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EFFECTIVE LOWER BOUNDS FOR L1, x)
VIA EISENSTEIN SERIES

PETER HUMPHRIES

We give effective lower bounds for L(1, x) via Eisenstein series on Iy(q) \ H.
The proof uses the Maass—Selberg relation for truncated Eisenstein series
and sieve theory in the form of the Brun-Titchmarsh inequality. The method
follows closely the work of Sarnak in using Eisenstein series to find effective
lower bounds for ¢ (1 +it).

1. Introduction

Let g be a positive integer, let x be a Dirichlet character modulo ¢, and let

o0

L(s, x) = Z x(n)

nS

n=1

be the associated Dirichlet L-function, which converges absolutely for fi(s) > 1 and
extends holomorphically to the entire complex plane except when x is principal, in
which case there is a simple pole at s = 1. It is well known that Dirichlet’s theorem
on the infinitude of primes in arithmetic progressions is equivalent to showing
that L(1, x) # O for every Dirichlet character x modulo g. Of further interest is
obtaining lower bounds for L(1, x) in terms of g. By complex analytic means
[Montgomery and Vaughan 2007, Theorems 11.4 and 11.11], one can show that if
X is complex, then

1
IL(1, )| > Togq’

while

L) > =

NG

if x is quadratic. In both cases, the implicit constants are effective. For quadratic
characters, the Landau—Siegel theorem states that

L(L, x)>»:q ¢
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for all £ > 0 [Montgomery and Vaughan 2007, Theorem 11.14], though this estimate
is ineffective due to the possible existence of a Landau—Siegel zero of L(s, x).

In this article, we give a novel proof of effective lower bounds for L(1, ), albeit
in slightly weaker forms.

Theorem 1.1. Let g > 2 be a positive integer, and let x be a primitive character
modulo q. If x is complex, then

1
LA, 01> —
XN og q)7

while

1
L(1, _
(L10> ogar?

if x is quadratic. In both cases, the implicit constants are effective.

Our proof of Theorem 1.1 makes use of the fact that L(s, x) appears in the
Fourier expansion of an Eisenstein series associated to y on [h(¢g) \ H, together
with sieve theory — specifically the Brun—Titchmarsh inequality — to find these
lower bounds. As is well-known, improving the constant in the Brun—Titchmarsh
inequality is essentially equivalent the nonexistence of Landau—Siegel zeroes; it is
for this same reason that the lower bounds in Theorem 1.1 are weak for quadratic
characters, as we discuss in Remark 4.7.

That one can use Eisenstein series to prove nonvanishing of L-functions is well
known, first appearing in unpublished work of Selberg, but such methods were not
shown to give good effective lower bounds for L-functions on the line 9 (s) = 1
until the work of Sarnak [2004]. He showed that

(1 +in] > ———
(log|t])?
for |t| > 1 by exploiting the inhomogeneous form of the Maass—Selberg relation
for the Eisenstein series E(z, s) for the group SL,(Z).
More precisely, for ¢ > 1, Sarnak studied the integral

o) 1 1
I::/ / 1c(142i1)]? A’<z,—+iz>
1/t Jo 2

involving a truncated Eisenstein series A’ E(z, s) and found an upper bound up to
a scalar multiple for this integral of the form

2d)cdy
y:

t(logt)?|z (1 +2i1)|
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via the Maass—Selberg relation, and a lower bound up to a scalar multiple of the

form
1
o2 o

2 2
t t

<<t
g Sm=7

via Parseval’s identity, where

0_0ir (M) 1= Z a2t

dlm

By restricting the summation over m to primes, Sarnak was able to use sieve theory
to show that
12

2
D NP> o

from which the result follows. Indeed, the use of sieve theory to prove lower bounds
for £(1+it) (and also L(1 +it, x)) has its roots in work of Balasubramanian and
Ramachandra [1976].

The chief novelty of Sarnak’s work is to use the Maass—Selberg relation to
obtain effective lower bounds for ¢ (1 +i7); more precisely, it is the inhomogeneous
nature of the Fourier expansion of the Eisenstein series E(z, s), whose constant
term involves ¢(2s — 1) /¢ (2s) and whose nonconstant terms involve 1/¢(2s). This
method has been generalized by Gelbart and Lapid [2006] to determine effective
lower bounds on the line %i(s) = 1 for L-functions associated to automorphic
representations on arbitrary reductive groups over number fields, albeit with the
lower bound being in the weaker form C|¢|~" for some constants C, n depending on
the L-function, for Gelbart and Lapid make no use of sieve theory in this generalized
setting. More recently, Goldfeld and Li [2016] have succeeded in generalizing
Sarnak’s method to show that

1

L(1+1t, T —_—
IL(1+it, w X T)| > (og |1])?

for any cuspidal automorphic representation = of GL, (Ag) that is unramified and
tempered at every place, with the implicit constant in the lower bound dependent
on 7.

All three of these results give lower bounds for L-functions on the line M (s) =1
in the height aspect, namely in terms of ¢. In this article, we give the first example
of Sarnak’s method being used to give lower bounds for L-functions on the line
M (s) =1 in the level aspect, namely in terms of gq.
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2. Eisenstein series

We introduce Eisenstein series for the group ['g(¢) associated to a primitive Dirichlet
character x modulo ¢g. Standard references for this material are [Deshouillers and
Iwaniec 1982], [Duke et al. 2002], and [Iwaniec 2002].

Cusps. Let H be the upper half plane, upon which SL,(R) acts via Mobius trans-
formations yz = (az +b)/(cz+d) for y = (¢ Z) €SLy(R) and z e H. Let g be a
positive integer, and let a be a cusp of ['h(g) \ H, where

To(q) = {(i Z) € SLy(Z) : ¢ =0 (mod q)},

and we denote the stabilizer of a by I, := {y € ['y(q) : ya = a}. This subgroup of
[o(g) is generated by two parabolic elements +y,, where

: LTy
Ya :=0q 01 o,

and the scaling matrix o, € SL;(R) is such that

0,00 =1, cra_ll"ooaa = s,

Too 1= {:I:((l) ’I) eFo(q):neZ}

is the stabilizer of the cusp at infinity. The scaling matrix is unique up to translation
on the right.

Let x be a primitive character modulo g. A cusp a of I'3(g) \ H is said to be
singular with respect to x if x (y4) =1, where x (y) := x(d) for y = (f 3) eTo(g).
As x is primitive, any singular cusp is equivalent to 1/v for a single unique divisor
v of ¢ satisfying vw = ¢ and (v, w) = 1, where w is the width of the cusp; when
v = ¢, this cusp is equivalent to the cusp at infinity, while when v = 1, the cusp is
equivalent to the cusp at zero. Note that if ¢ = 1, so that x is the trivial character,
there is merely a single equivalence class of cusps, namely the cusp at infinity.

The scaling matrix o4 € SL,(R) for a singular cusp a ~ 1/v, v # ¢, can be
chosen to be

where

(Vw0
T \oyw 1w’
while for the cusp at infinity, we simply take o to be the identity.
The Bruhat decomposition for o, Ty (@)op [Iwaniec 2002, Theorem 2.7] states
that

o5 'To(@)os =860 U] | || Qaye
¢>0d (mod ¢)
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where 8., = 1 if a ~ b and O otherwise, and
1 % -1
Qoo = TNeooo, Woo = 01 eo, To(q)op,
ko ok —1 .
Qe = Toowi/clo, Wqje = e d €o, To(g)op withe >0,

and c, d run over all real numbers such that o, Ty (q) o contains (’: ;) In particular,
for the cusp at infinity we have the Bruhat decomposition

00
_ kook
Uool [0(g)000 =T'o U I_l |_| o <C d) s

c=1 d (mod c)
c¢=0 (mod q) (c,d)=1

For a ~ 0o and b ~ 1/v a nonequivalent singular cusp with 1 <v < ¢, v dividing ¢,
vw =gq, and (v, w) = 1, and for any y = (“}) € Ty(g), we have that

oo — (a+bv)Jw b/Jw
o V= (et dvyyw d/yw)

and so

2.1) og'To(@)os = { (‘C’% Z://_%) € SLa(R) (‘C’ Z) € SLa(@).

c=0 (modv), d=c/v (mod w), (c,d)=1, (c,w) = 1}.

So the Bruhat decomposition in this case can be explicitly written in the form

o0

1 _ k k
22 o To@os= || L] T (Cﬂ p /ﬂ) Fs.
c=1 d (mod cw)
(c,w)=1 (cw,d)=1

¢=0 (mod v) d=c/v (mod w)

Eisenstein series. Given a primitive Dirichlet character x modulo ¢ and a singular
cusp a of I'h(g) \ H, we define the Eisenstein series E4(z, s, x) for z € H and
N(s) > 1by

Eazos. )= Y X)) S0y y2)",
y€la\To(g)

where « € {0, 1} is such that x(—1) = (=¥, and for y = (*) € SLy(R),

. o cz+d __ iarg(cz+d)
@ = T '
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The Eisenstein series associated to a singular cusp a is independent of the choice
of representative of a and of the scaling matrix o,. For fixed z € H, the Eisenstein
series E,(z, s, x) converges absolutely for %i(s) > 1 and extends meromorphically
to the entire complex plane with no poles on the closed right half-plane 9i(s) > %
except at s = 1 when g = 1, so that x is the trivial character.

For any z € H and y1, y» € SLy(R), the j-factor satisfies the cocycle relation

(2.3) jy1y2 (2) = jyz (Z)jyl (122),

while the Eisenstein series satisfies the automorphy condition

(2.4) Eq(yz,s, x) = x(¥)Jjy () Eq(z, s, x)

for any y € I'h(q).

For any singular cusps a, b of I'g(g), one can show using the Bruhat decomposi-
tion that there exists a function ¢qp (s, x) such that the constant term in the Fourier
expansion for the function j,, (z) ™ Eq(0p2, s, x) i

1—s

1
can(z, s, x) 1= f Joo (1) Eq(0p2, 8, x) dXx = 8apy’ + @ap(s, X)y
0

The functions @qp (s, x) are the entries of the scattering matrix associated to . We
will calculate @qp(s, x) when a ~ oo for each nonsingular cusp b of I'h(g) with
respect to x, and also find the rest of the Fourier coefficients of Ex(z, s, X).

Fourier expansion of Eo (2, s, X).

Lemma 2.5. Let x be a primitive character modulo q. For m # 0 and ¢ =0
(mod g),

md\ _ _{|m| c c
d (%C) x(@e( ™) = x (sgn(m)T () Z‘ dx (7))((%)#(@)-
(c.d)=1 di(im.£)
Here, as usual, we define e(x) := ¢2** for x € R.

Proof. For m positive, this is [Miyake 1989, Lemma 3.1.3]. The result for m negative
follows by replacing m with |m| and x with ¥, then taking complex conjugates of
both sides and using the fact that () = x (—1)t(x). O

Proposition 2.6 (cf. [Iwaniec 2002, Theorem 3.4]). The Eisenstein series associated
to the cusp at infinity has the Fourier expansion

o.¢]
Eoo(2,5,X) ="+ Poooo(s, X)¥' 7+ Y poolm. s, X)W,

nim s~ AT IMIy)e(mx),

m=—0oQ

m#0
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where W, ., (y) is the Whittaker function,

F(s—3)c@s—1) .
Poooo (s, X) = VT I'(s) Z(2s) fq=1
0 ifqg =2,
and for m # 0,
=K (TS s—1
prolm, s, ) = LN TOTIME ),

q*T (s +sgn(m)%)L(2s, X)

where T (x) is the Gauss sum of x and

os(m, x) = stx(%)-
d\m

Note in particular that if x = 0, so that x is even, the Whittaker function is simply
W, ,_1@m|mly) = 4im|yK _1(Q2m|m|y),
2 2

where K, (y) is the K-Bessel function. On the other hand, if k = 1, so that x is
odd, and we set s = % then

VA mlye 2T Imly if m >0,
VA m]ye?Imy f4o;|m|y e "/udu ifm <O.

Proof. Via the Bruhat decomposition (2.2), Ex(z, s, x) is equal to

Wi oG 1) = |

N

c(z4+n)+d \ " y
v+ Z Z x(d) Z (lc(z+n)+d|) lc(z+n)+d|?>s’

= d (mod c)
c=0 (modq) (c,d)=1

So if m = 0, the zeroth Fourier coefficient of E(z, s, x) is

N

cz+d \ " vy
+ d/ ( ) d
v Z 2 X cz+dl) Jez+dP

= d (mod ¢)
= O(modq) (c,d)=1

- l—s/°°(’+")‘” Lo Y Ly e
=y Ty ; " 5 X
o |t+l| |t+lls c=1 Csd(modc)
¢=0 (mod q) (c,d)=1

by the change of variables x +— yt — d/c. From [Gradshteyn and Ryzhik 2007,
(8.381.1)], we have that

Y1 gt

lt+il) lt+il* r(3@s+x)
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while for ¢ = 0 (mod ¢), the fact that x is primitive implies that

00
% p(c) ¢(@2s—1)
1 _ = q == 1’
> oz ) D= X; ¢r L)
CEOC(?Hlod q) d(c(’r?i())i?) 0 if q= 2.

If m # 0, on the other hand, then the m-th Fourier coefficient is

> ®lez+d Y
x(d - d
2 2 X )f_oo(|cz+d|) EET ARG

c=1 d (mod c¢)
¢=0 (mod q) (c,d)=1

/4 >K e(—myt) ad 1 md
1—s X
=y / ( : odt Y o Y X(de| —
0o \ |t i [t 40| =1 cvd(modC) ¢
¢=0 (mod q) (c,d)=1

again by the change of variables x — yt —d/c. Moreover, [Gradshteyn and Ryzhik
2007, (3.384.9)] implies that

o) t PN\ K L ¢ F—K S s—1,5—1
/ T el T Yy i),
oo\t ] |t +i|% F(s—i—sgn(m)%) sgn(m)5.s—5
and via Lemma 2.5,
| d
_ m
X o L o)

c= d (mod ¢)
¢=0 (mod q) (c,d)=1

mhy s~ %
= xGenm)eCo Y dx (Y)Y —H5-H

d||m)| c=1

3 (%) Las_ (Im]\ = X (Mpu(n)
= x(sgn(m) 3, Soa (M) Y AR

2
d||m| -
(%)
= X(Sgn(m))qZSL(zs, 7()61—2s(|m|, x)
where we have let ¢ = dgn. We thereby obtain the desired identity. ([
Proposition 2.7. Suppose that ¢ > 2. Then @oon(s, x) vanishes unless b ~ 1, in
which case
(0 A2 =25, x)
(2.8) Pool (5, X) =

q*  AQ@2s,X)
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where

Stk

(2.9) AGs, ) = (%>_Tr<s+x

)LG. 0,
is the completed Dirichlet L-function. In particular,

(2.10) 0ot (3 +it, x)| = 1.

Proof. The fact that ¢op(s, x) = 0 when b is the cusp at infinity follows from
Proposition 2.6. For the entries of the scattering matrix at other cusps, we use (2.3)
to write

Ea(002.5. 0) = jo, @ Y X(oayoy )jy(@) ().
y€lao\oa ' To(g)o0

The singular cusp b is equivalent to 1/v for some divisor v of ¢ with v < g, vw =g,
and (v, w) = 1. Given a matrix

Ve

in 0! Ty(q)op as in (2.1), we have that
-1 _ a—bv b
oY% =\c_av d)
and so as d = ¢/v (mod w),
— -1 — —fC
Towroy ) =T (),

where we have decomposed the primitive character ¥ modulo ¢ into the product of
primitive characters y, modulo v and y, modulo w. From this and (2.2), we see
that j,, (z2) 7“Eso(0p2, 5, ) is equal to

> w(l) Y @
—1 d (mod cw)

(c,w)=1 (cw,d)=1
¢=0 (mod v) d=c/v (mod w)

x i <c<z+n)ﬂ +d/Jw )‘K ¥
2 cermvmrd/ul) Tecrmdu+d/ ol




364 PETER HUMPHRIES

and so integrating from O to 1 with respect to x, making the change of variables
x — yt —d/(cw), and dividing by y'~* yields

1 [/ t4+i\* 1 o Xw(c/v)
=L dr XwlC/V) 7 (d).
foct (5. ) wxf_oo<|t+i|> APl MR

= d (mod cw)
(c,w)=1 (cw,d)=1
c=0 (mod v) d=c/v (mod w)

From [Gradshteyn and Ryzhik 2007, (8.381.1)], the integral is equal to

F(%(Zs —1 —i-/c))

Y G o)

To evaluate the sum over d, we write d = vc + wd’, where vv = 1 (mod w) and
(d’, ¢) = 1. This allows us to replace the sum over d with a sum over d’ modulo ¢
with (¢, d’) =1, so that

Y. wd=xw Y %)
d (mod cw) d’ (mod ¢)
(cw,d)=1 (c,d)=1
d=c/v (mod w)
by the fact that ¢ = 0 (mod v).

If X, is nonprincipal, this sum vanishes, and as y is a primitive character, x, can
only be the principal character if v = 1; consequently, ¢xp (s, x) vanishes if b is
inequivalent to the cusp at 1.

If b~ 1, so that v =1 and w = ¢, then this sum over d’ is merely ¢(c), and so

o0 J— o0 — —
Xw(c/v) — p)x(c) L2s—1,%)
2. Ta— X wd=) —5—-= -
c*’ c* L(2s, X)
c=1 d (mod cw) c=1
(c,w)=1 (cw,d)=1
c=0 (mod v) d=c/v (mod w)

Using the definition of the completed Dirichlet L-function together with the fact
that it satisfies the functional equation

_ 7(x)

MG =7

A —s, X)),

we see that we may write

. %) i AQs—1,%)  t(x) AQR—2s,%)
s, = — = —_—.
Pt 0= T TR D @ AGs YD)

As A(s, x) = A(S, x) and [t(x)| = /g, the result follows. U
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3. Maass—Selberg relation

For z e Hand T > 1, we define the truncated Eisenstein series

G1) ATEy(z,s, ) =Eazs,)=) Y X0y, () a0 v2.5, ),
¢ yel\Tlo(g)
(o yz)>T
where the summation over c is over all singular cusps of I'o(g) \ H. It is not difficult
to see that AT E,(z, s, x) satisfies the automorphy condition

(3.2) AT Eq(yz, s, x) = x(")jy @ AT Eq(z, 5, x)

for any y € I'y(g). We will show that, unlike E,(z, s, x), the function AT Ey(z, s, x)
is square-integrable on I'g(¢g) \ H, and give an explicit expression for the resulting
integral.

Lemma 3.3. Let b and ¢ be singular cusps of To(q) \ H, and let y € ac_l Io(q)op.
Then for any z =x +iy € H, we have that 3(z)3I(yz) < 1 if b and ¢ are inequivalent
or if b and c are equivalent but y ¢ I'nowoo. If b and ¢ are equivalent and y € I'oooo,
then 3(yz) = J(2).

Proof. We deal with the cases where neither b nor ¢ are equivalent to the cusp at

infinity; when b ~ 0o or ¢ ~ 0o, the proof is similar but simpler. Let b ~ 1/v and
. b

c~1/v, 1 <v,v < gq, with w, w’ such that vw = v'w’ = ¢g. For (id) e To(g),

we have that

_1f{a b _ (a+bv)yJ/w/w b/ w'w
% e a) T \c—av' +dv—bvv)vww d—bv)JuJw)"

So for

* * 1
V= (cm wm) €. To(@)os,

where C = ¢ —av’' +dv —bv'vand D =d — bv’ are integers, we have that

1 y
ww (Cx + Dw 12+ C%y?’

S(yz) =

By the Bruhat decomposition, if b and ¢ are inequivalent, then C+/w’w must be
nonzero, and so C2 > 1. In particular, if b and ¢ are inequivalent, then

<l1.

3(2)3(y2) <

w'w

If b and ¢ are equivalent and y ¢ I'nowo, then again C+/w'w # 0, and the same
result holds. Finally, if b and ¢ are equivalent and y € 'ucwoo, then it is clear that
S(yz) =3(2). O
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Corollary 3.4. If3(z) > T > 1, then for any singular cusp b, we have that

AT Ey(0b2, 5, ) = Ea(062, 5, X) — Jio, (2) Can (2, 8, X)-

Proof. From the definition of AT E,(z, s, x) and (2.3), we must show that for any
singular cusp c and y € I'¢\I'g(¢) that the inequalities J(z) > T and ;“s(ac_1 yopz)>T
are simultaneously satisfied only when ¢ ~ b and y = ws. This is equivalent to
showing that if y € ', \ac_lFo(q)ab is such that J(z) > T and J(yz) > T, then
¢ ~ b and y = wy, which follows immediately from Lemma 3.3. ]

With these results in hand, we can prove the following Maass—Selberg relation.

Proposition 3.5. For any two singular cusps a, b, T > 1,ands #7, s+71 # 1,

f AT Eaz. 5. )N Eo o 1) dit(2)
To(g)\H

=7 T7=s TSJrf*l
= @oa(r )7+ (s, 0 7 o oy
Tl—s—i’
+Z‘/’ac(~9s X)(Pbc(r,X)l_s_}—,’

where the sum is over singular cusps <. Here du(z) = dxdy/y? is the SLy(R)-
invariant measure on H.

Proof. We initially assume that 9i(s), 9i(r) > 1 with R(s) — R(r) > 1; the identity
then extends to all s, 7 € C with s # 7 and s + 7 # 1 by analytic continuation.
We first show that

/ A" Eq(z, 5, x)(AT Eo(z, 1, x) — Eo(z, 1, %)) du(z) = 0.
To(g)\H

Indeed, the left-hand side is equal to

[ NEGs0 Y x0g @ e a0 duto),
. JTo(g)\H

vel\To(g)
;“V(ac’lyz)>T

which, by (2.3) and (3.2), is equal to

-3 / > o vz X)e (0 ) AT Ea(yz, s, x) du),
— Jro@\H

yel\lo(g)
S 'y2)>T

and this integral can be unfolded to yield
ol o dx dy
_Z Cbt(zara X)]GC(Z) A Eﬂ(atzasa X) .
—Jr Jo

y2
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But ¢y (z, 1, x) is independent of x, while for J(z) > T > 1, the zeroth Fourier
coefficient of the function j, (z) ™ ATE, (0.2, s, x) vanishes via Corollary 3.4, and
so this vanishes. Consequently,

/ ATEa(z,s,X)ATEb(z,r,x)du(Z)=/ ATE (2,5, ) Eo(z,7, x)d i (2).
To(q)\H To(q)\H

The right-hand side can be written as

/ < D X Wiger, (D7 X(og ' y2) Eo(zor, x)
Fo(@)\H

y€la\lo(g)

- m)jocly(zr“cuc(a;lyz,s,x)&(mx))du(z)

¢ yeld\To(g)
S y)>T

-/ > Xy, N0y B0 din(2)
P@\H 5 ero\Lo(q)
S(og 'y)<T

+ / Y X1, @ Paals, )30y ') T Eoor, x)d i (2)
To@\H y er,\ro(g)
Ts(aa’lyz)>T

-3 / Y X, @ eaclo 2.8, X) Eo (@ ) (z).
cta? @Oy crryg)
S(o7 y)>T

By (2.3) and (2.4), the first term is

f Y 804D o (0d YD) Es(yz, ) din(),
To@\H y er\ro(g)
S(oly)<T

and upon unfolding the integral, this becomes

T : s dx dy T —— dy
Voo () ¥ Ee(0az, 1, X) —5— = | Yepalz, 1 x) 3
0o Jo y 0 y

s+r—1 s—r

=8gp——— .
abs+f_1+(pbu(r’ X)S—f

Similarly, the second term is

r—s 1—s—r

+@aals, X)(pba(r»X)?,

oo s ———— 4y
®aa(s, X)y Cba(Z’S»X)_2=5ab§0ab(s’X)-
T y r—s
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and the third term is

_Z CClC(sz7 X)Cbt(zvrv X)_2
za T y

r—s 1—s—r

+ ;‘Pac(& X)@oc(r, X)m-

= (1 = 8ab)Pan (s, X) =
F—s

Combining these identities yields the result. (]

Corollary 3.6. For T > 1 andt € R, we have that

o1 (1
f AT Eno(z, 3 +it, x)|? duz) =21og T — m(@(— +it, x))
To(g)\H Pool \2

Proof. We takea~b~ocoands =r = % + it 4+ & with ¢ > 0 in the Maass—Selberg
relation to obtain

/ ‘ T 1 Zd ( ) T2e 1 2 —2¢
A Eoo<z,—+iz+s,x)‘ w(z) = _‘(Poo1<_+it+8’)()‘ .
To(@)\H 2 2¢e 2 2¢e

The result then follows by taking the limit as ¢ tends to zero and using the Taylor
expansions

T =142¢log T + O(&?),
@oot (3 +it +&, x) = oot (3 +it, x) + 80 (5 +it. x) + O ().

together with (2.10). O

Remark 3.7. This proof of the Maass—Selberg relation is via unfolding as in
Section 4 of [Arthur 1980], and makes use of the Arthur truncation AT E,(z, s, x)
of the Eisenstein series E4(z, s, x) given by (3.1); compare Section 1 of the same
work. One can instead prove the Maass—Selberg relation without recourse to the
automorphy of the truncated Eisenstein series by only defining AT E,(z, s, x) within
a fundamental domain of I'h(g) \ H. Let

FOl{zeH:0<NR() <1, J(z) > 1}

be the usual fundamental domain of I'y(g) \ H, and for each singular cusp a, we
define the cuspidal zone

Fo(T):={z€ F:0<R(o;'2) <1, J(0,'2) > T}

for T > 1; note that any two cuspidal zones will be disjoint provided that T is
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sufficiently large. Then from Lemma 3.3, we have that for 7 > 1,

ATECI(Zas’X)
Falzs 0 it ze FAU A,
C
= {Eu(z,s, x)
=Y Jor 1 () TS0, ) + ucls, )0 1)'TY) if ze () F(T),
ceA A

where A is any subset of the set of singular cusps. The Maass—Selberg relation may
then be proved using Green’s theorem along the same lines as the proof of [Iwaniec
2002, Proposition 6.8].

4. Upper bounds and lower bounds for the integral Z
For n <1, we consider the integral

00 1 1
I=1Z(x,n, T)::f / ATEoo(z,—,X)
n 0 2

Our goal is to find upper and lower bounds for this integral: upper bounds via
the Maass—Selberg relation and lower bounds via Parseval’s identity and the Brun—
Titchmarsh inequality. Combining these bounds will yield lower bounds for L(1, x).

2a’xdy
o

Upper bounds for T.

Proposition 4.1. For n < 1/q and T > 1, we have that
logglogqT
gnlL(1, 01

Proof. By folding the integral, one can write
2
I= / Ny A Exo(z, 5. x)| dp(2),
To(g)\H

where for n <1,
Ny(z,n) :=#y € Lo\ To(q) : S(y2) > n}.

The Maass—Selberg relation then implies the upper bound

! 1
I< sup Nz, n)(ZlogT—?R(@<—,x))).
2€T(g)\H @Yool \2

From [Iwaniec 2002, Lemma 2.10], we have the bound

10
Ny(z,m) <1+ —.
qan
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By taking logarithmic derivatives of (2.8),

/ /

! A A
Pool (5, x) = —logg ~272 =25 1) 2725 0.

Pool
Taking logarithmic derivatives of (2.9) and letting s = % then shows that
/
1 L’
M(_, x) _ _4m(—(1, x)) —2logq +1log 87 +yo+ (=)< L,
§0c>ol 2 L 2
where yy denotes the Euler—-Mascheroni constant, and we have used the fact that

F’(H—K

r  loe8 v (_1FE
= (155) =~ log8—y - (1)

Soifn«kl/gq,

(IL(1, x)|logqT +|L'(1, x)I)
gnlL(1, x)| ’

The desired upper bound then follows from the bounds

1K

IL(1, x)| < loggq, IL'(1, )| < (logq)>,

which are both easily shown via partial summation. See, for example, [Montgomery
and Vaughan 2007, Lemma 10.15] for the former estimate; the latter follows by a
similar argument. U

Lower bounds for T.

Proposition 4.2. If T > 1 and n = 1/ T, we have the lower bound

1 2
I>» ———s E loo(m, x)I”.
qlL(, 01 2=,

Proof. If n =1/T, then Lemma 3.3 implies that

Eoo(z,s, %) if1/T <3(2) <T,

A'Eoo(z, s, )={ .
T I TN B2 5, 1) — Coooo(z. 50 ) 1E3(2) > T

It follows that the nonzero Fourier coefficients of AT Eo.(z, s, x) coincide with
those of Ex(z, s, x) for J(z) > 1/T. So by Parseval’s identity, using the fact that
It (x)| = /¢, and making the change of variables y — y/|m| in the integral, we
have that

1 ad 00 dy
2 2 .
—2§:|ao<m,x>|f Ko E it =o,
I C Ol /T y
1 . 2 * 4 dy
— loo(m, x)| / e Y — if k = 1.
61|L(1,)<)|2n§1 m/T y
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If we simply consider the contribution of the positive integers m for whichm /7T <1
—say T <m < 2T — then we find that

1
I>———0 Y lootm. 0P

2
gL 0P, 2=

as desired. O

Combining the upper and lower bounds for Z, we derive the following inequality
for L(1, x):

Corollary 4.3. Forall T > g, we have that

1 2
L1 _— .
IL(1, )| > Tog T)? E loo(m, x)I
T<m=<2T

So to obtain lower bounds for |L(1, x)|, we must find lower bounds for

(4.4) > loolm. ).

T<m=<2T

Sieve methods. For quadratic characters, lower bounds for (4.4) follow by restrict-
ing the sum to perfect squares.

Lemma 4.5. If x is a quadratic character, then

> lootm, )P = (V2= DVT.

T<m=<2T

Proof. We restrict the sum over m to perfect squares and use the fact that og(m, x) > 1
whenever m is a perfect square in order to find that

D dootm, 0= Y loom®, )P = (V2 - VT, 0

T<m<2T T<m?2<2T

For complex characters, we instead restrict the sum in (4.4) to primes and use
the Brun—Titchmarsh inequality to show that there are sufficiently many primes
for which ¥ (p) is not close to —1, so that |oo(p, x)|? is not small. This is a result
of Balasubramanian and Ramachandra [1976, Lemma 4], who combine it with an
identity of Ramanujan together with a complex analytic argument to obtain lower
bounds for L(1+it, x), and consequently derive zero-free regions for L(s, x). We
reproduce a proof of this result here for the sake of completeness.

Lemma 4.6 [Balasubramanian and Ramachandra 1976, Lemma 4]. There exists a
large constant K > 2 such that for all complex characters x modulo q with g > 2
and for T = gX,

> oom, 01> >k

T
T<m=<2T IOg T
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Proof. We restrict the sum over m to primes p in order to find that
> dootm 0P = Y 1+ x(p)P
T<m=<2T T<p=<2T

=2 Z (I+R(x @) (2T; q,a) —n(T; q, a)),
ae(Z/qZ)*

where mw(x; q,a) :=#{p <x:p=a (mod gq)}.
Let Q be the order of the Dirichlet character x; this divides ¢(gq), and as yx is
complex, Q > 3. For any integer M between 0 and | Q/2], we have that

2n M

3 Jootm, 0P = 2(1 +cos

T<m=<2T

)@@T) = (T))

_2(1+cos 27TQM> Z (r(2T; q,a) —n(T; q, a)).
ae(Z/q)*

N(x (a))<cos %

For the former sum, we have that for fixed § > O to be chosen,
72T = 7(T) > (1 — §)——
- log T

for all sufficiently large 7" dependent on §. See, for example, [Diamond and Erdds
1980]; in particular, this does not require the full strength of the prime number
theorem.

For the latter sum, we first observe that there are ¢(q)/Q reduced residue
classes @ modulo Q for which x(a) = ¢**"/€ for each integer m between 0
and Q — 1, and so the number of reduced residue classes modulo ¢ for which
N(x(a)) <cosRmM/Q) is

D <m < Q= ) = gtg) S

To find an upper bound for 7 (27T; q, a) — n(T; q, a), we use the Brun—Titchmarsh
inequality, which states that for (g, a) =1, x > 2, and y > 2¢,

2y 8
7T<X+y:q,a)—n(x;q,a)§—(1+ )
w(g)logy/q logy/q

We take x = y = T, assuming that 7 > 24, in order to obtain

Z (r(2T:q,a)—7(T; a))<2(Q_2M_1) r <1+ 8 )
P ST loeTyg \  logT )
ae(Z/q?)

sn(x(a))<cos%
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We take T = ¢gX with K > 2 sufficiently large and dependent on § but not on g,
such that

1 8
logT/q (1 + log T/q) =+ )logT

Combined, these estimates imply that for T = ¢g* with K > 2 a sufficiently large
constant,

> Ioo(m,x)|222(1—cosnX)(1—8—2(1+6)X+M)L
0 log T
T<m=<2T
for X =(Q —2M)/ Q.
For O > 3, we may choose
_ 1 1446 Q _J
=10 M=|30752
so that
126 —l—i-g{ 1+45 Q _}
21+6) Q  012(1+96) 2
and hence
2(146) 4(1+8)( { 1+45 QO 1})
1-6-201 X+=—= —=(1- =4 —-1)>34.
§—2(1+8)X + Q S+, 0t 2 ta))z
Moreover, the fact that § = ;; and Q > 3 implies that 1 < M < |Q/2] and

23
335X§ =. So

O

Y lootm, )PP >k

T
T<m<2T log 7

Remark 4.7. If x is quadratic, so that the order of x is Q = 2, then

Y. lootm, 0P 22T ~m(T) =2 ), (@QT:iq.a)=n(T:q.a).
T<m<2T ac(Z/qD)*
x(@)=-1
The Brun-Titchmarsh inequality is insufficient to show that the first term on the right-
hand side dominates the second term; in its place, we would require a strengthening
of the Brun-Titchmarsh inequality of the form

2-¥8)y
(4.3) N(X+y;q,a)—n(X;q,a)_—(1+ (D)
@(q)logy/q
for some § > 0. With this in hand, we would then be able to show that
oy, I
D loom, )P > Tog T
T<m=<2T
so that |
L(la ) >> 5 2>
%7 (logq)?
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which would imply the nonexistence of a Landau-Siegel zero for L(1, x). Of
course, the fact that the strengthened Brun—Titchmarsh inequality (4.8) implies (and
is in fact equivalent to) the nonexistence of Landau—Siegel zeroes is well known.

5. Proof of Theorem 1.1

With these upper and lower bounds established, we are in a position to prove
Theorem 1.1.

Proof of Theorem 1.1. If x is quadratic, we have via Corollary 4.3 and Lemma 4.5
that for T > ¢,

1
L, x)> m,

and so taking T = ¢ yields the desired lower bound.
If x is complex, we have via Corollary 4.3 and Lemma 4.6 that for T = ¢¥X,

1 1
(log 75 ~ X (ogq)®”

IL(L 01 >k O
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