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Abstract We study the algebraic property of the representation of the
mapping class group of a closed oriented surface of genus 2 constructed by
V F R Jones [9]. It arises from the Iwahori–Hecke algebra representations
of Artin’s braid group of 6 strings, and is defined over integral Laurent
polynomials Z[t, t−1 ]. We substitute the parameter t with −eh , and then
expand the powers eh in their Taylor series. This expansion naturally
induces a filtration on the Torelli group which is coarser than its lower
central series. We present some results on the structure of the associated
graded quotients, which include that the second Johnson homomorphism
factors through the representation. As an application, we also discuss the
relation with the Casson invariant of homology 3–spheres.
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1

Introduction

Let Σ2 be a closed oriented surface of genus 2, and let M2 be its mapping class
group. In [9], V F R Jones constructed a finite dimensional linear representation
of M2 . We call this the Jones representation of genus 2, and denote it by ρ
(see section 2.3 for the precise definition). The Jones representation ρ is defined
over integral Laurent polynomials Z[t, t−1 ]. The construction of ρ is based on
the Iwahori–Hecke algebra representations of Artin’s braid group of 6 strings as
well as the Birman–Hilden presentation of M2 . The representation ρ has been
given attention as a candidate for the faithful linear representation of M2 ([3]).
However, it seems that there are few results concerning ρ, with exceptions of a
work of Humphries [8] and the author’s previous result [10], both of which deal
with specializations at roots of unity.
Let I2 denote the Torelli group of genus 2. It is defined as the kernel of
the classical symplectic representation M2 → Sp(4, Z) which is induced by
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the natural action of M2 on the first integral homology group H1 (Σ2 ; Z) of
Σ2 . Here, Sp(4, Z) denotes the Siegel modular group. In view of the explicit
computation of ρ given by Jones, it is easy to see that there are several special
values of t at which ρ becomes trivial on I2 . Such specializations include
t = ±1. It is natural to consider perturbations of t at such special values to
extract any information of I2 in ρ.
In this paper, we consider the perturbation at t = −1. More precisely, let ϕ
be the expansion of ρ obtained by setting t = −eh and then expanding the
powers eh in their Taylor series. We then introduce a descending filtration of
the Torelli group I2 by using ϕ, and present some results on the associated
graded quotients. Our results should be considered as new properties of ρ. Our
approach is based on Jones’ explicit computation mentioned above.
Now we state our main results. We set
Fk = I2 ∩ {f ∈ M2 ; ϕ(f ) ≡ identity modulo terms of degrees higher than k }.
It will turn out that F1 coincides with I2 so that we have a filtration
I2 = F1 ⊃ F2 ⊃ · · · ⊃ Fk ⊃ · · · .
A general result by Lazard in [11] can be used to deduce that (a) for each k ≥ 1,
the graded quotient Gk F = Fk /Fk+1 is a free Z–module of finite rank; (b) the
filtration {Fk } is central so that the associated graded sum GF = ⊕k≥1 Gk F
naturally forms a graded Lie algebra over Z. Furthermore, it turns out that
Gk FQ = Gk F ⊗ Q has a natural structure of a rational Sp(4, Q)–module where
Sp denotes the symplectic group. This enables us to use classical symplectic
representation theory to study the structure of GF .
Let Γa,b denote the irreducible rational representation of Sp(4, Q) with highest
weight aL1 + b(L1 + L2 ) (cf section 4.1). We understand that the same symbol
also denotes the representation space over Q in the obvious manner. Our first
result is:
Theorem 1.1 Let k = 1. Then the following isomorphism of Sp(4, Q)–
modules holds:
G1 FQ = I2 /F2 ⊗ Q = Γ0,2
The appearance of the module Γ0,2 is suggestive since it also appears as the
image of the second Johnson homomorphism τ2 (2) which is defined on I2 (see
[16] as well as for the definition). In fact, we can show:
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Corollary 1.2 The kernel of the second Johnson homomorphism τ2 (2) coincides with F2 . In particular, τ2 (2) factors through the Jones representation
ρ.
Recall that Morita [13] has described the Casson invariant of homology 3–
spheres in terms of mapping class groups of surfaces. In particular, he has
related the second Johnson homomorphism with the Casson invariant. In view
of this, Corollary 1.2 raises a problem whether the Jones representation ρ contains the full information of the Casson invariant in the case of genus 2. This
problem will be reduced to the detection of a certain homomorphism of I2
which arises from Morita’s theory of secondary characteristic classes of surface
bundles [15], [16]. We will discuss this later in section 6.
As for the module Gk FQ for general k , we have the following.
Theorem 1.3 For each k ≥ 2, the following holds:
(1) If k is even, then Gk FQ ⊃ Γ2,0 .
(2) If k is odd, then Gk FQ ⊃ Γ0,2 .
Our expansion t = −eh was motivated by the fact that a similar expansion
decomposes the Jones polynomial of links, which can be also defined by the
Iwahori–Hecke algebra representations of braid groups, into a series of Vassiliev
invariants (see [2], [6], [4]). The reader may consider that an expansion t = eh
would be more natural. In this case, however, the graded quotients associated
with the induced filtration have structures of Sp(4, Z/2Z)–modules, rather than
Sp(4, Q)–modules. Thus the induced filtration does not seem to fit the context
of the Torelli group. This phenomenon is due to the well known fact that the
Iwahori–Hecke algebras (of type A) serve as deformations of group algebras of
symmetric groups. We would like to study this aspect in detail elsewhere.
The organization of the present paper is as follows. In section 2, we recall some
basic material concerned with the Jones representation ρ. We also determine
the specialization of ρ at t = −1, which will be the degree 0 part of the expanded representation ϕ. In section 3, we describe the filtration {Fk } in a more
convenient manner and establish its basic properties. In particular, we will see
that each graded quotient Gk F is naturally embedded into an Sp(4, Z)–module
which will be denoted by Gk R. In section 4, we show that Gk R is actually
a rational Sp(4, Q)–module, and then we apply the symplectic representation
theory to decompose Gk R into weight spaces. In section 5, we complete the
proofs of our main results. Finally in section 6, we discuss a possible relation
with the Casson invariant.
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Preliminaries
Jones’ construction

We start with recalling the general construction by Jones concerning ρ. We
refer to [9] for further details. Let Σg be a closed oriented surface of genus
g and let Mg be its mapping class group. The hyperelliptic mapping class
group Hg is defined as the subgroup of Mg consisting of those elements which
commute with the class of a fixed hyperelliptic involution. For i = 1, 2, . . . ,
(2g + 1), let ζi be the Dehn twist along the simple closed curve Ci on Σg
depicted in Figure 1. Under an obvious choice of the hyperelliptic involution,

Figure 1

each ζi lies in Hg . According to the presentation of Hg due to Birman and
Hilden [5], Hg is generated by ζ1 , ζ2 , . . . , ζ2g+1 , and these generators satisfy
the defining relations of B2g+2 , Artin’s braid group of (2g + 2) strings. We
thus have a natural projection p : B2g+2 → Hg . Recall that the irreducible
representations of B2g+2 which arise from the Iwahori–Hecke algebra of type
A2g+1 are in one-to-one correspondence with the Young diagrams of (2g + 2)
boxes [9]. Jones considered which of such representations of B2g+2 can yield
a representation of Hg via p. Let Y be a Young diagram of (2g + 2) boxes,
and let πY denote the corresponding representation of B2g+2 . Jones proved
that πY defines, via p, a projective linear representation of Hg if and only if
Y is rectangular. Furthermore, he proved that every projective representation
of Hg so obtained lifts to an actual linear representation of Hg by determining
the correcting scalar factor explicitly. Let us call this type of representation the
Jones representation of genus g . For example the 1×(2g+2) rectangular Young
diagram gives the one dimensional trivial representation, and the (2g + 2) × 1
one gives a one dimensional representation given by the correspondence ζi 7→
(−1) · identity. For later use, we denote the latter representation by sgn. We
will also denote suitable scalar extensions of sgn by the same symbol.
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2.2

The column-row symmetry

For a Young diagram Y with (2g + 2) boxes, let Y 0 denote the Young diagram
obtained by interchanging rows and columns in Y . There exists an algebra
involution on the Iwahori–Hecke algebra of type A2g+1 which describes the
transition from each Y to Y 0 at the representation level (see [9, Note 4.6]).
We can combine this involution with Jones’ construction above to obtain the
relation between the two Jones representations corresponding to rectangular
Young diagrams Y and Y 0 , denoted by ρY and ρY 0 , respectively:
ρY 0 (ζi ) = −ρY (ζi−1 )
for i = 1, . . . , (2g + 1). Note that the correspondence ζi 7→ ζi−1 defines an automorphism ι of Hg , which can be realized by the conjugation by an orientation
reversing involution on Σg . Thus we have an equality of representations:
ρY 0 = (ρY ◦ ι) ⊗ sgn

(2.1)

for every rectangular Young diagram Y with (2g + 2) boxes.

2.3

The genus 2 case

In general, Hg is a proper subgroup of Mg and it is not obvious whether Jones
representations of genus g extend to Mg or not. However, in the case of g = 2,
it is classically known that H2 = M2 so that all the Jones representations of
genus 2 are defined on M2 for a trivial reason. Furthermore, in view of (2.1),
the non-trivial Jones representation of genus 2 is essentially unique. This unique
representation, which corresponds to the 3 × 2 rectangular Young diagram, is
the main object of this paper, and is denoted by ρ.
As was mentioned above, M2 is generated by ζ1 , . . . , ζ5 . Jones has explicitly computed the images of these generators under ρ, which can be taken
as the definition of ρ. Instead of ζi ’s, we use another set of generators of
M2 which is more convenient for our computation. Let us take an element
ξ = ζ1 ζ2 · · · ζ5 ∈ M2 which is a periodic automorphism of order 6. It is easy
to see that ζi+1 = ξζi ξ −1 for i = 1, 2, . . . , 4. Thus we can choose ζ1 and
ξ to be generators of M2 . Now, due to the computation by Jones, the Jones
representation ρ : M2 → GL(5, Z[t, t−1 ]) can be defined by the following:


0
0
0
t3
−1/t2
 0
−1/t2 1/t2
0
0


3

ρ(ζ1 ) =  0
0
t
0
0
,
 0
0
1/t2 −1/t2 0 
0
0
0
0
t3
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0
0

ρ(ξ) = 
1
0
0

0
0
0
1
0

1
0
0
0
0

0
0
0
0
1


0
1

0
.
0
0

Here our parameter t corresponds to the formal power q 1/5 in [9].
Recall that the Torelli group of genus 2, denoted by I2 , is the kernel of the
symplectic representation M2 → Sp(4, Z). Due to Powell [17], I2 is the normal
closure in M2 of the single Dehn twist ψ0 along the separating simple closed
curve C0 on Σ2 depicted in Figure 2. The image of ψ0 under ρ has also been

Figure 2

computed by Jones. In our notation,
ρ(ψ0 ) = ρ(ζ1 ζ2 ζ1 )4 = t6 · Id


0
0
0
0
0
 0

0
0
0
0

t15 + 1 


+
·
0
0
0
0
0


t24
t10 − 1 −t10 + t5 t10 − 1 −t15 + 1 −t10 + t5 
0
0
0
0
0

(2.2)

where Id denotes the identity matrix. In particular, this shows that ρ does not
factor through the symplectic representation. On the other hand, it is easy to
see that there exist several special values of ρ at which ρ becomes trivial on
I2 . Such special values include t = ±1.
We now determine the specialization of ρ at t = −1. This will play a fundamental role in our investigation as the degree 0 part of our expansion of ρ.
Let H denote the first integral homology group H1 (Σ2 ; Z) of Σ2 , and let Λ2 H
denote the second exterior product of H . The symplectic class ω ∈ Λ2 H is
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defined as x1 ∧ y1 + x2 ∧ y2 for any symplectic basis xi , yi (i = 1, 2) of H with
respect to the algebraic intersection pairing.
Lemma 2.1 The specialization of ρ at t = −1 descends to a linear representation of Sp(4, Z) via the symplectic representation. Furthermore, this specialization is equivalent to (Λ2 H/ω · Z) ⊗ sgn.
For later use, we fix a symplectic basis of H and a basis of Λ2 H/ω · Z. Let
x1 , x2 , y1 , y2 be the symplectic basis of H depicted in Figure 2. We choose a
basis {ti ; i = 1, . . . , 5} of Λ2 H/ω · Z as follows:
t1 = [x1 ∧ x2 ],

t2 = [y1 ∧ y2 ],

t4 = [x1 ∧ y2 ],

t5 = [x2 ∧ y1 ]

t3 = [x1 ∧ y1 ],

(2.3)

where [ ] denotes the corresponding class in Λ2 H/ωZ.
Proof of Lemma 2.1 As was mentioned above, the former part of the lemma
is a direct consequence of (2.2). For the latter part, let P denote the specialization of ρ obtained by putting t = −1. Note that P is defined over Z so
that its representation space is Z5 . Let Z and X denote the matrix form of
the action of ζ1 and ξ , respectively, on Λ2 H/ωZ with respect to the basis {ti }
above. Then the assertion follows from the existence of F ∈ GL(5, Z) such
that P (ζ1 )F = −F Z and P (ξ)F = −F X . A direct calculation shows that the
following matrix gives a solution:


0 −1 0 0 0
0 0 0 0 −1



F =
(2.4)
1 0 0 0 0 
0 0 1 1 −1
0 0 0 1 0

3
3.1

The filtration {Fk }
The description of Fk

As in Introduction, we obtain the representation
ϕ : M2 → R×
from ρ by putting t = −eh and then expanding the powers eh in their Taylor
series. Here R denotes the algebra M (5, Q[[h]]) of 5 × 5 matrices over rational
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formal power series in a variable h, and × denotes the group of invertible
elements of an algebra. Hereafter, the identity of an algebra will be denoted by
1.
For k ≥ 0, let R[k] be the principal ideal of R generated by hk · 1. The ideal
R[k] consists of those elements in R the minimal degrees of whose terms are at
least k . Thus we have a filtration of R:
R = R[0] ⊃ R[1] ⊃ R[2] ⊃ · · ·
Note that R[k] · R[l] = R[k + l]. Let Gk R be the graded quotient R[k]/R[k + 1]
and let GR = ⊕k≥0 Gk R be the associated graded algebra. The standard bracket
[X, Y ] = XY − Y X in R induces a structure of a graded Lie algebra over Q
on GR.
Let ϕ(k) : M2 → (R/R[k + 1])× be the composition of ϕ with the natural
projection R× → (R/R[k + 1])× . Now the filtration {Fk } can be described as
Fk = I2 ∩ Ker ϕ(k−1) for k ≥ 1. Obviously, ϕ(0) is equivalent to the specialization of ρ at t = −1. Thus we have F1 = I2 by Lemma 2.1. As before, we
write Gk F for Fk /Fk+1 , and GF for ⊕k≥1 Gk F .

3.2

The graded Lie algebra GF

We define a mapping δ : I2 → R by δ(ψ) = ϕ(ψ) − 1. It is obvious that
δ(Fk ) ⊂ R[k]. For each k ≥ 1, let δk be the composition of δ restricted to
Fk with the obvious projection R[k] → Gk R. The following proposition can be
deduced from a general result of Lazard [11] (see also [12]).
Proposition 3.1 Each δk induces an embedding of the module Gk F into Gk R.
Furthermore, the commutator operation [x, y] = xyx−1 y −1 induces a structure
of a graded Lie algebra on GF , and ⊕δk gives an embedding of a graded Lie
algebra GF → GR.
Remark 3.2 The quotient module Gk R has a natural structure of a finite
dimensional vector space over Q. Thus the proposition implies that each Gk F
is a free abelian group of finite rank.
We give a direct proof of Proposition 3.1 for completeness.
Lemma 3.3 For k ≥ 1, the mapping δk : Fk → Gk R = R[k]/R[k + 1] is a
group homomorphism.
Algebraic & Geometric Topology, Volume 1 (2001)

47

The Jones representation

Proof If ψ1 , ψ2 ∈ Fk , then we have δ(ψ1 )δ(ψ2 ) ∈ R[2k] ⊂ R[k + 1]. Thus the
lemma follows immediately from the following equality:
δ(ψ1 ψ2 ) = δ(ψ1 ) + δ(ψ2 ) + δ(ψ1 )δ(ψ2 ).
Clearly Ker δk = Fk+1 . Thus δk gives an embedding of a group
Gk F → Gk R,
which will be denoted by the same symbol δk .
Now let Gδ denote ⊕k≥1 δk : GF → GR. To prove the latter part of the proposition, we have to see that Im Gδ is a Lie subalgebra of GR, and that the Lie
bracket on GF induced by Gδ corresponds to the commutator in I2 . These
follow from the next lemma.
Lemma 3.4 Let x ∈ Fk and y ∈ Fl . Then [x, y] ∈ Fk+l , and the following
equality holds:
δk+l ([x, y]) = δk (x)δl (y) − δl (y)δk (x)
Proof A direct computation implies the following equality in R:
δ([x, y]) = (δ(x)δ(y) − δ(y)δ(x))ϕ(x−1 y −1 )

(3.1)

This implies immediately that [x, y] ∈ Fk+l . Furthermore, in view of the fact
that ϕ(0) , the degree 0 part of ϕ, is trivial on I2 (Lemma 2.1), we obtain the
required equality by taking (3.1) modulo Fk+l+1 .
This completes the proof of Proposition 3.1.

3.3

Sp(4, Z)–actions

For each k , Gk F naturally has a structure of an Sp(4, Z)–module in the following manner. The Torelli group I2 = F1 is acted on by M2 via conjugation.
The filtration {Fk } is preserved by this action of M2 so that Gk F is an M2 –
module. Since [I2 , Fk ] ⊂ Fk+1 by Lemma 3.4, the action of I2 on Gk F is
trivial. Hence the above action of M2 descends to that of Sp(4, Z).
Next we consider the natural action of Sp(4, Z) on Gk R for each k ≥ 0. Recall
that ϕ(k) denotes the composition of the expanded Jones representation ϕ with
the projection R× → (R/R[k+1])× . For each ζ ∈ M2 , the correspondence x 7→
ζ∗ x = ϕ(k) (ζ)xϕ(k) (ζ −1 ) induces a structure of an M2 –module on R/R[k + 1].
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Thus Gk R ⊂ R/R[k + 1] is an M2 –submodule. It is easy to see that the
following formula holds
ζ∗ x = ϕ(0) (ζ) · x · ϕ(0) (ζ −1 )

(3.2)

for ζ ∈ M2 and x ∈ Gk R. Here the multiplication in the right hand side is
meant by the one in the graded algebra GR. Now the triviality of ϕ(0) on I2
(Lemma 2.1) implies that the action of M2 on Gk R factors through Sp(4, Z).
Proposition 3.5 The embedding of Lie algebra Gδ : GF → GR is Sp(4, Z)–
equivariant.
Proof It suffices to show that δk (ζψζ −1 ) = ζ∗ δk (ψ) for ζ ∈ M2 , ψ ∈ Fk . By
definition, we have δ(ζψζ −1 ) = ϕ(ζ)δ(ψ)ϕ(ζ −1 ). Thus taking the mod R[k + 1]
classes, we have δk (ζψζ −1 ) = ϕ(0) (ζ) · δk (ψ) · ϕ(0) (ζ −1 ) as elements of GR. In
view of (3.2), this is nothing but ζ∗ δk (ψ).

4
4.1

The structure of Gk R
Irreducible representations of Sp(4, Q)

Now we recall the description of irreducible representations of the algebraic
group Sp(4, Q). We follow the book of Fulton and Harris [7]. Let sp(4, C) be
the Lie algebra of the symplectic Lie group Sp(4, C), and let h be its Cartan
subalgebra consisting of diagonal matrices. Choose a system of fundamental
weights L1 and L2 : h → C as in [7]. Then for each pair (a, b) of non-negative
integers, there exists a unique irreducible representation of Sp(4, C) with highest weight aL1 + b(L1 + L2 ). We denote this representation by Γa,b following
[7]. These are all rational representations defined over Q so that we can consider them as irreducible representations of Sp(4, Q). We will understand that
the same notation Γa,b also denotes the representation space over Q of the
corresponding representation in the obvious manner. For example the trivial
representation Q = Γ0,0 , HQ = H1 (Σ2 ; Q) = Γ1,0 and Λ2 HQ /ωQ = Γ0,1 where
ω denotes the symplectic class.

4.2

The action of Sp(4, Q) on Gk R

For an Sp(4, Z)–module V , let VQ denote V ⊗ Q. In view of (3.2), it is easy to
see that the Sp(4, Z)–module Gk R is isomorphic to (ϕ(0) ⊗ (ϕ(0) )∗ )Q where ∗
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denotes the dual of a representation. By Lemma 2.1, we have ϕQ = Γ0,1 ⊗ sgn,
which is only an Sp(4, Z)–module. However, the triviality of sgn ⊗ sgn∗ =
sgn ⊗ sgn implies that
(ϕ(0) ⊗ (ϕ(0) )∗ )Q = Γ0,1 ⊗ Γ∗0,1 = Γ0,1 ⊗ Γ0,1
so that Gk R can be naturally considered as an Sp(4, Q)–module. Here we have
used the self-duality for general symplectic modules to deduce the last equality.
Furthermore, the decomposition of Γ0,1 ⊗ Γ0,1 into irreducible modules is well
known (eg [7, section 16.2]), which implies the equality
Gk R = Γ0,2 ⊕ Γ2,0 ⊕ Γ0,0 .

4.3

(4.1)

Weight spaces of Gk R

Now we explicitly describe the decomposition of Gk R = Γ0,1 ⊗ Γ∗0,1 into weight
spaces and determine the submodule Γ0,2 in terms of weight spaces. Recall
that we have fixed the basis {ti ; i = 1, . . . , 5} of Λ2 H/ωZ in (2.3). The {ti }
also serves as a basis of Γ0,1 = (Λ2 H/ωZ) ⊗ Q in the obvious manner. All
the members ti ’s are weight vectors in Γ0,1 and the corresponding weights are:
(L1 + L2 ), −(L1 + L2 ), 0, (L1 − L2 ) and (−L1 + L2 ) for i = 1, . . . , 5,
respectively. These can be deduced from the description of the weight spaces
for the fundamental representation HQ = H1 (Σ2 ; Q).
Now let {t∗i } denote the dual basis of {ti }, and let ei,j denote ti ⊗t∗j ∈ Γ0,1 ⊗Γ∗0,1 .
Then {ei,j } forms a basis of Γ0,1 ⊗Γ∗0,1 . Furthermore, each ei,j is a weight vector
and its weight is given by the weight of ti minus that of tj . Consequently, we
can obtain the decomposition of Γ0,1 ⊗ Γ∗0,1 into weight spaces as given by Table
1. Each row of Table 1 consists of a weight appearing in Γ0,1 ⊗ Γ∗0,1 and a basis
for the corresponding weight space. The identification of Γ0,1 ⊗Γ∗0,1 = End (Γ0,1 )
with Gk R is given as follows. Let Ei,j ∈ M (5, Q) denote the matrix form of
ei,j ∈ End (Γ0,1 ) with respect to the basis {ti }. As was observed in the proof of
Lemma 2.1, Γ0,1 is identified with ϕ(0) ⊗ sgn via the matrix F given by (2.4).
Then the desired identification is given by the correspondence
ei,j 7→ hk F Ei,j F −1

mod R[k + 1].

(4.2)

Next we describe the weight spaces of Γ0,2 . Note that Γ0,2 is the highest weight
submodule of Γ0,1 ⊗Γ∗0,1 . Recall from the general representation theory that the
highest weight submodule is generated by the images of a highest weight vector,
which are also weight vectors, under successive applications of the negative root
spaces of the Lie algebra. Due to this fact, we can obtain the weight spaces of
Γ0,2 starting with a highest weight vector e1,2 . The result is given by Table 2.
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Table 1: The weight spaces of Γ0,1 ⊗ Γ∗0,1
Weight
2(L1 + L2 )
L1 + L2
2L1
2L2
2(L1 − L2 )
L1 − L2
0
−L1 + L2
2(−L1 + L2 )
−2L2
−2L1
−(L1 + L2 )
−2(L1 + L2 )

A basis for the weight space
{e1,2 }
{e1,3 , e3,2 }
{e1,5 , e4,2 }
{e1,4 , e5,2 }
{e4,5 }
{e3,5 , e4,3 }
{ei,i ; i = 1, . . . , 5}
{e3,4 , e5,3 }
{e5,4 }
{e2,5 , e4,1 }
{e2,4 , e5,1 }
{e2,3 , e3,1 }
{e2,1 }

Table 2: The weight spaces of Γ0,2
Weight
2(L1 + L2 )
L1 + L2
2L1
2L2
2(L1 − L2 )
L1 − L2
0
L 2 − L1
2(L2 − L1 )
−2L2
−2L1
−(L1 + L2 )
−2(L1 + L2 )

5

A basis for the weight space
{e1,2 }
{e1,3 + 2e3,2 }
{e1,5 + e4,2 }
{e1,4 + e5,2 }
{e4,5 }
{e4,3 + 2e3,5 }
{(e1,1 + e2,2 ) − (e4,4 + e5,5 ), 2e3,3 − (e1,1 + e2,2 )}
{2e3,4 + e5,3 }
{e5,4 }
{e2,5 + e4,1 }
{e2,4 + e5,1 }
{e2,3 + 2e3,1 }
{e2,1 }

Proofs of Theorems

First of all, by virtue of the following general proposition, the action of Sp(4, Z)
on Gk F described in section 3.3 can be extended to an action of Sp(4, Q) on
Gk FQ = Gk F ⊗ Q so that Gδ ⊗ Q is an Sp(4, Q)–equivariant homomorphism
between graded Lie algebras over Q.
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Proposition 5.1 (Asada–Nakamura [1, (2.2.8)]) Let g ≥ 1. If L is a Z–
submodule of a rational finite dimensional Sp(2g, Q)–module V which is stable
under the action of Sp(2g, Z), then L ⊗ Q ⊂ V is also stable under the action
of Sp(2g, Q).

5.1

Proof of Theorem 1.1

In view of (4.1), it suffices to show that δ1 (F1 )Q = Γ0,2 ⊂ G1 R. As was
explained in section 2.3, F1 = I2 is the normal closure of ψ0 , the Dehn twist
along the separating simple closed curve C0 . Thus δ1 (F1 ) is the minimal Z–
submodule of G1 R which contains δ1 (ψ0 ) and is invariant under the action of
Sp(4, Z). A direct computation shows that


6h 0
0
0 0
 0 6h
0
0 0


−1

δ1 (ψ0 ) ≡ F ·  0 0 −24h 0 0 
mod R[2]
·F
0 0
0
6h 0 
0 0
0
0 6h
where the matrix F is the one given in (2.4). This corresponds, under the
identification (4.2), to
−12(2e3,3 − (e1,1 + e2,2 )) − 6((e1,1 + e2,2 ) − (e4,4 + e5,5 )) ∈ Γ0,1 ⊗ Γ∗0,1 .
In view of Table 2, this is a weight vector of Γ0,2 ⊂ Γ0,1 ⊗ Γ∗0,1 with weight 0.
Thus we have δ1 (F1 ) ⊂ Γ0,2 . Now we can apply Proposition 5.1 to conclude
that δ1 (F1 )Q = Γ0,2 .

5.2

Proof of Corollary 1.2

We freely use the notation of [16, section 5] for Johnson homomorphisms. To
prove Corollary 1.2, we have only to prove that there exists an Sp(4, Q)–
equivariant isomorphism f : δ1 (I2 )Q → τ2 (2)(I2 )Q = τ2 (2)(I2 ) ⊗ Q such that
f ◦ δ1 (ψ0 ) = τ2 (2)(ψ0 ).

(5.1)

As mentioned in Introduction, it is well known that τ2 (2)(I2 )Q is isomorphic
to Γ0,2 , and hence there exists an essentially unique Sp(4, Q)–isomorphism
between δ1 (I2 )Q and τ2 (2)(I2 )Q . However, the existence of f satisfying the
condition (5.1) does not follow from this fact directly. We need an analysis of
the images of ψ0 under both δ1 and τ2 (2) in terms of highest weight vectors.
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Recall that δ1 (I2 )Q is generated by the images of its highest weight vector under
the action of the universal enveloping algebra U of sp(4, Q). Thus δ1 (ψ0 ) can
be expressed as Z · e1,2 for some fixed element Z ∈ U .
On the other hand, an explicit computation of τg,1 (2), a relative version of τg (2),
has been given by Morita [13]. We can combine this result with the relationship
between τg,1 (2) and τg (2) explained in [16] to obtain the description of τg (2).
More precisely, we can describe (a) the decomposition of τ2 (2)(I2 )Q into weight
spaces together with the action of sp(4, Q); (b) an expression of τ2 (2)(ψ0 ) in
terms of weight vectors. As a result, we can choose a highest weight vector
v0 of τ2 (2)(I2 )Q such that τ2 (2)(ψ0 ) = Z · v0 . If we take f to be the unique
Sp(4, Q)–equivariant isomorphism which sends e1,2 to v0 , then it satisfies the
condition (5.1). This completes the proof of Corollary 1.2.

5.3

Proof of Theorem 1.3

We show that the desired submodules come from the lower central series of the
Torelli group {I[k]} where I[1] = I2 and I[k+1] is defined recursively by I[k+
1] = [I2 , I[k] ] for k ≥ 1. More precisely, let GDQ denote the Lie subalgebra
of GFQ generated by G1 FQ . We write Gk DQ for its homogeneous component
of degree k so that we have G1 DQ = G1 FQ and Gk+1 DQ = [G1 DQ , Gk DQ ] ⊂
Gk+1 FQ for k ≥ 1. It is obvious that Gk DQ = δk (I[k]/I[k + 1]) ⊗ Q. We assert
that
(
Γ2,0 for k even
Gk DQ =
Γ0,2 for k odd
as a submodule of End (Γ0,1 ) under the identification of (4.2). Under the same
identification, the Lie bracket [ , ] : Gk R ⊗ Gl R → Gk+l R corresponds to the
standard Lie bracket in End (Γ0,1 ) given by [A, B] = AB − BA. Since we have
already seen that G1 DQ = Γ0,2 , the assertion above follows from the next two
equalities in End (Γ0,1 ):
[Γ0,2 , Γ0,2 ] = Γ2,0
[Γ0,2 , Γ2,0 ] = Γ0,2
These equalities can be checked as follows. First we can easily see that the
Lie bracket is Sp(4, Q)–equivariant so that both the left hand sides above are
direct sums of some of Γ0,2 , Γ2,0 and Γ0,0 .
Next, we can use Table 2 to compute the dimensions of weight spaces in
[Γ0,2 , Γ0,2 ] with weights 2(L1 + L2 ), 2L1 and 0, respectively. The results are
0, 1 and 2, respectively. Thus the highest weight of [Γ0,2 , Γ0,2 ] is 2L1 , which
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implies that Γ0,2 6⊂ [Γ0,2 , Γ0,2 ] and Γ2,0 ⊂ [Γ0,2 , Γ0,2 ]. Finally we can see that
Γ0,0 6⊂ [Γ0,2 , Γ0,2 ] by comparing the dimension of the weight space of weight 0
in [Γ0,2 , Γ0,2 ] with that in Γ2,0 (cf [7]). This concludes the first equality.
Now with the assistance of the first equality, we can easily describe the whole
weight spaces of Γ2,0 = [Γ0,2 , Γ0,2 ]. Then the second equality follows from a
similar argument. This completes the proof of Theorem 1.3.

6

The relation with the Casson invariant

In this section, motivated by Corollary 1.2, we discuss a possible relation between the Jones representation ρ and the Casson invariant of homology 3–
spheres, and pose a related problem.
We first recall the description of the Casson invariant, denoted by λ, in terms
of mapping class groups of surfaces by Morita. We refer to [13], [14] for further
details. As before, let Σg be a closed oriented surface of genus g ≥ 2, and let
Mg be its mapping class group. Also, let Kg be the subgroup of Mg generated
by all the Dehn twists along separating simple closed curves on Σg . Given a
homology 3–sphere M together with an embedding f : Σg → M , the Casson
invariant gives rise to a homomorphism λf : Kg → Z. Roughly, λf is defined
by λf (ψ) = λ(Mψ ) − λ(M ) for ψ ∈ Kg where Mψ is the homology 3–sphere
obtained from M by first cutting along f (Σg ) and then regluing by ψ . Furthermore, λf can be decomposed as a sum of two Q–valued homomorphisms:
1
d1 + qf .
24
Here the homomorphism d1 coincides with a secondary invariant which arises
from Morita’s theory of secondary characteristic classes of surface bundles ([13],
[15], [16]). In particular, d1 is independent of the choice of the pair (M, f ),
and is invariant under the conjugation action of Mg on Kg . It is known that
such a Q–valued homomorphism of Kg is unique up to nonzero scalars ([14,
Theorem 5.7]).
λf = −

On the other hand, the homomorphism qf factors through τg (2) and depends
on the choice of (M, f ).
Now we assume that g = 2. Note that K2 = I2 as mentioned before. In view
of Corollary 1.2, we see that qf factors through ρ. Thus we may say that ρ
contains the full information of λ, in the case of g = 2, if and only if ρ contains
the information of d1 .
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Now we set Z = I2 / Ker d1 , and Zσ = σ(I2 )/σ(Ker d1 ) for an arbitrary homomorphism σ of I2 . Note that Z is isomorphic to the infinite cyclic group Z and
Zσ is a quotient of Z . Under these notation, the information of d1 contained
in ρ concentrates on the cyclic group Zρ . On the other hand, we can easily see
that Ker d1 = [M2 , I2 ]. We thus have the following:
Proposition 6.1 The homomorphism d1 factors through the Jones representation ρ if and only if
Zρ = ρ(I2 )/ρ([M2 , I2 ]) ∼
= Z.

(6.1)

At the moment, we do not know whether the equality (6.1) is true or not.
Problem 6.2 Determine the order of the cyclic group Zρ .
Remark 6.3 (1) If the order of Zρ is finite, then it implies that ρ is not
faithful on I2 .
(2) Our previous result [10] implies that the order of Zρ is at least 10.
(3) For any reduction r of ρ, the computation of Zr would be helpful in
estimating the order of Zρ . With such an expectation, we considered the
cases r = ϕ(1) and r = ϕ(2) . As a result, we obtained the isomorphisms
Zϕ(1) = Zτ2 (2) ∼
= Z/10,

Zϕ(2) ∼
= Z/10

by computer calculations.
In view of the above, it remains possible that the order of Zρ is exactly 10.
In any case, it might be interesting to note that Z/10 is isomorphic to the
abelianization of M2 .
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