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REMARKS ON GJMS OPERATOR OF ORDER SIX

XUEZHANG CHEN AND FE1 Hou

We study analysis aspects of the sixth-order GJMS operator Pg6. Under
conformal normal coordinates around a point, we present the expansions
of Green’s function of Pg6 with pole at this point. As a starting point of
the study of Pgﬁ, we manage to give some existence results of the prescribed
(Q-curvature problem on Einstein manifolds. One among them is that for
n>10,let (M", g) be a closed Einstein manifold of positive scalar curvature
and f a smooth positive function in M. If the Weyl tensor is nonzero at a
maximum point of f and f satisfies a vanishing order condition at this
maximum point, then there exists a conformal metric g of g such that its
Q-curvature Qg equals f.

1. Introduction

Recently, some remarkable developments have been achieved in the existence theory
of the positive constant Q-curvature problem associated to the Paneitz—Branson
operator. One key ingredient in such works is that a strong maximum principle
for the fourth-order Paneitz—Branson operator is discovered under a hypothesis
on the positivity of some conformal invariants or Q-curvature of the background
metric. The readers are referred to [Gursky et al. 2016; Gursky and Malchiodi
2015; Hang and Yang 2016; Li and Xiong 2015] and the references therein. This
naturally stimulates us to study the GJIMS operator of order six and its associated Q-
curvature problem, the analogue to the Yamabe problem and Q-curvature problem
for the Paneitz—Branson operator. Except for the aforementioned cases, due to
the lack of a maximum principle for higher order elliptic equations in general, the
existence theory of such problems needs to be developed. Until an analogue of
Aubin’s result [1976] for the Yamabe problem is verified in Proposition 3.2 below,
by adapting some ideas for the Paneitz—Branson operator from [Esposito and Robert
2002; Djadli et al. 2000], we establish some existence results of the prescribed
Q-curvature problem on Einstein manifolds, in which case the sixth-order GIMS
operator has constant coefficients.

MSC2010: primary 53A30, 53C21, 58J05; secondary 35B50, 35J08, 35J35.
Keywords: sixth-order GJIMS operator, prescribed Q-curvature problem, Green’s function, mountain
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The conformally covariant GIMS operators with principle part (—A g)k, keN
were discovered by Graham, Jenne, Mason and Sparling [Graham et al. 1992]. In
particular, the GIMS operator of order six and the associated Q-curvature are given
as follows (see [Juhl 2013; Wiinsch 1986]): on manifolds (M", g) of dimension
n >3 and n # 4, denote by oy (A,) the k-th elementary symmetric function of the

Schouten tensor
1

R,
Aij:nj(Rij_ 201 — 1)gl}>
Denote by
Cijk = VkAy — ViAie,  Bij = AgAy — VY Aje — AWy = V*Cijp — AN Wiy

the Cotton tensor and Bach tensor, respectively. Let

_ 8 . n?—4n+12 ,
=(n—2)01(Ag)g —8A, = n—2Rng+2(n—l)(n—2)Rgg’
3n>—12n—4
Ty =— %almgfg +4(n—4)|Al;g +8(n—2)01(Ay) A,
—I—(n—6)Ag01(Ag)g—48A§,—1T64Bg;
ve=— Lo (A )—;w A)
6= TRV T —a) T e
Then, the Q-curvature QS is defined by
(1-1) Qg:_mf’vé—”;z g)2)+4A Al
—88(Agdai(Ag)) + Ajor(Ag) — al(Ag)A o1(Ag)

6 6
~ 401~ 6)oy (Ag)|A|g + (=) g, (4,
and the GIMS operator of sixth-order P! is given by'

(1-2) =P =A}+ A 8Tod+8Tod Ay $122ZA ¢ (01(A)Ay)

El

2

where —8d = A,. The operator Pg6 is conformally covariant in the sense that if
g=u*""9g 0<ueC®M)withn>3andn #4,6,

n+6 6 6
(1-3) un=6 Pg = P (ug),
and in dimension 6,
P6 . —6u P6
eZu (p =e g (p

I The definition of %,6 differs from the formula (10.15) in [Juhl 2013] by a minus sign.



REMARKS ON GJMS OPERATOR OF ORDER SIX 37

forall ¢ € C°°(M). When (M, g) is Einstein, Pg6 has constant coefficients; explicitly,

6 n*—20n>+64 3

Oy = 32n2(n—1)3 ¢
_ pb__ A3 —3n24+6n+32 )
Fr=5a+ 4n(n—1) ReAy
3n*—12n3 =520+ 1281n+192 5 n—6 ¢
+ 16n2(n—1)>2 ReBg =570

Obviously, when n > 7, Qg is a positive constant whenever the scalar curvature R,
is positive. Through a direct computation, the GIMS operator Pg6 has the following
factorization:
—6)(n+4) (n—4)(n+2) n—2

I S TR P YN ES TR P T )
-4 8 gt dn(n—1) ¢ gt dn(n—1) ¢ g+4(n—1) §

In general, as shown in [Fefferman and Graham 2012] and [Gover 2006], on
Einstein manifolds the GIMS operator of order 2k for all positive integers k satisfies
the above property as

=~

2k _ Rg . 9
P _]_[( Byt s (20 = 2)(n 21)).

i=1

In particular, choose M" = S§", g = gs», then

05, = n(n* —20n>464)
o 32 ’
—3n%4-6n+32 3n*—12n3—52n%4+128n+192 —6
_ <—Asn n M—Q‘ﬂ)(_ Aot (n—4>4(n+2>> (_ A+ n(n4—z)>_

From now on, we set P, = Pg6 and O, = Qg, unless stated otherwise. Then, for any
¢ e H¥(M, g), we get

/ ¢ Fepdug
M
-2 —6
= [ (VAvR 277030 " () AP TV 500+ 5 0,02 dit.
M

As a starting point of the study on the sixth-order GIMS operator, we obtain
some existence results of conformal metrics with positive Q-curvature candidates
on closed Einstein manifolds under some additional natural assumptions.

Theorem 1.1. Suppose (M", g) is a closed Einstein manifold of dimension n > 10
and has positive scalar curvature. Let f be a smooth positive function on M.
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Assume the Weyl tensor Wy is nonzero at a maximum point p of f and f satisfies
the vanishing order condition at p:

A f(p)=0 ifn =10,

(1-5) {vk '
f(p)=0,k=2,3,4 ifn>11.

Then there exists a smooth solution to the Q-curvature equation

n+6
Pou= fur=6, u>0 in M.

We remark that the condition (1-5) imposed on the Q-curvature candidates f is
conformally invariant. The condition that (M, g) is Einstein is only used to seek a
positive solution. Theorem 1.1 is a special case of a generalized Theorem 3.3.

This paper is organized as follows. In Section 2, the expansions of Green’s
function for P, when n > 7 are presented under conformal normal coordinates
around a point. The technique used here is basically inspired by Lee and Parker
[1987]; see also [Hang and Yang 2016]. The complicated computations of the term
P, (r6~") are left to the Appendix, where r is the geodesic distance from this point.
In Section 3, we prove an analogue (cf., Proposition 3.2) of Aubin’s result for any
closed manifold of dimension n > 10, which is not locally conformally flat. Based on
this result, using the mountain pass lemma we state in Theorem 3.3 some results of
the prescribed Q-curvature problem associated to the sixth-order GIMS operator on
Einstein manifolds. Then our main Theorem 1.1 directly follows from Theorem 3.3.

2. Expansion of Green’s function of P,

Based on the survey paper by Lee and Parker [1987] on the Yamabe problem, the
method of deriving expansions of Green’s function of P, is more or less standard
except for careful computations on some lower-order terms involved in F,. One may
also refer to [Hang and Yang 2016] for the Paneitz—Branson operator case. Green’s
functions of conformally covariant operators play an important role in the solvability
of the constant curvature problems, for instance, the Yamabe problem (see [Lee and
Parker 1987] etc.) and the constant Q-curvature problem for the Paneitz—Branson
operator (see [Djadli et al. 2000; Esposito and Robert 2002; Gursky et al. 2016;
Hang and Yang 2016], etc.). In particular, F. Hang and P. Yang [2016] set up a dual
variational method of the minimization for the Paneitz—Branson functional to seek
a positive maximizer of the dual functional; such a scheme heavily relies on the
positivity and expansion of its Green’s function. We expect that the expansion of
Green’s function for %6 will be useful to some possible future applications.

Throughout, we use the following notation: 2% = 2n/(n — 6), @, = vol(S", gs»)
and whenn > 6, ¢, =1/8(n—2)(n —4)(n —6)w,—1). Form € 7, let

P := {homogeneous polynomials in R" of degree m}
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and

H,, := {harmonic polynomials in R" of degree m}.

Then P, has the following decomposition (see [Stein 1970], p. 68-70):

[m/2]
P = @ Mo _ok).

k=0

Proposition 2.1. Assume n > 6 and ker P, = 0. Let G,(x) be the Green’s function
of the sixth-order GIMS operator at the pole p € M" with the property that P,G, =
¢ndp in the sense of distributions. Then, under the conformal normal coordinates
around p with conformal metric g, G,(x) has the following expansions:

(a) If n is odd, then

Gp(x) = rﬁ—"(l +> «/fk) +A+0(),

k=1
where A is a constant and ry € Py.
(b) Ifn is even, then
n n n
Gy(x) =r®" (1 + Z Iﬂk) + r6”( Z <pk) logr + r6”( Z (p,i) log?r
k=1 k=n—4 k=n—4

n

—|—r6_”( Z w,i/) log® r + ¢ log*r + A+ 0(),
k=n—2

where A is a constant and Yy, ¢, ¢, ¢; ¢ € Pr.
Moreover, we may restate some of the above results in another way.
() Ifn="17,8,9 or M is conformally flat near p, then
Gp(x) = cur®™" + A+ O(r),
where A is a constant.

(d) If n =10, then

Gp(x) = c,r |W(p)|*logr + O(1).

1
+ 17280
(e) Ifn > 11, then

Gp(x) = cur®" +4ur® + 0!,
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where Yy € Py and

. . 2 .
Yax) = Wity ()" /)? = 2 ™ (Wi () + Wks (D))
k.l k,l,s

1%@-@[

2 4-
T hmry VPl |

. 3 ]
)r2 [Z((vvikzs(p) + Wiks(P)x')? = —W(p)[*r?
k,l,s -

5% —66n+224 7’2[01 () (p)xind + W(p)I? 2]
120(n —8)(n —4) 2n(n—1)
3n*—16n° — 164n> +400n +2432
576(n+4)(n+2)n(n—1)
Before starting to derive the expansion of Green’s function of F,, we first need
to introduce some notation. For « € R, set

N 3n—20
270(n+4)(n—4)(n—8

IW(p)I*re.

Ay =1 Ao +2ard +a(@+n—2), Agg=r>Ag+2ard, +ala+n—2),

where A  denotes the Euclidean Laplacian, and

BaziAa =2ro, +20+n—2.
o

For k € Z, a straightforward computation yields (also see [Hang and Yang 2016,
Lemma 2.4])
Ao(plogkr) = Agplogh r + kByplogt = r + k(k — 1) log" 2 r.
From this, for «, 8, y € R we get
(2-1) A, ApAq(ploghr)
= A,ApAqplog'r + k(B,AgAy+AyBgAg+A,AgBy)plogh'r
+k(k—1)(AgAa+B,BgAa+B,AgBot A, BsByt+A,Ag+ A, Ag)plog2r
+k(k—1)(k —2)

(BgAq+ ApBy+ B,Aq+ B,BgB,+ B,Ag+ A,B,+ A, Bg)glog" r
+k(k—1)(k—2)(k —3)(Ag+ Ag+ A, + B,Bg+ B, By + B By )plog" ~*r
+k(k — 1) (k —2)(k — 3)(k — 4)(By + B + B )plogtr
+k(k — 1)k —2)(k — 3)(k — 4)(k — 5)plog"=°r.

A direct computation yields
No(r®p) =r“?Agg, AGrp)= No(r** Aep) = r* " Au 2 Ang,
AYrp) =r* %Ay 4Au 2400,
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In particular,
AYr®"0) =1 7" Ay pAs—pAsng.
Define
-2

My i= Ag8Tad +8Tad Mg + "7 Ag(01(A)Ag) +8Tud.

then rewrite (1-2) as —F, = (Ag)3 + Mg — (n—6)/20,. Notice that
Agg =Aq + 17 (Mg — No) = Ag +120;((87 — 87)0)),
— P (r*9) =r*"%(Ag—4Au—2A0p + Ko9),
where

(2-2) Ko =1 (Ag— A) Ay 2A0p + Aq_a(r(Ag — Ao)) Ay

- —6
+ Au—aAaa (P (Dg = R0)@ + 10 My (r9) — 521 Q.

We first state the expression of Pg(r6_”) and leave the complicated computations
to the Appendix.

Lemma 2.2. Under conformal normal coordinates around p with metric g, we

have
~B (™)
=—cpb,+(m—6)r " { —64(’19_4)

i r2 i 3
[%j(mklj(p)x xf)Lm;«vv,-kls<p>+vvﬂks<p)>x )hmwv(mﬁr“}
G [;«vwkzs(p) + Wi (p)x')? = %|W<p>|2r2}

—4(5n% = 66n +224)% o (4), ()x'x ! + %ﬂ

3n*— 1603 —164n%4+400n+2432
3(n+4)(n+2)n(n—-1)

|W(p)|2r4} + 0™,

where Wjy, is the Weyl tensor of metric g and each term in square brackets on the
right-hand side of the identity is a harmonic polynomial.
Consequently, we rewrite the above equation in Lemma 2.2 as
Pg(r67") =cpbp,+r"f,

with f = O@r%).
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Observe that fori =0, 1, ..., [m/2],
Aglpigg, ,, = (@+20)2m —2i +a+n—2)

and
Byly2iy, , =2m+2a+n—2.

Then
(23) ArnAsnAsnliain,
=6—n+20)4—n+20)2—n+2)Cm+4—-21)2Cm+2—2i)2m —2i).

We start to find a formal asymptotic solution like G, (x) =r®~"(1+Y_}_; ¥)+¢
with Y € Pk. If we can find ¥ = Y_;_, ¥ such that

2-4) A nAs_nAsn¥ + KoY + f = 00",
6,0

the regularity theory for elliptic equations gives that there exists a solution ¢ € C,’;
forany 0 <o < 1to

Pg((p) =y " (Az_nA4_nA6_n1ﬁ + K6—n1ﬁ +f)e Cl%c'

Thus it only remains to seek v satisfying (2-4) via induction. For any nonnegative
integer k, it is not hard to see from the definition (2-2) of K¢_, that K¢_,¢ € Pry2
when ¢ € Pr. We first set Y| = ¥, = 3 = 0 by (2-4) and define

fi=f=00Y.
Case 1. n is odd.
If we have found v, ..., ¥y for 3 <k <n —1 with ¥, € P, and

k k
Je=ArnAs_nAg—n <Z lﬁi) + K6—n (Z Wi) + fi=bpy + O,
i=1 i=1

then it follows from (2-3) that Ay_,; A4_, Ag—, is invertible on Py for0 <k <n—1.
Thus there exists a unique Y11 € P+ such that

Az-nA4—nA6—nVi+1 + biy1 =0.

This implies that

k+1 k+1
Jir1 =A2_,As_y Ag_p (Z 1//i) + Ke—n (Z l/fi) +f

i=1 i=1
=fi +ArnAs_nA6—nVit1 + Ke—nVit1
=0(r* ).

This finishes the induction and assertion (a) follows.
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Case 2. n is even and not less than 10.

Since Ay_,; Ag—p Ag—y is invertible on Py, for 0 <k <n—7, by the same induction
in Case 1, we may find ¥, ..., ¥,—7 such that

n—7 n—7

Ja—1= AQ—HA4—HA6—H(ZWk)+K6—n<Zwk) +f= O(”n76) = bn_6+0(r"75).
k=1 k=1

Let % =a'” () + B (x) log r, where & (x) € P,_6\r" "OH and B (x) €

r"~%%, then it follows from (2-1) that

Ar_nAs_nAe—n 1,0,52)6
=A2 A4 A6—na,(,0_)6+(B2—n A4nA¢-ntArz_nBsnA¢-ntArz_nAsy B6—n)13,§(i)6 .

Notice that for 0 <i < (n — 8)/2, we have
A nAgnAg-nliy, , #0
by (2-3) and

(B2-nA4—nAg—n+ArnBynAs—n+Ary A4—nB6—n)|r"*67-LO =8(n—2)(n—4)(n—06)
£0.

Hence there exists a unique 1//,50_)6 € Pp—6 + Pn—g logr such that
ArnAs_nAen @ +by_6=0
—nA4—n6-nY, ¢ n—6 .
This indicates that

Jn—6=Jn-7+ A2 nA4_nA¢-n 1//150—)6 + K6fnw,§0_)6
=0(") + (Ke_nB ") logr
=bp_s+ 0" Hlogr+ 0" ™).

Let wfi)S = “r(l(i)s + ﬂr@s log r, where oz,(gs € Pu_s \r”_6H1 and 515(1)5 € r"%,.
Then we have

A2—n A4—n A6—n W,E(i)S
= A2—n A4—n A6—n a,(,O,)S"i_(BZ—n A4—n A6—n+A2—nB4—n A6—n+A2—n A4—n B6—n)13,£(1)5 .

By similar arguments, there exists a unique W,(,O_)s € Pu_s+r""%%; logr such that

Ar Ay _nAen W,EO_>5 +b,-5=0.



44 XUEZHANG CHEN AND FEI HOU

This implies that

Foes =fr6+ Ar_nAs_pyAs_n Vs + Ko s
=0(" Hlogr+ 00"
=b'" logr 4+ 0" ™) + 0" ) logr.
Choose 10,594 = oe,(i)4 log r +ﬁ,(,134 log? r € Py_glogr+ (" OHa + r"*Ho) log? r.
Then (2-1) gives
Ar_pAs_nAo—n¥r,
=[Ar nAsnAs ey,
+2(B6 nA4 nAZ n+A6 nB4 nAZ n+A6 nA4 nBZ n)/3 IOg”
+ Ay pAgnAsnB log?r + O(r"*‘*).

Since

(B6—nA4-—nAz-n+Ae-nBsnAzn+As—nAs_nBrp)ln-oy, =8n+2)n(n—2)
# 0
(BG—nA4—n Ay pn+A¢-nBsnAz_n+As—nAs—nBrp) |r"—4’HO = —4n (n— 2) (I’l - 4)
#0
and Ay A4 nA¢nly2ig, , ,, 70 for 0 <i < (n—38)/2, there exists a unique W,El_)4
such that
Ay yAy_pAe— na( )
+ 2(B6an47nA27n +A6-nBanAz_n+ Ag—nAs_y Ban),B,(ll_)zl + b,(ll_)4 =0
and
(1) (1) (1)
fn —fn 5+ A nAs_nAe- nw 4+K6 nw
=0 )+ 0@" ) logr+ 0" ) log*r
=07, + 0" ) logr + 0" ) + 0" %) log* .

Choose w( )4 € Pu—s + (r" Oty +r""Ho) log r to remove the term b( )4 and set

frl(0)4_fn(l4+A2 nA4 nA6 n¢(0)4+K —nw(O)
= 0" ) logr+ 0" ) + 0" ) log*r.
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By similar arguments and (2-1), we get

Yals € Puslogr + (" Hz +r"*Hy) log? r;

W}'EO_)B € Pn—b’ + (rn76H3 + rn747-[1) logr;

YD € Pualogh r+ (" OHy + "y 4+ 1" 2 Hg) log Ty, fori =0,1,2;
Y0 € Puoilog r+ (" OHs + " Ha " Hy) log Ty, fori =0, 1,2;
Y\ € Pyloghr+ (" OHe + " Ha 4+ r" P Hy) log T, fori =0,1,2,3.

Now we set

0 0 0 1 0 1
V6=V Vs =0 Y=+ v s =y Oy D,

and
2 A 2 A 3
bea =0 v =00 va=3 v
i=0 i=0 i=0

Eventually, we obtain

n n
Jon=A2nA4_nAs—p (Z Wk) + K6-n (Z wk) +f
k=1 k=1
= 0" (log’ r +log® r +logr + 1) + O (r"*?) log* r.

Hence, r " f,, € C* for any O < « < 1. This finishes the induction and we obtain
assertion (b) as desired.

Case 3. n =38.

Notice that
P(Gy(x) —car =00 eL?,

for some % < p < 2. Then it follows from the regularity theory of elliptic equations
that G, (x) —c,r 2 € C_*'”. From this, we have G, (x) = c,r 2+ A+ O(r).

loc

Case 4. M is locally conformally flat.

One may choose g flat near p and F, = —Ag. Hence, P, (G(x) — M =0
and then G, (x) — c,r®" is smooth near p.

Therefore, the assertion (c) follows from cases 1,3,4. In some special cases,
the leading term ¥4 can be computed with the help of Lemma 2.2. The proof of
Proposition 2.1 is complete.
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3. n > 10 and not locally conformally flat

Similar to the Yamabe constant, for n > 3 and n # 4, 6, we define

ubPud
YS(M.g)=  inf ot Bt ity _
O<ueH3(M,g) 2n =0

It follows from (1-3) that Y6+(M, g) is a conformal invariant. However, due to the
lack of a maximum principle for higher order elliptic equations in general, we first
study another conformally invariant quantity,

P i
2n_
Sy lu176 dp )

In particular, we have Ys(S") = Y6+(S”) =(n-— 6)/2Q5na)2/". For w € C°(R"),
let

Ys(M,g)= inf
ueH3 (M, )\{0} (

n—>6"

n

lwlipsz =Y 1D wll 2 ~ I VAW 20,
|B1=3

and let D>2(R") denote the completion of C2°(R") under this norm. The equiv-
alence of the above last two norms can be easily deduced by the formula (3-4)
below. We first recall an optimal Euclidean Sobolev inequality (see [Lions 1985,
p-154-165], [Lieb 1983]).

Lemma 3.1. For n > 7, the following sharp Sobolev embedding inequality holds:

2n_ n”;é ) 32
|w|n—6dy) < IVAw|~dy forall we D> (R").
R)l

Y6(S")(

R~

The equality holds if and only if w(y) = 2/(1 + |y|?)"=9/2 up to any nonzero
constant multiple, as well as all translations and dilations.

Proposition 3.2. On a closed Riemannian manifold (M", g) of dimension n > 10,
if there exists p € M" such that the Weyl tensor Wy (p) # 0, then Yo (M") < Ye(S").

Proof. Recall the definition of F,:

n—=6

P = A+ Ao +5Tad Ay + 52 A 01 (A)A) +8Tid — 500,
Then for all ¢ € H3(M, 2),

-2
| orwdin= [ (va0Ran -2 [ B0 ADd-"5 [ o) sePdn,
M M M M

—6
—/ T4(V¢,V<p)dug+n7/ Q¢ du,.
M M
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Fix p > 0 small and choose test functions

n—6
00 =), we@=(575m) . €0

where r = x| = d,(x, p) and
mpeC, 0<n,<1, mp=1 in B, and 17,=0 in Bj,.

It is known from Lee and Parker [1987] that up to a conformal factor, under
conformal normal coordinates around p with metric g, for all N > 5, we have

W(p)l2

(A (P) =0, a1(Ag)i(p)=0.  Aw1(Ag)(p)=—170

and v/detg =14+ 0(@N).
Our purpose is to estimate [, ¢ ¢ djig and [, 9>/~ dyu,. A direct computa-
tion shows
2 2
;L r n €e—m—95r
u, =—n—6)uc a2 u, =—(n—06)uc —(62 )2
and

Aoue = —(n — 6) (ne® +4r?),

<+—z>z

(Do) = (n = 6)(n —4) ———=[(n+2)€* +4r%].

(e 24 2)3
We start with [, |VA@|? du, and divide its integral into two parts: f,, = Jo, +
Compute

| 1980F dn,

B,

fM\Ep'

= f g7 (Ap) i(Ap) jdug

B,

= / Y 4+ 0*)) (Ao + 0" e (Ao + OV e ;1 4+ 0GN)) dx
B,

_ f (VA0 dx + / (Do) (OGN )¢ + 06N )"y dx
B, B,

and
u2r2
| ioanpPar=m-6Pm-42 [ S5t 0 a7 as
R"\Ep R”\Ep (E +r)

o0
< c/ o> "do = 0("°).

/e
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Similarly, we estimate [\ B |VA@; dig = O(e"°). Thus, we obtain

/IVA¢|§dMg =f |VAgue[*dx + O ("7°).
M R~

Secondly, we compute

/B o1 (A)(Ag) disg

= / (%m (A).ij (p)x'x” + 0(r3))(A0</> +0@" He) (1 +0(™)) dx
Bp

2

1 2 2 3 Ue 2 242
=/B:pﬂAO’](A)(p)|X| (A()QD) d.x+/';p0(r )m(ﬂé +4r) dx

(n—6)2|W(p)|? /p(n62+4r2)2 > iy +f O (r¥)u? p
=— n— ———— g UCr r 5 T 3\ 4,
24n(n— 1) Y @4t e g, (€2 +12)?

and for some large enough N

/ _01(A)(Ap)? du, < C / Ao+ 0N e P+ 0 N)) dx
B1,\B, B>,\B,

<c f [(Aog) + 0PN D)o P dx
B>)\B,

= C/ 7(”6A077p+2vue'vnp+npAOMe)z dx+0(€n76)
B

2p\Bp

2P (ne? 4 4r?)?
<C 2 nfld I8} n—~6
=< /p —(€2+r2)4 u;r r+0(E" )

_ 2p/e 402)2gn—1
e / MA20" o+ 0
o)

<
- . (1 +02)n—2

8—n
< c&(?) + 0" % =0(@E"%.

Observe that

0 (%) if n =10,

r3u2
(3-1) / ———dx =1{0(]|loge|) ifn=11,
B 0(e%) ifn>12.
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Hence,

-2
o / o1 (A) (D) dysg
M

(=6 =2)|W(p)? fp (e +4r2? 5 i1
48n(n —1) " (€24r2)4 7€
O (e if n =10,
+ 1 0(|loge|) ifn=11,
0(€) if n>12.

Thirdly, we compute [,, T>(Ve, VA@) dji,.
/ I (Vo, VAp) dpg = / [(n —2)01(A)(Ve, VAg) —8A;¢,i(Ag) jldu,.
B, B,
Observe that u. ; = (x'/r)ul and (Ague) ; = (x'/r)(Aoue). Then we get

(n—2) /B 01(A)(Vo, VA@) diu,
1 ..
=(n—2) / (501 (A) ;i (p)x‘x/+ 0(r3>)gk’so,k<Ago>,z dig
Bﬂ

1 L.
=(n—2) f (501 (A) ;i (p)x'x/+ 0<r3)) "4+ 0 pr(Aop + 0N N dug
BP

=21
=122 [ S A )P (o) d + fB 0)1¢/|I(Bog) | dx

B,

. (”_2)|W(P)|2 2 u€2r4 2 2
__W/B{_(n—@ (n—4)—(€2+r2)4[(n+2)6 t4r ]}dx

0

O(r*)u?
+ /Bp—(éz e dx
_(n—=2)(n—4)(n—06)
- 24n(n —1)

19) 3y,,2
—i—/ —z(r )thez dx,
B, (€= +17)

2 rt 2 2 2
[W(p)| m”e[(n+2)€ +4r°]dx
B,
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and

—8/ Aijp.i(Ap) jdug

B,

1 -
- ‘8/ (Aif*"(”)xk + 5 Ayn (¥t + 0(r3))€0,i(A090 +0G NN, dug
B/J

=—4/B A (X x 5T [ == ) (n - 6)? m[(n+2)e +4r) | dx
+ [ 0wl ds

= 2 2 1 - i i 01(A) G (p)xixir?
=4(n—4)(n—6) pr[—gm;(Wlkb(mx X2 ]

n—>2
2

3y,,2
B,D
_8(n—4)(n—6)*

s iy
502 /Bp%j(w,k,](pwkn(p)xxx Dy

4(n—4)(n —6)? Aol(A)(p)r O (r’)u?
B /B @2y el DA dx d 5, (2422

(n_4)(n_6)2 2 P r"+3u2 0(r3)u€2
s DRG] e R T | s

2
[(n+2)e>+4r%] dx

where the last identity follows from

2

- u
ZWiklj(P)V[let(P)/ Xlxjxsxtm[(n—i-@e +4r%] dx
k.1 By

2

. p
ZZWszj(mWskl,(m/S O dno [ 1 e 4 dr

w 14 n+3 2
_ n(nn+12) ZWli (p)WYklt (P) [Szj 5st+81s5Jt+81t8]s]f 2)4 [(n+2)e —|—4r ] dr

2

2+ 2)4

= I +Wk,,<p>ijh<p>]/ (1242 dr

_ D o <>|f e (i) rartld
2n(n+2) 2+ 3 n € r=]dr.
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Then we have

-2 / T,(Vo, VA@) dug
B,
2

(n%—=28)(n —4)(n — 6)?
- (€2 + r2)4

12n(n —1)(n +2)

[(n +2)6 +4r2dr

+/ 02("3)2‘522 dx
Bp(€ +I”)

P
W(p) Pt / prtd
0

By a similar argument, one has

/ Tz(w,mgo)sCf Vel VAg| dpg
Byy\B, Byy)\B,

< Cf ull|(Aue) | dx + O(€" %) = 0(e"7°).
sz\B
Fourthly, we compute [, T4(Ve, Vo) dii,.

(n—6)| Aoi(A)|Vgl} djig = (n—6) A (Ai(A)(p) + O (9] + O gl?) dx
B, o
_6) W(p)P? uzr’ J / o0(r)ug
=l 12(n—1)Jp (€2+r2)? B, (€24+712)2

Using (A-5), we get

16
— BpBijQO,i(P,j diig

16 2, 2 B,]x x/

_16(n — 6)2

n—4

2
/‘; |:_§ Z[(Wkls(p) + Wlks(p))x ]

1 2.2 3 z
+ 12(}@_2)(’1_1)|W(P)| re— UI(A) i (p)x! X/ +0(r )]m

_ _16(m—6°1 2 1 Tn—8
T n—4 [ 3n(1—2) | 12(n—2)(n— 1)+12(n 2)(n— l)n]

O (r)u?
W)l /( T3 ) +/Bp<e2 Rk

19) 3y,,2
- [ e
B, (€7 +717)
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where the second identity follows from

D Waaas(p) + Wiars () = 2AW(P)P +2 D Watas (p) Wars (p) = 3IW(p) %,
i,k,l,s i,k,l,s

in view of

0 = Witts(Wiks +Wiksi+Wisix) = WiktsWitks+Wikas Wikst + WiktsWisik = 2WirtsWiaks — [W)?

at p. Also we have

f _Tu(Vg, Vso)dugsc/ Vol; dug = O (" ™).
By \B sz\B

Hence, collecting the above terms together with (3-1), we obtain

— / T4 (Vo Vo) du,
M
2 16 n—>6
=—(—06)| Ac1(A)|Vel,du, + 1| Bi®i#, dpg + O(€"7)
B, —4Js,
0 if n = 10,
5 [W(p)|? ulr? 5 )
=(n—06) 5dx+ 4 O(e’lloge|) ifn=11,

12(n —1) B, (€2+7r2) O(e 5) ifn>12

Finally, we compute ((n — 6)/2) fM Qggo2 dug. By the definition (1-1) of Qg,
integration by parts gives

(r3)u? ne
——/ Aoy (A)g? djug /( +r2)2d X+ 0("™)

n—6 O (r3)u?

=— /M Aoy (A)Ap* dpg + e rz)zd X+ 0"
(n —6)2|W(p)|2
— Do—1 / @1 2)2 IO)r —ne*ldr
0 (e if n = 10,

+ 1 0(|loge|) ifn=11,
0(ed) ifn>12,
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by (3-1), where the last identity follows from

-6
[ aoratan,
By

n

—6
= (Aa1(A)(p) + O (M) (Aop* + 0V 1 (9?)) dx
B,

2

n—=6 O(r)u
=228 [ 20s00+190R) dx+ [ G e
2 Bp B/)E +l"
(n—6)*|W(p)|* Pyt o / O(ryu?
-y ————[(n—10)r- — d dx
Ron—1 ), (62+r2)2[(’1 )r* —neldr + @

and the first identity follows from

/ Q9% dpg
sz\Bp

Therefore collecting all the above terms together, we obtain

< c/ Culdx = 0("0).
By, \B

/ Py du, = f |VAoUe|? dx + A p.e|W(p) 2wyt + O (€™M =630,
M R~

where A, , ¢ is a constant given by
(n—6) n—2 P (ne? +4r2)2u2rn+1 dr 4+ " —6 Pyttt i
48n(n—1) Jo (€2+r2)4 ¢ 12(n — 1) Jy (€2 +72)?
2 n—1
12(n —1)Jo (€2 —I— 2)2
(n> —28)(n —4) niy Ul
—_— r —_—
12n(n—D(n+2) Jo (€2 +r2)

2 € 252
—pn—6 (n—6) 64 -2 /p/ (n+407) a +O_2)—(n—6)0-n+l do
20—0 \Uan ), (d+o2

10)1’2 —nedr

[(n+2)e> +4r7] dr)

p/e 1
—6 — | 2\ —(n—6) n+1d
+(n )/0 (1+02)2( +0°) o o

ple 1 (n— 6) n— 1
—/ m( +0) ( 10)0 —n] dU
0

(n*>—=28)(n —
B nn+2)

4) ole n 2\—(n—6 2
f i+e 2)4<1+o)—"—>[<n+2>+4o]do>,
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where r = eo. When n = 10, we claim that the leading term of the constant in the
parentheses on the right-hand side of the above identity:

1 (PG40 41002 54 1 ole i
5] Tarenr U d 1 462 +10)6° d
5/(; (14+02)4 (4o o do+ , (+o 2)2( +0°)" (O' + )o‘ o

18

e 1 44 12)034d
_?0 (o 2)4( +02) 4o+ 12)0 B do

is a negative constant multiple of [log €|. To see this, notice it is obviously true for
the third term, and the first two terms equal

ple
é/ (0%[(40%+10)>— 1802 (402 +12)]+5(40>+10)(1+02)*}(1+0>) 36 do
0

p/e

- % / (=360° — 460 + 22002 + 50)(1 + 0) 80° do,
0

whose leading term is also a negative constant multiple of |loge€|. For n > 11, let

t = o2 The limit of the coefficient of |W(p)|2a)n_1 ase — 01is

2 00 2 4
12(n 1) 4n e

1 n C(m—=10)t—n 1y
—6 — 12 dt — ~ 12 dt
i )/o 1+ o (140

_ (n2=28)(n—4) 00(n+2)+4ttg+1dt}.

n(n+2) Jo (1+0)"2
With the help of the Beta function:

oyl F(@)I'(B)
- — B _ 7 7
fo dxyerp X =B@ B =100
for Re(a) > 0, Re(B) > 0, we have
n—2 (n+41)% n
4n/0 (g2 4t
—2/°°(n—4)2+8(n 4)(1+t)+16(1+t)2 s
(141)"2
2 n n n n
[( _4) B( +1, 2—3)+8(n—4)B(—+l,5—4>+16B<§+1,§—5)],
00 1 n
(=6) | ettt = (n—6)B( +1.5 5),
“m—-10t-n 2y, nn_
| Tt == 10)3( +1,2 - 5)+nB(2,2 4),
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and

_(n2=28)(n—4) [C(n+2)+4r 141
n(n+2) 0 (1+t)"_2 127 dt
_ 2=28)(n—4) [C41+12+(=6)(1+)—(n=2) & .

n(n+2)  Jo (141)m=2
4(n?—28)(n—4) n no g\ (n®—=28)(n—4)(n—6) n n
T att2) B(z“’ 2 5) n(n+2) B(z“’ 2 4)
(n*>—28)(n—4)(n— 2) B
t n(n12) B(5+1.5-3).

Hence, the above limit of the coefficient of |W(p)|?w,—; is rewritten as

(3-2) 2~ 71(;(”—_6)12) 4{@(%,%—4)

n n—2 2, (n>—28)(n —4)(n—2)
+B<§+1,§—3>_ (n— 4%+ i ]

20 =2)(n—=4)  (n*=28)(n—4)(n— 6)]
L n n(n+2)
) rd(n —2) 4(n* —28)(n —4)]}

n n
B(— 1.2 5 —n+104n—6—
+ 2+ > T, n+10+n w1 +2)

:2”—7ﬂ3<’1+1’g _5>

12(n—1) \2
n=2)(z-H(;5-95)
dn(n+2)(n —3)

n
+8(5

1,7 4)
272

(5n% — 2n — 120)

64{(n—10)—|—

%_5 3 2

3 2
— 6 30n —116) ¢,
+n(n+2)(n+n+ n )}

where we have used some elementary identities

non N TGHDIG=3)  G-9G-5.m n_
B(EH’E 3)‘ T(n—2) _(n—3)(n—4)B<2 L3 5)’
B(Z+1,2 2 Spmygn s

B(4.2 - 4) = % =”—nloB<g+1,g_s).
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The constant in the last brace of (3-2) whenn > 11 is

!
T lonm+2)(n=3)

+8(n —3)[(n — 10)(—n> + 8n® +28n — 176) + 8(—n> + 6n> + 30n — 116)]}
o 1 a5 4 3 2 _
=n—10+ 16n(n—|—2)(n—3)[ 3n° +2n" +228n° — 264n 1760n — 768]
_ —3n°+18n"+52n° —200n> —800n —768 _
o 16n(n+2)(n—>3)

n—10 {(n —2)(n — 8)(n — 10)(5n* — 2n — 120)

0.

On the other hand, we have

2n_ 2n, 2n 2n
/cpn—G dpg = / ul ¢ dig +/ pn=6du, = / ul~® dx + O(e").
M B n

B, 20\ Bp

Therefore, putting these facts together, we conclude by Lemma 3.1 that

O (¢* if n = 10,
fMQDng/)dng n 2 ( 5) .
- — =Y6(8") + A p WP @u—1 + {O(e|loge])  ifn=11,
(fM(pm dug) " O(€%) if n > 12,
[ Ye(S™) = CulW(p)Pe*lloge| + O(e*)  if n =10,
T Y6 (8™ — CulW(p)|2e* + 0(e?) ifn>11,

for some positive constant C,, > 0. Consequently, choosing € sufficiently small, we
obtain Yg(M") < Ys(S™). This finishes the proof. [l

Given a smooth positive function f on M", we define a “free” energy functional
by

1 1 #
Ef[u]:E/Mulfgud,ug—ﬂ/Mf|u|2 diig.

Let u ; or V;u denote the covariant derivatives of # with respect to the metric g and
Rfjk be the Riemannian curvature tensor of metric g. Notice that

ViViViu =V, V;Viu + Ry Viu = V;V'Viu — R\

We have

(3-3) / \VAul; dpg = / | AV;u — RYViul; dyu.
M M

Under g-normal coordinates around a point, one gets

S0 Viul;

= |Vul} + (VAViu, VV'u) g +u i (Riu i+ R iy + Ry g + Riu ).
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Integrating the above identity over M gives

(3-4) /M | AV dyug
:/M|V3u|§d,ug—I—/MO(|Rm||V2u|g+|VRm||Vu|g)|V2u|gdug.

From (3-3) and (3-4), it yields that the following two norms are equivalent:
1/2
llae ) g ::(/M(WAu@ dpg + |Vull + | Vul} + u?) dug>

1/2
%(/(|V3u|§,d,ug+|V2u|§+|Vu|z,+u2)dug> , ueH(M,yg).
M

Let || - ||, denote the norm of L? (M, g) for 1 < p < co.

A sequence {uy} in H 3(M, g) is called a Palais—Smale (P-S)g sequence for Ey
if Ef[ux] — B € Rand DEf[uy] — 0 as k — oo. The energy E; satisfies the
(P—S)g condition if any Palais—Smale sequence of E; has a strongly convergent
subsequence. We call F, is coercive if there exists a constant 1 (g) > 0 such that

o din = o [ P die, torall v e on.p).

Remark. If (M, g) is Einstein and of positive constant scalar curvature, from the
factorization (1-4) of F,, the coercivity of F, is automatically satisfied.

As an application, we adapt some arguments in Esposito and Robert [2002] to
show some existence results of the prescribed Q-curvature equation, whose solution
may change signs due to the lack of maximum principles (in general).

Theorem 3.3. Let (M", g) be a smooth closed manifold of dimension n > 10 and
f be a smooth positive function in M". Suppose the Weyl tensor W, is nonzero at
a maximum point of f and f satisfies the vanishing order condition (1-5) at this
maximum point. If F, is coercive, then there exists a nontrivial C RO < <)
solution to

(3-5) Pou = f|u|2u_2u in M.

In addition, if (M, g) is Einstein and of positive scalar curvature, then there exists a
smooth solution to the Q-curvature equation

n+6
(3-6) Pou = fun=6,u>0 in M.
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Proof. By the assumptions, there exists p € M such that f(p) = max,cp f(x),
W, (p) # 0 and the vanishing order condition (1-5) of f is true at p. Let
v

Lf Y%l

where ¢ = n,u, is the test function chosen in Proposition 3.2. By choosing 1, large
enough, we get E[y.(ty)] < 0. Let

Ve(t) =1

r= C([0. to]. H3 (M. 2)): v(0) =0, - L}.
{y(r)e (0. o), H2 (M, ); 7(©) =0,y 10) =ty

From the coercivity of F, and the Sobolev embedding theorem, we have

f[ ¢ }_1fM<pPg<pdug_i>1 1
LI ol

= —C——.
2 1Pl 2T 20 2
It suffices to only estimate the term:

2n_
/ Son—6du, =/
M B,

7

4
[f (P)+ Z%ail‘.jkﬂp)xl‘l x4 0<|x|5>]u3udx +0(e")
k=2

2n 4 :
= O™ ifn=10,
n—6
= d
Fp) | ue x+{0(e4) ifn>11,

where the second equality follows from the vanishing order condition (1-5) of f at p.
From this and some existing estimates in the proof of Proposition 3.2, we conclude
that there exist some sufficiently small € > 0 and a constant C;, > 0 such that

supEglye] =Ey[ye(t™)]

t>0

3 (fM(pPgdeg)Qu/(zu—z)
n\ IIf%pl2,

3 6—n . , ) 4 4 .
E(mﬁxf) 6 Ys(8")6 — C,|W(p)|-€”|loge| + O(e”) if n = 10,

IA

3 E= NP 2.4 4 :
;(mﬁa}xf) 6 Ys(S")6 — G |W(p)|“e™ +o(e7) ifn>11,

g_
where t* = (fM<pPg(p d,ug/llfl/Zﬁqollgz)l/(2 ® Then it follows from the mountain
pass lemma (see [Ambrosetti and Rabinowitz 1973] or [Esposito and Robert 2002,
Proposition 1]) that

p=inf sup Er[y(1)] =< sup Eflye(D] < ?—lYﬁ(S")%(mﬁX f)6%n
>

Vel 0<r<t

is a critical value of Ey and there exists a (P-S)g sequence {u;} of Ef in H 3(M, g).
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Next we claim that E; satisfies the (P-S)g condition. For the above (P-S)g
sequence {u} satisfying E¢[uy] — B and DE¢[ui] — 0 as k — oo, we have

2B +o(lukllgs) =2E¢[ur] — (DEs[ug], uy) / flug)? dﬂg
Together with the coercivity of F,, one has
w(@lukllgs <2E¢[ux] + % /Mfluklzrj dpg < C+o(llull z3).
From this, we get {u;} is bounded in H3(M, g). Then up to a subsequence, as

k — 00, uy — u in H>(M, g)and uy — uin LP(M, g) for 1 < p < 2% Ttis easy
to verify that u is a weak solution to (3-5), that is, for all ¢ € H3 M, g),

t_
[ R = [l du
M M

[ s, = [ g du.
M M

Eylu] = /flul dpg > 0.

Choosing ¥ = u, one has

whence

Applying the Brezis—Lieb lemma to
/MWAuk@dug=fM|VAu|§dug+/M|VA(u—uk)|§,dug+o(1>,

/f|uk|2:dug=/f|u|2“ dug+/f|u—uk|2m djig + (1),
M M M
we have
1 2 1 2f
Eflup]l — Ef[ul =5 | VA —uy)| ~ 5F Sflu—ug|™ dug +o(1)
= Er[u —ur]+o(1).
Since DEf[ux] — 0 in (H*(M, g)), we have

o(1) =(uy —u, DEs[ui])
=(ur —u, DE¢[ux] — DE¢[ul])

=/ |VA(u—uk)|§dug—fflu—uk|2” dpig +o(1).
M M
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Thus, we obtain

3/ VA — up) [} dpg +o(1) = Elug — u]
nJu
= E¢lux]l — Ef[ul +o(1) < Ef[ug] +o(1) — B,
as k — oo, which yields
(3-7) / VAW —u)lg dpig < 5P +o(D).
M

Mimicking a cut-and-paste argument as in [Djadli et al. 2000], we obtain that given
€ > 0, there exists a constant B, > O such that

2/2¢
( / |w|2"dug) s<1+e)Y6(S">lf <|VAw|§+|v2w|§+|w|§>dug+Be/ ¥ dpg,
M M M

for all v € H3(M, g). Choosing ¥ = ux — u and k sufficiently large, we get

2/2%
(f |u—uk|2”dug) s(1+e)Y6<S">—1/|VA(u—uk)|§dug+o(1).
M M
Hence we have

o) = [ 198G =l dig — [ flu = d
M M

zf VA —ur) [} dpug
M

2 z =
[1 — (max £)(1+€) 7 ¥5(8") "2 (/ VA —uk)iidug) ]
M

From (3-7) and 8 < (3/n)Ys(S™")"/%(maxy, f)©—/6, choosing € sufficiently small,
we get

o(1) = cf VA — )| dpg.
M

Combining the above inequality and the coercivity of P, to show that uy — u
in H3(M, g). Using the regularity result in Lemma 3.4 below, we know that
u € CO*(M) for any 0 < u < 1.

In addition, assume (M, g) is Einstein and has positive constant scalar curvature.
We define the modified energy in H>(M, g) by

41— ] 1 2
Ef [u]_§ Mu]‘(’gudug—ﬁ Mfu+ dug,

where u; = max{u, 0}. Using the above similar arguments associated with the
mountain pass lemma and mimicking what we did in Lemma 3.4 below for E,
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we get that there exists a nontrivial C-solution u to

n+6
(3-8) Pu=fu° in M.

Since P, is coercive by the remark on page 57, testing equation (3-8) with
— = min{u, 0} we conclude that u > 0 in M. Together with R, being a positive
constant and the factorization (1-4) of GJMS operator:

(P Bty ) (e P ) (e gy e =

and u # 0 in M, we employ the maximum principle twice and strong maximum
principle once for elliptic equations of second-order to show that u is a positive
solution to the equation (3-6). From this and Schauder estimates for elliptic equa-
tions, we conclude that u € C°°(M). This completes the proof. (]

We are now concerned with the regularity of mountain pass critical points for E.

Lemma 3.4. Let (M, g) be a smooth closed Riemannian manifold of dimension
n>17. Assume u € H>(M, g) is a weak solution of equation (3-5). Then u € COH(M)
forany 0 < pu < 1.

Proof. Rewrite P, = (—Ag)* — Mg+ (n —6)/2Q, by (1-2). Let u € H3(M, g) be
a weak solution of equation (3-5) and rewrite this equation as

(=g + DPu =Mgu +302u =384+ (1 = 580 )u + flu*u
(3-9) =b+ flul 2

where b e H~1(M, g). By the Sobolev embedding theorem we have u € sz(M, g)
and |u|2:_2 e L"%(M, g). Given € > 0, there exista K. > 0 and a decomposition
of f|u|2’j_2 = he +ne with ||helln6 < €, [[nelloo < K. Inspired by the arguments
in [Esposito and Robert 2002, Proposition 3], for s > 1 we define an operator

He:ve LY (M, g) — (=Ag+ 1) (hev) € LY(M, g).

Indeed, from the Sobolev embedding theorem, the standard W2 ?-regularity theory
of the elliptic operator —A, + 1 and Holder’s inequality, we have

I Hevlls < Cll(—Ag + D7 (hev)| 6 s <Cllhevl| _ns_
n+6s n+6s

=Cllhellzllvlis = Celivlls,

where the constant C is independent of u. If we choose € > 0 small enough, then
the norm of H, on the space L*(M, g) satisfies

| Hellps—ps < Ce < 1.
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With the help of the operator H,, we rewrite equation (3-9) as
(Id —Ho)u = (=Ag + 1) (b +neu),

then it is easy to show Id —H, : L* — L* is bounded and invertible. We intend to
prove u € H%(M, g). To see this, notice that (—Ag + D73(b + neu) € H (M, g)
since b+n.u € H~ (M, g). In the following, we first show u € H*(M, g). Apply the
Sobolev embedding theorem and the L*-boundedness of the operator (Id —H,)~! to
show thatifn <10, u e L?(M, g) forall p>1,andifn > 10, u € L2/ =10 g)-
In the latter case we have |u|2n_2u e L2n=6)/((n+6)n=10) (A1 o). From equation
(3-9), we get

(—Ag + 1)2I/l = (—Ag + 1)—1b+ (_Ag + 1)_1(f|1/l|2n_2u),

From (—Ag + 1)~ (Ju*"2u) € W220=0/(+60@=10) (pf oy <5 [2(M, g) and
(—Ag + D7'b € L>(M, g), we have u € H*(M, g) in both cases. Repeat the
above step with u € H 4(M, g) and b € L*>(M, g) in this situation. Notice that
(=Ag +1)73(b+neu) € H(M, g), similar arguments in the above step show that
ifn<12, ue LP(M, g) forall p > 1 andifn > 12, u € L>/"~12(M, g). In the
latter case, we get |u|? 2u € L2(M, g) due to 2n(n — 6)/((n + 6)(n — 12)) > 2.
Hence we obtain u € H%(M, g).

Finally we start with the classical bootstrap. We now construct a nondecreasing
sequence s; € RU {400} such that u WOosk(M, g) for all k e N. Set 59 =2, and
find k > O such that u € WO (M, g). Next we will define s;4+; by induction. The
Sobolev embedding theorem yields

ns
beLn2x(M,g),

with the convention that nsg/(n — 2s3) = +o00 if s > n/2, and
nsy(n—6)

ul?"2u € LT=60046) (M, g),

with the convention that ns;/(n — 6s;) = 400 if s > n/6. In view of equation
(3-9), we have

nsk nsy(n —6) }
n—2sx (n—6s)(n+6)1

If 53 € R for all k € N, it must hold that s, — +00. Then we have u € WO (M, g)
forall 1 < p < +4o0. If 5 = 400 for all k > ko + 1, then si, > n/6, whence
be L"*(M, g) and |u|* ~2u € LY(M, g) for all 1 < g < +o0. The equation (3-9)
leads to u € WO/4(M). Repeating the argument twice, we obtain u € Wor(M, g)
for all 1 < p < 4+o00. From this and the Sobolev embedding theorem, we have
u € C>¥(M) for all 0 < v < 1. By the regularity theory for the classical solution

ue WO (M, g) with sgy) = min{
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of the elliptic operator —Ag + 1, we get u € C%*(M) for some 0 < 1 < 1. This
completes the proof. ([

Appendix: proof of Lemma 2.2

As in Proposition 3.2, one may employ all computations under conformal normal
coordinates of the metric g around a point in M. From Lee and Parker [1987] that
up to a conformal factor, under g-conformal normal coordinates around this point,

for all N > 5 we have
4R
01(Ag) =0, 01(Ay) i =0, Ago1(Ag) = Ro-1D

at this point and v/detg = 1 + O (r"V) near this point.
To simplify the notation, we will omit the subscript g. Notice that

220t

n

—P,(r®™M =[A3 + ASTyd + 8ThdA + ”2;2A(m(A)A) +38Tad —

6

::ZIk.

k=1

Next, we begin to estimate all terms /;—/¢.
For I, let u = u(r) be a radial function. We have

Au(r) =Aou(r)+ 0N " Hu';
Au(r) =Aog(Aou(r) + 0N "Hu'y + 0V Y (Aqu(r) + OV Hu'y
=Afu(r) + 0N Hu"” + 0N " + oV s
Au(r) =Agur) + 0N Hu® + 0" @ + o0V
+ 0N Hu" + 0N .

Hence we obtain
L=MN0"" =—¢,8,+00 ™).

To estimate I, notice that
L=ASTod (r*™") =—A[(T2)y (r*™™) j1i == Al(T2)ij.i (r*™") j+(T2); (r*") il
Using
) ;= (6 —n)r*"x/,
(A-1) (™) ji = 4 —n)(6 —n)r* "x'x) + (6 —n)r* "8 + 0(r®™),
one has

(T2)ij.: (r®™) j = (1 — 10)01(A) ; (6 — n)r*"x! = (n — 10)(6 — n)o1 (A) jx/r*™"
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and
(T)ij (r®™),ji = [(n —2)01(A)gi; —8A;1(6 — m)[(4 — n)r*~"x'xd + r*="8;;+ O(r®~™)]
= (6—n)[4(n—4o1(A)r*™" —8(4—n)Ayx'x/r*"]+ 0@ "™").
Hence, we obtain
L=—(6—n)A[(n—10)01(A) ;jx/r* " +d(n—4)o1 (A)r* " —8(4—n) A;x x/r*™"]
= (n— 6){(n — 10)[4(4 — n)o1 (A) jx/r*™" +2(4 — n)oy (A) jpx! xFr?"
+01(A) jux ! r? 7" 4+ 2801 (A)r* " + 0P
+4(n — H[Ac (A)r*™" 4+ 2(4 — n)oy (A) 1 x*r? 7" +2(4 — n)oy (A)r*™"]
+8(n — )42 —n)Ayx'x r T+ AA X P2
+401(A) ix' r? ™" +201(A)r* "1}
= (n—6){—4(n —H)(3n —26)01(A) ;x/r* " +6(n — 6) Acy (A)r*™"
—2(n —10)(n — 401 (A) jex/xkr?™"
+ (1 —10)01(A) jux/r* ™" + 0 (™) — 8(n — 6)(n — 4oy (A)r* ™"
—32(n —4)(n —2)Ayx'xr " + 8(n — 4)AA~xixf' 2l

O | w(p2rt

= (1= 6){ 401 = )G — 26101 (4) (P’ xI 2" = =C

—2(n — 10)(n — 401 (A) j; (p)x'x r*™"
—4(n—6)(n — 401 (A) jj(p)x'x/r>"
—16(n —4)(n —2) Ajj (p)x'xd xFxlr

+8(n— 4)AA,-jxixjr2_”} + O™
n—~6

24n
20 WP

—(n— 6){—2(n — 4)(9n — T4)01 (A) 4 (p)x 32 —
—16(n — 4)(n — 2) A;j i (p)x'x/ xFx'r
+801 = HAAx' x| L 05,
To estimate
L=8Td A(r®™) =—[(To)y(Ar®™") j1i=—(T2)ij.i(Ar®™") j= (T2 (Ar°™) ji.
Recall that T, = (n — 2)01(A)g — 8A. Then
(1y)ij,i = (n —10)o1(A) ;.
Observe that
Ar®T =46 —mr* "+ 0N,
(Ar®™") ;=46 —n) & —n)x/r> ™" + 0N,
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and
(AF°™") ji = 46— n)(4 = m[2 = m)x'x/r ™" + 1781+ 0+,
Then we have
(T2)ij (AF™™) i
=4(n —6)(n —H[(n —2)01(A)gij — 8A; Q2 —m)x'x/r "+ 1278 + 0(r*™)]
=4(n —6)(n —H[—(n — 2?01 (A)r* "+ n(n — 2)oy (A)r*™"
+8(n—2)r "Ajx'x! —8a1 (A "+ 0T
=4d(n —6)(n —H[2(n — 6)o1 (A)r* "+ 8(n—2)r "A;ix'x' 1+ 0(>")
= 4(n—6)(n —A)[(n — 6)01(A) 1 (P)x'x r* "+ 4(n — 2)r " (Ajju (p)x'x/x"x")]
+0(r™.
Hence, we obtain
I =—4(n —6)(n — ) [(n — 6)01(A) 5 (P)x'x/r* " +-4(n — 2)r (A a(p)x'x/x*xh]
—4(n—6)(n—4)(n—10)r*"o1(A) ;x" + 0 (™)
=—8(n—8)(n—6)(n—4)51(A) ;i (p)x'x/r* ™"
— 162 —6)(n —4)(n = 2)r (A (p)x'x’x"x) + 077",
We now compute

n—2
2
=2(n—2)(6 —n)A(oy (A)r47”) + O(rN+4fn)

=2(n—2)(6 —)r* "[Ac1(A)r? +2(4 —n)o1(A) ix' 4+ 2(4 — n)o1(A)]
+ O(rN‘l’an)

L= Ao (A)AFS™))

1
2(n—1)

=2(1-2)(n - 6)r*”"| W) 4+ 301 = 4 (A) i (p)x' x|

+ 0.
For Is, from (A-1) we have
Is =8Tyd (r®=™)
=— ((T)yr®™" )i
=— (T)ii (r) j — (T (r®™") ji
== Q)" (Ty)yix/ — (0 = Hr* " (Ty)yx' ! + 7" w(Ty)]
= — 61> + 1y + 121,
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Also from [Lee and Parker 1987], we have
Sym(Ry1,ij + & Rukim Ruijm)(p) =0 and  R;;(p) =0,

then
I _ !

Ri,ij (p)x x/x*x —% rictm (D) Waijm (p)x x9 xF x

Thus we have

o 27 1 o
(A2) Ag (Pl xhxl = =2 5 (Wi (p)x'x/)? —
k,l

o1(A) ;i (p)xix/r?
n—2 '

To estimate 13(5). From the definition of 7}, one gets
3n® —12n* —36n+64

4
__nn=6) oo
=~ WP+ 0.

tr(Ty) = — a1(A)+4(n* —4n — 12)|AP+n(n — 6) Aci(A)

Thus one obtains

5 _ _nn—06) 2 4-n 5-n
;7 = 12(n—1)|W(p)| "+ o).

For the term [ 1(5), it is easy to see
I = (Tyx) = 007,
It remains to estimate the term 12(5). One has
(A-3) (T);jx' x7 = (n — 6) Aoy (A)r? — %Bijxixj + 00",

Notice that
Bijx'x! = [Cijik — At Wijix' x7 = [(Aij i — Ak )k — Art Wegja1x' x7
= [AAj — Ak jk + O(N)]x'x
and
A(Ayx'x7) = (Ayax'x! + Ay (5" 8j+x78i1)) &
= (AANX X+ 24, k(X 8j5 +x78i1) +201(A) + O ()
= (AAX X! +401(A) ix" +201(A) + O ().
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By (A-2), one gets

(AAxx = A(Ajx'x?) — 4oy (A) ;x' —201(A)+ 0 ()

Bl o o
=A|SAiju (p)x‘xcixfx O(rS)} —4[o1(A) ;i (P)x'x I+ 0 ()]
—01(A) ;; (Px'x/+ 0 ()
C 11 o o1(A) i (p)xixir?
=A|l——— oy beiy2 MR
=4l Qn_zgwk,,(p)xx) T ]

—501(A) ;j (P)x'x T+ 0 (r?)

2 1 )
=—= [(Witas(p) + Wirs(p))x'T?
9n—2/§;
1 20 -1 ij 3
(A-4) +m|w(m| r —6m01(14),ij(l7)x x/+0(r),

where the last identity follows from the following two estimates:

A(a1(A) ;i (p)x x!r?)
= A(01(A) ;; (p)x x))r? +2V(01(A) ;; (p)x x))Vr? 4 (01(A) 4 (p)x'xT) Ar?
=2A01(A)(p)r? +801(A) i (p)x'x! 4 2n01(A) ;j(p)x'x! + O ()

= _6(}’11—1) |W(p)|27”2 +2(n+4)o (A),ij (p)xixj + 0(?‘3)

and

A Wij(p)x'x!)? =2 " [Wiggj(p) (8154178017 =2 [(Wotas(p) +Witks(p))x' T2
k,l k,l,s k,l,s

which follows from

A[Z(vv,-ku (p)x"xﬂ =2 "[Waaaj (P)x' %)) AWats (p)x*x") +| V(Winz (p)x'x )]
k,l k,l

and AW (p)x*x") = Wyt (p)(x*8ir 4+ x"8i5)).i = 2Winii (p)8sy = 0. Using
Ak jk = Ajkkj + RfjkAlk + R]l(jkAil = 01(A) ij + Rijjx Ak + Ry A;;, one has

A jkx'x? = 01(A) ;jx'x7 + Ry Ax'x? + Ryj Aypx'x?
= (01(A),j(p) + O(r)x'x’
+ Wi (p) + O ) (Apgem (p)X™ + O(r))x'x! + 0(r*)
= 01(A) ;j (p)x'x/ + 0().
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Thus, one obtains

(A-5)  Byx'x) =—2—= [(Wis(p)+Warks (P))x 1P+ \W(p)I*r?
On—2 12

Pt (n=2)(n—1)

Tn—8
n—2

01(A) 4 (p)x'x! + 0 ().

Inserting the above equations into (A-3), one gets

i =— =6 22, 32 . | -
(Tyx'x! = — 52 S W) P g — I;;[(th([’)-i-vvllks(p))x]
4 2.2
T30=Hm-m—n "I
16(7n—8 y
whence

12(n—1) 9(n—-2)

16(7n—28)
n—2

1§5>=r2—"[wwp)ﬁr2— 2 Wiaas(p) + Wi (p))x')?
ks

W(p)Pr? — o1(A) (p)xfxf] OGS,

4
3= (1)
Combining all the terms together, one has

2_
15:[ n“—8n—+8

2 4—n
T

32 i .
“5m_2) %((vv,-kls (P) + Waks (p))x")?r?

_16(7Tn—8)
n_

7 1A (P)xix"rz_n] (n—6)+0@>™).

Finally, from the definition of Q, in (1-1), it is not difficult to show that
Io=—(n—16)/2Q,r5" = 0@®™).

Therefore, collecting all the terms I1—/g together with (A-2) and (A-4), we
conclude that

16 .
—B,(r") = =8y + (1 — 6) [—gz«wim(m + Was(p)x')2r? "
k,l,s
B 2(n —8)
3(n—1)

_,  64(n—4) i i n
IW(p)I*r? +TZ(W}MJ-(p)x x/)?r
k.l

— 4(5n* — 66n +224)01 (A) ; (p)x'x’ rz_”:| +030>™
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64(n —4 .
=—cpby+(m—6)r " { % [Z("Viklj(l’)xlxj)2
Kl

72

D (Watas(p) + Wiaks (p)x")?

n+4
+ k,l,s

2.4
T amra WPIT }

: 3
D (Wiaas(p) + Waks (p)x")* — —|W<p)|2r2}
n

16(3n — 20) 2[
r
k,l,s

9(n+4)

o W(n)|?
—4(5712—66n+224)r2|:01(A)Jj(p)x’xJ_|_ IWp)l r2:|

12n(n—1)
3n* — 16n° — 164n* + 400n + 2432
3n+4)(n+2)n(n—1)
where each term in square brackets on the right-hand side of the last identity is a
harmonic polynomial. This finishes the proof of Lemma 2.2.

|W<p>|2r“} + 0™,
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