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ON THE ASYMPTOTIC BEHAVIOR OF BERGMAN KERNELS
FOR POSITIVE LINE BUNDLES

TIEN-CUONG DINH, XIAONAN MA AND VIET-ANH NGUYEN

Let L be a positive line bundle on a projective complex manifold. We study
the asymptotic behavior of Bergman kernels associated with the tensor pow-
ers L? of L as p tends to infinity. The emphasis is the dependence of the uni-
form estimates on the positivity of the Chern form of the metric on L. This
situation appears naturally when we approximate a semipositive singular
metric by smooth positively curved metrics.

1. Introduction

Let L be an ample holomorphic line bundle over a projective manifold X of
dimension n. Fix a (reference) smooth Hermitian metric 7y on L whose first
Chern form wy is a Kihler form. Recall that wy = (+/—1/27) R, where Ré is the
curvature of the Chern connection on (L, hg).

Let i’ be a semipositive singular metric on L. For various applications, one
needs to understand the asymptotic behavior of the Bergman kernel associated
with L? and h’ when p tends to infinity. A natural approach is to approximate the
considered metric by smooth positively curved metrics, and therefore, it is necessary
to understand the dependence of the Bergman kernels in terms of the positivity of
the curvature of the metric. See [Btocki and Kotodziej 2007; Demailly 1992; Dinh
et al. 2015] for the regularization of metrics. This method was already used in our
previous work on the speed of convergence of Fekete points, see [Berman et al.
2011; Dinh et al. 2015]. In §2.3 of the latter, inspired by [Berndtsson 2003], an
L'-estimate for Bergman kernels was obtained. Here, we investigate the uniform
estimate which can be useful for applications in geometry.

Fix a smooth Kihler form 6 on X (one can take 6 = w(). Consider a metric
h=e"2?hq on L with weight ¢ of class C"*° whose first Chern form w :=dd‘¢p+wq
(here d¢ := (v/—1/2m)(d — 9)) satisfies

(1-D) w>¢0 for some constant 0 < ¢ < 1.
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Consider the natural metric on the space of smooth sections of L?, induced by the
metric 2 on L and the volume form 6" /n! on X, which is defined by

(12) 122 = f I5CV) 2,07 /!,
X

Here, |5(x)| g stands for the norm of s(x) with respect to the metric 2%” on L?. Let
(-, ) pe be the associated Hermitian product on C*°(X, L?), the space of smooth
sections of L”. Let P, be the orthogonal projection from (C*° (X, L), (-, - ) ,¢) onto
the subspace of holomorphic sections H%(X, L?). The Bergman kernel associated
with the above data is the kernel associated with the last projection where we use the
volume form 6" /n! to integrate functions on X. This kernel is denoted by P, (x, x'),
with x, x’ € X. It is a section of the line bundle over X x X which is the tensor
product of two line bundles: the first one is the pullback to X x X of the line bundle
L? over the first factor, and the second one is the pullback of the dual line bundle
(L*)P of L? over the second factor. In particular, its restriction to the diagonal of
X x X, i.e., P,(x, x), can be identified to a positive-valued function on X. See
[Ma and Marinescu 2007] for details. In fact, if {s;}; is an orthonormal basis of
(H°(X, LP), (-, -)), then

(1-3) Pp(r) =Y Isj 012 =suplls )2y, s€ HAX.LP)  with [[s] 2(pgy=1)-
J

Here is the main result in this paper which gives us a uniform estimate of the
Bergman kernel in terms of ¢, w, p and ¢. This is a version of Tian’s theorem
[1990]. See [Berndtsson 2003; Boutet de Monvel and Sjostrand 1976; Catlin 1999;
Coman and Marinescu 2016; Dai et al. 2006; Hsiao and Marinescu 2014; Ma and
Marinescu 2015; Xu 2012; Zelditch 1998] for various generalizations. We also
refer to [Ma and Marinescu 2007] for a comprehensive study of several analytic
and geometric aspects of Bergman kernels. The last reference is inspired by the
analytic localization technique in [Bismut and Lebeau 1991].

Theorem 1.1. Under the above assumptions, there exist § > 0, ¢ > 0 satisfying the
following condition: for any | € N*, there is a constant ¢; > 0 such that for p € N*,
p¢ > 6, and x € X, we have

_ w(x)" IO
(1-4)  |p7"Pp(x,x) — < cldp Pl T dg 222 0p !

9()6)" n+5 n+2
2n+2 —1 [ I
+arloly (gl ~H O p
Note that | - | stands for 1 + || - ||cx. As a direct consequence, we infer the

following result by taking / = 1.
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Corollary 1.2. There exist § > 0, ¢ > 0 such that for any 0 < ¢ < 1, any weight ¢
of class C" 0 with dd°¢ + wy > ¢0, and any p € N* with ¢p > 8, we have

w(x)" —6n—9 8n+30 1
ooyt | =B

(1-5) p " Py(x,x)—

If ¢ € C"T2k+6 we can adapt easily the proof of Theorem 1.1 to get the estimate
for Ck-norm of the left-hand side of (1-4). Cf., Remark 3.9.

The article is organized as follows. In Section 2, we reduce the problem to
the local setting. In Section 3, we establish Theorem 1.1. We need an approach
different from previous ones which use the normal coordinates and the extension of
connections on L; see [Dai et al. 2006, §4.2] and [Ma and Marinescu 2007, §4.1.3].
Note that throughout the paper, the constants ¢, ¢/, ¢;, ... may change from line to
line.

2. Localization of the problem

Recall that the complex structure on X is given by a smooth section J of the vector
bundle End(7X) such that —J? is the identity section. Here, TX denotes the real
tangent bundle of X. Denote also by 79X and TV X the holomorphic and
antiholomorphic tangent bundles of X. They are complex vector subbundles of
TX ®g C. The Kihler form 6 induces a Riemannian metric g7% on X defined by
g™ =0(-,J-).

Let 93X be the d-operator acting on L” and 3~ its dual operator with respect
to the metric # = e 2?hg on L and the Kihler form 0. Consider the Dirac and
Laplacian-type operators

Q2-1)  Dp:=~2(3"+3"*) and O,:=1D2=3""5""*+5" 5"

They act on Q¥*(X, LP), the space of the forms of bidegree (0, - ) with values in L.
Let VL be the Chern connection on (L, h =e2?hg) and RL = (VE)? its curvature

which is related to the first Chern form w by

(22) vl

w=-——RE
21

Let VTX be the Levi-Civita connection on (T'X, gTX ). It preserves TAOx 7O Y,
and its restriction to 790X is the Chern connection V7""X. Let VA" be the
connection on A(T*®DX) induced by VI""”X | and VA**®L’ the connection on
A(T*ODX) ® LP induced by VA" and VL. Foru e T:OX and v e TOD X, let
u* € T*OD X be the metric dual of u with respect to g7, define the operator c( - )
depending linearly on a vector in T X @ T©-D X by setting

(2-3) cu):=v2u* A and c(v) :=~2i,,
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where i denotes, as usual, the contraction operator. Then by [Ma and Marinescu
2007, p.31], for {e;} an orthonormal frame of (TX, g7¥), we have

AO,- LP

(0-4) D, = Zc(ej)vej B

J

Denote by K% the anticanonical bundle of X. The curvature of K% with respect
to the above Riemannian metric is denoted by RXX. Then /—1RXX is the Ricci
curvature of (X, g’%). Let {w J}" be a local orthonormal frame of 79 X with
dual frame {w/ }" . Set

(2-5) wg ==Y R (wy, W) D" A,

Recall that (v/—1/27)RY = w > ¢6. Then wy is a section of End(A (T**V X))
and RL acts as the derivative wy; on A(T*0-DX). By [Ma and Marinescu 2007,
(1.4.63)] and using that (A%, 5) pp = 0, where AP isa holomorphic Kodaira type
Laplacian, we obtain for s € Q% (X, LP) that

(2-6) 1D 172(pg) = 2(0p8. 9) ps

= _2p<wdsv S>p¢ + ZZ(RK;(U)[’ wm)wm N iﬁ)[sa s>[)¢'

I,m

Now by (1-1), (2-2), (2-5) and some standard arguments (see the proof of [Ma and
Marinescu 2007, Theorem 1.5.5]) there exists § > 0, depending only on the Ricci
curvature R, such that if p > 8, then the spectrum of DI% satisfies

(2-7) Spec(D;) C {0} U[27¢p, +ool.

Let ax denote the injectivity radius of (X,6). For0 <€p <ax /4, let fo,:R—[0,1]
be a smooth even function such that

for

lv| < e€0/2,
for |v|>e€

0-

1
(2-8) feo(v) = {0

Set

+00 -1 p4oo
(2-9) Fey(a) 2=( feo(v)dv> / e fo(v) dv

+00 -1 p4oo
=( feo(é“_lv)dv> f " feo (¢ ') dv.

Then F¢,(a) lies in Schwartz space S(R) and F,,(0) = 1.



ASYMPTOTIC BEHAVIOR OF BERGMAN KERNELS 75

Proposition 2.1. Let § > O satisfy (2-7). Then, foralll e N, 0 < €9 < ax/4 and
F., as above, there exists ¢ > 0 such that for p > 1, §/p <¢ <1, x,x' e X

(2-10) | Fey (D) (x, X') — Py(xt, X) || L3¢ (pgyy < clew|F2g=6n=31=6 p=1

Proof. For a € R, set

(2-11) ¢p(a) =11 szp 1o (1a]) Fey (a).
By (2-7) and (2-11), for ¢p > §, we get
(2-12) Fey(Dp) — By = ¢ (Dp).

By (2-9), for any m € N there exists ¢ > 0 such that for all ¢ € ]0, 1],
(2-13) sup |a|™|Fey(@)] < c¢™™.
acR

Thus, for any m € N and {p > §, we have

D,)"Fe,(D
10" Feo(D)sll 2y _

(2-14) (D))" Fey(D)||%0 := <cg.

s€Q0-(X,LP)\{0} 151l L2(pg)

As X is compact, there exists a finite set of points a;, 1 <i <r, such that the
family of balls U; := B¥(a;, €9) of center a; and radius €, is a covering of X.
We identify the ball BT4%(0, €y) in the tangent space of X at a; with the ball
BX(a;, €y) using the exponential map. We then identify (7X)z, AT*OD XYy, Llé
for Z € BT % (0, €o) with 7, X, A(T*ODx ai» L‘Zi by parallel transport with respect
to the connections V7%, VAO", VL along the curve yz : [0, 1] > u — expgf[_ (uz).
Then (L, h)|y, is identified as the trivial bundle (L, hg,).

Let {e;}; be an orthonormal basis of T, X =~ R?". Let ¢j(Z) be the parallel
transport of e; with respect to V7¥ along the above curve. Let T'L, TA™ be the
corresponding connection forms of V% and VA™ with respect to any fixed frame
for L and A (7*©D X) which is parallel along the curve y, under the trivialization
on U;. Denote by V, the ordinary differentiation operator on 7,, X in the direction v.
As we are working in the Kéhler case, by [Ma and Marinescu 2007, Proposition
1.2.6, Theorem 1.4.5, Remark 1.4.8], we can write on U;

- ~ 0o
(2-15) Dy =Y c() (Ve +pIHE)+T"7E))).

J
In fact, the last identity is a consequence of (2-4). Consider the radial vector field

R =), Zje;. By [Ma and Marinescu 2007, (1.2.32)], the Lie derivative LrTlis
equal to ig RE. Therefore, we get the identity

1
(2-16) r;= / (irR")izdt,
0
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which allows us to bound I'%.
Let {¢;} be a partition of unity subordinate to {U;}. For m € N, we define a
Sobolev norm on the m-th Sobolev space H” (X, A(T**DX) ® L?) by

(2-17) ||s||Hm—ZZ Z Ve, -+ Ve, (9i8)]17.2.

Note that here we trivialize the line bundle L using a unitary section; so the section s
above is identified with a function. Therefore, we drop the subscript p¢ since this
weight is already taken into account.

By (2-15), (2-16) and [Ma and Marinescu 2007, (1.6.9)], for P a differential
operator of order m € N with scalar principal symbol and with compact support in
U;, we get

(2-18) I1Ps ] < (1D, Psliz2 + plololl Pl L2)
m

c/(nPDpsuLz +p) |w|k||s||Hm-k),
k=0

for some constants ¢, ¢’ > 0. From (2-18), we get by induction for (other) suitable
constants ¢, ¢’ > 0

m+1
(2-19) Isllgna <Y p" " HIDSsl: J] lol,
k=0 Sk D=m—k+1
m+1
’ m+1—k k m—k+1
<Y p" T RIDEs | palwln
k=0

Note that for k =m + 1 we set ||~} k11,

Let Q be a differential operator of order m’ € N with scalar principal symbol and
with compact support in U;. We deduce from (2-19) with suitable sections instead
of s that

/

(2200 1Q*pp(Dp) D slipz <Y p" K IDE ¢ (D) DEslp2looll 5
k'=0

m’

—ch’" D 9, (D)sll 2Ll
k'=0

Note that the operators, considered in the last two lines, commute. Thanks to (2-7),
(2-11), (2-12) and then (2-14),if 0 < ¢ <1 and ¢{p > §, for any g € N, the main
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factor in the last line can be bounded using
1) IDE™ ¢, (Dp)sl 2 < (¢p) 12| DEK T4, (Dy)s |l 12
< c(&p) PR s .

Take any / > 0 and choose ¢ := 2(m +m’ —k — k' +1) in (2-21). Using the
identity
(DE¢y(Dp) 05, s') = (5. Q*¢,(Dp) Dys'),
then by (2-19)-(2-21), there exists ¢; > 0 such that for 0 < ¢ <1, ¢{p > &, we have

(2-22) [|P¢p(Dy)Qsll 12

m m
+m'—k—k' 2.—k—qg—k'
<c) Y pmi R gyt K kel T s
k=0 k'=0
—3m—3m’-3l —l !
< p e ol sl 2.

Finally, on U; x U}, by using the standard Sobolev’s inequality and (2-12), we get
(2-10). Proposition 2.1 follows. [l

Remark 2.2. By (2-9) and the finite propagation speed of solutions of hyperbolic
equations [Ma and Marinescu 2007, Theorem D.2.1], F¢,(D,)(x, x") only depends
on the restriction of D,, to BX(x, €y¢), and

(2-23) Fey(Dpy)(x, x "Y=0 when dist(x,x) > €pc.

To get the uniform estimate of the Bergman kernels in terms of ¢, p, we need
an approach different from the use of the normal coordinates and the extension of
connections on L in [Dai et al. 2006, §4.2] and [Ma and Marinescu 2007, §4.1.3].
Let ¢ : X DU — V C C" be a holomorphic local chart such that 0 € V and V is
convex (by abuse of notation, we sometimes identify U with V and x with ¥ (x)).
Then, for any x € %V :={y e C":2y € V}, we will use the holomorphic coordinates
induced by ¢ and let 0 < €g < 1 be such that B(x, 4¢p) C V for any x € %V. We
choose €y smaller than ax /4 in order to use the estimates given in the proof of
Proposition 2.1. Consider the holomorphic family of holomorphic local coordinates
YUy s U (B(x, 4€p)) = B(0, 4¢p) for x € %V given by ¥, (y) := ¥ (y) — x.

Let o be a holomorphic frame of L on U and define the function ¢(Z) on U by
|o |§, (Z) =: 7299 Consider the holomorphic family of holomorphic trivializations
of L associated with the coordinates ¥, and the frame o. These trivializations are
given by W, : LIy 1 (5.4 — B(O, dég) x € with W, (v, v) := (¥ (), v/ ()
for v a vector in the fiber of L over the point y.

Consider a point xg € 5 V Denote by ¢, :=¢ o w the function ¢ in local
coordinates ,,. Denote also by @il and ¢!2! the ﬁrst and second order Taylor
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expansions of ¢y, i.e.,

n
% dp .
wﬁf}](Z) = Z<_(XO)Z]' + —_(XO)Zj>,
= 0z 4
(2-24) . 3
o2(2) —ReZ(8 e G0

Jj.k=1

(XO)ZjZk)
where we write z = (z1, ..., 2,) the complex coordinates of Z.

Let p : R — [0, 1] be a smooth even function such that
(2-25) po®)y=1 if |t|<2; p@)=0 if |t| > 4.

We denote in the sequel Xo = R?" >~ T, X and equip X, with the metric g7*0(Z) :=
gTX(,o(EO_1 |Z|)Z). Now let O < € < ¢ and define

(226) 9c(Z) :=p(e ' 1ZDexy(Z) + (1= p(e"1ZD) (0 (x0) + @1/ (2) +0L1(2)).
Let heLO be the metric on Ly = X x C defined by

(2-27) [1122)(2) = 722,

Here, as above, subscript € implies the use of the weight ¢.. Let VX0 be the Chern
connection on (Lo, h£0) and RE be the curvature of V10,

Then there exists a constant A with c|d¢|; ' < A < 1 for ¢ > 0 such that when
€ < At, the following estimate holds for every xg € U:

(228)  inf{V/=TR.(u, Ju)/lul2ry, su € TzXo and  Z € Xo} > 3¢

because there exists C > 0 such that for |Z]| <4e, 0 < j <2, we have

(2-29) |040(2) = (9(x0) + 03/ (2) + 91 (D) | s =< Cldgla|ZIP .
From now on, we take

(2-30) € = €Al.

Let Sy, be the unitary section of (Lo, #£0) which is parallel with respect to V0
along the curve [0, 1] 5 u — uZ for any Z € X(o. We can write it as Sy, = e~ °1
with t(xg) = ¢(xo), then

(2-31) VZLOS,CO =iz(—dt —20¢:)Sx, =0,

and hence the function t is given by

1
(2-32) °(Z) = p(x0) =2 / (20901 zdt.
0
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Let

(2-33) DX = 23k + aho)

be the Dolbeault operator on X associated with the above data, i.e., 8 Ly is the
adjoint of §L0 with respect to the metrics g7 and hLe. Over the ball B (xo, 26) D,

is just the restriction of D, X0 Now by [Ma and Marinescu 2007, Theorem 1.4.7], and
the observation that the tensors associated with g7*0 do not depend on ¢ and e, as
in (2-7), we get from (2-28) the existence of a constant § > 0 such that for ¢p > 3§,

(2-34) Spec(D;*)* C {0} U [¢p, 400l

Using S,,, we get an isometry L) ~ C. Let PO be the orthogonal projection
from C% (X, L) ~ C®(Xo, C) on Ker(D,"). Let Po(x x") be the smooth kernel
of P0 with respect to the volume form dvx,(x") 1nduced by the metric g7*0. We
have the following result:

Proposition 2.3. Foralll €N, there exists ¢ > 0 such that for ¢ p > 8, x,x’' € B(xg, €),

(2-35) 1B = Pp)(x, x) o < c(ldgply ' )= p~ o] 2

Proof. First, we replace f¢,(v) in (2-8) by f,,(v/A). By Remark 2.2 and (2-30), for
x,x" € B(xo, €), we have F.(D,)(x, x") = FG(DS)(x, x"). Now we have a version
of Proposition 2.1 for P with A instead of ¢. Estimate (2-35) follows. O

3. Uniform estimate of the Bergman kernels

We continue to use the notations introduced at the end of the last section. By
Proposition 2.3, in order to study the kernel P,, it suffices to study the kernel P0
For this purpose, we will rescale the operator (D), 0)2 Let dvry be the Rlemanman
volume form of (7, X, g 0X). Let x(Z) be the smooth positive function defined
by the equation

(3-1) dvx(Z) = k(Z)dvrx(Z),

with k(0) = 1.

Let {e j}z be an oriented orthonormal basis of 7y, X, and let {e/ }2 be its dual
basis. They allow us to identify Xy = C" with R?" and we write Z = (Z Ly ovos Zog).
If « = (ay, ..., ar,) is a multi-index, set Z% := Zl -‘-Zgi". Denote by Vi the
ordinary differentiation operator on T, X in the direction U, and set d; := V,,. Set
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t:= p~ Y2 For s € C*(R*", C) and Z € R?", define

(S:5)(Z) :=s(Z/1), V, =187 P12,

(3-2) 1,2 12, Xor2..—1/2
& =8Pk A(D)0) 12,

Once we have done the trivialization of Lg on X, (3-2) is well defined for any
peR, p>1.

The notations (-, -)g and || - || mean respectively the inner product and the
L?-norm on C* (X, C) induced by g7*°. For s € C{°(Xo, C), set

IstEg = st = | | Is(@)P dvrx(2),
63) o

2 . 2
IsI7, =" D Ve, Vi, sl
1

1=0 ji, . ji=

We then, for convenience, denote by (s, s"); o the inner product on C*(Xj, L%f)p )
corresponding to the norm || - ||;,0. Let H;" be the Sobolev space of order m with
norm || -||;,,. Let H,_1 be the Sobolev space of order —1 and let || - ||;,—; be the norm
on H,~' defined by [|s|l;, 1 := supg_ycp 145, ") ol /s 1. If B - H — H" is
a bounded linear operator for m, m’ € Z, denote by || B ||;"’ml the norm of B with
respect to the norms || - ||;,, and || - ||; -

Theorems 3.1, 3.2, 3.4 and Proposition 3.3 below are the analogues of [Ma
and Marinescu 2007, Theorem 4.1.9-4.1.14] (cf., also [Dai et al. 2006, Theorem
4.7-4.10]). The emphasis here is the precise dependence of the involved constants
on the curvature form w.

Theorem 3.1. There exist ¢y, ¢z, c3 > 0 such that for t € 10, 1], ¢ € 10, 1], and
s, 5" € C (R, ©),

(L8, 8)1.0
(L, s )10l

2 2
cilisly y — cz2lwlolisllz o
(3-4) " "

AN\

cslolollslle,llsllz,1-

Proof. By using the Lichnerowicz formula [Ma and Marinescu 2007, (4.1.33)], the
same arguments as in (4.1.38)—(4.1.39) of the same work give the result. (]

Let &, be the counterclockwise oriented circle in C of center 0 and radius ¢ /2.

Theorem 3.2. There exists 8§ > 0 such that the resolvent (A — %)~ exists for all
A€d; andt €10, /¢ /5] There exists ¢ > 0 such that for all t € 10, /¢ /3], A € ¢,

we have

(3-5) =2 0 <27, 10— < clwlde
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Proof. By (2-34) and (3-2), we have
(3-6) Spec(£) C {0} U, +ool.

Thus, the resolvent (A —.%) ! exists for A € d¢ and 1 € 10, /¢ /8], and we get the
first inequality of (3-5).
By (3-4), (Ao — %) exists for Ag € R, A9 < —2¢2|wl|o. Moreover, as

2
cillsliyy = —=(o—Z)s, s)e0 < 1o — ZDslle—1llslle1,
we have

1a— 1
(3-7) o —-2) 7" “<a-

On the other hand, we have

B8 =L '=—L) T =2 —L) -2

Therefore, for A € 8, from the first estimate in (3-5) and (3-8), we get
- 1 _

(3-9) 10— 27170 < o (122 =olg ™).

In (3-8), we can interchange the last two factors. Then, applying (3-7) and (3-9)
gives
|

—+
C1 Cl2

(3-100 =27 < (14+21% = xole ™) < clof3e ™"

The theorem follows. |

Proposition 3.3. Take m € N*. There is a ¢ > 0 such that fort €10,1], Q1,...,0Om€E
(Vi ZjYJLy and s, s' € C°(Xo, ©),

G-1D) (01,102, ... [Qum. £1.. Q5. 5'), | < cldglir™™ lIslleallsll..1-

Proof. By [Ma and Marinescu 2007, (1.6.31)] and as in the proof of Proposition
1.6.9 of the same work, we know that [Q1, [Q2,...[Om,-Z]...]] has the same
structure as .%; for ¢ € [0, 1]. More precisely, it has the form

(3-12) D it t2) Ve Vie; + D di(t. tZ)Vse +C(t 1 Z),

ij J
where a;; (7, Z) and its derivatives in Z are uniformly bounded, d; (z, Z), c(¢, Z) and
their first derivatives in Z are bounded by c|d¢|mm(2’m) for ZeR* and 1 € [0, 1]

m+1
and a constant ¢ > 0. We then get estimate (3-11). U
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Theorem 3.4. For Q1,..., QO € {V,,ej, Zj}?l:p there exists ¢ > 0 such that we

have fort € 10, /¢ /8], A € §; and s € Cg°(Xo, C),
(3-13) Q1+ QA —Z) sl
<cd >0 el (elie Y Qg - Qs
k=0 1<ji<--<jir<m

Proof. For Q1,..., Q0 € {V,,ej, Zj}i”zl, we can express Q1+ On(A — %) as
the sum of (A—.%4)"'Q; -+ Q,, with a linear combination of operators of the type

(3_14) [lev [Qj27 " [Qjm1 ) ()\' _9%)_1] .. ']]QjmlJrl e Q[mv

with ji < j2--+ < jm,> Jm+1 <--- < jm- The coefficients of this combination are
bounded when m is bounded. Let S; be the family of operators

[Q0.[Q),,...[Q). Z4].. 11=-[0;,[Q),...[Qj,. A—Z]...]]
Note that
[0.0~2) " "N=~(=2) "0, 4= L1G0—L) " = (—2) [0, L1 —2) "
thus by the recurrence on m| we know that every commutator
(01 [Q)as - [Q),» =27 ']..]]
is a linear combination of operators of the form
(3-15) A=L)7' 10— L) S+ Sy 0 = 27!

with S1,..., S, € S and my < m;. The coefficients of this combination are
bounded when m; is bounded.

From Proposition 3.3 we deduce that the || - ||t1 ! norms of the operators
[0,,[Q),,...1Qj,Z]...]] are uniformly bounded from above by a constant
times |d¢|§+1. Hence, by Theorem 3.2, the || - ||?’1 norm of the operator (3-15) is
bounded by a constant times

my
—my—1, [2my+2 I
¢ Mol 30 [Tldel

[1+-~+[mz=m1 ]:1
I, /mzzl

The theorem follows. O

Let 7 : (C*(Xo, ©), || - llo) — Ker(.%) be the orthogonal projection correspond-
ing to the norm | - ||;o given in (3-3). Let P,(Z, Z'), (with Z, Z' € X)) be the
smooth kernel of P; with respect to dvrx (Z'). Note that .%; is a family of differential
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operators on Ty, X with coefficients in C. Let 7 : TX xx TX — X be the natural
projection from the fiberwise product of 7X with itself on X. We can view P;(Z, Z')
as smooth functions over TX x x TX by identifying a section F € C*°(TX xx TX, C)
with the family (F,)x,ex, where Fy, := F|;-1(,). In the following result we adapt
[Ma and Marinescu 2007, Theorem 4.1.24] to the present situation.

Theorem 3.5. Foranyr € N, o > 0, there exists ¢ > 0, such that for t € 10, /¢ /4]
and Z,7' € Ty, X with |Z],|Z'| <o

2 4r42 Sr-rdn+d 5, 2n+2
(3-16) ,Z') CO(X)<C nedr- |d¢|2:in11| |r+ " |d¢|nrﬁ:§-

Fraid
Proof. By (3-6), for every k € N¥,

1 k—1 —k
3-17 P = A A—L)dA.
( ) t 2]_[\/_—1 5 ( t)
For m € N, let Q™ be the set of operators V; ¢, ---V,,e,.j with j < m. We apply
Theorem 3.4 to m — 1 operators Q», ..., Q,, instead of m operators. We deduce

that for I, m € N* with/ > m, and Q = Q1 --- Q,, € Q™, there are ¢, ¢’ > 0 such
that for ¢ € 10, \/¢ /8], ¢ €10, 1], s € C5°(Xo, C) and A € &,

(3-18) Q1O —Z) sl 0
<clQaOmh—2) sl

m—1
Y el eloe Y R - Q= £) T s

k=0 1<ij<--<ir<m

Then, by induction and using (3-5), we get

(3-19) 101 Qmh—Z) "sllio < cg 7™ Hdg ™ w3 sl 0-

As % is symmetric, we can consider the adjoint of the operator in (3-19) and get

for 0'=0Q)---Q, €Q",
(3-20) I =270 -~ Qlysllio < cc 7™ 7 Hdg ™ w2 sl 0-

Note that for m =0 and [ € N we also have || (A —.f,)_lsllt,o <c¢™! lsl¢.0- Thus,
for Q € 9", Q' € Q" with m, m’ > 0, by taking k = m +m’, we get

1 I e — !
(3-21) IIQPIQ/II?’O<§/ QG — 2™ Q'R dA
8

_ r_ [, T Y ’

—1y 12 1y 2 —m—m 42
= cldply " wlg"1delm ~ wlg™ £ 7"
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By [Ma and Marinescu 2007, Lemma 1.2.4], (2-31), (2-32) and (3-2), on
BT0X(0, ¢/1),
(3-22) Vielz = Ve +ARE (Z, e) + O Z1))|d 2.

2 xo
Let | - |(o),n denote the usual Sobolev norm on C*°(B %X (0, 0 + 1), C) induced
by the volume form dvrx(Z) as in (3-3). Observe that by (3-3), (3-22), for m > 0,
there exists ¢ > 0 such that for s € C*°(Xg, C) with supp(s) C B(0,0 + 1),

(3-23) st < I8l (o).m < cld@ly (ISl m-

¢ |d¢|m+1

Now, we want to estimate Q7 Q" P,(Z, Z') using the standard Sobolev’s in-
equality for Q € Q" and Q' € Q™. If we define S := QP Q' then we have for
|Z],1Z| <o

glel 3|a lg
aZOl Z/Ol

(3-24) 1020, P(Z. 7)) < csup| Iz =1,

(o),n+1

supp(s) € B, o + 1), |al, o] <n+ 1}.

Hence, by (3-23), applied twice to n + 1 instead of m, and also (3-21), applied to
m+n+1,m +n+ 1 instead of m, m’, we get
(325  sup [Qz0Q%P(Z, 2|

1Z].1Z'|<o

+ 2m+2n+2 "+ 2m'+2n+2 2n+2 » —m—m'—2
ldply i lolg™ T del T ol T el T

By (3-22) and (3-25) for m = m’ = 0, estimate (3-16) holds for r = 0.
Consider now r > 1. Set
J j
(326) Iy i= {(k I ={(i oy Y ki=k+j, Yori=r kin eN*}.
i=0 i=1

Then there exist a¥ € R such that

iEZ
Rl 08

—k;j
o A=)

,
Ak = - gy h
(3-27) o

atr”

=) F= Z ak Ak, ).

(k.r)elir

Set g;;(Z) := (3/3Z;,3/3Z;)z, and (g"/) the inverse matrix of (g;;). Note that
(3" /9t") (g (tZ)), (0"/0t")(Vt,e; — (l/t)FéL0 (tZ)) are functions which do not de-
pend on ¢, and (8”/8t”)RL0(tZ) (8”/8t”)FL0 (tZ) are functions of type dt2)ZP,
and Ve, -- Eud (tZ) is uniformly controlled by |d@|;4,+1.
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We handle now the operator A’;(A, 1)Q’. We will move first all the terms Z?
in d’'(tZ)Z" (defined above) to the right-hand side of this operator. To do so,
we always use the commutator trick as in the proof of [Ma and Marinescu 2007,
Theorem 1.6.10], i.e., each time, we perform only the commutation with Z; (not
directly with Z# with |B] > 1). Then Ak(A 1) Q' is as the form Z|ﬁ|<2r ZLp, ,Qﬁ
and Q” is obtained from Q’ and its commutation with Z#. Observe that [Z;, ft]
is a ﬁrst order differential operator and [Z;,, [Z},, £]] = g/172(¢tZ) is a bounded
function. Therefore, .#3 ; is a linear combination of operators of the form

(3-28) =L RS A —L)7hSy - Sp— L) 7H,

with S; € {a(tZ)Vie; Viey,» dj K Z) Ve, d’(tZ)} and the number of Vie;, in all
{S;}iislessthan ), r; +2j =r+2j. Ask > 2(r + 1) +m + m’, we can split the
above operator into two parts as in [Ma and Marinescu 2007, (4.1.51)] and use the
fact that the term Vi (A — %)~ will contribute g“_ll. Similarly to (3-18), we get
that A¥(x, ¢) is well defined and for m,m’ €N, k > 2(r + 1) +m+m’, Q € Q",
Q' € Q™ there exists ¢ > 0 such that for A € 8¢ and t € 10, \/Z /8],

(3-29) 1QA* (., ) Q'sll0

J
— Y ki—m—m'=3r

+2r—1, 2m+4 "4 2r—1, . 2m'+4 —
<cldgly 5 olg"  ldgln 15 elg™" e = > 11ZPsllro
IBI<2r
+2r—1| 2m+4 "f2r—1), 2m' +dr . —k—m—m'—4
<cldpln 3 wlg" M lde 3 wlg” T e S 1 Z2Ps .
|BI<2r

By (3-17), (3-27) and (3-29), as in (3-21), form,r e N, Q € Q" and Q' € o
there exists ¢ > 0 such that for 7 € ]0, /¢ /5] and s € C;°(Xo, ©),

3-30 ”
( ) Qatr £,0
2r—1 "+2r—1 2 2 8r o« —m—m'—4
< cldplpar 1de | 3 algm S e AN Y ZPs .

|Bl<2r

Finally, equations (3-23) and (3-30) together with Sobolev’s inequalities imply
for |Z],1Z'| <o

9" 2n4+2+4 _on—dr—
791‘(2 Z) c|d¢|2n+4r | |0( n++r)|d¢|2n+2§ 2n—4r 2'

(3-31) sup 2r+n+1 n+2

1Z1.1Z/|<o | 01"

This ends the proof of the theorem. ]
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Note that by (3-22), the operator .%; has a limit when t — 0 which we denote
by 4. For k big enough, set

1
3-32 Fi=——
( ) 2w/ —1r! /5{

Let F,(Z,Z') € C*(TX xx TX, C) be the smooth kernel of F, with respect
to dvTx(Z/).

Theorem 3.6. Forall j € N, o > 0, there exists ¢ > 0 such that for t € ]0, /¢ /4]
and Z, 7' € Ty, X, |Z|,|1Z'| < o, we have

j
(3-33) ”(79, —ZF,t’) (2,2
r=0

2(2j+n+2) 2(4j42n+6) 2n+2 . —4j—2n—6,i+1
<C|d¢|2j+n+3 |0)|0 |d¢|nrj_2§' J=an=bp7+1

M aF ARG 0)d
(k,r)ely,,

co(X)

Proof. By [Ma and Marinescu 2007, (4.1.69)], we have

1o
rltor

(3-34) =F.

t=0

Recall that the Taylor expansion with integral rest of a function G € C/*1([0, 1]) is

j , .
N LG 1[G
339 60 - Y 5 5l0n =] | e—wi=G wan, tewo.n.
Theorem 3.5 and (3-34) show estimate (3-16) holds if we replace (1/r!)(d" /0t")P,

with F.. Using this new estimate together with (3-35) and (3-16), we get (3-33). U

Let P be the orthogonal projection from L*(Xo, C) onto Ker(.%), and let
P(Z, Z') be the smooth kernel of P with respect to dvrx (Z’). Then P(Z, Z') is the
Bergman kernel of 4. By [Ma and Marinescu 2007, (4.1.84)], if we choose {w ;} to
be an orthonormal basis of T,C(O1 9 X such that Rﬁ =diag(ay,...,an) € End(Tx(O]’ )X )
with (REW,Y) = RE(W, Y) for W, Y € T{"” X, then

n

i 1 ’ -/
(3-36) Pz.z)=]] ;—n exp<—zt > ai(lzil + 17 - 2z,-z,~)>.

=

The following result was established in [Ma and Marinescu 2007, Theorem 4.1.21]:
Theorem 3.7. There exist polynomials J,(Z, Z") in Z, Z' with the same parity as r
and deg J,(Z, Z') < 3r, whose coefficients are polynomials in R™X (resp. R') and

their derivatives of order <r —2 (resp. < r), and reciprocals of linear combinations
of eigenvalues of R at x, such that

(3-37) F(Z,Z=J.(Z,Z"YP(Z,Z).
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Moreover, we have
(3-38) Jo=1 and Fy="7P.

Owing to (3-1), (3-2), as in [Ma and Marinescu 2007, (4.1.96)], we have
(3-39) PXZ.Z) =1« VAZ)P(Z/1.Z)/)k"VA(Z'),  forall Z,Z e R*.

From Theorems 3.6 and 3.7 and (3-39), we get the following near-diagonal
expansion of the Bergman kernels. Recall that we are working with t = p~1/2,

Theorem 3.8. For every j € N, there exists ¢ > 0 such that the estimate

(3-40) ‘( PXZ,Z) - ZF(IZ PZe (2 (Zp -’/2>
r=0

2(2j+n+2) 2(2n+4j+46) 2 2 — 1)/2+—-2n—4j—6
cldgly )V loly T T dg [ pm U

holds for all0 < ¢ <1, ¢p>6,and all Z, Z' € Ty X with |Z|,|Z'| < o/./D.

End of the proof of Theorem 1.1. We apply Theorem 3.8 to Z = Z’ = 0 and
j = 1. Note that F;(0, 0) = 0 because the function F] is odd. By equation (3-36),
P(0, 0) = w(xg)"/0(x9)". So from (3-40), we get

1 o w (x0)" 2n+8), (4n+20| 7 ¢ 12142 » —2n—10 _—1
G4 |SR0.0 =T < el e 0
We then deduce the result form Propositions 2.1, 2.3 and (3-41). O

Remark 3.9. Assume now ¢ € C"*2¥¥6. Then by the usual C¥-norm on each U;
and Sobolev embedding theorem, from (2-22), we get

(3-42) | Fey (D) (x, XY = Bp(x, X))l x < claw| 2422k g =0n=31=6=3k )=l

Note that VX" =d + pI'L (cf., (2-15)), thus if we use the C¥-norm induced by vy,
then we get

(3-43) [ Fey(Dp)(x, x') — Pp(x, X" llek (xx)

2n+2+2r —6n—3(k—r+1)—6—3k _—k+r—1 k—r _k—r
<cZ|w|n+, (mrah=o=3p lwlZrp

2n+2+2k§ —6n—-9-3k -1

< clow| p

In the same way as (2-35) and above, we get

G3-44) (B = P x)llek(xxx) < c(ldeply ') p o 212K,
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Combining [Ma and Marinescu 2007, (4.1.64)] and the argument for (3-16), we get

r

d
—P(Z,Z
a2, 2)

) <et —2n—4(r+m’)—2|d¢|4("+m )+2n

8(r+m')+4n+4 |d¢|2n+2.
, 2(r+m’)+n+1
C”‘I

(3-45) |lwly P

here C™ is the usual C" -norm for the parameter xo.
Thus we get an extension of (1-4):

_ w(x)" —on—dk—10. —
(3-46) Hp an(x’x)_e(x)n CfC|d¢|31;2i§8|w|gn+8k+20|d¢|ir:52§ 2n—4k=10,,-1
+eclol {2 (dglag HM

Remark 3.10. Let ¢ be a function of class C% with 0 < o < 1, which is wg-
plurisubharmonic, i.e., dd°¢ + wp > 0. For each 0 < ¢ < 1, we can find a smooth
wo-plurisubharmonic function ¢; such that ||¢¢ [|cx < cz % and dd ¢ +wo > ¢ wo,
see [Dinh et al. 2015]. As mentioned in Section 1, we can study ¢ by applying our
results to ¢;. Some steps in the proof of our estimates can be strengthened using
e llex < c¢ =%+ for each 0 < k < n + 6 instead of using only the C"*+®-norm.
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