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p-ADIC VARIATION OF UNIT ROOT L-FUNCTIONS

C. DOUGLAS HAESSIG AND STEVEN SPERBER

Dwork’s conjecture, now proven by Wan, states that unit root L-functions
“coming from geometry” are p-adic meromorphic. In this paper we study
the p-adic variation of a family of unit root L-functions coming from a
suitable family of toric exponential sums. In this setting, we find that the
unit root L-functions each have a unique p-adic unit root. We then study
the variation of this unit root over the family of unit root L-functions. Sur-
prisingly, we find that this unit root behaves similarly to the classical case of
families of exponential sums, as studied by Adolphson and Sperber (2012).
That is, the unit root is essentially a ratio of .A-hypergeometric functions.

1. Introduction

Dwork [1973] conjectured that certain L-functions, constructed as Euler products of
p-adic unit roots coming from the fibers of an algebraic family of L-functions, are
p-adic meromorphic. He proved this in a few cases using the idea of an excellent
lifting of Frobenius, but was unable to prove it in general, mainly because excellent
lifting in its original form does not always exist. Wan [1999; 2000b; 2000a] proved
Dwork’s conjecture using a new technique which avoided excellent lifting. In
the present paper, we extend Wan’s techniques, as established in [Haessig 2014],
by constructing a dual theory in which to study the p-adic variation of unit root
L-functions.

Let W be a nontrivial additive character on the finite field [,. Additionally, let
fely, [Ali, R )L;JF, xli, o ,xf] be a Laurent polynomial, and consider for each
= (F;)S and m > 1 the exponential sum

Su(fi )= Y WoTrrmu/f,(f (% %))
)fE([F;m-deg(i) )’
where deg() 1= [Fy, A : [, 1. Define the associated L-function by L(f, aT) =
exp(zmZl S (f, ) Tm/m). It is known that L( f, X, T)(_l)"+1 is a rational function
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with a unique p-adic unit root, say (%), which is also a I1-unit. The unit root
L-function of this family is defined by

1
1 — o ()< Tdee®’

LunicGe, T) =[]

L€|GS, /F, |

where « takes on values in the p-adic integers Z,. This is a p-adic meromorphic
function in T and a p-adic continuous function in «. As shown in a remark below,
Lunit(c, T)D™" will have a unique p-adic unit root. We conjecture that the unit
root will have the following description.

Writing f(A,x) =) a,  AYx"* with a,, , € Fg, let a, , be the Teichmiiller lift
of a, , and write @ = (dy,u)(y.u)esupp(f)- Let T € @p be such that 77~ = —p.
Define a new polynomial f by replacing the coefficients of f by new variables
A, , for each monomial AY x", that is, define f(A, A, x)i =Y. Ay A7 x". Writing
expm f (A, 1, x) =D g, .(A)AYx", Adolphson and Sperber [2012] have shown
that G(A) :=go,0(A)/go,0(A”) converges on the closed polydisk |A, ,|, < 1. Thus,
it makes sense to evaluate G(d) := G(A)|p—z. We conjecture that the unit root of
Lunit(kc, T)CV™ is of the form (G(@)G(aP) - - - G(a"""))* where g = p°.

Our first main result will be to prove this conjecture when f (A, x) satisfies a
lower deformation hypothesis stated below. Our second main result, which explains
the paper’s length, is the development of a dual theory for L-functions of infinite
symmetric powers L («, 7, T), defined on page 137. These seem to have a theory
similar to that of classical L-functions of exponential sums over finite fields. For
example, they display the same type of §-structure (10) as well as having an attached
p-adic cohomology theory (see, e.g., [Haessig 2016]). There is some slight evidence
that these may be related to p-adic automorphic forms.

As mentioned above, in this paper we study the p-adic variation of unit root
L-functions such as these. The following setup is similar to that of the above family,
but more technical for the following reason. As unit root L-functions come from
families, and we wish to study a family of unit root L-functions, we need to consider
a family of families. The role of the variables in the following is: x denotes the
space variables, A denotes the parameters of the family, and ¢ denotes the parameters
defining the family of families.

Let A be a finite subset of Z". We define the Newton polyhedron of A at oo,
denoted A (A), to be the convex closure of AUO0 in R”. We make the simplifying
hypothesis that every element u € A lies on the Newton boundary at oo of A (A),
that is, the union of all faces of A, (.A) which do not contain the origin. In other
language this is the same as the hypothesis that w(u) = 1 for all u € A, where
w is the usual polyhedral weight defined by A, (A) (see the next section for
definition). The generic polynomial f, with x-support equal to A, is given by
@, x)=> tux" € Fyl{tuluea, xli, e, x,jf], where u runs over A and {z,},c4 are
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new variables. Let A (f)(= Axo(A)) be the Newton polyhedron at infinity of f.
Let P(A,x) € Fq[ki, R k;t, xli, e xni] be such that the monomials A x" in
the support of P (A, x) all satisfy 0 < w(v) < 1. Such deformations were studied
in [Haessig and Sperber 2014]. It is convenient to assume the origin is not in the
set A and if AYx" is in the support of P, then v # 0 so that neither f nor P have
a constant term (with respect to the x-variables). This assumption will be made
throughout this work. Let G(z, A, x) := f (¢, x) + P(X, x).

We construct a family of L-functions as follows. Let 7 € (E;)V”, and denote by
deg(t) =[[F,(¢) : F,] the degree of 7, where [, (f) means we adjoin every coordinate
of 7 to F,. We will often write d(7) for deg(). For convenience, write g; := ¢¢®
so that [, = [, (7). Next, letii € (ﬁ;)s. Denote by deg;(i) or a’;(i) the degree
[qu(i) D Fglsoset g5 = qidfm and [qu = [Fql,(l). For each m > 1, define the
exponential sum

ST, 1) 1= WoTrg I X
nt, 0= Y WoTr, (G % %)
XE(IFZZmX)”
and its associated L-function
o0
L@, T) = exp( PG 1)%’").
m=1

It is well-known [Adolphson and Sperber 2012] that L(z, A, T)(_l)'1+1 has a unique
reciprocal p-adic unit root 7y (?, X), which is a 1-unit. Let k € Z p be a p-adic
integer. For each 7, the unit root L-function is defined by

_ 1
Lunit(Kv t’ T) = 1_[

, 1—mo(F, M TE®D’
AelGy, /Fy,| olt, 4)

where « takes values in the p-adic integers Z,. Wan’s theorem tells us that this
L-function is p-adic meromorphic and so may be written as a quotient of p-adic
entire functions:

w2 (= aiGe, )T)
[172(d =BG, DT
Little is known about the zeros and poles of unit root L-functions. In Theorem 1.1
below we show, for each ¢ and «, that L (k, , T)(_l)SJrl itself has a unique unit
zero (and no unit poles), which is a 1-unit. We then study the variation of this unit
root as a function of 7 and k. We note that the variation of the unit root L-function
with respect to the parameter « has been studied before in Wan’s proof of Dwork’s
conjecture, and is connected to the Gouvéa—Mazur conjecture [1992]. On the other
hand, as far as we know, the study of the p-adic analytic variation of the unit root

Lunit(Ka i’ T)(_l

a;j,Bj — 0asi, j — oo.
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L-function with respect to 7 is new. To state the main result, first denote by 7 € Q »
an element satisfying 77~ = —p. Next, writing

G, A, x)=f(t,x)+ P(r,x)

= Z fyx" + Z A(y, v)A"x?

+ + 4 & +
€ [Fq[xl PR ’xn 7)\'1 LR )\’S ’ {tu}uesupp(f)]»

let A(y, v) be the Teichmiiller lift of A(y, v) in Q, for each (y, v) € supp(P).
We now replace every coefficient A(y, v) of P(X, x) with a new variable A: set
P(A A, x) =, vyesupp(p) Ay, vA?x? and define

H(t, A, L, x):= f(t,x)+PA, A, x).
Note that the series

exp(TH(t, A, ), x)) = Y K, ,(t, ANV x"

yeZ*
uel"

is well-defined, and its coefficients K, , (¢, A) are themselves elements in the power-
series 1ing Z ,[¢p{tu}ueas {Ay v}y v)esuppcp)ll, and so converge in the open poly-
disk D(0, 17)AIFIsupp(P)l which is defined by the inequalities |f,| < 1 forall u € A
and [A, | < 1forall (y, v) € supp(P). Of particular interest is K¢ o(?), a principal
p-adic unit for all  and A in the polydlsk Define F (¢, A) := Ko 0(t, A)/Ko,0(t?, AP)
and set F,(t, A) := ]_[m 'r (t?', AP, By Adolphson and Sperber [2012], F (¢, A)
analytically continues to the closed polydisc D (0,1)AI*Isupp(P)l defined by |1,| <1,
ueAand |A, | <1, (y,v) € supp(P).
Theorem 1.1. Let f be the Teichmiiller lift of t. Then

ad(1) A ‘

Faay@ A =[] F@¥', APy

i=0
is the unique unit root of Ly (k, £, T)(_I)M at each fiber t and k € Z,, where
Fad(@) (t, A) means setting each t, = t, and Ayy= A(y, V).

Remark. It is worthwhile to compare this result to the result in [Adolphson and
Sperber 2012]. To that end, consider the (total) family H (¢, A, A, x) above. For
eachf € ([l_:qx)““| and m > 1, define the exponential sum

Sw(H, D)= > WOTHE , o /F, (H T A, X 5)).
(X,X)E([F:mdeg(f) ) x (ﬂ:xm-deg(f) »

Define by L(H, 1, T) :=exp()_,,~| Sn(H,1)T™/m) the associated L-function, a
rational function over Q(¢,). By [Adolphson and Sperber 20121, L(H, 7, T)~ Dl
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has a unique p-adic unit root given by F_ ;) (f, A). As mentioned above, this
relation should conjecturally hold in greater generality.

Remark. The existence of a unique p-adic unit root is a general result for unit
root L-functions defined over the torus G;,. This includes the classical case of L-
functions of exponential sums defined over the torus; see [Haessig 2014, Section 3]
for details.

To give an indication of the proof, we use the language of o-modules. See
[Haessig 2014] as a reference for the following notation. Let K be a finite ex-
tension field of Q, with uniformizer m, ring of integers R, and residue field F,.
Let (M, ¢) be a c - log-convergent, nuclear o-module over R, ordinary at slope
zero of rank one (ho = 1) with basis {e;};>0. Assume further the normalization
condition ¢eg = ey mod(wr) and ¢pe; = 0 mod(sr) for all i > 1. With this setup, it
follows that the associated unit root L-function Lyy(x, ¢, T)(_l)w has a unique
p-adic unit root (and no unit poles). To see this we first note that, by [Haessig
2014], Lunit(x, ¢, T)(_l)s+I = det(1 — Fpi«iT) mod m. Next, it follows from the
normalization condition that the matrix B¥! takes the form ((1) 8) mod 7, and thus
det(l1 — FpaT) =1 —T mod 7. Hence, the Fredholm determinant det(1 — Fgi1T)

has a unique p-adic unit root proving the result.

2. Lower deformation family

Let f € Fy[{tu}buesupp(f)s xfc, ey x,jf] be of the form f (¢, x)=>_ £, x". In particular,
the coefficient of every monomial x” in f is a new variable 7,. Denote by A (f)
the Newton polytope at infinity of f, defined as the convex closure of supp(f)U{0}
in R". Let Cone( f) be the union of all rays emanating from the origin and passing
through A (f), and set M := M (f) := Cone(f)NZ". We define a weight function
w on M as follows. For u € M, let w(u) be the smallest nonnegative rational number
such that u € w(u)A(f). It is convenient to assume w(u) = 1 for all # in the x-
support of f. In particular this implies that f has no constant term. Let D denote
the smallest positive integer such that w(M) C (1/D)Zs¢. The weight function w
satisfies the following norm-like properties:

(1) w(u) =0if and only if u = 0.
(2) w(cu) =cw(u) for every ¢ > 0.

3) wu+v) <w(u)+w) for every u, v € M, with equality holding if and only
if u and v are cofacial.

Itis convenient to assume the lower-order deformation P € I, [Ai, s )\ﬁt , xli, ... ,x,jt]
has no constant term so the origin in R” is not in the x-support of P. In fact, if
we write P(A, x) =), 4 Pu(M)x", then 0 < w(u) < 1. Our lower deformation
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family then is defined by G (¢, A, x) := f(t,x) + P(A, x). Set

(1) U i={(rmk)v €@ | (o) € supp(P) |,

and let I' := Ao (U) CR®. Similarly, define M (I") := Cone(I") NZ* with associated
polyhedral weight function wy. The polyhedral weight makes sense as well on
points in Cone(I") having real coordinates. Since 0 < w(u) < 1 for (y, u) € supp(P),
it follows that wr(8) < 1 for any 6 = /(1 — w(u)) € U. Equivalently, wp(y) < 1
for any (y, u) € supp(P). We call T the relative polytope of the family G (x, t).

Rings of p-adic analytic functions. Let ), be a primitive p-th root of unity, Q, be
the unramified extension of Q, of degree a :=[[F, : [, ], and denote by Z,, its ring of
integers. Then Z,[¢,] and Z,[¢,] are the rings of integers of Q,(¢,) and Q, (),
respectively. Let 7 € Q p satisfy ? ~l=—p, and let 7 be an element which satisfies
ord,(7) =(p—1)/ p>. We may have occasion to work over a purely ramified
extension Qo = Q, () of Q, with uniformizer 7 which contains Q,(¢,, 7) and
for which 7 is an integral power of 7. Let Q& = Q (7). Denote by R the ring of

integers of €2, and Ry the ring of integers of 2. Set

Op = { > N ‘ C(y)eR,C(y) > 0asy — oo}.
yeM(T)

(We note that the fractional powers of 77 are to be understood as integral powers of
a uniformizer of R.) Then Oy is a ring with a discrete valuation given by

Z C(y)kyﬁwr(y)

yeM(T)

= sup |C(y)l.
yeM ()

Define

Co(Op) := {s = > ER"Ix [§(w) € 00, E() > O as oo},
neM(f)

an Og-algebra.
In the following, ¢ = p“ is an arbitrary power of p (including the case a = 0),
so we can handle the cases of #7, ¢, and ¢ at the same time. Define

(2) Opy:= { Z Cy)N 7w | C(y)e R, C(y) > 0asy — oo}.
yeM(T)

This ring is the same as Oy except using a weight function defined by the dilation gI"
(thatis, wyr(y) =wr(y)/q). We note that here Op 1 = Oy. A discrete valuation may
be defined as follows. If & = ZyeM(l") C(y)aarMpr e 0,4 then the valuation
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on Oy 4 is given by

1&1:= sup |C(y)I.
yeM(r)

We may also define the space

3) Co(Oo,q) ::{ Z £, x 7

Eu € OO,q’ Su —0asu — OO}
ueM(f)

For =3, e &7 € Co(Oo q), we set

Inl=sup &
ueM(f)

Frobenius. At present, we fix 7 € (F,)!!, returning to variation in 7 in the last sec-
tion. Recall the notation deg(r) = d (7) = [F4 (1) : Fy] and ¢; = g% Nowlet 1 e (Fq )S.
Similarly, denote by deg(2) or d (%) the degree [F, (A, £) : F,(£)], and ¢; 5 = gdDd@)

Dwork defines a splitting function by 6(T) :=exp(T —T?) = 0,6, T". It
is well-known that ord, (6;) > i(p — 1)/ p? for all i > 0. Writing

G, hx)=fE, )+ PO x)=) fux"+ Y Ay, v)Mx"

. + 4
inFg[x7,... xE kl,...,kf],welet

b n b
G, h x):= qux” +ZA()/, VAYxY € R[xfc, e xni, )L;—L, e )»?E]

be the lifting of G by lifting the coefficients A(y, u) and 7 by Teichmiiller units. Set

) Fi.nx):= [ edx- [[ 6A@. v«
uesupp(f) (y,v)€supp(P)
and for any m > 1,
) Fu(, 0, x) = [ F7 @ A7, x7),
i=0
where o is the extension of the usual Frobenius generator of Gal(Q,/Q,) to

with o () = 7. Then, o acts on a series with coefficients in Q by acting on these
coefficients. Note that if we set

Furx)= Y B "wx"= Y B"(y,u)a’x",
ueM(f) yeM(r)
ueM(f)

then

wr(y) +ww) p—1

ord,(B" (y, u)) > o1 2
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Define ¥, by Y C(u)x" +— )Y C(pu)x“. Set
a:=0"lo VYeo F(, A, x).

A similar argument to that in [Haessig and Sperber 2014] demonstrates that ¢ is a

o~ !-semilinear map of Cp(Op) into Cy(Oy, p). Similarly, for m > 1, if we define

am = O—irn o w;n o Fm(ﬁ )\" -x)’
then o, maps Co(Op) into Co(Oy, pm). In particular,

Olm(ﬁ_w(v)xv) — Z ﬁ_w(v)fw(u)Bm(pmu - v)ﬁw(u)xu’
ueM(f)

with ord, (™~ WB™ (p"u—v)) > ((p— Dw@)+ (1 —1/p" Hw(v)) ord, (7).
Summarizing, in Co(Qy, ,m) we have |a,, (T¥Vx?)| < |J'?|w(”)(pm71*1)/pm71.

Fibers. Define

e gad(®d) P
%5 = Pl o ad@)dGy (s A, X)),

where 7 and X are the Teichmiiller representatives of 7 and A, respectively. Notice
that o is an endomorphism of CO()A»), where CO()A\) denotes the space obtained
from Cy(Op) by applying the map on Oy which sends A to A

To relate the L-function L(7, A, T) to the operator o; 5 it is convenient to introduce
the following operation: for any function g(7'), define g(T)% :=g(T)/g(qT). Set
g; 5 := q?P?®_ Dwork’s trace formula states

(g% = V" Tr(e’, [ Co) = ), WoTrs, e, (G4, )
Fe(Fry, )" §
1,k

Equivalently,

)n+1

o - N

LG %)Y =det(l—o; 5T | Co(h)) 7.

This is a rational function, and it is well-known that L(7, A, T)(_l)"+l has a unique
unit (reciprocal) root 7o (7, 1) (see [Adolphson and Sperber 2012], for example).
This unit root is a 1-unit, so it makes sense to define, for any p-adic integer «, the
unit root L-function at the fiber f:

(6) Luite.7. )= [] 1

, 1—mp(7, A)KTdeg)
eicy k@l -0 A)
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Denote the roots of det(1 — o; ;T | co(i)) by 7;(t, 1), and order them such that
ord, m; (%, ) < ord, ;11 (%, 1) for i > 0. For each m > 0, define

LYk, 1, T) =

[T TTO=m0@ 2 "m @3 i, By () -, G T
A€|G3, /Fy. |

where the inner productruns over all ¥ >0, 1 <i; <ir <---,and 0< j1 < jo <+ - - < jip.
Note that the factors indexed by i are allowed to repeat, whereas the factors indexed
by j; are distinct. Intuitively, the inner product is det(1 — Sym* ™™ o; ; ® A"a; 5 T).
From [Haessig 2014, Lemma 2.1],

oo
(7) Luna(. 7, T) = [ LD, 7. T) 7D 6D
i=0
=LO, 7, ) [] LD, 7, YD,
i>2

In the next section, we will show each L® with i > 1 has no unit root or pole,
whereas L@ will. This will show Lypit(«, 7, T)(_l)x+1 has a unique unit root.

3. Infinite symmetric powers

Denote by S()A») = R[i][[{eu}ueM\{o}]] the formal power series ring over R[i] in
the variables {e, },em\ 0y which are formal symbols indexed by M \ {0}. We equip
this ring with the sup-norm on coefficients (in R[A]). This ring will play the role
of the formal infinite symmetric power of Cg ()A») over R[):] in a way we describe
below. It is convenient to write the monomials of degree r in the variables {e,}
using the notation e, :=e¢,, - - - e,,, where uy, ..., u, € M(f)\ {0} forr > 0. To
fix ideas, it helps to assume we have a linear order on M (f) \ {0} with the property
that if w(u) < w(v) for u, v € M(f) \ {0}, then u < v. We may extend this to
all of M (f) by taking O as the least element. We then agree that in this notation
we have 0 < u; <up <--- <u, (equality indicating repeated variables). When
r = 0 we understand there is only the monomial 1 of degree 0. We extend the
weight function w to such monomials by defining, for e, :=¢,, - - - ,,, the weight
w) :=wu)+- - -+wu,). Denote by S(M) the set of all indices # corresponding
to monomials e,. We emphasize that we will often equate elements u € S(M) with
the monomials e, ; it should be clear from the context which meaning is desired.
We may assume S(M) has a linear order defined on it such that the weight w(u)
is nondecreasing and such that the restriction of this linear order to M (f) is our
earlier linear order.
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We may identify Cy ()A\) as an R[)A\]—submodule of S ()1) by defining an R[)A\]—linear
map

T:CM) —>SAh) via > &AM g+ Y e
ueM(f) ueM()\(0)

That is, the image Y (Co(%)) consists of the powers series with support in the
monomials of S (i) of degree < 1 with coefficients {§,},cm(r) C R [):] satisfying
£, — 0 as u — oo. Note that Y(7*®x") = ¢, for u € M \ {0}, and Y (1) := 1.
Define the R[):]—subalgebra of § (i)

So(h) = {s = ) Ewe,

ueS(M)

£(u) € R[A], E(u) — 0 as w(u) — oo}.

Hence, T(CO(A)) - SO(A) Note that we may write o; ; (1) = 1 + n(x) for some
element n € Co(A) satlsfymg In] < 1 with support of n in M(f) \ {0} For
E=) &mey € So(h), deﬁn? &1 == > sesom E@)|, which makes So(h) a p-
adic Banach algebra over R[A]. Then for any ¢ € CO(A) IT(¢)| = |¢]. It fol-
lows that (T oa; /\(1))’ is defined and belongs to SO(A) for any T € Z,. Define
[ o 51 1 S0 (A) —- S (A) by extending linearly over R[A] the action on monomlals
of degree r:

[t 3 (uy <+ €)== (Yoo 5. (1)) (Toa; 5 (R H“Vx™)) -+ (Tou; 5 (& Hr)x"r)).

By a similar argument to [Haessig 2014, Corollary 2.4, part 2],
(o¢]
det(1 = [o7 31T 1 So@) = [T J(1 =m0, M iy G, 1) -+ 1, (2, T,

where the inner product runs over all multisets {iy, ..., i,} of positive integers of
cardinality r satisfying 1 <ij <ip <---.

Infinite symmetric power on the family. Denote by S(Op) := Opll{e,}uem\ o]l
the formal power series ring supported by the monomials S(M), with coefficients
in the ring Op. As in the constant fiber case above, this ring is equipped with the
sup-norm on coefficients. Define the p-adic Banach algebra over Oy,

S0(00) = {s = Y E@eu |E@) € 00, E@) > 0as w(w) — oo}

ueS(M)

= {g = Y Ch.wa"rPie, ‘
yeM()
ueS(M)

Cly,u) e R,C(y,u) —> 0as wr(y) +wu) - OO},
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and similarly, for any ¢ = p“ an arbitrary power of p (including the case when a =0),

S0(Oo,q) = { Z Em)ey |§(u) € O0oq,5w) — 0as w(u) — oo}

ueS(M)

Note that So(Oy ) is a p-adic Banach algebra over O , with S(M) an orthonormal
basis. We embed Cy(Op,4) — So(Oop,4) via a map Y defined in the same way as
on the fibers. Again, (T o a,,(1))" € So(O, pm) for any t € Z,. We define a map
[ot ] = So(Op) — Sp(Op, ) as follows. On a basis element e, = ¢y, - - - e,, with
r>0andO<u; <---<u,,

[am](en) = [am]/c(eul te eu,)

= (T 0t (1)) (Y 0@V X)) oo (T 00y (RPH)xH)).

Ifr=0,
[ ] (1) := T (m (1))".

We may calculate an estimate for (F*®x*), where we recall that o, =
o ™oy o Fy(f, A, x). As noted earlier, we may write

®)  FaGxn= Y By,
yeM (), veM(f)

with ord, B(y, r) > 0, and set B" (y, v) = B(y, v)7t @r@+w@)/p"" g,
Clm(ﬁ—w(u)xu) — w;’l’l(Fm(f’ )‘" )C) . ﬁ,w(u)xu)
= Z(ﬁ(wr(y)w(?m”—”))/ﬂ’"‘l+w(u)—wr(y)/p’"“—w(v)

m—1

X B(y, p™v—u) - ger/rmt -frw(“)x”).

We note that

m

w(pTv—u) | wu) —ww) > pw) — w4 w(u) —w(v)

Pm71 pm—l
> (p—Dw)+ ”;;ljlw(u).
Hence,
) 1T (@ (FP@x)) | < |72 @E" =D/p"

The R-linear map ¥, : So(Oo, ) — So(Op) is defined by

Vit Y Ay wi e — Y Alpy.uw)iTe,.

yeM () yeM(T)
ueS(M) ueS(M)
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We may in the usual manner view Sp(Qp) as a p-adic Banach space over R with
orthonormal basis {7*T"AYe, | y € M(I"), u € S(M)}. Then

Bei = 1" o [auui e : So(Op) = So(Oy)

is a completely continuous operator (over R). Set B := {e, | u € S(M)}. Let
B[K](A) be the matrix of [a,4; ]« With respect to B, the basis of Sp(Op) over Oy
(as well as Sp(Op, ,m) over Og pm). The entries of B[K ](A) are series with support
in B and coefficients in Og ,» (which tend to 0 as w(u) — 00). We may write
Bi["]()») =) cmqry bYIAY, where b1 is a matrix with rows and columns indexed

by M(I') and entries in R. We deﬁne the matrix Fyi := (bq y—u)(y.p) indexed
by y, u € M(I"), and we set bqy w=0if gy — gZM(F) Note that F i is a
matrix with entries in R whose (y, i) entry is again a matrix in R with rows and
columns indexed by M (I"). As we showed in [Haessig and Sperber 2014, §2.3],
F i is the matrix of the completely continuous operator B, ;, and as such it has a

B:
well-defined Fredholm determinant. In particular, the Dwork trace formula gives

(" —1° Tr('BZE) =(q/" = 1)’ Tr(Fl’;[K])

= Y m(BYEET - BFG BWi())

A —1=1

= Z Tr(lo; 317 | So(h)).
Xe([FZEm)S
A=Teich(1)

Using an argument similar to that succeeding [Haessig 2014, (8)], it follows that
(10) LOG, 7, )™ = det(1 — B ; 7).

Since the Fredholm determinant det(1—p8, ;T) is p-adically entire, this demonstrates
the meromorphic continuation of L (k, 7, T). Since the matrix of ﬂK : shows that
det(1— B, ;T) has a unique unit root, it follows that L© (k, 7, T)"D""" has a unique
unit root equal in fact to the unique unit root of det(1 — B, ; 7).

In a similar way, define on the space Sp(Qp) ® A"Cy(Op), the operator ﬁ m)

d
a ® ([aad(t)]lc—m A O{ad(t))- Then
L™ (e, 7, 7)™ = det(1 — 1%

)s+1

In particular, for m > 2, due to the wedge product, L" («, 7, T)~D"" has no zeros

or poles on the closed unit disk. Hence, by (7), we have:

Theorem 3.1. L, (k, 7, T)(_l)m has a unique p-adic unit root which in fact is
the unique unit root ofL(O) (k, 1, T)(_Dm.
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4. Dual theory

In this section, we define a dual theory for the operator B, ; acting on Sp(Op).
We begin by defining a dual map to «,4;). For ¢ = p“ an arbitrary power of p
(including the case a = 0) define the Oy ,-module

@ ::{ > Ewr

ueM(f)

S(u) € OO,q}s

equipped with the sup-norm on the set of coefficients {&(u)},em(r). Define the
projection (or truncation) map

Pray(sy Z Aw)x™ — Z Alw)x™".
uez" ueM(f)
For each m > 1, define
=Pl 0Fm (@, A, x) 0 @V 0 0™,
where o € Gal(£2/€2p) acts on coefficients (as mentioned above), and &, acts on
monomials by @, (x*) := xP¥.

Lemma 4.1. o, :C5(Oo, pm) — C5(Oo, pm) is a linear map over O, pm. Furthermore,
writing
0@ = Y Coa I
zeM(f)
with Cy(z) € O, pm, then Cy(z) — 0 in Op, pn as w(v) — o00. In addition, we may
write o, (1) = 145, (X, x), with 0y, (A, x) € C5(Og, pm) having |n;,| < ||

Proof. We consider o (7 ~*®x~?) with v € M (f). Using (8), we may write this as

BTN Z T (Biy, - R

ZEM(f)
yeM () < 7~T—w(v)+w(z)+(w(—z+p’"v)/p""‘);T—w(z)x—z).
Since
—w(©) +w(2) + w2+ p"o) = L tw@) + (p - Dw),
we see that
(1) o, (7T = 7 PTG ),

where ¢ (A, x) € C5(Oo, pm).
If £* € C5 (O, pm) With §% =3~ 5y Ay~ x ™", then

an @)=Y FPTOAQ)L (A, x) € Ci(Op, pm).
veM(f)
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Finally, note that by the above,

m—1

af (1) =1+ Z B(y, 0)g /"y
yeM()\{0}
4+ Z B(y, _Z)ﬁw(z)-‘r(w(—z)/pm—l)(ﬁw(y)/pm—l)\‘y)(ﬁw(—z)x—z)‘

zeM (f)\{0}
yeM ()

This proves the lemma. ([
Define
Ap = { > AWN|A(y) € R and A(y) > 0 as w(y) — oo}.
yeM ()
For ¢g; and ¢, any two powers of the prime p, define a pairing
(-1) 1 Co(Op,q,) % C3(Oo.4,) — Ao

by

(&, %) := the constant term with respect to x of the product & - &*.

This product is well-defined since if {n;(v)}yema) C Qo,q, With n1(v) — 0 as

w(v) — 00, and {n2(v)}vemr) C Oo.q,, then 3 prry M(VIN2(V) € Ap. Next let
& € Co(Op), &* € C;(Op, pm). Writing F,, for F,,(f, 1, x), observe that

(12) (W) 0 Fin)§, &%) = (Fu, @YE™) = (&, (prygcp) o Fim 0 PY)(ED)).

Symmetric powers. We construct in a now familiar manner formal k-th symmetric
powers of Co(Op) and Cg(Op, pm) over Op. Similar to the construction used above,
we consider a linear order on {u € M (f)} under which the weight is nondecreasing,
say 0 =ug <u; <---. We will for convenience of notation write the “basis” as
(E,:=7"®Wx" |y e M(f)}, and the k-th symmetric power of the basis as

Eu::Euleujz"'Eujk (OSJISJZSS.]k),

where u runs over multisets of indices of cardinality k, say
{u=(uj1,uj2,...,ujk)|0§uj1 §uj2§---§ujk}.

Defining

Symb, Co(Qp) = {s = 3" G Eu [ £ € Op, £ () — 0 as w(a) — +oo},

|u|=k

we then define the map

Sym"* @, : Symfy Co(Op) — Sym’éoe,,m Co(Oo,pm)
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as follows. Let

an @Oy = Y AT )FxY

veM(f)
= Y A ()E,.

veM(f)

We know from Section 2 that

Al = > &R OBTy, Py —u)).
yeM[),veM(f)
Then
Sym* & (Ey; Euyy -+ Euy) = ) AY 0 G- AL (D Ey, - Eyy,

where the sum runs over all v, € M(f) for each i, 1 <i < k. Since, by above,
lotm (P x1)| < |7 2@ E" ™ =D/P"™" therefore SymF (i) is a completely continu-
ous map. The map YT may be extended to Sym](‘g0 (Co(Op)) = Sp(Oyp) as follows. For

u=(uj,...,uj;) an ordered multiset of cardinality k with elements in M (f), set
e if j; >0,
T(E) = { ‘ AR .
Cutjpyy €ty """ Cujy if j=jp=--=j=0.

Thus T(Sym'é)O Co(Oyp)) consists of all power-series with coefficients in Oy and
support in monomials ¢, of degree < k, with coefficients going to 0 as w(u) =
wuy) + - +wu,) = oco.

We have as well a dual variant

SYmg, ., Co (©o,pm) = { > AuWE;
|lu|l=k

Au(2) € Op pr }

where we denote E* := 7 %@ x~" for each u € M(f), and using the linear order
above write for each multiset w = (u;,, ..., u ;) of cardinality k of indices, with
J1 << jrweset Ey:=E; ---E; . Then

Ui

Symg,, ,,C5(Oo,pm) = { > E@E;| &) € Op pn }

|u|=k

there being no requirement here that the coefficients tend to 0 as w(u) — oco. Since
oy, 2 C5(Oo, pm) = C5(Op, pm), we may define for u = (uj, ..., uj),

Symt(ap)(Eg) = ) A5, (WA, L, - Ay L, (WE,
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where v = (vy,, ... vy, ), the sum runs over v;, € (7@ x|y e M(f)}, and where
ok (AW Ty = > veM() Ak ()7 W x ™Y, The map Sym* (") then is defined
on Sym'(‘go,pm since, as we noted earlier in (11), |of (7 V@ x~4)| < |7 |w@P=D,
We extend the pairing above to these symmetric power spaces by “linearly” ex
tending the following: for decomposable elements & =& - -- & € Sym’fgog1 Co(Oo,q,)

and §* =&} - & € Symp,, 5 (Oo,g,),

k
(13) €& =& &&= Z H £ EX))
€S i=1

where S; denotes the symmetric group on k letters. This pairing (-, ) is well-
defined since Ay is a ring. It follows from (12) that, for &£ € Symk Co(Op) and
S* € Symk CE; (Oo,q;)’

(14) (Sym* @aqiy, )k = (&, Sym* oy E e

Infinite symmetric powers. Denote by S5(O) := Oglle;; : u € M\ {0}]] the formal
power series ring over Oy in the variables {e};},em\ (0}, a set of formal symbols
indexed by M \ {0}. We endow S ((’)0) with the sup-norm on coefficients. Mono-
mials in S5(Op) have the form ey, := ey ey ---e; , where uy, ..., u, € M(f)\ {0}
forr > 0, and e := 1 when r = 0. Thus, elements in the ring may be described by

Using the same notation as before, define the embedding Y : Cj(Op) — S;(Op)
by Y (7 ¥Wx~4) := e* for u € M\ {0}, and Y(1) := e; = 1. Foreachm > 1,
recall from Lemma 4.1 that o;;, (1) = 140}, (A, x) for some element 1}, € C5(Og, pm)

satisfying |ny| < 1. It follows that (Y o a;,(1))" € S;(Oo, ) for any € Z,.
For m > 1, we define the map [a;, ], : S5(Op, pm) — S5 (Oo, pm) by

(15) [a,lcley,, ---e;)
= (X (e, (D)™ (C (o (7 2711)) - (e, (@ 7))).

S5(0p) := {s* = ) &we;

ueS(M)

The product on the right side makes sense and lives in S§(Oo, ,m) since S5 (O, pm)
is a ring and each factor is clearly in S;(Op, pm). Furthermore,

(16) ok 1 (el < |7 P~ Dwl),

Define the R-module

05 ;:{g*: > ﬁ(y)ﬁ—ww(”w\;*(weze}.
yeM ()
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Here we do not insist that the coefficients go to 0 and we do not claim O q is a
ring. As usual we define an absolute value on O g by [$¥] := sup, eprry [£F (V)]
For series in A, we define a projection (or truncation) map

Py - ZA()/)A_V»—> Z A(y)r77.
y ez’ yeM ()

Note that for any ¢ a power of the prime p, if y, y’, and § all belong to M (T")
with y —y" = =8 then wyr (y) — wyr (¥') = —w,r(8). It follows that, for £ € Op 4
and £&* € Og’q,
Define the R module
Se(O}) = {a) = Y &'(.wF VAT e iy u) € R}.
yeM(T)
uesS(M)

Define the map @, by A — AP. We define an R-linear map
s
BLs = Prary oleryq e o @57
by “linearly” extending over R the action
,3:,;()\_)/3,9;) = prM(r)()»_W : [a:d(i)],((e:)).
Lemma 4.2. ,B:j is an R-linear endomorphism of S;(Oy).

Proof. We have remarked already that [o, (Z)]K is a well-defined endomorphism of
S5(Oo,4,)- As such, we may write for each u € S(M),

[l lelen) = D Bulo. )7 5" Vi%; € S5(Oo4).

oceM(T)
veS(M)

with By (0, v) € R, and B, (0, v) — 0 as w,.r (o) +w(v) — oo using (16). For w* =
ZyeM(F)’ueS(M) w*(y, u)ﬁ_"’r(y))»_ye;'; € 5;(0Of), we have

:3:,;(0)*)=PTM<F>( D @ M)ﬁ_wr()’))»_q’y'[“2d<z>]K(e;))

yeM(I')
ueS(M)

=PIy ( D AT Y "t (y,u) Y Bu(o, v)ﬁ_w"fr(“)ﬁ_wr(y))‘ae:>
yeM () ueS(M) oeM (')

veS(M)

= ) Cr.oi i e,

teM ()
veS(M)
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where

Clr,v):= ) D o (y,wBu(o, v)i rHwarter,
ucS(M) y,oeM (')
qiy —0=T

Observe that the exponent of 7 satisfies

—wr(y) +wgr (@) +wr(r) = (1 - 2 )wr(0),

so that the term 77 ~%r ) +Wgr@+wr @ ¢ hounded in norm by 1 since w(zr) >0, and

w*(y, u) and By, (o, v) € R. On the other hand, B, (o, v) — 0 as wr (0)+w(v) = 00
so that the coefficient C(z, v) is defined, in R, and B (w*) € S5(Op). Clearly it is
R-linear. U

Estimation using finite symmetric powers. It is useful to estimate B, ; and ﬁ:j
using finite symmetric powers. For monomials e, or e}, with u € S(M), u =
(uy,...,u)e(M(f)\0)", we say as usual that the degree or length of ¢, or e} is r.
For & € §p(Oyp), define length(&) as the supremum of the lengths of the monomials e,
in the support of £ (i.e., those terms appearing with nonzero coefficients). In the
case length(¢) = r, we may write & = Zlul < &(u)ey,, and & may be a series (not
a polynomial), since M (f) and the set of monomials of degree < r are infinite in
general. Similarly for &
Let k be a positive integer. Define 8(()]‘)(00) = {& € Sp(Op) | length(§) < k}.
Then the map
E"g_rEuI o Ey > ey, ey

r

identifies Sym* Co(Op) with S (Op) as Op-submodules in Sp(Oy). Similarly, we
identify Symk C5(Oo) in S§5(Op) as the Op-submodule Sg (k)(OO) of power series
in {e} | |u| <k} with coefficients in Opy. By transfer of structure, we have a pairing
(2 857 (00) x 85°(00) > 0.

We now work over R and define a new pairing (-, -); : S(()k) (Op) x 86‘ ) (Op) — 2
as follows. (Here again Sg (k)(O’S) is the R-submodule of S;(Oy) of series with sup-
port in monomials of degree < k, namely {e}, | |u| < k}, with coefficients in OF.) Let

Ei= Y EywER" e, € S (0)),
yeM),ueS(M)
= Y e w7 e ;N 0)),

oeM(),veS(M)

and set

(&8 = Y E( wE (v, w)lew, €

yeM(I)
uesS(M)
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where (-, -); was defined above. (Observe that as defined, a denominator k! is
introduced, so (e, €})i is a rational number with p-adic valuation bounded below
by —k/(p — 1). This is independent of u, so (&, £*); is well-defined and takes
values in the R-submodule of €2 consisting of elements with ord, ¢ > —k/(p —1).)
It is useful to think of (&, £*); as the constant term with respect to A and the e, and
e, of the product & - £*, where the product ¢, - e} is defined to be zero if u 7 v and
(eu,ep)r ifu=nv.

Let k,, be a sequence of positive integers which tend to infinity (in the usual
archimedean sense) and such that lim,,_. k,, = « p-adically. For each m we
have a Frobenius map Sym*” (Aga()) On Sym*” C,(Oy), as well as a Frobenius
map Sym’” (o, (E)) on Sym*” Cy(Oo,4,)- By transport of structure, we have then
a Frobenius map [e&t,q()1Ge;m) ON S(()k’")(Oo) and a dual Frobenius [O‘:d(i)]('ﬁm) on
Sg(k’")((’)o,q;). We extend by zero these maps to all of So(Op) and S;(Oo,4.), re-
spectively. That is, we define

[Xaa) I, (€n)  Af |u| < kip,

o - . e =
[@aaiiy)ic;m) (en) {0 otherwise.

To avoid any possible confusion, we note

[O‘ad(i)](/c;m)(eul ce eu,)
= (T 0 0qq iy ()" ™ (T 0 0uqy V™) -+ (X 0 gy @7 x")
~ K —
= (Sym* o)) (Eq" " Euy -+ - Eu,),

when r < k,,. Similarly

[ ) T (€3) = Loy Jn () 3F 0] < K,
adO7E “ 0 otherwise.

Lemma 4.3. limy, . o[@ ) lc:m) = (@il as maps from Sp(Op) — So(Oo,g;)-
Proof. Write

(18) ([aad(i)](/c;m) - [Olad(i)]/()(euleuz te eu,-)

= (T @aaiy (D)™ = Y (uaiiy (D))
X (Y (@gay @O -+ (Y (@gay @ x))).

If r <k, then the first factor on the right may itself be factored into
=Y (@ (D) (1= (X (@ (1) 7).
If k = ky + p* ™o, (with T(m) — oo and 0,, € Z,,) then

|1 - (T(aad(f)(l))k'"—"| < |ﬁrf(m)+1

’
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as in the proof of [Haessig 2014, Lemma 2.2], and using the estimate (9). If r > k,,
then (18) becomes
(letwaJiesm) — [@taaqi I ) ()

= —[aa@)Iceu

= = @aay (D)™ (X @y TV x"1)) - (X (i) (7 x")).
Applying (9) to the r rightmost factors we see that

~ ad(f)—1_ ad(f)—1
|(ltaa i liesm) — [@aaci I ) eu| < |7 | )P D/p .

But w(u) > rwg > k;,, wy (where wo := min{w () |u € M(f)\ {0}}). In terms of
the operator norm,

- . ad(@)—1__ ad()—1
etaaiyle = [@aaqiyloem || < |7 PEED+Lknwo(peTi=1)/ptT07T,

As k,, and t(m) both tend to infinity as m grows, we see that
mli)moo[aad(i)](ic;m) = [aad(i)]lc- O
In an altogether similar manner, for u 7 0 we have, by Lemma 4.1, that
af (77 x ") belongs to C(Op, ), and (recalling (11))

|O‘:, (ﬁ_w(”)x_“)l < |7 |(P—1)UJ(M)_

Also o, (1) = 1+ n*(X) with n* (1) € Op pm and [n*(X)| < |7|. With these observa-

tions, an entirely similar argument shows limm_ﬂ,o[oz;k ’ @](K; my = [ as maps

ad(i) ¢
from S5 (Oo,4,) = S;(Oo,4,). Define

. d(t)
ﬁ(/{;m),f = lﬁf © [aad(f)](K;m)’

. (1)
'BEkK;m),f =Py (r) O[O‘:d@]('c:m) o @3

As yr; and @, are bounded maps, it follows that as operators on Sp(Op) and S;5(Oy),
respectively,

(19) mli_)moo Biw:myi=Bei and  lim 'B(*K;m)j = ,B:j.
Lemma 4.4. For £ € 8™ (Og) and £* € S;“ (0%),

(20) Bl i€ E o = (6. By 16 -

Proof. With £ € 8§ (Og) and £* € §;%"(0y,,,), we may rewrite (14) as

(21) ([aad(f)](/c,m)gv g*)k,,, = (Sv [a;kd(;)](/c;m)g*)km-
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By linearity we only need consider § = A"e, and §* =1 ¢, where y, 0 € M(I")

and u, v € S(M). We may write

(€us [y Joem €, = Y COAT.
teM(T)

Next, observe that

(€, 6", = (5, P2E )k, -

Hence, in the case £ =AVe, and £* = A" %€},

s
(Buems E k= ([ ad lsm: D5 V€%,
= the constant term of [A” ™% (ot 47yl (c;m)€u> €k, )
= the constant term of [AY ™% (e, [e d(i)](,{;m)ej)km] (by (21))
= the constant term of |:)J’_qf” Z C (r)k’}
reM(T)
_ |Clgio —y) ifgio—y e M),
0 otherwise.
In the other direction, again setting £ = AVe, and £* =1"%¢},

(&, Bloe:m)& "k, = the constant term of [A” - pry ) (A7 (ey, [oe:d(;](,(;m)ej)km))]

= the constant term of |:)J’ -prM(F)< Z C(r))»(qf””>:|

teM(T)
= the constant term of [)J’ . Z C(r)k_(qf“_f)]
teM(T) such that
gio—teM(T)
_ [Cgio—y) ifgio—yeM),
0 otherwise. O

Observe that ., ; and B, ; are completely continuous operators on the p-
adic Banach R-algebra Sp(Og) (viewed as R-algebra) with orthonormal basis
(FUrWnYe, |y e M), u e S(M)}. Let To(R) be So(Op) viewed in this way as an
R-algebra. Similarly, write 7;*(R) for the b(I)-space (over R) in Serre’s terminology
with “basis” I := {7 7UrA"Vek | y € M(T'), u € S(M)} with coefficients in R.
Again, 7 (R) is just S5(Op) viewed over R. Then

lim det(l — By ;T) = det(l — B ; T).
m—00
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Similarly, 8* Gem) 7 is a continuous R-linear endomorphism of 7" (R) to itself. We
may consider a matrix B5**")-! with entries in R defined by

—wr(y)y —v *(kcsm), 1 —wr(8)
Blemy i G2V e = B AT O

Using the matrix B*®"-" we define in the usual way the Fredholm determinant
det(1 — ﬁ(”;(;m)jT) = ijo(—l)J“Cj(ﬁZ‘K;m)j)TJ where Cy = 1 fmd Cj is the
series of all principal j x j subdeterminants of the matrix B*®™)-!_ The (-, ), -
adjointness of B.,, ; and 'szx;m),i implies C; (Bc.m).7) = C; ('szx;m),i)’ so that

det(l — IBEKK'm) ET) = det(l - IB(K;m),fT)'

The uniform convergence lim,,_, o, B**M-! = =:B7 - over the entries implies that
the series Z >0(=1)/ +1C (‘B* )Tf is well- deﬁned and is the coefficient-wise

limit of det(l %TK ), :T) as m — oo. If we define

det(1— B7,T):= Y (1) C;(B7 )T/,

j=0
then we have shown:

Theorem 4.5. det(1 — B, ;T) = det(1 — B .T), and thus from (10),
(22) LOGe, 7, )" = det(1 — g7,7).

5. Eigenvector

Recall that
Gt . x)=f(t. )+ PO x)= Y t,x"+ > Ay, v)A'x"

in FylxF, ... x5 A8, o AF (duesupp(n]- Let A(y, v) be the Teichmiiller lift
in Q, for each (y, v) € supp(P), and denote the lifting of G by

G(t, A, x):i= ft,x)+ P, x) = Ztux” + Z A(y, v)AYxV

in Q, [xli, R Ai oo AE {tuhuesupp( )] We now replace every coefficient
of G (with respect to the variables x and A) with a new variable A:

S )= Y At

uesupp(f)
PA LX) = Y AW
(v.v)€supp(P)
H(A, A x):= f(A, x)+P(A, A, x).



p-ADIC VARIATION OF UNIT ROOT L-FUNCTIONS 151

As before, let Ay (H) denote the Newton polytope of H at infinity in RS™ (in A
and x variables). Let Cone(H) be the cone in R**" over Ay (H) and M(H) =
Cone(H) N Z**" be the relevant monoid. Clearly M(H) C M(I') x M(f). By
our hypothesis that the x-support of P is contained in A, (f) we have that the
polyhedral weight function on this polytope wy dominates the total weight wr 4+ w
relative to the polyhedron I' x A; more precisely

wr(y)+ww) <wgy(y,u),

for all (y,u) €e M(H).

The following definitions extend those in Section 4, by replacing R with the
(multivariable) formal power series ring K := R[[A]. We equip X with the sup-norm.
Denote by Ky the subring of K of power series which converge on the closed unit
polydisk |A| < 1. For g any power of the prime p, define

O g(K) =1 Y CWa"r® ‘ Cly)ek,C(y)—0asy — oo},
yeM(T)
CG(Oo0g(K)) =1 Y &@iF"Wx s<u>e00,q<i@},
ueM(f)
S5O0 q(K)):=1 > E*w)e; S*(u)eOo,q(iC)},
ueS(M)
Op,K):=1 C*(V)ﬁ_w‘”(y)k‘y‘C*(y)elC},
yeM(T)
S5O, N =1 Y & (r.wa ey a)*(y,u)elC}.
yeM ()
ueS(M)

In all cases, the spaces above have versions (with obvious modification of notation),
where the ring of coefficients /C is replaced by the subring K. Define the maps

Pruy(s) Z Cux™"+— Z C(u)x™",
uezn ueM(f)

and Y : C5(Op(K)) < S (Op(K)) by 7~ W x> e* foru € M\ {0} and Y (1) :=1.
Next, define a relative Frobenius map as follows. First, set

F(Ahx)= ] 0w [  0a,.07x,
uesupp(f) (y,v)€supp(P)
m—1 . . .

Fu(A, 1, x) = [ AP A7 xP),
i=0
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and note that, similar to before,

Fm (A, )\" x) — Z Byyu(A)ﬁwH(V.u)/pmﬂ)\‘yxu’
(y.w)eM(H)

with |B,, ,(A)| < 1. It follows that, if we set
Uy = PLyg(p) OFm (A, 4, x) 0 D,
where @, sends x" — xP*, then an argument similar to Lemma 4.1 shows
o 5 2 Co(Op, pm (K)) — C5(Op, p (K)).

For any k € Z,, we define [a:‘mA]K 1 85 (Op,pm (K)) = S5(Op, pm (K)) using (15).
By an argument similar to Lemma 4.2, the map

BiiaSo(Oh(K) — S5(O5(K))
defined by
Beia =Py ol e alc o Cbid(t)v

is an endomorphism over K.

Eigenvector. In the following, we will define an eigenvector Y (1)* of ﬂ* whose
eigenvalue is F, ;7 (A)“. We will then specialize A, proving Theorem 1 1. We
start by defining the groups

My(T) =M@T) N (=M(T)) and Mo(f)=M(f) N (=M(f)).

Define the projection map

pry Z Cly, )MV x" — Z Cly,u)\Vx"

yeZ’ yeMy(T)
ueZ" ueMo(f)
and write
(23) prooexpm H(A, A, x) = > Ty (AAY x"

(y,u)eMo(T')x Mo (f)

with J,, , € R[A]]. Observe that Joo € 1 + AR[A]], and so we may define
n(A, A, x) = T (A) pro(expm H(A, A, x)).

We will eventually need to specialize A to Teichmiiller units. The following lemma
demonstrates that this is possible.

Lemma 5.1. J, ,(A)/Joo(A) € Ko for each (y,u) € Mo(I') x My(f). Also,
Jo.0(A)/Jo,0(AP) € Ko.
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Proof. This result is essentially a version of the main result, Proposition 2.15 and
its corollaries, in [Adolphson and Sperber 2012]. The proof of the version here
necessitates only some minor modifications from that in the above reference. The
key difference is that the setup here uses total weight, wy = wr + w based on
I X Ao (f) rather than the straightforward polyhedral weight wy based on Ao (H).
The argument of [Adolphson and Sperber 2012] works here as well. (|

Next, we will show that the Y (1)“ is a well-defined element of our dual space.
Lemma 5.2. T(n(A, A, x))* € S5(0;(Ko)).

Proof. First, write

nA )= ) Cru)A",
(v.u)eMo(T) x Mo (f)

with |C) ,| <1 and C, , € Ky. Since u € My(f), we may write

AL = > (Cp oy (MF O 7T,
(y,u)eMo(T)x Mo (f)

and so T((A, %, x)) = Y, Cpu(MA e}, with Cyu(A) = Cy_y(M)T" ™.

Next, since Cp o is a unit, we may write

T(n)"z(éo,o(A)+ > éy,uu\)kye;‘)

(v,u)eM\{0}

00 l
K\ ~ _ ~
:Z(I)CO,O(A)K 1( > C%M(A)k”ej)
=0 (v, u)eM\{0}
= Y Dyu(nie,
yEMy(I')
ueSMo(f))

with D, , € K. Lastly, since y € My(I"), we may rewrite this as

Y ()< = Z (D_y (M) )70~ %

y €My(I")
ueS(Mo(f))

and thus Y (1) € S;(O%(Ko)). 0
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We now consider the action of O‘T,A on n. Set F(A) := Joo(A)/Jo.0(AP).
Observe that

af A (AP, 1P, X))
= prM(f)(F(A, A, X) pro(exprrH(Ap, AP, x”)/JO,O(A”)))
= Pry gy (F (A, 3, x) (expr H(AP AP xP) [ Jo, 0 (A7) + D(A, A, x) + €(A.1, 1))
= ]-'(A)(prM(f) (exan(A, X, x)/Jo.o(A) + @ (A, A, x)))
=F(N)(n(A, &, x)+d(A, 1, x)),
where each AYx" appearing in @ (and w* and @) has y in M(T") \ My(T"), and
every AV x" appearing in € has u in M (f) \ Mo(f). Iterating this, if we set

m—1

Fu(A) =[] Far,
i=0
then we have

(24) azd(;),Aﬂ(AqE» )‘%7 x) = Fad(f)(A)(n(A, A, x) + a)(Aa A, )C)),

where each AY appearing in w lies in M (I") \ My(T").

For the calculation of the eigenvalue, we will need the following. First, as
every AV appearing in Y (@) (from Equation (24)) satisfies y € M (") \ My(I), it
follows that the same is true for Y (7)Y (w)" for every r € Z>,. Hence,

(25) Pry ) (Y () + Y (@) =pry Z ()Y Y (@) =T "

r=0

We may now finish the proof of Theorem 1.1. For convenience, write n(A, A, x) =
1+A(A, &, x) so that Y()* = (1 + Y (h)* = Y72 ()Y (h)!. Observe that

ﬁ:’fyAT(n(Aqia )"9 -x))K
= Pry(r) ol adk © 4Oy (AT, 1, x))
=PIy O[Olzd(;),A]KT(U (A%’ A x))*

o
K . .
= prM(r) O[aZd(f),A]K Z( i )T(l’l(Aql’ )qu’ x))l
=0

.

=Pty 2 (1) (T 0@y p - D (T 0al g Ah(AT, 29, )
- (by (15))

=Py (Yo i a1+ Yok q Jh(A%, 29, X))

=pry (Yo a:d(i)’An(A‘”, A% x))*
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= Prarcr) Faa (N (YA, 2 )+ T (@(AL A, 0 (by (24)
_ Y e(14 L@@ x)Y"

= Prasce) Faay (N YA, 20y (14 )

= Faaey (M YA, ) (by 25)).

Finally, we may specialize this equality by taking A at the Teichmiiller unit
coefficients of G(f, A, x),

A, =1, and Ayy= A(y, v)
for all u and y, v in the support of H. Setting
Nsp(A, x) 1= (n(A, X, x) specialized at A, = f,, and Ayy= A(y, v)),
we see that
(26) B X (nsp(hy ) = Faay (D Y (mp(h, x))*.

This demonstrates that F 47 ()¢ is the unique unit root of L@ (x, 7, T)(_l)Hl by
(22), which, together with Theorem 3.1, completes the proof of Theorem 1.1.
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