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FOR THE SPECTRAL PROJECTION
OF SYMMETRIC GRAPHS

SHIN Ko1zuMI

We prove a Paley—Wiener theorem for the spectral projection of symmetric
graphs and, as a corollary, derive a Paley—Wiener theorem for the Helgason—
Fourier transform. The proof is based on contour integration arguments
similar to those used to prove the Paley—Wiener theorem for Euclidean
spaces and symmetric spaces.

1. Introduction

The theory of representations of free groups has been studied by many authors
in analogy with the semisimple theory. This arises from the realization of a free
group as a homogeneous tree and relies upon the use of the Poisson boundary
and spherical function. Mantero and Zappa [1983] characterized the image of
the Poisson transform of free groups and studied the uniform boundedness of the
spherical representation. In [Cowling et al. 1998], Cowling, Meda and Setti studied
the images of the Abel transform for various function spaces on homogeneous trees.
Cowling and Setti [1999] gave the characterizations of the images of the spaces of
compactly supported functions and rapidly decreasing functions.

The concept of tree has been extended in several aspects. For instance, lozzi and
Picardello [1983a; 1983b] extended the context of tree to symmetric graphs and
gave an explicit expression of the spherical function. Later, the Plancherel measure
on symmetric graphs was explicitly computed in [Kuhn and Soardi 1983; Faraut and
Picardello 1984]. Recently Eddine [2013; 2015] investigated the characterization of
the Abel transform for symmetric graphs and, as an application, solved the shifted
wave equations on it.

In [Koizumi 2013], we studied the spectral projection on homogeneous trees and
proved the Paley—Wiener theorem of the spectral projection, which is an analogue
of that given by Bray [1996]. In this paper, we shall extend the works in [Koizumi
2013] to the case of symmetric graphs. Unlike the works of Cowling and Setti
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[1999], our proof is based on contour integration arguments, which are usually used
to prove the Paley—Wiener theorem for the cases of the Euclidean spaces and the
symmetric spaces [Johnson 1979; Campoli 1980].

A brief outline of this paper is as follows: Section 2 is devoted to the overview
of the notation of symmetric graphs. In Section 3, we concretely write down
the expressions of the Poisson transform on symmetric graphs. In Section 4, we
construct the intertwining operators between the spherical representations and give
the explicit expressions of the intertwining operators. In Section 5, we study the
properties of the spectral projection for symmetric graphs. Finally in Section 6,
we show the Paley—Wiener theorem of the spectral projection and prove the Paley—
Wiener theorem of the Helgason—Fourier transform.

2. Notation and preliminaries

The standard symbols Z, R and C are used for the integers, the real numbers and
the complex numbers, respectively. Let us set Z;, = Z/kZ. Throughout this paper,
the imaginary unit is denoted as i. If x € C, %ix and Jx denote its real part and its
imaginary part, respectively.

A graph X is symmetric of type k > 2 and order r > 2 if every vertex v belongs
exactly to r polygons with k sides each with no sides and no vertex in common
except v, and if every nontrivial loop in X runs through all edges of at least one
polygon. If k =2, X reduces to a homogeneous tree of degree r. In what follows,
we write ¢ = (k — 1)(r — 1), t =2n/logq and T = R/tZ. Different notions of
length on a symmetric graph were introduced in [lozzi and Picardello 1983a]. Here
we use the definition of the length d(x, y) between two vertices x, y € X to denote
the minimal number of polygons crossed by a path connecting x and y. We fix a
reference point o in X and write |x| = d(x, 0).

By the same arguments as in [Betori and Pagliacci 1984, Theorem 1], if k > 2, it
is easy to see that every group acting simply transitively on X and isometrically with
respect to the metric induced by this length is isometric to the free group G =®;_, Zy,
while, for k =2, G is isometric to the free product of ¢ copies of Z and s copies
of Z,, where 2t + s = r. Hence every vertex of X is identified with an element of
G and, under this identification, every polygon corresponds to an orbit under right
translations by one of the factors Z;. For x € X and n < |x|, we write x for the
word of length n consisting of the first z blocks of x and simply write x’ for x (XI=1

Let &, be the set of words of length n in X. We write 2 for the Poisson boundary
of X. For w € Q and n € Z>(, we denote by w, the word of length n consisting the
first n blocks. Let E(x) denote the subset of €2 of words that begin with the reduced
word x € X. We write M and M,, for the o-algebra generated by {E(x) : x € X}
and o-subalgebra generated by {E(x) : |x| < n} respectively. Then M makes
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 into a compact topological space and there exists a natural G-quasi-invariant
probability measure v on (€2, M). We write F(£2) for the space comprised of
the M,,-measurable functions on 2. We denote by F(£2). the linear span of the
characteristic functions of E(x) for x € X. The dual space F'(2) is identified with
the space of the martingales on €2 with respect to {M,,}.

We write 5o = (% — logq(k — 1))1’ + %‘L’ and set

T={seC:s=3%i+ht, s=so+ht (heD)}.

We define the subsets by, ¢y, dy of X by the following: for x € X\ {o}
by={yeX:d(y,x)=1, 1yl =Ix[}
cx={yeX:d(y,x)=2,|yl=I|xl},

dx :{y ex;d(yvx) 237 |)’| = |X|},
and b, = ¢, =d, = &. The subsets B(x) and C(x) of 2 are defined by
B =JEW., cmx=JEW.
yeby YECy
For a function n on €2 and n € Z-(, we define the averages E,n and B,n as follows:
1 1
Enm(w) = ———— n@)dv(@), Bum(w)=———— n(w') dv(e).
! V(E (@) JE(@,) ! V(B(@n)) JB(w,)

Then, as shown in [Mantero and Zappa 1983, p. 375], the set { E,n} is a martingale
associated to 7 € L' () and the n-th martingale difference of 7 is given by D, n =
E,n— E,_in. Here we set E_{ = 0. For x € X and w € 2, the Poisson kernel
p(x, o) is defined to be the Radon—Nikodym derivative dv (x~'w) /dv(w) and is

computed as

plx, w) = g¢**,

where ¢ (x, w) = limy,— oo (m — d(x, w;;)) is the Busemann function. As shown in
[lozzi and Picardello 1983b, Proposition 2], for x € G,,, we have

n n
2-1) p(x,®) =q"xew @)+ a7 " Xy @) + Y a7 xe o (@).
j=1 j=1

For n € L'(Q) and s € T, we define the Poisson transform P*n by
(2-2) Pn(x) = / p(x, )T (w) dv(w).
Q

By duality, the Poisson transform is naturally extended to F'(€2) and is denoted by
the same symbol P°.
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Following [Mantero and Zappa 1983], we define the operators ¢ and A on X,
which are essentially the analogue of E,, and D,. We set for n € Z>¢

{x}, x| <n,
S(n,x) =
eX:yl=xl.y®=x"} |x|>n.
For a function ¢ on X and n € Z(, we define its average ¢,¢ by
2-3
2-3) enp(¥) = oo S( Z ¢ ().
y eS(n,x)

We also define A, ¢ by
An(x) = €29 (x) — n—19(x).

Here we set e_1¢ = 0. We write u for the probability measure equidistributed on
words of length 1. We also use the notation «; to denote the following:

@0 =15 3 0.

yeby

We write C.(X) for the set of all compactly supported functions on X. For
N € Zs9, we denote by Cy(X) the subset of C.(X) consisting of all f € C.(X)
such that supp f € By. A function ¢ on X is said to be radial if eg¢p = ¢ and
cylindrical if exy¢(x) = ¢ (x) for some N € Z-¢. For any function space E(X),
we denote by E (¥)* and E(X). the subspaces of E(X) consisting of all radial
functions and cylindrical functions, respectively. A function f on T is said to be
Weyl-invariant if f(s+ 1) = f(s) and f(—s) = f(s).

Finally we pointed out that it is meaningful to study harmonic analysis for
symmetric graphs using methods similar to that in symmetric spaces. For example,
the explicit expressions of the intertwining operators obtained in Section 4 can
be used to construct the composition series of the spherical representations and
determine which parts of the subquotients are unitarizable. In Section 6, using this
information, we can concretely characterize the image of the compactly supported
functions under the Helgason—Fourier transform.

3. The Poisson transform on symmetric graphs

Iozzi and Picardello [1983b] studied the Poisson transform for symmetric graphs.

They showed in their paper that the Poisson transform P* is injective on F(£2),

if and only if s ¢ Y. In this section, by carrying out similar arguments to that in

[Mantero and Zappa 1983], we show that P* is also surjective on F'(£2) when s ¢ Y.
As shown in [Iozzi and Picardello 1983b, Theorem 1], we have

(Pn*p)(x) =y (s)Pn(x),
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where .
_ v 1/2+is 1/2—is _
)/(S)—r(k_l)(q +q +k—2).

By using the equation
XE@0) (@) = XE@U+D) (@) = X+ (@) + Xpru+n) (@),

(2-1) is expressed as

|x|

G-1)  pae) =g " xpeo)@) +1—g7) > 7 M xppn @)
j=1
x|

+ (=g g M g ().
j=1

Therefore for w € 2, substituting (3-1) into (2-2), we have
P(wn) =Y bjn($)En(w) + T > bjn(s)Bin(w),
j=0 j=1
where by ,(s) = g7"1/?+1%) and

bj,n(s) — 717125)q7n(1/2+1s)+1213‘

q
r—n 4

By the definitions of B, and E,, it is easy to verify that

B,, m=>n, E,, m>n,

EmBn={ BmEn={

E,, m<n, B,, m<n.
And hence we obtain that
D,n, m>n,
BpuDyny = Bun— Ep—1n, m=n,

0, m<n.

Hereafter we suppose that Dy;n = n for some M > 0. We first consider the case
when M > 0. Since E;jn =0 and B;jn =0 for j < M, we have

Pn(w,) =0 forn<M,

and
M+e k—2 M+e
(32 Pn(omid) =Y bimre(s)n(@) + T > bimre©)n()
j=M j=M+1
k—2
+ by, m+e(s) Bun(w).

ql/2+ix + 1
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We define the function Q?W(s) on T by Qg(s) =1 and

Q?M(s) = %Q—M/Zqi(M—l)S(ql/ZHs _ q—1/2—is)
r p—

for M > 0. By using this, (3-2) can be written

P'n(wm+e)
M+t i — M+t
=q 1200 (5) ZQIZS(J_M)n(w)-l-—l/Hi“rl Z g M)
j=M q j=M+1
n k—2 Byy1(@)
A )¢ .
g1/2+is 11 M1

Here we set Qo(s) = Ro(s) = 1 and

0 (s) = N g~ M/2qiM=Ds (V2His _ (o _ 1)g=1/2s 4k 0y,

rtk—1)
q — i —1)s — —is
Ry(s) = % M/2giM=D)s (| _ =1/2is)

for M > 0. Then a direct computation yields that

(3-3) P(om+d) =g~ Py +1,9)Qu)n(@)

+ (k= 2)Ry()g~ 2 By (@) = n()),
where
sin(ns log q)
sin(s logq)
As pointed out in [Cowling and Setti 1999, p. 242], Dyn = n if and only if 7 is
constant on E(x) for every x € Gy, and the average of n with respect to E(y) for
|y] < M is equal to 0. Therefore we can regard 5 as a function on X by setting
n(x) = E|xn(w) for € E(x). Under this identification, we have that n(x) =0
when |x| < M and n(x) = n(x™) when |x| > M. Moreover, for x € X such that
|x| > M and y € by, it holds that n(x) = n(y) because |x'| = |y'| > M. We also
remark that By n(w) corresponds to 7 * k| (x™)). For these reasons, (3-3) can be
rewritten as follows:

Vn,s)=

(3-4) Pnx)=q W2y (x| = M +1,5) Qu(s)n(x™)
+(k = 2) Ry (s)g~ I (acsey (6 0) — (6 0)).

In the case M = 0, 7 is a constant function on 2 and so P°*n is expressed in terms
of the spherical function ¢, given in [lozzi and Picardello 1983b, Theorem 2] as:

Pn(x) = ¢s(x)n(0).
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We summarize these results in the following proposition.

Proposition 3.1. Let n € L' (Q2) be such that Dy;n = n. Then the Poisson transform
P*n has the following forms:

(1) If M >0,
Pn(x) =0, x| < M,
Pi(x) =q PPy (x| = M +1,5) Qu(s)n(x™)
+ (k=2 Ry (s)g~ W= (i (x M) = p(x M), x| = M.
) IfM =0,
Py(x) = ¢ (x)n(0).

Let .7, (5)(X) denote the space consisting of the functions ¢ on X satisfying the
condition ¢ x 1 = y(s)¢. For M € Z>(, we denote by Z)f"(’s)(%) the subspace of
2, (5)(X) consisting of the functions ¢ which satisfy the following conditions:

() Ao =9,
(2) for x € X such that |x| > M and y € by, ¢(x) = p(y).

Then .Z]?(S)(.’{) is just the space of radial harmonic functions on X. We prove the
following lemma, which is an analogue of [Mantero and Zappa 1983, Lemma 3.2].

Lemma 3.2. Let ¢ € .Z%S)(%) and w € Q2. Then we have the following:
() If M >0,
P(w) =0  (n<M),
P (om+e) =q PP+ 1, 9)p(wum)
+ (k—2)g~ D2y, 5) x (¢ (wm) — ¢ * k1 (@u)).

(3-5)

() IfM =0,
¢ (w¢) = ¢s (@) (0).

Proof. Since forw € Q and n > M,

P (n) = (¢(wn_1>+<k—2)¢*m @n)F¢@nr)+ D ¢+ Y ¢>(y>),

yebwn+1 YECo, 4y

r(k—1)

and

1
Api19(@n41) = (@n11) — C—I(¢<wn+1)+ PIRINESS ¢><y>> =0,

yeb“’u+l YE&Cw, 4

we have

b5 1) = s B @) + (k=29 i1 (@n) + 06 @)
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Hence the condition ¢ * ;| = y (s)¢ implies that

(qB(s) +k =2)p(wn) = p(wp—1) + (k = 2)p x k1 (@n) + gD (@n+1),

where B(s) = ¢~ '/**s 4+ ¢~1/27is. When n > M, we have that ¢ k| (w,) = ¢ (wy)
and therefore we have the recursion formulae:

(3-6) ¢ (wn) =0, n<M,
G- p(wpr1) =Bs)p(wm) + (k—2)g ™ (@ (om) — ¢ xk1(0n)),
(3-8)  P(@mte) = B$)P(@me-1) —q ' P(@pre—), £>2.

In the case s ¢ (t/2)Z, the difference equation (3-8) has the fundamental solu-
tions ¢~ /2% and ¢~!/>7%5. So using the initial condition (3-7) to determine the
coefficients of the fundamental solutions, we obtain the following expression:

(3-9) ¢(@ure) = C1q" T2 4 Cpg I,
where '
¢, = "0@w) + k= 2g7 g wm) — ¢+ 1 (wm))
qis _q—is ’
0, = —4 "¢ @n) = (k= 2)q7 Pig @) = ¢ * k1 (@)
qis _q—is !

Similarly, when s = %mr (m € Z), we also have
(3-10) $(@ure) = (Cy+ CoLO(=1)" g™,
where
Cl=¢(wm)., Ch=¢(wn)+&k—2(=D"q""*(@p(wn) — ¢ *x1(wn)).

Obviously both the expressions (3-9) and (3-10) agree with the equation (3-5). The
case M =0 is analogous. This concludes the proof. ([

Let x € Gy and s € Y. Then we have from (3-4) that
(3-11) Pn(x) = Qu()n(x) + (k = 2) Ry () ( * k1 (x) — n(x)).
We put ¢ (x) = P*n(x) and write down 7 in terms of ¢ and ¢ * k. Since
(3-12) b1 %11 (0) = B + APy (0),
k=2 k—2
we have from (3-11) that

(3-13) P xr1(x) = Qu(s)(*K1)(x) + Ry (s)(n(x) — 0 *k1(x)).
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Thus, solving the simultaneous equations (3-11) and (3-13), we get the expressions

(g2 4k —2)p(x) — (k —2)¢ * k1 (x)
4124504 (5) '
(q"> 4 1)p % k1 (x) — p(x)
q"2 5 Qi (s) '

The above expressions suggest the following proposition.

nx) =

n*Ki(x) =

Proposition 3.3 (cf., [Mantero and Zappa 1983, Proposition 3.4]). Lets ¢ Y. For

¢ e f%v)(f{), there exists a function 1 on Q such that Dyn = n and P*n = ¢.

Proof. Suppose that M > 0. Indeed, define n(w) by
(@' + k= 2)p(@u) — (k =2 * k1 (wn)
¢ Qi (s) '

Then ¢ (wyr) = P*n(wyy) is trivial. Applying Lemma 3.2 to our case together with
(3-11) and (3-13), we see that

n(w) =

P(wmse) =q Y+ 1, )¢ (@) + (k—2)g T2y, s)
X (¢ (wpy) — ¢ *k1(wp))
=g PP +1, ){Qu)n(@um) + (k—2) R () (% k1 (pr) — n(wm)))
+ (k =2~ DRy, 5)g" T Ry (s) (n(wn) — % k1 ()
=q Y+ 1,5)Qu)n(wn) + k= 2)g~ Ry (s)
<Ay (L +1,5) — g Y (€, )} * k1 (0p) — n(wn))

= P'n(wm+e)-
The case M = 0 is analogous. This concludes the proof. O

The following proposition is proved in the same way as in [Mantero and Zappa
1983, Corollary 3.5] and hence we omit its proof.

Proposition 3.4. Suppose that s ¢ Y. Then the Poisson transform P® is a bijective
operator from F'(2) onto £, 5)(%).

4. The construction of the intertwining operator

Mantero and Zappa [1983] defined the intertwining operator between the spherical

representations for free groups and gave an explicit expression of the intertwining

operator. In this section, we extend their results to the case of symmetric graphs.
Let s € C and define the action 7y of G on L?(2) by

1/2+is

(75 (g)n) (@) = p(g - 0, W) (g~ o).
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The representation (s, L2(R)) is called the spherical representation. We denote
by A the left regular representation of G on .7, (5)(X). Then as indicated in [lozzi
and Picardello 1983b, p. 372], the Poisson transform P~* intertwines my and A.
Therefore, in the case +s ¢ T, we see from Proposition 3.4 that the operator on
F'(2) defined by I, = (P*)~!' P~ is bijective and satisfies the following relation:

(4’1) Is”s(g) :nfs(g)ls-

Let n € L' () be such that Dy n = n for some M > 0. Under this assumption,
I;(Byn) = By (Isn) because

P*(ByIyn)(x) = P Lin*k1(x) = P nx ki (x) = P~ (Byn) (x).
Since

P Iin(wm+e) = P n(om+e),

we have from (3-3) that

g Y41, 5) Qu(s) In(w) + (k —2) Rar (s)g V24 (1 By () — Iin(w))
=g YU+ 1,5) Qu(—=)n(w) + (k —2) Ry (—s)g " V279) (Byn(w) — n(w)).

Taking £ =0 and ¢ = 1 respectively, we obtain from the above equation that

4-2) 0% () In(w) + (k—2) Ry (s) s Byn(w)
= 09 (—s)n(@) + (k —2) Ry (—s) Byn ()

and

4-3)  B()Om () n(w) + (k —2)g~ Y29 Ry () Iy Bun(w) — I;n(w))
= () Qu(=s)n(@) + (k —2)qg~ V> Ry (—5) (Bun(w) — n(w)).

Solving the simultaneous equations (4-2) and (4-3), we have

q~" Qu(=s)n(®) +(¢" —q~") 0} (=s)n(®)

IY = -
e T o)
(4-4) L k=2@" —g )Ry (=) Bun(@)
A
I, Byn(w) = (" — q_lS)RM(—S){W(w) — Byn(w)}
q"° Qum(s)
(4-5) q" Qu(=$)Bun(@)

g Opm(s)
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For n € L'(Q) satisfying Dy n = n, we define n* and n~ as

(4-6) n"(w) = n(@) + (k — 2) Byn(w),
(4-7) N (w) =n(w) — Bun(w).
Then we have from (4-4) and (4-5) that
Oum(—s)

4-8 InT(w) = =—=—n"(w),
(4-8) n (o) 0n®) n (o)

4 "Ru(=s) _
(4-9) I () == S @),

For n € Z~(, we denote by H,, the subspace of F(£2). consisting of n such that
D,n =mn. We write 1,7 and #,, for the subspaces of H,, generated by {n* :n € H,}
and {n~ : n € H,}, respectively. Then it holds that Ho = ’;’-[(J)r and H, =H,;f ®H,, for
n > 0. The expressions (4-8) and (4-9) give the explicit forms of the intertwining
operator I; when restricted to ;" and H,,, respectively.

Finally in this section, we list some properties of the Poisson transform. Analo-
gously to (4-6) and (4-7), for a function ¢ on X, we define ¢ and ¢~ by

¢ () =)+ (k=2)pxx1(x), ¢ (x) = (x) —P*xi(x).

Let n € L'(RQ) be such that Dy;n = n. Then taking into account (3-12), we see
from Proposition 3.1 that

@-10) (Pt x) =g P2y (x| = M +1,5) 0p(s)n™ (@) = (Pnh)(x)
and

@-11) (P~ (x) =g T2y (x| = M + 1, 5) Qu(s)n™ (@)
—(k = 1)g~WI=MARHOIR Y (5)n™ ()

= (P'n7)x).
We here set
¢ ¢
v U+1,5) = Zqi(E—Zj)s +q_1/2(k -1 Zqi(E—2j+1)s.
j=0 j=1

Then the expression (4-11) can be written
@12 (P () =g PRy (x| = M+ 1,9 P Ry ()™ ().
We summarize these in the following corollary.

Corollary 4.1. Let n € L'(Q) be such that Dy = n. Then

(P (x) = (Pn")(x), (P’m)~(x) = (P'n7)(x).
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In addition, for any x € X satisfying |x| > M, we have

(1) Oup(s)™! (PSn)*(x) is an even entire holomorphic function on C with respect
to the variable s,

2) (" 2HS Ry ()~ (P*n)~ (x) is an even entire holomorphic function on C with
respect to the variable s.

5. The spectral projection on symmetric graphs

We first review the Helgason—Fourier transform for symmetric graphs and its
inversion formula, which were introduced by Eddine [2013; 2015].

Let (75, L?>(Q)) be a spherical representation and let /; be the intertwining
operator defined in the previous section. The Helgason—Fourier transform f(s, o)
of f € C.(X) is defined by

(5-1 f(s, 0) = (m,()H1)(w) = Z F@) plx, w2,

xeX

Here 1 denotes the function identically one on 2. In [Jamal Eddine 2015, Lemma
3.10], Eddine proved the following inversion formula:

f(x)= % fg f(s0, @) p(x, ®)/*7% dv(w)
+cq f / fGs,@)px, ) > 5e(s)| 7 ds dv(w),
QJT
where cg = q/{2tr(k— 1)} and

ﬂ q1/2+is_(k_1)q—l/2—is +k—2

c(§s) = - -
() q_|_1 qts_q—zs

is a c-function. Here (k — )4 stands for k —r when k > r and to O when k < r. As
described in [Cowling and Setti 1999, p. 240], we see that I, f (s, w) = f(—s, w)
for almost all s € T and thus we obtain the following symmetry condition:

(5-2) / s, 0)p(r, )27 dv(w) = / Fles. 0)p(r, @)+ du(w),
Q Q

Following Bray [1996], we define the spectral projection P f of f € C.(X) by

(5-3) Psf(X)=(f*¢s)(X)=/Gf(g1)¢s(g1_1g)dg1,
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where x = g - 0. Applying the functional equation of the spherical function [Ja-
mal Eddine 2015, Lemma 3.9] and using Fubini’s theorem, we obtain

B = f A 'O)Lp(gl -0, ) * p(g -0, ) dv(w) dgy
G
=/f(s,w)p(x,a))l/z_"sdv(w).
Q

Thus the spectral projection P f(x) is Weyl-invariant with respect to the variable s
and has the following inversion formula:

(k—r)+P

(5-4) SO =—

S0+ ca RICIEI ds
T
Let a € X and define the function &, on Q by &,(w) = 1 and for a # o

£4(@) = V(E@) ™ XE@ (@) — v(E@) ™ XE@) ().

Then it is easy to see that D, &, = &, and B, §, = (§« *«1)(a). For a € X and
s € C, we define the generalized spherical function &, ; on X by

D, 5(x) = PPE,(x) = / p(x, )P, () dv(w).
Q

By Proposition 3 in [Koizumi 2013] combined with Corollary 4.1, we have that
AR = [0, 06 0 dv@),
Q

The explicit expressions of CDan’_s are given by (4-10) and (4-12). We see from
these that
(AP f)T(x)=0 when £5€ 7,

(AyPf)"(x)=0 when *s€1i+1Z.
Furthermore, we have the following proposition.
Proposition 5.1. Let f € Cy(X). Then (A, Py, f)” (x) =0 whenn > N.

Proof. By the definition of the Poisson transform, we have

(AP )" () =) f(y){ /Q p(x, w)‘/z—%;n,so(y)dv(w)}

yex

_ o (xw) 1 Iylk(k_l)n—l — /
—Zf(y){/g(l PO () r(r_l)n_lswnw)dv(w)},

yeX
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where we choose o’ € E(y). Taking into account

r(k—1)g""", we E(y™),
(@) =1 =rtk=1g" '/ (k=2), weBH™),
0, otherwise,
we have
— ne 1\ o
Pofy @ =ktk =10 Y ro)(1) [ a=n dve)
1=/ Je o)
yeXx y
[y|zn
k k 1 2n—1 .
ML S roo(i ) [ a=nto av,
X B(y™)
ye
[y|=n
Since f(y) =0 for |y|>n > N, we have (A, P, f)"(x) =0. O

6. Paley—Wiener theorem for spectral projection

In this section, we shall characterize the image of C.(X) under the spectral projection
on X. As an application, we shall prove the Paley—Wiener theorem of the Helgason—
Fourier transform for symmetric graphs.

Throughout this section, for a function ¢ on X, we denote A,¢(x) by ¢, (x).
Let N € Z>o. We denote by Zy (T x X) the set comprised of all functions F on
T x X satisfying the following conditions:

(N1) F(s, x) is a Weyl-invariant smooth function on R with respect to the variable s.
(N2) Foreachn € Zsg and s € R, F,(s,x) € f”(s)(if),

(N3) For each x € X, F (s, x) extends to a Weyl-invariant holomorphic function
on C.

(N4) For each n € Z>y, 0, (—s)7! FnJr (s, x) is holomorphic on C and there exists
a constant Cy > 0 which does not depend on the choice of n such that

|0n(=3)""FF (5, x)| < CygqFI=m MRS,

(N5) ForeachneZ-g, (¢"/*7*R,(—s))"'F, (s, x) is holomorphic on C and there
exists a constant Cy > 0 which does not depend on the choice of n such that

|(q1/2—iSRn(_s))—1El—(s’ x)l < CNq(lxl—n+N)|‘3S|-
(N6) F, (so,x) =0whenn > N.
We set

TTxX) = U v (T x X).
N=0
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The following proposition is obtained by the same arguments as in [Koizumi 2013,
Proposition 4].

Proposition 6.1. Ler f € Cy(X). Then F(s, x) = P, f (x) belongs to Iy (T x X).

To prove the sufficient condition in the Paley—Wiener theorem, we need the
following lemma.

Lemma 6.2 (cf., [Koizumi 2013, Lemma 1]). Let N € Z.(, F € Iy(T x X) and
ae€S,. Ifn> N then Fn+(s, a)=0and I, (s,a) =0forall s €T.

Proof. We shall first show that F, (s, a) = 0. Let us set
¢~ () = (q' PRy (=5) " F, (s, a).
Then we see

g2 R, (—s)

6D ) =@ TR T E (5. 0) = = e 5neT ().
We put .
B _ q1/2—1sRn(_S)
COIT R

Obviously we have

(e.¢]
(6-2) Ci(l’l, S) — _qfl/zfis(anl) 4 (1 o qfl) Z q75/27is(2n+€)‘

£=0

The condition (N5) yields that ¢~ (s) is an entire function of exponential type N.
We use the Paley—Wiener theorem on Z to write

¢ ()= _ ¢ (mq"™,
meZ

where ¢~ (m) = 0 unless —N <m < N. Substituting (6-2) to (6-1), we have

: 1. A .
Z¢—(m)q—lms:Z|:_q—2—ts(2n—l)+(1_q—1)2q—2—13(2n+i)i| qu_(m)q”"“',

meZ mezZ =0

and thus we have the following recursion formula:
o0

(6-3) ¢~ (m)=—¢"p~Cn—1-m)+(1—¢ ")) ¢ ¢~ Qn+L—m).
=0

From (6-3), when n > N + 1, it is easily verified that ¢~ (m) = O for all m € Z.
When n = N + 1, (6-3) implies

¢~ (m)=—q""2p" QN +1—-m),
and so ¢~ (N) = 0. We consequently have that ¢~ (m) =0 for all m € Z.
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We shall next show that F; (s, a) = 0. We set ¢ (s) = Q,(—s) "' EF (s, a). We
use the Paley—Wiener theorem on Z to write

¢t ()= ¢t mqg™,

mezZ

where ¢t (m) =0 unless —N < m < N. Putting

+ _ Qn(_s)
=0
we have
¢ (—s) =ct(n, 5)p™ ().
Because .
1+ (k—1)g~ s
ct(n,s)= . 1)q_l/z_isc (n,s),
we have
(6-4)  ¢T(m)

=— (k=g '¢pT2n—2—m)

o0
+k—=DA=gHY ¢Vt en+t—m—1)
£=0

~(1=1=k% DY (A-k'q V2t Qn+e—1-m)
£=0

S IN( (1 2~
+(1 q )(lk(l k)q—)

D (=A=k* g~ Pe*Qn+t—m).
£=0

From (6-4), when n > N + 1, it is easily verified that ™ (m) =0 for all m € Z. In
the case n = N + 1, (6-4) implies

¢t (m)=—(k—1)g~'¢T 2N —m),
and so ¢ (N) = 0. Therefore, in this case, ¢ (m) = 0 for all m € Z. O

The proof of the sufficient condition in the Paley—Wiener theorem is like the
proof for the case of semisimple Lie groups given by Campoli [1980] and Johnson
[1979]. We remark that Jsg > 0 when k < r and Jsy < O when k > r. We also
remark that the residue of 1/c(s) at s = s¢ is equal to r(k —r)/{ik(r — 1) logq}
and 1/c(—s9) = 1. We first show the following proposition.

Proposition 6.3. Let N € Z-, F € Iy (T x X) and set

Jo(x) = Cgfﬂ_Fo(S, x)|c(s)| 7% ds.
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Then there exists a function Jy € Cy(X)* such that

k_
Folx) — Jo(x) = %Fo(so, ).

Proof. We put F(s) = Fy(s, o). Then it follows from Lemma 3.2 and the condition
(N4) that F (s) is an even entire function of exponential order N and

Fo(s, x) = ¢s(x) F (s).
We thus have

f(x)=cg T<z>s<x>F<s>|c<s>|—2 ds

(6-5) = Cg/;TF(S)ﬁq(”_]/z)lxl ds +chTF(s)$q<—”—‘/2>'x ds.
We write f1(x) and f,(x) for the first term and the second term of the last expression
of (6-5), respectively. For a sufficiently large n > 0, let f; , denote the formula
shifting the path of integral of fi from T to T +in and let f> _, denote the formula
shifting the path of integral of f> from T to T —in.

Suppose that k£ < r. Because f is analytic inside the rectangle with corners
+7/2 and £7/2 +in, we have by Cauchy’s theorem that f| = fi ;. Similarly we
can also obtain that f> = f> _,. In case k > r, we have

F1() = fiy(x) = 2micg Ress-:_m{F(s)#q“s—””‘“}

c(—s)
k—r 1\
= 2k F(_s0)<1—k> ’
12(0) = famy(r) = 2mic Reseo | F5) g 2]
k—r 1\
= 2k F(SO)(I—k) ‘
Then the assertion follows immediately. ([

In the nonradial case, we need slightly complicated calculations.

Proposition 6.4. Let N € Z.¢, F € In5(T x X) and set

fi(x)=cc / Fy(s, x)|c(s)| 2 ds
T

for n > 0. Then there exists a function J, € Cy(X) such that

(k—r)4

fox) = J(x) = F,(s0, x).
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Proof- We put a = x™ and choose w € E(x). Because FnjE satisfies the condition
(N2), we have from (4-10) and (4-12) that

6-6)  E, (s, x) =q P72y (x| —Ja| +1,5) Q. (s)E, (s, @),
6-7)  E (s, x) =q W2y~ (x| — |al + 1, 5)g"*S R, (s) E, (s, a).

In the case when n > N, Lemma 6.2 yields that F* (s, @) = 0 and F, (s,a) =0.
On the other hand, since F, (so, x) = 0, it suffices to set J,(x) = 0.
In the following, we suppose that n < N. Substituting (6-6) and (6-7), we obtain

fE0) =EF () e /T h () (x)|c(s)| 2 ds,

where hf ()= Q4 () F,F(s,a), hy (s)=(q"/*T"*Rq(s))"'F, (s,a) andw € E(x).
We know that QJZ 4(x) has the following expansion:

(6-8) D (1) = {c(s)g TR — gi2al=Ds e (5) g (ETIDIhe+ (),

Hence we can show f,7 € Cy(X) for all k, r by the same arguments as in the proof
of Proposition 6.3.
Hereafter we shall compute £, (x). It follows from (6-8) that

CD(;S(X) = {c(s)q(isfl/Z)\x\ _qi2(|a\71)sc(s)q(7,'571/2)|x|
— (k— 1)R|a|(s)q_(|x|—\a|)(l/2+l‘s)}%-a—(w).

Let us set

S = CG/h;(s)Lq(iS—l/Z)IXI ds.
, . 5

c(—

c(=s)
fuz)=cc / h (5) Rpa) (5)g~ W1=1aDA/24i9)1x] ()| 2 g,
T

jj:z(x) :cG/‘h;(s)Lin(al—l)sq(—is—1/2)|x|ds,
T

Suppose first that k <r. Then as shown in Proposition 6.3, we see that f, | € Cy(X).
Keeping the notation in the proof of Proposition 6.3, we have

fm_z(X) - fn,_z,fn(x) =2micg ReSS:_SO{h;(s)_C(is)qi2(\a|71)sq(7is71/2)|x|}

= HE T (—so) (1 — Ryl (1 — bt
£330 = £5._, (%) =2micG Resy— g, {hy () Rigy (5)g = H/2 W7D (5)]72)
rtk—r)

5 N (=so)(1 = k)1l (1 — py~xlHal=1
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Setting
@) = f ) = fiy () = (k= D £, (),
we obtain that

Jo ) = [, (X) =

Thus we have by contour integration arguments that f,~ € Cy(X).
Suppose next that £ > r. In this case, by the same discussion as in the proof of
Proposition 6.3, we see that ]i;z € Cy(X). Moreover we have

£ = £, () = 2icg Ress__so{h (s) “S*W)'xl}

c(— s)q

_k—=r 1 \PL_
~ 2k (l—k) iy (=s0).
f30) = fi5._, (0) = 2micg Resmg {hy (5) Rigy (s)g ~P171DU2H9 0 (5) | 72)

k r
2r

h (SO)(I k)—|x|+\a|—2(1 _ r)—|a|+1.
Let us set
o0 = £, 00 = £ — (k=D f5 ()

Then we have

S ()= fn,](x)—(ﬁ) {kzkrh( so)+ h (so) A=)l (1=p)~ |a\+1}

We see from the definition of /4, (s) that

r(1—k)(1—r)le-1

hg (=s0) = (1 =K)"F " (s0. @), hg (s0) = - E, (50, @).
We therefore obtain
_ 1 \Wlk—r lal
1@ = fry = (125) - 0.0 = K B s,
By contour integration arguments, we see that there exists J,” € Cy(X) such that
_ - (k—r)y
S ) = Jy () = = E (5o, %),

concluding the proof. ([

Summarizing the arguments in this section, we arrive at the following theorem.

Theorem 6.5. Let N € Z.gand F € Iy(T x X). We set

£ =g / Fs. x)lc(s)| "2 ds
T

Then there exists a function J € Cy (X) such that

(k—r)+
k

fx)—=Jx)= F(s0, x).
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Proof. Let x € X be such that [x| > N. We choose a positive integer M so that
|x| < M. Then f(x) can be written as the following finite sum:

Fx)y=emfx)= folx)+ fi(x) + -+ fu(x).
Applying Propositions 6.3 and 6.4 to each F,, we have

M min(M,N) (k . I") min(M,N)
DR = Y  h) =T Y B, x).
n=0 n=0 n=0
We thus have the required result. O

In the remainder of this section, as a corollary of Theorem 6.5, we shall prove
the Paley—Wiener theorem of the Helgason—Fourier transform.

Let N € Z>. Denote by Zy (T x €2) the set of all functions F' on T x €2 satisfying
the following conditions:

(H1) F(s, w) is a smooth function on T with respect to the variable s,
(H2) F(s+71,0) = F(s, w),
(H3) F (s, w) extends to a T-periodic entire function of exponential type N,
(H4) F satisfies the symmetry condition (5-2),
(H5) (D, F)~ (sg, w) =0 when n > N.

With the notation above, we show the following theorem.

Theorem 6.6. Let N € Z>¢, F € Zn(T x Q) and set

f(x):c(;//F(s,a))p(x,a))l/z_” ds dv(w).
TJQ

Then there exists a function J € Cy(X) such that
k— -
70 =100 =2 Fonoptr, )2 dvo).
Q
Proof. Let F € Zn (T x Q). It suffices to show P~ F € Iy (T x X). The conditions
(H1), (H2) and (H6) are immediate from the conditions (H1), (H2) and (HS). Noting
1~ 1«
g7+ 1,9 = LR g2y 1)) = S g,
q—1 q-1

we have from (4-10) that

100 (=) (P F),f (s, ) = lg~ =2y (|x| = n+ 1, $)(D, F)* (s, )

< C}/Vq(|x|—n+N)|~3s|

for some constant Cy, which does not depend on the choice of . The condition
(N5) is obtained in the same fashion as above. This concludes the proof. U
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