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ON THE CLASSIFICATION
OF POINTED FUSION CATEGORIES
UP TO WEAK MORITA EQUIVALENCE

BERNARDO URIBE

A pointed fusion category is a rigid tensor category with finitely many
isomorphism classes of simple objects which moreover are invertible. Two
tensor categories C and D are weakly Morita equivalent if there exists an
indecomposable right module category M over C such that Fung (M, M)
and D are tensor equivalent. We use the Lyndon—-Hochschild—Serre spec-
tral sequence associated to abelian group extensions to give necessary and
sufficient conditions in terms of cohomology classes for two pointed fusion
categories to be weakly Morita equivalent. This result allows one to clas-
sify the equivalence classes of pointed fusion categories of any given global
dimension.

Introduction

Pointed fusion categories are rigid tensor categories with finitely many isomorphism
classes of simple objects with the property that all simple objects are invertible.
Any pointed fusion category C is equivalent to the fusion category Vect(G, w) of
complex vector spaces graded by the finite group G together with the associativity
constraint defined by the 3-cocycle w € Z3(G, C*). Whenever we have a right
module category M over C we can define the dual category C}, := Func(M, M)
which becomes a tensor category via composition of functors. Whenever C is a fusion
category and M is an indecomposable fusion category, the dual category C} , is also
a fusion category [Ostrik 2003a, §2.2]. An indecomposable module category M
of Vect(G, w) may be defined by M = M(K, ), where K is the space of cosets
K := A\ G for A a subgroup of G and u € C%(G, Map(K, C*)) is a cochain that
satisfies the equation 8. ~! = w. Two tensor categories C and D are weakly Morita
equivalent if there exists an indecomposable right module category M over C such
that C}, and D are tensor equivalent [Miiger 2003, Definition 4.2].
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Now, if we have two pointed fusion categories Vect(G, w) and Vect(@, ), what
are the necessary and sufficient conditions for them to be weakly Morita equivalent?
This question was raised in [Davydov 2000; Movshev 1993], it was answered by
Davydov [2000, Corollary 6.2] for the case in which both w and @ were trivial, and
the general case was answered by Naidu [2007, Theorem 5.8] in terms of the prop-
erties that A, w and u need to satisfy. Nevertheless these conditions were given in
equations that a priori had no interpretation in terms of known cohomology classes.

We continue the work started by Naidu [2007] and frame all the calculations
done there in the language of the double complex associated to an abelian group
extension which induces the Lyndon—Hochschild-Serre (LHS) spectral sequence.
By doing so we are able to obtain in Corollary 3.2 cohomological conditions on w
in order for the tensor category Vect(G, w)jvl( VG40 to be pointed, namely that w
must be cohomologous to a cocycle appearing in C>! @ C3° of the double complex
which induces the Lyndon—Hochschild—Serre spectral sequence associated to the
extensionl - A —> G —> K — 1.

With the previous result at hand, we construct explicit representatives of w and p
in terms of coordinates and we determine explicitly the groups G and the cocycles @.
The main result of this paper is Theorem 3.9, in which we give the necessary and
sufficient conditions for the categories Vect(H, 1) and Vect(ﬁ , 1) to be weakly
Morita equivalent. We may summarize the conditions as follows: Vect(H, n) and
Vect(H, 7)) are weakly Morita equivalent if and only if there exist isomorphisms of
groups ¢ : AxpK => H and é: K x A =5 H for some finite group K acting on the
abelian group A, with F € Z%(K, A) and F € Z2(K, A) where A := Hom(A, C¥),
such that both [ﬁ ] and [ F'] survive respectively the LHS spectral sequence for the
groups A X r K and K X z A, and such that ¢*» is cohomologous to

w((ay, k1), (@, ky), (a3, ks)) := F(ky, k) (@3)e (ky, k2, k3)

and ¢*7) is cohomologous to

@((k1, p1), (ka, p2), (k3, p3)) == €(ky, ko, k3) p1 (F (k2, k3)),

where € : K3 — C* satisfies dxe = F AF.

Theorem 3.9 may be used to determine the weak Morita equivalence classes
of pointed fusion categories of a given global dimension but the cohomological
calculations can become very elaborate and are beyond the scope of this article. Nev-
ertheless in Section 4 we include a calculation in which we show how Theorem 3.9
can be used to prove that there are only seven weak Morita equivalence classes of
pointed fusion categories of global dimension four and calculate the pointed fusion
categories which are weakly Morita equivalent to Vect(Qs, 1) for the quaternion

group Qg.
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1. Preliminaries
1A. Abelian group extensions. Consider the short exact sequence of finite groups
(1-1) l1-A->G—-K—1

with A abelian. Consider u# : K — G any section of the projection map p: G — K,
p(g) = (Ag) such that u(1gx) = 15 and denote the right G-action on K by

k<g = p((u(k)g)

for k € K and g € G. The elements u(k)g and u(k<g) differ by an element x; o € A
satisfying the equation

(1-2) u(k)g = ki gu(k<g),
which furthermore satisfies the relation

Kk,g182 = Kk,g1Kk<g1.g2

for k € K and g;, g2 € G. Since A is an abelian normal subgroup G, there is an
induced K -left action on A by conjugation:

kg :=u(k)au(k)™" for ke K and ac€A.

Since the isomorphism class of the extension (1-1) can be classified by the
cohomology class of the cocycle F € Z(K, A),i.e.,amap F : K x K — A such that

8k F (ki ko, k3) ="V F (ka, k3) F (kika, k3) ™ F (ki koks) F (ki ko)™ =1,
without loss of generality we will further assume that
G =AxpK,
where the product structure of G is given by the formula
(a1, ki) (a2, k2) = (a1(Max) F (ki k2), kika).

With this explicit choice of the group G, we choose the function u : K — G to
be u(k) := (14, k) and therefore we have that

Kk, (a,ka) = k]aF(kh kz),

thus obtaining F'(ki, ko) = ki, (1,k,). We furthermore have that for x € K and
g=1(a, k) €G,
x<g = x<(a, k) = xk.

Denote the dual group A := Hom(A, C*) and note that there is an induced
K -right action on A defined as p*(a) :=p*a) forpeAandk € K.
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1B. Cohomology of groups and the LHS spectral sequence. In what follows we
will construct an explicit double complex whose cohomology calculates the co-
homology of the group G, and whose associated spectral sequence recovers the
Lyndon—Hochschild—Serre (LHS) spectral sequence of the extension (1-1).

Endow the set Map(K, C*) with the left G-action (g>f) (k) := f (k<g), where
g€G, ke K and f: K — C* and consider the complex C*(G, Map(K, C*))
with elements normalized chains

C%(G,Map(K,C*)):={f:KxG?— C*| f(k;g1,...,8) =1 whenever some g; =1}
and boundary map

(1-3) (bg f)(k; g1,-..,8¢)
q—1 _
= f(k<gi: 2. 8)] [fkigr. o 8iir1 o 8) TV kigr o gg- )T
i=1

Since the natural morphism of groupoids, defined by the inclusion of the group A

into the action groupoid defined by the right action of G on K, is an equivalence of
categories, we have that the restriction map

Y :C*(G,Map(K,C")— C*(A,C", ¥(f)ai,...,aqy):=f(k;ai, ..., aq),
is a morphism of complexes which induces an isomorphism in cohomology

v H*(G,Map(K, C*)) => H*(A, C*).
The inverse map can be constructed at the level of cocycles as follows:

Lemma 1.1. The map ¢ : C1(A, C*) — C4(G, Map(K, C*)),

(p(a)(k’ glv ctt gq) = a(Kk,gla Kk<1g1,g2a cet Kk<1g1g2...gq,1,gq)9

defines a map of complexes which induces an isomorphism in cohomology ¢
H*(A,C*) = H*(G, Map(K, C*)) which is the inverse of the map V.

Proof. On the one hand we have

Scpl)(k;g1s-..,8p)
qg—1
= p(@)(k<gi:g2.-...80) [ [e@K:gr..... 811,89
i=1
= 0t (Kiag), g2 Kikagi g2, 3>+ Kkagr .gg-1,2,)
q—1
(=1
O (Kk g1, Kiagy, g2+ +> Kkagr...gim1,8igis1 -+ Kkgi.gg-1,8)
i=1

(-1 (—1yt

p@)(k;815---584—1)

(=11
O(((Kk,gl aKk<1g1 , 829 Kk<1g1 A..gqu,gqfl)
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and on the other

pga)(k;g1,....8p)
= SGa(Kk,gl ,qugl,g2’ e »quglgg,...,gq,l,gq)

= a(Kk<1g1 .82 Kk<gi 9,835 -1 Kk<gy...gq—1 ,gq)

g—1

( )(*1)"

O\Kk, g5 Kkagi,gas 1 Kkagr...gi—1,8iKk<gi...gi—18i.8iv17 -+ Kkagi...84-1.84

i=1

_1)¢

a((Kk,glka<1g|,gzv---v"k<g1-.-gq—z,gq—1)( "

The equality g () = ¢(ga) follows from the identity
Kkagy...gi—1,8i8i+1 = Kk<gi...gi—1,8iKk<g1...gi—18i &i+1*
Finally, the composition ¥ (¢(«)) = « follows from k1, = a fora € A. O

The complex C*(A, C*) can be endowed with the structure of a right K-module
by setting for « € C4(A, C*) and k € K

odrar, ..., ap) = a@®autk)™, ... uk)auk)™),

and the complex C*(G, Map(K, C*)) can also be endowed with the structure of a
right K-module by setting for f € C4(G, Map(K, C*)) and k € K

(f<k)(x; 81, ..., 8g) = flkx; 81, ..., 8)-

The map ¢ fails to be a K-module map; nevertheless it induces a K-module map
at the level of cohomology:
Lemma 1.2. The isomorphism ¢ : H*(A, C*) => H*(G,Map(K, C*)) is an iso-
morphism of K -modules.
Proof. Take o € Z9(A, C*) and k € K. We claim that ¥ (p(a)<k) = ¥, and since

¥ (p(a*)) = ok, we conclude that ¢(a)<k and ¢(a¥) are cohomologous. Now, let
us calculate

V(pla)<k)(ai, ..., aq) = (p(0)<k)(1; ay, ..., aq)

=g@()(k;ai, ..., aq)
= a(Kk,al » Kk<aay,azs «+ + s qualaz,...,aq_l,aq)
= a(Kk.ay» Kk.ays - - - » Kk.a,)

=auk)au®) ", uk)auk)™", ... utk)a uk)™")
= ozk(al, a,...,aq);

the lemma follows. O
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1B1. Double complex. Since C*(G, Map(K, C*)) is acomplex of right K -modules,
we can consider the complexes

C*(K, C1(G,Map(K, C*))),
with C? (K, C1(G, Map(K, C*)) consisting of normalized cochains
{f:KP — C1(G,Map(K,C*) | fky,..., kp) = 1 whenever some k; = 1}
and whose differentials are

Ok f)kr, ... kp)

p—1 )
= flha . k) [ f Gt kikigr, k) TV F R ko) <k,) T
i=1

These complexes assemble into a double complex
CP4:=CP(K,C(G,Map(K, C"))).

Let us denote by Tot(C**) the total complex associated to the double complex and
let 810 := 8k @ (86) V" be its differential.

We may filter the total complex by the degree of the G cochains, thus obtaining
a spectral sequence whose first page becomes

E{? = HP(K,CY(G, Map(K, C")).

Since the K-modules C?(G, Map(K, C*)) are free K-modules, we conclude that
the first page localizes on the y-axis,

EY? = HY(K, C%(G, Map(K, C*))) = C(G, Map(K, C*)X = c1(G, C*)

and E f ' = 0 for p > 0. The spectral sequence collapses at the second page, with
the only surviving elements on the y-axis

EX? = H1(G, C*).
Hence we have:
Proposition 1.3. The inclusion of K -invariant cochains
C*(G,Map(K, C*))X — Tot(C*(K, C*(G, Map(K, C*))))
is a quasi-isomorphism. Therefore the cohomology groups
H*(G,C*) = H*(Tot(C*(K, C*(G,Map(K, C*))))

are canonically isomorphic.
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Filtering the double complex by the degree of the K cochains we obtain the
Lyndon—-Hochschild—Serre spectral sequence associated to the group extension
1> A— G— K — 1; see [Evens 1991, §7.2]. The first page becomes

EP? =CP(K, H1(G, Map(K, C*))),
and the second page becomes
E}Y = HP(K, HY(G, Map(K, C*))).

Since the projection map & : H1(G, Map(K, C*)) =5 HY(A,C*) is an isomor-
phism of K-modules, we conclude:

Proposition 1.4 (LHS spectral sequence). Filtering the total complex by the degree
of the K -chains, we obtain a spectral sequence whose second page is

EyY = HP(K, H1(A,C"))
and that converges to H*(G, C*).

We will denote by d; : EPY — EP*"47'*! the differentials of this spectral
sequence.

1C. Tensor categories. Following [Bakalov and Kirillov 2001, §1], a tensor cat-
egory consists of (C,®, 1¢, @, A, p), where C is a category, ® : C x C — C
is a bifunctor, « is the associativity constraint, i.e., a functorial isomorphism
apyw:(UQV)IQW = UR(VRW) of functors CxCxC — C, 1¢ € 0bj(C) is a unit
element and A, p are functorial isomorphisms Ay : 1, QV =V, py: V®1lc = V
satisfying the pentagon axiom

(Vi®@V)RV3)QVy

VM@ (V2,®V3)® Vs Vi®@WV)® (V30 Vy)
Lal,zm la1.2,34
Vi (VL@ V3) @ Vu) T V1R (V2® (V3R Vy)))

and the triangle axiom

o

Vi®le)®@ W, Vieec® V)

m%

ViV,
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1D. The fusion category Vect(G, w). A fusion category over C is a rigid semisim-
ple C-linear tensor category, with only finitely many isomorphism classes of simple
objects, such that the endomorphisms of the unit object is C; see [Etingof et al.
2005].

For G a finite group and a 3-cocycle w € Z3(G, C*), define the category
Vect(G, w) whose objects are G-graded complex vector spaces V = @gec Ve,
whose tensor productis (VW) :=ED),,_ th ®Wy, whose associativity constraint is

av, v,v, = (g, b, ky with y(x®@y)®2) =x® (y®2),
and whose left and right unit isomorphisms are
a,=w(, 1,97 idy, and py, =w(g, 1, Didy,.

The category Vect(G, w) is a fusion category where the simple objects are the
1-dimensional vector spaces.

We will assume that all group cochains are normalized, and hence the left and
right unit isomorphisms become identities.

For convenience we will work with a category V(G, w) which is skeletal, i.e., one
on which isomorphic objects are equal, and which is equivalent to Vect(G, w). The
category V(G, w) has for simple objects the elements g of the group G, the tensor
product is g ® h = gh and the associativity isomorphisms are w(g, h, k) idgxk.

A finite tensor category is called pointed if all its simple objects are invertible. It
is thus easy to see that any finite tensor category which is pointed is equivalent to
Vect(G, w) for some finite group G and some 3-cocycle w.

1E. Module categories. Following [Ostrik 2003b, §2.3], a right module category
over the tensor category (C, ®, l¢, o, A, p) consists of (M, ®, u, T), where M is
a category, ® : M x C — M is an exact bifunctor,

Inxy MO (X®Y) = (MOX)®Y

is a functorial associativity and 7y : M ® 1¢ = M is a unit isomorphism for any
X,Y €eC, M € M, satisfying the pentagon axiom

(1-4) MRUX®Y)®2Z)
M (X®(Y®Z)) MRIXQY)®Z
lﬂM.X,Y@Z l“MVXVY@idZ
MRIX)® (Y ®Z) (MRX)QRY)RZ

UMRX,Y,Z



ON THE CLASSIFICATION OF POINTED FUSION CATEGORIES 445

and the triangle axiom

[L2/RVNY
(1-5) M®(1c®Y) MR1)®Y
MY

A module functor (F,y): (My, u', ') — (M, u?, %) between two module
categories consists of a functor F : M; — M, and a functorial isomorphism
vux  FIM®X)— F(M)® X forany X € C, M € M, satisfying the pentagon
axiom

FIM®(X®Y))
F(IM®X)®Y) FIM)®(X®Y)
jVM®X,Y l”zF(M),X.Y
FIM®X)®Y v (FIMY@X)QY

and the triangle axiom
F(t})
F(M® 1¢) u F(M)
FM)® 1¢

Two module categories M and M, over C are equivalent if there exists a module
functor between the two which is moreover an equivalence of categories. The
direct sum M| @ M, is the module category with the obvious structure. A module
category is indecomposable if it is not equivalent to the direct sum of two nontrivial
module categories.

A natural module transformation n: (F', y') — (F?, y?) consists of a natural
transformation 7 : F' — F? such that the square

nMeXx

FIM®X) —> F*(M ®X)

1 2
YMm.x l lyM,X

FIM)® X —= F2(M)® X
Ny ®idx

commutes for all M € M and X €C.
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1F. Indecomposable module categories over V (G, ). Let M be a skeletal right
module category over V(G, w). The set of simple objects of M is a transitive right
G-set and therefore it can be identified with the coset K := A\ G for A a subgroup
of G. The isomorphisms 14 ¢, ¢, for k € K and gy, g2 € G are scalars, and we can
assemble these scalars as an element

1€ C*(G, Map(K,C"), (ki g1 82) =tk g5,
The pentagon axiom (1-4) translates into the equation
(g1, &2, 83)(k; g1, 8283 1 (k<g1; &2, g3) = n(k; 8182, g3)n(k; g1, 82),
which in view of the definition of the differential 55 in (1-3) becomes
(1-6) ™! =n*w,
where m*w € C3(G, Map(K, C*))X is the K -invariant cocycle defined by w, i.e.,
o (k; g1, 82, 83) = w(81, 82, &3)-

Since w is normalized and the unit constraint in V(G, w) is trivial, we have that
the triangle axiom (1-5) implies that the unit constraint in M is trivial.

Denote this skeletal module category M = M(A\ G, u). Note that two V(G, w)-
module categories M| = M(A1\ G, 1) and My = M(A>\ G, up) are equivalent
if and only if there exist a right G-equivariant isomorphism F : A\ G => A;\ G
and an element y € C'(G, Map(A; \ G, C*)) such that

y(A18; 81822 (F(A18); 81, 82) = n1(A1g; g1, 82) v (A1881; 82)v (A18; 81).

This information implies that A; and A, are conjugate subgroups of G and that

H1

In the case that A = A} = A», the G-equivariant isomorphisms are parametrized
by the elements of the group A \ Ng(A), and the equation gy = F*uy /i) im-
plies that F*u,/u; is trivial in H>(G, Map(A \ G, C*)). Since we know that
v :H(G, Map(A\G, C¥)) => H*(A, C*)isan isomorphism, we can conclude that
the isomorphism classes of module categories over V(G, w) may be parametrized
(in a noncanonical manner) by pairs ([A], [¥ (®)]), where [A] is a conjugacy class
of subgroups of G, and [{(u)] is a representative of a cohomology class in the
group of invariants H>(A, C*)/Ng(A).

1G. Dual category. Let C be a tensor category and M an indecomposable right
module category. The dual category C}, := Fun¢ (M, M) is the category whose
objects are module functors from M to itself and whose morphisms are natural
module transformations.
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The category C}), becomes a tensor category by composition of functors; namely
for (y!, F1), (y2, F») € Obj(C},), where vyl v? represent the module structures on
the functors F; and F; respectively, we define the tensor structure by

Y, F)®(: F)i=(y, FioF),

where the module structure y is defined by yy, x 1= y[}"Z(M),X oF (yAZ,I’X) forM e M
and X €C. For two morphisms n: (y!, F) — (y%, Fo) andn’: (y'1, F))— (y'*, F3)
in C}, their tensor product is (n ® n")(M) := nEyon © Fi (nh)-

Whenever C and M are semisimple, the dual category C}, is semisimple [Ostrik
2003a, §2.2]. Moreover, since M is itself a left module category over C} , it has been
shown in [Ostrik 2003b, Corollary 4.1] that the double dual is tensor equivalent to
the original category, i.e., (C})’y = C. Furthermore, the module categories of C and
of C}{; are in canonical bijection (Proposition 2.1 of the same work) by the following
maps. For M| a module category over C, the category Fun¢ (M, M) of module
functors from M to M is a left module category of C}, = Func(M, M) via the
composition of functors. Conversely, if M is a left module category over C},, then
Funcjw (M, M) is a right module category over Func;/1 M, M) =)y =C
via composition of functors. These maps are inverse from each other.

1H. Center of a tensor category. The center Z(C) of the tensor category C is the
category whose objects are pairs (X, ), where X is an object in C and 7 is a
functorial set of isomorphisms ny : X ® ¥ — Y ® X such that the hexagon diagram

Nyez

XQY)QRZ—2>XQ(YQZ) — (YRZ)QX

lﬁy@l loz
1®nz

YRX)RZ—>YR(XQRZ) —YR(Z®X)
and the triangle diagram

Ne

X® 1C 1(}69 X

N

X

are commutative. A morphism f : (X, n) — (¥, v) consists of a morphism f: X — Y
for which the diagram

X®Z-Y-70X

f@ll ll@f
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commutes for any object Z in C. The tensor structure is defined as (X, n)® (Y, v) :=
(X ®Y, y), where yz is defined as the composition

XQY)®Z - >X0(YeZ) 24 Xxe(ZaY)

a~ !

1
X®2)QY 2 (Z@X)®Y — >~ Z@(X®Y)

The center Z(C) is moreover braided and the braiding for the pair (X, 1), (¥, v)
is precisely the map ny.

The center Z(Vect(G, w)) of the tensor category Vect(G, w) contains the in-
formation necessary for constructing the quasi-Hopf algebra that is known as the
twisted Drinfeld double D®(G) of the group G twisted by w (see [Dijkgraaf et al.
1991, §3.2)).

11. Weak Morita equivalence of tensor categories. Two tensor categories C and D
are weakly Morita equivalent if there exists an indecomposable right module cate-
gory M over C such that C};; and D are tensor equivalent [Miiger 2003, Definition
4.2]. In Proposition 4.6 of the same work it is shown that weak Morita equivalence is
an equivalence relation, and in [Etingof et al. 2011, Theorem 3.1] it is shown that two
tensor categories are weak Morita equivalent if and only if their centers are braided
equivalent. In particular we have that for M an indecomposable module category
over C there is a canonical equivalence of braided tensor categories Z(C) >~ Z(C},)
[Ostrik 2003a, Proposition 2.2].

2. The dual of V (G, w) with respect to M(A\ G, )

Let us consider the tensor category C = V(G, w) and the right module category
M= M(A\ G, n) described in Section 1F. In this chapter we will review the main
results of [Naidu 2007], where explicit conditions are stated under which the dual
category C}, is pointed. For the sake of completeness and clarity we will review the
constructions done in §3 and §4 of that work and we will reinterpret the equations
given there in the terminology that we have set up in Section 1A and Section 1B.

2A. Conditions for C, , to be pointed. Let us set up some notation for this section:
let K :=A\G, u: K — G satisfty pou=1g and u(p(1g)) = 1¢ for p: G — K the
projection, k : K x G — A satisfy u(k)g =y qu(k<g) and K 4 be the elements of K
fixed under the conjugation by elements of A. The module category M(A\ G, u)
is the skeletal category whose simple objects are the elements of K = A\ G, whose
tensor structure is k ® g := k<g for k € K and g € G and whose associativity
constraint p satisfies Sgu ™! = 7*w; see (1-6). In what follows we will focus on
parametrizing the invertible objects of C},.
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Following [Naidu 2007, Lemma 3.2] any invertible module functor in C}, is
of the form (Fy, y), where the functor Fy : M — M is the one that extends the
G-equivariant map f, : K — K, f,(k) = p(u(y)u(k)), for y € K4 and y is a
functorial isomorphism y ¢ : F,(k ® g) = F, (k) ® g that satisfies the pentagon
axiom. Writing yx ¢ := ¥ (k; &) id pu(y)uk«g)) for y € cl(G, Map(K, C*)) we have
that the pentagon axiom of a module functor translates into the equation

uik; g1, g2)y (k<gi; g2)y (k; g1) =y (k; g1g2)mu(fy(k); g1, &2),

which can also be written as

w(fy(k); g1, &2)

Sy (ks yi,v2) =
wu(k; g1, &2)

The inverse of (Fy, y) is the module functor (F,,(y)-1), ¥) with

y(k; g) =y (pu() ue)) )7

Defining for each y € K* the set

k); g1,
Fun, = { y € C'(G, Map(K, ©) | 867 (k: g1, 82) = M}

wk; g1, &2)

for all k € K and g1, g2 € G, we have that of invertible objects of C}) ; are precisely
the module functors (Fy, y) where y € K Aand y € Fun,. To simplify the notation
we will denote such a module functor by the pair (y, y).

Two invertible module functors (yi, y') and (y2, y?) in C}, are isomorphic if
and only if y; = y, and if there exists natural transformation parametrized by a
map 1 € C%(G, Map(K, C*)) satisfying the equation

2-1) v (ks 9)n(k) = n(k<g)y*(k; g)

for all k € K and g € G. These equations can be rewritten as the equation

2
14

dgn=—+
14

in C'(G, Map(K, C*)). Therefore for each y € K“ we may define an equivalence

relation on the elements y!, 2 € Fun, by setting % =~ y! whenever there exists 7

such that §gn = y2/y'; denote by ﬁy the associated set of equivalence classes.
For each y € K4 let us choose an element ¥y € Fun,, and note that the maps

Fun, — Z'(G, Map(K, C*)), Br> E,

Yy
Z'(G,Map(k, C*)) — Fun,, € €Yy
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are inverse to each other. Therefore we obtain bijections
Fun, = H'(G, Map(K, C*)) = H'(A, C*) = A,
which are realized by the maps

(2-2) &y:A—Funy, &y(0):=vyp(p), Oy :Funy — A, 0,(B):=v¥(B/yy).

Recall from [Etingof et al. 2005, Definition 2.2] that the global dimension dim(C)
of a fusion category C is the sum of the squared norms of its simple objects, and
note that by Theorem 2.15 of the same paper we have dim(C}; ) = dim(C) whenever
C is a fusion category and M is an indecomposable module category over C.

Let us suppose now that the dual category C3; = V(G, @) 4(4\¢.,,) IS pointed.
Therefore its global dimension

dim(C}y) = IA[IK*|

must be equal to the number of isomorphic classes of invertible objects, since on
pointed categories all simple objects are invertible. On the other hand, by [Etingof
et al. 2005, Theorem 2.15 ] we have dim(C} ) = dim(C) and dim(C) = |G|. There-
fore in order for the category C}, to be pointed it is necessary that |A[|K Al =|G|.
Since |G| = |A||K|, |A| < |A| and |[K4| < |K], the equality holds if and only if A
is abelian, thus giving that |[A| = |A|, and if A is normal in G and KA =K.

On the other hand, if A is abelian and normal on G, then the number of iso-
morphism classes of invertible objects in C}, is |A||K| = |G|. Since dim(C},) =
dim(C) = |G|, we have that the set of isomorphism classes of invertible objects
exhausts the set of simple elements, and therefore C}}, must be pointed.

Summarizing we have:

Theorem 2.1 [Naidu 2007, Theorem 3.4]. The tensor category

is pointed if and only if A is abelian and normal in G and the cohomology class
[(u<y)/u] is trivial in H*(G, Map(K, C*)) forall y € K.

Note that since A is normal in G, we may use the notation introduced in
Section 1B so that w(fy(k); g1, g2) = u(yk; g1, 82) = (n<y)(k; g1, g&2). Since
we have that Sgu~! = 7w = §g(u™'<y), the quotient (u<y)/u defines a cocycle
in Z%(G, Map(K, C*)). The equation 8¢ ¥y = (u<ty)/p implies that the quotient is
trivial in cohomology.

2B. The Grothendieck ring of the pointed category C’ . From now on we will
assume that the dual category C}, is pointed. Therefore we have that A is abelian
and normal in G and that we can choose elements y, € C (G, Map(K, C*)) for
each y € K such that gy, = (u<y)/u.
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The Grothendieck ring K¢(C},) of the category C}, is the ring defined by the
semiring whose elements are the isomorphism classes of objects and whose product
is the one induced by the tensor product. Since C}, is pointed, Ko(C} ) is isomorphic
to the group ring Z[A] for some finite group A. In this section we will recall the
construction of this isomorphism carried out in [Naidu 2007, Theorem 4.5].

The tensor product of two invertible elements (yy, y'), (y2, ¥2) in Ci as defined
in Section 1G is

017D ® 02, ¥ = Gy, (v 'y v?).

This tensor product defines a group structure on the set of isomorphism classes of
invertible objects

A= U {y} x ﬁy
yek

by the equation (y1, [¥']) * (2, [¥2]) = (y1y2, [(¥'<y2)¥?]), where [y] denotes
the equivalence class of y in Fun,.
Define the element y € C'(K, C L@, Map(K, C*))) by the equation

y(») i=vyy
and note that the equations gy, = (u<y)/u are equivalent to the equation
Sy =Sk 1.

Define the element v := éx y, i.e., V(y1, y2) = (¥ (y2) ¥ (y1)<y2)/¥ (y1¥2), and note
that

Sk =082y =1 and 86D =868y =8kdcy =8ep=1.
Hence v € Z2(K, Z!(G, Map(K, C*))) and we may define
(2-3) vi=vobe Z*K, Z (A, C") = Z*(K, A),

thus having v(yi, y2)(a) := v(y1, y2)(1; a).
With this 2-cocycle v we may define the crossed product K x,, A by setting on
pairs of elements of the set K x A

1. 1) - (2, p2) 1= (¥1y2, P> 020 (Y1, ¥2))-
Using the notation of (2-2) we have:

Theorem 2.2 [Naidu 2007, Theorem 4.5]. The map

T:Kx,A— A, T{(y,p)=, LD,

is an isomorphism of groups. Hence Ko(Cy,) = Z[K %, Al.
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Proof. On the one hand we have

T((y1, p1)- (2, 2)) =T (312, P2 020 (Y1, Y2))) = 12, [Ly13, (072 020 (Y1, y2))])
and on the other
T((y1, p)) * T((y2, p2)) = (1, [Ey, (1)) * (2. [y, (02)])
= (y1y2, [(&y, (P1)<¥2) &y, (02)]).
The result follows if we check the equality

leyz((§y1 (/01)<‘}’2)§y2 (102)) = pijzpzv(yl’ )’2)

since this implies that gy, y, ((p1<y2) p2v (1, y2)) and (¢y, (p1)<y2)y, (p2) are coho-
mologous; hence we have

((&y, (e <y2) (1; @) &y, (02) (1; @)
0) ) ) ), =
)1)2((5}1(/01)4)72){)2(/)2)) (Cl) J/(ylyz)(l, a)

_ (y(yD)<y20(p1)<y2) (15 a) (Y (y2)9(02))(1; a)
YOy (s a)
= Sk y(y1, y2)(1; @) py (@) p2(@)

= (W1, y2)p1°02)(@). O

2C. A skeleton of the pointed category C},. A skeleton sk(C},) of C}, is a full
subcategory of C, on which each object of C}y ; is isomorphic to only one object in
sk(C},)- Let us choose for objects

Obj(sk(C3)) == {(y. &y(P) | (v, p) € K x, A}

and define its tensor product e by the one induced by x, i.e.,

(15 Cy (P1) * (72, 3, (02)) := (V1324 Eyyye V(Y14 Y2077 01))-
For each pair of objects, choose isomorphisms in C},
F (s 8y (1)), (02, £y, (02))
SO Gy (p1) # (2, 63, (02)) = (1, &y, (01)) ® (32, £y, (02)),
which by equation (2-1) satisfy
((&y, (p)y2) Gy, (p1)) (k5 8)

— f(()’l ’ §y| (pl))’ ()’2, é‘yz(pZ))(kqg)
F (s 8y (1), (2, 8y, (02)) (k)

The tensor product ® in C}; is associative since it is defined by the composition

X Ly, V1, Y2) 01 P1) (K5 ).

of functors, but the tensor product « in its skeleton sk(C’, ;) may fail to be associative.
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The associativity constraint for sk(C},) is then

&' (V15 8y (P1)s (V25 832 (02))5 (735 §y5(03)))
SO 8 (1), (02, 8y, (02)) ®d gy, (p3).3)
O 8y (01), (2, £, (02)) # (33, 8y (03)))
y F (1, &y, (1) @ (32, 8y, (02))5 (13 £33 (03)))
1de,, (oo ®F (325 £y, (02)), (33, £y (03))).

In [Naidu 2007, Theorem 4.9] it is shown that @’ is K -invariant and moreover
that it can be given in explicit form by the equation

&' (1, &y, (1))s (2, £y, (02)), (935 £y (03))) = (Y1, ¥2) (15 w(33)) 1 (K, u(y3))-

Therefore we may define the 3-cocycle on K x,, A by the equation

&((y1, p1)s (2, P2), (¥3, P3)) = V(¥1, Y2) (13 w(¥3)) 1 (Kyy,u(y3))
and choosing G = A xr K and u(y) = (1, y) as was done at the end of Section 1A,
the 3-cocycle on K ix,, A becomes
(2-4) o((y1, p1), (2, 2), (¥3, p3)) = V(y1, y2) (1 (1, y3)) p1 (F (2, ¥3))-

Therefore the skeleton sk(C3},) of C}, becomes isomorphic to V(K x, A, @), which
is equivalent to Vect(K x, A, @). Therefore we can conclude with:

Theorem 2.3 [Naidu 2007, Theorem 4.9]. The fusion categories
Chv =V(G, a))’j\,((A\G’M) and Vect(K x, A, @)
are equivalent.
Applying the results of Section 11 we have:

Corollary 2.4. The categories Vect(A X r K, ) and Vect(K x,, A, ®) are weakly
Morita equivalent. Hence their centers

Z(Vect(A xf K, w)) ~ Z(Vect(K X, A, @))

are canonically equivalent as braided tensor categories.

3. Weak Morita equivalence classes of group-theoretical tensor categories

We are interested in classifying group-theoretical tensor categories of a specific
global dimension up to weak Morita equivalence. For this purpose we will fix
the group G = A Xz K with A abelian and normal in G and F € Z*(K, A),
and we will give an explicit description of the cocycles w € Z3(A xr K, C*) and
® e Z3(K x,A, C*) such that the tensor categories V(A x r K, w) and V(K X, A, &)
are weakly Morita equivalent.
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3A. Description of o, p and y. In Theorem 2.1 and in Section 2B we have seen the
conditions needed for the tensor category Ciy = V(G, ®)j(4\¢,,,) to be pointed. In
particular we have seen that we need the existence of y € C Y(K,C(G, Map(K, C*)))
such that

Sy = Sk .

Since we also have that g~

Lemma 3.1. In Tot(C*(K, C*(G, Map(K, C*)))), the cocycles n*w and vV are
cohomologous.

Proof. Recall the definition of the double complex C*(K, C*(G, Map(K, C*)))
given in Section 1B1, and note that we have 7*w € C%3 nec®? yechand
D =2dgy € C*>), satisfying 7*w - g = 1 and Skm-dgy t=1.

Consider the element @ y € Tot”> and note that

= 7*w we can obtain the following lemma:

St ®y) = Gk ® 85 " V@ y) =861 ® x-Sy~ ® k.
Therefore 7*w - d1o (L B Y) = V. O

Lemma 3.1 implies further conditions on the cohomology class of w for the
tensor category ), = V(G, ®)’y A\G.) 10 be pointed.
Corollary 3.2. If the tensor category Cy = V(G, w)) ANG.p) 18 pointed then w is

cohomologous to a cocycle that lives in C>' @ C30 of the double complex that
induces the Lyndon—Hochschild—Serre spectral sequence.

Remark 3.3. Note that this implies that the cohomology class of @ belongs to the
subgroup of H3(G, C*) defined as
Q(G; A) :=ker(ker(H* (G, C*) — E%®) — EL?),
which fits into the short exact sequence
1 EX - QG A) - EX - 1.

The cohomology classes in €2(G; A) are the only cohomology classes such that
Cy =V, w)L(A\G’M) is pointed.

In what follows we will construct explicit representatives for w and u, but to do so
we will start by constructing explicit 3-cocycles in Tot(C* (K, C*(G, Map(K, C*))))
which appear in Q(G; A). Let us start by determining the second differential
dy: Eg’l — Eg’o.

Lemma 3.4. The second differential d : E%’l — E;w is isomorphic to the homo-
morphism
H*(K,A) — HYK,CY, [Fl=[(FAF)™,

where (F A F)(ky, ky, k3, k) := F (ky, ko) (F (k3, ks)).
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Proof. First recall that
Ey' = HX(K, H'(G, Map(K, C")) = H*(K, Hom(A, C*)) = H*(K, A),
Ey? = HY(K, H(G,Map(K, C*))) = H*(K, Map(K, C*)%) = H*(K, C*).
"l:ake F € Z2(K,A) and use the map ¢ of Lemma 1.1 to lift this cocycle to
¢(F) e C*(K, Z'(G,Map(K, C*))); in coordinates:
Q(F)(k1, ko) (x1, (a2, x2)) = F ki, k2) (lexy (ar, 1))
= F(ky. k) (" F (x1, x2))
= F(ky. k) (" ax) F (ky, ko) (F (x1, x2)).
Its boundary is
8ip(F) (k1. k2, k3) (x1. (a2,x2))
= F (k. k3) (" ay F (x1,x2)) F (kika. k3) (" as F (x1,x2)) ™!
F(ky koks) (" ay F (x1,x2)) F (k1 ko) (% ay F (kaxy ,x2)) ™!
= F(ky k) (F (x1,5x2)) F (k1. k) (F (k3x1,x2)) ™!

F(k3,x1) )

= Fky.k
h 2)<F(k3,xlx2)

and we can define u € C*(K, C°(G, Map(K, C*))) as
u(ky, ka, k3)(x) = F ki, ko) (F (ks, x)).

On the one hand we have
Sgu(ky, ky, k3)(x1, (az, x2)) = u(ky, ka, k3) (x1x2)u(ky, ka, k3)(x1) ™!

N F (k3,

and on the other

Sgu(ky, ka, k3, ks)(x)
= F(ka. k3) (F (ka, ) F (kika. k3) (F (ka, )) ™' F (k1. koks) (F (ks, x))
F (ky, ko) (F (kska, x)) ™" F (k1 ko) (F (ks, kgx))

= F(ky, ko) (F (ks x)) F (k1, ko) (F (ksks, x)) ™ F (ky, k) (F (3, kax))
= F(ky, ko) (F (k3, ks)).
Since dgu = 8Kg0(ﬁ) we have that
Stoc(@(F) B u™") =8k p(F)ogu @ Su™" = (F A F)™!;

therefore d2[<p(13”)] = [(I:" AF). O
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Suppose that d2[<p(ﬁ)] =0; hence there is € € C3(K, C*) such that 8xe = FAF.
Define € € C3(K, C°(G, Maps(K, C*))) by the equation
€(ki, ko, k3)(x) 1= e(ky, k2, k3)

and note g€ = F A F and g€ = 1. Hence the class (p(ﬁ) @deulecr 3O
defines a 3-cocycle in the total complex:

(p(ﬁ) ®eu' e Z3 Tot(C* (K, C*(G, Map(K, C%)))).
Define 8 € C*(K, C°(G, Maps(K, C*))) by the equation

Bki, ko) (x) 1= €(ky, k2, x)
and note that
Sk B(k1, k2, k3)(x) = €(ka, k3, x)e (kika, k3, x) "' e(ky, koks, x)e(ky, ko, k3x)™"
= Sk, ko, k3, x)e(ki, ko, k3) ™!
= F(ki, k) (F (ks, x)e(kr, ko, k3) ()~
Therefore 8x Béu~" = 1; hence we have that the class ¢ (F)3g 8 € C*! is a 3-cocycle

in the total complex and moreover that it is cohomologous to the class go(I:“ Y®Eu !,
in coordinates:

GB-1) (9(F)86B) k1. ko) (x1. (a2, x2))
= F(k1, ko) (" ax) F (ky, ko) (F (x1, x2))e(ky, ka, x1x2)€ky, ko, x1) 7"
Summarizing the previous results:

Proposition 3.5. Every cohomology class which appears in Q(G; A) can be rep-
resented by a 3-cocycle ¢(F)8gp € C>! with F € Z*(K,A), Bki, k))(x) =
€' (ky,ky, x) and Sxe’ = F A F.

Proof. Take [w] € 2(G; A) and let [ﬁ ]e E;*l be a representative of the cohomology
class of the image of [w] in Egél. Since da[¢(F)] = 0 we know that the cohomology
class [¢(F) @ éu~'] constructed above belongs to Q(G; A). Therefore we have

[0 "] [p(F)®eu"'] e EX.

~

Hence we can choose a representative cocycle [t] € H3(K, C*) = E; ¥ such that
0] = [(F) ®etu"],
with T € C3(K, C°(G, Maps(K, C*))) defined as

T(k1, ko, k3)(x) :=t(k1, ko, k3).
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Let € := et and define B € C*(K, C°(G, Maps(K, C*))) by the equation
B(ki, ko) (x) := €' (k1, k2, x).

Equation (3-1) implies that 8x 8 = (¢T) '« and therefore the proposition follows
from the equation

(@(F) ®etu")oru = 0(F)86 B ® Sk BeTu™" = p(F)3B. O

Now we need to find an explicit description of w € Z3(G, C*) such that 7*w
and ¢ (F)dg B are cohomologous.

Theorem 3.6. Let G = Ax ¢ K and consider w € C3(G, C*), ue C%? and yech!
defined by the following equations:
w((ar, x1), (@2, x2), (a3, x3)) == F(x1, x2)(a3)€ (x1, x2, X3),
1(x1. (@2, x2). (a3, x3)) = (F (x1, x2) (a3)e (x1, X3, x3)) ",

Y () (x1, (a2, X2)) = F(y, x1)(a2)e(y, x1, X2, ).

Then 7*w - Sttt ® y) = (P(ﬁ)fscﬁ-

Proof. Let us calculate:

Son(xi, (az, x2), (a3, x3), (a4, x4))
= p(x1x2, (@3, x3), (@4, x4))(x1, (@22az F (x2, x3), x2x3), (a3, x3)) "
(x1, (a2, x2) (@3 as F (x3, x4), X3X4)) p(x1, (a2, x2), (az, x3))~"
= F(x1x2, x3)(@a) "' F (x1, x2x3)(ag) F (x1, X2) (@3 as F (x3, x4)) ™"
F(x1, x2)(a3)e(xa, x3, x2) " 'Sxe(x1, x2, X3, X4)
= F(x2, x3)(as) e (x2, x3, x4) 7",

and

o (x1, (a2, X2), (a3, X3), (a4, x4)) = w((az, x2), (a3, X3), (as, x4))
= F(x2, x3)(as)€ (x2, X3, X4);
hence we have that Sgu - m*w = 1.
Now
Sk () (x1, (@2,x2), (a3,x3)) = p(x1, (a2.%2), (a3,x3)) w(yx1, (@2,x2), (@3,x3)) !
_ F(yx1,x2)(a3)€(yx1,x2,%3)

F(x1,x2)(a3)e(x1,x2,x3)
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and
Scy (y)(x1, (a2, x2), (a3, x3))
=y () (x1x2, (a3, x3))y () (x1, (@2a3F (x2, x3), x2x3)) "'y () (x1, (@2, %2))
= F(y, xix2)(@3) F(y, x1)(@®as F (x2, x3) " F(y, x1)(@2)
€(y, X1x2, x3)€(y, X1, X2x3) ' €(y, X1, X2)
= F(yx1, x) (@) F(x1, x2)(a3) " e(yxr, x2, x3)€ (e, x2, x3) 75
hence we have that
Sk -dgy ' =1.
Finally we calculate
Sk (ki, k2)(x1, (a2, x2))
=y (ko) (x1, (a2, 2)y (k1k2) (x1, (a2, x2)) 'y (k1) (kax1, (a2, X2))
= F(ka, x1)(a2) F (kika, x1)(a2) ™' F (k1 kax) (@2)
e(ka, x1, x2)€(kika, x1, x2) e (ky, kax1, x2)
= F(ky, ko) (M ax)dke(ky, ko, x1, x2)e ki, ko, x122)€ (K1, ko, x1) ™!
= F(ki, ko) (“ax) F (ki ko) (F (31, x2))e ki, ka, xix)e(k, ka, x0) 7,
and since by equation (3-1) we have that
(@(F)86B) k1, k2) (x1, (a2, x2))
= F(ki, ko) (") F k1, ko) (F (x1, x2))e ki, ko, xix)e (ki ko, x1) 7
we have that A
Sy = @(F)dgp.
Hence 7*w - (3t @ y) = 9(F)3GB. O
3B. Description of @ and v. Assuming the explicit descriptions of w, p and y

given in Theorem 3.6, we see that v = go(f" )8 B. Applying this explicit description
of ¥ to the definition of v given in (2-3) and of @ given in (2-4) we obtain

vki, ko)(a) =D (k1, k2) (1, (a, 1)) = F (k1. k2)(a),
which implies that v = F and

@((k1, p1), (ka, p2), (k3, p3)) := V(ky, ko) (1; (1, k3)) p1 (F (k2, k3))
= e(ky, ko, k3) p1 (F (k2, k3)).

After applying Corollary 2.4 to the previous explicit construction of @ we obtain
the following theorem:
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Theorem 3.7. Let K be a finite group acting on the finite abelian group A. Consider
cocycles F € Z*(K, A) and Fe Z*(K, A) such that F AF is trivial in cohomology,
i.e., there exists € € C3(K,C*) such that Sxe = F A F. Define the 3-cocycles
weZ3(AxpK,C*)and ® e Z>(K X s A, C*) by the equations:

w((ar, k), (a2, ka), (a3, k3)) := F(ky, ko) (a3)e (ky, ka, k3)
o((k1, p1), (ka, p2), (k3, p3)) :=€(ky, ko, k3) p1 (F (k2, k3)).

Then the tensor categories Vect(A xr K, w) and Vect(K x p A, ®) are weakly
Morita equivalent, and therefore their centers are braided equivalent:

Z(Vect(A xr K, ) =~ Z(Vect(K X ; A, @)).

Note that we may have taken a different choice of n and y in Section 3A
thus producing different ¥ and &. The description of @ depends on the choice of
cohomology class [F] e HX(K,A) = E%’l in the second page representing the
image of [w] in E32 - E2. This choice may be changed by elements in the image
of the second differential d5 : ES’Q — Eg’l.

Changing w by a coboundary o’ = wdg«a, and writing o’ explicitly as

(3-2) o' (a1, x1), (@2, x2), (a3, x3)) := F'(x1, x2)(a3)€’ (x1, x2, x3)

produces a @ which becomes
(3-3) &' ((k1, p1), (ka, p2), (k3, p3)) 1= €' (k1, ko, k3) p1 (F (ka, k3)).
Applying Theorem 3.7 and using the equivalence of categories

Vect(A xr K, w) >~ Vect(A xr K, @)

we obtain that the tensor categories Vect(A xr K, w) and Vect(K x z, A, @) are
also weakly Morita equivalent. The previous argument permits us to conclude the
following corollary:

Corollary 3.8. Suppose that the fusion category C, = V(A X K, w)’j\/t( Ko i
pointed. Then it is equivalent to the category Vect(K x z, A, &'), where &' and o'
are the cocycles defined in (3-2) and (3-3) respectively and o' is cohomologous
10 w.

3C. Classification theorem. Now we are ready to state the key result in order to
establish the weak Morita equivalence classes of group theoretical tensor categories.

Theorem 3.9. Let H and H be finite groups, n € Z>(H,C*) and 1) € Z3(I:I, C*).
Then the tensor categories Vect(H, n) and Vect(H , n) are weakly Morita equivalent
if and only if the following conditions are satisfied:
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o There exist isomorphisms of groups

~

$:G=AxpK = H, ¢:G=Kni

for some finite group K acting on the abelian group A, with F € Z*(K, A)
and F € Z*(K, A) where A :== Hom(A, C*).

o There exists € : K3 — C* such that F A F = Sk €.

o The cohomology classes satisfy the equations [¢*n] = [w] and [dA)*f]] = [®]
with

w((a1, k), (a2, k2), (@3, k3)) : = F(ky, ko) (az)e(ky, k2, k3),
a((ki, p1), (ka, p2), (k3, p3)) : = €(ky, ko, k3) p1 (F (k2, k3)).

Proof. Suppose that Vect(H, n) and Vect(H, n) are weakly Morita equivalent
Then Vect(H n) is equlvalent to the dual category V(H, n)* MA\H. 1) with K :
A\H, ¢ :G=AxpK => H and M(A\ H, ,u) some module category of
V(H, n). By Corollary 3.8 the tensor category Vect(H, 1) is furthermore equivalent
to Vect(K x 5, A, @), where o’ and &' are the cocycles defined in equations (3-2)
and (3-3) respectlvely, and such that o’ is cohomologous to ¢*n. In partlcular we
have that ¢ : G=K XA =5 H and that *1 is cohomologous to @',

The converse is the statement of Theorem 3.7. ([

In the case that both @ and @& are cohomologically trivial, we conclude that
Vect(A xr K, 1) and Vect(K x z A, 1) are weakly Morita equivalent if and only if
the cohomology class [F]e HX(K,A) lies in the image of the second differential
of the spectral sequence d, : H>(A, C*)X — H?(K, A). This result was originally
proved in [Davydov 2000, Corollary 6.2].

4. Examples

4A. Pointed fusion categories of global dimension 4. We can now calculate the
weakly Morita equivalence classes of pointed fusion categories of global dimen-
sion 4.

For G = Z/4 we have that H*(Z /4, 7) = Z[u]/4u with |u| = 2 and that the
nontrivial automorphism of Z/4 maps u to —u; therefore

HYZ/4,7)] Au(Z/4) = (u?) = 7/4.
For G = (Z/2)* we have that

H*((Z/2)*, 7) Zker(Sq' : H*((Z/2)*, F2) — H>((Z/2)%, F2)) = (x*, x%y?, y4),
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where H*((Z/2)?, F») = F»[x, y] and Sq1 is the Steenrod operation, and up to
automorphisms of (Z/2)? we get

0,

@ =yt at oy,

(x2y%) = (x2y2, 292 x4, 1292 4+ y4),

4+ x2y2 4y = (- x2y? 4.

H*((Z/2)*, 7)) Aut((Z/2)*) =

Since we have a clear description for a base of H 4((Z)2)?, 7), we will abuse nota-
tion and denote with the symbols of H*((Z/2)?, Z) the elements of H3((Z/2)?, C*).
With this clarification, the relevant terms of the second page of the LHS spectral
sequence of the extension 1 — Z/2 — Z/4 — 7Z/2 — 1 become

3 122=("

2 0 0

1 Z)2 7)2=(yx) Z)2=(yx?)

0 C* 72 0 - Z2=xY 0
0 1 2 3 4

where the second differential is defined by the assignment d»(yx*) = Sq' (x¥*?)
with the class x? classifying the extension. We conclude that the only weak Morita
equivalence that appears, which does not come from an automorphism of a group, is

Vect(Z /4, 0) ~ Vect((Z/2)?, x*y?).

Therefore we see that there are exactly seven weak Morita equivalence classes
of pointed fusion categories of global dimension 4, namely the three for Z/4:

Vect(Z/4, u?), Vect(Z/4,2u?), Vect(Z/4,3u>);
the three for (Z/2)?:
Vect((Z/2)%,0), Vect((Z/2)*, x%), Vect((Z/2)?, x* + y* + x%y?);
and the one that we have just constructed
Vect(Z /4, 0) ~u Vect((Z/2)?, x*y?).

4B. Nontrivial action of Z/2 on Z/4. Consider the nontrivial action of Z/2 on
Z /4 and the abelian extension 1 — Z/4 — G — Z/2 — 1. The group G is either
the dihedral group Dg in the case that the extension is a split extension or the
quaternion group Qs in the case that the extension is a nonsplit extension.
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In the case of Dg the relevant elements of the second page of the LHS spectral
sequence associated to the extension are

3| z/4=(a)

2 0 0

1 7/2 Z/2=1(e) Z/2=(b)

0 C* z/2 0 Z/2={(c) O
0 1 2 3 4

and they all survive to the page at infinity. Since H3(Dg, C*) =Z/4®Z/2® 7 /2
we may say that H3(Dg, C*) = (a) @ (b) @ (c¢), and since Dg = 7/4 x 7 /2 we
have that F = 0. The element b € H?>(Z/2, Z/4) defines the nontrivial extension
Qs =7/2%xp,Z/4.

The second page of the LHS spectral sequence of the extension Qg =7/2x,Z /4
becomes

3| z/4=(e)

2 0 0

1 72 Z/2=1(e)  Z/2= (4a)

0 c* z/2 0 - Z2=(c) O
0 1 2 3 4

where d; : Eé’l = E;’O is an isomorphism and H3(Q3,C*) = () = Z/8.
Therefore for these extensions we only have the weak Morita equivalences

Vect(Dg, b) >~ Vect(Qg, 0) >~ Vect(Dg, b @ ¢),

where the equivalence of the right is obtained from the fact that ¢ does not survive
the spectral sequence for the group Qg, and the self-Morita equivalence

Vect(Qs, 4a) >~y Vect(Qg, 4a).

4C. Extension of 7/2 x Z[2 by Z /2. Consider the nonabelian extensions of the
form

15 7/2—G—7/2x7)2— 1,

namely Dg and Qg.
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The second page of the LHS spectral sequence for these extensions becomes

3 |z
2 0 0
1 7/2 (Z)2)? (Z/2)3

0 C* (Z)2)? 72 Z/)2)3 (Z/2)?

0 1 2 3 4

and we need only to concentrate on the differentials d; : Eé’ 1 Eé’ 29 petween
the first two rows since we know that Eg’3 = Z/2 survives the spectral sequence in
all the groups.

First we will determine the differential c_lg in the LHS spectral sequence for
coefficients in the field of two elements F5. In this case

E,ZH*(Z)2x 7/2,F) ®, H (Z/2, Fy) Z Falx, y, el,

and c_lg e € H*(Z/2 x Z/2, F,) represents the class that defines the extension G. It
is known that the class x* + xy + y? defines Qg [Adem and Milgram 1994, Lemma
2.10], the classes x2 + xy, xy + y2, xy define Dg (p. 130 of the same book) and
the classes x2, y%, x>+ y? define Z/2 x Z /4.

Second we use the fact that for the group (Z/2)? we have the isomorphism

HI((Z/2),2) Zker(Sq' : H (/2. Z/2) — H'T'(Z/2)%, 2/2)).
where Sq' is the first Steenrod square. This implies that the canonical map
H/((Z/2)°.2/2) — H'((Z/2)*, €
can be seen as the map
HI((Z/2)*,72/2)) S, ker(Sq' : H/T'((2/2)?,2/2) —
HIT2(2/2%,2/2) = HT (2/2°, 2) = H (2/2)°, ©).
Therefore the second differential
dy  HP72((Z/2)*,72/2) — HP((Z/2)*, C*)
is isomorphic to the composite map

df : HP™2((2/2)*,7)2) —> ker(Sq' : HPY'((2/2)*,7/2) —
HP2((2/2)%,2/2) = HP T (Z/2)*, 7) = H? ((Z/2)?, C*)

taking z to Sq'(z U c_lge).
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Without loss of generality we may choose c_lzG e = xy + x? for calculating the
LHS spectral sequence for Dg. Applying the differential d2G to the elements 1, x,
y, x2, xy, y*> we obtain that the surviving terms in the infinite page of the LHS
spectral sequence for Dg become

3 | z)2
2 0 0

1 0 Z/2=(e(y)) Z/2=(e(xy+x?)

* 2__ 2_<x49x2y27 y4>
0 | C @2P=t20Y 0 @/=
0 1 2 3 4

Here we are abusing the notation and we are using the explicit base of H*((Z/2)?, Z)
to denote the elements in H3((Z/2)?, C*). Since E§’1 = (e(xy + x?)), the weak
Morita equivalences that we obtain in the extension are

Vect(Dg, 0) ~y Vect((Z/2)?, Sq' (e(xy + x2))),
Vect(Dg, x*) ~p Vect((Z/2)?, Sq' (e(xy + x2)) + x4,
Vect(Dg, y*) ~u Vect((Z/2)*, 8q' (e(xy +x7)) +y*),

and the self-equivalence
Vect(Dg, e(xy + x2) =~ Vect(Dg, e(xy + x?).

The surviving terms for Qg with c_lzGe =x2 4+ xy+y? are

3 |z

2 | o 0

1] 0 0 7/2=(e(x*+xy+y?)

0 | C° (Z/2)*=(x*y?) 0 Z/2=(x*y*) 0
0 1 2 3 4

with EQ3 =7/2 = (&), (x® +xy+y?) = (2a) and (x*y?) = (4a), where « is a
generator (o) = H>(Qg, C*) that was defined in section Section 4B.
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Hence the only Morita equivalences that we obtain are

Vect(Qg, 0) >~ Vect((Z/Z)S, Sql(e()c2 +xy+ yz)))
Vect(Qs, 4a) ~ Vect((Z/2)3, Sq' (e(x + xy + y%)) 4+ x2y?)

and the self-Morita equivalences
Vect(Qg, 2a) >~y Vect(Qg, 2a) and  Vect(Qg, 6a) >~y Vect(Qg, 6).

Bundling up the previous results for the group Qg we obtain the following result:

Proposition 4.1. Let us suppose that Vect(Qs, ka) is weakly Morita equivalent to
Vect(G, n). Then:

o For k odd or k = 2,6, the group G must be isomorphic to Qg and n must
correspond to jo with j odd or j =2, 6.

o For k =4, G must be isomorphic to Qg or (Z/2)3.
e For k =0, G must be isomorphic to Qg, Dg or (Z/2)*

Proof. First note the action of Aut(Qg) on H>(Qg, C*) is trivial. Second note the
only normal subgroups of Qg are its center and the cyclic ones generated by roots of
unity and that they all fit into the central extension 1 — Z/2 — Qg — (Z/2)* — 1
or the nonsplit extension 1 — Z/4 — Qg — Z/2 — 1 that we have studied before.
Since any weak Morita equivalence between pointed fusion categories comes from
a normal and abelian subgroup of Qsg, the classification that we have done before
exhausts all possibilities. For k£ odd we know that ka survives to the restriction to
the center and to the cyclic subgroups isomorphic to Z/4 and therefore G can only
be Qg. The classes 2« and 6« trivialize on the center of Qg but these classes define
extensions of (Z/2)% by Z/2 which are isomorphic to Qg and define cohomology
classes which are precisely 2« and 6«. The class 4« trivializes in all normal and
abelian subgroups; in the case of the subgroup Z/4 the only group that may appear
is Qg, and in the case of the center we may obtain the weak Morita equivalence

Vect(Qs, 4a) =~ Vect((Z/2)?,  Sq'(e(x? +xy +y?)) +x%y?).

Finally, the trivial class produces only the group Dsg in the case of the subgroup
7/4 and (Z/2)? in the case of the center; some weak Morita equivalences are

Vect(Qsg, 0) ~ Vect((Z/2)*,  Sq'(e(x?+xy +y*))) >~ Vect(Dg, b). [
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