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OF LEGENDRIAN LINKS IN #¢ (S x §2)

CAITLIN LEVERSON

Given a Legendrian link in #k(S I x §2), we extend the definition of a nor-
mal ruling from J1(S1) given by Lavrov and Rutherford and show that
the existence of an augmentation to any field of the Chekanov-Eliashberg
differential graded algebra over Z[t,1~!] is equivalent to the existence of a
normal ruling of the front diagram. For Legendrian knots, we also show
that any even graded augmentation must send 7 to —1. We use the cor-
respondence to give nonvanishing results for the symplectic homology of
certain Weinstein 4-manifolds. We show a similar correspondence for the
related case of Legendrian links in J1(S1), the solid torus.

1. Introduction

Augmentations and normal rulings are important tools in the study of Legendrian
knot theory, especially in the study of Legendrian knots in R3. Here, augmenta-
tions are augmentations of the Chekanov—Eliashberg differential graded algebra
introduced by Chekanov [2002] and Eliashberg [1998]. Chekanov describes the
noncommutative differential graded algebra (DGA) over Z/2 associated to a La-
grangian diagram of a Legendrian link in (R3, &yq) combinatorially: The DGA
is generated by crossings of the link; the differential is determined by a count of
immersed polygons whose corners lie at crossings of the link and whose edges lie
on the link. This is called the Chekanov—Eliashberg DGA and Chekanov showed
that the homology of this DGA is invariant under Legendrian isotopy. Etnyre, Ng,
and Sabloff [Etnyre et al. 2002] defined a lift of the Chekanov—-Eliashberg DGA
to a DGA over Z[t,t~!] in. Following ideas introduced by Eliashberg [1987] and
motivated by generating families (functions whose critical values generate front
diagrams of Legendrian knots), Fuchs [2003] and Chekanov and Pushkar [2005]
gave invariants of Legendrian knots in R3. Fuchs looked at decompositions of these
generating families, generally called “normal rulings.”

These two invariants are very closely related; Fuchs [2003], Fuchs and Ishkhanov
[2004], and Sabloff [2005] showed that the existence of a normal ruling is equivalent
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to the existence of an augmentation to Z/2 of the Chekanov—Eliashberg DGA A for
Legendrian knots in R3. Here, given a unital ring S, an augmentation of A is a ring
map € : A— S such that e0d = 0 and €(1) = 1. One of the main results of [Leverson
2016] is that the equivalence remains true when one looks at augmentations to a
field of the lift of the Chekanov—Eliashberg DGA from [Etnyre et al. 2002] to the
DGA over Z[t,t~!] for Legendrian knots in R3. We extend the result to Legendrian
links in R3 to prove the main result of this paper.

Theorem 1.1. Let A be an s-component Legendrian link in R3. Given a field F, the
Chekanov—Eliashberg DGA (A, d) over Z[llil, e, ts:tl] has a p-graded augmenta-
tion € : A — F if and only if a front diagram of A has a p-graded normal ruling.
Furthermore, if p is even, then €(t1 - - - t5) = (—1)".

The final statement tells us that for all even graded augmentations € : A — F,
€(ty ---t5) = (—1)% In particular, if A is a knot, then any even graded augmentation
sends ¢ to —1.

For k > 0, an analogous correspondence can be shown for Legendrian links
in #%(S! x §2). A Legendrian link in #%(S! x §2) with the standard contact
structure is an embedding A : [, S — #%(S! x §2) which is everywhere tangent
to the contact planes. We will think of them as Gompf [1998] does. For an
example, see Figure 2. In this paper, we extend the definition of normal ruling of a
Legendrian link in R? to a Legendrian link in #%(S! x $2). We then define the
ruling polynomial for a Legendrian link in #k (S! x §?) and show that the ruling
polynomial is invariant under Legendrian isotopy. Note that Lavrov and Rutherford
[2013] did this previously in the case where k = 1.

Theorem 1.2. The p-graded ruling polynomial Rf A,m) With respect to the Maslov
potential m (which changes under Legendrian isotopy) is a Legendrian isotopy
invariant.

Ekholm and Ng [2015] extend the definition of the Chekanov—Eliashberg DGA
over Z[t,t~!] to Legendrian links in #%(S! x §2). The main result of this pa-
per uses Theorem 1.1 to extend the correspondence between normal rulings and
augmentations to a correspondence for Legendrian links in #k (S x 8?).

Theorem 1.3. Let A be an s-component Legendrian link in #5(S' x S?) for
some k > 0. Given a field F, the Chekanov—Eliashberg DGA (A(A), d) over
Z[tlil, cee, tsil] has a p-graded augmentation € : A(A) — F if and only if a front
diagram of A has a p-graded normal ruling. Furthermore, if p is even, then
et 1) = ()"

Notice that one can consider Legendrian links in R*® as being Legendrian links
in #°(S! x §?). In this way, this result is a generalization of the correspondence
in [Leverson 2016] and Theorem 1.1. An immediate corollary is the following:
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Corollary 1.4. If A is a Legendrian link in #%(S' x S?) and there exists £ such
that Ny is odd, then there does not exist a p-graded augmentation of the DGA A(A)

for any p.

In other words, if A has a 1-handle with an odd number of strands going through
it, then there does not exist a p-graded augmentation of the DGA A(A) for any p.
This follows from the fact that every involution of a set with an odd number of
elements has a fixed-point.

Along with the work of Bourgeois, Ekholm, and Eliashberg [Bourgeois et al.
2012], Theorem 1.3 gives nonvanishing results for Weinstein (Stein) 4-manifolds.
(Note that proofs of the results in [loc. cit.] have not appeared yet.) In particular:

Corollary 1.5. If X is the Weinstein 4-manifold obtained from attaching 2-handles
along a Legendrian link A to #*(S' x S$2) and A has a graded normal ruling, then
the full symplectic homology SH(X') is nonzero.

This follows from Theorem 1.3 as the existence of a normal ruling implies the
existence of an augmentation to (2, which, by [Bourgeois et al. 2012], is a sufficient
condition for the full symplectic homology to be nonzero.

We show a correspondence for Legendrian links in the 1-jet space of the circle
JIST. Ng and Traynor [2004] extend the definition of the Chekanov—Eliashberg
DGA to Legendrian links in J 1(S 1). Lavrov and Rutherford [2012] extend the
definition of normal ruling to a “generalized normal ruling” of Legendrian links in
J1(S1) and show that the existence of a generalized normal ruling is equivalent to the
existence of an augmentation to Z /2 of the Chekanov-Eliashberg DGA over Z/2 of a
Legendrian link in J1(S!). In Section 6, we show that this correspondence holds for
augmentations to any field of the Chekanov—Eliashberg DGA over Z[lljEl e tsil .

Theorem 1.6. Suppose that A is a Legendrian link in J'(S1). Given a field F, the
Chekanov—Eliashberg DGA (A, d) over Z[llil, e lsil] has a p-graded augmen-
tation € : A — F if and only if a front diagram of A has a p-graded generalized
normal ruling.

1A. Outline of the article. In Section 2, we recall background on Legendrian links
in #%(S' x $2) and R3. We give definitions of the Chekanov—Eliashberg DGA over
Z[t,t~"], with sign conventions, and augmentations of the DGA in both #X (S xS2)
and R3. We also define normal rulings for links in #%(S' x $2) and show that
the ruling polynomial is invariant under Legendrian isotopy, proving Theorem 1.2.
In Section 3, we prove Theorem 1.1. In Section 4, given an augmentation, we
construct a normal ruling proving one direction of Theorem 1.3. In Section 5, given
a normal ruling, we construct an augmentation, finishing the proof of Theorem 1.3.
In Section 6, we prove Theorem 1.6. In the Appendix, we give the nonvanishing
symplectic homology result.
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2. Background material

2A. Legendrian links in #%(S1 x $2). In this section we will briefly discuss
necessary concepts of Legendrian links in #%(S! x $2). We will follow the
notation in [Ekholm and Ng 2015].

Definition 2.1. Let 4, M > 0 be fixed. A tangle in [0, A] X [-M, M| x[-M, M]
is Legendrian if it is everywhere tangent to the standard contact structure dz — ydx.
Informally, a Legendrian tangle 7T in [0, A] X [-M, M| x [-M, M] is in normal
form if

e T meets x =0 and x = A in k groups of strands, where the groups are of size
Ni, ..., N, from top to bottom in both the x y- and xz-projections,

e and within the £-th group, we label the strands by 1, ..., N, from top to bottom
at x = 0 in both the xy- and xz-projections and x = A4 in the xz-projection,
and from bottom to top at x = A in the x y-projection.

Every Legendrian tangle in normal form gives a Legendrian link in #5(S1x S?)
by attaching k 1-handles which join parts of the xz projection of the tangle at x =0
to the parts at x = A. In particular, the £-th 1-handle joins the £-th group at x = 0
to the £-th group at x = A and connects the strands in this group with the same
label at x = 0 and x = A through the 1-handle. See Figure 2.

Every Legendrian link in #* (S! x §?) has an xz-diagram of the form given
by Gompf [1998], which we will call Gompf standard form. The left diagram of
Figure 2 is an example of a link in Gompf standard form. Any link in Gompf
standard form can be isotoped to a link whose x y-projection is obtained from the
xz-diagram by resolution. The resolution of an xz-diagram of a link is obtained by
the replacements given in Figure 1. For an example, see Figure 2. By [Ekholm and
Ng 2015], an x y-diagram obtained by the resolution of an xz-diagram of a link in
Gompf standard form is in normal form. Thus, we can assume that the x y-diagram
of any Legendrian link is in normal form.

= <~ O = O
) -

Figure 1. Resolutions of an xz-diagram in Gompf standard form.

B (0 [ [—
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Figure 2. A Legendrian xz-diagram of a link in #2(S! x S?) in
Gompf standard form (top), and the resolution of the Legendrian
link to an xy-diagram of a Legendrian isotopic link (bottom).

2B. Definition of the DGA and augmentations in #*(S1 x $?). This section
contains an overview of the differential graded algebra over the ring Z[tlﬂEl e tsi 1
presented by Ekholm and Ng [2015]. Let A = A; U---U A, be a Legendrian link
in #%(S! x $2) in normal form, where the A; denote the components of A and
n < s. On each link component A;, label a point by *; (corresponding to ;) within
the tangle (away from crossings). We will discuss the case where there is more than
one basepoint on a given component in Section 2K. Let N; > 1 be the number of
strands of A which go through the i-th 1-handle with N = ) N; the total number
of strands at x = 0.

2C. Internal DGA. We will define the internal DGA for a Legendrian link in
S1xS2, but one can easily extend the definition to the internal DGA for a Legendrian
link in #%(S! x §2) by defining the internal DGA as follows for each 1-handle
separately.
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Let (r1,...,rn) € Z" be the n-tuple where r; is the rotation number of the i-th
component A;, let r = ged(ry, ..., rp), and let (m(1),...,m(N)) € (Z/2r)N be
the N -tuple of a choice of Maslov potential for each strand passing through the
1-handle (see Section 2E).

Let (An, dn) denote the DGA defined as follows. Let A be the tensor algebra
overR=Z[l1il, .. .,lsil]generatedbyc forl<i<j<N andc forl<i,j <N

and p > 1. Set |t;| = =21y, |t;” 1 =27, and
e/l =2p—1+m(i)—m(j)

for all i, j, p. Define the differential d on the generators by

j—1
0 014+1.0 .0
on(e) = Y (=Dlelt Cieej

L=i+1

8N(Ctj)_gl] + Z (= 1)|C’£|+1 lﬂcfj +Z( 1)|Cl[|+1 lcﬂl’
{=i+1

On(ch) = Z Z( Dliml el eh2t

L=0m=1

where p > 2, §;; is the Kronecker delta function, and we set cl.(} =0fori > j.
Extend dp to A by the Leibniz rule

Iy (xp) = Ay x)y + (=)™ x @y ).

From [Ekholm and Ng 2015], we know d has degree —1, 812\, =0, and (A, dp)
is infinitely generated as an algebra, but is a filtered DGA, where clf}
of the £-th component of the filtration if p < ¢.

Given a Legendrian link A C #%(S! x §2), we can associate a DGA (A N ON;)
to each of the 1-handles. We then call the DGA generated by the collection of
generators of A; for 1 <i <k with differential induced by d; , the internal DGA

of A.

is a generator

2D. Algebra. Suppose we have a Legendrian link A = A{U---UA, C #K(S1xS?)
in normal form with exactly one point labeled *; within the tangle (away from
crossings) on each link component A; of A (corresponding to #;). We will discuss
the case where there is more than one basepoint on a given component in Section 2K.

Notation 2.2. Let aq, ..., a;, denote the crossings of the xy tangle diagram in
normal form. Label the k& 1-handles in the diagram by 1, ..., k from top to bottom.
Recall that N; denotes the number of strands of the tangle going through the i-th
I-handle. For each i, label the strands going through the i-th 1-handle on the left
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side of the diagram 1, ..., N; from top to bottom and from bottom to top on the
right side, as in Figure 2.

Let A(A) be the tensor algebra over R = Z[tlil, e, tsil] generated by

.al,...,glm;
. c?j,eforlfﬁfkandlfi<j§Ng;
. cl.’;.,eforlfﬁfk,pzl,andlfi,jENe.

(In general, we will drop the index £ when the 1-handle is clear.)

2E. Grading. The following are a few preliminary definitions which will allow us
to define the grading on the generators of A(A).

Definition 2.3. A path in 7y, (A) is a path that traverses part (or all) of 7y, (A)
which is connected except for where it enters a 1-handle, meaning, where it ap-
proaches x = 0 (respectively x = A) along a labeled strand and exits the 1-handle
along the strand with the same label from x = A (respectively x = 0). Note that
the tangent vector in R? to the path varies continuously as we traverse a path as the
strands entering and exiting 1-handles are horizontal.

The rotation number r(y) of a path y is the number of counterclockwise revo-
lutions around S made by the tangent vector y’(¢)/|y’(¢)| to y as we traverse .
Generally this will be a real number, but will be an integer if and only if y is smooth
and closed.

Thus, the rotation number r; = r(A;) is the rotation number of the path in
mxy(A) which begins at the basepoint *; on the link component A; and traverses
the link component, following the orientation of the component. In the case where
A is a link with components Ay, ..., Ay, we define

r(A) =ged(ry,...,rn).

Define
|ti| = =2r (Aj).

If x (A) is the resolution of an xz-diagram of an n-component link in Gompf
standard form, then the method assigning gradings follows: Choose a Maslov
potential m that associates an integer modulo 2r(A) to each strand in the tangle T’
associated to A, minus cusps and basepoints, such that the following conditions
hold:

(1) Forall 1 <¢ <k and all 1 <i < Ny, the strand labeled i going through the
{-th 1-handle at x = 0 and the x = 4 must have the same Maslov potential.
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(2) If a strand is oriented to the right, meaning it enters the 1-handle at x = 4 and
exits at x = 0, then the Maslov potential of the strand must be even. Otherwise
the Maslov potential of the strand must be odd.

(3) At a cusp, the upper strand (strand with higher z-coordinate) has Maslov
potential one more than the lower strand.

The Maslov potential is well-defined up to an overall shift by an even integer for
knots. (Ekholm and Ng [2015] give another method for defining the gradings using
the rotation numbers of specified paths.)

Set |t;| = —2r(A;) and |c£~;e| =2p—14m(i) —m(j), where m(i) means the
Maslov potential of the strand with label i going through the £-th 1-handle. It
remains to define the grading on crossings in the tangle, crossings resulting from
resolving right cusps, and crossings from the half-twists in the resolution. If @ is a
crossing in the tangle 7', then define

|a| = m(So) —m(Su),

where S, is the strand which crosses over the strand S, at @ in the x y-projection
of A. If a is a right cusp, define |¢| = 1 (assuming there is not a basepoint in the
loop). If a is a crossing in one of the half-twists in the resolution where strand i
crosses over strand j (i < j), then

|a| = m(i) —m(j).

2F. Differential. 1t suffices to define the differential d on generators and extend
by the Leibniz rule. Define 8(Z[t1i1, L tE) =0, Set d = dn, on Ay, as in
Section 2C.

In [Ekholm and Ng 2015], the DGA on crossings a; is defined by looking for
immersed disks in the xy-diagrams of Legendrian links, (see the left diagram in
Figure 3). However, Ekholm and Ng note that it is equivalent to look for immersed
disks in dip versions of the diagram, (see the right diagram in Figure 3). See
Figure 4 for the labeling of the crossings in Figure 3.

Definition 2.4. Let a, by, ..., by be generators. Define A(a; by, ..., by) to be the
set of orientation-preserving maps

f:D*—>R?
(up to smooth reparametrization) that map dD? to the dip version of A such that
(1) f is a smooth immersion except at a, by, ..., by,
(2) a,by, ..., by are encountered as one traverses f(dD?) counterclockwise,

(3) neara, by, ...,by, f(D?) covers exactly one quadrant, specifically, a quadrant
with positive Reeb sign near ¢ and a quadrant with negative Reeb sign near
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Figure 3. A Legendrian xy-diagram of a link in #2(S! x S?)
which has resulted from the resolution of a link in Gompf standard
form (top) and the dipped version of the link where the half of a
dip on the left side of the dipped version is identified with the right
half of the dip on the right side. See Figure 4 for the labeling of
the crossings in the dips (bottom).

Figure 4. This is the dip at the right of the bottom figure in Figure 3
with strands and crossings labeled. The labels of the partial dip at
the left of the bottom figure in Figure 3 are the same as the right
half of the dip depicted.



390 CAITLIN LEVERSON

Figure 5. The signs in the figure give the Reeb signs of the quad-
rants around the crossings. The orientation signs are +1 for all
quadrants of crossings of odd degree. For crossings of even degree,
we use the convention indicated in the left figure if the crossing
comes from the xz-projection and the convention in the right figure
if the crossing is in a dip, which will be discussed in Section 2J,
where the shaded quadrants have orientation sign —1 and the other
quadrants have orientation sign +1.

bi,...,bg, where the Reeb sign of a quadrant near a crossing is defined as in
Figure 5.

To each immersed disk, we can assign a word in A(A) by starting with the
first corner where the quadrant covered has negative Reeb sign, b, and listing the
crossing labels of all negative corners as encountered while following the boundary
of the immersed polygon counterclockwise, by - - - by. We associate an orientation
sign §g 4 to each quadrant Q in the neighborhood of a crossing a, defined in
Figure 5, and use these to define the sign of a disk f(D?) to be the product of the
orientation signs over all the corners of the disk. We denote this sign by §( /). In
many cases there is a unique disk with positive corner at a (with respect to Reeb
sign) and negative corners at by, ..., by and in these we define 6(a; by, ..., by) to
be the sign of the unique disk. (In exceptional cases there may be more than one
disk with positive corner at @ and negative corners at by, ..., by.)

Define ny; (f) or ny; (a; by, ..., by) to be the signed count of the number of times
one encounters the basepoint *; while following f(dD?) counterclockwise, where
the sign is positive if we encounter the basepoint while following the orientation of
the link component and negative if we encounter the basepoint while going against
the orientation.

We define

WD o
da =Y > Yo s Dpy
£>0 (b1,...,by) feA(a;;by,...,by)

and extend to .A(A) by the Leibniz rule.
Ekholm and Ng [2015] prove that the map o has degree —1 and is a differential,
ie., 02 =0.
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Figure 6. A Legendrian xz-diagram in #2(S! x §?) in Gompf
standard form (top) and the dip form of the normal form (bottom).
Recall the labels on the crossings in the dips from Figure 4 for the
top 1-handle and label the left crossing 512 and the right ¢y, in the
dip of the bottom 1-handle.

Example 2.5. The following is the definition of the DGA (A(A), d) for the Leg-
endrian link A in Figure 6. Here A(A) is generated by ay, ..., a9, bij,CiI; over
Z[tlil, tzil, t3i1]. We set |t;| =2r(A;) =0fori = 1,2, 3. Define a Maslov potential
m on the strands near x = 0 by
i |1 2 3 4 12
m@) |2 1 0-1 0-I

Then we have the following gradings:

la1| = |az| = |as| = |a7| = |ag| =0, |ag| =las|=lag| =1, lag|=—1,
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where 12 is the crossing of the strands in the bottom 1-handle. Since |c
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ij [ 1213142324 34 1
bl | 1 2 3 2 2 1 1
.0
Sl o1 201 0 0
J J
1 2
bl 12 3 4 | 123 4
1 1 2 3 4 1 | 3456
2101 2 3 212345
3l 001 2 31234
4 |—2-1 0 1 410123

p
ij

2p—14+m(i)—m(j), we know |c£.| > 0 for p > 2.

For ease of notation, we will use Ef , to denote c%. We then have the following

differentials:

da, = 0a, = day = daz =0
day = (1+a,a,)a, —tl_lazc?2
das=1—aya, +tl_1(:?2
da; =1, 15 €340
Jag = a65(1)2
dag =1, 15 3405 — 721,
db,, = 1 +aya, —c?z
0byy = (14 aya)byy +ay(tye33a7 + 13 34a5)
— 17 ay (10050, + 151 ¢1ga) =€y + D503
by = (1 +aya,)by,
—[ay(t,c35a, + 157 Qae) =17 ay (tyetza, + 15 D gag) [bay
+(aye95 =17 laye)tyag + (aych, — 17 ayel )iy ag
—cla+b1ycay—by3cs,
0byy = —a3 (1,350, + 13 ' €34aq) — €35
Obyy = —as(tyc33a, + 13 ' 34a )by — 13 a3¢340
— 34 +by3c3y —1ra3¢35a4

_ =0 0
dbyy =Clp—C3y
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1.0 =0
by, =15 "t5" e, — 1,

a l

1.4 L
RTINS 9 WEILELE

{=0m=1

RIS S aEIL L

{=0m=1

Definition 2.6. Let (A, d) be a semifree DGA over R generated by {a;|i € I}.
Let J be a countable (possibly finite) index set. A stabilization of (A, d) is the
semifree DGA (S(A), d), where S(A) is the tensor algebra over R generated by
{aj |1 e I} U{ej | j € J}U{Bj|j € J} and the grading on a; is inherited from
Aand |aj| = |Bj| + 1 forall j € J. Let the differential on S(A) agree with the
differential on A C S(A), define

d(aj) =Bj and 9(Bj) =0
for all j € J, and extend by the Leibniz rule.

Definition 2.7 [Ekholm and Ng 2015]. Two semifree DGAs (A, d) and (A, 3") are
stable tame isomorphic if some stabilization of (A4, d) is tamely isomorphic to some
stabilization of (A, d').

Theorem 2.8 [op. cit., Theorem 2.18]. Let A and N be Legendrian isotopic Leg-
endrian links in #%(S' x S?) in normal form. Let (A(A),d) and (A(A), d') be
the semifree DGAs over R = Z[tlil, e, tsil] associated to the diagrams 1y, ()
and 1txy (A'), which are in normal form. Then (A(A), 0) and (A(N'), d') are stable
tame isomorphic.

Definition 2.9. Let F be a field. An augmentation of (A(A), d) to F is a ring map
€: A(A) —> Fsuchthateod =0and €(1) = 1. If p | 2r(A) and € is supported
on generators of degree divisible by p, then € is p-graded. In particular, if p = 0,
we say it is graded and if p = 1, we say if is ungraded. We call a generator a
augmented if €(a) # 0.

Example 2.10. Recalling the DGA associated with the Legendrian link in Figure 6
of Example 2.5, given a field F, one can check that any graded augmentation €
to F satisfies: €(11) = —1, €(t3) = €(ty) ! where €(t5) # 0, €(b;j) = e(biy) =0,
and for a,b,c,d,e, f € F suchthat 1 +ab,d,e # 0,

P |1 23456789 | 12 13142324340
e@|a b=b 00 0 ¢ c 0 e)|1+ab 0000 a4




394 CAITLIN LEVERSON

J J
i1 12 3 4 || 1 234
100 0 0 1 0 000
; 2 ]e0 0 0 ;2 0 000
3 00f 0 0 3 0 000
4 {00 (14+abyd e 0 4 | —=(14ab)d™'f 000

Note that any augmentation of a stabilization S(.A) restricts to an augmentation
of the smaller algebra A and any augmentation of the algebra 4 extends to an
augmentation of the stabilization S(A) where the augmentation sends ; to 0 and
@j to an arbitrary element of F if p divides |oj| and 0 otherwise for all j € J.

2G. Normal rulings in #%(S1 x $2). In this section, we extend the definition of
a normal ruling from Legendrian links in R3 to Legendrian links in #*(S1 x $2).
We formulate the definition similarly to how Lavrov and Rutherford [2012] define
normal rulings in the case of Legendrian links in the solid torus.

Consider the tangle portion of the mx,(A) diagram in normal form of a Leg-
endrian link A C #%(S! x $2). A normal ruling can be viewed locally as a
decomposition of mx,(A) into pairs of paths.

Let C C S! be the set of x-coordinates of crossings and cusps of 7y, (A) where
S =10, A]/{0 = A}. We can write

M
SNC=]]1

£=1

where I, is an open interval (or all of S!) for each £. We use the convention that
Iy = Ips and the I are ordered Iy, . .., Ips from x =0 to x = A (from left to right in
the xz-diagram) so that I;_; appears to the left of (has lower x-coordinates than) /.
Note that (Iy x [—M, M]) N - (A) consists of some number of nonintersecting
components which project homeomorphically onto 7;. We call these components
strands of 7y, (A) and number them from top to bottom by 1, ..., N({). For each ¢,
choose a point xy € Iy.

Definition 2.11. A normal ruling of m,,(A) is a sequence of involutions o =
(01,.-.,00),

om:{l,....Nm)}—{1,...,N(m)}, (om)? =1id,
satisfying:

(1) Each oy, is fixed-point-free.
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(2) If the strands above I, labeled £ and £ + 1 meet at a left cusp in the interval
(Xm—1,Xm), then
L+1 if i =4,
om(i) =\ J(Om—1(i)) if i <¢,
J(opm—1G—=2)) ifi>L+1,
where ) -
i i<
J . — 9 b
@) {i +2, i>¢,

and a similar condition at right cusps.

(3) If strands above [, labeled £ and £ + 1 meet at a crossing on the interval
(Xm—1,Xm), then 0,1 (£) # £ + 1 and either
ceopn=0UL+1)oo,—1 0 £+ 1), where (£ £+ 1) denotes transposition
or
® Om =0m—1-
When the second case occurs, we call the crossing switched.

(4) (Normality condition) If there is a switched crossing on the interval (X;;,—1, X),
then one of the following holds:
e 0l +1) <o) <l<l+1,
e o) <l<l+1<ayu(l),
e l<l+1l<oul+1)<omn).

(5) Near x = 0 and x = A, both the strand with label £ and the strand with label
0o (£) must go through the same 1-handle; in other words, there exists p such
that Y27 Ny < €,00(¢) < P N
The final condition is the only condition which is different from how normal
rulings are defined in [Lavrov and Rutherford 2012] for the case of solid torus knots.
This condition ensures the ruling “behaves well” with the 1-handles.

Remark 2.12. As in [loc. cit.], one can equivalently see normal rulings as pairings
of strands in the xz-diagram with certain conditions. Here we think of strands i
and j being paired for x,,—1 < x < Xy, if 05,4, (i) = j. In this way, we can cover the
xz-diagram with pairs of paths which have monotonically increasing x-coordinate.
Note that if a path goes all the way from x = 0 to x = A, it may end up on a
different strand than it started, but strand 7 is paired with strand j at x = 0 if
and only if they are paired at x = 4. Condition (5) also specifies that the paired
strands must go through the same 1-handle. The conditions mentioned above are as
follows: Paired paths can only meet at a cusp. This also means that at a crossing,
the crossings strands must be paired with other strands. These companion strands
can either lie above or below the crossing. Conditions (3) and (4) specify that near
a crossing the pairings must be one of those depicted in Figure 7.
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- =

(a) (b) (c)

(d) (e) N

Figure 7. These configurations, along with vertical reflections of
(d), (e), and (f), are all possible configurations of a normal ruling
near a crossing. The top row contains all possible configurations
for switched crossings in a normal ruling. (This figure is taken
from [Leverson 2016].)

Figure 8. These are the two normal rulings of the Legendrian link
of Example 2.5 seen in Figure 6.

Example 2.13. Figure 8 gives the normal rulings of the Legendrian link from
Example 2.5.

Definition 2.14. Given p such that p | 2r(A) and an Z/p-valued Maslov potential
on A, a normal ruling is p-graded with respect to the Z/p-valued Maslov potential
if whenever two strands are paired by one of the o;,, the upper strand (strand with
lower label) has Maslov potential one higher than the lower strand (strand with
higher label).

Remark 2.15. Note that the condition for being a p-graded normal ruling of a
Legendrian link in #%(S! x S2) implies that p | |c| if the normal ruling is switched
at a crossing c. Further, any Legendrian link in R3 is also a Legendrian link in
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Figure 9. Gompf moves 4, 5, and 6.

#*(S1 x $2) for any k (no strands of this link go through any of the I1-handles).
We then see that the definition of a p-graded normal ruling for the Legendrian link
in #%(S! x $2) is equivalent to the definition of a p-graded normal ruling for the
Legendrian link in R3,

Similarly to R?, we can define a p-graded ruling polynomial.

Definition 2.16. If m is a Z/p-valued Maslov potential for a Legendrian link A,
then the p-graded ruling polynomial of A with respect to m is

Rim) = Z /@,

o

where the sum is over all p-graded normal rulings of A and
j(0) = #switches — #right cusps.

Note that in the case where A is a knot, the ruling polynomial does not depend
on the Maslov potential. Restated from the introduction:

Theorem 1.2. The p-graded ruling polynomial R‘E) A,m) With respect to the Maslov
potential m (which changes under Legendrian isotopy) is a Legendrian isotopy
invariant.

Proof. By Gompf [1998], any Legendrian link in #k (S x S?) can be represented
by an xz-diagram in Gompf standard form and two such xz-diagrams represent
links that are Legendrian isotopic if and only if they are related by a sequence
of Legendrian Reidemeister moves of the xz-diagram of the tangle inside the
rectangle [0, A] x [-M, M and three additional moves, which we will, following
the nomenclature of [Ekholm and Ng 2015], call Gompf moves 4, 5, and 6 (see
Figure 9). By [Pushkar and Chekanov 2005], we know the ruling polynomial is
invariant under Legendrian isotopy of the tangle, so we need only show it is invariant
under Gompf moves 4, 5, and 6.
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Gompf moves 4 and 5 clearly do not change the ruling polynomial. For Gompf
move 6, note that any normal ruling cannot pair a strand going through the 1-handle
with one of the strands incident to the cusp. Instead, the ruling must pair the two
strands incident to the left cusp and not have any switches in the portion of the
diagram depicted in Figure 9, thus the ruling polynomial does not change. O

Example 2.17. The normal rulings for the Legendrian link from Example 2.5 are
given in Figure 8. Thus the ruling polynomial is

R =z14z

2H. Legendrian links in R3. The classical invariants for Legendrian isotopy classes
of knots in R3 are: topological knot type, Thurston-Bennequin number, and rotation
number; see [Etnyre 2005]. The Thurston—Bennequin number of a knot measures
the self-linking of a Legendrian knot A. Given a push off A’ of A in a direction
tangent to the contact structure, then tb(A) is the linking number of A and A’.
Given the xz-projection of A,

tb(A) = writhe(A) — %(# cusps).

The rotation number r(A) of an oriented Legendrian knot A is the rotation of
its tangent vector field with respect to any global trivialization. (This definition
agrees with the definition of the rotation number of a path given earlier.) Given the
xz-projection of A,

r(A) = %(# down cusps — #up cusps).

Given a Legendrian link A = A U---UA,, we define th; =tb(A;) and r; =r(A;)
for 1 <i <n, and define

r(A) =ged(ry,...,rn).

21. Satellites, the DGA, and augmentations in R3. This section gives the results
and notation for Legendrian links in R3 necessary to prove Theorem 1.3.

We will first extend the idea of satelliting a knot in J!(S') to an unknot (see
[Ng and Rutherford 2013)) to satelliting each 1-handle of a knot in #*(S! x $2)
around a twice stabilized unknot.

Definition 2.18. Given the x y- or xz-diagram for a Legendrian link A in #* (ST x
S?2), satellited A is denoted S(A), the x y-diagram of which is depicted in Figure 10
and the xz-diagram of a Legendrian isotopic link of which is depicted in Figure 12
for the Legendrian link from Figure 6. Label the crossings as indicated, where
i < j and label the basepoints in S(A) as they are labeled in A. Note that the x y-
or xz-diagram of A defines S(A) up to Legendrian isotopy.
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Figure 10. The xy-projection of the satellited link S(A). The
crossings in the ¢;j-, b;j-, ¢;j, and l_)ij—lattices are labeled as in
Figure 4. The crossings in the d, e, f, g, h, g-lattices are labeled
according to Figure 11.

Figure 11. The labels for the crossings in the e- and d-lattices of
the satellited link S'(A) as seen in Figure 10. The f- and /-lattices
are analogous to the d-lattice. The g- and ¢-lattices are analogous
to the e-lattice.
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qij

d!.

s \/

Figure 12. The xz-projection of a link which is Legendrian iso-
topic to the satellited link S(A).

%\iw

Jji

i

Remark 2.19. The Chekanov-Eliashberg DGA was originally defined on Legen-
drian links in (R3, dz — ydx); see [Chekanov 2002; Sabloff 2005]. Note that the
same DGA results from defining the DGA as we did in #%(S! x §2) where k = 0.

2]). Dips. Dips will be defined analogously to those defined in [Leverson 2016].

Given a diagram 7 (A) in normal form which is the result of resolution, we
construct a dip in the vertical slice of the diagram between two crossings, a crossing
and a cusp, or two cusps, by a sequence of Reidemeister Il moves, as seen in
Figure 13 in the xz-projection and x y-projection. From the xz-projection, it is
clear that the diagram with the dip is Legendrian isotopic to the original diagram.
To construct a dip, number the N strands from top to bottom. Using a type II
Reidemeister move, push strand N —1 over strand N, then strand N —2 over strand
N —1, then strand N — 2 over strand N, and so on. In this way, strand i is pushed
over strand j in antilexicographic order.

Given an x y-diagram for a link A C R? in normal form, where all crossings and
resolutions of left cusps having distinct x-coordinates, the dipped diagram D(A)
is the result of adding a dip between each pair of crossings or resolution of a cusp
and crossing. For each Reidemeister II move, we have two new generators. Call
the left crossing b;; and the right crossing ¢;; if strands i < j cross. One can check
that |b;j| = m(j)—m(i) and since 0 lowers degree by 1, we know |¢;;| = |b;j|— 1.

While dipped diagrams have many more crossings than the original link diagram,
the differential d on A(D(A)) is generally much simpler. In fact, a trotally augmented
disk (a disk from the definition of the differential of the DGA where all crossings
at corners are augmented), cannot “go through” or “span” more than one dip.
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C14|C24(C34

Figure 13. The modification of the xz-diagram when creating a
dip (left) and the modification of the xy-diagram (right). (This
figure is taken from [Leverson 2016].)

2K. Augmentations before and after basepoints and type II moves. In certain
cases, we will find that adding basepoints will simplify the signs. For Legendrian
links in R3, Ng and Rutherford [2013] give the DGA homomorphisms induced by
adding a basepoint to a diagram and by moving a basepoint around a link. One can
easily extend their results to #k (S!x S?).

The following theorem is the analog of [op. cit, Theorem 2.21]:

Theorem 2.20. Let *q,...,*x; and *’1 el *}c denote two collections of base-
points on the Lagrangian resolution of the front diagram of a Legendrian knot A,
each of which is cyclically ordered along A, and let (A(A, *1,..., %), 0) and
AN, *, ..., %;),0") denote the corresponding multipointed DGAs. Then there is
a DGA isomorphism W : (A(A, 1, ..., %), 0) = (A(A, %|,..., %)), ") such that
Y(t;) =t foralli.

In the proof of the theorem, W is defined so that W(c) = c¢ if no basepoint
is moved over or under the crossing ¢c. However, if the basepoint *; is moved
over the crossing ¢, then ¥(c) = ll.ilc, where the sign depends on whether the
basepoint is moved along the knot following the orientation of the knot or against
the orientation of the knot. If, instead, the basepoint is moved under the crossing c,
then W(c) = cziil, where the sign, again, depends on the orientation of the knot.
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Thus, If €’ is an augmentation of the DGA of the diagram after moving the
basepoint *; over the crossing ¢, then € = €/ o W is an augmentation of the DGA of
the diagram before moving the basepoint.

The following theorem is the analog of [Ng and Rutherford 2013, Theorem 2.22]:

Theorem 2.21. Let *q,...,*; be a cyclically ordered collection of basepoints
along A, and let x be a single basepoint on A. Then there is a DGA homomorphism
¢ (A(A, *),0) = (A(A, *1, ..., %), 0) such that pod = dop and p(t) =1ty - - - 1.

Remark 2.22. In summary, if we have an augmentation € : A — F with €(#;) = —1,
then moving the basepoint *; through a crossing ¢ only changes the augmentation
by changing the sign of the augmentation on the crossing c. Suppose we have a
diagram with a basepoint * corresponding to ¢ and the same diagram with basepoints
*1,..., % associated to f1, . . ., #; on the same component of the link and we move
all of the basepoints *1, ..., *; to the location of *. By the above results, if € is an
augmentation to F of the multiple basepoint diagram, there exists an augmentation
€’ to F of the single basepoint diagram such that for all crossings ¢ there exists
X¢ € F such that €’(¢) = x.€(c) and
N
€)=e(t-t5) = [ [ ew).
i=1

Etnyre, Ng, and Sabloff [Etnyre et al. 2002] give a DGA isomorphism relating
the DGA of a diagram of a Legendrian knot in R? before and after a Reidemeister II
move. One can easily extend this to a similar result for #%(S' x §2), which gives a
way to extend an augmentation of the diagram before a Reidemeister II move to an
augmentation of the diagram after the move; see [Leverson 2016] for the analogous
result in R3,

3. Correspondence between augmentations
and normal rulings for links in R3

We have the following result for knots in R3:

Theorem 3.1 [Leverson 2016, Theorem 1.1]. Let A be a Legendrian knot in R,
Given a field F, (A, d) has a p-graded augmentation € : A — F if and only if any
front diagram of A has a p-graded normal ruling. Furthermore, if p is even, then
€(t) =—1.

This result is proven by construction. Using the same method we can prove an
analogous result for links in R>. Restating from the introduction:

Theorem 1.1. Let A be an n-component Legendrian link in R with s basepoints (at
least one basepoint on each component). Given a field F, the Chekanov—Eliashberg
DGA (A, 9) over Z[tlil, e, tsil] has a p-graded augmentation € : A — F if and
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only if a front diagram of A has a p-graded normal ruling. Furthermore, if p is
even, then €(ty -+ - t5) = (—1)5

The following result will be necessary for the proof of Theorem 1.1. Analogous to
the knot case in R3, we have the following extension of [Leverson 2016, Lemma 3.2]:

Lemma 3.2. If ¢ gives the number of right cusps, sw is the number of switches in
the ruling, a— is the number of —(a) crossings, and n is the number of components,
then

c+sw+a_=n mod 2.

Proof. As in the knot case, one can easily show each of the following statements:

n n
(1) D thi+) ri=n mod 2

i=1 i=1

n
2) Y thi=c+cr mod 2
i=1
3) cr =sw mod 2
n
4 Z ri=a— mod 2

i=1
where r; is the rotation number of A; and cr is the number of crossings. Note that
if we add these four equations together, we get that

c+sw+a_=n mod?2

as desired. O

Proof of Theorem 1.1. After a series of Legendrian isotopies, we can assume
the front diagram of A has the following form where from left to right (lowest
x-coordinate to highest x-coordinate) we have: all left cusps have the same x-
coordinate, no two crossings of A have the same x-coordinate, and all right cusps
have the same x-coordinate (in [Leverson 2016], this is called plat position). Label
the crossings in the right cusps by ¢, ..., g from top to bottom and label the
other crossings by ¢y, ..., ¢y from left to right.

Augmentation to ruling: Beginning with a p-graded augmentation of the Chekanov—
Eliashberg DGA of the resolution of x;(A) to a Lagrangian diagram, define a
p-graded normal ruling of 7y, (A) by simultancously defining a p-graded augmen-
tation of the dipped diagram D(A) as in the knot case, using Figure 14.

Ruling to augmentation: Given a p-graded normal ruling of m,,(A), define a
p-graded augmentation of the dipped diagram D (A) with basepoints where specified
in Figure 14 and at each right cusps as in the knot case, using Figure 14.
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Using Lemma 3.2 and the methods in the proof of [Leverson 2016, Theorem 3.1],
one can show the final statement of Theorem 1.1. Given a p-graded augmentation
€ : A — F, consider the associated p-graded normal ruling. If p is even, then the
ruling is only switched at crossings ¢ with p } |cx| and so 2 ‘ |cx|. Thus, any
strands paired by the ruling must have opposite orientation. As in the case of knots,
this implies that near a crossing where the ruling is switched the crossing must be a
positive crossing. Thus each ruling path is an oriented unknot.

If we consider the dipped diagram of the link, by induction we can show that

[[e@fH* =1.

where the product is taken over all paired strands i and ;j in the ruling between cj
and cg 1 and the sign is determined by the orientation of the paired strands as in
[op. cit.]. By considering dqj, we see that

e(ty 1) = (=1 [T (—e®Sy ap ™)
k=1
=(=1° [] @)™ =1 ="

i<j paired

by Lemma 3.2 and the fact that the number of basepoints s = c+sw+a—_ mod 2. [J

4. Augmentation to ruling

In this section, we will show that a quotient of the DGA of the satellited version
of any Legendrian link A in #k(S ' x §?) is a subalgebra of the DGA of A in
#K(S! x §2) and use the construction from Theorem 1.1 to construct a ruling of
the satellited link in R? to then give a normal ruling of A in #%(S1 x $2). This
shows the forward direction of Theorem 1.3.

Given an x y-diagram for the Legendrian link A in #*(S' x $2) which results
from the resolution of an xz-diagram in normal form with basepoints indicated. We
can construct an x y-diagram for S(A), satellited A, (see Figure 10) with basepoints
in the same location as they were for A.

We will use the notation for Legendrian links in #k (S x §?) with tildes added
for the Legendrian link A in #%(S! x §2):

AN =2 Wy iy, 60

with differential 9, where 1 < £ <k, i < j for all l;ij;g and 7 < j for 55-;@ if p=1.
We will use the notation for Legendrian links from Figure 10 for S(A):

+1 +1
ASN) =2Z[t7 ..ty Kaisbijscijoe-djizes €ijees fiizes ijes Mjise qijse)
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with differential 9, where 1 <{ <k, 1 <i <mfora;,i < j for b;j.y, ¢ij.¢, €ij.
gij:t>and g;j.¢, and i < j for dj;.e, fji.e, and hj;.g.

Suppose we have a Legendrian link A in #%(S! x $2) with associated DGA
(A(A), d). If (A(S(A)), d) is the DGA associated to satellited A, then let 7 :
A(S(A)) = A(S(A))/ B be the quotient algebra homomorphism where B is the
ideal in A(S(A)) generated by
{Cijse = 8ijst- Cijst — dijser Cijse — (=D ey
hjise = (DY frisg By — (D15 ),

Define y : A(S(A))/B — A(A) by

y : A(S(A)/B — A(AN)
lai] — ai

[bijse) — bijue

[cijze] —

[Bjisel > Gz
[t:] —> 4

Proposition 4.1. If ¢ =y o7, then ¢ is a graded algebra homomorphism such that
09 (c) = £¢d(c) for all ¢ € {a;, b;j.4. cij.o. djize. €ijes fiize- &ijsesNjise-Gijie )
Proof. Grading: We will first show that 7 and y (and thus ¢) are graded algebra
homomorphisms. First, let 72 be the Maslov potential used to assign the gradings
of the crossings of A in #k (S x 52). We will use m to define a Maslov potential
pon S(A) in R? as follows: Define it on T C S(A) the same as m is defined on
T C A and extend u to the rest of S(A). Notice that there is only one way to do
this which keeps p of the upper strand (higher z-coordinate) entering a cusp one
higher than u of the lower strand (lower z-coordinate) entering a cusp. The fact
that d has degree —1 and properties of the Maslov potential immediately give us
that in the p-th 1-handle:

®) &l = djil = | fil = |hjil. i<
~0 . .

;5| = leij| = leijl = gijl = lqijl. i<

—|dji| = leij|, i<j

|bij| = leij| + 1, i<j
Thus, w and y are graded algebra homomorphisms and so ¢ is as well.
5(;5 (¢) = £¢9d(c): From the definition of their gradings, in the p-th 1-handle:

50 _ |0 =0 <1 51 ~1
(6) |Gijl = [¢gl +1cg;|I mod 2 and |¢j;| = |¢;e] + |¢p;| mod 2
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With (5), we have analogous statements for b;;, ¢;j, dji, eij, [fji, &ij. hji, and g;j.
By considering the disks which contribute terms to da; and da; (and analogously
0b;j and db;; in the p-th 1-handle for i < j), it is clear that

0¢(an)d(@;) = ¢pd(ai) and  dp(bi)d(bi) = pd(bij).
Givenl < p=<kand 1 <i < j < N,. In the p-th 1-handle:

é(,bcl'j = 551-(}

&% 14+1~0 ~0
= Y (=Dl

i<l<j

= ¢( Z(—l)'“f'“c,-ece,-) by (5)

i<l<j

= ¢cij,
Ogpd;i = o(—1)l4il+ 1),
— (_l)ldi,'|+1 (1 + Z (_1)|E?ZI+IE?€55}i + Z(_l)wilel—i_lgiléggi)
i<{=<N, 1<{<i

=1+ Y (D)@ il ey dy)

i<¢=<N,
+ ) Dl g (dygeg)  since |dii] = 1
1<l<i
=1+ > $lciede) + Y (D g (dypeqy) by (5)
i<¢{=<N, 1<{<i
= ¢dd;i,

Ogpdji = d(—1)\11 1,

. &9 ~0 ~ ¢! ~
= (=it (0+ > DS + Z(—l)'%'“c}ec&)

J<€=N, 1=<l<i

— ¢<(_1)|dji|+1 (0+ Z (_1)|5})g|+|dulcjed€i

J<€=Np

+ Z (_1)|E}z|+|djé|+|€ei|+1djeeei))

1<{<i
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=¢((—1)'dﬁ'“<0+<—1)'dﬁ' > ¢jede

J<t=N,

+ (_l)ldjil Z (—1)|dj€|+ldj£eei)) by (5) and (6)

1=<{<i

=—¢ <0+ > cjedei + Z(—l)ldmﬂdjeeei)

J<L=N, 1<t<i
= —¢ddj;

One can similarly show that for i < j
Ipei; = pdeij,
0fii =¢3fii. b =—¢dfji.
0pgij = pdgij.  Ophii = pdhi;,
Iphji = pohi,
0pqij = $dgi;. 0

Given a field F and a p-graded augmentation € : A(A) — F, we will construct a
p-graded augmentation € : A(S(A)) — F. Define € = € o¢. Thus, on the generators
of A(S(A)) in the p-th 1-handle,

&(bij) if ¢ = bij
(&) if ¢ € {cij. gij. qij }
~0
ele) = (=DFTHIE@E)) ifc=ey
g(g-jll.) if c =hj;
1 [eL1+1~,~1 : dii fii
(— ) Ji E(le-) if ¢ G{ ji s f]z}
g(fl) ifc=1¢.

We see that € is an augmentation because on any generator ¢ of A(S(A)),

€d(c) = €pa(c)
=+€ 5(;5 (c) by Proposition 4.1
=0,
since €’ is an augmentation. And, since €’ is a p-graded augmentation and ¢ is a
graded algebra homomorphism, € is a p-graded augmentation.

Thus an augmentation € : A(A) — F of the DGA of A in #X(S! x $2) gives an
augmentation € : A(S(A)) — F of the DGA of S(A) in R3. By [Leverson 2016,
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Theorem 1.1], the augmentation € gives an augmentation of the DGA of S(A) with
dips in R?, which gives a normal ruling of S(A) with no dips in R3. We must check
that if two strands are paired in this normal ruling, then they go through the same
1-handle. Clearly this normal ruling must be thin, meaning outside of the tangle 7'
associated to A the ruling only has switches at crossings where the crossing strands
go through the same 1-handle. By restricting the p-graded normal ruling of S(A)
in R? to a p-graded normal ruling of T, we get a p-graded normal ruling of A in
#*(S! x §2).

5. Ruling to augmentation

Let F be a field. We will now prove the existence of a p-graded normal ruling implies
the existence of a p-graded augmentation, the backward direction of Theorem 1.3,
by constructing a p-graded augmentation € : A(D(A)) — F given a p-graded
normal ruling of A in #K(S! x $2).

Given an xz-diagram of a Legendrian link A in #%(S! x $2) in normal form,
we will consider the resolution to an x y-diagram of a Legendrian isotopic link.
Using Legendrian isotopy, we can ensure all crossings, left cusps, and right cusps
have different x coordinates and all right cusps occur “above” (have higher y or z
coordinate than) the remaining strands of the tangle at that x coordinate. Place a
basepoint on every strand at x = 0 and one in every loop coming from the resolution
of a right cusp.

Define the augmentation € : A(D(A)) — F of the DGA for the dipped diagram
D(A) on generators as follows: If the ruling is switched at a crossing ay, then
set €(ag) = 1. If not, set €(ay) = 0. (Note that we can augment the switched
crossings to any nonzero element of F and still get an augmentation. But in the case
where A is a knot, by augmenting the switched crossing to 1, we will be able to
ensure €(¢) = —1.) Add basepoints and augment the crossings in the dips following
Figure 14. On the remaining generators, set

1 if £ = 0 and strands i < j are paired in the normal ruling
and go through the p-th 1-handle
G(Cil}) = (—l)lcf(j'| if {=1,i> j, and strands i, j are paired in the normal
ruling and go through the p-th 1-handle
0 otherwise.

Augment all basepoints to —1.
By considering Figure 14, it is involved but straightforward to check that € is an
augmentation on the ay and the crossings in the dips.

NOtation 5.1. C{el]} - crtilin(i,j),max(i,j)
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Figure 14. In the diagrams, * denotes a basepoint. A dot denotes
the specified crossing is augmented and the augmentation sends
the crossing to the labeled value. For example, in the left dip of
the —(a) configuration, €(c13) = a; and €(c34) = a,. All other
crossings are sent to 0 by the augmentation. Here —/ + (a) denotes

a negative/positive crossing where the ruling has configuration (a)

and the rest are defined analogously. See Figure 15 for config-
urations (d), (e), and (f). (This figure is taken from [Leverson
2016].)

We will now check that € is an augmentation on the cf;. generators from the p-th
1-handle.

eacl-of = 0: For any ruling, at the left end of the diagram, each strand is paired

with another strand going through the same 1-handle. So for each strand 7 going
through the p-th 1-handle, there exists a strand j # i such that strand i and j are
paired and 1 <i,j < Np. Soif i < j, then e(cf;) =1, e(cfyy) = 0 for all £ # j,
and e(c?ﬂ}) =0 forall £ #i. Suppose i <r <. Then e(c?.) =0if r # j and

€(c®) =0ifr = j. Thus e(c?.c%) =0foralli <r <{ and so fori <,

1

0
edchy =Y (=Dl el =0.

i

<r</{
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Figure 15. A continuation of Figure 14. (This figure is taken from
[Leverson 2016].)

eacilf = 0: Recall that in the p-th 1-handle

0 1
Bcl.lj = Sij + Z (—1)|Ciz|+lc?ecéj + Z (—l)lcil"i'lcilec?j.
i<t<N, 1<t<j
If i # j, then e(clpzcéj) =0 and e(cilzc?j) = 0 for all £ since it is not possible for
strand 7 to be paired with strand £ and for strand £ to be paired with strand j when
i # j. Thus

1 0141 _,.0 .1 Li+1 .1 .0
€de;; = Z (—1)|Ct€|+ e(ciecfj)—i- Z(—l)lcer e(ciecej) =0.
i<(<N, 1<t<j

To show eac;,. = 0, suppose strand i is paired with strand £ through the p-th

1-handle. Then by (5),
0 .

dcl = {1 ! (_l)|6i16|+16(c?€cc}i)’ i<t

" 1+ (—l)|cie|+le(ci1ecgi), i>{,
{1+(—1)|C?e|+1(—1)|céi|, i<,

L4 (=Dl el i > e,
0.



AUGMENTATIONS AND RULINGS OF LEGENDRIAN LINKS IN #(S! x §2) 411

eBcfj =0 for 1 < £: Recall

¢ Np

ZZ( 1)|C”|+l r @ —r

r=0s=1

forl<{,1<p=<k,and1=1i,j <N, We will show that

G(Cls 5j y=0,

which implies that eac =0. If £ > 2, then for all 0 < r < {, either r > 1 or
{—r >1,s0e(clc )—OforallzjsIf£_2thenr>1€—r>lor
r=1=4£—r. The ﬁrst and second case clearly imply €(c/;cg e =) = 0. In the final
case, this is also clearly true, unless i = j and strands i and s are palred in the
ruling. In this case, either i < s or s <i = j, so either e(cL) =0 or e(c )=0. So

¢t Np

edct, = Z Z( Dleisl T le(cr ct=ry =0

r=0s=1

forall 1 < p<k,1<i=<Np,and{>1.Soforl</{
eacf;-:O.

Grading: From the definition, a; is augmented only if the p-graded normal ruling
is sw1tched at ¢; and thus p ‘ |ai|. Since |a;| = |a;|, we have p } |a;|. By definition,
if cl ,p 18 augmented, then either £=0,i < j, and strands i and j are paired by
the normal ruling and go through the p-th 1-handle or £ =1, i > j, and strands i
and j are paired in the normal ruling and go through the p-th 1-handle. In the first

case, u(i) = u(j)+1 mod p and so

[0 p] =2(0) = 1+ p(@)) —u(j) =0 mod p.
In the second case, u(j) = u(i) +1 mod p and so

el pl =2(1) =1+ (i) —pu(j)=0 mod p.

Following arguments similar to those in [Leverson 2016], one can also check that
if a crossing ¢ in a dip is augmented then p | lc].

Proposition 5.2. If A C #*5(S! x S§2) is an n-component link, p | 2r (A) is even,
and A has a p-graded normal ruling, then the p-graded augmentation € : A(A) — F
constructed above sends t1 - - - tg to (—1)".

Proof. Given a p-graded ruling of A in #5(S! x $2), there is a unique way to
extend it to a normal ruling of S(A) by switching at dj;, e;j, fji, gij. hji, qij if and
only if strands i < j are paired in the ruling of A. Let € : A(A) — F be the p-graded
augmentation resulting from the p-graded normal ruling and let € : A(S(A)) —> F
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be the p-graded augmentation resulting from the p-graded normal ruling of S(A)
as constructed in [Leverson 2016] in R3. Note that

:g: ts) ( 1_[ ( 1)3Np) 1_[ (_1)6.
1=<p=<k i,j paired
If strands i < j are paired near x = 0 in the ruling of A, then the ruling of S(A)
must be switched at dj;, e;j, fji, gij, hji, and g;; with configuration +(a) since the
ruling is p-graded and p is even. So there is one additional basepoint augmented
to —1 per crossing. Thus, there are six additional basepoints augmented to —1 for
each pair of strands. Each right cusp contributes one extra basepoint augmented
to —1 and there are three additional right cusps for each strand. However, N, is
even for all 1 < p <k by Corollary 1.4 and €(¢; - - - t;) = (—1)" by Theorem 1.1, so

(="
&ty ---tr)
and so é(f; ---1,) = (=)™ O

=1

All that remains to be proven is the final statement of Theorem 1.3, which says:

Proposition 5.3. Given a field F, if A is an n component link in #%(S! x §2),
€(t) = (=1)" for all even-graded augmentations € : A(A) — F.

Proof. Suppose that € : A(A) — F is an even-graded augmentation (p-graded
augmentation where 2 | p). As in Section 4, we construct a p-graded augmentation
€ : A(S(L)) — F. By definition, €(#;) = €(#;) forall 1 <i < and so

E(fr-ly) =€ty -+ t5) = (=1)",

where the final equality follows from Theorem 1.1. O

6. Correspondence for links in J1(S1)

Recall that the 1-jet space of the circle, J!(S!), is diffeomorphic to the solid torus
S1x Ri,z with contact structure given by & = ker(dz — ydx). As in [Ng and
Traynor 2004], by viewing S! as a quotient of the unit interval, S' =10, 1]/(0 ~ 1),
we can see Legendrian links in J1(S1) as quotients of arcs in 7 x R? with boundary
conditions which are everywhere tangent to the contact planes. Given a Legendrian
link A ¢ J1(S') we will use the methods of Lavrov and Rutherford [2012] to show
the following theorem, restated from the introduction:

Theorem 1.6. Suppose A is a Legendrian link in J'(S'). Given a field F, the
Chekanov—Eliashberg DGA (A, 0) over Z[tlil, e, ts:tl] has a p-graded augmen-
tation € : A — F if and only if a front diagram of A has a p-graded generalized
normal ruling.
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— !
(2) (0

Figure 16. These figures give the configuration of a generalized
normal ruling near a switched crossing involving exactly one self-
paired strand. With the top row of configurations in Figure 7, these
are all possible configurations of a generalized normal ruling near
a switched crossing.

We recall the definition of generalized normal ruling.

Definition 6.1 [Lavrov and Rutherford 2012]. A generalized normal ruling is a
sequence of involutions 0 = (07q,...,0ps) as in Definition 2.11 with the following
differences:

(1) Remove the requirement that o, is fixed-point-free and the condition about
I-handles.

(2) If strands € and £ + 1 cross in the interval (x;,,—1, X») above I,_1, where
exactly one of the crossing strands is a fixed point of oy, then the crossing is
a switch if o, satisfies the conditions in (3) of Definition 2.11. If crossing is a
switch, then we require an additional normality condition:

om(@) =L <l+1<oml+1) or oml) <l<l+1=0ml+1).

A strictly generalized normal ruling is a generalized normal ruling which is not
a normal ruling, in other words, a generalized normal ruling with at least one fixed
point.

Thus, near a crossing, a generalized normal ruling looks like the crossings in
Figure 7 or Figure 16.

Remark 6.2. (1) If a crossing involving strands £ and £ + 1 occurs in the interval
(Xm—1, Xm) and both crossing strands are fixed by the ruling, self-paired, in
other words, 0,,,_1({) =f and 0, _1({ +1) =L+ 1, theno,, = L£+1)o
Om—1 0 (£ €+ 1) and so we will not consider such crossings to be switched.

(2) Note that the number of generalized normal rulings of a Legendrian link is not
invariant under Legendrian isotopy.

The definition of the Chekanov—Eliashberg DGA of a Legendrian link in R3 can
be extended to Legendrian links in J!(S!). (One can find the full definition of the
Chekanov-Eliashberg DGA of a Legendrian link in J!(S') in [Ng and Traynor
2004].) Note that given an augmentation of the Chekanov-Eliashberg DGA over
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Z[t,t~'] of a Legendrian link in S' x S2, one can define an augmentation of the
DGA of the analogous link (where if a strand goes through the 1-handle with y = yq
at x = 0, then it is paired with the strand going through the 1-handle with y = yq
at x = A) in J1(S!) and similarly for normal rulings. (The resulting normal ruling
of the link in J1(S') will not have any self-paired strands.) However, there is no
reason to think the converse is true.

6A. Matrix definition of the DGA in J1(S1). Ng and Traynor [2004] define a
version of the Chekanov—Eliashberg DGA A over R = Z[t,t~!] in. For ease of
definition, note that we can assume all left and right cusps involve the two strands
with lowest z-coordinate (and thus highest labels) and that there is one basepoint at
x = 0 on each strand with the basepoint on strand i corresponding to ¢;, and one
basepoint in each loop resulting from the resolution of a right cusp. We give the
definition of the DGA for the dipped version A, D(A) as in [Lavrov and Rutherford
2012] with an extra dip immediately to the right of the basepoints at x = 0. Label
the dips as in Figure 13 with bl.’;? and cl.’J'.’ in the dip at x,,. Place these generators in
upper triangular matrices

B = (bj}) and Cpy = (/7).

Note that since the x-coordinate is S !-valued, we need to add the convention that
By = Bps and Cy = Cps. We then see that

0Cm = (ZmCm)*.
0B, =TCoT'(I+ B;)—=,(I+ B))X;Cy,
0Bm = Cner (I + Bm) — Zm(I + Bm)EmCn.,

where %, is the diagonal matrix with (—1)%7® the i-th entry on the diagonal for

Maslov potential s, at x = x,,, T is the diagonal matrix with t,-o 1@

on the diagonal where

the i -th entry

) —1 if strand i is oriented to the right at x = X,
om(i) =
" 1 otherwise,

and [ is the appropriately sized identity matrix. The form of Cpn will depend on
the tangle appearing in the interval (x,,—1, X;)-
If (xX;u—1, Xm) contains a crossing a,, of strands k and k + 1, then

_ m—1
0y, = Chk+1°

Cn-1= Uk,k—',—l Cin—1 Vk,k+1 s
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where Uy 1 and Vi x4 are the identity matrix with the 2 x 2 block in rows k
and k + 1 and columns k& and k + 1 replaced with

0 1
(1 (_1)|am|+1am)

am 1
1 0
for Vi k41, and ém_l is Cy,,—1 with 0 replacing the entry c,’c";il.

If (X;,—1, Xm) contains a left cusp, by assumption strands N (m)— 1 and N (m)
are incident to the cusp. In this case,

for Uy g+ and

Cno1 = JCp JT + W,

where J is the N(m —1) x N (m — 1) identity matrix with two rows of zeroes added
to the bottom and W is N (m) x N (m) matrix where the (N (m) — 1, N(m))-entry
is 1 and all other entries are zero.

Finally, if (x,,—1, X, ) contains a right cusp a,, with basepoint *, corresponding
to #, in the loop, by assumption strands N (m) — 1 and N(m) are incident to the
cusp. In this case

m—1(N(m—1)—1 -1
dam = tg H(NGn =) )+c%(m—l)—1,N(m—l)’

Cn—1 = KCpn1 K7,

where K is the N(m — 1) x N(m — 1) identity matrix with two columns of zeroes
added to the right.

6B. Proof of correspondence. We will use the methods of [Lavrov and Rutherford
2012] to prove Theorem 1.3. Given an involution ¢ of {1,..., N}, 0% =1id, we
define Ay = (@;j) the N x N matrix with entries

g — 1 ifi<ao(@)=],
Y710 otherwise.

Ruling to augmentation: Given a generalized normal ruling 0 = (071, ...,0p7), We
will define a p-graded augmentation € : A(D(A)) — F satisfying Property (R) (as
in [Sabloff 2005]) by defining € on the crossings in the dip involving crossings
bg. and cl.oj and extending to the right.

Property (R): In any dip, the generator ¢} is augmented (to 1)
if and only if 0., (r) = s.
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(2 (h)

L RS

ac

Figure 17. In the diagrams, *; denotes the basepoint associated
to t;. A dot denotes the specified crossing is augmented and the
augmentation sends the crossing to the label. In configuration (g),
e(t;) = (=D)l+ 1 and e(1,) = (—1)I¢.i+11+1 In configuration (h),
e(t)=-1.

Add a basepoint to the loop in each resolution of a right cusp. Augment all
basepoints to —1. Given a crossing a, set

{1 if the ruling is switched at a,
€(a) =

0 otherwise.

Define €(Bg) = 0 and €(Cy) = Ay,. We will now extend € to the right. Suppose
€ is defined on all crossings in the interval (0, x,;,—1). If (x;,—1, xm,) contains a
crossing, define € on crossings bi’;? and cl.’;.’ and add basepoints as in Figure 14 and
Figure 17. If (xy;,—1, xm) contains a left cusp, set

€(Bm) = Je(Bm_1)JT + W.
If (X;—1,xm) contains a right cusp, set
€(Bm) = Ke(Bn-1)K".

It is easy to check that by our definition the augmentation satisfies Property (R),
which tells us €(Bg) = e€(Bas) and €(Cy) = €(Cpr), and our augmentation is a
p-graded augmentation.

Augmentation to ruling: This direction of the proof follows that of the 7Z/2 case
in [Lavrov and Rutherford 2012] and is based on canonical form results from linear
algebra due to Barannikov [1994].

Definition 6.3. An M-complex (V, B, d) is a vector space V over a field F with
an ordered basis B = {vy,...,vy} and a differential d : V — V of the form
dv; = ZJN=1‘+1 ajjvj satisfying d*=0.

The following two propositions are essentially in [Lavrov and Rutherford 2012,
Propositions 5.4 and 5.6] and [Barannikov 1994, Lemmas 2 and 4].

Proposition 6.4. Suppose that (V,B,d) is an M -complex, then there exists a

triangular change of basis {vy,...,0N} with v; = Zj\f: a;jjvj and an involution
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:{l,...,N}—>{1,..., N} such that
= 1 <e0=)

0, otherwise.

Moreover, the involution T is unique.
Remark 6.5. We have the following properties of the involution:

(1) If the basis elements v; have been assigned degrees |v;| € Z/p such that V is
Z /p-graded and d has degree —1, then it can be assumed that the change of
basis preserves degree. Thus, if i < 7(i) = j, then |v;| = |v;| + 1.

(2) The set {[v;]: ©(i) =i} forms a basis for the homology H(V, d).

(3) In matrix formulation, according to Proposition 6.4, there is a unique function
D+ t(D) which assigns an involution T = (D) to each strictly upper triangu-
lar matrix D with D? = 0 and there is an invertible upper triangular matrix P so
that PDP~! = A,. The uniqueness statement tells us that 7(QDQ~!) = 7(D)
if Q is a nonsingular upper triangular matrix.

Proposition 6.6. Suppose (V, B, d) is an M-complex and k € {1, ..., N} such that
dvy = Z;V:kJrz ay;vj sothetriple (V, B, d) with B’ ={vy, ..., V41, Vk, ..., UN}
is also an M -complex. Then the associated involutions t and t’ from Proposition 6.4
are related as follows:

) 1f
tk+1)<tk)<k <k+1,
(k) <k <k+1<tk+1),
k<k+1<tlk+1)<ztk),
tk)<k<k+1=t(k+1),
tk)=k<k+1<tlk+1),

then either t' = tort = (k k+1)oto(k k+1).
(2) Otherwise v’ = (k k +1)oto(k k+1).

Augmentation to ruling: This part of the proof is the same as the analogous state-
ment in [Lavrov and Rutherford 2012] with X,,_;€(Cy,—1) replacing €(Yy,—1).

Suppose € : A(D(A)) — F is a p-graded augmentation. Then for all m, €(Cy,)
is an N (m) x N(m) strictly upper triangular matrix such that

0=€dCp = (ZTme(Cm))?.

As in Remark 6.5, we can set t,,; = 7(X,,Cy,) and obtain the sequence t =
{t0,...,tpm} of involutions where t,, is an involution of {1,..., N(m)}. We
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will show that t satisfies the requirements of a generalized normal ruling (see
Definition 6.1).

We also have N (m) x N(m) strictly upper triangular matrices €(B,) which
satisfy

0=¢dB; = Te(Co)T (I +€(B1))—X1(I +€(B1)X1e(Cy),
0=€3Bm = e(Cn1)(I + €(Bm)) — S (I + €(Bin)) Zme (Crm).
In the case where m = 1, this tells us
21e(Cr) = (I +€(By)) "' S1Te(Co) T~ (I + €(By))
= (I +€(B1) ' TZ1e(Co) T (I +€(By))
since 7" and X are diagonal matrices. So Remark 6.5 tells us
71 = 1(Z16(C1) = (I + €(B1) T TE1e(Co) T~ (I +€(By)))
= 1(Z1€(Cp)) = 1(Z0€(Co)) = 10

since 7 = X and T~ (I +€(B))) is a nonsingular upper triangular matrix. Thus
71 satisfies the definition of generalized normal ruling since 7y does.
More generally, for m > 1, we have

Sm€(Cm) = (I + €(Bm)) ' Zme(Cu1)(I + €(Bm)).
So Remark 6.5 tells us
T = T(Sme(Cm)) = 1(Zme(Cn1)).

Recall that E'm_l depends on whether the interval (x,,—1, X») contains a left cusp,
right cusp, or crossing.

Crossing: In the case where the interval (x,,—1, X;;) contains a crossing @, of
strands k and k + 1, recall that 0 = €d(a,,) = e(c,'c”;_li_l). In this case,
Cn—1 = Uk k+1Cn—1 Vi 41

where ?m_l is Cy;,—1 with 0 replacing the entry c,’g;_li_l. Thus e(ém_l) =e(Cp—1).
So €(Cu—1) = €(Uk,k+1Cm—1Vk,k+1). Note that pt,,_1(k) = pm(k + 1) and
Um—1(k +1) = pm(k), s0 X1 = P k+12m Pr k+1. We also see that
EmUk k1 = Zm Prgr (1 + (=D e(@m) Ex jeyr)
= Pr.k+1( —€(am) Ek,k+1) P,k +1Zm Pre k1
= Prk+1(I —€(am) Eg,k+1)Em—1,
Vik+1 = +€(am) Ex k+1) Prk+1
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where Ey x4 is a matrix with a single nonzero entry of 1 in the (k, k + 1) position.
Thus

Sme(Cp1)
= Pri+1(I —€(am)Ex k+1) Zm—1€(Cn1)I +€(@m) Ex,k+1) Pk, k+1-

Since the (k, k+1)-entry of (/ —€(am) Ex k+1) E,,i_le(Cm_l)(I+e(am)Ek,k+1)
is 0 no matter the value of €(ay,), the matrix X,,€(C,,—1) is strictly upper triangular.
Therefore

tm = T(Sme(Cm)) = 1(Zme(Cno1))

and

(I —€(am) Ex k41) Em—1€(Cr—1)I +€(am) Ex k+1))
=1(Zm-1€(Cpn-1)) = Tm—1

are related as in Proposition 6.6. So, as t,,—; satisfies the conditions of a generalized
normal ruling, so does 7;,. The left and right cusp cases follow similarly.

As in Remark 6.5, ¥,,€(Cy,) denotes the matrix of an M-complex with basis
V1,...,UN(m) corresponding to the strands of A at x,,. If € is p-graded with
respect to i, then we can assign the gradings |v;| = um, (i) and the differential
will have degree —1. So (1) of Remark 6.5 tells us that the resulting involution
Tm = T(Zme(Cy)) is p-graded and thus t is p-graded.

6C. Corollary. The following proposition uses certain techniques from the proof
of Theorem 1.6 to show that

Aug,(A) = F\0
for any field F and any p if A has a strictly generalized normal ruling.

Proposition 6.7. Given a field F and a Legendrian link A C J'(S') with n com-
ponents and a strictly generalized normal ruling, for all 0 # x € F there exists an
augmentation € : A — F such that

€(ty---t5) = X.

Proof. Fix 0 # x € F. Given a generalized normal ruling o = (01, ...,0a) for A
with a self-paired strand, we will construct an augmentation € : A(D(A)) —> F
such that e(¢; - - - t5) = x.

Suppose k is the label at x = 0 of a self-paired strand of the generalized normal
ruling o, in other words, o¢(k) = k. We can assume that D(A) has one basepoint
corresponding to #; on strand i at x = 0 and one basepoint in the loop in the
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resolution of each right cusp, and no other basepoints. Define

(—DNFe—Ix ifi =k,
-1 otherwise,

€(ti) = {

where ¢ is the number of right cusps and N is the number of strands at x = 0.

Define € on all crossings as in the proof of ruling to augmentation in Theorem 1.6.
Note that #; does not appear on the boundary of any totally augmented disks and
so € is still an augmentation, but now

G(tl"'ts)=-x

as desired. O

Remark 6.8. For any link A C J!(S!), one can consider the analogous link
N c S! x S2. Note that A(A) — A(A’) where the map is inclusion. Thus, any
augmentation €’ : A’ — F gives an augmentation € : A — F. As one would expect
from Theorems 1.3 and 1.6, it is also clear that any normal ruling of A’ C S! x §2
gives a generalized normal ruling of A C JI(S1).

Appendix
The appendix will address Corollary 1.5 which follows from
(1) Theorem 1.3 over Q, and

(2) the result that if a graded augmentation to the rationals exists then the full
symplectic homology is nonzero.

The second result is known to experts; assumes the results of [Bourgeois et al.
2012]. We will outline the proof here for completeness. Statement (2) is a straight
forward consequence of work of Bourgeois, Ekholm, and Eliashberg [Bourgeois
et al. 2012] and has previously been observed in [Lidman and Sivek 2016].

Every connected Weinstein (Stein) 4-manifold X can be decomposed into 1- and
2-handle attachments to D* along dD* = S*. Thus, for each such 4-manifold there
exists a Legendrian link A in #%(S! x $?) so that attaching 2-handles along A to
#*(S! x $2) results in X.

Results of Bourgeois, Ekholm, and Eliashberg (using their notation) tell us the
following:

Proposition A.1 [Bourgeois et al. 2012, Corollary 5.7].
SH(X) = LHH°(A),

where LHH(A) is the homology of the Hochschild complex associated to the
Chekanov—Eliashberg differential graded algebra over Q.
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Therefore, if the DGA for A has a graded augmentation to Q, then SH(X) is
nonzero. By Theorem 1.3, we know that the DGA for A has a graded augmen-
tation to @Q if and only if A has a graded normal ruling. Thus, restated from the
introduction:

Corollary 1.5. If X is the Weinstein 4-manifold that results from attaching 2-
handles along a Legendrian link A to #k(S U'x 82) and A has a graded normal
ruling, then the full symplectic homology SH(X) is nonzero.

For completeness, we give an outline of the proof of statement (2). Recall that
full symplectic homology is a symplectic invariant of Weinstein 4-manifolds which
coincides with the Floer—Hofer symplectic homology.

We will show that given a graded augmentation €’ of the Chekanov—Eliashberg
DGA of a Legendrian link A over Z[t,t~'] to @, one can define a graded augmen-
tation € : LHH°(A) — Q, where the homology of LH"°(A) is LHH°(A). Recall
that

LH™(A)=LHO" (A) ® Q(11. ..., 7,) ® LHOT(A)

is generated by elements of the form w, t;, and v, where w, v € LHO(A) CLHA(A)
and #n is the number of components of the link. Define

e: LH™(A) —> Q

by W +— €'(w), t; — 1, 0 > 0. Let us check that this gives an augmentation. It
suffices to check the generators. Clearly € o dyo(7;) = 0 for all i. If dypgo+(w) =
> i—1 wj, then we recall that

drio () = dito, (1) + 8ro(10) = dipo+ (W) + 8o ().

Let w be a chord in LHO™V (A). Then, there exists i such that w € C; and
r
duo (D) = Y ) + i Ti,
Jj=1

where oy,; is the algebraic number of components of the 1-dimensional moduli
space of holomorphic disks with one positive and no negative boundary punctures.
Thus

r n
eodno() =Y €' (wj)+ Y owi =€ odio(w) =0,

j=1 i=1

since ay; is exactly the constant term of dp ga (w), €’ is an augmentation of LHA(A),
LHO(A) C LHA(A), and dipo = diualino. If w € LHOT(A) is a linearly



422 CAITLIN LEVERSON

composable monomial which is not a chord, then

,
dyo() = ) 1
j=1

and so
r

€ odyo(ih) = ) €'(wy) = € odino(w) =0
j=1
since dygo(w) does not have a constant term.
Ifv=cq---c, € LHO"(A), then we recall that
dio(9) = dyto.. () + 8o(D) = ds #o. (9) + diro+ (9) +0
=C1eacq — 1 g1 &g + diao+ (D)
= C1ep g — (—DleelertteeDe e ey + dino+ (0).
Thus
€ OdHO(ﬁ)
=€(cy---eq) = (=plelatrHeDe (e - cpy) + € o diiot (9)
=& (cy -+ cq) — (=DlecllertttleDel (¢pep vocp 1) 40
=0

since €’ is a graded augmentation of LHA(A) so if €(cy -+-¢¢) # 0, then e(¢;) # 0
for all i and thus |c;| = 0 for all 7.
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