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THE VIETORIS-RIPS COMPLEXES OF A CIRCLE

MICHAL ADAMASZEK AND HENRY ADAMS

Given a metric space X and a distance threshold r > 0, the Vietoris—Rips
simplicial complex has as its simplices the finite subsets of X of diameter less
than r. A theorem of Jean-Claude Hausmann states that if X is a Riemann-
ian manifold and r is sufficiently small, then the Vietoris—Rips complex is
homotopy equivalent to the original manifold. Little is known about the
behavior of Vietoris—Rips complexes for larger values of r, even though
these complexes arise naturally in applications using persistent homology.
We show that as r increases, the Vietoris—Rips complex of the circle obtains
the homotopy types of the circle, the 3-sphere, the 5-sphere, the 7-sphere,
etc., until finally it is contractible. As our main tool we introduce a di-
rected graph invariant, the winding fraction, which in some sense is dual
to the circular chromatic number. Using the winding fraction we classify
the homotopy types of the Vietoris—Rips complex of an arbitrary (possibly
infinite) subset of the circle, and we study the expected homotopy type of
the Vietoris—Rips complex of a uniformly random sample from the circle.
Moreover, we show that as the distance parameter increases, the ambient
Cech complex of the circle (i.e., the nerve complex of the covering of a circle
by all arcs of a fixed length) also obtains the homotopy types of the circle,
the 3-sphere, the 5-sphere, the 7-sphere, etc., until finally it is contractible.

1. Introduction

Given a metric space X and a distance threshold r > 0, the Vietoris—Rips simplicial
complex VR_(X; r) has as its simplices the finite subsets of X of diameter less
than r. As the maximal simplicial complex determined by its 1-skeleton, it is an
example of a clique (or flag) complex. Vietoris—Rips complexes were used by
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Vietoris [1927] to define a (co)homology theory for metric spaces, and by Rips
[Gromov 1987] to study hyperbolic groups.

More recently, Vietoris—Rips complexes are used in computational algebraic
topology and in topological data analysis. In this context the metric space X is
often a finite sample from some unknown subset M C R4, and one would like to
use X to recover topological features of M. The idea behind topological persistence
is to reconstruct VR_ (X; r) as the distance threshold r varies from small to large,
to disregard short-lived topological features as the result of sampling noise, and to
trust topological features which persist as being representative of the shape of M.
For example, with persistent homology one attempts to reconstruct the homology
groups of M from the homology of VR_(X; r) as r varies [Edelsbrunner and Harer
2010; Carlsson 2009; Carlsson et al. 2008].

Part of the motivation for using Vietoris—Rips complexes in applied contexts
comes from the work of Hausmann and Latschev. Hausmann [1995] proves that if M
is a closed Riemannian manifold and if r is sufficiently small compared to the injec-
tivity radius of M, then VR_(M; r) is homotopy equivalent to M. Latschev [2001]
furthermore shows that if X is Gromov—Hausdorff close to M (for example a suffi-
ciently dense finite sample) and r is sufficiently small, then VR_(X; r) recovers the
homotopy type of M. As the main idea of persistence is to allow r to vary, we would
like to understand what happens when r is beyond the “sufficiently small” range.

As the main result of this paper, we show that as the distance threshold increases,
the Vietoris—Rips complex VR_(S'; r) of the circle obtains the homotopy types
of the odd-dimensional spheres S 183 85 87 ..., until finally it is contractible.
To our knowledge, this is the first computation for a noncontractible connected
manifold M of the homotopy types of VR_(M; r) for arbitrary r (and also a first
computation of the persistent homology of VR_(M; r)). Our main result confirms,
for the case M = S', a conjecture of Hausmann [1995, (3.12)] that for M a compact
Riemannian manifold, the connectivity of VR_(M; r) is a nondecreasing function
of the distance threshold r.

As our main tools we introduce cyclic graphs, a combinatorial abstraction of
Vietoris—Rips graphs for subsets of the circle, and their invariant called the winding
fraction. In a sense which we make precise, the winding fraction is a directed dual
of the circular chromatic number of a graph [Hell and Nesettil 2004, Chapter 6]. In
[Adamaszek et al. 2016] we proved that for X C S! finite, VR_(X; r) is homotopy
equivalent to either an odd-dimensional sphere or a wedge sum of spheres of the
same even dimension; the theory of winding fractions gives us quantitative control
over which homotopy type occurs, and also over the behavior of induced maps
between complexes. As applications we classify the homotopy types of VR_(X; r)
for arbitrary (possibly infinite) subsets X C S', and we analyze the evolution of the
homotopy type of VR_(X; r) when X C S' is chosen uniformly at random.
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Cech complexes are a second geometric construction producing a simplicial
complex from a metric space. The Cech complex é<(S 1. r) is defined as the nerve
of the collection of all open arcs of length 27 in the circle of circumference 1. For
r small the nerve theorem [Hatcher 2002, Corollary 4G.3] implies that é (S':r)
is homotopy equivalent to S'. Just as we study VR_(S'; r) in the regime where r
is too large for Hausmann’s result to apply, we also study C_(S';r) in the regime
where r is too large for the nerve theorem to apply. We show that as r increases,
the ambient Cech complex é<(S I: r) also obtains the homotopy types of S!, §3,
S5 87 ..., until finally it is contractible.

All of this has analogues for the complexes VR (S . r) and (VIS(S I 7), defined
by sets of diameter at most r, respectively closed arcs of length 2r. We have:

Main result (Theorems 7.4, 7.6, 9.7, 9.8). Let 0 < r < 5. There are homotopy
equivalences (forl =0,1,...):

1oy~ Q2] o I+1
VR (§;r) =S if 51 <7 = 253>
el oy~ Q2 o I+1
C(§5r) =S if 5050 <7 = 201>
241 JEsy
S ’f21+1 <T <723

VR_(S';r) ~ {
\/CSZI lf‘r_zllﬁa

S2[+1 I+1

< <7302°

o 1
C_(S'y )~ { RISy
= \/c Sz[ lf = m ,

Contents of the paper. In Section 2 we introduce preliminary concepts and notation,
including Vietoris—Rips complexes. We introduce cyclic graphs and develop their
invariant called the winding fraction in Section 3. In Section 4 we show how this
invariant affects the homotopy type of the clique complex of a cyclic graph. In
Section 5 we show that the homotopy type of the Vietoris—Rips complex stabilizes
for sufficiently dense samples of S!. We apply the winding fraction to study the
evolution of Vietoris—Rips complexes for random subsets of S' in Section 6. The
main result appears in Sections 7 and 8, where we show how to compute the
homotopy types of Vietoris—Rips complexes of arbitrary (possibly infinite) subsets
of S in particular we describe VR_(S L. r). In Section 9 we transfer these results
to the Cech complexes of the circle. The appendices contain proofs of auxiliary
results in linear algebra and probability.

2. Preliminaries

We refer the reader to [Hatcher 2002; Kozlov 2008] for basic concepts in topology
and combinatorial topology.
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Simplicial complexes. For K a simplicial complex, let V(K) be its vertex set. The
link of a vertex v € V(K) is lkg(v) ={o € K |v ¢ cand o U {v} € K}. We will
identify an abstract simplicial complex with its geometric realization.

Definition 2.1. For an undirected graph G the clique complex C1(G) is the sim-
plicial complex with vertex set V(G) and with faces determined by all cliques
(complete subgraphs) of G.

Vietoris—Rips complexes. The Vietoris—Rips complex is used to capture a notion
of proximity in a metric space.

Definition 2.2. Suppose X is a metric space and r > 0 is a real number. The
Vietoris—Rips complex VR<(X;r) is the simplicial complex with vertex set X,
where a finite subset o C X is a face if and only if the diameter of o is at most r.
Analogously, the complex VR_(X; r) is characterized by finite subsets whose
diameter is strictly less than .

Every Vietoris—Rips complex is the clique complex of its 1-skeleton. We will
write VR(X; r), omitting the subscripts < and <, in statements which remain true
whenever either inequality is applied consequently throughout.

Conventions regarding the circle. We give the circle S' the arc-length metric
scaled so that the circumference of S' is 1. For x, y € S! we denote by [x, y]gi
the closed clockwise arc from x to y and by d (x, y) its length — the clockwise
distance from x to y. For a fixed choice of 0 € S! each point x € S! can be identified
with the real number d (0, x) € [0, 1), and this will be our coordinate system on S'.
For any two numbers x, y € R we define [x, y]s1 = [x mod 1, y mod 1]g1 and
d (x,y) = d (x mod 1, y mod 1). Open and half-open arcs are defined similarly. If
X1, X2, ..., xs € S! then we will write

X] <X3<-+-<Xg
ifxy, ..., x appear on S!in this clockwise order, or equivalently if they are pairwise
distinct and Zle d(xi, xi+1) = 1, where x5 = x;. We define

dti, jy=n-d(5. })
to be the “forward” distance from i to j in Z/n.

Directed graphs. Throughout this work a directed graph is a pair G = (V,E)
with V the set of vertices and E C V x V the set of directed edges, subject to the
conditions (v, v) € E (no loops) and (v, w) € E = (w, v) € E (no edges oriented
in both directions). The edge (v, w) will also be denoted by v — w. For a vertex
vE V((_})) we define the out- and in-neighborhoods

NYG,v)={w:v—w} and N (G,v)={w:w— v},
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as well as their closed versions
Nt[G,v]=Nt(G,v)U{v} and NT[G,v]l=N(G,v)U{v}.

A directed cycle of length s in Gisa sequence of vertices vy, .. ., vy such that there
is an edge v; — v;41 foralli =1, ..., s, where vs4] = v;.

For a directed graph G we will denote by G the underlying undirected graph
obtained by forgetting the orientations. If G is an undirected graph we write v ~ w
when v and w are adjacent, and we define

N(G,v)={w:w~v} and N|[G,v]=N(G,v)U{v}.

ForveVletG \ v be the directed graph obtained by removing vertex v and all
of its incident edges, and for e € E let G \ e be obtained by removing edge e. The
undirected versions G \ v and G \ e are defined similarly.

All graphs considered in this paper are finite.

3. Cyclic graphs, winding fractions, and dismantling

In this section we develop the combinatorial theory of cyclic graphs, dismantling,
and winding fractions.

We are going to work with the notion of a cyclic order. While there exist
definitions of a cyclic order based on the abstract ternary relation of betweenness
[Huntington 1916], the following definition will be sufficient for our purpose. A
cyclic order on a finite set S of cardinality »n is a bijection 4 : S — {0, ..., n — 1}.
Denoting x; = h~' (i) we write this simply as

X0 <X <+ <Xp_-1.

If n > 3 this gives rise to a betweenness relation: we write x; < x; <x; ifi < j <k
ork<i<jorj<k<i. If S CS then any cyclic order on S restricts in an
obvious way to a cyclic order on §".

A subinterval in such a cyclic ordering of S is either (1) the empty set, (2) a
set of the form {x;,...,x;} for 0 <i < j <n —1, or (3) a set of the form
{xj, ..., x4s—1,%0,...,x;} for 0 <i < j <n—1. In particular, S itself is also
a subinterval.

A function f : § — T between cyclic orders is cyclic monotone if (1) for every
t € T the set £f~1(¢) is a subinterval of S, and (2) f(s) < f(s') < f(s”) in T implies
s <s' <s"in S for any s, s', s” € S.

One easily shows that if f is cyclic monotone, s < s" <s”, and f(s), f(s), f(s”)
are pairwise distinct, then f(s) < f(s") < f(s”). Moreover, if f : S — T is cyclic
monotone then the preimage of any subinterval of T is a subinterval of S.

We will concentrate on the following class of directed graphs.
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Definition 3.1. A directed graph G is called cyclic if its vertices can be arranged
in a cyclic order vy < v; < - -+ < v,_1 subject to the following condition: if there is
a directed edge v; — vj, then either j =i 4 1 mod n or there are directed edges

Vi = Vj—1modn and Uiyl modn —> Vj.

In the future all arithmetic operations on the vertex indices are understood to be
reduced modulo #n; for instance we will write simply vy fOr vi4x mod n-

Two examples of cyclic graphs are shown in Figure 1. Cyclic graphs are a special
case of directed graphs with a round enumeration; the latter are defined by the
above definition when edges with double (opposite) orientations are allowed. For
a comprehensive survey of related graph classes, see [Lin and Szwarcfiter 2009],
especially Theorem 10.

We begin with some basic properties of cyclic graphs.

Lemma 3.2. Let G be a cyclic graph with n vertices in cyclic order vp < - - - < V_1.
Then:

(a) Foreveryi =0,...,n— 1 there exist s, s' > 0 such that
N*[G,vi] = {vi, Vis1, .., Vigs) and N7[G,vi]l={vi_y, ..., vi—1, vi}.
(b) Foreveryi =0,...,n—1we have inclusions

N*(G.v) S NG, viy1] and N~(G,viy1) SN[G, v].

(c) Every induced subgraph of Gisa cyclic graph.

@ If G contains a directed cycle then v; — v;y1 foralli =0, ..., n—1.
Proof. Parts (a) and (b) follow directly from the definition. The cyclic orientation
inherited from G is a cyclic orientation of any induced subgraph, which gives (c).
To prove (d), take a directed cycle and replace any edge v; — v; with j #i + 1 by

a path v; — v; 41 — v;. After finitely many steps of this kind we get a directed
cycle in which every edge is of the form v; — v;y1. ([

The main examples of cyclic graphs of interest in this paper are provided in the
next two definitions.

Definition 3.3. For a finite subset X € S! and real number 0 < r < %, the directed
Vietoris—Rips graphs VR<(X; r) and VR_(X; r) are defined as

VRo(X;r) = (X, {x1 = x2:0 < d(x1,x2) <7})
and

V_ﬁ<(X; r)= (X, {xi > x:0< ;l)(xl, X)) < r}).
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Figure 1. Left: the coordinate system on S'. Middle: the cyclic
graph CZ. Right: a cyclic graph which is not a Vietoris—Rips graph.
Its odd-numbered vertices are dominated; see Definition 3.9.

It is clear that the Vietoris—Rips graph is cyclic with respect to the clockwise
ordering of X; in particular the two meanings of the symbol < denoting clockwise
order in S' and cyclic order of the vertices of \7R(X ; 1) agree.

As before, we will omit the subscript and write \7R(X ; ) in statements which
apply to both < and <. Not every cyclic graph is a Vietoris—Rips graph of a subset
of S': an example is in Figure 1. Our interest in Vietoris—Rips graphs stems from
the fact that a Vietoris—Rips complex is the clique complex of the corresponding
undirected Vietoris—Rips graph, namely VR(X; r) = CI(VR(X; r)).

Definition 3.4. For integers n and k with 0 <k < %n, the directed graph E‘)’,f has
vertex set {0, ...,n— 1} and edgesi — (i +s) modn foralli =0,...,n—1 and
s =1, ..., k. Equivalently

i— j ifandonlyif 0<d,@,j)<k.

The directed graphs C K are cyclic with respect to the natural cyclic order of the
vertices. Note that CX is a Vietoris—Rips graph of the vertex set of a regular n-gon,
or in our notation:

(1) Cr=VR({0, 1, ... =1}, &),

n n

The cyclic graphs 65 will play a prominent role in our analysis of the Vietoris—Rips
graphs.

A homomorphism of directed graphs f : G — H is a vertex map such that for
every edge v — w in G either f ()= f(w) or there is an edge f(v) = f(w) in H.
Directed graphs with homomorphisms form a category. We now define a class of
homomorphisms for the subcategory of cyclic graphs.

Definition 3.5. Suppose that G and H are cychc graphs, with vertex ordering
Vg < --- < Uy_1in G. A vertex map f: G— Hisa cyclic homomorphism if f
is cychc monotone, if f is a homomorphism of directed graphs, and if f is not
constant whenever G has a directed cycle.
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Note that if H = \7)R(X ; ) then the condition “f is cyclic monotone and not
constant” is equivalent to the equation

2) Y d(f ), fig) =1.

Lemma 3.6. Cyclic homomorphisms have the following properties.

@ If f: G- Hisa cyclic homomorphism and G has a directed cycle then so
does H.

(b) The composition of two cyclic homomorphisms is a cyclic homomorphism.

(¢) The inclusion of a cyclic subgraph (with inherited cyclic orientation) is a cyclic
homomorphism.

Proof. For (a), note that if G has a directed cycle, then by Lemma 3.2(d) it has
a directed cycle --- — v; = v;41 — --- through all its vertices. The image of
that cycle under f is not constant, and by removing adjacent repetitions one gets a
directed cycle in H.

For (b) suppose f': G — H and g: H — K are cyclic homomorphisms of
cyclic graphs. We first check that g f is cyclic monotone. Indeed, for a vertex w in
K the set (gf)~N(w) is the preimage under f of the subinterval g '(w), hence a
subinterval. If gf (v) < gf (v') < gf (v"), then using that f and then g are cyclic
monotone, we get v < v’ < v”.

Now we only have to check that if G has a directed cycle then g f is not constant.
By part (a), all three graphs have a directed cycle. Suppose, on the contrary, that
g(f(v))) =w forall v; € V(@). Since g is not constant there is a vertex u of H
not in the image of f with g(u) # w, and since f is not constant there is an index i
such that f(v;) < u < f(vi41) is cyclically ordered in H. Since Vi = Vj4] in G
we have f(v;) = f(viy1) in H. That in turn implies f(v;) > u — f(v;41) in H
and therefore w — g(u) — w in K. This contradicts our definition of a directed
graph (no edges oriented in both directions), and hence gf is not constant.

Part (c) is clear. O

We can now define the main numerical invariant of cyclic graphs.

Definition 3.7. The winding fraction of a cyclic graph G is
wf(é) = sup{f : there exists a cyclic homomorphism C ﬁ — 5}
For a finite subset X € S' we also introduce the shorthand notation
wi<(X;r) = wf(\7R5 (X;r)) and wf_(X;r)= Wf(\ﬁ{< (X;r)).
The next proposition records the basic properties of the winding fraction.

Proposition 3.8. The winding fraction satisfies the following properties.
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(a) wf(é) > 0 if and only if G has a directed cycle.
(b) If(_}) S Hisa cyclic homomorphism then wf((_f) < wf(l?l).
(c) If X € S is a finite set and 0 < r < % then

wi<(X;r)<r, wi(X;r)<r, and wf_(X;r)<wf<(X;r).
(d) wi(Ck) = &,

Proof. For (a) note that if G has a directed cycle, then by Lemma 3.2(d) the map
i — v; defines a cyclic homomorphism 6‘,{ — G withn = |V(5)|. Conversely, if
G has no directed cycle then by Lemma 3.6(a) it admits cyclic homomorphisms
only from the graphs 62

Part (b) follows from the definition of the winding fraction and the fact that a
composition of cyclic homomorphisms is a cyclic homomorphism.

Now we prove the first inequality of (c). Suppose that f: C ks V_I)QS (X;r)is
a cyclic homomorphism with k£ > 1, which means that for every i =0, ..., n—1
we have c?(f(i), f (@ +k)) <r. Since every arc of the form [ f(j), f(j + Dlg is
covered by exactly k arcs [ f (i), f(i +k)]g1,

nr =Y d(f). fA+k)=kY_d(f(). FG+D) =k,
i J

where in the last equality we used (2). It follows that 5 <rand wi<(X;r) <r.
The second inequality has similar proof with strict inequalities and the third one

follows from (b) since we have a subgraph inclusion VTL (X;r)— V.liS(X iT).
For (d), the identity automorphism of 5’; shows Wf(é’,ﬁ ) > % Conversely, apply-

ing part (c) with X ={0,1,.... =1} and r = f gives, by (1), that wf(CX) < % O

We now describe a practical way of computing the winding fraction. The method
uses graph reductions modeled on the notion of dismantlings of undirected graphs
(called folds in [Hell and NeSettil 2004, Section 2.11] or LC reductions in [Matousek
2008]), and hence we use the same terminology.

Definition 3.9. Suppose Gisa cyclic graph with vertex ordering vy < - - - < v,_1.

A vertex v; is dominated by v; 1 (or just dominated) if N~ (G, vi+1) = NG, v;].

Lemma 3.10. If Gisa cyclic graph and v; is dominated by v; 1, then the map
f: G — G\ v given by

o if j #1,

f(vj)={ A

viy1 i j =i

is a cyclic homomorphism. The composition G \ v; <= G l) G \ v; is the identity.

Proof. We first check that f is a homomorphism of directed graphs. First note the
map f preserves all edges avoiding v;. If vy — v; then vy — v;11 because v; is
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dominated by v; ;. If v; — vy then either k =i + 1, and then f(v;) = f(v), or
there is also an edge v;+; — v because G is cyclic.

The map f is a cyclic homomorphism because it clearly preserves the cyclic
ordering, and if G has a directed cycle then it has at least three vertices, in which
case f is not constant.

The last claim is obvious. ([l

The removal of a dominated vertex can be repeated as long as the new graph has
a dominated vertex.

Definition 3.11. We say a cychc graph G dzsmantles to an induced subgraph H if
there i is a sequence of graphs G= Go, G1, .. G — H such that G is obtained
from Gl_l by removing a dominated vertex for i=1,...,s.

If G dismantles to H then the composition of cyclic homomorphisms Gi — G,-+1
provided by Lemma 3.10 gives a cyclic homomorphism G — H. Moreover the
composition

H—G—H
is the identity of H. The next proposition answers the question of when the
dismantling process of a cyclic graph must stop.

Proposition 3.12. A cyclic graph without a dominated vertex is isomorphic to G k
for some 0 <k < 1n As a consequence every cyclic graph dismantles to an induced
subgraph of the form Cp. Ck

Proof. Let Gbea cyclic graph with vertex ordering vy < - - - < v,—1 and with no
dominated vertex. By Lemma 3.2(a) for every j =0, ...,n — 1 there is an e(j)
such that N*[G, vj] ={vj, ..., ve(j)}. Foreveryi =0,...,n—1,
NTIG, v\ N~ (G, vip1) = {v; s e(j) =i},
where N*(G, Vit1) C N*[G, v;] by Lemma 3.2(b). It follows that
Y INTIG, I\ N~ (G, vy )| =n.
i
Since G has no dominated vertices, all # summands above are positive and therefore
all are equal to 1. We have
INT(G, v = INTIG, vl = 1= N~ (G, v) U {v}| = 1 =N"(G, v))l.

Denote the common value of |V _(G, v;)| by k. Using Lemma 3.2(a) again we see
that N7[G, v;] = {vi_k, ..., v;} for all i, and so G is isomorphic to C],i. O

Remark 3.13. In [Adamaszek et al. 2017] we prove that, regardless of the choices
of a dominated vertex made in the process, every dismantling of a cyclic graph ends
up with the same subgraph. Such strong uniqueness is not needed in this paper.
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Our notion is modeled on the more classical dismantling of undirected graphs;
see [Hell and Nesetfil 2004]. In that setting the end result of the dismantling process
is unique only up to isomorphism; see [Matousek 2008] or [Hell and Nesettil 2004,
Theorem 2.60].

We can now give a recipe for computing the winding fraction.
Proposition 3.14. If a cyclic graph G dismantles to C K then wf(C_f) %
Proof. The graph G has both cyclic homomorphisms Cj, Ck<> G and G — Cﬁ , SO
the claim follows from Proposition 3.8 parts (b) and (d). ([l

The following result gives the converse of Proposition 3.8(b).

Proposition 3.15. There is a cyclic homomorphism f : G - H if and only if
wi(G) < wif(H).

Proof. The “only if” part is handled by Proposition 3.8(b)
For any 0 <k < %n and d > 1 consider two maps ¢ : Ck C’,fd and 7 : 6% — (_f],i
given by
i)=di, and t(j)=]|%].

It is easy to see that ¢ and 7 are cyclic homomorphlsms

To prove the “if” part, suppose that G dlsmantles to Cp, Ck and H dismantles to Cy ck.
Proposition 3.14 and the assumption Wf(G) < Wf(H ) 1mply b= 5,. Then we have
a cyclic homomorphism

where the first and last map come from dismantling, and the middle map is a
subgraph inclusion since kn’ < nk’. O

The winding fraction is in a sense dual to the well-studied concept of circular
chromatic number; see [Hell and Nesetfil 2004, Chapter 6]. For an arbitrary
undirected graph G the circular chromatic number x.(G) is defined as the infimum
over numbers 7 such that there is a map V(G) — Z/n which maps every edge to a
pair of numbers at least k apart. By Proposition 3.15 we have

wi(G) = inf{% : there exists a cyclic homomorphism G — 5,,}
which leads to the following description: wf((_})) is the infimum over numbers S
such that there is an order-preserving map V(G) — Z/n which maps every edge to
a pair of numbers at most k apart.
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4. Winding fractions determine homotopy types

We now analyze the influence of the winding fraction Wf(é) on the topology of the
clique complex CI(G).

A homomorphism f: G — H of undirected graphs is a vertex map such that
v~ w implies f(v) = f(w) or f(v) ~ f(w). Every homomorphism of directed
graphs G — H determines a homomorphism of the underlying undirected graphs
G — H, and in turn also a simplicial map CI(G) — CI(H). The assignment
G Cl(G) is a functor from the category of directed graphs to topological spaces,
and also a functor from the subcategory of cyclic graphs to topological spaces.

Lemma 4.1. If Gisa cyclic graph and v; is a dominated vertex, then the cyclic
homomorphisms G \ v; — G and G — G \ v; from Lemma 3.10 induce homotopy
equivalences of clique complexes.

Proof. Using the conditions listed in Lemma 3.2(b) and Definition 3.9 we get
NIG,vi]=N7[G, v ]JUN'(G, v;) S N™(G, vi11) UNTIG, vi1] = NIG, vip].

Hence the link lkcjg)(v;) is a cone with apex v;41, or in other words, CI(G) is
obtained from CI(G \ v;) by attaching a cone over a cone. It follows that the
inclusion CI(G \ v;) < CI(G) is a homotopy equivalence. Since the composition
CI(G \ v;) = CI(G) — CI(G \ v;) is the identity, also G—>G \ v; induces a
homotopy equivalence. ([

Corollary 4.2. Ifa cycllc graph G dlsmantles to H then the maps of clique com-
plexes induced by H<> Gand G — H are homotopy equivalences.

To determine the homotopy types of CI(G) for arbitrary cyclic graphs G we
recall the following result, proved with different methods in [Adamaszek 2013] and
[Adamaszek et al. 2016].

Theorem 4.3. For(0 <k < %n there are homotopy equivalences

241 . k _ I+l _
Cl(Cﬁ): 2+ lfm<—<mf0rs0mel—0 1,...,
\/ T g if & k— 21+1 for somel =0, 1,

By convention an empty wedge sum is a point. We immediately obtain the
following result.

Theorem 4.4. If Gisa cyclic graph then
§2+1 if 211T < wf(@) < 21+3 for somel =0, 1, .

CI(G) = n—2k—1 a2/ . =k
\/ S if Wf(G) m and G dismantles to Cx.
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Proof. Graph G dismantles to some 6,’5 for0 <k < %n by Proposition 3.12, and
then we have ClI(G) ~ Cl(C") by Corollary 4.2. From Proposition 3.14 we get
wf(G) £ and plugging this into Theorem 4.3 gives the result. ([

Corollary 4.5. If X € S' is afinite set and 0 < r < 5 then
§2+1 ifz/ﬁ<wf(X‘r)<l+—1fors0mel:O 1,

VR(X;r) =~ o
VNS i wi(Xr) =

21+1 and VR(X r) dismantles to Ck

Proof. For the cyclic graph VR(X; r) we have VR(X; r) = CI(VR(X; r)). O

Remark 4.6. A circular-arc graph (CA) is an intersection graph of a collection
of arcs in §'. A circular-arc graph is proper (PCA) if no arc contains another and
unit (UCA) if all arcs have the same length. We have inclusions of graph classes
UCACPCACCA.If Gisa cyclic graph then one can show G is a PCA graph,
and if X € §' is finite and 0 < r < % then the Vietoris—Rips graph VR(X; r) is a
UCA graph. In [Adamaszek et al. 2016] we proved that the clique complex of any
CA graph has the homotopy type of S%*! or a wedge of copies of S for some
[ > 0. The theory of winding fractions refines the result by providing quantitative
control over which homotopy type occurs, and by allowing us to understand induced
maps. These features will be crucial for the applications we present in the following
sections.

There is a clear difference in the behavior of C1(G) when wf((_})) is one of the
singular values 57— 21+1 ,1=0,1, ... as opposed to a generic value 5= 21+1 < wf(G) < 2[;;13.
We now discuss add1t10na1 propemes of CI(G) in the generic situation. The next
lemmas describe the effect of a vertex or edge removal on the homotopy type

of CI(G).
Lemma 4.7. Suppose that Gisa cyclic graph and v € V((_f). If

< wf(G \v) < wf(G) < LtL

21+1 2043°

then the inclusion G \v— G induces a homotopy equivalence of clique complexes.

Proof. By Theorem 4.4 the complexes CI(G \ v) and CI(G) are both homotopy
equivalent to S?*!. Let G denote the cyclic subgraph of G induced by N(G, v),
s0 Ikcig)(v) = CI(Gy). The decomposition C1(G) = CI(G \ v) Ucy,) (CI(G) *v)
yields a Mayer—Vietoris long exact sequence of homology groups whose only
nontrivial part is

(3) 0 —= Hyy1(CI(G,)) = Hoy1(CI(G \ v)) — Hy11(CI(G)) — Hy(CI(G,)) — 0

I I
VA VA
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Since év is cyclic, by Theorem 4.4 the homology H, (CI(Gy)) is free and concen-
trated in at most one dimension. In view of (3) this is possible only if ﬁ* (CI(Gy)=0
and the middle map in (3) is an isomorphism. So G \v— G induces a homology
isomorphism between spaces homotopy equivalent to S+, and hence is a homotopy
equivalence by the Hurewicz and Whitehead theorems. ]

Lemma 4.8. Suppose that Gisa cyclic graph and e € E (é) is an edge such that
G\ e is also a cyclic graph. If

s < Wi(G \ e) < W(G) < L8,

then the inclusion G \e— G induces a homotopy equivalence of clique complexes.

Proof. Let e = (a, b) and denote by (_fe the cyclic subgraph of G induced by
N(G,a) N N(G, b). Then we have a decomposition

CI(G) = CI(G \ ) UciG,)«la.by (CL(Ge) xe) = CI(G \ ) Uy ci6,) (CI(Ge) *e).
By Mayer—Vietoris this yields the exact sequence

0 — Hy(Cl(G,)) = Hay1(CU(G \ €)) —= Hy11(C(G)) —= Hy_1(CI(G,)) — 0

I I
Zz Zz

where ﬁk(Cl(Ge)) = ﬁk+1 (X CI(G.)). The proof can now be completed as in
Lemma 4.7. O

Proposition 4.9. Suppose f: G—Hisa cyclic homomorphism and

< Wi(G) < wf(H) < 1L

21+1 2043

Then f induces a homotopy equivalence of clique complexes.

Proof. We proceed in three stages. First, suppose that f: G— His injective on
the vertices, i.e., it is an inclusion of a subgraph (not necessarily induced). In that
case f can be factored as a composition of cyclic homomorphisms
5:50‘—)51 C—)‘—)(_is:ﬁ

where each inclusion (_}:- > é:rl is an extension by a single vertex or by a single
edge. Since zzlﬁ < wf(G) < wf(G;) < wf(H) < %, the result follows from
Lemmas 4.7 and 4.8.

Next, we prove the statement for an arbitrary cyclic homomorphism f : Ck — CX
with

=

L _ kK _ I+l
T <an = w <253

Our first goal is to find a factorization f = t o f; where f; : C}, Ck — Cdk d,, is injective
and 7 : C%; — Cﬁ is given by t(j) = |_dJ
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Let jo <--- < js, with 1 <s <n — 1, be the cyclically ordered vertices of the
image of f in CX. Since f is a cyclic homomorphism, each preimage f~'( Jg) 18
an interval modulo n. Now define the cyclically ordered vertices ip < --- < iy in

Ck by f~ (Jq _{zq,.. iq+1—1}. Choosedimax{|f‘1(jq)| :q=0,...,s}
and define a map fy : Ck — C ' by

fa@) =djy +dnliy, i) for i €lig,... igp1—1}.

Note that 0 <i —i, < |f —1( Jg)| < d; therefore f; preserves the cyclic ordering
and hence is a cyclic homomorphism so long as it is a homomorphism of directed
graphs. It suffices to check that for every i =0, ...,n — 1 we have

daw (f2(0), fali +K)) < dK.

Suppose thati € f~ (]q) andi +ke f~ 1(Jq) necessarllyd (Jg» Jgr) < K. If
dy '(Jg» Jq') <k’ —1 then

daw (fa(0), fali +1)) < daw(djy, djy +d) < dK.
If jo = jg + k' then
daw (fa(0), fali +0)) =dK +d,(ig, i +K) = dyig, 1)
—dk +dn i, i +k) —dy iy, ig) = dK +k —dy(ig, ig)-
We have d (ig, iq) >k, for otherwise d (i,—1,iy) <k andd (flg—=1), flig))=
d '(Jg—1, Jg) = k41 would contradict the fact that f is a homomorphism. This
ends the proof that f; is a cyclic homomorphism.
Consider the cyclic homomorphisms ¢ : CX — ij’,:i and 7 : Cff,’i; — C’,ﬁf given by
Wi)=di and t(j)=][21].

We have a commutative diagram

where ~~ indicates the map induces a homotopy equivalence of clique complexes;
for the inclusions f; and ¢ this follows from the first part of the proof. From the
diagram we conclude that f induces a homotopy equivalence.

Finally, to prove the general case, suppose that G dismantles to a‘, and H
dismantles to 5’;: with wf(é) = % < fT/’ = wf(ﬁ). The composition

f — ~

G H-—=-Ck

Cck=
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induces a homotopy equivalence of clique complexes, and therefore so does f. [J

We defer until Section 8§ a further study of the combinatorics of C1(G) when
wf(G) 21+1 is a singular value.

5. Density implies stability

In this section we make precise the heuristic observation that the winding fraction
wi(X; r) increases with the density of X in § I, For this we recall the notion of
covering from metric geometry.

Definition 5.1. A subset X of a metric space M is an e-covering if every point of
M 1is within distance less than & from some point in X.

A finite subset X C S is an e-covering of S! if and only if every two cyclically
consecutive points in X are less than 2¢ apart.

As motivation for this section, we note that if 0 < r < % and X C S is a finite
subset, then VR_(X; r) > S' if and only if X is an (})-covering of S'. The next
proposition is an analogue of this observation for bigger winding fractions and
therefore for higher-dimensional homotopy types of VR_(X; r).

Proposition 5.2. Suppose that 0 <r < % and X C S' is a finite subset. If X is an
g-covering of S! for some & > 0 then wt_(X; r) > r — 2.

Proof We can assume that » — 2¢ > 0. There exists an ¢’ < ¢ such that X is also an
¢’-covering. It suffices tos show that whenever 0 < < r —2¢' then there is a cyclic
homomorphism Cj, Ck VR (X; r), since then we get

wf_(X;r)>r—2¢ >r—2e.

Fix 0 < 5 <r—2¢. Foreveryi=0,...,n—1let x; € X be the point closest
to +. (The uniqueness of each x; can be assured by an infinitesimal rotation, if
necessary) Then xq, ... x,—_1 appear on S! in this clockwise order (possibly with
repetitions) and, since &’ < ér < 7, not all of the x; are the same. By the triangle
inequality

d(xi, xix) <d(xi, L) +d (L, BE) 4 a (B xy)
<8/+;+8 §+28/<r.

It follows that the map i — x; determines a cyclic homomorphism éﬁ — \7R< (X;r),
and the proof is complete. O

This leads to the following conclusion.
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Proposition 5.3. Suppose that 5 +1 2’;_113 and 8 =r — 5 +1 IfX and Y

are finite subsets of S', X CY,and X isa %-covermg of S\, then in the diagram

<r<r' <

VR (X;r) —— VR_(Y; 1)

J J

VR_(X;r) —— VR_(Y;r)

all spaces are homotopy equivalent to S*+!

lences.

and all maps are homotopy equiva-

For the spaces in the bottom row and the bottom map the same conclusion holds

ion —L I+l
under the weaker assumption s <r < r' <5 3

Proof. Proposition 5.2 gives wf_(X;r) >r —6 = 21+1 and by Lemma 3.2(b) we
have wf-(Y;r') <r’ < 21;;13 Hence the four cyclic graphs underlying the diagram
have their winding fractions in the open interval (21 I 2%13) The statement now

follows from Proposition 4.9.

If r' = 2’;;13 then by Proposition 3.8(c) we still have wf_(Y;r") <r' = 2’;;13 and
Proposition 4.9 applies in the bottom row. U

We end this section with a partial converse of Proposition 5.2.

Proposition 5.4. Suppose that m <randé§=r— ﬁ If X C S is a finite
subset with wf_(X; r) > 2111 then X is a ((l + ) ) covering of S.

Proof. Suppose that VR (X; r) dismantles to Cj, ck W1th > 3151 +1 Letxg<---<x,_1

be the points of X which induce the subgraph Cj Ck s VR (X;r). The proof will

be complete if we show the following claim: for every i there exists a j # i such

that d (xi, xj) < (21 4+ 1)4. Without loss of generality it suffices to prove this for

i = 0. We can assume that (2/ 4+ 1)§ < 1, for otherwise the claim is trivial.
Consider the directed path in V.I)Q< (X;r):

X0 —> Xk —> X} —> +++ —> XQI+1)k-

Since (21 + 1)k > nl this path makes at least / revolutions around the circle, hence

2
Z d(Xig, Xi+1)k) > 1.
i=0
On the other hand l

21

ZE(XH(, Xi+k) < QI+Dr=I14+QI+1)§ <l +1.

i=0
It follows that the directed path covers exactly [ full circle lengths plus the arc
[x0, x21+1)k]st Whose length, by the last inequality, is less than (2/ 4- 1)§. That
proves the claim. (I
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The results of this sectlon can be summarized as follows. Suppose that 5~ +1
21;;13 and § =r — 5 +1 Then we know by Proposition 3.8(c) that for any finite
subset X C S! we have wf_(X;r) <r < 2Zl+Tla If we think of X as an evolving
(increasing) set, then the homotopy type of VR_(X; r) stabilizes at S¥*! at the
same time when X becomes an e-covering for some ¢ € [%5, (l + %)5] Ifl is

constant this is a very tight window as § — 0.

<
r <

6. Evolution of random samples

We now apply the winding fraction to study the evolution of Vietoris—Rips complexes
of random subsets of S'. Let A, € S! be a subset obtained by sampling n points
uniformly and independently from S'. The connectivity of the graph VR(X,,; r)
when r = r(n) — 0 as n — 00 has been extensively studied by many authors; see
[Imany-Nabiyyi 2008] and the references therein. We obtain asymptotic thresholds
for the higher-dimensional connectivity of VR(X),; ») when r is large. In particular,
we analyze how many random samples are required until the homotopy type of
VR(X,; r) matches that of VR(S'; r), extending Latschev’s approximation result
[2001] for S' to r values that are no longer sufficiently small.

In this sectlon we always assume that / > 0 is fixed and 5~ + i 3
define 6 =r — 5~ +1 The probability that two points of A}, are in distance exactly r
for any fixed r is 0, and therefore all results hold for VR_ as well as VR<. Just as
nontrivial asymptotic results about the connectedness of the graph VR(X};; r) can
be obtained for r — 0 as n — 00, in our higher-dimensional regime it makes sense
to assume that r — 5~ +1’ that is § — 0, as n — 0o. We use the standard asymptotic
notation f(8) = ®(g(8)) as 8 — 0 when there are constants Cy, C, > 0 (which can
depend on /) such that C;g(8) < f(§) < Crg(9).

Let M (r) and N(r) be the random variables counting the number n of random
points in § I until wf(X,; r) reaches, resp. exceeds, the value 21+r1 Formally,
consider the random process (X7, A»,...) where X is obtained from A; by
adding a single uniformly random point. Define

<r < £tL . we

M(r) _mln{n wi(X,; r) > 21+1} and N(r)= mln{n wi(X,; r) > 2l+1}

where min & = oco. The random variables M (r) and N(r) describe the last two
transition points in the evolution of VR(X),; r), since M (r) < n < N(r) means
VR(X,,; r) is homotopy equivalent to a wedge of copies of S%, and n > N(r) gives
VR(X,; r) ~ S?*1. We will determine the asymptotic expectations E[M ()] and
E[N(r)].

<r < 2L for some fixed | > 0 and let § = r — Then

Theorem 6.1. Let — T3

21+1 2[+1

E[M(r)] = @((%)%) and EIN()]=0(Llogl) ass—o0.
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Figure 2. The evolution of VR(X,;r) with r = 0.432; see
Example 6.2. The red curve is the average winding fraction, the
blue curve is the average intrinsic dimension, and the green curves
are the average Betti numbers b4, bs, bg, b7 (from left to right).
Note the support of bg (for example) mostly coincides with the
average intrinsic dimension being close to 6.

In particular, the expected number of random points n until VR(X,; r) ~ S%+1 is
®(% log %) asd— 0.

Note that the winding fraction of #ﬂ is achieved much sooner than it is exceeded
(in fact E[M ()] is sublinear in 1/§). It means that we are expecting a long interval
of n for which VR(X);; r) is a wedge of 2/-spheres, before reaching the final
homotopy type of SZ+1,

Example 6.2. Suppose ; <r=0432 < % with [ =3, § 2 0.00343, and 1/6 ~ 291.
Figure 2 shows the average evolution of VR(X};; r) for 1 <n <1000. The red curve
plots the average winding fraction, which rapidly approaches % and then exceeds it
around n = 600 to approach . The homotopy type then stabilizes at S”. For clarity

of the presentation the blue curve depicts the average intrinsic dimension, which

we define as 2/ when wf(-) = ﬁ and as 2/ + 1 when 21L+1 <wf(+) < 2%13

We first prove the second claim of Theorem 6.1. For € > 0 let C(¢) be the random

variable which counts the number of steps until A, becomes a (%s)-covering of S,
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By Propositions 5.2 and 5.4 we have

4 C(2I+1)8) < N(r) < C($).
It is well known that

(5) E[C(e)]=O(c 'loge™)

as ¢ — 0; see [Solomon 1978, Equation (4.16)], which gives a more precise answer.
The asymptotics of (5) can also be seen heuristically as follows. Divide S' into
K = O ) arcs of length ®(¢e). Think of the random process A}, as throwing
balls into K urns (arcs) independently. Then the event that X}, is a g-covering
coincides with the event that each urn contains a ball. By the classical coupon
collector’s problem this happens, in expectation, after n = ®(K log K) balls as
K — 0o. Combining (5) with (4) gives E[N(r)] = ® (5 'logs~") as § — 0.

To prove the first statement of Theorem 6.1 we need some auxiliary results. A
subset Y C S! will be called (g, m)-regular if |Y| =m and there is a bijection from Y
to the vertices of some regular inscribed m-gon which moves each point by distance
less than €. We previously showed that achieving wf(X; r) > 2111 coincides with X
being a ® (§)-covering, and the next lemma shows that wf(X; r) > 5~ is achieved
when X contains a (®(8), 2/ 4+ 1)-regular subset.

l
20+1
I+1
2l+1 2043 21+1
(@) If X has a (—8 21 + 1) regular subset then wf(X; r) > 21+1
®) If wi(X;r) > 5~ 21+1 then X has a (4168, 21 + 1)-regular subset.

Lemma 6.3. Let = <r < andé=r — For a finite subset X C S":

Proof. For (a) let {xo, .. x21} C X be the ( 3, 21 + 1)—regular subset. We can
assume x; € (21;1 18 21+1 + 5 5)31 Slnce S < 21+1 we have xg < x1 < --- < xy
cyclically ordered in S I as well as in VR(X r). We have

d(xi, xiy) < gy +2- 38 =r

and hence a cyclic homomorphism C) 21+1 — \7R(X r).
To prove (b) suppose wf(X r) = 5 +1 By Proposition 3.15 there is a directed
homomorphism f : C21+1 — VR(X r). Denote x; = f(i). Foreveryi =0, ..., 2,

dxi, xip) = 1= d(xip1, Xiprg1) —dXigprs1, %) > 1 =2r = 2l+1 —24.
It follows that for j =1, ...,2l,

—2j8> - — 48

d(xnler])> = 21

21 +1
and in turn

d(xi, xig)) =1 —d(xipj, x) < 1= 25020 4418 = 51 + 416,
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It follows that each x; lies in distance less than 4/§ from the j-th vertex of the
regular (2/ 4+ 1)-gon with xg as a vertex. O

Let R, (¢) be the random variable which counts the number of steps until X},
contains a (g, m)-regular subset. In Section B we show that for every fixed m

(6) E[R.()]=O(e~ ")  as e —0.

Here we only give a heuristic explanation using our previous urn model with
K = ®(¢~!) urns identified with arcs of length ®(e). Divide the urns into K /m
groups of size m, each group consisting of arcs centered approximately around the
vertices of a regular m-gon. Then the event that X, has an (g, m)-regular subset
coincides with the event that every urn in some group contains a ball. This can
be correlated with the generalized birthday paradox, where we require one urn to
contain m balls (the case m = 2 is the classical birthday paradox). The expected

m—1

waiting time for this to happen is @(K m ) as K — oo; see [Klamkin and Newman
1967, Theorem 2].
This proves the first claim of Theorem 6.1 since by Lemma 6.3 we have

Ryi11(418) < N(r) < Ry41(39).

The proof of Theorem 6.1 is now complete.

7. Vietoris—Rips complexes for subsets of S!

The definition of the Vietoris—Rips complex VR(X; r) makes sense for an arbitrary
metric space X, not necessarily finite nor discrete. Hausmann [1995] studied the
case when X is a closed Riemannian manifold. In this section we show that for an
arbitrary subset X € S' and r > 0, the complex VR(X; r) has the homotopy type
of an odd-dimensional sphere or a wedge of even-dimensional spheres. We will
also study the complexes VR_ (S . r) and VR (S I r) in more detail.

For an arbitrary metric space X the geometric realization of VR(X; r) is given
the topology of a CW-complex, that is the weak topology with respect to finite-
dimensional skeleta, or equivalently, the weak topology with respect to subcom-
plexes induced by finite subsets of X. Formally, let F(X) be the poset of all
finite subsets of X ordered by inclusion. Then for each r we have a functor
VR(—;r): F(X) — Top and

VR(X; r) =colimyecrx) VR(Y; r) > hocolimycrx) VR(Y; 1),

where the last equivalence is a consequence of the fact that all maps VR(Y; r) —
VR(Y’; r) for Y C Y’ are inclusions of closed subcomplexes, hence cofibrations.
See [Welker et al. 1999, Section 3] for the statements of all diagram comparison
theorems used in this section.
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For a finite subset Yy € X let F(X; Yy) be the subposet of F(X) consisting of
all sets which contain Y. Since this poset is cofinal in F(X), we also have
VR(X; r) = colimycr(x;y,) VR(Y; r) > hocolimycr(x.y,) VR(Y; r).
For an arbitrary subset @ # X € S' and 0 < r < % we define
wi_(X;r)=sup{wf_(Y;r):Y C X, |Y| < o0},
wi<(X;r) =sup{wf<(Y;r): Y C X, |Y]| < o0}.

(7N

The supremum in (7) need not be attained when X is infinite. When X is finite then
wf(X; r) agrees with our previous definition of this symbol since the supremum
is attained by ¥ = X. The following proposition shows that in the generic case,
VR(X; r) has the homotopy type of an odd-dimensional sphere.

Proposition 7.1. Suppose that @ # X € S' and 0 < r < % Either of the conditions

(1) 211T <wi(X;r) < %, or

) wi(X;r)= % and the supremum is not attained,

for somel =0, 1, ..., implies that VR(X; r) >~ §2+1,

Moreover, if ¥’ > r is another value of the distance parameter for which (1) or (2)
hold with the same 1, then the inclusion VR(X; r) < VR(X; ') is a homotopy
equivalence.

Proof. Either of the two conditions (1) or (2) implies there is a finite subset Yy C X

such that for every finite subset ¥ with Yo C Y C X, we have Z/ﬁ <wf(Y;r) < %
By Proposition 4.9 all maps in the diagram VR(—;r) : F(X; Yy) — Top are

homotopy equivalences between spaces homotopy equivalent to S%*, and therefore
VR(X; r) = hocolimy ¢z (x.y,) VR(Y; r) =~ §%*1,

Furthermore, 2l+r1 < wf(Y;r) < wi(Y;r) < %, hence the same is true for
VR(X; r’). The maps VR(Y; r) — VR(Y; r’) now define a natural transformation
of diagrams VR(—; r) — VR(—; r’) which is a levelwise homotopy equivalence
by Proposition 4.9. It follows that the induced map of (homotopy) colimits is a

homotopy equivalence. U

Remark 7.2. The same argument shows that under the assumptions of the last
proposition the map VR(Yy; r) — VR(X; r) is a homotopy equivalence whenever

Yy C X is a finite set with wf(Yy; r) > ﬁ
As the next lemma shows, the winding fractions behave in the expected way for

dense subsets of the circle.

Lemma 7.3. If X is dense in S' and 0 < r < % then wt_(X;r)=wf<(X;r)=r.
In the case of wf_ the supremum is not attained.
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Proof. For every ¢ > 0 the set X contains a finite e-covering of S'. Proposition 5.2
now gives wf(X; r) > r. The reverse inequality and the second statement of the
lemma follow from Proposition 3.8(c). ]

We can now give a complete description of the homotopy types of VR_(S'; r)
for arbitrary r.

Theorem 7.4. If X is dense in S' (in particular when X = S') and 0 < r < 3, then

<r <L 1=0,1,.

VR_(X;r) = S for < 3%,

21+l

Moreover, if21—+1 <r<r' < ZIJFT then the inclusion VR_(X;r) = VR_(X;r') is
a homotopy equivalence.

Proof. By Lemma 7.3 we have wf_ (X; r) = r and the supremum is not attained,
meaning that either (1) or (2) in Proposition 7.1 is satisfied. U

Proposition 7.1 describes the homotopy types of the complex VR(X; r) in all
generic situations The only singular cases it does not cover occur when wf(X; r)
is of the form ﬁ and this value is in fact attained by some finite subset Yy C X.
We deal with this in the next two statements.

Proposition 7.5. Suppose that @ # X € S and 0 < r < 5. If Wi(X; r) = 5 for
somel =0,1, ... and the supremum in the definition of Wf(X r) is attained, then
VR(X; r) is homotopy equivalent to a wedge sum of spheres of dimension 2.

Theorem 7.6. For(0 <r < % we have a homotopy equivalence

20+1 e L 14+l g
S 1le+1<r<21+3,l—0,1,...,

2 ; !
\/Csl lf"=21_+1’

. . . . . l [+1
where ¢ is the cardinality of the continuum. Moreover, if 575 <r < r’ < 3713 then

VR_(S';r) ~

the inclusion VRS(SI; r) — VR< (S isa homotopy equivalence.

We delay the proofs of Proposition 7.5 and Theorem 7.6 until Section 8. Note
that Theorems 7.4 and 7.6 together provide a complete description of the homotopy
types of VR(S'; r) for arbitrary r. They also give the persistent homology of
VR(S'; r), where we refer the reader to [Chazal et al. 2014] for information on the
persistent homology of Vietoris—Rips complexes.

Corollary 7.7. The persistent homology of VR_(S'; r) contains a single interval

( l 1+1
20+1° 2[43

VR<(S1 r) contains a single interval (

20+ 1.

Remark 7.8. Hausmann [1995, (3.12)] conjectured that if M is a compact Riemann-
ian manifold then the connectivity conn(VR_(M; r)) is a nondecreasing function
of r, and our results confirm this conjecture for M = §'. Hausmann [op. cit., (3.11)]

] in each homological dimension 2l + 1, and the persistent homology of

I+1

IR m) in each homological dimension
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furthermore conjectured that for » sufficiently small, VR_(M; r) is homotopy
equivalent to VR_ (Yp; r) for some finite subset Yo € M. For M = § I we confirm
this conjecture for all r, sufficiently small or otherwise.

8. Singular winding fractions

In this section we return to study cyclic graphs for which wf(@) = leﬁ is a
singular value. Our aim is to describe a convenient structure in the homology group
Hy (CI(G)), which we then use to prove Proposition 7.5 and Theorem 7.6.

We consider first a cyclic graph a‘, with % = #H Since [ and 2/ + 1 are coprime
we have (k, n) = (dl, d(2] + 1)) for some integer d > 1. We have d = n — 2k and
so by Theorem 4.4 we can write

d—1

CUCYlysr) = \/ $7.

When (k,n) = (1,21 4 1) the graph C},,, is a clique and CI(C},, ) is the full
simplex with 2/ + 1 vertices.

The next case, d =2 and (k, n) = (21, 2(2] + 1)), is particularly interesting for
our purposes. The nonedges of the graph C%fﬂ +1, are pairs of the form {i, i +-2/ 41},
which are the antipodal pairs in the evenly-spaced model

cggM :VRS({m 1i=0,...,4+1}; 2/ﬁ).

It follows that the clique complex Cl(C%éZI +1y) 1s isomorphic to the standard trian-
gulation of S? as the boundary of the cross-polytope of dimension 2/ + 1. We fix
the 2/-dimensional cycle in Cl(szézl +1)):

= (D2 0] = 20+ 1D A= 2L+ 2D A--- A ([20] — [4] +1])
(8) =1[0,2,...,41—[1,3,...,4l+1]x£---,

which is (up to sign) the fundamental cycle of the boundary of the cross-polytope.
Here [xg] A --- A [x¢] denotes the oriented simplex [xg, ..., x¢], and we have
chosen the sign so that the oriented simplices [0, 2, ...,4/] and [1,3,...,4] + 1]
appear with coefficients 41 and —1 respectively. Indeed, in the oriented cycle
(0] —[R2I+1DA---A([21] —[4l +1]) the signon [0,2] +2,2,...,2] —2,41,2]]
is (=1), and then after w transpositions this gives the sign (= DIH3/2 op
[0,2,...,4l]. The argument for [1, 3, ...,4/ + 1] is similar. The corresponding
homology class ty; € ﬁzl (Cl(C %fzz +1))) =/ is a generator. (Here and in the following
we will use the same symbol to denote a (co)cycle and its (co)homology class, and
sometimes also the map which induces the given class.)
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Definition 8.1. Suppose that G is a cyclic graph. A nonzero homology class
o € Hzl(Cl(G)) is called cross-polytopal if there is a cyclic homomorphism
f: C2(21+]) — G such that o = f, (127).

An immediate consequence of the definition is that the image of a cross-polytopal
class under a cyclic homomorphism G — His again cross-polytopal, unless it
is zero. Note that if f is not injective on the vertices then f,(t5;) = 0 because a
homology class of degree 2/ in a clique complex must be supported on at least
4] + 2 vertices; see for instance [Kahle 2009, Lemma 5.3].

Our aim is to classify all cross-polytopal homology classes for cyclic graphs.
We begin with the description of a class of cyclic homomorphisms.

Lemma 8.2. Letd > 1 and (k,n) = (dl, d(2] + 1)).

(a) Every cyclic homomorphism 8§l+1 — (_])ﬁ is of the form 8, for some a =
0,...,n—1, where
6,(i)=a+di modn.

(b) Every injective cyclic homomorphism 8%121 n— éﬁ is of the form a, j, for
(2I+1) ,
somea=0,...,.n—landb=a+1,...,a+d— 1, where

a+d-5 modn ifiiseven,

oy, (i)={ ‘
b b+d- 5 modn ifi is odd.

Remark 8.3. Every cyclic homomorphism 6 in part (a) is determined by the choice
of a = 6(0) and the condition 6(i + 1) = 6(i) +d mod n. Similarly, in part (b)
every cyclic homomorphism is determined by the two initial values a = «(0) and
b = (1), together with the requirement that «(i +2) = «(i) +d mod n.

Proof. To prove (a) let 9 : c 5,+ 11— c k¥ be a cyclic homomorphism with [ > 0, since
the case / = 0 is clear. Then

21 21
QL+ Dk =Y da(0(), 0G +D) =1-Y_ da(0), 0 + 1)) = In,
i=0 i=0
where the last equality follows from (2). Since the two extremes are in fact equal,
we must have d,,(6(i), 0(i + 1)) = k for all i, which implies

d,0G), 0G+1) =n—d, @G +1), 0G+1+1)) —d,(OG +141), 0()) =n—2k =d,

as required. Clearly every 6, is a cyclic homomorphism hence (a) is proved.

Part (b) follows immediately, since C2(21+1) contains two induced copies of
C21+1 with vertex sets {0, 2, ...,4l} and {1, 3, ..., 4l 4+ 1}. For an m]ectlve cychc
homomorphism o we must have a(0) < a(l) < a(2) cyclically ordered in ck s 1.6,
a < b < a+d, which yields the restrictions on b. U
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The cyclic homomorphism ¢, , evaluated on the fundamental cycle ¢y, determines
acycle as well as a homology class in Hy; (Cl(Cjbl n 1))). We will continue to denote
both with «, ;. The chain representation of the cycle «,  starts with

) agp=Ila,a+d,...,a+2l-dl—|b,b+d,...,b+2l-d]£---

Compare this to (8). The homology classes o, , for various pairs (a, b) satisfy a
number of relations worked out in the proof of the next proposition, which is the
!

main result concerning cyclic graphs with wf((_})) =357

Proposition 8.4. Suppose Gisa cyclic graph which dismantles to c 3{21+1). Then
the homology group H (CI(G)) = 797" has a basis {e;, ..., eq_1} such that all
the cross-polytopal elements in Hy (CI(G)) are

tey, ..., xeq
and
ei_eja lfl’.]fd_l,l#j

In particular, there are exactly d(d — 1) cross-polytopal elements in ﬁzz (CI(G)).

Proof. In the first step we will prove the result for G= 6§le+1). Denote (k, n) =
dl,d2l+1)).

For an oriented simplex o in a simplicial complex K let o¥ denote the cochain
which assigns 1 to o, —1 to o with opposite orientation, and 0 to all other oriented
simplices of K. For every a =0, ..., n — 1 define a cochain g, in CI(C¥) by

Ba=la,a+d,...,a+2l-d]".

Since the face [a,a +d, ...,a+ 2] -d] is maximal in Cl(C,’f), the cochain S, is
in fact a cocycle, and it determines a cohomology class which we denote with the
same symbol. Using (9) we verify that for 1 <i, j <d — 1,

1 ifi=j,

bija) = {0 if i,
Since the groups ﬁz[ (Cl(C,’j)) and HY (Cl(C ,’1‘ )) are both free abelian of rank d — 1,
the above implies that {o] 4, ..., @g—1 4} 1S a basis of homology and {81, ..., Bs—1}

is its dual basis of cohomology. In particular, every element v € Hy (C1(C¥)) has a
decomposition

d—1
(10) v="> Bi(v) ig.
i=1

Note that B; (a4 ») depends only on the evaluation of B; on the two leading terms
in (9), since B; evaluates to 0 on all the omitted terms. The oriented simplices
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appearing in o, and o, 4 p+q differ by a cyclic shift, hence by an even number
of 2/ transpositions, and are therefore equal. That means we have the identity

Qgtd,b+d = Qgb-

It follows that all cross-polytopal classes can be written as o, p With 0 <a <d —1
anda+1<b<a+d-1.

If a=0then 1 <b <d—1 and the only nonzero pairing in (10) is B, (xp p) = —1,
and hence c p = —ap 4.

If 1 <a<b<d—1then B,(a,p)=1and Bp(agp) =—1; hence oy p =g g —p g

If1<a<d-—1andb=d then o, , =ty 4 18 itself one of the generators.

fl<a<d—-landd+1<b<a+d—-1thenl <b—-d<a<d-—1.Using
the cyclic shift argument we obtain B,(a, ) = 1 and Bp_4(as») = —1, hence
Uab =0Uaqd —Up—d.d-

It follows that the proposition is true with ¢; = o g fori =1,...,d — 1.

Now suppose G is an arbitrary cyclic graph which dlsmantles to Ck By
Corollary 4.2 the cyclic homomorphisms C ﬁ 565 ¢ ﬁ induce isomorphisms

Hy (CI(ChY) S Hy(CIG)) S Hy(CI(CH))

with the composition being the identity. It follows that the cross-polytopal classes
ty(er), ..., ts(eq—1) form a basis of ﬁgl(Cl(G)) and that d=t, (¢;) and 14 (e;) — 4 (e;),
i # j, are cross-polytopal. Moreover, if o € Ho, (CI(G)) is cross-polytopal then
m(a) is one of *e; or ¢; —e;j, i # j, and therefore o must be one of =i, (e;) or
tx(e;) —tx(ej), i # j. That completes the proof. O

We are now prepared to prove Proposition 7.5, using the algebraic fact in
Proposition A.1 of the appendix.

Proof of Proposition 7.5. Let YO C X be a finite subset that achieves wf(Yo; r) = 575 +1 .
Then we have wf(Y;r) = 21+1 for any finite subset ¥ with Yy C Y € X. By
Corollary 4.5 every space in the diagram

VR(X, I") = COlimYEF(X;YO) VR(Y, I’)

is homotopy equivalent to a finite wedge sum of 2/-spheres. It follows immediately
that VR(X; ) is simply-connected and its homology is torsion-free and concentrated
in degree 2/. It remains to show that the group 1‘72] (VR(X; r)) is free abelian. Indeed,
if this is the case then VR(X; r) is a model of the Moore space M (D" Z, 21), unique
up to homotopy and equivalent to \/“S?, for some cardinal number «.

A nonzero homology class in ﬁzz (VR(X; r)) will be called cross-polytopal if it
is the image under the inclusion VR(Y; r) < VR(X; r) of a cross- polytopal class
in sz (VR(Y; r)) for some finite Y € F(X; Yp). Since the groups Hgl (VR(Y;r))
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are generated by cross-polytopal classes, the same is true about their colimit,
Hy (VR(X; r)).

A subset B of an abelian group G is called independent if for every finite
subset {by, ..., by} C B the identity Zle a;ib; =0, with ay, ..., a; € Z, implies
a; =---=a; =0. An independent set B generates a free abelian subgroup of G
with basis B. Now let B be the family of all subsets B C ﬁgl (VR(X; r)) such that

(a) all elements of B are cross-polytopal,

(b) B is independent.

The family B is nonempty and closed under increasing unions. Using Zorn’s
lemma pick an inclusionwise maximal set B satisfying (a) and (b). If B generates
Hy, (VR(X; r)) then we are done, since the group (B) generated by B is free abelian.

We suppose for a contradiction that B does not generate Hy, (VR(X; r)), and
hence there exists a cross-polytopal class v & (B) since Hy(VR(X; r)) is generated
by cross-polytopal classes. By maximality of B the set B U {v} violates (b), and
hence there exists a nontrivial linear relation involving v and a finite number of
elements by, ..., by € B. In other words, some nontrivial multiple of v lies in the
subgroup of Hy (VR(X; r)) generated by by, ..., by. The same relation holds for
the cross-polytopal representatives v, by, .. b at some finite stage Hy (VR(Y; r))
of the colimit, where VR(Y; r) dlsmantles to Cd(21+1) Changlng signs if necessary
we may assume that each of the elements v, by, ..., by € Hy(VR(Y; r)) =247 i
of the forme; ore; —e;, i < j, for the basis {ey, . .., e4_1} from Proposition 8.4. Now
Proposition A.1 implies that v itself lies in the subgroup of Hy(VR(Y; 1)) generated
by by, ..., by, and hence in the subgroup of I:igl (VR(X; r)) generated by by, . .., b;.
This contradiction shows that in fact ﬁzl (VR(X; r)) = (B) is free abelian. O

The last item in this section is the proof of Theorem 7.6.

Proof of Theorem 7.6. By Lemma 7.3 we have wf<(S'; r) =r, and so all statements
concerning the generic values of r and ' follow from part (1) of Proposition 7.1.
If r = 5. then the value of wf<(S'; 527) = 5.5 is attained by the vertex set of
any regular (2/ + 1)-gon. Proposition 7.5 implies that VR<(S'; 57) is homotopy
equivalent to a wedge of copies of $%, and so it remains to count the number of

wedge summands. For £ € (O, ﬁ) ¢ let
Yi={5q.1+575:0=0,...,2l}.

We have an isomorphism VR< (Y,, C%€2[+1), hence each inclusion

ZI-H)

Jet VR<(Ys: 5y) = VR< (8% 57)

determines a homology class «; = j;,(t2;) in the complex VR< (S I #H) Each
simplex g, = [1 + ﬁ i =0,...,2l] is a maximal face of VR<(S"; 2zlﬁ)’ which
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appears in the support of ¢, but not in any other o for s # ¢. This implies that the
classes o, are independent, and hence Hy (VR (S%; ZIIT)) contains a free abelian
group of rank ¢. We get a corresponding upper bound by noting that the cardinality
of the set of 2/-simplices in VR< (S I 5] +1) is also ¢, and hence the cardinality of

the wedge sum is c. (]

Remark 8.5. Chambers et al. [2010, Section 6(1)] asked if for all £ > 2 and any
finite subset X C R? the homology group H (VR(X; r)) is generated by induced
k-dimensional cross—polytopal spheres (for all k£ these are complexes of the form
Cl(CZk +2)» where we considered k = 2/ in this section). Proposition 8.4 confirms
this when k = 2 for subsets X C §' € R% When k = 21 —|— 1is odd the claim fails
already for X C S'. For example, one can check that for 1 3 < < <3 the graph C;, k does
not contain an induced subgraph isomorphic to C 3 yet H3 (CI(C kyy = Hg(S3) #0
by Theorem 4.3.

9. Cech complexes

The Cech complex is another simplicial complex commonly associated with a
metric space. For a point x in a metric space M, let B_(x; r) and B<(x; r) denote
the open and closed balls in M with center x and radius r.

Definition 9.1. For a subset X C M of an ambient metric space M and r > 0, the
Cech complex é<(X , M; r) is the simplicial complex with vertex set X, where a
finite subset o C X is a face if and only if [ B_(x;r) # <. Analogously, the
faces of the complex éi (X, M; r) satisfy [ B_(x;r) # 2.

Xeo
Xeo
As before, we will omit the subscript in statements which apply to both <
and <. An equivalent definition of é(X , M; r) is as the nerve of the family of balls
{B(x;r):x € X}. Chazal, de Silva, and Oudot [Chazal et al. 2014] refer to these
complexes as ambient Cech complexes with landmark set X and witness set M. We
have the inclusion C(X ,M;r/2) C VR(X; r), and if M is a geodesic space then
VR(X; r) is the 1-skeleton not only of VR(X; r) but also of é(X, M;r/2).

Notation 9.2. If X C S! then we write C(X; ) for C(X, S'; r).

If M = S! then the balls are open or closed arcs, and one can see that finite
o C X is a face of C(X; r) if and only if o is contained in some arc of length 2r.

One can develop a parallel theory of dismantling, winding fractions, and homo-
topy types for the complexes C(X r) with X C ', leading to straightforward ana-
logues of all the results from this paper. We note that the sequence of critical values

(O, é % Syenes ﬂlﬁi .. ) determining the transitions of homotopy types will be re-
placed in the case of Cech complexes with the sequence (0, }‘ é g, e, m, e ),

and we refer the reader to [Adamaszek et al. 2016] for some results in the case
of finite X. Instead of pursuing the parallel theory of winding fractions for Cech
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Figure 3. The action of the operator 7, from Theorem 9.3. Left: a set
X splitas X = AU B, where A= XN[0,2r)gi and B=XN[2r, 1)q1.
Right: 7,(X)=A"UB’UA", where A’, A”, and B’ are suitably rescaled
and shifted copies of A and B. The map r, : T, (X) — X sends back
A"to A, B'to B, and A” to A.

complexes, we provide a direct transformation from Vietoris—Rips complexes to
Cech complexes. This transformation recovers most but not all of the results that
could be obtained with the parallel theory, and we believe it is of independent
interest. To our knowledge, Theorems 9.7 and 9.8 are the first computation for a
noncontractible connected manifold M of the homotopy types of é(M , M; r) for
arbitrary r.

Let P(S') denote the power set of S!. If X € S! and a, b € R then we write
aX +b={(ax +b) mod1:x e X}, where it is understood that each point x is
represented by a real number in [0, 1).

Theorem 9.3. For each 0 <r < § let T, : P(S') — P(S") be given by
T,(X) = 1+2rXU (1+2 (X N[0, 2r)51) + 1+2r)
Then the (noncontinuous) map m, : S' — S defined by
7. (y)=04+2r)y mod1 for yel0,1)
induces a simplicial homotopy equivalence
25 C(X; 7).

7t VR< (T (X): 125

Proof. We first verify that 7, (7, (X)) = X. Take any y € T,(X). If y = 1+2r
forx e Xthenm,(y) =x. If y = 1+2rx + 1+2r for some x € X N[0, 2r)gs, then
m-(y) =x+1=x mod 1. It means that m, restricts to a surjection r, : 7, (X) — X.

Next we check that 7, induces a map of simplicial complexes. Let o be any face
of the complex VR« (T (X); ) and let xo = min(o), so that o N[0, xp) 51 = <.

1+2r
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To prove that the subset 7, (o) is a face of (VIS(X ; r) we need to show that it is
contained in a closed arc of length 2r. There are three cases:

* x0 € [1357- 1) - Then o € [ 757, 1) and 7, (o) [0, 2r) 1.

1
* Xp € [1 5 T +2r) Then the only way xo can be in distance at most 135~ +2r

from the other points in o is if that distance is measured clockwise from xg.
It means that o C [xo, X0 + %]sl with xg + % < 1 as well as 7, (o) C
[(142r)x0, (1 +2r)x9+ 2r mod 1]g1.

e Xg € [O, liFZr) . Note that (xo 1 +2r) mod 1 =xo+ 1, +2r, hence we can write
o C [xo, X0+ 7 +2r] gl [xo + 15 +2r’ 1) . An application of 7, gives

- (0) € [(142r)xg, (1 +2r)xo+2r]gt U[(1 4 2r)xg, 2r) g
C[(1+2r)xo, (1 42r)x0 + 2r]g.

To prove that 7, is a homotopy equivalence it suffices to check that the preimage

1(r) of every face t € C<(X r) is contractible. The conclusion is then pro-
V1ded by the simplicial version of Quillen’s Theorem A due to Barmak [2011,
Theorem 4.2]. Suppose that

t={ay,...,a;}U{by,..., b},
where possibly s =0 or t =0, and

O<aj<---<ay<2r<b;<---<b, <1.

The preimage 7' (t) is the subcomplex of VR<(T (X); 5 +2 ) induced by the
vertex set
Vi (o) ={a}, ..., dyulb),....byuld], ..., a}
where a; = 1+2ra,, bl = 1+2rb,, and a = lera,- + HIW; see Figure 3.
Note that .

d(a, b/.) = 1+2r d(a,, b;) foralli, j,

d(bl, ]) = 1+2rd(bl, aj) foralli, j.
Moreover,

d(bz/’b;) = 1+2 d(bub) fori < j,
d(a]. aj) =

d(al , l)

1Hrd(a,,aj) fori > j,

1+2r

Since 7 is contained in an arc of length 2r, there is a vertex xo € 7 such that
T C [x0, X0 + 2r]51. We find a vertex yp € V(n_1 (7)) such that yg is at most 5= 1+2r
away from every other vertex of V(m,~ (7)). This will end the proof, since then
T (1) is a cone with apex yp. We need to consider four cases.
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o If xo = a, for some 1 < g < s then yg = a;. The arc [a,, a, +2r]g contains
all points of 7, therefore

[a,’], ay + %]51
contalns all p01nts of V(7 "'(7)) up to the point preceding a Moreover
d (a a ) =3 +2r and [a a ] g1 covers the remaining points.
o If xg = by and s = 0 then take yo = b}. Since d(bl, b,) < 2r, we have
d(by. b)) < 1
o If xo = by and s >0 then take Yo = ay. From j(bl, s) < 2r we get the

inequality d (b/ a)) < 15 +2r, also d (a}, as) = This covers the distances
from a to all points of V (7, (1)).

1+2r

o The last case, xo = b, with ¢ > 2, is impossible since d (by,by—1) >2r. U

Remark 9.4. Theorem 9.3 has no variant for VR and é<, since the set 7, (X)
contains pairs of points in distance exactly whose existence is essential for
the proof.

1+2r

In many natural circumstances maps of Cech complexes can be lifted to maps of
Vietoris—Rips complexes via . Below we describe the case of inclusions.

Proposition 9.5. Suppose X € S' and 0 <r <71’ < % Then the (noncontinuous)
map n: S' — S' given by
n(y) =155y foryel0,1)

determines a map of Vietoris—Rips complexes which makes the following diagram
commute:

VR (T,(X); 12) —= VR<(T,/(X);

ﬂrl/: ﬂr/l:
v

C_(X; | — C_(X;r")

’ 1+2r )

Proof. We first verify that n gives a well-defined map of Vietoris—Rips complexes
in the top row of the diagram:; it suffices to check this map on vertices and edges.

For vertices, plck any y e T.(X). Ify = 1+2 —=-x for x € X then n(y) leZr/x €

T, (X). If y = t5-x + 5 for x € X N[0, 2r), then n(y) = 15X + 1757 With
x€XN[0,2r) C XN[O0, 2r"), and hence also in th1s case n(y) € T,»(X). For edges,
1+2
d(n()’) 77()’/)) = 1_%_3,, : 11:22:/ = ligr"

Ifd(y.y) <

then d(y v > hence we get

1+2r 1+2r ’

d(n(y), (") = Ty = T
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and therefore d(n(y ), n(y)) < 1+2r
Commutativity of the diagram follows from a direct calculation:

() = 1 +2r")- 11:22: -y=(142r)y=mn.(y) mod 1. O

For arbitrary X C §' Theorem 9.3 allows one to determine the homotopy type of
C<(X; r) from an efficiently constructible instance of the Vietoris—Rips complex.
Here are some examples.

Example 9.6. Let X, = {0, rll, ... ”;1 } C S!. Then éf(Xn; %) is the complex
whose maximal faces are generated from {0, % R f} via rotations by ,1—1 Ifr=4%

2n
then 135 +2r = _"HC and 7, (X,) = X, +r. We obtain a homotopy equivalence

CUCE, ) = VR (Xupi: 757) = C< (X1 £).
This special case was proved in [Adamaszek et al. 2016, Theorem 8.5].

Theorem 9.7. For(0 <r < % we have a homotopy equivalence

2041 . [ I+1 .

é<(S1'}’)'\’{S 2l lfz(l-i-l)l<r<2([+2)9l—0,1,...,
- - ¥ .

\/ S ifr= 2(+1)°

Moreover, ifﬁ <r<r' < 2(1;;12) then the inclusion C<(S r) — C<(S1 r') is

a homotopy equivalence.

Proof. Note that r — 1-?2 is a monotone map which takes the interval [2 T 2 éztrlz) )
to [577. 3775)- Since T,.(S') = S' we get a homotopy equivalence
VR-(S"; &) = C=(8'; ),

and the statement of homotopy types now follows from Theorem 7.6.
The statement about inclusions will follow from Proposition 9.5 if we show that
the map VR« (S I, 2 ) — VR< (S 1, 2 ) is a homotopy equivalence. Pick a

> T+2r > T+2r
finite set Yy € S! with wi< (Yo, 1 +2r) > We have a commutative diagram

2041
VR<(Y0, 1+2r) . VR<(YO Un(Yo); 1+2r )
VR (S": 257) VR<(S": 1357)-

The vertical inclusions are homotopy equivalences by Remark 7.2. The map 7 is
injective and preserves the clockwise order of points on S', hence it is a cyclic
homomorphism of the cyclic graphs underlying the top row of the diagram. As
2111 < wf< (Yo, 1+2 ) <wf< (YO UnYo); 1+2r ) %, the top row is a homotopy
equivalence by Proposition 4.9. U

<
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The following is an analogue of Theorem 7.4 for Cech complexes in the case
when X = S

Theorem 9.8. For(0 <r < % we have a homotopy equivalence

1. ~ Q2l+1 [+1 —
<(S ry~Ss f0r2(1+1)<r 2(lJrz),l_O,l,....

. / I+1 . . 1. - 1.7 :
Moreover, zfm <r<r'< 301 then the inclusion C< (S r)—>C (S r)is
a homotopy equivalence.

Proof. Fix ﬁ <r< 22;;12) and note that C_ (Sl, st r) = colim, éf (Sl; r— %)
All inclusions

éS(Sl; r— %) — éi(Sl;r— nlﬁ)

are cofibrations and by Theorem 9.7 they are self-homotopy equivalences of S*!

for sufficiently large n. That proves the statement of homotopy types.
For the statement about inclusions, note the inclusions

C<(S1 )c—>C<(S1 r _rll)

define a natural transformation of diagrams which is a levelwise homotopy equiva-
lence for sufficiently large n by Theorem 9.7. It follows that the induced map of
(homotopy) colimits C< (St r) — C<(S Lr)isa homotopy equivalence. U

10. Concluding remarks

A natural generalization of our results would be to investigate the complexes
VR(M; r) and é(M, M:; r) for Riemannian manifolds M other than S', though
very little is known along these lines. Intriguing examples include the spheres S” and
tori (§')" for n > 2. One difficulty is that it is not known whether the homotopy type
of VR(M; r) can be approximated by those of complexes VR(X; r) for sufficiently
dense subsets X C M. Furthermore, already for M = S? the complete list of
homotopy types of complexes VR(X; r) for finite subsets X C S? is not known.

Towards the goal of understanding Vietoris—Rips complexes of more spaces, we
briefly describe two results, the homotopy types of annuli and of tori equipped with
the £+, metric, which can be derived from our computation of VR(S'; r) using
known tools.

Proposition 10.1. Consider the annulus D(p, p) ={(x, y) e R?: p> <x>+y? < 5%}
with the Euclidean metric. Then for any r > 0 the space VR_(D(p, p); r) is
homotopy equivalent to an odd-dimensional sphere or to a point.

Proof. The homotopy which radially deforms the annulus onto its inner boundary
does not increase distances, and so it is a crushing map in the sense of Hausmann
[1995]. By Proposition (2.2) of that reference, the inclusion of the Vietoris—Rips
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complex of S! into that of D(p, 5) is a homotopy equivalence, and so the result
follows from Theorem 7.4. ([

We include a proof of a result for which we were unable to find a published
reference.

Proposition 10.2. Suppose (M, d,), ..., (M,,d,) are metric spaces and M =
My X --- X My, is their product equipped with the supremum metric

Coo((x1, ooy Xn),s (V15 - ooy yu)) = max{d;(x;, y) :i=1,...,n}.
Then for any r > 0 we have a homotopy equivalence
VR(M;r) ~VR(M;r) x---x VR(M,; r).

Proof. For simplicial complexes K1, ..., K, the categorical product [Kozlov 2008,
Definition 4.25] (in the category of abstract simplicial complexes) is the complex
[[; Ki with vertex set V(K) x - - - x V(K,) and with faces given by the condition:
o €[]; Kiifand only if 0 C oy x--- x 0, forsome 0; € K;, i =1,...,n. Since a
subset of M has diameter equal to the maximum of the diameters of its coordinate
projections, we get an isomorphism of simplicial complexes

n
VR(M: r) = [ VR(M;: 7).

i=1
There is a homotopy equivalence [ [; K; >~ K x - - - x K, when each K; is a finite
simplicial complex [Kozlov 2008, Proposition 15.23], and one can see that the
finiteness assumption is not necessary by combining the same proof with a version
of the nerve lemma for infinite simplicial complexes [Bjorner 1995, Theorem 10.6].
That ends the proof. U

Applied to the torus T" = (S')" the last proposition yields the homotopy types
of VR(T"; r) for the £, metric on T". It would be interesting to investigate the
homotopy types of VR(T"; r) for other £, metrics on T", especially for the £,
metric.

Appendix A

We prove the following algebraic fact, which is used in the proof of Proposition 7.5.

Proposition A.1. Suppose that V = {ey, ..., e,} is a basis of the free abelian
group 7". Consider the set of n + (g) vectors

V:{el,...,en}u{ei—ej:l§i<j§n}.

For an arbitrary choice v, vy, ..., v € v, if the subgroup of 7" generated by
{vi, ..., vi} contains some nonzero multiple of v, then it also contains v.
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Proof. We can assume v, vy, ..., v are pairwise distinct. Let A = {v, vy, ..., v¢}.
Note that when expressed in the basis {ey, ..., e,}, any two vectors in V have at
most one nonzero coordinate in common. By symmetry it suffices to consider the
cases v =e¢j; and v = e] — es.

First suppose v = ¢;. We have the identity

per = E aiv;

vieA\{e1}

for some p,ay,...,a; € Z with p # 0. Consider a labeled graph G with vertex
set A, where two vectors are connected by an edge with label i (1 <i < n) if
they both have nonzero i-th coordinate. Let A be the vertex set of the connected
component of G containing e;. Then we still have the identity

per = E a;v;

vi€Ar\{ei}

because the vectors in A} and A \ A; contribute to two nonoverlapping sets of
coordinates.

It is not possible that all the vectors in Ay \ {e;} are of the form e; — e;. Indeed,
any linear combination of such vectors has the sum of its coordinates equal to O,
whereas pe; does not. Hence the connected component A contains some vector
e; with [ # 1. Consider the shortest path in G from ¢; to e;. It is easy to see that
no edge label appears along this path more than once and that all the intermediate
vertices are vectors of the form e; — e;. The shortest path has the form

e =ey, —> t(ey, —ey) = (e —ep) —> - — (e, , —e,) > e, =eg

for some s > 1, where [p =1 and [; = 1, all /; are pairwise distinct, and &=(e; — ¢;)
stands for emin(i, j) — €max(, j)- NOW we obtain a presentation

er=e,+ (e, —e)+ (e, —ey)+---+ (e, —e )

of e as a linear combination of elements of A \ {e;} (with coefficients £1). That
ends the proof of the proposition for v =ey.

The other case, v = e; — e, can be reduced to the previous one as follows. Set
ei=e—ey ey=—er, &s=e3—e2, ..., €, :fn—ez;Theset Vi=A{e],....,e,}
is a basis of Z"". Moreover, up to signs, the sets V’ and V coincide. The assumption
that p(e; — ep) is a combination of vy, ..., v € V is therefore equivalent to the
assumption that pe} is a combination of +uvy, ..., v € V. From the previous
case we get that e’1 = e — ey is also a linear combination of vy, ..., v. O
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Appendix B

In this section we prove (6) which gives the expected waiting time for the appearance
of an (g, m)-regular subset in a random sampling of S'.

We will first determine the waiting times for some occupancy problems in the
“balls into bins” model. Let K > 1 be the number of bins and fix a constant m > 1.
Consider the following random experiments.

(a) We throw balls independently and uniformly at random into K bins until one
of the bins contains m balls. Let A,,(K) be the random variable denoting the
number of balls thrown. By [Klamkin and Newman 1967, Theorem 2],

E[A,,(K)]=OK") as K — oo.

This is known as the generalized birthday paradox, the case m =2 (and K =365
in the folklore formulation) being the classical birthday paradox.

(b) We throw balls as before, but each time a ball is thrown we assign it, uniformly
at random, with one of m colors. When a bin with m balls appears, we call
the sequence of colors in that bin, in the order in which they were thrown,
the outcome of the experiment. The outcome is good if all of the m balls
have different colors. The number of balls thrown is still given by the random
variable A,, (K), since the colors do not influence the stopping condition. Since
the balls were colored independently and uniformly, each outcome is equally
likely. In particular, the probability of a good outcome is m!/m™.

(c) We repeat the experiment of (b) until we obtain a good outcome, each time
starting with a fresh set of empty bins. Let t be the random variable counting
the number of repetitions and let B, (K) be the total number of balls thrown.
We have

B, (K)=A,(K)i1+---+ A,(K),

where the A,,(K); are independent random variables with the distribution of
A, (K). Clearly 7 is a stopping time with respect to these variables, and by
the discussion in (b) we have E[t] = m™ /m!. Now Wald’s equation gives

E[B,:(K)] = E[A,(K)]-Elt] = B[4, (K)]- - = ©(K ") as K — oo.

ml’l’l

m!

(d) We throw balls independently and uniformly at random into K bins and we
color each ball uniformly with one of m colors, until some bin contains at least
one ball of each color. If C,,(K) is the random variable counting the number
of balls thrown then A,,(K) < C,,(K) < B,,(K) and

E[C,(K)]=O(K"") as K — oo.
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In the classical case m = 2 this is known as the birthday paradox with two
types (a boy sharing a birthday with a girl); we were unable to find a literature
reference for this result with arbitrary m.

Recall that R, (¢) is the number of points chosen uniformly at random from st
until an (e, m)-regular subset appears. We claim that for any integer K > 1,

an Rm(i) < Cu(K).
Km
To see this divide S' into arcs of length . Each union of m arcs whose centers

form a regular m-gon represents one of our K bins. A uniformly random point
x € S' can be chosen by picking a uniformly random point y € [O, %) ¢ and a
random number i € {0, ..., m — 1} and setting x =y + r’n—; note y determines the
bin and i determines the color of the ball. When some bin contains a ball of each
color, the corresponding points are within ﬁ (1n fact even T) from the vertices
of a regular m-gon.

Next, we claim that

(12) E[A, (K)] < 2E[Ru (3z7)]-

Let P; be the collection of arcs and bins as above, and let P, be the same collection
rotated by 57— 1 IfYis ( X )—regular then all points of Y belong to the same
bin with respect to Py or with respect to P, (or both). Let p; (resp., p2) be the
probability that the first time a ( 7 ,g ) -regular set emerges in the random process
(X1, X, ...), it is contained in one bin with respect to P; (resp., P»). By symmetry
p1 = pa, therefore p; > % If we repeat the whole process until it ends with a set in
P; then the expected number of repetitions is E[7] = % < 2. An argument similar
to that in (c) above proves (12).

Letting K — oo in (11) and (12) and using the asymptotics of E[A,,(K)] and
E[C,,(K)] we obtain

m—1

E[R, ()] =0((1) "

) ase — 0,
which proves (6).
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