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C!l-UMBILICS WITH ARBITRARILY HIGH INDICES

NAOYA ANDO, TOSHIFUMI FUITYAMA AND MASAAKI UMEHARA

We show that C'-umbilics with arbitrarily high indices exist. This implies
that more than C!-regularity is required to prove Loewner’s conjecture.

1. Introduction

The index of an isolated umbilic on a given regular surface is the index of the
curvature line flow of the surface at that point, which takes values in the set of
half-integers. Loewner’s conjecture asserts that any isolated umbilic on an immersed
surface must have index at most 1. Carathéodory’s conjecture asserts the existence
of at least two umbilics on an immersed sphere in R3, which follows immediately
from Loewner’s conjecture. Although this problem was investigated mainly on real-
analytic surfaces after Hamburger’s work [1940; 1941a; 1941b], several geometers
recently became interested in nonanalytic cases; see [Ando 2003; Bates 2001;
Ghomi and Howard 2012; Gutierrez et al. 1996; Smyth and Xavier 1992]. In
particular, Smyth and Xavier [1992] observed that Enneper’s minimal surface is
inverted to a branched sphere such that the index of the curvature line flow at the
branch point is equal to two. Bates [2001] found that the graph of the function

Xy

V1I+x2/1+y?

has no umbilics on R? and inversion of it gives a genus zero surface without self-
intersections, which is differentiable at the image of infinity under that inversion.
Ghomi and Howard [2012] gave similar examples of genus zero surfaces using
inversion. Moreover, they showed that Carathéodory’s conjecture for closed convex
surfaces can be reduced to the problem of existence of umbilics of certain entire
graphs over R%. A brief history of Carathéodory’s conjecture and recent devel-
opments are written also in [Ghomi and Howard 2012]. Recently, Guilfoyle and

(1-1) B(x,y):=2+
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Klingenberg [2008; 2012] gave an approach to proving the Carathéodory and the
Loewner conjectures in the smooth case.

Let P: U — R3 be a C'-immersion defined on an open subset U of R? such that
P is C*®-differentiable on U \ {¢} and not C2-differentiable at ¢. Then the point
g € U is called a C'-umbilic if the umbilics of P on U \ {g} do not accumulate
to g. At that point g, we can compute the index of the curvature line flow of P. In
this paper, we prove the following assertion:

Theorem 1.1. Let U; C R? be the unit disk centered at the origin. For each positive
integer m, there exists a C'-function f : Uy — R satisfying the following properties:
(1) f is real-analytic on U := Uy \ {(0, 0)},
(2) (0,0, £(0,0)) is a C'-umbilic of the graph of f with index 14 (m/2).
It should be remarked that the inversion of the graph of Bates’ function B(x, y)
has a differentiable umbilic of index 2 although not of class C! (see Example 2.3). It
was classically known that curvature line flows are closely related to the eigenflows

of the Hessian matrices of functions (see Appendix A). As an application of the
above result, we can show the following:

Corollary 1.2. For each m > 1, there exists a C'-function A : Uy — R satisfying
(1) A is real-analytic on U, and

(2) the eigenflow of the Hessian matrix of A has an isolated singular point (0, 0)
with index 1 + (m/2).
When we consider the eigenflow of the Hessian matrix of f, it is well known
that the index of the flow at an isolated singular point is equal to half of the index
of the vector field

(1-2) dp:=2fege + (= Fe) gy

In addition, if 0 := (0, 0) is an isolated singular point of the eigenflow of the Hessian
matrix of f, then its index is equal to 1 +ind,(87)/2 (see Appendix B), where
ind, (8 ) is the index of the vector field

(1-3) 85 =20 — f) gy + (- For Hrf ¥ fo) gy

at o, and x =r cosf, y =r sinf. In order to prove the above theorem, we introduce
vector fields Dy and A y analogous to dy and & ¢, respectively (see Propositions 3.3
and 4.2), and prove the theorem by computing the index of A ; at infinity for each
of the functions (see Section 5)

(1-4) f= fu(r,0):=1+tanh(r*cosmf), O<a<l1/4, m=1,2,....

We also give an alternative proof of Theorem 1.1 without use of inversion, by an ex-
plicit example of A, see (6-1), satisfying (1) and (2) of Corollary 1.2 (see Section 6).
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2. The regularity of the inversion
Let R be a positive number. Consider a function f : R?\ Qz — R, where
(2-1) Qg = {(x,y) e R*; Va?+y* < R}.

Then F = (x, y, f(x,y)) gives a parametrization of the graph of f. The inversion
of F is given by F/(F - F), where the dot denotes the inner product on R>. We
consider the following coordinate change:

u v
2-2 = =55
(2-2) = Y= 2
Then
1 22 2 u v
(2-3) ‘II = A—(u’v’p f)’ f(l/l,v) :=f<_’_>
f 2241 02 p2

gives a parametrization of the inversion, where p := v'u? + v%. The map W ris
defined on the domain

@4 Ubpi=Uye\o) (Uyri= v eR?; Vi s < 1),

where o := (0, 0). If we set
(2-5) X =rcosf, y=rsind,
where r > 0, then (2-2) yields

(2-6) ,0=%, u=pcoso, v =psing.

In particular, the angular parameter is common in the xy-plane and the uv-plane.

Proposition 2.1. Let f : R*>\ Qr — R be a C®-function such that f/r is bounded.
Then the inversion Wy : U R R3 can be continuously extended to (0, 0), and
moreover, if

fr=2rff;

(2-7) ‘ 7

<1, r> R,

then the image of Wy = (X, Y, Z) can be locally expressed as the graph of a
function Z = Z ;(X,Y) on a neighborhood of (0, 0) in the XY -plane. Under the
assumption (2-7), the function Z (X, Y) is differentiable if and only if

lim — =0.
r—o0o r
Proof. We can write

(2-8) \Iff(u,v):Wluv)z@,v,w(u,v)vﬂ—l-vz),
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where

2-9) o, v) = VAT 02, vy = L)

r

Since f/r is bounded, the function ¢ is bounded on U 1*/ g~ Thus, using (2-8), we can
prove lim,_,o Wy = (0, 0,0), i.e., ¥ (u, v) can be continuously extended to (0, 0).
We denote by IT: R* 5 (x, y, z) = (x, y) € R? the orthogonal projection. Setting

P
,9 = . s
Ve 0 1+ ¢@(pcosf, psinf)?
it holds that
(2-10) Mo Ws(u,v)=(¥(p,0)cost, ¥(p,0)sinb).

Since f(,ocos@, psinf) = f(cosf/p,sinf/p), we have
vp=f—rfr

In particular, it holds that

. (f*=2rff)/r?

Ay

By (2-7), there exists ¢ > 0 such that p +— ¥ (p, 0), |p| <e¢, is a monotone increasing

function for each 6. Thus, by (2-10), we can conclude that TTo W : U, — R? is an
injection. Since a continuous bijection from a compact space to a Hausdorff space

is a homeomorphism, the inverse map G : Q2 — U, of ITo W¢|y, is continuous,
where € is a neighborhood of the origin of the XY -plane in R>. Then the graph of

7 (_ Py >_</>(G(X,Y))p(G(X,Y))
T\ 1+¢2) 7 140G, 1))?

coincides with the image of ¥y = (X, Y, Z) around (0, 0, 0). Then

2-11)

_u oy v _ 9
1+ @2’ 1+ g2’ 1+ 9?2
Since p — 0 as (X, Y) — (0, 0), we obtain
Z+(X,Y ) . .
(2-12) Zxn _ ¥ o limg=1m L. O
XN=00 /x2 L y2  XDH>00 /2 2 p>0"  rocor

Corollary 2.2. Suppose that f : R*\ Qg — R is a bounded C™®-function satisfying

(2-13) lim 7 —o.
r—00

Then the inversion Wy : U {k R R3 can be continuously extended to (0, 0), and
moreover, the image of Wy is locally a graph which is differentiable at (0, 0).
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Example 2.3. Bates’ example mentioned in the introduction is differentiable. In
fact, B(x, y) in (1-1) is bounded and B, /r converges to zero as r — oo. However,
the inversion of (x, y, B(x, y)) is not C'. In fact, the unit normal vector field of
the graph of B is not continuously extended to the point at infinity. Since the
inversion preserves the angle, the unit normal vector field of its inversion cannot be
continuously extended to (0, 0, 0).

Example 2.4. Ghomi and Howard [2012] gave an example:
14 x4 y?

VI+@+y)?

The graph of fgy is umbilic-free (see Example 3.5 in Section 3). The function fgy
is bounded. In addition, since (fgu), is bounded, (2-13) is obvious. Therefore,
as pointed out in [Ghomi and Howard 2012], the inversion of (x, y, fgu(x, ¥)) is
differentiable. However, it is not a C'-map. In fact, the limit of the unit normal
vector field along y = 0 of the graph of fgy is not equal to that along x 4+ y?> =0 at
the point at infinity.

(2-14) feu=1+A (x> 0).

Next, we give a condition for W to be extendable as a C L_map to (0, 0).
Proposition 2.5. Suppose that f :R*\ Qg — R is a bounded C*®-function satisfying
(a) lim, _, fr =0,
(b) lim, o fo/r =0.

Then YV = (X, Y, Z) can be extended to (0,0) as a C 1—map. Moreover, the map
(u, v) = (X(u,v), Y(u, v)) is a C'-diffeomorphism from a neighborhood of the
origin in the uv-plane onto a neighborhood of the origin in the XY -plane.

To prove this, we prepare the following lemma.

Lemma 2.6. The conditions (a) and (b) in Proposition 2.5 are equivalent to the
following two conditions, respectively:

(1) limy— > f, =0,
(2) lim,_q p fy = 0.

Proof. The equivalency of (2) and (b) is obvious. The equivalency of (1) and (a)
follows from the identity f, = —f,/ 0> [l

Proof of Proposition 2.5. We see by Corollary 2.2 that W can be extended to
(0, 0) as a differentiable map and that the map (u, v) — (X (u, v), Y (u, v)) is a
homeomorphism from a neighborhood of (0, 0) onto a neighborhood of (0, 0).
We set

(2-15) hi=p"f(=pp), k:=(pf)*(=¢?.
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By (2-3), we can write

(2-16) V= (XY, 2)= | (w0, ).

k+
To show that W, is a C 1—map at (0, 0), it is sufficient to show that & and k are
C!-functions. Since 4 and k are C*-functions on U 1*/ r» they satisfy
hu=p(Qf +pfp)cos6 — fysing),

hy =p(Q2f +pf,)sinb + focos),

ka=2fp(cos6(f +pf,) = fasin),

ky=2fp(sin0(f + pfo) + focost),

on UI*/R. Using (1), (2) in Lemma 2.6, (2-17) and (2-18), one can easily see that

(2-17)

(2-18)

(2-19) lim A, = lim h, = lim k, = lim k, =0,
p—0 p—0 p—>0 p—0
which shows that W ; extends to (0,0) asa C 1—malp. By (2-16) and (2-19), we have

Xu(0,00=1, X,(0,0)=0, Y,(0,00=0, Y,(0,00=1.

Thus the second assertion follows from the inverse mapping theorem, because the
Jacobi matrix of the map (u, v) — (X (u, v), Y (u, v)) is regular at (0, 0). U

In Section 5, we need the following:

Proposition 2.7. Let f : R\ Qr — R be a bounded C>®-function satisfying

conditions (a) and (b) of Proposition 2.5. If there exists a constant 0 < ¢ < %

such that
1—c/2 —c/2 2—¢ 1—c PN
r £/ fi” r C/ f@’ r Lfrra r Lfr@s r Cf@@

are bounded on R* \ Qg, then the map (u, v) — (X (u, v), Y (u, v)) is a C*-map
at (0,0), where Vy = (X, Y, Z).

We prepare the following lemmas:

Lemma 2.8. The boundedness of the five functions in Proposition 2.7 is equivalent
to the boundedness of the functions

(2-20) PP for 0P e 07 fope P fonn P fio
on U\ {(0, 0)}, where U is a sufficiently small neighborhood of (0, 0).

Proof. Differentiating f = f(,o cosf, psinf) by p, we get pfp = —rf, and
02 f op =2rfr + r? f,», which can be used to check the assertion. U
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Lemma 2.9. Suppose that the five functions in (2-20) are bounded on U \ {(0, 0)}.
Then ,02Ckuu, ,ozckm, and ,ozckm, are also bounded on U \ {(0, 0)}, where k is the
function given in (2-15).

Proof. In fact, each of k,,, k., kyy 1 Written as a linear combination of
Lo pfos foo W/ pfofo. 5o 0*fows pfoos foo,
with coefficients that are bounded functions. For example,
kuo = 520 (0* [+ (07 fop+30 fo—= fao) = £ +2c0526 (fap fot )+0f fre)-
Thus, we get the assertion. O
Proof of Proposition 2.7. By Lemmas 2.8 and 2.9, the fact that 2¢ < 1 yields that
(2-21) gl_r)% Pk = gl_r)r}) pkuy = gl_r)r}) pkyy = 0.
Since
_ 2uky —2(k 4+ Dk, — u(k 4 Dk,

" (k+1)3 ’
X,, = ko (=2uky +k+1) +uk+ l)kuv’
(k+1)3
(k4 Dk —2K2)
v (k+1)3 ’
we have that X,,, Xy, X,y tend to O as p — 0. This implies that X,, X, are
C'-functions. Similarly, Y, Y, are also C'-functions. O

3. The pair of identifiers for umbilics

Let U be a domain on R?. Consider a flow (i.e., a 1-dimensional foliation) F
defined on U \ {p1, ..., pn}, where py, ..., p, are distinct points in U. We are
interested in the case where F is

« the curvature line flow of an immersion P : U — R3,
« the eigenflow of a matrix-valued function on U, or
« the flow induced by a vector field on U.

We fix a simple closed smooth curve y : T! — U\{p1, ..., pp}, where T :=R/2n Z.
We set

0y 1= %

Then one can take a smooth vector field

V(t) :=a(t)d, +b(1)d,
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along the curve y () such that V (¢) is a nonzero tangent vector of R? at y (¢) which
points in the direction of the flow F. Then the map

(a(1), b(1))
Va2 +b(t)?

is called the Gauss map of F with respect to the curve y. The mapping degree of the
map V is called the rotation index of F with respect to y and denoted by ind(F, y),
which is a half-integer, in general. If y surrounds only p;, then ind(F, y) is
independent of the choice of such a curve y. So we call it the (rotation) index of
the flow F at pj, and it is denoted by ind,, (F). If the flow F is generated by a
vector field V defined on U \ {p1, ..., pn}, then ind,, (F) is an integer, and we
denote it by ind,; (V).

We denote by S,(R) the set of real symmetric 2-matrices. Let U be a domain
in B2, and

(3-1) ViT'st— eSl:={xeR?; x| =1}

: R
an(x, y) azzoc,y)) U= 5%(R).

A <a11(x, y) ap(x,y)

a C*°-map. A point p € U is called an equidiagonal point of A if a;; = az; and

a;p =0 at p. We now suppose that p is an isolated equidiagonal point. Without loss

of generality, we may assume that A has no equidiagonal points on U \ {p}. Since

two eigenflows of A are mutually orthogonal, the indices of the two eigenflows of the

$>(R)-valued function A are the same half-integer at p. We denote it by ind, (A).
It is well known that for an S, (R)-valued function A, the formula

(3-2) ind,(A) = § ind,(v4)
holds, where v4 is the vector field on U given by
(3-3) V4 = (a11 —axn)0x +a2dy.

We shall apply these facts to the computation of the indices of isolated umbilics
on regular surfaces in R? as follows. Let f : U — R be a C*®-function. The
symmetric matrices associated with the first and the second fundamental forms of
the graph of f are given by

- R 1+fxz fxfy) R <fxx fxy)
(3-4) I'_<fxfy 1+fy2 , Il = ot )

We consider a GL(2, R)-valued function

0 VI+ 2
S \-Jar g ad £V

(3-5) P
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which satisfies the identity P PT = I, where P is the transpose of P. Then
Ap=P Py = PTa ™!

is an $7(R)-valued function. The umbilics of the graph of f correspond to the

equidiagonal points of A ;. We show the following:

Proposition 3.1. The symmetric matrix A y(p) is proportional to the identity matrix
at p € U if and only if p gives an umbilic of the graph of f. Moreover, if p is an
isolated umbilic, then ind, (A y) coincides with the index of the umbilic p.

Proof. The first assertion follows from the definition of Ay. Without loss of
generality, we may assume that p coincides with the origin o := (0, 0), and the
graph of f has no umbilics other than o on U. Take a sufficiently small positive
number ¢ > 0 so that the circle

y(t) = ¢e(cost, sint), 0<t<2m,

is null-homotopic in U.
We denote by (a1 (1), b1 (t))T and (ax(t), b2(1))7, eigenvectors of I7'1T and A ;
at y (), respectively. We may suppose

(a1(@), b1(@®) P(y (1)) = (ax(1), ba(1)), 0<t=<2m.
We set
w; (7) :=a;(t)dy + b; (1)0y, i=1,2.

Then w; points in one of the principal directions of the graph of f. The matrix
P (y (1)) takes values in the set

(3-6) T:={<O x);x,y>0,ze[R}.
v :

Since the set 7 is null-homotopic, the mapping degree of w;(z) with respect to
the origin is equal to that of W, (). Since the degree of w,(¢) with respect to o
coincides with ind, (A r), we get the second assertion. O

By a straightforward calculation, one can get the following identity:

2
Api=hiPA; = (fxfy(foYf” l_kzhfxy) + 17 fyy kzll;xx)’

where
h=1+f2 k=VI+ 24+ Li=—hfo+ fofyfo
Then the coefficients of the vector field

vf;[ = V10, +U23y
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defined as in (3-3) for A = A r are given by

vi =an —an = (=1 + )] frx = hfx = 20fx foy fy + 12 fy,
vy =daipp = _k(hfxy - fxfyfxx),
where A = (aij)i j=1,2. Hence, we get the following identity:

2 fy
Tk

o v +h(=fee(L+ £+ A+ £ fiy)-

Consequently, we get the following fact (see [Ghomi and Howard 2012, (10)]):

Fact 3.2. The graph of the function z = f(x,y) defined on U has an umbilic at
p € U if and only if the functions

di(x.y) =+ fD) feoy— fefyfexr and  dy(x, ) = (14 1) fry — fex(1+ £])
both vanish at p.
We consider the vector field
Dy :=d 0 +d,0,

defined on the domain U in the xy-plane. Suppose that p is a zero of Dy. The
following assertion holds:

Proposition 3.3. If p gives an isolated umbilic of the graph of f, then half of the
index of the vector field Dy at p coincides with the index of the umbilic p.

Proof. The half of the index of the vector field

X = —v;, = 2 fx fydi — hd2)0, + kd, 9,
at p is equal to ind ), (Af). We now set

25fy fy —1—sf? <d1

o= Tz r s o d

Then X = X and Xo = —d»0, + d;0,, and the rotation index of X, at p does not
depend on s € [0, 1]. Since the rotation index of Dy = (d1, d») at p coincides with
that of X, we can conclude that X has the same rotation index as D at p. O

), 0<s<l.

We call dy, d, the Cartesian umbilic identifiers of the function f.

Example 3.4. For a function f(x,y) := Re(z’) = x3 — 3xy? (z = x 4+ iy), the
Cartesian umbilic identifiers are given by d| = —6y¢@, d» = —6x¢,, where

@ = —Ox* + 9y4 +1, Q2 = ox* + 18)62)12 + 9y4 + 2.
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Since ¢;, i = 1,2, are positive at the origin (0, 0), the vector field Dy can be
continuously deformed into the vector field —yd, — xd, preserving the property
that the origin is an isolated zero. Thus Dy is of index —1, and the graph of the
function f has an isolated umbilic of index —% at the origin.

Example 3.5. Bates’ function B(x, y) has no umbilics since d; > 0 on R2. On the
other hand, the identifier d; with respect to Ghomi and Howard’s function fgu(x, y)
in (2-14) vanishes if and only if y = 0 or x = —y?. Since d, never vanishes on
these two sets, the graph of fgy also has no umbilics on R?.

4. The pair of polar identifiers for umbilics

Let U be a domain in the xy-plane, and f : U — R a C*°-function. Let (r, 6) be
the polar coordinate system associated to (x, y) as in (2-5). Then

F(r,0):=(rcosf,rsinf, f(rcosé,rsind))
gives a parametrization of the graph of f with the unit normal vector

_ 1
\/f62 +r2(1 + frz)

(141 ft
I:=
frf@ r2+f92

is the symmetric matrix consisting of the coefficients of the first fundamental form
of F. If we set

v (fosin6 —rfycos@, —rf,sin6 — fycos6,r).

Then

0 I+ 2
O\ VR VTR TR

then Q QT =T. The symmetric matrix consisting of the coefficients of the second
fundamental form is given by

1T = L ( rfrer "fre—f9>
TV 2(0+ ) \rfro— fo r(fae+rf))

Then the symmetric matrix

By=0 '™ HT = oTd (")

satisfies

P2 12 for + 1 fr (=27 fo fro + 212 +12h) +rh® fag Tk )

By =hi’By = . .
! ! ( ik ri2f,
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where
he=1472 =V 7+ 0+, L= folh+rf fo) —rhfr.
The following holds:

Proposition 4.1. The symmetric matrix B r(p) is proportional to the identity matrix
at p € U\ {0} if and only if p gives an umbilic of the graph of f. Moreover, if o
is an isolated umbilic of the graph of f, then the index of the umbilic at o is equal
to 1 +ind,(By).

Proof. The first assertion follows from the above discussions. So we now prove
the second assertion. Suppose o is an isolated umbilic. We take a simple closed
smooth curve y (¢) in the xy-plane, where 0 <t < 2w, which surrounds the origin o
anticlockwisely, and does not surround any other umbilics. Let w; : [0, 27] — R?
be a vector field along y such that w(¢) is an eigenvector of the matrix I~ 'II at
y(t) for each t € [0, 2]. Since

0, =cos 00, +sin0a,,

dg = —r sin@d, +r cos 09y,

we have that

cosf —rsinf
(9, 9p) = (0x, 0y) To, Ty := (sin@ r Ccos «9)‘

Then, it holds that
I = (1) 'a'InT.

In particular,
wa(t) :=To(y) 'wi(1),  0=<r=<2m,

gives an eigenvector of the matrix 1T at y(). LetTy: U - GLQ2,R), 0<s <1,
be a map defined by

T (COSQ —(r(1—5)+s)sinf

1.
$in 6 (r(1—s)+s)cos9)’ O=s=

Then it gives a continuous deformation of 7y to the rotation matrix 77. Since
the winding number of the curve y (¢) with respect to the origin o is equal to 1,
the difference between the rotation indices of w; and w, is equal to 1. Since the
eigenflow of the symmetric matrix B 1 is associated with that of the matrix ' by
Q, the fact that Q takes values in the set 7 in Section 3 yields that the index of the
umbilic o is equal to 1+ indo(é 7). U

We now set

81 i= —bia/k =~ fo(L+ f241f fr) +r (14 £2) fro,
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where Ef = (l;ij)i,jzlyz. Then we have

by — by =2 fob1 +r(1+ £7)82,
where
8= (L+ f2) Sy + foo) = for (r? + 7).
Thus, as in the proof of Proposition 3.3, we get the following assertion:

Proposition 4.2. Let U be a neighborhood of the origin o := (0, 0). Let f: U — R
be a C*®-function. Then the graph of f has an umbilic at p € U\ {0} if and only if the
two functions §1(r, 0), 8,(r, 0) both vanish at p, where x =r cos6 and y =r sin6.
Further, if o is an isolated umbilic, then half of the index of the vector field

Ay =810y + 620y
at o equals —1 +1¢(0), where 17(0) is the index of the umbilic o.

We call §;, 8, the polar umbilic identifiers of the function f.

Example 4.3. Consider the function (where z = x +iy)
flx,y):= Re(z7) = x° —i—xy2 =r3cosé.
By straightforward calculations, we have
81 =—2rsiné, 8 = —2r3(2 = 3r* —6r* cos 20) cos 6.

Since 2—3r*—6r* cos 26 is positive for sufficiently small » > 0, the vector field Ay
can be continuously deformed into the vector field — sin 89, — cos 89y preserving
the property that the origin is an isolated zero. Thus the rotation index of Ay at o
isequal to —1,and Iy (0) =1— % = %

We give a generalization of Proposition 4.2 for the computation of the index of
the curvature line flow of a surface along an arbitrarily given simple closed curve
surrounding several umbilics as follows. Let z = f(x, y) be a C*°-function defined
on R? admitting only isolated umbilics. Suppose that y : R — R? is a C*°-map
satisfying y (t 4+ 2m) = y(¢) which gives a simple closed curve in the xy-plane
such that it surrounds a bounded domain containing the origin o anticlockwisely.
Moreover, we assume that y (¢) does not pass through any points corresponding to
umbilics of the graph of f. We denote by I(y) (resp. ind,, (A r)) the rotation index
of the curvature line flow (resp. of the vector field A y) along the simple closed
curve y. Then the formula
ind}, (Af)

2
can be proved by modifying the proof of Proposition 4.2. Suppose that there exist
at most finitely many points ¢ = ¢, ..., # € [0, 2] such that 6, (y(¢)) vanishes

(4-1) Ir(y)y=1+
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Figure 1. The inversion of the graph f5 for a = é (left) and its
enlarged view (right). In these two figures, the z-axis points toward
the downward direction.

at t =t;. We now assume that &} (y(t)) :==dé;(y(t))/dt does not vanish at t =1,
for j=1,..., k. Weset

0 for 82(y(tj)) <O,
e(t)) = 1 for 8;(y(tj)) > 0and 5,(y(j)) > 0,
—1 for &j(y(tj)) <0and 8 (y(t;)) > 0.
Then, it holds that

k

(4-2) ind, (Ay) = —ZS(IJ')-

j=1

5. Proof of the main theorem

In this section, using the function f = f,, (m=1,2, 3, ...) given in (1-4), we prove
Theorem 1.1 and Corollary 1.2 in the introduction. More generally, we consider
the function

5-1) g=gn 0):=1+ F(@r“cosmb), O<a<1/4, m=1,2,3,...,
which is defined on {(r, 8) ; r > R}, where R is an arbitrarily fixed positive number,
and F : R — R is a bounded C°°-function satisfying the following conditions:

(1) F(x) is an odd function, that is, it satisfies F(—x) = —F (x),

(ii) the derivative F’(x) of F is a positive-valued bounded function on R,

(iii) the second derivative F”(x) is a bounded function on R such that F”(x) <0
for x > 0,
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(iv) there exist three constants «, 8 and y (8 #0, y > 0) such that

lim " F'(x) = «, lim " F"(x) = B.
X—>00 X—>00

One can easily construct a bounded C*°-function F'(x) satisfying properties (i—iv).
For example, one can construct an odd C*°-function satisfying (ii) and (iii) so that

Fx)=1—-e"", x €[M, ),

for a positive number M. Then it satisfies (iv) also. However, to prove Theorem 1.1,
we must choose the function F(x) to be real-analytic, and

F(x) :=tanhx

satisfies all of the properties required. In this case, g,, = f, holds. From now on,
we shall prove Theorem 1.1 and Corollary 1.2 using only the above four properties
of F(x).

The function g can be considered as a C*-function on R? \ Q in the xy-plane
for any R > 0. The graph of g lies between two parallel planes orthogonal to the
z-axis, and is symmetric under rotation by the angle 2 /m with respect to the z-axis
(the entire figure of the inversion of the graph of fs is given in the left-hand side of
Figure 1). The partial derivatives of the function g are given by

gr=ar" e, F'(rcp),

g0 = —mr’s, F'(r‘cy),
(5-2) grr = ar ey (ar‘cn F'(rcm) + (@ — DF'(rcw)),
gro = —amr®~ s, (r'cu F"(r'cw) + F'(rcp)),

goo = m*r (r'sy, " (rcn) = cn F'(rcn)).
where
(5-3) Cp = cosmb, Sm = sinm0.

Since F'(x) is a bounded function, g is bounded and satisfies (2-13), since a < 2.
Therefore, the inversion W, can be expressed as a graph near (0, 0,0). Since
0 <a <1, the function g satisfies (a) and (b) of Proposition 2.5. Then Z=Z (X, Y)
asin (2-11), where f:=gisa C'-function at (0, 0). The graph of Z, for g = f5
near (0, 0, 0) is indicated in the right-hand side of Figure 1. To prove Theorem 1.1,
it is sufficient to show that (0, 0, 0) is a C'-umbilic of the graph of Z, (X, Y) with
index 1+ (m/2). In the following discussions, we would like to show that there
exists a positive number R such that the graph of g has no umbilics if » > R. We
then compute the index I, (I") with respect to the circle

(5-4) I'@) :=(rcosh, rsinb), 0<6<2m, r>R,
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using (4-1) and (4-2), which does not depend on the choice of r > R, as follows.
We set

(5-5) SJ(H) =46;(I"0)), j=12.

The first polar identifier is given by

(5-6) 81 = —mrsy, (ar“cmF”(r“cm) +(a — l)F/(r“cm)).
Since 0 < a < 1, condition (ii) yields that

(5-7) (a—DF'(rcy) < 0.

On the other hand, by (i) and (iii), it holds that

(5-8) xF"(x) <0, x =r%,.

By (5-7) and (5-8), we can conclude that 51(0) changes sign only at the zeros of
the function sinm6. Since the function g is symmetric with respect to rotation by
angle 27 /m, to compute the rotation index of A, along I', it is sufficient to check
the sign changes of S,- @),i=1,2,for6 =0 and 6 = w/m. By (5-6), (5-7) and
(5-8), we get the following:

ds ds
(5-9) =oso0, 2 <0.
do 0=0 do O=m/m
The second polar identifier §, is given by
rr8y = — 1 (a? 2 —m*s2)F (cur®) 4 acp(a®c2 — am® +m*s2 ) F' (c,ur®)?

— 272 (@ = 2a +m>)F' (cpr?).

We need the sign of 52(0) at @ € (mw/m)Z. In this case, s,, = 0 and ¢,, = %1.
Substituting these relations and using the fact that F’ (resp. F”) is an even function
(resp. an odd function), we have

r2_3a52 — :FrZ—aazF//(ra) iaZ(a _ mZ)F/(ra)3 :Fr2—2a(a2 —2a +m2)F/(ra).

Since F’ is bounded, the middle term is bounded. Hence, by (iv) and by the fact that
0 < a < 1, there exists a positive number R such that the sign of §, is determined
by the sign of the first term Fr2>~“a>F" (r*) whenever r > R. Then, we have

(5-10) —8 (7w /m) = 8,(0) > 0.

In particular, the image of the graph of g has no umbilics when r > R. By the
27 /m-symmetry of g, (4-2), (5-9), and (5-10), the index indr(Ay) is equal to —m.
Then the index of the curvature line flow along I" is equal to [,(I') =1 —m/2
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by (4-1). Then after inversion, the Poincaré—Hopf index formula yields that the
index I of the umbilic of W, at the origin is

Iy=2—1,()=1+m/2.

If we choose F'(x) := tanh x, then the function Z, (X, Y) satisfies the properties of
Theorem 1.1.
We next prove the corollary. We set

N1+ 73+ 75

1+vV1+22+22
where Z := Z, is the function given in (2-11). Suppose that A and Av are a
C'-function and a C!-vector field defined on a sufficiently small neighborhood of

(0, 0) in the XY -plane, respectively, where v is a unit normal vector field of the
graph of Z,. Then the map

(5-11) A

Q: (X, Y) > (6(X,Y), n(X,Y))

given by (A-4) for f = Zy, is a local C'-diffeomorphism, and is real-analytic
on U \ {(0, 0)}. Then the proof of Fact A.1 in Appendix A is valid in our situation,
and we can conclude that the eigenflow of the Hessian matrix of A(€, n) is equal
to the curvature line flow of the map P (&, ) given by (A-8). Since the image of
P (&, n) coincides with that of Wy (u, v), we get the proof of the corollary in the
introduction.

Thus, it is sufficient to show that A and Av are C! at (X, Y) = (0, 0). By (5-11),
we have the following expression

1+V1+22+ 22

By (5-11) and (5-12), we can say that (X, Y) and A(X, Y)v(X, Y) are Clat (0, 0) if

(5-12) Av

(5-13) lim ZZXX = lim Zny = lim ZZyy =0
(X,Y)—(0,0) (X,Y)—(0,0) (X,Y)—(0,0)

hold. So to prove the corollary, it is sufficient to show (5-13). It can be eas-
ily seen that all of r'=%g,, r=%gy,r>~%g,,, r'=24g, and r~2*ggy are bounded
functions on R?\ Qz. Since 0 < a < i, Proposition 2.7 yields that the map
(u,v) > (X,Y)=ToWe(u,v)isa C?-map. Then (5-13) is equivalent to

(5-14) im ZZw= lim ZZw= Lm ZZ, =0.
(u,v)—(0,0) (u,v)—(0,0) (u,v)—(0,0)

Since Z = h/(k + 1), (5-14) follows from (2-19), (2-21) and the fact that

lim ph,, = lim ph,, = lim ph,, = 0.
0p—0 p—0 p—0
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6. An alternative proof of the main theorem

In the previous section, we have proved Corollary 1.2. However, it is natural to
expect that one can give an explicit description of the function with the desired
properties. The function A given in (5-11) does not have a simple expression. On
the other hand, we will see that functions

(6-1) A = A, :=r?tanh(r % cos mb), m=1,273,...,
satisfy (1) and (2) of Corollary 1.2 if 0 <a < 1. We set
(A=) Ay = r>F(r~% cosm0),

where £ =rcosf, n=rsiné, and F : R — R is a function satisfying the properties
(i-iv) given in the beginning of Section 5. Then A,, is a special case of A, for
F (x) :=tanh x. It holds that

Ap = r(2F(r_“cm) —acyur ¢ F/(r_”cm)),
ro =—mr? s, F'(r cp),
Aer =2F (r%cy) +ar e, ((a = 3)r'F'(r “cm) +ac F"(r “cp)),
Ao = msyr 2 ((a —2rF'(r~%c,) +acn F”(r_“cm)),
Aoo = —m2r¥2a (rcemF'(r~“cm) — 52 F"(r “cm)),
where ¢,, and s,, are defined in (5-3). We set
§1:=2(rkro — Ao), 02 := =1 Apr 1Ay + hop.

Then each component of the vector field §;, := ¢;0, + ¢20y is an identifier for the
eigenflow of the Hessian matrix of A at the origin given in the introduction; see (1-3).
By a direct calculation, we have

o =2mr’ s, (acw F"(r™“cpm) + (@—DroF'(r %cp)),

o= -1 @*c2 —mPsE ) F(rcp) — (@* —2a +m>)r* e, F'(r cp).

By the property (ii) of F, (a — 1)r®F’(r “c,,) is negative, and by (ii) and (iii),
cm F(r~%cy,) is also negative. So ¢ is positively proportional to —s,, (= — sinm#).
In particular, ¢; vanishes only when s,, = 0. Moreover, for fixed r, it holds that
d¢y/do < 0 (resp. d¢/d6 > 0) if ¢, = 1 (resp. ¢, = —1).

On the other hand, if s,, = 0 and r tends to zero, then ¢,, = &1 and F’(£r—%)
and F”(£r~%) tend to zero with exponential order (see condition (iv) for F(x)).
Therefore, the leading term of ¢, for small r is —r2=2%(a?c2 — m?s2)F" (r “cy).
Hence, for a fixed sufficiently small r, the function ¢; is positive (resp. negative)
if ¢, =1 (resp. ¢, = —1). Summarizing these facts, one can easily show that the
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)form=2anda:%.

1
2

Figure 2. The image of P (r <

index of the vector field g, at o := (0, 0) is equal to m. So the index of the eigenflow
of the Hessian matrix of A at o is equal to 1 +m/2 (see Appendix B). One can
easily check that A is a C!-function at o and the function X satisfies (1) and (2) of
Corollary 1.2. Since A is a special case of A, we proved that A satisfies the desired
properties.

To give an alternative proof of Theorem 1.1, we consider the real analytic map
P :R?\ {0} — R defined (see (A-8)) by

P(Ev 77) = (‘i:v n, A(Sv 77)) - A(‘i:v 77)‘)(5, 77),

where

1

6-2 Vi=—F——"F7FT"—""
(€2 AZ+AZ+1

2 2
(27, 2A,, A7+ A2 - 1),

One can easily verify that
Ag = rlfa((mslsm —acicy) sech®(r~%c,,) + 2r¢cy tanh(r*”cm)),
Ay = rl=a (Zr“sl tanh(r ~“c,,) — (asicy + me18y) sechz(r_“cm)),
where ¢; = cos 6 and s; = sin 8. Using them, one can get the expressions

1 1 1
(6_3) Aff = ﬁhl(ra 9)5 Agr] = rEhZ(r, 9)7 Am] = I’Eh:i(r’ 0)7

where h;(r,0), i = 1,2, 3, are continuous functions defined on R2. Using (6-2),
(6-3) and the fact lim,_,o A/r>* =0, we have

. AN _
(6-4) lim Avg = lim 52 (r"v) =0,
and also
(6-5) lim Av, =0.

r—0
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Using (6-4), (6-5) and the fact
d(Av) = (dA)v+ Adv,

we can conclude that Av can be extended as a C!-function at 0. Thus P (£, n) can
also be extended as a C!-differentiable map at 0. One can also easily check that

P:(0,0) = (1,0,0), P,(0,0)=(0, 1, 0).
Hence P is an immersion at o, and

O: (&, (X(E, ), Y(E, )
is a local C'-diffeomorphism, where P = (X, Y, Z). In particular,

Zn:=Z(d (X, Y))

gives a function defined on a neighborhood of (X, Y) = (0, 0). By Fact A.1 in
Appendix A, the index of the curvature line flow at (0, 0) of the graph of Z, is
equal to the index of the eigenflow of the Hessian matrix of A, which implies
Theorem 1.1. The image of P form =3 and a = % is given in Figure 2.

7. The duality of indices

At the end of this paper, we consider the index at infinity for eigenflows of Hessian
matrices. Let

fiR*\ Qg > R, g:Uyr\{o} >R

be C2-functions, where Qg and U, sk are disks defined in Section 2. Let Hy
(resp. H,) be the eigenflow of the Hessian matrix of f (resp. g). If the Hessian
matrix of f has no equidiagonal points, then we can consider the index ind(H 7, I')
with respect to the circle I given in (5-4) and it is independent of the choice
of r > R. So we denote it by indoo (H ¢). Similarly, if the Hessian matrix of g has
no equidiagonal points, then we can consider the index ind(#{,, I'") with respect to
the circle I'V(0) := (p cos 6, psinf), 0 <0 <2m, p < 1/R. Since it is independent
of the choice of p < 1/R, we denote it by ind,(H,). Consider the plane-inversion

. 2 1 2
t:R e(u,v)|—>u2—+v2(u,v)eR.

Then the following assertion holds:

Proposition 7.1 (duality of indices). Let f : R*\ Qg — R be a C*-function whose
Hessian matrix has no equidiagonal points. Then the function g : Qg — R defined by

glx,y):= (u2 + v2)f ot(u,v)
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(called the dual of f) satisfies
ind,(Hg) +indeo (H ) = 2.

Proof. Using the identification of (u#, v) and z = u +iv, it holds that u = (z+7)/2
and v = (z — 7)/(2i). In particular, f can be considered as a function of variables
z and z, and can be denoted by f = f(z, z). Since ¢(z) = 1/z, we can write

g(z,2):=z2z2f(/z,1/2).
Then

. 2fz(1/z,1/2)
8:(2,)=—73——

holds, where

0 4.0
(au+’av)‘

©I—=

Dig(oidy) b
9z = 2\ou v/’ 0z°
Since I'(0) = re'?, we have that

Jzz(toT(©))
8:(I'(0)) = 40

Thus, it holds that
ind,(g;;, ') = =4 +ind,(f3z, to ).
By (B-1), we have

ind,(g.;, I') = —2ind,(H,),
ind, (fzz, to ') = —indy(fer, to ') = 2indoo (H 5).

Thus we get the assertion. (Il
Applying Proposition 7.1 for the function g = A,,, see (6-1), we get the following:

Corollary 7.2. For each m > 1, there exists a C'-function f : R*\ Qr — R
satisfying

(1) f is real-analytic on R*\ Q,

(2) the eigenflow of the Hessian matrix of f has no singular points, and

(3) the index at infinity of the eigenflow of Hy is equal to 1 —m /2.

The function A,, used in the second proof of Theorem 1.1 coincides with the
dual of the function f,,, — 1 given in (1-4).
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Appendix A: The classical reduction

In this appendix we show the existence of a special coordinate system (£, ) of the
graph of a function f(x, y) which reduces the curvature line flow to the Hessian of
a certain function, called Ribaucour’s parametrization (Umehara learned this from
Konrad Voss at the conference of Thessaloniki 1997). Although, the existence of
such a coordinate system was classically known, and a proof is in the appendix of
[Scherbel 1993], the authors will give the proof here for the sake of convenience.
We set P = (x, y, f(x,y)), and suppose that f(0,0) = £,(0,0) = £,(0,0) =0.
Consider a sphere which is tangent to the graph of f at P and also tangent to the
xy-plane at a point Q. Then, it holds that

(A-1) O+ Xrez =P + v,

where e3 = (0,0, 1) and v = (fy, fy, —1)/V 1 + fZ + f}. Taking the third compo-
nent of (A-1), we get

_ VIR R
L+V1+ 2+ f}

In particular, A(0, 0) = 0. Since fy(0, 0) = f,(0, 0) =0, we have that
(A-3) dx(0,0)=df(0,0)=0.

(A-2) A

Taking the exterior derivative of (A-1), and using (A-3) and A(0, 0) = 0, we have
dP(0,0)=dQ(0,0). So, if we set O = (£(x, y), n(x, y), 0), then it holds that

(6x(0,0)dx +5,(0,0)dy, n.(0, 0)dx +1,(0, 0)dy, 0) =d Q

=dP = (dx,dy, f(0,0)dx + f,(0,0)dy) = (dx, dy, 0),
which implies that the Jacobi matrix of the map
(A-4) Q:(x,y) > (E(x, ¥),n(x, )

is the identity matrix at (0, 0). So we can take (£, n) as a new local coordinate
system. Differentiating (A-1) by & and 7, we get the following two identities:

Q§+)»ge3=P§+)»§U+)xvg, Qn+Ane3=Pn+Anv+kvn.
Taking the inner products of them and v, these two equations yield
(A-5) QS‘U"_)\.EV:;:)\.S, Q,7‘U+)unV3=)un,

where we set v = (v1, v2, v3). Since Q = (§, n, 0), we have that Q; = (1, 0, 0) and
0,=1(0,1,0). So Qs -v=vy and Q,-v = v. Substituting this into (A-5), we have

__" __"
1—1)3’ l—\)3'

(A-6) e hy =
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This implies that (A¢, A,) is the image of v via the stereographic projection, and

1

A-7 V= ——
(A7) 1+47 422

2 2
g, 20y AE+22—1).

By (A-1), we have
(A-8) P=(£,1,0)—Av+(0,0,2).
We prove the following:

Fact A.1. The curvature line flow of the graph z = f(x,y) coincides with the
eigenflow of the Hessian of the function A(&, n) given by (A-2).

Proof. Noticing (A-8), we set

vV v
Ag g = det | dP | =det| d&,dn,dxr
dv dv

Then this gives a map A ) : Tie..,)R> — R such that
By (a7 +b7) = det(v, aPe(&, )+ Py (€, 1) ave (€. ) +bvy €, ) € R,

It is well known that w € Tt ;) R? points in a principal direction of P at (&, n) if
and only if A, (w) = 0. Since (v1)> + (12)? + (13)? = 1, (A-6) yields that

)24+ ()2 1—(13)?
1— V3 - 1— V3

k§v1+knv2: =14v3,

which implies v3 =Agvi+A,;v2—1. We now set u =2/(1 +)»§ —H\%). Differentiating
(A-7), we have

dv = dTMU + //L(d)»g, d)"?’ )»gd)»g +)“77d)“77)'

The first term of the right-hand side of the above equation is proportional to v and
does not affect the computation of A ;). So we have that
V1 1%} )\.gvl + )\,7\)2 —1
Ay =mp|dE dn  reds +hydn
die dry Aedhe +Apdhy
vi v —1
=p|d§ dn 0 |= —u‘
die diy, 0O
= w(Cree — Ayp)dEdn — dey (dE* —dn?)).

Fact A.1 follows from this representation of A ). O

d§ dn
e dh,
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Appendix B: Indices of eigenflows of Hessian matrices

Let g:Qp\{o} > Rbea C2-function, where Qp is the closed disk of radius R
centered at the origin o := (0, 0); see (2-1). The Hessian matrix of g is given by

Hg — (gxx gxy)‘
8yx 8yy

We denote by H, the eigenflow of H,. A point p € Qg \ {0} is called an equidiagonal
point of Hg if H,(p) is proportional to the identity matrix. Consider the circle

I'(@) :=r(cosH,sinh), 0<6 <2m,r <R.

If there are no equidiagonal points on Qg \ {0}, then we can define the index
ind(H,, I') of the eigenflow H, with respect to I", which does not depend on the
choice of r. We call it the index of #, at the origin and denote it by ind,(H).
Consider the vector field

dg = ngy% + (gyy — gxx)%-

It is well known that the mapping degree of the Gauss map, see (3-1),

dy(I'(9))

e~ V7 L. 2 0 ) _
|dg(F(9))| es: {(x,y)GR XS4y 1}

dy: T':=R/27Z 56+

is equal to 2ind,(Hg). Using the correspondence (x, y) — x +1iy, we identify R2
with C, where i = +/—1. Then

8z = %(gx —igy),

872z = JT((gxx - gyy) - 2igxy)a

where g, := dg/dz, g, :=3%g/dz> and

L i(Loid)

dz = 2\ox ady/’
Thus, d, can be identified with the right-angle rotation of g;. In particular,
(B-1) indy(Hg) = —7 indo(gz2)-
Here g, is considered as a vector field and ind, (g.;) is its index at the origin. Let
(r, 6) be as in (2-5). Then z = re'’ and

e~ .
8z = 2 (rgr—ige),

—2if
8z = F((rzgrr —rgr — 8o0) +2i (80 — rgr0)).
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We consider the vector field defined by
. d 2 d
(B-2) 8g :=2(rgro — 80) 5 - + (=1 g +rgr + 899)5-
Since, from [Klotz 1959, (18)],
inda(g) =2+ indo(ag)v

we obtain the following:

Lemma B.1. The identity ind,(H,) = 1 +ind,(8,) /2 holds.
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WELL-POSEDNESS OF SECOND-ORDER DEGENERATE
DIFFERENTIAL EQUATIONS WITH FINITE DELAY
IN VECTOR-VALUED FUNCTION SPACES

SHANGQUAN BU AND GANG CAI

We give necessary and sufficient conditions of the L?-well-posedness (re-
spectively, B,  -well-posedness) for the second-order degenerate differential
equation with finite delay: (Mu')'(t) + au’(t) = Au(t) + Gu, + Fu, + f(¢),
(¢t € [0, 27 ]) with periodic boundary conditions u(0) = u(2x), (Mu’)(0) =
(Mu')(2m), where A and M are closed linear operators on a Banach space
X satisfying D(A) ¢ D(M), and F and G are bounded linear operators
from L?([—2m, 0]; X) (respectively, B;,q ([-2m, 0]; X)) into X.

1. Introduction

The purpose of this paper is to study the well-posedness of the following second-
order degenerate differential equations with finite delays:

{(Mu’)’(t) +au'(t) = Au(t) + Gu; + Fu, + f(1) (1t €T)
w(0) =um), (Mu')(0) = (Mu')(27),

where T := [0, 27], A and M are closed linear operators on a Banach space X
satisfying D(A) C D(M), « € Cis fixed, F and G are bounded linear operators
from L?([—2m, O]; X) (resp. B;yq [—2m, 0]; X)) into X, u, and u; are defined on
[—27, 0] by u,(s) = u(t +s), u;(s) =u'(t+s) whent e T.

Let 1 < p < o00. We say that (P) is L?-well-posed, if for all f € LP(T; X), there
exists a unique u € Wple’f (T; X)NLP(T; D(A)), suchthatu’ € LP(T; D(M)), Mu' €
Wplérp(T; X), and (P,) is satisfied a.e. on T. Here D(A) and D(M) are equipped
with their graph norms so that they become Banach spaces, and Wge’f (T; X) is
the X-valued periodic Sobolev space of order 1. Our main result in this paper
gives a necessary and sufficient condition for (P;) to be LP-well-posed. Precisely,
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we show that when the underlying Banach space X is a UMD Banach space and
1 < p < o0, if the set {k(Gy+1 — Gy) : k € Z} is Rademacher bounded, then (P,) is
LP-well-posed if and only if p, (P,) =Z, and the sets (K*M Ny -k eZ), {kN:keZ}
are Rademacher bounded, where

(1-1) Ne = (k*°M —iak +ikGy + F,+ A)~', (ke Z),

Fy, Gy € L(X) are defined by Fix = F(erx), Gyx = G(erx) with e (1) = ekt (see
Theorem 2.4). We also study the well-posedness of (P,) in periodic Besov spaces
B;’ q (T; X), and a necessary and sufficient condition for (P,) to be BI‘; q-well—posed
is also given (see Theorem 3.3).

The main tools we will use are operator-valued Fourier multipliers on L”(T; X)
and B[‘i q (T; X). Indeed, we will transform the well-posedness of (P) to an operator-
valued Fourier multiplier problem in the corresponding vector-valued function
spaces. Thus the operator-valued Fourier multipliers theorems obtained by Arendt
and Bu [2002; 2004] on L?(T; X) and BIS,’ q(T; X) are fundamental for us.

The results obtained in this paper recover the known results presented in Bu and
Fang [2010] in the nondegenerate case when M = Iy and o = 0. Thus our results
may be also regarded as generalizations of the previous known results when M = I
and F = G =0 in the L”-well-posedness and the B,  -well-posedness obtained
in [Arendt and Bu 2002; 2004]. Our results also generalize the previous known
results obtained by Bu [2013] in the simpler case when FF =G =0 and o = 0.

A large number of partial differential equations arising in physics and applied
sciences, such as in the flow of fluid through fissured rocks, thermodynamics and
shear in second-order fluids or in the theory of control of dynamical systems, can
be expressed by the model in the form of (P;). See [Lizama 2006; Bu and Fang
2009; 2010; Lizama and Ponce 2011; 2013; Poblete and Pozo 2013; 2014] for the
study of vector-valued degenerate equations with delays. See the monographs by
Favini and Yagi [1999] and by Sviridyuk and Fedorov [2003] for detailed studies
of abstract degenerate type differential equations.

At the end of this paper, we give concrete examples to which our abstract results
may be applied. Let 2 be a bounded domain in R"” with smooth boundary 0€2,
1 < p < oo and m be a nonnegative bounded measurable function defined on
Q;let X = HY(Q), F,G: LP([—2m,0]; X) = X be bounded linear operators.
If M is the multiplication operator by m on H~!'(Q) with domain of definition
D(M) and A = A is the Laplacian on X with Dirichlet boundary condition and
we assume that D(A) C D(M), then under suitable assumptions on F and G
we obtain the L”-well-posedness for the corresponding second-order degenerate
differential equations with finite delays (see Example 4.1). Our abstract results
can also be applied in the following situation: let H be a complex Hilbert space,
l<p<oocand F, G € L(LP([-2m,0]; H), H) be delay operators, P be a densely
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defined positive selfadjoint operator on H with P > 6 > 0. If M = P — ¢ with
€<d,and A = Zf:o a; P! with a; > 0, a; > 0. If we assume that 0 € p(M), then
we obtain the L”-well-posedness of the corresponding second-order degenerate
differential equations with finite delays under suitable assumptions on F' and G
(see Example 4.2).

This work is organized as follows. In Section 2, we study the well-posedness of
(P>) in LP(T; X). In Section 3, we consider the well-posedness of (P,) in periodic
Besov spaces B, ,(T; X). In Section 4, we give examples of degenerate differential
equations with finite delays to which our abstract results may be applied.

2. Well-posedness in Lebesgue-Bochner spaces

Let X and Y be Banach spaces. We denote by £L(X, Y) the set of all bounded linear
operators from X to Y. If X =Y, we will denote it simply by £(X). Let 1 < p < oo.
We denote by L?(T; X) the space of all X-valued measurable functions f defined

on T satisfying
27 dt I/p
I fller == (/O IfOI” E) < 0.

If feL'(T; X), we define

27
fk) =5 /0 e_t() [ (1) dt,

the k-th Fourier coefficient of f, where k € Z and e (¢t) := ek forreT.

Definition. Let X and Y be Banach spaces. A set T C £(X,Y) is said to be
Rademacher bounded (R-bounded, in short), if there exists C > 0 such that

n n
Z Zejzjj <C Z ZE]‘X]‘

g==1"j=1 g==1"j=1

forall Ty,..., T, €T, x1,...,x, € Xandn € N.

It is clear from the definition that if S, T C £(X) are R-bounded, then ST :=
(ST :Se€S, TeTandS+T:={S+T:S5€8S,T €T} are still R-bounded.
It is also clear that each R-bounded set is norm bounded. It is known that each
norm bounded subset of £(X) is R-bounded if and only if X is isomorphic to a
Hilbert space [Arendt and Bu 2002, Proposition 1.13]. The main tool in the study
of L?-well-posedness of (P») is the operator-valued L?-Fourier multipliers.

Definition. Let X, Y be Banach space and 1 < p < oco. We say (My)rez C L(X,Y)
is an LP-Fourier multiplier, if for each f € LP(T; X), there exists a unique
u € LP(T; Y) such that ii(k) = My f (k) for all k € Z.
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It follows easily from the closed graph theorem that when (My)iez C L(X,Y)
is an LP-Fourier multiplier, then there exists a unique 7 € L(L?(T; X), LP(T; Y)),
such that T?(k) = M, f (k) when f € LP(T; X) and k € Z. The following results
were established in [Arendt and Bu 2002]:

Proposition 2.1. Let X, Y be Banach spaces and assume that (My)xez C L(X,Y)
is an LP-Fourier multiplier. Then the set {My : k € 7} is R-bounded.

Theorem 2.2. Let X, Y be UMD spaces and (My)rez C L(X,Y). If the sets
{My, .k €7} and {k(My4+1 — My) : k € Z} are R-bounded, then (My)cz defines an
L?-Fourier multiplier whenever 1 < p < oo.

In this section, we study the following second-order degenerate differential
equation with finite delays:

{(Mu’)’(t) +ou'(t) = Au(t) + Gu, + Fu, + f(t), (teT)
u) =um), (Mu')(0)=Mu")Q2r),

where A, M are closed linear operators on a Banach space X satisfying D(A) C
D(M), a € Cis fixed, and F, G : LP([—2m, 0]; X) — X are fixed bounded linear
operators. Moreover, for fixed t € T, u,; and u, are elements of L”([—2x, 0]; X)
defined by u,(s) = u(t +s), u;(s) =u'(t +s) for =27 <5 <0. Here we identify
a function u on T with its natural 27 -periodic extension on R.

To give the definition of the solution space for (P,), we need to introduce vector-
valued periodic Sobolev space of order 1. For 1 < p < 0o, we define the periodic
“Sobolev” space of order 1 [Arendt and Bu 2002] by:

(P2)

Lp . — . . : .
Wperp(TT, X) :={u e LP(T; X) : there exists v € L?(T; X)
such that 0(k) = ikii(k) for all k € Z}.
Letu e LP(T; X). Thenu € Wple’rp (T; X) if and only if u is differentiable a.e. on T
and u’ € L”(T; X); in this case, u is actually continuous and u(0) = u(27) [Arendt

and Bu 2002, Lemma 2.1].
Let 1 < p < 0o. We define the solution space of the L”-well-posedness for (P>) by

Sp(A. M) := {u € LP(T; D(A) N Wyel (T: X) 1’ € LP(T: D(M)), Mu' € Wyel (T; X)),

here we consider D(A) and D(M) as Banach spaces equipped with their graph
norms. When u € S,(A, M), then Fu,, Gu, € LP(T; X) as ||[Fu;|| < [|Fllllul,
and ||Fu,|| < ||F|l|lu’||, when t € T. Thus all terms appearing in (P») belong to
LP(T; X). Moreover S,(A, M) is a Banach space with the norm

lells,ca,m) := Nullr + u' e + 1 Aullee + 1Ml Lr + (M) || 2o

By [Arendt and Bu 2002, Lemma 2.1], if u € S, (A, M), then u and Mu' are
X-valued continuous on T, and u(0) = u2w), (Mu')(0) = (Mu')(2m).



WELL-POSEDNESS OF SECOND-ORDER DEGENERATE DIFFERENTIAL EQUATIONS 31

Definition. Let 1 < p < oo and f € LP(T; X); u € S,(A, M) is called a strong
LP-solution of (P5) if (P,) is satisfied a.e. on T. We say that (P,) is L”-well-posed,
if for each f € LP(T; X), there exists a unique strong L”-solution of (P,).

If (P,) is LP-well-posed, there exists a constant C > 0 such that for each
f e LP(T; X), if u € S,(A, M) is the unique strong LP-solution of (P,), then

(2-1) lulls,ca.my < Cll fllLe-

This is an easy consequence of the closed graph theorem by the closedness of A
and M.

Let F, G € L(L?(—2m,0); X), X) and k € Z. We define the linear operators
Fr, Gk on X by

(2-2) Fix .= F(exx) and Gpx = G(erx), (x € X).

Itis clear that Fy, Gy € L(X), || Fi|| < || F|l and ||Gk|| < |G| as |lek ||, = 1. Moreover
when u € LP(T; X),

(2-3) Fu.(k) = Fii(k) and Gu.(k) = Giii(k), (k € Z).
This implies that (Fi)xez and (Gy)rez are LP-Fourier multipliers as
I Fudl < 1Fludlp, =1FNullp, @€T)

and thus Fu., Gu, € L?(T; X). We define the resolvent set of (P,) in the L?-well-
posedness setting by

pp(Pr) ={kel: k*M —iok +ikGy+ Fy+A s invertible from D(A) onto X
and (k°M —iak +ikGy + Fr + A) "' e £(X)).

If k € p,(P2), then M (k*M —iak +ikGy+ Fr+A)~' and A(k*M —iak +ikGy+
Fi + A)~! make sense as D(A) C D(M) by assumption, and they belong to £(X)
by the closed graph theorem. We need the following preparation.

Proposition 2.3. Let A and M be closed linear operators defined on a UMD space
X satisfying D(A) C D(M), 1 < p <oo. Let F,G € L(L?([-2m,0]; X), X).
Assume that p,(P2) = Z and that the sets (KM N, - k € Z}, {kNy : k € Z} and
{k(Gry1—Gy) : k € Z} are R-bounded, where Ny, = (k*M —iak+ikGy+ F,+A)~ !,
Fy. and Gy, are defined by (2-2) when k € Z. Then (K*M N kez, (Nkez, kNkez
and (kM Ny)rcz are LP-Fourier multipliers.

Proof. Let My =k*M Ny, S, =kN; and T, =k M N, when k € Z. The sets {Gy : k € Z}
and {Fy : k € Z} are R-bounded by [Lizama 2006, Proposition 3.2]. It follows from
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the R-boundedness of the set {Ix/k : k € Z\ {0}} that {N; : k € Z} is R-bounded, as
the product of R-bounded sets is still R-bounded. Moreover, by the definition of N,

(2-4)  Nep1—Ne=Neot (N, ' = NG DM
= Nex1[—Qk+ DM +-ia 4+ ik Gy —i(k+ 1)Gry1 + Fr — Fi 11N
= —2k + 1) Nip 1 M N + it Ny 1 N — ik Ni11(Gir1 — Gi) Ni
— i Ni+1 G 1 Nk — Niept (Fre1 — Fi) Ny
It follows that
(2-5)  Myy1 — My = (k+ 1)>MNeyy — K> M N,
= kM (Neg1 — Ne) + (2k + 1)M Ny
= —k*(2k + 1)M Ny | M N, 4 ick® M Ny 1 Ny

—ik* M Niy1(Giy1 — Gi) N — ik* M Nit Gy N
—k*M Niy1 (Fip1 — FONe + Qk + DM N1,

(2-6)  Sk+1— Sk = k(Nig1 — Ne)) + Nieg

= —k(2k + 1) Ny y 1 MN; + ok Ni 1 N — ik*Ni11(Gry1 — Gi)Ni
—ik Ni4+1Gi+1 Nk — kN 1(Fie1 — Fi) Ne + Nit1,

and
27 Tirr — Tr= M(Sg41 — Sk)

= —k(2k + DMN 1 MNi +ickMN 11 N — ik*MNe1(Grgr — G Ny
— ikMN1Gp 1 Ne — kMNg g1 (Fey1 — Fi) N + MN 1.

This implies that the sets {k(Ng+1 — Ny) : k € Z}, {k(Myy1 — My) : k € 7},
{k(Sg+1—S8k) :k € Z} and {k(Ty41—Ty) : k € Z} are R-bounded by the R-boundedness
of the sets {kK>M Ny : k € Z}, {kNy :k € Z}, {k(Gyy1—Gy) :k € Z},{F 1k € Z} and
{Gy : k € Z}. Tt follows that (Ny)rez, (Mi)kez, (St)rez and (Ty)rez are LP-Fourier
multipliers by Theorem 2.2. This completes the proof. (]

Our next result gives a necessary and sufficient condition for the LP-well-
posedness of (P>) when X is a UMD space and 1 < p < oo.

Theorem 2.4. Let X be a UMD space, 1 < p < oo and let A, M be closed linear
operators on X satisfying D(A) C D(M). Let F, G € L(L?([—2r, 0]; X), X) be
such that the set {k(Gy+1— Gy) : k € Z} is R-bounded. Then the following assertions
are equivalent.
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(1) (Py) is LP-well-posed.
(i1) pp(P2) = Z and the sets (kM N, : k € Z} and {kNy : k € Z} are R-bounded,
where Ny = (kK*M —iak +ikGy + F + A)~L.
Proof. (i) = (ii): Assume that (P) is LP-well-posed. Let k € Z and y € X. Define
f(@t)=¢e*y (t€T). Then f € LP(T; X), f(k) =y and f(n) =0 for n # k. Since
(P,) is LP-well-posed, there exists u € S, (A, M) such that

(2-8) (Mu')' (t) + ou'(t) = Au(t) + Gu, + Fu, + f(¢r) ae.on T.

We have ii(n) € D(A) when n € Z by [Arendt and Bu 2002, Lemma 3.1] as
u € LP(T; D(A)). Taking Fourier transforms on both sides of (2-8), we obtain

(2-9) —(k®M — ik +ikGy + F + A)i(k) =y,

and —(n*M —ian+inG,+ F,+ A)ii(n) =0 when n # k. This implies in particular
that k>M — iak 4+ ikGy + F + A is surjective. We are going to show that it is also
injective. Let x € D(A) be such that

(k*M — iak +ikGy + Fp + A)x =0,

and let u(t) = ¢'*'x when r € T. Then u € S, (A, M) and (P,) holds a.e. on T when
taking f = 0. Consequently u is a strong LP-solution of (P,) when f = 0. We
obtain u = 0 by the uniqueness assumption and thus x = 0. We have shown that
kKM —iok +ikGy+ Fi + A is also injective. Therefore KM —iok+ikGy+ Fp+ A
is a bijection from D(A) onto X.

Now we show the boundedness of (k2M — ik +ikGy + Fr + A)~ L. For f@® =

"y, weletu e S,(A, M) be the strong L”-solution of (P>). Then
N 0, n#k,

u(n) = 2 . . 1
—(k"M —iak+ikGy+ F,+A)"'y, n=k,

by (2-9). This means that u(t) = —e'*" (k*M —iak +ikGy + F + A)~'y. By (2-1),
there exists a constant C > 0 independent from y and k satisfying

lulle + e + N AullLr + 1Mull Lo + 1 (Mu') e < Cll f e

In particular ||u||z» < C|| fllzr. This implies that ||(k*M — iak + ikGy + F, +
A)~y|| < Clly|l for all y € X. Thus

|(k*M — ik +ikGy + F + A)~'|| < C.

We have shown that k € p,(P>). Hence p,(P2) =Z.

Let My = K>’M(k*M — iak + ikGy + Fp + A)~! and S = ik(k*’M — iak +
ikGy + Fp+ A)~! when k € Z. We are going to show that (My)rcz and (S )kez are
LP-Fourier multipliers. Let f € L?(T; X) be fixed. Then there exists u € S,(A, M)
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strong L?-solution of (P,) by assumption. Taking Fourier transforms on both sides
of (P2), we get that ii(k) € D(A) by [Arendt and Bu 2002, Lemma 3.1] and

—(k*M — ik + ikGy + Fi + A)i(k) = f (k)
when k € Z. Since k*M — iak + ikGy + Fi + A is invertible, we have
(k) = —(k>M — iak +ikGy + Fi + A~ f (k)

when k € Z. We have b?(k) = iku(k) and m/(k) = —k>Mii(k) by [Arendt and
Bu 2002, Lemma 3.1]. Consequently

W(k)=—5S.f(k), and (M) (k)=—M,f k)

when k € Z. We conclude that (M )rez and (Sg)rez are LP-Fourier multipliers as
u', (Mu') € LP(T; X) by assumption. It follows from Proposition 2.1 that the sets
{M; :k € Z} and {S; : k € Z} are R-bounded.

(ii) = (i): Assume that p,(P,) =Z and the sets {(k*M Ny :k €Z) and {kNy :k € Z}
are R-bounded. Define My = k*M Ny, S = ikN, and Ty = ik M N, when k € Z. Tt
follows from Proposition 2.3 that (My)recz, (Ni)kez> (St)kez and (Ty)rez are LP-
Fourier multipliers. Then for all f € LP(T; X), there exists u, v, w, g € L?(T; X)
satisfying

(k) = —Mi f(k), (k) = S f(k),

(2-10) ) ) ) )
w(k) = N f (k), gk)y=Tcf(k), (ke2).

Consequently (k) = ikw(k) when k € Z. This implies that w € W;e’rp (T; X)
[Arendt and Bu 2002, Lemma 2.1] and w’ = v. We note that (Gy)rez and (Fy)iez
are LP-Fourier multipliers by (2-3). Thus (ikGyNi)rez and (FyNi)rez are LP-
Fourier multipliers as the product of L?-Fourier multipliers is still an L?-Fourier
multiplier. We have

AN, =Ix — My +iakN, —ikGyN, — Fy N, (keZ).

It follows that (A Ng)rez is also an LP-Fourier multiplier as the sum of L?-Fourier
multipliers is still an L?-Fourier multiplier. This together with the fact that (Ny)xez
defines an L?-Fourier multiplier implies that N; € £(X, D(A)). Here we consider
D(A) as a Banach space equipped with its graph norm. We have shown that
w € LP(T; D(A)).

Noticing the facts that (S )xez and (T )rcz are LP-Fourier multipliers, we have
that S, € £(X, D(M)). Since v(k) = S, f(k) when k € Z by (2-10), we deduce that
v=w' € LP(T; D(M)). Again by (2-10),

(k) = —k*M N, f (k) = ik Muw' (k)
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when k € Z. Thus we have Mw’ € Wp]éf” (T; X) by [Arendt and Bu 2002, Lemma 2.1].
We have shown that w € §,(A, M).
By (2-10), we have

(Mw) (k) + ik (k) = AD (k) + ik G (k) + Feid (k) + f (k)

when k € Z. This together with the facts Fw, (k) = Frb(k) and G/ (k) = ik Gy b (k)
implies that

(Mw"'(t) + au'(t) = Aw(t) + Gw; + Fw, + f(r) ae.on T

by the uniqueness theorem [Arendt and Bu 2002, page 314]. Thus w is a strong
L?-solution of (P5). This shows the existence.
To show the uniqueness, we let u € S, (A, M) satisfying

(Mu") (1) + au'(t) = Au(t) + Gu, + Fu, ae.on T.
Taking the Fourier transforms on both sides, we have
(kM —iak +ikGy + F + A)ii(k) =0, (k € 7).

Since p,(P,) = Z, this implies that it (k) = O for all k € Z and thus u = 0. So (P>)
is LP-well-posed. This completes the proof. U

Theorem 2.4 recovers the known results presented in Bu and Fang [2010] in
the nondegenerate case when M = Iy and o = 0. Thus it may be also regarded as
generalizations of the previous known results when M = Iy, a =0and F =G =0
in the L?-well-posedness obtained in [Arendt and Bu 2002]. Our results also
generalize the previous known results obtained by Bu [2013] in the simpler case
when F =G =0and o =0.

3. Well-posedness in periodic Besov spaces

In this section we study the B,  -well-posedness of (P). Firstly, we briefly recall
the definition of periodic Besov spaces in the vector-valued case introduced in
[Arendt and Bu 2004]. Let S(R) be the Schwartz space of all rapidly decreasing
smooth functions on R. Let D(T) be the space of all infinitely differentiable
functions on T equipped with the locally convex topology given by the seminorms
I flle = sup,cql f@(x)] for @ € Ny := NU{0}. Let D'(T, X) := L(D(T), X) be
the space of all continuous linear operators from D(T) to X. In order to define
periodic Besov spaces, we consider the dyadic-like subsets of R:

Lh={teR:|t1|<2}, [ ={teR: 2K < 7| <2k 1)
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for k € N. Let ¢(R) be the set of all systems ¢ = (¢p)ren, C S(R) satisfying
supp(¢x) C I for each k € Ny,

Y gx)=1 for xeR,

kENo

and for each o € N,
sup 2k“|¢,ga)(x)| < 00.
xeR, keNy

Let ¢ = (¢r)ken, C @ (R) be fixed. For 1 < p, g <00, s € R, the X-valued periodic
Besov space is defined by
a\/q
) |
p

with the usual modification if ¢ = co. The space B, ,(T; X) is independent from
the choice of ¢ and different choices of ¢ lead to equivalent norms || - |p; on
B, ,(T; X). Equipping B, ,(T; X) with the norm ||- || B, gives a Banach space. See
[Arendt and Bu 2004, Section 2] for more information about the space B;’ q(TT; X).
We know that if s» < s, then Bg}q (T; X) C B;?q (T; X) and the embedding is
continuous [Arendt and Bu 2004]. When s > 0, it is shown in the same work that
B, (T; X) CLP(T; X), f € B;,'jll (T; X) if and only if f is differentiable a.e. on
Tand f' € B;’ q(T; X). This implies that if u € B;’ q(T; X) is such that there exists
v € B, ,(T; X) satisfying v(k) = ikii(k) when k € Z, then u € B;;l(T; X) and
u' = v [Arendt and Bu 2004, Lemma 2.1].

The main tool in the study of B),  -well-posedness of (P,) is the operator-valued
B;’ q-Fourier multiplier theory established in [Arendt and Bu 2004].

B}, (T: X):= {f eD(T. X): | fllgy, = <Z 2494

Jj=0

Y e®¢;(k) f (k)

keZ

Definition. Let X, Y be Banach spaces, 1 < p, ¢ < oo, s € R and let (My)xez C
L(X,Y). Wesay (Mp)rez 1s a B;,’q—Fourier multiplier, if for each f € Blﬁﬁq(T; X),
there exists a unique u € B;’ q(T; Y), such that ii(k) = M, f (k) for all k € Z.

The following result, obtained in [Arendt and Bu 2004], gives a sufficient condi-
tion for an operator-valued sequence to be a B,  -Fourier multiplier.

Theorem 3.1. Let X, Y be Banach spaces and (My)rcz C L(X, Y). We assume

(3-1) sup(| Mic|| + [k(My1 — M) ) < oo,
kez

(3-2) sup [[k*(Mi42 — 2Mis1 + M) || < o0.
keZ

Then for 1 < p, q <00, s € R, (Mkez is a B, ,-Fourier multiplier. If X is
B-convex, then condition (3-1) is already sufficient for (My) ez to be a B;’ q—Fourier
multiplier.
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Recall that a Banach space X is B-convex if it does not contain /] uniformly. This
is equivalent to saying that X has Fourier type 1 < p <2, i.e., the Fourier transform
is a bounded linear operator from L”(R; X) to [9(Z; X), where 1/p+1/g =1. Itis
well known that when 1 < p < oo, then L? (1) has Fourier type min{p, p/(p — 1)}.

Let1 < p, g <00, s >0 be fixed. We consider the following second-order
degenerate differential equation with finite delays:

{(Mu’)’(t)—{—oeu’(t) =Au(t)+Gu,+ Fu, + f(t), (teT)

(PZ) / ’
u(0) =u2r), (Mu')(0)=Mu")(2n),

where A, M are closed linear operators on a Banach space X satisfying D(A) C
D(M), a € C is fixed, and F, G : B;’q([—Zn, 0]; X) — X are bounded linear
operators. Moreover, for fixed 7 € T, u, and u; are elements of B[“j’ q [—2m,0]; X)
defined by u,(s) = u(t +s), u;(s) =u'(t +s) for =27 < s < 0. Here we identify
a function u# on T with its natural 2 -periodic extension on R.

Let F, G € L(B,, ,(—2n,0); X), X) and k € Z. We define the linear operators
Fi, Gy € L(X) by Fpx := F(er ® x), Grx := G(ep ® x) for all x € X. It is clear
that there exists a constant C > 0 such that ||e; @ x || By, = C| x| forall k € Z. Thus

(3-3) [Fell < CIIFIl,  and  [|Gkll < CIIGIl,  (k € Z).
It is easy to verify that when u € B, ,(T; X), then
Fu.(k) = Fi(k), and Gu.(k)=Gi(k), (k€Z).
We define the resolvent set of (P,) in the B), -well-posedness setting by
Ppgs(P2) =k €Z:k*M —ika+ikGy+ Fi+A is a bijection from D(A) onto X,
and (K*M —ika + kG + Fr + A) 7' e £(X)).

If k € ppgs(P2), then M(k*M +ikGy + Fe + A)~', A(K*M + ikGy + Fr + A) ™!
make sense as D(A) C D(M) by assumption, and they are in £(X) by the closed
graph theorem.

Let 1< p, g <00, s > 0. We notice that the functions Fu, and Gu, are uniformly
bounded on T, but they are not necessarily in B, ,(T; X). We define the solution
space of the B,  -well-posedness for (P,) by

Sp.q.s(A, M) :={u e B}, ,(T: D(A) N B, *(T: X):u' € B} ,(T; D(M)),
Mu' € B)}'(T; X) and Fu,,Gu. € B} ,(T; X)}.

Here again we consider D(A) and D (M) as Banach spaces equipped with their
graph norms. S, , (A, M) is a Banach space with the norm

il s, a0y = Nl s+ Aull gy, 11 gy, +I Mt | 1o+ Forll gy, +1 Gl g .
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From [Arendt and Bu 2002, Lemma 2.1], if u € S, ;, ;(A, M), then u and Mu'
are X-valued continuous on T, and u(0) = u(27), (Mu)(0) = (Mu')(27).

Definition. Let 1 < p, g <00, s >0and f € Blﬁﬁq(T; X). u€Sy45(A,M)is
called a strong B;’ q—solution of (P), if (P,) is satisfied a.e. on T. We say that
(Py) is B;y q—well—posed, if for each f € B;,‘ q(T; X), there exists a unique strong
B;’ q—solution of (P).

If (P,) is B;,‘ﬁ q—well—posed, there exists a constant C > 0 such that for each
fe B;’q(T; X),ifu €S, (A, M) is the unique strong Bls,,q—solution of (P,), then

(3-4) llls, . ca,m < CILf By, -

This can be easily obtained by the closedness of the operators A and M and the
closed graph theorem. We need the following preparation:

Proposition 3.2. Let A and M be closed linear operators defined on a Banach space
X satisfying D(A) C D(M) and let F, G € E(B;’q([—ZJT, 0]; X), X). Assume that
Pp.q,s(P2) = Z and the sets {(k(Fii2 —2F 1 + Fy) i k € Z}, {(k(Giy1 — Gr) 1k €
7}, {k*(Gryn — 2Giy1 + Gy) : k € 7}, {(k*MNy : k € 7} and {kNy : k € Z} are
norm bounded, where Ny = (k*M — ika + ikGy + Fi + A)~! when k € Z. Then
(k*M Nokez, (NOkezs (kNrez, (kM N)rez, (FxNorez and (kGy Ni) ez are B, .-
Fourier multipliers whenever 1 < p, g < oo, s € R.

Proof. Define My, =k>*M Ny, Sy =kNi, Ty =kMN;, Py = F; N and Qi = kG Ny
when k € Z. We know (Gy)rez and (Fy)kez are norm bounded by (3-3). This implies
that the sequences (Mi)kez, (No)kez> (Skezs (Tidkez> (Pi)kez and (Qr)kez are
norm bounded by assumption. Using the same argument used in the proof of
Proposition 2.3, we obtain

sup [|k(Mg+1 — M) || < oo, sup [[k(Ne+1 — Nl < o0,

keZ kez

sup [k(Sg+1 — Sl <oo and  sup k(T — Ti)l| < o0.
keZ keZ

Moreover, it is easy to see that one has the stronger estimations

(3-5) sup k% (N1 — Ni) || < o0,
keZ
(3-6) sup [|k* M (Niy1 — No)|| < o0,
keZ

by using the norm boundedness of {k(Gy+ — Gy) : k € Z}. For P, and Qi, when
k € Z, we have

(3-7) Pry1 — Py = Fipt (N1 — Nio) + (Fieg1 — Fo) N,
(3-8) Ok+1 — Ok = Giy 1 Niy1 +k(Grg1 — Gr) N + kG (N1 — No).
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We deduce that

sup [|k(Pe+1 — Po)ll <oo and  sup |[k(Qk+1 — Qu)ll < o0
keZ keZ

by (3-5) and the boundedness of (Fi)iez, (Gi)rez and (k(Gr4+1 — Gi))kez-
By (2-3) we have

Newt = Ne =10 412 18 4 19 419,

where
1Y = —Qk+ D) Nes 1 M N,
1® = iaNi Ny,
1;53) = —ikNiy1(Gry1 — Gi) N,
1Y == —iNe11 G Ny,
10 = = Niy1(Fip1 — FO M.
We have

(3-9) 1) — 1" = @k + 3)Ner2M Ny 1 + 2k + 1) Newt MN,
= —2Ni12M Niyr — 2k + 1) (N2 — Niey 1) M Nyt
—(2k + 1) N 1 M (Ni1 — Ni).

This implies that

1 1
sup 131, — 1) <00 and  sup KM (1Y, — 1)) < o0
keZ keZ

using (3-5) and (3-6). A similar argument shows that

sup K3 (1), — 1) <00 and  sup [K*M (LD, — )] < 00
kez kez

when i = 2, 3,4, 5 using inequalities (3-5), (3-6) and the norm boundedness of
{(k(Fir2—2Fcq1+ F) 1k € Z}, {k(Gry1 — Gy) ik € 7} and {k*(Gy12—2Gy11+Gy) :
k € Z}. We have shown that

(3-10)  sup K3 (Nip2—2Nes 1 +No) [l < 00, sup [K*M (N2 —2Ney 1 +Ni) | < o.
keZ keZ

In particular,

sup [|k% (Nes2 — 2Ny 1 + No) || < 00.
keZ
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By (2-4), (2-5), (3-7), (3-8) and (3-10), and using similar argument used in the
proof of (3-10), we show that

sup [|k*(My2 — 2Mj 11 + Mp)|| < 00,  sup |k (Skr2 — 2811 + Sl < oo,

keZ keZ
sup |k*(Terz — 2Tkt + TN < 00, sup k> (Pesz — 2Pis1 + Po) |l < o0,
keZ keZ
sup [[K*(Qes2 —2Qk+1 + Q)| < o0
keZ
Thus (Nokez, (Mikezs (Sdkez> (Tidkez, (Pi)kez and (Qu)kez are B, ,-Fourier
multipliers by Theorem 3.1. (]

Now we give a necessary and sufficient condition for (P,) to be B, ,-well-posed.

Theorem 3.3. Let X be a Banach space, 1 < p, q < oo, s > 0 and let A
and M be closed linear operators on X satisfying D(A) C D(M). Let F,G €
L(B,, ,([-27,01; X), X). We assume that the sets {k(Fii2 —2F1 + Fi) 1k € Z},
{(k(Giy1 — Gy) 1k € Z} and {k*(Gyy2 — 2Gy 41 + Gy) : k € Z} are norm bounded.
Then the following assertions are equivalent:

G1) (Py)is B;’q-well-posed.
(i1) pp,q,s(P2) = Z and the sets {(K*M Ny, : k € Z) and {kNy : k € Z} are norm
bounded, where N, = (k*M — ika + ikGy + F + A)~ L.

Proof. (i) = (ii): Assume that (P,) is B;,’ q—well—posed. Letk e Z anAd yeX
be ﬁde, we define f () = e”“y when t € T. Then f € B;,q(TT; X), ftky=y
and f(n) = 0 for n # k. Since (P3) is B;’ q—well—posed, there exists a unique
u € Spq5(A, M) satisfying

(Mu') (t) + ou'(t) = Au(t) + Gu, + Fu, + f (1), ae.on T.

We have u(n) € D(A) when n € Z by [Arendt and Bu 2002, Lemma 3.1] as
ue B;’ q (T; D(A)). Taking Fourier transforms on both sides, we obtain

(3-11) —(k’M — ika + ikGy + Fr + A)i(k) =y

and — (kM + ik Gy + Fi + A)it(n) = 0 when n # k. This implies that the operator
k*M — iko + ik Gy + Fi + A is surjective as the vector y € X is arbitrary. To show
that k>M — ika 4+ ikGy + Fi + A is also injective, we let x € D(A) satisfying

(k*M — ika + ik Gy + Fp + A)x = 0.

Let u(t) =e*x whent € T. Then u € Sp.q.s(A, M) and (P,) holds a.e. on T when
f =0. Thus u is a strong B,  -solution of (P) when f = 0. We obtain x = 0 by
the uniqueness assumption. We have shown that k>’M — ika + ikGy + F, + A is
injective. Thus it is bijective from D(A) onto X.
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Next we show that (k*M — ika + ikGy + Fi + A)~! € £(X). For y € X and
f@ = e”"y, we let u € S, 4 (A, M) be the unique strong B;’q—solution of (Py).
Then taking Fourier coefficients on both sides of (P;), we obtain by (3-11)

0, n#k,

ﬁ(n):{ 2 . . 1
—(k"M —ika +ikGy+ Fr+A) "'y, n=k.

Consequently, u(t) = —e* (kM — ika +ikGy + Fy +A)~'y when ¢t € T. By (3-4)
there exists a constant C > 0 independent from y and &, such that

!/ i !/
il g+ Aullsg, + ey, + Ml s + || Fuecll g, + 1Gutlllgg, < ClI £y,

p.q —
The estimation

I'llgy, < Cllflls,
implies that ||k(k>M —ika +ikGy + F +A)~'y| < C|ly| for all y € X. Therefore
Ik(kAM — ike +ikGy + Fe+ A) "' < C.

We have shown that k € p), 4 s(P,) for all k € Z. Thus pp 4 s(P2) = 2.

Next we show that (Mj)rez and (k Ni)xez are norm bounded, where My =k*M N,
and N, = (k*M — ika + ikGy + Fi + A)~! when k € Z. For this it will suffice to
show that (M})rez and (kNy)rez define B;’ q—Fourier multipliers by [Arendt and Bu
2004]. Let f € B[;V’ q(TT; X). Then there exists u € S, ;, (A, M) which is a strong
B, ,-solution of (P») by assumption. Taking Fourier coefficients on both sides of
(P>), we get that i1(k) € D(A) and

—(k*M — ika + ikGy + F + A)ii(k) = f k),
or equivalently,
i(k) = —(k>M — ika + ikGy + Fe+ A~ f k), (k€ 2).

It follows from u € S, , (A, M) that m/(k) = —k*Mi(k) and L?(k) =iku(k).
We obtain

My (k) = —k*Miak) = —M f(k), and w(k) = —ikN f(k), (k € Z).

We conclude that (My)kez and (kNi)kez define By q—Fourier multipliers as (Mu')’,
u' e Bg’q(T; X).

(ii) = (i): Let pp 4,s(P2) = Z and the sets (kXM Ny :k €7} and {kN; : k € Z} be
norm bounded, where Ny = (kM — ika +ikGy + F, + A)~'. Define My =k*M N,
Sk = ika, Tk = kMNk, Pk = Fka and Qk = ikaNk when k € Z. It follows
from Proposition 3.2 that (M)kez, (Ni)kez, (St)kez> (Ti)kez> (Pi)kez and (Qi)iez



42 SHANGQUAN BU AND GANG CAI

are B;’ q—Fourier multipliers. Then for all f € B;’ q(T; X), there exists u, v, w €
B, ,(T; X) satisfying
(3-12) (k) = —k*MN f(k), 0(k) = ikNe f(k) and W(k) = N f(k),

when k € Z. We deduce from the facts that (Py)irez and (Qy)rez are B;’ q-Fourier
multipliers that Fw,, Gw, € B, ,(T; X) as

Fuw,(k) = Fb(k) = FNe f (k) = P f (k),  (k€Z)
and
Gw! (k) = Gyw' (k) = ikGyb(k) = ikGy Ni f (k) = O f k), (k € Z).

On the other hand, (k) = ikw (k) when k € Z by (3-12). Therefore w is differen-
tiable a.e. on T and w’ = v. This implies that w € BI;ZS (T; X)asve B;’q(T; X)
[Arendt and Bu 2002, Lemma 2.1].

We note that

ANy =My +aS,— P, — O+ Ix, (ke2).

It follows that (ANj)kez is also a B, ,-Fourier multiplier. Therefore there exists
g € B, ,(T; X) satisfying

(3-13) gy =ANf k), (ke).

Thus g(k) = Aw(k) when k € Z. This implies w € B, ,(T; D(A)) by [Arendt and
Bu 2002, Lemma 3.1].
Since (T})rez is a Bg’ q—Fourier multiplier, there exists & € Bg’ q(T; X) such that

hk) =ikMN, f(k) = Mw'(k), (k € Z).

Thus w' € B;’q(T; D(M)) by [Arendt and Bu 2002, Lemma 3.1]. In view of (3-12),
we obtain

(k) = —k*M N f (k) = —k>* M (k) = ikMw'(k), (k€ Z)

which implies that Mw' € B;:;l (T; X) by [Arendt and Bu 2002, Lemma 2.1]. We
have shown that u € S, ; (A, M).
By (3-12), we have

(MY (k) +aw' (k) = Ab (k) +ikGrib (k) + Feb (k) + f k), (k € 2).

It follows that (Mw')'(t) + aw'(t) = Aw(t) + Gw, + Fw, + f(t) a.e. on T by
the uniqueness theorem [Arendt and Bu 2002, page 314]. Thus w is a strong
By, ,-solution of (P2). This shows the existence.
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To show the uniqueness, we let u € S, ;, (A, M) satisfy
(Mu") (1) + au'(t) = Au(t) + Gu, + Fu,
a.e. on T. Taking the Fourier coefficients on both sides, we have
—(k>M — a8+ ikGy + F, + A)ii(k) =0

for all k € Z. Since p, 4 (P>) = Z, this implies that ii (k) = 0 for all k € Z and thus
u=20.So(P)is B;’ q-well—posed. This finishes the proof. ]

By the proof of Theorem 2.4 and using Theorem 3.1, one can obtain the following
result.

Theorem 3.4. Let X be a B-convex Banach space, 1 < p, g < 00, s > 0 and
let A, M be closed linear operators on X satisfying D(A) C D(M). Let F, G €
E(B;’q([—Zn, 0I; X), X). We assume that {k(Gy+1 — Gy) : k € Z} is norm bounded.
Then the following assertions are equivalent:

(1) (P is B, q-well-posed.

(i1) ppq,s(P2) = Z and the sets (KM Ny : k € 7} and {kN : k € 7} are norm
bounded, where N, = (k*M — ika +ikGy + F + A)~\.

4. Applications

In the last section, we give some examples to which our abstract results (Theorem 2.4
and Theorem 3.3) may be applied.

Example 4.1. Let Q be a bounded domain in R"” with smooth boundary 92 and m
be a nonnegative bounded measurable function defined on 2. Let f be a given
function on [0, 2] x Q and X = H~'(Q2). We consider the following periodic
degenerate differential equations with finite delay:

g—;(m(x)u(t,x)) + a%u(l,x) +Au = Fu,+Gu) + f(t,x), (t,x) €[0,27] x &,

P) u(t,x) =0, (t,x) €]0,2m] x 0L2,
u(0,x) = u(2m,x), x €L,
W) | _g =240, xeQ,

where o € C is fixed, u,(s, x) := u(t +s,x), u,(s,x) :=u'(t +s,x) when s €
[—27, 0] and x € €2, the delay operators F', G : L?([—2m, 0]; X) — X are bounded
linear operators for some fixed 1 < p < oc.

Let M be the multiplication operator by m on H —1(Q) with domain D(M).
Then it follows from [Favini and Yagi 1999, Section 3.7] that if we consider the
Laplacian operator A on X with Dirichlet boundary condition, then there exists a
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constant C > 0 such that

_C

1+z|’

when Re(z) > —B(1 + |Im(z)|) for some positive constant 8 depending only on m,
which implies that

MM — A7 <

C
1+ k|*

41 1M (KM —2)7"| < (k€ 2).
If we assume that m ™! is regular enough so that the multiplication operator by the
function m~! is bounded on H~'(), then there exists a constant C; such that

Ci
1+ [k
Assume that D(A) C D(M), that the set {k(Ggt+1 — Gy) : k € Z} is norm bounded,
and that p,(P) = Z, so that for all k € Z the operator —k*M +iak+ A —F,—ikGy
is a bijection from D(A) onto X, and (—k’M +iak + A — F;, —ikGy) ™' € £L(X).
We observe that

4-2) I(K*M — A7) < (k € 2).

—kPM+iak+A—F—ikGy= (I — (Fe+ikGr—iak) (—k>M+A) "D (—k>M+A)

for k € Z. From (4-2) we get limy_, o ||(F; + ikGy — iak)(—k*M + A)~ 1| =0
using the norm boundedness of (Fi)iez and (Gy)iez. This implies that the operator
[ — (—k*>M + A)~'(Fy + ik Gy — iak) is invertible when |k| is big enough. For
such k we have

(—k*M +ick + A — F — ikGy) ™!
= (—k’M + A"V — (F, + ik Gy — iak)(—k*M + A)~H~L,
It follows from (4-1) and (4-2) that

sup [lk(—k>M +iak + A — F, —ikGy) ™! < oo,
kez
and

sup ||[k2M (—k*>M +iak 4+ A — F — ikGy) ™| < oo.

kez
As a consequence, the sets {k(—k’M + iak + A — F, — ikGy)~™! : k € Z} and
(k*M (—k*M +iak + A — Fy —ikGy) ™' : k € Z} are R-bounded. Here we used the
fact that when the underlying Banach space X is a Hilbert space, then each norm
bounded subset of £(X) is R-bounded [Arendt and Bu 2002, Proposition 1.13].
We deduce from Theorem 2.4 that (P) is LP-well-posed when X = H Q).

If we consider F, G € ﬁ(B;’q([—Zn, 0]; X), X), we may also apply Theorem 3.3

and Theorem 3.4 to obtain the B,  -well-posedness of (P) under suitable assump-
tions on F and G.
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Example 4.2. Let H be a complex Hilbert space, let ] < p < oo and let F, G €
L(LP([-2m,0]; H), H) be delay operators. Let P be a densely defined positive
self-adjoint operator on H with P > § > 0. Let M = P — € with € < §, and let
A= Zf:o a; P! with a; > 0, a; > 0. Then there exists a constant C > 0, such that

_ C
MM+ A7 <
|M(zM+ A) ||_1+|Z|

whenever Re z > — (1 + | Im z|) for some positive constant 8 depending only on
A and M by [Favini and Yagi 1999, page 73]. This implies in particular that

sup [|[k2M (k*M + A)~| < oo.
keZ

If we assume O € p(M), then

sup |K2(k*M + A) 7| < 0.

keZ
Furthermore we assume that the set {k(Gy+1 — Gy : k € Z)} is norm bounded. Then
the argument used in the example on page 43 our first example shows that the
degenerate differential equations with finite delay

(P') {(Mu’)’(t)—i—au/(t) = Au(t) + Gu,+ Fu; + f(t), (teT)

u(0) =ur), (Mu")(0)= (Mu")(2m)

is LP-well-posed when p,(P’) = Z. Under suitable assumptions on F, G, we may
also apply Theorem 3.3 to (P’) to obtain the B, ,-well-posedness of (P) for all
1<p,g=<o0,s>0.

We can also give a concrete example of (P’). We consider the following problem:

Z (1= L)utt,x) +edut,x) = Lo, x) + Fuy(- )+ G(2) (-, x) + f(2,%),
u(t,0)=u(t, 1) = (,i—zzu(t, 0) = %u(r, 1) =0,

u(0,x) = ur,x), (11— 25)u(0,x) = (1 — L)un, x),

2(1- > Ju(0,x) = 2(1 2 Ju2r, x),

0x2 0x?2
where x € Q, t € (0,2x) in the first equation, and ¢ € [0, 27] in the second
equation. Here, Q= (0, 1), F, G € L(LP([—27, 0]; L*(R)), L*(Q)) and u, (s, x) :=
u(t+s,x) whent €[0, 2] and s € [-27, 0]. Let X = L*(2) and let P = —9%/9x>
with domain D(P) = H*(Q) N HO1 (Q), i.e., P is the Laplacian on L?(2) with
Dirichlet boundary conditions. Then P is positive self adjointon X. Let M = P+ Iy
and A = P2 It is clear that — P generates an contraction semigroup on L?($2)
[Arendt et al. 2001, Example 3.4.7], hence 1 € p(—P), or equivalently M = Ix 4 P
has a bounded inverse, i.e., 0 € p(M). Then the abstract results obtained above for
the problem (P’) may be applied.
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ON CUSP SOLUTIONS TO A
PRESCRIBED MEAN CURVATURE EQUATION

ALEXANDRA K. ECHART AND KIRK E. LANCASTER

The nonexistence of “cusp solutions” of prescribed mean curvature bound-
ary value problems in £ x R when  is a domain in R? is proven in certain
cases and an application to radial limits at a corner is mentioned.

1. Introduction

Let  be a domain in R? with locally Lipschitz boundary and O = (0, 0) € 32 and
H e C"B(QxR), for some g € (0, 1). Let polar coordinates relative to O be denoted
by r and 6 and let Bs(©) be the open ball in R? of radius § about ©. We shall
assume there exist a §* > 0 and « € (0, r) such that 92 N Bs«(O) consists of two
smooth arcs 3T Q* and 3~ Q*, whose tangent lines approach the lines L™ : 0 =« and
L™ : 6 = —a, respectively, as the point O is approached and for each 6 € (—«, «),
there exists an r(6) > 0 such that {(rcos6,rsinf) : 0 < r < r(0)} C Q. Set
Q* = QN Bs(0).
Consider a solution f € C%(2) of the prescribed mean curvature equation

) div(Tf)(x,y) =2H(x,y, f(x,y)) for (x,y)€ Q"

which satisfies the conditions

(2) sup |f(x,y)l <oo and  sup |H(x,y, f(x,y))] <oo,
(x,y)eQ* (x,y)eQ*

where Tf =V f/\/1+ |V f|?; examples of such functions might arise as solutions
of a Dirichlet or contact angle boundary value problem for (1). We are interested in
the radial limits of f:

3) Rf(@)défliﬁ)l f(rcosf,rsing), —a<6<a.
r

When limy+q«5(x,y)—0 f(x,y) exists, we define Rf («) to be this limit and when
limy-qo+5(x, )0 f(x, y) exists, we define Rf (—«a) to be this limit.

MSC2010: 53A10, 35J93.
Keywords: cusp solutions, prescribed mean curvature.
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Figure 1. The domain *.

There are examples in which the radial limits do not exist for any 6 € (—«, o)
[Lancaster 1989; Lancaster and Siegel 1996b]. For solutions of boundary value
problems which satisfy appropriate conditions, Rf (6) can be proven to exist for
0 € [—a, o]\ J, where J is a countable subset of (—a, «); see, e.g., [Entekhabi and
Lancaster 2016; 2017; Lancaster 1988; 1991; 2012; Lancaster and Siegel 1996a;
1996b]. We know of no examples in which J # & and we ask if J = @ always
holds; this is related to the existence of cusp solutions.

A cusp solution for (1) is a domain A C R? and a solution f of (1) in A such
that dA \ {O, A, B} =T U, UTI's, where A, B, O are distinct points on d A, and
['1, T’y and I's are disjoint, smooth (open) arcs with endpoints {A, O}, {B, O} and
{A, B}, respectively; where I'; and I'; are tangent at O (so A has an “outward”
cusp at O, such as in Figure 2, which has a cusp at (0, O)); and where f(x,y) =c;
when (x,y) € I'; (j =1, 2), c1 <2, and, for each ¢ € (cy, ¢2), the level curves
{(x,y) € A: f(x,y) =c} are tangent at O; see, e.g., [Lancaster and Siegel 1996b,
Section 5]. (Capillary surfaces in cusp regions were studied in [Aoki and Siegel
2012; Scholz 2004].) In cases where cusp solutions do not exist, we know J = &.

In [Lancaster and Siegel 1996a; 1996b], the nonexistence of cusp solutions is
proven when (a) H € C¥(Q xR),8e(0,1),and H(x, v, z) is strictly increasing
in z for each (x, y) € Q or (b) H is real-analytic. The proof in [Lancaster and Siegel
1996b] for case (a) involves a “local” argument while that for (b) involves a “global”
argument which shows (2) is violated. Using a “local” argument, we shall prove:

Theorem 1. Suppose Q2 is a domain in R* with locally Lipschitz boundary, © =
(0,0) € 9Q and H € CHA(Q* x R) for some B € (0, 1). Let f € C*(2*) satisfy (1)
and (2). Suppose H(x, y, z) is weakly increasing in z for (x, y) in a neighborhood
of (0, 0). Then f cannot have a cusp solution (i.e., there is no “cusp region” A C Q
such that (A, f) is a cusp solution).

We can exclude cusp solutions when H vanishes in the “cusp direction,” which
we may assume is the direction of the positive x-axis (see Figure 2).
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Figure 2. The cusp domain A.

Theorem 2. Suppose A is a cusp domain in R?, dA is tangent to iatO, He
CUHB(A x R) for some B € (0,1), f e CZ(A) satisfies (1) and (2) and there exists
a é > 0 such that

H(x,0,z2) =0 for (x,z)€[0,8]x[ liminf f(x,y), limsup f(x,y)]
A3(x,y)—>0O A3(x,y)—>0O

Then (A, ) cannot be a cusp solution.

What can we say when H (x, y, z) is strictly decreasing in z? Unfortunately, as
the following example illustrates, we cannot exclude cusp solutions in this case,
even when H is real-analytic; a “global” argument (like in [Lancaster and Siegel
1996b, page 176]) is required to exclude cusp solutions when H is real-analytic.
Thus, for example, the reasoning in [Aoki and Siegel 2012, 3B] cannot be used
when « < 0.

Example 3. Consider the cone C = {X(G, H:0<0< %, 0<t< oo}, where

X(@O,t) =t(cosO,sinf —1,1).
Set A ={r(cosf,sinf—1):0<6 <Z,1<r<2}andS=CN(R*x[1,2]). A
straightforward computation shows that the mean curvature (with respect to the
upward normal) is
3—2sinf

HO.D = (1 —sing)2)? 72"

thatis, H(x, y,z) = (22 —2y2)/(2(y* +2%)*/?). Now y/z =sin0 — 1 € [—1, 0]
and x = 0 if and only if = 7 /2; another calculation yields

288—’;(x, y.2) = —ﬁ(l —4@) . 2(%)2 +2(§)3) <0.

Finally observe that S is the graph of a cusp solution and satisfies (2) in A.

The hypotheses of [Entekhabi and Lancaster 2016] include the assumption that
H satisfies one of the conditions which guarantees that cusp solutions do not exist;
the following corollary is a consequence of Theorem 1 and that paper. (A second
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corollary, similar to Corollary 4, follows by applying Theorem 1 to [Entekhabi and
Lancaster 2017, Theorems 1 and 2].)

Corollary 4 [Entekhabi and Lancaster 2016]. Suppose 2, f and H satisfy the
hypotheses of Theorem I and either

() xe (%, 7r) or
(i) o € (0, %] and one of Rf («) or Rf (—a) exists.

Then Rf (0) exists for each 6 € (—a, @) and Rf € CO((—a, a)). If Rf (o) exists,
then Rf € CO((—a, a]). If Rf (—a) exists, then Rf € CO([—a, oz)).

2. Proof of Theorem 1

Suppose (A, f) is a cusp solution and A C {(x,y) e R?: 0 < x < a, |y| < x},
c1 < ¢ and the c-level curves of f in A are tangent to the positive x-axis at O for
c1 < ¢ < ¢y, for some a > 0 (see Figure 2). Since H € C'"#(Q x R), the solution f is
an element of C3($2) and, as in [Lancaster and Siegel 1996a; 1996b], there exist an
(open) rectangle Ry = (0, a) x (c1, cp) and g € C3(R), where R = Ry, such that the
graph of f over A, G, is the set {(x, g(x, 2),2) : (x,2) € Ro} (e, z= f(x,y)if
and only if y=g(x, z) for (x, z) € Rg and (x, y) € A) and g(0, z) =9g(0, z)/ox =0
for ¢ <z < cy. We may assume that |Vg(x, z)| <1 for (x, z) € R.
The (upward) unit normal to the graph of f, G, is

(_fx(-x’ )’)7 _fy(-x’ y)’ 1)
V14 f20, ) + f2x,y)

and div(Tf)(x,y) = 2H(x, y,z) - N(x, y, z) for (x, y,z) € G, where 2H is the
mean curvature vector of G. Then

ﬁ(x, v,z) =

(gx(xv Z)v _1’ gz(x» Z))
\/1 —I—gf(x, Z) +gZ2(x, 2)

sgn(g: (x, )N (x, y, 2) =

Since div(Tg) =2H - (—gx, 1, —g.)/V 1 + g2 + g2, we see that
div(Tg)(x, 2) =2H (x, y, 2) - (—sgn(g.(x, 2)))N(x,y,2) for (x,y,2) €G.

(Of course, if g,(x, z) = 0 for some (x, z) € R with x > 0, then G has a horizontal
unit normal at an interior point of €2, which contradicts our hypothesis f € C?(S);
hence g, (x, z) # 0 when (x, z) € R with x > 0.)

Let us assume sgn(g. (x, z)) =sgn( fy(x, g(x, 2))) =+1 for (x, z) € R withx > 0;
the opposite choice will lead to the same (eventual) conclusion that cusp solutions
do not exist. Then

Mg(xv Z) = —2H(X, g(x’ Z)v Z)7
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where Mg =V - Tg =div(Tg). Suppose there exist a §; > 0 such that H(x, y, z)
is weakly increasing in z for each (x, y) € A and z € [c1, c2] when X2+ y2 < 8%.
We may assume a < §;.

Fix € € (O, %(cz —c1)) and set ¢; =1 +¢€ and ¢, = ¢ —€; notice that ¢, > ¢1. Set

4 gj(x,2):=gx,z+¢;) for 0<x<a, —e<z<e, j=1,2,

and define h = g; — g».

If h(xo, zo) = 0 for some (xg, zog) € (0, a] x [—e€, €], then the graph of f fails
the vertical line test since (xo, yo, zo + ¢1) and (xg, yo, zZ0 + C2) are both points
on the graph of f, where yo = g1(x0, 20) = g2(x0, 20). Thus h(x, z) # 0 for all
O<x<a, —e <z<e. Since sgn(g,(x,z)) =—+1 when (x, z) € (0, a] x [—¢€, €], we
see that h(x, z) <O for all (x, z) € (0, a] X [—e, €]. (This is essentially the argument
at the bottom of page 175 in [Lancaster and Siegel 1996b] since £ (0, z) > 0O is the
only option available there.)

Define

K(x,y)=2H(x,y,¢ci+€), 0=<x=<a, (x,y) €A,

andd(x, z)=2H (x, g(x, z), c1+€)—2H (x, g(x, 2), z). Notice thatd(x, z+¢;) >0
and d(x, z+¢2) <0 when (x, z) € [0, a] x [—¢€, €]. Now, foreach j =1,2, g; is
a solution of the Cauchy problem

Mgi(x,2) =—K(x,gj(x,2)+d(x,z+¢;) for (x,z) €[0,a]l x[—¢, €],
_9%8i 0 =
gij0,2) =—=(0,2) =0 for z € [—e, €].
0x
Then, as in [Gilbarg and Trudinger 1983, pages 263-264], we have

0=Mg\(x,z) —Mga(x,2) +2H (x, g1(x,2), 2+ 1) —2H (x, g2(x, 2), 2+ C2)
=Lh(x,z)—d(x,z+¢1)+d(x, 2+ ),

where, setting D; := d/dx and D, :=d/dz,

2 2
(5) Lh= Y a"Dijh+) b Dih+ch;
i,j=1 i=1
here
(©6) a(x,z) =e"(Dgi(x,2)) for i,j=1,2,
with

M p ) =0+HW3 e (p,g)=e*(p,q) = —pgW 3,
e p, ) =1+pHW> W=W(p,q)=VI1+p*+4°
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2 ..
) b2 = 3 Digar. 9% 6 (g):(x. ).
ij=1
2 P ij
(8) b2 = ) Dijgalx )5 (82)x(x, 2, &)

i,j=1

and ¢(x,z) = 0K (x,&)/dy =20H (x, &, ¢1 +¢€)/dy, for some & between g (x, z)
and g>(x, z), & between (g1)x(x, z) and (g2)x(x, z) and &, between (g1);(x, 2)
and (g2);(x, 2).

Notice that a”/ € C'(R) for i, j € {1,2}, b' € L®(R) for i € {1,2} and
c € L®(R). Now h(0, z) = dh(0,z)/0x =0 for |z|] < € and

9 Lh(x,z2)=d(x,z+¢1)—dx,z+¢2) >0, (x,z2)€[0,a]x[—¢, €]

From (9) and the Hopf boundary point lemma (see, e.g., [Gilbarg and Trudinger
1983, Lemma 3.4]), we have

%(0, z) <0 foreach ze (—¢,¢)

and this contradicts the fact that 4, (0, z) =0 if z € [—¢, €]. Thus we have proven
Theorem 1. O

Remark 5. The assumption that H is weakly increasing in z is equivalent to
one in the (weak) comparison principle (see, e.g., [Gilbarg and Trudinger 1983,
Theorem 10.1] or [Finn 1986, Theorem 5.1]), which plays a critical role here.

3. Proof of Theorem 2

Suppose (A, f) is a cusp solution and A C {(x,y) e R>: 0 <x <a, |y| <x},
c1 < ¢ and the c-level curves of f in A are tangent to the positive x-axis at O for
c1 <c <cp, for some a > 0 (see Figure 2). As before, there exist an (open) rectangle
Ro = (0, a) x (c1, ¢2) and g € C3(R) such that the graph of f over A, G, is the set
{(x,8(x,2),2) : (x,2) € Ry} and g(0,z) = 3g(0,2)/dx =0 for c; <z <c. We
shall assume that |Vg(x, z)| <1 for (x, z) € R.

Let us assume there exist § € (0, a] and d;, d» € [c1, ¢3] with d; < d5 such that
H(x,0,z) =0for0<x <, dy <z <dp. Now g,,(0,z) =0 for all z € [cy, ¢3]
(since Ag0,2) =Mg0,z2) =—-2H(0,0,2) = 0) and

Hx,g(x,2).2) = H(x,0,2) + %—’;’(x, £.2)g(x.2) = %—’;(x, £.2)g(x.2)

for some & between O and g(x, z). We may extend g as an even function in x by
setting g(x,z) = g(—x,z) for —a <x <0, ¢c; <z <cy,sothat g € C%2(RUR"),
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where R~ = {(—x, 2) : (x, z) € R}. Then

0=Mg(x,z)+2H (x, g(x,2),2) = Lg(x, 2),

where
1+g%(x, 2) gx(x,2)g:(x,2)
al,l(x,z):T, al,z(x,@:_"T;,
14 g2(x, 2)
2.2 _ _
a2, = BT W, 2) = /1426, 2) +82(x, 2),
a? =a>!, c(x,2)=2H,(x,§,2)
and 2
Lu= Z a"’ Djju + cu.

i, j=1
Since |Vg(x,z)| <1 for (x,z) € R, L is uniformly elliptic in R. Notice that
a/ € CY(R) fori, j =1,2 and ¢ € C°(R). Since g € C>(RU R™), Theorems 1*
and 2* of [Hartman and Wintner 1953] imply that for each z € (d, d»), there exist
a natural number n and real constants ¢; and e;, not both zero, such that

gx(pcosh, z+ psinh) = p"(eg cos(nb) + e, sin(nh)) + o(p")
and
g:(pcosh, z+ psinh) = p" (e cos(nh) — ey sin(nh)) + o(p")
as p — 0. Since g,(0, z) =0 and g,(0, z) =0 for z € [cy, c2], we see that
ejcos(nm/2) + ey sin(nm/2) =0, eycos(nm/2) —epsin(nm/2) =0

and so e¢; = e; = 0. This contradicts the fact that at least one of e; or e; is nonzero.
Thus we have proven Theorem 2. U

4. Radial limits

When radial limits for (1) exist, they behave in a different manner than do radial
limits of, for example, Laplace’s equation; see, e.g., [Bear and Hile 1983]. In
particular, if f is a solution of (1) and the radial limits Rf (0) exist for 8 € (—a, @),
then they behave in one of the following ways:

(i) Rf:(—a,a) — Ris a constant function (i.e., f has a nontangential limit at O).

(i1) There exist &y and oy so that —@ <o) <y <« and Rf is constant on (—«, o]
and [ay, o) and strictly increasing or strictly decreasing on (o1, ).

(ii1) There exist a;, oy, ap, ap sothat —a <o) <oy <ar <o) <o,ap =07+,
and Rf is constant on (—o, o], [op, ag], and [op, &) and is either strictly
increasing on («p, ooy ] and strictly decreasing on [ag, op) or strictly decreasing
on (o, oz ] and strictly increasing on [ag, o).
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RADIAL LIMITS OF CAPILLARY SURFACES AT CORNERS

MOZHGAN (NORA) ENTEKHABI AND KIRK E. LANCASTER

Dedicated to the memory of Amir Entekhabi

Consider a solution f € C*(R) of a prescribed mean curvature equation
_vr
V1+|Vf?
where 2 is a domain whose boundary has a corner at O = (0, 0) € 92 and
the angular measure of this corner is 2¢«, for some o € (0, x). Suppose

sup,cq | f(x)| and sup, .o |H(x, f(x))| are both finite. If « > 7, then the
(nontangential) radial limits of f at O, namely

div =2H(x, f) inQcR?

Rf(0) = li?g f(rcosé,rsiné),

were recently proven by the authors to exist, independent of the boundary
behavior of f on d€2, and to have a specific type of behavior.
/1

Suppose « € (%, %], the contact angle y(-) that the graph of f makes
with one side of d€2 has a limit (denoted y») at O and

T =20 <y, <20

We prove that the (nontangential) radial limits of f at O exist and the radial
limits have a specific type of behavior, independent of the boundary behav-
ior of f on the other side of d€2. We also discuss the case o € (0, %] and the
displayed inequalities do not hold.

1. Introduction and statement of main theorems

Let Q be a domain in R?> whose boundary has a corner at © € 3. Suppose
H:Q xR — R and H satisfies one of the conditions which guarantees that “cusp
solutions” (e.g., §5 of [Lancaster and Siegel 1996b]) do not exist; for example,
H(x,t) is weakly increasing in ¢ for each x [Echart and Lancaster 2017] or is
real-analytic [Lancaster and Siegel 1996a]. We will assume O = (0,0). Let
Q* = QN Bs+(0), where Bs«(O) is the ball in R? of radius §* about ©. Polar
coordinates relative to O will be denoted by r and 6. We assume that 92 is

MSC2010: 35B40, 53A10, 76D45, 35]93.
Keywords: prescribed mean curvature, radial limits.
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Figure 1. The domain *.

piecewise smooth and there exists o € (0, 7) such that 92\ {O} N Bs«(O) consists
of two (open) C! arcs 37 Q* and 3~ Q*, whose tangent lines approach the lines
Lt :0=aand L™ : 0 = —a, respectively, as the point O is approached.

Suppose & > 7 and f € C 2(Q) satisfies the prescribed mean curvature equation

(1) Nf(x)=2H(x, f(x)), forxeQ,

where Nf =V -Tf =div(Tf), Tf =Vf//1+|Vf|? and

) sup|f(x)| <oo and sup|H(x, f(x))| < oo.
xef xeQ

In [Entekhabi and Lancaster 2016], the authors proved that the radial limits,

Rf(e)d:efliﬁ} f(rcos@,rsind),
r

exist for all 6§ € (—a, @), that Rf(-) is a continuous function on (—«, o) and
that these radial limits have similar behavior to that observed in Theorem 1 of
[Lancaster and Siegel 1996b]. As illustrated in [Lancaster 1989] and in Theorem 3
of [Lancaster and Siegel 1996b], radial limits of nonparametric prescribed mean
curvature surfaces do not necessarily exist.

Suppose a < % (see Figure 1) and f € C*(Q)NC' (QUI~Q*) satisfies (1) and (2).
In [Entekhabi and Lancaster 2016], it is shown that if
3) lim  f(x) exists,

0~ Q*s5x—>0

then the radial limits of f at O exist and behave as expected. In this paper, we
consider the capillary problem as our model and suppose f € C*(2)NC(QUI~Q*)
satisfies (1), (2) and the boundary condition

4) Tf(x) -v(x)=cosy(x) forxed QF



RADIAL LIMITS OF CAPILLARY SURFACES AT CORNERS 57

where v(x) is the exterior unit normal to Q at x € 9 and y : 32 — [0, ] is the
contact angle between the graph of f and d2 x R, and
4) lim  y(x) =y.
1~ Q*s5x—>0
We shall prove

Theorem 1. Let f € CX)NCHQUI—QY satisfy (1) and (4) and suppose (2)
and (5) hold, a € (%, %] and

(6) T =20 <y <2a.

Then (3) holds, Rf (0) exists for all 0 € (—a, o) and Rf () is a continuous function
on [—a, o), where Rf (—a) equals the limit in (3). Further, Rf (-) behaves in one
of the following ways:

(1) Rf:[—a, @) — Ris a constant function, hence f has a nontangential limit at O.

(ii) There exist ay and oy so that —a <o <op <a and Rf is constant on [—ao, o1 ]
and [op, @) and strictly increasing or strictly decreasing on [o, a3).

If o € (0, Z ], then (6) cannot be satisfied. If & € (%, Z | but y» > 2a or y, <7 —2v,
then (6) is not satisfied. In both cases, Theorem 1 is not applicable. In these cases,
we can prove the existence of Rf(-) if we add an assumption about the behavior
of y on 9T Q*.

Theorem 2. Let f € C2(Q)NC (QUI~Q*UITQ*) satisfy (1) and (4). Suppose (2)
and (5) hold, o € (0, %], there exist L1, Ay € [0, w] with 0 < Xy — A1 < 4o such that
M < y(x) <Ay forx € 0TQ* and

(7) T—20—Al <y <m+20—As.
Then the conclusions of Theorem 1 hold.

Remarks. (a) Theorem 2 only offers a new result when A; = 0 or A, = 7; Figure 8
of [Shi 2006] illustrates one example in which A; = 0 or A, = 7 occurs. If
0 < Ay < Xy < m, then Theorem 2 is a consequence of [Lancaster and Siegel 1996b,
Theorem 1]; in this case, the argument given in that reference (and here) implies
that Rf (0) exists for all § € [—«, «].

(b) In [Concus and Finn 1996; Finn 1996] it was proved that, in a neighborhood
U of O and assuming 97 Q* and 9~ Q* are straight line segments, a solution of a
constant mean curvature equation (i.e., H is constant in (1)) with constant contact
angles y; on U N 31T Q* and y, on U N3~ Q* can exist only if |7 — y; — y»| < 2a.
Using this, when y; =0, we would obtain a (local) upper bound for f in Theorem 1
when m — 2« < y» and, when y| = 7, a (local) lower bound for f when y, < 2«;
these two inequalities are equivalent to (6).
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y

r .,
A/

Figure 2. The regions A (dark blue) and A (light blue).

(c) Asin [Lancaster and Siegel 1996b], conclusion (3) of Theorems 1 and 2 is a
consequence of a general argument; establishing (3) is not a key step in the proof.

2. Preliminary remarks

Let f € C3(Q) satisfy (1) and suppose (2) holds. Throughout the remainder of the
article, let us assume that M; € (0, c0), M, € [0, 00),

(®) sup | f(x)| =My and sup[H(x, f(x))] = M.

xeQ xeQ
2.1. A specific torus. We will use portions of tori and comparison function argu-
ments as, for instance, in Examples 2 and 3 of [Lancaster and Siegel 1996b] and the
Courant—Lebesgue lemma [Courant 1950, Lemma 3.1] to obtain upper and lower
bounds on f near O in specific subsets of 2 and prove Theorems 1 and 2. Let us
discuss the construction of a particular torus.

Set
{1 if M, =0,
0=

1/Ms+1—/(/M2)2+1 if Mr> 0.

Let
A={x=(x1,x) eR:|x| 70,0 <x; <2, x| <ro},
AR={x=(x;,x) e R®: (4—x1, x2) € A}, and

T= {(2+(2+r0 cosv)cosu, rosinv, (2+rgcosv) sinu)
cuel0,27],ve [%, 37”]}

T is the inner half of a torus of revolution with axis of symmetry {(2, y, 0) : y € R},
major radius Ry = 2 and minor radius rp; recall that the mean curvature of 7 (with
respect to the exterior normal) at (2+(2+ro cosv) cosu, rosinv, (2+ry cos v) sin u)
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7], ﬂ %]
/ p

Figure 3. Left: 8+ 11 = 5. Right: —8 + 172 = 7. In both cases, g > 0.

is given by
24 2rgcosv
Hy = — .
2rg(2 + rg cos v)
A calculation shows that
1 1 1 1
(L <2H <—(—— ):—M.
©) (r0+2+r0)_ r= ro 2—rg 2

Set
TH={(x,2)€eT:x€A,z>0} and 7T ={(x,2)eT:x€A,z<0}.
Let h*, h~ : A — R be functions whose graphs satisfy
{(x,hT(x)):xeA}=T" and {(x,h (x)):xeA}=T".

Then, from (9), we have

ht h-
(10) dive—e———>M, and div—m— < —M,.

VI+[VRT2 VI+IVh= 2~

For each 8 € [—%, %] let Ag =Ry o0Tg(A), where Ry, : R? — R?, given by
(x1, x2) > (cos(a)x; + sin(a)xa, — sin(a)x; + cos(a)x2),
is the rotation about (0, 0) through the angle —« and Tp : R? — R?, given by
(x1, x2) = (x; —rgcos B, xa —ro sin f8),

is the translation taking (rg cos 8, rosin 8) € dA to (0, 0). We will let t; denote
the angle that the upward tangent ray to 75(C) makes with the negative x| —axis
and let 7, denote the angle that the upward tangent ray to 7_g(C) makes with the
positive x| —axis, where C = {x = (x1,x2) € R?: |x]| = ro, x1 > 0}. (Figure 3
illustrates this when 8 > 0.) Let h:; : Ag — R be defined by ht=h*o Tﬁ_1 oR;l,
see Figure 4.
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Let g denote the be modulus of continuity of 2™, so that |h/§(x 1) — h;(xz)l <
g (Jx1 — x2|. Notice that ¢ is also the modulus of continuity of 4™, as well as for
hg and hj foreach g € [-%, 5]

2.2. Parametric framework. Since f € C°(2), we may assume that f is uniformly
continuous on {x € Q*: |x| > §} for each § € (0, §*); if this is not true, we may
replace 2 with a subset U C €2, such that QN oU = {O} and dU N Bs+(O) consists
of two arcs 97U and 8~ U, whose tangent lines approach the lines L™ : § = o and
L™ : 8 = —a, respectively, as the point O is approached. Set

So={(x, f(x):xeQ*} and I'j={(x, f(x)):xe€dQ*\{0}}

the points where 9 Bs+(O) intersect 92 are labeled A € 9~ Q* and B € 31 Q*. From
the calculation on page 170 of [Lancaster and Siegel 1996b], we see that the area
of S is finite; let M( denote this area. For § € (0, 1), set

5) = SJTM()
PO =\ adre)

Let E = {(u, v) : u> +v?> < 1}. As in [Elcrat and Lancaster 1986; Lancaster and
Siegel 1996b], there is a parametric description of the surface S;,

(11) Y (u, v) = (a(u, v), b(u, v), c(u, v)) € CX(E : R),
which has the following properties:

(a1) Y is a diffeomorphism of E onto Sj.

(a2) Set G(u, v) = (a(u, v), b(u, v)), (u,v) € E. Then G € C°(E : R?).

(a3) Let 0 = G~1(dQ* \ {O)); then o is a connected arc of dE and Y maps o
strictly monotonically onto I'j. We may assume the endpoints of o are 0;
and o0, and there exist points @, b € o such that G(a) = A, G(b) = B, G maps
the (open) arc 01b onto 972, and G maps the (open) arc 0a onto 9~ 2. (Note
that 0; and o, are not assumed to be distinct at this point; Figures 4a and 4b
of [Lancaster and Siegel 1997] illustrate this situation.)

(aq) Y is conformalon E: Y, - Y, =0,Y,-Y,=Y,-Y,on E.
(as) AY =Y, +Y,w=HX)Y, xY,onE.

Here by the (open) arcs 01b and 0,a are meant the component of d E \ {01, b} which
does not contain a and the component of 0 E \ {02, a} which does not contain b,
respectively. Let op = 0E \ 0.
There are two cases we will need to consider during the proofs of Theorem 1
and Theorem 2:
(A)oy =0, or (B)o;#o;.
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Figure 4. The domain (in blue) of a toroidal function h%, o < T

These correspond to Cases 5 and 3 respectively in Step 1 of the proof of Theorem 1
of [Lancaster and Siegel 1996b].

3. Proof of Theorem 1

Since m — 2« < ¥, < 2a, we can choose 7 € (7 — 2a, y») and ; € (y», 2a). Set
B1=7%—1and B = 5 — (m — 12) = 12 — 5. With these choices of i and f,
notice that

T(h™ oTg)(x1,0)-(0, —1) =cost; >cosy,, for0<x <2-—ry,
T(hto Tg,)(x1,0)- (0, —1) =costp <cosy,, for0<x; <2—ry.

This implies that, for §; = §;(81, f2) > 0 small enough,

(12) T (hg)(x) - V(x) > cosy(x) and T(h;z)(x) -D(x) < cosy(x),

20
2

)

1)

Figure 5. Left: Ag,, the domain of h5 . Right: Ag,, the domain of hJﬂ;.
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for x € 9~ Q with |x| < §;, where V(x) is the exterior unit normal to € at x € 9.
(See Figure 5.) (We may also assume v(x) - (1, 1) <0, for x € 37Q with |x| < §;
and v(x)-(1,—1) <0, for x € 0~ Q with |x| < §;, since @ > %.)

Let u € (0, min{y, — (w — 2a), 20 — y»}) and set 71() = 7 — 2 + @ and
To(u) = 20 — u, so that 81 = B,. Let us write &;(u) for 81(B1, B2), h: for hgz,
h,, for hEI and A, for Ag = Ag,. Since B, B # £7, there exists a positive
R = R(p) such that B(O, R(n))NQ* C A, (where B(O, R)={x € R?:|x| < R)).

Let us first assume that (A) holds and set 0 = 0; = 0.

Claim. f is uniformly continuous on Qo, where Qo= Q* N A,.

Proof. Forr >0,set B.={ucE:|lu—o|<r}),C,={uck:|lu—o|l=r}and
let /, be the length of the image curve Y (C,); also let C, = G(C,) and B, = G(B,).
From the Courant-Lebesgue lemma (e.g., Lemma 3.1 in [Courant 1950]), we see
that for each § € (0, 1), there exists a p = p(§) € (4, V/8) such that the arclength [,
of Y(C,) is less than p(8). For § > 0, let k(8) = infycc, 4 c(u) = infxec;)(a) f(x)
and m(§) = SUPyeC,s) c(u) = SUPxec f(x); notice that m(8) —k(8) <1, < p(5).

For each & € (0, 1) with +/8 < min{|o — a|, |0 — b|}, there are two points in
C,) NIE; we denote these points as e;(§) € ob and e,(8) € oa and set y;(§) =
G(e1(8)) and y»(6) = G(e2(5)). Notice that C;(a) is a curve in Q which joins
y1 €07Q*and y, € 97 Q* and QN C;)(s) \ {y1, y2} = 9; therefore there exists
n =n(8) > 0 such that B, (0) ={x € Q: x| <n(d)} C B;(s) (see Figure 6).

Let € > 0. Choose & > 0 such that /8 < min{|o—al|, |[o—b|}, p(§) <51 (), p(8) <
R(u), and p(8) +q(p(5)) < %e. Pick a point w € C;(s) and define bj.t A= R
by

b*(x) = f(w) £ p®) £hf(x), x €A,

Recalling that Tb™ -9 = 1 on C; = Ry 0 Tp,(C) and Tb™ - = —1 on Cp =
Ry 0 Tg,(C), where n;(x) is the interior unit normal to C; at x € C; (and C =

Y

y1(8)—

Y

y2(8)—

Figure 6. B, s)(O) (blue region) and B; ) (blue and green regions).
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{x € R2: |x| = rg, x; > 0)), it follows from (10), (12) and the general comparison
principle (e.g., [Finn 1986, Theorem 5.1]) that

b™(x) < f(x) <bT(x) forall x e Bl 5 N A
Thus if x1, x, € Qq satisfy |x;| < n(5), |x2] < n(5) and |x; — x2| < n(3), then

(13) |f (1) = f(x2)] <2p(8) +2q(p(d)) <e.

Since f is uniformly continuous on {x € Q* : x| > %n(S)}, there existsa A > 0
such that if x|, x, € Q* satisfy |x;| > %n(S), x| > %n(é) and |x; — x3| < A,
then | f(x1) — f(x2)] < €. Now set d = d(e) = min{A, %17(8)}. If x1, x, € Qy,
lx1 —x2| <d(e) < $n(8) and |x1] < 11(8), then |x| < n(8) and |x,| < 1(8); hence
| f(x1)— f(x2)] <€ by (13). Next, if x1, x2 € Qo, |x1—x2| <d(€) <A, |x1]| > %n(é)
and |x,| > %n(8), then | f(x1) — f(x2)| < €. Therefore, for all x|, x, € ¢ with
|x1 —x2| < d(e), we have | f(x1) — f(x2)| < €. The claim is proven. U

Notice thatif 6 () = —u (=o(u) —a =7 —a — 11(w)), then
{(rcos6(u), rsind(un)):r >0}

is the tangent ray to 92 at @ and it follows from the claim that f € C%(Qp); hence
the radial limits Rf (0) of f at O exist for 6 € [—«, 6(w)] and the radial limits are
identical (i.e., Rf (8) = f(O) forall 6 € [—«, 6 ()], where f(O) is the value at O of
the restriction of f to €). Since lim,, o 0 () = «, Theorem 1 is proven in this case.

Let us next assume that (B) holds. This part of the proof is essentially the same
as the proof of case (B) in Theorem 1 of [Entekhabi and Lancaster 2016]. As in
that paper, and taking into account the hypothesis o < Z, we see that

2’
(i) c € CU(E\ {01, 02}),

Figure 7. The domain (in blue) of the toroidal functions A, o > %.
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(i1) there exist ay, ay € [—«, o] with @) < oy such that Rf(6) exists when
0 € (a1, op), and

(iii) Rf is strictly increasing or strictly decreasing on (o1, o).

Taking hypothesis (5) into account and using cylinders as in case 3 of step 1 in the
proof of Theorem 1 of [Lancaster and Siegel 1996b] (see Figure 2b in [Lancaster and
Siegel 1997]) or using hlﬂf (see Figure 7), we see that in addition to (i)—(iii), we have

(iv) c € CO(E \ {01}) and
(v) Rf(0) exists when 0 € [—a, o).

If @y = «, then Theorem 1 is proven. Otherwise, suppose oy < « and fix &g € (0, %)
and Qo = Q*N A, as before.

Claim. Suppose ay < a. Then f is uniformly continuous on Qi , where

Qard:Ef{(rcose,rsinQ) €Q:0<r <8 ar<0<m).

Notice that the restriction of ¥ to G~! (Q_(J)r ) maps only one point, 01, to O x R
and so the proof of this claim is the same as the proof of the previous claim. Thus
fe CO(Q(J{); since lim,, o 0 (1) = o, we see that

Rf(0) = liTm Rf(r) forall 6 € [ap, ).

Thus Theorem 1 is proven. U

Figure 8. a =7, A1 =0, 0 =3, »» = %’, and 71 = 237—g. The

domain of &4 is the green region.
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4. Proof of Theorem 2

Suppose (6) does not hold. Since w — 2« — A| < y» < 7w + 2 — Ay, we can choose
71, 72 € (0, ) such that 1) € (m — 20 — A1, y2) and 10 € (32, m + 200 — Ap). Set
B1=7% —11and B =1,— 7. (See Figures 8 and 9.) With these choices of 8 and B,
notice that

T(h™ oTg)(x1,0)-(0, —=1) =cost| >cosyr, for0<x; <2—ro,
T(h*o Tg,)(x1,0)- (0, —1) =costp <cosyr, for0<x; <2—ry.

This implies that for §; = §;(81, B2) > 0 small enough,
(14) T(hlgl)(x) -v(x) >cosy(x) and T(hgz)(x) -D(x) < cosy(x),

for x € 9~ Q with |x| < §;, where V(x) is the exterior unit normal to € at x € 9.
(See Figures 5, 8 and 9.)

Notice that the tangent plane at (0, 0, 0) to the surface {(x, h}gl (X)) :x € Ag}is
a vertical plane with (downward oriented) unit normal

n = (—sin(7] + ), — cos(t] + ), 0)

and

lim V(x)=(—sina, cosa, 0).
9t Qax—>0

Suppose 71 + 2« < . Then
lim 7-V9(x)=—cos(t; +2a) > —cos(;w —A{) =COSAp,
ItQ3x—0

since T +2a > w — Ay; since liminfy+ g5y 0 ¥ (x) > A1, this implies that for some
87 > 0 small enough,

(15) T(hgl)(x) -V(x) >cosy(x), forxe 31T Q with |x| < 6.

If 71 4+ 20 > 7, then A doesn’t matter and we argue as in the proof of Theorem 1;
see Figure 8 for an illustration of this case.

Now the tangent plane at (0, 0, 0) to the surface {(x, h;z (x)) :x € Ap,} is a verti-
cal plane with (downward oriented) unit normal 7 = (sin(t; — ), — cos(1, — ), 0)
and limy+ g5y 0 V(x) = (— sina, cosa, 0).

Suppose 7, > 2. Then

lim m-v(x) =—cos(1p —2a) < — cos(r — Ap) = cos A,

since 72 — 2« < 7w — Ag; since limsupy+ g, ¥ (X) < Ay, this implies that for
some &3 > 0 small enough,

(16) T(h;l)(x) -v(x) <cosy(x), forxedtQ with|x| < 8.
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2

Figure 9. o = %, M =0, = %, V2 = %ﬂ, and ), = 239—g. The

domain of h; is the blue region.
2

If 70 < 2a, then A, doesn’t matter and we argue as in the proof of Theorem 1.
Now set §4 = min{dy, 8, d3}. The proof of Theorem 2 now follows essentially
as in the proof of Theorem 1. U
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A NEW BICOMMUTANT THEOREM

IL1JAS FARAH

We prove an analogue of Voiculescu’s theorem: the relative bicommutant
of a separable unital subalgebra A of an ultraproduct of simple unital C*-
algebras is equal to A.

Ultrapowers! AY of separable C*-algebras are, being subject to well-developed
model-theoretic methods, reasonably well-understood; see, e.g., [Farah et al. 2016b,
Theorem 1.2] and Section 2. Since the early 1970s and the influential work of
McDuff and Connes, central sequence algebras A’ N AY play an even more impor-
tant role than ultrapowers in the classification of II; factors and (more recently)
C*-algebras. While they do not have a well-studied abstract analogue, in [Farah
et al. 2016b, Theorem 1] it was shown that the central sequence algebra of a strongly
self-absorbing algebra [Toms and Winter 2007] is isomorphic to its ultrapower if the
continuum hypothesis holds. Relative commutants B’N DY of separable subalgebras
of ultrapowers of strongly self-absorbing C*-algebras play an increasingly important
role in the classification program for separable C*-algebras [Bosa et al. 2016; Matui
and Sato 2014, §3]; see also [Tikuisis et al. 2016; Winter 2016]. In the present note
we make a step towards better understanding of these algebras.

A C*-algebra is primitive if it has a representation that is both faithful and
irreducible. We prove an analogue of the well-known consequence of Voiculescu’s
theorem [1976, Corollary 1.9] and von Neumann’s bicommutant theorem [Blackadar
2006, §1.9.1.2].

Theorem 1. Assume [ [, B; is an ultraproduct of primitive C*-algebras and A
is a separable C*-subalgebra. In addition, assume A is a unital subalgebra if
[1,,B; is unital. With A¥°" computed in the ultraproduct of faithful irreducible
representations of Bjs, we have

A= (A'NT,B;) =AY N[, B,

MSC2010: 03C20, 03C98, 46L05.
Keywords: C*-algebras, ultrapowers, relative commutant, bicommutant.
1Throughout, U denotes a nonprincipal ultrafilter on N.

69


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2017.288-1
http://dx.doi.org/10.2140/pjm.2017.288.69

70 ILIJAS FARAH

A slightly weaker version of the following corollary to Theorem 1 (stated here
with Aaron Tikuisis’ kind permission) was originally proved using very differ-
ent methods.

Corollary 2 (Farah and Tikuisis, 2015). Assume [ [, Bj is an ultraproduct of simple
unital C*-algebras and A is a separable unital subalgebra. With Z(A) denoting the
center of A, we have

Z(A'N[],B)) = Z(A). O

At least two open problems are concerned with bicommutants of separable
subalgebras of massive operator algebras. As is well-known, central sequence
algebras M’ N MY of 1I; factors in tracial ultrapowers behave differently from the
central sequence algebras of C*-algebras. For a II; factor M with separable predual,
the central sequence algebra M’ N MY can be abelian or even trivial. Popa [2014,
Conjecture 2.3.1] asked whether if P is a separable subalgebra of an ultraproduct
of II; factors then (P/ NIy N,-)/ = P implies P is amenable. In the domain of
C*-algebras, G. K. Pedersen [1990, Remark 10.11] asked whether the following
variant of Theorem 1 is true: if the corona M (B)/B of a o-unital C*-algebra B is
simple and A is a separable unital subalgebra, is (A’'N M (B)/B)' = A? (For the
connection between ultraproducts and coronas, see the last paragraph of Section 3.)

The proof of Theorem 1 uses logic of metric structures [Ben Yaacov et al. 2008;
Farah et al. 2014] and an analysis of the interplay between C*-algebra B and its
second dual B**.

1. Model theory of representations

We expand the language of C*-algebras introduced in [Farah et al. 2014, §2.3.1] to
representations of C*-algebras. Readers’ familiarity with, or at least easy access
to, §2 of that paper is assumed. A structure in the expanded language L is a
C*-algebra together with its representation on a Hilbert space. As in [Farah et al.
2014], the domains of quantification on a C*-algebra are D, for n € N and are
interpreted as the n-balls. The domains of quantification on the Hilbert space
are D for n € N and are also interpreted as the n-balls. On all domains the metric
is d(x, y) = ||lx — y|| (we denote both the operator norm on C*-algebras and the
£>-norm on Hilbert spaces by || - ||). As in [Farah et al. 2014, §2.3.1], forevery A € C
we have a unary function symbol X to be interpreted as multiplication by A. We
also have a binary function + whose interpretation sends D}/ x DY to DI . As
the scalar product (- | -) is definable from the norm via the polarization identity, we
freely use it in our formulas, with the understanding that (£ | ) is an abbreviation
for Zl; Z:;:O i7]|& +i/n||. The language Lyep also contains a binary function symbol
7 whose interpretation sends D, x D! to DI for all m and n. It is interpreted as
an action of A on H.
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Every variable is associated with a sort. In particular, variables x, y, z range
over the C*-algebra and variables &, i, ¢ range over the Hilbert space, all of them
decorated with subscripts when needed.

We shall write x for a tuple x = (x1, ..., x,) (with n either clear from the
context or irrelevant). Terms come in two varieties. On the C*-algebra side, a
term is a noncommutative *-polynomial in C*-variables. On the Hilbert space side,
terms are linear combinations of Hilbert space variables and expressions of the
form 7 (x(x))&, where «(X) is a term in the language of C*-algebras. Formulas are
defined recursively. Atomic formulas are expressions of the form ||| where ¢ is
a term.

The set of all formulas is the smallest set F containing all atomic formulas with
the properties that

(i) for every n, all continuous f : [0, 0c0)" — [0, c0) and all ¢4, ..., ¢, in [, the
expression f (¢, ..., ¢,) belongs to [, and

(ii) if ¢ € [, and x and & are variable symbols, then each of SUP|g | <m ¥> infjg)<m @,
SUP|[x | <m ¥ and inf) <, ¢ belongs to [F; see [Farah et al. 2014, §2.4] or [Farah
et al. 2016a, Definition 2.1.1].

Suppose 7 : A — B(H) is a representation of a C*-algebra A on Hilbert space H.
To (A, H, ) we associate the natural metric structure M (A, H, 7) in the above
language.

Suppose ¢ (%, &) is a formula whose free variables are included among ¥ and .
If 7 : A— B(H) is arepresentation of a C*-algebra on Hilbert space, a are elements
of A and & are elements of H,? then the interpretation ¢(a, &)™ -#-7) is defined
by recursion on the complexity of ¢ in the obvious way; see [Ben Yaacov et al.
2008, §3].

Proposition 1.1. Triples (A, H, ) such that 7w is a representation of A on H form
an axiomatizable class.

Proof. As in [Farah et al. 2014, Definition 3.1], we need to define an Lep-theory Tiep
such that the category of triples (A, H, ), where w : A — B(H) is a representation
of a C*-algebra A, is equivalent to the category of metric structures that are models
of Tiep, via the map

(A,H, 7))~ M(A, H, 7).

We use the axiomatization of C*-algebras from [Farah et al. 2014, §3.1]. In addition
to the standard Hilbert space axioms, we need the following two axioms assuring

2Symbols &,1n,¢, ... denote both Hilbert space variables and vectors in Hilbert space due to the
font shortage; this shall not lead to a confusion.
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that the interpretation of D equals the n-ball of the underlying Hilbert space for
all n:

sup [|E]l <n,
&eD,

(%) sup max((1 = [I€])), inf [IE —n]),
teD, neD

where s — ¢t := max(s — ¢, 0). The standard axioms,

T(xy)é =m(x)m(y)&,
T(x+y)§ =m(x)§+m(y)é,
()& ) = |x(x")n)

are expressible as first-order sentences.> The axioms described here comprise
theory Tep.

One needs to check that the category of models of T, is equivalent to the
category of triples (A, H, w). Every triple (A, H, 7) uniquely defines a model
M(A, H, ). Conversely, assume M is a model of Ti,. The algebra A, obtained
from the first component of M is a C*-algebra by [Farah et al. 2014, Proposition 3.2].
Also, the linear space H, obtained from the second component of M is a Hilbert
space and the third component gives a representation 7 of A on H.

To see that this provides an equivalence of categories, we need to check that
M(Am, Hpm, maq) = M for every model M of T, We need to show that the
domains on M are determined by A, and H,,. The former was proved in the
second paragraph of [Farah et al. 2014, Proposition 3.2], and the latter follows
by (). (]

Proposition 1.1 gives us full access to the model-theoretic toolbox, such as Lo§’s
theorem (see Section 2) and the Lowenheim—Skolem theorem [Farah et al. 2014,
Theorem 4.6]. From now on, we shall identify triple (A, H, ) with the associated
metric structure M (A, H, 7) and stop using the latter notation. We shall also write
Sup| )<, and infg <, instead of supg.p and infzep,, respectively.

Lemma 1.2. The following properties of a representation w of A are axiomatizable:
(1) = is faithful.

(2) m is irreducible.

Proof. We explicitly write the axioms for each of the properties of 7. Fix a

representation 7. It is faithful if and only if it is isometric, which can be expressed as

sup inf |||x|| — ||7T(X)§||| =0.
<1 =1

30ur conventions are as described in [Farah et al. 2014, p- 485]. In particular «(x, &) = B(x, &) is
an abbreviation for supg ¢ p, supg la(x, &) — B(x, §)[| =0, for all n.
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A representation 7 is irreducible if and only if for all vectors £ and n in H such that
Inll <1 and ||&|| = 1, the expression ||n — m(a)&|| can be made arbitrarily small
when a ranges over the unit ball of A. In symbols,

sup sup inf |[IE]| = 1||n —7(x)E| = 0.

lgn=t i<t Ixl=1
The interpretation of this sentence in (A, H, ) is 0 if and only if the representation
7 is irreducible. (I

A triple (D, 6, K) is an elementary submodel of (B, w, H), and (B, &, H) is an
elementary extension of (D,0,K),if D C B, K C H, 6(d) =n(d) | H for all
d e D, and

p@ """ =@

for all formulas ¢ and all a in (D, 6, K) of the appropriate sort. Axiomatizable
properties, such as being irreducible or faithful, transfer between elementary sub-
models and elementary extensions. Therefore the downward Lowenheim—Skolem
theorem [Farah et al. 2014, Theorem 4.6] and Lemma 1.2 together imply, e.g., that
if ¢ is a pure state of a nonseparable C*-algebra B then B is an inductive limit of
separable subalgebras D such that the restriction of ¢ to D is pure. This fact was
proved in [Akemann and Weaver 2004] and its slightly more precise version will
be used in the proof of Lemma 3.2.

Some other properties of representations (such as not being faithful) are axioma-
tizable, but we shall concentrate on proving Theorem 1.

2. Saturation and representations

It has been known to logicians since the 1960s that the two defining properties
of ultraproducts associated with nonprincipal ultrafilters on N in axiomatizable
categories are £.0$’s theorem [Farah et al. 2014, Proposition 4.3] and countable
saturation [Farah et al. 2014, Proposition 4.11]. By the former, the diagonal
embedding of a metric structure M into its ultrapower is elementary. More generally,
if ¢(x) is a formula and a(j) € M; are of the appropriate sort then

p@MM = 1im p@(n™.
j—u

In order to define countable saturation, we recall the notion of a type from the
logic of metric structures [Farah et al. 2014, §4.3]. A closed condition (or simply a
condition; we shall not need any other conditions) is any expression of the form
¢ < r for formula ¢ and r > 0 and a type is a set of conditions [Farah et al.
2014, §4.3]. As every expression of the form ¢ = r is equivalent to the condition
max (g, r) <r and every expression of the form ¢ > r is equivalent to the condition
min(0, r — ¢) <0, we shall freely refer to such expressions as conditions. For m
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and n in N such that m 4+n > 1, an (m, n)-type is a type ¢ such that all free variables
occurring in conditions of ¢ are among {x1, ..., x,} U{&1, ..., &}

Given a structure (A, H, ) and a subset X of AU H, we expand the language
Lrep by adding constants for the elements of X (as in [Farah et al. 2014, §2.4.1]).
The new language is denoted (Lyep)x. C*-terms in (Lrep)x are *-polynomials in
C*-variables and constants from X N A. Hilbert space terms are linear combinations
of Hilbert space variables, constants in X N H, and expressions of the form m(«)&,
where o is a C*-term in the expanded language. The interpretation of an (Lyep) x-
formula is defined recursively in the natural way; see, e.g., the paragraph after
Definition 2.1.1 in [Farah et al. 2016a].

A type over X is a type in (Lep) x. Such a type is realized in some elementary
extension of (A, H, m) if the latter contains a tuple satisfying all conditions from
the type. A type is consistent if it is realized in some ultrapower of (A, H, 7),
where the ultrafilter is taken over an arbitrary, not necessarily countable, set. This
is equivalent to the type being realized in some elementary extension of (A, H, m).

By Lo$’s theorem, a type ¢ is consistent if and only every finite subset of ¢ is
e-realized in (A, H, m) for every ¢ > 0 [Farah et al. 2014, Proposition 4.8].

A structure (A, H, ) is said to be countably saturated if every consistent type
over a countable (or equivalently, norm-separable) set is realized in (A, H, 7).
Ultraproducts associated with nonprincipal ultrafilters on N are always countably
saturated [Farah et al. 2014, Proposition 4.11]. A standard transfinite back-and-forth
argument shows that a structure of density character 8| is countably saturated if
and only if it is an ultraproduct. (The density character is the smallest cardinality
of a dense subset.)

In the case when A = B(H), we have

(B(H), H)" = (B(H)", H");

in particular B(H) is identified with a subalgebra of B(H"). These two algebras
are equal (still assuming ¢/ is a nonprincipal ultrafilter on N) if and only if H is finite-

dimensional. As a matter of fact, no projection p € B(HY) with a separable, infinite-
dimensional range belongs to B(H) (this is proved by a standard argument, see,
e.g., the last two paragraphs of the proof of Proposition 4.6 in [Farah et al. 2013]).

In the following, = will always be faithful and clear from the context and we
shall identify A with w(A) and suppress writing 7t. We shall therefore write (A, H)
in place of (A, H,id).

The following two lemmas are standard (they were used in the proof of Corollary 2
on p. 344 of [Arveson 1977]) but we sketch the proofs for the reader’s convenience.

Lemma 2.1. Suppose A is a C*-algebra and ¢ is a functional on A. Then there are a
representation w : A— B(K) and vectors & and n in K such that p(a) = (7w (a) € | n)
foralla € A.
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Proof. Let ¢ be the unique extension of ¢ to a normal functional of the von Neumann
algebra A**. By Sakai’s polar decomposition for normal linear functionals (see, for
example, [Pedersen 1979, Proposition 3.6.7]) there exists a normal state { of A™*
and a partial isometry v such that ¢ (a) =¥ (av) foralla € A**. Letr : A** — B(K)
be the GNS representation corresponding to . If 5 is the corresponding cyclic
vector and & = vn, then the restriction of 7 to A is as required. |

Lemma 2.2. Suppose A is a proper unital subalgebra of C = C*(A, b). Then there
exists a representation ™ : C — B(K) and a projection q in w(A)' N B(K) such
that [q, b] #O.

Proof. By the Hahn—Banach separation theorem, there exists a functional ¢ on C of
norm 1 such that ¢ annihilates A and ¢(b) = dist(A, b). Let 7 : C — B(K), and 7
and £ be as guaranteed by Lemma 2.1. Let L be the norm-closure of w(A)&. Since
A isunital, L #{0}. AsO=¢(a) = (w(a) & |n) foralla € A, n is orthogonal to L
and therefore the projection p to L is nontrivial. Clearly p € 7(A)’ N B(K). Since
(TD)E |n) =) #0, m(b) does not commute with p and we therefore have
g € m(A)Y N B(K) such that ||[7(b), ]| > O. [l

The proof of Theorem 1 would be much simpler if Lemma 2.2 provided an
irreducible representation. This is impossible in general, as the following example
shows. Let A be the unitization of the algebra of compact operators JC(H) on an
infinite-dimensional Hilbert space and let b be a projection in B(H ) which is Murray—
von Neumann equivalent to 1 —b. Then C = C*(A, b) has (up to equivalence) three
irreducible representations. Two of those representations annihilate A and send b
to a scalar, and the third representation is faithful and the image of b is in the weak
operator closure of the image of A.

It is well-known that for a Banach space X, the second dual X** can be embedded
into an ultrapower of X [Heinrich 1980, Proposition 6.7]. In general, the second
dual A*™ of a C*-algebra A cannot be embedded into an ultrapower of A by a
*-homomorphism for at least two reasons. First, A** is a von Neumann algebra
[Blackadar 2006, §111.5.2] and it therefore has real rank zero, while A may have
no nontrivial projections at all. Since being projectionless is axiomatizable [Farah
et al. 2016a, Theorem 2.5.1], if A is projectionless then L.oS$’s theorem implies
that AY is projectionless as well and A** cannot be embedded into it. The referee
pointed out another, much subtler, obstruction. In the context of Banach spaces, the
embeddability of X** into X is equivalent to a finitary statement, the so-called
local reflexivity of Banach spaces, the C*-algebraic version of which does not hold
for all C*-algebras [Effros and Haagerup 1985, §5]. In particular, for a large class
of C*-algebras the diagonal embedding of A into AY cannot be extended even to
a unital completely positive map from A** into AY. The referee also pointed out
that a result of J. M. G. Fell is closely related to results of the present section. It
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is a standard fact that a representation of a discrete group is weakly contained in
another representation of the same group if and only if it can be embedded into an
ultrapower of the direct sum of infinitely many copies of the latter representation.
In [Fell 1960, Theorem 1.2] it was essentially proved that this equivalence carries
over to arbitrary C*-algebras.

All this said, Lemma 2.3 is a poor man’s C*-algebraic variant of the fact that
Banach space X** embeds into X¥. As in [Pedersen 1979, 3.3.6], we say that two
representations mr; and m, of A are equivalent if the identity map on A extends to
an isomorphism between 71 (A)” and 75 (A)”.

Lemma 2.3. Assume ([,,B;. [l H;) is an ultraproduct of faithful irreducible
representations of unital C*-algebras and C is a unital separable subalgebra of BY.

I IfFcn IC(]_[M Hj) = {0} then the induced representation of C on [[,, H; is
equivalent to the universal representation of C.

(2) In general, if
p= \/{q : q is a projection in C ﬂIC(]_[qu)}

then p € C' N B(Hu Hj) and ¢ — (1 — p)c is equivalent to the universal
representation of C/(C N K (], H;)) on (1 — p)[1,,H,.

Proof. For a state ¥ on C the (0, 1)-type #,(§) of a vector & implementing
consists of all conditions of the form (a&§ |§) =¥ (a) fora € C and ||| = 1.

(1) Fix a state ¥ on C. By Glimm’s lemma [Davidson 1996, Lemma I1.5.1], the type
ty is consistent with the theory of ([, B}, [;;H,)- By the separability of C and
countable saturation, there exists a unit vector 1 € [ [,, H; such that ¥ (c) = (c¢n | n)
for all ¢ € C. Let L be the norm-closure of Cn in [[,,H;. Then L is a reducing
subspace for C and the induced representation of C on L is spatially isomorphic
to the GNS representation of C corresponding to ¥. Since ¥ was arbitrary, by
[Pedersen 1979, Theorem 3.8.2] this completes the proof.

(2) For every a € C we have pa € CN IC(]_[U Hj) and therefore pa(l1 — p) = 0.
Similarly (1 — p)ap = 0, and therefore p € C' N B(Hqu). Let p,, forn € N,
be a maximal family of orthogonal projections in C N ([, H;). It is countable
by the separability of C and p =\/, p,. Let ¢ be a state of C that annihilates
C NK(TT, Hj)- Let £/ (§) be the type obtained from ¢, (£) by adding to it all
conditions of the form p,& = 0 for n € N. By Glimm’s lemma (as stated in
[Davidson 1996, Lemma IL.5.1]) the type tl}f (&) is consistent, and by the countable
saturation we can find &; € [ [,, H; that realizes this type. Then p&; =0 and therefore
& € (1 —p) [, Hj. Therefore every GNS representation of C/ (C nK (Hu H J))
is spatially equivalent to a subrepresentation of ¢ — (1 — p)c, and by [Pedersen
1979, Theorem 3.8.2] this concludes the proof. O
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3. Second dual and Day’s trick

The natural embedding of a C*-algebra B into its second dual B** is rarely ele-
mentary. For example, having real rank zero is axiomatizable [Farah et al. 2016a,
Theorem 2.5.1] and B**, being a von Neumann algebra, has real rank zero while
B may have no nontrivial projections at all. However, we shall see that there is
a restricted degree of elementarity between B and B**, and it will suffice for our
purposes.

We shall consider the language (Lep)p obtained by adding new constants for
parameters in B; see Section 2. Term «(x) in the extended language is linear if it
is of the form

a(x) =xa+ bx

for some parameters a and b.
A restricted B-linear formula is a formula of the form

(1) max;j<y [leej (x) — bjll +max <, (rj = |1 B; (X)),
where
(2) all bj, for 1 < j < m, are parameters in B,
(3) all rj, for 1 < j <n, are positive real numbers,
(4) all aj, for 1 < j < m, are linear terms with parameters in B, and
(5) all B;, for 1 < j < n, are linear terms with parameters in B.

The proof of the following is based on an application of the Hahn—Banach separation
theorem first used by Day [1957]; see also [Elliott 1977, Section 2] for some uses
of this method in the theory of C*-algebras.

Lemma 3.1. Suppose B is a unital C*-algebra and
y (x) = max [l (x) — by || +max(r; = ||8;(X)]).
J=m j=n

is a restricted B-linear formula. Then the following are equivalent:

(6) infrep y(x) =0,

(7) infyep= y (x) =0.
Proof. Condition (6) implies (7) because B is isomorphic to a unital subalgebra
of B** and therefore inf,cp+ ¥ (x) < infycp ¥ (x).

Assume (7) holds. Let a; and c;, for j < n, be such that o;(x) = ajx + xc;.
For each j we identify o; with its interpretation, a linear map from B to B. The
second adjoint ajf* : B** — B** also satisfies ozj* (x) =ajx +xcj, hence af* (x) is
the interpretation of the term «;(x) in B**. The set

Z:=(a;(x):x € B<y),
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being an image of a convex set under a linear map, is a convex subset of B” and
by the Hahn—Banach theorem,

Z1:=B"N(a;(x):x € B})

is included in the norm-closure of Z. By (7) we have (by, ..., by,) € Z;.
Fix ¢ > 0 and let

Xi:={x € By :max|la;j(x) —b;| <&}
j<m

By the above, this is a convex subset of the unit ball of B and (by using the
Hahn—Banach separation theorem again) the weak*-closure of X; in B** is equal

to {x € BX| :max <, |la;(x) —b;| < &}.

Letc e_Bi’ﬁ be such that y(c¢) < . Then ¢ belongs to the weak*-closure of X.
For each j < n we have |Bj(c)|l > r; —e. Fix a norming functional ¢; € B* such
that [|¢;|| =1 and ¢;(B,(c)) > r; — . Then

U:={xeB™:¢;(Bjx)) >r;—e¢forall j}

is a weak*-open neighborhood of ¢ and, as ¢ belongs to the weak*-closure of X1,
U N X is a nonempty subset of B<;. Any b € U N X satisfies y(b) <e. Ase >0
was arbitrary, this shows that (6) holds. U

In the following, A C [, B; is identified with a subalgebra of B([],,H;).

Lemma 3.2. Suppose (B;, H;) is an irreducible representation of Bj on H; for
j € Nand A is a separable subalgebra of ], B;.

(1) For every b € [[,,B;j, we have that b € (A/ N B(]_[MH]'))/ if and only if
be (A/ N[y Bj)/. Equivalently,
(A/ n B(]—[qu))/ NI Bj = (A/ n HMBJ)/ N1y Bj-
@) AN, B; = (A'NT1yB))"
Proof. (1) Since [],,B; < B([], H;), we clearly have (A’ N B(]_[qu))/ -
(A’N [y Bj) - In order to prove the converse inclusion, fix b € [],, B; and suppose
that there exists g € A’ B([],, H;) such that ||[g, b]|| = r > 0. We need to find

d € A'N[], B, satisfying [d, b] # 0.
Consider the (1, 0)-type £(x) consisting of all conditions of the form

I[x,b]| >r and [x,a]=0

for a € A. This type is satisfied in B([],,H;) by ¢. Since all formulas in #(x) are
quantifier-free, their interpretation is unchanged when passing to a larger algebra.
Fix a finite subset of #(x) and let F C A be the set of parameters occurring in
this subset. Then
yr(x) :=infmax [|[x, a]ll + (r = |[[x, b]I)
X aeF
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is a restricted [ [,, B;-linear formula. Since A is separable, we can find projection

p in C*(A,q)' N B([], H,) with separable range such that ¢; := pq satisfies

Illg1, b]1|| = r. To find this p, take a separable elementary submodel (C, Hy) of
(B(l—[u Hj)’ nL{Hf)

such that A € C and let p be the projection to Hy.

By the downward Lowenheim—Skolem theorem [Farah et al. 2014, Theorem 4.6]
there exists a separable elementary submodel (D, K) of ([, B;. [, H;) such that
C*(A, b) C D and the range of p is included in K. Part (2) of Lemma 1.2 and
Eo§’s theorem imply that [, B;Y" = B([],, H,) and px Dpx ™" = B(pk [ 1, H;).
where px denotes the projection to K. We can therefore identify px with a minimal
central projection in D**. Via this identification we have ¢; € D**. Since yr(g1) =0,
Lemma 3.1 implies infyep xj<1 yF(x) = 0 and infy [, ;. | <1 ¥F(x) = 0 (since
yr is quantifier-free).

Since F was an arbitrary finite subset of A, the type #(x) is consistent with the
theory of [[,,B;. Since A is separable, by the countable saturation there exists
d € A'N[],Bj satisfying ||[d, b]|| > r.

(2) By the von Neumann bicommutant theorem, A%°T = (A/ N B(Hu H j))/ and
therefore (1) implies AY" N[, B; = (A’ N[y Bj)/. O

4. Proof of Theorem 1

Suppose (B, H;) is a faithful irreducible representation of B; on H; for j € N
and A is a separable subalgebra of [[,, B;. By Lemma 1.2, ([],, B;. [1,,H;) is an
irreducible faithful representation of [[,, B;.

By (2) of Lemma 3.2, we have AY"N[],B; = (A'N[],B;)". Then, since
Ac(ANT], Bj)/, it remains to prove (A’N[],, Bj)/ C A. Fix b € [ [, B; such that
r :=dist(b, A) > 0. By (1) of Lemma 3.2, it suffices to find d € A'N B(]_[qu)
such that [d, b] # 0. Let

C:=C*(A,b).

Lemma 4.1. With A, b, C, r and Hu Bj as above, there exists a representation
m:C/(CNK([], Hj)) — B(K)
and g € m(A) N B(K) such that g, = (b)] #O.

Since the proof of Lemma 4.1 is on the long side, let us show how it completes
the proof of Theorem 1. Lemma 2.3 implies that if

p= \/{q : ¢ is a projection in CﬁIC(]_[qu)}

then pe C'NB (]_[u H j) and ¢ — (1 — p)c is equivalent to the universal represen-
tation of C/(C NK([T, Hj)) on (1 — p) [, H;. Therefore g as in the conclusion
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of Lemma 4.1 can be found in A’ N B(]_[qu), implying b ¢ (A/ N B(]—[qu))/.
By Lemma 3.2 this implies b ¢ (A’ N [],,B;) , reducing the proof of Theorem 1 to
the following.

Proof of Lemma 4.1. An easy special case is worth noting. If C N IC(]_[M H j) = {0}
then Lemma 2.2 implies the existence of a representation 7 : C — B(K) and
q € m(A) N B(K) such that [¢, 7 (b)] # 0.

In the general case, let g, for n € J, be an enumeration of a maximal orthogonal
set of minimal projections in A N K([];,H;). The index-set J is countable (and
possibly finite or even empty) since A is separable. Let p, :=\/ j<ndj-

Suppose for a moment that there exists n such that p,bp, ¢ A. Since the range of
Pn 1s finite-dimensional, by von Neumann’s bicommutant theorem [Blackadar 2006,
§1.9.1.2] and the Kadison transitivity theorem [Blackadar 2006, Theorem 11.6.1.13]
there exists d € A'N B(p, [ [;, H;) such that [d, b] # 0. Lemma 3.2 now implies
pubpn & (A'NT1,B;) and b ¢ (A'N[], B;) "

We may therefore assume p,bp, € A, for all n. Let p =\/, p,. Lemma 2.3 (2)
implies p € A’N B([],,H;), and we may therefore assume [b, p] = 0. Since
C =C*(A, b) this implies p € C' N B([], H;). Since p,bp, € A for all n we
have ANK([,H;) = pCp NK([],,H,). If ¢ € C, then for every n, we have
prnc(l — p) =0 and similarly (1 — p)cp, = 0. Since the sequence p,, forn € N,
is an approximate unit for AN K ( [luH j), the latter is an ideal of C. Let 6 : C —
C/(ANK) be the quotient map. We claim that dist(6 (b), 6(A)) = dist(b, A) > 0.
Fix a € A. We need to show that ||6(a — b)| > r.

Consider the (0, 1)-type £(&) consisting of all conditions of the form

1El=1, la=b)&l=r, p§=0,

for n € J. To see this type is consistent fix a finite F C J. Let m > max(F) and

a = (1= pw)a(l — pw) + pmbpm.

As both summands belong to A, we have a’ € A and therefore ||a’ — b|| > r. Fix
e>0.1If& e[[,H;jis a vector of norm < 1 such that |(a’ — b)&|| > r — ¢ then
& = (1 — pu)& has the same property since (¢’ — b)p,, = 0. Since ¢ > 0 was
arbitrary, £(§) is consistent. By the countable saturation there exists a unit vector
& € [, H, which realizes ¢(£). Since p,& = 0 for all n, we have p§ = 0 and
therefore |6 (a — b)|| > ||(1 —p)a—->b)1—-p) || > r. Since a € A was arbitrary,
we conclude that dist(60(b), 0(A)) =r.

Suppose for a moment that (1 — p)C(1 — p) N K([], H;) = {0}. By (2) of
Lemma 2.3 the representation

Cocr— (1—pyceB(d-p [l H))
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is equivalent to the universal representation of C. Hence by Lemma 2.2 we can
findd € (1 — p)(A’N B([], H;)) that does not commute with b, and by the above,
this concludes the proof in this case.

We may therefore assume that

(1—p)cd—p)nk([1,Hj) # {0}

By the spectral theorem for self-adjoint compact operators and continuous functional
calculus, there exists a nonzero projection g € (1 — p)C(1 — p) of finite rank. Fix
c € C such that (1 — p)c(1 —p) =q.

By Lemma 3.2, it suffices to find g € A’ N (1 — p)B(]_[u Hj)(l — p) such that
[q, c] # 0. Suppose otherwise, so that ¢ € (A'N[], B j)/. Lemma 3.2 (2) implies
that c € AY°T. By the Kaplansky density theorem [Blackadar 2006, Theorem 1.9.1.3]
there is a net of positive contractions in A converging to ¢ in the weak operator
topology. By the continuous functional calculus and the Kadison transitivity theorem
[Blackadar 2006, Theorem 11.6.1.13], we may choose this net among the members of

Z:={a€ Ay :llall=1,qaq =q}.
Consider the (0, 1)-type #;(£) consisting of all conditions of the form

IEl=1, a&=§,
g5 =0, pu§=0,

forneNanda € Z.
We claim that #;(£) is consistent. Fix ¢ > 0 and ay, az, ..., a, in Z. Let

a=ayay---ap_1a,a,—1 - -axdy.

Then a € Z and g < a. By the choice of p the operator (1 — p)(a — s)4 is not
compact for any s < 1. Therefore there exists a unit vector & in (1 —p—¢q) [[,, H;
such that ||&y — a&p|| is arbitrarily small. By the countable saturation there exists a
unit vector £; € (1 — (p+q)) [ [, H; such that a&; = &;. As each a; is a positive
contraction, we have a;§; =& for 1 < j <n. Since ay, ..., a, was an arbitrary
subset of Z, this shows that ¢, (&) is consistent.

Since Z is separable, by the countable saturation there exists & € [ [, H; realizing
t1(£). Then & is a unit vector in (1 — (p+q)) [ [,, H;j such that a§ =& foralla € Z.
As c& =0, this contradicts ¢ being in the weak operator topology closure of Z.

Therefore there exists

qe AN —p)B([],Hj)(1—-p)

such that [¢, ¢] # 0. Since c € C = C*(A, b) we have [¢q, b] # 0, and this concludes
the proof. U
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5. Concluding remarks

In the following infinitary form of the Kadison transitivity theorem, px denotes
projection to a closed subspace K of [[,, H;.

Proposition 5.1. Assume ([, B;, 1, H;) is an ultraproduct of faithful and irre-
ducible representations of unital C*-algebras. Also assume K is a separable closed
subspace of [[,,H;j and T € B(K).

(1) There exists b € [ [, Bj such that |b|| = |T|| and pxbpg =T .

(2) If T is self-adjoint, positive, or unitary in B(K), then b can be chosen to be
self-adjoint, positive, or unitary, respectively, in B (Hu H j).

Proof. (1) This is a consequence of the Kadison transitivity theorem and countable
saturation of the structure (Hu Bj, l_[u H j). Let p,, for n € N, be an increasing
sequence of finite-dimensional projections converging to px in the strong operator
topology and let a,, for n € N, be a dense subset of A. We need to check that the
type t(x) consisting of all conditions of the form

| Pn(x = T) pull =0, lxll =171,

for n € N is consistent. Since the representation of [ [,, B; on [[,, H; is irreducible
by Lemma 1.2, every finite subset of #(x) is consistent by the Kadison transitivity
theorem. We can therefore find b € [ [, B; that satisfies #(x) and thus pxbpx =T
and [|bf| = |IT|l.

(2) If T is self-adjoint, add the condition x = x* to #(x). By [Pedersen 1979,
Theorem 2.7.5] the corresponding type is consistent, and the assertion again follows
by countable saturation. The case when T is unitary uses the same theorem. [l

An important consequence of Voiculescu’s theorem is that any two unital rep-
resentations 7; : A — B(H) of a separable unital C*-algebra A on H such that
ker(mry) = ker(mp) and 71 (A) NK(H) = m(A) N K(H) = {0} are approximately
unitarily equivalent [Voiculescu 1976, Corollary 1.4]. The analogous statement is
in general false for the ultraproducts. Let B, = M,(C) for n € N and let A = C2.
The group Ko([];; Mx(C)) is isomorphic to Z" with the natural ordering and the
identity function id as the order-unit. Every unital representation of A corresponds
to an element of this group that lies between 0 and id, and there are 2% inequivalent
representations. Also, KO(]_[M M, ((D)) is isomorphic to the ultraproduct [[,, Z and
2% of these extensions remain inequivalent even after passing to the ultraproduct.

We return to Pedersen’s question [1990, Remark 10.11], whether a bicommutant
theorem (A’NM(B)/B)’ = A is true for a separable unital subalgebra A of a corona
M (B)/B of a g-unital C*-algebra B? A simple and unital C*-algebra C is purely
infinite if for every nonzero a € C there are x and y such that xay = 1.
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Question 5.2. Suppose C is unital, simple, purely infinite, and separable and A is
a unital subalgebra of C. Is (A'NC**)' NC = A?

Let us prove that a positive answer to Question 5.2 would imply a positive answer
to Pedersen’s question. If A is a separable and unital subalgebra of M(B)/B and
be (M (B)/B)\ A, then there exists a separable elementary submodel C of M(B)/B
containing b. By [Lin 2004], M (B)/B is simple if and only if it is purely infinite,
and since being simple and purely infinite is axiomatizable [Farah et al. 2016a,
Theorem 2.5.1], C is simple and purely infinite. If (A’ N C**)' N C = A then
Proposition 5.3 implies that there exists d € A’ M (B)/B such that [d, b] # 0.

Proposition 5.3. Suppose B is a C*-algebra, A is a separable subalgebra of B,
b e Bandr > 0. If B is an ultraproduct or a corona of a o -unital, nonunital
C*-algebra then
sup Ild, b1l = sup Ild, b1l
de(A'NB) 4, |ld||<1 de(A'NB*)4,|Id|I<1

Proof. The only property of B used in this proof is that of being countably degree-1
saturated [Farah and Hart 2013, Theorem 1]. Since B € B**, it suffices to prove
“>" in the above inequality. Suppose b € B and d € (A’ N B**), are such that
ld|| =1 and r = ||[b, d]||. Consider the type £(x) consisting of conditions || x| =1,
x>0, ||xb—bx| >r, and ||[x, a]|| = O for a in a countable dense subset of A.
This is a countable degree-1 type. If ¢; =0, for j < n, is a finite subset of #(x)
then y (x) :=max;_, ¢;(x) is arestricted B-linear formula and Lemma 2.3 implies
that it is approximately satisfied in B. By the countable degree-1 saturation of B
[Farah and Hart 2013, Theorem 1] we can find a realization d’ of #(x) in B. Clearly
d e (ANB)y, ||[d||=1,and ||[d, b]|| > r, completing the proof. O

Some information on a special case of Pedersen’s conjecture can also be found
in [Elliott and Kucerovsky 2007].
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NONCOMPACT MANIFOLDS THAT ARE INWARD TAME

CRAIG R. GUILBAULT AND FREDERICK C. TINSLEY

We continue our study of ends of noncompact manifolds, with a focus on the
inward tameness condition. For manifolds with compact boundary, inward
tameness, by itself, has significant implications. For example, such mani-
folds have stable homology at infinity in all dimensions. Here we show that
these manifolds have ‘“‘almost perfectly semistable” fundamental group at
each of their ends. That observation leads to further analysis of the group-
theoretic conditions at infinity, and to the notion of a “near pseudocollar”
structure. We obtain a complete characterization of n-manifolds (n > 6)
admitting such a structure, thereby generalizing our previous work (Geom.
Topol. 10 (2006), 541-556). We also construct examples illustrating the ne-
cessity and usefulness of the new conditions introduced here. Variations on
the notion of a perfect group, with corresponding versions of the Quillen
plus construction, form an underlying theme of this work.
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1. Introduction

In [Guilbault 2000; Guilbault and Tinsley 2003; 2006] we carried out a program to
generalize L. C. Siebenmann’s famous manifold collaring theorem [1965] in ways
applicable to manifolds with nonstable fundamental group at infinity. Motivated by
some important examples of finite-dimensional manifolds and a seminal paper by
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T. A. Chapman and Siebenmann [1976] on Hilbert cube manifolds, we chose the
following definitions.

A manifold N”" with compact boundary is called a homotopy collar if IN" < N"
is a homotopy equivalence. If N” contains arbitrarily small homotopy collar
neighborhoods of infinity, we call N" a pseudocollar. Clearly, an actual open
collar N i.e., N" ~ dN" x[0, 00), is a special case of a pseudocollar. Fundamental
to [Siebenmann 1965; Chapman and Siebenmann 1976] and our earlier work is the
notion of inward tameness.

A manifold M" is inward tame if each of its clean neighborhoods of infinity is
finitely dominated; it is absolutely inward tame if those neighborhoods all have finite
homotopy type. An alternative formulation of this definition (see p. 95) justifies the
adjective “inward” — a term that helps distinguish this version of tameness from a
similar, but inequivalent, version found elsewhere in the literature.

In [Guilbault and Tinsley 2006] a classification of pseudocollarable n-manifolds
for 6 <n < oo was obtained. In simplified form, it says:

Theorem 1.1 (pseudocollarability characterization — simple version). A 1-ended
n-manifold M" (n > 6) with compact boundary is pseudocollarable if and only if

(a) M™ is absolutely inward tame, and

(b) the fundamental group at infinity is P-semistable.

A “P-semistable (or perfectly semistable) fundamental group at infinity” indicates
that an inverse sequence of fundamental groups of neighborhoods of infinity can be
arranged so that bonding homomorphisms are surjective with perfect kernels.

By way of comparison, the simple version of Siebenmann’s collaring theorem is
obtained by replacing (b) with the stronger condition of ¢ -stability, while Chapman
and Siebenmann’s pseudocollarability characterization for Hilbert cube manifolds
is obtained by omitting (b) entirely. Thus, the differences among these three results
lie entirely in the fundamental group at infinity.

In this paper we take a close look at n-manifolds satisfying only the inward
tameness hypothesis. By necessity, our attention turns to the group theory at the
ends of those spaces. Unlike the case of infinite-dimensional manifolds, CW com-
plexes, or even n-manifolds with noncompact boundary, inward tameness has major
implications for the fundamental group at the ends of #-manifolds with compact
boundary. Unfortunately, inward tameness (ordinary or absolute) does not imply
P-semistability — an example from [Guilbault and Tinsley 2003] attests to that—
but it comes remarkably close. One of the main results of this paper is the following.

Theorem 1.2. Let M™ be an inward tame n-manifold with compact boundary. Then
M" has an AP-semistable (almost perfectly semistable) fundamental group at each
of its finitely many ends.
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The initial goals of this paper are developing the appropriate group theory
(including the definition of .AP-semistable) and proving the above theorem. After
that is accomplished, we apply those investigations by proving a structure theorem
for manifolds that are inward tame, but not necessarily pseudocollarable.

Theorem 1.3 (near pseudocollarability characterization — simple version).
A 1-ended n-manifold M" (n > 6) with compact boundary is nearly pseudocollar-
able if and only if

(a) M" is absolutely inward tame, and

(b) the fundamental group at infinity is SAP-semistable.

The notion of near pseudocollarability will be defined and explored in Section 4.
For now, we note that nearly pseudocollarable manifolds admit arbitrarily small clean
neighborhoods of infinity N, containing compact codimension O submanifolds 4
for which A — N is a homotopy equivalence. Obtaining a near pseudocollar
structure requires a slight strengthening of .AP-semistability to S.AP-semistability
(strong almost perfect semistability). The essential nature of this stronger condition
is verified by a final result, in which our group-theoretic explorations come together
in a concrete set of examples.

Theorem 1.4. For all n > 6, there exist 1-ended open n-manifolds that are abso-
lutely inward tame but do not have S AP-semistable fundamental group at infinity,
and thus, are not nearly pseudocollarable.

In Section 7, we close with a discussion of some open questions.

Remark 1.5. Throughout this paper attention is restricted to noncompact manifolds
with compact boundaries. When a boundary is noncompact, its end topology gets
entangled with that of the ambient manifold, leading to very different issues. In
the study of noncompact manifolds, a focus on those with compact boundaries is
analogous to a focus on closed manifolds in the study of compact manifolds. An
investigation of manifolds with noncompact boundaries is planned for [Guilbault
and Gu > 2017].

2. Definitions and background

Variations on the notion of a perfect group. In this subsection we review the
definition of perfect group and discuss some variations.

Given elements a and b of a group K, the commutator a—'b~'ab will be denoted
by [a, b]. The commutator subgroup of K, denoted by [K, K], is the subgroup gen-
erated by all commutators. It is a standard fact that [ K, K] is normal in K and is the
smallest such subgroup with an abelian quotient. We call K perfect if K = [K, K].
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Now suppose K and J are normal subgroups of G. Define [K, J] to be the
subgroup of G generated by the set of commutators

[k, jl={k"'j 'kj|ke Kand j € J}.

The following is standard and easy to verify.

Lemma 2.1. For normal subgroups K and J of a group G,

(M [K.J]2G,

Q) [K,J]<Kand [K,J]| < J, and

Q) K. J]=1[J.K].

Given the above setup, we say that K is J-perfect if K C[J, J], and that K is

strongly J-perfect if K C [K, J]. By Lemma 2.1, both of these conditions imply
that K < J; so we customarily begin with that as an assumption.

The following two lemmas are immediate. We state them explicitly for the
purpose of comparison.

Lemma 2.2. Let K < J be normal subgroups of G.

(1) K is perfect if and only if each element of K can be expressed as ]—[f‘:1 [a;, bil,
where a;,b; € K foralli.

(2) K is J-perfect if and only if each element of K can be expressed as ]_[fle [ai, bi],
where a;,b; € J foralli.

(3) K is strongly J-perfect if and only if each element of K can be expressed as
]—[le[a,',bi], where a; € K and b; € J for all i.

Lemma 2.3. Let K < J < L be normal subgroups of G.

(1) If K is [strongly] J-perfect, then K is [strongly] L-perfect for every normal
subgroup L containing J.

(2) K is [strongly] K-perfect if and only if K is a perfect group.

Remark 2.4. Lemma 2.3 suggests a key theme: the smaller the group L for which
K is [strongly] L-perfect, the closer K is to being a genuine perfect group.

The various levels of perfectness can be nicely characterized using group homol-
ogy. The Z-homology of a group G may be defined as the Z-homology of a K(G, 1)
space Kg. If A : G — H is a homomorphism, there is a map f) : Kg — Kg,
unique up to basepoint-preserving homotopy, inducing A on fundamental groups.
Define A : Hy(G;Z) — Hy«(H;7Z) to be the homomorphism induced by f; .

Lemma 2.5. Let K < J, i : K < J be inclusion, and q : J — J /K be projection.
(1) K is perfect if and only if H{(K;Z) = 0.
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(2) K is J-perfect if and only if ix : H{(K;Z) %> Hy(J:;Z) if and only if
g« : Hi(J:2) = H(J/K: 7).

(3) K is strongly J-perfect if and only if K is J-perfect and g« : Hy(J;7) —
H,(J/K;Z7) is surjective.

Proof. Claim (1) is clear from the standard fact that H; (K) = K/[K, K]. Claim (2)
can be verified with elementary group theory. Claim (3) follows from a well-known
5-term exact sequence due to Stallings [1965] and Stammbach [1966]. Due to its
importance in this paper, we state it as a separate lemma. O

Lemma 2.6 (5-term exact sequence for group homology). Given a normal subgroup
K of a group J, there is a natural exact sequence:

Hy(J;Z) - Hy,(J/K;Z) - K/|K,J|— H|(J;Z) - H{(J/K;Z) — 0.
The following elementary facts about group homology will be useful.

Lemma 2.7. Let f : X — Y be a map between connected CW complexes and
A (X) = w1 (Y) the induced homomorphism. Then

(1) Hi(X;2) = Hi(m1(X, *); 2);
Q) fu H{(X;Z)— H{(Y:Z) realizes Ay : H{(m1(X); Z) — Hy(1(Y); Z); and

B) if fx : Hy(X;Z) — Hy(Y;Z) is surjective, then Ay : Hy(m1(X);Z) —
H, (1 (Y); Z) is also surjective.

Proof. Build a K(7r1(X), 1) complex X’ by attaching cells of dimension > 3 to
X and a K(;(Y), 1) complex Y’ by attaching cells of dimension > 3 to Y. Both
X <% X’ and Y <L Y induce isomorphisms on 7y and Hy, so (1) follows. Use
the asphericity of Y’ to extend f to f’: X’ — Y, also inducing A on my. Clearly
ix: Hy(X:7) — Hy(X';Z) and j« : Hy(Y;Z) — H,(Y’; Z) are surjective.

This gives a commutative diagram

Hy(X;7) — s Hy(Y;7)

.| |-

Hy(m1(X):Z) —L* > Hy(m,(Y): 2)

Since the other maps are all surjective, so is f;. O

Lastly we offer a topological characterization of the various levels of perfectness.
For the purposes of this paper, these are possibly the most useful.

Let Sg denote a compact orientable surface of genus g with a single boundary
component. A collection of oriented simple closed curves {o 1, B1, 02, B2,...,0g, B}
on S with the property that each «; intersects fB; transversely at a single point, and
each of o; Naj, B; N Bj, and o; N B is empty when i # j, is called a complete
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B

o1

Figure 1. Complete set of handle curves (g = 2 case).

set of handle curves for Sg. A complete set of handle curves on Sg is not unique;
however, given any such set, there exists a homeomorphism of Sy to the “disk with
g handles” pictured in Figure 1 taking each «; and B; to the corresponding curves
in the diagram.

Given a (not necessarily embedded) loop y in a topological space X, we say
that y bounds a compact orientable surface in X if, for some g, there exists a
map f :Sg — X such that f|ys, = y. Notice that we do not require that /" be
an embedding. We often abuse terminology slightly by saying that y bounds the
surface Sg in X. Similarly, we often do not distinguish between a set of handle
curves on Sg and their images in X.

Lemma 2.8. Let X be a space with w1(X,x9) = G and let K < J be normal
subgroups of G. Then:

(1) K is perfect if and only if each loop y in X representing an element of
K bounds a surface Sg in X containing a complete set of handle curves
{ar, B1.a2, B2, ..., g, Bg} with each a; and B; belonging to K.

(2) K is J-perfect if and only if each loop y in X representing an element of
K bounds a surface Sg in X containing a complete set of handle curves
{ar, B1.az, Ba, ..., ag, Bg} with each a; and B; belonging to J.

(3) K is strongly J-perfect if and only if each loop v in X representing an el-
ement of K bounds a surface Sg in X containing a complete set of handle
curves {ay, B1, a2, Ba, ... g, Bg} with each o; belonging to K and each f;
belonging to J.

Remark 2.9. We are being informal in the statement of Lemma 2.8. Since the
handle curves are not based, we should also choose, for each pair («;, B;), an arc
7; in Sg from xo to p; = o; N B;. The element of 75 (X, x¢) represented by o; is
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then 7; * a; * 7;° 1. and similarly for ;. Notice that, by normality, the question of
whether one of these loops belongs to K or J is independent of the choice of ;.

Algebra of inverse sequences. Understanding the fundamental group at infinity re-
quires the language of inverse sequences. We briefly review the necessary definitions
and terminology.

Throughout this subsection all arrows denote homomorphisms, while those of
type — or «— specify surjections. The symbol = denotes isomorphisms.

Let

Go<tL Gy 42 G, &2

be an inverse sequence of groups and homomorphisms. A subsequence is an inverse
sequence of the form

Ai, 4 10-0h;
: 2 G
2

In the future we denote a composition A; o---0A; (i < j) by A; ;.
Sequences {G;, A;} and { H;, j1;} are pro-isomorphic if, after passing to subse-
quences, there exists a commuting diagram:

}“IOJrlll llJrl 12 12+l lg

\/\/\/

MHjo+1.j1 Hji+1.jy

Clearly an inverse sequence is pro—isomorphic to each of its subsequences. To avoid
tedious notation, we often do not distinguish {Gj, A; } from its subsequences. Instead
we assume {G;, A; } has the properties of a preferred subsequence — prefaced by
the words “after passing to a subsequence and relabeling”.

An inverse sequence {Gj, A;} is stable if it is pro-isomorphic to an { H;, u;} for
which each y; is an isomorphism. A more usable formulation is that {G;, A;} is
stable if, after passing to a subsequence and relabeling, there is a commutative
diagram of the form

\/\/\/N

im(A1) <— im(A) <~— im(A3) =<——

A4

where all unlabeled maps are obtained by restriction. If { H;, i;} can be chosen so
that each w; is an epimorphism, we call our sequence semistable (or Mittag-Leffler,
or pro-epimorphic). In that case, it can be arranged that the maps in the bottom row
of (x) are epimorphisms. Similarly, if { H;, u; } can be chosen so that each p; is a
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monomorphism, we call our sequence pro-monomorphic; it can then be arranged

that the restriction maps in the bottom row of (x) are monomorphisms. It is easy to

show that an inverse sequence that is semistable and pro-monomorphic is stable.
An inverse sequence is perfectly semistable if it is pro-isomorphic to an inverse

sequence

Al

As A3

Gy Gy G,
of finitely presentable groups and surjections, where each ker(A;) is perfect. A
straightforward argument [Guilbault 2000, Corollary 1] shows that sequences of

this type behave well under passage to subsequences.

Augmented inverse sequences and almost perfect semistability. An augmenta-
tion of an inverse sequence {Gj, A;} is a sequence {L;}, where L; < G; and
Ai(Li) < L;j—q for each i. The corresponding augmentation sequence is the
sequence {L;, AL, }.

The minimal augmentation (or the unaugmented case) occurs when L; = {1}; the
maximal augmentation is the case where L; = G;; and the standard augmentation
occurs when L; = ker A; for each i. Any augmentation where L; < kerA; for
each i is called a small augmentation. For each subsequence {Gy, } of a sequence
{Gi, A;} augmented by {L;}, there is a corresponding augmentation { Ly, }.

We say that {Gj, A;} satisfies the {L;}-perfectness property if, for each i, ker A;
is ki_l (L;—1)-perfect; it satisfies the strong {L;}-perfectness property if each ker A;
is strongly ki_l (L;—1)-perfect. More concisely, if K; =kerA; and J; = Ai_l (Li—1),
these conditions require that each K; be [strongly] J;-perfect.

Employing the above terminology, we can restate the definition of perfect semista-
bility (abbreviated P-semistable) by requiring that the sequence be pro-isomorphic
to an inverse sequence of finitely presented groups and surjections satisfying the
{L; }-perfectness property for the minimal augmentation {L; } = {1}. More generally,
we call an inverse sequence of groups

o AP-semistable (for almost perfectly semistable) if it is pro-isomorphic to
an inverse sequence {G;, A;} of finitely presentable groups and surjections,
satisfying the { L; }-perfectness property for some small augmentation {L;}, and

o SAP-semistable (for strongly almost perfectly semistable) if it is pro-isomorphic
to an inverse sequence {Gj;, A; } of finitely presentable groups and surjections sat-
isfying the strong {L; }-perfectness property for some small augmentation {L;}.

Remark 2.10. Note that an inverse sequence satisfies the [strong] {L; }-perfectness
property for some small augmentation {L;} if and only if it satisfies that property
for the standard augmentation.



NONCOMPACT MANIFOLDS THAT ARE INWARD TAME 95

When applying sequences of the above types to geometric constructions, it is
frequently desirable to pass to subsequences without losing the defining property
of the sequence. For that reason, the following observation is crucial.

Proposition 2.11. If an inverse sequence {Gj, A;} of surjections augmented by
{L;} satisfies the [strong] { L;}-perfectness property, then any subsequence {Gy, }
satisfies the corresponding [strong] { Ly, }-perfectness property.

Proof. Since the proofs for perfectness and strong perfectness are similar, we
prove only the latter. Assume {Gj;, A;} augmented by {L;} satisfies strong {L; }-
perfectness. Simplifying notation, a portion of the given subsequence becomes

A A
Ga a-+1.b Gb b+1,c GCs

where —1 < a < b < ¢. We must show that

ker(hpr1,6) S [ker(hpp1,6)s Mgy o (Lo)]-

Suppose the proposition holds for j <c. If c =b + 1, then Ay . = A, and
the result follows by hypothesis. Now, assume ¢ > b + 2 and write

Ab+1,c =Apt1,c—19he : Ge = Ge—y — Gp.

Let w € ker(Apq,c); then Ac(w) € ker(Apyq,—1). By induction, ker(Apyq,c—1) S
[ker(Ap41,c—1)- k;}rl’c_l (Lp)]; s0, Ac(w) is a product of commutators [y, Bm],
where B, € )‘lﬁrl,c—l([‘b) and o, € ker(Ap41 0—1). Since A¢ is surjective over
G.— we identify for each m a pair of elements «,,, B, € G, that map to oy,
and f,,, respectively. Thus, 8, € )‘b_Jlrl,c(Lb)’ o, € ker(Ap41,c), and [o,, Br,] €
[ker(Ap41,6)s Ay y o (Lp)].

Now, let v be the product of the commutators with [c},, B;,] replacing [, Bm)-

By construction, A¢(w) = Ac(v) and v € [ker(Ap4q,c), )\[;{1 -(Lp)]. Thus,

ov™! € ker(he) € [ker(he). g (Le—)] € [kerhp1.0). Ak (Lo
Consequently, w € [ker(Apiq,c), )\[;{1 (Lp)] as well. d

Topology of ends of manifolds. Next we supply some topological definitions and
background. Throughout the paper, &~ represents homeomorphism and ~~ indicates
homotopic maps or homotopy equivalent spaces. The word manifold means manifold
with (possibly empty) boundary. A manifold is open if it is noncompact and has
no boundary. As noted earlier, we restrict our attention to manifolds with compact
boundaries.

For convenience, all manifolds are assumed to be PL; analogous results may
be obtained for smooth or topological manifolds in the usual ways. Our standard
resource for PL topology is [Rourke and Sanderson 1972]. Some of the results
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presented here are valid in all dimensions. Others are valid in dimensions >4 or > 5,
but require the purely topological 4-dimensional techniques found in [Freedman
and Quinn 1990] for the 4- and/or 5-dimensional cases; there the conclusions are
only topological. The main focus of this paper is on dimensions > 6.

Let M" be a manifold with compact (possibly empty) boundary. A set N € M"

is a neighborhood of infinity if M"™ — N is compact. A neighborhood of infinity N
is clean if

e N is aclosed subset of M",
e NNIM" =@, and

e N is a codimension 0 submanifold of M" with bicollared boundary.

It is easy to see that each neighborhood of infinity contains a clean neighborhood
of infinity.

We say that M has k ends if it contains a compactum C such that, for every
compactum D with C € D, M"™ — D has exactly k unbounded components, i.e., k
components with noncompact closures. When & exists, it is uniquely determined;
if k does not exist, we say M" has infinitely many ends. If M" is k-ended, then it
contains a clean neighborhood of infinity N consisting of k connected components,
each of which is a 1-ended manifold with compact boundary. Thus, when studying
manifolds with finitely many ends, it suffices to understand the 1-ended situation.
That is the case in this paper, where our standard hypotheses ensure finitely many
ends. (See Theorem 3.1.)

A connected clean neighborhood of infinity with connected boundary is called a
0-neighborhood of infinity. A 0-neighborhood of infinity N for which 0N — N
induces a mi-isomorphism is called a generalized 1-neighborhood of infinity. If,
in addition, 77;(N,dN) =0 for j <k, then N is a generalized k-neighborhood of
infinity.

A nested sequence Ng O N1 D N, D --- of neighborhoods of infinity is cofinal if
Niey Ni = 2. We will refer to any cofinal sequence {N;} of closed neighborhoods
of infinity with N; 11 Cint V;, for all i, as an end structure for M. Descriptors will
be added to indicate end structures with additional properties. For example, if each
N; is clean we call {N;} a clean end structure; if each N; is clean and connected
we call {N;} a clean connected end structure; and if each N; is a generalized k-
neighborhood of infinity, we call {N;} a generalized k-neighborhood end structure.

Remark 2.12. The word “generalized” in the above definitions is in deference
to the terminology in [Siebenmann 1965], where the ambient manifold M" is
assumed to have stable fundamental group at infinity. There a (nongeneralized)
k-neighborhood of infinity N is also required to satisfy m; (e(M")) => 1 (N).



NONCOMPACT MANIFOLDS THAT ARE INWARD TAME 97

Building upon the above terminology, the primary goal of this paper is to identify,
construct, and detect the existence of various end structures for manifolds. A central
example: the pseudocollar can be described as an end structure {N;} where each
Nj is a homotopy collar.

We say M" is inward tame if, for arbitrarily small neighborhoods of infinity N,
there exist homotopies H : N x [0, 1] — N such that Hy = idy and H;(N) is
compact. Thus inward tameness means each neighborhood of infinity can be pulled
into a compact subset of itself. In this case we refer to H as a taming homotopy.

In [Guilbault 2000], the existence of generalized (n—3)-neighborhood end struc-
tures is shown for all inward tame M" (n > 5).

Recall that a space X is finitely dominated if there exists a finite complex K and
maps # : X — K and d : K — X such that d ou >~ idy. The following lemma uses
this notion to offer equivalent formulations of inward tameness.

Lemma 2.13 [Guilbault and Tinsley 2003, Lemma 2.4]. For a manifold M", the
following are equivalent.

(1) M" is inward tame.
(2) Each clean neighborhood of infinity in M" is finitely dominated.

(3) For each clean end structure { N;}, the inverse sequence
NO J1 ]\]1 J2 N2 J3 .
is pro-homotopy equivalent to an inverse sequence of finite polyhedra.

Given a clean connected end structure {N;}7° , basepoints p; € N;, and paths
o; € N; connecting p; to p;4+1, we obtain an inverse sequence:

Py Y A
71 (No, po) <=1 (N1, p1) <2 71 (Na, pa) <= -+

Here, each A; 1 : w1 (Nj+1, pi+1) — 71(N;, pi) is the homomorphism induced by
inclusion followed by the change-of-basepoint isomorphism determined by «;. The
singular ray obtained by piecing together the «; is called the base ray for the inverse
sequence. Provided the sequence is semistable, its pro-isomorphism class does not
depend on any of the choices made above (see [Guilbault 2016] or [Geoghegan
2008, §16.2]). In the absence of semistability, the pro-isomorphism class of the
inverse sequence depends on the base ray; hence, the ray becomes part of the data.
The same procedure may be used to define . (e(M™)) for all k£ > 1. Similarly, but
without need for a base ray or connectedness, we may define Hy (e(M")).

Wall [1965] showed that each finitely dominated connected space X determines a
well-defined o (X) € Ko (Z[rq X]) (the reduced projective class group) that vanishes
if and only if X has the homotopy type of a finite complex. Given a clean connected
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end structure { N; }°2 | for an inward tame M ", we have a Wall finiteness obstruction

o (Nj) for each i. These may be combined into a single obstruction

Ooo(M") = (=1)"(@(No). 0(N1). 6 (N2). ....)
€ Ko (e(M™))) =1lim Ko(Z[r1 Ni])

that is well defined and which vanishes if and only if each clean neighborhood of
infinity in M" has finite homotopy type. See [Chapman and Siebenmann 1976] or
[Guilbault 2000] for details.

We now state the full version of the main theorem of [Guilbault and Tinsley 2006].

Theorem 2.14 (pseudocollarability characterization — complete version).
A 1-ended n-manifold M"™ (n > 6) with compact boundary is pseudocollarable if
and only if

(1) M™" is inward tame,
(2) w1 (e(M™")) is P-semistable, and
(3) 0oo(M™) = 0 € Koy (s(M™))).

3. Some consequences of inward tameness

In this section we show that, for manifolds with compact boundary, the inward
tameness condition, by itself, has significant implications. The main goal is a proof
of Theorem 1.2 — that every inward tame manifold with compact boundary has
AP-semistable fundamental group at each of its finitely many ends. Results in this
section are valid in all (finite) dimensions and build upon an earlier theorem.

Theorem 3.1 [Guilbault and Tinsley 2003]. If an n-manifold with compact (possibly
empty) boundary is inward tame, then it has finitely many ends, each of which has
semistable fundamental group and stable homology in all dimensions.

Remark 3.2. Note that none of the above conclusions is valid for Hilbert cube
manifolds, polyhedra, or manifolds with noncompact boundary. See, for example,
[Guilbault 2016, §4.5].

As preparation for the proof of Theorem 1.2, we look at an easier result that
follows directly from Theorem 3.1.

Let M" be an inward tame #-manifold with compact boundary. Since M" is
finite-ended, there is no loss of generality in assuming that M" is 1-ended. By
taking a product with Sk (k > 2)if necessary, we may arrange that n > 6, without
changing the fundamental group at infinity. So, by the semistability conclusion of
Theorem 3.1 combined with the generalized 1-neighborhood theorem [Guilbault
2000, Theorem 4], we may choose a generalized 1-neighborhood end structure
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{N;} for which each bonding map in the inverse sequence

(3-1) 71 (No. po) <21 (N1, p1) <22 71 (N3, pa) <23 -
is surjective. Abelianization gives an inverse sequence

(3-2) Hy(No) <5 Hy (N1) «22= Hy (N;) «2=- ...

which, by Theorem 3.1, is stable. It follows that all but finitely many of the
epimorphisms in (3-2) are isomorphisms, so by omitting finitely many terms (then
relabeling), we may assume all bonds in (3-2) are isomorphisms. A term-by-term
application of Lemma 2.5 gives the following.

Proposition 3.3. Every 1-ended inward tame manifold M" with compact boundary
admits a generalized 1-neighborhood end structure {N;} for which all bonding
maps in the sequence {1 (N;, p;), i} are surjective and each ker A; is w1 (N, pi)-
perfect; in other words, if {L; = m1(N;, pi)} is the maximal augmentation, then
{m1(Ni, pi), Ai} satisfies the {L;}-perfectness property.

Theorem 1.2 is a stronger version of Proposition 3.3. For clarity, we restate it in
a similar form.

Proposition 3.4. Every 1-ended inward tame manifold M" with compact boundary
admits a generalized 1-neighborhood end structure {N;} for which all bonding
maps in the sequence {m1(N;, pi), Ai} are surjective and, if we let K; = ker A; for
each i > 1 (the standard augmentation), then K; is ki_l (Kj—1)-perfect for all i > 2.
In other words, {1 (Nj, pi), i} satisfies the { K; }-perfectness property; so M" has
AP-semistable fundamental group at infinity.

Proof. Assume the sequence { N; } was chosen so that, for each i, N; 4 is sufficiently
small that a taming homotopy H' pulls N; into A4; = N; —int N; 41, i.e., H{ (N;) <
A;, and Nj43 is sufficiently small that H*(dN;4+, x [0,1]) N Nj4+3 = @. By
compactness of H{ (N;) and H' (ON; 4, X [0, 1]) those choices can be made.

Now let i > 2 be fixed and g;—» : N;—_» — N;_, be the universal covering
projection. Let Ajy = ql.__lz(A,-_z) and for j > i —2, ﬁj = ql.__lz(Nj) and ij =
pf.l__z1 (A;). Then _ ~ L

Nij—2 D Ni—1 D N; D Niy1;
and H~2 lifts to a proper homotopy H'~2 that pulls Nj_5 into A;_, and for which
H"(aﬁ,- x [0, 1]) misses ]\7,~+1.

We may associate A;I(Ki_l) with 7 (]\A/,-) and K; with ker(sry (ﬁ,l—) T (]\Afi_l )).
Thus, an arbitrary element of K; may be viewed as a loop « in dN; that bounds
adisk D in /I,-_l. To prove the proposition, it suffices to show that o bounds an
orientable surface in N, i. By my-surjectivity and the fact that the N; are generalized
1-neighborhoods, & may be homotoped within Adjtoa loop g in 8ﬁi+1. Let E be
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the cylinder in A, ; between « and ¢ traced out by that homotopy Then the disk
D U E may be viewed as an element [f] € H2(A, Ud_q, 8N,+1) Let

£ 0N; x[0,1]U A — A;_s U A;_ U A,

AN; x{0}

be the identity on Aj and H 2| on IN; x x [0, 1]. By PL transversality theory (see
[Rourke and Sanderson 1968] or [Buoncnstlano et al. 1976, §11. 4]) we may — after
as small I proper adjustment that does not alter f on (BN, x{0,1}H U A — assume that
f (A i—1U A, ;) is a manifold with boundary that is a homeomorphlsm over a collar
neighborhood of 8N +1- Let C be the component of f (A, 1 U A; i) contalnlng
that neighborhood. Then, by local characterization of degree, f | : C— A, R, A;
is a proper degree 1 map, and f| (8N,+1) = 8N,+1. Thus we have a surjection

Slx: Hy(C,N; 1) = Ha(A; U Aj_1, 0N;41).

Let [8'] be a prelmage of [B]. We may assume that 8’ is an orientable surface with
boundary in C. Since f is the identity on 8N,+1, dB’ is homologous in 8N,+1 to
9B = ag. Without loss of generality, we may assume that d8" = aq. Since C lies in
IN; x [0, 1] Us A {0} zilt,-, we may push f’, rel boundary, into Aj;. This provides an
orientable surface in A; with boundary «g. Gluing the cylinder E to that surface
along o produces the bounding surface for o that we desire. O

Early attempts to prove P-semistability (hence pseudocollarability) with only an
assumption of absolute inward tameness were brought to a halt by the discovery of
a key example presented in [Guilbault and Tinsley 2003]. Ideas contained in that
example play an important role here, so we provide a quick review.

An easy way to denote normal subgroups will be helpful. Let G be a group
and S € G. The normal closure of S in G is the smallest normal subgroup of G
containing S. We denote it by ncl(S, G).

Example 3.5 (main example from [Guilbault and Tinsley 2003]). For all n > 6,
there exist 1-ended absolutely inward tame open n-manifolds with fundamental
group system

Go & Gy A2 G, As L
where
Gi =(ag.ay,....ai |ay =[ay,a0l, az =[az.a1], .... ai =[a;i.a;—1])

and A; sends aj toaj for0 < j <i—1anda; to 1.

By a largely algebraic argument, it was shown that these examples do not
have P-semistable fundamental group at infinity, and thus are not pseudocollarable.
Notice, however, that each K; =ker A; is the normal closure of a; and a; =[a;, a;—1]
in Gj; so K; <[K;, ki_l (K;—1)]. In other words, {Gj, A;} satisfies the strong {K; }-
perfectness property, and is therefore S.AP-semistable.
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In addition to the above algebra, these examples have nice topological properties.
Although they do not contain small homotopy collar neighborhoods of infinity,
they do contain arbitrarily small generalized 1-neighborhoods of infinity N for
which 0N — N is Z-homology equivalence. In fact, they contain a sequence {N;}
of generalized 1-neighborhoods of infinity with 7{(#V;) = G; and dN; — N; a
Z[G;—1]-homology equivalence.

The observation in Example 3.5 provides much of the motivation for the remain-
der of this paper.

4. Generalizing one-sided h-cobordisms, homotopy collars and pseudocollars

We begin developing ideas for placing Example 3.5 into a general context. We will
see that end structures like those found in that example are possible only when
kernels satisfy a strong relative perfectness condition. Conversely, we will show
that whenever such a group-theoretic condition is present, a corresponding “near
pseudocollar” structure is attainable.

We have already defined a pseudocollar structure on the end of a manifold M"
to be an end structure {N;} for which each Nj; is a homotopy collar, i.e., each
dN; — N; is a homotopy equivalence. The existence of such a structure allows us
to express each N; as a union

Ni=WiUWip UWipU---

where W; = N; —int N; 11, and each triple (W;, dN;, dN;1) is a compact one-
sided h-cobordism in the sense that JN; — W; is a homotopy equivalence (and
ON;+1 — W; is probably not). One-sided cobordisms play an important role in
manifold topology in general, and the topology of ends in particular. See [Guilbault
2000, §4] for details. For later use, we review a few key properties of one-sided
h-cobordisms. See, for example, [Guilbault and Tinsley 2003, Theorem 2.5].
Theorem 4.1. Let (W, P, Q) be a compact cobordism between closed manifolds
with P <— W a homotopy equivalence. Then

(1) P— W and Q — W are Z[1(W)]-homology equivalences, i.e.,
Hy (W, P Z[my(W)]) = 0= He(W, Q: Z[m1 (W))):

2) 71(Q) — (W) is surjective; and

(3) K =ker(m1(Q) — m1(W)) is perfect.

Moving forward, we require generalizations of the fundamental concepts of
homotopy equivalence, homotopy collar, one-sided h-cobordism and pseudocollar:

e Let (X, A) be a CW pair for whichi : 4 < X induces a 7r1-isomorphism and let
L < (A). Calli a(mod L)-homotopy equivalence if Hy (X, A; Z[r1(A)/ L))
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is zero for all *. Extension to arbitrary maps is accomplished by use of mapping
cylinders.

¢ A manifold N with compact boundary is a (mod L)-homotopy collar it L <
71(0N) and 0N — N is a (mod L)-homotopy equivalence.

e Let (W, P, Q) be a compact cobordism between closed manifolds and L <
w1 (W). We call (W, P, Q) a (mod L)-one-sided h-cobordism if i : P — W
is a (mod L)-homotopy equivalence and j : Q < W induces a surjection on
fundamental groups.

e Let {N;} be a generalized 1-neighborhood end structure on a manifold M",
chosen so that the bonding maps in

ﬂl(No)«A—‘nl(Nl)«k—znl(Nz)«*_S .

are surjective, and let {L;} be an augmentation of this sequence. Call {N;} a
mod({L;}) pseudocollar structure if each dN; < Nj is a (mod L;)-homotopy
equivalence.

Remark 4.2. (i) Each of the above definitions reduces to its traditional counterpart
when the subgroup(s) involved are trivial.

(i1) In the generalization of one-sided h-cobordism, we require ju:mw1(Q) — w1 (W)
to be surjective —a condition that is automatic when L = {1}, but not in general.
Analogs of the other two assertions of Theorem 4.1 will be shown to follow.

(iii) For the maximal augmentation, the generalization of pseudocollar requires
only that each dN; < N; be a Z-homology equivalence, whereas, for the trivial
augmentation, we have a genuine pseudocollar. The key dividing line between those
extremes occurs when {L;} is a small augmentation (L; <ker A; for all 7). In those
cases, we call {N;} a near pseudocollar structure, and say that a 1-ended M" with
compact boundary is nearly pseudocollarable if it admits such a structure. The
geometric significance of the small augmentation requirement will become clear in
the proof of Theorem 5.1. Further discussion of that topic is contained in Section 7.

The following lemma adds topological meaning to the definition of (mod L)-
homotopy equivalence.

Lemma 4.3. Let (X, A) be a CW pair for whichi : A — X induces a my-
isomorphism, L < m1(A), and S C L for which ncl(S,m1(A)) = L. Obtain
A’ from A by attaching a 2-disk Dy along each s € S; let X' = X U (Uses Ds)-
andi’ : A’ — X'. Theni is a (mod L)-homotopy equivalence if and only if i’ is a
homotopy equivalence.

Proof. Let p : X — X be the covering projection corresponding to L. Then
A = p~1(A) is the cover of A corresponding to L. Viewing S as a collection of
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loops in 4 and S the set of all lifts of those loops, then attaching 2-disks to A (and
simultaneously X) along S produces universal covers A’ of A’ and X’ of X

Assume now that i : A — X is a (mod L)-homotopy equivalence. Then
by Shapiro’s lemma [Davis and Kirk 2001, p. 100], Hx(X,A:Z) = 0, so by
excision Hx (f A Z) = 0. Because both spaces are simply connected, the relative
Hurewicz theorem implies that 74 (X’, A’) = 0; therefore 74(X’, A’) = 0. By
Whitehead’s theorem i’ is a homotopy equivalence.

Conversely, if i’ is a homotopy equivalence, then its lift A X 1s a homotopy
equivalence. Therefore H, (X A Z) =0, so by excision Hy (X A; Z) =0, and
by Shapiro’s lemma Hy (X, 4; Z[r1(A)/L]) = 0. O

The following is a useful corollary.

Lemma 4.4. Let (X, A) be a CW pair for which i : A — X induces a my-
isomorphism and suppose L < mwi(A). If H«(X, A;Z[rw1(A)/L]) = 0, then
H.(X,A;Z[x(A)/J]) = 0 for any J with L < J < wy(A). In particular,
Ho(X, A;7) = 0.

The next observation is a direct analog of Theorem 4.1.

Theorem 4.5. Let (W, P, Q) be a compact (mod L)-one-sided h-cobordism be-
tween closed manifolds with L <1 (W). Let j : Q < W and L' = j#_1 (L). Then

(1) both P — W and Q — W are Z[t1(W)/L]-homology equivalences, i.e.,
Hy (W, P Z[my(W)/L]) = 0 = Hy(W, Q: Z[1 (W) /L]):

and
(2) K =ker jx < m(Q) is strongly L'-perfect.

Proof. First note that by the surjectivity of ju : m(Q) — 7 (W), there is a
canonical isomorphism 71 (Q)/L' => m{(W)/L that is assumed throughout. Let
p: WL — W be the coverlng prO]CCthIl corresponding to L, P = p~1(P) and
Q p~1(0). Then both P and Q are connected, and their projections onto P and
Q are the coverings corresponding to L and L’.

The assertion that Hy (W, P; Z[x1(W)/L]) = 0 is part of the hypothesis, and (by
Shapiro’s lemma [Davis and Kirk 2001, p. 100]) equivalent to the assumption that
H*(WL, P; Z) = 0. To show that Hx(W, Q; Z[r1(W)/L]) vanishes in all dimen-
sions, it suffices to show that H*(WL, Q; Z) = 0. This will follow from Poincaré
duality for noncompact manifolds if we can verify:

Claim. H ; (WL, P; 7Z) =0, where the f indicates cellular cohomology based on
finite cochains. (See [Geoghegan 2008, Chapter 12].)

Applying Lemma 4.3, attach 2-cells to W along a collection S of loops in P
to kill L, obtaining spaces P’ and W', and a homotopy equivalence P’ < W’
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Since W is compact, any strong deformation retraction of W’ onto P’ is proper,
and hence, lifts to a proper strong deformation retraction of universal covers W'’
onto P’ [Geoghegan 2008, §10.1]. It follows that H*(W/ 8Nl/ 1:Z) = 0. Both
umversal covers are obtained by attaching disks along the collection S of lifts to P
and W of the loops in S. By excising the interiors of those disks, we conclude that
H;‘(W, ON;7)=0.
To verify assertion (2), consider the short exact sequence
- K—>L -5 L/K—1,

where L’/ K may be identified with L. Lemma 2.6 provides the 5-term exact
sequence

Hy(L';7)-22 Hy (L' /K;Z) — K/[K, L'|— H\(L';Z)-2% H, (L' /K Z) — 0,

from which the L’-perfectness of K can be deduced by showing that ¢, is an
eplmorphlsm and 1 g1 an isomorphism.

Since Q > WL induces ¢ : L' — L and since HZ(WL Q Z) = 0, the long
exact sequence for that pair ensures that H,(L'; Z) => H;(L;Z). In addition, the
surjectivity of Hj( Q; 7) — HZ(WL; Z) combines with Lemma 2.7 to imply the
surjectivity of Hy(L';Z) — H,(L; 7). O

5. Structure of inward tame ends

With all necessary definitions in place, we are ready to prove the second main
theorem described in the introduction. We begin by stating a strong form of the
theorem, written in the style of earlier characterization theorems from [Siebenmann
1965; Guilbault and Tinsley 2006].

Theorem 5.1 (near pseudocollarability characterization). A 1-ended n-manifold
M"™ (n > 6) with compact boundary is nearly pseudocollarable if and only if

(1) M" is inward tame,
(2) the fundamental group at infinity is S AP-semistable, and
(3) 00o(M™) =0 € Ko(1 (e(M™).

Recall that condition (2) calls for the existence of a representation of 7y (¢(M™)
of the form

(5-1) Go <« Gy «22 Gy <23

with a small augmentation {L;} (L; < K; = kerA; for all i) so that each Kj is
strongly J;-perfect, where J; = Ai_l (Li—1).



NONCOMPACT MANIFOLDS THAT ARE INWARD TAME 105

Proof. First we verify that a nearly pseudocollarable 1-ended manifold with compact
boundary must satisfy conditions (1)—(3).

The hypothesis provides a generalized 1-neighborhood end structure {N;} on
M"™ with group data

(5-2) Go <« G «22 Gy 22

(G; = m1(N;)) and a small augmentation {L;} (L; < K; = ker A;) such that each
Nj is a mod(L;)-homotopy collar.

To simultaneously verify (1) and (3), it suffices to exhibit a cofinal sequence
of clean neighborhoods of infinity, each having finite homotopy type. Lemma 4.4
ensures that each N; is a mod(K;)-homotopy collar, and since each A; is a surjection
between finitely presented groups, each K; is finitely generated as a normal subgroup
of G;. Let i be fixed and A4 = {«;} be a finite collection of loops in dN; that
normally generates K; in G;. By Lemma 4.3, if we abstractly attach a 2-disk A];
along each «;, we obtain a homotopy equivalence

ON; U(UA?) = N U(UAT).

In particular, N; U (U Ajz) has the homotopy type of a finite complex. But, since
each o represents an element of ker A;, we may assume that each AJZ. is properly
embedded in N;_; —int N;. By thickening these 2-disks to 2-handles, we obtain a
clean neighborhood of infinity N;* with finite homotopy type, lying in N;_;.

This leaves only SAP-semistability to be checked. We will show that (5-2)
satisfies the strong {L; }-perfectness property; in other words, each Kj; is strongly
Ji-perfect, where J; = k;l (Ki—1).

For eachi > 0, let W;_; = N;_; —int N;.

Claim. (W;_1,dN;_1,dN;) is a (mod L;_1)-one-sided h-cobordism.

Fix i and let p: ]Vi_l — Nj_1 be the covering correspondingto L;_; I G;_; =
w1 (Nj—1) = w1 (W;—1). Let ﬁﬁ_l denote p~1(W;_;) and let ]V,' denote p~1(N;).
Then I//I\/i_l is the cover of W;_; corresponding to J;_;, and ]V,- is the cover of N;
corresponding to J; < G; = m1(&;). By Lemma 4.4 and Shapiro’s lemma

0 = Hy(N;, ON;: Z[Gi/ Ji]) = Hw(N;, 0N;: Z),

and from the long exact homology sequence for the triple (]’\\G_l, ﬁﬁ_l, Bﬁi_l),
excision and Shapiro’s lemma

Hy(Wi_1,0N;_1;7) = He(Wi—1,dN;_1; Z[G;—1 / Li_1]) = 0.

The claim follows.

Finally, since the bonding map G;_ i G, is represented by the inclusion
Wi_1 <= dON;, K; is strongly J;-perfect by Theorem 4.5.
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For the converse, we must show that conditions (1)—(3) imply the existence of
a near pseudocollar structure on M". Though the proof is rather complicated, it
follows the same outline as that in [Guilbault 2000], which followed the original
proof in [Siebenmann 1965]. For a full understanding, the reader should be familiar
with [Guilbault 2000]. The new argument presented here generalizes the final
portions of that proof. A concise review of [Guilbault 2000] can be found in
[Guilbault and Tinsley 2006, §41].

In [Guilbault 2000; Guilbault and Tinsley 2006] the goal was to improve arbi-
trarily small neighborhoods of infinity to homotopy collars. That is impossible with
our weaker hypotheses; instead, the goal is to improve neighborhoods of infinity to
homotopy collars modulo certain subgroups of their fundamental groups.

By condition (2) the pro-isomorphism class of 7 (¢(M")) may be represented
by a sequence

(5-3) Go <« Gy «22- G, « 22

of finitely presented groups, along with a small augmentation {L;} (L; < K; =
ker A; for all i) so that each K; is strongly J;-perfect, where J; = Xi_l (Li—1).

By [Guilbault 2000, Lemma 8] there is a sequence {N;} of generalized 1-
neighborhoods of infinity whose inverse sequence of fundamental groups is isomor-
phic to a subsequence of {G;}.

Xig+1.i; Aij+1.in Aiy+1.i3 Aig+1.iy

Gi, Gi,

PRk k

71(Now po) <2 71 (N1, 1) << 11 (Na, pa) << 701 (N3, p3) <t ..

This diagram and Proposition 2.11 ensure that, for each j, ker(A;;_, +1,;;) is strongly
)\.l-;l_l 1 (Lj;_,)-perfect. So by passing to this subsequence and relabeling, we
may assume that sequence (5-1) and the corresponding subgroup data match the
fundamental group data of { N;}. Note here that the J-groups (which are not viewed
as part of the original data) are not the same as the previous J-groups; they are now
preimages of compositions of the original bonding maps.

Next we inductively improve the sequence {/N;} to generalized k-neighborhoods
of infinity for increasing values of k, up to k = n — 3. We must frequently pass to
subsequences; however, each improvement of a given N; leaves its fundamental
group and that of dV; intact. So at each stage, the “new” fundamental group data will
be a subsequence of the original (5-1), along with the subsequence augmentation.
The J-groups will change as per their definition, but, by Proposition 2.11, we
always maintain the appropriate strong relative perfectness condition.

This neighborhood improvement process uses only the hypothesis that M " is
inward tame; it is identical to that used in [Guilbault 2000, Theorem 5] and outlined
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in [Guilbault and Tinsley 2006, Theorem 3.2]. To save on notation we relabel the
neighborhood sequences and their corresponding groups at each stage, designating
the resulting cofinal sequence of generalized (n—3)-neighborhoods of infinity by
{N;}, with G; = m1(N;), A; 1 Gi = G;—; the corresponding homomorphism,
L; < K;=ker};,and J; = A7 (L;—y).

For each i, let R; = N; — ﬁi+1 and consider the collection of cobordisms
{(R;,dN;, dN;+1)}. The following summary comprises the contents of Lemmas 11
and 12 of [Guilbault 2000], along with new hypotheses regarding kernels.

(1) Each N; is a generalized (n—3)-neighborhood of infinity.
(ii) Each induced bonding map 1 (N;) «— m1(NV;4+1) is surjective.
(iii) Each inclusion dN; < R; < N; induces a ry-isomorphism.
(iv) Each ON;4; < R; induces a 71 -epimorphism with kernel strongly J;-perfect.
(v) mi(R;,0N;) =0forall k <n—3and all i.

(vi) Each (R;, dN;, dN;+1) admits a handle decomposition based on dN; contain-
ing handles only of index n — 3 and n — 2.

(vii) Each N; admits an infinite handle decomposition with handles only of index
n—3andn-—2.

(viii) Each (V;, dN;) has the homotopy type of a relative CW pair (K;, dN;) with
dim(K; —dN;) <n-—2.

The obvious next goal is attempting to improve the N; to generalized (n—2)-
neighborhoods of infinity, which by item (viii) would necessarily be homotopy
collars. In previous work [Siebenmann 1965; Guilbault 2000; Guilbault and Tinsley
2006], that is the final (and most difficult and interesting) step. The same is true
here, where the weakened hypotheses create greater difficulties and the strategy and
end goal must eventually be altered. For now, we continue with the earlier strategies
by turning our attention to 7, (N;, ON;) = H,_ 2(N,, 8N,) which may be viewed
as a Z[my Ni]-module H,_,(N;, ON;; Z[m1N;]). The content of [Guilbault 2000,
Lemma 13] is given by the next two items.

(ix) Hy—» (f\7,-, 8]%) is a finitely generated projective Z[m{ N;]-module.
(x) As an element of Eo(Z[]TlNi]), [Hn_z(ﬁi, 8]?7,‘)] = (—1)"o(N;), where
o (N;) is the Wall finiteness obstruction for N;.
Together, these elements of Ko (Z[ 71 Ni]) determine the obstruction oo (£(M "))
found in condition (3). From now on we assume that 6o, (M ") vanishes. This is

equivalent to assuming that each o (N;) is the trivial element of Ko (Z[7c1 Ni]), in
other words, each H,_,(N;, 8N,) is a stably free Z[m; N;]-module. Therefore:

(xi) By carving out ﬁmtely many trivial (n—3)-handles from each N;, we can
arrange that H,_ »(N;i, 8N,) is a finitely generated free Z[m| N;]-module.
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Item (xi) can be done so that these sets remain a generalized (n—3)-neighborhood
of infinity, and so that their fundamental groups and those of their boundaries are
unchanged. Again, to save on notation, we denote the improved collection by {N;}.
See [Guilbault 2000, Lemma 14] for details.

The finite generation of H,_»(N;, dN;) allows us to, after again passing to a
subsequence and relabeling, assume that

(xii) Hn_z(ﬁi, aﬁi) —> Hn_z(ﬁi, aﬁi) is surjective for each i.
The long exact sequence for the triple (]Vi, R;. 8N,~) from there shows that

(xiii) Hy—» (ﬁ,—, E)JV,-) =sH,_» (]Vi, BJV,-) is an isomorphism for each i (and hence,
H,_,(R;, dN;) is a finitely generated free Z[m R;]-module).

As above, we may choose handle decompositions for the R; based on dN; having
handles only of index n — 3 and n — 2.

From now on, let i be fixed. After introducing some trivial (n—3, n—2)-handle
pairs, an algebraic lemma and some handle slides allow us to obtain a handle
decomposition of R; based on dV; with (n—2)-handles h'l’_z, h’z’_z, ..., h"2 and
an integer s < r, such tllat thf subcollection {h’l’_z, hg_z, e, h?_z} is a free
Z[7q Ri]-basis for H,_>(R;, dN;). So we have:

(xiv) The Z[m| R;]-cellular chain complex for (R;, dN;) may be expressed as
(5-4) 00— (W72 WH @ (W72 W) s (3 Ry 0,

where

. (hf“Z, ..., h"2) and (h;’_ﬁ, ..., h"™"=2) represent free Z[m R;]-submodules

of C,_, generated by the corresponding handles;

. (h’1'—3, .. W3 = C,_3 is the free Z[r| R;]-module generated by the
(n—3)-handles in R;;
o Hy_o(R;i,0N;)) =kerd = (h"~%,....h""2) @ {0}; and

e 0 takes {0} ® (h;’jr%, ..., h"72) injectively into (A"73, ... h773).

Item (xiv) and the preceding paragraph are the content of Lemma 15 in [Guilbault
2000].

To this point, we have only used the hypotheses of inward tameness and triviality
of the Wall obstruction to build the structure described by items (i)—(xiv). All
arguments used thus far appear in [Guilbault 2000; Guilbault and Tinsley 2006],
with simpler analogs in [Siebenmann 1965].

Under the mq-stability hypothesis of [Siebenmann 1965], Hn_z(ﬁi, 8]%) can
now be killed by sliding the offending (7—2)-handles {h’l’_2, <o, W72} off the
(n—3)-handles and carving out their interiors. Under the weaker P-semistability
hypothesis of [Guilbault and Tinsley 2006], a similar strategy works, but only after
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I R;
l T;

aNi\ /8Ni+]

o_T; —

3-handles 7]7 2-handles S;

Figure 2. Schematic of R;.

a significant preparatory step, made possible by perfect kernels. In [Guilbault 2000]
an alternate strategy was employed. Instead of killing Hn_z(ﬁi, aﬁ,-) = ker d by
removing its generating handles {h’l’_z, ..., h"2} the task was accomplished by
introducing new (n—3)-handles, which became images of the {h'l’_z, L hT2
under the resulting boundary map, thereby trivializing the kernel. Complete dis-
cussions of these approaches can be found in [Guilbault and Tinsley 2006, §3] and
[Guilbault 2000, §8]; the strategy employed here is based on the latter.

It is helpful to change our perspective by switching to the dual handle decompo-
sition of R;. Let S; be a closed collar neighborhood of dN; 1 in R;, and for each
(n—2)-handle h}~ 2 identified earlier, let h2 be its dual, attached to S;. Similarly,
for each (n—3)- handle hy~ 3 let h3 be its dual As is standard, the attaching and
belt spheres of a given handle sw1tch roles in its dual.

LetT; = S; u(h2 U---Uh? uh2 U --Uh2), d_T; = 8T; —dN; 11, and U; be
a closed collar on d_T7; in T;. Observe that R; = T; U (h3 u- Uh3) See Figure 2.

A simplified view of the next step is that we will find a collection of 3-handles
{3, .. 153} attached to the left-hand boundary of R; and lying in R;_; so that
the collectlon {Fz}s —, of attaching spheres of those 3-handles is algebraically dual
to the belt spheres of {(h?,.. h2} and has trivial algebraic intersection with the
belt spheres of {/2 PR TR ,hf}. Adding those 3-handles to the mix, then inverting
the handle decomposition again, results in a cobordism with chain complex

(5-5) o—>(h’;—z,...,h;’—z)@(h;'+%,...,h',’—2)
O (k3T @ (W3 T3 0

in which kerd = 0 as desired—but with a caveat. Although addition of the
3-handles does not change the fundamental group of the cobordism, the arranged
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algebraic intersections between the attaching spheres of {153, . ,1533} and the belt
spheres of the existing 2-handles are Z[r{ (R;)/ L;]-intersection numbers; this is the
best the hypotheses will allow. Then, to arrive at the desired conclusion — that we
have effectively killed the relative second homology — it is necessary to switch the
coefficient ring to Z[m; (R;)/L;] (in other words, mod out by L;), and reinterpret
(5-5)asaZ[m(R;)/ Li]-complex. Then, letting V; = N; U (1513 U-- -UIES"’), it follows
that
m1 (Vi) = w1 (Ri) = 71 (Ni),

dV; — V; induces a my-isomorphism, and H,.(V;, dV;; Z[m1(R;)/Li]) = 0. In
other words, V; is a mod(L;)-homotopy collar.

In order to carry out the above program, we first identify a collection {Fz}s - of
pairwise disjoint 2-spheres in d_7; algebraically dual over Z[m (Ri)/Li] to the col-
lection { ,8” 3}3_1 of belt spheres of the 2-handles {/2, ... h?} and having trivial
Z[m1(R;) / L;]-intersections with the belt spheres {,3” 3}’ —g410f the remaining
2-handles {h2+1, . hz} Keeping in mind that nl(R )/L is canonically iso-
morphic to 4 (R,+1)/J,+1, and using the hypothesis that K; 1 is strongly J;4 ;-
perfect, such a collection {sz }jzl exists, as is shown in [Guilbault and Tinsley 2013,
§5]. By general position, the collection can be made disjoint from the attaching
tubes of the 3-handles {/3,....h 31, so they may be viewed as lying in dN;. If the
collection {sz }j _, bounds a pairwise disjoint collection of embedded 3-disks in
R;_1, regular neighborhoods of those disks would provide the desired 3-handles, and
the proof is complete. (The argument from [Guilbault 2000, §8] provides details.)

For n > 7, the issue is just whether the 2-spheres {sz }j _, contractin R;_j. (In
dimension 6, a special argument is needed to get pairwise disjoint embeddings.)
Contractibility is not guaranteed; but with additional work it can be arranged.
The additional work involves the spherical alteration of 2-handles developed in
[Guilbault and Tinsley 2013]. The idea is to alter the 2-handles {52, .. ﬁz} in a
planned manner so that the correspondingly altered {Fz}s_1 contract in the new
R;_;. Along the way it will be necessary to reconstruct the 3-handles {/3, . . h3}
as well; for later use, let {G)J? }§.=1 denote the attaching spheres of those handles.

All of the details were carefully laid out in [Guilbault and Tinsley 2013], with
this application in mind. The tailor-made lemma, stated in the final section of that
paper, is repeated here.

Lemma 5.2 [Guilbault and Tinsley 2013, Lemma 6.1]. Let R’ C R be a pair of
n-manifolds (n > 6) with a common boundary component B, and suppose there
is a subgroup L' of ker(my(B) — m1(R)) for which K = ker(m(B) — m1(R"))
is strongly L'-perfect. Suppose further that there is a clean submanifold T < R’
consisting of a finite collection H?* of 2-handles in R’ attached to a collar neighbor-
hood S of B with T — R’ inducing a my-isomorphism (the 2-handles precisely kill
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the group K) and a finite collection {8?} of pairwise disjoint embedded 2-spheres
in 0T — B, each of which contracts in R’.

Then on any subcollection {hj2 }k_1 C H2, one may perform spherical alterations
to obtain 2-handles {hz}k_1 in R'so that in 3T — B (where T is the correspondingly
altered version of T) there is a collection of 2-spheres {Fz}k_1 algebraically
dual over Z[m(B)/L’] to the belt spheres {,3” 3}k |, common to {hz}k | and
{hz}k_1 with the property that each F2 contracts in R

Furthermore each correspondmgly altered 2-sphere @2 (now lying in 3T — B)
has the same Z|r1(B)/L']-intersection number with those belt spheres and with
any other oriented (n—3)-manifold lying in both 3T — B and 3T — B as did 02
Whereas the 2-spheres {@%} each contracted in R', the @% each contract in R.

We apply Lemma 5.2 to the current setup, with the following substitutions:

Lemma 5.2 Current situation

R’ R;

R RiUR;_,

B ON;+1

H? (h3, .. h2 h2, ... k%
L Jiv1 = A} (L)

T T;=S;Uh?U---UhZUh?_ U---Uh?)
kez se”Z

G

Ak {7y

{©2} (O3},

After applying this lemma, the collection {hz}s is replaced by altered versions

{hz}s , and the original collection {hz is retained. Let

j=s+1
Ty = 5; U (2 U- uhzuh2+1u Uh?)

and d_T; = dT; — dN; 4. The collections {FZ}S_1 and {@2}’_1 are replaced by
altered versions {Fz}s and {@2}’ which he in _7; and contract in

RiUR,_—T.

The original 3-handles {}E;' }5':1 must be discarded since their attaching tubes have
been disrupted; replacements will be constructed shortly. When n > 7, use general
position to choose a pairwise disjoint collection of properly embedded 3-disks in

RiUR;_1—T



112 CRAIG R. GUILBAULT AND FREDERICK C. TINSLEY

with boundaries corresponding to the 2-spheres {I" jz }5.‘=1 U {@%} Those 3-disks may
be thickened to 3-handles by taking regular neighborhoods. With all of these handles
finally in place, the argument described earlier completes the proof. When n = 6, the
same is true, but the - argument used in [Guilbault and Tinsley 2013, Theorems
4.2 and 5.3] is needed in order to find pairwise disjoint embedded 3-disks. |

Remark 5.3. In reality, we have shown a stronger result than what is stated in
Theorem 5.1. Specifically, the near pseudocollar structures obtained are as close to
actual pseudocollars as the augmentation is to the trivial augmentation. For example,
if {L;} is the trivial augmentation, the above argument contains an alternative proof
of the main result of [Guilbault and Tinsley 2006] (stated here as Theorem 2.14).
More generally, if {L;} lies somewhere between the trivial augmentation and the
standard augmentation, then a near pseudocollar structure on M " can be chosen to
reflect that augmentation.

6. The examples: proof of Theorem 1.4

Introduction to the examples. The main examples of [Guilbault and Tinsley 2003],
described here in Example 3.5, proved the existence of (absolutely) inward tame
open manifolds that are not pseudocollarable. In this section we construct open
manifolds that are absolutely inward tame but not nearly pseudocollarable. Since
the examples from that paper are nearly pseudocollarable, the new examples fill a
gap in the spectrum of known end structures.

The examples of [Guilbault and Tinsley 2003] began with algebra. The main
theorems of that paper showed that all inward tame open manifolds have pro-finitely
generated, semistable fundamental group, and stable Z-homology, at infinity. The
missing ingredient for detecting a pseudocollar structure was P-semistability. With
that knowledge, an inverse sequence of groups satisfying the necessary properties,
but failing P-semistability, became the blueprint for an example. A nontrivial
handle-theoretic strategy was needed to realize the examples, but the heart of the
matter was the group theory.

A similar story plays out here. We will begin with an inverse sequence of finitely
presented groups with surjective bonding maps that become isomorphisms upon
abelianization; but this time, in light of Theorems 1.2 and 1.3, we want an AP-
semistable sequence that is not S.AP-semistable. The first step is to identify such a
sequence.

Let F3 = (ay,az,as3| ), the free group on the three generators; ry,; = [a2, a3],
ri,2=[ar,as),and ry 3 =[ay, ax]; Ay =ncl({r1,1, 71,2, 71,3}, F3); and Gy =F3 /Ay
Notice that A; is precisely the commutator subgroup [F3, F3],s0 G; 2 Z®Z S Z.

Suppose ra;1 = [r1,2,,71,3) 12,2 = [r1,1,71,3], and ri3 = [r1,1,r12] Ay =
ncl({ra2,1,72,2,72,3}, F3); and G, = F3/A,. Since Ay < Ay, there is an induced
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epimorphism ,
G1 <2z G2

which abelianizes to the identity mapon Z $ Z H 7.

Continue inductively, letting r; 41,1 =[ri 2. 7i.3), Fig1,2 =[ri,1. i3}, and rip g 3 =
[ri,1sri2)s Aipr = nel({rig1,1, rit1,2: 41,35, F3); and Gy = F3/A;4q. The
result is a nested sequence of normal subgroups of F3, A; > A, > A3 >---, and a
corresponding inverse sequence of quotient groups

(6-1) Gyt Gy« Gy«
which abelianizes to the constant inverse sequence
7?7 AP A
A more delicate motivation for our choices is the following: For each i > 1,
ker A; =ncl({r;—1,1,%i—1,2,7i—1,3}, Gi); similarly, for each i > 2,
ker(A;—1A;) =ncl({ri—2,1.7i-2,2,Fi—2,3}, Gi).

Moreover, since the elements of {r;_; 1,7;—1,2,7i—1,3} are precisely the commuta-
tors of the elements of {r;_» 1,7i-2,2.7i-2,3},

ker(A;) =< [ker(Aj—1A;). ker(Ai—1A;)].

So, for the standard augmentation, L; = ker A;, (6-1) is {L;}-perfect, hence, AP-
semistable.
Two tasks remain:

e prove that (6-1) is not SAP-semistable, and

e construct 1-ended absolutely inward tame open manifolds with fundamental
groups at infinity representable by (6-1).

Since these tasks are independent, the ordering of the following two subsections is
arbitrary.

The sequence (6-1) is not SAP-semistable. Let F, = (ay,...,a,| ), the free
group on n generators. We will exploit two standard constructions from group
theory. The derived series of [, is defined by

FO=F, and F*D=[F® O fork > 0.

The lower central series of Fy, is given by (F,); =F, and then (F) g +1 =[(Fn)x, Frl
for k£ > 0. By inspection

FED <ER. Fadirr < Er, FP < Faegy forall k.
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A well-known fact, similar in spirit to our goal in this subsection, is that

k
]Czo:o [Ffz ) = {1} = ﬂlczo:1(”:n)k-

The following representation of [, was discovered by Magnus; our general
reference is [Lyndon and Schupp 1977].

Proposition 6.1 [Lyndon and Schupp 1977, Proposition 10.1]. Let Py, be the non-
commuting power series ring in indeterminates {x1, Xy, ..., Xn} With xf =0 for
Jj =1,2,...,n. Then the function B(aj) =1+ xj (j = 1,2,...,n) induces a
faithful representation of [ into P;;, the multiplicative group of units of Py.

In P,, the fundamental ideal A is the kernel of the homomorphism p: P, — Z
that takes each x; to 0. The elements of A are all sums of the form Y ;2 | 7, where
each i, is a homogeneous polynomial of degree at least one. Consequently, for any
positive integer k the ideal A¥ is made of all sums of the form > 02| my where
each 7, is a homogeneous polynomial of degree at least k.

The next proposition and lemma are useful for monitoring the location of com-
mutators in a group.

Proposition 6.2 [Lyndon and Schupp 1977, Proposition 10.2]. Let B : F, — P*
be the representation given above. If wy, w, € Fy, such that f(wy) —1 € A" and
B(wy) —1 € A®, then B([wy, wa]) —1 € ATTS,

By applying Proposition 6.2 inductively, we obtain the following useful facts.
Lemma 6.3. For all integersn,i > 1,
(1) {(Bw)—1|w e F} < A%,
@) {Bw)—1|we [Fn)i} A,
3) N2, Ak =0, and
@ MR B = {1 = MF2 (Fake

We now focus our attention on F3 and its subgroups A; =ncl({r; 1, ri 2.7i 3}, F3),
as defined earlier.

Lemma 6.4. Foreachk > 1and j € {1,2, 3},
(1) rk,j is a member of at least one free basis for I]:gk), and
@) ryj e PP kD

Proof. Assertion (1) can be obtained from an inductive argument using Schreier

systems. A model argument can be found in [Massey 1967, Example 8.1].
Assertion (2) follows from (1), since the quotient map [Fé‘ — [F’; / [F’;"L1 is the

abelianization of [Fé‘ . O

Since A; < [ng), the following is an easy consequence of Lemmas 6.3 and 6.4.
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Lemma 6.5. Foreachi > 1and j €{1,2, 3},
(D) ,B(ri,j) —1 75 0, and
() (B —1]heh;} c A

The definitions of derived and lower central series are clearly applicable to
arbitrary groups. To expand those notions further, the following definition is useful.
For H < G,let 21(H,G) = H and Q. (H,G) =[Qr_1(H,G), G] for k > 1. By
normality, H = Q(H,G) > Q,(H,G) > Q3(H,G) > ---. When H is strongly
G-perfect, Qi (H,G) = H for all k.

Proposition 6.6. For eachi > 1, there exists p; > 0 and q; > p; such that

(1) foreach j € {1,2,3}, B(ri,j)—1¢ A2 *Pi and

(@) {B(w) 1| w € Qg (A1, F3)} € A2 FPL

Proof. Leti be fixed. Existence of p; follows from item (3) of Lemma 6.3. Existence
of ¢; may be obtained from an inductive application of Proposition 6.2. O

We shift focus one more time, from F3 and its subgroups to the quotient groups
G; = F3/A; and their subgroups. In doing so, we will allow a word in the generators
of I3 to represent both an element of 3 and the corresponding element of a G;. For
example, recalling that ;41 ; =A;j410---0k; : G; — G;, we say ker(A;41,j) =
nel({ri,1.ri2, 1i,3}. Gj).-

The following result is simple but useful.

Lemma 6.7. Suppose A : G — G’ is a surjective homomorphism, H < G, and
q>0. Then M(24(H, G)) = Q4(A(H), G").

Lemma 6.7 ensures that, for each i < k and all ¢ > 0, the quotient maps F3 —»> Gy,
restrict to epimorphisms

(6-2) Qq(A;, F3) = Qq(nel({ri 1, ri2, i34, Gi), Gi).
Proposition 6.8. For p; and q; as chosen in Proposition 6.6, and each j € {1, 2, 3},
ri,j & Qq; (ker(Aj1 1), Gi) whenever 2k >0l 4 Di.

Proof. Suppose r; j € Qq, (ker(Aj 11 k), Gk) = Qg (ncl({ri 1,152,753}, Gi), Gi).
Surjection (6-2) provides a w € Qg4, (A;, F3) with cosets A - r; j = A - w. Conse-
quently, there is an 4 € Ay with r; ; = hw in F3. Then

Brij)—1=pm)p(w)—1
= B(MBw)—B(h) + p(h) -1
=B (Bw)—1) + (B(h) —1).

Since B(w)—1 € A¥ TPi and B(h)—1 € A2 €AY *Pi_then B(r; ;) —1€ A¥ TPi,
violating the choice of p;. O



116 CRAIG R. GUILBAULT AND FREDERICK C. TINSLEY

We are now ready for the main result of this subsection.

Theorem 6.9. The inverse sequence {Gj, A;}72 is not SAP-semistable. In fact,
{Gi, Ai}72, is not pro-isomorphic to any inverse sequence { H;, j;} of surjections
that satisfies the strong { H; }-perfectness property.

Proof. We proceed directly to the stronger assertion. Suppose {G;, A;} is pro-
isomorphic to an inverse sequence { H;, jt;} of surjections that is strongly { H;}-
perfect; in other words, ker p; = [ker u;, H;] for all i.

By Proposition 2.11, each subsequence of { H;, iu;} satisfies the same essential
property, so by our assumption, {G;, A;} contains a subsequence that fits into a
commutative diagram of the following form:

}"10-‘1-1 i1 )"tl—i-l iy )~12+1 i3

AVAVYAYSA

Passing to a further subsequence if necessary, we may assume 27 > 2in—1 4 Din_,
for all n.

By Lemma 6.4, 1 # 1y, j € ker(A;, +1,i,) < Gi,. Choose o’ € H, with us(a’) =
ri,,j- Then, o € ker(uy,2), and consequently o’ € [ker(uq,2), Hz], since ker(i1,2)
is strongly H,-perfect (again using Proposition 2.11). Thus o’ € Qg (ker(t1 ), Hp)
for all g. Moreover, since u;(ker(u,2)) € ker(Ajy+1,i,),

riy,j = uz2(e’) € Qq(uz(ker(pny,2)), Giy) € Qq(ker(Aiy+1,i,). Gip)

for all g, thereby contradicting Proposition 6.8. |

Construction of the examples. The goal of this subsection is to construct, for
each n > 6, a 1-ended open manifold M" that is absolutely inward tame and
has fundamental group at infinity represented by the inverse sequence (6-1). By
Theorem 1.3 or Theorem 5.1, such an example fails to be nearly pseudocollarable,
thus completing the proof of Theorem 1.4.

Overview. We will construct M"™ as a countable union of codimension 0 submani-
folds

"=CiUA UA,UAzU---,

where C; is a compact “core” and {(A4;,;,;4+1)} is a sequence of compact
cobordisms between closed connected (n—1)-manifolds with 4; N 4; 41 = 44
foreachi > 1, and dCy = T';. Letting

Ni=A; UAj 1 UAjprU---
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Figure3. MnZCIUAIUA2UA3U---.

gives a preferred end structure { N;} with dN; = I'; for each i. See Figure 3.

So that pro-m (e(M™)) is represented by (6-1), the A; will be constructed to
satisfy:

(a) Foralli > 1, (I}, p;) = G; and I'; = A; induces a 7 -isomorphism.

(b) The isomorphism between 71 (I';, p;) and G; may be chosen so that

Aig1
Gi ! Giti

- -

~ ¥i
1 (i, pi) <—— m1(Ai, pi) <—+ 11 (Tig1, Pit1)

commutes. Here ;11 is the composition
i i
w1 (Ai, pi) <71 (Ai, piv1) < w1 (Tigrs pig),

where (; 41 is induced by inclusion and p; is a change-of-basepoint isomor-
phism with respect to a path p; in 4; between p; and p; 1.

From there it follows from Van Kampen’s theorem that each I'; = dN; — N;
induces a mq-isomorphism, so by repeated application of (a) and (b), the inverse
sequence

71 (N1, p1) <E2 71 (Ny, po) <F3 711 (N3, p3) <t

is isomorphic to (6-1).
It will also be shown that each NV; has finite homotopy type; so M" is absolutely

inward tame. That argument requires specific details of the construction; it will be
presented later.

Details of the construction. Recall that a p-handle /? attached to an n-manifold
P" and a (p+1)-handle 27! attached to P" U h? form a complementary pair
if the attaching sphere of 4771 intersects the belt sphere of #? transversely in a
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single point. In that case P" U/h? UhP+! &~ P"; moreover, we may arrange (by
an isotopy of the attaching sphere of #7+1) that P" N (h? U hPT1) is an (n—1)-
ball in dP". Conversely, for any ball B”~! C 9P”", one may introduce a pair of
complementary handles P Uh? UhP+1 so that PPN (h? UhPT1) = B"~1. We call
(h?, h?* 1) a trivial handle pair. Note that the difference between a complementary
pair and trivial pair is just a matter of perspective. In general, we say that 4? is
attached trivially to P" if it is possible to attach an #?T! so that (h?, h?T 1) is a
complementary pair.

After a preliminary step where we construct the core manifold C;, our proof
proceeds inductively. At the i-th stage we construct the cobordism (A4;, I';, [';11),
along with a compact manifold C; 41 with dC; 41 =I';1, to be used in the following
stage. Throughout the construction, we abuse notation slightly by letting dC; x [0, ¢]
denote a small regular neighborhood of dC; in C; and I'; x [0, €] to denote a small
regular neighborhood of I in A;.

Step 0 (preliminaries). Let Cy be the n-manifold obtained by attaching three
orientable 1-handles {h(l)’ j}]3.=1 to the n-ball B”. Choose a basepoint pg € dCy
and let aq,a,, and a3 be embedded loops in dCy, one through each 1-handle,
intersecting only at po. Abuse notation slightly by writing

71(0Cy) = m1(Co) = (ay,az,as| ).

A convenient way to arrange that the 1-handles are orientable is by attaching three
trivial (1, 2)-handle pairs {/z i hg, i };:1, then discarding the 2-handles.
Recall that
G1 =(ay,az,a3|r1,1,r1,2,71,3),

where 111 =[az,a3], r1,2 =[ay,as3), and ry 3 =[ay, az]. Attach a trio of 2-handles
{h2 3 | to Co, where h2 1 has attaching circle ry, ;. Choose the framings of these
handles so that, if the 2-handles {h2 }3_1 were added back in, then {hz, j ]3=1
would be trivially attached (to an n- ball) Let

C1 =CoUhT  UhT,UhT ,

and note that 11 (Cy) = 71(0C;) = G;.

Step 1 (constructing 4; and C3). Attach three trivial (2, 3)-handle pairs to Cy,
disjoint from the existing handles, then perform handle slides on each of the trivial
2-handles (over the handles {h _1) so the resulting 2-handles h2 1 h%,z and
h2 5 have attaching circles spelhng out the words 5 1, 122 and r, 3, respectively.
ThlS is possible since each r;  can be viewed as a product of the loops {r; J}
and their inverses, which are the attaching circles of {h2 3 1 Sliding a 2- handle
over h2 inserts the loop r j into the new attaching 01rcle of that 2-handle (with
+1 dependlng on the orientation chosen).
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Figure 4. Attaching a (2, 3)-handle pair.

By keeping track of the attaching 2- spheres of the trivial 3-handles after the handle
slides, it is possible to attach 3-handles 43 ., 43 ., and h; ;10 Cy Uh% | Uh% ) Uh% 3

2,2°
that are complementary to /2 h% 2 respectively. Then

2,1°

2
and h2 3

U (Uj=1 hz,j) U (Uj=1 hg,j) ~ G-

For later purposes, it is useful to have a schematic image of the attaching circles
of {hi j 1321 and the attaching 2-spheres of the complementary handles {hi j j3=1.
Figure 4 provides such an image for one complementary pair. The outer loop
represents the attaching circle for an h2 . and the shaded region represents the
“lower hemisphere” of the attaching 2- sphere of h3 ; the “upper hemisphere”,
which is not shown, is a parallel copy of the core of h2 5. Within the lower
hemisphere, the small central disk represents the lower hemisphere of the 2-sphere
before handle slides. The arms are narrow strips whose centerlines are the paths
along which the handle slides were performed; diametrically opposite paths lead to
the same 2-handle, and are chosen to be parallel to a fixed path. We have indicated
this by labeling one pair of centerlines A and the other A’. The four outer disks
are parallel to the cores of the 2-handles over which the slides were made. A
twist in the strip leading to an outer disk is used to reverse the orientation of the
boundary of that disk. Thus, diametrically opposite outer disks are parallel to each
other, but with opposite orientations. Center points of the outer disks represent
transverse intersections with belt spheres of those handles; thus, p™ and p~ are
nearby intersections with the same belt sphere, and similarly for ¢+ and ¢~.
By rewriting

2,1°

G U (U;=1 h%,j) U (U13'=1 hg,j)
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as
CoU (Uj‘:l h%,j) U (U;=1 h%,j) U (Uj‘:l h;,j)’

we may reorder the handles so that /2 210 h% ,» and h% 5 are attached first. Define

Cy=CoU(Uj=i 13 ;)

and note that 771 (C,) ~ 71(dC,) =~ G,. Furthermore,

G U (Uj3'=1 h%,j) U (U;=1 h;,;) ~ Cr.

So, if we let

Ar=0C, x[0,e) U (Uizy b3 ;) U (Ui B3 ),

(the result of excising the interior of a slightly shrunken copy of C3), then 04 ~
dC, U dCy. By letting I'y = dC; and I';, = dC, we obtain the first cobordism of
the construction (41, I'1, I';). By avoiding the basepoint pg € dCy in all of the
above handle additions, we may let the arc p; € A; be the product line pg X [0, ],
with p; and p; its endpoints. Conditions (a) and (b) are then clear.

Inductive step (constructing A; and C;41). Assume the existence of a cobor-
dism (A4;—1, i1, I';) satisfying (a) and (b) along with a compact manifold C; =
Co U (U h2 ) with the attaching circle of each h2 i representing the relator
ri,j in the presentatlon of G;, and dC; = I';. Attach three trivial (2, 3)-handle
pairs to C;, then perform handle slides on each of the trivial 2-handles (over the
handles {h2 }3_1) so that the resulting 2-handles /4?2 FIRR hl+1 , and hl+1 5 have
attaching cm:les spelling out the words 71,1, 41,2 and ri1,3, respectlvely This
is possible since each r;1 x can be viewed as a product of the loops {r; ]} —, and
their inverses, which are the attaching circles of {h }3_1

By keeping track of the attaching 2-spheres of the tr1v1al 3-handles under the
above handle slides, it is possible to attach 3-handles /3 FIRIPR h? 12 and /3 13t

CiUhiyy,

2
hl-i—l 2°

1 Uhl-i—l 2 Uhl-H 3

that are complementary to /4?2 and h? respectively. Then

i+1,1°

(LJ]_1 H—l,j) (U]—l i+1 ])%Ci.

A picture like Figure 4, but with different indices, describes the current situation.
Rewrite

i+1,3°

U(Ujmr i1 ) U (Ui b )
as

Co U (U;:l hiz,j) U (U =1 hz+1 1) (UJ3'=1 h3+1,j)’
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then reorder the handles so that /2 h

i+1,10
3
Cir1=CoU(Uj=1 iy )

and note that 71 (Cj 1) ~ 711 (0C;j11) ~ Gjt1.
Furthermore,

2 2
1.2 and h 1,3 are attached first. Define

CrrU(Uj=1 17 ) U (Uj=1 by ;) = G

Excising the interior of a slightly shrunken copy of C;; gives
Aiyr = (0Cipy x[0,e) U (Ui b2 ) U (Uizy B3y )

then dA4;4+1 =~ dC; 41 U dC;. Noting that I'; = dC; and letting ['; 1 = dC; 11, we
obtain (A4;, I, [';4+1). By avoiding p; € dC; in all of the handle additions, letting
pi € A; be the product line p; x [0, €], and p;4; the new endpoint, conditions (a)
and (b) are clear.

Assembling the pieces in the manner described in Figure 3 completes the con-
struction. In particular, we obtain a 1-ended open manifold

M"=CiUA1UAUA3U---
whose fundamental group at infinity is represented by the inverse sequence (6-1).

Remark 6.10. In the construction of (4;, [';, I'; 1), we have written I'; on the left
and I'; 4+ on the right to match the blueprint laid out in Figure 3. In that case, the
handle decomposition of 4; implicit in the construction goes from right to left,
with handles being attached to a collar neighborhood I'; 41 x [0, ] of I';;. Later,
when our perspective becomes reversed, we will pass to the dual decomposition

A; = (I'; x[0,e]) U (UJ3'=1 }711,_]‘3) U (U13'=1 h_g_Jz)

where each 7"~? is the dual of an original #? and T; x [0, ¢] is a thin collar
neighborhood of T7;.

Absolute inward tameness of M"™. The following proposition will complete the
proof of Theorem 1.4.

Proposition 6.11. For the manifolds M"™ constructed above, each clean neighbor-
hood of infinity
Ni=A4;UA;41UAj42U--

has finite homotopy type. Thus, M" is absolutely inward tame.

We will prove this by examining H«(N;, I';; ZG;) (equivalently, Hy (]%, i Z)
viewed as a ZG;-module), where G; = w1 (&;) = m1(I';). In particular, we will
prove:
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Claim 6.12. For each i, Hy(N;, U;; ZG;) is trivial in all dimensions except for
% = n — 2, where it is isomorphic to the free module (ZG;)* = 7G; ® ZG; ® ZG;.

Once this claim is established, Proposition 6.11 follows from [Siebenmann 1965,
Lemma 6.2]. In Remark 6.13 at the conclusion of this section, we explain why this
final observation is elementary, requiring no discussion of finite dominations or
finiteness obstructions.

Proof. 1t is useful to consider compact subsets of the form
Ajpg=A;UAj 1 U---UAg.

By repeated application of Remark 6.10, there is a handle decomposition of 4; x
based on I'; x [0, ] with handles only of indices n — 3 and n — 2. By reordering
the handles, (4; x, I';) is seen to be homotopy equivalent to a finite relative CW
complex (K; x,I';), where K; j consists of I'; with an (n—3)-cell attached for
each (n—3)-handle of A; ; followed by an (n—2)-cell for each (n—2)-handle. In
the usual way, the ZG;-incidence number of an (n—2)-cell with an (n—3)-cell is
equal to the ZG;-intersection number between the belt sphere of the corresponding
(n—3)-handle and the attaching sphere of the corresponding (n—2)-handle. This
process produces a sequence

KiiCKiit1SKj2S--

of relative CW complexes with direct limit a relative CW pair (K; o0, I';) homo-
topy equivalent to (N;, I';). So we can determine Hy(N;, [';; ZG;) by calculating
Hi(A; x,Ti; ZG;) and taking the direct limit as kK — oo.

The ZG;-handle chain complex for (A4; x,I';) (equivalently, the ZG;-cellular
chain complex for (K; ., I';)) looks like

0—Cy 2, Ch—3 — 0,

where C,_» and C,_3 are finitely generated free ZG;-modules generated by the
handles of A4; j, and the boundary map is determined by ZGj-intersection numbers
between the belt spheres of (n—3)-handles and attaching spheres of the (n—2)-
handles. These intersection numbers will be determined by returning to the con-
struction.

Beginning with the compact manifold

Ci=CoU (U;=1 hz?,j)’

attach three trivial (2, 3)-handle pairs, then perform handle slides on the 2-handles

2 3 2 2 2 : -
(over the handles {hi’j }j=1) to obtain hi+1,1’ hi+1,2 and hi+1,3 with attaching

circles rj 41,1, ri4+1,2 and r; 41 3, respectively. Having kept track of the attaching
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2-spheres of the tr1v1al 3-handles under the handle slides, attach 3-handles />
and h}

i+1,1°

h?

i+1,2° i+1, 3

C; Uh?

2 2
i Yhip 2 Uhip

that are complementary to /2 PIRR h? 1.2 and h? 13 respectively (all as described
in inductive step above). This can all be done so that /3 HIRIR hl3 120 and A3 P13
do not touch the earlier 2-handles h2 h22 and h2 Next attach a second trio
of trivial (2, 3)-handle pairs, taking care that they are disjoint from the existing
handles, and slide the trivial 2-handles over the 2-handles {hl 1 }3 so that the
resulting 2-handles {hl+2 ]}3_1 have attaching circles rj12 1, Fi+2,2 and Fit2,3.
Again, having kept track of the attachlng 2-spheres of the trivial 3-handles under

the handle slides, attach 3-handles /3 TP hl.3 220 and A3

G U (U i=1 hz—l—l 1) (U hz3+1 1) (U h12+2’l)

that are complementary to /2 i1 hl.2 42,9> and h? 2.3 respectively, while taking
care that these new 3-handles are completely disjoint from all 2- and 3-handles of
lower index. Continue this process k —i times, at each stage attaching three trivial
(2, 3)-handle pairs disjoint from the existing handles; sliding the trivial 2-handles
over the 2-handles created in the previous step, in the manner prescribed above;
and then attaching 3-handles complementary to these new 2-handles (and disjoint
from earlier 2- and 3-handles) along the images of the attaching 2-spheres of the
trivial 3-handles after the handle slides.

Since all of the 2- and 3-handles mentioned above, except for the original
2-handles h2 h22 and hz occur in complementary pairs, the manifold we just
created is ]ust a thlckened copy of Cj; let us call it C;. /. By the standard reordering
lemma, we may arrange that the 2-handles are pairwise disjoint, and all are attached
before any of the 3-handles — which are also are attached in a pairwise disjoint
manner. Then

U (UI;=1(U]3'=1 h1'2+s,j)) U (Ulsc=1(U13'=1 h?+s,j))
= CoU (U1 7)) U (U (U= iy ) U (U (U2 b))
=CoU (U1 72 p ) U (Uizy 12 ) U (USSH (Ui 2 5)
U (Uf—l(U;=l hi3+s,j))
= CeU(Uj=y 72 ;) U (USZH (U 224 ) U (Ui (U 72 )-

where, going from the first to the second line, we apply the definition of C;; going
from the second to the third, we bring the last triple of 2-handles forward to the
beginning; and in going from the third to the fourth, we apply the definition of Cy.

i+2, 3
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Excising a slightly shrunken copy of the interior of Cy from C; results in a
cobordism between dCj, = I'y, and BCI/ ~ I';, which has a handle decomposition

(Fk X [0’8]) U (Uj’:l hiz,j) U (Uf;ll(u h12+s j)) (Ule(U =1 hz+s J))

Comparing this handle decomposition to our earlier construction reveals that this
cobordism is precisely 4;UA; 1 U---UAy = A; . In order to match the orientation
of Figure 3, view I'y as the right-hand boundary and T; as the left-hand boundary,
with 2- and 3-handles being attached from right to left. Before switching to the
dual handle decomposition, we analyze the ZG;-intersection numbers between the
attaching spheres of the 3-handles and the belt spheres of the 2-handles. All should
be viewed as submanifolds of the left-hand boundary of

(Fkx[o’g])U(U7:1 h[Z’ ) ( (Uj—l z—i—s,]))

which has fundamental group Gj;.
Foreach 1 <s <k and ] € {1,2,3} let al Y . denote the attachlng 2-sphere
ofh13’+s ;> and foreach 0 <s' <k—1and ;' € {1, 2 3} let B +s, ., denote the belt

(n—3)-sphere of h? s , There are three cases to consider.

Case 1: s = 5s". Then for each ] the pair (hl s J,hl3 s ]) is complementary; in
other words oel iy intersects B} S y, transversely in a single point. Adjusting base
paths, if necessary, and being indifferent to orientation (since it will not affect

our computations), we have

2 —
SZGi(aH—s j’ﬂl-l-s ]) +1.

does not intersect /2

If] # ] thenh l+S ]/’

i+s,j 80

2
SZGi(ai-i-s j’lBl+Sj )=0.

Case 2: s =s'+ 1. Foreach j, (xl s, Can be split into a pair of disks. The “upper
hemisphere” lies in the 2-handle hl2 oy and it intersects ,31 ey transversely in a
single point; that point of intersection was accounted for in Case 1. The “lower
hemisphere” is analogous to the one pictured in Figure 4. If {u, v} = {1,2,3} —
{j}, then one pair of the diametrically opposite disks has boundaries labelled
Fits—1,u and ;] + S—1.u and the disks are parallel to the core of hl rs—1u0 SO each
intersects B o1 transversely in points p; and p;, . Due to the flipped orlentatlon
of one of the dlSkS these points of intersection, between o2 s, and ,31 ol
have opposite sign. Connecting p;/ and p, by a path homotoplc to A"l %A in

o; + 5, and a short path 1 connecting p;" and p;, in 7 yields a loop that is
contractible in the left-hand boundary of

(T x 0. U (Uj=y 22,) U (USZH (U= B2y )

z+s 1,u
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So tc;gether p;f and p; contribute 0 to the ZG;-intersection number of ocl 4s,j @ and
n
i+s—1u’ hence’ ) 3
n— -
€7G; (ai—i-s,j’ i+s—1,u) =0.
Similarly
2 _
8ZG'(ai+s j* 1+s 1, v) 0.
Finally, o; +s J and B} S 1] do not intersect, so
2 —
SZGi(ai—f-s,j’ 1+s lj)
as well.
Case 3: s ¢ {s', 5’ + 1}. In this case, the handles hH_S ; and hl+s ., are disjoint,
SO ezgi(aiﬂ’j, l+s} ) =0.

Now invert the above handle decomposition to obtain a handle decomposition
of the cobordism (A4; ., I';, I'x), based on I';, containing only (n—3)- and (n—2)-
handles. Specifically, we have

(T x[0,e)) U (Uf:l (U;—l h?+31)) U (U;=1 h_;’;z) U ( f;ll (U]3'—1 h7+s2,1))

Since the belt sphere of each 4273 is the attaching sphere of its dual /23 and the
attaching sphere of each h"=2 is the belt sphere of its dual /2, the incidence numbers
between these handles of this handle decomposition are determined (up to sign)
by the earlier calculations. So the cellular ZG;-chain complex for the (A4; ., I';) is
isomorphic to

k—1
0—>€B(ZG)3—>€B(ZG)3—>O
s=0 s=1

where the (ZG;)? summands on the left are generated by the handles {h:’ T S2 g, 3_

and those on the right by {ﬁ:’;s] 3_1 Since &7¢; (al+s j» ,BH_S ) ==l for all
1 <s <k —1 and all other intersectlon numbers are 0, the boundary map is trivial on
the 0-th copy of (ZGi) misses the k-th copy of (ZG;)? in the range; and restricts

to an isomorphism @ (ZG )3 = @s —1(ZG;)? elsewhere. Thus
Hn—z(Ai,k, I;; ZG,‘) =kerd =~ (ZG,‘) , and
Hy—3(A; k. Ti: ZG;) = coker d = (ZG;)°,

where H,_>(K; ,I';) is generated by the s = 0 summand and H,_3(K; s, I';) is
generated by the s = k summand.

Now consider the inclusion 4; y <> A; x4 and the corresponding inclusion of
ZGj-chain complexes. The chain complex of 4; k+1 will contain an extra (ZG;)3
summand in each dimension, generated by {hl k. }3_1 and {hl i1 ]}3_1,
spectively. The boundary map takes the new summand in the domain onto the
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previous cokernel, thereby killing H,_3(A; . Ti; ZG;), and replacing it with a
cokernel generated by {hl k1. }3_1 Said differently, the inclusion induced map
iv : Hy_3(K; . Ti:2Gi) =% Hy—3(K; j41.Ti3 ZG)
is trivial. On the other hand, the expansion from Kj j to Kj 41 does not change
ker d, which is still generated by the handles {h;’;z };=1' In other words, the

inclusion induced map

it Hy—2(Ki k. Ti:2Gi) => Hy—2(K; k41, Ti: ZG))

is an isomorphism.
Taking direct limits, we have
(ZGi)? if x=n-2,

B (N;, T1:2Gi) = {O otherwise O

Remark 6.13. The appeal to [Siebenmann 1965, Lemma 6.2] may give the im-
pression that obtaining Proposition 6.11 from Claim 6.12 is complicated — that

is not the case. The conclusion can be obtained directly as follows: If {e” 2 13_1
represents the cores of the (7—2)-handles {h” 21, which generate Hy (N;, l"l ; 2Gi),
abstractly attach (n—2)-disks { f n= 2}3 to F along their boundaries. This does

not affect fundamental groups, s0 by exc1sion, the pair

(NIU{]ranZ’a_l’FU{fan?: )

has the same ZG; homology as (N;, I';), with the same generating set. Now attach
an (n—1)-cell g. ! along each sphere e” 2y f.”-_2 to obtain a pair

(N UL 2o Vel o U U 2 2)
with trivial ZG;-homology in all dimensions. It follows that

I'; U{fln 2 3—1 — Nj; U{fln 2 3—1 U{gl 1}J??=1

is a homotopy equivalence. But notice that each 8l n—1 has a free face l.”j_z
—2,3 1,3
Nlu{f;’j] } lu{gl] }_1

collapses onto N;. Therefore, N; is homotopy equivalent to I'; U { fl.”j_2 }J?:l.

, SO

7. Remaining questions

In the introduction we commented that nearly pseudocollarable manifolds admit
arbitrarily small clean neighborhoods of infinity N containing compact codimen-
sion 0 submanifolds A for which A < N is a homotopy equivalence. Call such
a pair (N, A) a wide homotopy collar. The difference, of course, between a wide
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homotopy collar and a homotopy collar is that, in the latter, the subspace is required
to be the (codimension 1) boundary of N. The fact that nearly pseudocollarable
manifolds contain arbitrarily small wide homotopy collars is immediate from the
following easy lemma.

Lemma 7.1. Suppose N' is a (mod J)-homotopy collar neighborhood of infinity
in a manifold M"™ (n > 5), where J is a normally finitely generated subgroup of
ker(sw{(N') — w1 (M™)). Then M" contains a wide homotopy collar neighborhood
of infinity (N, A), where N' C N € M™".

Proof. Choose a finite collection of pairwise disjoint properly embedded 2-disks
~{Dl.2}f.‘:1 in M"— N’, with boundaries comprising a normal generating set for

ker(sw1(N') — m1(M™)). Then let (N, A) be a regular neighborhood pair for
k k
(N'U(Ui=1 D7), oN"U (Ui=; D7)
and apply Lemma 4.3. O

The following seem likely but, thus far, we have been unable to find proofs.

Questions. Must a manifold with compact boundary that contains arbitrarily small
wide homotopy collar neighborhoods of infinity be nearly pseudocollarable? More
specifically, can it be shown that the nonpseudocollarable examples in Section 6 do
not contain arbitrarily small wide homotopy collar neighborhoods of infinity?

References

[Buoncristiano et al. 1976] S. Buoncristiano, C. P. Rourke, and B. J. Sanderson, A geometric approach
to homology theory, London Mathematical Society Lecture Note Series 18, Cambridge University
Press, 1976. MR Zbl

[Chapman and Siebenmann 1976] T. A. Chapman and L. C. Siebenmann, “Finding a boundary for a
Hilbert cube manifold”, Acta Math. 137:3-4 (1976), 171-208. MR Zbl

[Davis and Kirk 2001] J. E Davis and P. Kirk, Lecture notes in algebraic topology, Graduate Studies
in Mathematics 35, American Mathematical Society, Providence, RI, 2001. MR Zbl

[Freedman and Quinn 1990] M. H. Freedman and F. Quinn, Topology of 4-manifolds, Princeton
Mathematical Series 39, Princeton University Press, 1990. MR Zbl

[Geoghegan 2008] R. Geoghegan, Topological methods in group theory, Graduate Texts in Mathe-
matics 243, Springer, 2008. MR Zbl

[Guilbault 2000] C. R. Guilbault, “Manifolds with non-stable fundamental groups at infinity”, Geom.
Topol. 4 (2000), 537-579. MR Zbl

[Guilbault 2016] C. R. Guilbault, “Ends, shapes, and boundaries in manifold topology and geometric
group theory”, pp. 45—-125 in Topology and geometric group theory (Columbus, OH, 2010-2011),
edited by M. W. Davis et al., Proc. Math. Stat. 184, Springer, Cham, 2016. Zbl

[Guilbault and Gu > 2017] C. R. Guilbault and S. Gu, “Compactifications of manifolds with bound-
ary”, in progress.

[Guilbault and Tinsley 2003] C. R. Guilbault and F. C. Tinsley, “Manifolds with non-stable funda-
mental groups at infinity, II”’, Geom. Topol. 7 (2003), 255-286. MR Zbl


http://msp.org/idx/mr/0413113
http://msp.org/idx/zbl/0315.55002
http://dx.doi.org/10.1007/BF02392417
http://dx.doi.org/10.1007/BF02392417
http://msp.org/idx/mr/0425973
http://msp.org/idx/zbl/0361.57008
http://dx.doi.org/10.1090/gsm/035
http://msp.org/idx/mr/1841974
http://msp.org/idx/zbl/1018.55001
http://msp.org/idx/mr/1201584
http://msp.org/idx/zbl/0705.57001
http://dx.doi.org/10.1007/978-0-387-74614-2
http://msp.org/idx/mr/2365352
http://msp.org/idx/zbl/1141.57001
http://dx.doi.org/10.2140/gt.2000.4.537
http://msp.org/idx/mr/1800296
http://msp.org/idx/zbl/0958.57023
http://dx.doi.org/10.1007/978-3-319-43674-6_3
http://dx.doi.org/10.1007/978-3-319-43674-6_3
http://msp.org/idx/zbl/06618168
http://dx.doi.org/10.2140/gt.2003.7.255
http://dx.doi.org/10.2140/gt.2003.7.255
http://msp.org/idx/mr/1988286
http://msp.org/idx/zbl/1032.57020

128 CRAIG R. GUILBAULT AND FREDERICK C. TINSLEY

[Guilbault and Tinsley 2006] C. R. Guilbault and F. C. Tinsley, “Manifolds with non-stable funda-
mental groups at infinity, III”, Geom. Topol. 10 (2006), 541-556. MR Zbl

[Guilbault and Tinsley 2013] C. R. Guilbault and F. C. Tinsley, “Spherical alterations of handles:
embedding the manifold plus construction”, Algebr. Geom. Topol. 13:1 (2013), 35-60. MR Zbl

[Lyndon and Schupp 1977] R. C. Lyndon and P. E. Schupp, Combinatorial group theory, Ergebnisse
der Mathematik 89, Springer, Berlin, 1977. Reprinted in the series Classics in Mathematics 89,
Springer, Berlin, 2001. MR Zbl

[Massey 1967] W. S. Massey, Algebraic topology: an introduction, Harcourt, New York, 1967. MR
Zbl

[Rourke and Sanderson 1968] C. P. Rourke and B. J. Sanderson, “Block bundles, II: Transversality”,
Ann. of Math. (2) 87 (1968), 256-278. MR Zbl

[Rourke and Sanderson 1972] C. P. Rourke and B. J. Sanderson, Introduction to piecewise-linear
topology, Ergebnisse der Mathematik 69, Springer, Berlin, 1972. Reprinted in the series Springer
Study Edition 69, Springer, Berlin, 1982. MR Zbl

[Siebenmann 1965] L. C. Siebenmann, The obstruction to finding a boundary for an open mani-
fold of dimension greater than five, Ph.D. thesis, Princeton University, 1965, available at http://
search.proquest.com/docview/302173863. MR

[Stallings 1965] J. Stallings, “Homology and central series of groups”, J. Algebra 2 (1965), 170-181.
MR Zbl

[Stammbach 1966] U. Stammbach, “Anwendungen der Homologietheorie der Gruppen auf Zentral-
reihen und auf Invarianten von Présentierungen”, Math. Z. 94 (1966), 157-177. MR Zbl

[Wall 1965] C. T. C. Wall, “Finiteness conditions for CW-complexes”, Ann. of Math. (2) 81 (1965),
56-69. MR Zbl

Received January 13, 2016. Revised September 5, 2016.

CRAIG R. GUILBAULT

DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF WISCONSIN-MILWAUKEE
P.O.Box 413

MILWAUKEE, WI 53201

UNITED STATES

craigg@uwm.edu

FREDERICK C. TINSLEY

DEPARTMENT OF MATHEMATICS & COMPUTER SCIENCE
THE COLORADO COLLEGE

14 EAST CACHE LA POUDRE ST.

COLORADO SPRINGS, CO 80903

UNITED STATES

ftinsley @coloradocollege.edu


http://dx.doi.org/10.2140/gt.2006.10.541
http://dx.doi.org/10.2140/gt.2006.10.541
http://msp.org/idx/mr/2224464
http://msp.org/idx/zbl/1130.57032
http://dx.doi.org/10.2140/agt.2013.13.35
http://dx.doi.org/10.2140/agt.2013.13.35
http://msp.org/idx/mr/3031636
http://msp.org/idx/zbl/06138571
http://10.1007/978-3-642-61896-3
http://msp.org/idx/mr/0577064
http://msp.org/idx/zbl/0368.20023
http://msp.org/idx/mr/0211390
http://msp.org/idx/zbl/0153.24901
http://dx.doi.org/10.2307/1970591
http://msp.org/idx/mr/0226646
http://msp.org/idx/zbl/0215.52301
http://dx.doi.org/10.1007/978-3-642-81735-9
http://dx.doi.org/10.1007/978-3-642-81735-9
http://msp.org/idx/mr/665919
http://msp.org/idx/zbl/0254.57010
http://search.proquest.com/docview/302173863
http://search.proquest.com/docview/302173863
http://msp.org/idx/mr/2615648
http://dx.doi.org/10.1016/0021-8693(65)90017-7
http://msp.org/idx/mr/0175956
http://msp.org/idx/zbl/0135.05201
http://dx.doi.org/10.1007/BF01111346
http://dx.doi.org/10.1007/BF01111346
http://msp.org/idx/mr/0201495
http://msp.org/idx/zbl/0144.26001
http://dx.doi.org/10.2307/1970382
http://msp.org/idx/mr/0171284
http://msp.org/idx/zbl/0152.21902
mailto:craigg@uwm.edu
mailto:ftinsley@coloradocollege.edu

PACIFIC JOURNAL OF MATHEMATICS
Vol. 288, No. 1, 2017

dx.doi.org/10.2140/pjm.2017.288.129

p-ADIC VARIATION OF UNIT ROOT L-FUNCTIONS

C. DOUGLAS HAESSIG AND STEVEN SPERBER

Dwork’s conjecture, now proven by Wan, states that unit root L-functions
“coming from geometry” are p-adic meromorphic. In this paper we study
the p-adic variation of a family of unit root L-functions coming from a
suitable family of toric exponential sums. In this setting, we find that the
unit root L-functions each have a unique p-adic unit root. We then study
the variation of this unit root over the family of unit root L-functions. Sur-
prisingly, we find that this unit root behaves similarly to the classical case of
families of exponential sums, as studied by Adolphson and Sperber (2012).
That is, the unit root is essentially a ratio of .A-hypergeometric functions.

1. Introduction

Dwork [1973] conjectured that certain L-functions, constructed as Euler products of
p-adic unit roots coming from the fibers of an algebraic family of L-functions, are
p-adic meromorphic. He proved this in a few cases using the idea of an excellent
lifting of Frobenius, but was unable to prove it in general, mainly because excellent
lifting in its original form does not always exist. Wan [1999; 2000b; 2000a] proved
Dwork’s conjecture using a new technique which avoided excellent lifting. In
the present paper, we extend Wan’s techniques, as established in [Haessig 2014],
by constructing a dual theory in which to study the p-adic variation of unit root
L-functions.

Let W be a nontrivial additive character on the finite field ;. Additionally, let
fely [Ai, R )L;JF, xli, R xf] be a Laurent polynomial, and consider for each
= (F;)S and m > 1 the exponential sum

Sw(fh)i= D> WoTrgman k, (f(h 5))
)?E([F;m-deg(i) )y
where deg(i) =[F, A : [, 1. Define the associated L-function by L(f, rT) =
exp(zmZl S (f, ) Tm/m). It is known that L( f, A, T)(_l)"+l is a rational function

Haessig was partially supported by a grant from the Simons Foundation (#314961).
MSC2010: 11T23.
Keywords: L-function, unit root, hypergeometric.
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with a unique p-adic unit root, say (%), which is also a 1-unit. The unit root
L-function of this family is defined by

1
1 — 7o ()< Tdee®’

LunicGe, T) =[]

LE|GS, /Fy

where « takes on values in the p-adic integers Z,. This is a p-adic meromorphic
function in 7 and a p-adic continuous function in «. As shown in a remark below,
Lunic(k, T)ED™" will have a unique p-adic unit root. We conjecture that the unit
root will have the following description.

Writing f(A,x) =) a,  AYx"* with a,, , € Fg, let a, , be the Teichmiiller lift
of a, , and write @ = (dy,u) (y,u)esupp(f)- Let T € @p be such that 77~ = —p.
Define a new polynomial f by replacing the coefficients of f by new variables
A, , for each monomial A” x", that is, define f(A, A, x) =Y. Ay A x". Writing
expnf(A, A, x) =) gyu(A)AYx", Adolphson and Sperber [2012] have shown
that G(A) :=go,0(A)/go,0(A?) converges on the closed polydisk |A, ,|, <1. Thus,
it makes sense to evaluate G(a) := G(A)|p—s. We conjecture that the unit root of
Lunit(k, T)CD™ s of the form (G(@)G(aP) - - - G(@""™))* where g = p°.

Our first main result will be to prove this conjecture when f (A, x) satisfies a
lower deformation hypothesis stated below. Our second main result, which explains
the paper’s length, is the development of a dual theory for L-functions of infinite
symmetric powers L (k, 7, T), defined on page 137. These seem to have a theory
similar to that of classical L-functions of exponential sums over finite fields. For
example, they display the same type of §-structure (10) as well as having an attached
p-adic cohomology theory (see, e.g., [Haessig 2016]). There is some slight evidence
that these may be related to p-adic automorphic forms.

As mentioned above, in this paper we study the p-adic variation of unit root
L-functions such as these. The following setup is similar to that of the above family,
but more technical for the following reason. As unit root L-functions come from
families, and we wish to study a family of unit root L-functions, we need to consider
a family of families. The role of the variables in the following is: x denotes the
space variables, A denotes the parameters of the family, and ¢ denotes the parameters
defining the family of families.

Let A be a finite subset of Z". We define the Newton polyhedron of A at oo,
denoted A (A), to be the convex closure of AUO0 in R”. We make the simplifying
hypothesis that every element u € A lies on the Newton boundary at oo of As(A),
that is, the union of all faces of A, (A) which do not contain the origin. In other
language this is the same as the hypothesis that w(u) = 1 for all u € A, where
w 1s the usual polyhedral weight defined by A, (A) (see the next section for
definition). The generic polynomial f, with x-support equal to A, is given by
f@,x)=>) tux" € Fyl{tuluea, xli, ..., xF], where u runs over A and {t,},c4 are

’7'n
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new variables. Let A (f)(= Ax(A)) be the Newton polyhedron at infinity of f.
Let P(A,x) € Fq[)nf, Co AR xli, ..., x£] be such that the monomials A”xV in
the support of P (A, x) all satisfy 0 < w(v) < 1. Such deformations were studied
in [Haessig and Sperber 2014]. It is convenient to assume the origin is not in the
set A and if AYx" is in the support of P, then v # O so that neither f nor P have
a constant term (with respect to the x-variables). This assumption will be made
throughout this work. Let G(z, A, x) := f (¢, x) + P(X, x).

We construct a family of L-functions as follows. Let 7 € (I]_:;)M', and denote by
deg(t) =[[F, (¢) : F,] the degree of 7, where [, (f) means we adjoin every coordinate
of 7 to [F,. We will often write d(7) for deg(7). For convenience, write g; := ¢¢®
so that ;. = [, (t). Next, letii € (ﬁ;)s. Denote by deg; (A) or a’;(i) the degree
[[qu(i) tFg s set g5 = qidfm and [qu = [Fqi(i). For each m > 1, define the
exponential sum

Sy (t, 1) = WoTry I, X
wt, 1=} WoTr, s, (G % %)
XG([FZ;nX)”
and its associated L-function
o0
L@, T):= exp( PG J\)Q—"’).
m=1

It is well-known [Adolphson and Sperber 2012] that L(z, X, T)(_l)"+1 has a unique
reciprocal p-adic unit root my(Z, A), which is a 1-unit. Let x € Z p be a p-adic
integer. For each 7, the unit root L-function is defined by

- 1
Lunit(e, t,T) := — =,
umt( ) . 1_[ l—no(t’ )\’)KTd;()n)
r€lG;, /Eq; |
where « takes values in the p-adic integers Z,. Wan’s theorem tells us that this
L-function is p-adic meromorphic and so may be written as a quotient of p-adic
entire functions:

p [T, (1 — ek, )T)
[172( =BG, 0T
Little is known about the zeros and poles of unit root L-functions. In Theorem 1.1
below we show, for each 7 and «, that L (k, , T)(_l)SJrl itself has a unique unit
zero (and no unit poles), which is a 1-unit. We then study the variation of this unit
root as a function of 7 and k. We note that the variation of the unit root L-function
with respect to the parameter « has been studied before in Wan’s proof of Dwork’s
conjecture, and is connected to the Gouvéa—Mazur conjecture [1992]. On the other
hand, as far as we know, the study of the p-adic analytic variation of the unit root

Lunit(Ka Ev T)(_l

a;j,Bj —> 0asi, j — oo.
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L-function with respect to 7 is new. To state the main result, first denote by 7 € Q »
an element satisfying 77~! = — p. Next, writing

G, A, x)=f(t,x)+ P, x)

= Z fux" + Z A(y, v)A"x"

€ [Fq[xliﬁ e I’l a)\'i ---a)";l:’ {tu}uesupp(f)],

let A(y, v) be the Teichmiiller lift of A(y, v) in Q, for each (y, v) € supp(P).
We now replace every coefficient A(y, v) of P(X, x) with a new variable A: set
P(A, A, X) := 3, pyesupp(p) Ay, vAY x? and define

H(t, A, L, x):= f(t,x)+P(A, A, x).
Note that the series

exp(TH(t, A, ), x)) = Y Ky, (t, ANV x"

VEZT
ueZ"

is well-defined, and its coefficients K, , (¢, A) are themselves elements in the power-
series ring Z ,[¢pl{tu}ueas {Ay v} y,v)esuppcp)ll, and so converge in the open poly-
disk D(0, 17)AIFIsupp(P)l which is defined by the inequalities |f,| < 1 forall u € A
and |A, | < 1forall (y, v) € supp(P). Of particular interest is K¢ o(?), a principal
p-adic unit for all  and A in the polydlsk Define F(t, A) := Ko, 0(t, A)/Ko,0(t?, AP)
and set F,, (¢, A) _]_[m 1]—"(#’ AP, By Adolphson and Sperber [2012], F(¢, A)
analytically continues to the closed polydisc D(0,17)MIFIsWP(P)l defined by |1, <1,
ueAand |A, | <1, (y,v) €supp(P).
Theorem 1.1. Let f be the Teichmiiller lift of t. Then

ad(t) A ‘

Faa@ A =[] F@¥', APy

i=0
is the unique unit root of Ly (k, I, T)(_l)x+1 at each fiber t and k € Z,, where
Fad @) (t, A) means setting each t, = t, and Ayy= A(y, V).

Remark. It is worthwhile to compare this result to the result in [Adolphson and
Sperber 2012]. To that end, consider the (total) family H (¢, A, A, x) above. For
eachf € (E;)'*‘” and m > 1, define the exponential sum

Sw(H. D)= > WO Tr , 4o /5, (H (T A, 2 5)).
(X,)})E([F;mvdeg(f) )X (ﬂ:xm-deg(f) )y

Define by L(H, 1, T) :=exp()_,,~; Su(H,)T™/m) the associated L-function, a
rational function over Q(¢,). By [Adolphson and Sperber 20121, L(H, 7, T)~ Dl
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has a unique p-adic unit root given by F 4 (7, A). As mentioned above, this
relation should conjecturally hold in greater generality.

Remark. The existence of a unique p-adic unit root is a general result for unit
root L-functions defined over the torus G;,. This includes the classical case of L-
functions of exponential sums defined over the torus; see [Haessig 2014, Section 3]
for details.

To give an indication of the proof, we use the language of o-modules. See
[Haessig 2014] as a reference for the following notation. Let K be a finite ex-
tension field of @, with uniformizer m, ring of integers R, and residue field [F,.
Let (M, ¢) be a c - log-convergent, nuclear o-module over R, ordinary at slope
zero of rank one (ho = 1) with basis {e;};>0. Assume further the normalization
condition ¢eg = ey mod(r) and ¢pe; = 0 mod(sr) for all i > 1. With this setup, it
follows that the associated unit root L-function Ly(x, ¢, T)(_l)x+1 has a unique
p-adic unit root (and no unit poles). To see this we first note that, by [Haessig
2014], Lunit(x, @, T)(_l)s+1 = det(1 — FpiiT) mod m. Next, it follows from the
normalization condition that the matrix B¥! takes the form ((1) 8) mod 7, and thus
det(l1 — FgaT) =1 —T mod 7. Hence, the Fredholm determinant det(1 — Fgi1T)
has a unique p-adic unit root proving the result.

2. Lower deformation family

Let f € Fy[{tu}uesupp(s) xf, ey x,jf] be of the form f (¢, x)=>_ £, x". In particular,
the coefficient of every monomial x” in f is a new variable #,. Denote by A (f)
the Newton polytope at infinity of f, defined as the convex closure of supp( f)U{0}
in R". Let Cone( f) be the union of all rays emanating from the origin and passing
through Ao (f), and set M := M (f) := Cone(f)NZ". We define a weight function
w on M as follows. For u € M, let w(u) be the smallest nonnegative rational number
such that u € w(u)A(f). It is convenient to assume w(u) = 1 for all u in the x-
support of f. In particular this implies that f has no constant term. Let D denote
the smallest positive integer such that w(M) C (1/D)Zs¢. The weight function w
satisfies the following norm-like properties:

(1) w(u) =0if and only if u = 0.
(2) w(cu) =cw(u) for every ¢ > 0.

3) wu+v) <w(u)+w) for every u, v € M, with equality holding if and only
if u and v are cofacial.

Itis convenient to assume the lower-order deformation P € I, [Ai, s )\ﬁt , xli, ... ,xni]
has no constant term so the origin in R” is not in the x-support of P. In fact, if
we write P(A, x) =), 4 P«(M)x", then 0 < w(u) < 1. Our lower deformation
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family then is defined by G (¢, A, x) := f(t,x) + P(A, x). Set

(1) Ui={ ()7 €@ | (.0 € supp(P) |,

and let I' := A (U) C R®. Similarly, define M (I") := Cone(I") NZ® with associated
polyhedral weight function wr. The polyhedral weight makes sense as well on
points in Cone(I") having real coordinates. Since 0 < w(u) < 1 for (y, u) € supp(P),
it follows that wr(8) < 1 for any 6 = y /(1 — w(u)) € U. Equivalently, wr(y) < 1
for any (y, u) € supp(P). We call T the relative polytope of the family G (x, t).

Rings of p-adic analytic functions. Let ¢, be a primitive p-th root of unity, Q, be
the unramified extension of Q, of degree a :=[[F, : [, ], and denote by Z,, its ring of
integers. Then Z,[¢,] and Z,[¢,] are the rings of integers of Q,(¢,) and Q,(Z,),
respectively. Let 7 € Q p satisfy ? ~!'=—p, and let 7 be an element which satisfies
ord,(7) =(p—1)/ p%. We may have occasion to work over a purely ramified
extension Qo = Q, () of Q, with uniformizer 7 which contains Q,(¢,, 7) and
for which 7 is an integral power of 7. Let Q = Q, (7). Denote by R the ring of

integers of €2, and Ry the ring of integers of 2. Set

Op = { > Ccipmm N ‘ C(y)eR,C(y)—>0asy — oo}.
yeM(T)

(We note that the fractional powers of 77 are to be understood as integral powers of
a uniformizer of R.) Then Oy is a ring with a discrete valuation given by

Z C(y)kyﬁwr(y)

yeM(T)

= sup [C(y)l.
yeM(T)

Define

Co(Oo)i=1E= ) sm)ﬁ“’“”x”(s<u>eoo,s<m—>0asu—>oo},
HEM(f)

an Op-algebra.
In the following, g = p“ is an arbitrary power of p (including the case a = 0),
so we can handle the cases of #7, t7, and ¢ at the same time. Define

(2) Opy:= { Z C)N 72 | C(y)e R, C(y) > 0asy — oo}.
yeM(T)

This ring is the same as Oy except using a weight function defined by the dilation gI"
(thatis, wyr(¥) =wr(y)/q). We note that here Op 1 = Op. A discrete valuation may
be defined as follows. If & = ZyeM(l") C(y)awar®Mpr e Oo,4 then the valuation
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on Oy 4 is given by

1&]:= sup |C(y)I.
yeM(r)

We may also define the space

3) Co(Oo,¢) ::{ Z £, x 7

§,€00,4,6u—>0asu — oo}.
ueM(f)

For n = ZueM(f) g_-uf[w(u)xu € CO(OO,q), we set

Inl=sup &
ueM(f)

Frobenius. At present, we fix € (F,)!!, returning to variation in 7 in the last sec-
tion. Recall the notation deg(r) =d (7) = [F4 (7) : Fy] and ¢; = g% Nowlet 1 e (qu.
Similarly, denote by deg(2) or d (%) the degree [F, (A, £) : [, (£)], and ¢; 5 = gdDde)

Dwork defines a splitting function by 6(T) :=exp(T —TP) =Y 0,6, T". It
is well-known that ord,,(6;) > i(p — 1)/ p? for all i > 0. Writing

G, hx)=fE, )+ PO x) =) fux"+ Y Ay, v)Mx"

inFg [x7, ... xF kl,...,kf],welet

b n b
G(f, h x):= qux” + ZA()/, VAV xV e R[xfc, ...,x,jf, )»I—L, el )»?E]

be the lifting of G by lifting the coefficients A(y, u) and 7 by Teichmiiller units. Set

4) FiEax)= [[ ed@x- ] 6@A@ v

uesupp(f) (y,v)€supp(P)
and for any m > 1,
m—1

(5) Fu(i,n,x) =[] F' @07 xP),
i=0
where o is the extension of the usual Frobenius generator of Gal(Q,/Q,) to

with o () = 7. Then, o acts on a series with coefficients in Q by acting on these
coefficients. Note that if we set

Fu.rx)= Y B'wx"= Y B"(y,wi’x",
ueM(f) yeM(r)
ueM(f)

then

wr(y) +ww) p—1

ord, (B" (y, u)) > o1 2
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Define ¥, by Y C(u)x" +— ) C(pu)x". Set
a:=0lo Ve o F(f, A, x).

A similar argument to that in [Haessig and Sperber 2014] demonstrates that ¢ is a

o ~!-semilinear map of Cp(Op) into Cy(Oy, ). Similarly, for m > 1, if we define

ap =0 "oy o Fu(t, A, x),
then o, maps Co(Op) into Co(Oy, pm). In particular,

U (ﬁ,w(v)xv) — Z ﬁ,w(v)fw(u)Bm (pmu o v)ﬁw(u)xu’
ueM(f)

with ord, (T~ WB™ (p™u—v)) > ((p— Dww) + (1 —1/p" Hw(v)) ord, (7).
Summarizing, in Co(Op, ) we have |a, (7¥@xV)| < |7 |w @@ =D/

Fibers. Define

o yad @G
o 5 = a4

© Fuqqpracy (4. %),
where 7 and A are the Teichmiiller representatives of 7 and A, respectively. Notice
that o 5 is an endomorphism of Co():), where CO()A\) denotes the space obtained
from Cy(Op) by applying the map on Oy which sends A to A

To relate the L-function L(z, X, T) to the operator o; 5 it is convenient to introduce
the following operation: for any function g(7'), define g(T)% :=g(T)/g(qT). Set
g; 5. := q?D?®_ Dwork’s trace formula states

(g% = V" Tre’, [ Co) = 3, WoTrs, /e, (G4, )
Fe(Fry, )" §
1,k

Equivalently,

)n+1

- N

LG % T)D" =det(l—o; 5T | Co(h)) 5.

This is a rational function, and it is well-known that L(7, A, T)(_I)HH has a unique
unit (reciprocal) root 7o (7, 1) (see [Adolphson and Sperber 2012], for example).
This unit root is a 1-unit, so it makes sense to define, for any p-adic integer «, the
unit root L-function at the fiber f:

(6) Luite.i. )= [] 1

~ 1= (F, M)k Tdee®)
AelGs, /F, (0] o(t, 4)
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Denote the roots of det(1 — o; ;T | Co():)) by 7;(t, 1), and order them such that
ord, 7; (t, A < ord, ;11 (t, 1) for i > 0. For each m > 0, define

LY (1, T) =

[T TT0-m0G 0 "m0 i, G, Ry, G 3 -+, G, TR )
AelG, /Fq;

where the inner productruns over all r>0, 1 <i; <ip <---,and 0< j1 < jo <+ - - < ji.
Note that the factors indexed by i are allowed to repeat, whereas the factors indexed
by j; are distinct. Intuitively, the inner product is det(1 — Sym* ™™ o; ; ® A"a; 5 T).
From [Haessig 2014, Lemma 2.1],

(e8]
(7) Luni(e, 7, T) = [T LD (e, 7, V0D
i=0
=LOG, 7, ) [] LD, 7, YD,
i>2

In the next section, we will show each L® with i > 1 has no unit root or pole,
whereas L@ will. This will show Lyii(x, 7, T)(_l)x+l has a unique unit root.

3. Infinite symmetric powers

Denote by S ()A») = R[)z][[{eu}uE m\(oy ]l the formal power series ring over R[i] in
the variables {e, },em\ 0y which are formal symbols indexed by M \ {0}. We equip
this ring with the sup-norm on coefficients (in R[A)). This ring will play the role
of the formal infinite symmetric power of Cy ()A») over R[):] in a way we describe
below. It is convenient to write the monomials of degree r in the variables {e,}
using the notation e, :=e¢,, - - - ¢,,, where uy, ..., u, € M(f)\ {0} for r > 0. To
fix ideas, it helps to assume we have a linear order on M (f) \ {0} with the property
that if w(u) < w() for u,v € M(f) \ {0}, then u < v. We may extend this to
all of M (f) by taking O as the least element. We then agree that in this notation
we have 0 < u; <up <--- < u, (equality indicating repeated variables). When
r = 0 we understand there is only the monomial 1 of degree 0. We extend the
weight function w to such monomials by defining, for e, :=e¢,, - - - ,,, the weight
w) :=wu)+- - -+wu,). Denote by S(M) the set of all indices # corresponding
to monomials e,. We emphasize that we will often equate elements u € S(M) with
the monomials e,; it should be clear from the context which meaning is desired.
We may assume S(M) has a linear order defined on it such that the weight w(u)
is nondecreasing and such that the restriction of this linear order to M (f) is our
earlier linear order.
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We may identify Cy ()A\) as an R[)A\]—submodule of S ()A\) by defining an R[X]-linear
map

T:CM) —>SAh) via > EFVxr—E+ Y e
ueM(f) ueM(f)\(0)

That is, the image Y (Co(X)) consists of the powers series with support in the
monomials of S ()A\) of degree < 1 with coefficients {§,},em(r) C R[)A\] satisfying
£, — 0as u — oo. Note that Y(7*®x") = e, for u € M \ {0}, and Y (1) := 1.
Define the R[X]—subalgebra of § (i)

S0 = {s: > &@ey |E@) € RIAL E@) — 0as w(u)—>oo}.

ueS(M)

Hence, T(Co(k)) - SO(A) Note that we may write o; ; (1) = 1 + n(x) for some
element n € Co(A) satlsfylng In] < 1 with support of n in M(f) \ {0} For
E=) &me, € So(A), define |£] := > ueson [E@)|, which makes So(X) a p-
adic Banach algebra over R[A]. Then for any ¢ € CO(A) IT(¢)| = |¢]|. It fol-
lows that (T oa; ,\(1))’ is defined and belongs to So()\) for any T € Z,. Define
[at 51e S0 (A) — Sy (A) by extending linearly over R[A] the action on monomlals
of degree r:

[t 3 e (ewy <+ €w,) = (Yoo 3. (1)) (Toa; 5 (R H“Vx™)) -+ (Yoo 5 (7" x"r)).

By a similar argument to [Haessig 2014, Corollary 2.4, part 2],
o¢]
det(1 —[o; 31T | So@) = [T [(1 = mo . 2", 2. 2) -+ 7, (2, MT),

where the inner product runs over all multisets {iy, ..., i,} of positive integers of
cardinality r satisfying 1 <ij <ip <---.

Infinite symmetric power on the family. Denote by S(Op) := Opll{e,}uem\ o]l
the formal power series ring supported by the monomials S(M), with coefficients
in the ring Op. As in the constant fiber case above, this ring is equipped with the
sup-norm on coefficients. Define the p-adic Banach algebra over Oy,

50(00) = {s = Y EWeu |E@) € 00, E@) > 0as w(w) — oo}

ueS(M)

= ig = Y C.wa"Pie, ‘
yeM()
ueS(M)

C(y,u) e R,C(y,u) - 0as wr(y) +wu) - OO},
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and similarly, for any ¢ = p“ an arbitrary power of p (including the case when a =0),

So(Opq) = { > e |E@) € Oy @) > 0 as w(w) — oo}.

ueS(M)

Note that So(Oy ) is a p-adic Banach algebra over Oy , with S(M) an orthonormal
basis. We embed Cy(Op4) — So(Oop,4) via a map Y defined in the same way as
on the fibers. Again, (T o, (1))* € So(O, pn) for any T € Z,. We define a map
[t ] = So(Op) — So(Op, ) as follows. On a basis element e, = ¢y, - - - ¢,, with
r>0andO<u; <---<u,,

[am](en) = [am]/c(eul te eu,)
1= (Y 0 (1) (T 0 (W) -+ (T 0.0 (1))
Ifr=0,
[ot ] (1) := T (et (1))*.

We may calculate an estimate for a,, (7 ”™x"), where we recall that «,, :=
o ™oy o Fy(f, A, x). As noted earlier, we may write

®) Fu(tax)= Y By, v)a@r@uen/e" iy
yeM(),veM(f)

m—1

with ord, B(y, r) > 0, and set B" (y, v) = B(y, v)7 @r®Tw®)/r" go

U (T OX1) = Y (Fo (£, 2y x) - 705"
_Z ~ (wr (Y)+w(p™v—u))/p" +ww)—wr (y)/p" —w ()

X B(V, PmU _u) .ﬁwl"()/)/p )\‘}’ ~w(u) U)

We note that

BV () — w(v) 2 pu(v) — 2 4 w(w) — w(v)

> (p— 1>w<v>+” i ).

Hence,
9) Y (ot (RO x| < |7 [P0 =D/

The R-linear map ¥, : So(Oo, ) — So(Op) is defined by

Vit Y Ay wi e — Y Alpy.uw)iTe,.

yeM () yeM(T)
ueS(M) ueS(M)
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We may in the usual manner view Sp(Qp) as a p-adic Banach space over R with
orthonormal basis {7*T " AYe, | y € M(T'), u € S(M)}. Then

Bei =1 o [auyile : So(Op) = So(Oy)

is a completely continuous operator (over R). Set B := {e, | u € S(M)}. Let
B[K](A) be the matrix of [a,4(; ]« With respect to B, the basis of Syp(Op) over Oy
(as well as Sp(Op, ,m) over Op, ,m). The entries of B[K ](A) are series with support
in B and coefficients in Og ,» (which tend to 0 as w(u) — 00). We may write
BM () = > emry PYIAY, where bl is a matrix with rows and columns indexed

by M(I') and entries in R. We deﬁne the matrix Fpie (bq y—u)(y.p) indexed
by y, u € M(T"), and we set bqy w=0if gy — ¢M(F) Note that Fy is a
matrix with entries in R whose (y, @) entry is again a matrix in R with rows and
columns indexed by M (I"). As we showed in [Haessig and Sperber 2014, §2.3],

F i is the matrix of the completely continuous operator B, ;, and as such it has a

weil defined Fredholm determinant. In particular, the Dwork trace formula gives
(" = 1° Tr(,B"ZE) =(q/" = 1)’ Tr(FZE[K])

= Z TI‘(BE[K]():qu_]) . B;[K](iqZ)B[K]f():))

A —1=1

= Z Tr(log 3 17 | So(h)).
he(Ep)’
A=Teich(})

Using an argument similar to that succeeding [Haessig 2014, (8)], it follows that
(10) LOG, 7, TV = det(1 - B, ;).

Since the Fredholm determinant det(1—p8, ;T) is p-adically entire, this demonstrates
the meromorphic continuation of L (k, 7, T). Since the matrix of ﬂK : shows that
det(1— B, ;T) has a unique unit root, it follows that L© (k, 7, T)""""" has a unique
unit root equal in fact to the unique unit root of det(1 — B, ; 7).

In a similar way, define on the space Sp(Op) ® A"Cy(Op), the operator ﬁ )

d
a ® ([aad(t)]x—m QA Olad(t))' Then
L (e, 7, 7)™ = det(1 — 1%
In particular, for m > 2, due to the wedge product, L™ (i, 7, T)"D""" has no zeros
or poles on the closed unit disk. Hence, by (7), we have:

Theorem 3.1. L,i(k, 7, T)(_l)m has a unique p-adic unit root which in fact is
the unique unit root ofL(O) (k, 1, T)(_l)m.
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4. Dual theory

In this section, we define a dual theory for the operator B, ; acting on Sy(Op).
We begin by defining a dual map to 4. For ¢ = p“ an arbitrary power of p
(including the case a = 0) define the Oy ,-module

C5(Do.q) :={ D Swm

ueM(f)

"i:(u) € OO,q},

equipped with the sup-norm on the set of coefficients {&(u)},em(r). Define the
projection (or truncation) map

Pry(sy Z Aw)x™" — Z Alw)x™".
uezn ueM(f)
For each m > 1, define
@y =Pl 0Fm (@, A, x) 0 @V 00,
where o € Gal(£2/ ) acts on coefficients (as mentioned above), and &, acts on
monomials by &, (x") := xP“.

Lemma4.1. o, :C5(Oo, pm) — C;5(Oo, pm) is a linear map over Og, pn. Furthermore,
writing
o @) = Y Cua I
zeM(f)
with Cy(z) € O, pm, then Cy(z) — 0 in Op pm as w(v) — o00. In addition, we may
write o, (1) = 145, (X, x), with 0y, (A, x) € C5(Og, pm) having |n;;,| < |7T].

Proof. We consider o (7 *®x~?) with v € M (f). Using (8), we may write this as

A= T (Biy, - A

ZeEM(f)
yeM(T) < ﬁ—w(v)+w(z)+(w(—2+p’"v)/p’"");T—w(z)x—z).
Since
—w(©) +w(2) + w4 p"o) = Lt w@) + (p— Dw),
we see that
(1) o (7T = 7 PTG ),

where ¢ (A, x) € C5(Oo, pm).
If &% € C5(Op, pm) With ¥ =3y 1y Ay(W)7 "XV, then

an @)= Y FPTOAQ)L (A, x) € Ci(Op,pn).
veM(f)
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Finally, note that by the above,

m—1

ap(=1+ > By, 07"/
yeMD)\(0)

+ Z B()/, _Z)ﬁw(z)-i-(w(—z)/pm—l)(ﬁ_w(y)/pmﬂ)\‘y)(ﬁw(_z)x_z)‘

zeM (f)\{0}
yeM ()

This proves the lemma. O
Define
Ap = { Z A(y)M'|A(y) € R and A(y) — 0 as w(y) — oo}.
yeM ()

For g, and ¢, any two powers of the prime p, define a pairing
(-,) 1 Co(Op,q,) % C3(Op.4,) — Ao
by
(&, %) := the constant term with respect to x of the product & - &*.

This product is well-defined since if {11 (v)}yema) C Qo,q, With n1(v) — 0 as

w(v) — 00, and {n2(v)}vema) C Op,4,» then ZveM(F) ni(w)n2(v) € Ag. Next let
& € Co(Op), &* € C;(Op, pm). Writing F,, for F, (f, A, x), observe that

(12) (W) 0 Fin)§, &%) = (Fu, @YE™) = (&, (prygcp) o Fim 0 PY)(E)).

Symmetric powers. We construct in a now familiar manner formal k-th symmetric
powers of Co(Op) and Cg(Op, pm) over Op. Similar to the construction used above,
we consider a linear order on {# € M (f)} under which the weight is nondecreasing,
say 0 =ug <u; <---. We will for convenience of notation write the “basis” as
(E,:=7"®Wx" |y e M(f)}, and the k-th symmetric power of the basis as

Eu:=Eule "Eujk (OSJISJZSSJk)’

Ujy "
where u runs over multisets of indices of cardinality k, say
{w=(uj,ujp, o uj) |0<ujy <ujy <---<uj}.

Defining

Symfy, Co(Op) = {s =Y &WE,

§u(d) € Op, u(A) — O as w(u) — +00},
lul=k

we then define the map

Sym* @,y : Symy, Co(Op) — Sympy, , Co(Op,pm)
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as follows. Let

an @Oy = Y AT )FxY

veM(f)
= Y A ()E,.
veM(f)
We know from Section 2 that
Al = > &R OBT Gy, Pty —u)).

yeM[),veM(f)

Then
Sym* & (Ey; Euyy -+ Euy) = Y Ap 0 G- AL (DEy, - Eyy,

where the sum runs over all v;, € M(f) for each i, 1 <i < k. Since, by above,
ot (P x1)| < |7|2@E" ™ =D/P"™" therefore SymF (o) is a completely continu-
ous map. The map YT may be extended to Sym’éo (Co(Op)) = Sp(Oyp) as follows. For

u=(uj,...,u;) an ordered multiset of cardinality k with elements in M (f), set
e if j; >0,
Y(E,) = { ‘ A .
Cutjpyy €ty """ Cutjy if jj=jp=---=j=0.

Thus T(Sym'(‘f)O Co(Oy)) consists of all power-series with coefficients in Oy and
support in monomials e, of degree < k, with coefficients going to 0 as w(u) =
wuy) + -+ wu,) = oco.

We have as well a dual variant

Symey, , Co (O, pm) 1= { 3 AuGIEL | Au(h) € oo,pm},

lu|=k

where we denote E* := 7 %@ x~" for each u € M(f), and using the linear order
above write for each multiset u = (u;,, ..., uj,) of cardinality k of indices, with
J1 <. < jrweset By :=E; ---E; . Then

Sym](co&pm Cp (O, pm) = { Z EWE] | E(u) € O pm },

|u|=k

there being no requirement here that the coefficients tend to 0 as w(u) — oco. Since
oy, 2 C5(Oo, pm) = C5(Op, pm), we may define for u = (uj,, ..., uj),

Sym (e ) (Ep) = D Ay ODA, ) () - Ay (WES,

Jk
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where v = (vy,, ... vy, ), the sum runs over v, € (F7vWx=u |y e M(f)}, and where

ok (AP = D vemis) An LA @ x~? The map Sym* (" ) then is defined

on Sym'(‘go’p since, as we noted earlier in (11), |of (7 V@ x~4)| < |7 |w@P=D,
We extend the pairing above to these symmetric power spaces by “linearly” ex

tending the following: for decomposable elements § =& - -- & € Syrn”fo0 0 Co(Oo,4,)
and £* =&+ §F € Sympy, | C5(Oo,g,),

k
(13) (E.6%) = (&1 & & EDe =4 Z H ELEX ),
€Sy i=1

where S; denotes the symmetric group on k letters. This pairing (-, ) is well-
defined since Ay is a ring. It follows from (12) that, for & € Symk Co(Op) and
‘é):* € symk CS(OO,q;)s

(14) (Sym* @aqpy, E )k = (&, Sym* oy E e

Infinite symmetric powers. Denote by S5(Oo) := Oglle;; : u € M\ {0}]] the formal
power series ring over Oy in the variables {e};},em\ (0}, a set of formal symbols
indexed by M \ {0}. We endow S *(Oo) with the sup-norm on coefficients. Mono-
mials in S5(Op) have the form ey, := ey ey ---e; , where uy, ..., u, € M(f)\ {0}
forr > 0, and ¢ := 1 when r = 0. Thus, elements in the ring may be described by

S4(0p) := {s* = Y E'we] }
ueS(M)

Using the same notation as before, define the embedding Y : C;(Og) — S;(Op)
by Y (7~ V®Wx™") ;= e} foru € M \ {0}, and Y (1) := ¢} = 1. For each m > 1,
recall from Lemma 4.1 that o;;, (1) = 140}, (A, x) for some element n};, € C5(Og, pm)
satisfying |ny| < 1. It follows that (Y o a;,(1))" € S;(Oo, ) for any © € Z,.
For m > 1, we define the map [, ], : S5 (Oo,pm) = S5(Oo, pm) by

(15) [a,lcley,, ---e,)
= (X (e, (D)™ (ot (77 2710))) - (F (e (@2 7)).

The product on the right side makes sense and lives in S§ (O, ;) since S5 (O, pm)
is a ring and each factor is clearly in S;(Op, pm). Furthermore,

(16) i le ()| < 7P~ Dw@),
Define the R-module

05 ¢={§*= > H(y)ﬁ‘ww(y)w\@*(y)eze}.

yeM(T)
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Here we do not insist that the coefficients go to 0 and we do not claim O q is a
ring. As usual we define an absolute value on O g by [$¥] := sup,eprry [ (V)]
For series in A, we define a projection (or truncation) map

Py ZA()/))F’W—) Z A(y)r77.
y ez’ yeM @)

Note that for any ¢ a power of the prime p, if v, y’, and § all belong to M (T")
with y —y" = =8 then wyr (y) — wyr (¥') = —w,r(8). It follows that, for £ € Op 4
and £* € (’)g’q,
(17) Py (& -£%) € O,
Define the R module
Sg(O0F) == {a) = Y &'(.wF VAT |y u) € R}.
yeM @)
ueS(M)

Define the map @, by A — AP. We define an R-linear map
s
Bl 1 1= Pragcr ol le 0 @5
by “linearly” extending over R the action
,3:,;()\_)/3:) = PI’M(F)()L_%Y : [a:d([)]l((e;:))'
Lemma 4.2. ,B:j is an R-linear endomorphism of S;(Oy).

Proof. We have remarked already that [o, (E)] « 18 a well-defined endomorphism of
S5(Oo,4;)- As such, we may write for each u € S(M),

[l lelen) = D Bulo. )7 5" V%) € S5(Oo4).

oeM((T)
veS(M)

with By (0, v) € R, and By, (0, v) — 0 as w,.r (o) +w(v) — oo using (16). For w* =
ZyeM(r),ueS(M) w*(y, u)fr_wr(y))»_ye;’; € 5;(0Of), we have

/3:,[(‘0*)=PYM(F>( D @' M)ﬁ_wr(”)l_q’y'[“;kdo)]K(e;))

yeM(I’)
ueS(M)

=PIy ( D AT Y "0 (v, u) Y Bu(o, v)ﬁ_w”’fr(“)ﬁ_wr(y))‘ae:)
yeM(I) ueS(M) oceM ()

veS(M)

= Y Cr.oi i7",

teM (')
veS(M)
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where

Clr,v):= ) D o (y,wBy(o, v)i rHwar@ter@,
ucS(M) y,oeM (')
qiy —0=T

Observe that the exponent of 7 satisfies

—wr(y) + wgr(o) +wr(r) > (1- ql?)wr(f),

so that the term 7 ~%T ) +Wgr@+wr @ i¢ hounded in norm by 1 since w(zr) >0, and

w*(y, u) and By, (o, v) € R. On the other hand, B, (o, v) — 0 as wr (0)+w(v) = 00
so that the coefficient C(z, v) is defined, in R, and B (0*) € S5(Op). Clearly it is
R-linear. U

Estimation using finite symmetric powers. It is useful to estimate B, ; and ,8:7?
using finite symmetric powers. For monomials e, or e}, with u € S(M), u =
(uy,...,u)e(M(f)\0)", we say as usual that the degree or length of ¢, or e} is r.
For & € §p(Oyp), define length(&) as the supremum of the lengths of the monomials e,
in the support of £ (i.e., those terms appearing with nonzero coefficients). In the
case length(¢) = r, we may write & = Zlul < &(u)ey,, and & may be a series (not
a polynomial), since M (f) and the set of monomials of degree < r are infinite in
general. Similarly for &
Let k be a positive integer. Define S(()k)(Oo) = {& € Sp(Op) | length(§) < k}.
Then the map
E{ " Eyy - Ey —> eyyuy - €y

r

identifies Sym* Co(Op) with S (Op) as Op-submodules in Sp(Oy). Similarly, we
identify Symk Cy(Oo) in S§5(Op) as the Op-submodule Sg (k)(OO) of power series
in {e} | |u| <k} with coefficients in Opy. By transfer of structure, we have a pairing
(i 857 (00) x 859 (00) > 0.

We now work over R and define a new pairing (-, )z : S(()k> (Op) x Sg ) (Op) — 2
as follows. (Here again SS‘ (k)((’)ﬁ) is the R-submodule of S;(Oy) of series with sup-
port in monomials of degree < k, namely {e}, | |u| < k}, with coefficients in OF.) Let

Ei= Y Ey,wER" e, € S (0p),
yeM),ueS(M)
= Y g w0 e ;N O0)),

oeM(),veS(M)

and set

(£ 8= Y E(, wE (v, w)lew, €,

yeM(I)
uesS(M)
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where (-, -); was defined above. (Observe that as defined, a denominator k! is
introduced, so (e, €})i is a rational number with p-adic valuation bounded below
by —k/(p — 1). This is independent of u, so (&, £*); is well-defined and takes
values in the R-submodule of €2 consisting of elements with ord, ¢ > —k/(p —1).)
It is useful to think of (&, £*); as the constant term with respect to A and the e, and
e, of the product & - £*, where the product ¢, - e} is defined to be zero if u 7 v and
(eu, ek ifu=n.

Let k,, be a sequence of positive integers which tend to infinity (in the usual
archimedean sense) and such that lim,,_. k,, = « p-adically. For each m we
have a Frobenius map Sym*” (Aga()) On Sym*" C,(Oy), as well as a Frobenius
map Sym*” (o, (i)) on Sym*” Cy(Oo,4;)- By transport of structure, we have then
a Frobenius map [&t,q()1Gc;m) ON S(()k’”)(Oo) and a dual Frobenius [O‘Zd(i)](Kim) on
S(’)k(k’")((’)o,q;). We extend by zero these maps to all of So(Op) and S;(Oo 4.), re-
spectively. That is, we define

[aad(f)]km (eu) if |u| = kma

o - . e =
[@aa i) e;m) (ew) :0 otherwise.

To avoid any possible confusion, we note

[O‘ad(i)](/c;m)(eul s eu,)
= (T 0 0gq iy ()" " (T 0 0uqpy @ “Vx™) -+ (Y 0 gy @ x")
~ K —
= (Sym*” @) (Ey" " Euy -+~ Eu,),

when r < k,,. Similarly

A ’ 0 otherwise.

Lemma 4.3. limy, o[@aq) lc:m) = [Qaaiyle as maps from So(Op) — So(Op,g;)-
Proof. Write

(18) ([O‘ad(i)](lc;m) - [aad(f)]l()(euleuz tee eu,)

= (T @aaiy (D)™ = Y (@uaiiy (D))
X (Y (@gqiy @O -+ (Y (@gay @ x))).

If r <k, then the first factor on the right may itself be factored into
=Y (@ (D) (1= (X (@ (1)) 7).
If k = ky + p*™o,, (with T(m) — oo and o,, € Z,) then

|1 - (T(aad(i)(l))k’”_"| < |77[T(H1)+1

’
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as in the proof of [Haessig 2014, Lemma 2.2], and using the estimate (9). If r > k&,
then (18) becomes
(lewa Jiesm) — [@taa@ I ) (ew)

= —[ualceu

= = (@aay (D)™ (X @y TV x"1)) - (X (i) (7 x")).
Applying (9) to the r rightmost factors we see that

~ ad(t)—1__ ad(t)—1
|(ltaa iy liesm) — [Qaac I )eu| < |77 [P D/p .

But w(u) > rwg > k;,, wy (where wo := min{w(m) |u € M(f)\ {0}}). In terms of
the operator norm,

~ 3 ad()—1 __ ad()—1
Ietaaiyle = [@aaqiloem || < |7 PMEOD+Lknwo(pe T =) /ptT07T,

As k;, and t(m) both tend to infinity as m grows, we see that
mli_>moo[05ad<i)](x;m) = [2uaq) - O

In an altogether similar manner, for u 7 0 we have, by Lemma 4.1, that
af (77 x ") belongs to C(Op, ), and (recalling (11))

Ia:;l(ﬁ_w(”)x_”)l < |7.~[|(P—1)w(u).

Also oy, (1) = 1 +n*(X) with n* (1) € Op, pm and [n*(X)| < |7|. With these observa-
tions, an entirely similar argument shows limm_mo[o(: '/ (i)]("2 my = [oz;k ’ (;)],{ as maps
from S5(Oo,4,) — S;5(Oo,q4,). Define

. d(t)
ﬁ(/{;m),i = w}(f ° [aad(f)](lc;m),

. d(@)
ﬁfx;mn = PIm(r) o[a:d(i)](K:rn) o @3

As ¥r; and @, are bounded maps, it follows that as operators on Sp(Op) and S;(Op),
respectively,

(19) mli_)nloo Bw:myi=Bei and  lim 'B(*K;m),f = ﬁ:’;.
Lemma 4.4. For £ € S\ (Og) and £* € S;“(0F),

(20) Bl i€ § o = (6 Bl 16 -

Proof. With £ € 8§ (Op) and £* € §;%"(0y,,,), we may rewrite (14) as

(20 ([Olad(i)](/c,m)Ss S*)km = (&, [a:d(;)](fc;m)s*)km .
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By linearity we only need consider £ = 1”e, and £* = A7 ¢}, where y,o € M(I")
and u, v € S(M). We may write

(€us [y loem e, = Y COAT.
teM(T)

Next, observe that

(€, §" )k, = (€, PrE" )i,

Hence, in the case £ =AVe, and £* = A" %¢;,
s
Bue:mé- €k, = ([@aap o D576,
= the constant term of [A” ™% ([oty ()l (c:m)€u> €k, )

= the constant term of [AY "% (e,, [a;‘d(i)](,(;m)e;’j)km] (by (21))

= the constant term of [Ay_qf“ Z C(r))f}
TeM(I)

_ [Clgio—y) ifgio—y e M),
0 otherwise.

In the other direction, again setting £ = A"e, and £* =1"%¢},
(&, Ble:m)& "k, = the constant term of [A” - pry, ) (A7 (ey, [oz:d(;](,(;m)e:)km))]

= the constant term of |:)J’ -prM(r)< Z C(r)k(q’”’))}
teM(T)

= the constant term of [)J’ . Z C(f))ﬁ(‘lr”—f)]

teM(T) such that
gio—t1eM(T)

. {C(%U —y) ifgo —y e M),
o otherwise. O
Observe that ., ; and B, ; are completely continuous operators on the p-
adic Banach R-algebra Sp(Og) (viewed as R-algebra) with orthonormal basis
(FUrMaYe, |y e M(T), u e S(M)}. Let To(R) be Sp(Op) viewed in this way as an
R-algebra. Similarly, write 7;"(R) for the b(I)-space (over R) in Serre’s terminology
with “basis” I := {7 7WrA"Vek | y € M(T'), u € S(M)} with coefficients in R.
Again, 7 (R) is just S5(Of) viewed over R. Then

lim det(1 — B ;T) = det(l — B, ;T).
m—00
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Similarly, 8* G ; 1s a continuous R-linear endomorphism of 75 (R) to itself. We
may consider a matrlx B*(K:m.1 with entries in R defined by

—wr(y) *(k;m),f —wr(8)
Blem s TR ) = 3 By T AT
Using the matrix B*¢"-7 we define in the usual way the Fredholm determinant
det(1 = ;. ;1) = X ;20(=D/*'Ci(B;.,,, PT/ Where Co = 1 and C; is the
series of all principal j x j subdeterminants of the matrix B*®")7_ The (-, -) K~

adjointness of B.,, ; and ,BE“K;m)’i implies C; (Bc.m).7) = C; ('szx;m),i)’ so that

det(1 — ﬁEkK.m) ;T) = det(1 — ,B(K;m)jT)-

The uniform convergence lim,,_, o, B**- = =: B~ - over the entries implies that
the series Z >O( 1)/ +1C (‘B* )Tf is well- deﬁned and is the coefficient-wise

limit of det(l ( T) as m — oo. If we define
K;m),t

det(1 — B;T) ==Y (=1)/*'C; (B )T,

j=0
then we have shown:

Theorem 4.5. det(1 — B, ;T) = det(1 — g7 .T), and thus from (10),
(22) LOGe, 7, )" = det(1 — g7,7).

5. Eigenvector

Recall that
Gt hx)=f(t.X)+ PO x) =) tx"+ Y Ay, )MV x"

in Fy[xF, .. .ox5 A8, o AF, (duesupp(n]- Let A(y, v) be the Teichmiiller lift
in Q, for each (y, v) € supp(P), and denote the lifting of G by

G(t, A, x):= f(t,x)+ P(h,x) = Z tx" + Z A(y, v)AYxV

in Q [x1 I e ,ki )Lf[ {tu}uesupp(s)]- We now replace every coefficient
of G (with respect to the variables x and A) with a new variable A:

fA )= ) At
uesupp(f)

PA LX) = Y AW
(v,v)esupp(P)

H(A, A x) = f(A, x)+P(A, A, x).
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As before, let Ay (H) denote the Newton polytope of H at infinity in R*™" (in A
and x variables). Let Cone(H) be the cone in R**" over Ay (H) and M(H) =
Cone(H) N Z**" be the relevant monoid. Clearly M(H) C M(I') x M(f). By
our hypothesis that the x-support of P is contained in A, (f) we have that the
polyhedral weight function on this polytope wy dominates the total weight wr 4+ w
relative to the polyhedron I' x A; more precisely

wr(y) +w) <wgy(y,u),

for all (y,u) €e M(H).

The following definitions extend those in Section 4, by replacing R with the
(multivariable) formal power series ring K := R[[A]. We equip X with the sup-norm.
Denote by Ky the subring of K of power series which converge on the closed unit
polydisk |A| < 1. For g any power of the prime p, define

0p,4(K) := Z C(y)AY 7warv) ‘ C(y)eK,C(y)—>0asy — oo},
yeM(T)
Ci(Oog(K)) =1 Y &@m"Wx s<u)eoo,q<io},
ueM(f)
S5O0 q(K)):=1 Y & e} s*<u>eoo,q</c>},
ueS(M)
O, 0={ X e pexl,
yeM(T)
S5O, 0N =1 Y & (r.wa ey a)*(y,u)elC}.
yeM()
ueS(M)

In all cases, the spaces above have versions (with obvious modification of notation),
where the ring of coefficients /C is replaced by the subring Xy. Define the maps

Pras) Z Cu)x " r— Z C(u)x™",
ueZn ueM(f)

and Y : C5(Op(K)) < Si(Op(K)) by 7~ x4 > e* foru € M\ {0} and Y (1) :=1.
Next, define a relative Frobenius map as follows. First, set

F(Ahx)= ] 0w J] 0,07,
uesupp(f) (y,v)€supp(P)
m—1 ' . .

Fu(A, 2, x) = [ F(AP A7 xP),
i=0
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and note that, similar to before,

Fm(A, )\” x) — Z Byyu(A)ﬁwH(V,M)/Pm*I)\‘yxu’
(y.u)eM(H)

with |B,, ,(A)| < 1. It follows that, if we set
Uy p 1= Pras(r) ©Fm(A, &, x) 0 D,
where @, sends x" — x?", then an argument similar to Lemma 4.1 shows
o, 5 2 Co(Op, pm (K)) — C5(Og, p (K)).

For any « € Z,,, we define [a, ] : S5(Op, pm(K)) — S5(Op,pm (K)) using (15).
By an argument similar to Lemma 4.2, the map

BiiaSo(O(K) — S5(O5(K))
defined by
ﬁ:,i,A =PIy o[a:d(i),A]K ° q’;a\d(t)v

is an endomorphism over K.

Eigenvector. In the following, we will define an eigenvector Y (1)* of ﬂ* whose
eigenvalue is F, ;7 (A)“. We will then specialize A, proving Theorem 1 1. We
start by defining the groups

M) = M) N (=M (T)) and Mo(f)=M(f)N(=M(f)).
Define the projection map

pry Z Cly, )MV x" —> Z C(y, u)A¥ x"

yeZ’ yeMy(T)
ueZ" ueMo(f)
and write
(23) prooexpm H(A, &, x) = > Ty (AAY x"

(y,u)eMo(T')x Mo (f)

with J, , € R[[A]. Observe that Joo € 1 + AR[A]l, and so we may define
n(A, A, x) = m pro(expm H(A, A, x)).

We will eventually need to specialize A to Teichmiiller units. The following lemma
demonstrates that this is possible.

Lemma 5.1. J, ,(A)/Joo(A) € Ko for each (y,u) € Mo(I') x My(f). Also,
Jo.0(A)/Jo,0(A?) € Ko.
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Proof. This result is essentially a version of the main result, Proposition 2.15 and
its corollaries, in [Adolphson and Sperber 2012]. The proof of the version here
necessitates only some minor modifications from that in the above reference. The
key difference is that the setup here uses total weight, wy = wr + w based on
I X Ao (f) rather than the straightforward polyhedral weight wy based on Ao (H).
The argument of [Adolphson and Sperber 2012] works here as well. |

Next, we will show that the Y (n)“ is a well-defined element of our dual space.
Lemma 5.2. T (n(A, A, x))* € S5(0;(Ko)).

Proof. First, write

nA D)= ) Cru)A",
(v.u)eMo(T) x Mo (f)

with |Cy ,| <1 and C, , € Ky. Since u € My(f), we may write

AL = > (Cpy(MF 7T Ox
(y,u)eMo(T')x Mo (f)

and so T((A, 2, %)) = Y, Cpu(MAVel, with Cyu(A) = Cy_u(M)TV ™.

Next, since Cp g iS a unit, we may write

T(n)"=<éo,o<A)+ > éy,um)vez)

(v, u)eM\{0}

00 l
K\ ~ _ -
:Z<I>CO,O(A)K l( > CV,M(AWej;>
1=0 (v,u)eM\{0}
= > Duunie,
y€My(I')
ueS(Mo(f))

with D, , € K. Lastly, since y € My(I"), we may rewrite this as

Y ()< = Z (D_y,u(A)ﬁwr(y))ﬁfwr(y)kfye;

y €Mo(I")
ueS(Mo(f))

and thus Y (1)* € S;(O%(Ko)). O
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We now consider the action of aT)A on 1. Set F(A) := Joo(A)/Jo.0(AP).

Observe that
of A(M(AF, AP, X))

= prM(f)(F(A, A, X) pro(exan(A”, AP, x”)/Jovo(A”)))

=l ) (F(A, &, x) (expt H(AP, AP, xP) [/ Jo.o(AP) + &(A, A, x) +€(A.L, X)))

= F(A) (pryscpy (expm H(A, &, x)/ Jo.0(A) + 0*(A, &, x)))

=F(N)(n(A, &, x)+a(A, 1, x)),
where each AYx" appearing in @ (and w* and @) has y in M(I") \ My(T"), and
every AYx" appearing in € has u in M (f) \ Mo(f). Iterating this, if we set

m—1

Fu(d) =[] Far,
i=0
then we have

(24) azd(f)’An(qu’ )‘%7 x) = ’Fad(f‘)(A)(n(Aa A, x) + a)(Aa A, x))v

where each AY appearing in w lies in M (I") \ My(I").

For the calculation of the eigenvalue, we will need the following. First, as
every AV appearing in Y (w) (from Equation (24)) satisfies y € M (') \ My(I), it
follows that the same is true for Y ()" Y (w)" for every r € Z>;. Hence,

(25) Pry (Y () + Y (@) =pry Z ()Y Y (@) =T m".

r=0

We may now finish the proof of Theorem 1.1. For convenience, write n(A, A, x) =
1+h(A, &, x) so that Y ()< = (1 + Y (h)* = 372 ()Y (h)!. Observe that

ﬁ:ijT(n(AqE? )"9 -x))K
= Pry(ry Ol¥q .2l © O (AT, 1, 1))
=PIy O[WZd(;),A]KT(U(qu, A% x))*

o
K . .
= prM(F) O[aZd(f),A]K Z( I )T(l’l(Aql’ )\"h, x))l
=0

-

=Dty (7 ) (T 0y p - D (YT 0alyq Ah(AT, 29, )
= (by (15))

= pry (T 0y LT T oo,  Ji(AT, 20, x))"

=pry (Yo a;kd(i)’An(A‘”, A% x))*
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= Prarcry Faa (D (YA, 3, )+ T (@(AL A, 0 (by (24)
_ Y e(14 L@@ )Y

= Prascr) Faay (N YA 20 (14 R0

= Faaey (M YA, ) by 25)).

Finally, we may specialize this equality by taking A at the Teichmdiiller unit
coefficients of G(f, A, x),

A, =1, and Ayy= A(y, v)
for all u and y, v in the support of H. Setting
Nsp(A, x) 1= (n(A, A, x) specialized at A, = 7, and Ay = A(y, v)),
we see that
(26) B X (sp(h, X)) = Fagy (1Y (nsp(h, )"

This demonstrates that F, (1)* is the unique unit root of L (ic, 7, T)"" by
(22), which, together with Theorem 3.1, completes the proof of Theorem 1.1.
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BAVARD’S DUALITY THEOREM ON
CONJUGATION-INVARIANT NORMS

MORIMICHI KAWASAKI

Bavard proved a duality theorem between commutator length and quasi-
morphisms. Burago, Ivanov and Polterovich introduced the notion of a
conjugation-invariant norm which is a generalization of commutator length.
Entov and Polterovich proved Oh-Schwarz spectral invariants are subset-
controlled quasimorphisms, which are generalizations of quasimorphisms.
We prove a Bavard-type duality theorem between subset-controlled quasi-
morphisms on stable groups and conjugation-invariant (pseudo)norms. We
also pose a generalization of our main theorem and prove ‘stably nondis-
placeable subsets of symplectic manifolds are heavy” in a rough sense if
that generalization holds.

1. Definitions and results
Definitions. Burago, Ivanov and Polterovich defined the notion of conjugation-
invariant (pseudo)norms on groups and they gave a number of its applications.

Definition 1.1 [Burago et al. 2008]. Let G be a group. A function v : G — R is
a conjugation-invariant norm on G if v satisfies the following axioms:

(1) v(1) =0;

) v(f) =v(f 1) forevery f € G;

(3) v(fg) < v(f)+v(g) forevery f, g € G;
4) v(f) =v(gfg™") forevery f, g € G;
(5) v(f) >0forevery f #1€G.

A function v : G — R is a conjugation-invariant pseudonorm on G if v satisfies
axioms (1), (2), (3) and (4) above.

For a conjugation-invariant pseudonorm v, let sv denote the stabilization of v,
i.e., sv(g) =lim,_,  v(g")/n (this limit exists by Fekete’s Lemma).

MSC2010: primary 46B20, 53D35, 57M07, 57S05; secondary 57M27, 53D40, 51F99, 51K99.
Keywords: Bavard’s duality theorem, conjugation-invariant norm, quasimorphism, heavy subset,
stable nondisplaceability.
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For a perfect group G, the commutator length cl on G is a conjugation-invariant
norm. Bavard [1991] proved the following famous theorem (see also [Calegari
2009)):

Theorem 1.2 (Corollary of Bavard’s [1991] duality theorem). Let g be an element
of a perfect group G. Then scl(g) > 0 if and only if there exists a homogeneous
quasimorphism ¢ such that ¢(g) > 0.

For interesting applications of Bavard’s duality theorem, see [Calegari et al. 2014],
[Endo and Kotschick 2001] and [Mimura 2010] for example. After Bavard’s work,
Calegari and Zhuang [2011] proved a Bavard-type duality theorem on W-length
which is also conjugation-invariant. In the present paper, we give a Bavard-type
duality theorem on general conjugation-invariant (pseudo)norms for some groups
which are stable in some sense.

To state our main theorem, we introduce the notion of subset-controlled quasi-
morphism (partial quasimorphism, prequasimorphism) which is a generalization of
quasimorphism:

Definition 1.3. Let G be a group and H a subgroup of G. We define the fragmen-
tation norm vy with respect to H for an element f of G, by
vy (f) = min{k : there exist g1,...,8c € G, and hy,...,hy € H

such that f = gihigy' - grhigy '}

If there is no such decomposition of f as above, we put vy (f) = oo.

Definition 1.4. Let H be a subgroup of a group G. A function ¢ : G — R is called
an H -quasimorphism if there exists a positive number C such that for any f, g € G,

l9(f8) —d(f) —P(9)| < Cminfvy(f), vu(g)}.

The infimum of such C is called the defect of ¢ and we denote it by D(¢). If
¢ (f") =ne(f) for any element f of G and any integer n, ¢ is called homogeneous.

Such generalizations of quasimorphisms appeared first in [Entov and Polterovich
2006]. They proved that Oh—Schwarz spectral invariants (for example, see [Schwarz
2000] and [Oh 2006]) are controlled quasimorphisms.

Remark 1.5. In [Kawasaki 2016], H-quasimorphism is called quasimorphism
relative to vy . Tomohiko Ishida and Tetsuya Ito pointed out that quasimorphism
relative to H usually means quasimorphism which vanishes on H. Thus we use a
different notation from that work.

Let K be a subset of a group G. For elements f, g of G, let f Kg denote the
subset { fkg; k € K} of G.
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Definition 1.6. Let H be a subgroup of a group G. If for any element g of G,
vy (g) < 00, G is said to be c-generated by H.

The author essentially proved the following proposition:

Proposition 1.7 [Kawasaki 2016]. Let G be a group c-generated by a perfect
subgroup H (in particular, G is also perfect). If there exists an H-quasimorphism ¢
with limy_, o0 ¢ (g%)/ k > 0 for some g, then there is a conjugation-invariant norm v
with sv(g) > 0 (such a norm is called stably unbounded [Burago et al. 2008)).

Our main theorem (Theorem 1.12) is a converse of the Proposition 1.7.

Remark 1.8. The author [Kawasaki 2016] proved that there exists such a Ham(B>")-
quasimorphism (g on Ham(R?"). Here, Ham(B?") and Ham(R?") are the group of
Hamiltonian diffeomorphisms with compact support of the ball and the Euclidean
space with the standard symplectic form, respectively. He also proved that g (g) >
0 for some commutator g. Thus, by Proposition 1.7, [Ham(R?*), Ham(R*")] admits
a stably unbounded norm.

Kimura [2016] proved a similar result on the infinite braid group Bo, = U,fil B
(the existence of a stably unbounded norm on [Bs, Bso] is also proved by Bran-
denbursky and Kedra [2015]).

Definition 1.9. Let G be a group, H a subgroup of G and K a subset of G. We
define the set leq (K) of maps displacing K far away by

DQ(K) ={hoe G: forall g, ..., gx € G, there exists & € G such that
hhoh™" K (hhoh™")™" commutes with g1 Hg;'U---UgiHg; ')

Let v be a conjugation-invariant pseudonorm on a group G. For a subset K of G,
we define the far away displacement energy Ep ,(K) of K by

Eg,(K)= 1inf v(g).
8€DJ(K)

Definition 1.10. Let G be a group and H a subgroup of G. The pair (G, H)
satisfies the property FM if G and H satisfy the following conditions.

(1) G is c-generated by H,
(2) For any elements hy, ..., h; of G, D{;,(thhl_1 ... Uthhk_l) #+ .

A group G satisfies the property FM if (G, H) satisfies the property FM for some
subgroup H.

For a group G, we define the set FM(G) by
FM(G) ={H < G; (G, H) satisfies the property FM}.

We give some examples satisfying the property FM.
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Proposition 1.11. (1) For any integer i, the pair (B, B;) satisfies the property
FM, and so does the pair ([Boo, Bool, [ Bi, Bi]).

(2) We consider the Riemannian surface Yoo = U,fil E,i where E,i is the Rie-
mannian surface which has genus k and 1 puncture. The pair of mapping class
groups MCG(X), MCG(Z})) satisfies the property FM for any integer i.

3) The pair (Ham(R?"), Ham(B*")) satisfies the property FM, and so does the
pair ((Ham(R?"), Ham(R>")], [Ham(B>"), Ham(B>")]).

Our main theorem is the following one.

Theorem 1.12. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. Then,

(1) For any element g of G such that sv(g) > 0, there exists a function ¢ : G —> R
which is a homogeneous H -quasimorphism for any element H of FM(G) such
that ¢(g) > 0.

(2) For any element g of the commutator subgroup (G, G] and any H € FM(G),

¢(g)- Env(H)
D(9)

where sup is taken over the set of homogeneous H -quasimorphisms ¢ : G — R.

’

sv(g) < 8sup
¢

In Section 2, we construct the normed vector space A, and prove Theorem 1.12
by applying the Hahn—Banach theorem to A,. In Section 3, we prove that A, is a
normed vector space. In Section 4, we prove Proposition 1.11. In Section 5, we pose
a generalization of Theorem 1.12 (Problem 5.6) and give its application to symplectic
geometry. There, we prove that “stably nondisplaceable subsets of symplectic man-
ifolds are heavy” in a very rough sense if the positive answer of Problem 5.6 holds.

2. Proof of main theorem

To construct controlled quasimorphisms by using the Hahn—Banach theorem, we
consider the normed vector space A, which we define here. The idea of our
construction comes from [Calegari and Zhuang 2011].

For a group G, we define the set Ag = ]_[Zio(G x R)¥. We denote elements of
Ag by g}' -+ - g\, where g1, ..., g € G and sy, ..., s are real numbers.

Let v be a conjugation-invariant pseudonorm on G. We define the Rx¢-valued
function || - ||, : Ag = R>¢ by

”gi‘l . _gik I, = nli)ngo % . v(ggsln] o glESkn]>’

where [ - ] denotes the integer part. For the trivial element 1 € (G x R)Y of Ag, we
define ||1], = 0.
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Proposition 2.1. Let v be a conjugation-invariant pseudonorm on a group G
satisfying the property FM. Then for any element g' - - - g of Ag. the above
limit || )" - - - & Il exists. Thus || - ||, is well defined.

We prove Proposition 2.1 in Section 3. First, we define some operations on Ag.
For elements g = g;' - -- g}, h=~h''---h] of Ag and a real number A, we define
g-h, gand g® by

—Sk —51 ASk

s = A
gh=gy glthy b =gt g " and gV =gt g

By the definition of conjugation-invariant pseudonorms, we can confirm that the
function || - ||, : A — R satisfies the following properties easily. For any g,h € Ag,

lg-nly <llgly +IIRllv,  Ih-g bl =lgll, and gl = lgl-

We define the equivalence relation ~ by g ~ h if and only if ||g-hl|, = 0. We denote
the set Ag/ ~ by A, and the function || - ||, : A¢ — R on Ag induces the function
l-1l,:A, — Ron A,.

In the present paper, we want to consider A, as an R-vector space with the norm
I - |l,. We define a sum operation, an inverse operation and an R-action on A,. For
elements g = [g], h = [h] of A, and a real number A, we define g+ h and Ag by

g+h=[g-h] and Arg=[g™].

Proposition 2.2. Assume that G satisfies the property FM. Then the above opera-
tions are well defined.

To use the Hahn—Banach theorem, we prove that A, is a normed vector space.

Proposition 2.3. Assume that G satisfies the property FM. Then (A,, || - |lv) is a
normed vector space with respect to the above operations.

We prove Proposition 2.2 and 2.3 in Section 3.

Let G be a group and v a conjugation-invariant pseudonorm on G. Let L(G, v)
denote the set of Lipschitz continuous (linear) homomorphisms from A, to R. By
the Hahn—Banach theorem, Proposition 2.3 implies the following proposition.

Proposition 2.4. Assume that G satisfies the property FM. Then for any g € A,,

é(g)
lglly = sup ——,
deL G L(®)

where 1($) is the optimal Lipschitz constant of .
For an element 43 of L(G, v), we define the map ¢ : G — R by ¢(g) = qAS([gl]).

Proposition 2.5. Let H be an element of FM(G). For any element dA) of L(G, V), ¢
is a homogeneous H-quasimorphism. Moreover, D(¢) < 8l(¢) - En (H).
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To prove Proposition 2.5, we use the following lemmas:

Lemma 2.6. Let G be a group and H, K subgroups of G. Assume (G, H) satisfies
the property FM. Then for any g € G and any element f € K, v([g, f]) <4Ep ,(K).

Proof. Let f, g and hg be elements of K, G and Dﬁ(K ), respectively. Since G is
c-generated by H and the set { f, g} is a finite set, there exist elements A1, ..., i
of G such that f, g € (hHh{"', ... hyHh").

Then, by the definition of D‘;I (K), there exists an element 4 of G such that
(hhoh™")K (hhoh~")~' commutes with (hyHh',... hyHh;'). Since f € K
and f, g € (hiHh', ..., e HhY), (hhoh™") f (hhoh™')~! commutes with both
of f and g and thus [g, f]1=I[g, [f, hhoh~']] holds.

Since v is a conjugation-invariant pseudonorm,

v(lg, S < v(glf hhoh™"1g™") +v([f. hhoh™17") = 2u(Lf, hhoh™"])
< 200(f (hhoh™) f ™1 +v((hhoh™H)™1)
= 4v(hhoh™") = 4v(hy).
By taking the infimum, v([g, f]) <4Ey ,(K). O

Lemma 2.7 [Entov and Polterovich 2006],[Kimura 2016]. Let G be a group, H
a subgroup of G and C a positive real number. Assume that a map ¢ : G — R

satisfies | (f) +¢(g) — d(fg)| < C for any elements f, g of G withvg(f) = 1.
Then ¢ is an H-quasimorphism. Moreover, D(¢) < 2C.

Proof of Proposition 2.5. Let (/5 be an element of L(G, v) and f, g elements of G
with vy (f) = 1. Since H is a subgroup, vy (f') = 1 for any nonzero integer i.
Since v is a conjugation-invariant pseudonorm, by Lemma 2.6,

16(8) + ¢ (f) —d(fe)l
=1(g' D +Uf'D - dU(f)' D

=16(g" 1+ L1+ (=DI(f£)' D
<1($)-limm™"-v(g" f" (g™ F7H™)
=1(@) - limm ™" v((g" (g, /Mg ™" (" g, S g T (818, f187)

m—1
<1($) -liminfm ™" - > " v(lg. f'])

i=1

<I1($)-liminfm™" - (m — 1) -4Ey ,(H)

=4(¢p)- Ep.,(H).
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Thus, by Lemma 2.7, ¢ is an H-quasimorphism and D(¢) < 81(@) -En(H).
Since dA) is a homomorphism, ¢ : G — R is a homogeneous H -quasimorphism. []

Proof of Theorem 1.12. Note that ||[g']]], = sv(g) for any element g of G. Then (1)
follows from Proposition 2.4 and 2.5. To prove (2), it is sufficient to prove it for an
element g of [G, G] with sv(g) > 0. Then, by Proposition 2.4 and ||[g1] I, =sv(g),
there exists an element ¢ of L(G, v) satisfying ¢ (g) = ¢A>([g1]) #0. Since g €[G, G],
D(¢) > 0. Thus Proposition 2.5 implies 8/(¢)~! < D(¢)~" - Ep.,(H). Therefore
Proposition 2.4 implies

¢(g)- Env(H)

sv(g) < Ssip D)

3. Proof of being a normed vector space

Definition 3.1. Let H be a subgroup of a group G and v a conjugation-invariant
pseudonorm on G. For elements gy, ..., gx of G, we define the far away displace-
ment energy En [g1, ..., 8] of (g1,...,8k) by

Enylgi, ..., gl =inf Eg (i HRY, .. g HRY),

where inf is taken over iy, ..., h; such that g, ..., gx € (thhl_l, R thhl_l).
If (G, H) satisfies the property FM, Ey (g1, ..., gk] < oo forany g1, ..., 8 € G.

To prove Proposition 2.1, 2.2 and 2.3, we use the following lemma:

Lemma 3.2 [Calegari and Zhuang 2011]. Let v a conjugation-invariant pseudonorm
on a group G. For any elements g1, ..., gx of G and integers sy, ..., S, t1, ..., t,

k

(gl gD TN E g = ) It =il v(g)
i=1

Proof. By using a graphical calculus argument (for example, see 2.2.4 of [Calegari
2009)), there exist elements Ay, ..., hi of (g1, -, gk) such that

Spy—1, 1 t —1 _t;—s Ry
(gi] "'g/ik) (g]1 "'gkk):hk gkk Ykhk"‘h] gll “hy.
Since v is a conjugation-invariant pseudonorm,

k k

(et g T e gt ) <D vl g T ) <Y I —silv(g). O
i=1 i=1

Proof of Proposition 2.1. Fix an element g=[g;" - - - g;“] of A,. Define a function F :
Z.o— Rby F(m)= v(ggslm] e g][(ka])' By Fekete’s Lemma, it is sufficient to prove
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that there exists a positive real number C such that F(m +n) < F(m)+ F(n) + C
for any positive integers m, n. By Lemma 3.2,
F(m+n)= V(g[sl(ern)] e 8;[:'((m+n)])

< U(g[nm]+[¥1n] . g[skm]+[5kn])

+ v((g[slm]-i-[sm] . g][fkm]—i_[sw])_l(gESI(ern)] L g]Esk(m+n)]))

k
< v(g[vlm]+[¥1n] . _gIESkm]Jr[Skn]) + Z v(gi).
i=1

By using a graphical calculus argument, there exists an integer /(k) which depends
only on k and elements fi, ..., fix, f{,---, fl’(k) of (g1, ..., gk) such that

&gt T gt T g T g = [ A A1 Ui S )
Fix an element H of FM(G). Then Ey (g1, - - ., 8] < 0o. Thus, by Lemma 2.6,
Fm+n)— F(m)— F(n) %

<v(gf I g LN My (g —w(gl ™ - g — (gl gt
<v((gl- g g lgil‘”f"])‘l<g£“"’"”“'”l = g,ES"mHS"”])Hi v(gi)
X i=1
<v(lfi. Al Lo FiwD + D v(g)

1(k) i=1

<Zv<[f,,f]>+2v(gl

<4HK)Enlgr, - &l +Z v(gi)-
i=1

Thus we can apply Fekete’s Lemma. ([
To prove Proposition 2.2 and 2.3, we use the following lemmas.

Lemma 3.3. Let G be a group satisfying the property FM and v any conjugation-
invariant pseudonorm on G. Then for any g € A and any real numbers Ay, Lo,

(A1+22) | (A1) .g()@)”‘} =0.

g 8

Proof. Assume that g is represented by g|'gy* - -- g;* € Ag. For any integer n,

by using a graphical calculus argument, there exist elements f, 1, ..., fu..ix) and
/

NIRRT f;;,z(k) of (g1, ..., g) such that

(g[n)»lsl]+[n)»231]g[nklsz]ﬂnhsz] B _g[n)»lsk]-i-[n)»zskl)—l

A A A A A A
(g[n 1S|]g£n 1s2] [n Hk])(g[n 261]g£n 2:2] [n ﬂk]) [fnl fnl [fn,l(k):f,i,l(k)]-
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Fix H e FM(G). Then Ey ,[g1, - - -, gk] <oo. Thus, by Lemma 3.2 and Lemma 2.6,

||g()\l+)\2) ,g()tl) . g()tz) Il
— lim l ) v((ggan-l—nszl] . g][(”)\lsk‘f‘n)\ZSk])—l
n—oo n
(g[nMSl] [n}»lsk])(g[n}QSl] . gl[chSk]))
< lim 1 (U«gmlsl]ﬂnxzsl] ) gl[cn)»lsk]‘i‘[n}»zsk])—l
n—-oon
k
(ggn)ulsl] . gl[cn)nlsk])(ggn)nzsl] . gl[cn)nzsk])) + Z U(gl)>
i=1
] k
= nll)n;o r_l : <V([fn,l, f,;l] ce [fn,l(k), f,;,l(k)]) + Z U(é’i))
i=1
1(k)
Snlingor_l (Zv([fnj n/ )+Zv(g1 )
j=1
.1
< lim - - (4l<k>EH,v[g1, e+ Z v(g»)
1=
=0. O
Lemma 3.4. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. For g1, ..., gk € G and real numbers A\, sy, ..., Sk,
lim l . v(gg)\sln] . g][()LSkn]) A 11m 1 v(g[s'"] . g][:kn])‘
n—oo n

Proof. We first prove for the case when A is a positive rational number, i.e., A=¢q/p
where p, g are positive integers. By the existence of the limits (Proposition 2.1),
since the limit of any subsequence equals that of the original sequence,

1 [Asin] [Askn] R [gsin] [gskn]
nll>ngon U(gl Ek ) nligolo pn U( Bk )
— lim L. v(g[sm] g][:kn])
n—o00 pn
=i lim — v(g[“"] g,
n—>oon

We prove for the case A = —1.

Let g denote the element g'g5* - -- g,* of Ag. By Lemma 3.3, [g") . g] =
[g@]=[1]. Recall that 1 € (G x R)" is the trivial element of Ag. Thus [g(~D] =
[g~" - g-gl =[1-g] = [gl. Therefore |(—1)gll, = I&ll, = llgll, and we have
completed the proof for the case when A is a rational number.

Since Lemma 3.2 implies that the function R — R, A +— lim,_,.(1/n) -

(g gy is continuous, we have completed the proof. O
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Proof of Proposition 2.2. Assume that elements £, £, g1, g2 of Ag satisfy [f1] =
[£2] and [g1] = [g2]. Then
IGE1- g0 - (E2-g2)llv = I£1-g1-82- ally
<Ifi-gi-&-fillv +If1-f2ll,
= [lg1 - &2llv + I£1 - £2/l, = 0.

Thus [£;-g1] = [£2- g2].
Assume g1, g» € Ag satisfy [g1] = [g2]. For any A € R, Lemma 3.4 implies

lgr” - g2l = @1 - g1l = 121+ &1 - g2) I, = 0. Thus [g}" 1 = [gf”]. O
Lemma 3.5. Let G be a group satisfying the property FM and v a conjugation-
invariant pseudonorm on G. Then for any elements f, g of A,,

f+g=g+f.
Proof. Assume f, g are represented by [£] = [f;" < 5, [gil g? glt’ 1,
respectively. Fix an element H of FM(G). Then EH’U[gl, ey gl] < 00. Since
ggt‘"]gm"] gl[t’"] €(g1,...,g) for any n, Lemma 2.6 implies
If-g- (g Hllv=1Ifg £l
— 1im L. v(( fl[sm] f[Szn] fk[sknJ) (g[nn] [12n] g[nn])
n—-oo n
f[sm]f[Szn] fksw]) 1( [t1n] [tzn] . gl[tm])fl)
_ nlinéo z v( f[nn]f[vzn] f[sm]’ [tln]ggzn] . gl[tzn]])
1
= lim — 4EHv[g1, ...,g[] =0.
n—oon
Thusf+g=1[f-gl=[g -fl=g+f. O

Proof of Proposition 2.3. By Lemma 3.3, 3.4 and 3.5, for any elements f, g of A,
and real numbers A, Ao,

(A +22)g=rig+A2g, lrigll=Ir1-lglly, and f4+g=g+f.

We can confirm the other axioms of a normed vector space easily. Thus we complete
the proof of Proposition 2.3. (]

4. Proof that examples satisfy the property FM

In the present section, we prove that (Ham(R?"), Ham(B?")) satisfies the property
FM. We can prove other parts of Proposition 1.11 similarly.

We use the following notations. For a diffeomorphism g on a manifold M, let
Supp(g) denote the support of g. For a point p of R*" and a positive real number
R, let B¥'(p, R) denote a subset {x € R*"; ||x — p|| < R} of R*".
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Proof. For simplicity, let B denote the subgroup Ham(B>") and p, denote the point
(3,0,...,0) of R

Let f, be a Hamiltonian diffeomorphism on R**such that fo(B>") = B>*(po, 1).
Fix Hamiltonian diffeomorphisms gi, ..., gr on R*. Then there exists a pos-
itive real number R such that Supp(g;) U --- U Supp(gr) C B>*(0, R). Since
fo(B*) = B> (pg, 1) and B>*(po, 1) NB** = @, we can take a Hamiltonian dif-
feomorphism f such that f(B*") = B> and ffy(B>") NB>'(0, R) = @. Since
(ffofHB(ffof~H~" =Ham(ffof~' (B*")) = Ham(ffo(B*")) and

g1Bg U UgBgr ' =Ham(g (B*")U---U g (B>")) C Ham(B* (0, R)),

ffo(B¥) N B> (0, R) = @ implies that (ffof~HB(ffof~H ™! commutes with
giBgy' U---UgiBgi " Thus fy € DL(B).
Note that Banyaga’s [1978] fragmentation lemma states that for any Hamiltonian

diffeomorphism g, there exist Hamiltonian diffeomorphisms fi, ..., f; such that
ge(fiBf ..., fiBf"). Thus Ham(R?") is c-generated by 5 and the proof is
complete. (Il

5. Are stably nondisplaceable subsets heavy?
Bavard’s duality in Hofer’s geometry

We have considered subgroups which are displaceable far away. We now pose a
problem on displaceable subgroups and give its application to symplectic geometry.
On notions related to symplectic geometry, we follow [Entov 2014].

Definition 5.1. Let G be a group, H a subgroup of G and u : G — R an H-
quasimorphism on G. If u(g") =nu(g) for any element g of G and any nonnegative
integer n, w is called semihomogeneous.

Let (M, w) be a 2m-dimensional closed symplectic manifold. A subset X of
(M, w) is called displaceable if XN qb}p (X) = @ for some Hamiltonian function
F :S' x M — R where ¢ is the Hamiltonian diffeomorphism generated by F and
X is the topological closure of X. Otherwise, X is nondisplaceable. Let DO(M)
denote the set of displaceable open subsets of (M, w). A subset X of a symplectic
manifold M is stably displaceable if X x S' is displaceable in M x T*S'. Otherwise,
X is stably nondisplaceable.

Entov and Polterovich [2006] defined for an idempotent a of the quantum ho-
mology Q H,(M, w), the asymptotic spectral invariant p,, : H?l;n(M ) — R on the
universal covering H?m(M ) of the group Ham (M) of Hamiltonian diffeomorphisms
in terms of Oh—Schwarz spectral invariants and proved that 1, is a semihomoge-
neous HfaTmU (M)-quasimorphism for any element U of DO(M). Here Hf;;mU (M)
is the set of elements of Hf:;;n(M ) which are generated by Hamiltonian functions
with support in S x U.
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A Hamiltonian function F : S! x M — R is normalized if f y Fro™ =0 for any
tesh.

Definition 5.2 [Entov and Polterovich 2009]. Let (M, w) be a closed symplectic
manifold and a an idempotent of Q H,(M, w). A compact subset X of (M, w) is
a-heavy if for any normalized Hamiltonian function F : §' x M — R,
—Ma(¢pp) = vol(M) - inf F,
SixXx
where vol(M) = [,, &™.

In particular, if X is a-heavy, u,(¢r) < O for any normalized Hamiltonian
function F with F|g1,x > 0.

Remark 5.3. The above definition of heaviness is different from the one of [Entov
and Polterovich 2009] and [Entov 2014] (in their definition, they consider only
autonomous Hamiltonian functions). However, as remarked in [Seyfaddini 2014],
the above definition is known to be equivalent.

Entov and Polterovich [2009] also proved that heavy subsets are stably nondis-
placeable. In the present section, we consider the converse problem, “are stably
nondisplaceable subsets heavy?”

Definition 5.4. Let G be a group, H a subgroup of G and K a subset of G. We
define the set Dy (K) of maps displacing K by

Dy (K) = {ho € G; hoK (ho) ™' commutes with H}.
Definition 5.5. Let G be a group and H a subgroup of G. The pair (G, H) satisfies
the property FD if G and H satisfy the following conditions:
(1) G is c-generated by H,
(2) Du(H) # 2.

A group G satisfies the property FD if (G, H) satisfies the property FD for some
subgroup H.

For a group G which satisfies the property FD, we define the set FD(G) by
FD(G) ={H < G; (G, H) satisfies the property FD}.
We pose the following problem.

Problem 5.6. Let G be a group satisfying the property FD, H an element of FD(G)
and v a conjugation-invariant pseudonorm on G. Prove that for any element g of G
such that sv(g) > 0, there exists a function i : G — R which is a semihomogeneous
H-quasimorphism for any element H of FD(G) such that u(g) > 0.

Here, we give an application of Problem 5.6 to symplectic geometry.
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Proposition 5.7. Assume that the positive answer of Problem 5.6 holds.

Let X be a stably nondisplaceable compact subset of a closed symplectic manifold
(M, w). For any normalized Hamzltomanfuncnon F:S'xM — Rwith F|51 «x >0,
there exists a function W : Ham(M ) — R which is a semihomogeneous HamU (M)-
quasimorphism for any element U of DO(M) such that g (¢r) <O.

Proposition 5.7 states that “stably nondisplaceable subsets are heavy” in a very
rough sense if the positive answer of Problem 5.6 holds.
To prove Proposition 5.7, we use the following theorem, due to Polterovich:

Theorem 5.8 [Polterovich 1998, 2001]. Let X be a stably nondisplaceable subset
of a closed symplectic manifold (M, w). For any normalized Hamiltonian function
F:S'x M — Rwith F|gx > p for some positive number p, ||¢r| g > p. Here
-1 g e H/.':Tm(M) — R is the Hofer norm which is known to be a conjugation-invariant
pseudonorm.

Proof of Proposition 5.7. Since X is compact, there exists some positive number p
with F|q1,x > p. For any positive integer n, we define a Hamiltonian function
F® S x M — Rby F™(t,x) =n- F(nt,x). Note that ¢rm = (¢¢)". Then,
by F® )lsl x > np and Theorem 5.8, || (¢F)" ||z > np for any positive integer n.
Since HamU (M) e FD(Ham(M )) for any element U of DO(M ), by the positive
answer of Problem 5.6, there exists a function Ham(M ) = R which is a
semihomogeneous Hamy (M )-quasimorphism for any element U of DO(M) such
that - (¢F) > 0. Then setting ur = —u/, completes the proof. O
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PARABOLIC MINIMAL SURFACES IN M? x R

VANDERSON LIMA

Let M? be a complete noncompact orientable surface of nonnegative curva-
ture. We prove some theorems involving parabolicity of minimal surfaces in
M2 x R. First, using a characterization of §-parabolicity we prove that under
additional conditions on M, an embedded minimal surface with bounded
Gaussian curvature is proper. The second theorem states that under some
conditions on M, if ¥ is a properly immersed minimal surface with finite
topology and one end in M x R, which is transverse to a slice M x {#} except
at a finite number of points, and such that ¥ N (M x {¢}) contains a finite
number of components, then X is parabolic. In the last result, we assume
some conditions on M and prove that if a minimal surface in M x R has
height controlled by a logarithmic function, then it is parabolic and has a
finite number of ends.

1. Introduction

Let M? be a complete noncompact orientable surface with nonnegative curvature.
Under these conditions M x R is complete and has nonnegative sectional curvature,
in particular nonnegative Ricci curvature. Recently, using some of the results of
[Schoen and Yau 1982], G. Liu classified complete noncompact 3-manifolds with
nonnegative Ricci curvature.

Theorem [Liu 2013]. Let N be a complete noncompact 3-manifold with nonnega-
tive Ricci curvature. Then either N is diffeomorphic to R? or its universal cover N
is isometric to a Riemannian product Ml x R, where M is a complete surface with
nonnegative sectional curvature.

In particular it follows from the proof of this result that if N is not flat or does
not have positive Ricci curvature then its universal cover splits as a product M x R.
So the spaces M x R are in fact general examples of a very important class of
3-manifolds.

We are interested in minimal surfaces in M x R, where M is as above. In
particular we want information about the topology and the conformal structure. It is

The author was supported by CNPg-Brazil.
MSC2010: 49Q05, 53AXX.
Keywords: minimal surfaces, parabolicity, properness.
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important to study under which hypotheses we can guarantee that a minimal surface
is proper. Concerning the topology, we know that there is no compact minimal
surface in these spaces. So, one can study the genus and the number of ends of
such minimal surfaces. Concerning the conformal structure, one important property
is parabolicity. Our results are inspired by analogous results in R>,

First we study the problem of properness. Bessa, Jorge and Oliveira-Filho studied
this problem for manifolds with nonnegative Ricci curvature and obtained some
partial results in R,

Theorem [Bessa et al. 2001]. Let N3 be a complete Riemannian 3-manifold of
bounded geometry and positive Ricci curvature. Let f : £* — N> be a complete
injective minimal immersion, where X is a complete oriented surface with bounded
curvature.

(1) If N is compact, then X is compact.
(2) If N is not compact, then f is proper.

A major breakthrough was the work of Colding and Minicozzi [2008], where
it was proved that a complete minimal surface of finite topology embedded in R3
is proper. After this, Meeks and Rosenberg [2006] proved that if ¥ is a complete
embedded minimal surface in R? which has positive injectivity radius, then X is
proper. Finally, Meeks and Rosenberg [2008] proved that if f : ¥ — R? is an
injective minimal immersion, with X complete and of bounded curvature, then f is
proper. We extend the last result to the case of a product M x R:

Theorem A. Let M be a complete simply connected orientable noncompact surface
such that 0 < Ky < k. Let f : ¥ — M x R be an injective minimal immersion of a
complete, connected Riemannian surface of bounded curvature. Then the map f is
proper.

Next we focus on surfaces with finite topology and one end. The results in [Cold-
ing and Minicozzi 2008; Meeks and Rosenberg 2005] imply that every complete,
embedded minimal surface in R? of finite genus and one end is properly embedded
and intersects some plane transversely in a single component, and so, is parabolic.
Meeks and Rosenberg [2008] gave an independent proof that the surface is parabolic
without the additional assumption that it is embedded. Namely, they proved:

Theorem [Meeks and Rosenberg 2008]. Let X be a surface of finite topology and
one end, and let f : ¥ — R3 be a proper minimal immersion. Suppose that f is
transverse to a plane P except at a finite number of points, and f~'(P) contains a
finite number of components. Then X is parabolic.

The half-space theorem of Hoffman and Meeks [1990] states that a properly
immersed minimal surface in R* which is above a plane is a parallel plane. Thus
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the condition that a minimal surface be transverse to a plane is natural. Rosenberg
proved the following half-space theorem for product spaces:

Theorem [Rosenberg 2002]. Let M be a complete noncompact surface satisfying
the following conditions:

(1) Ky = 0.

(2) There is a point p € M such that the geodesic curvatures of all geodesic circles
with center p and radius r > 1 are uniformly bounded.

If X is a properly immersed minimal surface in a half-space M x [ty, +00), then X
is a slice M x {s} for some s > t.

Based on these results we prove the following:

Theorem B. Suppose M satisfies the conditions of the previous theorem. Let ¥ be
a surface of finite topology and one end and let f : ¥ — M x R be a proper minimal
immersion. Suppose that f is transverse to a slice M x {ty} except at a finite number
of points and that f~'(M x {to}) contains a finite number of components. Then %
is parabolic.

Next we focus on surfaces with more than one end. A major breakthrough was
the proof of the generalized Nitsche conjecture in R>:

Theorem [Collin 1997]. Let ¥ be a properly embedded minimal surface in R> with
at least two ends. Then an annular end of X is asymptotic to a plane or to the end
of a catenoid.

Let ¥ be as in the last theorem. The set &y, of all the ends of ¥ has a natural
topology that makes it a compact Hausdorff space. The limit points in £y are called
the limit ends of X, and an end which is not a limit end is called a simple end. To
¥ is associated a unique plane P passing through the origin in R? called the limit
tangent plane at infinity of X [Callahan et al. 1990]. The ends of ¥ are linearly
ordered by their relative heights over P and this linear ordering, up to reversing it,
depends only on the proper ambient isotopy class of ¥ in R [Frohman and Meeks
1997]. Since &5 is compact and the ordering is linear, there exists a unique fop end
which is the highest end and a unique bottom end which is lowest in the associated
ordering. The ends of X that are neither top nor bottom ends are called middle
ends. In the proof of the ordering theorem, one shows that every middle end of X is
contained between two catenoids in the following sense: if E is an end of X there are
c1 > 0and r; > 0 such that E C {(x1, x2, x3) : |x3]| < cy logr, r? =x12+x%, r>ri}.

Collin, Kusner, Meeks and Rosenberg [Collin et al. 2004] proved that if X
is a properly immersed minimal surface with compact boundary in R? which is
contained between two catenoids, then ¥ has quadratic area growth. Furthermore,
¥ has a finite number of ends. As a consequence the middle ends of a properly
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embedded minimal surface in R? are never limit ends. We explain what it means
for a properly immersed minimal surface of M x R to be contained between two
catenoids and generalize the result above:

Theorem C. Let M be a complete noncompact surface satisfying the following
conditions:

(1) 0< Ky <Z«.
(2) M has a pole p.

(3) The geodesic curvatures of all geodesic circles with center p and radius r > 1
are uniformly bounded.
Let X be a properly immersed minimal surface inside the region of M x R defined
by |h| < cylogr for some constant co > 0 and r > 1. Then X is parabolic. Moreover,
if ¥ has compact boundary, then ¥ has quadratic area growth and a finite number
of ends.

The paper is organized as follows. In Section 2 we present some results about the
geometry of the space Ml x R and its minimal surfaces. In Sections 3 and 4 we give
some well-known definitions and enunciate some results involving parabolicity and
laminations. In Section 5 we prove Theorem A. In Section 6 we prove Theorems B
and C.

2. The geometry of M? x R
Some of the results of this section are well known, but we prove them here for
completeness.

Lemma 1. Let M be a complete noncompact orientable surface with nonnegative
sectional curvature. Then M is homeomorphic to R* or isometric to a flat cylinder

S!'xR.
Proof. Since Ky = 0, by Huber’s theorem M has finite topology and

0= [ Kudu=27@=2g =),
M
where g is the genus of M and n its number of ends; see [White 1987]. Since M is
noncompact and n > 1, we have
l<n+2g<2.

But n + 2g is an integer; thus the only possibility is g =0, n =1, 2.
If n = 1, M is homeomorphic to R? If n =2, M has the topology of S! x R and

/ Kydu =0,
M

thus Ky = 0 and M is isometric to S' x R endowed with a flat metric. O
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Lemma 2. Let M be a complete noncompact surface with sectional curvature
satisfying 0 < Ky < k. Then M has positive injectivity radius; in particular the
same holds for Ml x R.

Proof. By the previous lemma either M is a flat cylinder, which has positive
injectivity radius, or M is homeomorphic to R? Suppose in the last case that
injy; = 0. Since Ky < k, the exponential map exp, : B, /(0) — M has no critical
points for each ¢ € M. Then for each positive integer j sufficiently large there is a
point p; such that exp p; is not injective in the geodesic ball By/;(p;), which implies
there are two geodesics y;, o; : [0, /] — M beginning in p; which meet at the same
endpoint ¢g; in the boundary of By,;(p;) with angle equal to 7 (g, realizes the
distance from p; to Cut(p;); see [do Carmo 1988, Chapter 13, Proposition 2.12]).
This gives us a geodesic loop «; with one angular vertex at p; which has exterior
angle 0; < 7. Since M is simply connected, «; bounds a disc D; in M. By the
Gauss—Bonnet theorem

2w :/ Kvwdp+0; <k|Dj|+m.
D;
However, for j sufficiently large, |D;| is small and «|D;| + 7 < 2m, which is a
contradiction. Therefore injy; > 0. ]

Lemma 3 [Espinar and Rosenberg 2009]. Let M be a complete connected nonflat
surface. Let X be a complete totally geodesic surface in Ml x R. Then X is of the
form a x R, where « is a geodesic of M, or ¥ =M x {t} for some t € R.

Proof. Let I1 be the projection of M x R to M. Let n be a unit normal to ¥ and
define v = (n, ;). Since X is totally geodesic we have

(D Ks(p) = Ku(II(p))v(p) VpeZ,
(2) X(n,0;) =(Vxn,0)=0 VXeTZL,

where (1) is just the Gauss equation. So v is constant, and we can suppose v > 0.
If v =0, then X is of the form o x R. If v =1, then X is a slice.
Suppose 0 < v < 1. We know that

Asxv+ (Ric(n, n) + |A]Hv =0,

and by equation (2), Axv = 0. Thus 0 = Ric(n, n) = Kn(IT(p))(1 — v?), which
implies Ky (IT(p)) = 0. It follows from equation (1) that X is flat. Then there is a
8 > 0 such that for any p € ¥ a neighborhood of p in X is a graph (in exponential
coordinates) over the disc D5 C T, X of radius §, centered at the origin of T, X.
This graph, denoted by G, has bounded geometry. The number § is independent
of p, and the bound on the geometry of G, is uniform as well.
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We claim that I[T(X) = M. Suppose the contrary. Then there exists a bounded
open set Q C I1(X) and go € 92 such that, for some point p € IT~'(R2), a neigh-
borhood of p in X is a vertical graph of a function f defined over €2 and this graph
does not extend to a minimal graph over any neighborhood of gg.

We can identify 2 with € x {0}. Let {g,} C €2 be a sequence converging to go
and p, = (qx, f(qn)). Let X, denote the image of G, under the vertical translation
taking p, to g,. There is a subsequence of {g, } (which we also denote by {g,}) such
that the tangent planes 7;, (¥,) converge to some vertical plane P C T,,(M x R). In
fact, if this were not true, for g,, close enough to gg, the graph of bounded geometry
G, would extend to a vertical graph beyond go. Hence f would extend beyond
qo, a contradiction. So 7}, ¥ must become almost vertical at p, for n sufficiently
large, which means that n(p,) must become horizontal. But v is a constant different
from 0, a contradiction.

Then IT(X) =M. Since Ky o IT=0, it follows that M is a complete flat surface,
which contradicts our assumption. (]

Lemma 4 [Rosenberg 2002]. Let ¥ be a minimal surface of M x R. Then the
height function h : M x R — R, h(q,t) =t, is harmonic on X.

Proof. Let E1, E, nn be an orthonormal frame in a neighborhood of a point of ¥,
where 1 is normal to X. Since 9, is a Killing vector field on M x R, we have

divo; =0=(V,0;, n).
Write 9, = Vi = X + Vxh, where X is normal to X. Then
0=Ah= [(VgVsh, E)+ (Vg X, E;)]

4
= Ash—Y (X, Vg Ej)=Ash— (X, H) = Ash. O
4

Lemma 5 [Rosenberg 2002]. Suppose that M has nonnegative sectional curva-
ture and that there exists a point p € M such that the geodesic curvatures of all
geodesic circles with center p and radius r > 1 are uniformly bounded. Define
f M\ ({p} U Cut(p)) XR— R, f(g,t) =log(r(q)), where r is the distance in
M to the point p. Let ¥ be a minimal surface of M x R. Then

C]
Asf < - |Vsh|?

for some constant ¢c; > 0 and r > 1.

Proof. Denote by Vf, Af and Hess f respectively the gradient, the Laplacian and
the Hessian of f in Ml x R. Since M has nonnegative curvature, by the Laplacian

comparison theorem we have
1
Apgr < —.
r
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But f does not depend on the height, so

Avr  |[Viur|?

72

<0.

Af =Auf =

Let Ey, E», n be an orthonormal frame in a neighborhood of a point of X, where
n is normal to X. Write Vf = Vg f + (Vf, n)n. Since X is minimal we have

2
Af =) (Ve VS, E) +(V, Vi)
i=1

2 2
= (Ve Vsf E)+ ) (V) (Ven, Ei) +(V,Vf,n)
i=1 i=1

= As f+(Vf,n)H +Hess f(n, n)
= Ay f +Hess f(n,n).

Now, let V be tangent to M, £ = 9/9¢ and I1 be the projection of M x R to M.
Again, since f does not depend on the height, we have

Hess f(§,§) =0,
Hess f(V, V) =Hessy f(V, V).
Then
Hess f (1, n) = Hess f(I1(n), I1(n)) = Hessy f (I1(n), I1(n)).
But Af <0, so
3) As f < —Hess fu(T1(n), T1(m)) < [Hessn £ [T1(n)|*.
A simple calculation shows that
4 ITI(m)| = [Vsh.

Letg e M, r(¢g) =d(q, p) and v be a unit tangent vector to M at ¢g. Thus
Vmr 1 1
HeSSMf(U,U)= Vv — ),V =_<VUVMr’ U>+U - <VMI’, U)‘
r r r
When v = Vyr,
1
Hessy f (v, v) = ——|Vur|*.
r
When v = T, the unit tangent vector to the geodesic circle of radius r through the
point ¢,

1 1
Hessy f (v, v) = ;(VTVW, T)= ;kg(q),
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where k, (¢) is the geodesic curvature of the geodesic circle of radius r centered at
the point g. By the hypothesis about the geodesic circles of M,

1 1 C
H o4 k2 < =
Hessw f1"= 3+ 3k, = 5
Using equations (3) and (4), the lemma follows. U

3. Laminations

Definition 6. Let ¥ be a complete, embedded surface in a 3-manifold N. A point
p € N is a limit point of X if there exists a sequence {p,} C X which diverges to
infinity in X with respect to the intrinsic Riemannian topology on X, but converges
in N to p as n — oco. Let £L(X) denote the set of all limit points of ¥ in N; we
call this set the limit set of X. In particular, £(X) is a closed subset of N and
) \ X C L(X), where ¥ denotes the closure of X.

Definition 7. A codimension-1 lamination of a Riemannian #-manifold N is the
union of a collection of pairwise disjoint, connected, injectively immersed hyper-
surfaces, with a certain local product structure. More precisely, it is a pair (£, .A)
satisfying the following conditions:

(1) L is aclosed subset of N.

(2) A={gp:Dx(0,1) — Ug}g is an atlas of coordinate charts of N, where D is
the open unit ball in R"~! and U g 18 an open subset of N.

(3) Foreach B, there is a closed subset Cg of (0, 1) such that (pgl (UpNL)=DxCg.

If all the leaves are minimal hypersurfaces, (£, .A) is called a minimal lamination.

4. Parabolic manifolds

Definition 8. Given a point p on a Riemannian manifold N with boundary, one can
define the hitting, or harmonic, measure 1, of an interval I C N as the probability
that a Brownian path beginning at p reaches the boundary for the first time at a
point in /.

Proposition 9. Let N be a Riemannian manifold with nonempty boundary. The
following are equivalent:

(1) Any bounded harmonic function on N is determined by its boundary values.
(2) For some p € Int N, the measure v, is full on N, i.e, /aN mp =1
3) If h: N — R is a bounded harmonic function, then h(p) = faN h(x)p.

If N satisfies any of the conditions above, then it is called parabolic.
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An important property is that a proper subdomain of a parabolic manifold is par-
abolic; hence removing the interior of a compact domain does not alter parabolicity.
Moreover, if there exists a proper nonnegative superharmonic function on N, then
N is parabolic. For equivalent definitions and properties of parabolic manifolds see
[Grigor’yan 1999].

Definition 10. Let N be a Riemannian manifold with nonempty boundary. For
R>0,let N(R)={peN:d(p,dN) < R}. We say that N is §-parabolic if for
every § > 0, N = N\ N() is parabolic.

The following theorem gives a sufficient condition for a surface to be §-parabolic.

Theorem 11 [Meeks and Rosenberg 2008]. Let N be a complete surface with
nonempty boundary and curvature function K : N — [0, oo]. Suppose that for each
R > 0, the restricted function K |y gy is bounded. Then N is §-parabolic.

5. Proper minimal immersions

Proposition 12. Let N be a 3-manifold with nonnegative Ricci curvature and
sectional curvature bounded above by k > 0. Suppose X is a complete, orientable
minimal surface with boundary in N, with a Jacobi function u. If u > € for some
€ > 0, then X is §-parabolic.

Proof. First note that a Riemannian surface W is §-parabolic if and only if for all
8’ > 0, the surface W \ W (§') is also §-parabolic. Thus, without loss of generality,
we may assume that 3 has the form W\ W (8’) for some 8’ > 0, where W is a stable
minimal surface with a positive Jacobi function u > €, which exists by [Fischer-
Colbrie and Schoen 1980]. By curvature estimates for stable, orientable minimal
surfaces [Schoen 1983; Rosenberg et al. 2010], we may assume that > has bounded
Gaussian curvature. Consider the new Riemannian manifold f), which is ¥ with
the metric g = u(-,-) on X, where (-, -) is the Riemannian metric on ¥. Since
u > € the metric g is complete. Moreover, Ag f = u~'Af for any function on X
which has second derivative. Thus X is §-parabolic if and only if T is 3-parabolic.
Let E, E3, n be an orthonormal frame in a neighborhood of a point of X, where 7
is normal to X. By the Gauss equation,

Ric(n, n) + |A2|2 = Ric(E, E1) + Ric(E,, E>) —2K.
Then, as u i1s a Jacobi function,
Asu+ (Ric(Ey, Ey) +Ric(Ea, E2) —2K5)u =0.
So,

_ Ky - 1Aslogu _ L Ric(Ey, E1) +Ric(Ey, Er) +1 |Vsu|?

Ks )
x u 2 u 2 us
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which implies

0<Ke <24 1 |Vsul?
=X =T T 2e u?2

Choose § > 0 and let @ = & \ % (3). Let  be the corresponding submanifold
on X. By the Harnack inequality (see [Moser 1961]), |[Vsu|/u is bounded, and so
one has that K5 is nonnegative and bounded on 2. It follows from Theorem 11
in Section 4 that Q is parabolic, and hence €2 is parabolic. Since § was chosen
arbitrarily, we conclude that ¥ is §-parabolic. (]

Theorem A. Let M be a complete simply connected orientable noncompact surface
such that 0 < Ky < k. Let f : ¥ — M x R be an injective minimal immersion of a
complete, connected Riemannian surface of bounded curvature. Then the map f is
proper.

Proof. Since the curvature of f(X) is bounded, there exists an € > 0 such that
for any point p € M x R, every component of f~'(B.(p)), when pushed forward
by f, is a compact disc and a graph over a domain in the tangent plane of any
point on it, with a uniform bound on the area. It follows that if p is a limit point
of f(X) coming from distinct components of f ~1(B.( P)), then there is a minimal
disc D(p) passing through p that is a graph over its tangent plane at p, and D(p)
is a limit of components in f —1(B( p)). Let D'(p) be any other such limit disc.
Since f is an embedding the unique possibility is that the discs are tangent at p;
then the maximum principle implies that the two discs agree near p. This implies
that the closure £(f (X)) of f(X) has the structure of a minimal lamination.

The immersion f is proper if and only if £(f (X)) has no limit leaves. Suppose
L(f (X)) has a limit leaf L. Denote by L the universal cover of L. It was proved
in [Meeks et al. 2008] that L is stable. So, by [Fischer-Colbrie and Schoen 1980]
Lis totally geodesic; hence L is totally geodesic. Suppose M is not flat (the case
where M is flat was proved in [Meeks and Rosenberg 2008]). By Lemma 3 a totally
geodesic surface in M x R is a slice M x {t} or is of the form « x R, where « is a
geodesic of M.

Assume L is a slice. Since X is not proper, it is not equal to a slice. We can
suppose L =M x {0} and H™ is a smallest half-space containing f(X). Since ¥ has
bounded curvature, there is an € > 0 such that for every component C of f(X) in the
slab between L and L. = {t = €}, the Jacobi function u = (v, 9;) satisfies u > A > 0,
where v is the unit normal to C. Choose 0 < < € such that C(§) ={p e C:h <4}
is not empty, where 4 is the height function. By Proposition 12, C(8) is parabolic.
But &|cs) is a bounded harmonic function with the same boundary values as the
constant function 8. Hence /¢ (s) is constant, which is a contradiction because C(§)
is not contained in a slice.
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Now, suppose L = o x R. Consider a one-sided closed e-normal interval bundle
N (L) that submerses to M x R, with the induced metric. Observe that N.(L)
is diffeomorphic to (¢ x R) x [0, §], with L = (¢ x R) x {0} as a flat minimal
submanifold, and L(§) = (¢ x R) x {§} having mean curvature vector pointing
out of N.(L). For ¢ sufficiently small, we may assume that each component of
f(Z)N Ne(L) is a normal graph of bounded gradient over the zero section L. Let
C be such a component which is a graph over a connected domain €2 of L and let
Lc(8) be the part of Ls which is also a normal graph over 2. Consider the surface
Ws = L(6)\ Lc(8). Under normal projection to L, Ws U C is quasi-isometric to
the flat plane L. It follows that C is a parabolic Riemann surface with boundary.
But the function d := dist( -, L) is superharmonic, and has constant value § on the
boundary of C. Then C is contained in L(§), which contradicts the fact that L is a
limit leaf of L(f(X)). O

6. Parabolicity of minimal surfaces

Theorem B. Let M be a complete noncompact surface satisfying the following
conditions:

(1) Ky = 0.

(2) There is a point p € M such that the geodesic curvatures of all geodesic circles
with center p and radius r > 1 are uniformly bounded.

Let X be a surface of finite topology and one end and let f : ¥ — M x R be a
proper minimal immersion. Suppose that f is transverse to a slice M x {ty} except
at a finite number of points and that f~'(M x {to}) contains a finite number of
components. Then X is parabolic.

Proof. We know from [Rosenberg 2002] that the conditions on M imply that the
surfaces

X(H) ={(p,1) € T 1 =10},

X(—)={(p,1) e Xt <1}

are parabolic. Suppose that £ is an annular end representative which does not
have conformal representative which is a punctured disc. Then this end has a
representative which is conformally diffeomorphic to {z € C: € <|z| < 1} for some
positive € < 1. In this conformal parametrization, the unit circle corresponds to
points at infinity on £. After choosing a larger €, we may assume that f|¢ intersects
M x {tp} transversely in a finite positive number of arcs and that each noncompact arc
of the intersection has one endpoint on the compact boundary circle {z € C: |z| = €}.

We claim that it suffices to prove that each of the finite number of noncompact
arcs aj, ..., o, in M x {fo} has a well-defined limit on the unit circle S' of points
at infinity. In fact, assume the claim is true; then there is an open arc y C S!
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<

Figure 1. The disc U.

which does not contain limit points of ¢y, ..., «,. Hence, there would be an open
half-disc U C & centered at a point in y, such that U N (f~'(M x {tp})) = @; see
Figure 1. But U is a proper domain which is contained in one of the parabolic
surfaces X (+) or X(—), so is parabolic. However, U does not have full harmonic
measure, which is a contradiction.

Suppose o has two limit points g, g» in S'. We first prove that at least one of
the two interval components [;, I, of st \ {q1, g2} consists of limit points of oy.
Suppose not and let x; € I1, x2 € I, be points which are not limit points. Since they
are not limit points, there exists a § > 0 such that the radial arcs 8y and 8, in £
of length § and orthogonal to S! at x1, x, respectively, are disjoint from a. Since
oy is proper and disjoint from B1 U B;, the parametrized arc oy (s) must eventually
be in one of the two components of {z € £\ (81U B) : |z] > 1 — §}; see Figure 2.
Thus, o cannot have both ¢; and ¢, as limit points, a contradiction. Now, suppose

Figure 2. The arc trapped in one component.
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Figure 3. The arc o; accumulates in /;.

one of the intervals, say I, contains one point z which is not a limit point of ay;
then by the previous argument the interval /; cannot contain any point which is not
a limit point. So one of the intervals consists of limit points of o.

Since the height function is harmonic on £ and the generator of the homology of
£ is a boundary in X, by Cauchy’s theorem there is a conjugate harmonic function
to i, which we denote by 4*. Consider the holomorphic function g =h+ih*: £ — C.
As the slice M x {fo} is transverse to £, we have (Vh, n)? # 1 for all points in an
arc o and A = 0 in this arc, where 7 is a unit normal to . Moreover, as g is
holomorphic we have

|Vsh*(p)|* = [Vsh(p)> =1 — (Vh, n)*(p) >0 Vp €,

s0 h*|y, is strictly monotone. Thus g restricted to any of the finite number of
components in ( f TM x {rp))NE monotonically parametrizes an interval on the
imaginary axis R(i) C C. Choose a closed half-disc D ¢ £ = £US!, centered at
a point p € Iy, where I, as discussed above, consists entirely of limit points of o,
and suppose that D is chosen sufficiently small so that 8., D := 9 DNS! C I. Since
glo, 1s injective we can take a compact interval J C g(UZ: 1 ak) C R(i) which is
disjoint from the endpoints of g|,, for all k, and choose D sufficiently small such
that DN (g~ '(J)) = @.

Observe that g maps D into C\ J, so by the Riemann mapping theorem, the func-
tion g|p is essentially bounded in the sense that it maps D into a domain that is con-
formally equivalent to an open subset of the unit disc. It follows from Fatou’s theo-
rem that the holomorphic function g|p has radial limits almost everywhere, i.e., D is
conformally the unit disc, so radial limits are with respect to the radii of the unit disc.

Consider the radial arc 8 orthogonal to S' at the point p (the center of I).
The arc B divides I; into two intervals I, and [/ 1+ and separates D into two
regions D~ and D™. Choose § > 0 small. We can suppose D is inside the region
Es:={ze€&:|z| = 1—48}. Since « is proper, this arc will eventually be inside of &;.
As I is composed of accumulation points of «; and 9., D is not equal to I, the arc
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-
- ~~

Figure 4. Infinitely many arcs in D~ and D™.

o leaves D and returns to it an infinite number of times, and it does this crossing the
boundaries of D~ and D™ infinitely many times, in each step getting closer to 9o D~
and 0., DT respectively; see Figure 3. Then there exists an infinite number of arcs
in oy N D~ (respectively oy N DT) converging to d., D~ (respectively doo DT); see
Figure 4. Thus the points of d., D with radial limits for g have a constant value which
corresponds to the limiting endpoint of the curve g oor; in R(7) U {oo}. However, by
Privalov’s theorem, a nonconstant meromorphic function on the unit disc cannot have
a constant radial limit on a set of d., D with positive measure, a contradiction. [J

Theorem C. Let M be a complete noncompact surface satisfying the following
conditions:

(1) 0< Ky <«
(2) M has a pole p.

(3) The geodesic curvatures of all geodesic circles with center p and radius r > 1
are uniformly bounded.

Let X be a properly immersed minimal surface inside the region of M x R defined
by |h| <cylogr for some constant co > 0 and r > 1. Then X is parabolic. Moreover,
if ¥ has compact boundary, then ¥ has quadratic area growth and a finite number
of ends.

Proof. Let p be the pole of M. Since the map exp, : T)M — M is a diffeomor-
phism, we have that ¢ : 7,M x R — M x R, defined by ¢ (v, s) = (exp, v, s), is a
diffeomorphism and defines a coordinate system.

Let r be the distance to p on Ml extended to M x R in the natural way and & be
the height function on Ml x R. Let Cgr = {(¢g, s) e M x R: r(¢) = R} be the vertical
cylinder of radius R and let ¥ be the part of ¥ inside Cg. Let Br((p, 0)) be the
ball of M x R of center (p, 0) and radius R. Since M x R has the product metric
and p is a pole in M, the point (p, 0) is a pole in M x R. Thus £ N Br((p, 0))
is inside the interior of Cg. Then it suffices to prove that £ has quadratic area
growth as a function of r.
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Using these coordinates we can define a horizontal vector field X that is orthog-
onal to Vr and V& and has norm 1, so (Vr, Vi, X) is an orthonormal basis at each
point of M x R. Let n be a unit normal to X, so

(n, Vr)2 4+ (n, V)Y> + (n, X)* =1,
|Vsr|? =1—(n, Vr)?,

and
|Vshl>=1—(n, Vh).
Hence,
\Verl> 4+ |Vsh> =1+ (n, X)* > 1.
Thus,

/d/ti (IVsr|* +|Vsh?) du.
YR R

Consider the function f: ¥ — R, f = —harctan(h) + % log(h2 + 1), where h
is the height function on M x R. Since % is harmonic on X,

|Vzh>  |Vzh?

Ay f = —arctan(h) Agh — = :
zf = —arctan() Axh =557 h2 41

Consider now the function g = logr + f. After rescaling the metric of ¥ and
removing a compact subset of ¥ we may assume that || < % logr. By Lemma 5,
g satisfies

2 2
VshP? _|VshP _

Aszg =c Tl S

Since log r is proper in {(q, t)eMxR:|h| < %logr, r> 1} and ¥ is proper, log r
is proper in X. Moreover g > 3T”log r, SO g is a nonnegative proper superharmonic
function on X. This proves that X is parabolic.

Suppose 9% is compact. There exists a > 0 such that g(d¥) C [0, a]. Let
t) > t; > a. Since g is proper, gil([tl, t;]) is compact; then we can apply the
divergence theorem and use the fact that g is superharmonic to obtain

&) 02/ AzngZ—/ |V28|dL+/ |VsgldL.
g~ ([t g7l g7 ()
It follows that the function ¢ — fg,l o |Vs g| dL is monotonically decreasing and

bounded, so

(6) lim |VsgldL < o0.

e Jeti
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Since X = g‘l([O, 00)) it follows from (5) and (6) that Ay g € L'(Z). Further-
more, Ay g > %|A2f| for r large; thus Ay, f € L1(X). Hence,

[ ssran= sk [ IVshP
= =C
g Asfde= | S rdes | G dn=c

for some positive constant c3. Then, for R > 1,
log R)>+1
/ VshP dp < / QOB R L) 193 h2dp < ((log R + ey < c3R2.
Tr Tr h2+1

Since Ay f € L'(Z) and |As f| > c4]Ax logr| (c4 > 0 a constant), we have
As(logr) € LI(X). Again by the divergence theorem,

1 |Vsr]|
Ay logrdup = —(Vgr,v)dL + dL
Tr az cns R

1
=cs5+ — |Ver|dL,
R CrNX

where v is the outward conormal to the boundary of X. Thus

1
lim —/ |Ver|dL < o0,
CrNX

R—oco R

which implies there is a constant ¢ > 0 such that
/ |Ver|dL < cgR.
CrNX

By the coarea formula

R R
/ |Vzr|2dﬂ~§/ / |V>:’”|de/0§c‘6/ pdp < 1coR*.
Tk 1 Je,nx 1

Therefore ¥ has quadratic area growth.

Now, suppose X has an infinite number of ends. Let £ be an end of X. Choose
0 < 8 < min{injy;, p, 1/+/k} such that for each positive integer j, there is a distance
ball Bs(q;) of M x R inside the region R; between C; and C;, with g; € E.
By the monotonicity formula for minimal surfaces (see Chapter 7 of [Colding and
Minicozzi 2011]),

2
m =:.c7,

where ¢ > 0 is a constant and « = sup Kyxr. Write E, = E N C,. Since in each
region R, j < n, we have a portion of E of area at least c7 it follows that

|EN Bs(q)) =

|E,| > cyn.
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Then in the cylinder C,» we have
C7n2 <|E,2| < anz.

Since this holds for each end, choosing n ends we obtain that the area of X inside
C,» satisfies

con® < |T,2| < cion?,

but for n sufficiently large this leads to a contradiction. Hence, ¥ has a finite
number of ends. |
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REGULARITY CONDITIONS
FOR SUITABLE WEAK SOLUTIONS
OF THE NAVIER-STOKES SYSTEM

FROM ITS ROTATION FORM

CHANGXING MIAO AND YANQING WANG

We establish new regularity criteria for suitable weak solutions involving
Bernoulli (total) pressure I1 = %Iu |2+ p. By the rotation form of the Navier—
Stokes equations, we also obtain regularity criteria for suitable weak solu-
tions in terms of either u x ®/|w| or @ x u/|u| with sufficiently small local
scaled norm, where o is the vorticity of the velocity. As a consequence, we
extend and refine some known interior regularity criteria for suitable weak
solutions.

1. Introduction

Consider the initial boundary-value problem for the incompressible time-dependent
Navier—Stokes equations:

uy—Au+u-Vu+Vp=0,divu =0 in Qx(0,7T),
(1-1) u=>0 on 02 x [0, T),
uli=0 = uo(x) on Q x {r =0},

where the domain € R? is a bounded regular domain. Here u describes the
velocity of the flow, the scalar function p stands for the pressure of the fluid. The
initial data ug(x) satisfies divergence free. Denote by w = curl u the vorticity of
the velocity field.

There have been extensive studies on the regularity of suitable weak solutions to
the Navier—Stokes equations since the late 1970s (see, e.g., [Caffarelli et al. 1982;
Chae et al. 2007; Dong and Du 2007; Dong and Strain 2012; Chae 2010; Gustafson
et al. 2007; Wang and Wu 2014; 2016a; 2016b; Struwe 1988; Seregin 2002; 2007;
2014; Wang et al. 2014; Wang and Zhang 2013; 2014; Scheffer 1976; 1977; 1980;
Vasseur 2007; Wolf 2008; Lin 1998; Ladyzhenskaya and Seregin 1999; Tian and
Xin 1999]). Suitable weak solutions originated with Scheffer [1976; 1977; 1980] in

Wang is the corresponding author.

MSC2010: 35B65, 35Q30.
Keywords: Navier—Stokes equations, suitable weak solutions, regularity, Bernoulli pressure, rotation.
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studying the potential singular points of solutions to the Navier—Stokes equations
and were later developed by Caffarelli, Kohn, Nirenberg [Caffarelli et al. 1982] and
Lin [1998]. For convenience, we recall the definition of suitable weak solutions.

Definition (Suitable weak solutions). A pair (u, p) is a suitable weak solution to
the Navier—Stokes equations (1-1), provided the following conditions are satisfied

() we L™t LAQ)NL 1, t'; WHA(Q)), peL¥?(t,1; LY*(Q)).
(ii) (u, p) solves (1.1) in € x (¢, t') in the sense of distributions.

(iii) (u, p) obeys the local energy inequality
t/
(1-2) /|u(ﬂ,x)|2¢ dx + 2//|Vu(s,x)|2qb dx ds
Q tJQ

t' t'
< f / |u(s,20)|* (3y+A) dx ds+2 f f (51 (s, 2)*+p(5.x))u(s,x) Ve dx ds
tJQ tJQ

for any nonnegative function ¢ € C5°(2 x (¢, ).

A point is said to be a regular point of the Navier—Stokes equations (1-1) if
one has an L*> bound of u in some neighborhood of this point. Otherwise, they
are called singular points. In this direction, the milestone work is that the one-
dimensional Hausdorff measure of the possible spacetime singular points of suitable
weak solutions to the 3D Navier—Stokes equations is zero, which was shown by
Caffarelli, Kohn, Nirenberg in [Caffarelli et al. 1982]. This result relies heavily on
the following regularity criteria: if there is an absolute constant & such that

(1-3) 1imsupl// |Vu|? dx dt < e,
n—0 K JJou

then (0, 0) is a regular point, where Q () := B(u) x (—u?, 0) and B(u) denotes
the ball of center O and radius . Since then, different approaches to show the
Caffarelli-Kohn—Nirenberg theorem have been presented. More precisely, based on
the blowup method, Lin [1998] provided a simple proof (see also Ladyzenskaja
and Seregin [1999] with nonzero external force belonging to parabolic Morrey
space). Recently, by means of De Giorgi’s iteration technique, Vasseur [2007]
provided a constructive proof without external force. In [Wang and Wu 2014], De
Giorgi’s iteration strategy was applied to the 4D Navier—Stokes equations and the
high-dimensional steady Navier—Stokes equations with nonzero external force. In
what follows, the local scaled norm of quantity is the one which equips the scale
invariant norm similar to (1-3). An alternative proof is offered by Wolf [2008]
via establishing a decay estimate of the gradient of the velocity with local scaled
norm together with Campanato’s Lemma on Hélder continuity. Moreover, notice
that regularity condition (1-3) plays a central role in the partial regularity theory
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of Navier—Stokes. There are a lot of extensions and improvements of (1-3). For
instance, Gustafson, Kang and Tsai [Gustafson et al. 2007] obtained the following
regularity criteria to suitable weak solutions:

_2_3
(1-4)  limsupp' P A ful,, ,00 <6 1=2+2<2, 1<pg<oo;
u—>0
(1-5) 1imsupu,2‘%‘3||wn <e, 2<243<3 1<pg<oo
=0 LPA(Q(uw) — 7 -p q =7 1=
(1-6)  limsu 27%7% < 2<243<3 1< <
p/“'L ||a)||qu(Q(/'L)) — 8’ —p + q — ’ — p’ q — OO,

n—0

where (p, q) # (1, 00) in (1-6), and where ¢ is an absolute constant, which extends
the work of Tian and Xin [1999]. Employing a blowup procedure, Seregin [2007]
improved the regular condition (1-3) to, for any M > 0, there exists a positive
number £(M) such that

(1-7) 1imsupl// |Vu|’dxdt <M and liminflf/ \Vau|*dx dt < e(M).
rJJow rJJow

r—0 r—=0

We also refer the reader to the recent works of Wang and Zhang [2014] and Wang
and Wu [2016a; 2016b].

We note that almost all the results mentioned above rest on the Navier—Stokes
equations in convective form (1-1). Depending on different expressions of the
nonlinear term, the Navier—Stokes equations have several equivalent versions such
as the convective form, the skew-symmetric form and the rotation form (see, e.g.,
[Layton et al. 2009; Zang 1991] and references therein). Thanks to the well-known
fact that

u-Vu = %V|u|2+a) X u,

the 3D Navier—Stokes equations (1-1) can be equivalently reformulated as the
rotation form below:

(1-8) {ut—Au—i—wxu—i—VH:O,

divu =0,

where IT= %lu |2+ p is called as the Bernoulli (total) pressure, which can be found
in [Prandtl 2004; Heywood et al. 1996; Layton et al. 2009; Olshanskii 2002; Zang
1991] and references therein. By means of the Bernoulli pressure I1, the local
energy inequality (1-2) can be rewritten as

t/
(1-9) /|u(t/,x)|2¢dx—|—2//|Vu(s,x)|2¢dxds
Q t JQ

t, t/
Sff|M|2(¢s+A¢)dXdS+2//l'Iu-Vquxds.
t JQ t JQ
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We refer to the above inequality as the local energy inequality with respect to the
3D Navier—Stokes equations in rotation form (1-8).

The goal of this paper is to derive some new regularity criteria for suitable weak
solutions from the Navier—Stokes equations in rotation form (1-8). Notice that the
Bernoulli pressure IT not only plays important role in the regular theory of the Navier—
Stokes equations (see, e.g., [Frehse and Ruzicka 1994; 1995; Struwe 1995; Seregin
and Sverak 2002; Necas et al. 1996; Chae 2014; Tsai 1998]), but also can be measur-
able via numerical simulations (see, e.g., [Heywood et al. 1996; Layton et al. 2009;
Prandtl 2004; Olshanskii 2002; Zang 1991]). Seregin and Sverdk [2002] showed
that the weak solutions to the 3D Navier—Stokes equations are regular provided the
positive part of the Bernoulli pressure is controlled. Since the pressure p is nonlocal,
it seems difficult to obtain regularity criteria via only the pressure p with sufficiently
small local scaled norm. One objective of this paper is to establish the regularity
criteria in terms of Bernoulli pressure IT with sufficiently small local scaled norm.

Theorem 1.1. There exists a constant €1 > O with the property that if (u, p) is a
suitable weak solution of the Navier-Stokes equations such that T1 — (I1)g(,) € L}

loc
with
. 2230 "
limsupu™ 7 4 / / ITT— (Ipl?dx ) ds| <e,
u—0 —u? \JB(1)

where (p, q) € [1, 0o] x [1, 0o] satisfying

2
p

[T
Sl

7

(1-10) 2 < =5 with 1 < p <2.

3
q
Then u is regular at (0, 0).

Remarks. (1) Therange 1 < p <2 corresponds to the limiting case 2/ p+3/qg =7/2.
By means of Holder’s inequality, the range (1-10) can be generalized to

2 3 [1-8 with 1 =8 <2/p <2(0<48 <1),
p q |he[2,5/2] withl<p<oo.

(2) Theorem 1.1 also implies the criteria in terms of the gradient of the Bernoulli
pressure. Moreover, Theorem 1.1 holds true for nonzero external force f provided
that f € L{, withg > 3.

(3) The same result is valid if IT — (IT)p() is replaced by Il in Theorem 1.1. As a
straightforward consequence, a Serrin-type sufficient regularity condition in terms
of Bernoulli pressure can be obtained. More precisely, let (u, p) be a suitable weak
solution. Then u is regular on Q(r/2) provided IT belongs to LP9(Q(r)) with

2/p+3/q=2.
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The key point for proving the above theorem is how to bound the first term on
the right hand side of the local energy inequality (1-9). Generally speaking, the
magnitude between %|u|2 and %|u|2 + p is not clear. Resorting to the appropriate
test function (backward heat kernel) recently adopted in [Dong and Du 2007; Wang
et al. 2014; Wang and Zhang 2013], we could circumvent the direct control. This
enables us to obtain

-1 2 -1 2
Vu
Ml e gy T IVII L g,
N2 iy
<c(BY o,
P )

P\? 2 2 1/2
C(—) I — (I v ,
() 2= 0 14 g 1V ]

which gives the desired iteration. A slight modification of the latter iteration yields

-1 2 -1 2
u Vu
wol ”L2°°’2(Q(u))+u I ”LZ(Q(/E))
e o L e (L e R N |
P L=2een \n lull it ooy L2 (Q0) L*(Q(p))

This relation leads to the following results:

Theorem 1.2. There exists a constant e, > 0 with the property that if (u, p) is a

(T
Pd" \yith

suitable weak solution of the Navier-Stokes equations such that T1/|u| € L; .

b

P 1
-2 _3 0 q* g P
limsupp P 4 (/ (/ ‘£| dx)q ds)l7 < &,
n—0 —w2 \JB(w ! Ul

where (p°, g%) € [1, oo] x [1, 0o] satisfy
(1-11) 1<=+

then u is regular at (0, 0).

Remarks. (1) The statement of Theorem 1.2 remains valid if I1/|u| is replaced
by I1/ (w™ "+ |u|). This theorem also means the Serrin-type regular condition in
terms of I1/|u|. This theorem corresponds to Beirdo da Veiga’s [2000] regularity
condition that any weak solution u is regular in Q x (0, T') provided

p
14 |ul

(2) The proofs of Theorems 1.1 and 1.2 also yield the regularity conditions involving
I[1/|u|* with sufficiently small local scaled norm for 0 <« < 1. Invoking the blowup
framework introduced by Seregin [2007], one can improve these results provided
o < 1 in the sense of (1-7).

€ LP(0,T; LY(Q)) with % + g =1,¢q>3.
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In the following, we seek out a quantity which can control the Bernoulli pressure
from the equations (1-8). Notice that the Bernoulli pressure is determined by

(1-12) All = —div(w X u).

We find that w and u may be the apposite candidate. Indeed, by virtue of the split
of velocity u, Wolf [2008] established the following criteria: assume that u is a
suitable weak solution to (1-1). If there exists an absolute constant & such that

(1-13) lim sup — // ‘a)x ‘ dxds <e,
u—-0 K JJou!  lul

then (0, 0) is a regular point. The second goal of this paper is to obtain a regular
class in terms of # X w/|w| and to extend the integral norms with different exponents
in space and time in (1-13).

Theorem 1.3. Let (u, p) be a suitable weak solution to (1-1) in Q(1). Then (0, 0)
is regular point provided one of the following conditions holds:

(1) There exists a positive constant €3 such that u X w/|w| € LY with

loc
i

1-2_3 0 %
(1-14) limsup p' ,(/ (/ )ux— dx) ds) <e3,
j—0 ~w2 \Jp! ol

where (i, j) € (2,4) x (2, 3) satisfy

(1-15) 15%%—352 with i < 4.

(2) There exists a positive constant €3 such that w x u/|u| € L'"" with

o2 3((° u
(1-16) Tim sup j —m—n(/ (/ )wx
=0 ~w2 \Jpg! Ul

where (m,n) € (1,4) x (6/5, 3) satisfy

1-17) 252—1—253 withm < 4.
m n

loc

m 1
n m
) dS) < &3,

Remarks. (1) As noted in the first remark on page 192, in light of Holder’s
inequality, one can extend the range of (1-15) and (1-17) to

2 3 _[2-8 with1-28 <3 <2 (0<8<3),
i ;_{Ee[l,%), with 2 < i < o0,
and . )
£+§ {3—5 with 1 =26 < % <4 (0<5<1/2),
n E’E[Z, %) with 2 < m < o0,

respectively.
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(2) Theorem 1.3 is an improvement of corresponding results (1-4) and (1-6) proved
by Gustafson, Kang and Tsai [Gustafson et al. 2007]. These extensions of (1-4)
and (1-6) include their endpoint cases.

(3) As a corollary of Theorem 1.3, one immediately obtains the Serrin-type regu-
larity conditions via u X w/|w| or @ X u/|u|, which was proved in [Chae 2010].

The idea of proving Theorem 1.3 is to establish an effective iteration scheme via
local energy inequality (1-9). Therefore, the main target is devoted to deriving the
decay-type estimate of || and the Bernoulli pressure IT in terms of the rotation term
wxu. In view of (1-12), one can derive the decay-type estimate of the Bernoulli pres-
sure IT in terms of w x u. Since there is no direct relationship between |u |2 and o x u,
the main difficulty of the proof of this theorem lies in the estimate of the first term
on the right hand side of the local energy inequality (1-9). One would want to invoke
the backward heat kernel as test function utilized in [Dong and Du 2007; Wang et al.
2014; Wang and Zhang 2013] again, which yields the appearance of (p/u)> > 1 in
the second term on the right hand side of the local energy inequality. However, this
breaks down since now neither IT nor u is assumed to be sufficiently small. Our
strategy is to utilize the decomposition introduced by Seregin [2002] for studying
the partial regularity of the Navier—Stokes equations near the boundary. Precisely,
let (v, p1) be a unique solution to the following initial boundary value problem:

v —Av+Vp = —wxu,dive=0 in Q(p)

(1-18) { (p1)B(p» =0 on (—p% 0),
v=0 on {t = —p?} x B(p) U[—p% 0] x3B,.

Then b = u — v and p; = I1 — (IT)g(y/2) — p1 solve the following boundary value
problem:

by — Ab=—Vpy,divb=0 in Q(p)

(1-19) {bzu on {t = —p2} x B(p) U[—p2 0] x 3B,.

This allows us to bound the L?-norm of u in terms of controlling that of v and b
separately. On the one hand, applying the L? — L9-estimate of solutions to the
Stokes system established by Giga and Sohr [1991] to (1-18), we get

+ 1 Asv]l + 'Vpull < Cllw xull

”Ut”L”(Q(p)) L™ (Q(p)) L™ (Q(p)) — L™ (Q(p))’
where A; = —[P; A and P; is the Leray projection from L* ()7 onto L? (£2). Then
we can apply embedding theorems in mixed norm also shown in the same work to
bound vl z2(g(p)) In terms of [|[w X ul|Lrs(g(p))- On the other hand, the harmonic
function p, helps us to get an interior estimate of b below

N3 2 2
b 2 < C(—) b / 5
| ”LZ(Q(M))_ P L ||L2(Q(p))+”p2”L” (Q(p/Z))]



196 CHANGXING MIAO AND YANQING WANG

where 0 < u < p/32. Then we could derive the decay-type estimate

_ P\ 3 2
1-20) 22 flull? =c(?)
(1200 ™Ml ) = P ol g
+C<E)2[p‘3||u||2 +p 7N = Mse) I o |
0 L2(Q(p)) L (Qe»

Remark. The decomposition (1-18)—(1-19) allows us to take full advantage of the
structure of the rotation term w x u# and the local energy inequality (1-9) to refine
regularity criteria (1-4) and (1-6). Roughly speaking, if the rotation term w X u in
(1-18) is replaced by a convective term u - Vi, then the split (1-18)—(1-19) reduces
to Seregin’s [2002] original split. However, it seems that, following the pathway
of Theorem 1.3, Seregin’s original split of the velocity u seems to yield Serrin-
type regularity criteria rather than the Caffarelli-Kohn—Nirenberg type regularity
conditions via u - Vu/|Vu| or u/|u| - Vu.

Finally, we turn our attention to the following stationary Navier—Stokes equations
in R4 ford =5, 6:

(1-21) —Au+u-Vu+Vp=f, divu=0, xeQ.
First, we also present the definition of suitable weak solutions to the stationary case.

Definition. A pair (u, p) is said to be a suitable weak solution to the stationary
Navier—Stokes equations (1-21) if and only if

(D) ue Wh(Q), pe L¥*(Q).
(2) (u, p) solves (1-21) in the sense of distributions.
(3) (u, p) verifies the local energy inequality

(1-22) 2/|W|2¢dx5f|u|2mpdx+2f(§|u|2+p)u.wdx+2fuf¢dx,
Q Q Q Q

for yy € C3°(2), in the sense of distributions.

According to the dimensional analysis of the Navier—Stokes equations in [Caf-
farelli et al. 1982], nonstationary Navier—Stokes equations in R? may be viewed
as stationary Navier—Stokes equations R?*2 The analogue of the Caffarelli-Kohn—
Nirenberg criteria (1-3) for suitable weak solutions to the stationary Navier—Stokes
equations in R> and R® were proved by Struwe [1995] and by Dong and Strain
[2012], respectively. By means of an observation that both the local energy inequality
for the time-dependent Navier—Stokes equations and the stationary case can be dealt
with by the unified approach in [Wang and Wu 2014], one can show the analogue
theorem of Theorem 1.1 to system (1-21). To make our paper more self-contained
and more readable, we outline the proof of the stationary case with the external
force f (div f =0).
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Theorem 1.4. Suppose that (u, p) is a suitable weak solution of the Navier—Stokes
equations (1-21) and the external force f belongs to L1 () with q > %d. There is
a constant &4 such that if the condition

2—d

2d_ 2
limsup/,L_Z(/ [TT — (IT)p () |4+2 dx) <eg4, d=5,6,
B(n)

u—0
holds, then u is regular at origin.

As abyproduct, Holder’s inequality and absolute continuity of Lebesgue’s integral
immediately yield the following result:

Corollary 1.5. Let (u, p) be a suitable weak solution of the stationary Navier—
Stokes equations (1-21). If

(1-23) HulP+pe L), withd =5,6,

then one has u € Ly,

().
Remark. Frehse and Ruzicka [1994] showed that if the weak solutions satisfy

(5lul’+p), €Ll (@) withg>3d, d=>5,

and the local energy inequality (1-22), then u is regular. Compared with Frehse
and Ruzicka’s regularity condition, the regular class (1-23) is scaling-invariant with
respect to system (1-21).

The remainder of the paper is organized as follows. In the next section, we
recall some helpful results and give some useful auxiliary lemmas such as the decay
estimate involving the Bernoulli pressure and |«|% The last section will be devoted
to proving theorems.

Notation. Throughout this paper, we denote

Bx,w)={yeR?||x—yl<u), B :=BO,p),
O(x,t, 1) = B(x, ) x (t —p?, 1),  O(u):= Q(0,0, w).

For p €[1, oo], the notation L” ((0, T'); X) stands for the set of measurable functions
f on the interval (0, T') with values in X such that || f (¢, - )||x belongs to L7 (0, T').
For simplicity, we write

1N ra oy = W e 20008y 30D 1L o) = 1 e r o)

Denote by LZ (2) the closure of Cgf’a () in L9(2)%, where Cgfg (2) denotes the set
{u e CSO(Q)d : divu = 0}. The classical Sobolev space Wh2(Q) is equipped with
the norm || fllwi2q) = | fllL2) + IV fllL2()- We will also use the summation
convention on repeated indices. C is an absolute constant which may be different
from line to line unless otherwise stated. According to the natural scaling property
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of the Navier—Stokes equations [Caffarelli et al. 1982], we introduce the following
dimensionless quantities for the nonstationary case

E(u,p)=p"" Ex(u,p) =™ IV
(u,p) = l|u IILM(Q( )’ « (1) = I ””LZ(Q( )’
Upg()y =p= P qH”XW LPa(Q(w) Epqu,p)y=p P q”u”LP"I(Q(M))’
"
u I1 1—7—*
Wi o) = > "wa Ps(_’ )=w'"" H
pa |u] LP‘I(Q(,u)) PN Jul ullpra oy
2.3
Py (1 = (Mg, 1) = 1> 74 11 = (Mg lra oy
Ez(u,”') ||u||L2(Q( ))

and for the stationary Navier—Stokes equations,

EpGu, i) = u?~Null], s ol ) = @IVl
~ d=2
Poy (IT— (), n) =p~ 2 |[TT— (I F, = £
2 (M= (). ) = = 2 10 = (), a5 Fa (1) L1 oy

2. Preliminaries and main lemma

Before proceeding further with the decay-type estimate, we shall recall the LP — L7-
estimate of solutions to the linear Stokes system and an associated interpolation
inequality.

Proposition 2.1 [Giga and Sohr 1991]. Let Q be a bounded domain and r, s €
(1, 00). Then for every f € L (0, T; L*(K2)), there exists a unique solution (v, Vpy)
to the Stokes system below:

—Av+Vp = f,divv=0 in(0,7T) x ,

vlae =0,
(P)a =0, 1€(0,7),
V=0 =0.
satisfying
7 P R /1 Yol ]

where C = C(q, s, 2).

Lemma 2.2 [Giga and Sohr 1991]. Let D(Ay) ={v € L} (2); BlakveLf,(Q)d; 1<
[, k<d, vlsg =0} Supposethat 1 <s <3/2, s <h®*<oo,and1 <r <p < 0.

Assume that

=244 2
Jol

+ e

~ N
v W
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Then there are constants C such that

v C(lvl + 1 Asv]l

< | )
LP(0,T;L" () — L"(0,T;L*(R2)) L"(0,T;L* ()"’

forallv e L™ (0, T; D(Ay)) satisfying v;, Agv € L"(0, T; L*(R2)), and v(0) = 0.
Applying Proposition 2.1 to system (1-18), we immediately get, by Lemma 2.2,

2-1)  vl)? <C(lu?
@D g, = CUY N o)

provided that r, s satisfy

) < Cllw x ull?

2
+ 14,0l o’

L™ (Q(0)

=2 Withl<s<§.

+ 2’ 5

RIS
Y | W

We recall a well-known interpolation inequality, which will be frequently used later.
For every 2 < x < oo and 2 < 7 < 6 satisfying (2/x) + (3/1) = %, by Holder’s
inequality, Sobolev’s inequality and Young’s inequality, we see that

_ < 1-2/k 2/k
@2 Ml gy =< Clull 22 Ml o

1-2
< Cllull, 255 oy M2

< Cll gy + 1Vl 2 o)

The following lemma will play a crucial role in the proof of Theorem 1.1.

1Vl 2 o))"

Lemma 2.3. For u < % p, there exists a constant C independent of u and p such
that

(2-3) E(u,p) + Es(u,p) <C E(u, p)

2
Py o (T1 = (TDp(py» PILE (u, p) + Ex(u, p)]'/2,

N—"
(3]

—~
LS

+
A
T |

~—, ~~—
ool

(2-4) E(u,p) + E\(u,pn) = C (u, p)

—~
=

2 m
Py (7 ) E G 0+ Eutis ),

+
!
—~
IS RS
~—~

where (p, q) and (p°, q%) satisfy

2-5 =42

Proof. Consider the following smooth cutoff function

L (x,1) € Q(p/2),

o= {0, (x.1) € O%(p):;
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which satisfies 0 < ¥ (x, ) < 1, [y, (x, )| +|AY (x, 1)| < C/p? and |V (x)| < C/ p.
We denote the backward heat kernel

|x[*
4ur-n)

Ax(u2 —1)32°

Plugging ¢ = ¢ (x, t)["(x, ) into the local energy inequality (1-9) and using that
I + AT" =0, we know that

'x,t)=

(2-6) sup[ |u(x,t)|2F(t,x)w(x,t)dx+2// IV |*T (x, )% (x,5)dxds
B(p)

—p?<t=<0 Q(p)

< // Iu|2[F(x,s)ws(x,s)+F(x,s)Alp(x,s)+2V1//(x,s)VF(x,s)]dxds
0(p)

+/ (IT— (IDppy))u - [TV (x,s) + ¥ (x,s) VI (x,s)]dxds.
Q(p)
This inequality in turn implies

(2-7)  sup / |u(x,s)|21"(x,t)dx+2/f |Vu|*T(x,s)dxds
B(u) o)

—puP=<t=0

< f/ Iulz[F(x,s)t//s (x,8) + T'(x,9)AY (x,s) + 2V (x,5) VI (x,5)]dx ds
Q(P\Q(p/2)

+// (IT = (IDppy)u - [TV (x,5) + ¥ (x,8) VI (x,5)]dx ds,
Q(p)

where we have used the fact that supp(¥, 0;¥) C Q(2p) \ Q(p).
To proceed further, we list some properties of the test function ¢ (x, t) whose
deduction rests on elementary calculations.
(i) There is a constant ¢ > 0 independent of u such that, for any (x, ) € Q(w),

I'(x,t)> cu_3.

(i1) It is clear that, for any (x, t) € Q(p),

T, Y (x, D] < Cu™>, [V (x, D (x, )| < Cu™,

and
2

1 _ \xz\

T — 4(n
A (u2 — 1)3/2

) 2x,'
4u*—1)’

—t

T (x, 1) =

which in turn yields
¥ (x, VL@, 0] < Cu™.
(iii) For any (x,t) € Q(p) \ Q(p/2), one can deduce that
F,0)<Cp™>, dil(x,1) <Cp~%,
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which leads to
IT(x, )3 (x, )] + [T (x, DAY (x, D] + |V (x, DV (x, )] < Cp~.
Take 1/k =1—1/p and 1/t =1—1/q. Then, in light of (2-7), the Holder inequality,
(2-2) and (2-5), we see that

2 2
Eut, 1)+ Ey(ut, 1) < C(%) Ex(u,p) + (ﬁ) P, (T = (Mg ) Ev.o(ut, p)

I7a% P2
< €5 ) B+ (1) BT = (M, pIEG )+ Eelit )]
which means (2-3).
Choose 1/p? =1—1/p% and 1/g* =1 — 1/4" Then we derive from (2-5) that

2 3 3
28 g T Y

This together with Holder’s inequality and interpolation inequality (2-2) yields that

// \TT|{u| dx di < HE
0(p) |ul

Nl 2
L7 (0(p)) L2P7247(Q(p))

I 2 2
<|— \Y .
- H |u| I p.q? (””||L°°~2<Q<p>) + M”Lz(Q(p)))
Collecting these estimates leads to (2-4). This completes the proof. O

Next, we derive the decay estimate of the Bernoulli pressure.

Lemma 2.4. Let 0 <4u < p andi, j, m, n be defined as the limiting case of (1-15)
and (1-17). There exists an absolute constant C independent of |u and p such that

P\3/2
Q8) By (T = (Mg, ) = () Ury O, pEN @, p)

2
U3
+C(2) T BT = (Mg, ),
3/2
Q9 B (= (Mg, 1) = C(5 ) W, P B, p) + B, p)]' 7

2
AN
+ C(Z) "By (T = (TDp(p), P,

where the pair (r, s') satisfies

_T 4 3 _
+s_2 withl <r < ,2<s < 2.

3
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Proof. Utilizing that (p1)g(,) = 0 and the Poincaré-Sobolev inequality and applying
Proposition 2.1 to system (1-18), we get

@10) 1Pl gy = CIVP s gy < Cllo X s -
where
2-11) 5143,

S S

Since Ap, =0 on B(p/4), then, by the interior estimate of harmonic functions and
Holder’s inequality, we see that, for every xo € B(p/4),

C C C  3a-1/5)
V < — < — < — /

which in turn implies

V s’ <C =3~ S// .
|| p2||Loc(B(p/4)) =L ”pZHLS (B(p/2))

The latter inequality together with the mean value theorem leads to

- s’/ <C 3 - s
P2 = (P2)BGw I Booy = M3||P2 ,(pZ)B(//:)”LDC(B(M))
<C 2 S v S
<Cu 2w)* | lelLoo(B(pM))

c n 3+ o
< - / .
= (p) 1P21 g2

Integrating this inequality in time, we obtain

3
E Sf/‘l’l
192 = P2l oy < C(5)" 12l g0

With the help of the triangle inequality and (2-10), we infer that

(2-12) P20 ooy = MU= DBl s o020y T NP (0129
< ||H - (H)Bp “Lr,s/(Q(p/z)) + ”pl ”L”/(Q()O))
< = D5, v gy F 0 X ll s o0

which in turns yields

Byt
192 = P2l gy = C(5)” M= M0l o+ 10 X i)
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It follows from (2-10) and the last estimate that

(2-13) T = (DBl o1y
= lIpr = (OB gyt 1P2 = (PDBUI v o 10
< 1Pl gy T 1P2 = (PDBGH s oy

= ||p1 ||Lr’S/(Q(/)))+ ||p2 - (pz)B(M)”L’“’(Q(;,Q)

3
" ?-H _
< Clox el gt €(5) I = (Mol

Now, we bound w X u in two different ways.

Case I: The Holder inequality and hypothesis (1-15) in Theorem 1.3 ensure that

1)

(2-14) o ul 0 g = i % W“u B L P

= el g P
where the pair (r, s) satisfies

2,3 9

FTsT Y
and

1 1 1 1 2 1 1 1

(2'15) §<;—§+l_<1, §<E—§+7<1,

which guarantees that Proposition 2.1 and Lemma 2.2 work. Substituting (2-14)
into (2-13), we conclude that

3/2

_ P -
BRI = 09, < (5 ) 7 ™21l 20y

x|
|w| L ’(Q(p))

+ (&) = (M,
0 p B L' ooy

where we have used the fact 2/r +3/s' =7/2.
Case II: Using Holder’s inequality, (1-16) and (2-2), we see that

(2-16) ”Cl) X u”Lr’s(Q(p)) — Hw X — |M| Lmn(Q( ))”u”LKT(Q(,O))
u
< fox (Nl 2y F 1V 29
u lpmacgepyy L) L*(Q(p))
where the pair (7, s) satisfies
2 3 9
r + s 2
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Just as (2-15), it suffices to verify that

(2-17) Lol 1 1y g 2001
2 r m k 3 s n T
Indeed, for 1 < m < 2, we choose
3m 18m

— d -

m—2 M TELTR

For2 <m <4, we pickupx =2, t=6.
Inserting (2-16) into (2-13), we know that

l/«_3/2||n — (H)B(M) ||Lr<-<’(B(u))

3/2
<c(2) "5 o !

-1/2
. P2 gy + 1V 2 )

lul Tpmn ooy

78 3-2/r Y
+C(C) T I = Ml g

This finishes the proof. (]

Taking full advantage of the interior estimate of harmonic functions, we can
extend Lemma 2.1 in [Wolf 2008] and present its proof arguing as with the heat
equation.

Lemma 2.5. Assume that b is the solution of (1-19). Then, for u < p/32, there is a
constant C independent of u and p such that

_ UN2 30 -3 2
2-18 3b) < C(—) b C ’ ’
@-18) w7l ”LZ(Q(M))_ P (o™l ”L2<Q<p/2>>Jr plp2ll (Q<ﬂ/2)>)

where the pair (r, s’) has been defined as in Lemma 2.4.
Proof. Consider the following smooth cutoff functions:

17 IZ_(p/g)zv 17 XEB(,O/g),

0. 1<—(pa M ”(x):{o, x € B(p/4),

E(t)={

which satisfy
/ C C
0=<&@®,n(x)=1, [§ (I)IEF and IVH(X)IEE-

Taking the inner product of (1-19) with £21%b over (—(p/4)%1) x B(p/4), (t <0),
we arrive at

t t
/ / £20*bb, dx ds—/ / E2n*bAb dx ds
—(p/4)? JB(p/4) —(p/4)? JB(p/4)

t
=— / / Eznszpz dx ds.
—(p/H? JB(p/4)
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Integrating by parts and the Cauchy—Schwarz inequality, we infer that

t
1/ Sz(t)nQ(x)bz(t,x)dx+/ f £2(s)n(x)|Vb|? dx ds
2 (o) (012 B (p/4)

t t
=f / £'En*b* dx ds—2/ / £2VnnbVb dx ds
—(p/9?JB(p/4) —(p/H?JB(p/4)

t
—/ / éznszpg dx ds
—(0/42 JB(p/4)

0 0

/ 1

scf [ semirrgntradsey [ [ eeremsidsds
(p/%)?JB(p/4) (p/M?JB(p/4)

0 12 N2
+C( / ( f 52n2|Vp2|2dx) ds) + g IEnbI;
~(p/42 \JB(p/2) L&A/

which in turn implies

0
ess sup 1/ 52(z)n2(x)b2(t,x)dx+/ / £2(s)n(x)?|Vb|*dx ds
—(p/4)2<t<0 % JB(p/4) (p/4)* JB(p/4)

c [0 0 12 \2
<< |b|2dxds+c(/ (f |sz|2dx) ds) Yignbi2,
Pz/—(p/4>2/3<p/4> (/42 \JB (o) Le2Qp/4)

Consequently,

(2-19) |Ib)1? +IIVb? +C||Vpall?

02
L®2(Q(p/8)) L*(Q(p /8)) - I ||L2(Q( /4) L'2(Q(p/4))
Notice that the system (1-19) is linear, thus, a slight variant of the proof above
provides the estimates

Vb2 <Cp~ 2| Vb
| ”L°°'2(Q(p/16))+” bl 0oy =P ”LZ(Q( o TV pZHL”(Q(p/S))
and
Vzb 2 C -2 VZ
I ||L°Ov2(Q(p/32))+|| ”L2(Q(p/32))— Pl ”LZ(Q(p/lé))—i_|| p2||L'2(Q(p/16))
Collecting the above estimates, we find
2200 (V2 Vb
2200 1 ||L°°2(Q( /32)>+” ”LZ(Q( /32))
< Cp~2{Cp~?| Vb
< Cp{Co VI, ooy T IVPI 2 oV HCIVPPAE L o)
<C Cp2[Cp2|b C|Iv?
<Cp HCo™* [Co2 N s gy TIVP2I 2 0 HCTV P2 1 )
+CIVipal;

L"(Q(p/16))"
By virtue of the interior estimate of harmonic functions, for every k € N, we have

IVEpa(xo)| < Cp27F| =
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for any xo € B(p/4), from which it follows that

v <Cp3 |V pa

P2lly2 g ay) = L%(B(p/4)

< Cplp~®HHI| |
3 3

Scp*(k+l) 27y

L'(B(p/2))

Integrating the last inequality in time yields

3_

< Cp*(kJrl) o)

k+1

Utilizing Holder’s inequality, we discover

V< | < Cp~ Vpy|l

LY2(Q(p/4) — L' (Q(p/2))’

where we have used the fact 2/r +3/s’ = 7/2. Plugging this inequality into bounds
(2-19) and (2-20) gives

b
I ”L°°2(Q< /8)) +IV ”LZ(Q( /3)>— 2” ”LZ(Q( /4» ZHPZHL”(Q( /2)’
and

V2b|?

I ”L°°'2(Q(p/32)) v ||L2(Q(p/32))_ 6” ||L2(Q(p/4)) 6”” 2||L”(Q(p/2))

By the Gagliardo—Nirenberg inequality and the latter inequalities, we infer that

”b”wg( ) =Cwlb ”L"C(Q( /32)
< Co (D1 i 1V I 2 T 3” 20321
= U (0211, o,y P ||p2||L,V(Q(p/2)))”“
X< (070181 2 g gy T CP NP2 )
en /f( UL gy TP TN 1)

SC( ) (UB12 gy T CNP2 g )

which means that

w3 < <H> -3 -3
Ib11? c P (p~°1b ||L2(Q( /2))+C,0 Ip21I?

L2(Q(w)) — L' (Q(p /2>))

which is the desired result. O



REGULARITY CONDITIONS FOR SUITABLE WEAK SOLUTIONS 207

This lemma entails the desired decay estimate (1-20), that is,

2-21) Ex(u )<c(£)3 3w x ul?
M =E0 )P L5 (Q(p)

uw 2
+ c(;) [Ex(u,p) + P2y (T — (T, ., p)].
Indeed, it is enough to bound the right hand of the following inequality:

2 -3 2 -3 2
< v + b
22000 =H I g THTIPI2 )

P>3 =30 112 =312
<{— v b
—<,L P2 oy T IPI g

3
§C<£> p=3 o x ul?
uw

-3
i

+ 173 b

L™ (Q(p)) L*(Q(n)’

where we have used (2-1). To end this, first, by triangle inequality and (2-1) again,
we see that

2
L*(Q(p))

—3y.012
v
o vl o0,

2 -3 2
C w XU .
L2(Q(p)) +Coll ”L”(Q(p))

Then, we insert the latter estimate and (2-12) into (2-18) to obtain

-3 2 -3
b <
PN g, <P lul

-3
=p lull

_3 2 /"l’ 2 —3 2 _3 2
12 ” ||L2(Q(IL)) = 0 (:0 ” ||L2(Q(,0)) +p0 ”CU u”L”S(Q(,O))
Cp 3|1 — (Mg |12, .
+Cp T = (g, I, (Q(p)))

This inequality yields the desired estimate (2-21).

Before we state the auxiliary results to the stationary Navier—Stokes equations,
we first recall the Caffarelli-Kohn—Nirenberg regular condition below to the steady
Navier—Stokes equations.

Proposition 2.6 [Struwe 1995; Dong and Strain 2012; Wang and Wu 2014]. Sup-
pose (u, p) is a suitable weak solution to (1-21) and the external force f € L1(S2)
with q > %d. Then the origin 0 is a regular point for u(x) if the following condition
holds:

(2-22) lim sup %f |Vul>dx <&, d=35,6,
u—0 B(w)

for a universal constant € > Q.

To show Theorem 1.4, we need to prove the following lemma:
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Lemma 2.7. Let 0 < 2r < p. It holds that
(2-23)  E(u, )+ Exlu, )

UN2 =

0

Jo d-3

+c( ) (Paa (M= ()g(py, 0)+ Faa (f, M)E W, p)+ Enut, 0172,
W a+2 a+2

where the constant C is independent of u and p.

Proof. The conclusion can be derived by a slight change of the proof of Lemma 2.3
as follows. In the spirit of the backward heat kernel for the time-dependent case,
we modify slightly the fundamental solution of Laplace equations to set

1
T = e 53
An easy computation gives
_ (d—2)x; _—d(d—2)u?
B,F(X)——W and AF(X)— (M2+|x|2)(d+2)/2'

Consider the smooth cutoff function

1, xeB(p/2),

n(x) = .
0, xeB%p),

which satisfies

0<n() <1, IVn(X)IS%, and IAn(x)IS%.

The desired estimate turns out to be a consequence of the following properties of
the test function 7 (x)I"(x):

(i) For every x € B(u), straightforward calculations yield
—AT>Cu™®, T>Ccu 2,
(i1) For every x € B(p), it is easy to verify that
@< Cu™ "2, In@)VE|+[TVn(x)] < Cpm 7Y,
(iii) For every p/2 < |x| < p, we know that

ITAn(x)|+|Vn(x)-VI| < Cp~?.
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Inserting ¢ = n(x)I"(x) into the local energy inequality (1-22), we see that
—/ |u|2nAFdx+2/ |Vu|*nT dx
B(p) B(p)

< / |u|2(FAn +2Vnp-VI)dx +2 (IT — (H)B(p))u (VL +T'Vn)
B(p) B(p)

+2 f-unldx.
B(p)

This inequality implies
- f lu|>AT dx +2/ |Vu|*T dx
B(w) B(u)

5/ lu|>(TAn+2Vny-VI)dx +2 (IT—IDppy)u- (VL +T'Vn) dx
B(p)\B(p/2) B(p)

+2 f-unl dx.
B(p)

The property of test functions and Holder’s inequality yield that

%/ |2 dx + 54/ \Vu | dx
2 B(1) M B(u)
2 1
f(ﬁ) W/ juf? dx
prp B(p)\B(p/2)

of” d—3< 1 M (D )|d2d2d 42, | |d2d2d \2d
+ (—) / — B +2 dx / uld—2 dx
Z 23 I v L3 s

0 d+2

d+2

d—2

yol d—4 1 2d \ 2d | 1 2d \ 2d

+c(—) . /|f|d+2a’x . /IuIdde .
m d-—4d B(p) d-—4d B(o)

p d+2 p -2

Combining this estimate with the Sobolev embedding

(2-24) el C(IVu] el ), xeR?

L2142 (B(p)) = L*(B(p)) to L*(B(p))

with d = 5, 6, we derive the desired estimate (2-23). O

3. Proofs of theorems
This section is devoted to the proofs of Theorem 1.1-1.4.

Proof of Theorem 1.1. In the light of Holder’s inequality, it suffices to deal with the
case 2/p +3/q =7/2. According to the hypothesis of Theorem 1.1, we know that
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there exists a constant ¢ > 0 such that
P, o (IT = (IDp, n) < &1, forany p < ry.
Before going further, we set
Gi(w) =E@u, )+ Ec(u,pn) and A=p/p (=1/4).

By (2-3) in Lemma 2.3 and Young’s inequality, we derive that

2 2
Git40) = C(% Y EG )+ C (5 ) B (= (Wi, IEGe, )+ Enta, 1
uw 2 P 2 0 2
<C (%) G1o+C (5 ) g T = Wiy, G+ () B (T = (M)
< CoA%Gi(p) + C1A7%e1 Gi(p) + 2771

Choosing %, & such that g = 2C>A% < 1 and &; = min{gA?/(2C}), (1 — q)A3e/2},
we obtain
Gi(Ap) < qGi(p) + 1 %e)

Iterating the latter inequality, we deduce that
GI(X*p) = 4" Gi(p) + ghe.

From the definition of G;(u), there exists a positive number Ky such that

Clullpoer2, ||Vu||L2)q](0 1!

g% Gi(ro) <2 < —Ae.
ro 2

Let 7 := AXorg. For every 0 < r < ry, there exists k > K such that ***'1ry <r < A¥r.
An easy computation yields that

1 2 1~k l( k—Ko Ko 1 )
E*(r)fkk“ro /fQ(Mm)lwl dxdt <=Gi('ro) <5 (a" ¢ Gitro)+72e) <e.

This together with (1-3) completes the proof of Theorem 1.1. U

Proof of Theorem 1.2. Thanks to Holder’s inequality, without loss of generality, we
just consider the endpoint case 2/p" 4 3/¢* = 2. With the estimate (2-4) in hand,
arguing as with the iteration method above, we can finish the proof. U

Proof of Theorem 1.4. 1t follows from Holder’s inequality that

r/q
I dx < /f”_gd(/g'f @I dx) ’

which together with the integrability hypothesis on the force f implies that

G-D) Fp(fop) = pP /

B(u)

Fp(f, w) tends to 0 as u — 0,
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where p < %d < g. Therefore, we see that there is a constant r; such that for any

n<ry, Fw J@d+2)(f, ) < &2. Owing to the assumption, there exists a constant
rp < r; such that

Prajas+ay(TT— (Mg, w) < &, forany u <r,.

Based on this inequality and (2-23) in Lemma 2.7, we complete the proof in the
same way as in the proof of Theorem 1.1. (I

Proof of Theorem 1.3. This will occupy the remainder of the section. We start
with some preliminaries. Recall the symbols r, s” defined ias n Lemma 2.4, which
correspond to the borderline cases of (1-15) and (1-17). Set

1 1 1
Then it is obvious that
24322 withrfe[2,00),5 € 2,6).
r ) 2
It follows from (2-2) that
”u”Lr:’xﬁ(Q(p)) S C(”u”LOOZ(Q(p)) + ||Vu”L2(Q(,O)))'

Consider the usual cutoff function ¢(x, 1) € C;°(Q(2u)) satisfying ¢ = 1in Q (),
0<g¢ <1, |[Vo| < Cu~" and |3,;¢| + |Ap| < Cu~2 By the divergence-free
condition div = 0, Holder’s inequality and the latter inequality, for 32u < p, we
infer that

f/ u-Volldx ds = // u-Vo((IT — (IT)p2p)) dx ds
o) o)

—1
-1

el

Choosing ¢(x, t) as the test function in (1-9) and using the latter relation, we see
that
(3-2) E(u, )+ Ex(u, ) U
0
< E(u, 200) + oy (T1 — (I0), 2#)(;) (Eu, p) + Ev(u, p))'2
This concludes the preliminaries. The proof proper is divided into two steps.
(1) Substituting (2-14) into (2-21), we have

3 2
(33) Ea(up) < C(ﬁ) U2, (%, p)Eulu, p)+C(%) [E2(u, p)+ B2, (TT—(T)g,, p)].
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Plugging (3-3) and (2-8) into (3-2), we infer that

s £ (2 )3Uf,~ (<. ) Es (. p)+C(E)2[E(u,,0)+Pfs/(H — (Mg, p)]
P P
+|:C(§)3/2Ui,j(x»P)El/z(”’p) + C<%>

2/r
B (M= (Mg, p)]
172
x (3) [E(u.p) + Ex(u, p)]"/%.
n

We define Go(u) = E(u, ) + Ey(u, n) + Prz’s/(l'l — (IDp,, ). Then the last
inequality and (2-8) in Lemma 2.4 lead to

(34) Gy sc(§)3lf,-?j(x, P)Ga(p) + C<%>2G2(P)
+e(2) v e+ (L) Gao)
+e(2) v e+ (B R =g, 0

P\3 wN\S/2=2/r
=C(2) Uix. Gy +C(E) 7 Gat).
0 o
Now, by an argument completely analogous to that in the proof of Theorem 1.1,
we can complete the first part of the proof of Theorem 1.3.

(2) Substituting (2-16) into (2-21), we get
o\3 2
(G5) Extu = (1) Wi, (<, pE @, )+ Enlu, )]
U2
+ C(;) [E(u, p) + P2, (T = (TD)g,, p)].
Plugging (3-5) and (2-9) into (3-2), we infer that

E(M’ /"l’) + E*(u9 M)
3 2
< (B) W26 PIE@, )+ Eutit, )]+C (2 ) [E @, p)+ P2, (= (Mg, p)]
% P

+{c(§)3/ Wion 2 PILE 1, )+ Exi, p)]‘/2+c(%)32”1>r,y(n—(n>3,,, 0
x (5)1/2[15(”, p) + Ev(u, p)1'/2.

Let
G3(1) = E(u, j1) + Ev(u, ) + P2, (1= (T, , ).
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Then the latter relation and (2-9) allow us to obtain

(3-6)  Gs3(w sc(£)3vv,,%,,,(x, P)G3(p) + C(%)203<p>
+e(2) W G+ (2 6
+C(2) W20 00620 + C(%)GéGs(p)

<C(2) Wantx 0G0+ C(2) G0,

Combining equations (3-4) and (3-6) and iterating as in the proof of Theorem 1.1
completes the second part of the proof of Theorem 1.3. |
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GEOMETRIC PROPERTIES OF LEVEL CURVES
OF HARMONIC FUNCTIONS AND MINIMAL GRAPHS
IN 2-DIMENSIONAL SPACE FORMS

JINJU XU AND WEI ZHANG

We study the geometric properties of level curves of harmonic functions and
minimal graphs in 2-dimensional space forms using the maximum principle.
More precisely, we find two auxiliary functions which consist of tangential
derivatives of the curvature of level curves and the norms of the gradient
of the solution functions. Then we prove that they satisfy certain elliptic
partial differential equations.

1. Introduction

The geometric properties of the level surfaces of solutions of elliptic partial differ-
ential equations have been studied for a long time. For instance, a book by Ahlfors
[1973] contains the well-known result that level curves of the Green function of a
2-dimensional convex domain are convex curves. Gergen [1931] proved the level
surfaces of the Green function of a 3-dimensional star-shaped domain are also
star-shaped. Shiffman [1956] studied the convexity of the level curves of immersed
minimal surfaces in R3. He proved that if two convex curves in parallel planes in
R? bound a minimal surface S then the intersections of all other parallel planes
with S are also convex curves. In particular, he obtained that if the boundaries are
two circles then intermediate level curves are also circles. Gabriel [1957] proved
that the level surfaces of the Green function of a 3-dimensional convex domain
are strictly convex. Later, Lewis [1977] extended Gabriel’s results to p-harmonic
functions in high dimensions. For more related extensions and a survey on this
subject, see [Bianchini et al. 2009; Caffarelli and Spruck 1982; Kawohl 1985].
There is also a lot of literature on the quantitative curvature estimates of level
surfaces of solutions of elliptic partial differential equations. For 2-dimensional
harmonic functions, Talenti [1983] got the following result. Let  C R? be a domain

Xu was supported by the National Natural Science Foundation of China under Grant 11601311. Zhang
was supported by the National Natural Science Foundation of China under Grants 11401278 and
11401280.
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and u be a harmonic function with no critical points in €2. Then the function « /| Vu|
is harmonic in Q. Here
2 2
_ 2uguouin —uu — ujUi
|Vul?

is the curvature of the level curves of u. Throughout the paper we use subscripts to
represent the derivatives with respect to any orthonormal frames. Similar results can
also be seen in [Ortel and Schneider 1983; Longinetti 1983]. Recently, Ma, Ou and
Zhang [Ma et al. 2010] generalized the above results to n-dimensional harmonic
functions (2 < n < oo) and obtained the sharp Gaussian curvature estimates of the
level surfaces. See also [Chang et al. 2010; Ma and Zhang 2013; 2014; Wang and
Zhang 2012; Zhang and Zhang 2013].

More recently, Kong and Xu [2015] found that if u is a harmonic function of
two variables with no critical points, then the function (kjuy — kou1)/ [Vul? is also
harmonic. Using this fact, they proved that all the level curves of solutions of the
Laplace equation with homogeneous Dirichlet boundary conditions on an annulus
are circles. This result can be viewed as a generalization of Shiffman’s result on
minimal surfaces. In this paper, we extend Kong and Xu’s and Shiffman’s results
to harmonic functions and minimal graphs in 2-dimensional space forms. More
precisely, we obtain the following results.

Theorem 1.1. Suppose that M*(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q@ C M?(c) be a domain and u be a harmonic
function with no critical points in 2. Let k be the curvature of the level curves of u.
Then the function ¢ = (kjuy — IC2M1)/|VM|3 is also harmonic in 2.

For minimal graphs, we have the following similar result.

Theorem 1.2. Suppose that M*(c) is a 2-dimensional Riemannian manifold with
constant sectional curvature c. Let Q@ C M*(c) be a domain and u satisfy the
minimal surface equation

E a,'ju,'j:O il’lQ,
ij

where a;; = (1 + |Vu|2)8ij —u;uj. Furthermore, assume that there are no critical
points of u in Q2. Let k be the curvature of the level curves of u. Set

(14 |Vul?)*?
|Vul?
Then the function \ satisfies the differential equation

> avii+ Y bivi =0 inQ.
ij i

~(K1upy — Kouy).

lﬁ:

Here the b; are bounded functions.
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Based on the above theorems, we have the following characterization of geodesic
circles.

Remark 1.3. Since (kjus —kpu1)/|Vu| is the tangential derivative of the curvature
of the level curves, the auxiliary functions ¢ and i are independent of the choice
of orthonormal frames. Similar to the case of Euclidean space, by the maximum
principle, we know that all the level curves of solutions of the Laplace equation or
the minimal surface equation with homogeneous Dirichlet boundary conditions on
an annulus are geodesic circles.

Now we give the derivative commutation formulas in Riemannian geometry. Let
u be a smooth function and R;j; be coefficients of the Riemannian curvature tensor
under orthonormal frames. Here for 2-dimensional space forms M?(c), we adopt
Ri712 = c. Then we have

(1-1) uij —uj; =0,

(1-2) Ujjk — Uikj = Z Um Rinijks
m

(1-3) Wijki — Ujjik = Zuijmikl +Zuimijkl-
m m

For more details, one can consult any book on Riemannian geometry, such as [Chern
et al. 1999].

In this paper, all the summation indices i, j, k, [ and m run from 1 to 2. In
Section 2, we prove Theorem 1.1. In Section 3, we prove Theorem 1.2.

2. Level curves of harmonic functions

In this section, we focus on the calculation of harmonic functions in 2-dimensional
space forms.

Let  C M?(c) be a domain and u be a harmonic function defined in € with no
critical points. Set

o = f(IVul)(kiuz — kou1),

where k is the curvature of the level curves and f is a smooth function of one
variable defined on the interval (0, +00) which will be determined later. For a
suitable choice of f, we will prove that ¢ is also a harmonic function in €2, i.e., the
function ¢ satisfies

(2-1) Ap =0 1in Q.

In order to prove (2-1) at an arbitrary point xo € €2, we may choose the orthonor-
mal frames such that

ui(xo) =0, uz(xg) =|Vul|(xg) > 0.
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From now on, all the calculations will be done at the fixed point xo unless
otherwise specified.
By taking the first derivative of ¢, we have

(2-2) @i = f'(IVul)i - (kiuz — kouy) + f - (kijun + Kiuo; — kojtl] — KU 1;).
Differentiating (2-2) once more, we have

gii = f(\VuD? - kcrua + f(\Vuli; - keyuz + 2/ (1Vul); - (k1up + ki — ko)

+ f - (kriiua + 261U + KU — 2600111 — K2U1ii);
hence

(2-3) Ap=urf Zkh, [2u2 ' (IVuD1 +2 furz] - k11
[2M2f (IVul2+2fuz —2fun] - ki +[=2fuil - k2
+ [uzf" > (Vuh} +usf’ Zuwm
+2f Z(|Vu|),u2, +quzl,]-

|: 2f Z(lvul)lull fzultt:|'

Direct calculation yields

1
(IVul); = Iv—ul;ujuﬁ,

1 , 1 1
(IVul)ii = Yl Y uii+ vl > ujujii = VulP > ujujigu.
J J Jjk

Then at the point x,

(2-4)

us.
(2-5) (IVul)i =uzi, (|Vul)i = u—12’+u21-,-.

By the commutation formulas (1-1)-(1-2), we have

(2-6) Z”ltt—zutlt—Z[’/tltl+Zurﬂ mlll:|: )
(2-7) ZMZii = Z Uinj = Z [Miiz + Z MmRmizi] =uy-c.
i i i m
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Putting (2-5)—(2-7) into (2-3), we obtain
2-8) Ap=usf Y kiii+Quaf +2 urz-kiy+(—2uzf —4f)up k2

(=2 ura-kn+ o f+3 ) Wd +udy) e+ s f Hus f) -k -c.

To compute the first term in (2-8), we should get the formula for Ax at a general
point in advance. Recalling the curvature formula for the level curves, we have

3 2 2
(2-9) [Vu|” -k =2ujusu1p —ujuz — usu1g.

By applying the Laplace operator on both sides of (2-9) and then using (2-4), we
obtain

! 6
2-10 Ak = 2 _ 2 _ 2 L Vi o
(2-10) K |Vu|3Xi:( Uil — U U —USULL )i _IVulii:(l u))i ki
6 3
~ g 2 VuDE k=1 D S Vuliiew
i i
! 6
= |Vu|3 Xi:(zmuzmz—u%uzz—u%un)ii—W(mun+u2u12).,q
1
_W(uluu_uﬂftll)'KZ_W|:9(M%1+M%2)+3Zbljujii:|'l(.

ij
Now the commutation formulas (1-1)—(1-2) yield
(2-11) Z Ujljjj = Z u; |:1/liij + Z I/tmRmij,':| = Z ujumRm,-j,- = |VM|2 - C.
ij ij m ijm

By inserting (2-11) into (2-10), we have

(uru11 +usur2) -k

1 6
2-12) Ak =—— QUitsi 1y — Uty — Uiy )i — ——
(2-12) Vul? Xi:( |UoU 2 — U U2 — UL )i Vul?

(u? +uly) -k — 3K -c.

9
- (uru12 —ugu11) k2 — ——>
[Vu|? |Vu|?

Straightforward computation gives
2 2
(2-13) ) " Quyuguiy —ujun —uzun)ii
i
= " [2u1iiuaurn + 2y uiury +2uruzu i — 2uy i
' 2 2
— Ui — 2upupiiy — usu ;i +4ugiugiuyn +4uiusu;

2 2
+duyuniuri — 2utuan — duyuiun; — 2usuny — dusuiug ;]



222 JINJU XU AND WEI ZHANG
=2(uaua+uruyy) E w1 +2@Wu12 —usuny) E Ui
i i
2 Ly R y
+2uun U12ii — U] Ui — Uy U11ii
i i i
+4Z(M2M1i+u1u2i)u12i+4E (uru1; —uouo;)ui;

l l

2L +L+1;,

where

Li = 2(uau1z +uruyy) Z”lii +2(@uu12 — usuy) Zuliia

i
L=2 =l i — 13 ’
2 = ZUiU U12ii — U Ui — Uy U1liis
i i i

=4 Z(uzuu +uruz)urn +4 Z(ululi — WU )UT1;.

] 1

1

We deal with the terms I, I, and I3 consecutively. By (2-6)—(2-7), we have

(2-14)  T1 =2(uou12 +uiuy) ZumRmili +2(uiuir —usuny) ZumRmiZi
im im
=2(upuyp +uguyy) -uy -+ 2y —uzuyy) - Uz - €

= 2|Vu|3 K- C.

By the commutation formulas (1-1)-(1-3), we have

Wjkii = Wijjk + Z Umk Rmiji + Z Umj Rmiki +2 Z Ui R jki -
m

m m

It follows that

(2-15) L =2uqu, - [Z Um2 Ri1i + Z U1 Rinizi +2 Z MmiRmIZi:|

im im

m
—ui- [2 Z Um2 Rinizi +2 Z umiRmZZii|
im

im
2
—up [ZZMmIRmili +2zumileli:|
im im
— 2 2
—2M1M2 -4l/t12 C—Uuy- (—4M11) +C— Uy -4u1] - C

2 2
= Buiugua +4ujur —4usu;y) - c.
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By the commutation formulas (1-1)—(1-2),

(2-16) U121 =M112+ZumRm121 =ujpp+ur-c,
m

2-17) M122=M221+ZMmRm212=—u111+u1 -C.
m

Then we have

(2-18) I3 =8(uiu11 — uzui2)uriy +8(uiuin +usui)ui12
+ (Buyuauys +4M%u11 —414%1411) - C.

Combining (2-13)—(2-15) and (2-18), we get

(2-19) > Quyuoury — uiuz — uiuy)ii
i
=8(uruyy —ugur)urrr +8(wiur2 +usuir)uiin

+2|Vu|3-/<-c+ 16uiuru1s - C.
Now let us explore the relations between w111, u112 and «1, k». Taking the first
derivative on both sides of (2-9) and using (2-4), (2-16) and (2-17), we obtain
(uf —u3) - upry +2uguy - ugin
= |Vul® i1 4+ 3|Vu|uyury +uaura) - 6 — 2wy (u; +uly) — 2uqu3 -,
—2uquy - gy 4+ Wl —ud) uip
= |Vl/t|3 ko + 3| Vul(uiuiy —uruyy) -k — 2u2(u%1 +u%2) — 2u%u2 -C.
Thus we have

2 2

us—u 2uiun 3
2-20) ujy = — 2k — cky+ —— WU — usuqp) - K
( ) Ui Yl 1 Yl 2 lvul(ul 11— Uaut12)
2u1(u% — 3u%) ) ) 2u1u%
—W(u“+ulz)+ Vul? .c,
and
(221) 2M1M2 M%—M% T 3 ( 4 )
- Ui = K Ky + ——(uau u K
112 vl 1 Yl 2 Vu] 2U 1] U2
2u2(3u% — u%) ) ) 2u%u2
_W(”n"‘”lz)—w‘c-
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Hence the formula (2-19) reduces to

(2-22) Z(Zuluzulz — uuyy — usuy)ij

=8|Vul(uiuir +usui2) - k1 +8|Vul(uiuix —usuiy) - k2

+ 8| Vu|(ul, +uiy) -k +2|Vul® -« -c.

By (2-12) and (2-22), we have

(2-23) Ak =

(uyuyy +uzu2) - k1 + (uru12 — uau11) - K2

2 2
|Vul? |Vul?

2 2
—W(ull‘i‘ulz)‘K—K'C.

Then at the point xo, we take the first derivative of (2-23). With (2-5) and (2-16)
in hand, we obtain

2 2 2 1, 3,
2-24) (Ak)1 = —uyp- k11— —upp Ko+ | —uiz+ Ul — U | KL
un un un l/t2 u2

2 4
| i+ U | K2
us us

2 2, 5
+ | =z @nuin tunpui) + =@y Hupun | -«
U3 Uz

]
+ |k ——up-k|-c.
uz

Now, the equations (2-20) and (2-21) are simplified as

3
(2-25) Ui = —U2K| + —Ui U2,
uz
1 2 2 2
(2-26) Ullp = —Upky — —U + —Uj;.
Us Us

Putting (2-25)—(2-26) into (2-24), one achieves

2 2 3, 1, 4
(AK)1 = —urp-kyy — —ui K+ | ——uy +—up | ki + | ——unun | k2
uy Uy us us u3

2, 2 2
+ —_3(M11+M12)u12 K+ K1 ——upp-k|-c.
) Uy
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Therefore, by the commutation formulas(1-1)—(1-2), we get

@-27) Y ki
i
= Z[Kiil + ZKmRmili]
i m

=(AKk)1+ky-c
2

1
2 2
= —Ui2-K11— —Ui ‘K12+[__2u11+_2u12 ‘K1
us us us us

4 2, 9 2
+ ——zU1U2 K2+ ——3(u11+u12)u12 K+ |21 ——up-k|-c.
us uy Uz

Thanks to (2-27), the formula (2-8) reduces to

Ap =[Quaf +4f ua] ki1 + [(“2uz f' = 6 fHun] - k12 + [=2 fua] - k2
+ |:(u2f”+3f’— %)uﬁ + (uzf”—i-3f’+ / )M%Z] Ky

us

4 2
+ [——fuuuu] K2+ [——];(u%l +M%2)M12] K
us us

+[@3f +3ur f) w1 =2 furz -« -c.
At the point xo, by (2-23), we have

2 2 ) )
K22 = —Ki1 + —u12 ki — —up k2 — — WUy +up) -k —k-c.
us u us

Thus

(2-28) Ap = Quaf' +6f ) uiz-ki1+ (—2usf —6Hurs k12

3
# (w435 = 2L )0 vty ok B 4 30
2

By (2-2), we have

1 !/
(2-29) K11=ﬁ[¢1—(uzf + urz k1 + fuin - k2],

2

1 /
(2-30) k1o = ——[@2+ (o f' + flur -k1 + furz- k2]

us f
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Putting (2-29)—(2-30) into (2-28), we finally get
2f
f

2uy f1? 9
+(u2 ”—%—5 f/—u—f> 2, +u2y) 1+ (W2 f +3un f) K c.

2-31) Ap= < + u_2> (U@ —u11¢2)

If we let
foy =17,

then all of the terms on the right-hand side of (2-31) vanish. This completes the
proof of Theorem 1.1. O

3. Level curves of minimal graphs

Along the same lines as in Section 2, in this section we deal with the minimal
graphs in 2-dimensional space forms.

Let © C M?(c) be a domain and u be a solution with no critical points of the
minimal surface equation

(3-1) > ajui;=0 ing,
ij
where
ajj = (1 + |VM|2)5U —Ujl;.
Set
¥ = g(IVul)(k1uz — rouy),
where « is the curvature of the level curves and g is a smooth function of one

variable defined on the interval (0, +00) to be determined later. For a suitable
choice of g, we will prove that the function  satisfies

(3-2) > i+ b =0 inQ.
ij i

Here the b; are bounded functions.
In order to prove (3-2) at an arbitrary point xg € €2, we may choose the orthonor-
mal frames such that
ui(xo) =0,

uz(xo) = |Vu|(xo) > 0.

From now on, all the calculations will be done at the fixed point xo unless
otherwise specified.
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By taking the derivative of i, we have
(3-3) ¥ =g'(IVul)i - (kiuz — kauy) + g - (K1iua + KUz — Kojtty — Kau1;).
Differentiating (3-3) once more, we have

Vi =8"(IVul) j(IVul)i-k1uz+8 (IVul)ij-kiuz+g (IVul)i- (k1 jus+riuzj—rouy j)
+8'(IVul)j - (k1juz + kiuzi — kaut1;)

+ g (Kyjjur +Kyunj + Ky jug + Kl — Kol j — KojU1; — Kol 1ij);

hence
(3-4) Zaijl//ij =usrg Zaijklij + [thzg/ Zalj(|vu|)j +2¢g ZaleZj] K11
ij ij J J
+|:21428/Za2j(|vu|)j+2gZQZjuzj_ngaljulj]'Kn
J 2j J

+ [—28 ZaZjuljj| K22
J

+ |:u2g” > @ (\Vuli((Vul); +uzg" Y aij(1Vul)i;

ij ij
+2¢’ Zaij(|vu|)j”2i +g ZaijMZiji| - K1
ij ij
+ [—28/ Zaij(|vu|)j“1i —g Zaijulij] - k3.
i ij

Direct calculation yields

1
Vul) = —— 3
AVuli = o ijukuk,
3-5) 1 1 1
(IVul)ij = W ; UgjUki + ﬁ ; UkUkij — W ; UIU[jURUE; .

Then at the point xg,

(IVul); = uy;,

(3-6) Uiy
(IVul])ij = —

+ u2ij.
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By the commutation formulas (1-1)—(1-2), we obtain

(3-7) E ajjuij = E aijuilj
ij ij
=E aij|:”ij1+§ ”mRmilj:|
ij m
:—E aij,luij‘i‘g QijUm Rmi1j
ij

ijm
= —2uy (uy1uzn —u) +ur(1+|Vul?) ¢

and

(3-8) Zaijuzij = Zaijuizj
ij ij
= Zaij |:uij2 + ZumRmiZji|
ij m
=— Zaij,Zuij + ZaijumRmiZj
ij ijm
2 2

= —2up(uiun —uiy) +ur(l+|Vul?)-c.

Hence at the point x, we have

(3-9) Zaijulij =0,
ij
(3-10) > aijunij = —2ur(uniuz — uty) + us(1+ud) -c.
ij
On the other hand,
(3-11) ann=1+u3, ap=0, ay=0 an=1,
(3-12) Uz = —(1+u)uy;.

Inserting (3-6), (3-9)—(3-12) into (3-4), we obtain
(-13) Y aijy

ij
=uzg Za,-jklij + [2u2(1 +u%)g' +2(1 +u%)g]u12 K11
ij
+[—2us(1 +u3)g' — 4(1 +u3)gury - k12 + [—281ur2 - k22
+[ua(1+ud)g" + B +4ud)g +2usg] - [(1 +ududy +udy] k1
+ 31+ u3)g' +ur(1 +u3)g] -1 - c.
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To compute the first term in (3-13), we should get the formula for }_;; a;;k;; at
a general point in advance. Recalling the curvature formula for the level curves, we
have

(3-14) |Vu|3-1<=2u1u2u12—ufu22—u§u11.

On both sides of (3-14), we take the second derivative with respect to ij, multiply
by a;;, and then sum with respect to ij. We obtain

1
2 2
(3-15) E ainij:_W”PE a;jj Quyuzuy — ujur — usuL);j
ij ij

6 6
= g 2 i1V = g D i (Vubi1Vub) -
ij

ij

3
—WZaiAWuDU K.

ij
Recalling the minimal surface equation (3-1), we have
(3-16) an =1+4ul, ap=-wuy, an=—-uus, an=1+ul,
and

2uiusury — (14 u3)uy

3-17 u =
(3-17) by T

Inserting (3-5) and (3-16)—(3-17) into (3-15), we get

(3-18) Y aijk;j

ij

= |Vu|3 Zaij(zull'tZu]z — M%MZZ — u%ull)ij
ij
6(1+ |Vul|?)
- m[(l +u§)u1u11 + (1= ”%)”2”12] K1
1

6(1+|Vul?)

o W(ululz—uzu“).,(2
1 [9+6]Vul?
_ |VM|2{ 1+ 2 [(H—u%)u%l—2u1u2u11u12+(1+u%)u%2]
1

+3 Za,-jukukij}-/c.

ijk
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Now the commutation formulas (1-1)—(1-2) and relations (3-16)—(3-17) yield

(3-19) Zaijukukij = Zaijukuijk + Z a;jjukUm Rk

ijk ijk ijkm
=— E ajj kUil + Z ajjutm Rpikj
ijk ijkm
2|Vu|?

R [+ u3)ut) = 2uruquriuy + (1+ uj)ui, |
I

+ V(14 | Vul?) -c.
Putting (3-19) into (3-18), we have
(3-20) Y aijK;j
ij

2 2
E a;jjQuiuguyy — ujuzy — usu1y)ij

Vup £
ij
6(1+ [Vul?)
- m[(l +ud)uury + (1 —udusu] - k1
1
6(1+ |Vul?)
- W(mulz —usuiy) - k2

9+ 12|Vu|?
|Vul2(1+u?)

—3(1+|Vul®) -k -c.

Straightforward computation gives

2 2
(3-21) Eaij(2”1u2u12_u1u22_uzull)ij
ij
2 2
=2M1M2§ ajjui2ij — uj E aij”22ij_u2§ ajjurij
i ij ij

+ 2(uau12 — uyu22) Zaijulij +2(uru12 — uzuyy) Zaijuzij

[(1+udyudy — 2uiuouiiurs + (1 +ubud,] «

ij ij
—4uy E ajjuziuyj — 4uy ZaijuliM22j+4“2 E ajjuiiu;
i ij i
+4u, E ajjuziugzj +4urn E ajjuliuy;
ij ij
—2un) E aij”li”lj_zullzaijMZiMZj
i i

204141341,
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where

J, =2 U me s — 12 o 2 .

1 = £UU ajju12ij — Uy ajjunij — Uy ajjullij,
ij ij ij

Jo =2(uau12 — urun) E aijulij+2(ulul2_u2ull)2 a;jjuzij,

ij L
J3=—4u E ajjuriurrj —4uy E aijuiiug);
ij ij
+4uzzaijuliu12j+4u1 E ajjunila;,
ij i
Ja=4up E ajjuiiu; — 2un E ajjuiuy; —2un E ajjuiu;.
ij ij ij

We deal with the terms Jy, J,, J3 and J4 consecutively. If we differentiate the
minimal surface equation (3-1) twice, then we have

(3-22) Z ajjkUij + Z ajjuijr =0,
ij ij

(3-23) Z aij kittij + Z ajjkuijl + Z aij Uijk + Z ajjuijr = 0.
ij ij ij ij
By the commutation formulas (1-1)—(1-3), we have
Uilij = Ujjkl + Z Umi Rimkij + Z Umj Rinkii + Z Umk Rmitj + Z Ui Rnikj .

m m m m
It follows that
(3-24) Z ajjuklij = — [Z aij kiuij + Z ajj kuiji + Z aij,luijk]

ij ij ij ij
+ Z @jjUmi Rikij + Z a;jUmj R
ijm

t
ijm

+ Z ajjUmi Riirj + Z aijumi Rk -

ijm ijm

Note that a;; = (1 + |Vu|2)8ij —u;u;j. It is easy to get

ajj k=2 E UmUmkSij — Wiklj — UiUj,
m

ajj; =2 E UmUpmOij — Wil — Wil
m

Ajjkl =2 E UmiUmiSij + 2 E WUkl 8 — Wikt Wj — Wiklhj] — WiUjk — Ui Ujk].
m m
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Thus we have

(3-25) Z Qjj i = 2(uiuoy — upu)uig + 2(uauyy — i) usy

ij
+ 2uyugun + 2uuppun — 2u ko uny — 2ukit 2,

(3-26) Z ajjruijl = 2upuopuyy + 2uru iy — 2ok + usuix)ur,
ij
(3-27) Z a;jjuijx = 2upuzuy ik + 2uuyuag — 2(u uo + U U2k
ij
Putting (3-25)—(3-27) into (3-24), we obtain
(3-28) Zaijuklij=—[2(M1Mzz—uzulz)ulk1+2(uzun—ululz)u2k1+2u11u1ku22
—
J + 2upuouny — 2uguyuy — 2uppu g2 + 2unuppl
+ 2wy — 2(uuop + w1 ) w1y + 2usuiy i
+ 2uyuyuao — 2(u g 4 upu)u o]
+ Z aijumiRmklj + Z ajjUmj Rokii
ijm ijm
+ Z aijumkRmilj + ZaijumlRmikj-
ijm ijm

By the commutation formulas (1-1)—(1-2),

(3-29) U121 :M112+ZumRm121 =ujn+us-c,
m

(3-30) U122 = Ui+ Z Um Rim212 = U1 +uy - c.
m

With (3-16) and (3-29)—(3-30) in hand, formula (3-28) is equivalent to

Zaijmzij = —2usunuiit + 2uuiuiz + 2uruioun:
i — 2uquy a0 — 2unp(ur iz — ui,)

+ [M]Ltzu]] + (4+5u% +5u§)u12 +u1u2u22] -c,
Zaijuzzij = —duourpuiin +2Q@uruiz +uiu)uni
Y — 2(unu 1 + uru12)uzn — 2uxn (iU — ut,)

+[2(1 + u3)urs + 10uiusury +2(1 +uf +u3)ux] -c,
Zaijullij = —2(uoura +urun)uir +2(uoury +3uiu)ui
g — duquruaag — 2uyy (uuan — ui,)

+ [2(1 + u% + u%)u“ 4+ 10w upuy —2(1 + M%)uzg] -C.
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Therefore,
(3-31)
h= [2M3M12 - 2M1M§u22] U+ [—2ugu11 —2u usurn +4M%M2u22] ‘U2
+ [41/!114%1411 — 21/[%1/!21/!12 — 214?1422] ‘U1 + [—21/{%1/!21411 —{—214?1/[12] “UD
—2(urun —uty) - Quitaury — Uitz — usu)

+ [207 — w3+ ujuz — u3)un +8uruguia +2(—ui +u3 +uius —uj)un]-c.

Let us handle the term J,. By (1-1)—(1-2), (3-16) and (3-22), we have

E al]ull]_E al]ul]1+§ al]”m milj

ijm

__§ az]l’/t1]+§ az]”m milj

ijm

= —2u1(u11uzz —ut) +ur(l+ui +u3)-c

and
Zaletle_Zaijuij2+2aijumRmi2j
ijm
Zal]2ul] +Zaljum mi2j
ijm
2
=—2M2(M11M22—M12)+M2(1+M1+M2)'C-
Thus
3-32) J,=—4 —ul)- (2 — udury —u3
(3-32) Jo = —4(uyuz —uyy) - Quyuzuyp — uju — usuyy)

+2(1+ u% + u%) - Quyuruiy — u%un — u%un) .C.
For the term J3, by (3-16) and (3-29)—(3-30), we have
(3-33) J3=[(—4up — 4u3)u> +4uyusun] uin
+ [@uz + 4ud)ury + (duy +duruz)urs + (—4us — 8uiuz)un | - uii
+ [(—4uy — Suyud)uiy + (4us +dujur)urn + (4uy +4ud)un] - un
+ [4utuzury + (—duy — 4udurz] - uxn

+ [(414% —4u%u%+4u§)u11 +8u1u2u12+(4u% —4u%u%+4u‘]‘)u22] -C.

Moreover, straightforward computation yields

(3-34)  Ja=—2(unun —ul)[(1 +ud)ur — 2urusurn + (1 +uf)usn] =0.
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Combining (3-21) and (3-31)—(3-34), we obtain

(3-35) Zaij Quiugury — uiuzy — udun)ij

Y 3 2
= [(—4us — 2u3)u1z + 2uruzun] - uin

+ [ (4u, +2u3)u gy 4 (duy 20 u3) g+ (—4uy — 4M%M2)M22] U112
+[(—4u, —duyud)uyy 4 (duy+2utur)urn+ (duy +2M?)M22] ‘U]
+ [21/!%”2”11 + (—4u; — 2”?)”12] “UD
— 6(uriu —uly) - Quiusury — uiuzy — udury)
+ [(2u% — 4u%u§)u11 + 20uquyr + 4u1u% + 4u?u2)u12
+ (2u§ — 4u%u%)u22] -C.
Now let us explore the relations between w111, U112, U221, U222 and k1, k. If we
take the first derivative on both sides of (3-14) and (3-1), respectively, then using
(3-5), (3-29)—(3-30) and (3-16), we obtain
—ud - upyy A+ 2uguugy - ugy — ui - umng — [Vul? -k
— 3|Vu|(u1u11 + ugulz) K — 2u1(u11u22 — ”%2) —|—2u1u% cC = 0,
—u3 Ui+ 2ugusun - umpg — ui - uxn — | Vul? ko
= 3|Vu| U1z + taun) - k — 2 i1z — uty) + 2uiuy - ¢ =0,

and
(I4ud) - uiin —2uius - uyin + (L +ud) ooy +2uy (uyyuzn — uty) — 2uyu3 -c =0,
(14 u3) - upin —2uquy - uggy + (14 u?) - upz + 2up (uyuz — uly) — 2uuy -c = 0.
Thus we have
(3-36) uyyy = (—ud+ud +3udud4+u) | Vul ™ sy + (—2ugup — 2udun) V|t ko
+3|Vu| P [(—uru3 + ui + 3ujus +u)uyy
+ (—u% — u%uz + 3u%u% — u?uz)ulz
+ (—2u1u% — 2u?u%)u22] K

+ (—6u1u% +2u?)|Vu|_4 -(uiup — u%z) +2u1u%|Vu|_2 -c,

(3-37) wui12=Quiuy+ 2u1u3)|Vu|_l -K1+ (—u% + u% — u%u% —|—u?)|Vu|_1 )
+3|Vu| 7 [Quius + 2utu3)uy;
+ (uyu3 + ug + 2ugus — ujuy 4+ u)up
+ (—u% + u%uz — u%ug + u?uz)uzg] K

+ (—2u% + 6u%u2)|Vu|_4 ~(uiux — u%Q) — 2u%u2|Vu|_2 -c,
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and

(3-38) upxp = (u% + ug' — u% — u%u%)|Vu|_1 K1+ Quiuy + 2u?142)|Vu|_1 ‘K2
+ 3|Vu|_3[(u1u% + ulug — u? — u?u%)un
+ (3 4 u5 + ufuy — utul 4+ 2utur)urs
+ (2u1u% + 2u?u%)u22] K

+ (6uu3 —2u3) [ Vu ™ - (uyuan — uly) — 2ugu3|Vu| 2 -c,

(3-39)  u = (—2uquy —2uu3)|Vu| ™' - iy + W+ uy — u? +3uiu3) | Vu| 7! ko
+3|Vu| 7 [(—2ufus — 2uiud)uy
+ (—ulu% — ulu;‘ — u? + 3u?u%)u12
+ (u% + ug — u%uz + 3u%u§)u22] K

+ (214% — 6u%u2)|Vu|_4 ~(upiuy — u%z) + 2u%u2|W|—2 - C.

Inserting (3-36)—(3-39) and (3-17) into (3-35), after some tedious calculation, we get

(3-40) > a;jQuiusuyy — uiuzy — uzuiy);j
ij

2| Vul(4+43|Vul?)

N 1+u%
+2|Vul(4+3|Vul®) uiurz — uzuny) - k2
4|Vu|(2 4 3|Vul?)

+ 2

l—i-u1

+2IVulP(1+|Vul?) -k - c.

[(1 +u§)u1u11 +(1—- u%)uzulz] “K1

[(A+ud)u, —2uiuzuyuin+(1+utui, ] -«

By (3-20) and (3-40), we have
2
(3-41) ajikij = —————— (1—|—u2)u1u11+(1—u2)u2u12 - K1
Eij: 9= Tara +u%)[ 2 1 ]

+ (uru12 — uzu11) - K2

|Vul?

o [0 2t o (s
1

— A+ |VuPk -c.
Then at the point xg, we take the first derivative of (3-41). Note that

uii
K()C()) = _u_2
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With (3-6), (3-16) and (3-29) in hand, we obtain

2(1 —u?) 2(1 —u?)
(3-42) Zainijl = u—22M12 K1) — u—22u11 K12
ij
2 14+u 3
+[—M112+—2u%1 2”%2] K1
us u2 us
2 4 2(1+ud) ,
+ | ——uin + U -K2+—3u11bt111
uz ) up
2(1 +u?) 2
+—3M11M12M112——42M?1M12 4M11M?2
u; iy iy
2(1 +u)
+ |:(1 —ud) K1+ u—unmz
2

Now, the equations (3-36) and (3-37) are simplified as
3

(3-43) Uil = —uzky +—ujug2,
us

14 u? 2
(3-44) Ui = —Usky — zu% + —u%z.
u uy

Putting (3-43)—(3-44) into (3-42), one obtains

2(1 —u3) 2(1 —u3) 1+u)
Zau"lﬂ——zulz K1l ————U11-K12+ = Y + ”%2
ij uz U3 I/tz

4 2(14u3) 2
— U K+ ———— 2 uflulz—i— 41411”?2
u U, Uy
2(1 4+ us)
|:(1 _uz) K1+—2u11u12] e
15
Therefore, by commutation formulas (1-1)-(1-2), we get
(3-45)
Zaijl(lij=Zaij|:Kij1+ZKmRm[1j] :Zaij,(ij1+,<1.c
ij ij m ij
2(1—u3) 2(1—u})
= UpKin———— UK
uz 175
31 +u3) 4 2(14u3)
+[ T ugy+ 2“%2}"‘1——2“111412%24-—42 312
u u u u
2 2 2 7

2 2(14u?)
+ Ui, + |:(2—M%) K1+ ————unun |
Uy U3
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Thanks to (3-45), the formula (3-13) reduces to
(3-46) Y aijvij
ij
= [21/!2(1 + u%)g/ —|—4g]u12 K11
— [2u2(1 + u3)g' + (6 + 2u3)gJur - k12 — 2gu12 - 22
(3 —2u3)(1+ u%)gi| 5
1

+{ [uza+u§)2g”+(3+4u§)(1+u§)g’— p ui,
2

1—|—2u2
+ [Mz(l +u)g” +(3+4ud)g + - zg]u%z} K|
2

4 2
— B o+ —f[(l +ud)uty +ui, Juriu
uz uy
2(1+u?)
+ {[”%(1 +u3)g +3usrg] k1 + e 2 gunulz} -c.
By (3-3) and (3-41), we have
1 !/
(3-47) K11 = E[Wl — (u28' + Qura k1 + guiy k2],
2
(3-48) K1y = E[Wz + (u2g' + ) (1 +uz)ury - k1 + guiz - k2],
2
and

1 /
(3-49) Ky = E{—(H—u%)wl + [ua(1 +u3)g’ + B+u3)glun - ki
2

g
— (3+ud)guis -k + el [(1+udyu?, +udy]
2

+(1+ u%)gun . C}.
Putting (3-47)—(3-49) into (3-46), we finally get

(3-50) Y aij
ij
B [2(1 +u3)g’ L6+ 2u’
B 8 uz

] “(upy —u1y2)

2ur(1 +u?)g”? 9
+[u2(1+u§)g”—2—2g—5g/——g [A+ud)ut,+ui,] k1

us
+ [ug(l +ud)g + 3usg] ki -c.
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If we let 232
(1+417)-
gty =—"7—:

then the last two terms on the right-hand side of (3-50) vanish. Namely,

Zaiﬂ//ij =2up - (U1 —un ).

1

This completes the proof of Theorem 1.2. (]
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EIGENVALUE RESOLUTION OF SELF-ADJOINT MATRICES

XUWEN ZHU

Resolution of a compact group action in the sense described by Albin and
Melrose is applied to the conjugation action by the unitary group on self-
adjoint matrices. It is shown that the eigenvalues are smooth on the resolved
space and that the trivial bundle smoothly decomposes into the direct sum
of global one-dimensional eigenspaces.

For a general compact Lie group G acting on a smooth compact manifold with
corners M, Albin and Melrose [2011] showed that there is a canonical full resolution
such that the group action lifts to the blown-up space Y (M) to have a unique isotropy
type. Under this condition, a result of Borel and Ji [2006] applies to show that the
orbit space G \ Y (M) is smooth.

In this paper, we give an explicit construction of the resolution of the action of
the unitary group on the space of self-adjoint matrices

§=S8m) ={XeM,(C)| X" =X},
with the unitary group U(n) acting by conjugation:
uelm), XeS, u-X:= uXu~ .

The orbit of an element X € S, denoted by U(n) - X, consists of the matrices with
the same eigenvalues including multiplicities. For a matrix X € S with m distinct
eigenvalues {2 ; }3.1:1 with multiplicities iy, k =1, 2, ..., m, the isotropy group of X
is conjugate to a direct sum of smaller unitary groups:

Un)*((={uelm) lu-X=X})= EB U (ix).
k=1

The isotropy types are therefore parametrized by the partition of n into integers.
Note here that the partition contains information about ordering, for example, the
two partitions of 3, {i; =1, i, =2} and {i{ =2, i = 1}, are not the same type.
For n > 1, the eigenvalues are not smooth functions on S, but are singular where
the multiplicities change. Consider the trivial bundle over S, M := S x C", the fiber
of which can be decomposed into n eigenspaces of the self-adjoint matrix at the

MSC2010: primary 35P05; secondary 53C10.
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base point. This decomposition is not unique at matrices with multiple eigenvalues,
and the eigenspaces are not smooth at these base points. We will show that, by
doing iterative blow-ups, the singularities are resolved and the eigenvalues become
smooth functions on the resolved space. Moreover, by doing a “full” blow-up, the
eigenspaces also become smooth.

Recall a lemma on group action resolutions:

Lemma 1 [Albin and Melrose 2011]. A compact manifold (with corners), M, with
a smooth, boundary intersection free, action by a compact Lie group, G, has a
canonical full resolution, Y (M), obtained by iterative blow-up of minimal isotropy

types.

In this paper we will discuss two kinds of blow-ups, namely radial and projective
blow-ups, which give different results; a projective blow-up of a hypersurface is
trivial but a radial blow-up produces a new boundary. A resolution of § involves
the choice of blow-up and which centers to blow-up. In this paper, we will discuss
three kinds of resolutions:

Definition 2. We define the following three resolutions of S:

(1) radial resolution S,: a radial blow-up of all singular strata {there exists i # j,
Ai = Aj} in an order compatible with inclusion of the conjugation class of the
isotropy group;

(2) projective resolution S »: a projective blow-up of all singular strata in the same
order as radial resolution;

(3) small resolution §S: a radial blow-up of a smaller set of centers

U ri=rip1=---=2,}

1<i<j<n
with the order determined by complete inclusion.

As pointed out in [Albin and Melrose 2011], a projective blow-up usually requires
an extra step of reflection in the iterative scheme in order to obtain smoothness. We
will show that, the radial resolution yields that the trivial bundle M decomposes
into the direct sum of n one-dimensional eigenspaces. By contrast, after projective
resolution or small resolution, the eigenvalues are smooth on the resolved space,
and locally we have a smooth decomposition into simple eigenspaces, but the trivial
bundle doesn’t split into global line bundles.

Remark 3. In theory there is a fourth resolution by doing a projective blow-up of
the smaller set of centers introduced in S;. This resolves eigenvalues but does not
globally resolve eigenbundles, for the same reason as S;. Therefore for simplicity
we do not include this resolution in our discussion below.
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To describe the different outcomes of the three resolutions above, we recall the
resolution in the sense of Albin and Melrose.

Definition 4 (eigenresolution). By an eigenresolution of S, we mean a manifold
with corners S, with a surjective smooth map S : S — S such that the self-adjoint
matrices have a smooth (local) diagonalization when lifted to S. Eigenvalues then lift
to n smooth functions f; on §, ie., forany X € §, B(X) has eigenvalues { f; (X)}7_,.

Note that in the definition we only require the diagonalization to exist locally. To
encompass the information of global decomposition of eigenvectors, we introduce
the full resolution below.

Definition 5 (full eigenresolution). A full eigenresolution is an eigenresolution
with global eigenbundles. The eigenvalues lift to n smooth functions f; on §, and
the trivial n-dimensional complex vector bundle on S is decomposed into # smooth

n
SxC' =PE
i=1

line bundles:

such that
B(X)v; = fi(X)v; forall v; € E;(X) forall X e S.

We use the blow-up constructions introduced by Melrose [1996, Chapter 5] and
show that we can obtain resolutions in this way and, in particular, a full resolution
if we use radial blow-ups.

Theorem 6. The three types of resolutions given in Definition 2, namely, S.. S P
and Sy, each yield an eigenresolution. Only the radial resolution S, gives a full
eigenresolution.

Remark 7. In particular, the blow-down map S : S—> Sisa diffeomorphism
between the interior of S and the open dense subset of S consisting of the matrices
with n-distinct eigenvalues.

Related to the problem of resolving eigenvalues is the problem of desingulariza-
tion of polynomial roots. In [Kurdyka and Paunescu 2008], generalizing Rellich’s
result [1937] on one-dimensional analytical families, the perturbation theory of
hyperbolic polynomials is discussed using Hironaka’s resolution theory. It is applied
to perturbation theory of normal operators and resonances; see for example [Rainer
2013] and [Rauch 1980].

The idea of resolution has been used in many geometric problems. The abstract
notion of a resolution structure on a manifold with corners is discussed in [Baum
et al. 1985]. In [Davis 1978], it is shown that for a general action the induced action
on the set of boundary hypersurfaces can be appropriately resolved. The canonical
resolution is presented in [Duistermaat and Kolk 2000], and the induced resolution
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of the orbit space is considered in [Hassell et al. 1995]. In [Albin and Melrose
2011], an iterative procedure is shown to capture the simultaneous resolution of all
isotropy types in a “resolution structure” consisting of equivariant iterated fibrations
of the boundary faces, which is the procedure we will use in this paper.

1. Proof of Theorem 6

The proof of Theorem 6 proceeds through induction on the dimension. We begin
by discussing the first example which is the 2 x 2 matrices.

Lemma 8 (2 x 2 case). For the 2 x 2 self-adjoint matrices S(2), the eigenvalues
and eigenvectors are smooth except at multiples of the identity. After radial res-
olution, the singularities are resolved and the trivial 2-dimensional bundle splits
into the direct sum of two line bundles. The projective resolution also gives smooth
eigenvalues, but does not give two global line bundles.

Remark 9. Note that in the 2 x 2 case, the radial resolution §, and the small
resolution S are the same.

Proof. In this case

S=5Q2) = a 212
Z12 an

The space S is isomorphic to the product of R and the trace-free subspace

a;; € R, 712 € C} = R4.

ain z
(1) Soz{(_“ 12) au+a22=o},
212 a2
i.e., there is a bijective linear map:
¢: S — So xR
(2) ani z
A= (-“ 12) > (A=A — Lan +an)1, Lan +aw)).
212 a2

The eigenvalues A; and eigenvectors v; of A are related to those of Ag by
Ai(A) =i (Ag) + % tr(A), v;(A) =v;(Ag), i =1, 2. Therefore, we can restrict the
discussion of resolution to the subspace Sy, since the smoothness of eigenvalues
and eigenvectors on the resolution of S follows.

Let z12p = ¢+ di. The space Sy can be identified with R3 = {(a11,c,d)}. The
eigenvalues of this matrix are:

(3) Ay = £y a?, + 2 +d2

Hence the only singularity of the eigenvalues on Sy is at the pointa;; =c=d =0
which represents the zero matrix.
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Based on the resolution formula in [Melrose 1996], the radial blow-up can be
realized as

4) So.r =[S0, {0}] = STN{O} L (S0 \ {0}) = S* x [0, 00) .,
where the front face STN{0} >~ S?. Here the radial variable is
r= \/afl +c? +d%

The blow-down map is
&) B[S0, (01— So, (r,0)r>rf, reRy 0eS.

The radial variable r lifts to be smooth on the blown up space; therefore the two
eigenvalues A1 = £r become smooth functions.
Now we consider the eigenvectors to the corresponding eigenvalues A4 :

(6) Ui:(C-l-di,:l: a]21+c2+d2—a11)€<£?2.

Similar to the discussion of the eigenvalues, the only singularity is at » = 0, which
becomes a smooth function on [ Sy, {0}]. It follows that v, and v_ span two smooth
line bundles on [.Sy, {0}].

If we do the projective blow-up instead, which identifies the antipodal points in
the front face of S? to get RP?, namely,

(7) So.p ={(x,1) | x €1} C R} x RP?,

which we can cover with three coordinate patches:
d ai
(x1,y1,21) = (C, =, —) e R?,
c c

and the other two (x2, y2, 22), (x3, ¥3, 23)=(d, ¢/d, a11/d), (a11, ¢/ai1, d/ayy) are
similar. The two eigenvalues we get from here are

ve =tvVah + P +d* =% x|V +yF +22),

which is smooth across {x; = 0}. Similar discussions hold for the other two
coordinate patches.

However, the trivial bundle does not decompose into two line bundles as in the
radial case. The nontriviality of eigenbundles can be seen by taking a homotopically
nontrivial loop in RP?

I=B""({r=1) C S,

This curve intersects the line ¢ = d = 0 twice, which hits at two different places;
thus both alil = =1 are on the curve, and equation (6) shows that starting from
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v_ = (0, —=2) = (0, —2a,), this turns into v; = (0, —2) = (0, 2a;,), which means
the two eigenvectors are not separated by projective blow-up.

Now that we have done the radial resolution for the trace-free slice Sy, the
resolution of S follows. Consider S as a 3-dimensional vector bundle on R with
trace being the projection map. Then at each base point A, the fiber is So+ A7. The
resolution is [So + AZ; Al] = [Sp; {0}]. Since the trace direction is transversal to
the blow-up,

8) [S; RIT=[So; {0}] x R.
And because the trace doesn’t change the eigenvectors, the smoothness follows. [

To proceed to higher dimensions, we first discuss the partition of eigenvalues
into clusters. The basic case is when the eigenvalues are divided into two clusters;
then the U(n) action of the matrices can be decomposed to two commuting actions.

Definition 10 (spectral gap). A connected neighborhood U C S has a spectral gap
at c € R, if ¢ is not an eigenvalue of X for any X € U.

Note here that since U is connected, the number of eigenvalues less than ¢ stays
the same for all X € U, denoted by k.

Lemma 11 (local eigenspace decomposition). If a bounded neighborhood U C S(n)
has a spectral gap at c, then the matrices in U can be decomposed into two smooth
self-adjoint commuting matrices:

X=Lx+Rx,LxRx=RxLx.
withrank(Ly) =k, rank(Rx) =n —k.

Proof. Let y be a simple closed curve on C such that it intersects with R only at
—R and ¢, where R is a sufficiently large number such that —R is less than any
eigenvalues of the matrices contained in U. In this way, for any matrix X € U, the k
smallest eigenvalues are contained inside y. We consider the operator Py : C* — C"
defined by

©) Px :=—L.?§(X—s1)—lds.
2ri J,
Since the resolvent is nonsingular on y, Px is a well-defined operator and varies
smoothly with X, the integral is independent of choice of y up to homotopy.
First we show that Py is a projection operator, i.e.,

(10) P2 = Py.
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Let ys and y; be two curves satisfying the above condition with y; completely
inside y,. Then

Pi=—L dx—inar($ x—snas
4m? J,, ¥s

L bald L x—sntas—d Lx—tnas
472 "  S—t s—t

=I1-1I,

where using the fact that s is completely inside y;,

1 1 1 1 . 1
I=— ¢ ——d —dt=———(-2 ds = Py,
42 fé« X—s1% Y St 4712( T”)f,s X—s1 T

and any ¢ on y; is outside of the loop ys, so

1 oas—o,
Vs s—t

I ! I S
= 4ﬂ27§,(x t1) dt?gs_tds_o.

Vs

and we have

This proves (10).
Then we show that Py is self-adjoint. This is because

G N N T _ _
PX_2m,/y((X sI) )ds_2m, /_y(X sl)ds = Pyx.

Px maps R” to the invariant subspace spanned by the eigenvectors corresponding
to eigenvalues that are less than c. We denote this invariant subspace by L and
its orthogonal complement by R. Write X as the diagonalization X = VAV !,
where A is the eigenvalue matrix and V is the matrix whose columns are the
eigenvectors of X. Then L is spanned by the first k columns of V. Take one of the
eigenvectorsv; € L, j =1,2,...k,

Pyv; = _ﬁﬁ()(—sl)—lvj ds = —ﬁfV(A—sl)_lV_lvjds
14

1 1
——ﬁvjf)\‘j—_st—U].

Similarly for v; € R that corresponds to an eigenvalue greater than ¢ (therefore A ;
is outside the loop),

1 1 .
PXUJ __%vjﬁ)\,j—s dS—O,
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therefore
(I — Px)vj=v; forall v; € R.

Then using the projection Py we define two operators Ly and Ry as

(1T) Ly := PxXPx
and
(12) Ry = —Px)X({ — Px)

Since Py is smooth, the two operators are also smooth. Moreover, using the fact
that Py is a projection onto the invariant subspace L, we have

(I —Px)XPx=PxX(— Px)=0;

therefore
X =Lx+ Ryx.
For an eigenvector v € L,
(13) Lxv=Xv and Rxv=0,

i.e., Ly equals X when restricted to L, similarly Rx|g = X. Since Py = Py,
Lx and Ry are also self-adjoint. In this way we get two commuting lower-rank
matrices Ly and Ry. |

It is natural to have a finer decomposition when there is more than one spectral
gap in the neighborhood, and we have the following corollary.

Corollary 12. [f the eigenvalues of matrices in a neighborhood U can be grouped
into k clusters, then the matrices can be decomposed into k lower-rank self-adjoint
commuting matrices smoothly.

Proof. Do the decomposition inductively. If k = 2, then it is the case in Lemma 11.
Suppose the decomposition for k =/ — 1 is defined. Then for k = [, since the
eigenvalues can also be divided into two clusters (by combining the smallest / — 1
groups of eigenvalues together), then X = L x + Rx, with Lx and Ry corresponding
to the two intervals. Then Ly satisfies the separation condition for / — 1 clusters, so
by induction, Ly = L;+---+ L;_1. Therefore, X =L+ L, +---+L;_1+ Ry
is the desired division. O

Using Lemma 11 of decomposition of matrices in a neighborhood, we can now
show that locally the trivial bundle S x C" decomposes into two subspaces if there
is a spectral gap. Moreover, locally there is a product structure of two lower-
dimensional matrices. In order to see this, we need to introduce the Grassmannian.
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Let Grg(n, k) denote the Grassmannian, i.e., the set of k-dimensional subspaces
in C". Consider the tautological vector bundle over the Grassmannian:

m i Ty — Gre(n, k), 77 ' (p)=V(p),

where each fiber is a k-dimensional subspace in C", with self-adjoint operators
acting on it. Similarly, we define 7,_; to be the orthogonal complement of 7j:

Tnk : Toy — Gre(n, k), 7 '(p)=V(p)*.

Definition 13 (Operator bundle). Let Py (resp. P,—x) be the bundles over Gre (n, k)
of the fiberwise self-adjoint operators on the tautological bundle Ty (resp. T,,—).

Take the Whitney sum of the two bundles
(14) TP, ® P, — Gre(n, k).

Each of its fibers can be identified with S(k) & S(n — k) when we pick a basis.
There is a U(n)-action on this bundle:

(15) g-(p, (P, Pui)) =(g-p,(goprog ', gopurog™)),
p € Gre(n, k), px € Pc(p), Pn—k € Pu—i(p).

Suppose an open neighborhood U € § satisfies the spectral gap condition. Let
U(n) - U be the group invariant neighborhood generated by U, that is,

(16) Um)-U:= |J ¢ U
g€U(n)

Then U(n) - U is open and connected, and also satisfies the spectral gap condition
as U does, since the U(n)-action preserves the eigenvalues. From the proof of
Lemma 11, it is shown that in the neighborhood, the trivial C" bundle over U
naturally splits into two subbundles E¥ @ E"*, and this gives a local product
structure. We will prove that, for a U(n)-invariant neighborhood, there is actually a
group equivariant homeomorphism with the operator bundles defined above.

Lemma 14 (bundle map). If a point X € S satisfies the spectral gap condition, then
there is a neighborhood V C S such that V is homeomorphic to a neighborhood in
the product of lower-rank matrices and the Grassmannian, i.e.,

o V=V(k)xV(n—k)x Vg CSk)xSn—k)xGre(n, k),

which is contained in Py @ P,_; as defined in Definition 13. Moreover, U(n) -V
is homeomorphic to a neighborhood W C P, & P,y such that 1 (W) = Gre(n, k)
and the map ¢ is U(n)-equivariant.
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Proof. From the proof of Lemma 11, there is a neighborhood Xg € U C S, such
that each element X € U is decomposed into Lx + Rx. Moreover, this induces a
decomposition of the trivial bundle U x C" into two subbundles:

(17) UxC'=E"@E"*,

where EF(X) and E"%(X) are determined by the projection operator Px defined
in equation (9):

(18) E¥(X)=Im(Py) and E"*(X)=Im(Px)".

Let (&1, ..., &) be the basis for EX(X(). E* over U is an open neighborhood
in Grg(n, k). We can find a neighborhood V of X (possibly smaller than U) such
that, for every point in V, the k-dimensional space E* projects onto EX(X(). And
an orthonormal basis of EX(X) is uniquely determined by requiring the projection
of the first j vectors to E k(Xo) spans (&1, ..., &;) for every j smaller than k. In this
way we find a basis for each fiber of EX and E* is trivialized to be a k-dimensional
vector bundle on V. Since the action of X on C" has been decomposed to Lx
and Ry, then with the choice of basis, the action of Ly on E*(X) givesa k x k
self-adjoint matrix, and by continuity, these matrices form a neighborhood V} in
S(k). And the same argument works for Ry.

Therefore, we have the following map ¢:

¢ VP ® Py
X (EX(X), (Lx|grxys Rx|gn—+x)))-

We show this map is a homeomorphism between V and ¢ (V). It is injective since
the actions of the two invariant subspaces uniquely determine the action on C",
therefore give the unique operator X. Surjectivity is easy to see. The continuity of ¢
and ¢! comes from the continuity of the projection operator defined in Theorem 6.

Now take U(n) - V. Since E* takes every possible k-subspace of C” under the
action of U(n), we know that the first entry of ¢ (U(n) - V) maps onto Gr¢(n, k).
Moreover, since the decomposition respects the action of U(n), it is easily seen
that, for g e U(n), X e U(n) - V,

(20)  #(g-X)=(g-E"(X),(goLxog ', goRxog ) =g (#(X)),

19)

which means the map is U(n)-equivariant. U

To do the induction, we will need to define an index on the inclusion of isotropy
types, so the blow-up procedure could be done in the partial order given by the
index. Recall that two matrices have the same isotropy type if they have the same
“clustering” of eigenvalues. Now we define the isotropy index of a matrix X as
follows.
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Definition 15 (Isotropy index). Suppose the eigenvalues of a matrix X are
M= =hi <Ajp1 = =iy <Aipr1 = < Aj_+1 = = Ap.
Then the isotropy index of X is defined as the set
I1(X)={ip=0,i1,12,...,0k—1, 1k =n}.
We denote the set of all matrices with the same isotropy index I as S'.

There is a partial order of this index on S given by the inclusion. That is, if for
two matrices X and Y we have I(X) C I(Y), then we say that the order is X < Y.
Note there is an inverse inclusion for isotropy groups. The smallest isotropy index
is I (A1) = {0, n}, while the isotropy group is U(n), which is the largest. And the
largest index is {0, 1,2, ..., n — 1, n}, which corresponds to n distinct eigenvalues,
and the isotropy group is the product of n copies of U(1).

Remark 16. Except the most singular stratum {A/}, the stratum of other isotropy
types are not closed. In fact, the closure of a stratum S will include all the stratum
S”" with I’ C I. However, the two sets {A;, = A, =---=X;} and {Aj, =---=1},}
are transversal once the set {Amin(i,, j;} = - - = Amax(is, i)} 1 blown up. So one can
get S, by blowing up these singular stratum by order of strict inclusion. However,
in order to globally decompose the eigenbundle, one needs to blow-up all the
intersections first as in §r (the proof is given later).

For S, and S »» the total blow-up of S(n) is done by iteratively blowing up the
singular strata by the order of isotropy indices. The first step is to blow-up the most
singular stratum S0 = {RI}:

[S(n); S0,

After that we blow-up the second smallest strata S 0im} i =1,...,n—1. From
the discussion above we know that, for any of such two strata, the intersection of
their closure is exactly S1%"} which has been blown up. Therefore one can blow-up
these S} in any order:

n—1

|:S(n); s S{O’i’”}]

i=1

After the second step, the intersection of any two S{%-#/*} has been blown up.
Therefore one can proceed by blowing up those strata in any order. Iteratively, one
obtains the following space:

n—1
(21) |:S(l’l), S{O,n}; U S{O,i,n}; U S{O,i,j,n}; o U S{O,i],...,i,,_z,n}j|_

i=1 i,j 0<iy<iz<-<ip—2<n



252 XUWEN ZHU

In order to do the inductive proof to show this yields the full eigenresolution,
the last lemma we need is the compatibility of conjugacy class inclusion and the
decomposition to two submatrices, which shows the order of resolution is compatible
with the decomposition.

Lemma 17 (Compatibility with conjugacy class). The partial order of conjugacy
class inclusion is compatible with the decomposition in Lemma 11.

Proof. Suppose a neighborhood V' C S(n) has a decomposition as Lemma 11. We
need to show that, if S’ is the stratum of minimal isotropy type in V, then this
stratum corresponds to the minimal isotropy type in U(k) and U(n — k).

Since V satisfies the spectral gap condition, the isotropy groups for any elements
in V would be subgroups of U(k) @ U(n — k). Suppose the minimal stratum
corresponds to the index I = {0, iy, ..., i,,} which must contain k as one element
because of the spectral gap condition. Then the isotropy type of two subgroups are
{0,i1,...,k}and {i; —k=0,i;41—k, ..., n—k}. They would still be the minimal
in each subgroup, otherwise when the two smallest elements are combined it will
give a smaller index than I, which is a contradiction. (]

Now we can finally prove Theorem 6 using the above lemmas.

Proof of Theorem 6. We prove the theorem by induction on the matrix size. Except
special remarks, the discussion below about S applies to all three kinds of resolutions.
The 2 x 2 case is shown in Lemma 8. Suppose the claim holds for all the cases up
to n — 1 dimensions. Now we claim that, by an iterative blow-up, we can get S(n)
with eigenvalues and eigenbundles lifted to satisfy the eigenresolution properties.

As in the 2 x 2 example, we shall first consider the trace-free slice Sy(n) since
other slices have the same behavior in terms of smoothness of eigenvalues and
eigenbundles, that is, S (n) = §0(n) x R. Take the smallest index I = {0, n}
with the largest possible isotropy group U(n), and the stratum in Sp(n) with such
an isotropy group is a single point, the zero matrix. After blowing up, we get
[So; {O}] as the first step. And in the total S(n) space, this step corresponds to
[S; SO = {RI}] = [So: {0}] x R.

For any other point X ¢ {R/}, one can find a bounded neighborhood W such
that the matrices in W have a spectral gap as defined in Definition 10. Assume the
first k eigenvalues are uniformly bounded below ¢, then by Lemma 14 there is a
fibration structure

/4

|-

Gre(n, k).

(22) V() x V(n—k)
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And the trivial bundle W x C" naturally splits to the sum EX @ E"¥ as in (17).
Because of the spectral gap, there are two smallest strata of type {A;, =---=A;;}
and {)‘ii == )»i;_}, with i; < k and i{ > k + 1, therefore the two strata are
transversal as discussed in the Remark 16, and can be blown up at the same time.
This give the iteration step for Ss.

Now we consider the radial and projective resolution. For each fiber of &
in (22), consider the resolved space V(k) X V(n —k) C S (k) x S (n — k), where the
resolution is done by blowing up all the singular stratum inside V (k) and V (n — k).
By induction the resolution V (k) resolves the singularity for the first k eigenvalues,
and V (n—k) resolves the other n—k eigenvalues. For example, take a point X € S(5)
with eigenvalues {A; = Ap < A3 = A4 = As}. Near this point there is a product
decomposition V (2) x V (3) x Gre(5, 2). After the resolution, \7(2) X ‘7(3) resolves
the isotropy type ({0, 2} U {0, 1,2}) x ({0,3}U{0, 1,3} U{0,2,3}U{0, 1,2, 3}),
which, after adjusting numbering of eigenvalues, includes all the isotropy types
that could occur with this spectral gap in W. Let W be the this resolved space and
denote the blow-down map as

,B:W

N

Gre(n, k).

Consider the two subbundles EX and E"~* under the pullback map from f:

(23) Ek ® En—k _ﬂ> Ek @ En—k
lé Las
W i w.

By the induction assumptions, V(k) and V(n — k) are eigenresolutions, hence EF
splits into line bundles @le E; over V (k) and the same for E" % = ", 1 Ei
over \7(n — k). With the local product structure of 7, the Whitney sum EfX @ En*
splits into n eigenbundles locally.

For the radial resolution §,, since the local product structure is U(n)-equivariant,
extending to @;_, U(n) - E;, we get that the splitting of eigenbundles is global
over W. We have already shown in Lemma 8 that the projective resolution does
not give a global eigendecomposition. Similarly, for the small resolution S,, one
can find a closed curve in the base such that one eigenvector switches to another
around the curve. We prove this by giving an example: consider the curve of 4 x 4
matrices of the form X (1) = U(t)A@)U(t)~', 0 <1t <1, where U(¢) is unitary for
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all ¢, switching from the identity to its column permutation,

(¢1,62,63,84) 0<t<3%
U =U(@) l<i<2,
(¢3,84.61,6)) F<t=<1I

which smoothly permutes the eigenspace decomposition. On the other hand, A(¥)
is always diagonal, going through {A; = A»} and {A3 = A4}:

diag{—1, —1,1, 1} t=0
diag{—1, =1, 1—1,1+1} 0<r<1i
A1) = {diag{—1—1, =141, 3+1,3 -1} §<t<3.
diag{—2+1, —1, 1,1} Z<r<l
diag{—1, —1,1, 1} r=1

With X () defined above, one can see that X (0) = X (1) in the stratum that is not
blown up in :S'\S. Now consider the lift of the curve to §3 which is still a closed
curve. Now one can immediately see that as ¢ goes from O to 1, the eigenspace for
the first two eigenvalues switches from {ey, e} to {e3, e4}. So one cannot obtain a
global decomposition.

Even though the eigenbundles do not always split, the three resolutions all
resolve eigenvalues. Since the blow-down map B is injective on a dense open set,
the eigenvalues extend to the front face to be n smooth functions f; on W and the
splitting of eigendata extends to E"*@ E"* from nearby such that

B(X)vi = fi(X)v; forall v; € Ej(X) forall X € W.

According to Lemma 17 the isotropy index order is preserved when decomposed
into two subspaces. By induction, to obtain the global eigenresolution, we have
iteratively blown up the strata according to isotropy indices to get S, as in (21). [J
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