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WELL-POSEDNESS OF SECOND-ORDER DEGENERATE
DIFFERENTIAL EQUATIONS WITH FINITE DELAY
IN VECTOR-VALUED FUNCTION SPACES

SHANGQUAN BU AND GANG CAI

We give necessary and sufficient conditions of the L”-well-posedness (re-
spectively, B, -well-posedness) for the second-order degenerate differential
equation with finite delay: (Mu')’ (t) + au’(¢t) = Au(t) + Gu, + Fu, + f(t),
(¢t € [0, 27 ]) with periodic boundary conditions u(0) = u(2x), (Mu')(0) =
(Mu’)(2r), where A and M are closed linear operators on a Banach space
X satisfying D(A) € D(M), and F and G are bounded linear operators
from L?([—-2x, 0]; X) (respectively, B;’q ([-27m, 0]; X)) into X.

1. Introduction

The purpose of this paper is to study the well-posedness of the following second-
order degenerate differential equations with finite delays:

(Mu') (t) +au'(t) = Au(t) + Gu, + Fu, + f(t) (teT)
u(0) =um), (Mu')(0)=(Mu")(2r),

where T := [0, 2], A and M are closed linear operators on a Banach space X
satisfying D(A) C D(M), «a € C is fixed, F and G are bounded linear operators
from L?([—2m, 0]; X) (resp. B;’q([—er, 0]; X)) into X, u, and u; are defined on
[—27, 0] by u;(s) = u(t+s), u,(s) =u'(t+s) whent € T.

Let 1 < p < o0o. We say that (P,) is LP-well-posed, if for all f € LP(T; X), there
exists a unique u € W;éf (T; X)NLP(T; D(A)), suchthatu’ € LP(T; D(M)), Mu' €
Wple’rp(TT; X), and (P,) is satisfied a.e. on T. Here D(A) and D(M) are equipped
with their graph norms so that they become Banach spaces, and Wple’f’ (T; X) is
the X-valued periodic Sobolev space of order 1. Our main result in this paper
gives a necessary and sufficient condition for (P,) to be L?-well-posed. Precisely,
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we show that when the underlying Banach space X is a UMD Banach space and
1 < p < o0, if the set {k(Gy+1 — Gi) : k € Z} is Rademacher bounded, then (P,) is
LP-well-posed if and only if p, (P;) = Z, and the sets (kXM Ny :keZ), {kNi:keZ)
are Rademacher bounded, where

(1-1) Ne = (K*M —iak +ikGy+ Fe + A7, (ke ),

F, Gy € L(X) are defined by Fix = F(erx), Grx = G(erx) with e (1) = ekt (see
Theorem 2.4). We also study the well-posedness of (P,) in periodic Besov spaces
B;’ q (T; X), and a necessary and sufficient condition for (P,) to be B;y q-well—posed
is also given (see Theorem 3.3).

The main tools we will use are operator-valued Fourier multipliers on L?(T; X)
and B[‘i q (T; X). Indeed, we will transform the well-posedness of (P, ) to an operator-
valued Fourier multiplier problem in the corresponding vector-valued function
spaces. Thus the operator-valued Fourier multipliers theorems obtained by Arendt
and Bu [2002; 2004] on LP(T; X) and B[‘i q(T; X) are fundamental for us.

The results obtained in this paper recover the known results presented in Bu and
Fang [2010] in the nondegenerate case when M = Ix and o = 0. Thus our results
may be also regarded as generalizations of the previous known results when M = I
and F = G =0 in the L”-well-posedness and the B,  -well-posedness obtained
in [Arendt and Bu 2002; 2004]. Our results also generalize the previous known
results obtained by Bu [2013] in the simpler case when F = G =0 and o = 0.

A large number of partial differential equations arising in physics and applied
sciences, such as in the flow of fluid through fissured rocks, thermodynamics and
shear in second-order fluids or in the theory of control of dynamical systems, can
be expressed by the model in the form of (P,). See [Lizama 2006; Bu and Fang
2009; 2010; Lizama and Ponce 2011; 2013; Poblete and Pozo 2013; 2014] for the
study of vector-valued degenerate equations with delays. See the monographs by
Favini and Yagi [1999] and by Sviridyuk and Fedorov [2003] for detailed studies
of abstract degenerate type differential equations.

At the end of this paper, we give concrete examples to which our abstract results
may be applied. Let €2 be a bounded domain in R"” with smooth boundary 0€2,
1 < p < oo and m be a nonnegative bounded measurable function defined on
Q;let X = H! (), F,G: LP([—2m,0]; X) — X be bounded linear operators.
If M is the multiplication operator by m on H~!(2) with domain of definition
D(M) and A = A is the Laplacian on X with Dirichlet boundary condition and
we assume that D(A) C D(M), then under suitable assumptions on F and G
we obtain the L”-well-posedness for the corresponding second-order degenerate
differential equations with finite delays (see Example 4.1). Our abstract results
can also be applied in the following situation: let H be a complex Hilbert space,
l<p<oocand F, G € L(LP([-2m,0]; H), H) be delay operators, P be a densely



WELL-POSEDNESS OF SECOND-ORDER DEGENERATE DIFFERENTIAL EQUATIONS 29

defined positive selfadjoint operator on H with P > § > 0. If M = P — € with
€ <d,and A = Zf:o a; P! with g; >0, a; > 0. If we assume that 0 € p(M), then
we obtain the L”-well-posedness of the corresponding second-order degenerate
differential equations with finite delays under suitable assumptions on F and G
(see Example 4.2).

This work is organized as follows. In Section 2, we study the well-posedness of
(Pp) in LP(T; X). In Section 3, we consider the well-posedness of (P,) in periodic
Besov spaces B,/ (T; X). In Section 4, we give examples of degenerate differential
equations with finite delays to which our abstract results may be applied.

2. Well-posedness in Lebesgue—Bochner spaces

Let X and Y be Banach spaces. We denote by £(X, Y) the set of all bounded linear
operators from X to Y. If X =Y, we will denote it simply by £(X). Let 1 < p < o0.
We denote by L?(T; X) the space of all X-valued measurable functions f defined

on T satisfying
2w dt 1/p
2 P = .
it = ([ 1o g) " <o

If feL'(T; X), we define

2w
=3 [ entrsmar

the k-th Fourier coefficient of f, where k € Z and e (¢t) := ekt forreT.

Definition. Let X and Y be Banach spaces. A set T C L£(X,Y) is said to be
Rademacher bounded (R-bounded, in short), if there exists C > 0 such that

> <C ). i%‘

Ej::tl j= €j::l:1 j:l

n

€ Tjx;
1

forall Ty,...,T,€T,xt,...,x, € Xandn e N.

It is clear from the definition that if S, T C £(X) are R-bounded, then ST :=
(ST :SeS, TeTandS+T:={S+T:S5 €8S, T €T} are still R-bounded.
It is also clear that each R-bounded set is norm bounded. It is known that each
norm bounded subset of £(X) is R-bounded if and only if X is isomorphic to a
Hilbert space [Arendt and Bu 2002, Proposition 1.13]. The main tool in the study
of LP-well-posedness of (P») is the operator-valued L?-Fourier multipliers.

Definition. Let X, Y be Banach space and 1 < p < 00. We say (Mj)rez C L(X,Y)
is an L?-Fourier multiplier, if for each f € LP(T; X), there exists a unique
u € LP(T;Y) such that (k) = M, f (k) for all k € Z.
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It follows easily from the closed graph theorem that when (My)iez C L(X,Y)
is an LP-Fourier multiplier, then there exists a unique T € L(LP(T; X), LP(T; Y)),
such that f?(k) = M; f (k) when f € LP(T; X) and k € Z. The following results
were established in [Arendt and Bu 2002]:

Proposition 2.1. Let X, Y be Banach spaces and assume that (My)rez C L(X,Y)
is an LP-Fourier multiplier. Then the set {My : k € Z} is R-bounded.

Theorem 2.2. Let X, Y be UMD spaces and (My)rez C L(X,Y). If the sets
{My : k € Z} and {k(Myy1 — My) : k € Z} are R-bounded, then (My)ycz defines an
L?-Fourier multiplier whenever 1 < p < o0.

In this section, we study the following second-order degenerate differential
equation with finite delays:

i(Mu/)/(t)—i-om/(t):Au(t)+Gu;+Fut—|—f(t), (teT
u) =umr), (Mu')(©0)=Mu")Q2n),

where A, M are closed linear operators on a Banach space X satisfying D(A) C
D(M), x € Cis fixed, and F, G : L?([—2m, 0]; X) — X are fixed bounded linear
operators. Moreover, for fixed t € T, u; and u, are elements of L”([—2x, 0]; X)
defined by u,(s) = u(t +s), u;(s) =u'(t +s) for —2w <5 <0. Here we identify
a function u# on T with its natural 277 -periodic extension on R.

To give the definition of the solution space for (P,), we need to introduce vector-
valued periodic Sobolev space of order 1. For 1 < p < 0o, we define the periodic
“Sobolev” space of order 1 [Arendt and Bu 2002] by:

(P2)

I, . - . . : .
Wperp(T, X):={u e LP(T; X) : there exists v € L?(T; X)
such that v (k) = iki(k) for all k € Z}.
Letu € LP(T; X). Then u € Wplérp (T; X) if and only if u is differentiable a.e. on T
and u’ € LP(T; X); in this case, u is actually continuous and u(0) = u(27) [Arendt

and Bu 2002, Lemma 2.1].
Let 1 < p < oco. We define the solution space of the L”-well-posedness for (P>) by

Sp(A, M) == {u € LP(T; D(A) N Wpel (T; X) - € LP(T; D(M)), Mu' € Wpel (T; X))},

here we consider D(A) and D(M) as Banach spaces equipped with their graph
norms. When u € S,(A, M), then Fu,, Gu, € LP(T; X) as ||Fu|| < [|Fllllul,
and || Fuy|l < | F|l|lu’ll, when t € T. Thus all terms appearing in (P») belong to
L?(T; X). Moreover S,(A, M) is a Banach space with the norm

lulls,ca,my = llulle + 1" ll e + 1 AullLr + I Mu'l| Lo + 1 (Mu") [l o

By [Arendt and Bu 2002, Lemma 2.1], if u € S,(A, M), then u and Mu' are
X-valued continuous on T, and u(0) = u(27), (Mu')(0) = (Mu")(27).
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Definition. Let 1 < p <ooand f € LP(T; X); u € S,(A, M) is called a strong
LP-solution of (P») if (P,) is satisfied a.e. on T. We say that (P,) is L”-well-posed,
if for each f € LP(T; X), there exists a unique strong L”-solution of (P,).

If (P,) is LP-well-posed, there exists a constant C > 0 such that for each
f e LP(T; X), if u € S,(A, M) is the unique strong L”-solution of (P,), then

(2-1) lulls,a.my < Cll fllLr-

This is an easy consequence of the closed graph theorem by the closedness of A
and M.

Let F, G € L(L?(—2m,0); X), X) and k € Z. We define the linear operators
Fk, Gk on X by

(2-2) Fix :=F(erx) and Gpx :=G(epx), (x € X).

Itis clear that Fy, Gy € L(X), || Fi|| <[ F|l and |Gk || < |G|l as |lek ||, = 1. Moreover
when u € LP(T; X),

(2-3) Fu,(k) = Fii(k) and Gu.(k) = Giii(k), (k€ 2).
This implies that (Fy)rez and (Gg)iez are LP-Fourier multipliers as
|Fudl < | Flllludlp, =1Fllull,, &eT)

and thus Fu,, Gu, € L?(T; X). We define the resolvent set of (P,) in the L?-well-
posedness setting by

pp(P):=t{kel: k*M —iak + ikGy+ F,+ A isinvertible from D(A) onto X
and  (kK*M —iak +ikGy+ Fo+ A~ € £(X)).

If k € p,(P2), then M (k*M —iak +ikGi+ F+A)~' and A(k*M —iak +ikGy +
F, 4+ A)~! make sense as D(A) C D(M) by assumption, and they belong to £(X)
by the closed graph theorem. We need the following preparation.

Proposition 2.3. Let A and M be closed linear operators defined on a UMD space
X satisfying D(A) C D(M), 1 < p <oo. Let F,G € L(L?([—2n,0]; X), X).
Assume that p,(P>) = Z and that the sets (K>MN - k € 7}, {kNy 1 k € Z} and
{k(Gyy1 —Gy) -k € Z} are R-bounded, where Ny = (kM —iak+ik G+ F,+A)~!,
Fk and Gk are deﬁned by (2—2) when k € Z. Then (kzMNk)kez, (Nk)keZ, (ka)kEZ
and (kM Ny)rcz are LP-Fourier multipliers.

Proof. Let My =k*M Ny, S, =kN; and T, =k M N, when k € Z. The sets {Gy : k € Z}
and {Fy : k € Z} are R-bounded by [Lizama 2006, Proposition 3.2]. It follows from



32 SHANGQUAN BU AND GANG CAI

the R-boundedness of the set {Ix/k : k € Z\ {0}} that {N; : k € Z} is R-bounded, as
the product of R-bounded sets is still R-bounded. Moreover, by the definition of N,

(2-4)  Neg1—Ne = Nemt (N = NG DM
= Nep1[— Rk 4+ DM +ia +ik Gy —i(k + DGyt + Fy — Fe 1 1N
= — 2k + 1) Ny 1 M Ny + i N1 N — ik N1 (G — Gi) Ne
— i N1 G 1 Ne — Nt (Fie1 — Fi) Ny
It follows that
(2-5) M1 — My = (k+ 1)>MNiy — K> M Ny
=k*M (Neqt — No) + 2k + 1)M Ny
= —k*>(2k + 1)M Ny \ M N + iak®> M Ny 1 Ny

—ik? M Niy1 (Gt — Go) N — ik* M Nity Gyt N
—k* M Nis1 (Fir — FONe + 2k + DM Ny,

(2-6)  Sk41 — Sk = k(Nig1 — Ni)) + Niy

= —k(2k + V)Nt MNi + itk Nes | N — ik* N 1(Gert — Gi)Ni
—ik Ni 1G4 1Nk — kN 1(Fre1 — Fi) Ne + Nit 1,

and
Q@7 Tirr — Ti= M(Ss1 — S

= —kQk+ D)MN 11 MN;, +ickMNy 1 Ny — ikzMNk+1(Gk+1 — Gy)Ny
— tkMN+1Gr+1Ne — kMNp 1 (F1 — Fi) Ne + MNi 1.

This implies that the sets {k(Ng+1 — Ny) : k € Z}, {k(Myy1 — My) : k € Z},
{k(Sg+1—Sk) :keZ} and {k(Ty+1—T) : k € Z} are R-bounded by the R-boundedness
of the sets {k2M Ny : k € Z}, {kNy : k € 7}, {k(Gyy1—Gy) ke Z},{F;:keZ}and
{Gy : k € Z}. It follows that (Ni)rez, (Mi)rez, (St)rez and (Ti)rez are LP-Fourier
multipliers by Theorem 2.2. This completes the proof. ([

Our next result gives a necessary and sufficient condition for the L”-well-
posedness of (P,) when X is a UMD space and 1 < p < oo.

Theorem 2.4. Let X be a UMD space, 1 < p < oo and let A, M be closed linear
operators on X satisfying D(A) C D(M). Let F, G € L(LP([—2m, 0]; X), X) be
such that the set {k(Gy+1— Gy) : k € Z} is R-bounded. Then the following assertions
are equivalent.
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(1) (Pp) is LP-well-posed.
(i1) pp(P2) = Z and the sets {K>M Ny : k € Z) and {kNy : k € Z} are R-bounded,
where Ny = (k*M — iok +ikGy + F + A) ™.
Proof. (i) = (ii): Assume that (P;) is L”-well-posed. Let k € Z and y € X. Define
f@)= e““y (t€T). Then f € LP(T; X), f(k) =y and f(n) =0 for n # k. Since
(P,) is LP-well-posed, there exists u € S, (A, M) such that

2-8)  (Mu')(t) +ou'(t) = Au(t) + Gu, + Fu, + f(t) ae.on T.

We have i(n) € D(A) when n € Z by [Arendt and Bu 2002, Lemma 3.1] as
u e LP(T; D(A)). Taking Fourier transforms on both sides of (2-8), we obtain

(2-9) —(k*M —iak + ikGy + Fi + A)ik) =y,

and —(n’M —ian+inG,+ F,+ A)ii(n) =0 when n # k. This implies in particular
that k>M — iak 4+ ikGy + F + A is surjective. We are going to show that it is also
injective. Let x € D(A) be such that

(k*M — iak +ikGy + Fp + A)x =0,

and let u(¢) = ¢’*x whent € T. Thenu € S,(A, M) and (P>) holds a.e. on T when
taking f = 0. Consequently u is a strong L?-solution of (P,) when f = 0. We
obtain u = 0 by the uniqueness assumption and thus x = 0. We have shown that
kM —iok +ikGy + F + A is also injective. Therefore k> M —iak +ikGy+ Fy + A
is a bijection from D(A) onto X.

Now we show the boundedness of (k>M — iak 4+ ikGy + Fy + A)~'. For f(t) =

e*ty weletu e S, (A, M) be the strong L?-solution of (P,). Then
. 0, n#£k,

u(n) = 2 . . -
—(k*M —iak+ikGy+ F, + A"y, n=k,

by (2-9). This means that u(t) = —e'* (k> M —iak +ikGy + F, + A)~'y. By (2-1),
there exists a constant C > 0 independent from y and k satisfying

luller + ' llLe + I Aulle + I Mull e + II(Mu) NIe < Cll fllze-

In particular ||u||z» < C||fllzr. This implies that ||(k*M — iak + ikGy + F +
A~y < C|y| forall y € X. Thus

|(k*M — ik +ikGy + Fe + A)~'|| < C.

We have shown that k € p,(P,). Hence p,(P,) =Z.

Let My = K>M (K*M — iak + ikGy + Fy + A)~! and Sy = ik(k*M — iak +
ikGy + Fr+ A)~! when k € Z. We are going to show that (M )rcz and (Sy)xez are
L?-Fourier multipliers. Let f € L”(T; X) be fixed. Then there exists u € S,(A, M)
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strong L?-solution of (P») by assumption. Taking Fourier transforms on both sides
of (P,), we get that ii(k) € D(A) by [Arendt and Bu 2002, Lemma 3.1] and

—(K*M — iak + ikGi + Fy + A)ii(k) = £ (k)
when k € Z. Since k>*M — iak +ikGy + Fi + A is invertible, we have
i(k) = —(k*M —iak +ikGy + Fo+ A) ' f (k)

when k € Z. We have ' (k) = ikii(k) and (Mu') (k) = —k>Mii(k) by [Arendt and
Bu 2002, Lemma 3.1]. Consequently

W(k)=—S.f(k), and (M) (k)=—M,f (k)

when k € Z. We conclude that (My)icz and (Sg)rez are LP-Fourier multipliers as
u', (Mu') € LP(T; X) by assumption. It follows from Proposition 2.1 that the sets
{My .k €7} and {S : k € Z} are R-bounded.

(ii) = (i): Assume that p,(P,) = Z and the sets {(k*M Ny :keZ) and {kNy:k €Z)
are R-bounded. Define My = kXM Ny, S = ikN; and Ty = ik M N, when k € Z. Tt
follows from Proposition 2.3 that (My)kcz, (Ne)kez, (St)kez and (Ty)rez are LP-
Fourier multipliers. Then for all f € L?(T; X), there exists u, v, w, g € L?(T; X)
satisfying

(k) = =M f(k), (k) = S f(k),

(2-10) R .
wk) =Nef k),  §k)=Tcf(k), (ke2).

Consequently 0(k) = ikw(k) when k € Z. This implies that w € WI}e’rp (T; X)
[Arendt and Bu 2002, Lemma 2.1] and w’ = v. We note that (Gy)iez and (F)kez
are LP-Fourier multipliers by (2-3). Thus (ikGyN¢)xez and (FyNy)xez are LP-
Fourier multipliers as the product of L?-Fourier multipliers is still an L?-Fourier
multiplier. We have

AN, = Ix — My +iak Ny — ikGy Ny — Fx Ny, (ke Z).

It follows that (A Ng)rez is also an LP-Fourier multiplier as the sum of LP-Fourier
multipliers is still an L”-Fourier multiplier. This together with the fact that (Ny)iez
defines an L”-Fourier multiplier implies that N, € £(X, D(A)). Here we consider
D(A) as a Banach space equipped with its graph norm. We have shown that
w € LP(T; D(A)).

Noticing the facts that (Sg)rcz and (7x)rez are LP-Fourier multipliers, we have
that S € £L(X, D(M)). Since v(k) = Skf(k) when k € Z by (2-10), we deduce that
v=w' e LP(T; D(M)). Again by (2-10),

(k) = —k*M N f (k) = ik Mw' (k)
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when k € Z. Thus we have Mw' € Wple’rp (T; X) by [Arendt and Bu 2002, Lemma 2.1].
We have shown that w € S,(A, M).
By (2-10), we have

(Mw') (k) + iaki (k) = A (k) + ikGyib (k) + Foio(k) + £ (k)

when k € Z. This together with the facts Fw, (k) = Fxid (k) and Gw! (k) = ik Gyt (k)
implies that

(Mw"'(t) +au'(t) = Aw(t) + Gw; + Fw, + f(1) ae.on T

by the uniqueness theorem [Arendt and Bu 2002, page 314]. Thus w is a strong
L?-solution of (P,). This shows the existence.
To show the uniqueness, we let u € S,(A, M) satisfying

(Mu') (t) + au'(t) = Au(t) + Gu, + Fu, ae.on T.
Taking the Fourier transforms on both sides, we have
(kK*M —iak +ikGy + F, + A)i(k) =0, (k€ Z).

Since p,(P2) = Z, this implies that (k) = O for all k € Z and thus u = 0. So (P»)
is LP-well-posed. This completes the proof. (]

Theorem 2.4 recovers the known results presented in Bu and Fang [2010] in
the nondegenerate case when M = Iy and o = 0. Thus it may be also regarded as
generalizations of the previous known results when M = Iy, « =0and F =G =0
in the L”-well-posedness obtained in [Arendt and Bu 2002]. Our results also
generalize the previous known results obtained by Bu [2013] in the simpler case
when F =G =0and o =0.

3. Well-posedness in periodic Besov spaces

In this section we study the B,  -well-posedness of (P,). Firstly, we briefly recall
the definition of periodic Besov spaces in the vector-valued case introduced in
[Arendt and Bu 2004]. Let S(R) be the Schwartz space of all rapidly decreasing
smooth functions on R. Let D(T) be the space of all infinitely differentiable
functions on T equipped with the locally convex topology given by the seminorms
I flle = sup,cyl f@ (x)] for @ € Ny := NU{0}. Let D'(T, X) := L(D(T), X) be
the space of all continuous linear operators from D(T) to X. In order to define
periodic Besov spaces, we consider the dyadic-like subsets of R:

Iy={reR:|f| <2}, [ ={reR:2¥" < || <2
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for k € N. Let ¢(R) be the set of all systems ¢ = (¢r)ren, C S(R) satisfying
supp(¢x) C I for each k € Ny,

Y gx)=1 for xeR,

kENO

and for each o € N,
sup 2819\ (x)| < oc.
xeR, keNy

Let ¢ = (dx)ken, C @ (R) be fixed. For 1 < p, g < oo, s € R, the X-valued periodic
Besov space is defined by
a\1/4q
I
)4

with the usual modification if ¢ = co. The space B,  (T; X) is independent from
the choice of ¢ and different choices of ¢ lead to equivalent norms || - || B;, on
B;’ q (T; X). Equipping B;, q(T; X) with the norm || - || B, gives a Banach space. See
[Arendt and Bu 2004, Section 2] for more information about the space B;y 4 (T; X).
We know that if sp < 51, then B;jq (T; X) C B;fq (T; X) and the embedding is
continuous [Arendt and Bu 2004]. When s > 0, it is shown in the same work that
B;’q(TT; X)ycLP(T; X), fe€ B;;I(T; X) if and only if f is differentiable a.e. on
Tand f' € B[‘; q(T; X). This implies that if u € B;’ q(T; X) is such that there exists
v € B, ,(T; X) satisfying v(k) = iku(k) when k € Z, then u € B;ZI(T; X) and
u' = v [Arendt and Bu 2004, Lemma 2.1].

The main tool in the study of B, ,-well-posedness of (P,) is the operator-valued
B, ,-Fourier multiplier theory established in [Arendt and Bu 2004].

Y e®¢;(k) (k)

keZ

B[iq (T; X):= {f GD/(—I]—, X): ||f||3,§q = (Z 23]‘]

Jj=0

Definition. Let X, Y be Banach spaces, 1 < p, ¢ <00, s € R and let (My)xez C
L(X,Y). Wesay (My)rez is a B;,q -Fourier multiplier, if for each f € B;’q(TT; X),
there exists a unique u € B;’ q(T; Y), such that iz (k) = M, f (k) for all k € Z.

The following result, obtained in [Arendt and Bu 2004], gives a sufficient condi-
tion for an operator-valued sequence to be a B,  -Fourier multiplier.

Theorem 3.1. Let X, Y be Banach spaces and (My)rcz C L(X,Y). We assume

(3-1) sup(|| M| + lk(Miy1 — My) ) < oo,
keZ

(3-2) sup [|k2(My2 — 2Mj 11 + My)|| < o0.
keZ

Then for 1 < p, g <00, s € R, (Mp)rez is a B;,q-Fourier multiplier. If X is
B-convex, then condition (3-1) is already sufficient for (My)kez to be a Bg’q-Fourier
multiplier.
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Recall that a Banach space X is B-convex if it does not contain /{ uniformly. This
is equivalent to saying that X has Fourier type 1 < p <2, i.e., the Fourier transform
is a bounded linear operator from L?(R; X) to [9(Z; X), where 1/p+1/g = 1. Itis
well known that when 1 < p < 0o, then L? () has Fourier type min{p, p/(p — 1)}.

Let1 < p, g <00, s >0 be fixed. We consider the following second-order
degenerate differential equation with finite delays:

(Mu')' (t) +ou'(t) = Au(t) + Gu, + Fu, + f(t), (teT)

(P) i , ,
u0) =um), (Mu’)(0)=Mu")(2n),

where A, M are closed linear operators on a Banach space X satisfying D(A) C
D(M), a € C is fixed, and F, G : B;’q([—Zn, 0]; X) — X are bounded linear
operators. Moreover, for fixed € T, u; and u, are elements of B;, q([—27r, 0]; X)
defined by u,(s) = u(t +s), u;(s) =u'(t +s) for =27 <5 <0. Here we identify
a function u# on T with its natural 27 -periodic extension on R.

Let F,G € L(B;’q (—2m, 0); X), X) and k € Z. We define the linear operators
Fr, Gy € L(X) by Fix := F(er @ x), Gpx := G(er @ x) for all x € X. It is clear
that there exists a constant C > 0 such that ||e; ® x || By, = C||x|| forall k € Z. Thus

(3-3) IFcll = CIIFIl, and |Gkl = CIGl, (k€ 2).
It is easy to verify that when u € B,/ (T; X), then
Fu.(k) = Fa(k), and Gu.(k)=Guik), (keZ).
We define the resolvent set of (P,) in the B;  -well-posedness setting by
Pp.gs(P2):={keZ: k*M —ika+ikGy+F,+Aisa bijection from D(A) onto X,
and (k°M —ika +ikGy + Fr + A) "' e £(X)).

If k € ppgs(P2), then M(k*M + ikGy + Fe + A)~', A(K*M +ikGy + F + A)~!
make sense as D(A) C D(M) by assumption, and they are in £(X) by the closed
graph theorem.

Let 1< p, g <00, s >0. We notice that the functions Fu, and Gu, are uniformly
bounded on T, but they are not necessarily in B, ,(T; X). We define the solution
space of the B,  -well-posedness for (P») by

Sp.q.s(A. M) :={u e B} (T; D(A)NB,*(T: X):u' € B}, ,(T; D(M)),
Mu' € B! (T:X) and Fu,, Gu.€ B} (T; X)}.

Here again we consider D(A) and D(M) as Banach spaces equipped with their
graph norms. S, , (A, M) is a Banach space with the norm

il o0y = Nl g1l Al gy, + 1y,

HIMU Il gyt Fu Ly, +1 Gl gy,
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From [Arendt and Bu 2002, Lemma 2.1}, if u € S, 4 s(A, M), then u and Mu'
are X-valued continuous on T, and u(0) = u(2w), (Mu')(0) = (Mu')(2r).

Definition. Let 1 < p, g < oo, s >0and f € B;’q(TT; X). uesS, (A, M)is
called a strong B;’ q-solution of (P), if (P,) is satisfied a.e. on T. We say that
(P) is B;)', q—well—posed, if for each f € BI; q(T; X), there exists a unique strong
B;’ q—solution of (P).

If (P) is B;’ 4-Well-posed, there exists a constant C > 0 such that for each
f e B;’q(TT; X),ifu €S, (A, M) is the unique strong B;,q—solution of (P»), then

(3-4) lulls, . a0 < ClLf s,

This can be easily obtained by the closedness of the operators A and M and the
closed graph theorem. We need the following preparation:

Proposition 3.2. Let A and M be closed linear operators defined on a Banach space
X satisfying D(A) C D(M) and let F, G € E(B;‘q([—ZJT, 0]; X), X). Assume that
Pp.q.s(P2) = Z and the sets {k(Fiy2 —2F1 + Fy) - k € 2}, {k(Gry1 — Gi) 1k €
7}, {k*(Gryr — 2Gip1 + Gy) 1 k € Z}, {(k*MN; : k € Z) and {kNy : k € Z} are
norm bounded, where Ny = (k*M — ika + ikGy + Fy + A)~! when k € 7. Then
(k*M No)kez, (Nkez, (kNo)kez> (kM Niez, (FeNOkez and (kGyNy)rez are By -
Fourier multipliers whenever 1 < p, g < oo, s €R.

Proof. Define My = k>M Ny, Sp =kNi, Tr =kM Ny, Py = FyN; and Qy = kG Ny
when k € Z. We know (Gy)rez and (Fy )iz are norm bounded by (3-3). This implies
that the sequences (Mi)iez, (Ni)kez, (Skez> (Ti)kez» (Pi)kez and (Qi)iez are
norm bounded by assumption. Using the same argument used in the proof of
Proposition 2.3, we obtain

sup [|k(My+1 — M) || < 00, sup [[k(Ne+1 — Nl < o0,

kez kezZ

sup [[k(Sk+1 — S)ll <oo and  sup [[k(Tk+1 — Ti) || < oo.
kez keZ

Moreover, it is easy to see that one has the stronger estimations

(3-5) sup k% (Nieg1 — Ni) || < o0,
keZ
(3-6) sup [|k° M (Niy1 — No)l| < o0,
keZ

by using the norm boundedness of {k(Gy+ — Gy) : k € Z}. For P, and Qy, when
k € Z, we have

(3-7) Piy1 — Pr = Fip 1t (Nt — No) + (Fiepr — Fi) Ny
(3-8) Ok+1 — Ok = Gy 1 N1 +k(Gryp1 — Gi) N + kG (Ni1 — No).
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We deduce that

sup [|k(Pi+1 — Pr)ll <oo and  sup [[k(Qk+1 — Qi) <00
keZ keZ

by (3-5) and the boundedness of (Fi)iez, (Gi)rez and (k(Gr4+1 — Gi))kez-
By (2-3) we have

Newt = Ne= 10 419 4 19 419 419,

where
1V = =k + DNy M N,
1P = iaNep1 Ny,
LY = —ikNes1(Geyr — G N,
1 = —iN 1 Grp Ny,
[ = = Ney1 (Fepr — FON;.
We have

39 1Y =1 = — @k +3)NeyaMNiy 1 + 2k + DNy MN;
= —2Ney2oM Ni1 — (2k + 1) (Ni+2 — Nir1) M Ni11
— 2k + DNt M (Niyr — Ni).

This implies that

1 1 1 1
sup 1K (15), — ) <00 and  sup kM (1Y, — 1) < o0
keZ keZ

using (3-5) and (3-6). A similar argument shows that

sup K31, — 1) <00 and  sup [K*M LD, — I)]] < 00
keZ keZ

when i = 2, 3,4, 5 using inequalities (3-5), (3-6) and the norm boundedness of
{k(Feq2—2Fit1+F) k€ Z}, {k(Gy1 — Gp) -k € 7} and {k* (G2 —2Gi41+Gr) :
k € Z}. We have shown that

(3-10)  sup K3 (N2 —2Nes1+No) | <00, sup [|K*M (Ngy2—2Niq1 +Np) || < 00.
kezZ keZ

In particular,

sup [|k*(Nis2 — 2Nis1 + No) || < o0.
keZ
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By (2-4), (2-5), (3-7), (3-8) and (3-10), and using similar argument used in the
proof of (3-10), we show that

sup |k (My12 — 2Mii1 + Mp)|| < 00, sup [Ik* (k2 — 2811 + Sl < oo,

keZ keZ
sup k% (Tiya — 2Tis1 + To) | < 00, sup k% (Pria — 2Pit1 + Po)ll< o0,
keZ keZ

sup |k2(Qr12 — 2041 + 00| < oo

keZ

Thus (Nokez, (Mikez, (Skezs (Tidkez, (Pi)rez and (Qr)kez are B, ,-Fourier
multipliers by Theorem 3.1.

Now we give a necessary and sufficient condition for () to be B, ,-well-posed.

Theorem 3.3. Let X be a Banach space, 1 < p, q < 00, s > 0 and let A
and M be closed linear operators on X satisfying D(A) C D(M). Let F,G €
L(B, ,([—2m,0]; X), X). We assume that the sets {k(Fiy2 —2Fi1 + Fi) 1k € Z},
{k(Giy1 — Gy) : k€ Z} and {kz(Gk+2 —2G41+ Gy) : k € Z} are norm bounded.
Then the following assertions are equivalent:

1) (P)is B‘g’ q-well-posed.
(i) pp,q,s(P2) = Z and the sets {(K*M Ny : k € Z) and {kNy : k € Z} are norm
bounded, where N, = (k*M — ika + ikGy + F + A)~L.
Proof. (i) = (ii): Assume that (P;) is B;’q—well—posed. LletkeZand y e X
be fixed, we define f(f) = ¢’*'y when t € T. Then f € B, (T:X), f(k) =y
and f(n) = 0 for n # k. Since (P») is B, ,-well-posed, there exists a unique
ue€S,,s(A, M) satisfying

(Mu") (1) + au'(t) = Au(t) + Gu, + Fu, + f(t), ae.on T.

We have u(n) € D(A) when n € Z by [Arendt and Bu 2002, Lemma 3.1] as
ue B;’ q (T; D(A)). Taking Fourier transforms on both sides, we obtain

(3-11) —(k*M — ika + ikGy + F, 4+ A)i(k) =y

and —(k>M + ikGy + Fi. + A)ii(n) = 0 when n # k. This implies that the operator
k>M — ika +ikGy + F + A is surjective as the vector y € X is arbitrary. To show
that k2M — ik +ikGy + Fj, + A is also injective, we let x € D(A) satisfying

(k*M — ika +ikGy + Fp + A)x = 0.

Let u(r) = e'*x whent € T. Then u € Sp.q,s(A, M) and (P,) holds a.e. on T when
f =0. Thus u is a strong B,  -solution of (P») when f = 0. We obtain x =0 by
the uniqueness assumption. We have shown that kM — ika + ikGy + F, + A is
injective. Thus it is bijective from D(A) onto X.
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Next we show that (k>M — ika + ikGy + Fy + A)~' € £(X). For y € X and
f@)=e*y weletuc Sp.q,s (A, M) be the unique strong B;’q—solution of (Py).
Then taking Fourier coefficients on both sides of (P,), we obtain by (3-11)

0, n#k,

ﬁ(n):{ 2 . . -1
—(k"M —ika +ikGy+ F,+A) "'y, n=k.

Consequently, u(t) = —e'* (kM —ika +ikGy + Fy+A)~'y when t € T. By (3-4)
there exists a constant C > 0 independent from y and k, such that

el e + N Aully, + 'y, + UM 1o+ | Fuellgy, + Gl sy, < Cllf gy,

p.q
The estimation

lu'llg;, < Cllfllag,
implies that ||k(k’M —ika +ikGy + Fp +A)~'y| < C|ly| for all y € X. Therefore
Ik(kEM — ike +ikGi + Fe + A) "' < C.

We have shown that k € p,, , s(P,) for all k € Z. Thus pp, 4.s(P>) =Z.

Next we show that (M )rez and (k Ni)xez are norm bounded, where My = k*M N,
and N, = (k*M — ika + ikGy + Fy + A)~! when k € Z. For this it will suffice to
show that (M} )rez and (kNj)rez define B[;, q—Fourier multipliers by [Arendt and Bu
2004]. Let f € B;’q(T; X). Then there exists u € S, , (A, M) which is a strong
By, ,-solution of (P,) by assumption. Taking Fourier coefficients on both sides of
(P>), we get that ii(k) € D(A) and

—(K*M — ika + ikGi + Fi + A)ii(k) = f (k)
or equivalently,
(k) = —(k*M — ika +ikGy + F, + A) "' f k), (ke Z).

It follows from u € S, (A, M) that (Mu') (k) = —k>Mii(k) and i’ (k) = ikii(k).
We obtain

(Mu'Y (k) = —k*Mia(k) = —Mi f(k), and @/ (k) = —ikNi f(k), (k € 7).

We conclude that (My)xez and (kNi)kez define B,  -Fourier multipliers as (M u'),
u' e B, (T X).

(ii) = (i): Let pp, 4,5 (P2) = Z and the sets (k*M Ny k €Z) and {kNi : k € Z} be
norm bounded, where N, = (kM —ika +ikGy + Fy + A)~!. Define My =k*M N,
Sk = ika, Tk = kMNk, Pk = Fka and Qk = ikaNk when k € Z. It follows
from Proposition 3.2 that (My)kez, (No)kez> (Skezs (Tidkez, (Pi)rez and (Qp)kez



42 SHANGQUAN BU AND GANG CAI

are BI; q—Fourier multipliers. Then for all f € BI; q(TT; X), there exists u, v, w €
B, ,(T; X) satisfying
(3-12) k) = —k*MNf(k), (k) =ikN.f(k) and W(k) = N f(k),

when k € Z. We deduce from the facts that (Py)rcz and (Qp)rez are BI; q—Fourier
multipliers that Fw,, Gw, € B, ,(T; X) as

Fuw.(k) = Rib(k) = FN f (k) = P f(k), (k€ 2)
and
Gw! (k) = Gyw' (k) = ikGyib (k) = ikGyNe f (k) = Qx f(K),  (k € Z).

On the other hand, v (k) = ikw (k) when k € Z by (3-12). Therefore w is differen-
tiable a.e. on T and w’ = v. This implies that w € BI};;S (T; X) asv € B), ,(T; X)
[Arendt and Bu 2002, Lemma 2.1].

We note that

ANy =My +aSy — P — O+ 1Ix, (ke2).

It follows that (A Ng)iez is also a BI; q—Fourier multiplier. Therefore there exists
€ B, ,(T; X) satisfying

(3-13) () =ANf k), (keD).

Thus g(k) = Aw(k) when k € Z. This implies w € B, ,(T; D(A)) by [Arendt and
Bu 2002, Lemma 3.1].
Since (Ty)rez is a B;, q—Fourier multiplier, there exists & € B;’ q(T; X) such that

h(k) =ikMN, f (k) = Mw' (k), (k€ 2).

Thus w' € B;,q(T; D(M)) by [Arendt and Bu 2002, Lemma 3.1]. In view of (3-12),
we obtain

(k) = —k*M N, f (k) = —k*M b (k) = ikMw'(k), (k € Z)

which implies that Mw’ € B;ZI(TT; X) by [Arendt and Bu 2002, Lemma 2.1]. We
have shown that u € S, ; (A, M).
By (3-12), we have

(M) (k) +aw' (k) = Ab k) + ikGd (k) + B (k) + f k), (k€ 2).

It follows that (Mw')'(t) + aw'(t) = Aw(t) + Gw, + Fw,; + f(t) a.e. on T by
the uniqueness theorem [Arendt and Bu 2002, page 314]. Thus w is a strong
B[ﬁ’ q—solution of (P»). This shows the existence.
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To show the uniqueness, we let u € S, ; (A, M) satisfy
(Mu') (t) + au'(t) = Au(t) + Gu, + Fu,
a.e. on T. Taking the Fourier coefficients on both sides, we have
—(kK*M — a8+ ikGy + F + A)ii(k) =0

for all k € Z. Since pp, 4s(P>) = Z, this implies that it(k) = 0 for all k € Z and thus
u =0. So (P») is B, ,-well-posed. This finishes the proof. U

By the proof of Theorem 2.4 and using Theorem 3.1, one can obtain the following
result.

Theorem 3.4. Let X be a B-convex Banach space, 1 < p, g < 00, s > 0 and
let A, M be closed linear operators on X satisfying D(A) C D(M). Let F, G €
£(B;’q([—2n, 0I; X), X). We assume that {k(Gyy+1 — G) : k € Z} is norm bounded.
Then the following assertions are equivalent:

1) (Py)is B;,q-well—posed.
(i) pp.q,s(P2) = Z and the sets (K*M Ny : k € Z) and {kNy : k € Z} are norm
bounded, where Ny = (k*M — ika + ikGy + Fy + A)~L.

4. Applications

In the last section, we give some examples to which our abstract results (Theorem 2.4
and Theorem 3.3) may be applied.

Example 4.1. Let 2 be a bounded domain in R" with smooth boundary 92 and m
be a nonnegative bounded measurable function defined on 2. Let f be a given
function on [0, 277] x  and X = H~'(Q). We consider the following periodic
degenerate differential equations with finite delay:

g%(m(x)u(t,x)) +a%u(l,x) +Au = Fu,+Gu,+ f(t,x), (t,x)€[0,27]x L,

P) u(t,x) =0, (t,x) €[0,2m] x 0L2,
u(0,x) = u2m,x), x € Q,
oo — e, reo

where o € C is fixed, u(s, x) := u(t +s,x), u,(s,x) :=u'(t +s,x) when s €
[—27m, 0] and x € €2, the delay operators F, G : L?([—2m, 0]; X) — X are bounded
linear operators for some fixed 1 < p < oo.

Let M be the multiplication operator by m on H~'(Q) with domain D(M).
Then it follows from [Favini and Yagi 1999, Section 3.7] that if we consider the
Laplacian operator A on X with Dirichlet boundary condition, then there exists a



44 SHANGQUAN BU AND GANG CAI

constant C > 0 such that

_ C
M@EM — A7 < ——,
1M (z ) II_IJr|Z|

when Re(z) > —B(1 + |Im(z)|) for some positive constant 8 depending only on m,
which implies that

4-1) | MM — A)~! (ke Z).

C
< —5—,
14 |k|
If we assume that m~! is regular enough so that the multiplication operator by the
function m ! is bounded on H ~!(2), then there exists a constant C; such that

Ci
< — .
1+ |k
Assume that D(A) C D(M), that the set {k(Gyy1 — Gy) : k € Z} is norm bounded,
and that p,(P) = Z, so that for all k € Z the operator —k*M +iak+ A — F, —ikGy
is a bijection from D(A) onto X, and (—k>M +iak + A — F, —ikGy) ™! € L(X).
We observe that

(4-2) I(k*M — A7 k € 7).

—k*M+iak+A—F—ikGy = (I — (Fg+ikGy—iak) (—k*M +A) ") (=k>M+A)

for k € Z. From (4-2) we get limy_ oo ||(Fi + ikGy — iak)(—k*>M + A)71| =0
using the norm boundedness of (Fi)rez and (Gy)kez. This implies that the operator
I — (=k*M + A)~'(F, 4+ ikGy — iak) is invertible when |k| is big enough. For
such k we have

(—k’M +iak + A — F, —ikGy) ™!
= (—k*M + A"V — (F + ikGy — iak) (—k*M + A)~H ™1,
It follows from (4-1) and (4-2) that

sup |k(—k*M +ick + A — Fp —ikG) || < oo,
keZ
and

sup ||k2M (—k*M +iak + A — F — ikG) ™| < oo.

kezZ
As a consequence, the sets {k(=k’M + iak + A — F, —ikGy)™! 1 k € 7} and
(KM (—k*M +iak + A — F, —ikGy)~! : k € Z} are R-bounded. Here we used the
fact that when the underlying Banach space X is a Hilbert space, then each norm
bounded subset of £(X) is R-bounded [Arendt and Bu 2002, Proposition 1.13].
We deduce from Theorem 2.4 that (P) is L”-well-posed when X = H~1(Q).

If we consider F, G € E(B;’q([—Zn, 0]; X), X), we may also apply Theorem 3.3

and Theorem 3.4 to obtain the B,  -well-posedness of (P) under suitable assump-
tions on F and G.
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Example 4.2. Let H be a complex Hilbert space, let 1 < p < oo and let F, G €
L(LP([—2m,0]; H), H) be delay operators. Let P be a densely defined positive
self-adjoint operator on H with P > § > 0. Let M = P — € with € < §, and let
A= Zf:o a; P* with a; > 0, a; > 0. Then there exists a constant C > 0, such that
_ C
MEM+A) ) < ——
1M @M+ A <
whenever Re z > — (1 + | Im z|) for some positive constant 8 depending only on
A and M by [Favini and Yagi 1999, page 73]. This implies in particular that

sup |K2M (K2M + A)7Y| < 0.
kez

If we assume O € p(M), then

sup |K2(kK2M + A) 71| < oo.

keZ
Furthermore we assume that the set {k(Gy+1 — Gy : k € Z)} is norm bounded. Then
the argument used in the example on page 43 our first example shows that the
degenerate differential equations with finite delay

(P’ {(Mu’)’(t) +ou'(t) = Au(t) + Gu, + Fu, + f(t), (teT)

u(0) =ur), (Mu")(0)=(Mu")(2m)

is LP-well-posed when p,(P’) = Z. Under suitable assumptions on F, G, we may
also apply Theorem 3.3 to (P’) to obtain the B, ,-well-posedness of (P’) for all
1<p, g<oo,s>0.

We can also give a concrete example of (P’). We consider the following problem:

P = Z)utt,x) + adutt, ) = Lt x) + Fuy(- 0+ G(2) (-0 + f(2,%),
u(t,0) = u(t, 1) = Lou(r,0) = Lou(t, 1) =0,
w(©0,x) = ur,x), (1 - 2)u(0,x) = (1 — L)u@n, x),
2 2
2 (1= 5)u©,x) = & (1 — 5)u@m, x),

where x € Q, t € (0,2r) in the first equation, and ¢ € [0, 27] in the second
equation. Here, 2=(0, 1), F, G € L(L?([—2m, 0]; L>(RQ)), L*(R)) and u, (s, x) :=
u(t+s,x) whent €[0, 2] and s € [—27, 0]. Let X = L?(2) and let P = —32/9x>
with domain D(P) = H*(Q) N H} (), i.e., P is the Laplacian on L*(Q) with
Dirichlet boundary conditions. Then P is positive self adjointon X. Let M = P+ Ix
and A = PZ It is clear that — P generates an contraction semigroup on L*()
[Arendt et al. 2001, Example 3.4.7], hence 1 € p(— P), or equivalently M = Ix + P
has a bounded inverse, i.e., 0 € p(M). Then the abstract results obtained above for
the problem (P’) may be applied.
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