover, V is two-to-one.

Proof. Observe first that W(«, B, c) = V(—«, —f, —c¢). Therefore, to get the
assertion, it suffices to show that for fixed points z := (21, z2), w := (wy, wy)
such that z; # zp, wy # wy, z1 # w; and 73 # w, the equation V(w, B, ¢) =
(z1, z2, w1, wy) has at most two solutions.

From the equation we deduce that

1— ) 1 —1 1— /A | —1
CZz( Zl/)+_21(22 ) 5. 22/ Lla

= , and o= ,
22— 121 C 22— 1 —22 CZ1—22

wo (1 — [ 1 —1 . 1-— [ 1 —1
f=c 2(1—wy/ )+_w1(w2 )’ and f=c wa/ Ll _
wy — W1 C W2 — Wi w) — w2 C W1 —wy

We can write the above equations in the form

()=o) ()=(e)

where M, N € C**2 Set v := (1(;(:)' The equations imply that Mv = Nv.
Notice that
21 =z1/Dwy(wz = 1) —w2(1 —wy/Dzi1(z2 = 1)
(z2 —z1) (w2 —wy)
(I —z2/D(wy — 1) — (1 —wy/D)(z1 — 1)
(z2 —z1) (w2 — wy) '

The hypotheses made on z and w ensure that (1—z,/1)(w;—!) and (1—w,/1)(z1—1)
cannot vanish simultaneously, so if det N = 0, we see that the equation det M =0
reduces to zpw; — zywp = 0. Since [ # 0, this together with det N = 0 would imply
71 = 7o or 73 = wj, which is excluded. Therefore at least one of the matrices M
or N is invertible. Suppose for now that M is invertible, we have v = Pv, with
P:=M~'N. Since v = Pv, we see that v = P Pv.

. Iy (1 Yy (1 = I -2 ]
SmceM<1>_<l>andN(l)_(1),thenPP<1>_|l| <1>,sothatwe

have an eigenvalue |l|_2 >1of PP,and PP # 1. So dimker(I — Pﬁ) <1, which

det M =

’

detN =
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means, since v cannot be 0, that there is a nonzero vector w € C?, depending only
on z, w, [, such that v is collinear to w, which implies 2 =w; /wy. So we have at
most two possible values for (¢, 8, ¢).

If det M =0, then N is invertible and we reason in the same way starting from
v=N""Mv. ([
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ENDOTRIVIAL MODULES:
A REDUCTION TO p-CENTRAL EXTENSIONS

CAROLINE LASSUEUR AND JACQUES THEVENAZ

We examine how, in prime characteristic p, the group of endotrivial mod-
ules of a finite group G and the group of endotrivial modules of a quotient
of G modulo a normal subgroup of order prime to p are related. There
is always an inflation map, but examples show that this map is in general
not surjective. We prove that the situation is controlled by a single central
extension, namely, the central extension given by a p-representation group
of the quotient of G by its largest normal p-subgroup.

1. Introduction

Endotrivial modules play an important role in the representation theory of finite
groups. They have been classified in a number of special cases; see, e.g., the recent
papers [Carlson et al. 2014a; Lassueur and Mazza 2015b] and the references therein.
Over an algebraically closed field £ of prime characteristic p, endotrivial modules
for a finite group G form an abelian group 7 (G), which is known to be finitely
generated. One of the main question is to understand the structure of 7'(G), and, in
particular, of its torsion subgroup 77 (G).

We let X(G) be the subgroup of TT(G) consisting of all one-dimensional
representations, that is, X (G) = Hom(G, k*). We also let K(G) be the kernel
of the restriction map Resg :T(G) - T(P) to a Sylow p-subgroup P of G. It
is known that X(G) € K(G) C TT(G) and that K(G) = TT(G) in almost all
cases (namely if we exclude the cases when a Sylow p-subgroup of G is cyclic,
generalized quaternion, or semidihedral). Moreover, there are numerous cases,
including infinite families of groups G, for which K (G) = X (G). However, this is
not always the case, and the structure of K (G) is not understood in general.

Let O,/(G) denote the largest normal subgroup of G of order prime to p and set
0 := G/ 0, (G) for simplicity. There is always an inflation homomorphism

Inf§ : T(Q) > T(G)

MSC2010: primary 20C20; secondary 20C25.
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which is easily seen to be injective. But examples show that it is in general not
surjective, so we cannot expect an isomorphism between 7 (G) and T (Q). The
present article analyzes how T(G) and T (Q) are related, by making use of a
suitable central extension of Q. More precisely, associated with Q, there is a
p-representation group (O, which is a central extension with kernel of order prime
to p. This controls the behavior of projective representations of Q (in the sense of
Schur). When Q is a perfect group, then ( is unique and is also called the universal
p’-central extension of Q. When Q is not perfect, then 0 may not be unique.

The present work is based on a key result by the first author and S. Koshitani
[Koshitani and Lassueur 2016]. In the course of their investigation of endotrivial
modules for a finite group with dihedral Sylow 2-subgroups, they proved a general
result [op. cit., Theorem 4.4] about endotrivial modules for an arbitrary group G in
the presence of a normal subgroup N of order prime to p, under mild hypotheses
on G (see Hypothesis 3.1). Their result uses modules over twisted group algebras
of G/N. Taking Q = G/N with N = O,(G), we can view such modules as
modules over the ordinary group algebra of the central extension Q. In this way,
we can show that the structure of 7(G) is closely related to the structure of T(Q).
Our main result is as follows:

Theorem 1.1. Let G be a finite group of p-rank at least 2 and no strongly p-embed-
ded subgroups. Let Q be any p'-representation group of the group Q := G/ 0,/ (G).

(a) There exists an injective group homomorphism
@6 5:T(G)/X(G) — T(D)/X (D).

In particular, @ 5 maps the class of Infg(W) to the class of Infg~ (W), for
any endotrivial k Q-module W.

(b) The map @ 5 induces by restriction an injective group homomorphism

D6 5:K(G)/X(G)— K(Q)/X(D).
(¢) In particular, if K(Q) = X (Q), then K (G) = X (G).

We note that the construction of the map @ 5 relies on [op. cit., Theorem 4.4],
which itself relies on Navarro and Robinson [Navarro and Robinson 2012], whose
proof makes use of the classification of finite simple groups. This construction
will be made precise in Section 4. Examples show that ® 5 is in general not
surjective (see Section 7), but the theorem provides some information on K (G), for
all groups G such that G/0,/(G) = Q. In particular, the question of the equality
K(G) = X(G) is reduced to the same question for the single group 0.

We also conjegture that @ 5 induces an isomorphism on the torsion-free part
of T(G) and T (Q) (see Section 5). Moreover, in case Q is perfect, then there is an
alternative approach to @ 5 which we present in Section 6.



ENDOTRIVIAL MODULES: A REDUCTION TO p-CENTRAL EXTENSIONS 425

The two main assumptions on G in Theorem 1.1 are needed for applying the
results of [Koshitani and Lassueur 2016]. However, these assumptions are not
really restrictive because endotrivial modules are completely understood in the
two excluded cases: they are classified if the p-rank is 1 [Mazza and Thévenaz
2007; Carlson et al. 2013], and T(G) = T(H) if G has a strongly p-embedded
subgroup H; see [Mazza and Thévenaz 2007, Lemma 2.7].

The two assumptions also allow us to prove that T(G) = T (G/[G, A]), where
A = O,/(G), or in other words that the extension

l1—A—G— Q0 —1
with kernel A of order prime to p can always be replaced by the central extension
1— A/[G, A] — G/|G, A] — Q0 — 1.

This is explained in Section 3.

2. Notation and preliminaries

Throughout, unless otherwise specified, we use the following notation. We let k
denote an algebraically closed field of prime characteristic p. We assume that all
groups are finite, and that all modules over group algebras are finitely generated,
and we set ® := Q. If G is an arbitrary finite group and V is a kG-module, we
denote by py : G — GL(V) the corresponding k-representation, and we denote by
mwy : GL(V) - PGL(V) the canonical surjection. Furthermore, we denote by V*
the k-dual of V endowed with a kG-module structure via (gf)(v) = f(g~'v) for
everyge G, feV¥5veV.

Assuming moreover that p | |G|, we recall that a kG-module V is called endo-
trivial if there is an isomorphism of kG-modules End; (V) = k & (proj), where k
denotes the trivial kG-module and (proj) some projective kG-module, which might
be zero. Any endotrivial kG-module V splits as a direct sum V = V@ (proj) where
Vo, the projective-free part of V, is indecomposable and endotrivial. The relation

U~V = U=V

is an equivalence relation on the class of endotrivial kG-modules, and 7'(G) denotes
the resulting set of equivalence classes (which we denote by square brackets). Then
T (G), endowed with the law [U] 4 [V ] :=[U ® V1, is an abelian group called the
group of endotrivial modules of G. The zero element is the class [k] of the trivial
module and —[V] = [V *], the class of the dual module V*. By a result of Puig, the
group T (G) is known to be a finitely generated abelian group; see, e.g., [Carlson
et al. 2006, Corollary 2.5].
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We let X (G) denote the group of one-dimensional kG-modules endowed with the
tensor product ®, and recall that X (G) =Hom(G, k*) = (G/[G, G]),. Identifying
a one-dimensional module with its class in 7'(G), we consider X (G) as a subgroup
of T(G).

Furthermore, if P is a Sylow p-subgroup of G, we set

K(G) =Ker(Res§ : T(G) — T(P)).

In other words, the class of an indecomposable endotrivial kG-module V belongs
to K(G) if and only if V¢g = k @ (proj), that is, in other words, V is a trivial
source module. We have X (G) € K (G) because any one-dimensional k P-module
is trivial. Moreover, K (G) C TT (G) (see [Carlson et al. 2011, Lemma 2.3]), and
K(G) =TT (G) unless P is cyclic, generalized quaternion, or semidihedral, by the
main result of [Carlson and Thévenaz 2005].

By a central extension (E, ) of O, we mean a group extension

1—>Z—>EL>Q—>1

with Z = Ker z central in E. Recall that (E, ) is said to have the projective lifting
property (relative to k) if, for every finite-dimensional k-vector space V, every group
homomorphism 0 : Q — PGL(V) can be completed to a commutative diagram of
group homomorphisms:

1 Zz E

J

1 —k>*-1dy — GL(V) i PGL(V) —1

In general, the homomorphism X is not uniquely defined. However, by the commu-
tativity of the diagram, the following holds:

Lemma 2.1. In the above situation, if A, ' : E — GL(V) are two liftings of 0 to E,
then there exists a degree one representation . E — GL(k) such that \' = A @ .

By results of Schur (slightly generalized for dealing with the case of charac-
teristic p), given a finite group Q, there always exists a central extension (E, 1)
of Q, with kernel M (Q) :=H?(Q, k*), which has the projective lifting property.
A p’-representation group of Q (or a representation group of Q relative to k) is a
central extension (Q, 7r) of Q of minimal order with the projective lifting property.
In this case M;(Q) = Kerm < [Q, Q]. We recall that M (Q) = H?(Q, C*),r, the
p’-part of the Schur multiplier of Q, and that in general a group Q with X (Q) # 1
may have several nonisomorphic p-representation groups. Furthermore, fixing a
p’-representation group (0, 7) of Q, the abelian group My (Q) becomes isomorphic
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to its k*-dual via the transgression homomorphism
tr : Hom(My(Q), k*) — H*(Q, k)

defined by tr(p) =[gpo«a], where the cocycle o € Z 2(Q, My (Q))isinthe cohomology
class corresponding to the central extension 1 — M (Q) — Q = O — 1. For further
details and proofs we refer the reader to [Nagao and Tsushima 1989, Chapter 3, §5;
Curtis and Reiner 1981, §11E].

If V, W are two finite-dimensional k-vector spaces, then the tensor product of
linear maps induces a tensor product —®— : PGL(V) xPGL(W) — PGL(V®W) via
wy (@) Ry (B) :=nmyew (@®B) for any o € GL(V) and any 8 € GL(W). Therefore,
if w: Q9 —PGL(V)and v: Q — PGL(W) are group homomorphisms, we may define
a group homomorphism @ v: Q — PGL(V® W) via (u®v)(g) := u(g) ®v(q)
for every g € Q. We shall use the following well-known results throughout:

Lemma22. Let1 > A— G > O — 1 be an arbitrary group extension.

(a) Whenever V is a kG-module such that py (A) C k> -1dy, the group homo-
morphism py : G — GL(V) induces a uniquely defined group homomorphism
Oy : Q — PGL(V) such that the following diagram commutes:

1

1 A G 0 1

B

| —= k*-Idy — GL(V) =~ PGL(V) — 1

(b) If V, W are kG-modules such that py(A) C k*-1dy and pw(A) C k* - Idy,
then pygw (A) C k™ -ldygw and we have Oy gw = Oy ® Oy .

Proof. (a) Choose a set-theoretic section s : Q — G for & and define 6y :=myopyos.
Since py (A) C k*-1dy, the map Oy is a group homomorphism making the diagram
commute. Clearly 6y is uniquely defined since  is an epimorphism.

(b) This is a straightforward computation. U

3. Endotrivial modules and central extensions

We now fix G to be a finite group of order divisible by p, we set A := O,/(G) and
Q := G/A, and we denote by g : G — Q the quotient map. Moreover, we let
(Q , ) be a fixed p-representation group of Q.

Since A is a p-subgroup of G, inflation induces an injective group homomorphism

Inf§ : T(Q) - T(G), [V]— [nfg(V)].

This is because the inflation of a projective module remains projective when the
kernel A is a p’-group. We emphasize that endotrivial kG-modules cannot be
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recovered from endotrivial kK Q-modules, as in general the inflation map Infg is not
an isomorphism; see Section 7.

Hypothesis 3.1. Assume G is a finite group fulfilling the following two conditions:
(1) the p-rank of G is greater than or equal to 2; and
(2) G has no strongly p-embedded subgroups.

The next result restates one of the main results of [Koshitani and Lassueur
2016], but in different terms. Our statement will allow us later to avoid working
with modules over twisted group algebras, but simply consider the corresponding
projective representations instead.

Theorem 3.2 [Koshitani and Lassueur 2016]. Suppose G satisfies Hypothesis 3.1.

(a) If V is an indecomposable endotrivial kG-module, then V¢g =Yp---Y,
where Y is a one-dimensional k A-module.

(b) If V is an indecomposable endotrivial kG-module, then py (A) C k*-1dy.

Proof. (a) Since G satisfies Hypothesis 3.1, any composition factor ¥ of V¢§ is
G-invariant, by [op. cit., Lemma 4.3]. Therefore V¢§ =Y ®---@Y and [op. cit,,
Theorem 4.4] proves that dimY = 1.

(b) This is a restatement of (a). O
Corollary 3.3. Suppose that G satisfies Hypothesis 3.1. The inflation map
nfg)6.4): T(G/IG, A) — T(G)

is a group isomorphism.

Proof. Since [G, A] is a normal p’-subgroup of G, the inflation map Infg /[G.A] 1S @
well-defined injective group homomorphism. In order to prove that it is surjective,
it suffices to prove that [G, A] acts trivially on any indecomposable endotrivial
kG-module V. But by Theorem 3.2 we have

pv([G, A]) S [pv(G), pv(A)] S [pv(G), k- Idy] = {Idy}.
Hence [G, A] acts trivially on V. O

Corollary 3.3 is a reduction to the case of central extensions. Explicitly, for the
study of endotrivial modules, we may always replace the given extension

1-A—-G—> 0—1,
and consider instead the central extension
11— A/[G, Al — G/[G, A] - Q — 1.

We shall in fact not use this reduction for the proof of our main result, but rather
apply directly Theorem 3.2.



ENDOTRIVIAL MODULES: A REDUCTION TO p-CENTRAL EXTENSIONS 429
Lemma 3.4. Let (0, ny) be a p“-representation group of Q. Then X(0) =
Inf§ (X (Q)), hence X (Q) = X(Q).

Proof. We apply the fact, mentioned in Section 2, that Ker g5 © [Q, Q]. This
implies that any one-dimensional representation of O has Ker 7y in its kernel, hence
is inflated from Q / Ker gz = Q.
Another way of seeing the same thing is to associate to the central extension
1 — M(Q) — 0% 09— 1

the Hochschild—Serre five-term exact sequence

1—> Hom(Q. k) =% Hom({, k*) =5 Hom(Mk(Q) k™)
—5 HA(Q, k) =5 HA(D, k).
Since the transgression map tr is an isomorphism, the first map Inf must be an

isomorphism as well. (]

4. Proof of Theorem 1.1

Keep the notation of the previous section. Moreover, given an endotrivial kG-
module V such that py (A) C k*-1Idy, we let

Oy : O — PGL(V)

denote the induced homomorphism constructed in Lemma 2.2(a). The projective
lifting property for the central extension (0, mg) allows us to fix a representation

pvz 0 — GL(V)
lifting Oy to 0. We denote by Vg the corresponding k O-module.

Lemma 4.1. Let V be an endotrivial kG-module such that py (A) C k*-1dy. Then
Vi is an endotrivial k O-module.

Proof. We have to work with two group extensions
1—>A—>G£>Q—>1 and 1—>M—>§E>Q—>1,

where M := My (Q). Both A and M have order prime to p.
Let P € Sylp(G), set P = AP/A € Sylp(Q), and let i1p : P — AP be the
inclusion map, so that
¢ :=mgoip: P — P

is an isomorphism. Next choose P € Syl, (0) such that MP/M = P ¢ Syl,(Q).
Letip: P — M P be the inclusion map, so that ¥ 1= ngoip: P — P isan
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isomorphism. Consider now the two commutative diagrams:

p__ % _p p_ "V . p
/4% l Oy l and P@j Oy L
GL(V) =~ PGL(V) GL(V) =2~ PGL(V)

where we write pg := py, for simplicity. Since ¢ and y are isomorphisms, for
any u € P,
v py d W) = Oy () = 7ty pg ¥ (w).

We claim that if two elements u, uo € GL(V) have p-power order and satisfy
mwy (uy) = wy (uy), then u; = uy. Postponing the proof of the claim, we deduce that

pv e W) = pg v W),

because they have p-power order. This means that the representations (py)|p and
(py)| 7, transported via isomorphisms to representations of P, are equal. Now, a
module is endotrivial if and only if its restriction to a Sylow p-subgroup is; see
[Carlson et al. 2006, Proposition 2.6]. Moreover, this property is preserved when
transported via group isomorphisms. Since V' is endotrivial, so is V| ,, hence so is
V5 and it follows that V5 is endotrivial.

We are left with the proof of the claim. If wy (1) = Ty (uz), then u; = au,
where o € k. For some large enough power p”, we have uf = uzn = 1. Therefore
we obtain

n

1= uf = (up)?" = ozpnué7 =al.
But there are no nontrivial p-th roots of unity in k*, so & = 1, hence u; = u;. U

Proposition 4.2. Assume G satisfies Hypothesis 3.1. Then there is an injective
group homomorphism

®;5:T(G)/X(G)— T(0)/X(D)

defined by @ 5([V]+X(G)) :=[Vzl+ X(Q) for any indecomposable endotrivial
kG-module V. Moreover, for any endotrivial k Q-module W, the homomorphism
& g maps the class of Infg(W) to the class of Infg(W).

Proof. First, Lemma 4.1 allows us to define a map ¢ : T(G) — T(Q)/X(Q) by
setting ¢ ([V]) := [Vl + X(Q) for any [V] € T(G) such that py(A) C k*-Idy.
The definition of ¢([V]) does not depend on the choice of Vj, for if PV is a
second lifting of @y to O, then by Lemma 2.1 there exists X € X (Q) such that
VQ’ = VQ ® X, hence ¢ ([Vg]) = ¢([VQ]).

Next, let V, W be two indecomposable endotrivial kG-modules. Theorem 3.2
implies that pygw (A) = (pv ® pw)(A) C k* - ldygw. Thus, by Lemma 2.2(b),
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Ovew =0y ®0w, and it is easy to Verlfy that PVz @ Pw; lifts Oy QOw to Q Therefore,
by Lemma 2.1, there exists X € X(Q) such that (V ® W)Q =V5® W5 ® X. This
shows that ¢ is a group homomorphism.

It is clear that Ker ¢ = X (G), since by construction dim Vi = dim V' for any
indecomposable endotrivial kG-module V. As a result, ¢ induces the required
homomorphism & 5. _

Finally, if W is any endotrivial kQ-module, then the kQ-module constructed
from V = Infg(W) is easily seen to be the inflated module Vi = Infg (W), because
the map 0y : O — PGL(V) comes from a group homomorphism Q@ — GL(V).
This shows that the class of Infg( W) is mapped to the class of Inf 8 (W) under the
map P 5, proving the additional statement. (]

Corollary 4.3. Assume G satisfies Hypothesis 3.1. If Q1 and O, are two noniso-
morphic p'-representation groups of Q, then

®g, 5, T(OD/X(Q1) = T(02)/X(Q2)
is an isomorphism.

Proof. Let V be an indecomposable kQ|-module. By construction
@5, 4, ([VI+X(QD) = [WI+X (02,

where W := V5, is a k O»-module such that py lifts 6y : Q — PGL(V) to 05. But
then py lifts Oy = Oy to O}, so that by construction

@5, 5,(W+X(02) = [VI+X(Q)).
In other words, @5, 5,0 Py, 5, =Id. Similarly &5, 5,0 5, 5, =Id. (]

Corollary 4.4. Assume G satisfies Hypothesis 3.1. The map ®¢ g induces by
restriction an injective group homomorphism

®;.5: K(G)/X(G)— K(Q)/X(D).
In particular, ifK(QV) = X(Q), then K(G) = X (G).

Proof. Let P € Syl ,(G) and let V be an 1ndecomposable endotrivial kG-module.
As in the proof of Lemma 4.1, the two modules V ¢ p and VQ¢ are isomorphic,
prov1ded we view them as modules over the group P via the 1som0rphlsms P=P
and P = P. It follows that V has a trivial source if and only if Vg has. Therefore
@ g restricts to an injective group homomorphism

@651 K(G)/X(G) — K(D)/X (D).
The special case follows. O

Proposition 4.2 together with Corollary 4.4 prove Theorem 1.1.
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5. Conjecture on the torsion-free part

We keep the notation of the previous sections. Let TF(G) = T(G)/TT (G), the
torsion-free part of the group of endotrivial modules. Since X (G) C TT(G), the
map

®;.5:T(G)/X(G)— T(0)/X(0)
induces an injective group homomorphism
Ws.5: TF(G) — TF(Q).

We know that ®; 5 is in general not surjective, but we conjecture that W 5 is
surjective.

Conjecture 5.1. (a) The map Infg : TF(Q) — TF(G) is an isomorphism.
(b) The map Vg 5: TF(G) — TF(Q) is an isomorphism.

Note that (b) follows from (a), by applying (a) to both Infg :TF(Q) — TF(G)
and Igfg :TF(Q) — TF(Q) and composing, because the map W 5: TF(G) —
TF(Q) is the identity on modules inflated from Q.

Part (a) of Conjecture 5.1 is in fact a consequence of any of the two conjectures
made in [Carlson et al. 2014b]. First, Conjecture 10.1 in that reference asserts
that, if a group homomorphism ¢ : G — G’ induces an isomorphism between the
corresponding p-fusion systems, then ¢ should induce an isomorphism TF (G’) =>
TF(G). In the special case where ¢ is the quotient map ¢ : G — Q = G/ 0, (G),
it is well-known that the fusion systems are isomorphic, so we would obtain the
isomorphism TF(Q) = TF(G) of Conjecture 5.1 above. This special case is
explicitly mentioned at the end of Section 10 in [op. cit].

Conjecture 9.2 in [op. cit.] asserts that the group TF(G) should be generated
by endotrivial modules lying in the principal block. Since O,/ (G) acts trivially on
any module lying in the principal block of G, such a module is inflated from Q, so
the inflation map Infg :TF(Q) — TF(G) in Conjecture 5.1 above should be an
isomorphism.

Example 7.3 below illustrates a method allowing one to prove that the maps in
Conjecture 5.1 are isomorphisms in specific cases.

6. The perfect case

When the group Q = G/0,(G) is perfect, there is an alternative approach to
the construction of the injective group homomorphism of Theorem 1.1(a) using
universal central extensions.
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Recall that a universal p'-central extension of an arbitrary finite group Q is by
definition a central extension

1—>Mp/—>QVE>Q—>1

with M)y = Kerng of order prime to p and satisfying the following universal
property: For any central extension

l—>Z—>E-50—1

with Z = Ker 7 of order prime to p, there exists a unique group homomorphism
¢ : QO — E such that the following diagram commutes:

g

1 M, 0 0 1
blu, L ¢ Idl
1 Z E—"-0 1

A standard argument shows that if a universal p’-central extension (Q , ) exists,
then it is unique up to isomorphism.

Lemma 6.1. If (O, 7y) is a universal p'-central extension of a finite group R, then
(Q, mp) is p-representation group of Q.

Proof. Let (0, JTQ) be an arbitrary p’-representation group of Q. Let V be a
finite-dimensional k-vector space and 8 : Q — PGL(V) a group homomorphism.
Because (Q, 7er) has the projective lifting property and (0, 7g) is universal, there
exist group homomorphisms 0 Q — GL(V) and ¢ : Q — Q such that 6 o ¢ lifts 6.
Therefore (0, 7g) has the projective lifting property as well.

Now, because (Q, 75) is universal, it is easy to see that X (Q) = A),((Q) =1.
Therefore the Hochschild—Serre 5-term exact sequence associated to (Q, 7y) is:

1 —> 1 —> 1 — Hom(M,, k*) -5 H2(Q, k) = HA(J, k)

Thus the transgression map tr : Hom(M,/, k*) — H2(Q, k*) = My (Q) is injective.
But M,y = Hom(M,,/, k™), therefore by minimality of (Q, né), we have |M, | =
|M;(Q)| and |Q| = |Q|, proving that (Q, 7y)isa p’-representation group of Q. [J

Lemma 6.2. Any finite perfect group Q admits a universal p'-central extension.

Proof. Since Q is a perfect group, it is well-known that Q has a representation
group relative to C, say (Q, JTQ), which is unique up to isomorphism and that

Ker(my) =: M = Mc(Q) = H?(Q, C»),
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the Schur multiplier of Q. Moreover, (Q, né) is a universal central extension of Q,
in particular perfect; see [Rotman 1995, Theorem 11.11]. Thus, for any central
extension

1—>Z—>E-5Q0—1

where Z = Ker 7, there exists a unique group homomorphism ¢ : Q — E such
that the following diagram commutes:

7o

1 M 0) 0 1
WIMl Wl Idl
1 Z E-">0 1

If Z has order prime to p, then the p-part M, of M lies in the kernel of vr|y.
Passing to the quotient by M, we define 0= Q /M and denote by ¢ : 0—E
the map induced by . Thus we obtain an induced central extension

l— M, — Q e, 0—1
where M,y := M /M, a universal p’-central extension of Q by construction. [
Given an arbitrary group extension 1 - A — G — Q — 1 with perfect quotient Q
and kernel A of order prime to p, there is an induced p’-central extension:
I — A/[G, A] — G/IG, A1 =% 0 — 1

Moreover, by the above, Q admits a universal p’-central extension, which is in fact
a p'-representation group (0, 7y) of Q. Therefore, by the universal property, there
exists a unique group homomorphism ¢¢ : O — G/[G, A] lifting the identity on Q.
Lemma 6.3. The homomorphism ¢g : O — G/[G, Al induces a group homo-

morphism

¢ : T(G/IG, Al) — T(Q)

such that ¢, = Inth;(d,G) o ReSIGm/([zz?(,:?]

preserve indecomposability of endotrivial modules.

. Moreover, both Infgl(%) and ResIGm/([q?(}f?]

Proof. The kernel of ¢¢ is contained in Ker 5 = M)y, which is a p™-group. There-
fore, there is an induced inflation map Infl%(%) - T(Im(¢g)) = T(0), preserving
indecomposability of endotrivial modules.

Since Im(¢s) maps onto Q via 7, the group G/[G, A] is the product of Im(¢¢)
and the central p’-subgroup A/[G, A]. It follows that Im(¢¢) is a normal subgroup
of G/[G, A] of index prime to p. Therefore, the restriction to Im(¢s) of any
indecomposable endotrivial k(G /[G, A])-module remains indecomposable and is
endotrivial [Carlson et al. 2009, Proposition 3.1].

We define ¢; to be the composite of Infl%(¢c) and ResIGH{([g(;;‘]. (]
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Composing the group homomorphism
¢G: T(G/IG, A) — T(0)
with the inverse of the isomorphism
Inf§ .41 : T(G/[G., A]) > T(G)
of Corollary 3.3, we obtain a group homomorphism
®:T(G)— T(Q).
We now show that this provides the alternative approach to the map of Theorem 1.1.
Proposition 6.4. Suppose that G satisfies Hypothesis 3.1 and that Q is perfect.
(a) Ker ® = X (G).

(b) The induced injective group homomorphism

®:T(G)/X(G) — T(0)=T(0)/X(0)
coincides with the map ®¢ 5 of Theorem 1.1.

Proof. Consider the map ¢, : T(G/[G, A]) — T(Q) of Lemma 6.3. It is clear
that the image of a one-dimensional module is one-dimensional, hence trivial since
X(0)=1 by Lemma 3.4. Therefore X (G) C Ker ®. It follows that ® induces a
group homomorphism & as in the statement.

Our assumption on G implies that, if V is an endotrivial kG-module, then
[G, A] acts trivially on V (Corollary 3.3). Moreover, py : G/[G, A] — GL(V) lifts
Oy : O — PGL(V), as in Section 4. It is then clear that py ¢¢ : Q — GL(V) also lifts
v : O — PGL(V). Therefore, the definition of @ 5 (see Proposition 4.2) shows
that the class of V' is mapped by ®; g to the class of the module Vi corresponding
to the representation py ¢g. In other words, [Vgl = ®([V]) and this shows that
@ g coincides with .

Finally, since @ 5 is injective and is equal to ®, we have Ker ® = {0}. Therefore
we obtain Ker ® = X (G). O

Remark 6.5. The proof we give above shows that Proposition 6.4 remains valid
if the assumption that Q is perfect is replaced by the assumption that Q admits a
universal p-central extension. It is proved in [Lassueur and Thévenaz 2017] that
this happens if and only if X (Q) = 1, that is, Q is p™-perfect. Here, for simplicity,
we restrict ourselves to the perfect case.

7. Examples

In this final section, we provide various examples, in particular illustrating cases
where the morphism ®; 5 is not surjective.
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Example 7.1. Suppose that Q is simple and take G = Q, hence A = 0,/(G) = {1}.
Then @, 5 is just the inflation map 7'(Q) — T(@). If Q is a finite simple group
listed in the table below, then it is known that its unique p’-representation group
O has indecomposable endotrivial modules lying in faithful p-blocks, namely not
inflated from Q.

0 p 0 T(Q) T(0)

Ae 3 2.9 ZZ/4 Z7®7/8
A 2 3. 72 7’97/3
My, 3 4. M Z&(Z2/2)* 1®7/2072/4
Js 2 A Z 7Z87)3
Ru 3 2.Ru VASY Y 7®7/4
Fixy2 | 5 | 6.Fim | Z®(@Z/2)? | ZZ/60Z)2

The results concerning the sporadic groups can be found in [Lassueur and Mazza
2015b, Table 3], and those about the alternating group 2 in [Lassueur and Mazza
2015a, Theorems A and B] together with [Carlson et al. 2009, Theorems A and B].

Further examples are given by the exceptional covering group 2.F4(2) of the
exceptional group of Lie type F4(2), which possesses simple torsion endotrivial
modules lying in faithful blocks in characteristics 5 and 7 [Lassueur and Malle 2015,
Proposition 5.5], although the full structure of the group of endotrivial modules has
not been determined in these cases.

Example 7.2. Assume p > 2, let n > max{2p, p + 4} be an integer and denote by
6 and 6 the two isoclinic p’-representation groups of the symmetric group &,,.
Corollary 4.3 yields

T(6,)/X(S,)ZT(S,)/X(S,).

However, Lassueur and Mazza [2015a, Theorem B, parts (1) and (2)] prove a
stronger result, namely

T(&,) =t (T(S,)) and T(&,) =S (T(S,)).

Consequently, given any finite group G such that G/ O, (G) is isomorphic to one
of G, 6 or 6 (with n > max{2p, p +4}), by Theorem 1.1 there exist injective
group homomorphisms

GGn

T(S,)/X(S,) — T(G)/X(G) =3 T(6,)/X(6,) = T(S,)/X(S,),

where the first map is induced by inflation. Hence we have T(G)/X(G) =
T(6,)/X(6,). Recall that the structure of T (G,,) is known [Carlson et al. 2009].
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Example 7.3. In this final example, we outline a method which allows us to show
that the maps Infg is an isomgrphism on the torsion-free part of the groups of
endotrivial modules of Q and Q in some concrete cases.

Specifically, we may use the fact that endotrivial modules are liftable to character-
istic zero, and afford characters taking root of unity values at p-singular conjugacy
classes; see [Lassueur et al. 2016, Theorem 1.3 and Corollary 2.3]. Therefore, if for
every faithful p-block B of k Q (of full defect) no elements of Z Irrc (B) take root of
unity values at p-singular conjugacy classes of 0, then any endotrivial kK O-module
is inflated from Q, hence

Inf§ : TF(Q) — TF(Q)

is an isomorphism.

This was used [Lassueur and Mazza 2015a, Theorem B] in the case that 0 = G,,,
n > max{2p, p +4} (as mentioned in Example 7.2 above), as well as for a large
number of sporadic simple groups Q [Lassueur and Mazza 2015b, Lemmas 4.3
and 6.2]. More precisely, in characteristic p =2 for Q = M5, My, Jo, HS, McL,
Ru, Suz, ON, Fiy, Coy, Fi§4, or B; in characteristic p =3 for Q = My, J», HS,
Suz, Fipp, Coy, or B; in characteristic p =5 for Q = J,, HS, Ru, Suz, Coy, Fi§4,
or B; and in characteristic p =7 for Q = Coy, Fié4, or B.
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1. Introduction and main result

We consider the fractional Schrédinger—Poisson system

{(—A)Su +u+V(x)Px)u = [u|?"lu, xeR3,

(1‘1) (—A)tq) — V(|X|)u2, = R3,

where (—A)? is the fractional Laplacian operator fora = s, € (0, 1), V(r) (r =|x|)
is a positive bounded function, and

34 2s
l<p<2¥(s)—1= .
p<27°(s) 375
We assume that V() satisfies the following condition:
(V) There are constants a > 0, _ 3425 <m< 3+2s and 6 > 0 such that

2(3+2s+1)

a |
V()= r_m+0(rm+9) as r — 4o00.
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In (1-1), the first equation is a nonlinear fractional Schrodinger equation in which
the potential ® satisfies a nonlinear fractional Poisson equation. The study of elliptic
equations involving fractional powers of the Laplacian appears to be important
in many areas, including physics, biological modeling, mathematical finance and
the study of standing wave solutions of certain nonlinear fractional Schrodinger
equations.

Giammetta [2014] studied the evolution equation associated with the one-dimen-
sional system

(1-2) {—A”+meu=gwx xeR,

(=AY ® = Au?, x €R.

Zhang, do O and Squassina [Zhang et al. 2016] established the existence of a radial
ground state solution to the following fractional Schrodinger—Poisson system with
a general subcritical or critical nonlinearity:

{(—A)su +AD(x)u = g(u), xeR3,

1-3
= (—A)'® = Au?, x eR%.

Under the assumption that the nonlinearity does not satisfy the Ambrosetti—Rabino-
witz condition, Zhang [2015] used the fountain theorem to obtain the existence of
infinitely many large energy solutions to the system

{(—A)su +V(u+0(xu = f(x,u), xeR,

1-4
(1-4) (—=A) D = Au?, x € R3.

When s =1 = 1, the system reduces to the classical Schrodinger—Poisson system.
In recent years, many publications have appeared on that system. Zhang [2014]
studied the existence and behavior of bound states of the system

{—szAu +V(X)u+r®(x)u= f(u), xeR3,

1-5
(1-) —AD =u?, lim| |00 @(x) =0, x € R3,

for A > 0 and small € > 0. For f(u) = |u|?~'u, p € (1,5), there are some results
in the literature. In the case of ¢ = 1, V(x) = 1, the existence of radially symmetric
positive solutions of system (1-5) was obtained by D’ Aprile and Mugnai [2004].
Azzollini and Pomponio [2008] established the existence of ground state solutions
for p € (2,5). Ruiz [2006] proved that (1-5) does not admit any nontrivial solution
for 1 < p <2 and possesses a positive radial solution for 2 < p < 5. When A =1,
Ianni and Vaira [2008] considered the existence of positive bound state solutions
that concentrate on the local minimum of the potential V. Furthermore, Ianni
and Vaira [lanni and Vaira 2009; Ianni 2009] investigated the radially symmetric
solutions that concentrate on the spheres. Ruiz and Vaira [2011] constructed the
multibump solutions whose bumps concentrate around the local minimum of the
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potential V. The proofs explored in [Ruiz and Vaira 2011] are based on a singular
perturbation, essentially a Lyapunov—Schmidt reduction method. By using the
method of invariant sets of descending flow, Liu, Wang and Zhang [Liu et al. 2016]
showed that this system has infinitely many sign-changing solutions. For more
related results, one can refer to [Alves and Souto 2014; Chen and Wang 2014; He
and Zou 2012; Ianni and Vaira 2015; Kim and Seok 2012; Zhao et al. 2013].

In this paper, inspired by [Long et al. 2016] and [Li et al. 2010], we consider the
infinitely many nonradial positive solutions of the fractional Schrodinger—Poisson
system (1-1). In [Long et al. 2016], Long, Peng and Yang were concerned with
the existence of infinitely many nonradial positive solutions and sign-changing
solutions for the equation

(=A)u+u=K(xDuP, u>0, ueH RY).

In [Li et al. 2010], Li, Peng and Yan obtained infinitely many nonradial positive
solutions for (1-1) with s = ¢ = 1.

Compared with the operator —A, which is local, the operator (—A)* with 0 <s < 1
on R? is nonlocal. Unlike the local case s = 1, the leading order of the associated
reduced functional in a variational reduction procedure is of polynomial instead of
exponential order, due to the nonlocal effect. So we need to establish some new
necessary estimates for the Lyapunov—Schmidt reduction. Also, because of the
appearance of the Poisson potential @, problem (1-1) is more complicated than the
problem in [Long et al. 2016] and [Li et al. 2010].

To the best of our knowledge, there are no results on the existence of infinitely
many nonradical positive solutions to the nonlinear fractional Schrédinger—Poisson
system (1-1). In this paper, we will present some results in this direction.

Now, we are able to state our main theorem.

Theorem 1.1. If V() satisfies (V) and 2t + 4s > 3, then the problem (1-1) has
infinitely many nonradial positive solutions.

To prove Theorem 1.1, we will construct solutions with a large number of bumps
near infinity. Since V' (r) — 0 as r — + 00, the solution of (1-1) can be approximated

by using the solution U of the problem
(1-6) {(—A)su-l—u:up, u>0in R3,
u(0) = max . cps u(x).

It is well known that the unique solution U of (1-6) satisfies U(x) = U(]x|) and
U’ < 0 (see [Frank and Lenzmann 2013; Frank et al. 2016]).
Let

2 =Dz 2(j D=
n

(1-7) Qj=(rcos A S A

,o)::(Q;,O), i=12,...k,
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3+2s 3425
where r € [r1k3+2s—2m ok 3+2s—2m] for some r, > r; > 0. Define

ES = {u cu e HY(R®), uis evenin xp, h = 2,3,

277 2]
u(rcosf, rsinf, x3) = u(r 005(9 + %) rsin(9 + %), x3)}.

Let
k
(1-8) Ur(x) =Y Ug, (%),
j=1

where Ug; (+) = U(-— Qj), and Q; is defined in (1-7).
We will prove Theorem 1.1 by proving the following result.

Theorem 1.2. Suppose V(r) satisfies (V) and 2t 4+ 4s > 3. Then there is an integer
ko > 0 such that for any integer k > kg, (1-1) has a positive solution uy, of the form

urp = Uy, (x) + wg,
342s 3+2s

where wy, € ES, 1 € [r1k3+25—2m,r2k 3+2s—2m] for some ry > ry > 0 and as
k — +oo, |wlls — 0.

Remark 1.3. It follows from Theorems 1.1 and 1.2 that (1-1) has solutions with a
large number of bumps near infinity. Hence the energy of these solutions can be
very large.

This paper is organized as follows. In Section 2, we give some preliminaries.
Then we carry out Lyapunov—Schmidt reduction in Section 3. Finally, we prove
our main result in Section 4. Some technical estimates are left to the Appendix.

2. Some preliminaries

In this section, we outline the variational framework for problem (1-1) and give some
preliminary lemmas. Firstly, we recall some properties of the fractional Sobolev
space and some results which are important in our proof of the main theorem.

The nonlocal operator (—A)* in R? is defined on the Schwartz class through the
Fourier transform

AP ) = |57 [ &),

or via the Riesz potential. Here ~ is the Fourier transform. When f has sufficient
regularity, the fractional Laplacian of a function f : R3 — R is expressed by the
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formula
s B JSx) = f(y)
(2-1) (—A) f(x)=C;34PV. . —|x—y|3+zs d
Sx) =)

= C;, lim EAS AL o)
£—0 R3\ B, (x) |x_y|3+2s

b}

where C; ; = 7~ (2$+3/2T (3 4.5) /T (=s). This integral makes sense directly when
s<1tand f e COV(R3) with y > 25, orif /€ C17(R3) with 1 4y > 2s.
When s € (0, 1), the space H*(R?) = W*2(R?) is defined by

HY(R?) = {u e L*(R%): lu) ~ul e L?(R® x IR3)}

eyl
_ {u e L2®): / (1 + £ dk < oo}
R3

and the norm is

1

, Ju(x) —u(y)|? 2\

l[ulls == llull s w3y = (/[Rg R3md?€ dy + R3|u| dx ),
which is induced by the inner product
(u, v) gs@sy = (U, v)s + (U, V) L2m3)

/ (u(x) —u(y)(v(x) —v(y))
R3 JR3

x — p|3t2s

dx dy + / u(x)v(x) dx.
R3

Here the term

_ 2 3
[u]H‘Y(Rfi) = (A M dx dy)

3 Jp3 |x_y|3+2s

is the so-called Gagliardo (semi-)norm of u. The following identity yields the
relation between the fractional Laplacian operator (—A)® and the fractional Sobolev
space H*(R?):

e = € ([ JEPIRGR de) = Cl-a)fulage

for a suitable positive constant C depending only on s.
The homogeneous Sobolev space D*2(R?) is defined by

DYARY) = { X O@): [ e de < oo},
IR3
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which is the completion of Cg*° (R?) under the norm

1
~ 2 r
el = ([ IR de) = =) fullagey
and the inner product
(u,v)pr.2 =/ (—A)%u(—A)%vdx, u,ve D"3(RY).
R3

We have the following Sobolev embedding results.

Lemma 2.1 [Di Nezza et al. 2012]. H*(R3) is continuously embedded into L9 (R?)
for q € [2, 55|, and locally compact whenever q € 2, 355).

Lemma 2.2 [Di Nezza et al. 2012]. For any t € (0, 1), D"?(R?) is continuously
embedded into L2 )([R3 ); i.e., there exists Sy > 0 such that

2/2*(¢t)
(/ Jul? (’)dX) <5 / (—A)5uldx, ue DR,
[R3 R3

Now, we recall some known results for the limit equation (1-6). In a celebrated
paper, Frank and Lenzmann [2013] proved the uniqueness of the ground state
solution U(x) =U(|x]) = 0for N =1, 0 <s <1, 1 < p < (N +2s)/(N —2s).
Very recently, Frank, Lenzmann and Silvestre [Frank et al. 2016] obtained the
nondegeneracy of ground state solutions for (1-6) in arbitrary dimension N > 1
and any admissible exponent 1 < p < (N + 2s5)/(N —2s).

For convenience, we summarize the properties of the ground state U of (1-6),
which can be found in [Frank and Lenzmann 2013; Frank et al. 2016].

Lemma 2.3. Let s € (0, 1) and 1 < p < (3+25)/(3—25). Then the following hold:

(1) Uniqueness: The ground state solution U € H*(R?) for (1-6) is unique up to
translations.

(2) Symmetry, regularity and decay: U (x) is radial, positive and strictly decreasing
in |x|. Moreover, the function U belongs to H*T1(R3) N C%°(R?) and satisfies

Cq G 3
————— <Ux) < —————, xeR’,
1+|X|3+2S - ( )_ 1_|_|x|3+2s
with some constants C, > C; > 0.

(3) Nondegeneracy: The linearized operator Lo = (—A)* +1— p|U [P~V is nonde-
generate, i.e., its kernel is given by

ker Lo = span{dx, U, 0x,U, 05, U }.
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By [Frank et al. 2016, Lemma C.2], dx; U has the following decay estimate for
J=1

2,3:
C

|8ij| = m

By Lemma 2.1, if 2 +4s > 3, H*(R3) < L'2/G+20(R3). Then, for u € H*(R3),

2 2 2
/R 20 = [l 2Pl = Cllul vl pra,

Hence there exists a unique @/, such that (—A)’®!, = V(x)u? and the t-Riesz
potential satisfies

2
@0 = [ % dy,
where
r'(3-2i)
C(t)= —2 "/,
(Z) 72227 (1)

Substituting @L in (1-1), we are lead to the equation
(2-2) (=) u +u+ V()@ (o = [u]”u.

Let us summarize some properties of ®?,(x) which will be useful throughout the
paper.

Lemma 2.4 [Zhang et al. 2016]. Ift,s € (0,1) and 2t + 4s > 3, then for any
u € H5(R?), we have

() u > @, : H(R*) — D"2(R3) is continuous and maps bounded sets into
bounded sets;

(2) @ (x) >0, x € R? and [p3 ' u? dx < Cllu|} for some C > 0.

3. Finite-dimensional reduction

In this section, we prove Theorem 1.1 by proving Theorem 1.2.
We assume

1
3+2s—2m s
(3_1) Ak = [(w — O!) k 3+32J§32m ,

2]’}’135
1

2]’7/135

where o > 0 is a small constant, and where B4 and Bjs are defined in Lemma A.5.



446 WEIMING LIU

Let r € Aj. We define

3UQJ

E*, E T u=0y.
¢ = {u ue /[R‘ ,~ 0}
Define

1 2 1 t.2 1 p+1
L] il - S Vuee,
I(u) = 2(u,u)s+ 3 /l;{su + 4/RSV(|x|)CI>u P /R3|u| uee

It is easy to check that

(Ul,uz)s+/ uluz—P/ Urp_lulu2+/ V(|x)®y, uyuz
R3 R3 R3

v
2/ V(|x|)(/ (l—yDUruldy)Uruz, uiuy € €,
R3 R3 |x — y[372

is a bounded bilinear functional in €. Hence, by the Lax—Milgram theorem there is
a bounded linear operator £ from €& to € such that

(Cul’uz):(“17“2>s+/ uluz—P/ Urp_1u1”2+/ V(X @y, uiuz
R3 R3 R3
|4
2/ V(|x|)(/ (|—y|)_U,u1dy)U,u2, uiuy € €,
R3

R3 |x — y372
The following result implies that £ is invertible in &.

Lemma 3.1. There exists a positive constant C, independent of k, such that for
anyr € Ay,
[Lulls = Cllulls, u € €.

Proof. We prove the lemma by contradiction. Suppose that there exist k — 400,
ry € Ay and uy € € with

| Cuglls = o(1)|luglls-
Then we have

(3-2) (Lug, ) = o) |luglsllells VYo e€.

We may assume that [Juy ||? =
Denote

r Q) T
Q-: = ! Rz R:x— J > — (, '=1,2,...,k.
== ety <|x/|’|Q;~| =%
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By symmetry, we have

(3-3) /Q [RS<uk(x>—uk(y))<¢<x>—<o(y)) ixdy

|x_y|3+2s

+/ ”k‘/"l’f Ur’,’fluk<p+/ V(x))®y, ure
Ql Ql Ql k

VyD )
21V ———==U, dy U,
+ »£21 (|X|)(/[R3 x— yp—2 rUk Ay U @

1 1
—(Lug, 9) = o(1)— Yo € €.
k( Uk, @) =o( )ﬁllwlls [7§S

Particularly, choosing ¢ = uj we get

|“k(?€)—uk()’)|2 2 -1 2
(3-4) // dxdy+ [ Jugl —p/ U2 g
Q, Jr3 |x_y|3+2s Q Q ri

)
V(|x])®: 22/1/ (/—U,dU
+/Ql (0l el +2 [ VD ( [ 7 g U d ) Un
=o(1)

and

(3-5)

/ Jug (x) —ug (»))?
Q JR3

dx d +f url?> =1.
x— P2 y J el

Let iy (x) = up(x — Q1). It is easy to check that for any R > 0, we can choose
k large enough such that Br(Q;) C 2. Consequently, (3-5) yields that

~ _ 2
/ i) — ()] dxdy-l—/ |2 < 1.
Br(0) Jr3  |x—y[?T=S Bg(0)

Thus we may assume the existence of u € H*(R?) such that as k — +o0,

i —u weakly in H*(R%)
and

iy — u strongly in LIZOC(R3).

Noting that iy is even in xj, h = 2, 3, we have that u is even in x3, # = 2, 3. On

the other hand, from
8UQ1 —1
—= U} =0
/%3 or e '

U
—_— p_l 1 =
/[R3 001 vr =0

we obtain
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So u satisfies

U
(3-6) / —UPly=o.
r3 00

Now we prove that u satisfies
(—A’u4+u—pUP~lu=0 inR>
Define

~ oU
QE:{(ngOEHS(R3),/ —Up_l(p:()}.
r3 001

For any R > 0, let ¢ belong to C5°(Bg(0)) N ¢ and be even in xp, h=2,3.
Then

P1(x) 1= p(x — Q1) € C3°(Br(0)).

We may identify ¢ (x) as an element in & by redefining the values outside 2
using symmetry. Using (3-4) and Lemma A.1, we deduce that

((x) —u(») () —¢(»))

3-7
5D Rr3 JR3 |x — py[3+2s

dxa’y—l—[ uw—p/ UP~lup =0.
R3 R3

Furthermore, since u is even in xp, h = 2,3, (3-7) is true for any function
Q€ Cg’o(lR3) which is odd in xp, h = 2,3. Therefore, (3-7) holds for any
@ € C3°(Bg(0)) N €. By the density of C(g’o([R{3) in H*(R3), we see
(3-8)

(u(x) —u(y)(e(x) —p(»))
JJ.

|x_y|3+2s

dxdy—i—/ u<p—p/ UPlup=0 Vge€.
R3 R3

But (3-8) is true for ¢ = dU/3Q;. Thus (3-8) holds for any ¢ € H*(R?), and
hence u = c(dU/dQ1) because u is even in xz, h = 2, 3. By (3-6), we find u = 0.
Consequently,

/ uy =o(l) VR>0.
Br(Q1)

Moreover, Lemma A.1 implies that for any 1 < n < 3 4 2s, there is a positive
constant C such that

(x) < ¢ —,
(1+[x—Qq])3+2s—

(3-9) Ug, xeQ.
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Thus, by (3-9) and (V), we have

ug (x) —ug(y)|? _
o(l)=[ ) — 45 D) dxdy+[ |uk|2—p/ U g
Q JR3 Q1 Q

Ix — p[3+2s

v(ly)
%4 ! 2 2/ Vv (/ — U, dy U
+/Ql (g, e +2 [ VD ( [ 1 g U dy ) U

_ 2
2/ lug (x) —ur(y)| dxdy+/ g |2
Q1 JR3 Q4

|x_y|3+23

1
+ C(/ +/ ) 4ol
Bg(Ql) Ql\Bg(Ql) (1+|X—Q1|)3+2s n Uy

= % +o(1) + Og(1),

which is impossible for large R. O

Proposition 3.2. There is an integer ko > 0 such that for each k > k, there exists
a C' map with respect to r from Ay to ES: ¢ = @(r), satisfying ¢ € E®, and

aJ
<—((p),v> —0 VYveES
de

Moreover, there is a small T > 0 such that

3—‘52.)‘ 4t

C k
(3-10) Il < skt + Ck 3 (r)
Proof. Write
J(@)=I1(Uy +¢), @€k’

By direct computation, we have

J(@) =1(Ur +¢)

1
2(Ur+§0’Ur+§0 /(Ur+(ﬂ)2
1 2 p+1
g [ VDl o= [ Ul
1 1 1 2 1 2
— 30Ut Wrdet lootet g [ V25 [ o2+ [ g
R3 R3

1 2 p+1
g [ VDl o2 [ Ul
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1 1 1 1
=30 Uiy [ Uy [ Vasdey v - [ o

/R3(Z vl _UP)<p+/3V(|x|)d>’UrUr<p

1 1 p—1_2
+§(¢,<p)s+§ p?-L IUI @ + V(IXI)CD
- 3V(|x|>( [ %Urw dy)Ur<p+ / V(Ix)®, Uy

1 t 2 p+1 p+1
3 [y —— [ et 4 [ )

+/ |U,|P<p+£/ U, 1P~
IR3 2 R3

J(p) =J0)+ f(p) + 3(Lp.p) + R(p).

Hence,

where

k
— p t
G S = A 3(};0@. Urp)90+ /R V(ixhey, Urg.

We notice that £ is the bounded linear map from E* to E¥ in Lemma 2.1, and

1 1
Rp) = [ VUxhoyUrg+ 5 [ VIxhehe? — s [ 1, +oprt

vt Lot [+ 8 [ oty

It is not difficult to verify that f(¢) is a bounded linear functional in E¥, so there
exists an f; € E¥ such that

S (@) = {fk. ).
Thus, to find a critical point for J(¢), we only need to solve
(3-12) Sk +Ly+ R(p)=0.

From Lemma 3.1 we know L is invertible. Therefore, (3-12) can be rewritten as

o =Ap)=—L""fi —L'R(p).
Set

3425+t
2

1 1 1k
Nz{‘/’:?DeEs’ ||§0||s5r2m_rk2 —l—kZ(—) }

r

where 7 > 0 is small.
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When 1 < p <2, we can verify that

IR (@)lls < Cliel?.

Hence Lemma 3.3 below implies

(3-13) [ A@) s
<Cl fills + Cllell?

31425 3425+t
C 1 (kY2 *tF 1 1 ik 2 V¥
3+223+r

1 1 1(k
S,.Zm——rkz +k2(7)

Thus, A maps NV into A" when 1 < p <2.
Meanwhile, when 1 < p <2, we see

IR"(@)s < Cllel27".
Thus,
IA(@1) — A(p2)lls = I1£7'R (¢1) = L7'R (92l
< C|R(¢1) — R'(p2)Is
< C|IR"(ep1 + (1 —&)p2) lsllo1 — @2lls
<C(ler 127"+ le2llZ= ) ller — p2lls < 5ller — 2lls

where ¢ € (0, 1).

Thus, we have proved that when 1 < p <2, A is a contraction map.

When p > 2, by Remark A.2, the Holder inequality, the Sobolev inequality, and
Lemmas 2.2 and 2.4, we get

(R (¢). &)

‘ /V(I I)( o V(lfl)z,fpédy)Uﬂer/ V(|x|)®LU, &

V(XD @opt — | [Ur+olPE+ | |UrlPE+p | U7 08
“Js J. oo [joer

<2 v |>( [ %wédy)w

+ [ vsheyure + [ visnege:|

+'/ vr+ope= [ 1Ure—p [ |Ur|1’—1sos‘
R3 R3 R3
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C PRSI
< o | @9 U
3-2¢ 3421 3421

C fo6_\° 12\ 12 12\ 12
+ — |(I)(p|3—2t |E|3+2 |U, | 3+27

rm R3 R3 R3

C _ 7 S
b Lebs) ([ gersB) ([ e

rm R3 ¢ R3 R3

+c/ U, 1P~ ]2 €]

C C
< CNOIZIENL + Sk TN e el + - 1 2 el
P
p+1 \FFT
+c(/ (10, 1721012) " ) £l
C

—mllsvll I€ls + —k )2 ||$||s+—||<0|| €15

p+2 D+1
co Ll ) el

Hence, we deduce that
IR (@)]ls < C(llell? + llel3)-

For the estimate of || R”(¢)||s, we have
[4G))
IR"(@)E m =2 | V(XD | =516 dy|Ure
R3 RS |x — 372

v(ly)
2 [ 3V("")( [ mwsdy)m
2 [ 3V(|x|)( [ %W) dy)vrs
vily)
2/R3V(|x|)(/ ﬁwé y)wn

/V(IXI)GI> En— p/ Ur + )7~ 1$n+p/ Up- lgn‘
= C(llgls + el IENs s,

which implies

IR"(@)lls = C(lells + llell3)-
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Thus, we can conclude that

G-14) [A@) s =Cll fills +Cllol?

3+2s

C 1 1(k\ 2
Er.Z_me—i_Ckz(_)

+t
1 1 1(k 2

1 k 3+22s+r
1 1
= ,,Zm——rkz + k2 (7)

A1) — A(p2)lls = I£7 R/ (¢1) — L7 R (92) |Is
<C|R'(¢1)— R (¢2)|s
<C|R"(ep1 + (1 —&)@2)|Isller — @2l

< ei —oalls.

and

where ¢ € (0, 1). Hence, A is also a contraction map from A to N.
Now applying the contraction mapping theorem, we can find a unique ¢ such
that (3-12) holds. Moreover, it follows from (3-13) and (3-14) that (3-10) holds. [

Lemma 3.3. There exist constants C > 0 and © > 0 small enough such that

3+2s

C 1 1{k\ 2
||fk||s§r2—mk2+Ck2(—)

+t

r

Proof. We recall

k
- — P _grp t
(3-15) f(9) /R 3(;%]. U,)<p+ /R V(IxD @y, Urg.

3+2s

USing UQ] < UQI’ X € Q], m

(3-16)

k

P _ P

/R3 Uy Zl UQJ
]=

k
— p_ p
=k o vy -3 Ug,

j=1

k
—1
= Ck/Q Ug ' > Uolel
1 j=2

k _p_ 1
_ Z p p+1 r+1
Q] P Q1

<2m < 3+2s and Lemma A.1, we obtain

o]

[
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3+2S+U p+1 p

T Va4 x-SR "
X ( |§0|p+1)1J+l
Q

+o pE+l _p
< c;cp'n(’i) : ( | ( ! _ ) ’ )"“ loll
r 2\ (1 +|x — Q;])CH2)—D+75"—0
424

1(k
=ck(5)7 ol

3+2s

where 7 > 0 is a small constant and o € (0,
On the other hand, by Lemma A.4 and Remark A.2, we have

)

1 1
C 2 2 C 1
t 2 2 1
a1 [ vxhel,ue = URU) (/ch ) < il
Inserting (3-16) and (3-17) into (3-15), we can complete the proof. O

4. Proof of the main result

Proof of Theorem 1.2. Let ¢(r) be the map obtained in Proposition 3.2. Define
Fr)=1U,+¢(r)) VreAyg.

It is well known that if r is a critical point of F(#), then U, + ¢(r) is a solution of

(1-1) (see [Cao and Tang 2006]). As a consequence, in order to complete the proof

of the proposition, we only need to prove that F () has a critical point in A.
Hence, by Proposition 3.2 and Lemma A.5, we have

F(r)=1U)+ f(@) + 5(Le. ) + R(p)
=I1(Uy)+ O(ka”s”(/)”s + ”‘P”z)

KN Bs 1ka? 5
:kB3—kB4(7) +kr2_m+4r2m ,-2_2: K(Qj—Ql)/RSU
3+2s

1 I 1 1(kY) 2
+k0(r2m+r) JFO(Fka2 +k2(7)

k 342s B
i -kny(T) kg
r

r2m

lk
o fmZ k(0 -0 [ U +k0( gz ).

where B3, B4 and Bjs are defined in Lemma A.5.

+'L’)2
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We consider its maximum with respect to r:
4-1) max{F(r):r € Ay}.
Assume that (4-1) is achieved by some r in Aj. We will prove that ry is an interior
point of Ay.
Consider the following smooth function in Ay:
kT2 B
g(r):= —34(7) +r2_m

Then
Jo3+2s 2mBs

/ = —_———
g(r)—(3+2s)B4m 2mtl
It is easy to check that g(r) has a maximum point 7, satisfying

g'(7) =0.
Thus

1
e = ((3; 2;)34)3+2s_2mk3+32+s3§m,
mbs

By direct computation, we observe that
(4-2)

25 p 1
_/T(rk)Z}—(fk)ZkB3—kB4(a) kr_+k0( 2m+r)
k )

2m 1
=kBs+k——(1-— kO
T ( 3+2s)+ (F,f’"“)

__ 3425
_ KBy +kBIT S P p (3+2S—1)(3+2S) RS-

2m 2m
2m(3+4+2s)

+ k()(k 34+2s—2m _T)

On the other hand, if we suppose that

1
3+2s—2m s
= ((3 ; 2;)34 _a) s
mbs

then
4-3)

—2m

2m (3+2s)By 3F25—2m  —2m(3+2s)
F =kBs;+kBs|1— — ke 3+2s—2m
() =K Bs + 5( 3+2s)( 2mBs

1 ka? m(3+2s)

+——Z K(Q; - Q1)/U2+k0k )

4 p2m
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__ 3+2s
— kB3 + kB;-‘:z—tiAZm B; 3+2%”12m 3 + 2s -1 3 + 2s S+2s=zm
2m 2m

2maBs _3+223+2mk 2mG+20
(3+2s5)By

_ 2m@3-=21) 2m(3+2s)

+ kO(r 3+2s _2’”) + kO(k_3+2s—2m —r)

__ 3+2s
342s 1) (3 + 2s) 3+2s—2m  —2m(3+2s)

342s _ 2m
< kB3 —JrkB 3+2s—2mB 3+2s—2m k 3F2s—2m
3 4 2m 2m

2m(342s)

+ kO (k_ 3f2s—2m —l’) .

This is a contradiction to (4-2).
Similarly

1
mbs

_ 342s
3425 1)(3+2s) 3F25=2m  —2m@G3+2s)

k 3F2s—2m

342s _ 2m
< kB3 +kBS3+2s—2m B4 3+2s—2m ( 2m 2m

2m(3+2s)

+ kO(k_ 3+2s—2m —r)'

Hence we can check that (4-1) is achieved by some r; which is in the interior of Ay.
As aresult, r is a critical point of F(r). Therefore

Urk + (k)

is a solution of (1-1). O

Appendix: Some technical estimates

In this section, we give some estimates of the energy expansion for the approximate
solutions. Firstly, we recall

20j=hx 2 =Dr
ko k)

Qj = (rcos

/

X Q,' T
Qi=dx=xx3)eR?>xR:{—,—L)>cos—%, j=12,...k,
j {x (x7, x3) X <|x/| 0] 2 cos - j

and

1 1 1 1
1) = S+ 3 [ 0+ [ V@t~ [t

where @, is the solution of (—A)' ®! = V(|x|)u>
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Recall that U is the unique solution of

{(—A)su +u=uP, u>0inR3
u(0) = max . ¢p3 u(x).

Let K be the solution of
(=A)'v=U? inR?
v e DH2(RY).

Then K is radial, and r372? K(r) - K¢ > 0 as r — +00.
To begin, we give the following lemmas.

Lemma A.1 [Long et al. 2016, Lemma A.2]. Forany x € Qq,and n € (1,3 + 2s],
there are constants C, B > 0 such that

1 k" kM

k
Uo: <C — <C—
i_Zz 0, (%) = (1+ [x— Oy |)3+2s=nyn =~ 41

k 1 kY k
—— =B - ol —).
2o () +o(im)

Remark A.2. It follows from Lemma A.1 that U, is bounded.

and

Lemma A.3 [Wei and Zhao 2013, Lemma 13.1]. Assume that 0 < m < 3 and
n > m. Then

| | C(+[ypm ifn <3,
dx <3C(+|y)™3[1 +log(1 + ifn =3,

for=r (141Dt +log(1+ D] &
C(+|y) ifn > 3.

Now, we estimate @7, and 1(U;).

Lemma A.4. We have

k k

a 1 1
0%0) =35 328000+ 0( X e =g )

j=1 j=1

Proof. For any B > 0, we get

1 1 |y ))
— 1+0—1]), Br(0).
T 0P |Q,~|ﬁ(+ (Ile ye B0
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By Lemmas A.1 and A.3, we are led to

(A-1)
V(x])
V(lx])
:/QIWUéI(x) dx
V(|x|) ‘ / V(|x|) ( )
ol | -2V gy Up. d U
' (/Q e L Ve i | Z
a 1 U%(x)
- L) d
/QmBg(O)(|x+Q1|m+ (|x+Q1|m+9))|y—x—Q1|3—2‘ ¥
+/ —Vﬂxll U3, (x) dx
o _

mBg(O) |y —x[372

+0 (—) / 01D () dx
r QinBg () [y —x— 01"
k)”“ / 4(E)
+( = Ug, (x)dx
(" sszg(o)|y—x|3_2t <

— X
r) Ja y=x= 0P (4 )26

a U?(x)
QiNB1 (0) ly—x—0,372

1 U?
+0( m+t/ ) 321 dx)
r @B |y —x— 01
1 1
+0(—/ v 3 312 dx)
rm 21N 55 (0) |ly—x—Q 372t p3+2s
342
+0 (]i) / VI 01D ) ax
r 1N By (0) |y —x—0Q1]
k 3+2S V(lxl)
+ - —U X dx
(V) /szmag(o)ly—XP‘Z’ 0:()

- X
r) oy ly=x= Qi (1 [x]2072

dx
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a U?2(x 1 U(x

= m ()3—2td +0(m/ ()32tU(x)dx)
M Jgs |y —x— 01| ™ JainBy o) |y —x—01]

1 1
0
+ (rm+r(1+|y_Q1|)3—2t)
! U?(x) 1 1
+0( m+r/ —X— 3-2¢ dx)+0( m+t (] _ 3—2t)
Tl ol Py =01
k 3+2S 1 1 1
oM7) = d
i ((r) rm /[Rs ly—x—0; 3727 (1 +|x])3+2s x)

k" 1
ollZ
- ((r) (1+|y—Q1I)3‘2’)

a 1 1
:r_mK(y_Ql)+0(rm+f (1+|y_Q1|)3—2t)’

where t > 0 is small and we choose n = %(3 +2s) e (1,34 2s].
So

k

k
; _a o 1 1
¥, 0) = 7 2 KO Qf”o(jzrmﬂ(1+|y—Qj|)3-2f)‘ N

=1

Lemma A.5. We have
1(Uy)

k 3+2s Bs lka 5 1
:kB3—kB4(7) r2m 4 2m ZK(Q] QI)A3U +k0(r2n’l—+t)’

where By=(1—-10) [os UPH! By=1B). Bs=% [o3 KU?and t> 0 is small.
Proof. Recall that

_ 1 2,1 t g2 1 pH1
10 = 50 Ui+ 5 | UF+5 [ Visnet, up -t [ urt

By direct computation, we obtain

—

k
1 21
(A-2) §<Ur,Ur)s+§fRSUr =5 _{Ug;.Ug))s 22 Ug;-Ug;)s
j=1 i#]

k
%Z/UQ, ZZ/ Ug, Vo,

i#j
_k 1 /j p
j:
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By the result in [Long et al. 2016], we know that
k k

B 1
(A-3) / =) ——————+ 0( )
Z QJ |Q1 Q].|3+2s J; |Q1 — Qj|3+2s+r
where Bj is a positive constant and 7 > 0 is small enough. We also obtain

1
(A-4) —/ U, P!
p+1Jg,

1 ( i p+1
—Q 0, + UQ-)
p+1 im !
=i | wert+ /|UQ1|pZUQJ
2 k p+1
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1 j=2
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1 2
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210 =012t
£ 1 p+1
i 0((12; |Q] _ Q |3+2s—3+(1_7’_—11)s ) )
P+1 P k 3+4s
p+1/| | /|UQ1| ZUQ]+0 .

Using (A-3) and Lemma A.4, we see that
(A-5)
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Above all, we deduce that

(A-6)
I(Uy)
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A GAUSSIAN UPPER BOUND
OF THE CONJUGATE HEAT EQUATION
ALONG RICCI-HARMONIC FLOW

XIAN-GAO L1Uu AND KUI WANG

We mainly study the Ricci-harmonic flow. Using the monotonicity formulae
of entropies, we show a uniform Sobolev inequality along Ricci-harmonic
flow. Furthermore, we obtain a Gaussian upper bound for the fundamental
solutions of the conjugate heat equation via Moser iteration and Sobolev
inequality.

1. Introduction

Let M be a closed manifold of dimension 7. List [2008] studied the following Ricci
flow, coupled with a harmonic flow:

{a,g(x, 1) = —2Ricy(x, ) +4do(x, 1) @dp(x, 1),
8t¢(xa t) = Ag(x,t)¢v

where g(x, t) is a family of Riemannian metrics, and ¢ (x, ¢) is a scalar function
on M x R. This flow is called Ricci-harmonic flow (see also [List 2008; Miiller
2012; Zhu 2013]). If ¢ is a constant, the system (1-1) degenerates to Hamilton’s
Ricci flow, which has been discussed widely recently; see for example the book
[Chow et al. 2006] and celebrated papers [Hamilton 1982; 1986; 1993; Li 2007; Ni
2006; Perelman 2002]. The stationary solutions of (1-1) satisfy the static Einstein
vacuum system

(1-1)

Ric=2d¢p ®@dp,
[rso
Similarly to Ricci flow, corresponding theories for Ricci-harmonic flow have been
established; see for instance [List 2008].

For the sake of convenience, we denote as in [List 2008] the symmetric tensor
field Sy € Sym, (M) and its trace by

Sij = Rij —28;09;¢ and S:=R—2|d¢|*

Wang is the corresponding author.
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where R denotes the scalar curvature of the Riemannian manifold (M, g). Then
the Ricci-harmonic flow can be written simply as

{atg = —28y,
00 = A¢.

It is well known that Sobolev inequality contains a host of analytical and geo-
metric information (e.g., [Carrillo and Ni 2009; Chau et al. 2011; Hebey 1996;
Saloff-Coste 2002]), including noncollapsing properties, isoperimetric inequalities
and so on. Sobolev inequality is also an important tool in studying elliptic and
parabolic differential equations on manifolds (see for example [Saloff-Coste 2002]).
Via the monotonicity of Perelman’s W entropy, some uniform Sobolev inequalities
were proven in Ricci flow, see [Carrillo and Ni 2009; Chau et al. 2011; Kuang and
Zhang 2008; Zhang 2006; 2007; 2011]. Zhang [2007] showed a global upper bound
for the fundamental solution of the heat equation along the backward Ricci flow

d;g = —2Ric,
Au+ 0,u — Ru =0,

providing Ricci curvature is nonnegative and the injective radius is bounded from
below.
Along flow (1-1), we consider the conjugate heat equation

(1-2) oru(x,t)+Au(x,t) — S, Hu(x,t) =0.

In [Zhu 2013], some pointwise gradient estimates for the positive solutions of (1-1)
were proven, which can be viewed as Li—Yau estimates for the parabolic kernel of
the Schrodinger operator in [Chau et al. 2011; Li and Yau 1986; Ni 2004; 2006].

The main goal of this paper is to establish certain Sobolev inequalities under
system (1-1) and a global upper bound for the fundamental solutions of heat
equation (1-2). Via the monotonicity of the entropies, we obtain the following
Sobolev inequality.

Theorem 1.1. Let (M, g(x,1t), ¢(x,t)) be a solution of the system (1-1) for t €
[0, Ty) with initial metric go, where Ty < o0 is the life span of (1-1). Let Ay and By
be positive numbers such that the following L* Sobolev inequality holds initially,
i.e., for each v € WI’Z(M, 20),

(1=2)/n
(/Uzn/<n—z> dugo> < Aof(Wvlz + 51Sv%) dpg, + Bo/v2 dptgy-
M M M

Then for all v € wh(m, g(1)), we have

(n=2)/n
(1-3) ( /M /1= dugm) < AQ) /M (V04 15v) dptgi + B () /M v ditgen,
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where A(t) and B(t) are positive constants depending on Ao, (1 +1)Bo, n and S .
Here Sy =sup, ), S (x,0), and S~ (x, 0) denotes the negative part of S(x, 0).

Via Sobolev inequality (1-3), combined with Morse iteration and Davies’ heat
kernel estimates, we prove the following Gaussian-type upper bound for the fun-
damental solutions of (1-2), with constants not depending on the lower bound of
injective radius but on the first eigenvalue of the entropy, different from Zhang’s
result [2007]. More precisely:

Theorem 1.2. Let (M, g(x,1t), ¢(x, 1)) be a smooth solution of system (1-1) in
M x [0, T] and G(x,t;y, T) be a fundamental solution of the following backward
conjugate heat equation (1-2); that is,

AxG(x, 159, T)+0:G(x,t;y, T) = S(x,)G(x,t;y, T)=0 if0=<t<T;
Gx,t;y,T)=46(x,y) ift=T.

Assume that Sy > 0 and the first eigenvalue Ao of inf|y),=1 fM @|Vu|> + Sv?) diig,

is positive. Then for eacht € (0, T), and x, y € M, we have the following estimates:

c —cldz(x,y,T)
exp ,

where ¢ is a constant depending only on the dimension n, and c is a constant

(1-4) Gx,t;9,T) <

depending on n, Ay and the initial metric go. Here d(x, y, T) denotes the distance
between x and y with respect to metric g(T), B(y, /T —t, T) denotes the geodesic
ball centered at y with radius /T —t, and |B(y, T —t, T)|r denotes the volume
of the ball B(y, /T —t, T) with respect to the metric g(T).

The rest of the paper is organized as follows. We give the evolution equations
of entropies under system (1-1) in Section 2. We prove Sobolev inequalities along
Ricci-harmonic flow in Section 3. In Section 4, we prove Theorem 1.2.

2. Entropies of Ricci-harmonic flow

In this section, we recall the definitions of entropies via corresponding conjugate

heat equation, as Perelman’s [2002] entropy in Ricci flow. Through direct compu-

tations, we obtain the monotonicity of the entropies. Although the monotonicity

of the entropies were proven in [List 2008] via the entropies’ invariance under

diffeomorphism. But here for the completeness, we give a direct computation.
Let u(x, t) be a positive solution to the conjugate heat equation (1-2):

H*u = Au— Su+0,u=0.
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Note by (1-2) and equation (1-1) that

d *
7 /u(x, 1) dpgy = f(az —Sudpgr = /H udpewy =0,
t M M M

where we used the closure of M. Hereafter we always assume that u(x, ¢) satisfies

(2-1) / u(x, 1) ditgy = 1
M

for eachr € [0, T].
Via the positive solution u, the entropies are defined (see, e.g., [List 2008]) as
follows.

Definition 2.1. F entropy is defined as the following integration:

2
) Fo = [ (s 8) dyy,
M

and W entropy is defined by

2
23) W)= /M[ (s + 'V;” ) —utnu— 2 in(aiu— nu] dite.

where dt/dt = —

In order to simplify computations, we introduce a potential function f(x, t) via

o f
u(x,t) = an )n/Z’

1.e.,

(2-4) f:—lnu—%(ln47rr).

With the above preparations, we now give a direct calculation of the following
monotonicity formulae.

Proposition 2.2 [List 2008, Theorem 6.1]. Let (M, g, ¢) be a solution of (1-1) and
u(x,t) be a positive solution of (1-2). Then both F entropy and W entropy are
nondecreasing in t. Moreover, we have

@5 Lrp=2 /M (18y + V2 f P +21A¢ — dp(V))udpigi 2 0,
and

d 8 I?
(2-6) EW(;) =fM(2r‘Sy+V2f—E +4r|A¢—d¢(Vf)|2>ud,ug(,) > 0.
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Proof. To start, we have by direct calculations that

IVMI

27 H*(ulnu) = + Su,

and

(2-8) H*<|VM| + Su ) 2<% _uij>2+ ZS,']‘M,'M]' n 2Rijuiuj
u u u u

+4(Vu, VS) +2ulAS +2(|Sy|* + 2| A¢|Pu.
Here we used the well-known equation (see [List 2008, Lemma 3.2])

3,5 =AS+2|Sy> +4|A|%.
Note that

d,._d |Vu| |Vu|? . |Vul|?
th_dt/<S+ dy _/(a S) Su+ ) | 1 (Su+ )du,

and substituting (2-8) into the above equality we have

2 28:uiu; 2R
(2-9) iF /[E(M_uu) + l/”l”J+ ijUuillj
dt M u u u u

+4(Vu, VS)+2uAS +2(|Sy 2 + 2|A¢|2)u] du
By integration by parts and the contracted second Bianchi identity, we see
(2-10) /(Vu, VS)du = f(Vu, V(R —2|d¢|*) du
M M
= /(2MiVijj —4duidjdij) du
M
= /(_2uinij +4uijdidi +d4uip Ad) du
M
= f(_zuijsij +4uipi AP) du;
M
Then substituting (2-10) into (2-9) yields

iF :/ z(u iuj _Mlj)2+ 2S[~jul-uj n 2R,-ju,-uj
dt M_u u u u

+2(Vu, VS) +2(1SyI* + 2|A¢|2)u] dp
:/ _g(u,-uj )2+ 2Sijuiuj n 2R,-juiuj
M

| u J u u

u

—4u;; Sij + Buihi A+ 2(|Sy|* + 2| A¢|2)u] du
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Replacing u with f in the above equality yields

%szM[lﬁj|2+2Sijﬁj+|Sij|2+2|A¢|2+2|2d¢(Vf)|2—4A¢(d¢(Vf))] du
:2f(|SY+V2f|2+2|A¢—dqb(Vf)lz)ud,u,
M

proving formula (2-5).
From the definition of W entropy, it follows that

2
%W(t):/MH*< 'V‘” + Su ))—H*(ulnu)—%H*(ulnr)d,u.

Substituting (2-7) and (2-8) to the above equation yields

d d d ) n
(2-11) o —rth 2F+2 =T F— 2/(Su+|Vf| u)du(g(t))—f—zr.

From the definition of f and integrations by parts, we deduce

/(Su—i—' ul? )d,u(g(t)):/(Su—(Vu,Vf))d,u:/(Su—i—Afu)du.
M M M

Substituting the above equality and equality (2-5) into (2-11), we have

diW:2r/‘(|Sy—i-V2f|2—1—2|A¢—d(;&(Vf)|2)udu—2/(S+Af)uclu—|—i
t i 2t
=/2f(|Sy+Hess(f)——| +21Ap —de (V)] )ud,u,
M
completing the proof. ([l

Similarly to the Ricci flow, one can define a family of generalized W entropy
along the Ricci-harmonic flow by

2 2
2-12) W(a,1) = /M<%<Su + %) —ulnu — %1n(47rt)u — nu)d,ug(,)

2
— [ (SE+ 19+ £ =n)udigo

Here the second equality is due to the relations between u and f given in (2-4).
For applications of generalized entropy, we refer to the paper [Li 2007]. Using
the calculations in [Kuang and Zhang 2008], one can easily show the following
monotonicity formula of generalized W entropy along Ricci-harmonic flow.

Proposition 2.3. Let (M, g, ¢) be a solution of (1-1) and u(x, t) be a positive
solution of (1-2). Then the generalized entropy W (a, t) is nondecreasing in t and
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we have
2 2
%W(a Nzt /(‘Sy—l—Hess(f)—% +2|A¢—d¢(Vf)|2)udu.

Since the proof is similar to that in Ricci flow (see for example [Kuang and
Zhang 2008, Theorem 4.1]), we omit it.

3. Sobolev inequalities in Ricci-harmonic flow

In this section, we mainly use the monotonicity of W entropy to derive a uniform
Sobolev inequality along system (1-1), which will be useful in Section 4.

To prove Theorem 1.1, we need the following lemma, giving the equivalence of
the logarithmic Sobolev inequality, the W!? Sobolev inequality and the so-called
ultracontractivity of the heat semigroup of the associated Schrédinger operator. The
proof of this lemma is more or less standard.

Lemma 3.1 [Zhang 2011, Theorem 4.2.1]. Let (M", g) be a closed Riemannian
manifold (n > 3). Then the following inequalities are equivalent up to constants.

(I) Sobolev inequality: there exists positive constants A and B such that for
ve Wh2(M)

(n=2)/n
</U2n/(n_2)dﬂ) < A/|VU|2dM+B/U2dM,
M M M

(II) Log-Sobolev inequality: for ve W2(M) with ||v|>» = 1 and € > 0,

/vzlnvzdufe2 |Vv|2d/L—anez—i—BA_lez—i—anM;
i i 2 2 2e

(II) Heat kernel upper bound: fort > 0,

(nAY' a-rp

Glx.t:y) =7

By Lemma 3.1, to prove Theorem 1.1 it suffices to show some log-Sobolev
inequalities or heat kernel estimates for each ¢ € [0, Tp). By the monotonicity of W
entropy, we obtain the following log-Sobolev inequality.

Lemma 3.2 (log-Sobolev inequality). Under the assumptions of Theorem 1.1, for
eacht €10, Tp), v e Wh2(M, g (1)) with [,,v* dugq) =1 and € > 0, we have

(3-1) f 2Inv? dug(,)<e/(4|Vv| +8v%) ditgy—nlne+(t+e>)BoAy +’; ”520

Proof. For 1ty € [0, Typ) and € > 0, we set

T(t)=€>+19—1.
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Recall that W entropy is defined by

Wig, f.1) = /(T(S+ IVFIP) + f —n)udpugq).
M
Then from the monotonicity of W entropy in Proposition 2.2, we deduce

(3-2) inf  W(gt), f,€>)> inf  W(g(0), fo. o+ €°).

Jua v digup=1 S wodigoy=1

One can find a more detailed proof of this property in Section 3 of [Perelman 2002].
Here fy and f are given via the formulae

up=——————» and U=-——=—.
(47T(t0+€2))n/2 (4me2)n/?

Using this notation we rewrite (3-2) as

inf /(ez(S + |V1nu|2) —Inu—21n 4n62)u dlg(ro)
Judpgip=1Jm 2

> inf / ((62+t0)(5+ |V1nu0|2) —Inug— 21n471(t0+62))u0 diig(0)-
Juodugoy=1Jm 2

Let v = /u and vy = ,/ug, and the above inequality gives

: 20¢,2 2y .2 2 _hn 2
(3-3) fvzjzf(t0>:1/A4[e (Sv* +4|Vv]*) — v* Inv*] dg) 2lne

> inf / ((€* +10) (Sv§ +4|Vvg|?) — v§ Invf) dug(o)—gln(to—i—ez)
Jvgdigo=1Jm

Since Inx is a concave function and fM v(z) dug) = 1, then applying Jensen’s
inequality we derive

-2 -2
/MU(% In Ug d,ng(o) < lnf Ug U(z) dpLg(()),

1.e.,

/ v(% In v(z)d,ug(O) = %nln ||v0||§,
M

where ¢ =2n/(n — 2). By the assumption that the Sobolev inequality holds for the
initial time ¢t = 0, we have

/ ve Invg digo) < %n ln<A0 /(4|Vvo|2 + Sv3) digo) + Bo).
M M
From the elementary inequality

Inz<yz—Iny-—1,



CONJUGATE HEAT EQUATION ALONG RICCI-HARMONIC FLOW 473

we deduce that for any y, z > 0

/véln v(z)d,ug(o) < %y(Ao/(4|Vvo|2+ Své) dug ) + Bo> — glny — %
M M

Letting y = 2(fg + €2)/(nAo) in the above inequality, we get

/ Ve Invd dig) < (to+€2) / (41Vvol? + Sv3) ditg o)
M M

L (o+e)By _ny 2to+e?) n
A() 2 I’lA() 2

Substituting the above inequality to the right-hand side of (3-3), we arrive at

nA()

fvzln vzdug(,o)562/(4|Vv|2—|—Sv2) dug(m)—nln6—{—(t0—|—62)BoAal+2 n
i in 2 2e

Thus the log-Sobolev inequality (3-1) holds. ([

Proof of Theorem 1.1. As the right-hand side of inequality (1-3) has an extra
term S, we can not use Lemma 3.1 directly. Instead, we use Zhang’s [2007] trick
to obtain the estimates of the fundamental solutions of the heat equation, and then
use Lemma 3.1 to derive the Sobolev inequality. More precisely, we consider the
following heat equation:

Agup (x, 1) — $SCx, to)u(x, 1) — Sy u(x, 1) —us (x, 1) =0,

where S; = sup,,, $” (x,0) and the metric is fixed at #,. Then following the
same process as in [Zhang 2007]; we see the fundamental solution p(x, T'; y) is
contractive and satisfies the estimates

C
px,T;y) < tn_/lz for ¢t >0,

where C is a constant depending on n, Ao, (1+1#9) Bp and S; Then from Lemma 3.1,
we conclude that the Sobolev inequality (1-3) at t = £y holds with constants A (#y)
and B(y) (depending only on n, Ao, (1 +1) By and S, ). Thus the theorem is true
by the arbitrariness of #. (]

Since (M, go) is a closed Riemannian manifold, the Sobolev inequality holds as
described in Section 4.1 in [Zhang 2011]. That is, for any v € WL2(M), there exist
positive constants Ay and By depending only on n and the initial metric gg such
that

(n=2)/n
(3-4) ( / /=2 dugo) < Ao / Vol dptg, + Bo / v? djig,.
M M M
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Recall that A is the first eigenvalue of F entropy as characterized in (2-2), that is,

(3-5) Ao= inf / (4| Vo] + Sv?) dpig, .
lvll2=1 Jp
This eigenvalue has been studied widely and is a very powerful tool for understand-
ing Riemannian manifolds [Li 2007].
Note that

.
/|VU|2d/LgO 5/ (|Vv|2+%v2> dug0+70/v2dugo.
M M M

Then if A9 > 0, we conclude from the inequality (3-4) that the assumption of Sobolev
inequality in Theorem 1.1 holds initially as follows:

(n=2)/n S 4
</ V202 dug()) < |:Ao+ (TO + Bo)k—i| /(IVvI2+ 350°) ditgy.
M 01Jm

That is, the log-Sobolev inequality (3-1) in Lemma 3.2 holds with constant By = 0.
Therefore we conclude

Corollary 3.3. Let (M, g, ¢) be a solution of the system (1-1). Assume further that
Lo > 0. Then for allv e W"2(M, g(1)), t € [0, Ty), it holds that

(n—2)/n B
(f p2/ =2 dugm) < 4 / (IVul? + 15v°) dpgan,
I M

where Ao depends on initial Sobolev constants Ay and By, and Lo and S, are
independent of t.

4. Proof of Theorem 1.2

In this section, we prove a Gaussian-type upper bound for fundamental solutions
of the conjugate heat equation. The Gaussian upper bound in Ricci flow was
proven in [Zhang 2006] with the assumption on the lower bound of injectivity, via
Sobolev inequality by Heybey [1996]. Here using the uniform Sobolev inequality
in Corollary 3.3, we derive a similar Gaussian upper bound without the assumption
on the lower bound of injectivity. To prove the theorem, we need the following
interpolation theorem.

Theorem 4.1. Let (M, g, ¢) be a solution of (1-1) and u(x, t) be a positive solution
to heat equation

4-1) Au—3u=0
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fort € [0, T). Then it holds that

[Vu(x, t)|
4-2) u(x,t) \/7 u(x 1)

Jor (x,t) € M x [0, T]. Here A = sup; o 1 U-
Moreover, for each § > 0,x,y € M and 0 <t < T, the following interpolation
inequality holds:

d*(x, y,1
(4-3) u(y,t)5A5/(1+5)u1/(1+8)(x’t)exp( (Ztay ))'

Proof. The proof is based on maximum principles, see also [Li and Yau 1986; Ni
2006; Zhu 2013]. Using (4-1), we compute

(4-4) (A— a,)(u In 3) = Auln % n uA(ln %) 4+2VuVin %

—osuln A_ uo; (ln é)
u u

2 2
=A”1né+u<—g+|vzl )_2|Vu| —Aulné-i-atu
u u u u u
_|Vu|2
=—="

2 2
(4-5) A('V”| ): AlVu] +A(l)|W|2+2V|W|2v(1)
u u u u

A|Vu|? 2|Vul?  Au LI
_ |u|+<|u3| )|V| ey

u

and

u = — ) Au.
u u u u

(4-6) 3t<|Vu|2> _ 9| Vul? B |Vu|28t 2(Vu, VAu) +2Sjuiu;  |Vul|?
- 2
u

Putting (4-5) and (4-6) together, we get

@7) (A — ) [Vu|? _ A|Vul? N 2|Vul* gttt 2(Vu VAu) +28;ju;u;
! u u u3 u? u
_ 2“1‘2]' +4I/ti1/tj¢i¢j I 2|Vu|4 _4uiuju,~j

u u3 u?

Uil 2
I/l,'j - .
u

= *dp V)P + 2
u u




476 XIAN-GAO LIU AND KUI WANG

Combining (4-4) and (4-7), we have

1| Vu)? CumA
u

(4-8) (A— 3:)(

Vul|?
_ [Vl L4
u

ujuj|? |Vul|?

dg (Vi) + 2

u u
uju; 2

= Yo V)P + 2wy — —‘ > 0.
u u u

By A = supy; 0.7 4, we know at =0

2
Uvul” _ mA - _um? <o.
u u u

Then from (4-8), the maximum principle implies that

2
Uvul® _m4 <o,
u u

giving (4-2).
Set £(x,t) =In(A/u(x, t)). Then inequality (4-2) yields

Ve, )| = %)MVTMe < \/%

For each x, y € M, integrating the above inequality along a minimizing geodesic
joining x and y yields

A A d(x,y,t)
\/lnu<x,r) S\/“‘u(y,n LY/

Then for any 6 > 0 it follows

A A d?(x,y,t) [ A d(x,y,1)
In <In + + . /In
u(x,t) u(y, ) 4t u(y,t) /t

d*(x,y,1 d*(x, y,1
A (xy)+81n AL (xy)’
u(y,t) 4¢ u(y,t) 416

proving (4-3). ([l

Now we turn to proving Theorem 1.2. With the uniform Sobolev inequality in
Corollary 3.3 and the interpolation theorem, we establish a mean value inequality
via Moser iteration, and a weighted estimate in the spirit of Davies [1989], and then
give the full proof of Theorem 1.2.

Proof of Theorem 1.2. We divide the proof into two steps.

Step 1. Using Morse iteration, we prove a mean value inequality for the positive
solution u of the conjugate equation (1-2).
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For p > 1, it follows that
(4-9) Au? — pSu? 4+ o,u? > 0.
Define
Qor i={(y,9) |y €M, 1 <s <t+(0r) d(x,y,s) <or),

withr > 0,1 <o <2. Let ¢(p) : [0, +00) — [0, 1] be a smooth function satisfying:

/
< -
le_(a_l)r,

¢ <0, >0, p(p) =1when 0 < p <r, and ¢(p) = 0 when p > or. Let
n(s) : [0, +00) — [0, 1] be a smooth function satisfying:

/
< -
In'l < o D22’

n <0,7>0,n(s)=1whens <r+r? and n(s) =0whent+(or)2<s<T.
Define a cutoff function vy (y, s) by

Y(y,s) =@y, x,s)n(s).

Writing @ = u”, multiplying w2 to (4-9) and integrating by parts yield

(4-10) V(wy?)Vodg(y,s)ds +pf Sw*y?dg(y, s)ds
Q(TI’ or

< | @sw)oy?dg(y,s)ds.
QUV

Integrating by parts, the right-hand side of (4-10) gives
f (dyw)? dg(y, s) ds
Qor

. / WY dg(y, s) ds + & / (W) Sdg(y, s)ds — - / (W) dg(y, 1).
2 Qor 2 By (1)

or

By the nonnegativity of Sy and the identity (see [Chow et al. 2006; List 2008])

d(x,y,s)
dd(x,y,s) = —/ Sy(y'(v), y'(r))dr <0,
0

we have

Ay =n(s)¢’ [d(y, x,5)dd(x,y,s)+@d(y,x,s)n'(s) = @d(y, x,s)n'(s).
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Hence

(4-11) /Q (Gs)oy? dg(y. s)ds < / Yy, x. )0 ($)] dg(y. s) ds

or

w3 | worsasods—3 [ wwldao.n.
QU’ Ur(t)

Also, note that

(4-12) / V(o) Vo dg(y, s)ds
Q(TV

IV(oy)|?dg(y,s)ds — | |V [*0*dg(y, s) ds.
Qnr err

Then from (4-10), (4-11) and (4-12), we deduce

(4-13) Q|V(ww>|2dg<y,s>ds+% f Sy dg (v, 5) ds+3 / Yordson0
or or B, (t

< /Q *Yod(y, x, $))n'(s) dg(y, s) ds + /Q VY |2w? dg(y, s) ds

Cc

2
5—(0—1)%2/(2 w”dg(y, 1).

or

Using Holder’s inequality one finds

@it [ dg < ([ ae) ([ words)”,
and using Corollary 3.3, we see that for each t € (0, T)

(1=2)/n
@is) ([0 2ag) " < a0 [ (VP + S0ww?) deo).

where Ag depends only on the dimension 7, A¢ and the initial metric go.
By (4-14) and (4-15), we obtain

| wortemags <a [ (Voorr+swor)a)( [
By, (s) Bs,(s) B

Setting 6 = 1+2/n, integrating the above inequality with respect to s on [z, t+(c7)?]
and using (4-13), we reach

2/n
(Ve)* dg)
o1 (5)

0
/Q (Ww)?? dg(y, s)ds SAo(m/Q wzdg(y,S)dS> ,

or(X,1)

which implies

(4-16) / o dg(y, 5)ds < AO(m/Q

r

6
w?dg(y, s) ds) .

or(x,0)
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Now we choose the sequences of o; and p; as o9 =2,0;, =2 — 23:1 277, pi =6
Then inequality (4-16) gives that

; 2 1/6'
9 1/9!“( Oit1 ) 9 5
. < R B i
||l/l ”LQH—I(UHIV) = A() (Ui _ O’i+1)2}’2 ||l/t ”Lel (oir)?

which gives an L? mean value inequality

C
(4-17) sup u2§r2+n/ u*dg(y, s)ds,
Qrp2(x,1) Qr (x,1)

where ¢ depends on the dimension 7, Ag and the initial metric gg. Then by a generic
trick of Li and Schoen (see [Li 2012, Section 32]) we arrive at an L' mean value
inequality: for r > O,

c
(4-18) sup u < pexeT / udg(y,s)ds.
Orpp(x,1) Or(x,1)

For y e M and s > t, applying (4-18) onu =G(-,-:y,T) withr = ,/ %(T —1)
and from the fact fM u(z, t)dg(z, v)dt =1, we conclude

. C
(4-19) G(-xat9 va)E (T_t)n/z

Step 2. Using methods of the exponential weight due to Davies [1989], we prove
the bound with the exponential term.

It is clear that we only have to deal with the case d(xg, yo, T) > 2+/T — t. Other-
wise, by (4-19) the Gaussian-type upper bound (1-4) holds obviously. Pick a point
xo € M, anumber A < 0 which is determined later and a function f € L?(M, g(T)).
Consider the functions u(x, t) and H (x, t) defined by

u(x, ) = /G(x, t;y, T)e XD £(y)dg(y, T),
M
H(x, 1) = ™20y (x ).

It is clear that u is a solution of (1-2) with initial data

u(x, T) = e 2&x0D) £ (x),
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Direct calculation shows

5 f H?(x. 1) dg(x.1) = 0, / PED2 (¢ ) do(x, 1)
M M

= ZAerAd(x'x"”)a,d(x, xo0, Du’(x, 1) dg(x, 1)
M

B /eZAd(x.on)uz(x’ NS(x,1)dg(x, 1)
M

— 2/e2kd(x'x°”)u(x, ) (Au— Su)dg(x,t)
M

> =2 [ 24Xy (x, 1) Audg(x, 1),
M

where the last inequality holds due to Sy > 0, A <0, and 9, d(x, xg, t) <O.
By integration by parts, we obtain

) / H2(x, 1) dg(x, 1) = 42 / PRy (1) (Vu, Vd (x. 3. 1)) dg (x. 1)
M

M
+2/e“d<X-x0”>|Vu|2dg(x, 0,
M

and also

flVH(x, 0| dg(x, 1)

M

_ / IV (u(x, M0 do(x, )
M

= /e2*d<X-x0”>|Vu|2 dg(x, 1)+ 2Afe2*d<”0’”u(x, 1)(Vu,Vd(x, xo, 1)) dg(x, t)
M M

_{_)\’2 /eZKd(x.xo,t)|Vd|2u2 dg(x, t)
M

Combining the above two expressions, we conclude

5 f H?(x, 1) dg(x. 1) = 2 / VH(x, )P dg(x, 1) — 222 / P02 o (x 1),
M M M

which implies

at/Hz(x, 1) dg(x,t) > —2A2/H2(x, 1) dg(x, ).
M M
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Integrating on [z, T], we arrive at the L? estimate
@0 [#endgn =0 [ H0T) dgte 1)
M M
= P f F2(x) dg(x, 7).
M

Therefore, by the mean value inequality (4-17) with r =,/ %(T — 1), it holds that

5 c (T+1)/2 5
u (X,t)i—/ / u“(z,t)dg(z, t)dt
(T —p)l+n/2 ], Bx /T=D/2,7)

c /(Tﬂ)ﬂ/ 23d( ) 172
L S— e MU (7, 1) dg(z, T) dT.
(T —n)t+n/2 |, B(x,(T=0)/2,7)

Particularly, at x = xp, we get

ce 2T f . f H(z.7) dg (2. 7) d.
(T —n)t+n/2 ], B(xo,(T—0)/2,7) ’ ’

From (4-20), it follows that

ce2A2(T7t)72)M/(T7t)/2
(T —1)n/?

u?(xo, 1) <

u?(xg, 1) <

f 2y dg(y. T),
M

1.e.,

2
(4-21) ( / G(xo, t; z, T)e @01 £ (7) dg(z, T))
M

CeZAZ(T—t)—Z)M/(T—t)/Z
<
- (T —t)n/?

/ fA(») dg(y, T).
M

Now we fix yg such that d(yg, xo, T)? > 4(T —1). Then it follows from the triangle
inequality that
—d(z, x0, T) = —31d(xo, Yo, T),

provided by d(z, yo, T) < /T —t. Then (4-21) implies

2
<f G(xo,t;2,T) f(2) dg(T)>
B(yo,~T—1,T)
Cexd(xo,yo,T)+2A2(T—z)—2/\./(T—z)/2

<
- (T —t)n/2

f f2(n) dg(T).
M
Note that by the Cauchy—Schwartz inequality

DT —1) =2V HT 1) <33T =)+,
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and letting A = —d(xo, yo, T)/(b(T —t)), we obtain

_ad®(x0.y0,T)

2
(/B( WT)G(xo,t;z, T)f(z)dg(z, T)) < %/Mfz(y)dg(y,T)
Yo, —t,

with b > 0 sufficiently large, and c; is an absolute constant. Then by the arbitrariness
of f, we derive
—c d*(x0,y0,T)

1Tt

G*(x0,1;2, T)dg(z, T) < £

/B(yo,«/Tt,T) (T —1)n/?

Hence, there exists zg € B(yo, /T —t, T) such that

e d*(x0,y0.T)
ce 1 T—t

(T—=0)"2B(yo. VT—1, D)lr’
Let us recall that in [Guenther 2002] the adjoint property of the G(xg, ¢ : -, -) is
obtained, thus

(4-22) G*(x0,t; 20, T) <

AG(x,t;z2,T)—0:G(x,t;2,7)=0

along Ricci-harmonic flow (1-1).
Choosing § = 1 in Theorem 4.1 and zg € B(yg, /T —t, T), it then follows that

(4-23) G(x0, 13 Y0, T) < /G (x0, 15 20, T)v/ Ae 00:20.T)/4T=0)
< e /G (xo, 1; 20, T)VA,

where A = supyy(+7)2.71 G (X0, 15 -, +).

Since (4-19) implies
c

< -
—(T—nn/?’
then combining with (4-22) and (4-23) we have

A

G (xo, 1 T)2 < c 1 ,M
X0, 15 Yo, = e —
(T—t)ﬂ/z (T_t)n/4\/|B(y0’\/T_t’T)|T

Therefore by the Cauchy—Schwartz inequality, we get

_ad®(x0.y0.T)
T—t

1 1
G(xp,t;y0, T) <c + e
(0, 30, 1) ((T—rWZ |B<yo,¢_T—z,T>|T)

_ca1d*(x0,50,T)
T—t

c
S e b
|B(y07 A\ T_tv T)|T
where ¢ depends on the dimension 7, Ay and the initial metric gg, and ¢, depends
only on dimension n. In the last inequality, we used the volume comparison theorem

with the nonnegative Ricci curvature. By the arbitrariness of xo and yp, we complete
the proof. (]
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APPROXIMATION TO AN EXTREMAL NUMBER,
ITS SQUARE AND ITS CUBE

JOHANNES SCHLEISCHITZ

We study rational approximation properties for successive powers of ex-
tremal numbers defined by Roy. For n € {1, 2}, the classic approximation
constants A, (¢), i,,(;), w, (), W,(¢) connected to an extremal number ¢
have been established and in fact much more is known. However, so far
almost nothing had been known for » > 3. In this paper we determine all
classic approximation constants as above for n = 3. Our methods will more
generally provide detailed information on the combined graph defined by
Schmidt and Summerer assigned to an extremal number, its square and
its cube. We provide some results for n = 4 as well. In the course of the
proofs of the main results we establish a very general connection between
Khintchine’s transference inequalities and uniform approximation.

1. Approximation constants and extremal numbers

Let ¢ be a real transcendental number and n» > 1 be an integer. For 1 < j <n+1
we define the approximation constants A, ;(¢) as the supremum of 7 € R such that
the system

(1) x| < X, max [¢'x —y;| < X7
1<i<n

has (at least) j linearly independent solutions (x, yi, y2, ..., ¥u) € Z"*! for arbi-
trarily large values of X. Moreover, let )A»,h ;(¢) be the supremum of 1 such that
(1) has (at least) j linearly independent solutions for all sufficiently large X. In
the case of j = 1 we also only write A, (¢) and ):,,({) respectively, which are just
the classical approximation constants defined by Bugeaud and Laurent [2005]. By
Dirichlet’s theorem for all transcendental real ¢ and n > 1 these exponents satisfy
the estimate

@ D (£) = () = }l
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Moreover from the definition we see that

M@ =)= and Aj(C) =Aa(@) = --- .

Similarly, let w, ;(¢) and W, ;(¢) be the supremum of 7 € R such that the system

3) H(P) < X, O<[POI=X""

has (at least) j linearly independent polynomial solutions )y i a; T' of degree at
most n with integers a; for arbitrarily large X and all large X respectively, where
H(P) = maxo<j<p |aj|. Again for j = 1 we also write w,(¢) and w,(¢) which
coincide with classical exponents. Again by Dirichlet’s theorem we have

Moreover it is obvious that

wi(¢) <w(¢)<--- and wWi(¢) <wWwr(g)<---.

The exponents defined above are connected via Khintchine’s [1926] transference
inequalities.
- 1
5) @) ;< @zt
(n—Dw, () +n n
Similarly thanks to German [2012] we know that the uniform exponents are con-
nected via

© DO =1 _5 o D) —ntl

(n_l)wn(g) B @n({)
We point out that the estimates (5) and (6) hold more generally for the analogue
exponents concerning vectors ¢ € R" whose coordinates are Q-linearly independent
together with {1}; see for exar;lple [Schmidt and Summerer 2009]. This will be of
some importance in Remark 3.2. Moreover in this case all estimates in (5) and (6)
are known to be optimal.

It is known due to Davenport and Schmidt [1969] that w,(¢) < ”T‘[S for all
real transcendental ¢. Roy [2004a] proved that there exist countably many real
transcendental numbers for which equality holds, and called such numbers extremal
numbers. Their approximation properties have been intensely studied in dimensions
n € {1, 2}. We gather below some of the known facts which will be of importance
for this paper. Throughout the paper let

344/5 14++/5 V5-1
T=T, % d =

,0=2—|-\/§, 5 an 5
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2

These values are linked via t = v, p =v3 and y = v~!. Moreover 7 = v + 1 and
2

v° —v —1=0. It is known that for ¢ an extremal number, the identities

7N wi@=rm@)=2n@) =1, W)=y, w()=p, W)=t

hold. Concerning the higher successive minima functions it is immediate by Roy’s
results that any extremal number satisfies

B) wO)=7, wrz@)=v,  Aa@) =y,  r3@) =y
Q) W20 =v, W) =1,  Aa@)=y> A=y

In fact even more detailed approximation properties are known for n = 2. There
is concise information on the integral approximation vectors inducing very good
approximations in (1) such as for the polynomials inducing very good approxima-
tions in (3). We will concretely utilize the following consequence of Roy’s results,
which is part of the claim of [Roy 2004b, Theorem 7.2]. See also [Roy 2004a,
Proposition 8.1, Theorem 8.2]. As usual a < b means both a < b and b < a are
satisfied everywhere it occurs in the sequel.

Theorem 1.1 (Roy). For any extremal number ¢ there exists a sequence of irre-
ducible polynomials (Py)r>1 € Z[T] of degree precisely two such that

H(Pgy1) < H(P)" and | Pe(§)| =< H(P) ™",
Moreover we have
(10) |Pe(O)| = H(Py).
All the implied constants depend on ¢ only.

For the irreducibility and (10), see [Roy 2004a, Proposition 8.1, Theorem 8.2].
The other claims are part of the claims of [Roy 2004b, Theorem 7.2]. In fact
the irreducibility is easily deduced from A;(¢) =1 in (7) and (42) below. Indeed
these relations imply that Py in the theorem cannot have a rational root at least for
large k and are thus indeed irreducible. In context of (8), (9) we finally mention
that for n = 2, extremal numbers induce the regular graph defined by Schmidt and
Summerer [2013b].

This paper aims to provide a better understanding of the classic approximation
constants for extremal numbers in higher dimension n > 2. More generally we
will provide a description of the behavior of the approximation functions L;(q)
and L;.‘ (g) defined by Schmidt and Summerer [2009] in the course of their study
of parametric geometry of numbers, for n = 3 and partially for n = 4. We recall
basic facts on parametric geometry of numbers at the start of Section 3. Our results
will arise as a combination of the known results on extremal numbers for n € {1, 2}
recalled above with estimates from parametric geometry of numbers. So far only a
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few nontrivial quantitative results on classical approximation constants for extremal
numbers in dimension n > 2 exist. The estimates

wy (¢) < explc(¢) - (log(3n))*(log log(3n))*}

for all n > 1 and some constant c(¢) > 0 are due to Adamczewski and Bugeaud
[2010]. It was recently proved [Bugeaud and Schleischitz 2016] that w3(¢) < 4
for extremal numbers ¢, which improves the upper bound 3 + +/2 valid for all
transcendental real ¢ from the same paper (which in turn improved the bound 2n —
1 =5 of Davenport and Schmidt [1969, Theorem 2b]). However, we will determine
the precise value of w3(¢) in Theorem 2.1. Besides approximation to extremal
numbers by cubic algebraic integers has been investigated. Roy [2004a] showed
that for extremal number ¢ and any algebraic integer « of degree three we have

Ic —a|> H(@) "L

Moreover in [Roy 2003, Theorem 1.1] he showed that for some extremal numbers
the exponent —1 — t can be replaced by —t. The exponent —7 is optimal since

& —al < H(a)™"

has solutions in algebraic integers « of degree at most three and arbitrarily large
height H («) for any given real number ¢, as shown by Davenport and Schmidt
[1969]. It follows that for any real ¢ there are monic polynomials of degree at most
three and arbitrarily large height H (P) such that

|P(O)| < H(P)™".
It follows from [Roy 2004a] that the exponent v is optimal as well, since again the
reverse inequality holds at least for some class of extremal numbers and arbitrarily
large H(P).

2. New results

The case n = 3. The first major result of the paper is the following.

Theorem 2.1. Let ¢ be an extremal number. Then we have

(11) w3() = wa(¢) = p, A3<;>=%,
and
(12) W3(0) =3, (@) =1

See the comments subsequent to Lemma 3.3 below for additional information
on the dynamic behavior of the successive minima as parametric functions. This
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dynamical point of view will also enable us to derive the following Theorem 2.2
from Theorem 2.1. As usual for an algebraic number o we write H («) = H(P)
where P € Z[T1] is the irreducible minimal polynomial of @ over Z[T] with coprime
coefficients.

Theorem 2.2. Let ¢ be an extremal number and € > 0. Then the estimate

(13) 10(0)| < H(Q) 3¢

has only finitely many irreducible solutions Q € Z[T| of degree precisely three. In
particular

(14) |t —a| < H(@) ™€

has only finitely many algebraic solutions a of degree precisely three. On the other
hand the estimates

(15) QI <H(Q) ' and ¢ —a| < H(a) "

have solutions in irreducible polynomials Q of degree precisely three and algebraic
o of degree precisely three of arbitrarily large heights H(Q) and H(«). Moreover
there are arbitrarily large X such that

(16) HQ) <X, 0@ <X V5

has no irreducible solution Q € Z[T] of degree precisely three. In particular for
arbitrarily large X the system

(17) H@=X., [(—al<H@ XV
has no algebraic solution o of degree precisely three.

We strongly expect that the exponents in (16) and (17) are optimal as well. See
the comments below the proof of Theorem 2.2 for a heuristic argument that supports
this belief. Compare Theorem 2.2 with the estimates concerning approximation by
algebraic integers « at the end of Section 1.

The case n = 4. We want to establish a lower bound for the exponent A4(¢). Our
result, based on parametric geometry of numbers, is the following.

Theorem 2.3. Let ¢ be an extremal number. Then

y _V5-1
(18) M) z5=—1—

If wy(C) = wy(¢) = p, then there is equality in (18) and moreover

(19) Da@) =4, @) =1
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Observe that p ~ 4.2361 > 4, so the assumption of the conditioned results are
natural and thus we believe that there is actually equality in (18) and that (19) holds.
Theorems 2.1 and 2.2 also support this belief. On the other hand (4) prohibits
wy (&) = p for n > 5, which in general prohibits the methods of the paper from
working for n > 5.

The constant in (18) is approximately y /2 & 0.3090. Observe that this improves
the lower bound derived from w4(¢) > w7 (¢) = p in combination with Khintchine’s

transference inequalities (5), which turns out to be 1(2)13/\55 ~ (.2535, only slightly

larger than the trivial bound Alf from (2).

3. Preparatory results

Parametric geometry of numbers. For the proofs of the new results we introduce
some concepts of the parametric geometry of numbers following Schmidt and
Summerer [2009, 2013a], where we develop the theory only as far as it is needed
for our purposes and slightly deviate from their notation. In particular we restrict to
the case of successive powers. Some more specific properties will be carried out in
Section 4 for immediate application to preliminary results. Let ¢ € R be given and
Q > 1 a parameter. Forn > 1 and 1 < j <n+ 1, define ¥, ;(Q) as the minimum
of n € R such that

1 ; _(1
|X|§Q+n, max |ij—yj|§Q (1/n)+n
1<j<n

has (at least) j linearly independent solutions (x, yi, ..., y,) € 7"*!. The functions
Y, ;(Q) can be equivalently defined via a lattice point problem, see [Schmidt and
Summerer 2009]. They have the properties

—1§¢n,j(Q)§% and Q0>1, 1<j<n+l.

Let
yn,jzlbnliollfwn,j(Q) and ¥, ; =limsup ¥, ;(Q).

Q—00
These values clearly all lie in the interval [—1, 1/n]. From Dirichlet’s theorem it
follows that ¥, 1(Q) <0 for all Q > 1 and hence ¥/,,.; < 0. For our purposes, even
more important will be the functions llf:, j(Q) from [Schmidt and Summerer 2009].
For 1 < j <n+1 and a parameter Q > 1, define the value W:, j(Q) as the minimum
of n € R such that

|H(P)| < QW1 Py <o

has (at least) j linearly independent solutions in polynomials P € Z[T'] of degree
at most n. See the same work for the connection of the functions W:, jtoa related
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lattice point problem, similarly as for simultaneous approximation. Again put

¥ =lminfy;;(0) and 7 ; =limsupy,;(Q).

- Q—00
For transcendental ¢ Schmidt and Summerer [2013a, (1.11)] established the in-
equalities

JUnj+@+1=)D¥un1 20 and  j¥,;+0+1—)Ynnm =0,
for 1 < j <n+ 1. The dual inequalities
20) jyn i+ m+1—=¥h, =0 and ¥y +0+1— )y, =0,
hold as well for the same reason. As pointed out in [Schmidt and Summerer 2009]
Mahler’s inequality implies

* 1 .
(21) |1ﬂn,/(Q) +Wn,n+2—j(Q)| < @ for 1 =< J =< n+ 1.

In particular we have
22)  Yuj=—Vpu0; and Yuj=—VYr o ; for 1<j<n+l.

In particular all values y: I Jj j lie in the interval [—1/n, 1], and 1}1”;1 < 0 follows

again from Dirichlet’s theorem. The constants Ynjs 1;,, s y: I 1/_/: i relate to the
classical approximation constants A, j = A, ;({), Wy, j = wy,;(¢) assigned to real ¢
via

(@3) (1 +h DA +Y0) = A+i NA+ P =0 for 1<j=n+1,

and

n+1

1 o~ 1, - .
(24) (1+wn,j)(,;+y;j) = (1+wn,,~)(ﬁ+z/f;j) = for 1<j<n+l.
See [Schmidt and Summerer 2009, Theorem 1.4] for a proof of j = 1 which can be
readily extended to the case of arbitrary 1 < j <n + 1 as noticed in [Schleischitz

2013]. From repeated application of (22), (23) and (24) one can deduce
1

and )Abn,j(é') = m,

(25) Mn,j(&) = m
n,n+2—j

for 1 < j <n+ 1, already noticed in [Schleischitz 2014]. For g > 0 we also define
the functions

(26) Luj(q)=q¥n;(Q) and L, (q)=q¥, ;(Q),
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where QO = e9. They are piecewise linear with slopes among {—1, 1/n} and
{—1/n, 1} respectively. More precisely locally any L, ; coincides with some

27 L,j(q)=max{log|x|—q, max logl;jx—y,|+z}
I<j=zn n
where x = (x, y1,..., y,) € Z"*! for yj the closest integer to ¢/ x, see [Schmidt

and Summerer 2009, page 75]. Similarly any L; i coincides locally with

28) Ly (q) = max{log H(P) — T log | P(¢)  +4]

for some P € Z[T] of degree at most n. Observe that for fixed P the left expression
in (28) decays with slope —1/n whereas the right expression rises with slope 1 in
the parameter ¢g. Consequently, at a local maximum of some LZ" j» the rising right
expression of some L} (¢) meets the falling left expression of some LZ (g) with
H(Q) > H(P), and similarly for local maxima of L, ;. On the other hand, at any
local minimum ¢ of some L, ; there is either equality in the expressions in (28)
for some P, or the rising phase of some L} meets the falling phase of some Ly, for
some Q with H(Q) > H(P). In the first case, which always applies for j = 1, the
function L7 j coincides with L} in a neighborhood of ¢. The situation is again very
similar for L, ;. The identity (24) has a parametric version in the sense that for any
Q. ¥, ;(@)) in the graph of some function v ; there exist j linearly independent

polynomials Py, ..., P; € Z[T] of degree at most n such that
e a+u)(trvr) =", 0-

holds where )
min;<;<;(—log|P;(¢)|)

max<;<;log H(P;)

Wi = ,
and vice versa. Very similarly a dual parametric version of (23) for the functions
¥, j(Q) can be obtained. Both versions are basically inherited from the proof
of [Schmidt and Summerer 2009, Theorem 1.4]. A crucial observation for the
parametric geometry of numbers developed in [Schmidt and Summerer 2009, 2013a]
is that Minkowski’s second lattice point theorem translates into

n+1

n+1
> Ln,,,-(q)‘ <1 and
j=1

(30) ZL;*,,,-(q)‘ <1
j=1

This implies that in any interval I = (g1, g2), the sum of the differences L, ;(q2) —
L, ;(q1) and L;j (q2) — L:J(ql) over 1 < j <n+ 1 are bounded in absolute value
as well by a fixed constant independent of /. We will implicitly use this fact in the
proof of Theorem 2.1. This argument is widely used in [Schmidt and Summerer
2013a].
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Two technical lemmas. For the conditioned result (19) we need parts of Lemma 3.1
below, which is of some interest on its own. For its proof we will use that every
local maximum of L, ; is a local minimum of L, ; (note: the analogue is in general
false for L, j, L, j+1 when j > 1). This follows from the elementary fact that for
any vector x = (X, yi, ..., yp) € Z"T! clearly any integral multiple Nx cannot lead
to a smaller value in (1). Hence if two functions L,,, L,, as in (27) induce two
(successive) falling slopes —1 of L, , with some rising phase of L, ; of slope 1/n
in between, then the corresponding vectors x1, x» are linearly independent, and the
claim follows. Moreover we use L, 1(gq) < O for all g > 0, which is equivalent to
Dirichlet’s theorem.

Lemma 3.1. Letn > 1 be an integer and ¢ be a real transcendental number. Assume
there is equality in either inequality of (5), that is, either

31) () 41— 1 = wn(0)
or
(32) hon () = ——2n)

(n—Dw,(&)+n
holds. Then 3, (¢) = 1/n and W,(¢) = n.

Proof. Assume there is equality in the right inequality, thatis nA, () +n—1=w, ().
In case of A,(¢) = oo we have )1,1(;) =1/n and w, (¢) = n anyway by [Schleischitz
2016, Theorem 1.12 and Theorem 5.1]. Hence we can assume X, ({) < oo, which
will simplify the estimates. It suffices to show A (¢) = 1/n since the two claims are
well known to be equivalent, which follows for example from (6). It was shown by
Schmidt and Summerer [2009, remark on page 80, after the proof of Theorem 1.4]
that the right inequality in (5) is equivalent to ¥, | +1Y, ,11 > 0. It follows directly
from their deduction of the mentioned remark that more generally the identity (31)
implies that for any ¢ > O there exist arbitrarily large parameters Q such that

Vn1(Q) + 0 j(Q) <& for 2=<j=<=n+]l,

where Q can be chosen so that simultaneously v, 1(Q) is arbitrarily close to ¥, 1
and v, ; (Q) is arbitrarily close to V. j for 2 < j <n+1. In particular, the identity
(31) implies

(33) yn,l = _nﬂzn] = _nlzn,’j == _nv_/n,n—‘,-l
and that for any € > 0 and the (arbitrarily large) parameters Q as above the estimate
(34) 0 < Vnnt1(Q) — ¥n2(Q) <€

is satisfied. Moreover, since ¥, 1(Q) is close to ¥, 1, we may assume that at such
Q the function v, 1 has a local minimum, or equivalently L, | has a local minimum
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at log O (otherw1se we get a contradiction to the definition of yr; either for some
Q < Q or some Q > ( dependent on whether v, 1 rises in some interval (Q —46, Q)
or decays in some interval (Q, Q +4)). Let € > 0 and Q; be any fixed large value
as above that in particular satisfies (34). Further let ¢g; = log Q. The estimate (34)
can be written in terms of the functions L, as

(35) 0<Lynt1(q1) —Lno(q1) <e€-qi.

From (30) we know that L, 1(g;) approximately equals — Z’;:; Ly ;(q1) up to
addition of some constant, that is

n+1

Ln,l(Ql)"'ZLn,j(QI)

j=2

<C.

Since all L, 2(q1), ..., Lnnt+1(q1) are roughly equal by (35), we further deduce

n+1 n+1
|uﬂmmwuﬂmw40wmo+iﬁmw®+§}mxm%¢wwm
j=2 j=2

< C +neq,
and hence in particular

L, -
(36) Lyo(q1) > —# —€q; —C,

where C = C/n is another constant. Now let go be the largest value smaller than
g1 at which the function L, (g) has a local maximum. Then by the assumption
that g is a local minimum of L, ; justified above, the function L, ;| decays in the
interval [go, g1] with slope —1 so that

37) L,1(q1) — Lu1(g0) =q0—q1.
On the other hand

q1 — 40
(38) L,2(q1) — Ly 2(q0) < ,

since the function L, 2(g) has slope at most 1/n. Moreover, since any local
maximum of L, 1(g) is a local minimum of L, »(g), we have

Ly,1(g0) = L, 2(q0)-

Combining this with (37) and (38) yields

Ln2(@) = L1 (@) < (145 ) @1 = qo).
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Together with (36) we obtain

Ln,l(Ql)
n

Ln1(@) = Lo — (14 1) @1-g0) = - —eq—C—(1+ 1) @1 —qo),

which yields

ne -
L > M€ 0 —C—(q1—q0).
n1(q1) > paid C — (g1 —qo)

Together with (37) we infer

ne
> —_
Ly 1(q0) > Pl C

Now the assumption A, (¢) < oo implies with (23) that ¥, 1 > —1 and from this
it is not hard to see that ¢, < g for all gg, ¢ as above with a constant depending
only on A, (¢) or equivalently fn,l- Hence, for gg > 1, we have

0> Ly, 1(q0) > —€qo.

Since by the transcendence of ¢ the values go induced from gq; as above clearly
tend to infinity as ¢; does, we infer lﬁn, 1 = 0 as we may choose € arbitrarily small.
By (23) this is again equivalent to (@) =1 /n. The proof in case of equality in
the right inequality is finished.

We only sketch the deduction of the dual result. Assume the identity (32) holds.
The dual characterization y;l + nvﬁ: ntl = 0 from [Schmidt and Summerer 2009]
for the related left inequality in (5) yields the dual characterization for the equality
(32) for the same reasons. Proceeding as above yields very similarly as above
0< w:,n+1 (Q) — ¥, ,(Q) < € for large Q for which log Q are local minima of
L;l and such that w:’l (Q) is close to y:,l’ dual to (34). For such Q we now look
at the smallest local maximum of L, | greater than log Q. Since all L, j have slope
within {—1/n, 1}, the claim w,(¢) = n follows very similarly incorporating that

any local maximum of L} , is a local minimum of L} , again. ]

Remark 3.2. We point out that the proof of Lemma 3.1 does not require that the
point lies on the Veronese curve defined as {(z, %, ..., t*) : t € R}. The only point
where we used the special form of successive powers was for A, () = oo, and in
this case more concise estimates show the claim as well. Hence the claim extends
naturally to the analogue exponents assigned to ¢{ € R¥ whose coordinates are
linearly independent together with {1}. -

It will be convenient to utilize the following Lemma 3.3 for the proof of
Theorem 2.1. Roughly speaking, it shows that multiplication of a polynomial
P with a polynomial Q for which |Q(¢)| ~ H(Q)~! holds induces an increase
of the corresponding function L3 by % in some interval. For fixed real ¢ we will
say a polynomial P € Z[T] of degree at most 3 induces a point (q, L} (q)) in the
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3-dimensional Schmidt—Summerer diagram if (q, Ly (q)) is the local minimum of
Ly, implicitly defined via H(P), P(¢) by

q
(39) L}’;(q)ZlogH(P)—g=10g|P(é“)|+q,
consistent with (28). Recall that any local minimum of some successive minimum

function L; is obtained as in (39) for some P € Z[T].

Lemma 3.3. Let P, Q, R € Z|T] be of large heights and such that R = P Q and R
has degree at most three. Assume P induces the point (q1, L} (q1)) and R induces
the point (q2, Ly(q2)) in the 3-dimensional Schmidt—Summerer diagram. Further

assume
(40) 0@ =H(Q)~'*
for 8 of small absolute value, and that (log H(Q))™ 1'= 0(8). Then
@1 Li(q2) — Lp(q1) 1—|—0(6)
92 —q1 3

Proof. From (39) we calculate

=3-(logH(P)—log|P(0)) and Lp(q1) =3-log H(P)+ ;-log|P(¢)].
Similarly, we infer
log H(R) —log [R({)])

_ 3
3.
— 4
2. (logH(P) +1og H(Q) + A — (log|P ()] +10g |Q(D)])),

and

Li(g2) = 3 - (log H(P) +log H(Q) + A) + 5 - (log | P(§)| +10g | Q(£))),
where A is bounded by virtue of (42) below. Inserting yields
Ly(q2) — Li(q) _ 3log H(Q) 4 ;1og|Q(0)| +3A
@ —q 3log H(Q) — ;10g |00+ 34
and with the assumption (40) further

Li(q) —Ly(q) _ (3+39)log H(Q)+ 34
92— q (3-38)log H(Q)+3A°

The claim follows by simply rearranging and assuming (log H(Q))~! = 0(8). O

Conversely (41) implies that log |Q(¢)|/log H(Q)+ 1 is small by a very similar
argument, but we will not use this. Again the proposition did not use the fact that we
deal with successive powers of a number, and can be generalized to any dimension.
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4. Proofs of Theorems 2.1, 2.2 and 2.3

Apart from Theorem 1.1 and the concepts of the parametric geometry of numbers
discussed on pages 490—492, we will use that for any polynomials Q;, Q, with
integral coefficients of degree bounded by n we have

(42) H(Q102) <, H(Q1)H(Q2).

See [Wirsing 1961, Hilfssatz 3]. As in our applications the dimensions n are
fixed we can assume absolute constants in (42). We will sometimes implicitly
use the consequence that if Q0 = Q10> then |Q(¢)| < H(Q) ¢ implies that either
|01()| <K H(Q1) %or|02(¢)| « H(Q7) ¢ must be satisfied, which was essen-
tially used by Wirsing [1961]. We start with the proof of Theorem 2.3 since it is
the least technical one.

Proof of Theorem 2.3. We will prove that any extremal number ¢ satisfies

(43) w4,4(8) = p.

Assume we have already shown (43). Then the unconditional claim (18) follows
from iterated use of results from parametric geometry of numbers. Indeed, from
(43) applying (24) with n = j = 4 we first obtain

2-4/5
(44) Yias Y.
=T 464Y5)
In view of (22) and (20) applied with n = j = 4, we obtain
_ z_ﬁ
45 =—vYi-<4-y:,< .
(45) ?4,1 1/f4,5 = %4,4 = 3+\/§

Eventually computing the corresponding value of A4 by applying (23) with n = 4,
Jj = 1 leads precisely to the lower bound y /2 in the theorem.

We are left to prove (43). For this we use the characterization of the polynomials
Py € Z[T] of degree 2 for n = 2 from Theorem 1.1. Consider for fixed large k three
successive polynomials Py_j, Py_1, P;. Then we know from Theorem 1.1 that

(46) |Pi(¢)| =< H(P)™" for jelk—2k—1,k}.

Applied with j =k it is obvious that the polynomials R (7)) =T Px(T) and S (T') =
T?Py(T) have degrees 3 and 4, heights H (Py) = H(Ry) = H(St), and satisfy

|P(O)] =g 1R (O] =¢ 1Sk (D) =¢ H(Pe)™”

as well. The polynomials Py, Ry, Sy are obviously linearly independent and hence
w4 3(¢) > p. As the fourth polynomial 7; we take the product of Pr_; and
Py_». First we show that { Py, Rk, Sk, T} are linearly independent. Otherwise
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Ty = Px_1 Px_» would lie in the 3-dimensional space spanned by Py, Ry, Sk, which
by the special form of Ry, Sy means Ty = P Z for some polynomial Z(T) € Q[T]
of degree 2. However we know from Theorem 1.1 that the best approximating
polynomials P; are irreducible over Z[T'] for all large j. Hence by the unique
factorization in Z[T] the polynomial P, must equal (up to sign) either Py_; or Pj_5,
which is clearly false, so we have a contradiction.

Moreover from (46) and the characterization in Theorem 1.1 it is known that
H(Pk_z)vzx I’I(Pk_l)U = H(Pk). Since v_1+v_2 =1and H(Tk) = H(Pk_l )H(Pk_g)
by (42), we deduce H(T}) < H(Py). Together with property (46) for j =k — 1 and
j =k —2 we infer

Tk (O = Pr—1(O)Px—2(O| =< H(Pr—1) PH(Pr—2) " < H(Pr_1Pr—2) " < H(P)".

Summing up, we have found four linearly independent polynomials Py, Ry, Sk, T
with the properties

H(Py) < H(Ry) < H(S) < H(Ty)
and
| Pe(O)] =¢ IR ()] =¢ ISk (O] = |Te(O)| = H(P)™".

Since this holds for any large k we have established (43).

Finally we show the conditioned results. The equality A4(¢) = y /2 follows
immediately from Khintchine’s inequalities (5) since the upper bound for A4(¢)
that arises from n = 4, w4(¢) = p, coincides with the lower bound y /2 established
above (the argument essentially used the characterization (33), (34) for equality
(31) from [Schmidt and Summerer 2009] used in the proof of Lemma 3.1). Finally
(19) follows from Lemma 3.1 since we have just shown that w4(¢) = p implies the
identity (31) for any extremal number ¢ and n = 4. U

Remark 4.1. It was essentially shown in the proof of [Bugeaud 2010, Theorem 2]
that the condition

(47) wi(§) =wa(§) =+ =wn({)

implies (31). If the hypothesis w4(¢) = p of Theorem 2.3 holds then its assertion and
(7) show that extremal numbers provide counterexamples for the reverse implication
for n = 4. In this context note that if A,,(¢) > 1 the claims (47) and (31) are indeed
equivalent by [Schleischitz 2016, Theorem 5.4]. Note also that from Lemma 3.1
and the above implication we could deduce that (47) implies )A»,, (¢) =1/n and
W, (¢) = n. However, the weaker condition w1 (¢) > n already implies )A»n @&)=1/n
and w,(¢) = n as established in [Schleischitz 2016, Theorem 5.1].

The proof of Theorem 2.3 in fact provides upper bounds for the frequency of
good simultaneous rational approximations to (¢, ¢2, ¢3, ¢%). More precisely the
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proof shows that there exists a sequence (x)r>1 of positive integers that satisfy
/2

Xpa1 < xp and  max [l || << x "
I<j<4

In case of the conjectured equality in (18) we even have

(48) Xe41 < x; and  max lxed! || < xk_y/z.
I<j=<4
Here as usual || - || denotes the distance to the nearest integer. We briefly sketch

how to deduce these facts from the proof above. The polynomials Py, Ry, Sk, Tk
in the proof which induce the bound for the value Y} , in (44) appear with fre-
quency H(Py+1) < H(Py)' (and very similarly for R;, Sk, Tr). The last minimum
¥, 5(Q) at the corresponding positions Q in the Schmidt-Summerer diagram is
asymptotically bounded below as in (45) and the corresponding polynomials appear
with the same logarithmic asymptotic height frequency v. We now flip the diagram
along the horizontal axis according to (21) to obtain (roughly) the dual problem
of simultaneous approximation. Thereby with simple geometric considerations
involving (27) and reinterpreting to classical exponents A4, we see that the first
coordinates of best approximations related to the bound for v4 ; in (45) appear with
frequency x4 < x; as well (with a technical proof it possiBle to show that a single
Xy cannot induce the good approximations for two consecutive values of Q obtained
this way). In case of equality in (18) the functions ¥4 1(Q) must have a local
minimum at such places Q and (48) follows. It is tempting to further conjecture
that for the corresponding approximation vectors (xk, V.1, - - -, Yk.4)k>1, where xi
is as in (48) and yy ; is the closest integer to ¢ J x;, similar general recursive patterns
as for n = 2 noticed in [Roy 2004a] exist. However, we do not further investigate
this topic here.

We turn to the case n = 3. For a real number { we define the sequence
of 1-dimensional best approximation polynomials (E;);>1 attached to ¢{. They
are given by linear polynomials E;(T) = a;T + b; with a;, b; € Z defined by
E\(T)=T — |¢] and E;4 is recursively defined via E; as the linear polynomial
of least height for which 0 < |E;4+1(¢)| < |E;(¢)|. These polynomials obviously
satisfy H(E|) < H(E;) <--- and

E(Q) =min{|Q(£)|: Q € Z[T], deg(@)=1, 1=H(Q)=<H(E)}.

It follows from the theory of continued fractions that the rational numbers b;/a;
are precisely the convergents to {. Moreover by Dirichlet’s theorem the best
approximating polynomials satisfy

(49) |E1(0)| < H(E))™' for [>1.
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Furthermore it is well known and follows from elementary results on the theory of
continued fractions that | E;(¢)| <; H(E+ 1)~! for all irrational ¢, which readily
implies

log H(Ep+1)

log H(E
(50) | < liminf REAELD _p i —(0).

I-oo logH(E)) = 500 logH(E)

In view of the rather technical proof of (11), for the convenience of the reader
we give a brief outline of some facts we will show in the course of the proof. We
will establish a rather precise description of the functions L§,1 @q),..., L; 4(q) on
q € (0, 0o) induced by an extremal number, its square and its cube. Denote by |/|
the length of an interval /. We will show there exists a partition of the positive real
numbers in successive intervals I, Ji, I, J, ... with the following properties:

o limg oo [1kl/|Jk| = 1.

o limgo oo [Ixg1l/1 k] = limg— o0 [ Jx1l /1 k| = V.

* At the beginning of every /i all L} ;(¢) are all small (more precisely o(q) as
g — 00) by absolute value. Then in Ji the functions L3 ;(q), L} ,(g) basically
decay with slope —1/3, whereas L3 ;(q), L3 ,(q) basically rise with slope %
in any not too short subinterval of I; (clearly not in too short intervals, since
the L} have slope within {—%, 1.

» At the end of [; and beginning of J; the opposite behavior appears; that is,
L3 1(q), L3 ,(q) basically rise with slope % on any not too short subinterval of
Ji, whereas L3 3(q), L3 4(q) basically decay with slope —% until the functions
L3, ..., L3, asymptotically meet again at the end of J; which is the beginning
of [ k+1-

o The functions |L>3"’1 (q9) — L;z(q)| such as |L§’3(q) — L;A(q)l are bounded
uniformly in q.

All above is basically true for the simultaneous approximation functions L3 ;(g) as
well by (22). Observe that by the last point above in particular

(51) w31(0) = w3200), w33Q) =w34), W31(0) =w320), W33() = W34(Q),
(52) A310) = 23200), 2330 =234(0),  A31(0) = A320),  A33() = A34(0),

which extends the claim of Theorem 2.1. See also Remark 4.2 below. We point out
that roughly speaking the decay phases of L3 are induced by the polynomials Py
from Theorem 1.1. The rising phases are induced by products Py E; for fixed Py
and suitable successive best approximating polynomials E; defined above, which
indeed lead to asymptotic increase by % as stated in the description above, basically
in view of Lemma 3.3.
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Proof of Theorem 2.1. First we prove (12). We show that
(53) w3 4(8) = 3.

Provided this is true it follows immediately that wy3(¢) = w3(¢) = 3, since
w3 4(8) = ):3(4“)*1 <3 by (25) and (2). This argument in fact utilizes parametric
geometry of numbers. Actually it is well known and follows, for example, from (6)
that both claims in (12) are equivalent.

For (12) it remains to be shown that (53) holds. Let k be fixed large and consider
the polynomials Py, Py, ... from Theorem 1.1, and let R;(T) =T P;(T) for j > k.
Further let X = H(Py+1). Then obviously Pi41(T) and Ri41(T) = T P4 satisfy

(54) H(Piy) =H(Rer) =X and  |Pe1(Q)] =g [Rei ()] = X P < X2
Let € > 0. We shall construct polynomial multiples
(55) Ok1=Re1 P and Qro= Ry Py

of Py with Ry ; € Z[T] polynomials of degree one such that {Ry 1, Rk 2} and hence
also {Qy.1, O.2} are linearly independent and satisfy

(56) H(Qui) <X and Q0] < X for iefl,2}.

One readily verifies that {Qy 1, O.2} span the same space as { Py, T P} regardless
of which linear polynomials Rj ; we choose. Observe that the space spanned by
{Pry1, Rit1, Ok 1, Qk.2} consequently has dimension 4. Indeed, otherwise the poly-
nomial identity Py (T)Y1(T) = Px+1(T)Y>(T) would have linear integer polynomial
solutions Yy, Y, which is a contradiction since Py, Py+; have degree two and are
irreducible and not proportional and Z[T ] has unique factorization. Hence from (54)
and (56) indeed the claim (53) follows by considering { Pxy1, Ri+1, Ok.1, Qk.2} as
€ can be chosen arbitrarily small. To finally prove (56), for the given X = H (Pj+1)
we let Ry 1 = E; and Ry » = Ej4+1 be two successive best approximating polynomials
in dimension n = 1 as introduced before the proof with / chosen largest possible
such that still H(Ry ;)H (Py) < X fori € {1, 2}. It follows from (42) and (55) that

(57) H(Qri) <X for ie{l,2)].

On the other hand, since extremal numbers satisfy A;(¢) = 1 as mentioned in (7),
by (50) the sequence (E;(T));>1 of best approximating polynomials in dimension 1
satisfies

log H(E}+1) log |E1(¢)]
(58) m —-———= = and lim —————— =1
[—00 lOg H(E)) [—00 H(E)
Since Rk,1 = Ej, Rr.2 = E;41 and by our maximal choice of /, it is easy to see that

H(Qr) > X'"¢ for ief{l,2).
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It further follows from (42) and the fact that H (Pyxy1) < H(Py)", or equivalently
H(Py) < H(Py41)? in view of Theorem 1.1, that we have

H(Rii) > HQe)HP) ™' > X" HP) ™ > X7 for ie{l,2).
Together with (49) this leads to

IRy (O)| <¢ X7V +e for iefl,2).

Hence
1Qki (O = 1P [Rei (O] K¢ XY - X Hr¥e = x 3% for ie(l,2},

where we used py + 1 —y = 3, which can be readily checked. Thus recalling (57)
we have proved (56) and hence together with (54) finally (12).

Now we prove the more technical identities (11). In the proof of (12) above
we have shown that for any large k, with X = H(Pr4+1) we have four linearly
independent polynomials {77, ..., Ta} ={Pi+1, Rk+1, Ok.1, Qk.2} with H(T;) < X
and |T;(¢)| < X3+, Following the proof of (24), this means that for arbitrarily
small ¢ > 0, any large k induces g > 0 such that all

(59) IL3,(q)| <eqr for 1<i<4,

where limg_, o gx/log H(Py+1) = 3 in view of (28). Since by Theorem 1.1 any
polynomial Py induces an approximation of quality

log|Pei (@)

=p+o(l) >3, k — oo,
log H(Py)

and so does Ry (T) = TPy (T), it follows that L;l and L}"z decay with as-
ymptotic slope —1/3 in some interval (g, by) and (g, cx) respectively, for b, and
c local minima of L3 | and L} , respectively. More precisely, the local minima
(dk, L’;,HI (dy)) and (e, L’}}H] (er)) of the functions L;‘;k+l and L,";k+] as in (28),
almost coincide with local minima (b, L?l(bk)) and (¢, L;z(ck)), respectively.

By this more precisely we mean that all differences
b —dil,  |bk —ekl, ek —dil, lek — el
as well as the corresponding differences of the L* evaluations
L% () — L @Ol |L% (b)) — L, (ep)l,

|L3 5 (c) — Lp,,, (di)], IL3 5 (ck) — L, (el

at these points are bounded by a fixed constant for all k. Very similarly it is obvious
from the fact that Pyy;(¢) and Ryy(¢) differ only by the factor ¢ that by and ¢
are asymptotically equal, by which we mean their ratio by /c, tends to one (in fact
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their difference |by — ci| is again bounded) as k — oco. Hence with the parametric

formula (29) for the parameter w(l) = wgz) = p, with

O := e for k> 1,
(not to confuse with the polynomials Qy ;) we calculate

1-5
3(3+f)

Since L3 | and L3 , both decay with asymptotic slope —g in intervals Iy := (qx, by),
that is,

Ly (b)) — Ly 1(qr) = (bk—qi)(—5+€) and L% ,(b) — L} 5(q) = (bk—qi) (—5 + &),

it follows from (30) that the sum L3 ;+ L3 , asymptotically increases with constant
slope % in I, that is,

L35(b0) + L3 4(b0) = L3 5(q0) — L3 4(a0) = (e —a0) (3 +¢).

Consequently, if we can show that both L3 ; and L% , increase at most by % in any
large subinterval of I, that is, for any ¢ <a < b < by, we have

(61) L} ;(b)—L35(a) <(b—a)(3+e) and L}, (b)—L} 4(a) <(b—a)(3+¢),

then both must have asymptotically constant increase by precisely % in the entire
interval I, i.e., equality in (61). We more precisely show the following claims:

(60) hm W3 1(Ok) = hm ‘ﬁ3 2(Or) =

Claim A: For any parameter Xe (H(Py), 00), let
Uky}N(:PkEl‘ and ‘/k’f(:Pk'Et-‘rl’

with t =t (k, )~() chosen as the largest integer such that maX{H(Uk’)}), H(ij()} < X.
Then the functions L3 (g) arising from the succession (equals the pointwise mini-
mum) of the L* L’{‘, as X runs through (H (Py), 0o) via (28) have asymptotically
constant slope 5 in (bk 1, 00). By this more precisely we mean that for any
by <X <Y if (a, LUk,X (a)) or (a, LVk,x (a)) lies in the graph of LUk,f( or LVk,X’
respectively, and similarly for (b, LUM_{ (b)) or (b, Ly, 2 (b)), then we have

Ly () —Ly (@)= —a)(3+¢) and Ly () —Ly (a)=(b —a)(3+e).

Claim B: Moreover if we restrict to X € (H (Py+1), H(Pyy2)), then the functions
L* and L* Vi induce L} 5 and L3 , on I, respectively (remark: as we will see later
on they induce L} 31 and L} 3.2 inintervals (by_1, gx) if we let Xe (H(Py), H(Pr+1))).

First recall that at the beglnnlng qr. of the interval I the successive minima are
induced basically by { Py, TPy, Pxy1, T Pr4+1}. Claim A follows basically directly
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from Lemma 3.3, where E; and E;;| respectively play the role of Q and Py the
role of P. Note also that § from Lemma 3.3 tends to 0 in our context in view of
(58), which also implies that the minima (in fact the entire functions) of consecutive
functions of the form L*k or L* _do not differ much. Finally, it should be pointed
out that the condition that 1/ log H (Q) = 0O(6) does not cause problems since for
any fixed 6 > 0 and smaller heights H(Q) only minor changes of the function
L* (g) can appear in intervals (by_1, by—1 + O (1)), so that the global behavior of
the function is not affected. For Claim B further observe that {U %+ Vi %) span the
same space as { Py, T Py} for all Xe (H(Py), 00), and we have already noticed that
polynomials in the space { Pxt1, T Pr+1} induce the first two successive minima in
Iy and { Py, TPy, Pyy1, TPy} are linearly independent. Hence L3 33 and L§ 4 are
bounded above by L* _and L* 1n I respectively, and thus each increase at most
by 1 3. As noticed above we may conclude L3 5 and L3, must actually coincide
with the functions induced by L* _and L* respectively.
Thus together with (60) we have proved

(62) Jm ¥31(Q0) = Jim tlfé‘,z(Qk)

1-45
3(3+f)

We show next that in the interval J; := (b, gx+1) the functions L3 1» L3, have

= lim —y35(Q0= lim —y3,(Q0) =

slope —3 ! whereas the functions L3 5, L3 4 have (asymptotic) slope 1 5 until they all
meet (asymptotlcally) at gx+1. More precisely
L3 1 (qr1) = L3 1 (01) = (gt = bi) (=5 +e),

L3 5(qiy1) — L3 o (b)) = (qry1 — bk)(—% +e)
whereas
L;S(Qk-l—l) - L;:g(bk) = (Gk+1 — bk)(% + 8),

L3 4(qrs) — L3 4(b1) = (qrs1 — bi) (5 + )
and

L3 4(qr+1) — L3 1 (qr+1) < i1

Again by (59) with index shift k to k + 1 we know that for arbitrarily small ¢ and
all large k > ko(e) we indeed have

(63) IL3,;(qr+D)] < eqryr for 1<i<4.

Since we have shown that L;"l and L;z decay in I; with slope —% and (62)
holds it suffices to show that J; has asymptotically equal length to I, that is,
lim_ oo [Jk|/11x| =1, to conclude that L3 33 and L 4 must decay with the minimum
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possible slope —% in the entire interval J; and more precisely

(64)
. L3 (by) . L3 ,(br) . L3 5(be) L3, 1
-— = lim ————— = lim —————— = lim ————— = —.
k=00 qr+1 —br  k—oo  Gky1 —bk k=00 giy1 — bk koo gry1 —br 3

We show the claim that I; and J; have asymptotically equal length, thatis, |l |/|Jx| =
1 4+ o0(1) as k — oo. By construction this is equivalent to by being asymp-
totically equal to (gx + gix+1)/2, that is, by = (gx + qx+1)/2 + o(gx). Since
limy—, o log H(Py+1)/log H(Py)=vand L3 (qx) =0(qk) and L3 (gk+1) =0(qk+1)
as k — oo. Further notice that L}"l, L;"2 decay in (g, by) induced by Pii1, TPrt1
and thus by (28) we have ng(q,-) =log H(Pi+1) —qi/3+0({) for1 <j <4 and
all i > 1. Putting all this together leads to

(65) lim 26+ —

k=00 qf
Thus the claimed asymptotic relation by = (qx + gx+1)/2 + o(qx) is equivalent to
by = qi - (1 +v)/2 4 o(g). We know that at Q) = . We have asymptotically

— gk
3
since L§’3 and L§’3 are small at g by (59) and rise with slope % in I;. We remark
that the asymptotic (66) holds for w; 4(Qk) as well. On the other hand (62) provides
an asymptotic formula for wg"j(Qk) and 1//; 4(Qk). It follows directly from the
definition of L; j via 1//; ; in (26) that lﬂ;3(Qk) is the slope from the origin to
(bi, L5 5(bk)) of L3 5 in the Schmidt-Summerer diagram (and similarly for L3 ,).
Hence asymptotically

b
(66) Vi(00 = ~— T fog, k- oo,

JV5—1
3(3+4/5)

Again the asymptotic (67) holds for ¥3 ,(Qy) as well. Comparing the two expres-
sions for w;g(Qk) in (66) and (67), with a short computation, indeed we verify
by = qr - (1+v)/2 4 0(qx), so we have proved that /; and J; have asymptotically
equal length.

Since consequently L3 ; and L3 , both asymptotically decay with slope —% in Jg,
from (30) again we deduce that the sum L3 | + L3 , must asymptotically increase
by in J;. Now recall in Claim A we showed that L* , Ly, 5 asymptotically

(67) ¥33(Q0) = ¥34(Q0) = br +o(b), k — oo.

induce an increase with slope at most 7 in the entire 1nterval (br_1, 00) if we let X
run through (H (Py), 0o). Hence if we restrlct to X € (H(Py), H(Pxy1)), by a very
similar argument as in Claim B, in the interval (bx—_1, gx) they induce L} 3, and L3 )
such that they both asymptotically increase precisely with slope . By index shift the
analogous claim is clearly also true for (by, gx+1) = Jk. Hence 1ndeed both L§ | and
L3 , must asymptotically increase with slope precisely 1 3 in the entire interval Ji.
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Observe that the end of J; is the beginning of I;1, so that we have basically
established a complete description of all functions L;l, e, L; 4 on (0, 00). The
characterizations of the graphs of L} ; (¢) established above show that asymptotically
at the values g = by both the smallest local minima of L;‘,l (q), L;z(q) (in the
sense of minimal values of w;l(Q), 1//§‘<’2(Q)) and the largest local maxima of
L; 1(q), L; 4(g) (in the sense of maximal values of lﬁ;3(Q), 1//3*" 4(Q)) are attained.
Moreover both |L§’1(bk) — L;Z(bk)l and |L;3(bk) - L§’4(bk)| are bounded uni-
formly in k, in fact more generally |L§’1(q) - L}"z(q)| and |L§,3(q) — L§,4(q)| are
uniformly bounded for g € (0, 0o0). Thus with (62) we have

* * 1 — \/g Ik ok ﬁ— 1
1// = 1// = and w == w == .
V31=V¥32 3345) 3,3 3,4 3345)
With (22), (23) and (24) we derive
1
(68) w3(§) =w32(8) =p and A3(0) =23208) = 7
This contains in particular the claims in (11). U

Remark 4.2. We can also determine the remaining constants w3 ;, A3 ;, W3,;, 5\3,5
for extremal numbers. From (25) and (68) we deduce

1
:

Moreover the above characterizations of the functions L3 ; imply
12936,1 = 159362 = 931 = Y?z =0.

With (24) and (25) this is equivalent to

w3 3(¢) = w3 4(¢)=W3(5) = W3 2(5)=3,

235(0) = 1340 = A3 =h32(0) = 5.

The description of the combined graph of the functions L3 j(q) and the in-
formation on the structure of the polynomials inducing them from the proof of
Theorem 2.1 allows one to estimate the approximation to an extremal number by
algebraic numbers of degree precisely three.

(69) W33(0) =w34(0) =5, A33(0) =A34(0) =

(70)

Proof of Theorem 2.2. 1t follows from the proof of Theorem 2.1 and the description
above that the first two successive minima functions of the linear form problem
related to ¥3 |, Y3, are induced by polynomial multiples of P, from Theorem 1.1,
and for each k these multiples span the same space as { Py, T P}. Since P, have
degree two, there is no irreducible polynomial of degree three which lies in the
space spanned by { Py, TP} for some k. Thus the optimal exponent in (13) is not
larger than w3 3(¢). On the other hand it was shown in the proof of Theorem 2.1
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that w3 3(¢) = 3, see (70). Thus, combining these facts, we see that indeed (13)
has only finitely many solutions in Q € Z[T] an irreducible polynomial of degree
precisely three. From (13) we infer (14) by a standard argument. Indeed if R is
the minimal polynomial of some « then |R(¢)| = |R(¢) — R(@)| = |¢ —a|- R'(2)
for some z between o and ¢ by the intermediate theorem of differentiation. On the
other hand |R'(z)| << H (R) for bounded z is easy to see, and the claim (14) follows
from (13).

Next we show (16) and (17). By essentially the argument from the proof of (13)
again w3 3(¢) is an upper bound for the exponent in (16) for some large X. On the
other hand we have noticed in (69) that @3 3(¢) = W3.4(¢) = +/5. Combining these
yields (16) and we deduce (17) from it very similarly as (14) from (13).

For (15) recall that in the proof of Theorem 2.1 we showed that for any large k
there exists a linear polynomial E; such that, with X := H (Pr4+1) and Q1 := Py E},
we have

H(Qk1) < H(P41) = X,
|Qk1(0)] < X3, | Per ()] < X3t

Since Q. is not irreducible by construction and Py has degree only 2, we
consider the polynomials Si ;(T) := Qi 1(T) + jT - P41 (T) for j € {1,2}. We
show that at least one of these two polynomials has the desired properties (in fact
we need the distinction only for the right hand side of (15); the left follows for both
J =1and j =2). The polynomials Sy ;(T') obviously have degree three and height
H (S, j) < X. Moreover with (71) we infer

(71)

(72) 18k, (D1 =1Qk.1(0) + Pt (O] <1 Qa1+ J1E |- | Py (O] K X7,

for 1 < j < 2. Next we check that Sy ; are irreducible for large k and 1 < j < 2.
Consider j fixed and suppose Sy ; is reducible. Then we may write S ;(T) =
M(T)N(T) for M, N € Z|T] each of degree one or two. Then [Sy ; ({)| = [M(¢)]-
N (¢)] and it follows from (42) and (72) that at least one of the inequalities

M) < HM)T* or |[N(©)| < H(N)+*

must be satisfied; see also the remark subsequent to (42). Without loss of generality
say this holds for M. However, since w2 2(¢) <t < 3, see (8), and M has degree
at most two, it follows from Theorem 1.1 that the inequality can only be satisfied
if M is some P; from Theorem 1.1. However, by construction of Sy ; we clearly
cannot have Py|Sy ;j or Pry1|Sk ;. Thus M = P; for some [ < k — 1. Theorem 1.1
further implies

H(P—1) . H(P1)

_v. < Xl/v2 —x/r
H(Pyt1) H (P+1)

HM) < H(Pi—1) < H(Pry1) -
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and it follows further that
(73) IM()| < HM)™" > X PT=X""

Since M = P, has degree two and Sy ; degree three, the polynomial N must have
degree one such that by A(¢) = 1 from (7) we have

(74) IN@I>HN) 7> x717<
Combining (73) and (74) yields
1S (O =M@ IN@)> X" =X

Again from 7 < 3 we obtain a contradiction to (72) for small €. Hence the assumption
was wrong and indeed S ; must be irreducible for j € {1, 2}, and in view of (72)
we have finished the proof of the left-hand side of (15).

For the right-hand side of (15) suppose we have already shown that for all large
k and some j = j(k) € {1, 2} we have

(75) 150> X'

Then the claim follows together with (72) from the left-hand side for & some root
of the corresponding Sy ; by a similar standard argument as in the deduction of
(14) from (13). Indeed it is well known that any polynomial U € Z[T] has a root
B that satisfies |8 — ¢| < |U (¢)|/H (U), see for example [Roy 2004a]. The claim
follows with U = S ;. It remains to be checked that (75) holds, for which we use
(10). First note that the derivative of Sy ; can be written

(76) 1S (OI=104 1)+ jPer1(O) + i PO, 1<j<2

Obviously the term jPxy1(¢) in the sum is negligible since it is very small. Hence
(76) can be small only if Q;(’l(g“) is of the same order (and reverse sign) as
j¢ P,é +1(¢). On the other hand (10) implies for all large k the estimate

1JCPL (O = JICIH(Pey) ™ > X17¢ for j e (1,2},

and very similarly the difference between the right-hand sides in (76) for j =2
and j =1 is at least of order X'~ as well. It follows that (75) can be violated for
at most one index j € {1, 2}, and for the other index (75) must be satisfied. This
finishes the proof of (15). ]

We finish by giving a heuristic argument why the exponents in (16) and (17)
should be optimal as well. For any X we can again consider linear combina-
tions Si j(T) = jTPy1(T) + P (T)E(T) for k = k(f() largest possible such that
H(Pyyp) < X and some E; of degree one from the proof of Theorem 2.1 such that
(16) is satisfied for Q(T) = Qx.1(T) = Px(T)E,(T). Given the irreducibility of
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Sk,j for all large k and j rather small, we can again basically proceed as in the proof
of (15). However, the method from the proof of (15) to guarantee the irreducibility
of some of the arising Sy ;(T') does not work here.
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