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REGULAR REPRESENTATIONS OF COMPLETELY
BOUNDED MAPS

B. V. RAJARAMA BHAT, NIRUPAMA MALLICK AND K. SUMESH

We study properties and the structure of some special classes of homomor-
phisms on C*-algebras. These maps are #-preserving up to conjugation by a
symmetry. Making use of these homomorphisms, we prove a new structure
theorem for completely bounded maps from a unital C*-algebra into the
algebra of all bounded linear maps on a Hilbert space. Finally we provide
alternative proofs for some of the known results about completely bounded
maps and improve on them.

1. Introduction

Completely positive maps and completely bounded maps on C* algebras are well-
studied objects (see [Arveson 1969; Paulsen 1986; Pisier 2001]). We look at
two well-known structure theorems for completely bounded maps. The first one,
which we call the fundamental representation theorem of completely bounded maps
(Paulsen 2002; Wittstock 1981; 1984; Haagerup 1980) says that all completely
bounded maps from a unital C*-algebra A into the algebra B(H) of bounded
operators on a Hilbert space H can be obtained from a unital representation of
A on another Hilbert space, by composing it with two bounded operators. Un-
like Stinespring’s [1955] representation theorem for completely positive maps,
there is no minimality condition on the representing Hilbert space, and hence the
fundamental representation is not unique. The second structure theorem, namely
commutant representation theorem (proved by Paulsen and Suen [1985]) says that
all such completely bounded maps can be obtained from a unital representation,
by first multiplying by an element in the commutant and then conjugating by a
bounded operator. Later, using the theory of Hilbert C*-modules, Heo [1999]
proved analogues of these structure theorems for the case when the range algebra
is an injective C*-algebra.

We prove a new structure theorem for completely bounded maps (Theorems 3.2,
3.6). The idea is that to represent completely positive maps in Stinespring’s theorem,

MSC2010: primary 46L07, 46L08; secondary 46L.05.
Keywords: C*-algebra, completely bounded map, Hilbert C*-module, Stinespring’s theorem,
s-homomorphism.
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one requires x-homomorphisms, and for a similar representation of completely
bounded maps we need to consider homomorphisms which are not necessarily
s-preserving. This is necessary because conjugation of a x-homomorphism by a
bounded operator is always a completely positive map. However, it is possible to
impose symmetry or some other additional restrictions on the homomorphisms in
order to realize all completely bounded maps. That is what we do here.

To begin with, symmetries are self-adjoint unitaries. A homomorphism is sym-
metric if it preserves adjoints modulo conjugation by a symmetry. We define
regular homomorphisms and ternary homomorphisms. We demonstrate that these
homomorphisms are symmetric. Regular homomorphisms are essentially direct
sums or direct integrals of ternary homomorphisms.

In Section 3A we prove that (Theorem 3.2) every completely bounded map
from A into B(#) can be obtained by composing a regular homomorphism with
a single bounded operator. We will call this the regular representation theorem
for completely bounded maps. Moreover, we show that there exists a universal
regular representation which can be used to generate all completely bounded maps
from A into B(#H). Since all representations (i.e., *-homomorphisms) are regu-
lar homomorphisms, we may consider the regular representation theorem as an
immediate generalization of Stinespring’s representation theorem for completely
positive maps. We look at Hilbert C*-module versions of these results. We also
provide (Section 3B) new proofs of some results due to Paulsen and Suen [1985]
and Heo [1999]. In Section 3C we study natural relationships between different
representation theorems of completely bounded maps.

1A. Basic definitions and results: Throughout H, K are complex Hilbert spaces.
Our inner products are linear in the second variable and conjugate linear in the
first variable. Typically A, B, C denote unital C*-algebras. For an element a of
a unital C*-algebra A, o(a) denote the spectrum of a. For a subset X" of A, the
“commutant” is defined as X’ ={a € A: xa=ax forall x € X}.

Suppose A, BB are C*-algebras. A multiplicative linear map 7 : A — B is called
a homomorphism. By a x-homomorphism we mean a homomorphism which is also
s-preserving, i.e., w(a*) = w(a)* for all a € A. If a *-homomorphism is mapping
into the algebra of all bounded operators on a Hilbert space, or into the algebra of
all bounded adjointable operators on a Hilbert C*-module we call it a representation.
If A, B are unital C*-algebras and 7 (1 4) = 13, then 7 is said to be unital.

Recall that a linear map ¢ : A — B between two C*-algebras is said to be

(i) a completely positive map (CP-map) if for all n > 1, ¢, : M,,(A) — M, (B)
defined by ¢, ([a;;]) = [¢(a;;)] is positive, i.e., ¢, ([a;;]) > 0 for all 0 < [a;;] €
Mn (A)a

(i1) a completely bounded map (CB-map) if ||¢|c» := supl|l¢, || < oo,
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(iii) a completely contractive map (CC-map) if ||¢|l» < 1.

We let CB(A, B) denote the space of all CB-maps from 4 into B. Given a map
¥ A — Bdefine ¢y* : A — B by ¢¥*(a) ;== ¢¥(a*)* for all a € A. Note that if
Y € CB(A, B), then ¢* € CB(A, B) with ||Y*||cp = ||¥|lcp- See [Paulsen 2002]
for details on basic results.

Stinespring [1955] proved that if A is a unital C*-algebra and ¢ : A — B(H)
is a CP-map, then there exists a triple (IC, w, V), called Stinespring’s dilation
for ¢, consisting of a unital representation 7 : A — B(K) of A on a Hilbert
space K and a bounded linear map V : H — K with ||| = | V||? such that
o(-) = V*r(-)V. Moreover, K can be chosen to be “minimal” in the sense that
K =spanm(A)VH, and in such case the triple is unique up to unitary equivalence.
Conversely, ¢(-) := V*z(-)V is a CP-map if 7 is a representation. If 7 is a
J-homomorphism (but not a *-homomorphism), then ¢(-) := V*x(-)V need not
be CP. In fact it need not even be positive. But if 7 is in a special class of J-
homomorphisms, called regular homomorphisms, then ¢ is a CB-map. Theorem 3.2
says that all CB-maps from A into B(#) are of this form.

Here we recall basics of Hilbert C*-module theory we will use. Given a C*-
algebra B, by an inner product B-module we mean a complex vector space E with a
right B-module structure and a B-valued inner product ( -, - ) : E x E — B satisfying

@ (x,x) =

@i1) (x,x)=0if and only if x =0,

(i) (x, Ay +z) =2{x, y) +(x,2),
{x,
{x,

(iv) (x, y) = (y, x)%

(V) (x,yb) = (x, y)b,

for all x,y,z € E, b € B, A € C. If E is complete with respect to the norm
x| == |l(x, x)||'/% then E is called a Hilbert B-module. An inner product 5-

module for which the condition (ii) does not hold is called a semi-inner product
B-module. For a semi-inner product 5-module we have

{x, »)"(x, ) = e, XKy, ).

A linear map T : E — F between two Hilbert B-modules is said to be adjointable
if there exists a linear map T* : F — E such that (Tx,y) = (x, T*y) for all
x € E, y € F. Adjointable maps are bounded and B-linear (i.e., T (Ax; + x2b) =
AT (x1) + T(xp)b for all A € C, x; € E, b € B). But the converse may not be
true. We denote the space of all bounded and adjointable maps from E into F
by B*(E, F), which is a Banach space under the operator norm. In particular
BA(E) := B*(E, E) forms a C*-algebra with natural algebraic operations.
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In the following E, F are Hilbert C*-modules. An inner product preserving map
V : E — F is called an isometry, and a surjective isometry is called a unitary. An
isometry with complemented range is adjointable. In general, closed submodules
of Hilbert C*-modules are complemented only if there is an adjointable projection
onto that submodule.

If x, y are the elements of a Hilbert 5-module E we let |x)(y| denote the
adjointable operator z — x(y, z). Note that (|x)(y])* = |y)(x|. We let X(E) denote
the completion of F(E) := 5pan{|x)(y| : x, y € E} (Always in the module context
“span” would mean B-linear span). A Hilbert B-module E is said to be a Hilbert
A-B-module if there exists (a left module action of A on E, i.e.,) a x-homomorphism
¥ : A — B*(E) such that span{d(a)x : a € A, x € E} = E (or equivalently & is
unital if A is unital). Clearly any Hilbert 5-module E is a Hilbert B*(E)-5B-module
with left module action given by the identity map. In fact, E is a K(E)-B-module
with inclusion map as the left module action. Given x € E we let x* € B(E, B)
denote the adjointable map y — (x, y). Note that E* := Span{x™ : x € E} forms
a Hilbert B?(E)-module with inner-product (x, x3) := [x1) (x2| and right module
action x*a := (a*x)* for all a € B*(E). Moreover, ¥ : B — B*(E™*) given by
P (b)x* := (xb*)* is a x-homomorphism such that E* = span{¢}(B) E*} so that E*
forms a Hilbert B-B(E)-module. If F is a Hilbert B-C-module, then by B&Pil(F)
we mean the space of all adjointable, bilinear (i.e., preserves both left and right
module actions) maps on F.

Suppose E is a Hilbert 3-module and F is a Hilbert B-C-module with left action
given by the x-homomorphism @ : B — B*(F). We let E ©y F (or E ©g F or
simply E ® F) denote the completion of the algebraic tensor product £ ® F with
respect to the C-valued semi-inner product

(X1 ® y1, X2 ® y2) := (y1, D ({x1, X2)) y2).

We let x © y € E ©p F denote the equivalence class containing x @ y € E ® F.
Note that E ©®y F forms a Hilbert C-module with right module action (x © y)c :=
x © yc. In addition if E has a left action of A via a *-homomorphism ¢’ : A —
B2(E), then E @y F also has a left module action o A— BA(E @y F) given by
5(a)(x Oy):=1%(a)x ®y. Thus E Oy F forms a Hilbert A-C-module. Note that
xbOy—xO(b)y||=0sothat xbOy=x0v )y forallx e E,ye F,beB.
We may identify B ©y F = F via the unitary isomorphism b © y — 9 (b)y. If
a € BYE) and a € B**I(F), thena © Ir € B(EOF) and [ ©a € BYE O F)
are the maps defined by x © y > ax © y and x © y = x © ay, respectively.
Suppose p is a representation of a C*-algebra B on a Hilbert space G. Given a
Hilbert B-module E, by considering G as a Hilbert 5-C-module with left module ac-
tion given by p, we let n : B*(E) — B(E ©, G) denote the unital x-homomorphism
ar—>aQ@lg, thatis, n(a)(x ©g):=ax©gforalla e B (E), x€ E, geg.
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We refer to [Lance 1994; Paschke 1973; Skeide 2000] for the basic theory of
Hilbert C*-modules.

2. Symmetric homomorphisms

In this section we study homomorphisms between C*-algebras which are not
necessarily *x-homomorphisms. These homomorphisms need not be contractive.

2A. Symmetries.

Definition 2.1. An element J in a unital C*-algebra B satisfying J = J* = J~!
is called a symmetry. A homomorphism 7 : A — B is called a J-homomorphism
if Jt(a)*J = t(a™) for all a € A. A homomorphism t : A — B is said to be a
symmetric homomorphism if T is a J-homomorphism for some symmetry J € B.

Clearly all x-homomorphisms are symmetric homomorphisms. But the con-
verse is not true. For example, v : C — B(C?) given by a [“éz Z?;] is a
J-homomorphism where J = [¥ |]. But 7 is not *-preserving. It is easily seen that

T is neither positive nor contractive.

Example 2.2. Define 7 : M»(C) — M>(C) by t(a) = sas~!, where s = [é }]
Clearly 7 is a homomorphism. But it is not a symmetric homomorphism. For,
suppose J € M,(C) is a symmetry; then Jt(a*)J = t(a)* implies that (s*Js)a* =
a*(s*Js) for all a € M,(C). Hence there exists A € C such that s*Js = A1, so that
J = A(ss*)~! which is not a symmetry. Exactly the same situation arises when s is
an invertible element which is not a scalar multiple of a unitary.

The next proposition answers the question of uniqueness of symmetry J in a
symmetric homomorphism.

Proposition 2.3. Suppose t : A — B is a symmetric homomorphism. If there exist
symmetries J, J' € B such that t is both a J- and J'-homomorphism, then there
exists a unitary U € 1(A) C B such that J =UJU and J' = JU.

Proof. We have Jt(a)J =t(a*)* = J't(a)J’' for all a € A. Multiplying on the left
and right side of this equation by J and J’ respectively, we get T(a)JJ' = JJ't(a)
for all a € A. Hence there exists a U € t(A)’ such that JJ' = U. Clearly U*U =
I =UU*and J' = JU. Further, (J')* = J/, yields J =UJU. O

Now we show that given any homomorphism, we can associate a symmetry J in
a very natural way. The usefulness of this symmetry will be seen later.

Proposition 2.4. Suppose © : A — B is a homomorphism. Then there exists a
symmetry J € B such that: Jt(a)J = t(a)* for all a € A satisfying t(a)*t(1) =
t(D*t(a) and t(a)t(1)* =t(D1(a)™
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Proof. Suppose T :=t(1) = R+iS is the cartesian decomposition of 7(1). Since
7(1)2 = v(1) we have R? — S2 = R and RS + SR = S. Also since R = R* with
R?>— R =S?>0wehave 6 (R) C R\ (0, 1). Define f : R — R by

—1 ift <0,
fy=42t—1 if0o<t<l,
1 ift>1,

which is clearly a continuous function. Set f = f|U(R) eC(o(R)=C*({1, R}
and J = f(R) € B. Clearly J2=1 and J = J*.

Step 1: First we prove that JTJ = T* It is enough to show that JR = RJ and
JS§S =-SJ. Clearly JR = RJ. Now

RS+SR=S= RS=S(1-R)= R'S=S(1—-R)" forall n>0.

Approximating f by polynomials, from C(o(R)) we get f(R)S =Sf(1—R). But
since
1 ifx <1,

f(l_x):{—l ifx>1,
we have f(l —Xx) = —f(x) for all x € o (R), and hence f(1 — R) = — f(R). Thus
JS=f(R)S=Sf(1—R)=—-Sf(R)=-SJ.

Step 2: Fix a € A. Let t(a) = X +iY be the Cartesian decomposition of 7(a).
Then

X=3@@+t@"=3@@T+(Tt@)*) = XR-YS,
Y = 5-(t(a) — t(@)*) = 5-(Tt(a) — (r(a)T)*) = RY + SX.

Since X and Y are self-adjoint we have

(2-1) XR—-YS=X=RX-1T5Y,

(2-2) XS+YR=Y=RY+SX.

Now if t(a)*t(1) =1(1)*t(a) and 7(a)T(1)* = (1)t (a)* then we get
(XR4+YS)+i(XS—YR)=(RX+SY)+i(RY —8§X),
(XR+YS)—i(XS—YR)=(RX+SY)—i(RY —§X).

Adding and subtracting above two equations we get

(2-3) XR4+YS=RX+SY,
(2-4) XS— YR =RY — SX.



REGULAR REPRESENTATIONS OF COMPLETELY BOUNDED MAPS 263

Adding equations (2-1) and (2-3) we get XR = RX, hence Xf(R) = f(R)X,
i.e., XJ = JX. Adding equations (2-2) and (2-4) we get XS = RY. Now since
JS = —SJ, from equation (2-2), we have

Y/I=(XS+YR)J=XS+S5SX)J=—J(XS+SX)=—J(XS+YR)=-JY.
Now a direct computation shows that Jt(a)J = 7(a)™* O

Now we introduce two subfamilies of symmetric homomorphisms, and study
their structure and properties. Later, in terms of these maps we prove a new structure
theorem for completely bounded maps. Before proceeding, we give a definition.

Definition 2.5. A linear map t : A — B?(FE) is said to be
(i) nondegenerate if span{t(a)x :a € A, x € E} = E;

(ii) *-nondegenerate if span{t(a;)xi, t(ay)*xy:x; € E, aq; € A, i=1,2} = E.

Remark 2.6. (i) If r is a homomorphism, then t(a) = t(1)t(a) and t(a)* =
T(1)*t(a)*, therefore t is *-nondegenerate if and only if

span{t()x, t(1)*x":x,x’ €e E} =E.

A x-homomorphism t : A — B?(E) is *-nondegenerate if and only if t is
nondegenerate or equivalently t is unital.

(i1) Suppose a Hilbert space # plays the role of E. Then a linear map 7 : A — B(H)
is *-nondegenerate if and only if {h € H:t(a)h =0=1(a)*h for all a € A} =
{0}. If T is a homomorphism, then the above conditions are equivalent to the
condition {h € H:t(1)h=0=t(1)*h} ={0}.

2B. Regular homomorphisms.

Definition 2.7. A map t : A — B is said to be regular if T (u)*t(u) = t(1)*z(1)
and t(u)t(u)* = (1)t (1)* for all unitary u € A.

Example 2.8. (i) The map 7 : M>(C) — M,(C) defined in Example 2.2 is a
homomorphism but it is not regular. Because 7 (u)*7 (1) # t(1)*t(1) for the
unitary u = [?(1)]

(i) All x-homomorphisms are regular. But the converse is not true. For example
T: A— My(A) given by t(a) = [Z 8] is a regular homomorphism but it is not

x-preserving.

Proposition 2.9. Suppose t : A — B is a unital homomorphism. Then t is regular
if and only if it is x-preserving.

Proof. Suppose 7 is a unital regular homomorphism. Then for all unitary u € A,

T =t t(uu™) =ttt =t(D* (Dt (W™ = t(W").
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Since any a € A is a linear combination of at most four unitaries it follows that
t(a)* = 1(a*). The converse is obvious. O

The following theorem says that all regular homomorphisms preserve conjugation
* up to a symmetry. This is one of the reasons to study regular homomorphisms.

Theorem 2.10. Every regular homomorphism t : A — B is symmetric.

Proof. Suppose J € B is the symmetry given by Proposition 2.4. Since 7 is regular,
given any unitary u € A, we have

Tt T =1ttt =t(*t(Dt ™) =t ()*t (™).

Since u* is also a unitary, we also get T (u*)*t(1) = t(1)*t(u). In a similar fashion,
by regularity,

(D@ =t@)r@r@* =t@Hr ()" =@ )",

and replacing u by u*, T(1)t(u*)* = t(u)r(1)*. So if we let u; := u + u* and
ur :=u—u* then t(u)*t(1) = t(1)*t(uy) and t(u)t(1)* = (1) (u1)* so that
Proposition 2.4 is applicable and we get Jt(u#1)J = t(u1)*. On the other hand,
as u = —uy and Proposition 2.4 can be applied to iu;. Then we get Jt(uz)J =
—t(uz)*. Thus Jt(u*)J = t(u)* for every unitary u. Since every element in a
C*-algebra can be written as a linear combination of at most four unitaries it follows
that Jt(a*)J = t(a)* for all a € A. O

Example 2.11. Suppose 7 : A— Bis a J-homomorphism for some symmetry J € 5.
Then it can be seen that t(u#)*t () = t(1)*z (1) for all unitary u € A if and only if
()t (u)*=1(1)T(1)* for all unitary u € A. But for general homomorphisms this is
not true. For example, let A= M,(C) and let v = [(1) } ] € A. Define a homomorphism
7: A— My(A) by t(a) = [8“0”]. Then 1 satisfies t(u)*t (1) = t(1)*7(1) for all
unitary u. But t(u)7(u)* # t(1)7(1)* for the unitary u = [(1) (1)]
Example 2.12. Suppose v € A = B(H) is a nonscalar unitary. Define a homo-
morphism 7 : A — M>(A) by 7(a) = [§ ﬁ(vz_a”) ] Then 7 is symmetric with
symmetry J = %[\/_gi* ‘/15”] But 7 is not regular since t(u)*t (1) # t(1)*t (1) for
any unitary # € A not commuting with v.
Proposition 2.13. Let T : A — B be a homomorphism. Then t is regular if and
onlyifforalla,b € A,

@) t@*t) =t()*t(a*b) = t(b*a)*t(1),

() t@t®)* =1@@b®Ht()* =t (ba™*)*

Proof. Assume that t is regular. Suppose « is a unitary. Then for any b, c € A,

(2-5) tw)'Th) =1ttt Wdh) =t(D*ct (Dt W*b) =t()*t(u*h),
(2-6) @)t =t(cu®tw)t@)* =1(cu™T (DT (D)* = 1(ctt™)T(1)*.
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Since any element in 4 is a linear combination of at most four unitaries from
equations (2-5) and (2-6) we have t(a)*t(b) = t(1)*t(a*b) and t(c)t(d)* =
7(cd™)T (1)* respectively for all a, d € A. Taking adjoints of these equalities proves
(1) and (i1). The converse is obvious. O

Note that given a (unital) *-homomorphism 9 : A — B?(E) and an idempotent
operator T € #(A) C B*(E) the map a — ¥ (a)T always defines a bounded
(x-nondegenerate) regular homomorphism from A into B?(E). Now we will prove
that all *-nondegenerate regular homomorphisms can be represented this way.

Theorem 2.14. Suppose t : A — B*(E) is a x-nondegenerate, regular homomor-
phism. Then there exists a unique unital x-homomorphism ¥ : A — B*(E) such that
T(a) =V (a)t(1) = t(1)¥(a) for all a € A. Consequently t is completely bounded
with ||Tlles = [[T (D]

Proof. If t is unital, then it is *-preserving and in such case we take ¢ = 7. Otherwise
let Eg =span{t(A)E,t(A)*E}=span{t(1)E,t(1)* E}. Now for each unitary u € A,
define ¥ (u) : Eg — Eg by () (}X_; T(Dx; + t(D)*y;) = Y, (t(@)xi + T(u*)*y;)
for all x;, y; € E. Since

Hz?(u)(Z t(xi + T(l)*)’i>

i

= H<Z T()x; + Ty, Y T)x; + r(u*)*y,~>

. |

= Z((xi,f(l)*f(l)xj)Jr(xi,t(l)*yj)Jr(yi,T(l)xj)+(yi,T(l)f(l)*yj))”
iJ

2

D (i T@) T )xg) + (50, T@) T @) y;)
" + (yi, TN T@X;) + (i r(u*)r(u*)*y,»”

= <Z t(Dxi + (D Y (D + r(1)*yj>

i J
2
= E t(Dx; +7(1)*y;

i

9

we see that ¢ (u) is well defined and norm preserving on Ej. It is also B-linear.
Hence ¢ (1) is an isometry. Note that ran(? (1)) = Eg so that 9 (u) : Eg — Ep is
a unitary. Now given a linear combination of unitaries, say a = Y_ A;u; € A, we
define 9 (a) := >_ A; 9 (u;). Note that if Y A;u; = 0, then
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0(2 A,-u,-) (Z t(Dx; + 1(1)*yj>
i j
= Zkiﬂ(ui)(z T(D)x; + 1(1)*yj)
i J

= Z(kir(ui)Xj + AT y;)

ij

= Z (r (Z )\.jui)f(l)Xj + r(Z )_»iuz-k> T(l)*)’j)
j i i

=0,

so that ¥ ()" A;u;) = 0. Thus the definition of #(a) : Eg — Eo is independent of
the choice of linear combination ) A;u;. Note that if a = ) A;u; € A, then

@7 P(@)(r(@)x +1(@)*x)
=Y o @)r(rl@)x + Y Mt u) () (@) s
=Y mt(wa)x + Y hit(au) x

_ *
= T(Z Aiu,-a1>x1 + r(ag Z)L,-u;-k) X

= 1(aay)x) + t(aa*)*x,

for all x; € E. Now it follows that ¥ (1) = Ig,, ¥(a + b) = ¥ (a) + ¥ (b) and
U (a)v(b) = v (ab) for all a, b € A. Since any element in A4 is a linear combination
of at most four unitaries and ||9}(#)|| < 1 for all unitary u € A, we have |9 (a)| < oo
for all a € A. Hence each ¥ (a) : Ex — Ej can be extended to a bounded operator,
again denoted by ¥ (a), on E = Ey. Also, from Proposition 2.13, for all a € A,
x; € E we have

(@ (@) (r(Dx1 + (1) *x2),7(Dx3 + 7(1)*x4)

= (x1,7(@) " t(1)x3) + (x1,7(@) T (1)"xa) + (x2,7 (@) T (Dx3) + (x2,7 (@) T(1)"x4)

= (x1,7(1)"7(a")x3) + (x1,7(a) "x4) + (x2,7(a")x3) + (x2,7 (1) T (@) *x4)

= (t(Dx1 +7(1)*x2,7(a™)x3+7(a)"x4)

= (t(Dx1 +7(D)*x2, (@) (r(Dx3+7(1)*x4)),
so that (¢ (a)x, x') = (x, ¥ (a®)x’) for all x, x" € E, that is, ¥ (a) is adjointable with
?(a)* =9 (a*). Thus a — ¥ (a) defines a unital x-homomorphism ¢ : 4 — B(E).
Moreover, from (2-7) we have ¥ (a)t(1)x = 7(a)x and ¥ (a)T(1)*x = t(a*)*x for
all x € E. Hence we get ¥ (a)t(1) = 7(a) = t (1) (a) for all a € A, therefore
ITler < 1P leplIT (DI < NIz
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Uniqueness: If ¢ : A — B*(E) is any other such *-homomorphism, then

Y(@t(Dx =1(a)x =0 (a)t(1)x,
¥ (a)t()*x" = (1) (@®)*x' =1(@™)*x = (1) (@) x' = (@)t (1)*x'.

Hence 9 (a)x =9 (a)x foralla € A, x € E =span{t(1)E, t(1)*E}. O

Remark 2.15. Suppose 7 : A — B?*(E) is a regular homomorphism, not necessarily
«-nondegenerate. Then also ¥ : A — B*(E,) given as in the proof is a well-defined
unital *-homomorphism. Note that Episa 7(a)-reducing closed B-submodule of E.
Thus the proof says that: If t : A — B(E) is a regular homomorphism, then there
exists a closed B-submodule Eg C E, which reduces all T(a); and a unique unital
x-homomorphism ¥ : A — B*(Ey) such that t(a)|g, = t(1)V(a) = ¥ (a)t(1)|g,
for all a € A. Moreover, if Eq is complemented in E, then © = [g 8] A — BYE)
is a *-homomorphism such that t(a) = t(1)v(a) = v (a)t(1).

Corollary 2.16. Suppose t : A — BA(E) is a *-nondegenerate regular homomor-
phism with t(1) = t(1)* Then t is a *-homomorphism.

Proof. Suppose ¥ : A — B?(E) is the unique unital *-homomorphism such that
(a) =V (a)t(1) = t(1)¥(a). Then

(@) = @ (@)Tt()* =t ()*0(@") =t ()Y (@*) = t(a"). |

Note that a unital C*-algebra B is a Hilbert B-module with inner product (b, b’) :=
b*b’. Moreover, B=B*(B) as C*-algebras under the unital isometric *-isomorphism
b — T, where T, € B¥(B) is given by T,(b") = bb’ for all b € B. (Note that
adjointable maps preserves module action so that 7' (b) = T (1) = T (1)b for all
beB, T € BY(B).) So given a linear map t : A— B we say that 7 is x-nondegenerate
if span{r (A)B, t(A)*B} = B.

Corollary 2.17. Suppose t : A — B is a x-nondegenerate regular homomorphism.
Then there exists a unique unital x-homomorphism ¥ : A — B such that t(a) =
P(a)t(1) =t (1) (a) for all a € A. Consequently t is completely bounded with
Itlles = T (D]l Moreover, if t(1) = t(1)* then t is a *-homomorphism.

Example 2.18. Let A be the C*-algebra of continuous functions on the interval
[0, 1]. Let B= M>(A) and let E = B, with usual inner product, so that B*(E) = B.
Let g : [0, 1] — C be the function defined by g(x) = x for all x € [0, 1]. Define
7: A— B%E) by
_|f &f
T(f) = [O -
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Then it is easily seen that 7 is a regular homomorphism, Eq defined as above is

Ey =span{t(A)E, T(A)*E}

A s sz e

and is not complemented in E.

In the following E, F are Hilbert C*-modules over possibly different C*-algebras
B, C respectively. We wish to obtain a structure theorem for strictly continuous regu-
lar homomorphisms from B?(E) to B*(F). Recall (see [Lance 1994]) that a net {a, }
in B2(E) is said to converge strictly (or x-strongly) to a € B*(E) if, forall x, x' € E,
the nets {a,x} and {a}x’} converge to ax and a*x’, respectively. Note that {a,}
converges to a strictly if and only if {a}} converges to a* strictly. A bounded linear
map 7 : B*(E) — B(F) is said to be strict if t(a,) converges strictly to t(a) in
B2(F) whenever a net {a,} in the unit ball of B?(E) converges strictly to a € B2(E).

Remark 2.19. If the map 7 given in Theorem 2.14 is also a strict map (so bounded
by definition), then ¢ is a strict map. For, suppose {ay} is a net in the unit ball of
A = B?(A) which converges strictly to a € A. Then for all x{, x, € E we have

9 (ae)T(1)x1 = T(ag)x1 —> t(a)x; = ¥(a)r(1)xy,

and
9 (a)T(1)*x2 = (T(D)P(a2)*x2 = T(@k)*x2 —> 1(a*)*x2 = (r(1)¥(@*))*x2

= ¥ (a)t(1)"x2,

so that {¢ (ay)x} and {9 (ay)*x’} converge to ¥ (a)x and 9 (a)*x’ respectively, for all
x,x" € E. Thus ¢ is a strict unital x-homomorphism. In particular, if 7 : B*(E) —
B2(F) is a x-nondegenerate, strict, regular homomorphism then the strict, unital
s*-homomorphism ¢ : B(E) — B?*(F) has a factorization ¥ (a) = U(a © I)U*
where U : E® Fy — F is a unitary on a suitable Hilbert B-C-module Fy (see [Muhly
et al. 2006, Theorem 1.4]). In fact, if we consider F as a Hilbert B?(E)-C-module
with left action given by ¢, then Fy = E* Oy F and U € B> (E O Fy, F). A
more generalized version says that: if 9 : B(E) — B(F) is a strict CP-map, then
¥ (a) = W(a®I)W* for some bounded adjointable operator W : E® Fy — F on a
suitable Hilbert 5-C-module Fy (see [Skeide and Sumesh 2014, Theorem 3.2]). In
this case, Fy = E* © £ ® F where £ is the Hilbert B(E)-B?(F')-module obtained
from the GNS construction ([Paschke 1973, Theorem 5.2]) of the CP-map 9.

Recall that a Hilbert B-module E is said to be full if span{{x, y) : x,y € E} = B.
The following lemma is a known result. But for the sake of completeness of the
note we include a proof here.
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Lemma 2.20. Suppose F is a Hilbert B-C-module. Then for any full Hilbert -
module E the relative commutant of B*(E) O Ip in B(E QO F) is Ig © Ba-bil(fy.

Proof. If T € B*PI(F), then Iz OT € BA(E © F) commutes with all elements of the
form a® I for all a € B*(E) and hence we have Iz @ B*P(F) C (B*(E)®IF). For
the reverse inclusion assume that a € (B*(E) © Ir)' € B*(E © F). Since E is full
and F =span BF =span{(x1, x2)y:x; € E, ye F} wehave F = E*Ogpag) EOF
under the identification (xy, x2)y > xFOx20y. Set T = (Ig+©Oa) € B4PI(F). Then,
since EOp E* =X (E) via x1 O x5 > |x1)(x2], and K(E) Oxp) EOp F = EOpF
via |x){(x2] Ox @y > x1{x2, x) © y, we get

UeOT)x1 0 (x2, x3)y) =(Ug O Ip+ O a)(x1 Ox; Ox30 )

=x10x,0a(x30Y)

= |x1)(x2] O a(x30Oy)

= |x1){(x2]a(x3 O y)

= (x1)(x2] ©idF)a(x3 O y)

= a(|x1) (x| ©idr)(x3 O y)

= a(x1)(x20x3 O y)

= a(x; O {x2, x3)y).

for all x; € E, y € F. Thus T € B*P(F) is such that a = idg © T. Hence
(BYE)OIp) € Ig @ B*PI(F). O

Theorem 2.21. Suppose E is a full Hilbert 3-module, F is a Hilbert B-C-module
and t : B*(E) — B*(F) is a x-nondegenerate, strict, regular homomorphism. Then
there exists a Hilbert B-C-module Fy, an idempotent operator T € B**(F,) and a
unitary U : E ® F; — F such that

(@) =U@oT)U*

for all a € B*(E). Moreover, the triple (F;, T, U) is unique up to a unitary
isomorphism.

Proof. Suppose ¢ : B*(E) — B?(F) is the unique unital x-homomorphism such
that 7(a) = 9 (a)t(1) = t(1)Y (a). Since T is strict we have 1 is strict, and hence
there exists a Hilbert 5-C-module Fy and a unitary U € Babl(E © Fy, F) such
that 9 (a) = U(a © I)U*. Take F; = Fy. Then 9 (a)r(1) = t(1)¥(a) implies
that (a © HU*t(1)U = U*t(1)U(a © 1) for all a € B*(E) so that U*t(1)U €
(B*(E) ® IF,)". Hence there exists a T € Babil(F )y such that t (1) = Uz O T)U*
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Clearly, t(a) =0 (a)t(1) = U@ O T)U* Now
) =t()= 10T =1;OT
= (IO TH(x10y1). 220 y2) = (e O T)(x1 O y1), X2 O y2)
= (T2y1, (x1, %2)y2) = (Ty1, (x1, %2) y2)
forall x1, x, € E and y, y; € F;. Butsince E is full and F; has a nondegenerate left

action of B3, from equation above, we have (T2y, y') = (T'y, y') for all y, y' € Fy,
so that T2 =T.
Uniqueness: Suppose (F,, T', U’) is another such triple. Then we have E © F; =

F = E © F] via the unitary isomorphism U™*U. Since E is full we identify
E* Opag) E = B via the unitary isomorphism x* © x" — (x, x’). Then

F.=BOF,=E*QOEQOF,ZE*QEQF,=BOF,=F,,

where the isomorphism is given by the unitary U= (Ig=QU™)(Ig=QU): Fr — F.
Observe that

U=1p0Ilp0U=1g0Up0UYU =Ug0lg-0U)YIgOU)=U'(Ig-© D).
Alsosince U(Ig O T)U* =t(Ig) =U'(Ig © T")U™* we have

T=1IpOIrOT =IpOU* U (IgOTHU U} =U*Up Ol OTU =U*T'U.
Thus U gives the required unitary equivalence. ([

Corollary 2.22. Suppose © and T are as in the theorem above. Then T is a *-
homomorphism if and only if T = T

Proof. Clearly if T = T¥, then 7 is a *-homomorphism. Conversely assume that t
is a k-homomorphism. Then U(I @ T)U* =t(I) =t()*=U{ © T*)U* Since
U is a unitary we get I © T =1 © T* Since E is full, this implies T = T*. U

Proposition 2.23. Suppose t : A — B(H) is a regular homomorphism. Then there
exists a x-homomorphism ¥ : A — B(H) such that t(a) = ¥ (a)r(1) = (1) (a)
for all a € A. Consequently t is completely bounded with ||t|q = ||[t(D]. If
(1) = ©(1)* then t is a x-homomorphism. If T is x-nondegenerate, then ¥ is
unique and it is unit-preserving.

Proof. Follows from Remark 2.15. U

Suppose A is a von Neumann algebra and 7 : A — B(H) is a normal, regular
homomorphism. Then it can be verified that ¢ given by the Proposition 2.23
is a normal x-homomorphism. In particular if A = B(H'), where H' is another
Hilbert space, then it is well known that ¥ has a factorization ¥ (a) = V(@ © I)V*
for some isometry V : H' © Hy — H on a suitable Hilbert space Hy. Again
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?(a)T (1) =t (1)¥(a) for all @ € B(H') implies that (1) = V(I © T)V* for some
T € B(Ky). Thus we have:

Theorem 2.24. Suppose t : B(H) — B(K) is a normal, regular homomorphism.
Then there exists a Hilbert space K., an idempotent operator T € B(K;) and an
isometry V : H O K; — K such that

(@) =V(@oT)V*.

Moreover, there exists a symmetry Jy € B(K;) such that T is a J-homomorphism
with J = V(I © Jo) V™ If T is x-nondegenerate, then V is a unitary and (K., T, V)
is unique up to unitary equivalence. Further, T is a x-homomorphism if and only if
T=Tx

2C. Ternary homomorphisms.

Definition 2.25. Letr € R. A map 7 : A — B is said to be t-ternary if
t(a)t(b)*t(c) =tt(ab*c) forall a,b,cc A

A 1-ternary map is simply called a fernary map. Note that all x-homomorphisms
are ternary maps. In fact if 4, B are unital C*-algebras, then a unital linear map
7 : A — B is ternary if and only if 7 is a *-homomorphism. Here is a typical
example of a ¢-ternary homomorphism:

Example 2.26. Clearly, 7 : A — M;(A) given by t(a) = [ ( \/[‘i—l)a 8] is a t-ternary
homomorphism for all ¢ € (1, c0).

We are only interested in ¢-ternary maps which are homomorphisms. In this
context, we have the following basic observation.

Proposition 2.27. Let A, B be unital C*-algebras and let T : A — B be a nonzero
t-ternary homomorphism. Then 1 <t = |[t(D)|> If t = 1, then T is a *-
homomorphism.

Proof. For convenience, without loss of generality, we assume B C B(H) for some
Hilbert space H. Take T =t(1). Let H = ”;'-LOGB’;'-[OL be the orthogonal decomposition
of H, where Ho = T (H). Since T2 =T, Th=h for h € Hy, as a consequence the

operator T decomposes as
T — I N
100

for some N, with respect to the decomposition H = Hy & ’H&. Now computing,
TT*T =tT,wesee I + NN* =tI. In particular r > 1. Also since P = (1/6)T*T
is a nonzero projection we have || T 1> =1.

Ifr=1, we get N =0and hence 7(1)*=rt(1). Taking a =c =1 in the definition of
1-ternary, we get T(b)* =t(1)*t(b)*t(1)* =t (D)t (b)*t(1) = 1.t (1.b*.1) = 7 (b*).
Therefore, t is a x-homomorphism. U



272 B. V. RAJARAMA BHAT, NIRUPAMA MALLICK AND K. SUMESH

Proposition 2.28. All t-ternary homomorphisms t : A — B are regular.

Proof. An easy computation using ¢-ternary and homomorphism properties yields
(r(D)*t(1) — t(w)*t(u))?> =0 and (t(1)r(1)* — v(u)r(u)*)> = 0 for any unitary
ueA O

The converse of this proposition is not true. For example, the direct sum of #;
and #,-ternaries as in Example 2.26, is easily seen to be regular but not a z-ternary
for any ¢. The direct sum of two ¢-ternary homomorphisms on a common domain
algebra is again a 7-ternary homomorphism.

From the proposition above, since all regular homomorphisms are symmetric,
all #-ternary homomorphisms 7 : A — B are symmetric homomorphisms. Since
1-ternary homomorphisms are already *-homomorphisms, we will assume that
t > 1. Now we will show that for a *-nondegenerate ¢-ternary homomorphism
7: A— B¥E), t € (1, 00), a possible choice of symmetry can be written down
explicitly as (1/+/t)(z(1) +t(1)* = 1I).

Proposition 2.29. Suppose t € (1, co) and T : A— B is a t-ternary homomorphism.
Take T =t (1) and J, = (1/s/t)(T +T* —I). Then

1) Jit(@)*J; = t(a*) and Jit(a*)J; = t(a)* for all a € A,
(ii) o (J) S {1, -1, —1//1}.
Proof. We have T?> =T and TT*T =tT. To prove (i),

1 - c 1 -
ﬁ(T-i—T Dt(a) ﬁ(T+T I

=%(Tf(a)* +T*t(@)*  —t(@)" T +T*=1)

Jit(a)* J; =

=%Tr(a)*(T +T*=1)
:%Tr(a)*T
=1(a%).
Similarly we can prove that J;t(a*)J; = t(a)* To see (ii), observe,
i+ DG = DWth+ 1) =V1l}+ 7 =il —1
=L (T +T* = DI+ I =Ni) —1
=(T*+T—J)+ =il —1
=0.
Since J; = J;* the proof is complete. U

In this Proposition, as J; = J* by spectral theorem J; = P; — P, 4 (—1/ 1) Ps,
where P;, P,, P; are orthogonal projections with P; + P, + P3 = I. Note that due
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to finiteness of the spectrum of J;, Py, P>, P3 are in the C*-algebra B. Furthermore,
J; is a symmetry if and only if P3 =0.
Proposition 2.30. Suppose t : A — B2(E) is a t-ternary homomorphism with
t € (1,00). Then Eg = span{t(a))xi, t(ar)*xy : x; € E, a; € A,i = 1,2} is
complemented in E. Moreover, the following are equivalent:

(1) T is x-nondegenerate;
(i) ker(z (1) +7(1)*) ={0};
(iii) J; is a symmetry.
Proof. Set T =1(1), Eg=span{T (E), T*(E)}. We wish to construct an orthogonal
projection onto Eg. Take Q = (1/(t — I)[TT*+T*T —T —T*]. From T> =T
and TT*T = tT, simple algebra shows QT =T, QT* =T* and Q = Q* = Q>
So Q is a projection whose range contains 7' (E) and 7*(E). From the definition
of O, Q(E) C Ey. This proves Q(E) = Ey. Clearly then (I — Q) is the projection
onto Ey and E = Eo® E.

To show the equivalence of (i) to (i), we show ker(T + T*) = ker Q. If

(T + T*)x =0, then

1

Ox = ﬁ[TT* +TT =T = T*lx = [T T +T°Tx]
- %[T(—Tx)—i—T*(—T*)x]
__t—l[Tx+T x]

=0.
Conversely if Qx =0, then x € EOL; hence (T + T*)x = 0. The equivalence of (ii)

and (iii) is obvious as ker(7T +T*) =ker(v/1J,+1) = {x x = ’Tix} =ran(P3). U

Theorem 2.31. Suppose t € (1, 00) and t : A— B(E) is a x-nondegenerate linear
map. Take J, = (1//1)[t(1) + t(1)* — 1]. Then the following are equivalent:

(1) T is a t-ternary homomorphism.
(1) t is a J,-homomorphism.
Proof. (i) = (ii) : We have already seen this.
(i) = (i) : Forall a, b, c € A we have
tt(ab*c) =tt(a)t(b™)1(c)
=ttr(a)J;t(b)*JyT(c)

_ n(a)mf

(c)
=1(a)t(b)*1(c).
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O

Theorem 2.32. Suppose t : A — B*E) is a t-ternary homomorphism, where
t € (1,00). Then there exists a closed, complemented, B-submodule E| C E, a
unital *-homomorphism w : A — B*(E1) and isometries Vi, V, € B*(E1, E) with
Vi = (1//D1g, such that

(2-8) () =NIViz (V5.

Consequently T is completely bounded with || T || = ||t (1)|| = +/1. Moreover, (2-8)
always defines a t-ternary homomorphism.

Proof. Let E; be the range of the orthogonal projection P = (1/¢)T*T where
T = t(1). Define linear maps V; : E; — E by V| = (1/\/;)T|E1 and Vo = I|g,.
Note that the V;’s are adjointable isometries with V* = (1/ J/1)PT* and Vi=P.
Now for each a € A define 7 (a) : E; — E| by n(a) = Pt(a)|g,. Clearly n(1) =
Pt(1)|g, = P|g, = IE,. Alsofor all a, b € A,
D*z(1
w(a)m(b) = Pt(a)w
1 *
_ pr@r)Th)
t
= Pt(ab)|E,

= (ab).

(D)l

lE,

Now since
Pr(a)*P = tlzf(l)*ru)f(a)*r(l) - %r(l)*r(a*) — Pr(a®)
for all x, x’ € E; we have
(m(a)x, x"y = (Pt(a)x, x') = (x, t(@)*Px') = (x, Pt(a)*Px") = (x, m(a®)x'),
so that w(a)* = 7 (a*). Thus a — m(a) defines a unital x-homomorphism 7 : A —
B2(E;). Also for a € A we have
Vi@V =T Pt(a)P = tlzr(l)r(l)*r(l)r(a)r(1)*r(1) =1(a).

Since the V; are isometries, T is completely bounded with || 7|, </t =|z(1)|. O

Now we show that every regular homomorphism is essentially a direct sum
or direct integral of #-ternary homomorphisms through spectral integration. Let
7: A— B C B(H) be a x-nondegenerate regular homomorphism. In view of
Proposition 2.23, it suffices to know the structure of 7(1). As before, take T =
(1) =R +iS and let J = f(R) be the symmetry constructed in Proposition 2.4.
In the following, we decompose the Hilbert space H as H = H4 & H_, where
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Hy=theH:Jh=nh}and H_ ={h € H: Jh = —h}. With respect to this
decomposition, decompose the operator T = (1) as
XY
r= [Z W]

Now JTJ =T*yields X = X*, W = W*, Z = —Y*. Furthermore, from T2=T, we
get X2 —YY* =X, XY+YW=Y, - Y'Y +W?>=W.So Y*Y = W(W —I). Let
Y = V[W(W —I)]'/2 be the polar decomposition of ¥. Suppose 0 € o (W). Let 0 #
h_eH_suchthat Wh_=0. Seth= [ho_]. Then Yh_ =0, hence 7 (1) =0. Since ©
is x-nondegenerate this implies that 4 = 0, which is a contradiction. Again, suppose
1 € a(W), choose 0 # h_ € H_ such that Wh_ =h_. Then Yh_ = 0. Since 7 is
t-ternary, T(1)t(1)*t(1)h =t (1)h for t € (1, 00). But t(1)r(1)*t(1)h = t(1)h.
Thus t(1)h =tt(1)h = t(1)h = 0. Since 7 is *-nondegenerate this implies that
h =0, which is a contradiction. Thus 0, 1 ¢ o(W). To prove V is unitary it is
enough to show that ran(Y) = ‘H., i.e, we have to show that ker(Y*) = 0. Let
0#h, €H,. Wehave X?> =X —YY*and Y*h, =0, which implies X*h, = Xh,.
Now —ZXh, = Y*X*h, = (XY)*hy = (Y* — W*Y*)h, =0. Set h = [”O+].
Then t(1)z(1)*t(1)h = t(1)h. Since 7 is t-ternary, where ¢ € (1, 0o0), we will
get T(1)h = tt(1)h. Thus Xhy = 0 and hence t(1)h = 0 = t(1)*h. Since t
is x-nondegenerate, # = 0. Thus to avoid degenerate cases assume that V is a
unitary and 0, 1 ¢ o (W). Now X2—X=YY*=V[W(W — D]V* Also from
XY =Y —-W), we get XV[W(W —D]"/? =V[WW —I1)]'/2(I1 — W), which
yields, X = V(I — W)V* Now T decomposes as

r_[VO I—-W) [WW — D]V [v* 0
Lo 1| -IWW—D]/? W 0 1]

Observe that, for any real number w ¢ [0, 1]

— — 12
Tw=[ (1-w)  [ww=D] ]

—[w(w —1)]"/? w

satisfies T, = Tu? and J,T,,J> = T,}, where

and also T, T,) T, = (1 — 2w)2T,,. In other words z > zT}, is a (1 — 2w)2—ternary
of complex numbers in M,(C).

3. Representations of completely bounded maps

In this section we give a new structure theorem for CB-maps from A into B (). We
study some known structure theorems (see [Paulsen and Suen 1985; Suen 1991])
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and make a comparison. We repeatedly use the following well-known theorem (see
[Paulsen 2002, Theorem 8.3]):

Theorem 3.1. Suppose A is a unital C*-algebra and v : A — B(H) is a CB-
map. Then there exist CP-maps ¢; : A — B(H) with ||@;|lcs = |V ||cp such that
d: My (A) —> B(H D H) defined by

@([“ bD _ |:§01(a) Iﬁ(b)}
cd Vv*(c) ¢2(d)
is a CP-map. Moreover, if |V | <1, it is possible to take ¢;(1) = I.

3A. Regular representations. Observe that if K is another Hilbert space and 7 :
A — B(K) is a regular homomorphism, then (- ) := W*t (- )W defines a CB-map
from A into B(H) for all W € B(H, K). We prove all CB-maps arise this way.

Theorem 3.2. Suppose v : A — B(H) is a CB-map. Then there exists a Hilbert
space K, a *-nondegenerate regular homomorphism t : A — B(K) and a bounded
linear map W : H— K such that (- )= W*t (- )W. Moreover, givenany t € (1, 00)
we can choose T and W such that t is t-ternary and W satisfies

( (t—D+t—1
2t —142t—1

Proof. Since i is a CB-map, by Theorem 3.1, there exists CP-maps ¢; : A — B(H)

such that & = [izl* q‘i] : M>(A) — B(H ®H) is a CP-map. Suppose (I, IT, V) is
the (minimal) Stinespring dilation for ®. Given ¢ € (1, co0) set t' =/t — 1. Then

for a € A we have

vor=to sy )]

Iy

~lm o[ 5]) [ 7]
G- =[] V”‘“([g g]) Bﬂ
(32 =[h I V“([; %DH(LZ SDHQ; i}DV[jﬂ

)an2 <[1¥ller < VEIWI>.

<
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Define 7 : A — B(K) by 7(a) = 1'[([ " O]), which is a ¢-ternary homomorphism.

t'a 0

Note that if k € K is such that t(1)k = 0 = t(1)*k, then
0 10 00|17
s=na=nf[g 2[5+ [7 o] s o))
0 00 "
i

=0.

|1~
\l’_‘ Nl,_

Thus 7 is a x-nondegenerate #-ternary homomorphism. Set

e

Then from (3-2) we get ¥/ (-) = W*t(-)W; hence [ [lcr < IWI%|ITllep = VI W%
Also note that

W = |W*W]||

[t v, T ) [

- e =117 By
= | [ I”](D([—l/t’z (t’2+1)/[/3]) [I”]
g ][ o1/t =17 H’H]
= H LK 1//*(_I/Z/Z) (pz(([lz + 1)/t/3) I

=) v () - (@) e

< Doulor + s + 101 + (S gl

21" +217+1
= () wle

_ 214211
(t—=1Jt—1

Theorem 3.3. Suppose A is a unital C*-algebra and H is a Hilbert space. Then
there exists a Hilbert space K and a x-nondegenerate regular homomorphism
7 : A — B(K) such that given any & € CB(A, B(H)) there exists an operator
Wy € B(H, K) such that ¥ (-) = W:/jr( - YWy.. Moreover, given any t € (1, 00) we
can choose T and Wy, such that T is t-ternary and Wy, satisfies

( (t— Dt —1
24/t —142t—1

1 [lcb- O

)n%n2 <[¥llep < VIIWy |2
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Proof. Suppose t € (1, 00). For each ¢ € CB(A, B(#H)) fix a *-nondegenerate
regular representation (Ky, Ty, Wy ) as in Theorem 3.2. Take K = &,y and
T = @y Ty. Note that 7 : A — B(K) is a well defined *-nondegenerate ¢-ternary
homomorphism since each 7y is a *-nondegenerate ¢-ternary homomorphism with
Ty Il = V/t. Now given any CB-map v we have the corresponding Wy € B(H, Ky).
Considering Ky, € K via the natural inclusion map we have Wy, € B(#H, K) with

( (t—DVt—1
2/t =142t -1

and 1//(-)=W$‘E1/,(-)W¢=W&;‘E(-)W¢. U

)uwwn2 <Y lleb < Vil Wy |?

Theorem 3.4. Suppose v : A — B(H) is a CC-map. Then there exists a Hilbert
space K, a (not necessarily x-nondegenerate) regular homomorphism t : A — B(K)
and an isometry V € B(H, K) such that ¥ (-)=V*t(-)V. Moreover, we can choose
T to be t-ternary for t large enough (t > 18).

Proof. As in the proof of Theorem 3.2 consider the CP-extension of i given by
o= [l/“j‘* ;ﬂz] : M(A) — B(H @ H) and the corresponding (minimal) Stinespring
dilation (K, IT’, V') for ®. Given t € (1, c0) set ¢’ = +/t — 1 and define

!/ 0 1/\/? ) /|:I"H:| ’
w _H<[1/ﬁ _1/0,\/7)} V|| € BOLKD

and define 7/ : A — B(K') by v/(a) = T'([ 7, 8]), which is a *-nondegenerate -

ternary homomorphism. Clearly v (a) = W'*t’(a) W'. Note that since ¥ is CC-map
V' can be chosen to be an isometry. Hence

e S VN Ty | s B B
4l 5“[1N7 _W,m] [,H] =25+ +3),

because ||[a;;] %< Zij laij |2. So we can assume that W’ € B(H, K') is a contraction
by taking ¢ large enough (¢t > 18). Let K" = H P K and W := [v(t)/' 8] € B(K").
Define " : A — B(K") by a — [8 T,(()a)], which is a z-ternary homomorphism.
Suppose U is Halmos’s unitary dilation of W”, that is,

w (1 . W//W//*)l/2

U = [(1 o W//*W//)1/2 _W’/* ] c 'B(’C// @’CN).

Set K = K" @ K" and define 7 : A — B(K) by t(a) = [T”(()“) 8] which is a t-ternary

homomorphism. Let V; be the inclusion map of Hin K =K"®K' =HSK d K.
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Then Vy = [I’C" ][é}’:/ ] Set V. =UV,y € B(H, K), which is an isometry. Then

Ocr
Vit(a)V =ViU*t(@)UVy

k1 1
- [W (@)W *] Vo
* *

= [In O] W™t (@W" [1”‘}

Ox
(el o ][ v [ o] o]
0 0 [[07(@]||W Of [0
= W"*t'(a)W’
=Y (a).
Note that 7 is a t-ternary for r > 18. O

Theorem 3.5. Suppose A is a unital C*-algebra and H is a Hilbert space. There
exists a Hilbert space K and a regular homomorphism t : A — B(K) such that
given any completely contractive map  : A — B(H) there exists an isometry

Vy € B(H, K) such that
W)= Vi),

Moreover, we can choose T to be t-ternary for t large enough (t > 18).

Proof. This follows by considering the direct sum of all representations given by
Theorem 3.4. U

Now we prove analogues of above theorems for the case when the range algebra
is an injective C*-algebra.

Theorem 3.6. Suppose B is an injective C*-algebra and  : A — B is a CB-map.
Then there exists a Hilbert B-module E, a x-nondegenerate regular homomorphism
T: A — BYE) and a vector z € E such that

V() =(z, 7(-)2).

Moreover, given any t € (1, 00) we can choose T and z such that t is t-ternary and

z satisfies (t = )/t =1/t =142t = D)|z|I* < 1Yl < V7 l12]I%

Proof. Suppose t € (1, 00). Let p : B— B(G) be a faithful unital x-homomorphism
p : B— B(G) of B on some Hilbert space G satisfying span p(B)G = G. As B is
injective there exists a conditional expectation Pg : B(G) — p(B), i.e., Pgisa
CP-map satisfying Pg(b1Tby) = b1 Pg(T )b, for all b; € p(B), T € B(G). Consider
the CB-map v =poy: A— B(G) with a s-nondegenerate regular representation
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(K, T, W), as in Theorem 3.2, where 7 : A — B(K) is a x-nondegenerate 7-ternary
homomorphism. Set Ey = B(G, K). Given x, y € Eg and b € B define

xb:=xop(b) € Eygand (x,y):=p ' Pg(x*oy) €B.

Here x* is the adjoint of x € B(G, K). It is easy to verify that with the above
operations Eg forms a semi-inner product 5-module. Let E be the completion of
the inner product 5-module Ey/N where

N ={xeEy:{(x,x)=0}={xe€ Eyg:(x,y)=0forall y € Ep}.

Note that for x+N, x’+N € E the inner product is given by (x+N, x'+N) := (x, x).
We denote the equivalence classes x + N by x itself. Now for each a € A define
t(a): E — E by t(a)x :=7(a) ox for all x € Ey. Note that

IT@x|* = [[{F(a) ox, (@) o x)]|
= |lp~" Ps(x* 0 F(a)* 0 T (a) o x)||
<F@Ilp~" Ps(x*ox)|
= IT@II[l{x, x)|

= [Z@Ilx?,
so that 7(a) is a well defined bounded linear map. Also for all x, y € E we have
(t(a)x,y) = p ' Pg((F(@)ox)* oy) =p ' Pg(x*oT(a)*oy) = (x,T(a)* 0 y),

so that t(a) € B*(E) with t(a)*y =T(a)*oy. Alsoforalla,b,ce Aand x € E
we have

t(@)t(b)x =1t(a)(T(h)ox)=T(a)oT(b)ox =T(ab) ox = t(ab)x
and
(@)t () t()x =T(@)oT(h) oT(c)ox =tT(ab*c)ox =tt(ab*c)x,

so that 7(a)T(b) = t(ab) and t(a)Tt(b)*1t(c) = tt(ab*c). Thus a — t(a) defines
a r-ternary homomorphism 7 : A — B?(E). Now if we set z = W € E, then for

a € A we have
(z,t(@)z) = p ' Pg(W* o T(a) o W)

=p ' Ps(¥(a))
=p ' Pa(poy(a))
=p lopoy(a)

=V (a)
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and hence [|¥[|cp < [ITllesllzlI* = V7]1z]|% Also
( t—Dr—1 )” 2 ( t— DVt —1
Z =
24/t —142t—1 24/t —142t—1

Also since 7 is a x-nondegenerate 7-ternary homomorphism, from Proposition 2.30
it follows that 7 is also *-nondegenerate. (I

)nwn2 <1 llep < 1¥lep-

In this case also we can have a universal representation. Fixing one regular
representation for each { € CB(A, B) and considering the direct sum of all such
representations as in the proof of Theorem 3.3 we can have the following.

Theorem 3.7. Suppose B is an injective C*-algebra. There exists a Hilbert B-
module E, and a x-nondegenerate regular homomorphism t : A — B*(E) such
that given any y € CB(A, B) there exists a vector zy € E such that

V()= (zy, T(-)zy).

Moreover, given any t € (1, 00) we can choose t and zy, such that t is t-ternary

and zy satisfies ((t — 1)/t — 1/t = 14+2t — D)2y 1> < ¥ lleb < V22 1%

3B. Commutant representations. In this section we provide new and possibly
simpler proofs of some known results for completely bounded maps. To begin with
we give a different proof of the following result due to Paulsen and Suen [1985,
Theorem 2.2]. Our proof involves mainly matrix manipulation.

Theorem 3.8. Suppose v : A — B(H) is a CB-map. Then there exists a Hilbert
space K, a unital representation w : A — B(K), an isometry V : H — K and a
unique operator T € (A) C B(K) such that

Y(-)=V*Ta(-)V and sSpanm(A)VH =K.
Furthermore, | llcy < IT| < 20¥llep- If ¥ =¥ then T =T* and || l|co = I T .

Proof. For nonzero ¢, replacing ¥ by /|||l if necessary, we may assume
that ||{||cp = 1. Construct @ as in Theorem 3.1 and let (XC, IT, V) be the minimal
Stinespring dilation for ® with V an isometry. Then from equation (3-1) we have

) T Bl oxn (02 a O\ [1/vV2] _ ares
(3-3) ¥(a) = [ﬁ ﬁ]v n([o 0])11([0 aDV[IH/ﬁ — V*T#7 )V,
where V = V[;Z;g] € B(H, K) is an isometry, T = H([gg]) € B(K) and 7 :
A— B(K) is the unital representation given by 7 (a) := I1([3 ?]). Clearly

T#(a) = n([g ZSD — 7T
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for all a € A so that T € 7#(A) € B(K). Set K = span7#(A)VH C K and
T= P,Cﬂ i € B(K) where Py is the orthogonal projection of K onto K. Note that
7 (a) reduces K for all @ € A. Then 7 : A — B(K) given by 7 (a) = 7 (a) | defines
a unital representation such that

#a) = [”é") O] e BR) = B kL),

*

SoT = [z ] e #(A)Y € B(K®KL) implies that T (a) = w(a)T for all a € A.
Thatis, T € w(A) € B(K). Since 7 is unital we have VH C K, i.e., V € B(H, K),
hence K = span 7 (A)VH = span 7 (A)VH. Also,

¥(a)=V*Ti(@)V =[V* 0] [Z z] [”g’) ﬂ [‘ﬂ — VT (a)V

for all a € A. Clearly ||¥|lcp < |IT]| < ||T|| < 2 gives the required bounds.
To see uniqueness of T, suppose there exists another operator S € 7 (A)" such
that v (-) = V*Sw(-)V. Then
(m(@)Vhi (T —=S)m(ax)Vha) =(h1,Vr(a}) Tr(a2)Vha) — {1,V (a7) Sm(az)Vhz)
(h,V*Tr(aia)Vha)— (h,V*Sm(aiax)Vhy)
(h1, ¥ (aja2)ha) — (¥ (afaz)ha)
0

foralla; € A, h e Hsothat T — S =0.
Finally if ¥ = ¢* observe

ViTr(@V =vy(@)=y"(@) =y (@) =V Tr@)V) =V T*r(@V,

and by the uniqueness property we have T = T*. Note that T+T5=["*]s0
that |7 < | 3T+ 79 =3 |0([55]) + N[5 D[ =1 =1Vl O

For CB-maps from unital C*-algebras into injective C*-algebras Heo [1999] gave
an analogue of Theorem 3.8. For a Hilbert B module E, consider E* := Bg(E, B),
the set of all bounded B-module maps from E into B. It forms a right B-module
with the following operations:

@1+ ¢2)(X) 1= $1(xX) +P2(x),  (AP)(x) :==Ap(x), (D) (x) :=b*¢(x)

forallx e E,be B,A € Cand ¢, ¢; € E". Also the operator norm makes Efa
Banach B-module. With this notation, the theorem of Heo states the following.

Theorem 3.9. Suppose B is an injective C*-algebra and v : A — B is a CB-
map. Then there exists a Hilbert B-module E, a vector 7 € E, a representation
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7 : A— BAE) and a unique operator T € Bs(E, E*) N7 (A) such that
V(-)={(z,Tn(-)z) and spanm(A)zB=E.

Heo proved this result using a structure theorem for so-called “completely multi-
positive” linear maps. Our proof is straightforward and we also get some norm
estimates.

Theorem 3.10. Suppose B is an injective C*-algebra and W : A — B is a CB-map.
Then there exists a quadruple (E, z, 7w, T) consisting of a Hilbert B-module E,
a unit vector 7 € E, a unital representation w : A — B*(E), and an operator
T e n(A)' < BYE) with |y lles < IT < 20 llep such that

U(-)=(z,Tn(-)z).

If v =y* then T =T and |Y|cp = |T|l. Furthermore, if spanw(A)zB = E,
then T is unique.

Proof. Consider a unital faithful representation p : B — B(G) of B on some
Hilbert space G satisfying span p(B)G = G. By the assumption of injectivity, there
is a conditional expectation map Pg : B(G) — p(B). Suppose (K, 7, 7, V) is
a commutant representation of the CB-map ¥ := p o ¥ : A — B(G) given by
Theorem 3.8. From B(G, K), with z = V, construct the triple (E, 7, z) as in the
proof of Theorem 3.6. Note that since 7 is a unital representation so is 7. Also z is
a unit vector since

(z,2)=p ' Ps(V*oV)=p 'Pg(l) = p ' Psp(1) = p~ ' p(1) = 1.

Define T: E — E by T(x) = T ox for all x € E. It can be verified that T is well
defined and T € B?(FE) with T*(x) = T* ox for all a € E. Note that

Tr(a)x = Tofr(a) ox=7(a)o Tox= w(a)Tx
foralla e A, x € Esothat T € w(A) € B*(E). Also,
(z, Tw(@)z) = p~ ' Ps(V* o T o7t (a) o V) = p~ ' Ps(¥r(a)) = ¥ (a)

for all a € A. Now it follows that ||[{/||.p < | T < ||T|| <2/1Wllen < 2/1¥ |lep since z
is a unit vector and  is a unital representation. Now if ¢ = i*, then for all a € A,

V(@) =¥ @)* = p(Y@))* = p(@H*) = p¥*@) = p(¥ () = ¥ (a),
so that ¢ = ¥* and hence T = T*. Therefore T = T*. Also |Tle» < IIT lep =

1 b = 19 llcb-

Uniqueness: Suppose span(A)zB = E. Now if S € m(A)’ any other operator
such that 7 (-) = (z, S7(-)z), then (w(a)zb, (T — S)7w(a')zb') =0foralla,a’ € A
and b,b' € B,sothat T — S =0. O
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3C. Representations of CB-maps: One from another. In this section we see how
different representations of CB-maps v : A — B(H) are related each other. Since
the results are straightforward we do not provide proofs.

Proposition 3.11 (Commutant representation from regular representation I). Let
¥ : A— B(H) be a CB-map with a regular representation (KC, t, W), that is, T : A—
B(K) is a *-nondegenerate regular homomorphism and W € B(H, K) such that
()= W*t(-)W. Suppose ¥ : A — B(K) is the unique unital x-homomorphism
such that t(-) = 90(-)T = T9V(-), where T = t(1). Then (K, 9, T, W) is a
commutant representation for .

Note that W of this proposition may not be an isometry. This can be taken care
of as follows:

Proposition 3.12 (Commutant representation from regular representation II). Let
Y. A— B(H) be a nonzero CB-map. Let (K, t, V) be a regular representation
for g@ = Y/l with V as an isometry. Choose a (not necessarily unital) *-
homomorphism © : A — B(K) such that t(-) = 0(-)t(l) = t(1)O(-). Then
T=¥llet (1) €T(A) SBK) is suchthat Y () =¥ llep VT ()V =V*TO(-)V,
so that (IC, 9, T, V) is a commutant representation for .

The drawback of the previous representation is that the *-homomorphism ¢ may
not be unital.

Proposition 3.13 (Regular representation from commutant representation I). Sup-
pose (K, m, T, V) is a commutant representation of a CB-map { : A — B(H). Set
K =K&K. Define t: A— B(K) by

V/\2
V/N2

Then t is a regular homomorphism and W is an isometry such that ¥(-) =
W*t(-)W.

w(a) QT — 7w (a)

t("):[ 0 0

i| and set W = [ i| € B(H, E).

We may prefer to get a t-ternary representation instead of just a regular represen-
tation. This can be achieved as follows:

Proposition 3.14 (Regular representation from commutant representation II). Sup-
pose (K, m, T, V) is a commutant representation of a CB-map  : A — B(H). Set
K=Ke&K. Givenanyt € (1, 00) define t : A — B(K) by

B 7(a) 0 B 0 I|[v -
7(a) = [—mn(a) O] and set W = |:f/_;§ 0i| |:V} € B(K).

Then t is a x-nondegenerate t-ternary homomorphism. Also ¥ (-) = W*t ()W, so
that (IC, T, W) is a regular representation of .
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Finally we show that any regular representation also gives another familiar
representation called the fundamental representation for completely bounded maps
(Theorem 8.4 of [Paulsen 2002]):

Proposition 3.15 (Fundamental representation from regular representation). Sup-
pose ¥ : A — B(H) is a CB-map with regular representation (IC, t, W). Let
A — B(K) be the x-homomorphism such that T(-) =9 (-)t(1) = t(1)d(-).
Then Vi :== W and V, := t(1)W are elements of B(H, K) such that

Y()=Wt( )W =V () Va.
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BALL CONVEX BODIES IN MINKOWSKI SPACES
THOMAS JAHN, HORST MARTINI AND CHRISTIAN RICHTER

To our teachers, colleagues and friends, Prof. Dr. Johannes Bohm, on the occasion of
his 90th birthday, and Prof. Dr. Eike Hertel, on the occasion of his 75th birthday.

The notion of ball convexity, considered in finite-dimensional real Banach
spaces, is a natural and useful extension of usual convexity; one replaces
intersections of half-spaces by suitable intersections of balls. A subset S of
a normed space is called ball convex if it coincides with its ball hull, which
is obtained as the intersection of all balls (of fixed radius) containing S. Ball
convex sets are closely related to notions like ball polytopes, complete sets,
bodies of constant width, and spindle convexity. We will study geometric
properties of ball convex bodies in normed spaces, for example deriving sep-
aration theorems, characterizations of strictly convex norms, and an appli-
cation to complete sets. Our main results refer to minimal representations of
ball convex bodies in terms of their ball exposed faces, to representations of
ball hulls of sets via unions of ball hulls of finite subsets, and to ball convexity
of increasing unions of ball convex bodies.

1. Introduction

It is well known that generalized convexity notions are helpful for solving various
(metrical) problems from non-Euclidean geometries in an elegant way. For example,
Menger’s notion of d-segments, yielding that of d-convex sets (see Chapter II of
[Boltyanski et al. 1997]), is a useful tool for solving location problems in finite-
dimensional real Banach spaces (see [Martini et al. 2002]). Another example, also
referring to normed spaces, is the notion of ball convexity: usual convexity is ex-
tended by considering suitably defined intersections of balls instead of intersections
of half-spaces. The ball hull of a given point set S is the intersection of all balls
(of fixed radius) which contain S, and § is called ball convex if it coincides with
its ball hull. Ball convex sets are strongly related to notions from several recent
research topics, such as ball polytopes, applications of spindle convexity, bodies of

MSC2010: 46B20, 52A01, 52A20, 52A21, 52A35.

Keywords: ball convex body, ball hull, ball polytope, b-exposed point, b-face, Carathéodory’s
theorem, circumball, complete set, exposed b-face, Minkowski space, normed space, separation
theorem, spindle convexity, strictly convex norm, supporting sphere.
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constant width, and diametrically maximal (or complete) sets. In this article we
study geometric properties and (minimal) representations of ball convex bodies in
normed spaces. In terms of ball convexity and related notions, we derive separation
properties of ball convex bodies, various characterizations of strictly convex norms,
and an application for diametrically maximal sets, which answers a question from
[Martini et al. 2014]. Introducing suitable notions describing the boundary structure
of ball convex bodies, our main results refer to minimal representations of ball
convex bodies, particularly in terms of their ball exposed faces. More precisely,
we extend the formula K = cl(conv(exp(K))) from classical convexity (where K
is a convex body in R") to the concept of ball convexity in normed spaces. On
the other hand, we derive theorems on the representation of ball convex bodies
“from inside”. That is, we show that unions of increasing sequences of ball convex
bodies are, essentially, ball convex, and we present ball hulls of sets by unions of
ball hulls of finite subsets. In that context we solve a problem from [Léngi et al.
2013]. We finish with some open questions inspired by the notions of ball hull and
ball convexity; they refer to spindle convex sets and generalized Minkowski spaces
(whose unit balls need not be centered at the origin).

We will give now a brief survey on what has been done regarding ball convexity
and related notions. Intersections of finitely many congruent Euclidean balls were
studied in [Bieberbach 1955; 1970; Martini and Swanepoel 2004], and in three di-
mensions in [Heppes 1956; Heppes and Révész 1956; Straszewicz 1957; Griinbaum
1956]. The notions of ball hull and ball convexity have been considered by various
authors, defining them via intersections of balls of some fixed radius R > 0 and
calling this concept also R-convexity; see, e.g., [Bezdek et al. 2006; Bezdek and
Naszddi 2006; Kupitz et al. 2010; Langi et al. 2013]. In view of this concept, bodies
of constant width, Hausdorff limits, Minkowski sums, and approximation properties
of R-convex sets (see [Montejano 1991; Polovinkin 1996a; 1996b; Polovinkin and
Balashov 2007], respectively) are investigated. Analogues of the Krein—Milman
theorem and of Carathéodory’s theorem (see [Polovinkin 1996b; 1997]) are also
considered, but only for the Euclidean norm. Not much has been done for normed
spaces; however, for related results we refer to [Balashov 2002] for Hilbert spaces
and to [Balashov and Polovinkin 2000; Alimov 2012; Balashov and Ivanov 2006;
Martini and Spirova 2009] for normed spaces. A recent contribution is [Langi et al.
2013], referring, e.g., to the Banach—Mazur distance and Hadwiger illumination
numbers of sets being ball convex in the sense described here.

Closely related is the concept of ball polytopes. It was investigated in [Bezdek
et al. 2007; Kupitz et al. 2010; Papez 2010] (but see also [Polovinkin 1996b;
Bezdek 2010, Chapter 6; Bezdek 2013, Chapter 5]). The boundary structure of
ball polytopes is interesting (digonal facets can occur, and hence their edge-graphs
are different from usual polyhedral edge-graphs), their properties are also useful
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for constructing bodies of constant width, and analogues of classical theorems like
those of Carathéodory and Steinitz on linear convex hulls are proved in these papers.

The study of the related notion of spindle convexity (also called hyperconvexity
or K -convexity) was initiated by Mayer [1935]; see also [Meissner 1911] and, for
Minkowski spaces, [Valentine 1964, p. 99]. The definition is given in Section 8
below. For a discussion of this notion we refer to the survey [Danzer et al. 1963,
p- 160] and, for further results and references in the spirit of abstract convexity and
combinatorial geometry, to [Bezdek et al. 2007; Langi et al. 2013; Papez 2010;
Bezdek 2012; Fodor and Vigh 2012; Bezdek 2013, Chapters 5 and 6]. In [Bezdek
and Naszédi 2015] this notion was extended to analogues of star-shaped sets.

To avoid confusion, we briefly mention another concept which is also called
ball convexity. Namely, in [Lassak 1977] a set is called ball convex if, with any
finite number of points, it contains the intersection of all balls (of arbitrary radii)
containing the points. The ball convex hull of a set S is again defined as the
intersection of all ball convex sets containing S. In [Lassak 1977; 1979] this notion
was investigated for normed spaces, and in [Lassak 1982] the relations of these
notions to metric or d-convexity were investigated. The ball hull mapping studied
for Banach spaces in [Moreno and Schneider 2007a; 2007b] is also related.

2. Definitions and notations

Let K" = {§ C R" : § is compact, convex, and nonempty} be the set of all convex
bodies in R" (thus, in our terminology, a convex body need not have interior points).
Let B € K" be centered at the origin o of R" and have nonempty interior. We denote
by (R", ||-1]) the n-dimensional normed or Minkowski space with unit ball B, i.e., the
n-dimensional real Banach space whose norm is given by ||x|| =min{A >0:x € AB}.
Any homothetic copy B(x,r), x € R" and r > 0, of B is a closed ball of (R", |- ||)
with center x and radius r; therefore we write B(o, 1) from now on for the unit
ball of (R*, || - ||). The boundary of the ball B(x, r) is the sphere S(x, r), and
therefore S(o, 1) denotes the unit sphere of our Minkowski space. Note that we
will use the symbol S for an arbitrarily given point set in R”. For a compact S, we
write dist(x, S) = min{||x — y|| : y € S} for the distance of x and S, and we denote
by rad(S) the circumradius of S, i.e., the radius of any circumball (or minimal
enclosing ball) of S, whose existence is assured by the boundedness of S. The
diameter of § is given by diam(S) =max{||x —y| : x, y € S}. The triangle inequality
yields the left-hand side of

(1) %diam(S) <rad(S) <n/(n+1) diam(S),

and we refer to [Bohnenblust 1938, Theorem 6] for the right-hand side.
As usual, we use the abbreviations int(S), cl(S), bd(S), conv(S), and aff(S) for
the interior, closure, boundary, convex hull, and affine hull of S, respectively. We
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write [x1, xp] for the closed segment with endpoints x1, x, € R", and, analogously,
(a, b), (a, b], [a, b] are used for the open, half-open or closed interval witha, b € R,
respectively. We use | - | for the cardinality of a set.

A convex body is called strictly convex if its boundary does not contain proper
segments; analogously, || - || is called a strictly convex norm if the respective unit
ball is strictly convex.

Since we want to derive results for generalized convexity notions, the following
definitions yield direct analogues of notions from classical convexity; see [Schneider
1993]. The first of them is an analogue of the (closed) convex hull. Namely, the
ball hull of a set S is defined by

bhi($)= [ B(x.D.

SCB(x,1)

A formally clearer expression would be bh;(S) = ﬂxeRn: SCB(x.1) B(x, 1), but we
assume that the above shorter notation, as well as similar ones in the sequel, will
not cause confusion. (We underline once more that here and below we use balls
of radius 1.) A ball convex (b-convex) set S is characterized by S = bh;(S) or,
equivalently, by the property that S is an intersection of closed balls of radius 1 (then
S is necessarily closed and convex). A b-convex body K is a bounded nonempty
b-convex set (the analogue of a convex body in classical convexity); & and R" are the
only b-convex sets that are not b-convex bodies. (Note that R" is b-convex, since we
want to understand the intersection of an empty family of sets as R".) A supporting
sphere S(x, 1) of K is characterized by K € B(x, 1) and K N S(x, 1) # &; the
corresponding exposed b-face (or b-support set) is K N S(x, 1) (note that nonempty
facets from [Kupitz et al. 2010, Definition 5.3] are a special case).

If an exposed b-face is a singleton {xg}, then x¢ is called a b-exposed point
of K, and b-exp(K) denotes the set of all b-exposed points. We note that several
such concepts, referring to the analogous notions for ball polytopes, their boundary
structure, separation properties with respect to spheres etc., can be found in [Bezdek
2012; Kupitz et al. 2010], but are defined there only for the subcase of the Euclidean
norm. Finally, a set S is called b-bounded if rad(S) < 1. This means that S is inside
a ball of radius 1 and separated from its bounding sphere, which plays the role of a
hyperplane in classical convexity.

We close this section by summarizing several basic facts about ball hulls and cir-
cumradii, and we give a lemma on intersections of compact sets with the boundaries
of their circumballs.

Lemma 1. Let (R", || - ||) be a Minkowski space. The following are satisfied for all
S, T CR" and x € R™:

(a) S<cl(S) Ccl(conv(S)) Cbh;(S)=bh;(cl(S)) =bh;(conv(S)) =bh;(bh;(S)).



BALL CONVEX BODIES IN MINKOWSKI SPACES 291

(b) If S C T, then bh{(S) C bh((T).

(¢c) B(x,r) is ab-convex body for every r € [0, 1].

(d) If rad(S) < 1, then rad(bh(S)) =rad(S). In particular, bh(S) is b-bounded
if S is b-bounded.

(e) If S is closed and S C int(B(x, r)) for some r > 0, then S C B(x, r') for some
r' € (0, r) and rad(S) < r. In particular, a closed subset of R" is b-bounded if
and only if it is covered by an open ball of radius 1.

Proof. Parts (a) and (b) are obvious; see [Martini et al. 2013, Lemma 1] for a
collection of related statements.

For (c), the triangle inequality gives the following representation of B(x, r) as
an intersection of balls of radius 1: B(x, ) =(")y—yj<1— B(y, D).

To see (d), first note that rad(S) < rad(bh;(S)) by (a). If B(x,rad(S)) is a
circumball of S, then bh;(S) € bh;(B(x, rad(S))) = B(x, rad(S)) by (b) and (c).
Hence rad(bh;(S5)) <rad(B(x, rad(S))) =rad(S).

For (e), suppose that S contains at least two points. Consider the continuous
function f : § — R, f(y) = dist(y, S(x,r)) = dist(y, R*\ B(x,r)). Since S
is compact, f attains its minimum: f(y) > f(yg) € (0,r) for all y € S. This
shows that dist(y, R” \ B(x,r)) > f(y) for all y € S; i.e., S C B(x,r’), where
r'=r—f(y)€,r). O
Lemma 2. Let B(xg, rad(S)) be a circumball of a nonempty compact subset S of a
Minkowski space (R", || - ||). Then rad(S N S(xg, rad(S))) = rad(S). In particular,
there exist x, x’ € SN S(xg, rad(S)) such that ||x — x'|| = (n + 1)/n rad(S).

Proof. Without loss of generality, we set B(xg, rad(S)) = B(o, 1). Assume that,
contrary to our claim, rad(S N S(o, 1)) < 1. Then there exists x; € R" such that

2) SN S, 1) Cint(B(xy, 1)).

Since rad(S) = 1, Lemma 1(e) gives points

3) yieS\int<B<ll,x1,1>>, i=1.2.....

Note that
(i)iZ; € S\ int(B(x1, 1)),

as y; € S\int(B(}x1, 1)) € B(o, D\int(B(+x1, 1)) gives [y <1, [lyi— txill > 1,
and in turn

Iy =l = i (3 = 1) = G = Dy

>i

1 .
yi = 21 = G = Dl
>i—(—1)=1.
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Because S \ int(B(xy, 1)) is compact, (y;)7°, has an accumulation point yy €
S\ int(B(x1, 1)). We know that ||yg]| < 1 from S C B(o, 1), whereas (3) gives
|vi = +x1| = 1 and, by i — oo, [lyoll = 1. This way we see that

yo € SN S(o, 1)\ int(B(x1, 1)),

which contradicts (2) and completes the proof of rad(S N S(xg, rad(S))) = rad(S).

Now the additionally claimed existence of x, x’ € § N S(xp, rad(S)) such that
lx —x'|| > (n+1)/n rad(S) is a consequence of the right-hand estimate in (1) and
the compactness of S. (]

3. Separation properties

The following results on the separation of b-convex bodies and points by spheres
are analogues of theorems on the separation by hyperplanes in classical convexity.

Proposition 3. Let K be a b-convex body in a Minkowski space (R", || - ||).

(a) For every xo € bd(K), there exists a supporting sphere S(yg, 1) of K such that
x0 € S(yo, ).

(b) For every xg € R"\ K, there exists a supporting sphere S(yg, 1) of K such that
xo € B(yo, D.

(¢) If K is b-bounded then, for every xg € R" \ K, there exists a sphere of unit
radius S(yo, 1) such that K C int(B(yg, 1)) and xo ¢ B(yo, 1). In particular,
K <€ B(yg, r) for somer € (0, 1).

Proof. For proving (a), note that the assumption

X0 € bd(K) = bd(bh; (K)) =bd(ﬂ B(y, 1))

K<SB(y,1)

yields the existence of a sequence (y;);; € R" such that K C B(y;, 1) for all i and
0= lim dist(xg, R" \ B(y;, 1)) = lim (1 — [lxo — yi ).
i—00 =00

By compactness, (y;);2, has a convergent subsequence, and we can assume that
lim;_, » yi = yo without loss of generality. Then the above observations imply
K € B(yg, 1) and ||xg — yoll = 1, i.e., xg € S(yg, 1). This is our claim.

For (b), we have xo ¢ K = ngB(y,l) B(y,1). Hence there is y; € R" such
that K € B(y;, 1) and xo ¢ B(y1, 1). We consider the translated balls B :=
B(y1 +A(y1 —x0), 1), A >0. We know that K C By. Let Ao > 0 be maximal
such that

K CB;, for 0<A<Ag.
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By the maximality of A9, bd(B,,,) =S(y1+Aro(y1—x0), 1) =:S(yo, 1) is a supporting
sphere of K. Moreover, xo ¢ B(yo, 1), because xo ¢ B(y;, 1) gives
lxo = yoll = llxo — (y1 + 2o(y1 — x| = (L +20) X0 — ¥l > 1 + 20 > 1.

This proves (b).

For the proof of (c), the b-boundedness of K gives y; € R" such that K C
int(B(y1, 1)). By (b), there is y, € R" with K € B(y, 1) and xo ¢ B(y2, 1). We
can pick ¢ € (0, 1) small enough such that

xo ¢ B(yog, 1), where yg:=y>,+¢e(y1 — y2).
Then we obtain

4 K < int(B(yo, 1)),

because, for arbitrary x € K, the inclusions K C int(B(y;, 1)) and K € B(y,, 1)
imply [|[x —y1]l <1, |[x — 2]l <1, and in turn
lx = yoll = llx = (y2+e(y1 — y2))l

=lle(x —yD)+ (1 —&)(x =yl

<elx=yill+d=8&)lx =yl

<e+(1—-¢g)=1.
Finally, (4) yields K € B(yg, r) for suitable r € (0, 1) by Lemma 1(e). O
Corollary 4. Every b-convex body in a Minkowski space (R", || - ||) satisfies

bd(K) = U{F : F is an exposed b-face ofK}.

Proof. Proposition 3(a) gives “C”. The converse inclusion is implied by the
definition of exposed b-faces. O

Proposition 3 gives rise to alternative representations of ball hulls.

Corollary 5. Every b-bounded subset S of a Minkowski space (R", || - ||) satisfies
bh(S) = ﬂ B(x, 1) = ﬂ B(x,1) = ﬂ B(x,r).

SCint(B(x,1)) SCB(x,r), r<l SCB(x,r), r<l
Proof. We assume that S # & and put A := bh;(S) = ﬂsgB(x,l)B(x» 1), B:=
Nsc in(Bx, 1B, 1), Ci= mSgB(x,r),r<lB(x’ D) and D:= g pr ), r<1 B, 7).
The inclusions A € B C C and D C C are trivial. It suffices to prove that C C A
and A C D.
For proving C C A, we consider an arbitrary xo € R" \ A and have to show that
xo ¢ C. Application of Proposition 3(c) to A, which is b-bounded by Lemma 1(d),
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and to xg gives yp € R* and r € (0, 1) such that S € A C B(yg, r) and xg ¢ B(yp, 1).
This yields xo ¢ C.
For A C D, note that

SCBx,r) < ACB(x,r).
Indeed, if S € B(x,r), then A = bh(S) C bh;(B(x,r)) = B(x,r) by (b) and
(c) of Lemma 1. Conversely, if A € B(x, r), then S € bh;(S) = A C B(x,r) by
Lemma 1(a).
The above equivalence yields

AC ﬂ B(x,r) = ﬂ B(x,r)=D. O
ACB(x,r), r<l1 SCB(x,r), r<l

Corollary 6. Every b-bounded closed subset S of a Minkowski space (R", || - ||)
satisfies

bhi($)= () int(B(x, D).

SCint(B(x,1))
Proof. By Corollary 5,
bh(S) = ﬂ B(x,1)D ﬂ int(B(x, 1)).
SCint(B(x,1)) SCint(B(x,1))

For the converse inclusion, note that
S Cint(B(x,1)) = bhi(S) Cint(B(x, 1)).

Indeed, if S Cint(B(x, 1)), then S € B(x, r) for some r € (0, 1) by Lemma 1(e),
and, by Lemma 1(b) and (c), bh;(S) € bh{(B(x,r)) = B(x, r) Cint(B(x, 1)).
The above implication yields

ﬂ int(B(x, 1)) D ﬂ int(B(x, 1)) 2 bh;(S). O
SCint(B(x,1)) bh; (S)Cint(B(x,1))

The assumption of b-boundedness is essential in Corollaries 5 and 6. For example,
if S is a closed ball of radius 1, then bh; (S) = S, whereas the four other intersections
represent R”, since they are intersections over empty index sets.

To see that the assumption of closedness in Corollary 6 cannot be dropped,
consider the example S = int(B(xg, r9)) with xg € R"” and r¢ € (0, 1). Then

bh (int(B(xo, r9))) = bh; (B(x¢, r0)) = B(xo, r0)

by Lemma 1(a) and (c). In contrast to that,

N int(B(x, 1)) =[] int(B(x, 1)) = int(B(x0. o)),

int(B (xo,70)) S int(B(x,1)) lx—xoll<1—ro

as can be checked by the triangle inequality.
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In classical convexity, two disjoint convex sets can be separated by a hyperplane.
The analogous claim for ball convexity would say that, given two disjoint b-convex
bodies K1, Ky C R", there exists a separating sphere S(xg, 1) for K| and K»; i.e.,
K1 C B(xg, 1) and K»NB(xp, 1) =@. In fact, one knows even more if the underlying
Minkowski space (R”, ||-]|) is a Euclidean space (see [Bezdek et al. 2007, Lemma 3.1
and Corollary 3.4]), if its unit ball is a cube (see [Ldngi et al. 2013, Corollary 3.15]),
or if it is two-dimensional (see [Langi et al. 2013, Theorem 4]). Then, for every
b-convex body K and every supporting hyperplane H of K, there exists a sphere
S(xg, 1) such that K C B(xg, 1) and int(B(xg, 1)) N H = &. However, the last
statement fails in general (see [Ldngi et al. 2013, Example 3.9] for an example in a
generalized Minkowski space whose unit ball is not centrally symmetric). Here we
show that even the (formally weaker) separation of two b-convex bodies by a unit
sphere may fail in a (symmetric) Minkowski space.

Example 7. Let lf be the three-dimensional Minkowski space with unit ball
B(o, 1) = conv({(%1, 0, 0), (0, £1,0), (0,0, £1)}), let 0 < ¢ < %, and consider
the segments K, = [(1.1.0). (~1. ~1.0)] and K> = [(1, 4. ). (1. L.e)].
Then K| and K are disjoint b-bounded b-convex bodies in lf, and there is no unit
sphere S(xg, 1) such that K| € B(xg, 1) and K, Nint(B(xop, 1)) = 2.

Proof. K is b-convex, because K; = B((—%, %, ), 1) N B((%, —%, O), 1), and
b-bounded, since rad(K) = % Similarly, K; is b-bounded and b-convex.
If K| € B(xg, 1), then B(xg, 1) contains at least one of the points of the segment
[(3.—1. %) (=1, 1 1)], and we get K> Nint(B(xo, 1)) # @, since 0 <& < 5. O
4. Characterizations of strict convexity

Some of our results will require strict convexity of the norm || - ||. On the other
hand, strict convexity can be reflected by numerous properties related to concepts
introduced in Section 2. The current section is devoted to characterizations of strict
convexity. We start with characterizations by properties of balls, circumballs and
circumradii; for (iv) and (v) in the following lemma we also refer to [Amir and
Ziegler 1980; Martini et al. 2001].

Lemma 8. Let (R", || - ||) be a Minkowski space. The following are equivalent:
(1) The norm || - || is strictly convex.

(ii) Each supporting hyperplane of a closed ball meets that ball in exactly one point.

(iii) The circumradius of the intersection of any two distinct balls of the same radius
r > 0 is smaller than r.

(iv) Every bounded nonempty subset of R" has a unique circumball.

(v) For any two distinct points x1, xo € R", {x1, xo} has a unique circumball.
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Proof. ()= (ii): If (ii) fails, then some ball meets one of its supporting hyperplanes
in at least two distinct points x1, xo. Then the segment [x;, x»] is contained in the
boundary of that ball, contradicting (i).

(i)=(1): If (i) fails, then the boundary of B(o, 1) contains a line segment L of
positive length. The disjoint convex sets int(B(o, 1)) and L can be separated by
a hyperplane H. Then H is a supporting hyperplane of B(o, 1) and contains L,
contradicting (ii).

(1)=(ii): If x1, xo € R" are distinct points and if > 0, then

(5) B(x;,r) N B(xa,7) C int(B(xl—;xz, r))

which implies our claim rad(B(x, r) N B(x, r)) <r by Lemma 1(e). To verify (5),
assume the contrary; i.e., ||x — (x; +x2)/2|| > r for some x € B(xy,r) N B(xy, r).
Then

= [
2

<s(lx —xil+llx —xal) < 30 +r) =r,

hence all terms in the above estimate agree and we obtain ||x — x| = ||x — x| =
Hx — %(xl +x7) H =r. This shows that [x}, x;] is a segment in S(x, r), contradicting
(1) and proving (5).

(ii)=(iv): If (iv) fails, then there is a bounded set S with circumradius rad(S) > 0
that has two circumballs B(xy, rad(S)) and B(x;, rad(S)), x; # x3. This implies
B(x1,rad(S))NB(xz, rad(S)) 2 S and rad(B(xq, rad(S)) N B (xy, rad(S))) >rad(S),
contradicting (iii).

For (iv)<(v)< (i), see [Amir and Ziegler 1980, Lemma 1.2]. O

Now we come to characterizations of strict convexity of norms in terms of
concepts related to b-convexity that are defined in Section 2.

Proposition 9. Let (R”, || - ||) be a Minkowski space. The following are equivalent:

(1) The norm || - || is strictly convex.
(vi) Every b-convex body that is not b-bounded is a closed ball of radius 1.
(vii) Every b-convex body that is not b-bounded has only one supporting sphere.

(viii) For every boundary point x of a b-convex body K that is not b-bounded,

there exists only one supporting sphere of K that contains x.

(ix) Forevery x € R", everyr € (0, 1) and every xo € bd(B(x,r)), B(x,r) has
only one supporting sphere that contains x.

(X) There exist x € R" and r € (0, 1) such that, for every xo € bd(B(x, r)),
B(x, r) has only one supporting sphere that contains xy.

(xi) For every x € R" and every r € (0, 1), each supporting sphere of B(x,r)
meets B(x, r) in only one point.



BALL CONVEX BODIES IN MINKOWSKI SPACES 297

(xii) There exist x € R" and r € (0, 1) such that each supporting sphere of B(x,r)
meets B(x, r) in only one point.

(xiii) For every x € R" and everyr € (0, 1), b-exp(B(x,r)) = S(x, r).
(xiv) There exist x € R" and r € (0, 1) such that b-exp(B(x,r)) = S(x, r).
(xv) Every b-convex body is strictly convex.
(xvi) For any two distinct points x1, x, € R", bhy({x], x2}) is strictly convex.
(xvii) Every b-convex body that contains at least two points has nonempty interior.

(xviii) For any two distinct points x1, xo € R", int(bh;({x1, x2})) is nonempty.

Proof. The implications (vi)=>(vii)=>(viii), (ix)=(x), (xi)=>(xii), (xiil)=>(xiv),
(xv)=>(xvi), and (xvii)=>(xviii) are obvious.

(1)=(vi): Every b-convex body K is a nonempty intersection of a nonempty
family of closed balls of radius 1. If the family consisted of more than one ball,
then its intersection K would be b-bounded by Lemma 8(i)=-(iii). Hence the only
b-convex bodies that are not b-bounded are closed balls of radius 1.

(viii)=(i): Suppose that (i) fails. Then condition (iii) from Lemma 8 fails as
well, and there are two points x| # x; such that rad(B(xy, 1) N B(x, 1)) = 1.
The body K = B(x1, 1) N B(xz, 1) shows that (viii) fails as well, because every
x € bd(B(xy, 1)) N bd(B(x,, 1)) belongs to bd(K) and has the two supporting
spheres S(x, 1) and S(xp, 1).

(1)=(ix) and (i)=(xi): We use the fact that if two balls B(y, s) and B(y', s')
of positive radii in a strictly convex Minkowski space are on the same side of a
common supporting hyperplane H with respective touching points yo and |, then
the dilatation ¢ that is uniquely determined by ¢(yo) = |, and the dilatation factor
s'/s maps B(y, s) onto B(y', s"). To see this, consider the homotheties § and 8’ that
map B(y, s) and B(y’, s’) onto B(o, 1), respectively. Then §(H) = §'(H ), because
B(o, 1) has only one supporting hyperplane with the same outer normal vector
as H, and 8(yo) = 8'(y;), since 8(H) = §'(H) has only one touching point with
B(o, 1) (see Lemma 8). Now ¢ = (8')"! 08, and the fact is verified.

Coming back to the proof of (i)=(ix) and (i)=-(xi), we consider an arbitrary
supporting sphere S(y, 1) of B(x, r) and suppose that xy belongs to the b-support
set B(x, r) N S(y, 1). The supporting hyperplane of B(y, 1) at xo supports B(x, r)
as well. Now the above fact says that B(y, 1) is the image of B(x, r) under the
dilatation ¢ with fixed point x¢ and factor 1/r. This shows in particular that the
supporting sphere S(y, 1) is uniquely determined by the touching point x(, which
proves (ix) (because there exists at least one supporting sphere at xo according to
Proposition 3(a)). To show (xi), we must prove that every point x; € B(x, r)NS(y, 1)
coincides with xg. By the same argument as above, B(y, 1) is the image of B(x, r)
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under the dilatation i with fixed point x; and factor 1/r. We obtain

y=@(x)=x0+ %(x —x9) and y=v(x)=x +%(x —x),

which gives xo = x; and completes the proof of (xi).

(x)=(i): Suppose that (i) fails. Then, for every x € R" and every r € (0, 1),
S(x,r) contains a line segment [xg, x;] € S(x,r), xo # x1. If o and ¢, are
dilatations with factor 1/r and fixed points x¢ and x1, respectively, then ¢y (S (x, r))
and ¢, (S(x, r)) are distinct supporting spheres of B(x, r). Clearly, we have

X0 = @o(x0) € @o([x0, x1]) € @o(S(x,r)).
Moreover,

xo = @1(rxo+ (1 —=r)x1) € p1([x0, x1]) € @1(S(x, r)).

Therefore ¢o(S(x, r)) and ¢1(S(x, r)) are both supporting spheres of B(x, r) at
X0 € bd(B(x,r)), and (x) is disproved.

(xi)=(xiii) and (xii)=>(xiv) follow from Proposition 3(a).

(xiv)=(i): If (i) fails, then every ball B(x,r), x € R", r € (0, 1), contains a
segment [x1, x3], X1 # X2, in its boundary S(x, ). We shall show that %()q + x7)
is not contained in b-exp(B(x, r)), thus disproving (xiv). Indeed, if S(y, 1) is
a supporting sphere of B(x, r) with touching point %(xl +x2) € S(y, 1), then
[x1, x2] € B(x,r) € B(y, 1), and the point %(x 1 +x2) (from the relative interior) of
[x1, x2] isin S(y, 1) =bd(B(y, 1)). Hence [x;, x2] € S(y, 1). This shows that the
exposed b-face B(x,r) N S(y, 1) that contains %(xl + x3) must necessarily cover
the whole segment [x;, x»]. Thus %(xl + x3) ¢ b-exp(B(x, r)).

(i)=(xv): Assume that (xv) fails; i.e., there are a b-convex body K and two points
X1 # xp such that [x1, x,] € bd(K). By Proposition 3(a), there is a supporting sphere
S(y, 1) of K such that %(xl +x2) € S(y, 1). As above, we have [x], x2] € K C
B(y, 1) and %(xl +x2) € S(y, 1) =bd(B(y, 1)), which yields [x, x2] € S(y, 1)
and contradicts (i).

(xv)=(xvii) and (xvi)=>(xviii): If a convex body K contains two distinct points
x1 and x; and has empty interior, then K is not strictly convex, because [x1, x2] €
K =bd(K). This yields the two implications.

(xviii)=(i): If (i) fails, then there are x| # x; such that [x;, x2] € S(o, 1). Hence

X1—Xy Xp—X1 | _ _xtx X1+x2
[—2 T ]—([xl,le — ) ([xz,X1]+ )

c (S<o, D-2F2) (S0, D+ ““2)
— S(—M, 1) n S(XH'XZ 1)
2 2

s neEe),
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The last equation is a consequence of H %(x 1+x2)— ——(x 1+x2)) || =2. We obtain

SRR g ol SRR
)
s )osC5)

which contradicts (xviii). U

5. Representation of ball hulls “from inside”

In this section we deal with b-convexity of unions of increasing sequences of b-
convex bodies and with the representation of ball hulls of sets by unions of ball
hulls of finite subsets. We start with an auxiliary statement.

Lemma 10. Let K € K", let H C R" be a hyperplane, and let (y;);2, € R" be
such that y; =% yo e R" and H N (K + y;) # @ forall i = 1,2,.... Then
HN (K 4 y;) =2 HN (K + yo) in the Hausdorff distance.

Proof. First note that H N (K + yo) # &, and in turn H N (K + yg) € K. Indeed,
for every i > 1, we can pick z; € H N (K + y;), i.e., z; = x; + y; with x; € K. By
the compactness of K we see that, without loss of generality, x; 220, xo € K. We
get zo ;= X0+ yo =lim; , » z; € H N (K + yp), because H is closed.
By [Schneider 1993, Theorem 1.8.7], our claim H N (K + y;) =% HN(K =+ o)
is now equivalent to the following conditions taken together:
(a) for every 1o € HN (K 4+ yg), there existt; e HN(K +y;), i =1,2,...,such
that #; =25 o;
(b) if (#; )°° | is a sequence with i} < iy < -+, 2% 1) € R, and li; €
HN (K +i;), then tg € H N (K + yo).

Proof of (a). Suppose that H = {x € R" : (u, x) =}, with (-, - ) denoting the usual
scalar product. Then fix tgo € H N (K + yp), i.e., fo = xo + yo with xg € K and

(6) (u, ty) =c, 1.e., (U, x9) =c—(u, yo).
Pick x*, x** € K such that

(u, x*y =min{(u, x) : x € K}, (u, x™*) = max{(u, x) : x € K}.
Foreveryi=1,2,..., HN(K +y;) # @ gives X; € K such that

(7 (u, x; +y;) =c.
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We choose t; = x; + y; € HN (K + y;) as follows: We know from x; € K that
(u, X;) € [{u, x*), (u, x*)].

Case 1: (u, X;) = (u, xp). In this case we put

Xi ‘= X0.

7
Thent; =xo+y; € K+y; and t; € H, because (u, t;) = (u, xo+y;) = (u, X; +y;) (——)c.

Case 2: (u, x;) € [{u, x*), (u, x0)). Then
(u,)?,-)—(u,x*) <M,X()>—<M,ii>

© = (u, xo) — (Lt,x*)xoJr (u, xo) — (u,X*)x

satisfies x; € [xg, x*] C K, hence t; = x; + y; € K + y;, and

_ (u,)?,-)—(u,x*) <l/t,x0>—<u,f,'>
(M, xi) -
—(u, x

u, Xo)

*

This gives t; € H, because (u, t;) = (u, x; + y;) = (u, X; + y;) = c.
Case 3: (u, x;) € ({u, xo), (u, x**)]. Then
(, x*) — (u, X;) (u, Xi) — (u, xo)

©) S ) — o) e — (e xo)

satisfies x; € [xg, x™*] € K, hence t;, = x; + y; € K + y;, and

C(u, x™) —(u, X) (u, x;) — (u, xo) oo =
<u9xi> - (u,x**) _ <M,X()) (u’x()) + (u,x**) — (u’xO> (u,x > - <u’xl>'

This yields #; € H, because (u, t;) = (u, x; + y;) = (u, X; + yi) @ c.

Finally, for proving #; = 1y, we use the following arguments. We get x; =% x
by partitioning the sequence (x;);2, into three subsequences corresponding to
Cases 1-3, where each of the subsequences (if it is infinite) converges to xg. In

Case 1 this is trivial, and in the other two cases it follows from

M - ©)
(, %) = ¢ — (u, yi) == ¢ — (u, yo) = (u, xo)

and from the definitions (8) and (9). This yields #; = x; + y; 290 xo + yo = 1o.

Proof of (b). The inclusion ti; € HN (K + yi;) gives xi; = 1t;; — yi; € K. Hence
Xi; = li; — Vi m)to — y0 € K, because K is closed. Thus #y € K + yy. Moreover,
t;; € H yields t;, —==>1y € H, because H is closed. Hence fo € H N (K + y). O
Remark 11. Note that H cannot be replaced by an affine subspace L of arbitrary

dimension in Lemma 10. See the following example, where

K = {(51,%'2, £)eR:|&| < 1—\/@}'
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(Thus K =conv({(cos ¢, sing, 0):0 <@ <27 }U{(0, 0, £1)}) is a compact double
cone.) Consider the affine subspace L := aff({(1, 0, 0), (0, 0, 1)}) of R3, and let
yi :=(1,0,0)—(cos 1, sin }, 0) =% yo = (0, 0, 0). Then LN (K +y;) ={(1,0, 0)}
forany i, and LN (K 4+ yg) = LN K =[(1,0,0), (0,0, 1)]. Hence L N (K + y;)
does not converge to L N (K + yp) in the described way.

Theorem 12. Let C; € C, C - - - be an increasing sequence of b-convex bodies in
a Minkowski space (R", || - ||) such that

(10) dim(aff(bhl (UO; c,~)>) €(0,1,n—1,n).

Then

(11) a(U2, &) =em(U-, ).

In particular, cl(U?il C,-) is a b-convex body.

Proof. Since “C” in (11) is obvious, we prove now “2”.

Case 1: dim(aff(bh; (72, Ci))) = 0. Here, ;2 Ci = {xo} is a singleton. Thus
Ci={xp}foralli =1,2,...,and (11) is trivial.

Case 2: dim(aff(bh (U;2, C;))) = L. Here, bh (|J;2, C;) is a line segment. Since
every closed line segment of the same direction and having smaller length is also
b-convex, each C; is a closed segment of that kind (perhaps of length 0), | 72, C;
is a segment of that direction (not necessarily closed), and

bh; (UZ c,-) - cl(UZl cl-).
Case 3: dim(aff(bh; (72, Ci))) = n— 1 > 0. Assume that we have “2” in (11).
Then there exists xg € bh; (U:’il C,-) \cl(U?i1 C,-), and we find gy > O such that
B(xo, e0)N(IUJ:2, Ci) =@. Thus, there exists x; € relint(bh; (72, C:))\ (U7, Ci).
that is,

(12) X1 € relint(bhl (U‘: c,-))

and
(13) x1¢C; fori=1,2,....

Property (13) and Proposition 3(b) give y; € R" such that
x1 ¢ B(yi,1) and C; CB(y;,1) fori=1,2,....
There exists a convergent subsequence y;, ey yo € R", and, by continuity of the

norm and the inclusions C; € C, C - - -, we have

(14) x1 ¢int(B(yo, 1)) and | JCi € B(yo, D).

i=1



302 THOMAS JAHN, HORST MARTINI AND CHRISTIAN RICHTER

Subcase 3.1: dim(aff(bh; (72, Ci))) = n. With (14) we have bh; (L2, C;) €

B(yp, 1) and
sy gint(bhy (|~ 1)) =retime(bhy (| ©1)).

a contradiction to (12).

Subcase 3.2: dim(aff(bh, (2, C;))) = n — 1. Let H := aff(bh; (U2, Ci))-
From y;, 1723 v we get B(yi;, .l)j_)—°°>B(y0, 1) in the Hausdorff metric, and with
Lemma 10 we get B(y;,, )N H == B(yo, 1)NH as well. Then, by x| ¢ B(y;,, 1),
we obtain x; ¢ intgy (B(yg, 1) H) (where intg (- ) is the interior in the natural topol-
ogy of H), whereas bh (72, C;) € B(yo, 1)NH by (14) and the choice of H. With
this and the choice of H we obtain x| ¢ inty (bh1 (U?il C,-)) = relint(bh1 (Ufil C,-)),
a contradiction to (12). The proof of “2” in (11) is complete.

To show that cl (L2, C;) = bhy (72, Ci) is a b-convex body, it is enough
to verify that bh; (2, Ci) # R", i.e., that | ;2 C; is contained in some ball of
radius 1. This is obvious by the second part of (14) (which can be shown analogously
in Cases 1 and 2). O

Remark 13. Note that the technical assumption (10) is satisfied in each of the
following situations:

(i) n<3,
(ii) (R™, |- is strictly convex,
(iii) dim(aff(J;2, Ci)) = n— 1 or, equivalently, dim(aff(Cj,)) > n — 1 for some i.

Proof. Situation (i) is trivial. In situation (ii), the equivalence (i) < (xvii) from
Proposition 9 shows that dim(aff(bh; ({2, C;))) = n as soon as | J;2, C; is not a
singleton. Condition (iii) implies (10), because | J;2; C; € bhy (U2, C)). O

In Example 16 we shall see that assumption (10) cannot be dropped in Theorem 12.

Theorem 14. Let S # & be a subset of a Minkowski space (R", | - ||) such that

(15) dim(aff(bh;(S))) € {0, 1,n — 1, n}.

Then

(16) bhi (S) = CI(UFQSﬁnite bh (F)).

Proof. The inclusion “2” is evident. For “C”, first note that S, considered as a
metric subspace of the separable metric space (R", | - ||), is separable itself; i.e.,
there are x, x7, ... € S such that cI(S) =cl({xy, x2, .. .}). (To be more constructive,
let r1, rp, ... € R" be the vectors with only rational coordinates and pick x; € S

such that ||x; —r;|| <inf{||lx —r;|| : x € S} + ll ) Putting C; =bh; ({x, ..., x;}) for
i=12,...,weobtain C; € C, C---. If Cj, is not a b-convex body for some iy,
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then bh; ({x1, ..., xj,}) = C;, = R", and (16) is obvious (both sides are R"). Hence
we can assume that all C; are b-convex bodies. Moreover,

an o (UZ,6) =bhi ([ bhicbersin) =bhi (LU b1
= bh1 ({x1 ,xz,...}) = bh1 (cl({x1 ,X2,...}))
= bhy (cI(S)) = bh (S),

which gives

dim(aff(bhl (Uool c,-))) — dim(aff(bh, (5))) € {0, 1, 7n — 1, n}.

i=

Now we can apply Theorem 12 and obtain

bhy (S) ‘2 bh, (Uil c,-) — cl(Uj; Ci) — cl(UZ1 bhy (fx1, . .. ,xi})>

= CI(UFQS finite bhl(F))' .

Remark 15. As in Remark 13, we see that (15) holds in each of the following
situations:
(i) n <3,
(i) (R", || - | is strictly convex,
(i) dim(aff(S)) >n — 1.

The claim of Theorem 14 is shown in [Langi et al. 2013, Theorem 1] under the
stronger assumption that dim(aff(bh;(S))) = n. The authors ask in [Langi et al.
2013, Problem 2.6] if the assumption can be dropped. Our generalization to the
additional cases dim(aff(bh;(S))) € {0, 1, n — 1} shows that the assumption can be
weakened; however, Example 16 illustrates that the restrictions (10) in Theorem 12

and (15) in Theorem 14 are essential, which shows that the answer to Problem 2.6
from [Ld4ngi et al. 2013] is negative.

Example 16. We denote the Euclidean norm by || - || and consider convex bodies
K ={(k1, K2, k3,0) 2 [(k1, k2) [l2 < 1, [[(k2, k3)[[2 = 1},
L={(1,0,23,24) : [|(A1, Aa)[2 = 1, |A3] = 1}

in R*. We define the unit ball B(o, 1) = B of a Minkowski space (R*, || - ||) by

(18) B=conv(KUL)

={(k1 + A1, &2, 63+ A3, &) :
max{||(k1, £2)ll2, | (&2, 3)ll2} +max{[| (A1, &) 12, 23]} < 1}.
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For that space we shall see that

(19) bh;({(«, 0,0,0), (=, 0,0,0)}) =[(x, 0, 0,0), (—, 0,0,0)] for ¢ (0, 1)
and
(20) bh; ({(1,0,0,0), (=1,0,0,00}) ={(1,0,0,8) : [[(§1, §4)[l2 < 1}.
Consequently, the segments C; = [(1—%, 0,0, 0), (—1+:—., 0,0, O)], i=1,2,...,
form an increasing sequence of b-convex bodies, and we obtain
(U, ) =11,0,0,0), (~1,0,0,0)],
oo
oy (|, €)= (61,0,0.80 1 161, 912 < 1).

Hence (11) fails and cl(U?il C;) is not b-convex.
Similarly, the relatively open segment S = ((1, 0, 0, 0), (—1, 0, 0, 0)) satisfies

bhy(S) = {(51. 0,0, &) : (&1, &)ll2 < 1,
CI<UF§Sﬁnite bhl(F)) =1[(1,0,0,0), (-1,0,0,0)],
and (16) fails.

Proof of (19) and (20). Step 1: verification of (19). Let « € (0, 1) be fixed. We use
the linear functional

fE1.6.8.8)=VI—-a2& +a&=((V1—0a2,a), (&, &))

of Euclidean norm || f||, = H («/1 — 2, oz) H2 =1, and we define related level and
sublevel sets f—,, f<u, f>. by

f=rzizn=1{x €R*: f(0) =/ =/ = pu}.
We obtain, partially based on the Cauchy—Schwarz inequality,
KCforuNfa, LS foaNfea LNfo=02.
These yield
@D BC fouinfa
and
(22) BN foy=KNfo=[(e. vV1—0a2,a,0), (—a, V1 —0a2,a,0)].

Next note that (:i:oz, +1—0o2, +a, 0) € K C B for arbitrary choice of signs.
This implies (+a, 0, 0, 0) € B+ (0, £4/1 — a2, £a, 0), in particular

{(,0,0,0), (—,0,0,0)} € B((0,v/1—a2,e,0),1)NB((0,—v1—a2, —,0),1),
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and in turn

bh ({(e, 0,0, 0), (—a, 0,0, 0)})
C B((0, V1 —0a2,2,0), )N B((0, —v/1—0a2, —a, 0), 1)

(BN L)+ (0, VT—a2, @,0)) N (BN f<1) + (0, —v/T—a?, —a, 0))
=(B+(0,vV1—02,0,0))N fooN (B + (0, —v/1— a2, —a, 0)) N f<o
S (B+(0.—vVT—02, —,0)) N f=9

—(BO fo)) + (0, T, —a,0)

L (@.0,0,0), (-, 0,0,0)].

This gives the inclusion “C” in (19). The reverse inclusion is obvious, since the
ball hull is closed and convex.

Step 2: verification of the equivalence of

(23) {(1,0,0,0),(-=1,0,0,0)} € B(t,1) =B +1t
and
(24) t=1(0,0,13,0) with 3 €[-1,1].

Suppose that t = (11, T2, 73, T4) satisfies (23). The inclusion B = conv(K UL) C
conv([—1, 11 =[-1, 1]* together with (23) gives

(25) 71=0 and w3e[-1,1].

Now the assumption (—1, 0, 0, 0) € B+¢ amounts to (—1, —1p, —73, —74) € B and,
by symmetry, to (1, 72, 13, 74) € B. By (18), this says that there are x1, A1, k3, A3 €R
such that k1 + A1 =1, k3+ A3 =13 and

(26) max{|| (1, )2, [(t2, k3) l2} + max{|[(A1, Ta) 2, [A3]} < 1.

From «; +XA; = 1 we obtain

(26)
L <[krl+121] < N Ger, ) ll2 + 1A, )l < 1.
Hence all inequalities in the last formula are identities and
Ty =T4 = 0.

By (25), the implication “(23)=>(24)” is proved.
The converse “(24)=-(23)” amounts to (*1,0, —73,0) € B for all 73 € [—1, 1].
This is an obvious consequence of (1, 0, —73,0) € L € B.
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Note that the equivalence “(23)<>(24)” implies

(27) bh;({(1,0,0,0), (=1,0,0,0)}) = ﬂ (B + (0,0, 73, 0)).
re[—1,1]

Step 3: verification of “C” from (20). Here the functional
81,62, 83,64) = &3
satisfies K UL C g>_1 N g<;. Hence
(28) BCSg-—1Ng<
and
(29)  BNg—; = conv((KNg=)U(LNg=y))
= conv({(61.0.1,0) : [&1] < 1}U{(61.0.1.£9) : [|(E1.E0) 2 < 1})
={(€.0.1,6) : (1. ) [2 < 1}
Now we obtain the claim “C” from (20) by
bh; ({(1, 0,0, 0), (—-1,0,0,0)})
(2§7)(B +(0,0,1,0)Nn(B+(0,0,-1,0))

B (BNga_1)+(0,0,1,0)N((BNg<y)+ (0,0, —1,0))

=(B+(0,0,1,00)NgsoN(B+(0,0,—1,0)) Ng<o

29

={(61,0,0,84) : I(61, §4)ll2 = 1}.

Step 4: verification of “2” from (20). Let &1, &4, 73 € R be such that || (&1, §4)]2 <1
and |r3] < 1. Then (&1,0, —13,&4) € L € B. Thus

(61,0,0,864) € B4+(0,0,73,0) if [|(§1, 802 =<1, 13| = L.
By (27), this implies “2” from (20). O

6. Minimal representation of ball convex bodies as ball hulls

In this section we will present, as announced, minimal representations of ball convex
bodies in terms of their ball exposed faces.

Theorem 17. Let K be a b-bounded b-convex body in a Minkowski space (R", || - ||)
and let S C K. Then bh(S) = K if and only if every exposed b-face of K meets cl(S).
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Proof. For the proof of “=", suppose that there is an exposed b-face F of K
such that F Ncl(S) = @. We have to show that bh;(S) # K. The b-face F has a
representation F = K N S(y, 1), where S(y, 1) is a supporting sphere of K. By
FNcl(S) =2, we obtain cl(S) Cint(B(y, 1)) and, by Lemma 1(e), cl(S) € B(y, r)
for some r < 1. We fix xg € F. Then |xg — y|| = 1, because F C S(y, 1), and
x0 & B(y—(1—r)(xo—y), 1), since [[xo—(y—(1—=r)(xo—y)II=2—r)llxo—yll > 1.
But S € B(y,r) S B(y — (1 —r)(x9 —y), 1) by the triangle inequality. Thus
xo¢ B(y—(1—r)(xo—y),1) 2bhi(S) and xp€F CK,

showing that bh; (S) # K.

For the converse implication “<”, we suppose that bh;(S) # K and will show
that cI(S) misses at least one exposed b-face Fy of K. Since bh((S) # K and
bh;(S) € K by Lemma 1, there is xg € K \ bh;(S). By Proposition 3(b), we can
separate xo from the b-convex body bh; (S) € K by a sphere S(yg, 1),

(30) cl(§) S bhi(S) € B(yo, 1) and xo & B(yo, 1).
The b-boundedness of K gives y; € R" such that
€19 cl(S) € K < int(B(y1, ).

We consider the balls B), := B(yp + A(y1 — o), 1) for A € [0, 1]. Then K gZ By by
(30) and K < Bj by (31). Consequently, there exists

A =min{A €[0,1]: K C B} € (0, 1].

(It is a consequence of the continuity of || - || that Aq is really attained as a minimum.)
By the definition of Ao and a compactness argument, the set Fp = K Nbd(B,,)
is nonempty, so that S,, := bd(B,,) is a supporting sphere of K and Fj is an
exposed b-face.

Now it remains to show that FyNcl(S) = @. Suppose that this is not the case; i.e.,
there exists zg € FypNcl(S). The inclusions (30) and (31) yield ||zo — yol| < 1 and
lzo — y1ll < 1. Finally, the inclusion zg € Fo € S5, = S(yo + Ao(y1 — y0), 1) gives

1= llzo = (vo+2o(y1 — yo))l
= llAo(zo — y1) + (1 = 20)(zo — yo) I
= ollzo — y1ll + (1 = Ao)llzo — yoll
<d+(A—29) =1
This contradiction completes the proof. O

Note that the proof of “=" did not require b-boundedness of K. However, b-
boundedness is essential for “«<". To see this, consider a closed ball K = B(y, 1)
of radius 1. (Proposition 9(1)=>(vi) says that these are the only b-convex bodies
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that are not b-bounded, provided that the norm || - || is strictly convex.) Then
the only supporting sphere of K is S(y, 1), and the only exposed b-face is F =
KNS(,1) = S(y,1). Then every singleton S = {xo} € S(y, 1) satisfies the
condition from Theorem 17, but bh; (S) = {xp} is not K.

Example 18. Consider the space 2, = (R?, || - || o) With unit ball [—1, 1] Then all
b-convex bodies are of the form [aq, B1] X [a2, B2l With0 < 8; —; <2, i =1, 2.
We restrict our consideration to b-bounded b-convex bodies K with nonempty
interior. These are rectangles K = [«, B1] X [a2, 2] withO < B —a; <2, i =1, 2.
The exposed b-faces of K are the edges

Fi=la,B11x{B2}, Fr={ai}x[az,B2], Fi=[ai,pfilx{az}, Fi={Bi}x[a2,B2]

and the unions F1UF>, FoUF3, F3UFs, F4UF). Theorem 17 says thata set S € K
satisfies bh (§) = K if and only if cI(S) N F; # & for j =1, 2, 3, 4. Consequently,
when searching for minimal sets S (under inclusion) with bh;(S) = K, we need
to find a minimal set S containing at least one point from each of Fy, F, F3, Fu.
Such § may consist of 2 (if S is composed of two vertices symmetric with respect
to the center of K), 3 or 4 points (if S contains exactly one point from the relative
interior of each F;).

This example can be generalized for boxes in [}, n > 1. Corresponding mini-
mal sets must contain a point in every (classical) facet of a box and may consist
of 2, ..., 2n elements.

Corollary 19. If a subset S of a b-bounded b-convex body K in a Minkowski space
(R"™, || - |D satisfies bhi(S) = K, then b-exp(K) C cl(S).

Proof. 1f x € b-exp(K), then {x} is an exposed b-face of K. Now Theorem 17
yields {x} Ncl(S) # T; i.e., x € cl(S). O
Theorem 20. A subset S of a b-bounded b-convex body K in a strictly convex
Minkowski space (R", || - ||) satisfies bhy(S) = K if and only if b-exp(K) C cl(S).
In particular,

K = bhy (b-exp(K)),

and cl(b-exp(K)) is the unique minimal (under inclusion) closed subset of R* whose
ball hull is K.
Proof. The implication “=" of “bh;(S) = K < b-exp(K) C cl(S)” is given by
Corollary 19. To see “«<”, it is enough to show that
(32) K C bh(b-exp(K)).
Indeed, if b-exp(K) C cl(S) and if (32) is verified, parts (b) and then (a) of Lemma 1
give

K < bh; (b-exp(K)) < bh;(cl(S)) =bh;(S) S bh|(K) =K,
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and “«<" is proved.

To show (32), we assume there exists xg € K \bh; (b-exp(K)). The b-boundedness
of K implies b-boundedness of the subset K := bh;(b-exp(K)) € bh;(K) = K.
Separation of xo from K by Proposition 3(c) and the b-boundedness of K yield the
existence of yp, y; € R"” and r € (0, 1) such that
(33) K € B(yo,r) and xo¢ B(yo, 1),

(34) K <k cint(B(y1,r).

Much as in the proof of Theorem 17, we define B} := B(yo + A(y1 — yo), r) for
A € [0, 1] and, exploiting K Q Bj from (33) and K C Bj from (34), find

Ao =min{A €[0,1]: K € B/} € (0, 11.

Then there exists x; € K NS , where S; :=bd(B; ).
Next we show that
(35) x1 ¢ K.

Indeed, if x; belongs to I?, we have ||x; — yo|| <r and ||x; — y1|| < r. The inclusion
x1 € 85 = S(yo+ro(y1 — yo), 1) gives

r=lx1— o+ Aoyt — yo)ll
= [[Ao(x1 — y1) + (1 = A0) (x1 — yo) I
< Aollxr = y1ll + (1 = Ao [lx1 — yoll
<Mr+ {1 —=Apr=r.
This contradiction proves (35).

Since B{O is a b-convex body by Lemma 1(c) and since x| € S{O = bd(BKO),
Proposition 3(a) gives y; € R" such that

Bi, S B(y2, 1) and x; € B; NS(y, ).
Proposition 9(i)=(xi) tells us that
B NS(y2, 1) = {x1},

because || - || is strictly convex. Using the known inclusions x; € K and K € B; ,
we get

K CB(y;,1) and KNS(y,1)={x}

Hence x| € b-exp(K). But (35) says that x| ¢ bh;(b-exp(K)). This final contradic-
tion establishes (32) and completes the proof. U
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Theorem 20 says in particular that every b-bounded b-convex body in a strictly
convex Minkowski space gives rise to a unique minimal closed subset whose ball
hull is that body. We have seen in Example 18 that this is not necessarily the case
if the norm fails to be strictly convex.

Example 21. The set b-exp(K) of all b-exposed points of a b-bounded b-convex
body is not necessarily closed. An example of that kind in the Euclidean plane is
the convex disc K bounded by the arcs

\/§ . T 2
F a < T ): = = }’
1 cos @ 1 +sing@ 3_<p_ 3

= <cos¢,§+sin<p):4?n§¢§5 }

3
;= (i+%cos<p,%sin<p):—%<(p<%},
Iy= <—i+%coscp,%sincp):2§<¢<4§}.

Thus, K is a b-bounded b-convex body with b-exp(K) = I'3 UT's. Exposed b-faces
that are not singletons are 'y and I'.

Corollary 22. If K is a b-bounded b-convex body in a strictly convex Minkowski
space (R", || - ||), then every exposed b-face of K meets the closure of b-exp(K).

Proof. This is a consequence of Theorems 17 and 20. ([

Corollary 23. If S is a nonempty b-bounded subset of a strictly convex Minkowski
space (R", || - ||), then b-exp(bh;(S)) C cl(S).

Proof. By parts (d) and then (a) of Lemma 1, K :=bh;(S) is a b-bounded b-convex
body and S is a subset of K. Now Theorem 20 says that cl(S) 2 b-exp(K) =
b-exp(bh;(S)). O

Example 18 gives b-bounded b-convex bodies not having any b-exposed points.
This shows that Theorem 20 and Corollary 22 fail in general if the underlying norm
is not strictly convex.

A similar reason justifies the assumption of b-boundedness in Theorem 20 and
Corollary 22:

Proposition 24. If a b-convex body K in a Minkowski space (R", || - ||) is not
b-bounded, then b-exp(K) = 9.

Proof. We have rad(K) = 1, because K is not b-bounded. Hence every support-
ing sphere S(x, 1) of K is the boundary of a circumball B(x, 1). By Lemma 2,
|K N S(x,1)| > 2. Hence none of the exposed b-faces of K is a singleton and K
has no b-exposed points. U
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7. An application to diametrically maximal sets

A bounded nonempty set C C R" is called complete (or diametrically maximal) if
diam(C U {x}) > diam(C) for every x € R" \ C; see [Meissner 1911; Jessen 1929;
Eggleston 1965; Groemer 1986]. Complete sets are necessarily convex bodies,
and in the Euclidean case or for n = 2, any complete set is of constant width. A
complete set C is called a completion of a bounded nonempty set S if § € C and
diam(C) = diam(S). Zorn’s lemma shows that every bounded nonempty subset
of R" has at least one completion. In n-dimensional Minkowski spaces (n > 3),
the family of complete bodies can form a much richer class than that of bodies of
constant width; see [Moreno and Schneider 2012a; 2012b] for recent contributions.

The following problem was posed in [Martini et al. 2014, Section 4]: Given
a complete set C C R”, find all convex bodies Ko € C such that C is the unique
completion of K¢y and, moreover, there is no convex body K € Ky, K # Ky, such
that C is the unique completion of K.

Without loss of generality, we can assume that diam(C) = 1. The following
lemma summarizes particular relevant statements from the literature (for (a) and (b),
see [Eggleston 1965, Section 1(E)]; for (c) and (d), see [Groemer 1986, Theorem 5]
and the short proof given there).

Lemma 25. The following are satisfied in every Minkowski space (R", || - |):

(a) A set C C R" of diameter 1 is complete if and only if, for every x1 € bd(C),
there exists xo € bd(C) such that ||x; — x3|| = 1.

(b) A set C C R" of diameter 1 is complete if and only if C = (), B(x, 1).

(c) A set S CR" of diameter 1 has a unique completion if and only if bh;(S) is
complete.

(d) If a set S CR" of diameter 1 has a unique completion C, then C = bh;(S).

Proposition 26. Let C be a complete set of diameter 1 in a Minkowski space
R | - 1), and let K € C be a convex body. The following three conditions are
equivalent:

(D C is the unique completion of K.
{I) bhi(K)=C.
(II) K meets every exposed b-face of C.
If, in addition, || - || is strictly convex, then (1), (I), and (111) are equivalent to
(V) cl(conv(b-exp(C))) € K.

Proof. First note that C is b-bounded by (1), because diam(C) = 1, and Lemma 25(b)
shows that C is a b-bounded b-convex body.
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(D=D): Since C is a completion of K, we obtain diam(K) = diam(C) = 1.
Now Lemma 25(d) gives ()=(1).

(I)<(11) and (I< (V) follow from Theorems 17 and 20, respectively.

(ADHAIL)=): By (III), there exists x; € K Nbd(C). Lemma 25(a) gives
xé € bd(C) such that xé € S(x1,1). Then S(x;, 1) is a supporting sphere of C
and F = C N S(x1, 1) is an exposed b-face of C. By condition (III), there exists
x,€ KNF C KNS(xy,1). We obtain diam(K) = 1, because

1 =|x1 — x| < diam(K) < diam(C) = 1.
Now Lemma 25(c) gives (II)=(1), and we are done. O

Criteria (III) and (IV) from Proposition 26 help to characterize minimal convex
bodies Ky in a complete set C such that C is the unique completion of Kj.

Example 27. We consider the space [, as in Example 18. The only complete sets
in that space are closed balls (see [Eggleston 1965, Corollary 2]), so that a complete
set C of diameter 1 is necessarily a box (i.e., a square if n = 2) with edges of length
1 parallel to the coordinate axes. The equivalence of (I) and (III) in Proposition 26
says that C is the unique completion of a convex body K C C if and only if K
meets each of the 2n facets of C. It is easy to find minimal convex bodies Kq with
that property: such a K is the convex hull of a minimal set S consisting of at
least one point from each facet of C. If n = 2, then such K can be a line segment
(a diagonal of C), a triangle or a quadrangle. For arbitrary n > 2, the number of
vertices of such Ky can be 2 (if Ky is a diagonal of C passing through the center
of C), 3,...,2n (e.g., if Ko is the cross polytope generated by the centers of the 2n
facets of C).

If the underlying Minkowski space is strictly convex, then Proposition 26 shows
that the problem mentioned above has a unique solution.

Corollary 28. Let C be a complete set of diameter 1 in a strictly convex Minkowski
space (R", || - ). Then Ko = cl(conv(b-exp(C))) is the unique minimal (under
inclusion) convex body whose unique completion is C.

8. Open questions

8.1. Spindle convexity in Minkowski spaces. In [Langi et al. 2013], bh; ({x1, x2})
is called the spindle of x;, x; € R", which generalizes the corresponding notion
from Euclidean space (see, e.g., [Bezdek et al. 2007]). A set S € R" is called
spindle convex if, for all x1, x, € S, S covers the whole spindle of x| and x,. This
gives rise to the concept of the spindle convex hull of a subset of R". Note that
spindle convex sets are not necessarily closed, in contrast to b-convex sets. Closed
sets turn out to be spindle convex if and only if they are b-convex, provided the
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underlying Minkowski space is Euclidean or two-dimensional or its unit ball is (an
affine image of) a cube (see [Bezdek et al. 2007, Corollary 3.4; Langi et al. 2013,
Corollaries 3.13 and 3.15]). An example in (an affine image of) the space lf from
Example 7 shows that closed spindle convex sets need not be b-convex in general
(see [Léngi et al. 2013, Example 3.1]).

We define a related hierarchy of notions of convexity by calling a set § € R"
k-spindle convex, k € {2, 3, ...},if bhi({xy, ..., x¢}) S Sforall x;,...,xx € S. We
call S x-spindle convex if bh(F) C § for every finite F C S (i.e., if S is k-spindle
convex forall k =2, 3,...).

Are the k-spindle convex hulls and the *-spindle convex hull of a closed set
closed? Clearly, every b-convex set is *-spindle convex. Is every closed *x-spindle
convex set b-convex? Theorem 14 says that in many situations bh; (S) is the closure
of the *x-spindle convex hull of S. On the other hand, the relatively open segment
S from Example 16 is *-spindle convex, but cl(S) is not even 2-spindle convex.
Given an arbitrary Minkowski space (R", || - ||), does there exist k € {2, 3, ...} such
that x-spindle convexity coincides with k-spindle convexity? Given k € {2, 3, ...},
does there exist a Minkowski space (R", || - ||) such that k-spindle convexity differs
from (k + 1)-spindle convexity? These and related questions might be studied to
continue naturally our investigations here.

8.2. Generalized Minkowski spaces. Our results are shown in the framework of a
Minkowski space. What remains true if the norm is replaced by a gauge, i.e., if the
unit ball is no longer necessarily centered at o?

8.3. Mobius geometry. One might check whether there are interesting connections
(e.g., regarding the used methods and tools) to Mobius geometry where spheres
also somehow play the role of hyperplanes; see, e.g., [Volenec 1976; Langevin and
Teufel 2009].
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LOCAL CONSTANCY OF DIMENSION OF SLOPE SUBSPACES
OF AUTOMORPHIC FORMS

JOACHIM M AHNKOPF

We prove an analogue of a Gouvéa—Mazur conjecture on local constancy
of dimension of slope subspaces of modular forms on the upper half plane
for automorphic forms on reductive algebraic groups G /Q having discrete
series. The proof uses a comparison of Bewersdorff’s elementary trace
formula for pairs of congruent weights and does not make use of methods
from p-adic Banach space theory, overconvergent forms or rigid analytic
geometry.

We also compare two Goresky—MacPherson trace formulas computing
Lefschetz numbers on weighted cohomology for pairs of congruent weights;
this has an application to a more explicit version of the Gouvéa—Mazur con-
jecture for symplectic groups of rank 2.

Introduction

0.1. We fix a prime p € N and an integer N not divisible by p. Generalizing Hida’s
theory [1993; 1988] of ordinary modular forms, Gouvéa and Mazur [1992] conjec-
tured that the dimension d(8, k) of the slope § subspace of the space Sy (I'o(pN))
of cuspidal modular forms of level p/N and weight k is locally constant in the
p-adic topology as a function of k. More precisely, they conjectured that there
is a linear polynomial m(x) such that the conditions k, k" > 28+ 2 and k = k’
(mod (p — l)pm_l) with m > m(f8) imply

) d(B,k)=d(B, k).

Using work of Coleman [1997] which is based on rigid analytic geometry and
p-adic spectral theory, as well as Katz’s theory of p-adic modular forms and results
of Gouvéa and Mazur, Wan [1998] proved that there is a quadratic polynomial
m(x) such that equation (1) holds. On the other hand, Buzzard and Calegari [2004]
showed that in general there is no linear polynomial m (x) such that (1) holds, hence,
Wan’s result is best possible.

MSC2010: 11F75.
Keywords: Gouvéa—Mazur conjecture, cohomology of arithmetic groups.
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0.2. In this article we prove a higher-rank analogue of the Gouvéa—Mazur conjecture.
To describe this in more detail, we denote by A the adeles of (2 and fix a prime p € N.
We let G /Q be a connected reductive algebraic group which contains a maximal
torus 7/Q which splits over Q,. We select a basis A of the root system & of G /F
where F/Q is a (minimal) splitting field for 7/Q. We let K < G (A f)bea compact
open subgroup with p-component K equal to the Iwahori subgroup 7 of G(Q p)-
We denote by T the Hecke operator attached to the double coset Kh~'r K where
heT@)* <T(@p)** is a strictly dominant element and r € G(Af)(f’), ie,r
has trivial p-component. For any dominant weight A € X (T') we understand by L;
the irreducible representation of G /F of highest weight A. The normalization T3
of T acts on full cohomology H' (S %+ L;(Qp)) as well as on cuspidal cohomology

H\ o (Sg. L3 (C)) where Sz = G(@)\G(A)/K K is the locally symmetric space.
We write H' (Sg, Lk((I;D,,))’3 (resp. H (S, L5 (Q,))=F) for the subspace of slope B
(resp. slope < B) w.r.t. T; and we use analogous notation for cuspidal cohomology.
Our main results then are as follows.

Theorem A (see 3.10 Corollary, 4.11.4 Theorem). Let s = |®"| be the number of
positive roots of G /Qp, 0 = maxyco+ ht(a) the maximal height of a positive root
and g; the number of i-cells in a finite cell complex Z which is homotopy equivalent
to the Borel Serre compactification SK of Sg. Then for all B € Qx, A € X (T)dom
and i € Ny we obtain

dim H'(Sg, L; (@,)=F <mB* +n;

here,m = 12g;0°*!/s and n € N is an integer which also only depends on K (and,
hence, on G and p) and on i.

Theorem B (see 5.2 Theorem). We assume that G has discrete series and we denote
by d = dg, the middle degree. There are polynomials m(x), my(x) € Q[x] both of
degree s + 1 and leading term 12g,0° /s which only depend on K (hence, on G
and p) and h € T(Q)* with the following property. Let B € Qso. Suppose the
dominant weights &, X' € X (T) satisfy

o (M, aY)>2m(B) and (\',a") > 2m;(B) forall a € Ag;
e A=2' (mod (p — \)p" 1 X (T)) withm > m>(B) (m € N).
Then

dim He (Sz, L;(C)” =dim He (Sz, L;,(©))  forall 0<y < B.

cusp cusp

Remark. In the GL;-case m;(x) is a quadratic polynomial; i.e., we obtain the
same growth as that of m(x) in [Wan 1998], except that the weights have to satisfy
a stronger lower bound (quadratic in g instead of linear as in that paper).
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0.3. To prove Theorems A and B we will mostly work in a non-adelic setting; i.e.,
I' < G(Q) denotes an arithmetic subgroup contained in Z. Theorem A then is an
extension of the main result of [Mahnkopf 2014] (see Section 3.1) and the proof is
based on an extension of the notion of truncation of an irreducible representation
of G /Q, introduced in [Mahnkopf 2013; 2014].

Using the boundedness result of Theorem A the proof of Theorem B reduces to
proving certain congruences between traces of powers of the Hecke operator T3
on Hciusp(S[g, L;(C)) and on Héusp(SIg, L;,(C)) for p-adically close weights M.
We first verify these congruences on full cohomology and our principal tool for this
is a comparison of a simple and elementary trace formula of Bewersdorff [1985] for
cohomology with coefficients in L; and in L;,. The equality of mod p" reductions
of geometric sides essentially follows from p-adic properties of the diagonalization
of elements in Zh*Z C G(Q »), e € N, which are proved using basic algebra (see
4.3 Lemma and 4.4 Proposition); we note that Zh~¢Z is the p-component of T¢.
To obtain congruences on cuspidal cohomology we directly prove congruences
on the Eisenstein part of full cohomology and subtract from congruences on full
cohomology.

Since the Bewersdorff trace formula is elementary we obtain an elementary
proof of the congruences on full cohomology and the proofs of Theorems A and
B do not make use of methods from p-adic Banach space theory, overconvergent
cohomology or rigid analytic geometry (but use the spectral decomposition of full
cohomology for regular weight).

0.4. Weighted cohomology. Goresky and MacPherson [Goresky and MacPherson
2003] proved a trace formula for Lefschetz numbers of Hecke operators on weighted
cohomology. Unlike Bewersdorff’s formula it contains contributions not only from
G but from all Q-parabolic subgroups of G. Nevertheless, the same diagonalization
of elements in Zh*Z € G(Q p) asin 0.3 allows to compare two Goresky—MacPherson
trace formulas for pairs of congruent weights. This then yields certain congruences
on weighted cohomology groups and has an application to a version of the Gouvéa—
Mazur conjecture for symplectic groups of rank 2 which is more explicit since we
avoid use of the spectral decomposition of full cohomology (see Section 5.8). We
note that this depends on properties of the root system C, but using instead the
Goresky—Kottwitz—MacPherson trace formula [Goresky et al. 1997] together with
the calculations of Spallone [2009] it might be possible to extend this to arbitrary
reductive groups G/Q.

0.5. Buzzard [Buzzard 2001] gave an elementary proof of boundedness of di-
mension of slope subspaces in the case GL,/Q also based on an analysis of
representations of GL2(Z,). In the case of quaternion algebras over Q he also
proved in [Buzzard 1998] local constancy of dimension of slope subspaces and his
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results were generalized to GL; over totally real fields by Pande [2009]. Following
the method of Ash and Stevens [2008], who introduced overconvergent cohomology,
Urban [2011] obtained p-adic families of systems of Hecke eigenvalues; he uses
this to also derive a p-adic trace formula on overconvergent cohomology. Andreatta,
Iovita and Pilloni also proved existence of p-adic families of eigenforms using rigid
analytic geometry; see [Andreatta et al. 2015].

More closely related to our approach is work of Koike [1975; 1976] (and some
unpublished work of Clozel); like Buzzard, Koike does not make use of methods
from rigid analytic geometry or p-adic Banach space theory. In the case of cuspidal
modular forms, i.e., in the case GL,/Q he uses a Selberg trace formula which
yields an explicit expression for the trace of Hecke operators to deduce congruences
between traces of Hecke operators. Since the Selberg trace formula becomes much
more involved this seems difficult to generalize to higher rank. We therefore do not
attempt to determine an explicit expression for the trace of Hecke operators but only
equate mod p" reductions of traces for p-adically close weights A, A". This can be
done even in higher rank by comparing the simple (non-explicit) trace formula of
Bewersdorff for weights A and .

1. Chevalley groups

We recall some basic facts from the theory of Chevalley groups and their represen-
tations and we give proofs for some (technical) results for which we do not know a
reference.

1.1. Complex semisimple Lie algebras. Let g be a complex semisimple Lie al-
gebra. We denote by h a Cartan subalgebra of g and by ® = ®(g, §) the set
of roots of g w.r.t. to h. We choose a basis A of ® and we denote by ®* the
set of positive roots. For each root « € ® we write g(o) for the correspond-
ing root subspace of g and we select elements i, € h, @ € A, and x4 € g(®),
a € ®, such that {hy, @ € A, xg, B € ®} is a Chevalley basis of g. In particular,
hy is the coroot corresponding to & € A. The Chevalley basis yields Z-forms
9(7) = @ﬁedD Zxg ® Pyep Zhy (resp. W(Z) = B, A Zhy) of g (resp. of h). We
denote by Uz the Z-form of the universal enveloping algebra U/ of g which as a ring
is generated by the elements x/, /n!, o € ®, n € Ny (see [Humphreys 1972, Theorem
26.4, p.156]). Weset g(R) = g(Z) @ R, h(R) =h(Z) @ Rand Ur =U7 Q@ R, R a
Z-algebra. We set s = |®T| and we fix an ordering ®* = {1, ..., oy} of the set of
positive roots and we set

Xia,  Xig,

X =

ny! ny!

where n = (n1, ..., ny) € Nj. The Z-span of the elements X", where n € Ny, is a
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Z-form U, of the universal envelopping algebra 2/~ of n~ = &, _, g(«). Finally,
w <X, for A, u € h*, means that A — u is a linear combination of positive roots
with nonnegative coefficients. For any A € h* we define a relative height function
ht, : {u € b*: u <A} — Ny by ht; () =ht(A — ) (see [Mahnkopf 2013, 1.3]); here,
ht = htx is the height function corresponding to A, i.e., ht(A — ) = ZaeA ng if
A—p=>)_, ea o By wy € b*, a € A, we understand the fundamental (dominant)
weights, i.e., wg(hy) = 84,5. The fundamental weights span the weight lattice I'y.
of g which contains the root lattice I',q.

For any integral and dominant weight A € h* we denote by (p,, L) the complex
irreducible g-module of highest weight A. We denote by I'; the subgroup of the
weight lattice I'sc of g which is generated by the (finite) set of weights P, of
L, . The representation p; is defined over Z, i.e., Ly = L;(Z) ® C where L, (Z)
is Uz-invariant. We select a highest weight vector v, € L,; the lattice then is
defined as L; (Z) = Uzv, (see [Humphreys 1972, proof of Theorem 27.1, p. 158]).
Moreover, we set L, (Z, ) = Ly(Z) N L, () where L, (n) € L, is the weight
w subspace and obtain L, (Z) = P < L, (Z, 1) by [Humphreys 1972, Theorem
27.1, p. 158]. More generally, for any Z-algebra R we put L) (R) = R® L, (Z) and
L,(R,u)=RQ®L,(Z, ). The space L, (R) is a Ug-module and L, (R, ) is a
h(R)-module and the weight decomposition of L, (R) w.r.t. H(R) reads

Li(R) = P Li(R, ).
H=A
More generally, let (7, L) be a faithful complex finite dimensional represen-
tation of g. Since m = P, p;, is semisimple (by the theorem just cited) there is
a Uz-invariant lattice L (Z) in Ly i.e., L, = L;(Z) ® C. Furthermore, for any
weight u e h* weset L, (Z, u) =Ly (Z)NLy(u) and L (R, ) = RQ L, (Z, 1)
(R a Z-algebra) and obtain

Lr(R)= P La(R, ),
WE Py
where P, C h* is the set of weights of 7. We note that P, = J; P,, and we set
Iy = (Prr>-

1.2. Chevalley groups [Z,. From now on we fix an algebraic closure Q p»of Q,
and we denote by O@p the integer ring in @ p- We recall some basic facts from
the theory of Chevalley groups. Let (, L) be a finite dimensional complex
representation of g and let R by a Z,-algebra. For any 7 € R and any root o € ®
we define the element x, () = xJ (t) = exp(7w(txy)) € Aut(Ly (R)). The subgroup

Gn,R = (xq(ty), 0 € D, t, € R) < Aut(L(R))

is called the Chevalley group attached to w and R.



322 JOACHIM MAHNKOPF

) The group Gn,@,, is a semisimple connected algebraic group, i.e., it is the set of
Q,-points of an algebraic group (group scheme) G, which is defined over Z,. To
make this more precise, we denote by GL,, the general linear group with canonical
Z ,-structure Z ,[GL,] = Z,[x;j, det™'], i.e., for any Z ,-algebra R we obtain

GL,(R) = Morz, a1y (Z,[GL,], R) = {(x;j) € R" : det(x;;) € R*).

We select a basis B of the free Z,-module L, (Z,) and obtain for any Z ,-algebra
R an identification

Aut(L, (R)) 2 GL,(R) (n=dimL,).

In particular, G a, is a subset of Aut(L (@p)) =GL, (@p) and it is the set of @ -
points G (@ ») of a closed algebraic subgroup G, = G, /Q,, of GL,/Q), which
is defined over Q,, (see [Borel 1970, 3.3(1), p. 14 and 3.4, p. 18]); in particular,
Q,[Gr]= @,,[GL,,]/J’ for some ideal J' < Q,[GL,].

We set J = J’ NZ,|GL,] and Z,[G] := Z,[GL,]/J then is a Z,-form on
Q,[G] which yields a Z ,-structure on Gy, i.e., which yields a Z,-group scheme
G /Z, whose extension to Q, is G (ibid., 3.4, p. 18). Thus, for any Z ,-algebra
R contained in Q p the group of R-points G, (R) is defined and

Gz (R) = Gz (Qp) NGL,(R) = G, 5 NAut(Ly(R)).

In particular, since x,(f,) € Aut(L;(R)), t, € R, we obtain x,(fy) € G (R) if
ty € R which yields

2 Grr S Gx(R).

For each o € ® there is a unique morphism py = p? : SLz(@p) — Gy (@p)
such that (' 1) > xZ (1) and (} ) = x7, (1) (t € Q,) map (see [Borel 1970, 3.2(1),
p. 13]). The 4 is defined over Z,, (ibid., 3.3(2), p. 15 and 4.3, p. 22). We denote
by hy(t) = h}, (t) the image of (’ t_]) under pu, (ibid., 3.2(1), p. 13). The algebraic
group G, /Q, contains a (,-split maximal torus 7/Q, = T” /Q, such that the
group of @ p-rational points of T is given as

T(@Qp) = (ha(ta), @ € A, 1, € Q%)
(ibid., 3.2(1), p. 13 and 3.3(3), p. 15). To any A € I';; we attach a rational character

A° € X(T) by setting
)\’o< 1_[ h(x(t(x)> — 1_[ to);(ha)

aeEA aEA

forall 7, € @; (ibid., 3.3, p. 15). This defines an isomorphism ', — X (T') (ibid.,
3.3(3), p- 15). We note that dA°® = A (ibid., 3.3 equation (2), p. 16). The characters
a®, a € ®, are the roots of G, /Q,, with respect to T (i.e., the weights of the adjoint
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action of T on Lie(G~/Q,)). To simplify notation we denote the exponential
a®:T(Q,) — Q) of aroot & also by «.
There are closed subgroups N = N* and N~ = N7 of G, /Q,, such that

N(Qp) = (x4(1), t, €D, € D),

(3) - - _
N~ (Q,) = (x(1), 1y € Q). € D).

The subgroups N and N~ are defined over Q, and they are maximal unipotent
(see [Borel 1970, 3.3(3), p. 15]). In the same way as above the Z ,-structure on G
induces Z ,-structures on closed subgroups H of G, /Q), such that

H(Z,) = H(@p) NG (Zy) = H(@p) NAut(L,(Zp)).

For example, this applies to the groups N, N™, T, which thus have Z ,-structures.

We set B = TN, which is a subgroup of G defined over Q,. Thus, B(@p) is
the subgroup of G (Q ») which is generated by the root subgroups G o @ p) of
G, (Q p) with & € &7 together with T(Q p) and its existence as a closed subgroup
defined over Q, also follows from [Popov and Vinberg 1994, 5.3.4 Proposition,
p- 70]. In particular, B is a minimal parabolic subgroup. We also define the
subgroup B~ = TN~ of G /Q,. Since hy(t) € G (Zp), t € Z3, because jiy is
defined over Z,, we obtain

he(1) € T(Qy) NG (Zy) =T(Zy) (1 €Z3).
Analogously, we obtain for any ¢ € Z,, and any positive root
Xy (1) e N(@,) NG (Z,) =N(Z,)
while for a negative root o we get x,(f) € N™(Z)).

Notation. If 7 = p, is an irreducible representation then we simplify notation and
set x2(t) = x4 (1), Gy, = G, ub = ply, hs(t) = hiy' () and T* = T**; we note
that in Section 1.1 we already used the notation L for L,, and I'; for I'), .

1.3. Mod p reduction. Let p € N be a prime element. We denote by G () or
by G, /F, the mod p reduction of G, /Z; i.e., Gm(p)(ﬁp) is the set of zeros of
F,®J <F,®Z,[GL,]in GLn([l_:p). Hence, G (p) is an affine variety defined over
[, (aclosed subgroup of GL,, /[ ,). Moreover, since G /Z,, has good reduction (see
[Borel 1970, 3.4, p. 18]) we know that [, ® J equals the ideal consisting of all f €
F,®7Z,[GL,] which vanish on G,T’(p)([_F,,), hence, F (G ()] =F,8Z,[G]. The
mod p reduction G (p) is a semisimple group defined over [, (ibid., 4.3, p. 21/22).
Analogously, the mod p reductions N(,), B(,), N(;), B(_p), ... are defined.

We denote by

9 : Aut(Ly (Z,)) 2 GL,(Z,) — GL,(F ) £ Aut(Ly (Fp))
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the mod p reduction map which sends (x;;) to (x;; (mod p)) (B is the basis of
L (F,)=F,® L(Z,) induced by the basis B of L;(Z))). If (x;;) € G (Z,) <
GL,(Z,) then p (x) obviously is contained in G, ([,), hence, o induces a map
G=(Zy) = Gx(Fp).

The Iwahori subgroup Z of G, (Z,) then is defined as the set of all k € G, (Z),)
such that p (k) € B~ (F,), i.e., T = 50_1(3_([Fp)).

1.4. Irreducible representations of G /Z,. The group G, is a semisimple con-
nected @ ,-split group with Q,-split maximal torus T = T7. Let A° € X(T') be
a dominant weight. We set A = dA° € h*. As in Section 1.2 the choice of a
Z p-basis B of the Uz ,-invariant lattice L (Z ) (= Ly, (Z))) yields an identification
Aut(LA(@p)) = GLm (@p) (where m = dim(L,)).

If I'; DT, we define a representation of algebraic groups

i G2 (Q,) — Aut(L;(Q,)) = GL,,(Q,)

by mapping x () to xé(t), aed, re @p (see [Borel 1970, 3.2(4), p. 14_and 3.3(2),
p. 15], where_p,\o is denoted by A,, ). We note that p,- has image G, (Q,) (which
equals G, (Q))).

Lemma. The map p,- induces a map of tori
pre 1 T™(Qp) - TH(@))
which maps hZ (t) — h’(t) foralla € A and t € @’;

Proof. We first claim that for each « € ® the diagram

G, (Q,)

%\%

SLy(Q,)

G, (Q,)

commutes. It is sufficient to show commutativity of the diagram for all ( ) and
(1 ) with # € Q,, because these elements generate SL»(Q,). But

t1
pre (1 (M) = s 6T (0) = x2(0) = (M)

and analogously for the lower unipotent matrices. Hence, the diagram commutes
and we obtain

e ) = i (5 () = () = o)

Since T™ (@ ) is generated by the h], (t), where ¢ € A and t € @* this implies that
2o (T™(Q,)) € TH(@,) and the lemma is proven. O
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The lemma implies that forallz € T™ (@ p) and any weight vector v, € L, (@ ps ),
n € Py, (ie., v, has weight u w.r.t. h) we have

“4) Pre (D) (V) = u° ().

In fact since T™ (@ p)_is generated by the i’ (s) we may assume that t = A7 (s) for
some @ € Aand s € @’;. Using the lemma and the equation in [Borel 1970, 3.2(1),
p. 13], we obtain

2o (1) (V) = pao (hZ($))(v,) = 2 (s)v, = s# By, = 1°(F)v,,.

The following result seems to be well known. Since we could not find a direct
reference we add a proof.

Proposition. 1. The G, (@p)—module L,\(@p) contains a vector vy which is
invariant under N (Q ) and satisfies tvyo = A°(t)vye for all t € T™ (Q)).

2. The representation p; is the irreducible representation of G (Q p) of highest
weight \°.

Proof. 1. We choose for v,- the highest weight vector v, € L;(Z), which we
selected in Section 1.1. Since x,v;0 (= pi(xq)v;0) vanishes for all « € & we
obtain

Pre (T (1)) V30 = x5 (D) V30 = V3o + 103 (Xa) (Vo) + = Vjeo.

Since N™(Q ) is generated by the x7 (t) withw € T, 1 € Q p» this yields the first
claim about v,.. The second claim is immediate by equation (4) since v,o = v, has
h-weight A.

2. For the moment we denote by (o,-, X,) the irreducible representation of
G, (Q p) of highest weight ©° € X(T”). The derived representation of 0. is
(Pps LM(@,,)), where = d pu°; hence, dim X, = dim LM(QP). Since G is
semisimple and since we are in characteristic 0 any representation of G, (@ p)is
semisimple, hence, we can write

,
pre =D Tus-
i=1

Any representation ¥ o contains a unique (up to scalars) nontrivial vector ve
invaria_nt under N (Q,,). This vector Vpe then satisfies Tvye :_,uf (Dvpe,t € " (Q))
(ie., @pvu;) is the unique line which is stable under B(Q),)). The vector vje

decomposes as .
Vpo = E vi,
i=1

where v; € X o and at least one vector v; does not vanish. Since vje is invariant under
N(Q,) by part 1, we obtain ), nv; =), v; for any n € N(Q,), hence, nv; = v;
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foralli andalln e N (@ p). Thus, v; =¢; Vpe for some ¢; € @ by the uniqueness
of Vpes in particular, v; has weight u? w.r.t. T7 (@ »). On the other hand, since
1V = A°(¢)vye by part 1, we obtain ), rv; = ), A°(t)v;; hence, tv; = A°(t)v; for
alliandr € T™(Q p). Since v; # 0 we deduce that WG =2Ac. The representation p;.
therefore decomposes as a direct sum p;o = X0 @ C. Since p,. is a representation
on the space Lk(@p) we know that dim ;. = dim L, (@p) =dim X,.. This implies
that C =0, hence, p;o = X, is the irreducible representation of G @ p») of highest
weight A°. Thus, the proof is complete. U

From [Borel 1970, 3.5, p. 19], we know that the morphism p,- is defined over
Z,, i.e., it is associated to a morphism of Z,-group schemes po : G /Z, —
G, /Z,. Since G, is a closed subscheme of Aut(L;) = GL,,/Z, we obtain that
the representation p,. is defined over Z,, i.e.,

pre :Gr/Z, — Aut(Ly) =GL,,/Z),

In particular, L, (R) is a G (R)-module for all Z,-algebras R. Using equation (4)
we deduce that T7 (Z ) leaves L;(Z,, ) = L;(Z,) N L, (Q,, ) invariant and acts
via the character u°.

1.5. The level subgroup K.(p, o). From now on we fix a prime element p € N.
For any o € N we define the level subgroup

K.(0) =K.(p,0)=K](p,0o) =Gz (Z)p)

as the subgroup generated by the following elements: all x,(#y) with @ € &~ and
o € Zp, all x4(ty) With o € d*t and 1, € pfcrl ht(aﬂzp and all Al (t,) witha € A
and 7, € Z3,. We note that the equations at the end of Section 1.2 imply that
K.(0) < G (Z),) and even that K,(0) < T, because g (x(?)) is the identity in
Aut(L,(Fp)) if t € pZ,. If 0 > maxyce+ ht(a) we conclude that K, (o) equals

(Xa(ta), to € pZyif @ >0and 1y € Z) if & <0, ho(te), & € A, 1, € Z4) =T;

the latter equality follows from [Iwahori and Matsumoto 1965, p. 259] (the Iwahori
subgroup is denoted by B there).

We define the subgroups Nz, = N’r = (xa(ta) a>0,1t, €2, CN(Zp),
Npr:N;Z =(xq(ta), >0, t,€pZ, ) NZ =N, i=(xq(te), @ <0, t, €Z),)
and Tz, = T”p = (h(ta), ¢ € A, 1y € Z*) of G, (Zp) The Iwahori subgroup
then satisfies the decomposition

IT=Npz,1z, NZ_p

(see [Iwahori and Matsumoto 1965, Theorem 2.5, p. 263]; note that 77, = hp). We
note the following consequences.
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1. Assume i € T(Q,)"*; ie., vy(a(h)) > 0 for all simple roots &z € A. Then,
for all e, f € Ny we have

(5) TheTh!'T =Th*t/T.
2. Assume 7,1 € T(Q,)*". Then
(6) TI=T1'T <= Tz,1T7,=Tz,1'Tz,.

Proof of equation (6). The leftward implication is trivial. To prove the reverse
implication we note that ¢ € Zt'Z implies that there are k*, m* € N pz,> k°,m° €
Tz, and k=, m~ € N such that thkTk°k~™ =mtm°m™¢t'. Since Ad(?)(xy(ty)) =
Xo (a(t)ta) the element ¢ normalizes Nz, and (#)~! normalizes Nz , hence, we
obtain kT tk°k~ = mTm°t'm~ with kt € Npz,,m~ € N Equlvalently,

(7) mHktrke = m°t’rh*(k*)*1.

The left-hand side is contained in B(Q,) and the right-hand side is contained in
B~(Q,), whose intersection is T'(Q,). Hence, (m*)~'k* € T(Q,)N Npz, = {1}
(note that N7, € Nz, € N(Z,)) and, similarly, m- (k™)' e Q) ”Ni,, ={1}.
Equation (7) thus implies that tk® = m°¢t’, which proves the claim. (I

2. Hecke algebra and cohomology

2.1. Reductive algebraic groups. From now on, G denotes a connected reductive
algebraic group defined over Q. Since G is defined over @ it contains a maximal
torus which is defined over @ and we assume that G contains a maximal torus T
which is defined over Q and split over Q,, (hence, GisQ p-split). This assumption
is in particular satisfied if G is Q-split. We denote by G = G the derived group
and by Z the center of G; hence, G=(Gx2Z) /Z as algebraic groups over Q,
where Z is the center of G (embedded via z — (z, z~!)). We denote by Lie(G) the
Lie algebra of G. We use the notations introduced in Section 1.1 for the complex
Lie algebra g = Lie(G) ®¢g C; e.g., h is a Cartan subalgebra in g, ® = ®(g, h) the
set of roots and A a choice of a basis of ®. Since G is a Q,-split, semisimple
algebraic group, there is a finite dimensional complex representation 7 of g such
that

G/Q,=G,/Q,

as Q,-groups, where G /Z, is the Chevalley group attached to 7; see Section 1.2.
In the following we may assume that G/Q, = G, /Q,,.

The Q ,-structure on G. We denote by T the Q,-split maximal torus and by N, N~
the maximal unipotent subgroups in G/Q, = G, /Q),, defined in Section 1.2. The
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subgroups N, N~ remain maximal unipotent in Gand T isaQ p-defined and Q-
split torus in G. We denote by B/Q p the Borel subgroup in G containing T which
corresponds to A. The torus T decomposes T = (T x Z)/Z over Q,, where T'/Q,,
is a @,-split maximal torus in G/Q,. Since any two Q,-split maximal tori in
G /Q,, are conjugate by an element x € G(Q,) (see [Springer 1981, 15.2.6 Theorem,
p. 256]) we may assume after composing the isomorphism G/Q, = G, /Q,, with
conjugation by x that T = T”, hence, T = (T x Z)/Z as algebraic groups over Q P
We denote by X (f’ ) (resp. X *(T)) the (additively written) group of @ ,-characters
(resp. Q,-cocharacters) of T /Qpand by (-,-): X (T) x X(T) — Z the canonical
pairing defined by x o n(x) = x%" for all x € G,, (@21,). We recall that by o we
denote a root in ® C h* and also its exponential in X (T') (i.e., we write « for «°; see
Section 1.2). Any root & € X (T') vanishes on the center Z of G, hence, it extends to
a character on T = (T x Z)/Z by setting it equal to 1 on Z; we denote this extension
of the root again by «; hence, o () = a(t°)(= «°(t°)) if t =t°z € T(@p)Z(GiDp).
We denote by a¥ € X,(T) C X,(T) the coroot corresponding to a; explicitly,
aV(t) =hy(t), t € Gm(@p). Any character A € X (T) is of the form A = 1° @ k,
where k = A|; € X(Z) and ° = A|7 € X (T) satisfy 1°|z = «|z. We note that 1°
corresponds to a weight A € I'y, i.e., A = dA°; see Section 1.2. We call i € X (T)
dominant if
(o) = (A%, ") = A(ha) 2 0

for all @ € A. We denote by T(Q,)" (resp. T(Q,)**, T(Q,)~") the set of all
elements 7 € f’(@p) such that v, (a(z)) > 0 (resp. v, (a (1)) > 0, v,(a(r)) <0) for
all @ € A and by X (T)%™ the set of dominant characters.

The Z ,-structure on G. We recall that the derived group G/Q » = G, /Q, has
a Z ,-structure; see Section 1.2. In Section 1.5 we defined the level subgroup
K.(0)=K] (p, o) whichis a subgroup of G(Z,). We define a Z ,-structure on Z by
selecting as a Z ,-form of @,,[Z] the algebra Zp[resT/Z X(D)]= Zp[X(f")/X’(T)],
where X' (T) = X(T)N Y wep Qo It follows that for any xe X(T)

8) Mz Z— Gy

is defined over Z,,. The Z ,-structures on G and Z yielda Z p-structure on G.

2.2. From now on, we fix a prime p € N and we define the subgroup
I:=(I,Z(Z,)) < G(Z)).

We select an arithmetic subgroup I' < G(Q) satisfying I' < 7.

2.3. The Hecke algebra. Also, from now on, we let 4 be an element in T (Q)*;
ie.,heT(Q)andv,(a(h))>0foralla € A. We denote by K =IC; = (h, i)semigrp <
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G(@Q p») the (sub)semigroup of GQ p) which is generated by & and 7 and we set
A=A,={geGQ):geKk).
Thus, A < G(Q) is a subsemigroup containing I" and we denote by
H=H,=HT\A/T)

the Hecke algebra attached to the pair (A, I'). Thus, H is a Z-algebra which is a
free Z-module with basis {I'¢I", ¢ € A}. For any Z-algebra R we set Hg = H® R
and we put

T, =T¢treH (£ eA).

2.4. Irreducible representations of G. Letihe X (T) be dominant. We set 1° =
i|T € X(T) and A =d A° € h*. Since X(T) =T',; (see Section 1.2) we know that
A € I'y and we let pye : G /Z, — Aut(L,) be the irreducible representation of
G/7,=Gy/Z, of highest weight A°; see Section 1.4. The morphism p;- ®5‘|Z :Gx
Z — Aut(L;), given by sending (g, z) € G(R) x Z(R) to A(2) pse (g) e Aut(L, (R)),
R any 7 ,-algebra, is defined over Z, (see equation (8)) and factorizes over Z, hence,
we obtain a representation

03 - G= (G x Z)/Z — Aut(L;)

of Z ,-groups (group schemes). The representation (p;, Ly ) is irreducible of highest
weight A and py = p;5|G. In particular, for any Z,-algebra R the G(R)-module
L, (R) also is a G(R)-module and we write L;(R) for L, (R) if we view it as
G(R)-module. Thus, L; (R) and L; (R) are isomorphic as G (R)-modules, but on
L; (R) we have an action of Z (R) via )~L| 7 and, hence, an action of T(R). Similarly,
we obtain a representation

T =(T xZ)/Z — Aut(L; (1)), pe P,

by sending (¢, z) € T(R) x Z(R) to A(z)p+(t) € Aut(L; (11, R)), R any Z ,-algebra
(note that L) (Zp, ) is a Z,-module, hence, Aut(L; (1)) is a Z,-group). If we
view the weight space L; (R, i) as T(R)-module we write it as L; (R, ). Thus,
L; (R, u) =L (R, ) as abelian groups and also as T (R)-modules but on L; (R, 1)
the torus T(R) acts via the character it := u° ® )~‘|Z of T (see Section 1.4 and
equation (4) in particular). The weight decomposition of L;(R) w.r.t. T(R) then
reads

©) L;(R) =P L; (R, ),
H=A

where L; (R, p) is the weight fi-subspace of L;(R) w.r.t. T(R).
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2.5. Splitting field. Since the maximal torus T/Q is assumed to be split over Q@ »
there is a subfield F € Q, which is a finite extension of @ such that T/F is
split. In particular, GisF -split and 1 € X (T) and the irreducible highest weight
representation (o3, L;) are defined over F'; hence, L; (F) is defined and is a G(@)—
module.

We fix an algebraic closure Q p of Q,, with valuation v, normalized by v, (p) = 1.
Since F CQ, C Q p thisinduces a p-adic valuation v, on F and we obtain va =Q,.
We also fix an embedding F € C. We extend the embeddings of F' to embeddings
of its algebraic closure F C Q p and F C C; hence, we may view F as a subfield of
Q, and of C and F as a subfield of C and of @p.

2.6. Cohomology with coefficients L;. We denote by A~! < G(Q) the sub semi-
group consisting of the inverses of elements in A. The representation space L; (F)
in particular is a A~!-module, hence, the Hecke algebra # acts on cohomology
H(T, L 5 (F)). For later use we recall the definition of this action. Let T, =I'¢T" e H
(¢ € A). We select a system of representatives i, . . . , ¥, for (¢ "'T'¢NI)\T, hence,

Thus, for any n € I' and any index i satisfying 1 <i < r there is an index 1 (i) such
that

LSyin=T¢yyu-

In particular, there are p;(n) € I', i = 1,...,r, such that ¢y;n = pi(MEvyi)-
Let now ¢ € C4(T, L;(F)) be any cochain; we then define T; (c) as the cochain
¢’ € C4(T, L; (F)), which is given by

(10) o, oma) =Y &) cpimo), -, pi(na).

1<i<r

Since T; commutes with the coboundary operator, 7; acts on cohomology with
coefficients in L; (F), i.e., T; defines an element in End(H (T, L; (F))) which does
not depend on the choice of the representatives y1, ..., ¥, (see [Kuga et al. 1981,
p. 227]). We note that this also yields #-module structures on H'(T", L ;(Q)p)) and
H(T, L;(C)). We denote by

H' (T, L; (Z))int

the image of the canonical mapping H' (I, L; (Z,,)) — H' (T, L;(Q})); this defines
a lattice in H' (', L; (@,)).

Cuspidal cohomology. We select a maximal compact open subgroup Ko, < GR).
We denote by A the connected component of the real points of a maximal Q-split
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torus A in the center of G and we set X = G(R) / I% Ag. The cuspidal cohomol-
ogy cqu(F\X L;(C))isa subspace of full cohomology H(T\X, L; ;(0)). We
note that if the hlghest weight A is regular and G has discrete series then there are
isomorphisms

Hiy(T\X, L;(0)) = H{(T\X, L;(0)) = Hj(, (T\X, L;(C))

cusp

and cuspidal cohomology vanishes in all degrees except for the middle degree
d=dg=3dimX.

Weighted cohomology. For use in Section 4.14 involving the Goresky—MacPherson
trace formula we briefly recall the relation between cuspidal cohomology and
weighted cohomology. We denote by W”H' (T\ X, L 5 (F)) the weighted cohomol-
ogy groups of I' (see [Goresky et al. 1994]). If v is the middle weight profile and G
has discrete series then [Nair 1999, Corollary B, p. 3] (see also Section 5.1 there)
implies that there is an isomorphism

WYH!(T\X, L;(C)) = Hj,("'\X, L;(C)).

(in the hermitian case this also follows from the Zucker conjecture, which was
proven by Saper and Stern, and independently by Looijenga). Thus, if in addition
the highest weight A € X (T) is regular then there is a canonical isomorphism of
Hecke modules

WYH'(T\X, L;(0)) = Hgp (T\X, L;(0))

Cusp

where the cohomology groups are nonvanishing only if i = d; in particular, we
obtain

(=)t (T| Hp (T\X, L3 (C))) = Lef(T|W" H*(T\X, L;(C)))

cusp

where T € H is a Hecke operator.

We mention that this implies an F-structure on cuspidal cohomology we denote
by cqu(F\X L;(F)) the image of WYHY(T\X, L; ;(F)) in HE (T\ X, L;(C))
and obtain

cusp

(P\X, L3 (C)) = Hgp (T\X, L; (F)) ® C.

cusp cusp

2.7. Normalization of Hecke operators. We want to normalize the Hecke opera-
tors so that they act on cohomology with p-adically integral coefficients. We recall
the following diagram of inclusions:

N

K
U
A

= C &
IN



332 JOACHIM MAHNKOPF

Lemma. 1. K= UeeN0 TheZ, ie., any element g € KC can be written g = k1 h°ky
with ki, ks € T and e € N,.

2. IfTh*T =Th'T, e, f € Ny, then e = f.
3. Let A € X(T) be a dominant weight. The mapping
MK — F*, kihhoe A (ki ko €T, e € Np)
is a well defined morphism of semigroups.

Proof. Equations (5) and (6) in Section 1.5 remain valid with the same proof if
7 is replaced by 7, 1z, is replaced by f”zp = TZ,,Z(Zp) and if h,1,t' € T(@p).
Conclusion 1 is then immediate by equation (5). As for 2 we note that equation
(6) implies h¢ = 8h/, where & € TZ,, cT(Z p). Applying an arbitrary simple root
a and taking p-adic values yields ev,(a(h)) = v,(a(8)) + fv,(a(h)) and since
a(d) e Z; and v, (a(h)) > 0 we deduce that e = f. As for 3 we remark that parts 1
and 2 show that A is well defined and equation (5) in Section 1.5 implies that Aisa
morphism of semigroups. Thus, the lemma is proven. U

Let A € X(T) be a dominant weight. By restriction, X induces a mapping
A: A — F*. For any F-algebra R we define an R-linear mapping

HR—>7'[R

by sending I'¢ " +— AMOTCT, ¢ € A;note that {T¢T, ¢ € A} is a basis for H and
that the assignment is well defined since A vanishes on 7 by definition and, hence,
vanishes on I' € Z. We denote the image of T € Hy under the above mapping
by T; € Hg and we call T; the A-normalization of T'. In particular, if ¢ € A with
¢ € Th*T then

(Tp); = ME) Ty = A(h) Ty

The normalization T3 of any T € Hg, leaves H ir, L;(Q))) invariant and we
want to show that T; leaves cohomology with integral coefficients L; (Z ) invariant.
— 19

To this end we first show that the “normalization )A\(g) g
lattice L;(Z,) invariant.

of any g € K leaves the

2.8. Lemma. Forall g € K and v € L;(Z,) we have i(g)gilv € L;(Zp).

Proof. Any g € K has the form g = kjh%k, with k;, k, € Z. Since )A»(g) = x(h°)
and since Z € G(Z p) leaves L;(Z,) invariant it is sufficient to show that A(h®)h™¢
leaves L;(Z,) invariant. Since, as we saw in equation (9), we further have

Li(Zp) =P L@, ),
H=A

it is sufficient to show that ):(he)h_"’vu € L;(Z,, n) for any weight vector v,
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in L;(Zp, p). Equation (9) implies that A(h*)h™*v,, = A(h*)L(h™)v,. We write
uw=~r—vwherev=> ", _,nea withn, eNgand h =tz witht e T(Q,), z€ Z(Q),)
and obtain

aEA

RO = 22 ()AE IR (VAT = A2 (1)
=2 (N () = [ [ ety
aeA

Since v, (a (1)) = v, (a(h)) > 1 for all simple roots o we deduce that

vp( 1_[ a(t)e”“) >e Y nyg =eht(v) >0.

aEA aeA

Thus, taking into account that ht(v) = ht, (1) we obtain
(11) MO vy € p™ WLy (Zy ) € Ly (Zp, w),s

which implies that X(he)h_e leaves L;(Z)) invariant. The lemma is proven. [l

2.9. Corollary. 1. For any T € Hyz, the normalized operator T leaves the group
H'(I', L;(Z))) invariant. In particular, T; acts on integral cohomology
H' (T, L;(Zp))int.
2. For any T € H the eigenvalues of T; € Hp on H (I'\X, L;(C)) and on
Cqu(l"\X L;(C)) are algebraic over F (note that F C C) and are contained
in (’)@p (note that F € Q »)-

Proof. 1. We may assume that T = T; for some { € A. The claim then follows
directly from the definition of the action of 7, on cohomology given in equatlon (10)
and the lemma just proved (note that { € A C K and that yl_l el C G(Z ) leaves
L;(Z ) invariant).

2. The cuspidal cohomology CuSp(F\X, L;(C)) < HI(I'\X, L;(C)) is a Hecke
submodule of full cohomology, hence, the eigenvectors and (complex) eigenvalues
of T5 on Héugp(F\X , L;(C)) are contained in the set of eigenvectors and eigenvalues
of T; on H'(T, L;(C)). Since H'(T', L;(C)) = H(T, L; (F)) ® C all eigenvalues
of T; on H T, L;(C)) are algebraic over F and, hence, they already appear as
eigenvalues of 75 on H i, L X(F )). In particular, they also appear as eigenvalues
of T; on H T, L; (@p)) where the latter contains the 7j-invariant Z,-lattice
Hi (F L;(Zp))int- Thus, all eigenvalues of T; on H’(F\X L;(C)) are algebralc
over F and contained in the integer ring (’)@ after embeddlng F in @ This

completes the proof. U

The diagram of inclusions on the next page recapitulates the objects appearing
in the proof above and groups them together for easy lookup as they come up later
in the discussion.
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(T\X, L;(C)) € H'(I'\X, L;(C))
H%F\XL{L;(F)) C H'(T\X, L;(@)))
H"(F\XLfLX(F)) c Hf(F\X%JL;(@p))
Hi(F\X,UL;(Zp))im

cusp

2.10. Mod p reduction of irreducible representations. We denote by T}, the max-
imal torus in GL,, consisting of diagonal matrices, by B, the Borel subgroup in
GL,, consisting of all lower triangular matrices and by ¢ : GL,,(Z,) — GL,,(F))
the mod p reduction map for GL,,. Since G /Z, is smooth the reduction map
[l G(Z,,) — G([Fp) is surjective. We let = X(f‘) be a dominant weight and as
before we set A =d ()~L|T) € h*. We define the mod p reduction

5 - G(F,) = GL,,(F,)

of the representation pj : G/Z — GL,,/Z, by p;(8) = (p;(g)), where g € G(Zp)
satisfies o (g) = g. We denote by J,, < GL,,(Z ) the Iwahori subgroup consisting

of all elements g € GL,,(Z,,) such that p (g) € B, (F)).
Lemma. o5 (f) C Tm-

Proof. In Section 1.4 we selected a Z ,-basis B of L, (Z,) to identify Aut(L;(Z,)) =
GL,(Z,). Since Ly(Z,) = @uepk L;(Z,, n) —see Section 1.1 — we may choose
a basis B consisting of weight vectors w.r.t. h. We order B so that, if v, v,y € B
are vectors of respective weights u, 4’ € h*, then ht; (1) < hty (') implies that
v, <v,. We consider the image p5 (x7 (1)) = pjo (X (t2)) =x§ (ty) € Aut(L, (@p)),
where o € ®~ (¢, € @p). Let v,L € B be a basis vector of weight u. Since

XLtV = vy + taXqUyu + 512x20, + -+, we see that x(f,)v, is a sum of
vectors of weights u, u+a, ,u—l—2a ..., which are of strictly increasing relative

height (since a < 0). Hence, p;(x] (,)) has lower triangular form w.r.t. B, i.e.,
05 (x7 (ty)) € B, (Qp). This shows that p; (N~ (Q,)) € B,,(Q,). Since T(Q,)
preserves weight spaces by equation (4) in Section 1.4 we find quite analogous
that pA(T(@p)) cT, (@ ), hence, p; (B~ (@p)) c B, (@ ). Thus, we obtain
p;(B~(Z,)) € B, (@p) NGL,,(Z,) = B,,(Z,) and, hence,

7:(B~(F,)) C B, (F)).

We obtain g (p;(T)) = p( (1)  p;(B~(F,)) C By, (F,) and since p;(Z) C
0;(G(Zp)) € GL,,(Z),) we deduce that p;(Z) € J,,. Equation (8) implies that
p;(2) = X(z)lGLm € Jy forall z € Z(Zp), hence, we finally obtain ,o;\(f) C In
and the lemma is proven. U
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3. Boundedness of dimension of slope subspaces

3.1. We keep the assumptions from the previous sections. In particular, G /Qisa
connected reductive group containing a @ ,-split maximal torus T/QandT < G(Q)
is an arithmetic subgroup such that I' € Z. We will obtain bounds for the dimension
of the slope subspaces of H' (T, L;(Qp)); see 3.10 Corollary. This extends the
main result in [Mahnkopf 2014], since (i) we allow I" to be an arbitrary subgroup
in Z (i.e., we do not assume that I" is contained in the smaller group K. (p) <Z
defined in [Mahnkopf 2013; 2014]); (ii) we do not assume that I' < G (Q) where G
is the derived group of G; (iii) we obtain stronger bounds for the dimension of the
slope subspaces than those in [Mahnkopf 2014]. The proof follows the one in that
paper. To deal with arithmetic subgroups I which are only contained in Z we have
to generalize the notion of truncation of an irreducible representation introduced in
[Mahnkopf 2013; 2014] (see Section 3.3).

3.2. We note the following corrections to the works just cited.

1. In [Mahnkopf 2014] we considered a connected reductive group G which is
defined over a number field F with Fj-split maximal torus T (Section 1.4 there).
As in the present article, we have to assume that T is defined over F (and split over
Fy); thus, the F-points T (F) are defined and we may select i € T (F) as done in
Section 1.6 of [Mahnkopf 2014].

2. Let G denote the derived group of the connected reductive group G which we
considered in [Mahnkopf 2013; 2014]. Hence, G is a semisimple group and in those
two papers we assumed that it is isomorphic over a splitting field to a Chevalley
group G, for an irreducible representation p;, of the Lie algebra g = Lie(G) ® C.
In general, G over its splitting field only is isomorphic to a Chevalley group G, for
a semisimple representation 7 of g (if one restricts to irreducible representations
7 one does not obtain all covering groups of the adjoint group with Lie algebra
g). Since in the cited papers we did not make use of the irreducibility of the
representation py, the results also hold if we consider a Chevalley group G, which
is attached to a semisimple representation 7 of g.

3. In the summation formula (7) in Section 2.5.3 of [Mahnkopf 2014], the Bernoulli
number B;(0) has to be replaced by B;(1) (note that B;(1) = Bs(0) for all s > 1
but By (1) = —B;(0) = 1).

3.3. Truncations with slope parameter. For the moment we let o € N be any
natural number and we consider the subgroup

K.(0) = Ku(p,0) = (Ki(p,0), Z(Z,)) < G(Z)).
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Thus, if 0 > maxyce+ ht(e) then Ig*(a) = 7. For any r € Ny we define the
Z ,-submodule

1
(12) Li@Zproy= @ p L@z, me P L@ w
H=A H=A
O<hty(p)<ro ht; () >ro
of L; (Z,).

Lemma. The Z,-module L;(Zp,r, o) of L;(Zp) is K, (0)-invariant.

Proof. In view of the definition of K, (o) we have to show that the three types of
generators of K, (0') map any of the weight subspaces of L 5(Zp, 1, 0) (see equation
(12)) to L;(Zp, r, o). Since t,x;;/n!, where t, € Z, and o € ®, maps L;(Z,, 1) to
L;(Z,, n+na), it is immediate that any 7/, x,,/n! with o < 0 and 7, € Z,, maps any
weight subspace p™L;(Z,, ) contained in L;(Z,,r,0) to p"L;(Z,, i1 + na),
which is contained in L;(Z, r, o) because ht; (u + na) > ht;(n). Hence, any
generator x4(fy), @ € ®7, 1, € Z,, leaves L;(Z,,r, o) invariant. We look at
generators x4 (f,) where o € ®*—hence, 1, € p% hi@)17 p- Using the inequalities
[xT—Ty] <[x—y]and n[x] = [nx], x,y € R, n € N, we find for all n € N and
all weights u < A with ht, (n) <ro:

Oln‘

_rl 1 _rl
P’ [ ht, ()] LX(ZP’ w) C p"ﬂ, ht(er)] 4 [ hty ()] LX(ZP’ W+ na)

C p =I5 G0T+n g b)) L;(Zp. + na)
c pr—Ushtuw—ng MOV (Z,, 1+ na)
— p (5 b (utne))) Li(Zp, pu+ne)
CL;(Zp,r,0);
for the last inclusion note that ht) (i« +na) <ht, (1) <ro (we remark that if u+no

is not < A then ¢"(x"/n!) p’*f%hWﬂLx(z,,, w) = 0). For weights i < A with
ht, (1) > ro we find

x" 1 n
r&'n_O;L;(Zp, w) € p" MO L (Z,, w4 na) € ple ML (Z,, p + na).

Since [ ht(a)] > 0 this shows that t; (xy/n)L;(Z ), ) S L;(Zp, r, o) if hty (u+
na) > ro. If hty (u +na) < ro we note that

r—[3ht(p+ne)] <r— 2t () —nht(@) < 2 ht(a),

which shows that again tf;‘ (xy/nYL;(Zp, ) € L;(Z,, r, o). Hence, the generators
Xo(ty), € ®F, 1, € ple ht(“ﬂZp, also leave L;(Z,, r, o) invariant. Finally if r €
Tz p) then 7 leaves all weight spaces L; (Z,, i) invariant because the representation
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o5 is defined over Z,. Hence, L;(Z,, r, o) is invariant under all generators of K, (o)
and the lemma is proven. U

Definition. The quotient

LT, o) = Li(Zy)  _ D L;(Zp, 11)
o L;(Zp,r,0) e pr—fé ht; (1)1 L;(Z,, 1)
ht; (W) <ro

is called the truncation of Lj(Z ) of height r € Ny and slope L oeN.

Remark. The lemma just proved 1mp11es that L[r](Z p,0) s a K, (0)-module.
Therefore, if 0 > maxy,eqe+ ht(a), i.e., K, (0)=1, then L ](Zp, o) is a '-module
(recall that ' < 7).

3.4. Lemma. For any dominant and integral weight . and any r € N, o € N there
is an embedding (of Z ,-modules)

Mcr,l
L[r](Z ) < @ < z, ) i
P> r— hZ ’

where My, = o (oh+ 1)1 (s = |®T)).

Proof. We write

[r](zp,g)_ @ @ g m ®L(Zp,u)

heNp H=<A
0<h<ro ht,(u)= h

In the proof of 2.2 Lemma in [Mahnkopf 2014] we have seen that

dimz, @ Li(Z,. 1) < Ni,
H=A
hty (n)=h

where Ny, is the number of tuples n = (ny, ..., ny) € Nj such that

ini ht(a;) = h
i=1

(recall that ®* = {oy, ..., ay}). Hence,

[r] Z, \™
r
" Wanos @ ()
heNyg P P
0<h<ro
We select an a € N. The terms of the form r — [éh}, h € Ny, which equal r —a
are then precisely those with h =ca—o +1,0a — 0 +2, ..., 0a. Thus, the term
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z
P
pr—a Zp

appears with multiplicity
Nrra—rr—',—l + Naa—<7+2 +--- Noa

in the right-hand side of equation (13). It is easy to see that Nj, < (h+1)° ~1, which
implies that

Noa—(r—H + Nrra—rr+2 +---+ Nﬂa =< G(Ga + 1)S71-
Thus, we obtain, as desired,

[ z, \"
LY(Z,,0) < z : O
Vo= @ (550

aENo
0<a<r

3.5. From now on we set

o = max ht(x).
acdt

Hence, o only depends on G and IE'* (o) = 7. In particular, L(Z,,r,0) is a 7 and,
hence, a I'-module. The inclusion i : L;(Z,, r,0) € L;(Z,) induces a mapping

i*:H' (T, L;(Z,, r,0)) — H' (T, L; (Z,)).
We recall that £ is an element in T(@)JFJr (see Section 2.3).
Lemma. 1. The mapping i* induces an injection
i*:H (T, L; (Zp,r,0))"" < H'(T, L; (Z,)™F,

where superscript TF denotes the maximal torsion-free quotient. In particular,
we may identify H' (T, L;(Zp,r, oD with its image in H (T, L,i(Zp))TF
under i*.

2. Let ¢ € A; hence, { € Th®T for some e € Ny and we assume that e € N. Then

the Hecke operator (T;); induces an operator on H (T, L; (Zp))TF and we

obtain
(To); (H' (T, Ly (Zp, r,0)™) € p"H' (T, L;(Z,))"™.
Proof. 1. The exact sequence
0= L;(Zy.r.0) > Ly (Zy) > LY(Z,.0) — 0
yields an exact sequence
HN T, LY Z,, 0)) - H (T, L;(Z, 1, 0)) = H (T, L;(Z,))
5 H(T, L[{](Zl,, o).
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Since H (T, L[{](Zl,, o)) is a finite abelian group we further obtain an exact
sequence

(14) 0— H'(I, L;(Zp r. o)™ 5 HI(, L:(Z,)™ 5 0 — 0,

where Q is a certain subquotient of H' (T, LE{](ZP, 0)). Thus, i* is injective.

2. The first claim follows from 2.9 Corollary. In equation (11) in Section 2.8 we
have seen that for any v, € L;(Z,, )

AR v, € ptM W L7, ).
Hence, for all weights p < A satisfying ht, (1) < ro we obtain
X(he)h*epr%% htx(MﬂLi(Zp’ w) C pr*f% ht*(“)Hehm“)L;(Zp, n)
C pHeTIN L @y ) € P L5 ).
and for all weights p < A satisfying ht, (1) > ro (> r) we obtain
MLy (Zyp, 1) € pM L3 (Zp, ) S PTL;Ep, ).

Hence, we obtain X(he)h_eL;(Zp, r,0) C p"L;(Z)). Since ¢ € TheZ withe > 1
and 7 leaves L;(Zp) and L;(Z,, r, o) invariant (see 3.3.1 Lemma) we obtain

AR L (Zy, 1, 0) C pTL(Z)
which yields
(T;); (CI(T, L;(Zp, r,0))) € p"CI(T, L;(Z,)) (S C'(T, L;(Z,)))

(here, we view C'(I', L;(Z,, r, o)) as embedded in C'(I', L;(Z,)) via i*). The
last equation implies the claim. O

We note that H'(T", L;(Z,))™ = HI(T', L;(Z,))int-
3.6. We select a resolution of the trivial I"-module Z,
0— Md—)---—)Ml—)Mo—)Z—)O,

where M; is a free ZI'-module of finite rank (see [Brown 1982, p. 199]; note that I
is of type FL; see p. 218 in the same work). The groups H' (T, LE{](ZP, 0)) then
may be computed as the cohomology of the complex

0 — Homz,r (Mo, LY'(Z,, 0)) — - - — Homz,r (M., LY (2, 0)) > 0
where M; , =7, ® M;. We set
8i = &i,r =rkzrM;.

Thus, g; depends on i and the arithmetic group I.
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3.7. Borel-Serre compactification. Following [Borel and Serre 1973] (see also
[Brown 1982, pp. 14 and 218]) we can construct a finite free resolution (M;)g>i>0
of Z as follows. We denote by ¥ = I'\ X the Borel-Serre compactification of the
locally symmetric space ['\ X attached to G /Q. By the work of Borel and Serre
Y is a compact K (I', 1) space; hence, there is a finite CW complex Z having the
same homotopy type as Y. The universal cover Y of Y inherits a structure of CW
complex Z from Z and the cellular complex C, = (C )a>i>0 (d = dim X) attached
to Z is a complex consisting of free ZI'-modules C;. The module C; has a natural
ZT -basis which is in bijection with the set of i-cells of Z (see [Brown 1982, p. 15]);
hence, C, is a finite complex consisting of free, finitely generated ZI'-modules.
Since Y is contractible, its cohomology vanishes except in degree 0; hence, the
complex

0>Cj— - —>Cy—>7Z—0

is exact and thus a resolution of Z. In particular, we may select M; = C; and since
rkzr C; equals the number of i-cells of Z this shows that we can take for g; the
number of i-cells of a CW complex Z which has the same homotopy type as I'\ X.

3.8. Slope subspaces. We select a Hecke operator T € Hz,,. Let A € X(T)%m and
let £/Q, be an extension which is contained in Q p- For any B € Qo we denote by

H'(T, L; (E))? = pg(T:)H' (T, L; (E))

the slope B subspace of H (T, L 5 (E)) w.r.t. to the (normalized) Hecke operator T5.
Here, p(X) € Z,[X] is the characteristic polynomial of 75 acting on H (T, L;(E))
and pg(X) = ]_[M’ vp(u)#ﬂ(X — ) € Z,[X], where p runs over oll roots_of p(X)
whose p-adic value is different from 8. Thus, we obtain H' (T, L;(@p))f‘ =
@ue%p, oy (W= H' (T, L;(Q,))(n) where H' (", L; (Q))(w) is the generalized
eigenspace attached to the eigenvalue ©. We set

H(, L; @)~ = @ H'(T, Ly (@))”

O<y=<pB

and we denote by H (T, L; @))=* = & H(T, L;(Qp))" the finite slope
subspace. O=y<oe

3.9. An estimate for the Newton polygon. We denote by
HEE e,

the set of all Hecke operators T = ZC cT; € Hy, (¢ € A, ¢ € Z,) where
¢ € Th* T with e, > 1 forall ¢ with ¢, 0. Welet T € Hreg We set 1’ =1'(k, i) =
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dim H(T", L;(@,))=> and we denote by p'(X) = Y\_ja; X"~ € Z,[X] the
characteristic polynomial and by

N’<OO :NX<iOO . [0, t/] —> RZO

the Newton polygon of 7; acting on H (', L; (Q,)) <> which contains the T;-
invariant lattice H'(T', L5 (Z)):>° = H'(T', L5 (Q,)~*NH' (T, L;(Z}))in. Thus,
N=%is the lower convex hull of the points (i, v,(a;)), i =0, ...,t, where we
omit all points with a¢; = 0 (note that p’(0) # 0, hence, a; # 0). We recall that
gi =1kzr M; (see Sections 3.6 and 3.7) and that By € Q[ X ] denotes the s-th Bernoulli

polynomial.

Theorem. For all dominant weights A € X (T)) and all i € Ny the Newton polygon
N=® =N, X<l,°° lies above the restriction to [0, t'] of the piecewise linear function

[ =fs : R>o — Rso which connects the points (0, 0) and
b 'UBs(a(j+1)+1)—Bs(1) .as+1Bs+1(]’+1)_Bs+l(1)
J — gl S ’gl s + 1 4

where j =0,1,2,....
Proof. We proceed in steps.

3.9.1. We let X € X(T)%™ and set > = d x|y € h*. Moreover, we select a natural
number r € N. Since 0 = maxyce+ ht(a) the Z,-module LE{](ZP, o) is a '-module
and by 3.4 Lemma we know that

,
LY Z,,0) <@ @,/ p"7,)",
h=0
which implies that

(15) Homgz,r(M; p, LY\ (Z,,0)) < @@,/ p""2,)5 M.

h=0
We denote by (p);, ay > ap > --- > a, > 0, the sequence of elementary divisors
of the right-hand side of equation (15), i.e.,

(16) Pzt = P T D D),

where p" " appears g; M, ;-times. From 3.5 Lemma it follows that there is a natural
embedding of H'(I', L;(Z,, r, o))" in H (T, L;(Z,))™" and the exact sequence
in equation (14) shows that

H(T, L; (Z,)™

a7 HI(T,L;(Zp,r, o))"

is a subquotient of H' (T, L%”(Zp, 0)).
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We denote by ¢ the rank of H' (T, L;(Z,))™ and by (p?);, by > by > - > by > 0
(m < t) the sequence of elementary divisors of the quotient on the left in (17).
Equation (17) implies that this quotient is a subquotient of the Hom space on the
left-hand side of equation (15); hence, it is a subquotient of the right-hand side of
(15) and equation (16) yields m < n and

(18) bl§a17b2§a2’---’bm =dap.

Wesethy=0form <l <tanda;=0forn <[ <t (if n <1t); hence, b; < a; for
i=1,...,¢t.

3.9.2. Using the results so far we can give a lower bound for N'=*°. Equations
(16) and (18) imply that the b; are all smaller than or equal to r. Moreover, since
T =Y, cT; where ¢; € Z, and ¢ € Th*T with e; > 1 if ¢; # 0 3.5 Lemma
implies that

T;(H' (T, L; (Zp, r,o))™) C p" H' (T, L; (Z,)™.

Thus, we may apply Lemma 1 in [Buzzard 2001], as recalled in Section 1.7 of
[Mahnkopf 2014], to the pair L= H'(I", L; (Z,))™ and K = H'(T", L;(Z, r, 0))™®
and the operator £ = T;. More precisely, we denote by f, = f., : [0, '] = R
the piecewise linear function attached to the sequence (by, ..., b;); i.e., fp is
the piecewise linear function joining the points (j, C(j)), j =0, ...,t’, where
C(j) = lezl(r — b;). Then (1.7) Lemma in [Mahnkopf 2014] states that the
Newton polygon N =*° of T; acting on

(H(T, L; Z,) T ©Q,) ™" = H'(T, L; (@,))=*
is bounded from below by the graph of fj.

3.9.3. We further estimate the function f;,. Equation (18) implies that f; lies
above the piecewise linear function f, , : [0, '] = Rx¢ attached to the sequence
(ay,...,ay), ie., f,, joins the points (j, A(j)), j =0,...,t, where A(j) =
le=1 r —ay (the A(j)’s are equal to or smaller than the C(j)’s). Thus, we have

(]9) N<OOZfb,r2fa,r

and this inequality holds for all » € N since r was chosen arbitrarily. Using
equation (16) it is not difficult to see that the function f, , is the restriction to
[0, #'] of the piecewise linear function on Rx( which starts in (0, 0) and has slope j
for g; Zi;(l) Myp <x <g Zi:o Msp, j=0,...,r — 1, and slope r for x >
gi Z;}) My . Since My =o(oh + 1)5_1, h > 0, we see that the function f, ,
may be equivalently described as the piecewise linear function f, , : R>o = R
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which starts in (0, 0), has slope j for

Jj—1 J
20)  gio Y (ch+1) ' <x<go Y (ch+1)'"", j=0,...r—1,
h=0 h=0

r—1
and slope r for x > g;o Y (oh+1)*~!. We set
h=0
Bs(o(j+1)+1)— By(1)

s

xs(j) = gio j=0,1,2,...,

and we denote by f : R>90 = Rx¢ the piecewise linear function which starts in
(0, 0) and has slope 0 in the interval

0<x=x,(0)
and slope j in the interval
xs(j_l)fxfxs(j)v j:1,2,---

The function f like the function f, , is monotonely increasing. Taking into
account that for all j € Ny

oj—1 oj BY(UJ+1)_BS(1) lf] >1
en Y+t =d = s =

h=0 h=1 0 if j =0,
we deduce that

By 1) — B, (1
4(0) = gio s(0+1) - Bs(1) > 01! = g0
s
and for all j e N
o(j+D—1
x()=x(—D=go Y (h+1)"!
h=0oj

J j—1
Z glJ(U] + I)S—l — gto'<Z(o_h + l)S—l _ Z(O_h + 1)S_1>,
h=0 h=0

Thus, equation (20) implies that the segments of slope O, ..., r —1 of f are longer
than those of f, ,, hence, f, ,(x) > foo(x) for all x € [0, x;(r — 1)]. This implies
by equation (19) that

N=2(x) = foo(x)

for all x € [0, x;(r — 1)]. Since equation (19) holds for arbitrarily large r € N, and
since x;(r — 1) — oo for » — oo by equation (21), we finally obtain

(22) N=2@) = foo(x),  x €0, 00).
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3.9.4. We show that f, > f%. In view of equation (22) this completes the proof.
By definition f is the piecewise linear function joining the points

J
0,0, Q;= (xs(j), Zh(xs(h) —xy(h — 1))), J=0,123,...

h=1

We obtain the following estimate for the second coordinate y;(j) of Q;, i.e., for
the value foo(x5(j)):
¥5(0) = 0= f5,(x5(0))

and if j > 1 then equation (21) implies that

J
yo(j) = D h(x(h) = xy(h — 1))

h=1
&, (BJ(o(h+)+D)—By(1) By(ch+1)—B,(1)
—Zhg,a —
) S
h=1
. Jj  o(+D-1 j  oht+o—1
oY h Y k)T zgodn Y kT
h h=1 k=oh

=1 k=oh

J J
Z gio.zho_(o,h)x—l =gio_S+thS
h=1 h=1

(21) B i+1)—B 1 .
= gl_as-i-l s+l(]'i;—i)_1 s+l( ) =f:o(xs(]))

Thus, fo > f% and the theorem is proven. O

3.10. A bound for the dimension of slope subspaces. We recall that s = |®T|,
0 = maxgyece+ ht(ow) and g; is the number of i-cells in a cell complex Z which is
homotopy equivalent to I'\ X.

Corollary. For all B € Qx¢, all dominant weights X € X(T), all i and all Hecke
operators T € Hrlef we have

dim H' (T, L; (@,)=# <mp® +n;

here,m =mp = 12(gl~/s)a“'+1 € Q>0 and n =nr € N is an integer which also only
depends on g;, o, s (see (26) below); in particular, m and n only depend on I" (and

so on G and p) and i, but not on ):, handT.

Proof. Let h : R>9 — R be any function such that fJ (x) > h(x) for all x > 0
and let (d(¢), y) with d(e) > 0 be an intersection point of 4 and the function
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We : x> (B+€)x (e > 0). Since
(B+e)x > N=7(x) > h(x)

for all x € [0, dim H' (T, Lx(@p))fﬂ] by 3.9 Theorem we deduce that d(¢) >
dim Hi(T, L ;(Q p))fﬁ ; hence, we obtain an upper bound for the dimension of the
slope < B-subspace. We explicitly define a lower bound & for f3 as follows. Since
By is a polynomial of degree s and leading coefficient 1 there is a natural number
M = M(o, s) € N such that

B i+ 1 1) — By(1 g5t
(23) x(j) = gio s((j+ ):‘ ) s(1) < 2$ g,O:Y i
and
Ber1(j+1)— Bgyq(1 TARR
(24) ys(j) = g,{f”l s+1( + 1) s+1(1) > 2_% 8io js+]

s+1 - s+1
for all j > M. We define the function

h:[xs(M), OO)—>R2(), xl—)cx%’

B R R ==
where c =4"5g 55 > e

then obtain for all j > M

—* . We note that xs(M) > 0 by equation (21). We

1

Bi(o(j+1D+1)— BS(I)) (2§3) c<2ﬁ g0t js)ST
S s

h(xs(j)) =h (gicf

s+1

1/0:\ 7 s+D?
= ¢c25 (%) ! o s ]A—H

gt
=2 “’g;TJSH < ys()).

Since f is the piecewise linear function connecting the points P; = (xs(j), ys(j)),
Jj € Ng and (0, 0), and since % passes below the points P;, j > M, and is convex this
implies that 2 (x) < f% (x) for all x > x,(M). We extend A to a function 1 : R>o — R
by setting h(x) = f3 (x) for x € [0, x;(M)] and h(x) = cx% if x > x;(M), hence,
f2(x) = h(x) for all x € [0, c0). As in the proof of 3.3 Corollary in [Mahnkopf
2014] we see that for all € > 0 the functions 4 and x — (8 + €)x always intersect in
a point (d(¢€), y) with d(e) > 0 and this point satisfies d(¢) < max((%)s, xs(M)).
Since (8/c)®, xs(M) > 0 are positive we obtain

dim H' (T, L;(Q,)=F < max((B/c)*, x;(M)) < (B/c)’ +x,(M).

Since further

1

A .
(25) s :4giS_(s+l)(S + 1)So_s+1 — 4giS_l (1 + E) O_S-H < 4%0_5—0-1 exp(l)
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and exp(1) < 3 the claim of the corollary holds with m = 12(g;/s)o*T! and n =
xs(M). The claim still holds if we replace n with any larger number and since
equation (23) implies that x;(M) < 2ﬁ (gia”l /s)M? the corollary in particular
holds with

1 gio* !

(26) n= PH

M‘Y—‘+1€N. U
s

4. Mod p" reduction of traces of Hecke operators

4.1. In this section we will prove congruences between traces of powers of normal-
ized Hecke operators on cuspidal cohomology for varying weight A. Our main tool
will be a comparison of Bewersdorff’s elementary trace formula for pairs A, A’ of
congruent weights. The equality of mod p” reductions of geometric sides follows
from p-adic properties of the diagonalization of elements in Zh¢Z C GO p); see
4.4 Proposition (note that the Hecke operator I'¢T, ¢ € A, is contained in Zh¢Z
for some e € Np). In particular, the comparison is elementary and does not make
use of advanced methods such as rigid analytic geometry or p-adic Banach space
methods such as overconvergent cohomology. Using an adelic setting we prove
analogous congruences on the Eisenstein part of cohomology and subtracting
from full cohomology we obtain congrences congruences on cuspidal cohomology
(Sections 4.11-4.13).

In Section 4.14 we compare two Goresky—MacPherson trace formulas for two
congruent weights. Equality of mod p" reductions of the geometric sides again
follows from the same diagonalization of elements in Th¢ C G(@ p) but now
applied for all Levi subgroups M of Q-parabolic subgroups of G. This yields
congruences on weighted cohomology groups and also has an application to a more
explicit version of the Gouvéa—Mazur conjecture for symplectic groups of rank 2
(see Section 5.8).

As before, G /Q is a connected reductive group containing a @ ,-split maximal
torus 7/Q and T’ € G(Q) is an arithmetic subgroup satisfying I' C 7.

4.2. The fixed point principle of Bewersdorff. As in Section 2.6 we denote by
X = G([RR) / I?ooAé the symmetric space attached to G. The I'-module L;:(Qp)
defines a locally constant sheaf on the locally symmetric space '\ X and its Borel—
Serre compactification I'\ X, which we will also denote by L 5(Qp), and the Hecke
algebra H acts on the cohomology groups

HY(T, L;(@,)) = H (T\X, L;(@,)).

We recall that in Section 2.5 we selected a finite extension F'/Q which splits G
and which embeds in C, Q,; in particular, (p;, L;) is defined over . We write
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¢/ ~r for the set of I'-conjugacy classes contained in the double coset I'¢T",
¢ € A, and [£]r denotes the I'-conjugacy class of & € G (Q). We now borrow from
[Bewersdorff 1985, Satz 2.6] a simple and elementary formula for the Lefschetz
number of Hecke correspondences on full cohomology:

Theorem (Bewersdorff). Let I'¢tI" € H (i.e., ¢ € A). There are rational integers
cielr € Z,[Elr € '¢T ) ~r, such that for all dominant weights xe X(T)

@7  LefMeTIH'(T\X. Ly(F))= Y e &' |L; (F)
[§lrel¢l/~r
and cig). vanishes if x # x for all x € X.

Remark. 1. The integers c[¢). do not depend on the weight A

2. The trace formula (27) is of an elementary nature. Apart from the existence of
a nice compactification of the locally symmetric space '\ X (the Borel-Serre
compactification) its proof is a direct application of the Lefschetz fixed point
principle which is a general and basic principle of algebraic topology.

4.3. The following lemma will be applied in the proof of 4.4 Proposition, where
representations G/Q, — GL,,/Q, of G as matrix group are used.

Lemma. Let B = (B;j) € T and let t = diag(ty, ..., ty) € T,,(Q)) with v, (1) >

v,(t;) for alli = 2,...,m. Then the characteristic polynomial chg, of Bt €
GL,,(Q)) hasm roots t}, 15, ..., t,, in Q, (roots appearing several times according
their multiplicity) such that v,(t]) > vp(t)) foralli =2, ..., m (in particular, t|

has multiplicity 1) and
vp(t) =v,p(1) and 1] =Pun (mod pr™WHOg ).

Proof. We put [a,b]l ={a,a+1,a+2,...,b} (a,beN,a<b)and we denote by
Sy the symmetric group on the set M. We write the characteristic polynomial of
Bt as chg (X) = (=" X" + (=) ey X" Voo — i X + ey ¢ € Q, (e,
co = 1). The Leibniz formula

chg (X) =det (Bt — X1) = Y sgn(m) [ [(Braiy.iti — 820.i X)

T[ES[Lm] i=1

yields
= ), D cra
TC[1,m] meSy
iT|=i
foralli =1, ..., m, where

cr,x = sgn(i) 1_[ Brny.ntn € Q.
heT
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Since
>v,(t)+1 ifg<h,

(28) Up(IBg,hth) = Up(th) if g=n,
> vp(th) if g>h,

we obtain v, (cr,z) > vp(crig) +1forall T C[1, m] and all & € S7, m #1id. Hence,
Cm = C[1,m),id + terms with p-adic value equal to or greater than v, (c(1 n,ia) + 1,

which implies that

m m
29) Cm = 1_[ Brnty, (mod pv"(c"1)+lzp) and Up(cm) = Up<l_[ th)-
h=1 h=1

Since, moreover, v,(f1) > v,(;) + 1 foralli =2, ..., m we obtain from equation
(28) that

o for any subset T C [1, m], T # [2, m], of cardinality m — 1 and any 7w € St
we have v,(c7,7) > vp(cr,id) = vp(c,mid) +1

e forany m € Sp ), ™ #1id, we have v, (cp2,m),7) = Vp(C2,my.id) + 1.

Hence,
Cm—1=C[2,m],id+terms with p-adic value equal to or greater than v, (c[2,m),ia) + 1,

which implies that

m

(30)  cmo1 =[] Buntn (mod p=I¥1Z) and  v,(cm-1) = vp<]_[rh).

h=2 h=2

In particular,

(3D Up(cm)_vp(cm—l)zvp(tl)-

Finally, fori =1, ..., m — 1 we denote by T; min C [1, m] a subset of cardinality i
such that v, (nheTi.mm th) <v, (]_[heT th) for all subsets T C [1, m] of cardinality i
(thus, T;—1,min = [2, m]). As above equation (28) implies

(32) vp<ci>zvp( I1 th)= > vptn)
hETi,min hETi,min

foralli =1,...,m — 1. Since v,(t;) > v,(t;) for all h =2, ..., m we obtain
T; min € [2, m] and equations (30) and (32) imply that

Vplem) —vp(c) = Y vp(t) S (m—1—i)r

he[zvm]_Ti,min
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foralli=1,...,m—1, where r = maxj_, v, (t;). Equivalently,
(33) vp(ci) = vplem—1) —(m—1—i)r
foralli =1,...,m—1. Since (m — 1)r = 3";" , v, (tn) = vp(cm—1) in view of

equation (30), we see that equation (33) also holds for i =0 (v, (co) = 0). Thus:

e The line connecting the points (m — 1, v,(cy,—1)) and (m, v, (cy)) has slope
v, (t1); see equation (31).

o All points (i, v,(c;)) with 0 <i < m — 1 lie on or above the line g, which has
slope r and passes through (m — 1, v,(c,—1)); see equation (33).

Since r is strictly smaller than v, (#;) this shows that the Newton polygon N of
chg; has the segment connecting (m, v,(c,,)) and (m — 1, v,(c;,—1)) as one of its
sides while all other segments have slope less than or equal to . We deduce that
there is precisely one root ti ) p of chg; (counted with multiplicity) such that

vp(ti) = Up(tl)a

while all remaining roots t,’l € @p of chg,, h = 2,...,m, have p-adic value
smaller than or equal to r (in particular #; appears with multiplicity 1). Since
r =maxj_, v,(fy) < vp(t;) we obtain v,(t]) > v,(t;) + 1 forallh =2,...,m.
This implies that

m m
/ _ / m—1)+1 7 _
Cm = l_[ t, and ¢ = l_[ 1, (mod pur(en=1) O@p)
h=1 h=2

(note that chg,(X) = ]_[Z:] (t,g — X) because both sides have leading coefficient
(—1)™). Together with equations (29) and (30) we obtain

m m
1_[ ﬂ/’l/’lth = 1_[ t]; (mod pvl)(cm)-i‘lzp)

h=1 h=1
and

m m
l_[ Brntn = 1_[ l‘;l (mod pvp(c"’_])+10@p).
h=2 h=2

Since v, (cn) — vp(cm—1) = vp(t1) the above two equations imply that 1] =
t; (mod pvr(+l Og,) and the proof of the lemma is complete. O

4.4. The following proposition is an extension of 4.3 Lemma to closed subgroups
of GL,, and is used in the proof of 4.7 Proposition. We denote by W the Weyl
group of T/F < G/F.
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Proposition. Ler t € T(Q p) T and let x € ZtZ. Then the semisimple part xy of
X€ G(@p) is G(@p)-conjugate to a uniquely determined element t' =t € T(@p)++.
The element t' satisfies

v,(A(t) =v,(A(t)) and (') =eA(t) (mod pvpd(’”“o@p)
forall & € X(T), where € = €5, € Z; is a p-adic unit in 7 .

Proof. Conjugating x by an element in Z C G p) we may assume that x = B¢
with B € Z. Since Q p 1s a perfect field we know that the semisimple part (8¢), of
Bt € é(@p) also is contained in G(@p) (see [Sp 1], 12.1.7 (¢), p. 211). By 6.4.5
Theorem (ii) in [Sp 1], p. 109, (B¢); is contained in S(@ ), where S= Sﬁ, isa
maximal @ -torus in G/ @ Since all maximal tori in G/ @ are conjugate over
Q,, there is g € G(Q,) such that ¢T := gT¢~" = S; in particular,

=g (B)sg € T(Q)).

Conjugating further by some w € W¢; we may assume that t’ € T(Q »)T. Thus, ¢’ is
G(@ p)-conjugate to x; = (Bt), and we will show that it satisfies the conditions of
the Proposition. To this end we let reX (f’) and we first assume that A is dominant.
We denote by (p;, L;) the irreducible representation of G/Z p of highest weight A
(see Section 1.4 and 2.4). We select a basis (vy, va, ..., v,) of L;(Q,) consisting
of weight vectors w.r.t. h as in the proof of 2.10 Lemma, i.e., if u; denotes the
weight of v; then hty (u;) > ht; (u;) implies i > j. We note that v; has weight
i = pn; ® )~»| 7 W.ILL T (@ p) (see equation (9) in Section 2.4). In particular, vy is
the highest weight vector, i.e., ji; = A. The above choice of a basis of L ; yields a
matrix representation
5 - G(@p) — GL,(Q))
and 2.10 Lemma implies that
;D) S T
Moreover, we obtain

p; (1) = diag (. (1), f12(1), ... ., fim (1)) € T (Q))
and

p; (1)) = diag(h(t'), fia(t)). ..., fim (1)) € T, (Qy).

Any weight w;, i > 2, has the form u; = A — Z%A nqo where not all n, € Ny are
equal to zero and since t € T(Q,)*™ (i.e., v,(a(t)) > 0 for all « € A) we obtain

(34) V(i (1) = v, () = D navp(@(1) < vy (1))

aeA

for all weights fi;, i =2, ..., m. Analogously, since t’ € f'(@p)+ we obtain
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(35) V(i (1)) = vy () = Y navp@(t)) < vp(A(t))
aeA

for all weights fi;,i =2, ..., m. Since p;(B) € p;(i) C Jm and p5 (1) € T,,(Q))
where the first entry of p;(7) has p-adic value strictly bigger than the remaining
entries (see equation (34)) we may apply 4.3 Lemma to p; (B1) = p;(B)p; (1) €
GL,,(Q,); we obtain that p;(8¢) has an eigenvalue 7| € @, of multiplicity 1
whose p-adic value is strictly larger than the p-adic values of the m—1 remaining
eigenvalues of p; (Bt) and which satisfies

(36) vp(h(n) = v,(t}) and X(r) = er] (mod p"r*OT1Og )

for some € = €4 € Z}",. Since the matrix p;(¢') has the same eigenvalues as
p; ((B1)s) = (p5(B1))s it has the same eigenvalues as p; (Bt). In particular, p; (')
has the eigenvalue ¢; with multiplicity 1 whose p-adic value is strictly bigger than
the p-adic values of the m—1 remaining eigenvalues of p;(¢'). Thus, equation (35)
shows that 7| = A(t') and equation (36) yields

BN v0)=v,(A(")) and A(t) =€A() (mod pr O ).

We recall that we have proven (37) under the assumption that A is dominant. For the
general case we will need the following consequence of (37). Let A be dominant and
write A = A|;A° where A° = A|7. We write t =1°z where t° € T(Q,), z € Z(Q)),
hence, ¢’ = t'°z where t'° = g~ (B1°),g. Equation (37) then implies that

A°(1'9)

A°(1°)
Since T C T is a closed subset the restriction map X (T ) = X (T) is surjective,
hence, any dominant character A° € X (T') is the restriction of a dominant character
A € X(T) and we deduce that equation (38) holds for all dominant A° € X (T).

We now let A € X (T ) be arbitrary and we show that equation (37) still holds. We

write A = 5‘|Z)‘O where A° = A|7. Applying 4.4.1 Lemma below to A =d 1° € T,
we can write A° = [ [;(u)", where uy € X(T') is dominant and n; € Z. Equation
(38) implies that

(38) l=e (mod p(’)@p).

n; 1_[ M9(t/0)ni
l=||€"=—-—— (mod pOg )
L1 T o

with certain ¢; € Z’;. Multiplying this by )N»(t) = X(z)k" (¢°) we finally obtain

i

Aoy =TTe" Ay (mod pr®+log ).
i

The last equation also implies v, ():(t)) = (i (t")). Since r was strictly dominant
this shows in particular that ' € T(Q,)*.



352 JOACHIM MAHNKOPF

It only remains to prove uniqueness of ¢". Let #” € T(@,)*™ be another element
which is G(@p)—conjugate to x; = (Bt);. Hence, t” = gt’g~! for some g € G(@p).
Since t', " are regular we know that T (Q p) is the centralizer of ¢ and of ¢”. This
implies gf’(@)l,,)g_1 = T(@p), hence, g yields an element in W. Since ¢/, " are
both strictly dominant g is the unit element in W, i.e., g €C (T(@ »)) (centralizer
of T(@p) in G(@p)), hence, t” = ¢’. Thus, the proposition is proven. O

4.4.1. Lemma. The lattice T, C h* is generated by dominant weights.

Proof. We write the representation 7w of g defining G = G, as m = @;_, p;, with
dominant weights A; € I'y;. Since P, = J; P, we obtain

T = (Pr) =(U; P,) S (U; &i 4 Taa) € T

hence, I'y = (|J; Ai + ['aa) (for the last inclusion note that 7 is faithful; hence,
g € I'y). We select a weight y € I'yg which for the moment is arbitrary and we
put ui =x;+vy,i=1,...,n. Since 'y is generated by the simple roots we obtain

Fﬂ:(Ui/‘Li"i_Fad):(Mi’lii—Ol, i=1,...,n, a € A).

If we choose the weight y € I'yq dominant and sufficiently regular, i.e., (y, hg) >0
is positive and sufficiently large for all B € A then pu; and p; — o are dominant
foralli=1,...,n and all @ € A. This implies that I';; is generated by dominant
weights. U

4.5. We denote by “x or sometimes by wy, x € X (T), w € Wg, the character
sending ¢ to x (w™tw). We write p = pé € T for the half sum of the positive
roots and we put

w-A=wl+p°)—p°eX(T) for reX(T),

with p° = % D gept O E X(T) ® Q, where « = a® € X(T) is the exponential of the
root «; see Section 1.2.

Lemma. Let ). € X(T) be a dominant weight. For any w € Wg, w # 1, and any
te f’(@p) we have wi(t) = ):(t) (Z%A —baoz) (1), where b, € Ny and

for at least one root ag € A. Also, if w # 1 we have w-):(t) =A(1) (ZaeA —baoz) (1),
where by, € Ny and

for at least one root ay € A.
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Proof. We prove the claim about w - . We write A = A| 71°, where A° = A7 and
t=1zt°€ T(@p) where z € Z(@,,) and t° € T(@ ). Since wp® —p° €)Y, A Za

we obtain w - k(z) = (wk + (wp° — p°))(z) = A(z). Since A = A° on T we obtain
w -i(to) =w - A°(t°). To determine w - A°(¢°) we set as before A =d A° € 'y, i.e.,
A° corresponds to A under the isomorphism (-)°: ', — X (T) (see Section 1.2).
The Weyl group Wg acts on I'; € b via A > A o Ad(w™"), w € Wg, and since
(-)° is equivariant w.r.t. the action of Wg (see [B], Section 3.3, Remarks (1), p. 16)
we obtain w - A° = (w - 1)°, where w - A := w(A + p) — p. Since wA is a weight of
the irreducible g-module of highest weight A we know that

wk:A—ana

aeA
for certain ¢, € Ny. Since A is a dominant element in the weight lattice ['s. we
may write A = Zae A Aoy, Where wq, a € A, are the fundamental weights and
dy € Np. On the other hand, w # 1 implies that wA is not contained in the Weyl
chamber corresponding to the basis A, hence, (wA, hg,) < 0 for some root g € A.
We obtain

0> (wh, he,) <Zd Wy — Y _ Catt. ha0> day = Y Calet, hay).
aeA aeA aeA
Since (@, ho,) =2 if o = g and (@, hy,) < 0 if o # g this yields 0 > dy, — 2c¢q,.
Thus,
Cap = 3day = 3 (A hay) = 5(2°, ) = 3 (R, ).
Altogether we obtain
(w-2)(1) = A(2) (w-2°)(1°) = () (w-1)°(1°) = A(2) (WA +wp — p)° (%)
=AM+ Y —caa +wp —p) (t°) = (1) (X —ca +wp — p)°(t°).

aeA oaEeA
Since wp — p € ZP is a sum of negative roots, this shows that w - A(t) has the
claimed form (note that (1) = t(¢°) since @ = «° vanishes on Z(Q,)). The claim
about wA follows analogously. (I

4.6. Notation. We recall that in Section 2.3 we selected an element 7 € T @™ .
We set

ki =k gh)= Y vy(alh) eN.

+
aed’
G

Thus, k| depends on G and h. Since p— Y, we Wg., is a sum of certain positive
roots all of which occur with multiplicity 1 we obtain

vp((p° = "p°)(h)) < ex:.
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We write 2p =2p¢ = ZﬂeAG mgp, where mg € Ng for all B € A, and we set
K2 =K, g = max mg € No;
’ ﬂGAé
i.e., k7 is the maximum multiplicity with which a simple root can occur in 2p¢ and
only depends on G. Since p — ¥p is a sum of certain positive roots each of which
occurs with multiplicity 1 we can write p — “p = > peng B B where ng € Ny and

ng <mpg forall B € Ag. Since (B,a"), a, ﬂeAG,equals21foe_,Band1s <0
otherwise we obtain for all @ € Ag

(p—"p, ") <2ny <2my < 2.

Let ﬁ/@p < G/@I, be a standard parabolic subgroup (i.e., 13/<I;D,7 ) E/@p)
with Levi decomposition P = MN. The Levi subgroup M contains the Q p-split
maximal torus T and we denote by W the set of Kostant representatlves for the
quotient of Weyl groups Wy \Wg. The intersection BNM<M/Q p 1s a Borel
subgroup in M /Q), and for any dominant (w.r.t. to BNM) weight 1 € X (T) we then
denote by /o~ M — Aut(LM ) the irreducible representation of M/ Q, of hlghest
Welght X (see Section 2.4). Any pE P(@p) can be written p = pu, p € M(@p)
ue N(@ ) and we denote by v : P/@ — M/@p, p +— p, the morphism to the
Levi subgroup.

In the next proposition we will use the following notation: for c € @ and x, y € Q@ »
we write x =y (mod p"O@p) to denote that v,(x — y) > c. Thus, in case ¢ € Z the
term “x =y (mod p"O@p)” has two meanings that coincide.

4.7. Proposition. Let C € Q- and assume that reX (f‘)Glom satisfies
(h,aV)>2C

Jorall o € Ag. Select a standard parabolic subgroup I;/@p < G/@p with Levi
decomposition P = MN and let & € M(Q p). Assume that there is u € N@ p) such
that Eu € i’(@p) is G(@p)-conjugate to an element in Th®Z, e € N. We denote by
t = tg, the unique element in T(@,,)JFJF which is G(@p)-conjugate to (Eu)y (see
4.4 Proposition; note that £u is conjugate to an element x € Zh¢Z). Then there is an
element s = s¢, € WP such that forallw e WP the following congruence holds:

ep M7 (mod p©TITR0g ) ifw =35,

Y€ —1 M —
MR E 'Lw-i(@”))_{ 0 (mod p©™172¢0g ) ifw #s.

Here,ep =¢€p ¢, is an element in Q p which does not depend on X and satisfies

UP(SI;,Su) > —ek].
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Proof. By 12.1.7(c) (p. 211) of [Springer 1981], the semisimple part (§u); is
contained in P(@ »), and Theorem 6.4.5(ii) (p 109) of the same reference shows
that it is contained in a maximal @ -torus § = Sgu in P/ @ Since all maximal
tori in P/Q p are conjugate there is y € P(@ p) such that S=7T. In particular
there is t' € T(@p) such that

(Su)s =7,

Modifying y by an element in W; we may even assume that ¢’ is dominant w.r.t. A y,
ie,vy(a(t))>0foralla e Ay.

Since £u is conjugate to an element x € Zh¢Z the semisimple part (£u); is
G(@p)—conjugate to an element f =1¢, € T(@p)++ satisfying

B9 vp(x(M) =vp(x(h)) and  x (1) =ex(h®) (mod pr* M+ Og )

for all x € X (T) where € = ¢, € Z* (see 4.4 Proposition). Since ¢ also is
G@Q p)- Con]ugate to (§u)s we find that 1,1 e T(Q p) are conjugate by an element
S =g, € G p):

="t.

Since ¢ is regular ¢’ also is regular, and it follows that T=cC (" = Cc(@")°. This
implies ST =T: ; hence, s is contained in the normalizer of T and we therefore can
select s € W (i.e., s is representative of an element in Wg). Since ¢’ is dominant
Wt Ay and t is strictly dommant w.rt. Ag we see that s~! maps CDL to CIDJr
which implies s € W* . Denote by LP ; the extensmn of the representation LY ; to
P/Q p via the morphism v : : P — M. We have obtained

&L @) = wETILL (@) =tr(Ew LD £ (@)
=t((Eu); 'Ly £ (@) = () HILY (@)))
= ("t )ILY (@))).
The Weyl character formula (see [Popov and Vinberg 1994, 1.4.6.4 Theorem,
p. 45] or [Jantzen 2003, I1.5.10 Proposition, p. 223]) then yields
e, D v w- D
Mocor A —a'(20))

=1

40) A wE LY (@) = A(h)

Here, we use the notation v - ; it = v(fL + ,0;2) — ,0;4. We denote the denominator
appearing on the right-hand side of (40) by

Nty = Ny ().
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For all @ € ® equation (39) implies that v,(a(t)) > e or v,(a(t)) < —e. Since
a(*t) = (s~ 'a)(t) the same then is true of ' = %%, i.e., v, (a (1)) > e or v, ((t')) < —e
for all a € ®g. Since vp(a(t’)) = 0forall o € @;2 we obtain

41) vp(a(t)) >e forallae d)}l.
Hence,
V(N () = vp( [Ta —a(ﬂ))) =0,
aed)}l
i.e.,, N(¢') is a p-adic unit in O@p; in particular, N (') # 0.
We look at the individual summands indexed by v € Wy; which appear in the

numerator in equation (40) and distinguish cases.

4.7.1. We first assume that v # 1. Using 4.5 Lemma with M in place of G and the
definition of w - A we can write

42) A vy w2t
= A(h%) (w -b(“‘r—l)( > —bv,aa><“‘t—1>

OIEAM
= A(h*) (s wh) (™) (wp® — p°><%—1>( > bv,aa)c*r)
acAy
with by o € N and by o, > 5 (w X, o, ) for (at least) one root o, € Ay (note that
w - A is dominant for Ay since w € WP) Since w € W7 we know that w ozv cedt C
hence, we obtain

.5\’ v )»,w_l v Who _ o, o
bv,av2<w 2Olv>=< 20lv)+<)0 2/) av)ZC—Kz.

Equation (41) implies that

(43) v, (( > bv,aa)(%)> > (C —Ky)e.

OlEAM

Since wp — p is a sum of certain negative roots all appearing with multiplicity 1
and since ¢ is strictly dominant we obtain using equation (39)

@) vp(wp° =) = =Y vp@®) ==Y vy(ah®) = —exi.
aecbg aecbg
fs~'w # 1 then 4.5 Lemma yields
X(h@)(s—lwixt—l)=X<h€f1)( > —cw,aa)u—l),
OIEA(;

where ¢, « €Np and ¢y, 4, %(A ) > C for (at least) one root ay, € Ag. Itfollows
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from (39) that A(h®)A(¢~") is a p-adic unit and that v, (a(t)) = v, (e (h°)) > e for
all @ € Ag; hence,

45 v, A Tw)EY) =0, (( > cw,aa)(r)) > Ce (> 0).
O(EAG

If s = w then A(h¢) (s~ 'wA)(t~") = A(h¢t~") is a p-adic integer. Thus, if v # 1
equations (42), (43), (44), (45) yield

(46) V(M) vy (- (CtH) > (C — k1 —K2)e

for all w € WP, Hence, modulo p(C—*1—x2)e¢ O@p we may neglect all summands
with v # 1.

4.7.2. We assume v = 1. If w # s equations (42), (44), (45) yield
@) vp(hh) v (- ) = v, RA) ™ wh) (¢ (wp — p*)Cr 1))
> (C —ky)e.
If w = s we obtain as above
(48) AR vy (w2 = ARG (5p° = p2) (1.
4.7.3. Taking into account that C — « is bigger than or equal to C — k| — k3,
equations (40) and (46), (47), (48) now yield (note that N (¢) is a p-adic unit)
A wELY - (@)))
Ynevy (¢—1
_ —)L(hN)?t(/; )(sp" — )t~ (mod p(Cf"‘*’Q)e(’)@p) ifw=s,
0 (mod p<C—K1—K2>€0@p) ifw #s.

_ Gp°=p)C1ThH

Weputes =ep ., = :
(44) shows that N @)

0 p- Since N() is a p-adic unit, equation

vp(gl;,éu) > —eK].

This completes the proof of the proposition. (Il

4.8. We look at the special case P = G in 4.7 Proposition which is sufficient for
application to Bewersdorff’s trace formula. (The general case will be needed in
application to the Goresky—MacPherson trace formula which involves contributions
from parabolic subgroups of G as well; see Section 4.14). In this case, & € G(Q )
u=1,WP =1ands=w=1;hence,t =tz =1'. In particular, Ep=EG1s= 1/N(ts)
is a p-adic integer. Moreover, we can choose x| = k» = 0 since then the equations
involving p and k1, k7 in Section 4.6 still hold (note that w = 1; see also equation
(44) and the equation following (42)). We thus obtain:
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Corollary. Let C € Q- and assume that i € X (T)%°™ satisfies
vy >2C
forall @ € A. Then for any § € G(@p) which is G(@p)-conjugate to an element in
ThT, e € N, the following congruence holds:
M(he !

- A )
MR tr €7 L;(@))) = Té) (mod p©Og, ).

Here, t: € T(@p)++ denotes the unique element which is G(@p)—conjugate to &
(see 4.4 Proposition) and

N(tg)= [] A —a)

ae@é
is a p-adic unit in (’)@p.

4.9. Proposition. Let C € Q- and assume that reXx (f‘)Glom satisfies
(h,aV)>2C

forall a € Ag. Let ¢ be contained in the semigroup A, so ¢ € TheZ for some
e € Ny (by 2.7 Lemma); we assume that e € N. Then the Lefschetz number
Lef((I'¢M); |[H*(I'\ X, L;(Q)))) is contained in Z, and the following congruence
holds:

Lef(D¢D); |H(T\X, L; (@) = > cpep
[Elrel’¢l/~r

Aotz
—— "~ (mod p©0g ).
N(te) (mod p @p)

Proof. By 2.9 Corollary, the Lefschetz numbers of normalized Hecke operators are
contained in Z,,. Since { € TheZ we know that T¢elh); = A(h®)T¢T. On the other
hand, a representative £ of a ['-conjugacy class contained in I'¢I" is contained in
G(@) and in f{f = 7h¢Z. The second claim thus follows from Bewersdorff’s trace
formula (see 4.2 Theorem) and 4.8 Corollary (note that F C Q). O

4.10. Proposition. Ler C € Q- and let the dominant weights 1, ' € X (T) satisfy

e (A, a¥)>2Cand (\',a") > 2C foralla € Ags

e A=1" (mod (p —1)p" ' X(T)) (m € N).
Let ¢ be contained in the semigroup A, so ¢ € TheT for some e € Ny which we
assume positive. Then the Lefschetz number Lef((I'¢); |H*('\X, L;(F))) is
contained in Z, (note that F € Q) and the following congruence holds:
Lef(I'¢D); |H*('\X, L;(F)))

= Lef((['¢T);, |H*(T\X, L;,(F))) (mod p'™mintmcalz
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Proof. Since Lef((I'¢T); |H*(I'\X, L; (F))) = Lef((I'¢ )5 |H*(N\ X, L; (Q)))),
in order to prove the proposition we may consider Lefschetz numbers over Q,,.
Integrality of the Lefschetz number then follows from 4.9 Proposition. We let [£]p
be any I'-conjugacy class contained in ['¢T". Hence, & € Zh®Z and we denote by Ir €
T p)++ the element which is G(@ p)-conjugate to & (see 4.4 Proposition). Since
A=21" (mod (p—1)p" ' X (T)) thereis x € X(T) such that k—1' = (p—1) p"™ 1 .
Taking into account that X(hetg_ 1) = ¢ (mod pO@p) by 4.4 Proposition, where
€ = €y € Z,, we therefore obtain

et .
£ 7 pe~1y(p—Dp"! mey.
):/(h”gl) =1 ' ) €l+p O@p'

Since also A’ (hts 1Y is a p-adic unit by the same proposition, this implies
A(h“’ h=x (htg 1 (mod pm(’)@p).

The claim now follows from 4.9 Proposition taking into account that the Lefschetz
numbers are contained in Q,, hence, their p-adic valuations are integers and that
Clelr € Z and N (tg) is a p-adic unit. Thus, the proof is complete. |

Remark. The proposition also holds trivially for e = 0 since both sides of the
congruence are integers by 2.9 Corollary.

4.11. Adelic formulation. Using adelic formulation in Section 4.13 we will prove
congruences between traces of Hecke operators on Eisenstein cohomology and,
hence, on cuspidal cohomology. In this section we therefore reformulate 3.10
Corollary and 4.10 Proposition in adelic language.

We denote by A (resp. A f) the rlng of adeles (resp. of finite adeles) of Q. For
any compact open subgroup K < G(A 7) we set Sg G(@)\G(A) /KK o Ag. We
assume that G / Q satisfies strong approx1mat10n in particular, GA)is a ﬁmte
disjoint union G(A) = Ul i G(@)g,G([RR)K gi € G(Af) and we obtain

Sg = U T\X
i=1
where

Ii=G@nNgKg

We assume that we can choose a system of double coset representatives g; as above
which is contained in G(A ), where G(A ;)?) < G(Ay) is the subgroup consist-
ing of elements whose p-component equals 1 (e.g., G satisfies weak approximation
at p; note that weak approximation holds for almost all primes p).
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We fix a compact open subgroup K = ]_[e#oo K, < G(Af) such that Kp =7
and we set K (?) = =11, £p,00 K. Since the p- component of g; is equal to 1 any of
the arithmetic subgroups I'; is contained in Z.

4.11.1. Hecke algebra We fix a Haar measure dg = ®E#oo dgy on G(Af) and
we denote by Cp, o(GA 1)) the Hecke algebra consisting of compactly supported
smooth @-valued functions on G(A ). We have the decomposition CO’@(G(A )=
Co,@(é(@ ) ® Co,@(G(A f)(”)), where the two factors are the Hecke algebras con-
sisting respectively of compactly supported smooth Q-valued functions on G(@Q »)
and on G(A f)(p) Let the subalgebra consisting of K- (resp. Z-or K- ) bi-invariant
functions be denoted by Cy, @(G(Af)//l{) <O, @(G(Af)) (resp. Co, @(G(@p)//I) <
C0.a(G(@,)) or Coa(GAP //KP) < Coa(GA,)P)). Let

o 1

[KxK]= —1: -, xeGA,),
vol(K) KxK (Ar)

where 1y is the characteristic function of the set X, and define likewise [fxf]
for x € é(@p) and [Ig(P)xI%(P)] for x € G(Af)(p), by replacing K with Z and
with K P). The elements [I%xl?] (resp. [i'xi'] or [1€<P>x1€<r'>]) form a ()-basis of
Co.a(G(Af)//K) (resp. Co.a(G(Qy)//T) or Co.a(G(A )W /K P))); their Z-spans
define Z-structures Co(G(Af)//K) (resp. Co(G(Q,)//T) or Co(G(A ;)P j/K P))
in the respective Hecke algebras. Thus, the Z-structure on Co,@(G(A Y K ) is
given as the subspace of vol(K)~! - Z-valued functions and analogously for the
other two Hecke algebras.
In Section 2.3 we selected an element 4 € T (@)** and we now denote by

Co(G(@p)// D
the Z-subalgebra of Co(G(Q ») //I) generated by [Zh~'Z] and we set
Co(GAL) /1K) = Co(G (@) )/ Dn ® Co(GAND /K D).

Since [Zh~'Z1¢ = [Zh~¢Z] the algebra Co(G(Q,)//Z)y is the Z-span of [Zh~¢T],
e € Np, hence, Co(G(A)//K); is the Z-span of

[K[h],rK1=[Zh*T1@[KPrKP],e € N, r € G(A)P;

here, [h], € G(A r) is the element with £ in the p-component and all remaining
components equal to 1.

For any Z-algebra R we put Co,R(G(Af)//IE):» = CO(G(Af)//I?)r_; ® R where
9 = blank, h. We define the A-normalization of [K [h];erI? ] as

[K[h],rK1; = X(h)°[K[h],rK] € Cor(G(As)// Ky



DIMENSION OF SLOPE SUBSPACES OF AUTOMORPHIC FORMS 361

(note that i(h)e € F; see Section 2.5) and we extend linearly to Co,F(é(&f)//Iz)h.
Since [fh_ei'][i'h_ff] = [i’h_(”f)f] we obtain that the assignment

Co.r(GAp) /K — Cor(GAN /K, TrsT;,

is a morphism of F-algebras.

4.11.2. Cohomology. The algebraCo(G(A ) //K ), and hence also Co(G (A ) // K )i,
acts on H"(Sg, L;(F)) = @; H"(I';\X, L;(F)). We define the integral coho-
mology H"(Sg, L;(Zp))in: as the image of H"(Sg, L;(Z))) in H"(Sg, L; (Q)));
hence, H"(Sg, L;(Z)))ine = @; H"(Ti\X, L;5(Z}))ine. Consider e € Ny and
re GA)P; we write gi[h],r = tigjmk with & € G(Q), k = (k¢); € K and
obtain

[K[h],rK1= @D Tit7'Tj6).

Looking at the p-component and recalling that g; € G(A r) has trivial p-component
we find h~¢ = ¢;k,. Hence, {1._1 = k,h° is contained in TheT and, thus, in A = Ay,
and we deduce that the normalization X(he)F ;‘_] [y maps H" (D \X, L;(Z)))int
to H”(FJ(,)\X L;(Zp))ine. Hence, [K[h] rI?]A and, thus, any T; with T in
Co.z, (G(A Y K )n leaves H" (Sg, L;(Z p))lm invariant. In particular, the Lefschetz
number Lef(T;|H*(Sg, L;(F))), T € CO(G(Af)//K)h, is contained in F and in
Z, (note that F € Q). Moreover, as in the proof of 2.9 Corollary we see that the
eigenvalues of T;, T € CO(G(Af)//I%)h, on ngsp(SIZ’ L;(C)) € H"(Sg, L; (0))

are algebraic over F (note that F C C) and integral over Z,, hence, they are
contained in (’)@p (note that F € Q).

4.11.3. We denote by
Co(G(AS) [/ K) 8 C Co(GAS) [/ K

the Z-submodule generated by all Hecke operators [K[h 1, °rK] with r € G(A )
and e € N (i.e., e > 1). Keeping in mind that [Zh~ eI][Ih IT1=1Zh=tDT] we
find that Co(G(As)//K)}® is an ideal in Co(G (A f)//K)p.

Proposition. Let C € Q.. If the dominant weights &, X' € X (T) satisfy
e (A, @) >2Cand (M, a") >2C foralla € Ag,
o A=X" (mod (p—1)p" ' X(T)) (m e N),

then for alle e Nandr € G(Af)”’) the Lefschetz number of [I%[h];"rl?]; on
H*(Sg, L; (F)) is contained in Z, and the following congruence holds:

Lef([K[h],“rK1;|H*(Sg. L; (F))) = Lef([K[h],°r K13, |H* (Sg. Ly, (F)))
(mod p|'mir1 (m,Ce)] Zp)
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Proof. We have
Lef([KTAT, T K1z H" (Sgs Li(F))= ) (k) Lef(Tig; Ty H*(T\X, L (F)))
i=j(i)

where ;‘i_l € Ay and ;‘i_l € Zh*T. Hence, A(h¢) = i(gi‘l) and the claim follows
from 4.10 Proposition. (]
4.11.4. Slope subspaces We select a Hecke operator T € Co z, (G(A 7/ K )reg and
we denote by H' (SK, L; (@p))ﬂ the slope 8 subspace of H' (SK, L;(Qp)) wrt. T;.
We also denote by g; = g; ¢ the number of i-cells in a cell complex which is

homotopy equivalent to the Borel-Serre compactification S z of Sg.

Theorem. For all € Q-g, all dominant weights A € X(T), all i and all T €
Co.z,(G(Af)/K),* we have

dim H'(Sg, L; (@)= <mp’ +n;

here,m =m; = 12%05Jrl € Q>0 and n = ng € N is an integer which also only
depends on g;, o, s (see (50) below); in particular, m and n only depend on K (and,
hence, on G and p) and i, i.e., they do not depend on A, h and T.

The proof follows those of 3.9 Theorem and 3.10 Corollary. More precisely, for
any r € Ny we define the Z,-submodule

t
H'(Sg. L;(Zp.1.0) =@ H' (T}, L;(Z). 7. 0))
j=1
of Hi(SIg, L;(Zp)) = EB;:I Hi(Fj, L;(Zp)) (note that I'; C i’). Using the de-
composition [I?[h];erlg] =, Fig“i_le(,-) where g“l._l € TheT and following the
proof in 3.5 Lemma we see that the submodule H'(S 2 L;(Zp, 1, 0)) satisfies the
following properties.

o H(Sg, L;(Z,))™ is T;-invariant.

« T; H (Sg, Li(Zp, r,0)™ € p"HI (Sp, L5 (Z,)™.

We denote by ( pbl)[ the elementary divisors of the quotient
H'(Sg, L;(Z,)™

(49) Hi(SIZ’ L}:(Zp,r,o))TF

in decreasing order, i.e., by > by > b3 > - ... As in Section 3.9.1 we see that (49) is
a subquotient of € j H(T I8 L%r](Z p» 0)), which is a subquotient of

@@( r— hZ )gi’rfM“h_é( — h )gl M'
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We denote by (p#); the elementary divisors of the latter sum in decreasing order,
i.e., a; > ap > --- (the elementary divisor p’*h appears g; M, ,-times). We obtain
b; < a; <r for all i and following the arguments in Section 3.9.2 - 3.9.4 with g; in
place of g; we obtain that the piecewise linear function defined in 3.9 Theorem but
with g; replaced by g; is a lower bound for the Newton polygon of T; acting on
H'(Sz, L;(@)))=>. Following the proof of 3.10 Corollary we find the bound for
the dimension of the slope 8 subspace as in the statement of the theorem where we
can choose

(50) {2#1 £i9 W FleN:
S

here, M is defined in equations (23) and (24) (note that the definition of M does
not depend on g;). This finishes the proof of the theorem.

4.12. Induced representations. We look at traces of Hecke operators on induced
representations. This will be applied in the next section where we consider Hecke
operators on Eisenstein cohomology.

4.12.1. We select a Q-parabolic subgroup Q < G with Levi decomposition Q =
MN and a representation 7 of M(Ay). By Ind‘g((ﬁ‘;\if‘))n we understand the non-
unitarily induced representation. We select a maximal compact open subgroup

IEO = ]_[e;,,éoo I%()’g < G(Af) and we may assume that K < 120. We set
IEM:I_[I?% and K(p)M H Kg ,
{#00 {#p,00
where K zM =K,NM (@e) and we use the same definition with K replaced by Ko
We also set KV = K N N(Ay) and K P N_RK®»n NA®,

Let f € Co,@(G(Af)); we define the constant term f; € Co,@(M(Af)) by

fg&;(ﬁc):f~ / f(kflxnk)dndk.
Ko JNA))

Here and below we normalize Haar measures on G(A 7) (and, hence, on Ko),
M(Ay) and N(Ay) so that vol(K) = 1, vol(K™) = 1, vol(K") = 1. With these
conventions we have

tr(flIndZ‘(if))n) = tr(fyl7).

If f*) € Coa(G(A)P) we define fI € Coo(M(Ay)P) by replacing f with
f(f’) Ko with K(p) Hz;&p o K()g and N(Af) with N(Af)(p), an analogous
identity for the trace of £ on representations induced from M (A f)(f’) then holds.

We will also need the following classical identity which holds for a representation 7,
of M(Q),). Assume that Q/F contains B~ /F, i.e., the unipotent radical of Q/F
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is generated by root subgroups attached to negative roots (compare the definition of
7 in Section 1.3); then

) w(Zh D ndS )Ty = Y ey peete((EToh v M2 LY,
vew?

where ¢, ;- € N and m =fﬂM(@p) (see [Urban 2011, p. 1751], for example). We
obtain an analogous formula when Q is standard parabolic, i.e., B/F < Q/F. To
this end we denote bya € Wg andbe Wy = W(T/Z,,, M/Zp) the longest elements;
i.e., a maps CIJJr to <I> and b maps CIDJr to ®5;. Using (51) but with positivity
defined by — A —that is, B/F < Q/F = B([Fp) (mod p) and h € T(Q)~~ —
we obtain

tr((Zh~ "I]l(IndG(@P)np) ) = tr([“Z(“h~ e)“I]|(IndG(@1’>7rp)ai)

e@p 0@p)
= 3 o te (D o h o (DM D)
vew?
= ZCU peete (T )b (D= )u ™ b (T | “IM))
vew?
= 3 etV T 2,
veWw?@

where ¢, = ¢, -« € Z are certain integers.

4.12.2. We look more closely at the constant term f () of FPeCy(GA f)(P /K ()Y,
ie., P is Z-valued and K P bi-invariant (note that vol(K Py =1 by our normal-
izations). For simplicity we assume that K? < K(gp ) is a normal subgroup. The
definition yields

fjg’) (x) = / FP k' xnk) dn
keK(p)/K(l’) N(Aj)(p)

= vol(K PNy

keky” /K ®)

f FP (k' xnk) dn,
N(Af)(p)/k(p),i\?

The first of these equalities shows that f - () is KM pi invariant (the modulus
(SQ(A ) (m) vanishes for m € KM pecause K P-M is contained in the compact
group K P N M (A ;)P)). Since vol(K P Ny = vol(K (M) = | the second equality
implies

(52) F& e Co ()W) RWHM).
4.13. Eisenstein cohomology.

4.13.1. We assume that the highest weight A € X (T') is dominant and regular. The



DIMENSION OF SLOPE SUBSPACES OF AUTOMORPHIC FORMS 365

full cohomology then decomposes as

where

(53)  Hi(Sg. L;(©) = D €D (nd§ VH Lo (M L, s (©0))5
M+#G Y

here, M runs over a system of representatives of G (Q)-conjugacy classes of proper
Q-Levi subgroups of G, i.e., there is a (standard) Q- -parabolic subgroup 0<G
with Levi decomposition

Q=MN, SM=M@\M®)/AK",

where IE% = Koo N M(R), is the locally symmetric space attached to M, Ag is
the connected component of the real points of a maximal Q-split torus A¢ in the
center of M and w runs over those elements in W< which satisfy the condition
that —w(i + 044 18 nor~1negative, ie., (—Re(w(): +0°Nlag, a“) > 0 for all roots
a of Agp acting on Lie(N) ® R (see [Franke 1998, Theorem 19 II, p. 257] and
[Schwermer 1994, Proof of 6.3 Theorem, p. 505]).

4.13.2. Theorem. Let C € Q- and suppose the dominant weights %, ' € X (T)
satisfy

o (A, V) >2Cand (X,a") >2C foralla € Ag,
e A=)/ (mod (p — D)p"™ X (T)) (m e N).

Then, for alle € N and r € G(Af)(”) the Lefschetz number of [I%[h]_erlg]
Cusp(S 7+ L;(0)) is contained in F and the following congruence holds (note that
FCQp):

Lef(IK[h],°rK1;| Hyp(Sg» L3 (€))) = Lef(IK[h],°r K13/ | Hoyep (S » L3 (©)))

(mod p’Z,).

cusp

Here, t=min(m, e(C—kark(G))) | —exitk(G) with k; =k, ¢ and tk(G) =1kg (G)
is the Q-rank of G.

Proof. We use induction on the Q-rank of G.1If rk(é) =0 then

(Sg, L;(©) = H*(Sg, L;(O));

cusp

hence, 4.11.3 Proposition implies the claim. We assume rk(é) > 0. Equation (53)
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yields
(54) Lef([ K[h ‘rK] 11Hg;(Sg, L;(C)))

= Z ZZ(—1)i+€(w)tr([K[h];erI€]|(Indgiﬁf;Hclusp(SM’ Lw.X(C)))K)
M#G v i
Z Z( 1)£<w>Lef([K[h]— rK]|EB(IndZ<(§‘;f>> X)f).
M#G W
Here, we have set )
w = Hclusp(SMv Lw,x(C));

this is a module under the Hecke algebra attached to M (Ay) and we have

cusp(SM w- X(C))g cqu(SM/H Lw A(C))

with H <M (A ) compact open. We select a proper Q-parabolic subgroup 0=MN
of G and an element w € W< as in equation (53). We denote by @ ,; the set of roots
of T/F acting on Lie(M/F) and we set Ay = Py NAg. The set Ay is the basis
for the root system @ ; corresponding to the Borel subgroup BM/F=B/FNM/F
of M/F; in particular, this determines the set of positive roots CIDJr The subgroup
M —7n M(@p) is a Iwahori subgroup in M(Zp) 1e., M (mod p) is contained
in the Borel subgroup (B N M)([F,,) < M([Fp). The identities in Section 4.12.1
for the traces of induced representations and equation (52) yield

(55) Lef([k[h];erléu@(Indmv )5

4

owp™ w-A

=Lef(IZn*Z1®@ [KP'r K ]| @ Ind§:0 7! )
]

= Y ey Lef(IZY (" h=) I @ [KP'rK ]| dr )
vew? '
= > coLef(IZ¥ =) @ [K Pr KW | @ (! -)Kin),
vew? '
where ¢, = ¢, -« € Z, a (resp. b) is the longest element in the Weyl group Wg
(resp. Wy;) and KM = IM x KM We select an element v € W¥. Since
vt C <I>Jr and % € T(@ )~~ we obtain for all @ € <I>Jr that vp(a(h““h)) =

vp((” b= 1oz)(“h)) > 0; hence, "1 is regular dominant wrt <I>Jr Thus, using
equation (52) we obtain that

(56) [ZM (P p= T @ [RPrR P € CoM (A ) /) KM,

is contained in the integral Hecke algebra attached to M and the dominant regular
element **“h € T (F). Now, in Section 4.6 we have seen that (%o — p, a) > —2k»
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for all @ € Ag (p = pg); hence, we obtain for all @ € Ay
(w- k@) = (X" )+ ("p° = p° @) = 2C - 22,

Since alsow - A=w- A/ (mod (p—1)p"X (T )) the induction hypotheses for the
group M which has strictly smaller rank than G (since M # G) is satisfied and we
obtain that the following congruence holds:

(57) (w- X)(bvahe) Lef([iM(bvah—e)jM] ® [[%(P)r[z(l’)]ﬂﬂ GB(H;X)I%M)
= (w 3" Lef(IZ" **h=)I") @ [RWr R | @t )K"
l (mod p*Z,),

where x = [min(m, e(C—Ky— K2Mrk(1‘~4)))-| — eKIMrk(M); moreover, the above
Lefschetz numbers are contained in F'. Equations (54) and (55) thus imply that

A(h°) Lef(IK[h],r K1|Hg;(Sg. L (C)) € F

(note that A and all « € @ are defined over F, h € f’(@) and a, b, v, w normalize
T (F)) and since full cohomology is defined over F we obtain that

Lef([K[h] ‘rK1;|Hye,(Sg, L5 (C))) € F.

cusp

It remains to prove the congruences. Since A— (bva)~ N (w -A) —A— ((bva)~'w)-
A+ (bva)~1p° — p° we obtain using 4.5 Lemma (note that h € T(Q,)™) and
vp(((bv(,l)_l,o0 — p°)(h°)) > —ek; (see Section 4.6) that
(58) i(he) {has p-adic value > Ce — ek if bva # w,

(bva)~(w - 1)(h¢) |equals ((bva)~'p° — p°)(h®) if bva = w,
and the same holds for 1. Thus, if bva = w, we obtain from equation (57), after
multiplying by ((bva) ™' p° — p°)(h®),
Lh) Lef(IZ" v h=) ") @ [R P r R | D! K™
i

= 1/(h¢) Lef(IZM ("¢ h=)IM] @ [K P r K P e?(”f;.xf)KM) (mod p*=1Z,,).
We look at the case bva # w. Since
KPrRPy= 2[R P11 g g (p) Ty
seM(Af)®P
with z; € Z, by equation (52), and since the trace of the w - A-normalization of
[FM (bvep=e) 7] @ [K P15 R 0M] ¢ Co(M(Af) /)R Yooy

on H: (S M L., ;(C)) is contained in (’)@ (see Section 4.11.2) we obtain that the

cusp

Lefschetz number of (w- A)(b””he) [IM(b”“h e)IM] [K(mrK(p)] 7 on cuspidal
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)k

cohomology @i(n’;.k # i p-adically integral; thus using equation (58) we obtain

J(h) Lef (2% (Pah=)IM) @ [K Pr K ) | @' -)Kir)
=3(h%) Lef([iM (bvahfe)ilﬁl]®[]§(p)r[€(p)]Ml| EB(T[;_;\,)I%M) (mod pCefquZp).

Since Ce — ek > » — ek, in both cases the congruence holds modulo p*~*1Z,,.
Using equations (54) and (55) we obtain

Lef([K[h],°r K1;|Hg;(Sg. L; ()
= Lef([K[h],°r K15 |HE(Sg. L5, (©)  (mod p*~1Z,,).

The rank of M is strictly smaller than the rank of G and K; yp < Ki, as follows from
Section 4.6; hence, k; + Kl.Mrk(M) < k;itk(G) which yields

* —eky > [min(m, e(C — kark(G)))] — tk(G)ex ;.

Together with 4.11.3 Proposition this implies the claim about congruences for the
Lefschetz numbers of [K[h],“r K']; on cuspidal cohomology for S;. Thus, the
theorem is proven. U

4.13.3. Remark. Section 4.11.2 implies that the Lefschetz number
Lef(T; | Hyy (Sg. L3 (©)),  TeC(GAp)//K),E,

is contained in O@p. Thus, 4.13.2 Theorem implies that Lef(T5 | Hc’usp(S 7 L5(C)))
is contained in F' N OQ,, cZ,.

4.14. Weighted cohomology. In this section we compare two Goresky—MacPherson
trace formulas for two different weights A and A’. This is analogous to the com-
parison of Bewersdorff’s trace formula in previous sections and relies on the same
diagonalization of elements in Zh°Z (see 4.4 Proposition) but now applied to all
Levi subgroups M of parabolic subgroups in G /Q (see 4.7 Proposition). As a result
we obtain congruences for Hecke operators on weighted cohomology for varying
weight A.

Here, we will work again in a classical, non-adelic setting (see Section 2.2 and
2.3);eg,' < G(Q) is an arithmetic subgroup contained in Z,h e T(@Q)** and
we will consider Hecke operators I'¢ " where ¢ € A = Ay,.

4.14.1. The trace formula of Goresky—MacPherson. We select a minimal (Q-para-
bolic subgroup f’o in G /Q with Levi decomposition f’o = MONO and we denote
by Ao a maximal Q-split torus in the center of the Levi subgroup My. We may
assume that B C Py/F and T D Ay/F. Let P = MN be a Q-parabolic subgroup
in G. We denote by A a maximal Q-split torus in the center of M and we write
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Ap={ay,...,an} C X(Ap/Ag) for the set of simple roots of Ap occuring in
Lie(IV) and

for the basis dual to Az. We select h € T(@* and we let £ € A = Ay,.
The double coset I'¢I" induces an operator on the weighted cohomology groups
WYH!(T\X, L 5 (C)) with weight profile v € X (Ao) ® Q. Goresky and MacPherson
computed the Lefschetz number of I'¢I" acting on weighted cohomology:

Theorem [Goresky and MacPherson 2003, 1.4 Theorem].

Lef(P¢T|WYH*(T\X, L; (C)))

=222 8 ). CDuEILE).
(py 1 {8 weW?
L(w.)=A%)

In this formula, P runs over a choice of representatives for the I'-conjugacy
classes of (Q-parabolic subgroups of G. For each such P we write ¢ N P(Q) =
[T pCilpwhere ' =1'N 13(@) and ¢; € P (@). The second sum runs over these
ﬁnltely many double cosets WesetI'y; =vp(l'5) C M((I;D) and {, =vp(Gi) e M(@)
here P = M N is the Levi decomposition and v : : P — M is the canonical mapping.
The third sum is over a set of representatives & of the I' j-conjugacy classes of
elliptic (modulo Ap(R)) elements in I ME,T‘ i S M (@). (The numbers E p g are
explained in [Goresky and MacPherson 2003, 1.4]; we only need to know that they
are contained in Z and do not depend on the weight i.) Moreover,

A;(s)z{aeAﬁ sa(ag) < 1},

where a¢ is the projection of § to the identity component Ap of Ap(R) and 7, (w, 1)
is given as

I(w, %) ={a; € Ap s (wh+p) —p—v, 1) <O},

where p = pg. Finally, since & € M (Q) and LM w5 18 defined over F, the trace
may be computed on F-points of LM We note that to make sense of the trace
of =1 € M(Q) on LM (F) (LM was deﬁned for standard parabohc subgroups) as
well as of the deﬁnltlon of I, (w A) ()L p are characters of T ) we have to conjugate
P, ie., we select x € G(F) such that *P / F is standard parabolic.

4.14.2. We select a Q-parabolic subgroup P in G with Levi decomposition P =
MN. Forany we W and any o; € A p the assignment L, ; : X (T)®Q — Q taking
A to (wk Io;) 18 linear and we denote by H, + ; (resp. H ) the half space consisting
ofall A € X (T ) such that (w(k +p)— v Ia;) 1S pos1t1ve (resp. negative). For
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Cle) = X(T)*™ N[ Hy' .
w,i
Thus, C(¢) is an intersection of half spaces which may be empty. For all w € wP
andi =1, ..., m the values (WA + p) — p — v, ty;) and (u~)()~»/—|—p) —p =V, ly,),
where X, 1}/ € C (¢) have the same sign, hence, for all w € W’ we obtain I, (w, 5») =
I,(w, }), i.e., I,(w, &) does not depend on X € C(€).

Theorem. Let C € Q. and € € {:l:}Wﬁx[1 **** ml Leth, N € C(¢) be (dominant)
weights satisfying

o (A, @) >2Cand (M',a") > 2C foralla € Ag,

e A=X" (mod (p—1)p" ' X(T)) (m € N).
Let ¢ be contained in the semigroup Ay, hence, ¢ € Th®Z for some e € Ng and we

assume that e € N. Then the Lefschetz number Lef((F(I‘);dW”H‘(F\X, LX(F)))
is contained in F and the following congruence holds:

Lef((N'¢D); [WYH*(D\X, L; (F))) = Lef((I'¢ )5, [WYH*(T\X, L;,(F)))
(modp[min((C—Kl—Kz)e,m—e/q)]Z )

Proof. We look at the Goresky—MacPherson trace formula. Since ['¢T" N P(@) )

I'5¢; " 5 we obtain ¢; € [N P(Q), hence, we can write &; = £;u where ¢; € M (Q)
and u € N(Q). Let & € FMg, I"y; be a representative of a I' j;-conjugacy class. We
may assume that & =y ¢; for some yy € 'y, i.e., yy = v (yp) for some yp € I' 5.
Hence, we can write yp = ynyu, where yy € N(Q), and obtain

yvEu=ynymtiu=ypl €Tpg; CTCT C Th‘T.

Since M (Q) normalizes N(Q) we can write yy&u = &u’ with u’ € N(Q). Thus,
£u’ € Th*T and we may apply 4.7 Proposition to compute tr(£ ! |LuAj1_ i (Q)p)). If we
put the result in the trace formula of Goresky—MacPherson we obtain
(59) Lef((T¢T);|WYH*(T\X, L5 (F)))
=D ) D Epds (=D AT (mod pCTMT0g ),
By iE 1€}
where s = sg, € WPt = tew € T(Q,)* is the unique element which is G(@p)-
conjugate to (§u')y, €5 u has p-adic value > —ex; and §; = 1 if 1, (s, 1) = A*(E)
and vanishes otherwise. We note that §; does not depend on A since we assume
that A is contained in C (¢). By our assumption there is y € X (T ) such that
A—X=(p—1)p"x.Since x (h‘t™") =€ (mod pOq,) Where € € Z}, (see 4.4
Proposition) this implies Ahet=Y) = X (h¢t~") (mod p’" Oq,) (see the proof of
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4.10 Proposition) and we find that equation (59) (which also holds for Y ) implies
that the Lefschetz numbers in the Theorem are congruent to each other modulo
pmin(C—rx1—K2)e;m—ec)] 7 p (note that the Lefschetz numbers are contained in F).
Thus the proof is complete. U

4.14.3. The case C». We assume that G /Q is connected and (-split with root
system of type C», hence, there are two simple roots oy, @x. We also assume
that v = —p, i.e., v is the middle weight profile. Thus, if A is regular then
W”Hd(F\_X, L;(C)) = Hcdusp(F\X, L;(C)) and both these cohomology groups
vanish for all degrees i # d. Let A € X (T)%™. Hence, A + p € X (T)%°™ is strictly
dominant and for any w € Wg we write w(i +p)=a1a1+aray with a; = a; 5 € Q.
For the root system of type C it happens that the sign of a; as well as the sign
of a; does not depend on i € X (T)%™, ie., sign(a; ,, 5) = sign(q, ,, 3,) for any
A, A € X(T)*™ and all w e Wy and all i = 1, 2. Thus, if P = B, hence, Ap = T/Q
and if {ty,, f,} denotes the basis of X*(T) ® Q dual to {a, oy} then we obtain
that the sign of (w(i + p), ty;) = a; does not depend on reX (f‘ ydom, Similarly if
P= 130,,., hence, Ap =kera;, j # i, and if {t,,} denotes the basis of X, (Ap) ® Q
dual to {c; } then we obtain that the sign of (w (A + p)|4 7+ la;) = a; does not depend
on A € X(T)%™, This shows that I,(w, ») does not depend on X € X(T)dom (if
P =G then I,(w, 1) is empty). 4.14.2 Theorem therefore holds with X (T)dom ip
place of C(¢):

Corollary. Assume G /Q is connected and Q-split with root system C,. Let C €
Q- and let 1, ' € X (T)%™ be weights satisfying

e (A, @) >2C and (\',a") > 2C foralla € Ag, and
e A=X" (mod (p—1)p" ' X(T)) (m € N).
Then tr((F{F);JHé{lSp(F\X, L;(0))) is contained in F and

tr((C¢0); | HY

usp

(T\X, L;(C))) = tr((T¢T); | Ho, (T\X, L, (C)))
(l’l’lOd p[l’nil’l((cflq7K2)€,mfel(1)—|zp).
Proof. Use the equality
tr((CET)3 | Hp (T\X, L5 (€))) = (=1 Lef((N¢T); WY H*(T\X, L;(C))). O

Remark. The Q-rank of G does not appear in the modulus of these congruences.

5. Local constancy of dimension of slope subspaces

5.1. Slope subspaces of cuspidal cohomology. As before we let G /Q be a con-
nected reductive group with Q,,-split maximal torus 7/Q and from now on we
assume in addition that G/Q has discrete series. We denote by ¢ the Q-rank of
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G and we keep the notations from Section 4.11. In particular, K < G(A.f) is a
compact open subgroup with p-component K p= Zand S % 1s the adelic locally
symmetric space of level K. We select elements 4 € T(Q)** and r € G(A ;)P
and we set

= [K[h],'rK1€ Co(G(Ay) [/ K)}E.

As before we denote by T; the X-normalization of T. The (normalized) operator
T; acts on

©) = (Sg, L5 (C))

A cusp CUSP

where d = d; is the middle degree. For 8 € Q- we denote by

A ,cusp (C)ﬂ = @ A ,cusp (C) (/,L)

ueFt—>@
vy ()=p
the slope 8 subspace of HdC (C) w.r.t. Ts; here, Hd ©)(w)= decus T(([)) (w)

is the generalized eigenspace attached to T; and the elgenvalue w and we remark

that the eigenvalues u of T; on H d (<E) are contained in F(C C) and are p-
adlcally integral, i.e., contained in (’)@ (note that F € Q p; see Section 4.11.2). We
set H~ ( N~ ®0§y<ﬁ f Cusp(@)” Since

dim H, (Sg. L3 (©)* =dim P

cusp

(©)(w)

Acusp
neF—Q,
0=<v,(W)=p

<dim @ H(Sg. L (©)(w)

ueF
O0<vp(n)<p

=dim P H Sz Li(F)H(w)
ueF
0<v,(u)<p

=dim @ H(Sg, L;(@,)(w)
ueF—Q,
0<vp(uW)<p
=dim H%(Sg, L;(@,))=F
=dim H?(Sg, L; (@,))=F,
we obtain the following bound from 4.11.4 Theorem. Recall that s = |<I>J(~; |, o0 =
max, ¢+ ht(a) and we denote by g = g the number of d cells in a cell complex
G
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which is homotopy equivalent to the Borel-Serre compactification S 7+ We set
1 g Js+l
2s+1

m:mk=12§03+1 EQZO and n:nK:’V

Ms—‘ +1eN,
where M = M (o, s) € N is defined in equations (23) and (24); then
(60) dim He (Sg, L; (C)=F < B(B) :=up’ +n

cusp

for all dominant % € X (T), all B € @sg and all & € T(Q)*+ and r € G(A ;).
5.2. We want to consider the function
d(-,-): Q=0 x X(T)*™ - No, (B, %) > dim H (Sg. L; (C))F:

i.e., we want to understand how the dimension of the slope subspace varies as a

function of the weight. To this end, for any 8 € (¢ we set

61) mi(B) = (B+ i1 + (k1 +x2)€) B(B) + 1

=8 + (5 + (0 +.2)€) B° +nB + (51 + (k1 +k2)t) + 1

(S @>0.

and

62)  may(B)=(B+ 1y +x1t)B() +1
=g + (5L +x1€)f° +np +n(5h +xif) +1 € Qs

Thus, m(B), my(B) € Q[B] are polynomials in 8 with Eositive coefﬁcients~, degree
s + 1 and leading term m = 12§0S *+1 which depend on K (and, hence, on G and p)
and on / (since k1 = k1 (h)) but do not depend on A € X (T).
Theoren} Assume ~that G has discrete series. Let B € Qs and assume the dominant
weights A, ) € X(T) satisfy

o (k,av)>2m(B) and (M, &) > 2m\(B) for all & € Ag,

e A=X" (mod (p—1)p" X (T)) withm > m>(B) (m € N).
Then

dim H (Sz, L;(©)) =dim He (Sg, L;,(C))”  forall 0 <y < B.

cusp cusp

5.3. Characteristic polynomial. The proof of the preceding theorem will be given
in Section 5.6. To prepare it we consider the characteristic polynomial. We denote
by ch; (X) = det(X1—T3;) = > 7Lo(=D'a; ;X" € C[X], where m = mj; =
dim H;{” cusp (©), the characteristic polynomial of T; acting on H;’ Cusp((IZ). We set
a; 5 =01if i > mj. This definition of the characteristic polynomial differs from the

one used in the proof of 4.3 Lemma by a factor (—1)™, but we can refer directly to
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[Koecher 1983, 3.4.6 Satz, p. 117], where this definition is used and which yields
the following inductive formula for the coefficients of ch; (X): a, ; =1 and

i
(63) iag; =Y (-DMuTa_,; i=12...,
e=1

where we have set

tﬂTe =tr ((T;)°|H 5 Cusp(<E)).

Since [Zh~*ZN[Zh~/T] = [ZTh~“*)T] we obtain that T* = " ¢,[K[h],sK] for
all e> 1, where s runs over G(Af)(p) and ¢; € Z. Hence (T5)¢= Do cS[K[h] “sK];.
Since G has discrete series we therefore obtain if the highest weight A is regular

©)

=Y es(=D)? Lef(IK[h],s K13 | H3yep (Sg - L3 (C))).

64) rT¢=>)" cstr([le[h];eskmﬂj cusp
S

Hence, equation (63) and 4.13.2 Theorem yield g, ; € F for all i, i.e.,
ch; (X) € F[X].

In particular, the roots of ch;, which are the eigenvalues of T; on H d (C) are
algebraic over F and in Section 4.11.2 we have seen that after embeddlng FC @
they are contained in O@p. Hence, a; 5 € O@p, i.e., the coefficients are p- adlcally
integral which implies that a;; € Z,,i=0,...,m; in particular,

ch; (X) € Z,[X].

5.4. Proposition. Let 8 € Q. Assume that the weights L, A € X(T)%™ satisfy
the two assumptions of 5.2 Theorem. Then for all i = 0,1,2,3,..., B(B) the
following congruence holds:

a5 =a;3 (mod prﬂB(ﬂ)“]Zp).
Proof. We will prove that for alli =0, 1, ..., B(8) the congruence

B(p) ;
a,; =a;5 (mod p!P PP,z

holds. Since v,(i!) <i/(p —1) < B(B)/(p — 1) these congruences imply that
the congruences of the Proposition hold. The congruences hold trivially for i =0
(ay5 = ay i = 1). To prove them fori = 1,2, 3, ..., B(8) we use equation (63).
First, for all e € N with 1 < e < B(8) we have

—exi£ >my(B)—exi€ > BB(B)+ ﬁ +1
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and
[e(mi(B) —k20) | — ex1€ = m (B) — exrl — ek L

=(B+5 L) B(B) + (k1 +Kk2)EB(B) + 1 — ekrl — exy

>ﬂB<ﬂ>+i’3i+1

Hence, 4.13.2 Theorem yields for all 1 <e < B(f) and all s € G(A ;)P that

Lef([K I Cugp(S[g,L;(C)))ELef([IZ[h] sK1;| Hyp(Sg, L3 (C)))

B(B)
(mod p [BBB)+ 55 ]—H-lZp).

Together with equation (64) this implies
B
(65) TS =T, (mod pPPE+3 117,

forall 1 <e < B(f). Since a; » =tr T+, equation (65) implies

B(B)+ ) 11
a,; = al,i’ (modprﬁ (/3))4‘ + ]Z )

which is the claim for i = 1. We now let i < B() be arbitrary and assume that the
claim holds for 0, 1, 2, ..., i — 1. The recursive relation in equation (63)

i
igio=Y (D) oTa; o

e=1
together with the induction assumption and equation (65) yields

BB
iai,i = l.dl-,x, (mOd pl—'BB(ﬁH_ T+ 11—v,p (= 1)')2 )

from which the claim for i is immediate. |

5.5. Newton polygon. The Newton polygon N; of ch; € F[X] € Q,[X] is the
lower convex hull of the points (0, v, (@y3)), .-, (m,vp(a, 7)), where we omit
from this list all points (i, v,(a; 5)) with v,(qg, ;) = oo (i.e., g, ; = 0). Thus, if
Ay gi15="""=0a,5=0anda, ; ;#0(.e.,if 0 occurs in ch; (X) with multiplic-
ity k =ordy (ch;)), we omit the points (m—k+1, v, (a,,_; ,1))’ R (P (am’;)).
In particular, \; represents a piecewise linear function on the interval [0, n; ] which
starts at the point (0, 0) corresponding to the leading term a,, ; = 1 of ch;; here,

n; =m—k = dim H~ 45p(©) —ordx (chy) = dim & H e ©
yeQxg
is the dimension of the finite slope subspace H~ (C)<°° of H d (C) We have
a;5 = 0 for all i > nj (note that ¢; 5 =0 for all i > m;). Smce ch; / X*, for
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k = ordx (ch;), also has Nj as its Newton polygon but has nonvanishing constant
term we deduce that if the segment S, of (necessarily finite) slope y € Q= of Nj
has length s,, (if projected to the x-axis) then ch; / X k and, hence, ch; has precisely
s, many roots (counted with their multiplicities) in F(CQ p) of p-adic value equal
to y.

5.6. Proof of 5.2 Theorem. We denote by S the finite set consisting of all y € Q¢
such that y < B and the segment S,, of slope y of the Newton polygon Aj; or the
segment S of slope y of N3, has strictly positive length (i.e., H d (C)V #0or

H CUBP(C)V # 0). We have to show that

; d Y — di d Y
dim Hi,cusp (€)Y =dim H;\,’cusp (C)Y forall y €S.

Since dim Hi{ cusp (C)” equals the number of roots i € F of chj having p-adic value
y this is equivalent to showing that for all y € S the corresponding segments S,
and S; have the same length (length O if the slope y subspace is trivial). We assume
this is not the case and we denote by y € Q¢ the smallest number in S such that
S, and S; have different length; without loss of generality we may assume that S;
is (strictly) longer than S,,. For all y* € S with 0 < y* < y the segments S, and
S, have the same length, hence, S, and §), have the same initial point (note that
Nj, N; both start in (0, 0)). We denote by P’ = (x', y') the endpoint of S)’,. Hence,
(x’, y") is a vertex ofJ\// which implies that x’ € N and y’ = vy(a, ,N) We also
know that x’ < B(8) because x’ = dim H~, (©)=Y <dim Hfl, (C)<ﬂ < B(B).
Since x" < B(B) and since all segments of /\/ which are left to X flave slopes less
than or equal to y we deduce that

(66) vplay ;) =y <yB(B) < BB(B).
Together with 5.4 Proposition this implies that
(67) vplay ;) =vpa, 5).

We distinguish cases.

Case 1: NVj is defined at x’ (i.e., x" < nj). Since Nj is convex and S, is strictly
shorter than S, in this case we know that \V; (x') lies strictly above N/ (x') =)/,
hence, we obtain

Up(ax’,i) > j\/x(x/) > N)y(x’) = y/ = vp(ax/,}?)’

i.e., we obtain a contradiction to equation (67).

Case 2: Nj is not defined at x’ (i.e., x’ > n3). In this case we know that a,, 5 = 0.
Since vy (a,, 3,) is finite by equation (66), again, this contradicts equation (67).
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Thus, the assumption does not hold and we have shown that all segments of
slope < B in A5 and N5’ have the same length which finishes the proof.

5.7. Remark. The theorem in particular implies that for any g € Q¢ the function
PN d(B, X) is constant on cosets modulo (p — 1) p/™®1=1x(T).

5.8. Example: C,/Q. We look at a special case and assume that G /Q is connected
and Q-split with root system of type C,. As in Section 4.14 we use a non-adelic
setting, i.e., ' < G(@) is an arithmetic subgroup contained in I, he T (@) and
we set T = I'¢I" € H where ¢ € A,. We assume ¢ € ZhZ. All eigenvalues of
T; on Cugp(l"\X L;(C)) are algebraic over F and p-adically integral (see 2.9
Corollary) and we define the slope 8 subspace Cusp(F\X LA((IZ))'3 as the sum of
the generalized Tj-eigenspaces attached to eigenvalues of p-adic value 8. As in
Section 5.1 we obtain that 3.10 Corollary implies

dim H? (I'\X, L;(C))=# < Br(B),

cusp

where Br(8) =mrB® +nr. We define the polynomials

mi(B) = BB (B) + F(ﬁ)

+ 1+ Br(B) (k1 +k2)

=m ’85+1+<p ),3 +nr,3+—+nr(/<1+l<2)+1

1 1

and

r(ﬂ)

my(B) = BBr(B) + + 1+ Br(B)«i

-0 ‘3?+1+< 1 )’3

1

Following the arguments in the previous subsections but using the congruences for
the traces of Hecke operators in 4.14.3 Corollary instead of those in 4.13.2 Theorem
we obtain this:

Theorem. If G is connected and Q-split with root system of type Co then 5.2
Theorem holds with m, my as defined above.

We want to determine the polynomial m, more explicitly. Since G /Q is of
type C, there are two simple roots A = {a], oz}, the positive roots are ®+ =
{a1, a2, a1 + a2, 2a1 + az}, hence, s = 4 and 2p5 = 4o + 3az. We denote by
g = g4 the number of d cells in a cell complex which is homotopy equivalent to
the Borel-Serre compactification of I'\ X. We assume that / € T (@) satisfies
vy (g (h)) =v,(az(h)) = 1. We then obtain

K| = Z vp(a(h)) =7, Kko=max(mgy,my,) =4, o= I;lil())(ht(a) =3,

a>0
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and hence
_ 12got 1231

s 4
To determine nr we have to find M € N such that equations (23) and (24) hold.

A numerical evaluation shows that we may choose M = 34; hence, equation (26)
yields

mp =729g.

s+1pgs 1/5 .25
o = ’721/(s+1)8<7 M —‘—H: {2 /5¢3%1336336

1 —‘ +1 <93254104g + 1.

§

This yields the bound

ma(X) < 729¢X° +729g (517 +7) X* + (93254104 + )X
+(93254104g + D) (517 +7) + 1
<729gX° +5832¢X* + (93254104g + 1) X + 746032832g + 9.

We note that since p is in the level of I" the number g = g depends on the prime p.
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WEAKENING IDEMPOTENCY IN K-THEORY

VLADIMIR MANUILOV

We show that the K -theory of C*-algebras can be defined by pairs of matri-
ces a, b satisfying less strict relations than idempotency, namely p(a) = p(b)
for any polynomial p with p(0) = p(1) = 0, which means that ¢ and b have
to be “projections” only where a # b.

1. Introduction

The K-theory of a C*-algebra A is patently defined by pairs (formal differences)
of idempotent matrices (projections) over A. Regretfully, projection is a very strict
property, and it is usually very hard to find projections in a given C*-algebra. Many
famous conjectures (Kadison, Novikov, Baum—Connes, Bass, etc.) are related
to projections and would become more tractable if one could provide enough
projections for a given C*-algebra. Our aim is to show that the K-theory can
be defined using less-restrictive relations in the hope that it will be easier to find
elements satisfying these relations than the genuine idempotency. We show that
K -theory is generated by pairs a, b of matrices over A satisfying p(a) = p(b) for
any polynomial p with p(0) = p(1) = 0, which means that a and b have to be
“projections” only where a # b.

2. Definitions and some properties
Let A be a C*-algebra. For a, b € A, consider the relations
() llal <1, [6I<1, a,b>0, (a—a*)(a—b)=0, (b—b*)(a—b)=0.
Definition 2.1. A pair (a, b) of elements in a C*-algebra is called balanced if it
satisfies the relations (1).

Two balanced pairs (ag, bg) and (ay, b;) of elements in A are homotopy equivalent
if there are paths a = (a,), b = (b;) : [0, 1] = A, connecting ag with a; and by with
b1 respectively, such that the pair (a,, b;) is balanced for each ¢ € [0, 1].

A balanced pair (a, b) is homotopy trivial if it is homotopy equivalent to (0, 0).

The author acknowledges partial support by the RFBR Grant No. 16-01-00357.
MSC2010: 19K99, 46L.80, 46L05.
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Lemma 2.2. A balanced pair (a, a) is homotopy trivial for any a € A.
Proof. The linear homotopy a; = ¢ - a would do. (]

Lemma 2.3. If a pair (a, b) is balanced then f(a) = f(b) and f(a)(a —b) =0
Jorany f € Cp(0, 1).

Proof. 1t follows from (a — a*)(a — b) = 0, or, equivalently, from (a — a*)a =
(a — a®)b, that

(a — az)a2 =ala— az)a =ala— az)b =(a— az)bz;

hence

(a—a*)(a—a®) =(a—a*>)(b-b>.
Similarly,

(b —b*)(b—b*) = (a—a)(b—b);
therefore
2) (a—a*)?=(b-b")

Then (2) and the positivity of @ —a? and b — b? imply that

a—a*=b—b>
Also,
(a—aPa=(a—a*b=(b—b>)b.

Since the two functions g and / given by g(¢) =t —t? and h(t) = tg(t) generate
Co(0, 1), and since g(a) = g(b) and h(a) = h(b), we conclude that the same holds
for any f € Cy(0, 1). Similarly, g(a)(a — b) = 0 and h(a)(a — b) = 0 imply
f(a)(a—b)=0forany f € Cy(0, 1). O
Corollary 2.4. If |la|| < 1, ||b|| < 1 and the pair (a, b) is balanced then a = b;

hence the pair (a, b) is homotopy trivial.

Proof. Take f € Cy(0, 1) such that f(t) =t € Sp(a) USp(b) and f(1) =0. Then
a = f(a), b= f(b), and the claim follows from Lemma 2.3. U

Lemma 2.5. Ler f : [0, 1] — [0, 1] be a continuous map such that f(0) =0 and
f)=1.If (a, b) is a balanced pair then the pair (f(a), f (b)) is also balanced
and is homotopy equivalent to (a, b).

Proof. As the set of all functions with the stated properties is convex, it suffices to
show that for any such function f, the pair (f(a), f (b)) satisfies the relations (1).
Set fo(t) = f(t) —t. Then fy € Cy(0, 1). As fo(a) = fo(b) by Lemma 2.3,

f(a)— f(b)=a—b.
Set
gty =t —1*+ fo(t) — f(t) = 2tfo(2).



WEAKENING IDEMPOTENCY IN K-THEORY 383
Then g € Cy(0, 1) and

(f (@) = f2@)(f (@) = f (b)) = gla)(a —b) =0,

(f(b) = F2B)(f (@) = f (b)) = g(a)(a—b) =0. O
Corollary 2.6. If a pair (a, b) is balanced then Sp(a) \ {0, 1} = Sp(b) \ {0, 1}.
Proof. The inner points of [0, 1] in the two spectra must coincide by Lemma 2.3. [J

Let M, (A) denote the n xn matrix algebra over A. Two balanced pairs (ag, bg)
and (ap, by), where ay, ay, by, b1 € M,(A), are equivalent if there is a homotopy
trivial balanced pair (a, b), a, b € M,,(A) for some integer m, such that the balanced
pairs (ap @ a, by ® b) and (a; & a, by @ b) are homotopy equivalent in M, 1,,(A).
Using the standard inclusion M, (A) C M, 4+,(A) (as the upper-left corner) we may
speak about the equivalence of balanced pairs of different matrix size.

Let [(a, b)] denote the equivalence class of the balanced pair (a, b), a, be M,(A).
For two balanced pairs (a, b), a, b € M,(A), and (¢, d), ¢, d € M,,(A), set

[(a,.D)]+[(c,d)]=[(a®c,bDd)].

The result obviously doesn’t depend on the choice of representatives. Also [(a, )]+
[(c,d)] =1(a, b)] when (c, d) is homotopy trivial.

Lemma 2.7. The addition is commutative and associative.

Proof. If (u;)seq0,17 1s a path of unitaries in A with u; = 1 and uo = u, then
[(w*au, u*bu)] = [(a, b)] for any a, b € A, as the relations (1) are not affected by
unitary equivalence. The standard argument with a unitary path connecting ((1) (1))

and ((1) (1)) proves commutativity. A similar argument proves associativity. U
Lemma 2.8. [(a,b)]+[(b,a)]=1[(0,0)] foranya,b.
Proof. Set

cost —sint b0
= B, =U’ .
Ui (sint cos t>’ =l (0 a) o
We claim that the pair ((g 2), B,) is balanced for all .
One has

bcos®t + asin® ¢ (a —b)costsint a0
3) Bt_((a—b)costsint bsin’t+acos?t) — \0 b + -G,

where

c —cos?t costsint
"= \costsint cos?t )
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Then

(R HED

a—a* 0
< 0 b—bz)(a_b)c’

(a—a*)(a—b) 0 B
( 0 (b—b¥(a —b))c’ =0.

It remains to show that

a0
A= (B, — Bf)((o b) — B,) =0.
Using (3) we have

a0 a0 2
A= 0 b +(a—b)C,— 0 b +(a—b)C, (a—b)C,
a—a* 0 a0
=(< 0 b_b2)+(a—b)C,—<O b)(a—b)C,

—Ci(a—b) (“ 0) —(a —b)203> (a—b)C,

((a—b)c,—<g 2>(a—b)C,—C,(a—b)(g 2)—(a—b)2C,2>(a—b)C,

a—b—a’*+ab 0 a0
_(( 0 a—b—ba+b2)C’_C’(a_b>(0 b)

—(a— b)2 cos’ ¢t

—b+ab 0 B a—ba 0 \ 5 5, (10 B
(( 0 a—ba)ct C,( 0 ab—b) (a—b)“ cos t(o 1))(a b)C;

?)) (a—b)C,

N
O -

_ ({(ab+ba—a—b)cos*t 0
o 0 (ab+ba—a—Db)cos’t

(a—Db)*cos’ t 0

( 0 (a—b)?cos? )@ DG
=0.

Thus, the balanced pair (a ® b, b @ a) is homotopy equivalent to the balanced
pair (a ® b, a ® b), and the latter is homotopy trivial by Lemma 2.2. U

So we see that the equivalence classes of balanced pairs in matrix algebras over
A form an abelian group for any C*-algebra A. Let us denote this group by L(A).
Note that pairs of projections are patently balanced. If A is a unital C*-algebra
then Ko (A) consists of formal differences [ p] —[¢g] with p, g projections in matrices
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over A. Then

t(lpl—=1Igq)) =(p, )]

gives rise to a morphism ¢ : Ko(A) — L(A).

In the nonunital case, ¢ can be defined after unitalization. But, as we shall see,
unlike Ky, there is no need to unitalize for L. The following example shows the
reason for that in the commutative case.

Example 2.9. Let X be a compact Hausdorff space, x € X, ¥ = X\ {x}, A=Co(Y),
AT =C(X). Let [p] — [q] € Ko(A), where p, q € M,(A™) are projections. Then
p = po+a and g = po+ B, where pg is constant on X and «, 8 € M, (A). Without
loss of generality we may assume that «, 8 = 0 not only at the point x, but also
in a small neighborhood U of x. Let h € C(X) satisfy 0 < h <1, h(x) =0 and
h(z)=1foranyz€ X\U. Seta =hpy+o, b=hpo+B. Thena,b € M,(A) and
[(a,D)] € L(A).

Lemma 2.10. L(C)=2Z.

Proof. Let a,b € M, and let the pair (a, b) be balanced. Let ey, ..., e, (resp.
e}, ..., e,) be an orthonormal basis of eigenvectors for a (resp. for b) with eigen-
values Ap, ..., A, (resp. k’l, ..., A). Let 0 < A; < 1. Then ¢; is an eigenvector
for a — a® with a nonzero eigenvalue A; — kl.z. As (a —a®)(a — b) = 0, we have
(a —b)(a —a*) = 0; hence

(a—b)(a—a*)(e;) = (ki —A})(a—b)(e;)) =0.

Thus (a — b)(e;) =0, or, equivalently, a(e;) = b(e;). As e; is an eigenvector for a,
it is an eigenvector for b as well: b(e;) = A;e;. So the eigenvectors, corresponding
to the eigenvalues # 0, 1, are the same for a and b.

Reorder, if necessary, the eigenvalues so that

)»1,...,)»1(6(0,1), Xk+1,...,Kn€{0,1},
and denote the linear span of ey, ..., e; by L. Similarly, assume that
Mo 2 €0, 1), Apypsens M€ {0, 1),
and denote the linear span of ¢{, ..., ¢;, by L'. Asey, ..., e € L’ and, symmetri-
cally, e}, ..., e, € L,wehavedim L =dim L', k=k’,and X; =1} fori=1,... k.

Then L is an invariant subspace for both a and b, and the restrictions |, . and
b| . are projections (as their eigenvalues equal O or 1). We may write a and b as
matrices with respect to the decomposition L @ L=:

c 0 c 0
=60 G2
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where p, g are projections. The linear homotopy

tc 0 tc 0O
at=(oc p), b,=((f q), telo, 1],

connects the pair (a, ) with the pair (p, ¢) + (0, 0). Therefore, L(C) is a quotient
of Z (which is the set of homotopy classes of pairs of projections modulo stable
equivalence). To see that L(C) is exactly Z, note that (4) implies that tr(a — b) € Z
for any balanced pair (a, b), so this integer is homotopy invariant. U

Remark 2.11. One may think that the relations (1) imply that balanced pairs (a, b)
are something like projections plus a common part and can be reduced to just a pair
of projections by cutting out the common part. The following example shows that
this is not that simple.

Example 2.12. Let A= C(X), and let Y, Z be closed subsets in X with YNZ =K.
Let p, g € M,,(C(Y)) be projection-valued functions on Y such that p|x =¢q|x =7,
where r cannot be extended to a projection-valued function on Z due to a K -theory
obstruction, but can be extended to a matrix-valued function s € M,,(C(Z)) on Z
(with 0 < s < 1). Then set

Y Y
a=? "5 and p=19 "%
s onZ, s onZ.

3. Universal C*-algebra for relations (1)

Let (a, b) be a balanced pair in a C*-algebra A. Denote the C*-subalgebra generated
by a and b by C*(a, b). The universal C*-algebra for the relations (1) is a C*-
algebra D generated by elements a, b € D satisfying the relations (1) such that for
any balanced pair (a, b) there is a surjective *-homomorphism ¢ : D — C*(a, b)
with p(a) = a and ¢(b) = b; see [Loring 1997].

Let I C C*(a, b) denote the ideal generated by a — a2, and let C*(a, b)/I be
the quotient C*-algebra. Then C*(a, b)/I is generated by a = g(a) and b = ¢ (b),
where ¢ is the quotient map. But since g(a — a?) = qb— b?*) =0, a and b are
projections, and C*(a, b)/I is generated by two projections.

Then the C*-algebra C*(a, b) is completely determined by the ideal I, by the
quotient C*(a, b)/I, and by the Busby invariant 7 : C*(a, b)/I — Q(I) (we denote
by M (I) the multiplier algebra of I and by Q(I) = M (I)/I the outer multiplier
algebra). The latter is defined by the two projections t(a), 1(15) € Q(Cp(Y)), where
X =Sp(a), Y =X\{0, 1}. Let C,(Y) denote the C*-algebra of bounded continuous
functions on Y and let

7:Cp(Y)— Cp(Y)/Co(Y) = Q(Co(Y))
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be the quotient map. Using Gelfand duality, we identify a with the function id on
Sp(a). Let f € Co(Y). Then

(@7 (f (@) =t(b)r(f (@) =n(af (@),

so we can easily calculate these two projections.

IflgéXthenr(d):r(l;):O; if X={1}then I =0;if 1 € X and X has at
least one more point x then t(a) = 1(15) is the class of functions f on X such that
f()=1and f(¢t) =0 forall r < x.

Let M| C M, denote the upper-left corner in the 2-by-2 matrix algebra. Set

D={feC(—1,11; Ma): f(~1)=0, f(1) is diagonal, f(t) € M, for t € (—1,0]},

and let @, b be functions in C([—1, 1]; M>) defined by

22t 0
(COS 2 ) for € [—1,0],
) (1) 0 0
a =
10
( ) for ¢t € [0, 1],
00
cos? %t 0
0 0 fort € [—1, 0],
(6) b(t)=< 2r T T
( cos” 5t cositsmit> for 1 € [0, 1]
cos %t sin %t sin® %t T

Then a, b € D, the pair (a, b) is balanced, and D = C*(a, b) is generated by these
a and b.

Like all C*-algebras of the form C*(a, b) defined by balanced pairs (a, b), the
C*-algebra D is an extension. It contains the ideal

J={feD:f(t)=0fortel0, 1]} = Co(—1,0),

which is generated by a — a®. Note that multiplication by a or by b determines
the same multiplier m, = mp € M(J), and that the C*-algebra J generated by
J and by m, is isomorphic to Co(—1, 0]. It is the universal C*-algebra for the
relation 0 < a < 1, so there exists a surjective x-homomorphism & from J to the
nonunital C*-algebra generated by a such that o’ (m,) = m,, where m, € M(I) is
the multiplier defined by multiplication by a on A. The restriction &« = &|; maps J
onto I, and o(f(a)) = f(a) for any f € Co(0, 1).
The quotient D/J is the universal (nonunital) C*-algebra

(7) D/J=CxC={me C([0, 1], M) : m(1) is diagonal, m(0) € M,}
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generated by two projections @ and b [Raeburn and Sinclair 1989]. Therefore, D /J
surjects onto any C*-algebra generated by two projections in a canonical way. Note
that D/J is an extension of C by the C*-algebra

qC ={m € Cy((0, 1], M>) : m(1) is diagonal}
used in the Cuntz picture of K-theory.
Lemma 3.1. The C*-algebra D is universal for the relations (1).

Proof. For any balanced pair (a, b), the universality of J and of D/J implies the
existence of surjective x-homomorphisms & : J — [ and y : D/J — C*(a, b)/I
such that @(a) = a and y(a) = a, y(b) = b. Since « is surjective, it induces
s«-homomorphisms M () : M(J) — M (1) and Q(«) : Q(J) — Q([) in a canonical
way, and M (a)|; = a. One has

®) D={(m, f):meM(]), feD/J, q;(m)=1t(f)},
(©)) C*a,b)={(n,g) :ne M), g€ C*(a,b)/1, q1(n) = o (g)},

where g, : M () — Q(e) is the quotient map; hence the map ¢ : D — C*(a, b)
can be defined by ¢(m, f) = (M («x)(m), y(f)). This map is well defined if the
diagram

D/J —— QW)

f e

C*(a,b)/1 —— Q)

commutes. It does commute. The case X = Sp(a) = {1} is trivial. For the other
cases, notice that the image of t lies in Cy(0, 1]/Cy(0, 1) C Q(J), and the image
of o lies in C(X)/Co(X \ {0}), which is either C or O (when 1 € X or 1 ¢ X,
respectively), and the restriction of Q(«) from the image of t to the image of o is
induced by the inclusion X C [0, 1]. So, there is a surjective x-homomorphism ¢
from D to C*(a, b).

Under the identification (8), @ € D corresponds to the pair (mg4, @); hence
pa) = (M(a)(mg), y(a)) = (a'(mg), @) = (mgy, a), and the latter corresponds to
a under the identification (9). Similarly, one can check that ¢ (b) = b. O

The C*-algebra D allows one more description. Set Ag = C? and F = C @ M»,
and define a x-homomorphism y : Ag — F @ F by y = 1 @ y1, where yy, 1 :
C? — C @ M, are given by

A =A * 0 A =0 A0 A C
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Let 0 : C([0, 1]; F) — F & F be the boundary map given by a(f) = f(0) & f(1),
f € C(0,1]; F). Then D can be identified with the pullback

D=A — Ay

l |

C(0,1]; F) — > Fa F,

D={(f.a): feC(0,1]; F), a € Ap, 3(f) = y(a)}.

Such a pullback is called a 1-dimensional noncommutative CW complex (NCCW
complex) in [Eilers et al. 1998]; in this terminology, Ag is a 0-dimensional NCCW
complex.

Recall [Blackadar 1985] that a C*-algebra B is semiprojective if for any C*-
algebra A and increasing chain of ideals I, C A, n € N, with I =_J,, 1, and for any
x-homomorphism ¢ : B— A/I there existn and ¢ : B— A/I, such that p =g o,
where g : A/I, — A/l is the quotient map.

Corollary 3.2. The C*-algebra D is semiprojective.

Proof. Essentially, this is Theorem 6.2.2 of [Eilers et al. 1998], where it is proved
that all unital 1-dimensional NCCW complexes are semiprojective. The nonunital
case is dealt with in Theorem 3.15 of [Thiel 2009], where is it noted that if A; is
a 1-dimensional NCCW complex then AT is a 1-dimensional NCCW complex as
well, and semiprojectivity of A; is equivalent to semiprojectivity of Afr. (I

One more picture of D can be given in terms of an amalgamated free product:
D = C(0, 1] *¢,0,1) C(0, 1].
4. Identifying L with K
Our definition of L(A) can be reformulated in terms of the universal C*-algebra D as
L(A) = lim[D, M, (A)],

where [—, —] denotes the set of homotopy classes of x-homomorphisms. Recall
that semiprojectivity is equivalent to stability of relations that determine D [Loring
1997, Theorem 14.1.4]. The latter means that for any ¢ > O there exists § > 0 such
that whenever c, d € A satisfy

lel <1, |dIl<1, ¢,d>0, |(c—=cHc—d)|<8, (d—d*)(c—d)| <3,

there exist a,b € A such that ||a —c|| < ¢, ||b —d| < ¢, and a, b satisfy the
relations (1). Stability of the relations (1) implies that

L(A)=[D,AQK]=1[1D, AQK],
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where K denotes the C*-algebra of compact operators and [[ -, - ]| is the set of
homotopy classes of asymptotic homomorphisms.

Lemma 4.1. The functor L is half-exact.

Proof. Let

0—I-5>BLsA—50

be a short exact sequence of C*-algebras. It is obvious that p, oi, =0, so it remains
to check that Ker p, C Imi,. Suppose that a, b € M,,(B), the pair (a, b) is balanced,
and (p(a), p(b)) =0 in L(A). This means that there is a homotopy connecting
(p(a), p(b)) to (0, 0) in My (A) for some k > n such that the whole path satisfies (1).
This homotopy is given by a x-homomorphism v : D — C([0, 1], Mx(A)) such
that evy o Yy = 0, where ev, denotes the evaluation map at ¢ € [0, 1].

When D is a semiprojective C*-algebra, the homotopy lifting theorem [Blackadar
2016, Theorem 5.1] asserts that given a commuting diagram

M(B)

lpk

C([0, 1]; Mi(A)) ——0—— My (A),

where p; and py are the x-homomorphisms induced by a surjection p, there exists
a x-homomorphism ¢ completing the diagram. Replacing A and B by matrices
over these C*-algebras, we get a lifting ¢ for the given homotopy. It follows from
evioyr =0 that evi o ¢ maps D to My(I). Thus (a, b) lies in the image of i,,. [

In the standard way, set L,(A) = L(S"A), where SA denotes the suspension
over A. Then, by Theorem 21.4.3 of [Blackadar 1986], L,(A), being homotopy
invariant and half-exact, is a homology theory. Also, by Theorem 22.3.6 of that
paper and by Lemma 2.10, it coincides with the K -theory on the bootstrap category
of C*-algebras. We shall show now that it coincides with the K-theory for any

C*-algebra.
Set
P (l—b f(a))’ 0 (l—b f(a))’
fla) a fl@) b
where a, b are generators for D ((5)-(6)), and f € Cy(0, 1) is given by f(¢) =
(t —1*)1/2. Then P, Q € My(D1), where DT denotes the unitalization of D.
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By Lemma 2.3, f(a) = f(b) and a f(a) =b f(a), so P and Q are projections.
One also has P — Q € M»(D); hence

x =[P]—[Q] € Ko(D).
Lemma 4.2. Ko(D) = Z with x as a generator.

Proof. Consider the short exact sequence
0—J—DZCxC— 0,

where CC is the universal (nonunital) C*-algebra (7) generated by two projections,
p and g [Raeburn and Sinclair 1989], and 7 is given by restriction to [0, 1],
w(a) =p, (b)) =q. Wehave 7(P) =(1—-¢q)® pand n(Q) = (1 —q) D q,
so . (x) = [p] — lg] € Ko(C*xC). For t € [—1, 0], one has P(t) = Q(¢); hence,
for the boundary (exponential) map 6 : Ko(CxC) — K(J), we have §(P) =45(Q).
Recall that J = Cy(—1, 0). Direct calculation shows that §(P) = §(Q) # 0. The
claim follows now from the K-theory exact sequence

0=Ko(J) —> Ko(D) Z> Ko(C*C) = K (J) = Z. 0

Let us define a map « : L(A) = Ko(A). If L =[(a, b)] € L(A) then the balanced
pair (a, b) determines a x-homomorphism ¢ : D — M,,(A) by ¢(a) =a and ¢(b) =b.
So, [ € L(A) determines a *x-homomorphism ¢ up to homotopy (for some n). Put

k(1) = @«(x) € Ko(A).

It is easy to see that the map « is a well-defined group homomorphism.
Recall that there is also amap ¢ : Ko(A) — L(A) given by t([p]—1[q]) =[(p, q)],
where [p] — [q] € Ko(A).

Lemma 4.3. For any unital C*-algebra A, one has k ot =1idg,a) and tok =1idp (a);
hence L(A) = Ko(A).

Proof. To show the first identity, let z € Ko(A) and let p, g € M, (A) be projections
such that z = [p] — [¢]. Let ¢ : D — M, (A) be a x-homomorphism determined by
the pair (p, ¢). Then, due to the universality of C % C, ¢ factorizes through C x C,
¢ =Y om, where w : D — C*C is the quotient map and v : Cx C — M,(A)
is determined by ¥ (i;(1)) = p and ¥ (i2(1)) = ¢, where i,i» : C — C* C are
inclusions onto the first and the second copy of C. Then

o(x) = Y ([i1 (D] = [i2(D]) = [p] = [q];

hence «(1(z)) = z.
Let us show the second identity. For [(a, b)] € L(A), let ¢ : D — M,(A)
be a x-homomorphism defined by the balanced pair (a, b) (i.e., by ¢(a) = a
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and ¢(b) = b), and let ¢ : DT — M, (A) be its extension, ¢ (1) = 1. Then

Lk ([(a, D)]) = [(93 (P), 95 (0))], where 3 = T @ idy,.
For s € [0, 1], set

P, =C,PCs, Qy=C;0C;s, where C; = (S(')l (1))

Then
P, Q€ My(DY), Pi—Q,e€My(D), 0<P; Q;<1,
(P, = PY)(Py— Q) =0, (Qs—0)(P;—Q,)=0
for all s € [0, 1], Py, Qo € M>(D), and

PI=P, 01=0. Po=(82>, Qo=(8(b))-

Therefore, (go;r (Py), gozr (Qy)) provides a homotopy connecting (go;r (P), gozr (Q))
with (0@ a, 0 b); hence, the balanced pair ((p2+ (P), (p;‘ (Q)) is equivalent to the
balanced pair (a, b). O

Theorem 4.4. The functors L and K coincide for any C*-algebra A.

Proof. Both functors are half-exact and coincide for unital C*-algebras, so the claim
follows. (]

Remark 4.5. Similarly to D, one can define a C*-algebra Dg for any C*-algebra
B as an appropriate extension of B % B by CB, where CB is the cone over B (or by
Dp = CB xgp CB). Then one gets the group [Dp, A ® K]. Regretfully, Dg has no
nice presentation (unlike D = D¢), so we don’t pursue here the bivariant version.

5. Yet another picture for K-theory
Consider the relations
(10)  a*=a, b'=b, a—a*=b->b* ala—d>)=bb-10b>.
This is equivalent to
a*=a, b*=b, f(a)=f(b)
for any polynomial (or, equivalently, for any continuous function) f such that
(11 fO)=rf1)=0.

As before, for a C*-algebra A we can define a group L'(A) of homotopy classes
of pairs (a, b), where a, b are matrices over A satisfying the relations (10) instead
of (1). Note that the relations (10) do not impose any bound for norms of a, b;
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hence they do not determine a universal C*-algebra. Nevertheless, the relations
(10) give the same functor.

Proposition 5.1. The group L'(A) is canonically isomorphic to Ko(A).

Proof. Let us construct maps i : L(A) — L’(A) and j : L'(A) — L(A). In the proof
of Lemma 2.3 it was shown that if (a, b) is balanced then they satisfy (10) too, so
we can define i ([(a, b)]) = [(a, b)]. For r > 0, set

—r fort < —r,
cr(t) =13t for —r<t<r+1,
r+1 fort>r+1.

It is obvious that the pair (c,(a), ¢, (b)) satisfies (10) for any r > 0.
We claim that the pair (co(a), co(b)) is balanced. Indeed, first we obviously have
co(@), co(b) = 0 and |lco(@)ll, llco®) || < 1. Then, co(a) — co(a)* = f(a), where

the function
t—1t* fortel0,1],

fo= {o for ¢ ¢ [0, 1]

satisfies (11); so co(a) —co(a)? = co(b) —co(b)?. Similarly, co(a)(co(a) —co(a)?) =
co(b)(co(b) — co(b)?). Then

(co(a) — co(@)?)(co(a) — co(b)) = co(@)? — co(a)® — (co(@) — co(@)*)co(b)
= co(b)* — co(b)* — (co(b) — co(b)*)co(b) = 0.

Therefore, we can set j([(a, b)]) = [(co(a), co(b))]. Obviously, j oi is the
identity map, so it remains to check that i o j is the identity map as well. Set

{a fors =1,
ad, =
" leanzs(@  fors€[0,1).

Then (as, bs), s € [0, 1], is a required continuous homotopy that connects the
balanced pairs (a, b) and (co(a), co(b)). U
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ON LANGLANDS QUOTIENTS
OF THE GENERALIZED PRINCIPAL SERIES
ISOMORPHIC TO THEIR AUBERT DUALS

IVAN MATIC

We determine under which conditions is the Langlands quotient of an in-
duced representation of the form & x o, where § is an irreducible essentially
square-integrable representation of a general linear group and o is a dis-
crete series representation of the classical p-adic group, isomorphic to its
Aubert dual.

1. Introduction

Let F denote a nonarchimedean local field and let G,, stand for the symplectic or
(full) orthogonal group having split rank n. The involution on the Grothendieck
group of the smooth finite-length representations of a reductive group has been
intensively studied by many authors, and we use an involution defined for general
reductive p-adic groups in [Aubert 1995] and [Schneider and Stuhler 1997]. This
involution is known as the Aubert involution and the image of a representation
under this involution is called the Aubert dual of a representation. In this paper we
regard the Aubert dual of an admissible finite-length representation as a genuine
representation, taking the + or — sign in such way that we obtain the positive
element in the appropriate Grothendieck group.

The Aubert involution has a number of prominent applications in the represen-
tation theory of classical p-adic groups, and one would also like to gain a deeper
knowledge on the explicit structure of the Aubert duals of irreducible representations.

In our previous work [Mati¢ 2016a; 2017], we obtained an explicit description
of the Aubert duals of certain classes of discrete series representations of G,, and
in this paper we use developed methods to identify certain classes of irreducible
representations which are fixed by the Aubert involution, i.e., which are isomorphic
to their Aubert duals. We tackle this problem for the Langlands quotients of the
generalized principal series of the group G,. We note that the generalized principal
series is an induced representation of the form § X o, obtained by the parabolic
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Keywords: discrete series, classical p-adic groups, Aubert involution.
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induction with respect to the maximal parabolic subgroup, where the inducing
representation § ® o has an irreducible essentially square-integrable representation
on the general linear group part and an irreducible square-integrable representation
on the classical group part. If v*§ is unitarizable for x < 0, where v = |det| ¢, then
the generalized principal series § X o has a unique irreducible (Langlands) quotient,
which is also isomorphic to the unique irreducible subrepresentation of § x . Such
irreducible nontempered representations can be observed as the first step in the
Langlands classification of the nonunitary dual of G,.

To obtain the necessary conditions under which the Langlands quotient of the
generalized principal series is isomorphic to its Aubert dual, we use the Jacquet
modules method and some elementary properties of the Aubert involution, together
with descriptions of the Jacquet modules of certain discrete series representations,
obtained in [Mati¢ 2013; 2016c¢].

Afterwards, we explicitly determine the Aubert duals of Langlands quotients
satisfying the obtained necessary conditions, using methods introduced in [Matié
2017], and further developed in [Mati¢ 2016a]. Perhaps a bit surprisingly, an impor-
tant role in such a procedure is, in the considered case, played by the composition
factors of the generalized principal series § x o with a strongly positive o, obtained
in [Mui¢ 2004] and [Mati¢ 2016b, Proposition 3.2]. Such a description of the
composition factors enables us to control the Jacquet modules of the investigated
nontempered representations, similarly to in [Mati¢ 2015].

We summarize our main results in the following theorem.

Theorem 1.1. The Langlands quotient of the generalized principal series
§(vp,v’pl) xo, x+y>0,
is isomorphic to its Aubert dual if and only if one of the following holds:

(1) The discrete series representation o is cuspidal, x =y, and v*p X o is irre-
ducible.

(2) The discrete series representation o is cuspidal, x =0, y =1, and p X o
reduces.

(3) The cuspidal representation p is self-contragredient, the induced representation
V%0 X ocysp reduces for o > 0 (here ocysp stands for the partial cuspidal support
of o),y =a + 1, and one of the following holds:

() x is a half-integer, 2 < x < «, and o is the unique irreducible subrepre-
sentation of the induced representation

Vo x Vg x o x 0% @ Ocusp-



ON LANGLANDS QUOTIENTS OF THE GENERALIZED PRINCIPAL SERIES 397

(i1) x is a positive integer, x < o, and o is the unique irreducible subrepresen-
tation of the induced representation

o x v¥Hp x o x v X Ocusp-

(iii)) x = 0 and o is the unique irreducible subrepresentation of the induced
representation

Vo xvz,ox---xv“pmacusp.

We now describe the contents of the paper in more detail. In Section 2 we set
up the notation and terminology, and prove some technical results which will be
helpful in our investigation. In Section 3 we state and prove our main results, using
a case-by-case consideration.

2. Notation and preliminaries

Let F denote a nonarchimedean local field of characteristic #~ 2.

Let us first recall the definition of the Aubert involution and its basic properties.

For a connected reductive p-adic group G defined over F, let X denote the set
of roots of G with respect to a fixed minimal parabolic subgroup and let A stand
for a basis of X. For ® C A, we let Pg be the standard parabolic subgroup of G
corresponding to ® and Mg the standard Levi factor of G corresponding to ©.

For a parabolic subgroup P of G with the Levi factor M and a representation
o of M, we denote by i (o) a normalized parabolically induced representation
of G, induced from o. For an admissible finite-length representation o of G, the
normalized Jacquet module of o with respect to the standard parabolic subgroup
having Levi factor equal to M will be denoted by rjs (o). We recall the following
definition and results from [Aubert 1995]:

Theorem 2.1. Define the operator on the Grothendieck group of admissible repre-
sentations of G of finite length by

Dg =Y (=1)%iy, ory,.
OCA
The operator D¢ has the following properties:
(1) Dg is an involution.
(2) Dg takes irreducible representations to irreducible ones.
(3) If o is an irreducible cuspidal representation, then Dg (o) = (—1)|%lo.

(4) For a standard Levi subgroup M = Mg, we have

DGOiM:iMODM.
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(5) For a standard Levi subgroup M = Mg, we have
ru o Dg = Ad(w) o Dy-1(p1) © Fyy-1 (a1
where w is the longest element of the set {w € W : w™'(®) > 0}.

Let us now describe the groups that we consider. We look at the usual towers
of orthogonal or symplectic groups G, = G(V,) that are the groups of isometries
of F-spaces (V,, (-, -)), n >0, where the form (-, -) is nondegenerate and it is
skew-symmetric if the tower is symplectic and symmetric otherwise. The set of
standard parabolic subgroups will be fixed in a usual way. Then the Levi factors of
standard parabolic subgroups have the form

M =GL(n1, F) x GL(ny, F) x -+ - x GL(ng, F) x G.

If §; is a representation of GL(n;, F) fori =1,2,...,k, and T a representation
of G, the induced representation iy (§; ® 62 ® - - - ® & ® T) will be denoted by
81 X 8y X - -+ x & x T. We use a similar notation to denote a parabolically induced
representation of GL(m, F).

If 7 is an irreducible representation of G,, we denote by 7 the representa-
tion +£Dg, (1), taking the sign + or — such that 7 is a positive element in the
Grothendieck group of finite-length admissible representations of G,. We call &
the Aubert dual of 7.

By Irr(G,) we denote the set of all irreducible admissible representations of
G,. Furthermore, let R(G,) denote the Grothendieck group of admissible rep-
resentations of finite length of G, and define R(G) = ®,>0R(G,). Similarly,
let Irr(GL(n, F)) denote the set of all irreducible admissible representations of
GL(n, F), let R(GL(n, F)) denote the Grothendieck group of admissible represen-
tations of finite length of GL(n, F') and define R(GL) = ®,,>0R(GL(n, F)).

The generalized principal series are the induced representations of the form § x o,
where 6 € R(GL) is an irreducible essentially square-integrable representation and
o € R(G) is a discrete series representation.

There is a unique e(§) € R such that p~¢®§ is unitarizable, where v = |det|p. If
e(8) > 0, the generalized principal series § X o has a unique irreducible (Langlands)
quotient, which is also the unique irreducible subrepresentation of § x o, where §
denotes the contragredient of §.

By the results of [Zelevinsky 1980], such a representation § is attached to the
segment and we write § = §([vp, vPp]), where a, b € R are such that b —a is a
nonnegative integer and p € Irr(GL(n, F)) is a unitary cuspidal representation. We
recall that 8 ([v9, vPp]) is the unique irreducible subrepresentation of the induced

representation V2o x V27 lp x - .. x v,
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For our Jacquet module considerations it is more convenient to use the sub-
representation version of the Langlands classification and write a nontempered
irreducible representation w7 of G, as the unique irreducible (Langlands) sub-
representation of the induced representation of the form §; x §; x -+ X §; X T,
where t € Irr(G,,) is a tempered representation, §; € Irr(GL(n;, F)) is an essen-
tially square-integrable representation attached to the segment [v%p;, v’ip;] for
i=1,2,...,k,anda;+b; <ar+by <---<ar+ b, <0. In this case, we write
T =L(6; X8 X+ X8 XT).

For o € Irr(G,) and 1 <k <n, denote by r) (o) the normalized Jacquet module
of o with respect to the parabolic subgroup with Levi factor GL(k, F) x G, k.
Identity ) (o) with its semisimplification in R(GL(k, F))® R(G,—) and consider

n
W) =1®0 +) ru(o) € RGL)® R(G).
k=1
The following result, derived in [Tadi¢ 1995], presents the crucial structural
formula for our calculations of Jacquet modules.

Theorem 2.2. Let p be an irreducible cuspidal representation of GL(m, F) and
k,l € Rsuch that k +1 € Z>. Let o be an admissible representation of G, of finite
length. Write u*(o) =3 _, , T ® 0. Then we have

S *p, vip]) x o)

[ l
= D 2D 8B vEh x 8o, v x T @81 o, vp)) 1o

i=—k—1 j=i 1,0’
We omit 5 ([v¥p, vVp]) if x > y.

We note the following direct consequence of the previous theorem and of the
Casselman square-integrability criterion:

Corollary 2.3. Let p denote an irreducible self-contragredient cuspidal representa-
tion of GL(m, F) and k,l €e Rsuchthatk+1e€Zsoandk > 0. Ifo € Irr(G,) is a
discrete series representation, then w*(8([v—"*p, vip]) X o) contains an irreducible
constituent of the form v'p' @ , where r <0 and p' is cuspidal, if and only if | <O0.
Furthermore, if 1 <0 and pw*(8([v—*p, v'p]) x o) contains an irreducible constituent
of the form v'p' ® , where r <0 and p' is cuspidal, then r =1 and p’ = p.
The following technical result will be used several times in the paper:

Lemma 2.4. Suppose that & € Irr(G,) is a subrepresentation of an induced repre-
sentation of the form v¥p; x v¥py X - - - x v¥%pp X 11, where p; € Irt(GL(m;, F))

is a unitary cuspidal self-contragredient representation fori = 1,2, ..., k, and m
is an admissible representation of finite length. Then the Jacquet module of & with
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respect to an appropriate parabolic subgroup contains an irreducible representation
of the form v "p @V 20, @ - - - @ v %0 @ 7.

Proof. Frobenius reciprocity and transitivity of Jacquet modules imply that there
is an irreducible cuspidal representation 7’ such that the Jacquet module of 7
with respect to an appropriate parabolic subgroup contains the irreducible cuspidal
representation v*p; ® V20, ® - - - @ Vo, ® 7r'. Using Theorem 2.1, we obtain the
claim of the lemma. U

We note that one can also deduce that the representation mp in the previous
lemma is in fact isomorphic to 77;. However, we will not use this in the sequel.

We will now recall the Meeglin—Tadi¢ classification of discrete series for groups
that we consider. Every discrete series representation of G,, is uniquely determined
by three invariants: the partial cuspidal support, the Jordan block and the € function.

The partial cuspidal support of a discrete series o € Irr(G,) is an irreducible
cuspidal representation o¢ysp of some G, such that there is an irreducible admissible
representation 7 of GL(n —m, F) such that o is a subrepresentation of 7 X oysp.

The Jordan block of o, denoted by Jord(o), is the set of all pairs (c, p) where
p is an irreducible cuspidal self-contragredient representation of some GL(n,, F)
and ¢ > 0 is an integer such that the following two conditions are satisfied:

(1) cis even if and only if L(s, p, r) has a pole at s = 0. The local L-function
L(s, p, r) is the one defined by Shahidi [1990; 1992], where r = /\2 C" is
the exterior-square representation of the standard representation on C"» of
GL(n,, C) if G, is a symplectic or even-orthogonal group, and r = Sym? C"»
is the symmetric-square representation of the standard representation on C"»
of GL(n,, C) if G, is an odd-orthogonal group.

(2) The induced representation §([v—(¢~1/ 25, v€=D/25]) x o is irreducible.

To explain the notion of the € function, we will first define Jordan triples. These
are triples of the form (Jord, o, €), where

« ¢’ is an irreducible cuspidal representation of some G,.

e Jord is the finite (possibly empty) set of ordered pairs (c, p), where p €
Irr(GL(n,, F)) is a self-contragredient cuspidal representation, and ¢ is a
positive integer which is even if and only if L(s, p,r) has a pole at s =0
(for the local L function as above). For an irreducible self-contragredient
cuspidal representation p of GL(n,, F) we write Jord, = {c : (c, p) € Jord}.
If Jord, # & and ¢ € Jord,,, we put c_ = max{d € Jord, : d < c}, if it exists.

e ¢ is the function defined on a subset of Jord U(Jord x Jord) and attains the
values 1 and —1. If (c, p) € Jord, then €(c, p) is not defined if and only if c is
odd and (¢, p) € Jord(c") for some positive integer ¢. Next, € is defined on a
pair ((c, p), (c’, p')) € Jord x Jord if and only if p = p’ and ¢ # ¢'.



ON LANGLANDS QUOTIENTS OF THE GENERALIZED PRINCIPAL SERIES 401

Suppose that, for the Jordan triple (Jord, o', €), there is a (c, p) € Jord such that
e((c_, p), (c, p)) = 1. If we put Jord’ = Jord \{(c_, p), (c, p)} and consider the re-
striction €’ of € to Jord’ U(Jord’ x Jord"), we obtain a new Jordan triple (Jord', o’, €’),
and we say that such Jordan triple is subordinated to (Jord, o', €).

We say that the Jordan triple (Jord, o’, €) is a triple of alternated type if

6((C_’ /0)7 (Cv /0)) =-1

whenever c_ is defined and there is an increasing bijection ¢, : Jord, — Jordfo (o),
where Jord/p (o) equals Jord,(c") U {0} if a is even and e(minJord,, p) = 1, and
Jord/p (0”) equals Jord,(c") otherwise.

The Jordan triple (Jord, o', €) dominates the Jordan triple (Jord’, o/, €’) if there
is a sequence of Jordan triples (Jord;, o', €;), 0 <i <k, such that (Jordy, o’, €9) =
(Jord, o', €), (Jordy, o', €;) = (Jord’, o’/, €’), and (Jord;, o', €;) is subordinated to
(Jord; _1,0’,¢;_1) for i € {1,2,...,k}. The Jordan triple (Jord, o’, €) is called
admissible if it dominates a triple of alternated type.

The classification given in [Mceglin 2002] and [Meeglin and Tadi¢ 2002] states
that there is a one-to-one correspondence between the set of all discrete series in
Irr(G) and the set of all admissible triples (Jord, ¢/, €) given by 6 = 0(jord,o".¢)>
such that ocysp = 0 and Jord(o) = Jord. Furthermore, if (¢, p) € Jord is such
that e((c_, p), (c, p)) = 1, we set Jord' = Jord \{(c_, p), (c, p)} and consider the
restriction €’ of € to Jord’ U(Jord’ x Jord’). Then (Jord', o', €’) is an admissible
triple and o is a subrepresentation of §([v=~"D/2p v(=D/2p]) x 0501y o7 1)

An irreducible representation o € R(G) is called strongly positive if for every
embedding

s s s,
U;)VlplxvszX"'XVkka'Ucusp,

where p; € R, i = 1,2,...,k, are irreducible cuspidal unitary representations
and ocusp € R(G) is an irreducible cuspidal representation, we have s; > 0 for
i=1,2,...,k.

It was shown in [Mceglin 2002, Proposition 5.3] and [Mceglin and Tadié¢ 2002,
Proposition 7.1] that triples of alternated type correspond to strongly positive
discrete series. Let us recall an inductive description of the noncuspidal strongly
positive discrete series, obtained in [Mati¢ 2011, Theorem 5.1], which also holds in
the classical group case.

Proposition 2.5. Suppose that o, € R(G) is an irreducible strongly positive repre-
sentation and let p € Irr(GL(m, F)) denote an irreducible cuspidal representation
such that some twist of p appears in the cuspidal support of osp. We denote by ocysp
the partial cuspidal support of os,. Then there exist unique a, b € R such that a > 0,
b > 0, b —a is a nonnegative integer, and a unique irreducible strongly positive

representation O'S(I}) without vip in the cuspidal support, with the property that o
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is the unique irreducible subrepresentation of 8([v%, vV’p]) x o*s(pl). Furthermore,
there is a nonnegative integer | such that a := a +1 > 0 and v* p X ocysp reduces.
If | = 0 there are no twists of p appearing in the cuspidal support of O'S(I} ), and if

I > 0 there exist a unique b’ > b and a unique strongly positive discrete series as(g ),
which contains neither v'p nor v¢+'p in its cuspidal support, such that as(g ) can be

written as the unique irreducible subrepresentation of 8 ([v¢*p, e p]) X os(pz).

We say a representation o € Irr(G;,) belongs to the set D(py, ..., om;: Ocusp) if €very
element of the cuspidal support of o belongs to the set {v*p1,..., V" 0y, Ocusp : X € R},
where p1,..., oy are mutually nonisomorphic irreducible cuspidal representations
of general linear groups and oy is an irreducible cuspidal representation of G
for some n’ < n.

We note that for a self-contragredient cuspidal p € Irr(GL(m, F)) and a cuspidal
Ocusp € Irr(Gy,), there is a unique nonnegative o such that the induced representa-
tion v¥p X ocysp reduces, and it follows from [Arthur 2013] and [Meeglin 2014,
Théoreme 3.1.1] that « is a half-integer.

Directly from the previous proposition we obtain

Proposition 2.6. Let oy, € Irr(G,,) denote a strongly positive representation and
suppose that og, € D(p; ocusp) for an irreducible cuspidal self-contragredient repre-
sentation p. Let a stand for the unique nonnegative half-integer such that v¥p X ocysp
reduces, and let k = [a], the smallest integer which is not smaller than «. If k =0,
then ogp = Ocusp- Otherwise, there exists a unique k-tuple (ay, az, .. ., ax) such that
a—ae€lfori=1,2,...,k, =1 <ay; <ay <--- < ay, and oy, is the unique
irreducible subrepresentation of the induced representation

S o, vip]) x 8 0, 1)) x -+ x 8([vp, V%p]) X Ocusp-

3. Langlands quotients fixed by the Aubert involution

In this section we describe all Langlands quotients of the generalized principal
series § X o which are isomorphic to their Aubert duals, using case-by-case
considerations. We write § = §([v'p, v’p]), for x, y such that x + y > 0. The
induced representation é X o then contains a unique irreducible (Langlands) quotient,
which is also the unique irreducible subrepresentation of the induced representation
3([v™7p, v p]) xo, and in what follows will be denoted by 7, i.e., let 7 = L(g Xo).

Lemma 3.1. If 7 is isomorphic to 7, then x > 0.

Proof. Since x +y > 0, we obviously have y > 0. Suppose that x < 0. From the
embedding 7 < v x §([v¥5, v "1 5]) x o and the transitivity of Jacquet
modules, in the same way as in the proof of Lemma 2.4 we obtain that u*(77)
contains an irreducible constituent of the form v*p ® . Since y # x, it follows
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directly from the structural formula that u*(§([v™>p, v™*p]) X o) does not contain
such an irreducible constituent, so 7 is not isomorphic to 7, a contradiction. [

Let us first consider the case of cuspidal o.

Proposition 3.2. Suppose that o € Irr(G,,) is a cuspidal representation. Then 1 is
isomorphic to its Aubert dual if and only if one of the following holds:

(1) x =y > 0 and the induced representation v*p X o is irreducible,

(2) (x,y)=1(0, 1) and the induced representation p X o reduces.

Proof. We have already seen that if 7 = 7 then x > 0. In the same way as in
the proof of the previous lemma we deduce that u*(#) > v=*p ® 7/, for some
irreducible representation 7”. From the structural formula we see that this is possible
only if either x = y or (x, p) = (0, p).

Let us first consider the case x = y. Note that then we have x > 0. Furthermore,
if v'p X o reduces, it follows from [Mui¢ 2004, Proposition 3.1(i)] that u* ()
does not contain an irreducible constituent of the form v™* 5 ® 7’. Consequently, if
7 =7 and x = y, then v¥p X o is irreducible.

Conversely, if the induced representation v¥p x o is irreducible, then 7 = v¥p x o
and from part (4) of Theorem 2.1 we have # < v¥p X o = 7, so 7 is isomorphic to
its Aubert dual.

Let us now assume that x = 0 and p = p. Let s denote a unique nonnegative
half-integer such that v’p x o reduces. We obviously have y > 0 and there are two
possibilities to consider.

First, suppose that y = s and let o stand for a unique irreducible subrepresen-
tation of the induced representation vp x vVZp x --- x V¥ p x o. It follows from
[Mati¢ 2011, Theorem 4.6] that o, is a strongly positive discrete series and one
can see directly from [Mceglin and Tadi¢ 2002, Proposition 2.1] that the induced
representation p X oy, reduces. By [Tadi¢ 2013, Section 4], there is a unique
irreducible subrepresentation T of p X oy, such that *(7) does not contain an irre-
ducible constituent of the form vp ® 7r”. We note that t is a tempered representation.
Furthermore, if 1*(7) contains an irreducible constituent of the form v’p @ 7r{, then
a =0. Thus, if ©*(7) contains an irreducible constituent of the form v’p ® 7, then
a=0. Since 7 is a subrepresentation of pxvpxvZpx---xv¥px0, using Lemma 2.4
we deduce that 7 is a subrepresentation of p x V"o x V™20 x --- x V™0 x o and,
in the same way as in the proof of [Mati¢ 2017, Lemma 3.4], we deduce that T is a
subrepresentation of §([v ™Yo, p]) x o. Consequently, T =7 and 7 Z 7.

Now, suppose that y £ s. If y > 2, we have the following embedding and
isomorphism:

7 8(v > p, p) x v 30 = v x §([v T p, p]) x 0.
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Lemma 2.4 implies that ©*(77) contains an irreducible constituent of the form
v Yo ® 7’ and it follows directly from the structural formula that 7 2 7. Thus, we
can assume that y = 1. If s > 0, then s # y and [Mui¢ 2004, Theorem 4.1(i)] imply
that §([v™"p, p]) X o is irreducible and 7 = §([p, vp]) x o. Consequently, if s > 0
then u*(#) contains an irreducible constituent of the form v—!p ® 7/, and it follows
directly from the structural formula that 7 2 7.
It remains to consider the case s = 0. According to [Mui¢ 2004, Theorem 2.1],
in R(G) we have
5([ _ M, @
p,Vp]) Xo =1 +o04 +04,

where o(g )
tions of §([p, vp]) X o. Frobenius reciprocity implies that both /L*(O'é:)) and
w* (aész)) contain irreducible constituents of the form vp ® n’. It follows from
the structural formula that only irreducible constituents of the form vp ® 7’ ap-
pearing in u*(8([p, vp]) x o) are vp ® t; and vp ® t_1, where 7| and 7_; are
irreducible mutually nonisomorphic tempered representations such that in R(G)
we have p X 0 = 11 4+ t_;. Furthermore, both vp ® 7| and vp ® 7_; appear in
w*(8([p, vp]) x o) with multiplicity one. Thus, u* () does not contain an irre-
ducible constituent of the form vp ® 7’ and, consequently, u*(77) does not contain
an irreducible constituent of the form v~!p ® 7. Since 7 is a subrepresentation of
p X vp X o, using Lemma 2.4 we obtain that 77 is a subrepresentation of p x v"lp x o
and it follows that 77 is a unique irreducible subrepresentation of §([v™"'p, p]) X o,
i.e., m = 7. This completes the proof. U

2 . . . .
and aés) are mutually nonisomorphic discrete series subrepresenta-

In the rest of this section we assume that o is a noncuspidal discrete series
representation, and let o denote the partial cuspidal support of o.

Lemma 3.3. If 7 is isomorphic to 7, then 0 € D(p; ocusp). In particular, p is
self-contragredient.

Proof. Suppose that o € D(p; ocusp). Then there is an embedding of the form
o — v’ x o’ such that a > 0, o’ is an irreducible self-contragredient cuspidal
representation which is not isomorphic to p, and ¢’ is irreducible. We have

7> 8xvip xo Zvi' x§xao,

and Lemma 2.4, together with transitivity of Jacquet modules, implies that Jacquet
module of 7 with respect to an appropriate parabolic subgroup contains an irre-
ducible representation of the form v=%’ ® ¢”. Since o is square-integrable, it
follows that u*(8 x o) does not contain an irreducible constituent of the form
v %’ ®c”. Thus, 7 is not isomorphic to 77, a contradiction. O
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According to the previous lemma, in what follows we can assume that p is a
self-contragredient representation and that o € D(p; ocusp). We denote by o a
unique nonnegative half-integer s such that v’p X o¢ysp reduces.

The following result presents the crucial step towards our description.

Theorem 3.4. If w is isomorphic to 7, then o is a strongly positive discrete series.
In particular, o > 0.

Proof. Suppose on the contrary that o is not a strongly positive representation and let
(Jord(o), ocusp, €5) denote the corresponding Jordan triple. Since o € D(p; Ocusp),
there is ¢ € Jord, (o) such that c_ is defined and €, ((c_, p), (¢, p)) = 1. Also, o is
a subrepresentation of an induced representation of the form

(=%, v D)) x 67

for an appropriate discrete series o’. Using [Mceglin and Tadi¢ 2002, Lemma 3.2],
we deduce that o is a subrepresentation of an induced representation of the form
v(c_l)/z,o x 11, for some irreducible 7. Since (¢ — 1)/2 > 1 and —x < 0, if
(c, x) # (3,0) we obtain an embedding 7 < v D/2p x §([vp, v p]) X 7.
Lemma 2.4 implies that ©*(7) contains an irreducible constituent of the form
p~ (=725 @ 15, and Corollary 2.3 implies that x = (c — 1) /2.

If ¢ > 3, we also have (¢ —3)/2 > —(c — 1)/2 + 1, which gives the following
embeddings and isomorphisms:

c—1 c_—1
=87 p, v Zp)x8(v 2 p,v Zp)xo

c—1 c=3 c—

_—1 c=5
=T pxv T px(v o v 2 pl) xSV Z p,v 2 p]) Mo,

N‘
A

Since w = 77, Lemma 2.4 and the transitivity of Jacquet modules imply that the
Jacquet module of 7 with respect to an appropriate parabolic subgroup contains an
irreducible representation of the form v=¢=D/2p @ v=(=3/2p & 5.

From 7 < §([v~p, v~~D/2p]) x o, using the structural formula recalled in
Theorem 2.2, we obtain that v=¢"3/2p @ w3 < u*(S([v">p, v *D/2]) x o),
which is impossible.

It remains to consider the case ¢ = 3. This directly implies that ¢_ = 1 and
x € {0, 1}. In other words, o is a subrepresentation of an induced representation
of the form &§([p, vp]) X o/, where o’ is a discrete series such that 1 and 3 do not
appear in Jord,(¢”), and it follows that ¢’ is a strongly positive representation,
since otherwise we can apply the same arguments as before to deduce that 7 is not
isomorphic to 7.
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Let us first assume that Jord,(c’) # @. Then, as in [Mati¢ 2011, Section 4]
and [Mceglin and Tadi¢ 2002, Proposition 2.1], we see that there is an a > 2 such
that o’ is a subrepresentation of v“p x ¢” for an appropriate strongly positive
representation ¢”.

If a > 2, we have 0 < v x 8([p, vp]) X ¢”. Since x € {0, 1}, in the same way
as before we deduce that u*(r) > v~% ® 7’ for an irreducible representation 7’
which is impossible.

If a = 2, the irreducible representation ¢’ is also a subrepresentation of an
induced representation of the form v%p x vp x o1. If x = 0, we have the following
embeddings:

<> 8(vp, p1) x 8([p, vp]) X V0 X vp X 0y
— p X Vp X vzp x§(vp, vil,o]) X 0 X Vo X 0]

< p X Vp X 1)2,0 X v_l,o x pxvp x8([v 2o, v_z,o]) X 07].

Using Lemma 2.4 and the transitivity of Jacquet modules, we obtain that the
Jacquet module of 7 with respect to an appropriate parabolic subgroup contains
an irreducible representation of the form p @V PRV P VP @ PRV~ p ® m4.
Since o is a discrete series representation, applying the structural formula several
times, we deduce that y > 2 and that vp ® p ® v~ !p ® 4 is contained in the
Jacquet module of 8§([v™p, vp]) x o with respect to an appropriate parabolic
subgroup. This directly implies that the Jacquet module of o with respect to an
appropriate parabolic subgroup contains an irreducible representation of the form
Vo ® p ® v 'p ® 75, contradicting the square-integrability criterion. The case x = 1
can be handled in the same way.

Let us now assume that Jord,(0’) = @. This implies that ¢’ is a cuspidal
representation and p x o’ reduces. As in the proof of Proposition 3.2, in R(G) we
have p x 0’ = 11 + t_; and there is a unique i € {1, —1} such that o is the unique
irreducible subrepresentation of vp X 7; or, equivalently, such that u*(o) > vp ® 1;.
It follows from [Mati¢ 2016a, Theorem 5.1] that 6 = L(v~!p x 7_;), and if an
irreducible constituent of the form v?p ® 7’ appears in ©*(6), then z = —1.

Again, we comment only on the case x = 0, since the case x = 1 can be handled
in the same way.

We have the following embeddings:

(D T 8(v7’p, p) X
S pxvlpx- - xv 7 xo

s pxvlox-xv Vo xvp X
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Frobenius reciprocity implies that the Jacquet module of w with respect to an
appropriate parabolic subgroup contains the irreducible representation

(2) PRV P® @V RV ®T.
Since m = 7, applying Theorem 2.1, part (4) to the induced representation appearing
in (1), we deduce that 7 is an irreducible subquotient of

3) pxv lox - xv Yo x L pxt).

Using a repeated application of the structural formula and 7; Z 7_;, one can show
that the irreducible representation (2) is not contained in the Jacquet module of
the induced representation (3) with respect to an appropriate parabolic subgroup, a

contradiction. This completes the proof. (I
We denote [a] by k, and let (ay, ay, ..., a;) denote a unique ordered k-tuple
suchthata; —axeZfori=1,2,...,k, —1 <a; <ap < --- < ag, and such that o

is the unique irreducible subrepresentation of
3o, vp]) x 8V 0, b)) X -+ x 8([V, V¥p]) X Geusp-

We note that such a k-tuple exists by Proposition 2.6. Since o is noncuspidal, there
isani € {1,2,...,k} such that a; > o — k +i. Denote the minimal such i by ip;.

Lemma 3.5. If 7 is isomorphic to 7, then a;;, = o —k +imin and aj1 = aj+ 1
forj:imin, imin+1,...,k—1,

Proof. Tt follows from [Mati¢ 2013, Theorem 4.6], or from [Mati¢ and Tadi¢ 2015,
Section 8], that o is a subrepresentation of an induced representation of the form
v¥imin p X 0, Where oy, is a strongly positive representation. If —x # ;. — 1, we
have an embedding 7 < v¥min p x §([V>p, v™"p]) X 0%y, and an application of
Corollary 2.3 and Lemma 2.4 gives x =a;_, .

If —x =a;,, — 1, since x > 0 and a;,,, > 3. it follows that x € {0, 1}. Thus, if
—x=a;,, —1thenipp=1anda; ,, =a—k+1.

Let us now assume that —x #a; . — 1 and @;, ., > & —k +imin+ 1. It follows that
iy = %, so x =a;,,, and —x < a;,, — 1. There is a strongly positive representation
o, such that o is a subrepresentation of vminp x Vimin 1o xq 04y, SO we have an
embedding 77 <> v%min p X V¥min~lp X §([Vp, V™ ¥p]) X oy Since w =7, it follows
that the Jacquet module of 7 with respect to an appropriate parabolic subgroup
contains an irreducible representation of the form v~%min p @ v™%min*1p @ 7. From
the structural formula we directly obtain that p*(§([v™"p, v_“"min_l,o]) X o) contains
v_“imin+1p ® 7', a contradiction. Consequently, a; , = & — k + imin.

Now we assume that there is a j € {imin, imin+ 1, ...,k — 1} such thata; | #
aj + 1. It follows from [Mati¢ 2011, Section 4] that a; | > a; +2 and 7 is a

subrepresentation of an induced representation of the form v%i+1p x as/p, for a strongly
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positive representation os/p. Since we obviously have thata; | > —x +1, there is an
embedding w < v%+lp x §([vp, v p]) X as’p. This gives u* () > v %+p Q@'
for some irreducible 7', contradicting Corollary 2.3, since x < a;1. ([

In the following theorem we state our first main result.

Theorem 3.6. Suppose that « is a half-integer. Then 7 is isomorphic to 7 if and
only if o > %, aj i = %, x=a,.andy=o+1

Theorem 3.6 follows from the following two propositions:

Proposition 3.7. Suppose that o is a half-integer and w1 = 7. Thena > 3, a; . > %,
x=aj,,andy=o-+1

Proof. Let us first show that x = a;,;,. We have an embedding o < v*min p X o, for
some strongly positive representation ogp. Since x > 0 and a;,,, > 0, if (x, a;,,,) #
(3, %), we obtain an embedding 7 <> vV%minp x 8([v™"p, v *p]) X o5y, which
implies that ©*(;r) contains an irreducible constituent of the form v™%min p ® 71,
since w = 7. This is possible only if x = a; . Thus, in any case we have x =a;,, .

Let us now prove that a; . > % Assume on the contrary that a; . = % Using
Lemma 3.5 and [Mui¢ 2004, Theorem 5.1], we obtain that v%p X o is irreducible
for z ¢ {%, o+ 1}. Ify¢ {%, o+ 1}, we have the following embedding and
isomorphism:

T8 o, v ) x v Yo xo Z v x S, v %)) xo.

In the same way as before we conclude that ©*(77) contains an irreducible constituent
of the form v™>p ® m, which is impossible unless y = % Thus, y € {% o+ 1}.
It follows at once that 77 is a subrepresentation of v=1/2p x 8([v™p, v™3/%p]) x 0,
and Lemma 2.4, together with transitivity of Jacquet modules, shows that ©* ()
contains an irreducible constituent of the form v!/ 2,0 ® r1. We will show that this is
impossible, implying a; . > % Note that €, (o, 2) = 1, where (Jord(o), ocusp, €5)
stands for the Jordan triple corresponding to o, so we use [Mui¢ 2004, Theo-
rem 5.1(ii)]. Only the case y =a + 1 and o > % will be described in detail, since
other cases can be obtained in the same way and the case (y, o) = (%, %) is also, in
the split case, discussed in [Jantzen 1996]. The following equality holds in R(G):

3! v F ) o =m + LG, v %)) % 0))

+LE % v D) M)
+LE %, v %)) 1 o)),
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where o*s(pl), os(g), o*s(;) are the unique irreducible subrepresentations of

V32 x /% x -+ x 1% X Ocusps

o a+1

V120 x 3% x - x ¥ x §([v%, v

Pl % Ocusp

a+1

32 x 170 - x v* o X 8([v%p, v ) X oeusp,

respectively. We note that US%) is strongly positive fori =1, 2, 3.

Using the structural formula, we obtain that if v'/2p ® 7y is an irreducible
constituent of ©*(8([v'/%0, v¥T1p]) x o), then 7, is an irreducible subquotient of
S([v'20, v¥tlp]) ng>. By [Muié¢ 2004, Theorem 5.1(i)], in R(G) we have:
8!, v o) xoy) = LG o v ) 1o l))

+LE %, vl xo ).

Furthermore, both irreducible constituents v'/20 ® L(S([v=*"'p, v=1/%0]) x as(pl))
and v'/20 @ L(S([v~%, v 1/%0]) x 0'5(133)) appear in w*(8([v12%0, v¥*1p]) x o) with
multiplicity one, and Frobenius reciprocity implies that both

WL o v ] x0() and (LG %, v'?p]) x o))

contain irreducible constituents of the form v'/%0 ® 71, so u*(;r) does not contain
such an irreducible constituent.

Since a; ;, > %, Lemma 3.5 implies that o > % From y > a; ,,, using [Muié
2004, Proposition 3.1], we obtain that v¥p x o is irreducible if y # « 4 1. Suppose
that y # « + 1. Then we have the following embedding and isomorphism:

7 S o, v oD x v xo v x S(v o, v ] %o

In the same way as before we conclude that *(77) contains an irreducible constituent
of the form v™Yp ® 71, which is impossible unless x = y. Thus, y =a; ;. It follows
from Lemma 3.5 and [Mui¢ 2004, Proposition 3.1] that v™%min p x o = v¥min p X 0,
so 7 is an irreducible subrepresentation of v“min p X V¥min p X o,. Consequently,
Lemma 2.4 and the transitivity of Jacquet modules imply that the Jacquet module
of w with respect to an appropriate parabolic subgroup contains an irreducible
representation of the form v~ %min p ® v~ %min p ® 7, and an easy application of
Theorem 2.2 implies the Jacquet module of §([v—>p, v™"p]) X o with respect to
an appropriate parabolic subgroup does not contain such a representation. Thus,
y =« + 1, and the proposition is proved. O

Proposition 3.8. Suppose that « is a half-integer, a > % ai.. > % x=aj, ,and
y =a+ 1. Then r is isomorphic to 7.

Proof. Let us first prove that if an irreducible constituent of the form v:p ® mr;, with
7 >0, appears in *(ir), then z =gq;_. . Using the structural formula and [Mati¢ 2013,

min *
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Theorem 4.6], we deduce that if an irreducible constituent of the form v ® 7y,
with z > 0, appears in w (S ((v=*"lp, v™%min p]) x o), then z € {ai ;. o0+ 1}
By [Muié 2004, Proposition 3.1(i)], in R(G) we have

a+1

S([vimin p, V¥ p]) X o =7 4+ L(S([v %0, v “minp]) X Op),

where oy, denotes the unique irreducible subrepresentation of

o a+1

ning x vmntlp 5 - x vl 5 8([v%, v ]) X Geusp.

We note that oy, is a strongly positive representation. Using [Mati¢ 2013, Theo-
rem 4.6], Frobenius reciprocity, and the transitivity of Jacquet modules, we obtain
that u*(L(§([v=%p, v~ %min p]) X o)) contains an irreducible constituent of the
form v““,o ® 7. The induced representation §([v%min p, v*p]) X o is irreducible
(by [Mui¢ 2004, Proposition 3.1(ii)]), so the only such irreducible constituent
appearing in p*(8([v%min p, V¥ F1p]) X ) is V¥Tlp ® §([V%min p, V¥0]) X &, wWhich
appears there with multiplicity one. Therefore, there is no irreducible constituent of
the form v**!p ® 7| appearing in p*(;r). Furthermore, Lemma 2.4 implies that if
an irreducible constituent of the form v% ® 7r; with z < 0 appears in w*(77), then
= —liyiy-

Since 7 is a subrepresentation of §([v™*"'p, v"%minp]) x o and a; > %, we
have the following embedding and isomorphisms:

o

7T > Vininp X -+ X V% X v ¥minp X - -+ x V% x v ¢ lp Ocusp

= vuiminp X o X Ua,O X v_aiminp X oo X U_ap X va'Hp X Ocusp
2 Yiminp X - X V% x V¥ p x v T%min p x X -+ x VT Ocusp-

Using Lemma 2.4, Theorem 2.1, and [Meeglin and Tadi¢ 2002, Lemma 3.1], we
obtain that 77 is a subrepresentation of the induced representation

—

V" %min g X -0 X D —1[0 x pmin o X - x %0 X Ocusp-

It follows from Lemma 3.2 of the same work that there exists an irreducible
p such that 77 is a subrepresentation of
Ty X Viminp X oo X V¥ X Ocusp. Since p* () does not contain an irreducible
constituent of the form v ® m for z <0 and z # —a;,,,, we deduce that | =
S~ lp, v™%min p]).

By the same lemma, there is an irreducible representation 7’ such that 7 is a

subquotient 7y of v %minp x - x p7¥]

subrepresentation of § ([v~%~!p, v™%min p]) x 77" and, obviously, the cuspidal support
of 7/ equals {v%min p, v¥imntlp . V%, Ocusp)-

Let us first suppose that 7" is a nontempered representation and write 7’ =
L(81 %8y x-+-x8xt), where §; € Irr(GL(n;, F)) is an irreducible essentially square-

integrable representation fori = 1,2,...,k, e(6;) <e(8i4+1) <O0fori=1,2,....k—1,
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and 7 €Irr(G,y) is an irreducible tempered representation. Write 8; =8 ([v%p, v¥ p]).
From a; + b; < 0 and from the description of the cuspidal support of 7z’ follows that
bi <—aj ., fori=1,2,..., k. It directly follows that 7" is a subrepresentation of
an induced representation of the form vb 1o x r”" and, since —a < by, we have the
following embedding and isomorphism:

1"~ by

“lp, v min p]) x vPp " = wPip X S([vT

o o

7 8(v™ 1o, v %minp]) x 7",

and it follows that * () contains an irreducible constituent of the form v?p ® 7,
which is impossible unless b; = —a; . If this is the case, we have an embedding

1

7 > v i p x p " %min p x §([V¢ o, v %min "1 p]) X 77,

and Lemma 2.4 and the transitivity of Jacquet modules imply that the Jacquet module
of w with respect to an appropriate parabolic subgroup contains an irreducible
representation of the form v¥min p @ vV¥min p ® 7. Using the structural formula,
[Mati¢ 2013, Theorem 4.6], and the fact that « + 1 > a; ., we deduce that a
representation of the form v%minp ® v¥minp @ 7, does not appear in the Jacquet
module of the induced representation S([v=*lp, v™%min p]) x o with respect to an
appropriate parabolic subgroup, a contradiction.

Consequently, 77’ is a tempered representation and, using the description of its
cuspidal support and [Mati¢ 2012, Theorem 3.5], we conclude that 7’ is strongly
positive. Since the strongly positive representation is completely determined by its
cuspidal support ([Mati¢ 2013, Lemma 3.5]), it follows at once that 7z’ is isomorphic
to o. Thus, 7 is an irreducible subrepresentation of §([v~*"!p, v™%min p]) % o,
leading to 7 = 7. This completes the proof. ]

Now we state our second main result.

Theorem 3.9. Suppose that « is an integer. Then 7 is isomorphic to 7 if and only
if y=oa+1 and either x = a; ,, or (a;  ,x) = (1,0).

Theorem 3.9 follows from the following two propositions:

Proposition 3.10. Suppose that « is an integer and t1 = 7. Then y = o + 1 and
either x = a;_;, or (a; ;. x) = (1, 0).

Proof. If a; ,, > 2, in the same way as in the proof of Proposition 3.7, we deduce
that (x, y) = (a,;,, ¢ + 1).

Let us now assume that a; . = 1. Then o is a subrepresentation of an induced
representation of the form vp x ¢’ and if x > 0 we have an embedding 7 <
vp X 8([v?p, v™*p]) x o’. In the same way as in the proof of Proposition 3.7, we
get that x € {0, 1}. Note that y > x if x =0. Let us prove that y = o + 1. Suppose,
contrary to our assumption, that y # o + 1. Since y > x, it follows from [Muié
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2004, Proposition 3.1] that v¥p % o is irreducible. We have
> §[v o, v x v 3o Z (v, 1)) x v x o,

and if y # —x + 1 one obtains a contradiction in the same way as in the proof
of Proposition 3.7. Since y > x and x > 0, we see that y = —x + 1 holds only if
(x,y) = (0, 1). In that case, we have m < p x vp X vp X ¢’. Using Lemma 2.4
and the transitivity of Jacquet modules we get that rj/ (77) contains an irreducible
representation of the form p ® v ® v p ® ¢”, where M denotes the Levi
factor of an appropriate parabolic subgroup. But, since o is strongly positive,
ryu(8([p, vp]) x o) does not contain an irreducible representation of the form
p®v o ®v~p®0c’, acontradiction. This completes the proof. O

Proposition 3.11. Suppose that « is an integer. If y = o 41 and either x = a;  or
(@i, x) = (1,0), then 7 is isomorphic to 7.

Proof. First we suppose that (x, y) = (a;_ ., + 1). Let us prove that if u* ()
contains an irreducible constituent of the form v ® 7/, with z > 0, then z =a;_ .
It follows from the structural formula that if z* (8 ([v%min p, V*H1p]) x o) contains
an irreducible constituent of the form v¥p ® n’, with z > 0, then z € {a; , , o« + 1}.
Also, if z =« + 1, then 7’ is an irreducible subquotient of §([v%min p, V¥ p]) X o.
We have §([v%min p, v%p]) X o is irreducible and v**+! p ® 8([v¥min p, V¥p]) X o is
contained in p*(8([v%min p, v*T1p]) x o) with multiplicity one by [Muié 2004,
Proposition 3.1]. Using part (i) of the same proposition, we deduce that in R(G) we
have 8 ([v¥%min p, V2 1p]) xo =7 + LS ([v ™%, v™%min p]) X osp), Where o, denotes
the unique irreducible subrepresentation of

a+1

Vimin o X p@imintlp X -+ X Va_lp x 8([vp, v* T p]) Ocusp-

We note that oy, is a strongly positive representation. It is now easy to conclude,
using Frobenius reciprocity and the irreducibility of v¥p x v**1p for x < a, that
w*(L(S([v~%, v~ %min p]) X 0p)) contains an irreducible constituent of the form
v““p ® 7/, so w*(7) does not contain such an irreducible constituent. Now, in the
same way as in the proof of Proposition 3.8, we obtain that 77 is a subrepresentation
of ([v=¢lp, v %min p]) x 0, i.e., T = 7.

Now we turn our attention to the case (a;,,,, X, y) = (1, 0, « + 1). In this case,
we have the following embedding and isomorphisms:

—a

JT;)pXU_le--'XU _lvavapr---xvapxacuSp

> o xVvp XV XXV XV o X x VY x v

-1
P N Ocusp
~ 2 o —1 —o a+1
ZpXVpXVP XX VP XV P XXV X VY0 X ocusp

prv,oxvz,ox---xv“,oxv“+1va71px---xvfa,oxacusp.
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In the same way as before, we obtain that 77 is a subrepresentation of the induced
representation

o

pxv loxv o x xv % x VT _1vapx---xv°‘p>qocusp.

We will show that if ;*(;r) contains an irreducible constituent of the form v ® 7y,
with z > 0, then z = 0. The rest of the proof then follows similarly to Proposition 3.8.
Note that if an irreducible constituent of the form vi ® 7, with z > 0, appears
in u*(8([p, v**'p]) x o), then z € {0, 1, @ + 1}. We will comment only on the
case « > 2, since the case o = 1 can be handled in the same way but more easily,
and in the split case it can also be obtained using [Jantzen 1996].
According to [Mui¢ 2004, Theorem 4.1(iv)], in R(G) we have

5(Lp. v** o) w o =m + LGy~ o, vpl) x o)) + LE([v ™%, p]) ¥ 03
+ LG ™%, vo]) o),

where o*s(r}), os(g ), 05(133) are the unique irreducible subrepresentations of

2 o a—1 a a+l
VP X XV XN Ocysp, VP X+ XV o x8([vip,v p])No_cuspy

V2o x - x v® o x 8([v¥, v¥Tp]) X Oeusp,
respectively. We note that as(f;) is strongly positive fori =1, 2, 3.
If w*(8([p, v**T'p]) x o) contains an irreducible constituent of the form vp ® y,
then 7y is an irreducible subquotient of 8([p, v*T1p]) x as(pl). By [Muié 2004,
Theorem 4.1(ii1)], in R(G) we have

8(Lo, vl xo ) = LG ™o, p]) % 0 0) + LGP, p]) ¥ o).

Also, vp @ L(8([v™*"p, p]) x O's(l})) and vo ® L(6([v™%p, p]) % ors(g)) appear
in w*8([p, v*tp]) x o) with multiplicity one and are obviously contained in
w*(LS([v"1p, vp]) x osg))) and in w*(L(S([v™%, vp]) % os(g))). Thus, there
are no irreducible constituents of the form vp ® 7| appearing in u* ().

Similarly, if £*(8([p, v¥*T'p]) x o) contains an irreducible constituent of the
form v*+1p ® 1, then 7y is an irreducible subquotient of §([p, V%p]) X o. By [Muié
2004, Theorem 4.1(iii)], in R(G) we have

3(Lp, vp]) x o = L ([v "0, p]) ¥ o) + L(8([v"p, vp]) x 0 {))).

Also, v**lp @ L(8(Iv™p, pl) x ayp) and v**+lp @ L(S([v™"p, vpl) x o’ ap-
pear in w*(8([p, v**1p]) x o) with multiplicity one and obviously appear in
WL, p]) x 0)) and in (LGS, vpl) ¥ 03 )). Thus, p* () does
not contain irreducible constituents of the form v**lp @ 7. Consequently, p* ()
does not contain an irreducible constituent of the form vp ® 71 with z > 0, and the
proposition is proved. O
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EXACT LAGRANGIAN FILLINGS OF
LEGENDRIAN (2, n) TORUS LINKS

YU PAN

Ekholm, Honda, and Kalman constructed C, exact Lagrangian fillings for
a Legendrian (2, n) torus knot or link with maximal Thurston-Bennequin
number, where C,, is the n-th Catalan number. We show that these exact La-
grangian fillings are pairwise nonisotopic through exact Lagrangian isotopy.
To do that, we compute the augmentations induced by the exact Lagrangian
fillings L to Z,[ H;(L)] and distinguish the resulting augmentations.

1. Introduction

A Legendrian submanifold A in the standard contact manifold (R3, & = kera),
where @ = dz — ydx, is a 1-dimensional closed manifold such that TA C &
everywhere. An exact Lagrangian filling L of A in the symplectization manifold
(R, x R3, w =d(e'w)) is a 2-dimensional surface that is cylindrical over A when ¢
is sufficiently large. See Definition 2.5 for more detail, and Figure 1 for a picture.
In this paper, we study oriented exact Lagrangian fillings of the Legendrian (2, n)
torus links A with maximal Thurston—Bennequin number (n > 0). When 7 is even,
we also require the link to have the right Maslov potential such that Reeb chords
bi, ..., b, in Figure 2 are in degree O (see Section 2A for detailed definitions).
Ekholm, Honda, and Kalman [Ekholm et al. 2016] gave an algorithm (which we
refer to later as the EHK algorithm) to construct exact Lagrangian fillings of the
Legendrian (2, n) torus link A as follows. Starting with a Lagrangian projection
(a projection from R? to the xy-plane) of A as shown in Figure 2, we can succes-
sively resolve crossings b; in any order through pinch moves (see Figure 3), which
correspond to saddle cobordisms. As a result, we get two Legendrian unknots, which
admit minimum cobordisms as shown in Figure 3. Concatenating the n saddle cobor-
disms with these two minimum cobordisms, we get an exact Lagrangian filling of A.
Different orders of resolving crossings by, ..., b, may give different exact
Lagrangian fillings of A up to exact Lagrangian isotopy. Given a permutation
o=(@(),02),...,0(m))of {1,...,n}, write L, for the exact Lagrangian filling
achieved by using n successive pinch moves at b (1), bs(2), - - . , bon), r€spectively,

MSC2010: 53D42, 57R17.
Keywords: Exact Lagrangian fillings, (2,n) torus links, augmentation, Legendrian knots.
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Figure 1. An exact Lagrangian filling.

and then concatenating with the two minimum cobordisms. Observe that two
permutations may give isotopic exact Lagrangian fillings. For instance, let A be the
Legendrian (2, 3) torus knot and consider the exact Lagrangian fillings of A that
correspond to permutations (1, 3, 2) and (3, 1, 2), respectively. Since the saddles
corresponding to the pinch moves at b; and b3 are disjoint when projected to R,
one can use a Hamiltonian vector field in the ¢ direction to exchange the heights of
these two saddles. Therefore, the two fillings L1,3,2) and L(3,1,2) are Hamiltonian
isotopic and thus are exact Lagrangian isotopic. In general, for the Legendrian
(2, n) torus link A, given any numbers i, j, k such that i < k < j, two permutations

a

Figure 2. The Lagrangian projection of the Legendrian (2, n) torus knot.

O
|

%)

Figure 3. The pinch move (left) and the minimum cobordism
(right) between Lagrangian projections of links.

) (- X
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(covsiyjyooyk,..)and (..., j,i,...,k,...),whereonlyi and j are interchanged,
give the same exact Lagrangian fillings of A up to exact Lagrangian isotopy. Taking
all the permutations of {1, ..., n} modded out by this relation, we obtain C,, exact
Lagrangian fillings of A, where

1 <2n>
C,=
n+1\n

is the n-th Catalan number. In this paper, we prove the following theorem:

Theorem 1.1 (see Theorem 3.11 and Corollary 3.12). The C,, exact Lagrangian
fillings that come from the EHK algorithm are all of different exact Lagrangian
isotopy classes. In other words, the Legendrian (2, n) torus link has at least C,
exact Lagrangian fillings up to exact Lagrangian isotopy.

Shende, Treumann, Williams and Zaslow [Shende et al. 2015] have also con-
structed C,, exact Lagrangian fillings of the Legendrian (2, n) torus knot using
cluster varieties and shown that they are distinct up to Hamiltonian isotopy. They
remarked that these are presumably the same as fillings obtained in [Ekholm et al.
2016], but we do not resolve this issue here.

Remark 1.2. We will see from Corollary 3.12 that the conclusion of Theorem 1.1
for the case when 7 is even can be derived from the result for the case when n
is odd. Therefore, for most of the paper, we focus on the case when 7 is odd, which
means A is a knot.

Inspired by [Ekholm et al. 2016], we use augmentations to distinguish the C,
exact Lagrangian fillings of the Legendrian (2, n) torus knot A. In order to talk
about augmentations, we first introduce the Chekanov—Eliashberg differential graded
algebra (DGA) of a Legendrian knot A, which is a chain complex (A(A), d). This
is an invariant of Legendrian submanifolds introduced by Chekanov [2002] and
Eliashberg [1998] in the spirit of symplectic field theory [Eliashberg et al. 2000].
The underlying algebra A(A) of the Chekanov—Eliashberg DGA is freely generated
by Reeb chords of A over a commutative ring Z[H| (A)] = Z3[s, s~1], where Reeb
chords of A correspond to double points of the Lagrangian projection of A. The
differential is defined by a count of rigid holomorphic disks with boundary on A,
taken with coefficients in Z,[ H;(A)]. In general, the Chekanov—Eliashberg DGA
of A is defined with Z[ H;(A)] coefficients. For our purpose, it suffices to consider
the DGA with Z,[ H(A)] coefficients, which means ignoring the orientations of
moduli spaces of holomorphic disks. An augmentation € of A(A) to a commutative
ring | is a DGA map € : (A(A), ) — ([, 0). As shown in [Ekholm et al. 2016], an
exact Lagrangian filling L of A gives an augmentation of .A(A) by counting rigid
holomorphic disks with boundary on L. Moreover, by Theorem 1.3 of the same
paper, exact Lagrangian isotopic fillings give homotopic augmentations. Therefore,
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in order to distinguish two fillings, we only need to show their induced augmentations
are not chain homotopic.

Ekholm et al. [2016] distinguished all the exact Lagrangian fillings from the
EHK algorithm when n = 3 by computing all the augmentations of the Legendrian
(2, 3) torus knot to Z, and finding that they are pairwise non-chain-homotopic.
However, when n > 5, a computation shows that the number of augmentations of
the DGA to Z, is much less than the Catalan number C,,.

In this paper, for an exact Lagrangian filling L of the Legendrian (2, n) torus
knot A, we consider its induced augmentation of A(A) to Zo[H{(L)], where Hy (L)
is the singular homology of L. Note that H;(L) = H>(R x R3, L) and thus it is
natural to count the rigid holomorphic disks in R x R} with boundary on L with
73| Hy(L)] coefficients. However, the computation of augmentations is not as easy
as for the case with Z; coefficients. For each exact Lagrangian filling L from the
EHK algorithm, we give a combinatorial formula of the induced augmentation
of A(A) to Z»[H,(L)]. From the formula, we find a combinatorial invariant to
show that the augmentations are not pairwise chain homotopic. In this way, we
distinguish all of the C, exact Lagrangian fillings of the Legendrian (2, n) torus
knot A up to exact Lagrangian isotopy.

Outline. In Section 2, we review the Chekanov—Eliashberg DGA of a Legendrian
submanifold and the DGA maps induced by an exact Lagrangian cobordism. In
Section 3, we compute all the augmentations of the Legendrian (2, n) torus knot
to Z>[H(L)] induced by the exact Lagrangian fillings L and prove that all the
resulting augmentations are distinct up to chain homotopy. In the end, we prove
Theorem 1.1 for the case n even as a corollary.

2. Preliminaries

In Section 2A, we review the definition of the Chekanov-Eliashberg DGA of
Legendrian submanifolds in (R?, ker o) and its extension to the setting of multiple
base points. For the purpose of computing augmentations in Section 3A, the
definition of DGA we use here is slightly different from the versions in [Ng 2010]
and [Ng et al. 2015], where the underlying algebra is completely noncommutative.
In our definition, we allow elements in the coefficient ring to commute with the
elements corresponding to Reeb chords. This is a generalization of the definition of
Chekanov—Eliashberg DGA from [Etnyre et al. 2002]. See [Ekholm et al. 2013,
Section 2.3.2] for further discussions. In Section 2B, we review the DGA map
induced by an exact Lagrangian cobordism and revise coefficients of this map for
the purpose of computing augmentations in Section 3A.

2A. The Chekanov-Eliashberg DGA. Let A be a Legendrian submanifold in
(R3, ker ), where o = dz — y dx. There are two projection diagrams associated
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=

Figure 4. A front projection (left) and a Lagrangian projection
(right) of the Legendrian trefoil.

Figure 5. Ng’s algorithm to transfer a front projection to a

Lagrangian projection by smoothing the left cusp directly and
smoothing the right cusp with an additional crossing.

to A via the Lagrangian projection I,y : R* — R?% (x,y,z) — (x,y) and the
front projection T1,; : R3 —> RZ (x,y,2) — (x,z), respectively. As an example, a
front projection and a Lagrangian projection of the Legendrian trefoil are shown
in Figure 4. Moreover, starting from a front projection of A, Ng [2003] gave an
algorithm to get a Lagrangian projection of A by smoothing the cusps of the front
projection in a way shown in Figure 5.

Let A=A {UA,U---UAy be an oriented Legendrian link with k£ connected com-
ponents. Now let us define the Chekanov—Eliashberg DGA (A(A ; Z3[Hi(A)]), 9)
of A. To simplify the definition of grading, we assume throughout the paper that
the rotation number of A is 0. Note that all the Legendrian (2, n) torus links we
consider have rotation number 0.

The underlying algebra. The underlying algebra A(A ; Z;[Hj(A)]) is a unital
graded algebra freely generated by Reeb chords of A over

DI H (M) =Dolsi 53 osi ],

where {s1, 52, ..., s} is any basis of Hj(A). A Reeb chord of A in (R3, kerar) is a
vertical line segment (z direction) with both ends on A endowed with an orientation
in the positive z direction. Reeb chords of A are in one-to-one correspondence to
double points of IT,,(A), which by Ng’s algorithm correspond to the crossings and
right cusps of IT,,(A).

To define the grading of Reeb chords, we work on the front projection Iy, (A).
Write C (I, (A)) for the set of cusps of IT,,(A), which divides IT,,(A) into strands
(ignoring double points). The Maslov potential is a function u that assigns an integer
to each strand such that around each cusp, the Maslov potential of the lower strand
is one less than that of the upper strand. This is well defined up to a global shift on
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Figure 6. Ateach crossing, the quadrants labeled with + sign are positive
quadrants and the ones labeled with — sign are negative quadrants.

each component of A. Once the Maslov potential is fixed, the grading of a Reeb
chord c that corresponds to a crossing of I,.(A) can be defined by

lef == p(u) — u(),

where u is the upper strand of the crossing and / is the lower strand of the crossing.
The grading of Reeb chords that correspond to right cusps of I1,,(A) are defined
to be 1. Extend the definition of grading to A(A ; Z;[H;(A)]) by setting |s;| =0
fori =1, ..., k and using the relation |ab| = |a| + |b|.

In the special case of Legendrian (2, n) torus links, when #n is odd, the degree is
well defined. When 7 is even, we can choose a Maslov potential of the Legendrian
(2, n) torus link such that for any Reeb chord b; as labeled in Figure 2, the upper
strand and the lower strand of b; have the same Maslov potential. In this setting, for
a Legendrian (2, n) torus link (7 is either odd or even) whose Lagrangian projection
is like Figure 2, we have that |a;| = |az| =1 and |b;| =0fori=1,...,n.

Differential. The differential 0 is defined by counting rigid holomorphic disks in
Riy with boundary on I, (A).

For any Reeb chords a, by, ..., b, of A, define MAa; by, ..., by) tobe the
moduli space of holomorphic disks

: (Dus1, 0Dps1) — (R, Ty (A))
with the following properties:

e D,y is a 2-dimensional unit disk with m+-1 points s, 71, . . ., t,, removed from
the boundary and the points s, #1, ..., f,, are labeled in counterclockwise order.

e lim,_,; u(r) = a and the image of a neighborhood of s under u covers exactly
one positive quadrant of the crossing a (see Figure 6).

e lim,,, u(r) =b;, fori =1,..., m, and the image of a neighborhood of ¢

under u covers exactly one negative quadrant of the crossing b; (see Figure 6).

We occasionally abbreviate (a, by, ..., by) to (a; b), where b represents a se-
quence of Reeb chords, by, ..., b,. According to [Chekanov 2002], we have the
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As
P2

A

Figure 7. The Legendrian Hopf link A U A,. For a Reeb chord ¢
from ¢~ € A to ¢t € A,, the red curve is a capping path y,.

following dimension formula:
m
dim M (a: by, ... bw) =lal =Y |bi| - 1.
i=1

When dim M~ (a ; by, ..., by) =0, the disku e M™(a; by, ..., by) is called rigid.
There are finitely many rigid holomorphic disks and hence we can count them.

In order to count with Z,[ H;(A)] coefficients, we want to take the homology
class of the boundary of rigid disks in H;(A). However, for any rigid holomorphic
disk u, the boundary H;yl (u(3Dy,41)) 1s not closed. Therefore, we first introduce
capping paths. Equip each connected component A; with a reference point p;, for
i=1,..., k. Foreachi # 1, pick a path §;; in R*\ A that goes from p; to p;. For
each Reeb chord ¢ of A from ¢~ € A;- to ¢ € A;+, the capping path y, is defined
by concatenating

e apath on A;- from ¢~ to p;-,

« the chosen path —§;;- connecting p;- to py,

o the chosen path §;;+ connecting p; to p;+ and
e a path on A;+ from p;+ to ¢™.

See Figure 7 for an example of a capping path.

After associating each Reeb chord with a capping path, for any rigid holomorphic
disk u e M2(a; by, ..., b,), the curve

i =TI @Dpi1) Uya U=yp, U---U—pp,

isaloopin AUGS1pU---US. Notice that H (AU, U---USx) = Hi(A). Thus
we can view the homology class [it] as in H{(A).
Now we can define the differential of the Chekanov—-Eliashberg DGA of A.
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Definition 2.1. For any Reeb chord a of A, the differential d is defined by:

(2-1) d(a) = Z Z [ii] by - by,.

dim M2 (a;5)=0 ueMA (a;b)

The definition of differential can be extended to A(A ; Z>[H{(A)]) by setting
d(sj) =0fori=1,...,k, and using the Leibniz rule

d(ab) = d(a)b+ ad(b).

According to [Chekanov 2002], the map 0 is a differential in degree —1, and up to
stable tame isomorphism, the Chekanov—Eliashberg DGA (A(A ; Z>[H 1 (A)]), 9)
is an invariant of A under Legendrian isotopy.

Remark 2.2. In general, for any commutative ring R and a ring homomorphism
Z3lHi(A)] — R, we define the Chekanov—Eliashberg DGA (A(A; R),d) as a
tensor product of the DGA A(A ; Z[H;(A)]) with the ring R:

A(A; R) = A(A; Zo[Hi(M)]) @z, 11, (a)) RS
where the ring homomorphism gives R the structure of a module over Z,[ H;(A)].

We give a combinatorial definition of the differential of (A(A ; Z2[Hi(A)]), 9).
Assign A an orientation and label each component A;, fori =1, ..., k, with a base
point s;, which is different from the reference point and ends of Reeb chords. For a
union of oriented curves y in AUG§pU---U3Jg, we associate it with a monomial
w(y) in Zo[Hy (A)]:

k
(2-2) w(y) = l_[ s;’li(V),

i=l

where n;(y) is the number of times y goes through s; counted with sign. The sign
is positive if y goes through s; following the link orientation and is negative if y
goes through s; against the link orientation. In particular, for a rigid holomorphic
disk u € M™(a; by, ..., by), we have

m
(2-3) (2] = w(@) = wwya) [ Jwis) ™.

i=1
where w (1) is short for w(l'l;y1 (u(0Dpy41))). Plugging it into the formula (2-1), we
get a combinatorial definition of the differential. It seems to depend on the choice
of capping paths. However, we have the following well-known proposition.

Proposition 2.3. Let A be a Legendrian link and y, y' be two families of capping
paths of Reeb chords of A. The corresponding DGAs (AY (A), d) and (AY'(A), 3)
are isomorphic.
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ap

Figure 8. The Lagrangian projection of the Legendrian (2, 3) torus
knot with a single base point.

Proof. For a Reeb chord a of A, we have

day= Y > (w(u)w(ya) l_[w(yh,-rl)bl < Dy,
i=1

dim M2 (a;0)=0 ue M (a;b)

Vay= Y > (w(u)w(y;) ]"[w(ygl.)—l)bl < by

dim M2 (a;0)=0 ueM* (a;b) i=1

For each Reeb chord ¢, concatenate —y, with y, and get a closed curve, denoted
by —y/Uy,. Itis not hard to check that the map

(A (N), ) > (A7(A), ), e[y Uyde=wy) 'wye)c

is a chain map and is an isomorphism. U

Note that for an oriented link A with minimal base points (i.e., each component
has exactly one base point), we can choose a family of capping paths such that
none of them pass through any base point. Therefore, we only need to count
intersections of the disk boundary and base points. Thanks to Proposition 2.3, we
can define the Chekanov-Eliashberg DGA of A to be a unital graded algebra over
Zr[Hi(N)] = Zz[slil, e, s,fcl] generated by Reeb chords of A endowed with a
differential given by

)= ) Y. w@bi- by,

dim M2 (a;b)=0 ueM?(a;b)
a(s;) =0, i=1,...,k,

with w(u) defined as in (2-3). This DGA is denoted by (A(A, {s1, ..., st}), d) too.

Example 2.4. Consider the Legendrian (2, 3) torus knot A with a single base point
s as shown in Figure 8. The underlying algebra A(A, {s}) is generated by Reeb
chords ay, ay, by, by, by over Z»[s, s~ ']. Reeb chords a; and a, are in degree 1 and
the rest of the Reeb chords are in degree 0. The differential is given by



426 YU PAN

—-N

Figure 9. A schematic picture of an exact Lagrangian cobordism.

d(ar) = s~ 4+ by +bs + bbb,
d(az) = 1+ by + b3 + b3byby,
b)) =0, i=1,2,3,
A(s)=a(s""H =0.

The definition of the DGA of a Legendrian link can be generalized to the case
where there is more than one base point on some components of the link. Let
A be an oriented Legendrian link and {s, ..., s;} be a set of points on A such
that each component of A has at least one point in the set and the set does not
include any end of any Reeb chord of A. For a union of paths y, associate it with a
monomial w(y) = ]_[l-:1 s?f(y) in Zg[sfcl, el slil], where n; is defined much as

J
above. The DGA
(AA, {s1, ..., s11), 9)
is a unital graded algebra generated by Reeb chords of A over Z, [sfﬂ, R slil]
endowed with a differential given by

)= ) Y. wbi- b,

dim M2 (a;b)=0 ue M4 (a;b)
a(s;j) =0, i=1,...,1.

2B. The DGA map induced by exact Lagrangian cobordisms. The Chekanov—
Eliashberg DGA acts functorially on exact Lagrangian cobordisms, according to
[Ekholm et al. 2016]. We first recall the definition of exact Lagrangian cobordisms.

Definition 2.5. Let A, and A_ be Legendrian submanifolds in (R3, ker ), where
o =dz—ydx. Anexact Lagrangian cobordism % from A_ to A is a 2-dimensional
surface in (R x R3, d(e’«)) such that there exists 7 > 0 such that ¥ is

« cylindrical over A on the positive end, i.e., ZN((T, 00) x R?) = (T, 00) X A ;
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Figure 10. The relation among cobordisms X, ¥_, and X.

e cylindrical over A_ on the negative end, i.e., ¥ N ((—oo, —T) X R3) =
(=00, —=T) x A_;

e compactin [-7, T] x R3,

and e'a|7y = df for some function f : ¥ — R. (See Figure 9.)
When A_ is empty, the surface L satisfying the conditions above is called an
exact Lagrangian filling of A .

By [Ekholm et al. 2016], an exact Lagrangian cobordism ¥ from A_ to Ay
gives a DGA map from A(A ;) to A(A_) with Z,[H;(X)] coefficients. Thus, an
exact Lagrangian filling L of a Legendrian submanifold A, which can be viewed
as a cobordism from the empty set to A, gives a DGA map from A(A) to the
trivial DGA

(Z2[H1(L)], 0),

which is an augmentation of A(A) to Z,[H;(L)].

For the purpose of computing augmentations of the Legendrian (2, n) torus knots
in Section 3A, we revise the coefficient ring of the DGA map induced by exact
Lagrangian cobordisms from [Ekholm et al. 2016]. Instead of using Z;[H;(X)]
coefficients, we will show the following proposition:

Proposition 2.6. Let A and A _ be Legendrian submanifolds in (R, ker o) and
Y be a connected exact Lagrangian cobordism from A_ to A . Assume that %
is a connected exact Lagrangian cobordism from A to some other Legendrian
link and X _ is the concatenation of X and % as shown in Figure 10. The exact
Lagrangian cobordism ¥ induces a DGA map

D1 (A(A+; Zo[HI(Z)D), 34) = (A(A—; Zo[Hi(E-)]), 8-)

with Z>[H; ()] coefficients.
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Note that when X is an exact Lagrangian cylinder over A, this map agrees
with the DGA map introduced in [Ekholm et al. 2016]. The proof of Proposition 2.6
follows Section 3 of that paper. Our revision of the coefficient ring is based on a
different choice of capping paths of A and A_. Ekholm et al. choose capping paths
of A, and A_ on X, while we choose capping paths of A, on X and capping
paths of A_ on X _. For the rest of the section, we will describe this DGA map.

The inclusion map A < X, makes it natural to define the DGA

(A(Ay 5 o Hi(Z 1)), 04).

The underlying algebra
AA 5 Zo Hi(Z0)]) = A(A 5 Zo [ Hi (A D)]) @zy1m a1 Z2Hi (Z4)]

is generated by Reeb chords of A over the ring Z,[H,(X)]. Given that X is
connected, we can choose a family of capping paths for A, on X . Thus, for any
rigid holomorphic disk u# counted by 9, it is natural to take the homology class
of iy in H;(X,). Hence the differential coefficients of 9, are in Z,[H;(Z,)].
In addition, the DGA (A(A 4 ; Zo[H (Z1)]), 84) does not depend on the choice
of capping paths on X, for a similar reason as in Proposition 2.3. The DGA
(A(A_; Z2[H ((Z2))), 3-) is defined similarly.
The DGA map @ induced by X is a composition of two maps. The first map

v (A(A4 5 ZalH (Z0)])), 04) = (A(A4 5 Zo[H (22)]), 94)

is induced by the inclusion map X <> X _. It is not hard to show ¥ is a DGA
map. The second map

¢ (A(A+ 3 o[ H(Z)]), 84) = (A(A—; Za[Hi(E)]), 9-)

is defined by counting rigid holomorphic disks in R x R? with boundary on X.

Fix an almost complex structure J on R x R which is adjusted to the symplectic
form w (see [Ekholm et al. 2016, Section 3.2] for details). For a Reeb chord a
of A4 and Reeb chords by, ..., b, of A_, define MZ*(a;by,...,by) to be the
moduli space of J-holomorphic disks

w: (Dpi1, dDpmy1) — (Rx R, %)

with the following properties:

e Dy, 4 is a 2-dimensional unit disk with m + 1 points r, sy, 52, . . ., S, removed.
The points r, s1, 2, . .., S, are arranged counterclockwise on the boundary of
the disk.

o The image of u is asymptotic to a strip R4 x a around r.

o The image of u is asymptotic to a strip R_ x b; around s; fori =1, ..., m.
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By [Cieliebak et al. 2010], there is a corresponding dimension formula:

m

dim M (a: by, ... by) =lal = |bil.
i=1

If dim M*(a; by, ..., by,) =0, the J-holomorphic disk u € M>@;by,...,by)
is called rigid. For each rigid J-holomorphic disk u, concatenate the image of the
disk boundary with the capping paths of corresponding Reeb chords on X _ and get

U=u@Du)Uy,U—yp, U---U=—y,

which is a loop in X _. Hence we can take the homology class of i in H{(X_),
denoted by [i]5 . The map

¢ (AN 5 Zo[HI(Z)]D), 84) = (A(A-; Zo[Hi(E)]), 3-)

is defined as follows. For any Reeb chord a of A, the map ¢ maps a to

p@)= Y luls b ba.

dim MZ(a;b)=0 ueMZ=(a;b)

The map ¢ is the identity on Z\[H\ (ZD)]. By [Ekholm et al. 2016, Section 3.5],
the map ¢ is a DGA map.
Therefore, the exact Lagrangian cobordism X induces a DGA map, ® = ¢ oy

D (A(A+ 3 L[ H(EDD), 04) = (AA-; Za[Hi(E)]), 3-).

3. Main results

We consider the exact Lagrangian fillings of the Legendrian (2, n) torus knot
constructed from the EHK algorithm. Each filling can be achieved by concatenating
n successive saddle cobordisms with two minimum cobordisms. In Section 3A,
we combine results in [Ekholm et al. 2016] and Proposition 2.6 to write down
combinatorial formulas for the DGA maps induced by a pinch move and a minimum
cobordism. Composing all the DGA maps induced by n ordered pinch moves and
the two minimum cobordisms, we obtain a combinatorial formula for augmentations
of A(A) to Z,[H;(L)] induced by exact Lagrangian fillings L. In Section 3B, we
find a combinatorial invariant to distinguish these resulting augmentations and hence
we show that the C,, exact Lagrangian fillings are distinct up to exact Lagrangian
isotopy. As a corollary, we extend the result to the case n is even.

3A. Computation of augmentations. Consider the Lagrangian projection of the
Legendrian (2, n) torus knot A with a base point 5y and label the n crossings in
degree O from left to right by by, ..., b, as shown in Figure 11.
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OO0 -+ X

by by b

az

Figure 11. The Lagrangian projection of the Legendrian (2, n)
torus knot with a base point.

For each permutation o of {1, ..., n}, the corresponding exact Lagrangian filling
L, of the Legendrian (2, n) torus knot A is achieved in the following way:

o Start with an exact Lagrangian cylinder over A, denoted by X. Label A as Ay.

e Fori=1,...,n, concatenate =,_; from the bottom with a saddle cobordism
%; corresponding to the pinch move at crossing b, ;) and get a new exact
Lagrangian cobordism X;. Label the new Legendrian submanifold after the
pinch move as A;.

« Finally, use two minimal cobordisms, denoted by X, 1, to close up %, from
the bottom and get the exact Lagrangian filling L, . To be consistent, let A,
be the empty set.

By Proposition 2.6, fori =1, ..., n+ 1, each exact Lagrangian cobordism X;
induces a DGA map:

®; 1 (A(Ai-15 ZalHi(Zi-D)]D), 8i-1) = (A(A; 5 ZaHi(ED)]), 97)-

The map ®,,; that is induced by minimum cobordisms is well understood while
the maps ®; fori =1, ..., n that correspond to pinch moves are not. We will first
study H;(XZ,) and give a geometric description of the DGA map that corresponds
to a pinch move. Combining this with [Ekholm et al. 2016], we will write down an
explicit combinatorial formula for each ®;, fori =1,...,n+ 1.

To describe H;(X,) easily, we chop off the cylindrical top of X, and view it as
a surface with boundary A U A,,, also denoted by X,,. By Poincaré duality, we have
H'(Z,) = H((Z,, AUA,). In particular, for each oriented curve « in X, with
ends on A U A, which is an element in H,(Z,, AU A,), there exists an element
0, € H'(X,) such that for any oriented loop B in X,, the intersection number
of a and B is 6y (B). Thus, in order to know the homology class of a loop 8 in
H\(Z,), we only need to count the intersection number of each generator curve of
Hi(Z,, AUA,) with B.

We choose the set of generator curves of H\(Z,, AU A,) as follows. Use
the ¢ coordinate to slice ¥, into a movie of diagrams (some of them may not be
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Figure 12. As an example, assume A is the Legendrian (2, 3)
torus knot and the first pinch move is taken at b,. The blue curve
and the red curve are o, and o restricted on X1, respectively.

Legendrian diagrams). We study the trace of points on the diagram when ¢ is
decreasing. Fori =1, ..., n, the saddle cobordism X; flows all the points directly
downward except ends of the Reeb chord b, ;). According to [Lin 2016], the
ends of the Reeb chord b, (;) merge to a point 74 ;), and then split into two points,
labelgd as Sq(;) and 5;(1.) respectively. Now fori =1, . S, consider the trace of
s in X,, which is a flow line from r; to the bottom of ¥,. Concatenating it with
the inverse trace of ;" 'in ¥ ., We get a curve «; in %, as shown in Figure 12. In
addition, denote the trace of the base point 5y in X, by «g. In this way, we have
that @ = {0, @1, ..., @, } is a set of generator curves of H(Z,, AUA,) =7,

For each curve «;, where i = 0, ..., n, Poincaré duality gives an element
6y, € H'(Z,). Denote its dual in H;(X,) by 5;. Therefore, for any union of
paths y in X,,, the monomial w(y) associated to y in Z,[H;(Z,)] is

T ni(y)
w()’) = 1_[1.:0 S; s

where n;(y) is the intersection number of «; and y counted with signs.

For i < n, the map H( ¥,) — H(Z,) induced by the inclusion map is injective.
A similar argument shows that for a union of paths y in X;, the monomial associated
to ¥ in Z>[H,(Z;)] counts intersections of «, Qo (1), - - - » Og(i) With y. Notice
that the curves ag(i+1) .- ., %) do not intersect ¥,;. Hence the monomial in
Z,[H\(X;)] agrees with w(y) in Z>[H(Z,)].
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Pick a family of capping paths for A; on %, fori =0, ..., n. By Proposition 2.6,
fori =1,...,n+1, each exact Lagrangian cobordism X; gives a DGA map &;,

@i (AAi—1: o[ HI(Zi- D)D), 9i-1) = (A(Ai s Zo[Hy (E))), 8),
which maps any Reeb chord a of A;_; to

Z Z w(it)by by,

dimM?Zi (a;b)=0 ue MZ>i (a;b) m

- Z Z (w(Va)w(“)Hw(Vbi)l>b1---bm.
i=1

dimM?Zi (a;5)=0 ueMZi(a;b)
Now we show that the DGA map induced by the exact Lagrangian cobordisms
is independent of the choice of capping paths.

Theorem 3.1. Let y and y' be two families of capping paths of A; on X; for
i =0,...,n. Denote the cor/responding DGAs by (AV (A;; Za[Hi (), a,.y)
and (.AV/(AL- : Zo[Hi (2D, 82’ ). Assume CIJE/ and <I>3’ are the corresponding
DGA maps induced by X;. Then the maps

fi: (A (A5 Zo[H{(EDD), 8)) — (AY (A;; Zo[Hi (D)), 3,?/)
crwy) wyd e

are DGA isomorphisms fori =0, ..., n. Further, the following diagram commutes:

(A (Ai—1; Zo H (=)D, 9] ) TN (A (Ai—15 Zo[Hi (Zi-D))), 3,?/_,1)

o/ l l@iy'

(AY (A s Zo[H\ ()], 9)) SE/R. (AY' (A3 Zo[Hy (ED)), 3,?/)

Proof. The maps f; are DGA isomorphisms for the same reason as in Proposition 2.3.
Now we prove the second part. For any Reeb chord a of A;_; (and denoting
by -+ - by by by),

fiocbﬂa):fi( > > (w(ya)w(u)]_[w(yb,»)_l)b*>

dimMZi (a;b)=0 ue M¥i (a;b) i=1

= > > (w(y[,)w(u)]'[w(yb,.)lw(y;glw(yb,.))b*
i=1

dimMZi (a;b)=0 ue MZi (a;b)

= Z Z (w(Va)w(M)l_[w(yb’i)_l)b*,
i=1

dimMZi (a;b)=0 ue M>i (a;b)
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bd(i/

Figure 13. A cobordism corresponding to a pinch move, where the purple
disk represents a holomorphic disk with a positive puncture at by ;).

@ ofi_1(a) = D! (wy) ' wyaa)

wy) wa) Y > (w(ypw(u)]_[w(y,;)—l)b*

dimMZi (a; b)=0 ue MZi (a;b) i=1

= > > (w(ya)w(u)]_[w(ygi)“)b*. O
i=1

dimMZi (a;b)=0 ue MZi (a;b)

Note that, if we cut &; along the curves o, o5 (1), - - . , %o (i), the resulting surface
is connected. Therefore, we can choose a family y of capping paths for A; on X;
such that none of them intersect the curves o, @s (1), - . ., %5 ). Choose families
of capping paths for Ag, ..., A, in a similar way. As a result, for any rigid
holomorphic disk u used in differentials of DGAs and DGA maps, we only need to
count the intersections of curves in @ with the disk boundary, i.e., w(zz) = w(u).

With this selection of capping paths, we are able to write down the DGA
(A(A; ; Zo[H (ED)D), 3) combinatorially, fori =1, ..., n. There are 2i 4 1 points
on A; given by the intersection of ¢y and A;, labeled by 5y, along with the two
intersections of a4 ;) and A;, labeled by 5, ;) (positive intersection) and E(/T( )
(negative intersection), for j =1, ...,i. One then takes the DGA of A; with these
2i + 1 base points, which has coefﬁ01ents Zz[so , ;t(ll), E(’,j(tll) U E;E(li), (’jll) ], and
quotients by the relations 5/, )y =3, for j=1,...,i,to get the DGA

o(j U(J)

(A(Ai ; Zo[HI(ED)]), 8),

which is a DGA over Zz[s(;—Ll, ~(:7t(1]), ... U(l)] and {50, S5(1), - - - » S (i)} 1S @ basis
of Hi(Z;) that corresponds to the curves o, @g (1), - - -, Oo(i)-
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1

P

Figure 14. A part of the Lagrangian projection of A;_;.

Sp bs i)

Now we are ready to describe the DGA map ®; induced by the exact Lagrangian
cobordism %;, fori =1, ..., n, which corresponds to a pinch move at crossing b, ;).
When we combine [Ekholm et al. 2016, Section 6.5] with Proposition 2.6, we find
that the DGA map

®; 1 (A(Ai—1; Zo[Hi(Zi—1)]), 3i—1) = (A(A; 5 Zo[H (Z)]), &)

maps the Reeb chord b, (;) to 55(;) and any other Reeb chord ¢ to

c+ Z Z w(u)E;é) Cl**Cm,

dim M(C,bg(,') 3 Clyenny C,,,):l MGM(C,b(y(,‘) 3C yeeny L'm)

where M(c, bsy; c1, ..., cn) is the moduli space of holomorphic disks in [R{)%y
with boundary on I, (A;_1) that covers a positive quadrant around ¢ and b, ;) and
a negative quadrant around cy, ..., ¢;,. Please see [Ekholm et al. 2016, Section

6.5] for a detailed definition.

Here we discuss why the formulas make sense. The pinch move at b, ;) pinches
the Reeb chord b, ;) down, which gives a holomorphic disk (as shown in Figure 13)
with a positive puncture at b, (;) and intersects s, (;) exactly once. For a holomorphic
disk u € M(c, bs(y;ci, ..., cm), one can close the puncture of u at b, (;) using
the disk in Figure 13, which gives a holomorphic disk that contributes to ®;(c).
Note that the boundary of this disk consists of the boundary of u and y ~!. Thus the
homology class of the boundary is w(u)§;é.), which matches the formula above.

In our case, in order to describe ®; combinatorially, we introduce two notations:

Definition 3.2. Let o be a permutation of {1, ..., n}. Fori € {1, ..., n}, we define
T :=(je{l,....,n}|o~'(j) > G)
andifi <k < jor j <k <i, theno '(k) <o~ '(i)},
Si={jell,....n}|ieTy}
=(je{l.....n}|o7'(j) <o7'(i)
andifi <k < jor j <k<i, theno ' (k) <o~ ' ()}

Here 7! captures all the Reeb chords b ; with the property that, before performing
a pinch move at b;, one can find a holomorphic disk with exactly two positive
punctures at b; and b;. In other words, it gathers all the Reeb chords on which the
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Figure 15. The Lagrangian projection of A,,.

DGA map induced by the pinch move at b; acts nontrivially. The other set S’ , on
the other hand, detects all the Reeb chords b; where a pinch move at b; gives a
DGA map that acts nontrivially on b;.

If jisin T, ® (an example is shown in Figure 14), the map ®; sends b; to

~—1 ~=2

q)i(bj) ij +sa(i) l_[ Sp -
j<k<o (i) or
o(i)<k<j

For ay, ay and the rest of the b; where j is not in ng(i), the map &; is identity.
Composing all the maps ®; fori =1, ..., n together, we get a DGA map,

D, 1 (AN 5 Zo[Hi(M)]), 8) = (A(Ay s Za[HI(Z )], 80),

that is the identity map on the Reeb chords a;, a;. Fori = 1,...,n, in order
to know ®,,(b;), we consider pinch moves at b; such that j € Sf, together with
the pinch move at b;. These pinch moves correspond to all the DGA maps that
contribute to ®,. Composing all these maps together, we have that

a)n(bi):q)lo"'oq)a1(i)(bi):§i+2(§jl 1_[ 5}(2).

jeS(", j<k<ior
i<k<j
Now we describe the last DGA map,
®pp1: (A(An s Za[Hi (Z))), 8,) = (Za[Hi (Lo)], 0).

As shown in Figure 15, the underlying algebra of A, is generated by a; and a, and
the differential is given by

d(a) =515 5, +5, ", (@) =5uSu1 51 + 1.

Consider the map ¥ : H;(X,,) — H,(L,) induced by the inclusion map X, < L.
Since the DGA map

Dpy1: (AN, Za[Hi(Z)]), 8y) = (Za[Hi(Lo)], 0)
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satisfies ;110 9, =00 ®,,11 =0, we have ¥ (5o) =1 and ¥ (S))Y (52) - - - ¥ (5,) = 1.
Given that the map 1 is surjective, we assume a basis of Hy(Ly) is {s1, ..., Sx—1},
where s; =§;, fori =1, ...,n — 1. The DGA map &, is given by

a; — 0, ar +— 0,

So+— 1, Si =8, i=1,...,n—1, Enr—>(s1sz---s,,_1)71.

Composing @, with D, we get the augmentation €, induced by L, as follows.

Theorem 3.3. Given a permutation o of {1, ..., n}, let L, be the exact Lagrangian
filling of the Legendrian (2, n) torus knot A constructed from the EHK algorithm.
If we write

Lo Hi(M)] = Za[50, 55 '],

Lo Hi(Lo)1 = Zo[sT, ..., 52 ]

Sl
and set s, = (5152 -+ - Su—1) "\, then the augmentation
€5 AN Zo[Hi(A)]) — Z2[Hi(Lo)]
induced by L is given by
€ (a;)=0, j=1,2;

ea(bi)=si+2(sj_l 1_[ sk2>, i=1,...,n;

JESE j<k<i or
- i<k<j
€s(50) = 1.

Example 3.4. In Figure 16, as an example, we compute the augmentation €3 3 1)
of the Legendrian (2, 3) torus knot induced by the exact Lagrangian filling L2 3 1).

Similarly, one can compute the augmentation for each permutation of {1, 2, 3}
and get the following table:

€ €(b1) €(b2) €(b3)

€(1.2.3) 51 s34y splsy sy !

€(1,3,2) = €(3,1,2) | S1 $2 +S1_1 + 51852 S lS2 !

€(2,1.3) si+sy 52 syl sy sty
€2,3,1) 81 —i—sz_l —i—s1s2_l 52 sy 52 "‘52

€(3,2,1) 1 —i—S;l 52+ 8152 s ls2 !

3B. Proof of the main theorem. In this section, we use Theorem 3.3 to find an
invariant of augmentations induced from the exact Lagrangian fillings obtained
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50
b by b3
®, ! ! !
by +5," 5 by +5,"
@, ! l l
bi+5, 45,75 " 5> 5 +5, !
@5 l l l
5145, 45,75 5 545,
Dy J J J
s1+52_1+s1s2_1 52 sfls{1+sz_l

Figure 16. A computation of the augmentation induced by an
exact Lagrangian filling of the Legendrian (2, 3) torus knot. We
keep track of the image of by, by, b3 under the composition of
®, d,, 3 and P4. The last line is the image of by, by, b3 under
the augmentation €2 3 1).

from the EHK algorithm. As a result, we distinguish all the augmentations in
Theorem 3.3 and thus prove Theorem 1.1.

Lemma 3.5. Let L) and L, be two exact Lagrangian fillings of the Legendrian
(2, n) torus knot A constructed from the EHK algorithm. If L1 and L, are exact
Lagrangian isotopic, then there exists an invertible map g : H{ (L) — Hj(L,) such
that the following diagram commutes:

(AA), ) —2 (A(A), 9)

o[

Z>[Hi(L1)] TZZ[HI(LZ)]

where €1, and €1, are augmentations induced by L and L, respectively.
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Proof. The isotopy between L and L; induces an invertible map g : H;(L;) —
Hy(L,). If we identify both H;(L) and H;(L,) with 7"~ then geGL(n—1,2).
This map induces a natural map on the corresponding group rings Z;[H,(L)] —
Z31Hy(Ly)], also denoted by g. Thus, we have two augmentations of A(A) to
Z3[H(L2)]: €, =goer, and € =€,. Since the two fillings L and L, are isotopic
through a family of exact Lagrangian fillings, according to [Ekholm et al. 2016,
Theorem 1.3], we know that €; and €, are chain homotopic. In other words, there
exists a degree 1 map H : A(A) — Z[H,(L,)] such that H 0 d = €] — €, as one
can see from following diagram, where C; denotes the degree i part of A(A).

Cp e Cye—2—
AN
€1 |€2
0 Zz[Hl (Lz)] +—0«+——

Note that A has a Lagrangian projection (as shown in Figure 11) such that no Reeb
chords are in negative degree. Hence C_; =0 and €; — e, = H 0 d = 0. Therefore
€] = €3, i.e., the diagram (3-1) commutes. U

Remark 3.6. For any DGA A that vanishes on the degree —1 part, by the same
argument, we have that two augmentations €; and €, of A are chain homotopic
if and only if they are identically the same. For a more general criteria of two
augmentations to be chain homotopic, check [Ng et al. 2015, Proposition 5.16].

Therefore, in order to distinguish exact Lagrangian fillings, we only need to
distinguish their induced augmentations up to a GL(n — 1, Z) action. Observing
the formula of the augmentation ¢, in Theorem 3.3, we get a combinatorial way to
define the number of terms in €, (b;) fori =1, ..., n as follows.

Definition 3.7. For each permutation o of {1, ..., n} and any numberi €{1, ..., n},
we define C, :=(CL, C2,...,C"), where C. =[S |+ 1.

Example 3.8. We compute the vector C,; for all of the permutations ¢ of {1, 2, 3}:

log ‘(1,2,3) 1,3,2)~@3,1,2) (2,1,3) (2,3,1) (3,2,1)
Cs | (1,2,2) (1,3, 1) 2,1,3) 3,1,2) (2,2,1)

Proposition 3.9. If two exact Lagrangian fillings Ly, and L, are exact Lagrangian
isotopic, then Cy, = C,. In other words, the vector C, is an invariant of the exact
Lagrangian filling L, up to exact Lagrangian isotopy.

Proof. Using the formula in Theorem 3.3, we first show that C’ is the number
of terms in €, (b;). In order to do that, we need to prove that €, (b;) as a sum of
monomials cannot be shorter, i.e, no terms in €, (b;) can be canceled by another
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term. First, replace s, with (s;---5,— ~L If i # n, then each term of €, (b;) is
one of the following forms:

1) si,

2) s,:ll_[jessjfzforsomek;éi e{l,...,n—1}andasubset SC{l,...,n—1}
that does not contain 7, k (can be an empty set),

3 [ljer sj_1 [Ixgr sk for some subset T C {1, ..., n — 1} that does not contain i

(can be an empty set).

If i = n, each term of ¢, (b,,) can be either 51_1 . -sn:ll or the form (2). Comparing

degrees of sy, ..., s,—1 of each term, we know that no terms can be canceled.

If L,, and L,, are exact Lagrangian isotopic, by Lemma 3.5, there is a map
g 1 Zo[H1(L1)] = Z»2[Hi(L2)] such that g oe;, = €1,. Note that the map g on
the group rings Z,[H(L{)] — Z[H,(L>)] is induced from an invertible map
Hi(L1) — H;(L,) and thus g maps a monomial to a monomial. Therefore €., (b;)
and €,,(b;) have the same number of terms, i.e., Cy, = Co,. O

We say that two permutations o and o, of {1, ..., n} are isotopy equivalent if
they are equivalent via a sequence of relations of the form

(3-2) Gousiyjyoeyky oo )~Coyj iy, k,..), wherei <k < j.

By [Ekholm et al. 2016], if o1 and o, are isotopy equivalent, the corresponding
exact Lagrangian fillings L., and L., are exact Lagrangian isotopic and hence
Cs, = Cg4,. Conversely, we have the following:

Lemma 3.10. If C,, = C,,, then o and o, are isotopy equivalent.

Proof. If o1 (1) =k, then CX =1. So CX =1, 1i.e., we have that SX =@. If 05(1) #k,
assume the element in o, right before k is /, i.e., 02(0, 1(l’c) — 1) =1. Note that
[ ¢ S(’;z, i.e., there exists i such that ] <i <kork <i </ and O'z_l(i) > 02_1(1).
Note that i # k and hence a{l(i) > a{l(k) = ;1(1) + 1. Thus we can use the
relation (3-2) to switch [ and k. In this way we can switch k to the first position
in 0y, 1.e., 0p(1) =k =0 (1).

By induction, assume o, (i) = o1 (i) fori </ and o1(l) = k. Then Sf;l C SZ;Z. The
assumption CX = C% implies that S% | = |S% | and thus S¥ = S§ . If o5(1) #k, for
a similar reason to above, one can switch k to the /-th position and get o> (/) = o (/).
Therefore, o1 and o, are isotopy equivalent. U

Theorem 3.11. If n is odd, the C, exact Lagrangian fillings of the Legendrian
(2, n) torus knot A from the EHK algorithm are all of different exact Lagrangian
isotopy classes.

Proof. 1f two augmentations o7 and o, are not isotopy equivalent, by Lemma 3.10,
we have Cy, # C,,. According to Proposition 3.9, the corresponding exact La-
grangian fillings L,, and L,, are not exact Lagrangian isotopic. Therefore, the
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Legendrian (2, n) torus knot has at least C,, exact Lagrangian fillings up to exact
Lagrangian isotopy. U

Corollary 3.12. When n is even, the Legendrian (2, n) torus link A has at least C,
exact Lagrangian fillings.

Proof. Start with the Legendrian (2, n+1)-knot Ag and label its degree O Reeb
chords from left to right by by, ..., b,41 as usual. Let X be the exact Lagrangian
cobordism from A to Ag that corresponds to a pinch move of Ag at b,4;. For
any permutation o of {1, ..., n}, the exact Lagrangian filling L, of A gives an
exact Lagrangian filling of Ag by concatenating with ¥ on the top. This new exact
Lagrangian filling of A corresponds to the permutation 6 = (n+1, o (1), ..., o (n))
of {1,2,...,n+ 1}, i.e., it is the filling Lz of Ag. Note that C;H = 1. Moreover,
we have that Cé =C! fori=1,...,n—1and C; =C;+1. Thus Cs is determined
by C,. Therefore, by Proposition 3.9 and Lemma 3.10, if two permutations o
and o, of {1, ..., n} are not isotopy equivalent, their induced permutations ¢, and
oy of {1,...,n+ 1} are not isotopy equivalent. According to Theorem 3.11, the
corresponding exact Lagrangian fillings Ls, and L5, of Ag are not exact Lagrangian
isotopic. Hence L, and L, are not exact Lagrangian isotopic. O
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ELEMENTARY CALCULATION OF THE COHOMOLOGY
RINGS OF REAL GRASSMANN MANIFOLDS

RUSTAM SADYKOV

We give elementary proofs of the Takeuchi and He theorems on the real
cohomology rings and real equivariant cohomology rings of real Grassmann
manifolds.

1. Introduction

In an influential paper, Borel [1953] developed a general technique of computing
cohomology rings of compact symmetric spaces. However, there are some excep-
tional cases including those of real Grassmann manifolds of odd dimension that do
not immediately fit the Borel theory. In these cases the cohomology rings with real
coefficients were determined by Takeuchi [1962].

Let G(m, n) denote the Grassmann manifold of oriented planes of dimension
m in R™*", Its tautological m- and n-vector bundles support the total Pontrjagin
classes

p=l+pi+-+pmp, P=l+pi+-+ Do,

as well as the Euler classes e,, and e,. If mn is odd, there is also a cohomology
class r in G(m, n) of degree m +n — 1. Let P = P(m, n) denote the symmetric
algebra over R on the Pontrjagin classes p;, p; subject to the relation p - p = 1.

Theorem 1 [Takeuchi 1962]. For m,n > 1, the cohomology algebra H *G(m, n)
over R is isomorphic to

e PR A(r) if mn is odd,

o Ple;,] subject to 351 = pmy2 if m is even and n is odd,

o Ple,] subject to éﬁ = pn2 if m is odd and n is even,

o Pley, e,] subject to e e, =0, ei = Pm/2 and é% = Pns2, if m and n are even.

The original proof of Theorem 1 by Takeuchi [1962] relies on the Borel the-
ory [Borel 1953] as well as the Borel-Hirzebruch theory [Borel and Hirzebruch
1958]. The algebra H*G(m, n) as well as its equivariant version were also recently

MSC2010: primary 14M15, 57T15; secondary 22C05.
Keywords: Grassmann manifolds, equivariant cohomology.
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computed by means of the GKM theory by He [2016]. Furthermore, there is an
elegant computation of these algebras by means of pure Sullivan models by Carlson
[2016] whose work relies on a model constructed by Kapovitch [2002]. We give a
short elementary proof of Theorem 1 based on an observation that the total spaces
of the tautological (m — 1)-sphere bundle over G(m, n) and n-sphere bundle over
G(n+1,m—1) are isomorphic. We also deduce from Theorem 1 its equivariant
version, see Theorem 6.

2. Proof of Theorem 1

2.1. The case of even mn. The calculations in these three cases can be carried out
directly as in the case where both m and n are odd, see Section 2.2. Alternatively, it
suffices to observe that if mn is even, then the Lie groups SO,, x SO, and SO+,
are of the same rank, and therefore, Theorem 1 follows from the Borel Theorem
[Borel 1953, §26].

2.2. The case of odd mn. To simplify notation, we fix the dimension m + n of the
ambient space and write Gm for G(m, n). Let SGm denote the total space of the
(tautological) sphere bundle associated with the tautological m-vector bundle £ Gm
over G,,. There are isomorphisms

(1) Gu_1= Gn—&-l, SG,, = SGn—H-
Remark 2. Since Gn+m consists of two points, it is reasonable to define Go tobea
two-point set.

The multiplication by &, defines an endomorphism of H*G,,,. By the result
in Section 2.1, its cokernel [ is the quotient of the algebra P[e,,_;] by the ideal
generated by 351—1 — Plm/2), While its kernel K is the ideal e,,_1/. Let r be a
cohomology class in SGm such that §(r) = e,,—1, where § is the coboundary
homomorphism in the Gysin exact sequence

(*) ...%H*(}HlL‘)H*S(}m_‘?)]_]*—"én“;ﬂén-1_>...
of the tautological sphere bundle over Gn+ 1 with total space S(~},1Jr = Sf}m.

Proposition 3. The cohomology algebra of SG,y is isomorphic to I ® A(r).

Proof. Since the restriction of i* to [ is injective, we will identify its image with I.
By the Leibniz formula [Dold 1972, VII.8.10], the restriction of § to the vector space
r1 is an isomorphism onto K. It follows now from (*) that the vector space H *SGm
is isomorphic to I/ @r . Finally, the class r « r is trivial since r is of odd degree. [J

Proof in the case of odd mn. In the Gysin exact sequence of the tautological sphere
bundle over G,,,,

(%) 0 4G, s HYSG, b HMHG, s
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the (surjective) coboundary homomorphism S restricted to I = P & em—1P/~ is
trivial on P and takes e,,_; p to p for all p € P; compare & with the coboundary
homomorphism in the Gysin exact sequence of the tautological sphere bundle over
BSO,,, see [Milnor and Stasheff 1974, p.180]. Since the Euler class e,, of the
tautological bundle over G, is trivial, the group H" Gy is a subgroup of the trivial
group H" Sém. Hence 8(r) € H ”Gm is trivial, and therefore r extends to a class in
H*G,,. This completes the proof of Theorem 1 in the case of odd mn. U

Remark 4. There is a free involution o on G(m, n) whose orbit space is the Grass-
mann manifold G(m, n) of nonoriented planes. Hence H* G(m, n) is isomorphic
to the subring of H *G(m, n) of o-invariant classes. Casian and Kodama [2013,
Theorem 3.2] gave a description of the adjacencies of Schubert cells in G(m, n),
from which it follows that the class r corresponds to the Schubert cell with the
Young diagram (n) x 1”~!; alternatively, it also follows from the Ehresmann’s
adjacency formulas.

Remark 5. From Giambelli’s formula, the mod 2 reduction of r is w,w,;,—; =
Wy Wy

3. Equivariant case

Recall that G = G(m, n) can be identified with the quotient of SO(m + n) by
SO(m) x SO(n). Let T denote the maximal torus of the latter group. There is a left
action of T < SO(m + n) on the Grassmann manifold G. Let k be the dimension
of T; it equals | (m +n)/2] if mn is even, and | (m +n — 1)/2] if mn is odd. In
this section we give a short computation of the equivariant cohomology ring H;G
which was earlier computed by He [2016] and Carlson [2016].

Recall that the equivariant cohomology ring H;G is defined to be the cohomology
ring of Gr = ET x1 G, where ET is the total space of the principle T-bundle
ET — BT. In the cohomology ring of Gy there are total Pontrjagin classes
pT and pT and Euler classes el and é! of the tautological vector bundles over
GT, as well as the first Chern classes ¢, ..., f; of the k complex line bundles
Ly, ..., Ly that are pulled back from the tautological complex line bundles over
BT =CP*® x --- x CP®. Since the sum of the two tautological vector bundles
over Gr is stably equivalent to L @- - - @ Ly, we have a relation p” pT =[](1+12).
Similarly, el el =[] if m and n are even and m +n =2k, and e}, _ el  =0if
m and n are odd and m +n = 2k 4 2. Let PT denote the symmetric algebra over R
generated by the Pontrjagin classes piT , ﬁiT as well as the Chern classes #; subject
to the relation p” pT =[](1 + tl.z). When mn is odd, the equivariant version of the
Gysin exact sequence (*) defines a cohomology class 7 in SG,,, while from the
equivariant version of the Gysin exact sequence (**) it follows that 7 extends to a
class in G,,.
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Theorem 6 [He 2016; Carlson 2016]. For m,n > 1, the algebra H;‘i(}(m, n) is
isomorphic to

e PT® A(F) if mn is odd,
. IPT[e | subject to (eT)2 = pm/2 if m is even and n is odd,
. IPT[é | subject to (éT) = pn/g if m is odd and n is even,

e PT[e,, T] subject to e =[1#, (eT) = Pm/2 and (eT) = pns2 if m and
n are even.

Proof We have seen that all cohomology classes of the fiber G of the fiber bundle
Gr — BT extend over the total space. Thus, H. *G is a free H*BT-module on the
set of generators given by a basis of the vector space H *G. In particular, in H}“G
there are no relations besides those listed in Theorem 6. Indeed, assume to the
contrary that there is a trivial algebraic combination y of classes 7, e, eI, p;, p;
and #; not in the ideal Z generated by the relations in Theorem 6. Using relations
in Theorem 6 we can reduce y to an H*BT -linear combination of basis vectors of
H*G. Since y is trivial, all coefficients in the reduced linear combination are zero.
Hence y € 7 contrary to the assumption. (]
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CLUSTER TILTING MODULES
AND NONCOMMUTATIVE PROJECTIVE SCHEMES

KENTA UEYAMA

We study the relationship between equivalences of noncommutative projec-
tive schemes and cluster tilting modules. In particular, we prove the follow-
ing result. Let A be an AS-Gorenstein algebra of dimension d > 2 and tails A
the noncommutative projective scheme associated to A. If gldim(tails A) < oo
and A has a (d—1)-cluster tilting module X with the property that its graded
endomorphism algebra is N-graded, then the graded endomorphism algebra
B of a basic (d—1)-cluster tilting submodule of X is a two-sided noetherian
N-graded AS-regular algebra over B, of global dimension d such that tails B
is equivalent to tails A.

1. Introduction

Artin and Zhang [1994] introduced the notion of a noncommutative projective
scheme, and established a fundamental and comprehensive theory of noncommu-
tative projective schemes. Since the study of the categories of coherent sheaves
on commutative projective schemes (or their derived categories) is of increasing
importance in algebraic geometry, the study of noncommutative projective schemes
has been a major project in noncommutative projective geometry.

Let A, A’ be right noetherian graded algebras, and tails A, tails A’ the noncom-
mutative projective schemes associated to A and A’ respectively. Clearly, if A = A’
as graded algebras, then tails A = tails A’. It is well known that the converse does
not hold, so the following question is a natural one to ask.

Question 1.1. Given a right noetherian graded algebra A, can we find a better
homogeneous coordinate ring of tails A? That is, can we find a better graded
algebra B (e.g., gldim B < 00) such that tails B = tails A?

For example, take the commutative graded algebra A = k[x, y, z, w]/(xw — yz2).
Then tails A (= coh P! xP!) is not equivalent to tails k[xy, . . ., x,] (= coh P"~1), but
we can find the noncommutative graded algebra B =k (x, y)/(x%y—yx2, y2x —xy?)

The author was supported by JSPS Grant-in-Aid for Young Scientists (B) 15K17503.
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AS-regular algebra, ASF-regular algebra.

449


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2017.289-2
http://dx.doi.org/10.2140/pjm.2017.289.449

450 KENTA UEYAMA

of global dimension 3 such that tails A = tails B, so the above question has a
significant meaning in noncommutative projective geometry.

The purpose of this paper is to give an answer to Question 1.1 by investigating
cluster tilting modules. Cluster tilting modules are crucial in the study of higher-
dimensional analogues of Auslander—Reiten theory, and also attract attention from
the viewpoint of Van den Bergh’s noncommutative crepant resolutions. In particular,
cluster tilting modules have been extensively studied for a certain class of algebras,
called orders, including commutative Cohen—Macaulay rings and finite-dimensional
algebras (see [Iyama 2008]). One of the goals of this paper is to develop cluster
tilting theory for nonorders in terms of noncommutative projective geometry.

The main result of this paper is as follows. Let A be a two-sided noetherian
connected graded algebra satisfying x and let X be a finitely generated graded
right A-module. If A is an AS-Gorenstein algebra of dimension d > 2 and X
is a (d—1)-cluster tilting module satisfying some additional conditions, then the
graded endomorphism algebra B =End , (X) is a two-sided noetherian ASF-regular
algebra of global dimension d such that the functors

tails B — tails A induced by — ®pX

and
tails B’ — tails A°’ induced by Hom, (X, A) ®p —

are equivalences (Theorem 3.10 (1)). Moreover, a certain converse statement also
holds (Theorem 3.10 (2)). As a corollary of this result, we can answer Question 1.1.

Theorem 1.2 (Corollary 3.12). Let A be an AS-Gorenstein algebra of dimension
d > 2. If gldim(tails A) < oo and A has a (d—1)-cluster tilting module X with
the property that its graded endomorphism algebra is N-graded, then the graded
endomorphism algebra B of a basic (d—1)-cluster tilting submodule of X is a
two-sided noetherian N-graded AS-regular algebra over By of global dimension d
such that tails B = tails A.

We note that the notions of ASF-regular and AS-regular over R were recently
introduced by Minamoto and Mori [2011], and these are natural generalizations
of AS-regular algebras for N-graded (not necessarily connected graded) algebras.
A comparison theorem for these algebras is described in Theorem 2.10 (see also
Corollary 2.11).

2. Preliminaries

Throughout, let k be a field. A graded k-vector space V = &D;_; V; is called locally
finite if dimy V; < oo for all i € Z, and it is called left (resp. right) bounded if V; =0
for all i < 0 (resp. i > 0). We denote by DV = Hom, (V, k) the graded vector
space dual of a locally finite graded k-vector space V.
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In this paper, a graded algebra means a Z-graded algebra over k unless otherwise
stated. For a graded algebra A, we denote by GrMod A the category of graded
right A-modules with A-module homomorphisms of degree 0, and by grmod A the
full subcategory consisting of finitely generated graded A-modules. Note that if
A is right noetherian, then grmod A is an abelian category. We denote by AP the
opposite algebra of A, and by A° = A°P’ ®; A the enveloping algebra. The category
of graded left A-modules is identified with GrMod A°P, and the category of graded
A-A bimodules is identified with GrMod A°.

For a graded module M € GrMod A and an integer n € Z, we define the shift
M (n) € GrMod A by M (n); := M,,4; for i € Z. Note that the rule M — M (n) is a
k-linear autoequivalence for GrMod A and grmod A, called the shift functor. For
M, N € GrMod A, we write ExtngodA(M, N) for the extension group in GrMod A,
and define

Exty(M,N) := G}ZExt’GrModA(M, N(i)).
IS

Let A be a right noetherian locally finite N-graded algebra. For M € GrMod A
and an integer n € Z, we define the truncated submodule M-, € GrMod A by
M=, = D,., M;. We say that an element x of a graded module M € GrMod A
is torsion if there exists a positive integer n such that xA-, = 0. We denote by
t (M) the submodule of M consisting of all torsion elements. A graded module
M € GrMod A is called torsion if M = t(M), and torsion-free if 1(M) = 0. We
denote by Tors A (resp. tors A) the full subcategory of GrMod A (resp. grmod A)
consisting of torsion modules. One can define the Serre quotient categories

Tails A = GrMod A/ Tors A and tails A = grmod A/tors A.

Note that tails A is the full subcategory of noetherian objects of Tails A. The quotient
functor is denoted by 7 : GrMod A — Tails A. We often denote by M =n M € Tails A
the image of M € GrMod A. Note that the shift functor preserves torsion modules,
so it induces a k-linear autoequivalence M +— M (n) for Tails A and tails A, again
called the shift functor. For M, N € Tails A, we write Ext}_;_ ,(M, N) for the
extension group in Tails A, and define

Extly (M, N) = @) Exth o o (M, N (D).
ieZ
See [Artin and Zhang 1994, Section 7] for details on Ext groups in tails A. Following
Serre’s theorem and the Gabriel-Rosenberg reconstruction theorem, tails A is called

the noncommutative projective scheme associated to A (see [Artin and Zhang 1994]
for details). We define the global dimension of tails A by

gldim(tails A) = sup{i | Extéa“SA(M, N) # 0 for some M, N € tails A}.
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If gldim A < o0, itis clear that gldim(tails A) <oco. The condition gldim(tails A) < oo
is considered as a noncommutative graded isolated singularity property (see [Ueyama
2013; 2015; Mori and Ueyama 2016a; 2016b]).

Recall that we say that y; holds for A if E_xtfq (A/A>1, M) is finite-dimensional
over k for every M € grmod A and every j < i, and we say that x holds for A if
xi holds for every i. The condition x; plays an essential role in the study of the
noncommutative projective scheme tails A (see [Artin and Zhang 1994; Yekutieli
and Zhang 1997] for details).

We call (C, O, s) an algebraic triple if it consists of a k-linear abelian category C,
an object O € C, and a k-linear autoequivalence s € Auty C.

Definition 2.1 [Artin and Zhang 1994]. Let (C, O, s) be an algebraic triple. We

say that the pair (O, s) is ample for C if

(Aml) for every object M € C, there are positive integers r1, ..., r, € N™ and an
epimorphism @@!_, s™"O — M in C, and

(Am2) for every epimorphism M — A in C, there is an integer n such that the
induced map Homc (s ™" O, M) — Homc¢ (s " O, N) is surjective for every
n = ny.

We define the graded algebra associated to an algebraic triple (C, O, s) by
B(C, O, s) := ;. Homc (O, s'©). Moreover, for any object M e C, it is known
that P, <z Homc¢ (O, s' M) has a natural graded right B(C, O, s)-module structure.
Theorem 2.2 [Artin and Zhang 1994, Corollary 4.6 (1)]. Let (C, O, s) be an al-
gebraic triple. If O € Cis a noetherian object, dim; Hom¢ (O, M) < oo for all
M e C, and (O, s) is ample for C, then B = B(C, O, s)>¢ is a right noetherian
locally finite N-graded algebra satisfying x1, and the functor

Co tails B, Fi> n(@ Homc (O, 5'F))
ieN
induces an equivalence of algebraic triples (C, O, s) — (tails B, B, (1)).

Let A be an N-graded algebra. Then the augmentation ideal A>; is denoted

by m. We define the functor I, : GrMod A — GrMod A by

[pp(—) = lim Hom, (4/Az,, -).

The derived functor of I, is denoted by RI",, (—), and its cohomologies are denoted
by P_Ifn(—) = hi(REm(—)). For a graded module M € GrMod A, we define
depth M = inf{i | H, (M) #0} and 1dim M =sup{i | H',(M) #0}.

See [Yekutieli 1992; Van den Bergh 1997] for basic properties of RI", (—).
If A is an N-graded algebra with Ag = k, then A is called connected graded.
Note that a right noetherian connected graded algebra is locally finite.
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Definition 2.3. A two-sided noetherian connected graded algebra A is called AS-
Gorenstein (resp. AS-regular) of dimension d and of Gorenstein parameter £ if

e injdim, A =injdimye A =d < 00 (resp. gldim A =d < o0), and
k) ifi=d,
0 ifi #d.

For M € GrMod A and a graded algebra automorphism o € GrAut A, we define
the twist M, € GrMod A by M, = M as a graded k-vector space with the new right
action m xa = mo (a). Let A be an AS-Gorenstein algebra. Then it is well known
that A has a balanced dualizing complex DRI', (A) = DRI (A) = A, (—0)[d]
in D(GrMod A¢) with some graded algebra automorphism v € GrAut A. This
graded algebra automorphism v € GrAut A is called the generalized Nakayama
automorphism. We define wy := A, (—£) € GrMod A°.

« Ext), (k. A) = Ext) oo (k, A) = {

Definition 2.4. Let A be an AS-Gorenstein algebra of dimension d and M €
grmod A. Then M is called a graded maximal Cohen—Macaulay module if depth M =
ldim M =d.

Let A be an AS-Gorenstein algebra. Then A is a graded maximal Cohen—
Macaulay A-module. It is well known that M € grmod A is graded maximal
Cohen—-Macaulay if and only if E_xtf4 (M, A) =0 for all i # 0. See [Mori 2003] for
basic properties of maximal Cohen—Macaulay modules.

We write CM&'(A) for the full subcategory of grmod A consisting of graded
maximal Cohen-Macaulay modules. If M € grmod A, then we define M =
Hom, (M, A) € grmod A°P. Similarly, if N € grmod A°P, then we define Nt =
Hom 40, (N, A) € grmod A. It is well known that the contravariant functors

()7
2-1) CME"(A) —— CME"(AP)
)7

define a duality. For M € CM&"(A), we put B =End (M), C =End 4, (M"). Then
(2-2) C =Endyo,(M") = End, (M) = B
as graded algebras by the above duality.

The following theorem, called the maximal Cohen—Macaulay approximation
theorem, plays a key role in this paper.

Theorem 2.5. Let A be an AS-Gorenstein algebra. For any M € grmod A, there
exists a short exact sequence

O—-L—>7Z—->M—0

in grmod A such that Z € CM® (A) and injdim, L < co. Moreover, @’A (X,L)=0
holds for any X € CM&'(A) and any i > 1.
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Proof. This follows from [Mori 2003, Proposition 5.3] and [Ueyama 2015, Lemma
3.5]. O

Recently, Minamoto and Mori [2011] introduced the two notions of an N-graded
(not necessarily connected graded) AS-regular algebra.

Definition 2.6 [Minamoto and Mori 2011, Definition 3.1]. A locally finite N-graded
algebra B is called AS-regular over R = By of dimension d and of Gorenstein
parameter £ if

e gldim B = gldim B°? =d < oo, and

e RHomg(By, B) = RHom ., (By, B) = (DBy)(£)[—d] in D(GrMod By) and in
D(GrMod B°P).

Remark 2.7. For the purpose of this paper, we do not require gldim By < oo.

Definition 2.8 [Minamoto and Mori 2011, Definition 3.9]. A locally finite N-graded
algebra B is called ASF-regular of dimension d and of Gorenstein parameter £ if

e gldim B = gldim B°? =d < oo, and
e R[,,(B) =Rl (B) = (DB)(£)[—d] in D(GrMod B) and in D(GrMod BP).

By expanding the notion of an AS-regular algebra to N-graded algebras, Mi-
namoto and Mori [2011] gave a nice correspondence between N-graded AS-regular
algebras over R of dimension d with gldim R < oo and quasi-Fano algebras of global
dimension d — 1. This result provides a strong connection between noncommutative
projective geometry and representation theory of finite-dimensional algebras. See
[Herschend et al. 2014; Minamoto and Mori 2011; Mori 2015] for details.

At the end of this section, we give a comparison theorem for the two notions of
AS-regular algebras.

Lemma 2.9. Let B be a two-sided noetherian ASF-regular algebra, and C a two-
sided noetherian locally finite N-graded algebra. Then for any M € GrMod C°?® B,

DRI, (M) = RHom (M, DRT, (B))
in D(GrMod B°P ® C).

Proof. Van den Bergh [1997] gave a theory on local duality for connected graded
algebras. One can check that the results in [Van den Bergh 1997, Sections 3-6]
hold with no essential change for a noetherian locally finite N-graded algebra (see
also [Reyes et al. 2014, Remark 3.6; 2017, Lemma 3.2 (1)]). This follows from the
locally finite N-graded version of [Van den Bergh 1997, Theorem 5.1]. ]

Theorem 2.10. If B is a two-sided noetherian ASF-regular algebra of dimension d
and of Gorenstein parameter £, then B is an AS-regular algebra over By of dimen-
sion d and of Gorenstein parameter £.
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Proof. There exists an algebra automorphism . € GrAut B such that DRI, (B) =
B, (—¢)[d] in D(GrMod B¢), so we have
RHom ; (Bo, B) = RHomy (Bo, B, (—0)[d]),,-1 ()[—d]
=RHomg (By, DRL,(B)),-1(O)[—d]
= DRI, (Bo),1 (0)[—d]
= D(By) -1 (O)[—d]

in D(GrMod B’ ® By), and so RHom ;(By, B) = D(By)(£)[—d] in D(GrMod By)
and in D(GrMod B(°P). Hence the result follows. O

Corollary 2.11. Let B be a two-sided noetherian locally finite N-graded algebra
with gldim By < oo. Then B is ASF-regular if and only if it is AS-regular over By.

Proof. This is a combination of Theorem 2.10 and [Minamoto and Mori 2011,
Theorem 3.12]. |

3. Main result

In this section, we prove the main result (Theorem 3.10) and give an example of its
use. First we introduce a condition which we require for the main result.

Definition 3.1. Let A be an AS-Gorenstein algebra with the generalized Nakayama
automorphism v € GrAut A. Then X € GrMod A is called v-stable if X, = X as
graded right A-modules.

Since A, = A in GrMod A, A is always v-stable. Clearly, if A is symmetric,
that is, the generalized Nakayama automorphism of A is the identity, then every
M € GrMod A is v-stable.

Example 3.2. Let S be an AS-regular algebra and G a finite subgroup of GrAut S
such that char k does not divide |G|. If S¢ is AS-Gorenstein, then S € GrMod S¢
is v-stable by [Ueyama 2013, Lemma 5.8].

Lemma 3.3. Let A be an AS-Gorenstein algebra and let X € CM& (A). If X is
v-stable, then X = X —1 in GrMod A and X" is v-stable in GrMod A°P,

Proof. 1t is easy to check that X = X,,-1 = X -1 in GrMod A, and
»(X") = Hom (X, ,A) = Hom, (X, A,1) = Hom ,(X,, A) = Hom (X, A) = X"
in GrMod A°P, O

The notion of an n-cluster tilting module plays an important role in representation
theory of orders, especially higher-dimensional analogues of Auslander—Reiten
theory. It can be regarded as a natural generalization of the classical notion of
Cohen—Macaulay representation-finiteness.
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Definition 3.4. Let A be an AS-Gorenstein algebra. For a positive integer n € N, a
graded maximal Cohen—Macaulay module X € CM&"(A) is called n-cluster tilting if

add{X (i) | i € Z} = {M € CM&(A) | Ext',(X, M) =0 for 0 <i < n)
= {M e CM®(A) | Ext), (M, X) =0 for 0 < i < n},

where add{X (i) | i € Z} is the full subcategory of grmod A consisting of direct
summands of finite direct sums of shifts of X.

Let A be a noetherian locally finite N-graded algebra. Then it is known that
grmod A has the Krull-Schmidt property, i.e., each finitely generated graded module
is a direct sum of a uniquely determined set of indecomposable graded modules.
Recall that M € grmod A is called basic if each indecomposable direct summand
occurs exactly once (up to isomorphism and degree shift of grading) in a direct
sum decomposition. The following proposition says that if A has a (d—1)-cluster
tilting module and gldim(tails A) < oo, then it has a v-stable (d—1)-cluster tilting
module.

Proposition 3.5. Let A be an AS-Gorenstein algebra of dimension d > 2, Gorenstein
parameter £, and gldim(tails A) < oo. If X € CM&(A) is a basic (d—1)-cluster
tilting module, then X is v-stable.

Proof. By [Ueyama 2013, Corollary 4.5], we see that the stable category CM®&"(A)
has the Serre functor — ®4 A, (—£)[d — 1]. Since

Ext’, (X, X) = @ Homcpera) (X, X (5)[i]) =0

seZ

for any 0 < i <d—1,wehaveE_xti‘(X,XU)=Of0rany0<i < d — 1 by using
the Serre functor of CM®&"(A), so X, € add{X (i) | i € Z}. Since X is basic, X, is
also basic, so it follows that X, is a direct summand of X. Similarly, we can show
that X, -1 is a direct summand of X, so X is a direct summand of X,. Hence the
result follows. U

Next we prepare some lemmas which we need to prove the main result.

Lemma 3.6. Let A be a graded algebra and X a graded right A-module containing
A as a direct summand. Then X is a finitely generated graded left projective module
over End , (X). Moreover, for any M € GrMod A, there is a natural isomorphism

M =Hom, (X, M) ®gna,(x) X
in GrMod A.
Proof. Put B :=End,(X). Since X = A® Y for some Y € GrMod A, we have

B =Hom, (X, X) = Hom , (A, X) ®Hom , (Y, X) = X & Hom , (¥, X)
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in GrMod B°P, so X is finitely generated graded left projective over B. Moreover,
one can verify that End z., (X) = A as graded algebras. Thus, for any M € GrMod A,
we have

Hom , (X, M) ®p X = Hom , (End ., (X), M) =Hom, (A, M) =M
as graded right A-modules. U

Lemma 3.7. Let A be an AS-Gorenstein algebra, and X € CM8 (A) such that X
contains A as a direct summand. If End ,(X) is right noetherian and M € grmod A,
then Hom , (X, M) is a finitely generated graded right End , (X)-module.

Proof. Put B :=End, (X). By Theorem 2.5, we have an exact sequence
0 — Hom, (X, L) — Hom, (X, Z) — Hom, (X, M) — 0

in GrMod B, where Z € CM#'(A) and injdim, L < oo, so it is enough to show that
Hom , (X, Z) is finitely generated. Since A is AS-Gorenstein and Z € CM&"(A), we
have a graded monomorphism Z — F in GrMod A, where F is a finitely generated
free A-module. Now A is a direct summand of X, so there exist graded monomor-
phisms Z — X in GrMod A and Hom , (X, Z) — Hom , (X, X) in GrMod B, where
X is a finite direct sum of shifts of X. Since Hom , (X, X) is finitely generated and
B is right noetherian, Hom , (X, Z) is also finitely generated. (I

Lemma 3.8. Let B be a two-sided noetherian locally finite N-graded algebra. For
any M € GrMod B¢,

RE (REop (M) = R op (RE, (M)
in D(GrMod B®).

Proof. One can show the locally finite N-graded version of [Van den Bergh 1997,
Lemma 4.5], so the assertion holds. (I

Lemma 3.9. Let B be a two-sided noetherian ASF-regular algebra with an idem-
potent e. If M € grmod B is finite-dimensional over k such that Me = 0, then
E_xt%(M, eB) =0 foranyi.

Proof. Since B is ASF-regular, we have

RHom, (M., ¢B) = e RHom (M, DRL,,(B)(0)[—d))
= ¢ RHom (M, DRL,,(B))(O)[—d].

Moreover, by Lemma 2.9,

eRHom (M, DRI, (B))(£)[—d] = eDRL (M) (£)[—d].
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Since M € grmod B is finite-dimensional over k, RI" (M) = M, so we have
E_xt%(M, eB)=eD Ijﬁl_i(M)(E) =0foralli #d, and E_xt%(M, eB)=eD(M)(D)=
D(Me)(£) =0 because Me = 0. U

Now we are ready to prove the main result of this paper.

Theorem 3.10. Let A be a two-sided noetherian connected graded algebra satisfy-
ing x on both sides, and let X € grmod A. We consider the following conditions:

(A) A and X satisfy

(A1) A is an AS-Gorenstein algebra of dimension d > 2,
(A2) X is a (d—1)-cluster tilting module,
(A3) End,(X)~o =0, and
(A4) E_xtllq (X, M) and E_xt/{\ (M, X) are finite-dimensional over k for any M €
CME"(A).
(B) B :=End,(X) satisfies
(B1) B is a two-sided noetherian ASF-regular algebra of dimension d > 2,

(B2) — ®p X induces an equivalence functor tails B => tails A, and
(B3) X' ®p — induces an equivalence functor tails B? = tails A°P,

Then:

(1) If (A) is fulfilled and X is either v-stable or basic, then (B) holds.
(2) If (B) is fulfilled and X contains A as a direct summand, then (A) holds.

Proof of (1) in Theorem 3.10. Suppose that A and X satisfy (A), and X is either
v-stable or basic. Since A is indecomposable, (A2) implies that X is a graded
maximal Cohen—Macaulay A-module containing a shift of A as a direct summand.
By properties of degree shifts, we may assume that X contains A as a direct
summand without loss of generality.

The proof is divided into several steps:

(a) (X, (1)) is ample for tails A,

(b) B is right noetherian, and (B2) holds,

(c) gldim B =d,

(d) H' (B) =0 for any i #d,

(e) (X7, (1)) is ample for tails AP,

(f) B is left noetherian, and (B3) holds,

(g) gldim B°? =d,

(h) Hi o,(B) =0 for any i # d, and

@) ﬂg(B) = }_Ii(,p(B) = (DB)(¥¢) in GrMod B and in GrMod B°P.
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Proof of (a). We show that (X, (1)) is ample for tails A. Since A is a direct summand
of X, it is easy to check that the condition (Am1) is satisfied. Let f : M — N be
an epimorphism in tails A. It gives a short exact sequence 0 > K > M — N — 0
in tails A. We take a finitely generated graded module K such that 7 K = K. By
Theorem 2.5, there exists an exact sequence

O—-L—->7Z—-K—0

in grmod A such that Z € CM#'(A) and injdim, L < oo. Furthermore, Theorem 2.5
also implies that E_th(X, K)= E_xti‘ (X, Z2), so E_xti1 (X, K) is finite-dimensional
over k by (A4). By [Artin and Zhang 1994, Corollary 7.3 (2)], it follows that
Extl (&, K) is right bounded; thus we have Extly (X (—n), K) = Ext, (X, K), =0
for all n > 0. Since

Hom 4(X(—n), M) — Hom4(X(—n), N') — Ext, (X(—n), K)

is exact, Hom4 (X (—n), M) — Hom4 (X (—n), N) is surjective for all n > 0, so
the condition (Am?2) is also satisfied; hence (X, (1)) is ample for tails A.

Proof of (b). We show that B is right noetherian and (B2) is satisfied. The basic idea
of the proof comes from [Mori and Ueyama 2016a, Section 2]. Since depth, X =
d > 2, we have

B =End,(X) = B(grmod A, X, (1)) = B(tails A, X, (1))

by [Mori 2013, Lemma 3.3]. By using (A3) and Theorem 2.2, it follows that
B = B>y = B(tails A, X, (1))>0 is right noetherian locally finite. Moreover, the
functor

F :=m oHom 4(&X, —) : tails A — tails B
is an equivalence. For M € grmod A, there exists n € Z such that
Hom , (X, M)>, = Hom, (X, M)>,

in grmod B by [Artin and Zhang 1994, Corollary 7.3 (2)], so the functor F is
induced by the functor Hom , (X, —) : grmod A — grmod B. By using Lemma 3.6,
we see that the functor tails B — tails A induced by — ®p X : grmod B — grmod A
is an equivalence functor quasi-inverse to F.

Proof of (c). Here we show that gldim B = d. First let us explain that we can
construct a graded right add{X (i) | i € Z}-approximation of M € grmod A. Since
Hom , (X, M) is a finitely generated graded right B-module by Lemma 3.7, we
can take f; € Homgymod A (X (s;), M) such that f1, ..., f, generate Hom , (X, M).
Thus for any f € Homg,mod 4 (X (2), M), there exist graded homomorphisms g; €
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Homgrmvod A (X (2), X (s;)) such that

X(s1)D--- D X(sn) — M

commutes. We can check that ¢ := (f; ... f,): €D, X(s;) = M is surjective,
and

Hom (X éX(s-))M)Hom (X, M)
VA k) 1 VA )
i=l1

is also surjective.

By the above arguments, the proof of gldim B < d is along the same lines as that
of [Dao and Huneke 2013, Theorem 3.6] (see also [Ueyama 2013, Theorem 5.10]).
Let N € grmod B and take a projective presentation P; — Py — N — 0. Since we
can write P; = Hom, (X, X;), where X; € add{X (i) | i € Z} for each i, we have an
exact sequence

0 — Hom, (X, M) - Hom, (X, X;) — Hom, (X, Xo) > N — 0

in grmod B such that 0 - M| — X| — X is exact in grmod A. By using a graded
right add{X (i) | i € Z}-approximation, we have a module X, € add{X (i) | i € Z} and
a surjection X» — M such that Hom , (X, X,) — Hom , (X, M) is also surjective.
Let M, be the kernel of X, — M. Then it is easy to see that E_Xti‘ (X, M) =0.
Continuing in this way inductively, we can make exact sequences

0—>Md_1—>Xd_1—>---—>X2—>Xli>X0—>Cokerf;‘—>O
in grmod A, and
0— Hom,(X,My—1) > P4-1—-—>P,—> P — P —>N—-0

in grmod B, where P; = Hom, (X, X;). Furthermore we see E_xti‘(X, M;) =0 for
any 2 <i <d—1landany O < j <i. If My_; =0, then clearly projdimz N <d —1.
We now consider the case M;_; # 0. Since X; € CM8"(A), it follows from the
depth lemma (see [Bruns and Herzog 1998, Proppsition 1.2.9]) that M,;_; is graded
maximal Cohen—Macaulay. Moreover, since E_xtg (X, M;_1)=0for0< j<d—1,
it follows that M;_; € add{X (i) | i € Z} by (A2). Thus we obtain projdimz N <d.

To see that gldim B = d, consider a graded projective resolution of Hom , (X, k)
in grmod B, namely,

-++—> Py — P — Py— Hom, (X, k) — 0.
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Applying — ®p X to the above exact sequence, we have an exact sequence
o> P ®pX —> PIQpX —> Ph®p X — Hom, (X, k)®p X — 0

in grmod A. By Lemma 3.6, Hom , (X, k) ® g X = k. Since each P; ® g X is a direct
summand of finite direct sums of shifts of X, it is graded maximal Cohen—Macaulay,
so projdimp Hom , (X, k) <d —1 gives a contradiction to the fact that depth, k =0.
Thus gldim B =d.

Proof of (d). We next show that I;Ifn(B) = 0 for i # d. By the arguments in the
proof of (a) and (b), we see that

(grmod A, X, (1)) —— (tails A, X, (1))

ok < s

(grmod B, B, (1)) —— (tails B, B, (1))
commutes, and the graded algebra homomorphism
End;(B) = B(grmod B, B, (1)) — B(tails B, B, (1)) = Endz(B)

induced by the natural functor 7 is an isomorphism. This says that the natural map
@ appearing in the exact sequence

0 — HY(B) — Endy(B) %> Endg(B) — HL(B) — 0

in [Artin and Zhang 1994, Proposition 7.2 (2)] is an isomorphism. Thus H&(B) =
H; (B) =0.
Since we already have the equivalence functor in (B2), it follows that

(3-1) Exty;(B, B) = Ext); (¥, X)

for any i. Using depth, X =d and (A2), we have Eﬁi‘(}\,’, X) = E_xtg (X,X)=0
forany 1 <i <d —2,so Exti(B,B) =0 forany 1 <i <d—2. Thus H, (B) =0
for 2 <i <d —1 by [Artin and Zhang 1994, Theorem 7.2 (2)]. Furthermore B has
global dimension d by (c), so I;Ifn(B) =0fori>d+1.

Proof of (e). By the duality (2-1), we see that (A) is equivalent to the following:

(A%) A° and X7 satisfy

(A1°P) A°Pis an AS-Gorenstein algebra of dimension d > 2,

(A2°P) XTis a (d—1)-cluster tilting module,

(A3°) End 40p(XT) -0 =0, and

(A4°P) E_xtjqnp (N, X7) and E_xtl‘Op (X', N) are finite-dimensional over k for
any N € CME&"(A°P).
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Hence the same argument as that in the proof of (a) implies that (X, (1)) is ample
for tails A°P.

Proof of (). Since (X7, (1)) is ample for tails A°P, it follows from the same argument
as that in the proof of (b) that C := End 40, (X ) is right noetherian and — ®¢ X ¥
induces an equivalence functor tails C = tails A°°’. However, B°? = C as graded
algebras by (2-2), so we obtain that B is left noetherian and X" ® 3 — induces an
equivalence functor tails B°? => tails A°P.

Proof of (g) and (h). By the arguments in the proofs of (e) and (f), the proof of (g)
(resp. (h)) is obtained in the same way as that of (c) (resp. (d)).

Proof of (i). By (b) and (c), tails A = tails B and gldim B < oo, so it follows
that tails A has finite global dimension. Thus the derived category DP(tails A) has
the Serre functor — @ 4 wyld — 1] = — ®4 A, (—£)[d — 1] by [de Naeghel and
Van den Bergh 2004, Theorem A.4]. Moreover, if X is basic, then it is v-stable by
Proposition 3.5. Using the equivalence in (B2) and the fact that X is v-stable, for
any M = M € tails B, we have natural isomorphisms

Homgz (M, B(—¢)) = Hom , (7 (M ®p X), 7 X (—£))
= Hom (7 (M ®g X, 1), 7 X, 1(—0))
= Hom (7 (M ®@p X 1), X (—¥£)) (by Lemma 3.3)
= DExt{ (mX(—0), T (M @5 X,-1 @4 Ay(—0)))
= DExt ' (mX (—0), 1(M ®p X)(—0))
= DExt: ' (B, M)
as graded k-vector spaces. It follows that B(—¢) is a dualizing sheaf of tails B in
the sense of [Yekutieli and Zhang 1997]. By [Artin and Zhang 1994, Proposition
7.10 (3)], it is easy to check that cd(tails B) =d — 1. Moreover, by Theorem 2.2,

we see that B is a right noetherian locally finite graded algebra satisfying xi, so it
follows that

Homp (B, B(—()) = DExtg ™' (B, B)

in GrMod B by the proof of [Yekutieli and Zhang 1997, Theorem 2.3 (2)]. Hence
we obtain

(3-2) B(—£) = Homg(B, B)(—¢) = DExt& (B, B) = DH%(B)
in GrMod B by (d). Dually, (f), (g), (h), and Lemma 3.3 imply

(3-3) B(—t) = DH%,(B)
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in GrMod B°P. In addition, we see that }_Il‘i(B) and Hf’noP(B) are right bounded
graded B¢-modules, so it follows from Lemma 3.8 that

Hio (B) = R, (Hyyo (B)) = RL, (Hyon (B)[~dD[d]
=RL,(RC op (B)[d] = R 0p (R, (B))[d]
= RE e (Hyy (B)[—dD[d] = R o (Hy, (B)) = H (B)
in D(GrMod B¢). Therefore our assertion follows from (3-2) and (3-3).
Hence the proof of Theorem 3.10 (1) is now complete. |

Proof of (2) in Theorem 3.10. Suppose that X satisfies (B), and contains A as a
direct summand. Clearly (A3) is satisfied by (B1).

First we show that (A1) holds. Since A is a direct summand of X, there exists
an idempotent e € B such that eBe = End,(A) = A as graded algebras and
Be=Hom, (A, X) = X as graded B-A bimodules. Then (B2) says that the functor
tails B — tailseBe induced by — ® g Be is an equivalence, so it follows that B/(e)
is finite-dimensional over k by [Mori and Ueyama 2016b, Lemma 3.17]. Let p be
the composition map

Be ®¢p, ¢B —> Be ®cpoeB—o B.

We have the triangle
Be®%y,eB > B— C — Be®%y, eB[—1]

in D(grmod B). Applying —®} Be implies C ®% Be =0. It follows that 4/ (C)e =0
for all i, and thus Eﬁé(h"(C), eB) =0 for all i, j by Lemma 3.9. By using a
hypercohomology spectral sequence [Weibel 1994, 5.7.9], we obtain for all p that
h?(RHomg(C, eB)) = 0, so RHom,(C, eB) = 0. Applying RHom(—, eB) to
the above triangle induces

RHom ,(Be ®%;, ¢B, ¢B) = RHomy(B, ¢B) = ¢B.
On the other hand, we have
RHom ,(Be ®y, ¢B, ¢eB) = RHom, z,(Be, RHomy (e B, eB))
= RHom,;,(Be, eBe),
so it follows that
(3-4) Ext, (X, A) = Ext' , (Be, eBe) =0

foralli > 0.
Let M € grmod A. Since gldim B = d, we can take a projective resolution

O—-P,— ---—>P,—>P —>Py—> MQS.p.eB—0
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in grmod B with m < d. Applying — ®p Be to the above exact sequence, we have
an exact sequence

00— P,QgBe—---— P,®p Be - P ®p Be > Py®p Be > M — 0.

Since each P; ®p Be € add{Be(i) | i € Z} = add{X (i) | i € Z}, by (3-4), we
see that E_xt’XH(M, A) = 0. Thus injdimy, A < d. By (B1), (B2), and (B3),
gldim(tails A) < oo and gldim(tails A°P) < co. Moreover, A satisfies x on both
sides, so it has a dualizing complex by [Van den Bergh 1997, Theorem 6.3]. It
follows from [Dong and Wu 2009, Theorem 3.6] that A is AS-Gorenstein. If
injdim, A <d —1, then gldim(tails B) = gldim(tails A) < d —2 by the Serre duality
[de Naeghel and Van den Bergh 2004, Theorem A.4]. This is a contradiction to the
fact that E_th_] (B,B) = P_Ii(B) # 0. Hence A is AS-Gorenstein of dimension d.
To show that (A2) holds, it is enough to show that

(a) X € CM&(A) and Ext, (X, X) =0 forany 0 <i <d — 1,
(b) M € CM¥®'(A) satisfying E_xtf4(X, M) =0 for any O < i < d — 1 belongs to
add{X (@) | i € Z}, and
(c) M € CM®"(A) satisfying E_xti\ (M, X)=0forany 0 <i <d — 1 belongs to
add{X (@) |i € Z}.
By (3-4), we see that X € CM&'(A). By (B2), the functor tails B — tails A induced
by — ®4 X is an equivalence, so E_xth‘(X, X) = E_xtg(B, B) for any i. Using
depth, X = d and [Artin and Zhang 1994, Theorem 7.2 (2)], it follows that

Ext), (X, X) = Ext/; (¥, X) = Ext(B, B) = H,'(B)

for any 0 <i < d — 1. Hence (a) holds by (B1).

We now give the proof of (b). Let M € CM®&"(A) be such that E_xti‘(X, M)=0
for any 0 < i < d — 1. Since we know that A is AS-Gorenstein, taking a free
resolution of M in grmod A° and applying (—)', we have an exact sequence

O—-M—-Fy— - - —F; 3—-Y—=0

in grmod A, where each F; is a graded free A-module and ¥ € CM&'(A). Then we
can make an exact sequence

0— Hom, (X, M)— Hom , (X, Fp) = ---— Hom, (X, Fy_3) = Hom,(X,Y)—0

in GrMod B because E_xti‘(X, M) =0 for 0 <i <d — 1. Moreover, taking a free
presentation of Y7 € CM# (A°P) and applying Homy4 (X, (—)"), we have an exact
sequence

0 — Homyu (X, Y) > Homu (X, Fy_7) = Homyu (X, F;_1)
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in GrMod B, where F;_, and F;_; are graded free A-modules. By the assump-
tion that A is a direct summand of X, each Hom, (X, F;) is a graded right pro-
jective B-module. Since any graded right B-module has projective dimension
at most d by (B1), it holds that projdimgz Hom ,(X, M) = 0. This means that
Hom, (X, M) is finitely generated graded right projective over B by Lemma 3.7,
so M € add{X (i) | i € Z} by Lemma 3.6. Hence (b) is proved.

We next give the proof of (c). Let M € CM&'(A) be such that E_xti\ M,X)=0
forany 0 <i <d —1. Then E_Xti,‘o,,(XT, M7y =0 forany 0 <i <d — 1. Since
B°? = End ;o (X T) is also ASF-regular, the same method as that in the proof of (b)
yields MT € add{X (i) |i € Z}. Thus we see M € add{X (i) | i € Z} and we obtain (c).

In addition, since we have gldim B < oo and tails B = tails A by (B1) and (B2), it
follows that gldim(tails A) < 0o, so (A4) is satisfied by [Ueyama 2013, Lemma 5.7].

Hence the proof of Theorem 3.10(2) is finished. O

Remark 3.11. By observing the proof of Theorem 3.10, we notice that the condition
(A4) in Theorem 3.10 can be replaced by the condition

(A4)) gldim(tails A) < oo.

In this sense, it can be said that (A4) corresponds to the graded isolated singularity
property.
Hence we obtain the following result.

Corollary 3.12. Let A be an AS-Gorenstein algebra of dimension d > 2 and of
Gorenstein parameter £. Assume that gldim(tails A) < oo and A has a (d—1)-
cluster tilting module X € CM®'(A) satisfying End 4 (X) <o =0. Then a basic (d—1)-
cluster tilting module Y can be extracted from X, and in addition B=End,(Y) isa
two-sided noetherian AS-regular algebra over By of dimension d and of Gorenstein
parameter £ such that tails B = tails A.

Proof. By the proof of Theorem 3.10 (1), we see that the Gorenstein parameter
of B is given by the Gorenstein parameter of A, so the statement follows from
Theorem 3.10, Remark 3.11 and Theorem 2.10. ]

It is clear that (A2), (A3), (A4) and the v-stable assumption are conditions for
a “right” A-module X. On the other hand, we see that (B1), (B2) and (B3) are
“two-sided” conditions for B = End 4(X). Thus Theorem 3.10 (1) asserts that
one-sided conditions for X imply two-sided conditions for B = End 4 (X).

We now consider the case that A is a noncommutative quotient singularity.

Example 3.13. Let S be an AS-regular algebra of dimension d > 2. Let G be a
finite subgroup of GrAut S such that hdet g = 1 for each g € G (in the sense of
Jgrgensen and Zhang [2000]) and char k does not divide |G|. Assume that S« G /(e)

is finite-dimensional over k, where e = ﬁ > geg 1 %8 € SxG. Then
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« 5% is AS-Gorenstein of dimension d > 2 by [Jgrgensen and Zhang 2000,
Theorem 3.3],

o S e CME(S%) is a (d—1)-cluster tilting module by [Mori and Ueyama 2016a,
Theorems 3.10 and 3.15],

» End ¢ (S)<0 = (S * G)~9 = 0 by [Mori and Ueyama 2016a, Theorem 3.10],

« gldim(tails §9) < oo by [Mori and Ueyama 2016a, Theorem 3.10, Lemma 2.12],

e S is a v-stable S¢-module by Example 3.2,
so the assumption of Theorem 3.10 (1) is satisfied. If fact, it follows from [Mori
and Ueyama 2016a, Corollary 3.6, Theorem 3.10] that B = Endc (S) is a two-
sided noetherian AS-regular algebra over By = kG of dimension d such that
tails End g6 (S) = tails SY. Hence Theorem 3.10 is regarded as a detailed version of
this phenomenon.

For the rest of this paper, we construct a noncommutative quadric hypersurface
which gives a concrete example of Theorem 3.10. See [Smith and Van den Bergh
2013, Section 5] and [Ueyama 2015, Section 4] for detailed information.
Example 3.14. In this example, we assume that k is algebraically closed of charac-
teristic 0. Let

S=k(x,y, z)/(xy+yx —z%, xz+2x, yz+2zy), degx =degy=degz=1.

Then § is a Koszul AS-regular algebra of dimension ds = 3 and Gorenstein parameter
¢s = 3 with a central regular element x4+ y2 € S,. Let

A=S/(x*+y?).

Then A is a Koszul AS-Gorenstein algebra of dimension d4 = 2 and Gorenstein
parameter £4 = 1. Take w := x* € A} so that ' = A'/(w). We define a finite-
dimensional algebra C(A) by C(A) := A'[w~!]y (see [Smith and Van den Bergh
2013, Lemma 5.1]). It is easy to check that C(A) = k[t]/(t4— 1) =k* as algebras. By
[Ueyama 2015, Proposition 4.1], A is of finite Cohen—Macaulay representation type,
so it has a 1-cluster tilting module. It follows from [Ueyama 2015, Theorem 3.4]
that gldim(tails A) < co. By [Ueyama 2015, Proposition 4.4] and [Mori 2006,
Theorem 3.8], indecomposable nonprojective maximal Cohen—Macaulay A-modules
(up to isomorphism and degree shift of grading) are parametrized by points of
Proj A' = V(xy + z2, x> — y?) C P2. Using this, one can check that the graded
A-module
X =AX19X2B X3P X4

is a representation generator of CM®&"(A), that is, a 1-cluster tilting module, where
X1 =A/(x—y+2A, Xy=A/(x—y—2A4A,
X3:=A/(x+y+iz)A, X4 =A/(x+y—iz)A
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and { is a primitive fourth root of unity. Clearly X is basic, so it is v-stable. Since
generators of X are concentrated in degree 0, every graded A-module homomor-
phism X — X (—s) has to be zero for any positive integer s € N, so we have
End(X).o = 0. Hence we obtain that B = End ,(X) is a two-sided noetherian
AS-regular algebra over By of dimension 2 and of Gorenstein parameter 1 satisfying
tails B = tails A by Corollary 3.12. We can calculate that the Hilbert series Hp(?)
is 9(1 +¢)/(1 — t)%. Furthermore By is isomorphic to the path algebra kQ, where
[ ] ~ — [
Q= = * a

so gldim By < co. Hence we obtain
DP(tails A) = D®(tails B) = D°(mod By) = D®(mod k Q)

by [Minamoto and Mori 2011, Theorem 4.14]. As a remark, for any 2-dimensional
commutative Cohen—Macaulay algebra C of finite Cohen—Macaulay representa-
tion type generated in degree 1, it follows that tails C = tails k[x, y] = coh P! by
[Eisenbud and Herzog 1988, theorem on page 3471, so D (tails C) = DP(coh P!) =
DP(mod kQ’), where Q' = e —3e. Thus we see that DP(tails A) = DP(tails B) 2
DP (tails C).
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CONCENTRATION FOR
A BIHARMONIC SCHRODINGER EQUATION

DoONG WANG

We consider the fourth-order problem

A u+V@)u=Px)f(uhu, xeRN,
ux)—0 as |x| - oo,
where V and P are spatial distributions of external potentials. We study

the concentration phenomena of the solutions as ¢ — 0 using variational
methods.

1. Introduction

This work is devoted to the analysis of solutions that solve the following nonlinear
stationary biharmonic Schrédinger equation:

(1-1) {64A2” +V@u=Px) f(uhu, xeRN,

u(x) — 0 as |x| — oo,

where € denotes Planck’s constant, and V, P are spatial distributions of external
potentials. To simplify the idea of this work, we are going to describe certain
concentration phenomena of the solutions of (1-1) as € — 0, for physical purposes.

Problem (1-1) is the biharmonic version of the usual Schrodinger equation which
has been extensively studied in literature [Floer and Weinstein 1986; Coti Zelati
and Rabinowitz 1992; Rabinowitz 1992; Wang 1993; Willem 1996; del Pino and
Felmer 1996; Gui 1996; Ambrosetti et al. 1997; Bartsch et al. 2001; Sirakov 2002;
Byeon and Wang 2003; Ding and Tanaka 2003; Ni and Wei 2006; Ambrosetti
and Malchiodi 2006; Byeon and Jeanjean 2007; Ding and Szulkin 2007; Ding and
Wei 2007; Ding and Liu 2013] and references therein. In general, if we omit the
exponent 2 of the first term in (1-1), we have an equation

(1-2) (—ieV+AX) w4+ V@w= f(x, w), we H' (RN, ),
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which arises when one seeks the standing wave solutions of the Schrédinger equation

(1-3) ih5E = (<ihY + A g + W (g — nx. oDy,
Considerable effort has gone into the study of the nonlinear Schrédinger equations
without the magnetic field (i.e., A(x) = 0) for studying the existence, multiplicity
and qualitative properties of standing wave solutions. When the magnetic vector
A(x) #£0, the first work seems to be involved in [Esteban and Lions 1989] in which
the existence of solutions of (1-2) via a constrained minimization argument with
€ =1 is studied. Later, under certain assumptions, the existence and multiplicity
of solutions of (1-2) (¢ = 1) were obtained in [Arioli and Szulkin 2003; Pankov
2003; Wang 2008; Liang and Zhang 2011]. The existence and concentration
phenomena of semiclassical solutions of (1-2) were studied in [Kurata 2000], where
f(x, w) =g(lw|*)w is subcritical and inf, gy V (x) > 0 such that the Palais—Smale
condition holds for any energy level and for any € > 0. For the case A(x) =0, Floer
and Weinstein [1986], proved in the one dimensional case and for f(w) = w3 that a
single spike solution concentrates around any given nondegenerate critical point of
the linear potential V (x). Oh [1988; 1990] extended this result in higher dimensions
and for f(u) = |u|?~'u (1 < p < N+2/N —2). Subsequently, variational methods
were found suitable for such issues and the existence of spike layer solutions in the
semiclassical limit were established under various conditions of V (x). Particularly,
initiated by Rabinowitz [1992], the existence of positive solutions of the Schrodinger
equation for small € > 0 is proved whenever

liminf V(x) > inf V(x).

|x|—00 xeRN
These solutions concentrate around the global minimum points of V when € — 0,
as was shown by Wang [1993]. It should be pointed out that M. del Pino and P.
Felmer [1996] first succeeded in proving a localized version of the concentration
behavior of semiclassical solutions.

By using a combination of stability analysis and numerical simulations, the
role of small fourth-order dispersion has been considered in a series of papers
by Karpman and Shagalov ([2000] and the references therein), who studied the
equation

iV (t, x) + AY + Y|P ¢ +eA?y =0,

in the case when € < 0. Later, in [Ben-Artzi et al. 2000], Ben-Artzi, Koch, and Saut
obtained sharp dispersive estimates for the biharmonic Schrodinger operator in

idu—+ Au+eAu+ f(luPHu=0,
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namely for the linear group associated to i 3, +A?4 A. Parallel to this, some specific
nonlinear fourth-order Schrodinger equations have received deep consideration.
Fibich, Ilan, and Papanicolaou, in [Fibich et al. 2002], analyzed self-focusing
and singularity formation in the nonlinear Schrodinger equation (NLS) with high-
order dispersion i, = A9y + |/|>° ¢ = 0, in the isotropic mixed-dispersion NLS
i + Ay + €A%y + | |*°¢ = 0, and in nonisotropic mixed-dispersion NLS
equations which model propagation in fiber arrays. Almost at the same time, Guo
and Wang [2002] studied the existence and scattering theory for the nonlinear
Schrodinger equations iu; + (—A)"u + f(u) = 0, with u(0, x) = ¢(x), where
u(t, x) defined on R x R" is a complex valued function, m > 1 is an integer and
f is a scalar nonlinear function. Not much later, Hao, Hsiao and Wang, in [Hao
et al. 2006; 2007], discussed the Cauchy problem in a high regularity setting.
Subsequently, Segata [2006] proved scattering in the case the space dimension is
one and considered the three-dimensional motion of an isolated vortex filament by
using the method of Fourier restriction norm.

Motivated by the previously mentioned works, we are mainly interested in (1-1)
with the biharmonic operator

) N 84 N 84
A ”227”""2 ox2y2 "
i=1 "7 i#j i

The biharmonic Schrddinger equation (1-1) appears when one considers the station-
ary solutions w(z, x) = e!* u(x) of the t-dependent equation of the form

(1-4) iedw—e*A’w—Mx)w+ Px) f(w)hw =0,

where A € R. Such stationary solutions, also called standing waves, are finite energy
waveguide solutions of (1-1) after rearranging terms in (1-4). It is worth pointing out
that although there are many works dealing with problems related to (1-2), so many
problems appear when dealing with the fourth-order problem. The main reason for
this difficulty is the lack of a general maximum principle to the biharmonic operator.
This leads to a series of technical problems in trying to adapt some second-order
classical arguments.

Precisely, we formulate the fundamental assumption on the potential functions
V, P as

(VP) V, P € L°®(R") are uniformly continuous such that inf, gy V (x) > 0 and
inf cry P(x) > 0.

To obtain the concentration results, let us introduce the following restrictions on
the nonlinear function f:
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(f1) fO)=0, fe C(0, 00), f'(s) >0fors >0, and thereisa p € (2, 2N /(N —4))
such that lim,_, o f(s)/sll’*2 < 00,

(f>) denoting F(s) = fosf(t)t dt, there is 0 > 2 such that 0 < F(s) < (I/Q)f(s)s2
for s > 0.

Now we are ready to describe our concentration results. First let us set

T:= inf V(x), Too . =lim inf V(x), 7, = inf V(x),
xeRN |x]—00 xeP

y = sup P(x), Voo : =lim sup P(x), Yy i =sup P(x),
xeRN |x|—o00 xey

Vi=fxeRY:Vix)=1}, P:={xeR¥:Px)=y},
and suppose that

(V) V leads the behavior, i.e., T < T and there exists R > 0 such that y, > P(x)
for any |x| > R,

(P) P leads the behavior, i.e., ¥ > ¥ and there exists R > 0 such that 7, < V(x)
for any |x| > R.

Let us define for (V)
dy:={x€eV:Px)=p}tU{x ¢V:Pkx)>nl
and for (P)
dy={xeP:VX) =1,}U{x ¢ P: V() <1,

Remark that, generally, V NP = &. And notice that, for example, VNP # &
implies T = 7, and y = y,, from which we deduce that

oy =VNP.

Under our assumptions (V) and (P), <7, and <7, are nonempty bounded sets in RN,
and 7, = o/, = VNP if and only if VNP # &; see also [Ding and Liu 2013].
To give a better description of our results, let us set

| if (V) holds,
~ |, if (P) holds.

We have the following results:

Theorem 1.1. Let (VP), ( f1) and ( f>) hold. Assume additionally that either (V) or
(P) holds. Then (1-1) has (at least) one ground state solution for all small €.

And for the concentration of the solutions of (1-1) as € — 0, we have:
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Theorem 1.2. Let (VP), ( f1) and ( f») hold. Assume additionally that either (V) or
(P) holds. Let u. be the solution of (1-1), given by Theorem 1.1. For any €, > 0 with
lim,, €, = 0, up to a subsequence, there exists xc, € RN which is a maximum
point of |ue, |, such that

dist(exe,, €) -0 as n— oo.

Let we, (x) := ue, (€,(x +x¢,)). Then we, — wo in H?*RN), where wy is a ground
state solution of

A*w+V (xo)w = P(xo) f (lwhw, X0 €.

Our arguments are variational with a mixture of the mountain pass technique
and Nehari Manifolds. The paper is organized as follows. In the next section, we
introduce some notations and the variational framework for such problem. We prove
the existence and concentration results for (1-1) in the remaining two sections.

2. Variational framework

Hereafter we use the following notation:

o E:= H*(R") is the usual Sobolev space endowed with the standard scalar
product and norm

(u,v):/ (AulAv+uv)dx, ||u||2=/ (|Aul* +u?) dx.
RN RN

o L1(2), 1 <q <400, denotes a Lebesgue space. The norm in L7 (£2) is denoted
by |u|,,o when € is a proper subset of RY, by |- |, when Q = RV,

» For any p > 0 and for any z € RV, B, (z) denotes the ball of radius p centered
at z, | B,(z)| denotes its Lebesgue measure and d B, (z) denotes its boundary.

» For ease of notation, let us set 2* = 2N /(N — 4). Without loss of generality,
we assume that 0 € 7.

By assumption (VP), the following energy functional I of (1-1) defined in E is
well defined,

I(u):%e“/w |Au|2dx+%/RN V(x)lulzdx—/RN P(x)F(lu|)dx.

Moreover, the solutions of (1-1) are the critical points of 1.

Equivalent problem. Making the change of variable x — €x, (1-1) becomes

{Azz + Ve(x)z=Pc(x) f(lz)z, x€RY,

2-1
-1) zeE,

where V. (x) = V(ex), P.(x) = P(ex), and z(x) = u(ex).
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In the sequel, we will in fact focus on finding the critical points of the energy
functional associated to (2-1) which is defined by

d)e(Z):%/ IAzlzdx—i-%/ Ve(x)lzlzdx—/ P.(x)F(|z]) dx.
RV RN RV

Remark. Denote [|z[|2 = [pv[|Az|*+ Ve(x)|z|*] dx. Recall that T = inf, gy V (x).
Here norm || - ||¢ is equivalent to || - ||. Indeed, by assumption (VP),

||z||§z/ [|Az|2+r|z|2]dxz<s/ (1Az]* +1z*) dx = 8||z|1%,
RN RN

where
d =min{l, t} >0

and also we have

||z||§s/ (AP + Voo - 1212) dx
RN
< (1+|V|oo>/N(|Az|2+|z|2)dx=(1+|V|oo>||z||2.
R

For notational convenience, let us write ¢.(z) = %Ilzllg — fRN P.(x)F(|z])dx.
We observe that ¢, satisfies the so-called mountain pass structure. For details, recall
that by (f1), (f2), we have

F(s):= % F(s)s> = F(s) > % f(s)s*> for any s>0.
Moreover there exists 6; small enough and c¢; > 0 such that
f(s) <81 +cis2
Hence 5,
F(s) < Esz +c}s?,
which implies

1 1
0= 31202 = [ PR (e dx = 1alE - ez,
RN

where we have used the Sobolev embedding theorems, E < L (RY), lz|p <C-llzlle
for some positive constant C. Notice that when p > 2, then by direct computation,
we have ¢.(z) > a > 0, where z € 9B,(0) = {z € E : ||z|| = p} for some p > 0.

By (f>) we have F(s) > cs? — 5% for some ¢ > 0. Thus, for any z € E\ {0} and
for any positive real number ¢, we have

200112 0 Z
Pe(tz) < cot”||zlle — 3t /lel dx.
R
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Since p > 2, we know ¢.(tz) — —o0 as t — o00. Also, ¢.(0) = 0. Thus
there exists a sufficiently large positive real number ., such that ||7,z|| > p and

max{ge(0), g (1:2)} <0 < a.
Based on the above discussion, by the classical mountain pass theorem, there
exists a sequence {z,:n=1,2,...} € E\ {0} such that

(2-2) ¢e(zne) —>ce asn—o00, and ¢.(z4e) >0 as n— oo,

where

= inf ¢
Ce y“elr trer%% Ge(y (1))

and

I'={yeC(0,1, E) : y(0) =0, ¢ (y (1)) < a}.

Moreover, by (2-2), we have

on(llzn.ell = ¢, (n.)zne = lznell? = /N Pe(x) f (1zn.eDzp ¢ dx,
R

1 ’ ~
Ce +0n(1)||zn,e” = ¢G(Zn,e) - §¢€(Zn,e)zn,e = /[RN Pe(x)F(|Zn,e|) dx.

It follows that
Iznell2 <M +o0,(D)l|zncll

for some M > 0. Thus {z,:n=1,2,...} is a bounded sequence and ||z, (|| > D
for some positive constant D, n =1,2,....

The limiting equation. Now we consider the special form of the equation (2-1)

A’z +uz=xrf(lz)z, xeRV,
zeE,

(2-3) {

where > 0 and A > 0 are both constants.
Then the energy functional of (2-3) is

¢M,A<z)=§/ |Az|2dx+%/ |z|2dx—A/ F(2]) dx.
RN RN RN

Denote ||z||i = fRN (IAz|*>+1|z]?) dx. Then similarly, norm ||- ||, is also equivalent
to || - .

Rewrite ¢, ,(z) = %Ilzlli — A [gv F(lz]) dx. Similarly, ¢, also satisfies the
conditions of the mountain pass theorem, i.e.,

o there exists p, « > 0 such that ¢, 1158,0) > o,

« there exists e € E, |le]| > p such that max{¢, 1(0), ¢, 1(e)} <.
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By the mountain pass lemma, there exists a sequence {z, 5 :n=1,2,...} € E\{0}
such that

(2-4) bu(znps) = cpy as n— oo, and ¢,/¢,;\(Zn,u,x) —0 asn— oo,

where

¢, = Iinf max t
o = infmax gy (v (1))

and
[={yeC(0,1], E):y(0)=0,y(l) =e}.

Similarly, {z, ;5 :n=1,2,...}is also a bounded sequence, and ||z, ;1| = D, »
for some positive constant D, 5, n=1,2,....

A standard concentration compactness argument shows that there exists R > 0,
a>0and{x,:n=1,2,...} CR", such that

f |Zn P dx > .
BR(-XIL)

Let be Z, 42 (X) = Zn, 2 (x +x,). Then {Z, ;2 :n=1,2,...} is also a bounded
sequence and [|Z,, ;2 ll > Dyx, n=1,2,.... Thus, up to a subsequence, we have
Zn, w0 = Zu,. € E. Particularly, z,, , # 0. Indeed, by Sobolev embedding theorems,
Znpa — Zu in E implies Z, .3 — z,.2 in L2 (RY). Together with

loc

~ 2 2
/ |Zn,u,)»| dx :/ |Zn,u,kl dx > «a,
Br(0) Br(xn)

we have

f 1Zpsl* dx > a,
Br(0)

ie., 2y, ;ﬁ 0.

By using the weak sequential continuity of d)//w\ : E — E* we know that
d)l/i’k(zu,k)zﬂ,k =0, i.e., z,,, is a critical point of the functional ¢, ; which is a
weak solution of (2-3).

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Initially, we would like to collect some
useful results concerning the limiting equation. A first observation is that if y,, ;
denotes the ground state energy of ¢, ;, we have

Cur = VYur= d)u,k(zu,k)-
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: /
Indeed, since ¢M,A(Zu,k)zu,k =0, we have

1
(bu,A(ZM,A) = (bu,A(ZM,A) - §¢;,A(ZM,A)ZM,A

=x/ F(lz]) dx
RN

<lim inf ,\/ F(|Znui)) dx
RN

n— 00
T . - 1.7 o~ -
= lim nglgo[qbu,)»(zn,u,k) - §¢M,A(Zn,,u,)»)zn,u,)»]

=Cu,r»

the above inequality follows from the Fatou’s lemma. Now we consider the Nehari
manifold
Ny =1z € E\{0}: ¢, ;,(2)z =0}

By a direct observation, for any z € E \ {0}, there exists ¢, > 0, such that 7,z € N/, ;.
Notice that

Max ¢y, (12) = pu.a(1:2)-

Indeed, denote f (1) =¢, ;. (tz). Thenitis easy to check that f (1) - —oo ast — 0o,
f(0) = 0 and there is small ¢ such that f(z) > 0. Since f'(t,) = ¢;’A(z‘zz)z =0
and f”(t) < 0, we know that 7, is the unique critical point of f(¢). Therefore
r{l:‘é‘ G (tz) = ¢pp s (1;2). Let

c, ;= 1Inf max t7).
Wh T CE\{0) 120 P (12)

Then a standard argument shows that

¢M,A(ZM,A) Scuar = EM,A = inf ¢M,A(Z) = d’u,k(zu,k)-
ZG./\/,L}L

Thus ¢, 5 (2u,3) = Cpn-
The following lemma is a direct application of the above observation:

Lemma 3.1. If ur > w1 and Ay < Ay, then ¢y, 3, > ¢y, 5. Particularly, if
max{us — @1, Ay — A2} >0,

then ¢, 3, > Cpyay-

Proof. Let z,, 5, € E \ {0} be the critical point such that

d)uz,kz (Zﬂz,)@) = Cus,xz-

A standard argument implies that

Cup,ap = Max ¢uz,kz (ZZM,}Q).
t>0
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Observe that if ©y >y and A, < Ay, then

Duurin(2) = Py, (2), forall ze EN\{0}.

Thus

Cpppy =MaX @y 0, EZpp ) =MaX @y, 2, ((20,0,) = Inf max ¢y, a2, (t2) =cpy -
2,42 =0 ¢M2 2( 2,42 =0 ¢u1 1( 2 2) 2€EN{0} 10 ¢M1 1( H1,A1

Particularly, if max{u, — 1, A1 — A2} > 0, then ¢y, 3, > ¢y, 5, follows from the
following equality:

M2 — M1
2

B 1o (2) = by () + 2B+ Ot — 22) /R CF(zhdr. O

By assumption (VP), we have
(3-1) Ve(x)=V(ex) > V() and P.(x)=P(ex)— P(0) in LIZOC(RN)

as € — 0. Let be o = V(0) and A9 = P(0). The following lemma is the key to the
concentration behavior:

Lemma 3.2. lim SU% Ce = Cpp,np-
€E—>

Proof. 1t is equivalent to prove that
Ce = Cpup,o + 05(1)-

Let zo be the critical point such that ¢, »,(20) = ¢y, A standard argument
implies that there exists 79 > 0, such that ¢, »,(f0z0) < —1. For any ¢ € [0, 7], let

fo(®) = ¢HOJ~o (tzo) and  fe(t) = Pe(t20).
Claim: For each z € E fixed,
(3-2) De(2) = g0 (2).

First observe that, in view of the Sobolev embedding theorems, z € E implies that
z € LP(RM), p € [2, 2*]. Thus, for any n > 0, we have for large p

2 p
(3'3) |Z|2,RN\BP(O) < 77 and |Z|p,|RN\Bp(O) < n.
Furthermore, considering (3-1), we can assert that for any x € B,(0), the relations
(3-4) [Ve(x) —pol <m  and  [Pe(x) — 2ol <n

hold for small €.
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Hence, by using (3-3) and (3-4), we deduce, for small €,

|§e (2) = Ppug,e (2D

%/ [VE(X)—Mo]IZIde—/ [Pe(x) — Aol F(|z]) dx
RN RN

1
<5 [ e =l 2P+ [ 1P =0l d
RN RN
1 2 1 2
=3[ el Pax ey [ -l
B,(0) RN\ B, (0)

+f |Pe(x)—)»0|F(|Z|)dx+f |Pe(x) = Aol F(|2]) dx
B,(0) RV\B, (0)

=c-n,

proving (3-2).

Now together with ¢, 1, (f0z0) < —1, we have for small €, ¢ (f9z0) < —%. This
implies that f. admits a maximum in (0, fy). Observe that { fc}c~o and { f/}¢-0 are
both uniformly bounded.

By a simple application of Arzela—Ascoli theorem, we have that {fc}c~o C
C ([0, tp]) is compact. Our claim implies that f. converges pointwise to fy. The
compactness of { fc}eso tells us | fe — foloo = 0 as € — 0. Together with 7y > 1
and ¢¢ (t9z0) < —1 we deduce that

ce = Inf maxo.(tz) < max 1z
€ Z€E\[0} =0 d)e( ) rel0.to ¢e( 0)

= max t
max. fe(®)

max Jo(t) +0c(1)

IA

ztg[l()ax ¢M0 A0(1Z0)+0€(1)—CM0 )\0+0€(1) O

The following lemma is our main result, which shows that (2-1) has (at least)
one ground state solution for all small €.

Lemma 3.3. Under the assumptions of Theorem 1.1, if € > 0 is small enough, then
Ce IS attained.

Proof. Ekeland’s variational principle implies that there exists
{zn:n=1,2,...} TN,
such that

(3-5) Ge(zn) > cc asn—>o0, and ¢.(z,) >0 as n— oo.
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We also know that {z,, : n =1, 2, ...} is bounded. Thus z, — z. for some z. € E.
Notice that if zc # 0, we are done. Indeed, since ¢, (z,) — 0 as n — oo, for any
v € E, we have

(2 Ve — / P.(x) f (2n))znv dx = $L(za)v — O
RN

as n — 0o. By using of z, — z and the Sobolev embedding theorem, we have that

¢é(ze)v = (Ze, V)e — /[RN Pe(x) f(|zeDzevdx

= lim |:<Zna V)e _/ Pe(x) f(|znl)znv dx:| =0
RN

n—oo

holds for any v € E, which implies that z. € N. Furthermore, in view of Fatou’s
lemma, (3-5) implies

¢E(Ze) > zler}\i; ¢E(Z) =Ce = ¢G(Zn) +0,(1)
= Pe(20) — 3B, (20)2n +0n (1)

= / Pe(x)F (1za]) dx + 0,(1)
RN

> /R P () F(|z¢]) dx = pe (ze).

Thus ce = ¢ (ze).
Now assume for contradiction that z. = O for all small €. Here we assume that V
leads the behavior. Similarly, we can deal with the case where P leads the behavior.
Take k € (1, 75) and let be n := y,,. Denote
VE(x) = max{k, V(x)}, VE(x)=V*(ex).
P"(x) =min{n, P(x)}, P'(x)= P"(ex).
Let
e (@) = %f Az + VE@)Iz*] dx —/ P (x)F(2]) dx.
RN RN

and c¢’" = inf,_yn ¢ " (z), where V¢ is the Nehari manifold corresponding to
¢¢". Then

s =a+ 5

RN[Ve(X) — VE)]lzl* dx —/ [Pe(x) — P/ (x)]F(|z]) dx.

RN
Denote
O={xeR": V(&) <k}, Oc={xeRY :ex € 0}.
O ={xeR":Px)>n}, O.={xeR":ex O}
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Notice that O, and . are both bounded for given €, and for any z,, there exists a
positive real number #,, such that ,,z,, € N¢*". Since {z, :n =1, 2, ...} is bounded
and the distance between 0 and NZ" is strictly positive, we know that the sequence
of positive numbers {z, : n =1, 2, ...} is also bounded. Without loss of generality,
assume that ¢, < D for some constant D, n =1, 2, ....

By the Sobolev embedding theorem, we have a compact embedding E <
L;’OC(IRN), where ¢ € [2, 2*), thus z, — z. = 0 implies that z;, — 0 in quOC(IRN).
Since V and P are both L°°-functions, we have by Holder’s inequalities

‘% f [Ve(x) = VEOltazal* dx

< D2|V|oo/ leal?dx — 0,
Oc¢
as n — 0o. Thus
1
3 [ e = vE i, P dx = 0,01,
Oc
Similarly,

[Pc(x) — PT(x)1F (taznl)dx| — 0 as n — oo.

Oc

Now taking all the above into one package, together with ¢, (¢,2,) < ¢¢(z,) and
(3-5), we have

L/ I K,1 < N
Ce Zeljl;lfg’”¢s (Z)_d)e (tnzn)

= Qe (tnzn) — % /%N[Ve(x) - VEK(X)]Vnanz dx
+/ [Pe(x) — P (X)]F ([tazal) dx
RN
<0 =5 [ Ve = VE@Iz, P

+/ [Pe(x) — PT(X)]F (|thzal) dx
o

=cc+0,(1).

Thus c¢'” < c..
Observe that

1
0@ =y [ (8zP+clzPydy—n [ FOzdx =),
RN RN
From this, we deduce that

Cepn= iInf max t7) < inf max¢“7(tz) =",
SN eE\{0) 120 Pen(12) Z€E\{0} 1>0 Pe(i) = ce
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This holds for any small €, which implies that

Ce,p < lim inf ¢£7 <lim sup ¢ < ¢y p,
e—0 e—0

the last inequality followed by our key lemma (Lemma 3.2) since

V*(0) = max{x, V(0)} = max{x, 1} =«
and
P"(0) = min{n, P(0)} = min{n, y,} = n.

Thus ¢t — Ck,y as € — 0. We have already seen that e < c.. Letting € — 0,
we have
Ce,p <lim inf ¢, <lim sup ¢, < ¢y,
=0 e—0
the last inequality is also followed by Lemma 3.2. The above inequality contradicts
our Lemma 3.1 since k > t. Thus z. # 0, which is a ground state solution. ([

Proof of Theorem 1.1. This theorem is another description of Lemma 3.3; that is,
(2-1) has (at least) one ground state solution for small €. O

4. Proof of Theorem 1.2

Now, using the same notation as in the previous section, we are now ready to show
the concentration of the ground state solution given in Theorem 1.1.
Here we recall the description of Theorem 1.2.

Proposition 4.1. Let (VP), (f1) and (f>) hold. Assume additionally that either (V)
or (P) holds. Let z. be the solution of (2-1), given by Lemma 3.3. For any €., > 0
with lim,_, o €, =0, up to a subsequence, there exists xe, € RN which is a maximum
point of |z, |, such that

dist(eyxe,, ) -0 as n— oo.

Let we, (x) 1= z¢,(x + x¢,). Then we, — wo in E, where wq is a ground state
solution of
A’z +V(xo)z=Pxo)f(lz)z,  x0€F.

Proof. Without loss of generality, we assume (V) holds. Clearly, {z.} C N is
bounded.

Claim 1: {z.} is nonvanishing.
Suppose for contradiction {z.} is vanishing. This means zc — 0 as € — 0 in
L?(RN). Then

22 = / P f(lze )2 dx — 0, as € — 0,
RN
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which contradicts the fact that 0 is bounded away from N. Hence, the sequence {z.}
is nonvanishing. Thus we know there exist R > 0, « > 0 and {x.} € R" such that

/ |Ze|2dx > .
Bpr(xe)

Claim 2: Let {x.} be the nonvanishing points found in Claim 1. Then {ex} is
bounded.
Suppose for contradiction that |ex.| — oco. Up to a subsequence, we have

Ve(xe) > Voo and  Po(x.) > P,
for some positive numbers Vo, and Po.. Let
we(x) = ze(x +x0),  Ve(x):=Ve(x +x0) and  Pe(x) i= Pe(x +xc).

Notice that the boundedness of z. implies that of {w.}, thus, up to a subsequence,
we have we — wgp € E. Particularly, wyp # 0. Indeed, by Sobolev embedding
theorems, we — wyp in E implies we — wy in L120 C([R{N ). Together with

/ |we|2dx=/ lzc|>dx > a,
BR(O) BR()CG)

we have fBR(O) |lwo|>dx > a, i.e., wy # 0.
Observe that w, is a ground state solution to the following equation:

APw+ Ve (x)w = Pe(x) f(lw)w.

Now for any ¢ € C2°(RY), by using the dominated convergence theorem, we have

0=1lim | [A%we+ Ve(@)we — Pe(x) f(lwe)welp dx

€e—~>0 JpNy

= | (A%wo+ Vaowo — Poo f (Iwo))wo)g dx
R

= ¢§/0<37P:>o (wo)e.

It follows from this that

ce=¢e(ze)=%/ [|Az€|2+ve<x>|ze|21dx—/ Pe(x)F(Jz]) dx
RY RN
=%/ [|Aws|2+\7€<x>|we|2]dx—f Pe(x) F(Jwel) dx
RN RN
= [ P Fu dx
RN

> f Poo E(lwol) dx = v p._(wo) = cvp.
R
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Together with ¢ < ¢; ;) +0.(1) and max{Vy — 7, 7 — P} > 0, we have a contra-
diction with Lemma 3.1. Thus {ex.} is bounded.

Claim 3: dist(ex,, «7,) — 0.

Suppose for contradiction, up to a subsequence, ex. — xo ¢ <%, as € — 0 since
{exc} is bounded.

Denote

Ve(xe) = Vi(xo) and  Pe(xe) = P(xp),
as € — 0. Then similarly to the proof of Claim 2, we have cc > cy(x). P(x,). Recall
that
Ay ={xeV:Px)=p}U{x ¢V:Pkx) >y}
It is easy to check that xg ¢ <, implies that max{V (x¢o) — t,n — P(x0)} > O.
Together with ¢ < ¢, + 0.(1), we have a contradiction with Lemma 3.1. Thus
dist(exe, o7,) — 0. At this point, as was argued in Claim 2, the transformed solution

we(x) 1= ze(x + x¢) will converge weakly (up to a subsequence) to wg which is
a ground state solution of

A’z +V(xo)z=Pxo0)f(z)z, X0 € .

Claim 4: For any ¢, > 0 with lim,_,» €, = 0, up to a subsequence, we have
we, — wo as n — oo in E \ {0}.
Let y, := we, — wo, then y, — 0 as n — oo. Recall that we have
Awe, + Ve, )we, = Pe, (x) f (lwe, Dwe,,
A*wo + V (x0)wo = P (x0) f (|wol)wo

It follows that

(A, Ayt T, e,y dx = / By f e D,
R R

/R [AunAy, +V(oywoy]dx = /R P o) f(uwoDwoyn dx

Notice that

= (wo, V(x0)yn)2

= (wo, Ve, () yn + [V (x0) = Ve, (¥)]yn)2

= (w0, Ve, (X)yn)2 + (wo. [V (x0) — Ve, (¥)]yn)2
= (Ve, @)wo. Yn)2 + 0¢, (1).

(V(xo)wo, yn)2
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Now we have

/N[Awe,,Ayn + Ve,,(x)we,,yn] dx = /N ﬁe,, (x)f(|wé,,|)wenyn dx,
R R

/R [BwAy, + T, (ugy,ldx = fR P o) (oD woyn dx + o, (1)

Then, by (f1), (f2), it is easy to check

/ [AY, Ay, + Ve, (x)y]1dx = o, (1),
RN

which implies ||y, |le, = 0, (1), ending the proof. (I

Final remark

Our approach can be described in a more abstract way to deal with some general
variational problems. Indeed, if we rewrite (2-1) as

{(A2 +a)z4 (Ve(x) —a)z = Pe(x) f(lzDz, x €RN,
z(x) >0 as |x| — oo,

where 0 < o < inf,cgv V (x), then we are led to the abstract equation of the form
(4-1 Lz+ Mc(x)z = Pec(x)VG(2),

in which L is a positive defined differential operator on L?>(RN) and M (x), P(x)
satisfy the condition (VP). Let E := D(L'/?) be equipped with the scalar product

(u, v) = (L'"?u, L'?v),

and the induced norm |lu|| = (u, u)'/%. Then the associated energy functional of
(4-1) is of the form

6=z 45 [ Mol ar— [ PwGEdx,
RN RN

and our arguments are in general feasible to such problems under some suitable
assumptions on the nonlinear function G.

In fact, (4-1) is related to several equations appearing in quantum physics,
including the Schroédinger equations and the fractional Schrodinger equations, etc.
Therefore, our approach covers the semiclassical behavior of different equations
under a general class of subcritical nonlinearities.
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GLOBAL EXISTENCE OF SMOOTH SOLUTIONS
TO EXPONENTIAL WAVE MAPS IN FLRW SPACETIMES

CHANG-HUA WEI AND NING-AN LAI

We consider the Cauchy problem of exponential wave maps in Friedmann—
Lemaitre—Robertson-Walker (FLRW) spacetimes. Using a weighted energy
estimate, we show that the smooth solution of the Cauchy problem for ex-
ponential wave maps in FLRW spacetimes exists globally for small initial
data.

1. Introduction

Wave maps are the Lorentzian counterparts of harmonic maps. Due to their sig-
nificance in geometry and physics, wave maps have attracted much attention, and
many achievements have been made in recent decades [Choquet-Bruhat 2000; Gu
1980; Klainerman and Machedon 1993; 1995; Shatah and Struwe 1998; 2002; Tao
2001a; 2001b; 2008]. In this paper, we investigate exponential wave maps which
were introduced by Eells and Lemaire [1992]. The relationship between wave maps
and exponential wave maps has been studied by Chiang and Yang [2007] from the
geometric point of view. In this work we study the PDE aspect of the exponential
wave maps on a curved Lorentzian manifold.

In this paper, we consider exponential wave maps on a special class of FLRW
spacetimes, whose metric takes the form g = —dt> + a?(t) do? for suitable a(r).
The FLRW metric is an exact solution of Einstein’s field equations; it describes a
homogeneous and isotropic universe. For more details on this metric, we refer to the
book [Hawking and Ellis 1973]. In particular, in local coordinates (¢, x1, ..., Xm),
with m > 1, we consider the following metric

(1-1) g=—d’ +1' ) dx,
i=1

where [ > 2 and ¢ > 0. Here we remark that for the case a(r) = €', the metric g
turns to be the de Sitter metric and much progress has been made on the study of
wave type equations on de Sitter spacetimes; see [Kong and Wei 2013; Yagdjian
2012; 2009; Yagdjian and Galstian 2008; 2009].

MSC2010: 35L05.
Keywords: exponential wave map, FLRW, weighted energy estimate.
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Before our main result, we give a brief introduction to exponential wave maps.

Basic equation and the main result.

Definition 1.1. An exponential wave map u : M '+ — N from a (1+m)-dimensional
Lorentzian manifold (M !+ guv) to an n-dimensional manifold (N, hyg) is a critical
point of the exponential energy functional

(1-2)  E(u) ::/ exp(|du|2)dVolM=/ exp(hapd, u® dyuf ") d Voly,
M M

where d Vol is the volume element of M.

We consider the exponential wave map taking M '+ as the background manifold
and R as the target manifold N in Definition 1.1. Therefore, the exponential energy
functional takes the explicit form

(1-3) E(u):f exp<—(a,u)2+z—’ Z(aiu)z)tlm/zdtdxl---dxm,
M i=1

where 0,u = %_'; and o;u = {‘;’7“1 the corresponding Euler-Lagrange equation reads
(1-4) %[—2@” exp(—(a,u)2 + 1 Z(Siu)z) r""/z]
m a i=l m
=2t —@u+ 17y @u)?) =0
> 8xi[ zueXp< 0?1713 30 ,

111’

ie., with A :=>""

m
(1-5) —0%u+1""Au— g—’;’atu = d,ud, |:—(8,u)2 + t_lZ(aiu)2i|
i=1

> 17 dud, |:—(8tu)2 +17 Z(aiu)z].
i=1 i=1

Remark 1.2. When [/ =0, (1-5) is exactly the exponential wave map on Minkowski
spacetime. Huh [2013] obtained a global existence result for sufficiently small
initial data.

Define the wave operator as

! 3, (v/det g g"V8,) = —87 — lm —’Za

detg|

where the Greek index pu ranges from 0 to m and 9, := 9,. In (1-6) and throughout
the paper, we use the Einstein summation convention, which says that one always
takes the summation over the repeated upper and lower indices.

(1-6) 0, =
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Let .
(1-7) 0. ¥) = —@) @) +17 > 0,0) (0, 1).
Then (1-5) can be rewritten as =
(1-8) Ueu =—Q0(u, Q(u, u)).
From now on, we consider (1-8) with the following initial data
(1-9) t=1: u(l,x)=€ef(x), u(1,x)=€q(x),

where € is a small parameter, f and g are smooth functions with compact support.
The main result of this paper is as follows:

Theorem 1.3. There exists a positive constant €, such that the Cauchy problem
(1-8)-(1-9) has a unique smooth solution on [1, +00) x R™ for any € € [0, €g].

The structure of the paper. The paper is organized as follows. In Section 2, we
attain pointwise decay estimates of the smooth solution to the linear wave equation
by weighted energy estimates. The main theorem is proved in Section 3 by the
continuity method and a careful analysis of the nonlinearities. Several further
discussions are presented in Section 4.

2. Decay estimates for the linear wave equation

In this section, we investigate the pointwise decay estimates of smooth solution to
the following linear wave equation on FLRW spacetimes

1) Oep =0,

where the metric g is given by (1-1). It will play an important role in the study of
nonlinear (1-8).

For multi-index I = (Iy, ..., I,) with |I| = Z’;’leljl, denote
D={d,,...,d,} and D' =23 .3
Furthermore, I < I means i, <[ fori=1,...,m.
For any function ¢ (x) = ¢(x1, ..., X), we define

5 \1/2
el .= (fR lp(x)] dx) o o)L :=ess sup [p(x)],

xeRm

and s

. 1/2
ool s = (Z(||D’¢(x)||Lz)2) :

i=0

where s is an integer and dx =dx' - - - dx".
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From here on, we also use A < B to denote A < CB for some positive constant C.
Corresponding to the (2-1) and the specific metric g given by (1-1), we define
the energy momentum tensor as

1
(2-2) Tuv((P) = (8,u§0)(av(p) - Eg/w|v¢|2,
where

m
IVol? = g™ ptrp =—0,0)"+ > _ 17 (3,0)°.
i=1

Given a vector field V = V#9,,, define the compatible currents

(2-3) 1 (@) =T(@) V"
and
(2-4) KY(p) =11, T" (¢),

where HXV denotes the deformation tensor defined by

1
(2-5) H;‘:v = E(VMVU +V, Vp.),

and
V.V, =g(V,V,0,).

In a constant z-slice, the induced volume form is

(2-6) dVol, = {""2dx, - - - dx,.
With above notations, we have fori, j =1,...,m and i # j
1 m
(2-7) Too(¢) = 5 ((a,@z +> z—l<a,~<o)2>,
i=1
(2-8) Toi =0,900;,0, T;j= a,“ﬂaj(ﬂy
and
1
(2-9) Ti =5 (r’(ath +(3;90)° — Z(ajmz).
J#

We recall the following energy identity without proof; see [Alinhac 2010].

Lemma 2.1. For a solution ¢ of the equation U,¢ = f, we have

(2-10)  V*T,, = (e0)(0vp) and V") (@) =K"(p)+ 0Oz V(e).
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The energy density e(V, v) of the function ¢ at time ¢ with respect to a past
pointed timelike vector field V is the nonnegative number given by

(2-11) e(V,v) = J/ v = Tup(p) Vv

where v is the a-th component of the past oriented unit normal vector v = —9,.
Given a past pointed vector field V, by Lemma 2.1 and the divergence theorem,
we easily get the following lemma:

Lemma 2.2. Integrating (2-10) over the spacetime domain D = {[1, t] x R™},

t
(2-12) /Javv"‘dVol,—/ JY v®d Vol ://(Kv(go)—l—DggoV(go))dVolf dr,
po ¥ 1J%;

where X, denotes the spacelike hypersurface with t = constant.

From now on, we take V = —0, so that
1
(2-13) My = =5 (8wl + gueLy).
Then fori =1, ...,m,
(2-14) ), = _Li—1
2
and fori # j,
(2-15) N =0, Tgy=0, and Mg =0,

where we have assumed that xg = ¢. By (2-4), we have
m
_ l 1
(2-16) K(p)=7 [(m =2) ) (00)* - ?(a,w]
i=1
By (2-11), we have

(2-17) e(V,v) =

| —

m

((a,¢)2 +> z—’(a,-gof).
i=1

For a constant ¢-slice, we define

Pty =1 | @8"D¢)* avol,
%

(2-18) .
LI 1 —Lyq aloyl )2
E{" @) = EL,(X;t 30D (p))dVolt
1=
and
(2-19) E"o@) = Eg" (1) + E; ),

where Iy and |I| are nonnegative integers, |/| is the magnitude of any multi-index 1.
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Then, by above calculations and Lemma 2.2, the following zeroth-order energy
identity holds:

Lemma 2.3. The energy identity (2-12) can be rewritten as
t
@20 B0 - = [ [-L(5) e @+ (")) ax
(Lot\2 2
Corollary 2.4. We have

d 00, __ [(m—2) 0,0
EE (t)y=-— 2 0 (t)+ o E; ().

According to the explicit expression of FLRW metric (1-1), it is easy to see that
the operator D is a Killing vector field, which means

(2-21)

D
I, =0,

where D denotes the spacial derivatives. Thus, the structure of the equation (2-1)
will not change if we take D’ as a commutator, i.e.,

(2-22) 0. (D’ ) =
By (2-22) and Corollary 2.4, for Iy = 0, we have the following corollary.

Corollary 2.5. For arbitrary nonnegative multi-index J, we have

d g0, Im (m—2)I _s.0
th (1) = E0 O + 5, E}C@).

(2-23) 5

Define
fl,]o (t) — EI,IO (l)l(2_m)l/2,

(2-24) fH@) = Ef o )@tz
£ = E] )@l
Then we obtain the lemma:

Lemma 2.6. The function f10(t) is uniformly bounded, provided that E'°(1) is
bounded for arbitrary multi-index I.

Proof. By (2-24), since m > 1,
) d 10 (D p10,3),@-mi2 |, Q=m)l 10, @-m)i/2,~1
(225) 100 = (th (z))t + S B @ ¢

_a-m)2 [_lz_anl,o(t) L= 2)lE1 Oy + Q=m)l o1, O(t)]

2t 2t
_ l(m—l)t(z m)l/ZEIO(t)<O

t

Thus, £:°(¢) is monotonically decreasing and we have

0w < 100 = ENOq. 0
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Next, we consider the equation with higher-order derivatives on ¢.

Lemma 2.7. For Iy > 0, differentiating (2-22) by 310, we have
(2-26) O (8’°DJ ®)

m Ip—1
= 5t DT+ 305 ot Rl Do,
I=1 i=1 I§=0

where Cy; 1, and Cyy 1, are constants depending on 1), 1§, 1, and m.

Proof. With the notation D¢ = v, it suffices to prove

Iy m Ilp— 1
227) Og(@/v) =Y Cpypmt 0720000 43N " Cpy et 7710920 ]0,
Ij=1 i=11/=0

By (2-22), we know that
(2-28) Oev=0

Since 9, is not a Killing vector field, it does not commute with the operator [,, and
a direct calculation gives

(2-29) [, 8,1 = —%mt—za, +1TT Y 9
i=1

Now, we can prove the lemma by induction on /.
When Ip =1,

@300 Dg0) =[O, 8,10 +0,T) = =24 20,0 + 1771 020,
i=1

Thus, the lemma holds for Iy = 1.
Suppose the lemma holds for Iy — 1. Then, for Iy,

(2-31) Og(3/v) = [Cg, 3,13/~ 0) + 9,048/~ v)

:(—lﬂr—za + 171 123) alo—1y

Ip—1
+8(ZC,, ~ g /oy
fo=! m  Ip—
P30 ),
i=1 Ij=0

which we rewrite as
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m
Dg(atlov) = —lﬂt—zatlov +lt_l_l Z alzatlo—lv
i=1

m Iy—1
(T " "
+ Z Crpamt™ D 042800 33" €yt 082010,
=1 i=1 1J=0

By grouping together the last two terms on the right-hand-side, we see that (2-27)

holds for arbitrary 1. ([
We define the total energy of M-th order as
(2-32) FM@y= )" flh@.
[ |+1lo<M

Lemma 2.8. We have
(2-33) FM(t)y < Cy FM(1),

where Cy is a positive constant depending only on M, and FM(1) is determined by
the initial data.

Proof. For arbitrary |I| + Iy < M and Ip > 1, by Lemmas 2.2, 2.6, 2.7, and
Corollary 2.5,

d ! I(m—2
(2-34) EE”O(I) = —z—nZEé’IO(t) + —(m2 )Ef’lo(t)
f (Z Ciptm I+2)816DJ¢
I=1
m Iy—1
i=1 Ij=0
Then, by Lemma 2.6

) d 11 _ (4 oL e-mi2 | Q=m)l 115, .~ .C-m)i2,—1
@35 of (t)_<th (t))t + S E oy ¢

(Z—m)l/Z/( —(I, =1 4+2) a1} nJ
<|t Crramt~ D75t pl
5 Z 0-hm t

m Ip—1

+)° Z Ciytm l—<lo—’6’>al.2a}é’<p) 300t D!y d Vol, |.

i=1 Ij=

By Holder’s inequality, for arbitrary |1+ Iop < M,

(2-36) L1y < Cog (e~ 005D FM ) 712 M ),
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where 1 < 1§ < Iy, 0 < I < Iy — 1, which is given by Lemma 2.7.
Summing over all [/| + Iy < M and using (2-36),

d

(2-37) 7

FM(t) < Cpy (17D~ 10D FM(r) =12~ o= 1) pM (1),

By virtue of (2-37), one gets
t

2-38) FM@) < FM(1) exp(/ Cp (1~ o 10+2) +t_l/2_(10—16/))dt> <CuFY(D),
1

where for the second inequality we use the facts that [, — Ij+2>2, I, — 1] > 1,
and [ > 0. |

Remark 2.9. The constant C; may vary from line to line in the above proof.

We define

1 1
239 "0 =513,/D'P)}. =5 /R (8,9 D"p)* dx.
1|« S -
(2-40) el M) = 3 > 9,3/ ) = 5/ > (0,8 D' p)* dx
i=1 L " =1
and
(2-41) el @y =el () +el ).

By (2-18), (2-39), and (2-40),

(2-42) Eé,lo(t) =1/2 (atatloDlgo)Ztlm/Z dx = tlm/2e(1),lo(t)
R)ﬂ

and
1 m
@43 EMw =5 [ Y @alD e R dy =R,
"=l

We obtain the following lemma directly from Lemma 2.8 and (2-42)—(2-43):

Lemma 2.10. The following decay estimates hold.:
(2-44) eg™(r)y <t 0 and el () < f1P(1).

By Lemma 2.10 and the Sobolev embedding, one easily obtain the following
L estimates:

Lemma 2.11. Forany |I| > |J|+[5 +1]andi=1,...,m,

1 1/2
(2-45) 19,3, DY @) (1)l 1 < Cll_lﬂ(Z [ (t)) for Iy =0
K=0
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and

1/2

1
(2-46) 19;(D” @) (D)l < CI(Z fK’O(t)) :
K=0

provided that f%1(t) (K =0, ..., 1) is bounded.

3. The proof of Theorem 1.3

In this section, we will prove the global existence of smooth solutions to exponential
wave maps (1-8) for small initial data (1-9). Since (1-8) can be reduced to a
symmetric hyperbolic system, via standard results [Majda 1984; Alinhac 2010],
there exists a unique local solution in the function space H®, for s > 1+ % Thus,
for the global existence result, it suffices to prove a priori estimate; see Lemma 3.7.
To obtain the global existence of smooth solution to Eq. (1-8), one needs to
derive the equation satisfied by the higher-order derivatives of the solution first.

Lemma 3.1. Differentiating (1-8) by the spacial derivatives D',

(3-1) Oy (D'u) = Z —Q(D"u, Q(D"u, D"u)).
L+Db+L=I

Proof. Since D is a Killing vector field, it suffices to prove

(3-2) D'Qu,v)= )" Ci.;,0(D"u, D"v).

Li+h=I
By Leibniz’s rule,

(3-3) D'Qu,v)=D' (—a,u du+r! Z(al.uaiv))
i=1

m
= > Cuup (a,D’lua,D’zv +171> (3, D" u)(a,.D’zv))

L+bL=I i=1
= Z Cr., Q(D"'u, Dv).
Li+hL=I
Let
(3-4) v=Q(u,u).

By (3-2), we have
(3-5)  D'Q, Qu,u)= Y Cj.;,Q(D"u, D" Q(u, u))
L+DhL=I

I I I
- Z Ch 1.1, Q(D"u, Q(D?'u, D u)).
Li+L+ =L+



GLOBAL EXISTENCE OF SMOOTH SOLUTIONS IN FLRW SPACETIMES 499

Thus,
(3-6) Og(D'u) = [Og, D'lu+ D' (Ogu) = =D Q(u, Q(u, u)).
From (3-5) and (3-6), we complete the proof of the lemma. Il

For higher-order derivatives with respect to ¢, we have the following lemmas:

Lemma 3.2. For any smooth functions v(t, x) and w(t, x),
G- 30w, w) i
— Z Q(atlmv’ 8f102w)+z Z t—l—(10—101—102)3i8t101v8iat102w_

lo1+1o2=1o i=1 Iot+loa<Io

Proof. We prove it by induction. For Ip = 1, we have

9,0, w)

m
= a,[—a,va,w + Zf’Bivaiw]

i=1

m m m
=—07vaw—,vfw+ Y t70jvw+ Y o vaiw—> It g vaw
i=1 i=1

i=1
m
= 0@, w)+ 0, dw) =Y V95w,

i=1

Therefore, the lemma holds for Iy = 1.

Assume that the lemma holds for Iy — 1 for arbitrary Iy > 1; then for Iy,
/0, w)
=0,/ Q(v, w))

m

= at< > 0@ . 8wy +> " Y z—l—“o—’m—’f)z)a,’ma,.vat’ma,.w>

Toi+Ip=1p—1 i=1 Ipi+lpn<lp—1
_ gloitl,, ol gl 8102+1
= (0@ v, 8/2w) + Q(8/rv, 3/ w))
lo1+1o2=1p—1

m

+ § § t_l_(10+1_101_102)3t10181'”3;10281'“)
i=1 Ip1+1p<lp—1

m
+ Z Z t—l—(10+1—101—102)(at101+1 d;v atloz 3w + 3,10' d;v alloz-l-l 9, w)
i=1 Ioi1+Inp<Ilp—1

m
— Z Q(HZIOIU, allozw) + Z Z t_l—(10_101_102)8t101 aivatlozaiw.

lo1+10x=1Io i=1 loi1+In<lo
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Thus, the lemma holds for arbitrary /. (]

We define

S(lo) = {Uo, lo1, Loz, Lo21, 1022) | Io1 + Loz < Lo, Io21 + Loz < Inn}-

Lemma 3.3. For any smooth functions u(t, x), v(t, x), and w(t, x), and any non-
negative integer I,

(3-8) 3/°0(u, Q(v, w))
= > 0@/ u, 0®/v, 8/ w))

Tor+1o2+13=1p

m
+ Z Z t—l—(loz—lozl—Iozz)Q(atlmu’ 8t10218iv8110228iw)
i=1 S(ly)

m
—I—1—Ipp—Top1 —1022) o I I I
+Z Zt a=lom—lo2) glorg y gloaig.y §lon2g )
i=1 S(Io)

m
—I1—(Iy—To1— I 1 I I
+Zzt (To—1Io1 02)3[0'3l~u8iQ(81021v,3,02210)
i=1 S(Io)

m
+ Z Z l‘21+(10_[0] —102)+(102—1021—lozz)atlm aiu ai (3,[0213,-1) atlozzal_w)_
i=1 S(I)

Proof. By Lemma 3.2, let p = Q(v, w), so

(3-9) 30, Q(v, w))

=9,"Q(u. p)
— Z Q(atlm u 8t102p) + Z t—1=Uo=Ior —Ioz)atlm u 81102 3. p
9 1 1 9
loi+1n2=1o Toi+1o2<Io

since

(3_10) atl()zp — Z Q(at[()zl v, 81!022w) + Z t_l_(102_1021_1022) atIOZI aiv atl()22 aiw'

Too1+1022=102 Too1+1o22<1o2

Inserting (3-10) into (3-9), we obtain the lemma. [l
Combining Lemmas 2.1, 3.1, 3.2 and 3.3, we obtain an important lemma:

Lemma 3.4. Differentiating (1-8) by atIODI for any nonnegative integer Iy and
multi-index I, we have
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3-11) O (a’OD’u)

m lyp—1
_Zt (I—I+2)816DIM+ZZI—I (1, 1”)82 0DI
I=1 i=1 1=

+ Y @MD", Q" D"u, 81D u))
Io1+1ox+103=1Ip

+ Z t_l_(102_1021—1022) Q(atlm D11 u, atlozl ai(Dlzu) 8t1022 8i(DI3u))
S(lo)

+ Z t71717(1027102171022)3;01(Dll atu) 311021(D128il/t) 3{022(1)1381-1/!)
S(Io)

+ Z t—l—(10—101—102)at10| (D[I d;u) 9, Q(atl(m Dlzu’ atlozz(Dhu))
S(lo)

+ Z 1 El1g. (D1 u) 3, (81 (D" 9,u)8]2(D"9,u))

S(lo)
m Ip—1
P G0 W MR
Ij=1 i=1 Ij=

+ Qu, Q(u, 3°D"u)) + R,

where E =214 (Io— Io1 — Ioyp) + (Ioo — Ioo1 — lo22), 11 + I+ 13 =1, and R denotes
the remaining terms.

Remark 3.5. For convenience, in Lemmas 3.1-3.4, we have omitted the numerical
constants in front of each term at the right hand of (3-1), (3-7), (3-8), and (3-11). It
does not affect the estimates in the sequel since they are all universal constants.

Remark 3.6. In the following estimates, we distinguish the Q(u, Q(u, 3/°D'u))
term from others, since it contains the highest-order derivatives of 30D u.

Based on Lemma 3.4, we have the following energy estimate. It plays a key role
in the proof of Theorem 1.3.

Lemma 3.7. The following generalized energy inequality holds in the maximal
development of the smooth solution of Cauchy problem (1-8), (1-9):

(3-12) FM(@) [

< FM(1) +/ (max{t*(lofléﬂ), rfl/zf(loflg)}—I—t*l/zFM(r))FM(r) dr.
1

provided FM(t) <« 1, where FM(t) is defined by (2-32) with M > m + 2.
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Proof. We will prove the lemma in three steps.
Energy estimates based on (3-11). Taking V = —0, in Lemma 2.2, one gets

(3-13)
1
E”J(t)—E“(l)=/ /(KV(a{D’u)+EJg(a,JD’u)V(a,fD’u))dVolr dr,
1 T

which is equivalent to

%E”(z) =/(KV(a,fD’u(r)) + 0,3 D'w)V (3] D'u)) d Vol,.
P

(3-14)
By (3-14) and (2-24),

315 L1

_ t(2—m)l/2(th1 J(t)> (2—2m)lt(z—m)z/zt—lEl,J(t)

— t(Z—m)l/Z/ (KY(3D"u(t)) + 0, (3 D'w) V(3] D' w)) d Vol
=

n 2—m)l @I LT gy

2
m J—1
ft(z_m)l/2/ (Zt J— J+2)aJ’D1u+Z Z t_l J— J”)828]”D1)
J'=1 i=1 J'=

x V(3 D'u) d Vol,

+t(2—m)l/2/ (Q. Q. /D' u)) + R)V(3D"u) d Vol,.
%

We first estimate the term that contains the second-order derivatives of BIJ Dlu,ie.,

(3-16) O(u, O, 3! D ) V(3! D uyr@=mI/2ml/2 gy
R)n

Energy estimates based on (3-16). Let

(3-17) v=23/D"u.
Expanding the term Q(u, Q(u, v)), one obtains
Qu, Qu, v))

m m m
=—0,ud, <—a,ua,v +10y 8iu8iv> +171> ud; <—a,ua,v +11y 8l-u8iv)

i=1 j=1 i=1
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which yields

Q(u, O(u, v))

m m
= (a,u)za,zv — 2! Z o,u aiuagv + Z z—”am Bju Bizjv + 8,u8,2u8tv
i=1 ij=1

m m
=t dudjudu+17 Y " udud
i=1

i=1

m m
—t7! Z o;u sztu d,v+ = Z o;u E)l-zju o;v
Jj=1 i,j=1

=A+B+C+L,

where

m m
(3-18) A= @0y, B=-2"Y dududiv, C=Y 2 gudud}v,
i=1 i j=1

and

m m
(3-19) L=0udfud,v—t" Y dudjudu+it™'" Y " dudud,v
i=1 i=1

m

m
=ty dudiudv -+t > dudiud,v.
J=1 i,j=1

In view of (3-16) and (3-18), and integrating by parts, we have

(3-20) A vt G2 gml/2 gy
Rm

= | Qu)?d*vd vt dx

R
= %% Rm(atu)z(a,v)zzl dx
—f d,ud?u (9,v)*t' dx — é /Rm(atu)z(fitv)zt_ltl dx
—Ld 520,020 dx + Ay + Ay,
2dt Jgn ! !
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and
(3-21) Bo, vt dx
Rm
m
:/ (2;’Zatua,.ua,?,v>a,vtldx
" i=1
m
:Zal(/ 8,u8iu(8iv)2dx>
l:1 m
m m
—Zf tlafiuaiu(atv)ztldx—Z/ t70,u0%u(d,v) 1 dx
i=1 JR" i=1 JR"
= Zai(/ atuaiu(aiv)zdx) + B; + Ba.
i=1 R
Also,
(3-22) Ca,vt' dx
Rm
m
=—Zft_218iu8ju81-2jv8tvtldx
ij=17R"
— 1d
=> 5E/mrZ’aiuajua,.vajvz’dx
ij=1

707 ud;ud;vo,ve' dx +/ 7 0,ud7ud;vo,ve' dx

m

i,j=1
m m l
—20 52 ! —2-1 !
— Z/mt 0;;ud;ud;v; vt dx—Z/mzt d;ud;ud;vd;vtr dx
ij=1 i,j=1

m
=Y %i/ = 0,ud,ud,v9,vt' dx + C1 + Co + C3+ Cy.
Rm

Next, we estimate these terms via F¥(¢). By Lemma 2.11 and the assumption
M > m + 2, we obtain easily

(3-23) |A;| St FM ()17, i=1,2,
(3-24) 1B:| <t IFM ()1, i=1,2,
(3-25) 1C;| <732 FM (1)1, i=1,2,3,
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and
(3-26) Cal St7TFM @)

For the remaining terms L, we have

(3-27) f Lo,ut @2 gdmi2 gy ) < @7 47 4T FM ()2

At last, we estimate the lower-order terms
(3-28) / R, vr@G=ml/2ml/2 gy
where R is defined by (3-11).

Energy estimates based on (3-28). We have
5
(3-29) / Rdvt'dx = f <Z R,-) d,vt'dx,
m R)ﬂ l:l

where R; (i =1,...,5) is defined by (3-11).
For R, we have

(3-30) Q@[ D"u, Q@2 D"u, 3/ DBu))
=—9,(3/"D"u)d, |:—8,(8,1°2D12u) 3,33 DB u)
m
+171> 9,9/ D u) ai(a{OBD’m}
i=1

m
+ t—lz aj(atlm ph u) aj |:—8t(3t102D12M) 8t(8t103 Dhu)
j=1 m
+171) 8,8/ D"u)o, (8t103D13u):|,

i=1
SO

o ’/ Rig el dx‘ <@ FM 0P,
Rm
For R, by direct calculations,
(3-32) Q3" D"'u, 8/10,(D"u)8/25,(D"u))
= _at(allol Dl] I/l) at (atl()ZI ai (Dlzu) 8[102281_ (D[gu))

m
+¢713°0. (/0 D"u) 8, (8]0, (D"2u) 81028, (D)),
i=l1
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SO

(3-33)

/ Rzatv[—l—(loz—lozl—lozz) £ 2=ml/2 ml/2 g,

< (t_3l/2_(102_1021_1022) + t—l/Z—(IOZ_IOZI_I(m)) [FM(Z‘)]Z.

~

For R;, we have

(3-34)

/ Rafyvt~21= o= Ton =) ~Clon o —Iom) p2om) /2 gmi 2 g1
m

< t*l/Zf(IofIm7102)7(1027102171022)[FM(I)]2.
For Ry,
(3-35)  Q(3/™D"u, 8/ D"u)
- —8t(at102D12u) a’(8’IO3DI3u) +1! i ai(3z102D12u)3i(3z103D13u),
i=1

SO

(3—36) ‘/ R48tvt—[—(10—101—102)t(2—m)[/2tml/2 dx 5 t—1/2—(10—101—102) [FM([)]2
Rm

For Rs, we obtain

(3-37)

/ Rs atvt—ZI—(Io—lol—102)—(102—1021—1022) £ 2=m1/2 yml /2 dx'
< l’_l/2_(10_101_102)_(102—1021—1022) [FM(Z')]Z,

Combining these estimates above, (2-37) and (3-15)—(3-37), and summing up
[I|+J < M, we have

d

EFM(I) < max (s~ o~ 1+2, ~12=U=IDy M (4

(3-38)
+max{r !, ¢TI 72 2 3R U= o= H22)

¢ L2=Uo=1oi —102)—(102—1021—1022)} [FM(I)]z.
Here, we define FM (t) to be

IOEEY f”(t)+%/ (0,u)*(@,v)%t" + 0;u d,u d,vd;v1 ™) dx.
+I=M R

It is easy to see that, if F'(t) < 1, then there exists a positive constant C such that

C'FM@)y < FM@1) < CFM().
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Integrating (3-38) over [1, ¢),

(3-39) FM@)y < FM(1)+ / t(max{r_(10_15+2), T2 U= 1)y
1 + 1t PFM @) FY (1) de. O
Based on Lemma 3.7, we can prove Theorem 1.3 by the bootstrap method.
Proof of Theorem 1.3. Set
(3-40) E={te[l,T): F¥(s) < Ae* for 1 <5 <1}.

For the proof of the main result, it suffices to show that for any ¢ € E, the assumption
FM(t) < Ae* « 1 will imply FM(t) < (A/2)€?, provided that A is sufficiently
large and € is sufficiently small.

By (3-12) and Gronwall’s lemma, there exists a positive constant C such that

t
(3-41) FM@) <CcFM(1) exp/ (max{r_(10_15+2), r_l/z_(lo_lé/)} + r_l/erz) dr.
1

In(2) M
_ d A>16CDM(1
0=y 190a 04 AzT6CDT.

where DY (1)e? = FM(1), then for any € € [0, €] and [ > 2, we have
(3-42)

o
FM(r) < CFM(1) exp/ (max{r~Uo=lo¥2) ¢ =1/2=Uo=lo)y 4 17112 Ac) dr
1

Choosing

Then we can argument by contradiction and get the global existence result. (Il

4. Some discussions

In this paper, we have proved the global existence of smooth solutions to exponential
wave maps on some special FLRW spacetimes, which are important and interesting
in geometry and physics. Along with the development of Lorentzian geometry,
the study of classical field theory and evolution equations is generalized to curved
spacetimes. We believe that this field will attract better attention in the near future.
Equations on a curved background, especially the solutions to the Einstein field
equation, take a much more important role in physics. Confined by our knowledge,
we only consider the easy case here, but there still exist a lot of problems that are
worth focusing on.

For large initial data or large initial energy, whether the smooth solution of
exponential wave maps exists globally or not is an interesting problem in the field
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of PDEs. Since wave maps are a class of equations with good structure, the study
of the large data problem is under consideration now; one can refer to [Wang and
Yu 2013; Yang 2015] on Minkowski spacetime.
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