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For a connected reductive algebraic group G over a number field k, we
investigate the Ryshkov domain R, associated to a maximal k-parabolic
subgroup Q of G. By considering the arithmetic quotients G (k)\G(A)!/K
and I\ G (k)/ K, with K a maximal compact subgroup of the adele group
G(A) and the I; arithmetic subgroups of G(k), we present a method of
constructing fundamental domains for Q(k)\R and I;\G (Kso)!. We also
study the particular case when G = GL,,, and subsequently construct funda-
mental domains for P,, the cone of positive definite Humbert forms over Kk,
with respect to the subgroups I;.

1. Introduction

Let k be an arbitrary algebraic number field with ring of integers O. This paper
mainly focuses on the determination and construction of fundamental domains
associated to certain arithmetic quotients of reductive algebraic groups over k.

For the first part of the paper we consider a general connected reductive isotropic
algebraic group G over Kk and investigate fundamental domains associated to the
arithmetic quotients G(K)\G(A)!/K and I;\G (Kxo)'/K s, With K a maximal com-
pact subgroup of G (A) and subgroups I'; of G (K) to be described below.

The discussion and results here in the preliminary sections are an extension
of Watanabe’s results [2014]. A maximal K-parabolic subgroup Q of G is taken
and we consider its associated height function Hp and Hermite function mgp(g) =
minyek)\G k) Ho(xg) on G(A)'. Watanabe [2014] introduced the Ryshkov do-
mainof mg, Rp={ge€ GA)': mo(g) = Hp(g)}, for the purpose of constructing a
fundamental domain for G (k)\G (A)! well matched with m 0. Watanabe also consid-
ered the case when G is of class number 1, that is, when |G(k)\G(A)1/G}A’OO| =1,
and obtained a fundamental domain for G (K) with respect to Go = G(K) NG oo-
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Here however, we consider algebraic groups of any general class number ng.
Particularly for class numbers higher than 1, foreachi =1, ..., ng we are required
to consider different arithmetic subgroups I'; of G (K) in place of just Go.

Let R"é denote the closure in G (A)! of the interior of Ro. It was established in
[Watanabe 2014] that by starting from a fundamental domain €2 of R "(‘2 with respect
to Q(K), a fundamental domain of G(A)! with respect to G (K) can be obtained by
taking the interior of Q in G(A)'. In order to explicitly construct such an 2, we
define groups

Gaoo=G(Ks) x Ky and T;=n;Gy on; ' NGK),

where the 11, ..., n,, are representatives of GK\GA!/G %A’ o~ Also for each i
take a complete set of representatives {; j}?i: | for Q(K)\G (K)/ T, define sets

Rijoo =18 € G(Kao)' i mo(g&iini) = Ho(g&ini)}

and let Q; ; = Q(K)N§; Fiél.gl. By considering the action of Q; ;j on R; j o, We
find that starting with arbitrary open fundamental domains 2; ; » for Q; \R; j o
we can construct the required 2. From this we obtain the following results.

Theorem. Q = [/, |_|£”:1 2, j,00§ijni Ky is an open fundamental domain of R,
with respect to Q(K).

Theorem. For eachi =1, ..., ng, the set U}}lzl Si;lQ,-,jyooE,-j is an open funda-
mental domain of G (Koo) ! with respect to I.

In particular we can take 1 to be the identity element of G, in which case I'y
coincides with the group G = G(K)N G~ used in [Watanabe 2014] when ng = 1.

The second topic of interest in this paper is the special case when G is the general
linear group GL,, defined over K. This time we consider the maximal K-parabolic
subgroup

0=Q"m= {[g Z} :a € GLy(K), b € My p_m(K), d € Gan(k)}

for a fixed 1 <m < n. The class number of G in this case is equal to 4, the class
number of K. Using {ay, ..., a,}, a complete set of representatives for the ideal
class group of K, we can produce a corresponding set of matrices {11, ..., n,}
representing GL,, (K)\GL, (A)! /G/l&, « The T in this case are the subgroups of
GL, (K) stabilizing the respective O-lattices ZZ;{ Qe + a;e,. The main result
established in this part is:

Theorem. |OK\GL,(K)/T;|=h foreveryi=1,...,h.

This can be proved by identifying Q (k)\GL, (K) with the set of all m-dimensional
subspaces of k™ and establishing a bijection between this set modulo I'; and the
ideal class group of K. This bijection also allows us to obtain suitable matrix
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representatives {&; j}}}zl for Q(kK)\GL, (k)/T;. Relations between the field class
number and the number of double cosets in quotients of similar type involving
other algebraic groups, e.g., SL,, Sp,, and Chevalley groups, modulo a minimal
parabolic subgroup instead are noted by Borel [1962, Section 4.7].

In the final sections we consider P,, the space of positive definite Humbert forms
over K, with the usual identification P, =[], P,(Ky), where P,(K,) denotes the set
of n x n positive definite real symmetric/complex Hermitian matrices, depending on
whether o is real or imaginary, and the product is taken over all infinite places o of k.

If k= Q, then P, is just the cone of positive definite real symmetric matrices, and
fundamental domains for P, /GL, (Z) in this case have been historically constructed
by Korkin and Zolotarev [1873], Minkowski [1905] and later on Grenier [1988]. For
P, over a general number field, Humbert [1939] previously provided a fundamental
domain constructed with respect to the particular group GL,(O). As GL,(O)
coincides with one of the I'; we study in this paper, the question can be raised about
fundamental domains for P, with respect to each of the groups I'; when ng > 1.

As such, we proceed in the final sections to provide a general way of constructing
fundamental domains for P,/ I'; given any number field. The method of construc-
tion given here follows and generalizes the example given by Watanabe [2014]
for the specific case K = Q. As already noted in that paper, when k = Q the
fundamental domain for P,/GL,(Z) resulting from this method coincides with
Grenier’s [1988]. It was observed by Dutour Sikiri¢ and Schiirmann that Grenier’s
fundamental domain is in fact equivalent to the one previously developed by Korkin
and Zolotarev. Regarding P,/GL, (O) for general number fields however, we note
that the fundamental domain produced by the method here differs from Humbert’s
construction, which utilizes the matrix trace, whereas the domain here is defined
using the adele norm of matrix determinants.

Using the matrix representatives {ni}f’:] and {§&; j}?:p we associate to each pair
(ni, & j) amaximal compact subgroup K; ; o of GL, (Kw) and a map 7;; inducing an
isomorphism between GL, (K~ ) /K, j o0 and P,. Then the results of our discussions
on GL, can be transferred to P, via the maps 7;;, which finally lead up to an
iterative method of constructing fundamental domains for P, with respect to the
groups I for any general dimension n. Watanabe has also graciously provided an
appendix to this paper on Voronoi reduction over general number fields that are not
necessarily totally real, which settles the base case of dimension 1.

We also demonstrate that this fundamental domain construction for P,/ I is
well matched with certain automorphisms of GL(Ky,). Namely we see that the
fundamental domain for P,/ I'; constructed using a set of ideals {ay, ..., a,} repre-
senting the ideal class group and the maximal K-parabolic subgroup Q™" can be
directly mapped by an automorphism to the one constructed with the representative
set {al_l, ceey a,:l} and Q™" ",
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Notation

In this paper we use Q, R, C for the fields of rational, real, and complex numbers
respectively, and Z for the ring of integers. R. ¢ will denote the set of positive reals.

For positive integers r and s, we denote by M, () the set of all r x s matrices
with entries in the set S, and we write M, (S) for M, ,(S). The identity matrix of
size r will be denoted by I,. The transpose of a matrix A will be written by ‘A. If
A € M, 4(C), we write A for the matrix whose entries are the complex conjugates
of the original entries of A.

We will fix and consider K, an algebraic number field of finite degree over Q,
and denote its ring of integers by O. We denote by p., and py the sets of infinite
and finite places of K respectively and we let p = po U py. For o € p, we write
k, for the completion of Kk at o, while for any subring B of K, the closure of B in
k, will be denoted by B,. We denote by K, the étale R-algebra k ®g R which we
identify with [ ] . .. Ko The ideal class group of k will be denoted by CI(K).

The adele ring and idele group of k are denoted by A and A* respectively. For an
adele a € A we write a, and ay for its infinite and finite components respectively.
Similarly for any matrix A = [a;;]; ; with elements in A we write Ay to denote
the matrix [(a,‘j)oo]i,j.

For each place o, we write | |, for the absolute value on K, taken as follows: at
each infinite place we use the standard complex absolute value on K., while for
o € py we use the normalized absolute value satisfying x|, =[Oy /ps |~! for any
arbitrary x € ps\ pg, where p, is the prime ideal of O,. For an a = (a,) € A* we
write |a|a to denote the idele norm of a, and |a| for the idele norm of a restricted
to k<>><o’ Haepoo |a0|£rk0:R]'

Given a finite-dimensional K-vector space V and o € p, we will write V,, for
the K, -vector space V ®k K,. Also we will use the term O-lattice in V to mean
a finitely generated O-submodule of V containing a k-basis of V. If L is such an
O-lattice in V, we write L, to denote the O, -linear span of L in V,, when o € py.

For an affine algebraic group G defined over k and any k-algebra B, we write
G (B) for the set of all B-rational points of G. Also, the set of all k-rational characters
of G will be written as X*(G)x. We define G(A)! to be the set {g € G(A) :
|x(g)la =1forall x € X*(G)k}.

Lastly given a topological space X and a subset Y C X, we denote by Yy and
Yy (orjust Y° and Y~ if the underlying space X is clear) the interior and closure
of Y in X respectively.

2. The Ryshkov domain of G associated to Q

Let G denote a connected reductive isotropic affine algebraic group over k, S a
fixed maximal K-split torus of G, and Py a minimal K-parabolic subgroup of G



FUNDAMENTAL DOMAINS OF ARITHMETIC QUOTIENTS OF REDUCTIVE GROUPS 143

containing S. Let My be the centralizer of S in G and Uy the unipotent radical of
Py so that Py has the Levi decomposition Py = MyUy. We consider a relative root
system of G with respect to § and denote the set of simple roots with respect to Py
in this system by A.

A k-parabolic subgroup of G containing Py is called a standard K-parabolic
subgroup. A standard K-parabolic subgroup R has a unique Levi subgroup Mg
containing My, which gives the Levi decomposition R = Mg Ug, where Ugr denotes
the unipotent radical of R. We write Zy for the largest central K-split torus of M.

We fix a maximal compact subgroup K =[], p Ko of G(A), where each K,
is a maximal compact subgroup of G (K, ), satisfying the property that for every
standard K-parabolic subgroup R of G,

e KN Mg(A) is a maximal compact subgroup in Mz (A),

o Mp(A) = (Mgr(A) N Up(A)) My(A) (K N Mgr(A)) (Iwasawa decomposition)
holds.

Consider a standard proper maximal K-parabolic subgroup Q of G, which we
now fix. There exists a unique simple root in Ak that restricts nontrivially on Zg,
which we denote by xo. Let m ¢ be the positive integer such that mél Xolz, is a
Z-basis of the X*(Zo/Zs)k. We write x¢ for the character

[X*(Zg/Zo): X*(Mg/Ze)kImg' (x0lz,),

which is a Z-basis for X*(M o /Zg)«.
Next we define the map

20 : G(A) 3 umh —> Zg(A)Mo(A)'m € Zg(A)My(A) \Mo(A),

where u € Ug(A), m € Mg(A), h € K. This is a well-defined left Q(A)'-invariant
map, which gives rise to the following map, which we also denote by z¢:

OQ(M"N\GA) 3 0(A) g z0(g) € Mo(A)'\ (Mo (A) NG(A)).

Here we have used Zg(A)! = Zg(A) NGA)' € Mp(A)'.
We can now define the height function Hgp : G(A) — R.o by

Ho(®) =lxoGzo@)ly's g€GA),
as well as the Hermite function mg : GA) - Rp by

— i H , e G(A).
mg(g) er%{lc(k) o(xg), g (A)

Definition [Watanabe 2014, §4]. The set R defined by

{geGA) 1 mp(g) = Ho(g)}

is called the Ryshkov domain of mg.
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3. Fundamental domains of G (k)\G(A)! and I';\ G (Kxo)!

Definition. Let 7 be a locally compact Hausdorff space and I' a discrete group
with a properly discontinuous action on 7. An open subset 2 of T satisfying

i) T=rQ,
(1) QNyQ- =g forally eI\ {e}
is called an open fundamental domain of T with respect to I'. (Here we have
assumed that I acts on T from the left. In the case of a right action the same
definition holds with the group action written on the right instead.)
We call a subset F of T a fundamental domain of T with respect to I, or simply

a fundamental domain of I'\T (T /T in the case of a right action) if there exists an
open fundamental domain 2 of 7" with respect to I' such that Q C F C Q.

Further Notation. Hereafter we will use the following notation:

e Koo = chepoo Ky, Kf = naepf Ko,

e Gpoo = G (Kxo) X Kfa G}A,oo =Ga,0N G(A)la

e G(keo)! = G(Koo) N G(A)!, where we identify G(Ks) with the subgroup

{geGA):gr=e}of G(A).

We will denote the class number of G, i.e., the finite number |G (K)\G (A)/Ga ool
by ng. We note here that |G(k)\G(A)1/G}&yOO| is also equal to ng.

The case when G is of class number 1 is discussed in [Watanabe 2014], where
a fundamental domain for G(K)! with respect to the group G(K) N Ga  is
determined. In the following we discuss and obtain a similar fundamental domain
in the general case.

We take a complete set of representatives {ny, ..., 1,,} for G(K\GA)!/ GA, o
Then, fori =1, ..., ng, define the groups

Gi=nGpoon; ' and T;=G;NGK).

We note that since (1;)oo G(Koo)! (7)o = G(Kxo)!, we can also write G; as
G (Koo)' x i) Ky (mi); " or G(Keo)'mi K.
From G(A)' = ['%, G(KniGj o, = 1'% G(K)G;n; we have

GUNGA)' =] |T\Gimi =] | T \(Gkoo) 'mi K ).

i=1 i=1

which gives us the isomorphism

GUNGA)/K =~ | |T\G(Kw)'/K oo
i=1
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Also foreachi =1, ..., ng we take a complete set of representatives {§; j}?":1
for Q(kK)\G (k)/ I'; (where the number of double cosets %; is finite; see [Borel 1963,
§7]) and define groups

Qij= QQEUF»’E_ = Q0K NE&;G; 5_
and the sets
Rijoo=1g € G(Koo)' : mo(g&ijmi) = Hp(g&ijmi)}
for j=1,..., h;. Also since G; = G(koo)lninn-_l as previously noted,

sijGiSi; _Sl]G(kOO) nszﬂ_lf_ _G(koo) ézﬂ?lenl 5,1 .
ng h,‘

Lemma 1. ' =] || | 206Gk &niKs.

i=1j=1
Proof. We first show that for a fixed i the union Ui”zl Q(K)&;;G;n; is disjoint.
Suppose for some 1 < j, j' <h; that Q(K)&;; G;in;NQ(K)&;j»G;n; is nonempty. Then
there exist ¢, ¢" € Q(K) and g, g’ € G; such that ¢§;;g = q'&; 7 g". Rearranging gives
usgg' ' =§;; '¢7'q'&/ € G;NG(K) =T;. This shows that Q (K& T; = Q(K)&; T,
implying j = j'. The result then follows from

GA)' = |_| G (KNGl o, |_| GG

_|_|<|_|Q(k)§,j ) lmCI_”_lQ(k)ﬁiiji
i

and &;Gin; = G(Koo)'&mi K. O
The lemma also gives us the disjointedness of the union in the following result.
ng hi
Proposition 2. Rp = |_| |_| QKR jckijniKy.

i=1j=1
Proof. From the previous lemma, we see that any g € G(A)! can be written as
qg'&ijnih for some i, j and ¢ € Q(K), g’ € G(Kso)!, h e K. Since both Hp and
mo are left Q(K)-invariant and right K -invariant, we see that
Ho(g) =Ho(g'&jni), mo(g) =mo(g'&jni).
Hence g € Ry if and only if g’ € R; j . O
The following two lemmas hold for any fixed 1 <i <ngand 1 < j <h;.

Lemma 3. Let g € Q(K). If the sets q(G(Koo)'&niKy) and G(Koo)'&imi Ky
intersect, then q € Q; ;.
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Proof. Suppose that g € q(G(koo)léijme) N (G(koo)léijme). By rewriting

G (Koo)' SlﬂhKf as &;G;n;, we have q* g, g €&;G;n;, from which we get ¢~! €
§iiGi Sl] HencquQ(k)ﬂ&]G"g’* 0ij. O
Lemma 4. Qi i(Ri jookijniKs) = Ri jookijniKy.

Proof. Consider g € Q; j and g € R; j.oo- Since g € G (Koo)' &ijm; K¢, SU , We

have g; € (&;n:)Kr(&ni)~". Let gf = (&;n)h(&;jn;)~", with h € K. Then
Hp((9e08)éijni) = Ho(qoog(&ijni)h) = Ho(qoo8qyr (ijmi)) = Hp(qg&ijni),
which is equal to Hy(g&;;n;). Similarly
Mo ((goo8)&ijNi) = Mo (ge8qr&ijni) = mo(qgéijni) = mo(g&ijni);

R; j.oo&ijni Ky, as required. 0

By taking a complete set of representatives {6;x}x for Q(K)/Q;, ; and using both
Proposition 2 and Lemma 4, we obtain

ng h;

hi
|_| Q(k)Rz JOOSl]anf = |_| |_|<|_|91ij1 J) t],mgijnin

i=l1 j=1

n

Q

(D

3
Q

hi
|_| |_| Oijk Ri.j.ooijni Ky,
%

1j=1

i

where the final unions are disjoint as a result of Lemma 3.

Denote (R;’ i ) by R; J ~» Where the interior and closure is taken in G (Koo)'

Similarly write R* for (R )~ in G(A)'. From (1) we have

ng h;

2) R} = |_| |_| |_| Oijk R} ; oo&ijni K-

i=1j=1 k

Taking open fundamental domains £2; j,o0 of R}’ ; ., with respect to Q; ; for each

i=1,...,ngand j=1,...,h;, we consider the set
ng h;
= |_| |_| Qi j.0cbijniKy.
i=1j=1

Theorem 5. 2 is an open fundamental domain of RZ with respect to Q(K).

Corollary 6. Q° (= Q°
to G(K).

G A)1) is an open fundamental domain of G(A)" with respect
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Proof. From (2) we have

ng h; ng h;

Ry = |_| |_| Lleiij?jj,ooSij’]in = |_| |_| UQijk(Qi,jQZj,m)éijﬂin
i=1j=1 k i=1j=1 k
ng hi

= | |ewe;; onik;=0®)Q.
i=1j=1
Now suppose QNgQ~ # & for g € Q(K). So for some i, i’, j, j/ we must have
q(Qi,j,00bijMi Kp) N (S 1 & jymir Ky) # @. Writing g =6;jkq" with ¢" € Q;,j and
some k, we have

0;jk(q") 00, j,0obijni Ky N Qi i oobinjmir Ky # &

since (¢")r&ijni Ky C &;jniKy. Then (2) implies i =i, j = j’, and 6;jx = e. Thus
Qi jooN (q/)OOQ:j,oo =Qi joo ﬂq/Q;j,oo must be nonempty, which means ¢’ = e
and hence g = e. This proves the theorem, and the corollary follows from [Watanabe

2014, Theorem 15]. ([
Finally, for any fixed 1 <i < ng, we have the following theorem.

Theorem 7. The set Q; oo= ]h’:] 5,-;1 Q; j.ookij is a fundamental domain of G(koo)!
with respect to T};.

Proof. The following proof was suggested by Professor Watanabe. To show that
G(Koo)! = Q2 . consider an arbitrary g € G (Koo)', From Corollary 6,
ng h;
GA)' =GIQ =Gk | ||| @7 &Ky
i=1j=1
ng hi ng
=G| || |&i ;' timks c GO\ Qi omiKy,
i=1 j=1 i=1
so we may write gn; = g'wn;h with g’ € G(K), w € 2; , and h € K. Rearranging
we get g’ = (ga)_l)(n,-h_lni_l), which belongs to G (Koo)' Kf’?,-_l = G;. Hence
g’ eT;. Since g=(g'w) (n,-hnl._l) and g € G (Koo)', we know mhni_] must necessarily
be trivial. Thus g € I3 €2; .
Now suppose that 27 . N g€2;  is nonempty for a g € I';. Then we must have
éing‘l?’j’ooéij ﬂgéi;,lgzz’j,’oofij/ # @ for some j, j". Since grn; Ky = n; Ky,

£ 2 .okt N 861 2y ooy # 9
= (Rj,00jniKp)°N Sijggi}l(ﬁi,j/,oofij’mKf)_ vk

= Q°N(&e5;HQ #2,
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and thus &, g€~ = e by Corollary 6. Hence Q(K)&;;T; = Q(K)&; T, which implies
J&5ij y y J J p

Jj = j' whereby g = SJISU/ =e. O

4. The case G = GL,

We will now consider the case where G is a general linear group GL,, defined over K.
We use the group of diagonal matrices as the maximal K-split torus S, and the group
of upper triangular matrices in G as the minimal K-parabolic subgroup Py. Also
fixing an integer 1 < m < n, we will consider the maximal standard k-parabolic
subgroup Q defined by

0(k) = {[g Z} :a € GLy(K), b € My p_m(K), d € Gan(k)}

and the Levi subgroup My is given by

Mp(K) = {[g 2} a eGLy(K),d e GLn_,,,(k)}.

For the maximal compact subgroup K of G(A) let K = Ko, x Ky, where

Koo ={g €GL,(keo): 'gg =1}, Ky= [] GLa(O,).
oepy

Here we identify GL,, (Koo ) with Haepoo GL, (Ks), and for g =(go)oep., € GL4(Koo)
we write ‘g for the element (‘g5 )oep,, Of GL,(Koo).
The character xo described in the first section is then given by

XQ< g 2]) — (deta)=™/!(det d)~™/"

and the height function Hyp by

HQ( g ZD = |detal; """ |detd 2",

where [ is the greatest common divisor of n —m and m.

We shall see that in this case the number of double cosets of Q(k)\GL,,(K)/ I'; for
each i is invariant and equal to |GL,, (k)\GL, A/ G A, oo |» the class number of GL,.

Denote the set of all O-lattices in K" (r > 1) by £,, and the standard unit vectors
of k" by e%r), ..., €. For this section we simply write £ for £, and e for e,(cn)
(1 <k<n).

For L € £, and g = (g5 )oep € GL,(A) put

(3) gL = ((koo)’ < [1 gULJ> Nk’ € &,.

oeEpy
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This defines a transitive left action of GL,(A)! on £,. Note that if g € GL, (k)
then gL as defined above coincides with the usual image of L under the linear
transformation v > gv of k”. The subset of £ consisting of all O-lattices of the
form gL with g € GL, (K) will be referred to as the O-lattice class of L or just the
lattice class of L in £.

There is known to be a one-to-one correspondence between the O-lattice classes
in £ and the double cosets in GL,,(K)\GL,(A)!/ Gi\’ ~» Which we give explicitly
later on in this section. For now we note that this means the number of distinct
lattice classes in £ and the class number |GL,, (K)\GL, (A)! / G}&’ool are equal.

Lemma 8. Let L be an O-lattice in a K-vector space V of dimension s > 1. Then
there exists a K-basis {xj}j.:] of V and s fractional ideals Ay, ..., A such that
L=Ax1+- - -+ Agx;. Moreover:

(i) If W is a k-subspace of V of dimension r < s, the x; can be chosen such that
X1,..., X €W

(ii) The ideal class of A1 - - - Ay is uniquely determined by the isomorphism class
of L as an O-module. In particular, L ~ (@;;ll (’)) DAy ---Ay).

(iii) In the case V. C K" (s <n), we can find g € GL,(K) such that

s—1
gL = (Zoe]> + (A1 Ayey.

j=1
Proof. See [Shimura 2010, Theorem 10.19]. We prove (iii) here. Consider the case
s =2, where L = A;x; + Ayxp. We can find k1, k, € kK* such that A’l =kjA; and
A}, =k A; are integral ideals and A + A, = O [Shimura 2010, Lemma 10.15(i)].
Let g’ be the matrix formed by substituting the first two columns of the n x n unit
matrix with kl_lxl and kz_lxz. Then g'~'L = Ale; + Aler. Next let

1 1
g = —dap ai R

In—2

where a; € A} and a; € A/, are taken such that a; +a, = 1. It is easily verified that
g"(Ale; + Aley) = Oey + A} Aley. Hence g = diag(1, kflkgl, 1,...,1)g"g!
maps L to Oe; + A1 Ajze;. The general case when s > 2 follows inductively from
this result. O

The ideal class associated to the O-lattice L mentioned above in (ii) is known as
the Steinitz class of L, denoted by A(L). We may also speak of the Steinitz class
of an entire lattice class in £ since every O-lattice in a lattice class has the same
Steinitz class.

It follows directly that mapping each lattice class to its Steinitz class gives a
bijection between the set of lattice classes in £ and CI(k). As a result the class
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number of GL,, which we have noted to be equivalent to the number of distinct
lattice classes in £, is equal to the class number of K, which we write as 4.

We now proceed to prove that i; = |Q(K)\GL, (K)/T};| is also equal to & for
everyi =1, ..., h. As we did in the previous section, let {1, ..., n,} be a complete
set of representatives for GL,, (K)\GL, (A)! /G i\’oo. Then foreachi =1, ..., h put
L;, = T],'(Oel +-- '+Oen) e L.

Next we identify Q (k)\GL, (k) with the set of all m-dimensional linear subspaces
of k" denoted by Gr,, (the Grassmannian) via the bijection

@) O(K\GL, (K) 3 Q(K)g —> g~ (Z kek> € Gry.
k=1
From here up to the end of Theorem 11 we fix i € {1, ..., h}. Considering the

left action of I'; C GL, (k) on Gr,,, the map (4) gives rise to the bijection
5)  Q(K\GL.(K)/T; > Q(K)gl; —> n-g—l(z kek> € [\Gri,
k=1

which lets us identify Q(k)\GL,(k)/I; with T;\Gry,.

Lemma 9. T is the stabilizer of L; in GL,,(K), under the action of GL, A)! on £,
ie.,
I'={geGL,(k): gL; =L;}.

Proof. Since T; = (GL, (Koo) X 7; [ 1, o GL,(O5)n; ') NGL, (K), this is obvious
from our choice of L;. |

Proposition 10. Let Vi, V, € Gr,, and put il =L,NVy, 1:2 = L; N V,, which are
O-lattices in Vi and V; respectively. Then A(L1) = L(L») if and only if there exists
g €I such that V) = gV,.

Proof. Suppose that V| = gV, for some g € ;. From Lemma 8 we can find a
k-basis {y; }”_1 for k" contained in L with yi, ..., yn € Va. Put x; = gy; for
j=1,...,m. Then {x,}’" , and { y, | Span V| and V) respectively and since g
stablhzes L;, they are also contamed in L1 and L, respectively.

For v € Vi and w € V,, we write (a,); and (B,); for the K-coefficients of x; and
yj in v and w respectively (so v =" (et,);x; and w = Z;-":](,Bw)Jyj). Let J;

be the fractional ideal generated by {det[(avj)l (] | v1,..., U, € L1}. We can
show that the ideal class of J; in C1(K) is A(L1) as follows: From the lemma above
we have L1 = A1x{ +-- -+ A,x,,, with fractional ideals Ay, ..., A,, and {x,}’;’ ;

a basis of V. Comparing /\';lzll:l =A1- - Ap(X{ A AX) Wlth
/\';-lzli,l =k-span of {Uf A+ AUy | U1y ..oy Um €L} =J1(X1 A--- A Xp),

we see that Ay - - - A, is a K*-multiple of Ji; hence their ideal classes are equivalent.
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Similarly A(L,) is the ideal class of the fractional ideal J, generated by the
det[(Bu,)i17,_ for all wy, ..., wn € Lo. However, since any arbitrary v € L, can
be written as gw with some w € L, and

v=gw &= Y ()X = g(Z(ﬁw)jy,) =Y (Buw)igyi =) _(Bu)jx;
Jj=1 Jj=1 j=1 j=1

— (av)j:(ﬁw)j7 j=1,...,m,

this shows that J; = J, and thus k(f,]) = )»(1:2).

Now suppose conversely that ML) =A(Ly). Using Lemma 8, we obtain K-bases
{xj};?zl, {yj}’;.:1 for k" and fractional ideals Ay, ..., A,, B;, ..., B, such that
Li=Aixi+ - +Axp=Biy1+ - +Byy,and xy, ..., xn € Vi, y1, ..., ym € V2.
Since L; = Ajx;+ -+ Apxy and Ly = Biyi+- -+ By, the ideal classes of
Ay---A, and B, - - - By, are equivalent, and hence so are those of A, 41 --- A, and
Byu+1 -+ B,. By substituting the basis vectors and fractional ideals with suitable

k*-multiples, we may assume that A;---A,, = By--- By, and A, 1--- A, =
Bm+] -+ By.
Finally using Lemma 8(iii) we can find g, g» € GL, (K) satisfying
m—1 n—1
gili=) Oej+(Ar---Anen+ Y Oej+(Ansi-- Apes,
j=1 j=m+1
m—1 n—1
gLi=) Oej+(Bi---Bu)en+ ) Oe;+Busi - Bien,
j=1 j=m+1

chosen such that

m—1 m—1
g@ili=Y Oej+ (A~ Ap)en, grlo=) Oej+(Bi---Bn)ey.
j=1 j=1

Put g = gl_lgz. Since g L; = g»L;, the previous lemma gives us g € I';, while
gV> =V follows from gy, e gLo =L C Vi (j=1,...,m). |

Finally we consider the map
(6) Ai : T\Gr,,, — Cl(K), AMGV)Y=AL,NV) (V eGry),
which is well-defined and injective as a result of the previous proposition.
Theorem 11. h;i =h.

Proof. Since h; = | Q(K)\GL,, (k)/ T;| = |I;\Gr,,| we only need to prove that A; is
surjective.

Take any ideal class in CI(K) and let A be a fractional ideal representing this
class. Also let B be a fractional ideal representing A(L;). Lemma 8(iii) allows us
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to find g € GL,, (k) such that

gL; = Z (’)ek—i—Aen_]—i—A_lBen.

1<k<n—1

Let V be the subspace of K” spannedbye, ..., e,_1, e, and put V’ =g_1 V € Gry,.
Then L,NV' ~ (@'}1:_11 (9) DA so (T V) =A(L;NV’)is the class of A in C1(K),
as required. U

The one-to-one correspondence between GL, (K)\GL, (A)! / GIA’ ~ and the set
of O-lattices classes in £ mentioned earlier in the section is given by mapping
each n; to the lattice class of L;. That this is a bijection follows from GA, ~ being
the stabilizer group of the O-lattice Oe; + - - - + Oe,, under the action of GL,,(A)’
on £. Continuing this map to the Steinitz class of the lattice gives us the bijection

GL, (K)\GL,(A)!/ G} o 3 ni = A(L;) € CI(K).

This gives us an explicit way to find candidates for {5, ..., n,} as follows.
Let {ay, ..., a,} be a complete set of fractional ideals representing the ideal class
of k. Foreach i =1, ..., h, we shall require an element n; € GL, (A)! such that
the Steinitz class of the resulting lattice L; = n; (Zzzl Oek) is the ideal class
represented by a;.

Let D, (x) (x € A) denote the unit matrix of size n with bottom-most diagonal
entry replaced by x. For each 1 <i < h we can choose «; € A* such that o;,
generates the principal ideal a; O, for every finite o and |¢; | = N (a;), the ideal
norm of a;. Then D, («;) € GL,(A)! since |det D, (e;)|a = |ei|a = 1, and

n

Dn<a,-><20ek>= Y Oer+aie,.

k=1 1<k<n

Hence putting n; = D, (¢;) (1 <i < h) gives us our required set of representatives.
The corresponding O-lattice L; and its stabilizer group I'; will be denoted by L, (a;)
and ', (a;) respectively whenever we want to call to attention the fractional ideal a;
or the dimension 7.

We can also proceed similarly to find, for a fixed i, a suitable set of representatives
for Q(K)\GL,(k)/ ;. We do this using the bijection

Q(K)\GL,(K)/T; 5 Q(K)gT; —> A(Li N g~ V,y) € Cl(K)

m

formed by composing A; with the bijection (5), where V,, = > ", Kex.

Foreach j {1, ..., h} theideal a; aj_l shares the same ideal class as a unique a/
(j efl, ..., h});thatis [a;][a;/]=[a;]. Putting 7;(j) := j’ defines a permutation t;
on{l,..., A}
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Call a set of matrices {&1, ..., &} C GL,(K) an (n, m)-splitting set for L, (qa;) if
foreach j=1,...,h

@) %‘;Ln(ai)=< Z Oek+ajem>+< Z Oek+ar,~<j)en>

1<k<m m<k<n

~ Ly (aj) @ Ly—m (g (j))-

Since A(L; N Sj_le) = A L;NV,) =[a;] (( < j < h), such a set of matrices
completely represents Q (K)\GL, (K)/T;.
One such set is given as follows. For each j =1, ..., h, first take «;; € K such
—1

gilat ajcirf(j) :-Kfij-ai. Then choose elements «;; € a;, o]; € az(;), Bij € a; and

'€ a_, . satisfyin

ij < %)) ymg o

aijBij — By =1
(see [Cohen 2000, §1, Proposition 1.3.12 or Algorithm 1.3.16]) and define the
matrix
Im—l

oij «ijBjj
In—m—H

/ .. ..
Qj; KijBij

g = € GL, (k).

By direct calculation it is easily verified that {&; j}?:l is indeed an (n, m)-splitting
set for L, (q;) and thus fully represents Q™" (kK)\GL,,(K)/ ", (a;).

5. Fundamental domains of GL,(k)\GL,, (A)! and P, /T;

We use the results of Section 3 to determine suitable fundamental domains in our
continued discussion of the general linear group.

5.1. Local height functions.

Definition. For each o € p define H, : A" K" — R- by

» [ky:R]/2
9 e b
H, (Z al(ei] A Aei,,,)) — (Zl |a1|g> 0 € Po

I supy larls, o€ py,

where the sum and the supremum are taken overall I ={i; <--- <i,} C{1,...,n}.
We call this the local height function at o .

In the following we extend each H,, to a function of GL, (K, ) by putting
Ho(y) = Ho(yern---Ayen), vy €GL,(Ks).

The following lemma allows us to express the height function Hy (restricted to
G(A)") in terms of these local heights.
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Lemma 12. For g = (85)ocp € GL,(A)!,

Ho(g) =[] Ho(g; """,
oeEp
Proof. By noting that every local height H, as a function of GL,(K,) is left
K-invariant and writing

g= [g Z] h (a€GLy(A), d € GL,_m(A), h e K),

we see that H, (g, = |det(a, 1 |’o at every o, where r, =2 when o is an imaginary
infinite place and 1 otherwise. Hence the right-hand side of our equation becomes
|deta|&"/l, while Hp(g) = |deta|&("_m)/l|detd|g/l by definition. Then since g €
GL,(A)!, we have 1 = |det gla = |deta|a|detd|a, which gives us our equality. [

We proceed to describe the sets R; ; o using the matrices 7; and &;; chosen at the
end of the previous section. For the rest of this paper, for a square matrix A with
entries in A or Ko, we will write |A|a and |A|x to denote |det Al and |det A|so
respectively. When the size of A is at least m, we write A" for the top-left
m x m submatrix of A, and use |A|” to denote |A"]]|.

Lemma 13. Let X;; be the n x m matrix formed by the first m columns of Sl-;l. Then

— i o 2
®) HoEjyegn) = N@p)"!|'X; 7 Vg nge ™y IXijIZé

forany 1 <i,j<h, yeT;and g € GL,(Kx)'".

Proof. Let x = ni_lg_ly_lXij so that Hg((éijygni);l) =H,(xse1 N---ANxsep).
For o € po, this computes to

1Ko R] 1Ko R
( > Idetlxs ] |§> = (Z det 'Txo 1z det[x(,]1> = det('Tyxy) 2K B
Ic{l,...n} I
|I|=m

where for each I = {i; < --- < iy} that the sums run through [x,]; denotes the
m x n matrix formed by the i;-th, ..., i,-th rows of x, arranged from top to bottom
in that order. The final equality is due to the Cauchy—Binet formula; see [Bombieri
and Gubler 2006, Proposition 2.8.8].

For o € py, since g, is trivial and y,, € ;,GL, (Og)n,-;l, we have (§;;ygni)o =
&ij,Nioho for some h, € GL,(Oy). Hence H, ((§;) ygni);l) simplifies to

Hn(m;l&j;l) = Hy(Bije1 A Aey) +ai;1Kija1{j(el A ANem_1 Aey))
or

1, -1 —1
max{|Bijlo, iy K;; aijlo} = |Bjjkijetic |, max{|BijBkijiclo, ;i Bi;ls}-
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By the previous lemma, Hg (&;;ygn;) is obtained by taking the n//-th power of
the product of all the H, ((§;;y gni);l). Thus it remains to verify that

-1
[118ixijei0 15" max{|Bi; B kijcticls lof; Bf; 1o} = N (a;)
oeEpy

First we see that ]_[Uepf |,8U/<,jam| = N(,BUKUCI,) = N(,Bl/ajafl(j)) Iti 1s then
sufficient to show that the product of the remaining factors is N (B, 0 ( !

Let p, denote the prime ideal associated to a finite place o € py. Write
the prime ideal decompositions of g;;a; and B;;az,j) as [, p, (Po N 0)% and
[Tye . (ps N O)% respectively, the exponents d,, and e, being nonnegative.

Then B;; B;kij0i = (Bija;) (B};05,) = ]_[Uepf (ps NO)%F¢ and since each a;,
is generated by o, this yields

_da_ o
BijBiikijticls =106 /po| "%, o € py.
Now of;B;; € B};as,j) and hence |o; B];|s <105 /ps|"“". We have two cases.
Case 1: d, =0. Then |o] ,3 lo < |,8,],3UKUC¥,(,|(7 =104 /ps| ™.

Case 2: d, > 0. In this case

ol =—1+aijBij € =1+ Bija; C —1+ (p, NO)®

shows us that o] ,3 € O and so |au'3u o =1> |/3,Jﬂ”1<l]ozm|o We also note that
since B;; and ,8 were chosen in such a way that g;;a;; + ,3 ;a;; = O, the ideal B;;a;
is prime to ,81 ; afl (jy» which means e, = 0.

So in either case,
max{|B;;B;kijtio o, 0 Bijlo} = 106 /po] ™
and thus the product over all finite places is N (f] 0 )7L, as required. |

Now fix 1 <i, j < h and first consider the set Sl.;l R; j.o06ij. It is easy to directly
verify that

Sl‘;IRi,j,oogij ={g € G(Kao)' : Ho(&jgni) = mo(gn))}.

Hence for g € éi;lR,-,j,ooS,-j we have

Ho(&ijgni) =mo(gni) = er(rkIRgLn(k) Hp(xgn;) = 12}3211 Ho&ikygni),
vel

which in this case can be written using (8) as

N@OY 1o 1=t 2 -
X t=t 1 ; 2 1 X
N(Clj)) | ikV 8 (77 )oog Y tk|oo

"X '8 ) ole ™ Xijloo < (

forallk=1,...,hand y €T;.
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Now ‘X7 'g 7 (ni)ocg ™'y X = (& 7' )¢ v &™), which by
letting g;j) = & g$51 can be rewritten as

("GvEd) ) (57 026 HeihEverh)™.

This lets us express the set R; j « as follows. For g € GL, (Kx) let 7;;(g) denote
‘g7 & i)2E;Ng ! Then g € R; j.o if and only if

N (ay)

2
N(aj>) "y i () Ev e |

9) |7 (g)|L! 5(
forallk=1,...,hand y €I;.

5.2. Fundamental domains of P,/ T;. For each infinite place o of k let P,(K,)
denote the subset of GL, (K, ) consisting of all positive definite real symmetric
matrices when o is real and positive definite Hermitian matrices when o is imaginary.
We consider the subset of GL, (K) defined by P, =[] P,(K,). This is the
space of positive definite Humbert forms in GL,, (k).

We have the following right action of GL,(Ky,) on Py:

0E€EPx

(10) A-g="gAg (g€GL,(Kx), A€ Py).

To determine fundamental domains in P, with respect to subgroups of GL,, (Kk),
we consider instead the induced action A - gZ ='gAg of GL,(K)/Z on P,, where
Z ={z € K: zz = 1}, the set of roots of unity in k. Here {zI, : z € Z} is naturally
seen to be the intersection of K, and the center of GL,, (k).
Hence given a discrete subgroup I' of GL, (k) acting on a subset T of P,, a
fundamental domain 2 of a 7/ T is an open subset of T satisfying
O T=Q T,
(i) fory e Lif Q°N(Q™-y) A theny € Z.
Now foreach 1 <i, j <h, put

Kijoo= Ejn)ooKoocEijni)ays PY ={A€ Py:|Alo = N(kija;)) %},

and define the map 7;; : G(Kx) 3 g fg—l(fél;l(m)gg;;l)g—l € P,. Note
that K; ; « is the stabilizer of ’éiyl(r]i)gféi;l € P, under the action of GL,(Ky)
on P, and that 7r;; preserves this action. Thus the surjective map 7;; gives us the
isomorphisms

GLy(Kso)/Kijioo = Py and  GL,(Koo)'/Ki 00 = 71 (GLy (Koo)) = P/

since |’§i;1(77,-)502€,~;1 loo = N (kija;) ™2



FUNDAMENTAL DOMAINS OF ARITHMETIC QUOTIENTS OF REDUCTIVE GROUPS 157

Lastly let F;';" denote the following closed subset of P:
N@ N\, == 1y (Im]

{A € Py |AI) < <W> &y e VAE VED | 1 <k <h, y eTyy.
From (9), ;; maps R; j ~ onto Fl."’}.m N P,ij . We also note that following statement
holds true, the proof of which will be given later in the section.

Proposition 14. Fi’?}m is right Q;, j-invariant under the action (10).

Thus the subgroup Q; ; of GL, (K) acts on R; j o from the left and on FZ’}’" from
the right, and m;; preserves this. Hence by constructing a fundamental domain for
F " /Q; ;, we can find one for Q; ; \Rl j,00 by taking the inverse image under ;;.

We start by observing that &;;I; S is the stabilizer in GL,, (K) of the O-lattice
&;jL; described in (7). This gives us an expression for Q; j = Q(K) N&;T; ’g‘; :

b
{|:g d:| ac Fm(aj), de Fn—m(at,-(j)x bLn—m(ar,-(j)) C Lm(aj)}-

Any A € P, can be written uniquely in the form

I, 0 7[aAl" o Ly Uam
b e s | o i

with A" € Py, Ap—m) € Po—m and up m € My n—m(Kso). (The symbol A™ here
coincides with its prior use to denote the top left m x m submatrix of A). It is easy
to verify that the action of g = [g Z] € Q;,j on A results in

(gAQ"™ ="aA™a,  ('GAQn-m) = "dApn-md,
wigagm =a (s md+Db).

These equations will determine the necessary form of our fundamental domain,
as well as allow us to prove our previous proposition. Given A € F ™" and g as
above, we first see that

'GAqI™ = 'a]oo| A |a| o = |A|L.

Next put g = E,-quél.; , Vg €T3, to get

"GivE ) A ELD) = Gy E D AG YY)
for all y € I; and every k. Together, this shows that ‘g Aq € Fi'f}m as proposed.
Now for each k = 1, ..., h choose sets 0y, D;{ and 0;; that are fundamental
domains for K, with respect to addition by ay, ak_] and ay a;(lk) respectively. We
require each of these sets to be closed under multiplication by Z. Then choose also
a subset d;; of D, that is a fundamental domain for 9, with respect to multiplication
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by Z. Also if necessary (which will be the case when m > 1 and n —m > 1) take a
fundamental domain 9 of Ky, with respect to addition by O.
Using these, we define for 1 < i, j < h the sets

dii -+ din—m 00, r<m,s<n-—m,
n,m __ . . . .
Qi,j — : c. N . dmn meal]’ drse or(])v

dm1 -+ dmn—m 0, r=m, s<n—m

r<m,s=n-—m,

and
F(S,8)={Ae F"": A e S Ap_m €S uam € 1)

with arbitrary subsets S C P, and S’ C P,_,.

In particular we will want to consider F;";" (%B;, €,(;)) when B; and &) are
fundamental domains for P,/ I, (a;) and P,_,,/ ', (a;)) respectively. In this
case, based on our observations on the action of Q; ; on Fl" jm, we establish the
following result.

Lemma 15. F" m(’Bj, &, (j)) is a fundamental domain of F."’-m/Ql- j

Proof. We write F = F'i" (B, €,;)) for short. First consider an A € F;';". We
canfind b€ B, c €€ ; anda € [} (a;), d € [y () such that AL G
and Ay = dcd Also, by substituting a with a suitable Z-multiple if necessary,
we can find f € (@” '") and a g € My, y—m(K) mapping L, (azj)) to Ly (a;)
such that auy ,d~' = f +g. Let

_|a gd A= I, O b O\, f
10 4|’ N Liw |00 L,

Then g € Q; ; and A = ‘gA’q. We have from the Q; j-invariance of F;
A’ e F " and so A’ € F~. This shows that F M= F~ Ql j-

Next suppose F° N (F~ - ¢g) is nonempty for aq= [ ] € Q;,j, so there exist
A€ F°and A" € F~ such that A = 'gA’q. We must show that ¢ € Z. From
Alml = 1g A'mlg € B;; and Ap_p) = dA[n md € Cij, we must have a = aj 1,
and d = d1,_,, with some a;,d; € Z. Since the entries of u4 ,, and uu ,, are
respectively in the interior and closure of either 90, 0, D’Ti (j) Or 0,7, which are all
invariant under Z, we see that b = au 4 ,, — 4 ,»d must necessarily be 0. From

n,m

that

this we get ajua m = diua m, whose (m, n—m)-th entry belongs to 5,-j, implying
that aldl_1 € Z.Hence g € Z. (]

As aresult, the inverse image of F O i, &N P ' under 7;; is a fundamental
domain of Q; j\R; ; co-

If we have fundamental domains By, ..., B, for P, with respect to the groups
[(ay), ..., u(ay), as well as fundamental domains ¢4, ..., &, of P,_,, with re-
spectto Iy, (ay), ..., [ (ay), we are able to construct the sets F" m(%J, Coi(j))
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for each i and j. Then by Corollary 6 a fundamental domain for GL,,(k)\GL,, (A)'
is given by the set

|_| ”i;I(Fir,l}m(%jv Criiy) N P& K.
1<i,j<h
Also Theorem 7 shows us that U’;: ) 551';1 ”i;I ( Fir’z}m (B}, € () N I & is a fun-
damental domain for GL, (Kx)! with respect to I;. Now let

h
Q" (B, ..., By, €, ) = U téijFi’?}m(%ja o, ()Eij-
=1

We have the following result.

Theorem 16. Q" (B, ..., B, ¢y, ..., )N P s a fundamental domain of
P,’ with respect to T;. In addition, by viewing R~ as a subset of Koo, via the usual
diagonal embedding, if we assume fork =1, ..., h that

R.oBr =B, R =&,
then Q" (B, ..., By, €1, ..., &) is a fundamental domain of P,/ T;.

Proof. We write Q for Q" (B, ..., B, €, ..., ¢,) and I for I for short. If
we define the map G(Kyo) > g — tg_l(n,-)gozg_l € P, we can directly verify that
the image of U?:1 Sijlnijl (Fif'}m (B;,C,;)N P,i])’;‘,-j under this map is €2, which
gives us the first result. For the second part, note that R-oF;"/" = F;';" and

)™ = x (A" (A = X (A—m))s Uxam =Uam

for any x € R.o and A € P,. Thus the conditions on the 8, and €; imply that
RooF" (B, &) = F'" (B, &py(jy) for each j; hence R.oQ = Q. Since
P, = R.oP,/, we see from P,/ = (QNP,/)" -T that P, = Q- I Finally
suppose that Q° N (‘yQ~y) (y € I') contains an element g = 'yg’'y (¢’ € Q7).
Put x = (N (kija;)*|gloo) ™"/ "R Then |xg|oo = [xg'|oc = N (kija;)~* and hence
xg="'yxg'y € (Q°NP)N'7(Q~ NP, )y, which gives us y = I,,, as required. (]

Using the theorem, we can construct fundamental domains for P, with respect to
[; foreachi and n > 1. Since [; = O for any i when n =1, we can start by choosing
a fixed fundamental domain, Q', for P; with respect to ©*/Z that is closed under
multiplication by R.¢. (The existence of such a set can be shown using Voronoi
reduction; see the Appendix.) Then for eachi =1, ..., k, let Qll = Q! and define

Q= l@rt el el

inductively for n > 2. By construction, R. (2! = Q7 so for each 1 <i < h and
n>1, QF gives us a fundamental domain for P,/ I7.
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An example implementation of this construction for P, over the imaginary
quadratic field @(v/—5) of class number 2 is given in the following subsection.
Similar work on fundamental domains in spaces over real quadratic fields of class
number 1 can be found in [Cohn 1965].

5.3. An example (k= Q(+/=5)). When K is an imaginary quadratic field, we have
Keo =C. Forn =1 we have P; = R.((C C) and I; = O* = Z acts trivially on Py;
hence P; itself is a fundamental domain for P/ I';(a;).

Consider in particular k = Q(+/=5) of class number & = 2. We can choose
representatives a;, ap for CI(k) by putting a; = O and a; = (2, 1++/-5 ) Then
following the procedure at the end of Section 4, we see that

12
a%:alv agzzal (TI:(] 2>7Kll:17K12:2>7

12
ajay =daz, Gxa; =0ay <T2=<2 1>, K21=K22=1),

and (2, 1)-splitting sets for Ly (a;) are given by

len=[0% eo=[221V22]) a=n.

{5212[(1) (1)] 5222[_01 (1)]} i=2).

For 1 <i, j, k <2 denote by E; ;  the set of the first columns of the matrices
éi‘,ysizl as y ranges over I'(q;). Then for A € P,

T 14011 . _
min|‘(6;7 65 VA vEx )| = min [%Ax]

= emin AMe vuq 1 fP4+ Amlf12,
[7]eziis

and so Ff}.l can be expressed as
b,C€R>0,dGC,

p2i Z J[LO][b OJ[Ld] letdfiP+ 1/ =1,

L) d 1]]0 ¢ 01] r, 1 2
[]G—E"lu EijZ
f17 N@) ™ 7 N@yp)

Now for «, 8 € K let

D(a,ﬂ):{xa—l—yﬂ:—%<x,y§%}.

When o and § generate a fractional ideal a, we have 0(«, ) is a fundamental
domain for C with respect to addition by a. Also if we let 3(cr, 8) denote the subset



FUNDAMENTAL DOMAINS OF ARITHMETIC QUOTIENTS OF REDUCTIVE GROUPS 161

of 0(«, B) where the range of y is restricted to 0 <y < %, this gives us a fundamental
domain for d(«, 8) with respect to multiplication by Z = {%1}.

In particular 9(1, +/=5), 2(2, 14+ +/=5), d(1, 3(1 — +/=5)) are fundamental
domains for C with respect to addition by O, a; and a; ! respectively, and we can

put 3y =312 =0(1, v/=5), 91 =0(L, 5(1 —+/=5)) and 9, =0(2, +/=5). Then
b, C € R>0, de 6,']',
2, C 2
F3L (P, P = [1— 0] [b 0] [1 d]: e+ dfFp I,

d 1|10 c|]0 1

e 1 2

e —8&;, ;U of
[f] !

Writing Ff}.l (P, Py) as F; j, we obtain the fundamental domains Q% =F U
€12 F1 2612 for P/ To(ay) and 3 = Fy 1 U "€ Fr 262 for Po/ Ta(a).

N@) T Ny

5.4. Relations between the fundamental domains. So far we have used a represen-
tative set {ay, ..., a,} for Cl(k) and a standard parabolic subgroup Q™™ of GL,, in
constructing our fundamental domains. This construction is of course possible with
m varied and using any other representative set of fractional ideals. We will demon-
strate in this section that the fundamental domain for P,/ ', (a;) constructed using
{aj, ..., ap}and Q™™ can be mapped by an automorphism to a fundamental domain
for P,/ 'y (a; 1) constructed with the representative set {al_l, ceey a;l} and Q™"

For integers n and m where 1 < m < n, define the outer automorphism ¢,, ,, of
GL, (k) by

(12) Gum(@) :="Tum (g NV um: g€ GLy(Koo),
where
0 I,
nn={,0
Note that 'J,, ,, = (Jn,m)_] = Jn.n—m so that in particular we have qbn_}n = dn.n—m-

Also ¢, n gives a one-to-one map between these two standard parabolic subgroups
of GL,, since ¢y, (Q"" (k)) = Q""" (K).

Let the ideals ay, ..., a;, the corresponding adeles «1, .. ., oy, and the matrices
&j (1 <i, j <h) be as they were chosen in the last section. Clearly {afl, ey a,;l}
is also a set of representative ideals for ideal class group. A corresponding set of
matrices representing GL,, (K)\GL,, (A)! /(GL,) %A’ ~ 18 given by

(Da@r ),y Dalay DY =o' '
which gives us the subgroups

D@ )(GL, (Koo)' X Kf) Dl )™ NGL, (K) = Tu(; ),
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which are the respective stabilizer subgroups in GL, (k) of the lattices Ln(ai_l)
(i=1,...,h).
Next foreach i, j=1,...,h set

In—m—H .
/ —
gij = tJn mtglzl(J) — I _ﬂiri(j) Kij aifi(j) ’
’ ' m—1
-1
Bizi(j) —k el )

which is easily verified to satisfy

1<k<n—m n—m<k<n
~ Ly-m(@; ) ® Lun(ag ().

Thus {él J} '_1 1s an (n, n—m)-splitting set for L,(a; ) and hence a complete set
of representatives for Q™" " (k)\GL,,(k)/ T, (a_l)
We can also define

O "= QM T ) MES" T Ty D"

fryreaeranis s (3 E ) 'EvEDAGED|L™
l<k<h,yel,(a” )},

dir - dim 00, r<n—m,s<m,
,n—m . . . . ind
’Di’j = : . Sdp_mm €0i, drs €404y, T<n—m,s=m,¢,
dn—m,l dn—m,m 0}, r=n—m,s<m

where the fundamental domains 0y, 0;@ ik, Do are taken as in the previous section,
and

Fm(s, 8y ={Ae F/ ™ A" e S, Ay €S, uanm D))

for arbitrary subsets S C P,_;, S’ C P,. These are precisely the groups Q
and sets F;; e CD"’ " and F}" m(S S’) from the previous section with a;” and & 1n
place of the a; and & respectively, when m =n —m. It is easily Verlﬁed that

Lemma 17. For A € P,,
Gum (A=A by (A = "(AH T
Uy (A)n—m = —"UA -

Proof. Apply the automorphism ¢, ,,, to both sides of (11). U
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Given a set S consisting of invertible matrices, denote the set {’s~!:s € S} by ‘S~ 1.

Lemma 18. For S C P, and S’ C P,_,

¢nm(Fln}m(S, S/)) = Fi’?%:‘(;;”(ls/—l , IS_I),

Proof. We first show that ¢n,m(Fl.rf}.m) = Is’l"rl"(;)m . First consider A € Fi'f}.m. Put
Ak, y) ="GEjvEDAGVEL
for 1 <k <h and y € I';. We have
Kij \? Kij \?
Ak, )] = (—’) Al = (—f) A Ay .
Kik Kik
Substitute this and |A(k, y)"| = |A(k, y)||Ak, ¥)n_m|~" into the inequality
N\
Alm] < | —=2) |Ak, mly
I |oo_<N(aj))| (k, )"

Rearranging, we get

S (e TN (@) Y _
| Ap—m] ‘s(‘ff‘; |AK, Y)in-m

|K,'j |ooN(aj)
which, using the previous lemma, becomes
N(a, )\
| (A) |27 < (—P) |, (A ke, y )2,
N(az )

and since
Snm(Atk, 1)) = "Giri ('Y " 617 0) (D) Gy ™ & )

this shows that ¢, ,(A) € Fi"’;?(;)m. Thus qbn,m(Fi”'}m) C 151",,"(7)'" and similarly

Gnn—m( Fl"r:q(;;") C Fi'f}m. The rest of our result follows from the previous lemma. [J
Lemma 19. Let I' be a subgroup of GL,(Ky) acting on a subset X of P,, the
action being the one defined in (10). If F is a given fundamental domain for X/ T’
and ¢ a group automorphism of GL, (Kso) that is also a topological isomorphism,
then ¢ (F) is a fundamental domain for ¢ (X) /¢ ().

Proof. Since ¢ is both a group homomorphism and a topological isomorphism,
X =F" - implies ¢(X) = ¢(F)™ - ¢(I"). Also, for g € T, if the intersection of
¢(F)° and ¢ (F)™ -¢(g) is nonempty, then sois F°NF~ - g, implying g € Z. Since
Z consists of all roots of unity in k, we have ¢(g) € Z. U

In particular, if fork =1, ..., h we let B, and ¢; be fundamental domains for
P,/ Ty(ag) and P,_,,/ T,—,n (ag) respectively as in the end of the previous section,
then "Bk_l and tQik_l are respectively fundamental domains for P,_,,/ [’ n,m(ak_l)
and P,/ T}, (ak_l). Also we have:
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Corollary 20. The set
¢n,m(F,'r,l}m (%j’ C1’,~(j)))

. . ~n,n—m; An,n—m
is a fundamental domain for F; . ) /9; . ()

Corollary 21. The set
(QE™(By, ... By, €1y, )

is a fundamental domain for P,/ Fn(ai_l).

Since

FLP (G B ) = dum (BT (B €)).

the first corollary is consistent with Lemma 15 in the previous section.
Similarly if we put

Q?’n_m(gl,.--th‘Bl’“"%h) U é,-:l/ nm IC_I t%f(n)su

then """ (¢, ... €, By, ..., By) = (Q"(B1,... By, €1,...,€) " and
according to Theorem 16, this set is indeed a fundamental domain for P,/ ", (afl).

Appendix: Voronoi reduction
by Takao Watanabe

We present here generalizations of results from [Watanabe et al. 2013, §4], without
the assumption that the underlying number field is totally real.

Let Kk, O and P, be as previously defined in this paper. We consider the space of
self-adjoint matrices in M, (Ky,) (with respect to the inner product (, ) as defined
in [Watanabe et al. 2013, §1]), which we denote here by H,. Identifying H,, with
I1 - H, (K.), where H, (K,) denotes the set of n x n real symmetric (complex
Hermitian) matrices when o is real (imaginary respectively), we see that P, is the
set of positive definite matrices in H,,.

Also as per [Watanabe et al. 2013, §1], we use the inner product (, ) on H,
defined by

(A, B)= ) Tri,m(Tr(A, By))
0€Pso
for A = (Aa)aepoc7 B = (Ba)aepoo € H,.

Following [Watanabe et al. 2013, §2], we fix a projective O-module A C k" of

rank n and consider the arithmetical minimum function

ma(A) = inf (Ax,x)
xeA\(0}
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on P The set
Ki(mpa) ={A € P, :mp(A) > 1},

known as the Ryshkov polyhedron of my, is a locally finite polyhedron contained in
P, [Watanabe et al. 2013, Lemma 2.1 and Proposition 2.2]. The set of 0-dimensional
faces of K1(my), denoted by 89K (my), is characterized in [Watanabe et al. 2013,
Theorem 2.5].

Now for a given A € P, and a positive constant 6, define the sets

Hpap={BeH,: (A B) <6},
[Alg = 3°Ki(ma,) N Hag.
Lemma Al. [A]g is a finite set.

Proof. Since Hj o N P, is compact [Faraut and Kordnyi 1994, Corollary 1.1.6] and
K1(my) is a locally finite polyhedron, it follows that their intersection K;(my) N
Hy ¢ is a polytope. Hence [A]p must be finite. O

Lemma A2. Foran A € P,, there exists By € 3°K(mp) such that

inf (A, B) = (A, By)
BeK)(mj)

and hence A is in Dp,, the perfect domain of By [Watanabe et al. 2013, §3]. Here
Dp, = { D hexEiae > 0},
x€S(Bo)

where
Sa(Bo) = {x € A :mp(Bo) = (Box, x)}.

Proof. Take a sufficiently large 6 > 0 whereby [A]g is nonempty. Since Kj(mp) is
the convex hull of 0 K;(m,) [Watanabe et al. 2013, Theorem 2.6], we have

inf (A,B)= inf (A,B)= inf (A,B),
BeKi(my) BedKi(my) Be[Aly

which together with the previous lemma proves the existence of By. The proof that
A € Dgp, is the same as in [Watanabe et al. 2013, Lemma 4.8]. O

Next consider the set
ki = {(dg)oeps 10t > 0 forall o € poo}.
Lemma A3. The subset {8 : B € K*} of Koo is dense in kL.

Proof. Define the norm || - || on Ky, by
lal| = ;l;%x\/ Ay, o= () € Kno.
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Now given a @ € ki, there is an element /& € K}, such that (/&)? = . Since k
is dense in Ko, for a sufficiently small € > 0 we can find 8 € K* such that

€
Ve =Bl < 5= <1
2l Vel +1

From ||B]| < ||/l + 1, we have ||/ + B < 2|/« + 1, and thus

lle — BBl = 5 | (Va — B) (Vo + B) + (Vo + B)(Va — B) |
<3 (IWa=BllIva+Bl+IIVa+BllIVa = Bl) <e. O

/
Lemma A4. k; U{0} = {Z)\kﬂkt/ék 1 <leZ, A eRs, Bk € kx}
k=1

Proof. See the proof of [Watanabe et al. 2013, Lemma 4.2]. ([

As a result of the previous lemma, if we define the subsets

)
Q= {Zakxktik 1<leZ, apeki U0}, x; € k”},
k=1
)
Q= {Z)kakt)zk 1<le”Z, i € Rzo, X; € kn}
k=1

of P, we have Q1 = Q,. Also by Lemma A2, P, C 2 = Q.

Lemma AS. Q) = U Dg.
Bed®K(my)

Proof. For any A € Q,\{0}, following the same arguments as in the proofs of
[Watanabe et al. 2013, Lemmas 4.7 and 4.8], we can find an element By € 3°K(my)
such that infgc g, (m,)(A, B) = (A, Bp) and hence A € Dp,. O

Finally take a complete set of representatives By, ..., B; for %K (mp)/GL(A),
where the right action is the same one as (10), and for each k = 1, ..., ¢ define
the subgroups I'p, = {y € GL(A) : By - 'y = By}. Since for any A € 3°K(m) and
y € GL(A) we have Sy (A-y) =y~ 'SA(A) and hence Da.j = (D4) -y, we see
that I'p, stabilizes Dp, for each k. Thus we conclude from the previous lemma the
following result.

t
Theorem A6. Q,/GL(A) = | ) D5,/ Ts,.
k=1

This is analogous to [Watanabe et al. 2013, Theorem 4.9]. In particular when
n =1, if we take A = O, we have GL(A) = O* and P; = kI, = ©,\{0} = 2,\{0}.
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Since the action of O on k¥ is simply x - € = €ex (x € kI, € € 0*), we have
I'p, = Z acts trivially on Dp, for each k. Thus we obtain the decomposition

t
P /0" =kL,/0* = J(Dp\{O}).
k=1
By definition each Dp, \{0} is invariant under multiplication by R, so this estab-
lishes the existence of the fundamental domain Q' in the conclusion of Section 5.2.

Acknowledgements

I would like to express my utmost gratitude to Professor Takao Watanabe for his
patience and invaluable guidance in my research, as well as his work in [Watanabe
2014], which has served as a basis of the results in this paper. I also would like to
thank Professor Achill Schiirmann and Dr. Mathieu Dutour Sikiri¢ for confirming
via private communication their observation on the fundamental domains of Korkin
and Zolotarev and Grenier.

References

[Bombieri and Gubler 2006] E. Bombieri and W. Gubler, Heights in Diophantine geometry, New
Mathematical Monographs 4, Cambridge Univ. Press, 2006. MR Zbl

[Borel 1962] A. Borel, “Ensembles fondamentaux pour les groupes arithmétiques”, pp. 23—40 in
Colloque sur la théorie des groupes algébriques (Brussels, 1962), Librairie Universitaire, Louvain,
1962. MR Zbl

[Borel 1963] A. Borel, “Some finiteness properties of adele groups over number fields”, Inst. Hautes
Etudes Sci. Publ. Math. 16:1 (1963), 5-30. MR Zbl

[Cohen 2000] H. Cohen, Advanced topics in computational number theory, Graduate Texts in
Mathematics 193, Springer, New York, 2000. MR Zbl

[Cohn 1965] H. Cohn, “A numerical survey of the floors of various Hilbert fundamental domains”,
Math. Comp. 19 (1965), 594-605. MR Zbl

[Faraut and Koranyi 1994] J. Faraut and A. Kordnyi, Analysis on symmetric cones, Oxford University
Press, New York, 1994. MR Zbl

[Grenier 1988] D. Grenier, “Fundamental domains for the general linear group”, Pacific J. Math.
132:2 (1988), 293-317. MR Zbl

[Humbert 1939] P. Humbert, “Théorie de la réduction des formes quadratiques définies positives dans
un corps algébrique K fini”, Comment. Math. Helv. 12 (1939), 263-306. MR Zbl

[Korkin and Zolotarev 1873] A. Korkine and G. Zolotareff, “Sur les formes quadratiques”, Math.
Ann. 6:3 (1873), 366-389. MR JFM

[Minkowski 1905] H. Minkowski, “Diskontinuitétsbereich fiir arithmetische Aquivalenz”, J. Reine
Angew. Math. 129 (1905), 220-274. MR JFM

[Shimura 2010] G. Shimura, Arithmetic of quadratic forms, Springer, New York, 2010. MR Zbl

[Watanabe 2014] T. Watanabe, “Ryshkov domains of reductive algebraic groups”, Pacific J. Math.
270:1 (2014), 237-255. MR Zbl


http://dx.doi.org/10.1017/CBO9780511542879
http://msp.org/idx/mr/2216774
http://msp.org/idx/zbl/1115.11034
http://msp.org/idx/mr/0148666
http://msp.org/idx/zbl/0161.02603
http://dx.doi.org/10.1007/BF02684289
http://msp.org/idx/mr/0202718
http://msp.org/idx/zbl/0135.08902
http://dx.doi.org/10.1007/978-1-4419-8489-0
http://msp.org/idx/mr/1728313
http://msp.org/idx/zbl/0977.11056
http://dx.doi.org/10.2307/2003942
http://msp.org/idx/mr/0195818
http://msp.org/idx/zbl/0144.28501
http://msp.org/idx/mr/1446489
http://msp.org/idx/zbl/0841.43002
http://dx.doi.org/10.2140/pjm.1988.132.293
http://msp.org/idx/mr/934172
http://msp.org/idx/zbl/0699.10045
http://dx.doi.org/10.1007/BF01620653
http://dx.doi.org/10.1007/BF01620653
http://msp.org/idx/mr/0003002
http://msp.org/idx/zbl/0023.19905
http://eudml.org/doc/156622
http://msp.org/idx/mr/1509828
http://msp.org/idx/jfm/05.0109.01
http://dx.doi.org/10.1515/crll.1905.129.220
http://msp.org/idx/mr/1580668
http://msp.org/idx/jfm/37.0251.02
http://dx.doi.org/10.1007/978-1-4419-1732-4
http://msp.org/idx/mr/2665139
http://msp.org/idx/zbl/1202.11026
http://dx.doi.org/10.2140/pjm.2014.270.237
http://msp.org/idx/mr/3245856
http://msp.org/idx/zbl/1302.11045

168 LEE TIM WENG

[Watanabe et al. 2013] T. Watanabe, S. Yano, and T. Hayashi, “Voronoi’s reduction theory of GL,
over a totally real number field”, pp. 213-232 in Diophantine methods, lattices, and arithmetic
theory of quadratic forms, edited by W. K. Chan et al., Contemporary Mathematics 587, Amer. Math.
Soc., Providence, RI, 2013. MR Zbl

Received May 31, 2015. Revised January 23, 2017.

LEE TIM WENG

GRADUATE SCHOOL OF SCIENCE
OSAKA UNIVERSITY

TOYONAKA

JAPAN

It-weng @cr.math.sci.osaka-u.ac.jp

now_then_here_there @hotmail.com

TAKAO WATANABE

GRADUATE SCHOOL OF SCIENCE
OSAKA UNIVERSITY

TOYONAKA

JAPAN

twatanabe @math.sci.osaka-u.ac.jp


http://dx.doi.org/10.1090/conm/587/11680
http://dx.doi.org/10.1090/conm/587/11680
http://msp.org/idx/mr/3074816
http://msp.org/idx/zbl/1298.11067
mailto:lt-weng@cr.math.sci.osaka-u.ac.jp
mailto:now_then_here_there@hotmail.com
mailto:twatanabe@math.sci.osaka-u.ac.jp

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Silvio Levy, Scientific Editor, production@msp.org

ACADEMIA SINICA, TAIPEI
CALIFORNIA INST. OF TECHNOLOGY

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Igor Pak
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pak.pjm@gmail.com

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY
UNIV. OF BRITISH COLUMBIA

INST. DE MATEMATICA PURA E APLICADA UNIV.
UNIV.
MATH. SCIENCES RESEARCH INSTITUTE UNIV.
UNIV.
UNIV.
UNIV.

KEIO UNIVERSITY

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

OF CALIFORNIA, BERKELEY
OF CALIFORNIA, DAVIS

OF CALIFORNIA, LOS ANGELES
OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

Daryl Cooper

Department of Mathematics
University of California
Santa Barbara, CA 93106-3080

coop!

er @math.ucsb.edu

Jiang-Hua Lu

Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Jie Qing

Department of Mathematics
University of California

Sant;
qin,

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

a Cruz, CA 95064
g@cats.ucsc.edu

OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2017 is US $450/year for the electronic version, and $625/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

nonprofit scientific publishing

http://msp.org/

© 2017 Mathematical Sciences Publishers

:l mathematical sciences publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:pak.pjm@gmail.com
mailto:yang@math.princeton.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

LEE TiM WENG

Growth and distortion theorems for slice monogenic functions
GUANGBIN REN and XIEPING WANG

Remarks on metaplectic tensor products for covers of GL,
SHUICHIRO TAKEDA
On relative rational chain connectedness of threefolds with anti-big
canonical divisors in positive characteristics
YUAN WANG
An orthogonality relation for spherical characters of supercuspidal
representations
CHONG ZHANG

169

199

231

247



	1. Introduction
	Notation
	2. The Ryshkov domain of G associated to Q
	3. Fundamental domains of G(k)\G(A)^1 and Gamma_i\G(k_infinity)^1
	4. The case G = GL_n
	5. Fundamental domains of GL_n(k)\GL_n(A)^1 and P_n/Gamma_i
	5.1. Local height functions
	5.2. Fundamental domains of P_n/Gamma_i
	5.3. An example (k = Q(sqrt(-5)))
	5.4. Relations between the fundamental domains

	Appendix: Voronoi reduction, by Takao Watanabe
	Acknowledgements
	References
	
	

