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The Z–graded symplectic Floer cohomology

of monotone Lagrangian sub–manifolds
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Abstract We define an integer graded symplectic Floer cohomology and a
Fintushel–Stern type spectral sequence which are new invariants for mono-
tone Lagrangian sub–manifolds and exact isotopes. The Z–graded sym-
plectic Floer cohomology is an integral lifting of the usual ZΣ(L)–graded
Floer–Oh cohomology. We prove the Künneth formula for the spectral se-
quence and an ring structure on it. The ring structure on the ZΣ(L)–graded
Floer cohomology is induced from the ring structure of the cohomology
of the Lagrangian sub–manifold via the spectral sequence. Using the Z–
graded symplectic Floer cohomology, we show some intertwining relations
among the Hofer energy eH(L) of the embedded Lagrangian, the minimal
symplectic action σ(L), the minimal Maslov index Σ(L) and the smallest
integer k(L, φ) of the converging spectral sequence of the Lagrangian L .
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1 Introduction

In this paper, we construct a Z–graded symplectic Floer cohomology of mono-
tone Lagrangian sub-manifolds by a completely algebraic topology method.
This is a local symplectic invariant in terms of symplectic diffeomorphisms.
We show that there exists a spectral sequence which converges to a global
symplectic invariant (the ZΣ(L)–graded Floer cohomology, where ZΣ(L) is the
minimal Maslov number of the monotone Lagrangian sub–manifold L). The Z–
graded symplectic Floer cohomology is an integral lifting of the ZΣ(L)–graded
symplectic Floer cohomology. By exploiting the properties of our Z–graded
symplectic Floer cohomology, we show that there is a relation between the
Z–graded symplectic Floer cohomology and the restricted symplectic Floer co-
homology constructed in [2] (see §5) via Hofer’s symplectic energy. This may
give an interesting way to understand the Hofer symplectic energy through the
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Z–graded symplectic Floer cohomology. We borrow some ideas from the in-
stanton Floer theory, and construct the Fintushel-Stern type spectral sequence
in [6] for monotone Lagrangian sub–manifolds. Our method is in the nature
of algebraic topology (see [20]), and is very different from the method in [17]
which is used local Darboux neighborhoods. We hope that there will be more
algebraic cohomology operations which can be induced to the symplectic Floer
cohomology through the quantum effects of higher differentials in our spectral
sequence.

Let (P,ω) be a monotone symplectic manifold and L be a monotone Lagrangian
sub-manifold in (P,ω). Let Zφ be the critical point set of the symplectic action
aφ (see §2), where φ ∈ Symp0(P ) is a symplectic diffeomorphism generated by
a time–depended Hamiltonian function. The set Im (aφ)(Zφ) is discrete. For

r ∈ R\Im (aφ)(Zφ) = RL,φ , we can associate the Z2–modules I
(r)
∗ (L, φ;P ) with

an integer grading. The Z–graded symplectic Floer cohomology I
(r)
∗ (L, φ;P )

depends on r :

(i) if [r0, r1] ⊂ RL,φ , then I
(r0)
∗ (L, φ;P ) = I

(r1)
∗ (L, φ;P );

(ii) I
(r)
∗+Σ(L)

(L, φ;P ) = I
(r+σ(L))
∗ (L, φ;P ), where Σ(L)(> 0) is the minimal

Maslov number of L and σ(L)(> 0) is the minimal number in Im Iω|π2(P,L)

(see Definition 2.2 for Σ(L) and σ(L)).

Our main results are the following theorems.

Theorem A Let L be a monotone Lagrangian sub–manifold in (P,ω). If
Σ(L) ≥ 3, then

(1) there exists an isomorphism

φn01 : I(r)
n (L, φ0;P, J0) → I(r)

n (L, φ1;P, J1),

for n ∈ Z, and a continuation (Jλ, φλ)0≤λ≤1 ∈ P1 which is regular at the ends.

(2) there is a spectral sequence (Ekn,j, d
k) with

E1
n,j(L, φ;P, J) ∼= I(r)

n (L, φ;P, J), n ≡ j (mod Σ(L)),

dk : Ekn,j(L, φ;P, J) → Ekn+Σ(L)k+1,j+1(L, φ;P, J),

and

E∞
n,j(L, φ;P, J) ∼= F (r)

n HF j(L, φ;P, J)/F
(r)
n+Σ(L)HF

j(L, φ;P, J).
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Lagrangian embeddings 649

Theorem B For Σ(L) ≥ 3 and k ≥ 1, Ekn,j(L, φ;P, J) is a symplectic invari-

ant under continuous deformations of (Jλ, φλ) within the set of continuations.

For k ≥ 1 and r ∈ RL,φ , all the Ek∗,∗(L, φ;P, J) are new symplectic invariants.
They provide potentially interesting invariants for the symplectic topology of
L. Let k(L, φ) be the minimal k for which Ek∗,∗(L, φ) = E∞

∗,∗(L, φ). So k(L, φ)
is an invariant of (L, φ). Using the Z–graded symplectic Floer cohomology
and the spectral sequence in Theorem A, we obtain the Künneth formulae for
each term of the spectral sequence with Z2–coefficients. Since we work on the
Z2–coefficients, there are Künneth formulae for the induced spectral sequence
of the product monotone Lagrangian sub-manifold (L1×L2, φ1×φ2). Then we
study the Poincaré–Laurent polynomial for L1 × L2 in terms of the Poincaré–
Laurent polynomials for (Li, φi)(i = 1, 2). For certain Lagrangian imbeddings,
we obtain an internal cup–product structure on the spectral sequence which
is descended from the usual cup product of the cohomology H∗(L,Z2), by
studying the H∗(L,Z2)–module structure on the spectral sequence and the
Z2–coefficients. The index in the internal product (5.16) is unusual from the
internal product structure due to the Maslov index shift. From the quantum

effect aroused from the higher differentials on I
(r)
∗ (L, φ;P, J) in the spectral

sequence in Theorem A, the ring (HF ∗−m(L, φ;P ),∪∞) on the ZΣ(L)–graded
symplectic Floer cohomology can be thought of as the quantum effect of the
cohomology ring (H∗(L; Z2),∪) (see §5.2). Note that our cup-product struc-
ture is different with the multiplicative structure defined in [7, 14, 18]. In
[14, 18], the Floer cohomology is the cohomology of the symplectic manifold,
only the cup-product structure is deformed, i.e., the same cohomology group
with different ring structures is studied in [14, 18]. Our induced cup–product
on Ek∗,∗(L, φ;P, J) may well have that the cohomology groups are different from
the cohomology of the Lagrangian sub–manifolds (see [12] for instance).

Theorem C (1) For the monotone Lagrangian L1 ×L2 in (P1 ×P2, ω1 ⊕ω2)
with Iωi

= λIµ,Li
and Σ(Li) = Σ(L) ≥ 3 (i = 1, 2), we have, for k ≥ 1,

Ekn,j(L1 × L2, φ1 × φ2;P1 × P2) ∼=

⊕

n1+n2=n,j1+j2=j (mod Σ(L))

Ekn1,j1(L1, φ1;P1) ⊗ Ekn2,j2(L2, φ2;P2). (1.1)

(2) For the monotone Lagrangian L
i
→֒ P with i∗ : H∗(P ; Z2) → H∗(L; Z2)

surjective and Σ(L) ≥ 3, the spectral sequence Ek∗−m,∗(L, φ;P ) carries an ring
structure which is descended from the cohomology ring (H∗(L; Z2),∪).
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As an easy consequence of Theorem C, we obtain a generalization of Theorem
1 and Theorem 3 of [4] as stated in Corollary 5.9. This proves the Arnold
conjecture that the monotone Lagrangian intersections is bounded below by
the Z2–cuplength of the Lagrangian sub-manifold (see §5.2). Using a result
of Gromov and the Poincaré–Laurent polynomial associated to the spectral se-
quence, we show that the four invariants σ(L),Σ(L), eH (L) and k(L, φ) play
important roles in the Z–graded symplectic Floer cohomology and the study
of Lagrangian embeddings in §5.1. We obtain Chekanov’s result by using the
Z–graded symplectic Floer cohomology. Our study suggests a possible relation
between the Z–graded symplectic Floer cohomology and Hofer’s symplectic en-
ergy for monotone Lagrangian sub-manifolds. In fact we conjecture that Hofer’s
symplectic energy of a monotone Lagrangian sub–manifold L with Σ(L) ≥ 3 is
a positive multiple of σ(L) (More precisely, eH(L) = (k(L, φ) − 1)σ(L)). We
will discuss this problem elsewhere. It would be also interesting to link the
Z–graded symplectic Floer cohomology with the (modified) Floer cohomology
with Novikov ring coefficients in [7].

The paper is organized as follows. In §2, we define the Z–graded symplectic
Floer cohomology for monotone Lagrangian sub–manifolds. Its invariance under
the symplectic continuations is given in §3. Theorem A (1) is proved in §3.
Theorem A (2), Theorem B and Theorem C (1) (Theorem 4.13) are proved in
§4. In §5, we give some applications related to Chekanov’s construction and
Lagrangian embeddings; at the last subsection §5.2, the proof of Theorem C
(2) (Theorem 5.11) is given.

2 The Z–graded Floer cohomology for Lagrangian

intersections

In this section, we define the Z–graded symplectic Floer cohomology, and dis-
cuss some basic properties.

Let (P,ω) be an oriented, connected and compact (or tamed) symplectic man-
ifold with a closed non–degenerate 2-form ω . The 2–form ω defines the co-
homology class [ω] ∈ H2(P,R). By choosing an almost complex structure J
on (P,ω) such that ω(·, J ·) defines a Riemannian metric, we have an integer
valued cohomology class c1(P ) ∈ H2(P,Z) (the first Chern class). These two
cohomology classes define two homomorphisms

Iω : π2(P ) → R; Ic1 : π2(P ) → Z,
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by Iω(u) =
∫

S2 u
∗(ω) and Ic1(u) =

∫

S2 u
∗(c1) for u ∈ π2(P ). If u : (D2, ∂D2) →

(P,L) is a smooth map of pairs, up to homotopy, there is a unique trivialization
of the pull-back bundle u∗TP ∼= D2 ×Cm . The trivialization of the symplectic
vector bundle defines a map from S1 = ∂D2 to the set Λ(Cm) of Lagrangians
in Cm . Let µ ∈ H1(Λ(Cm),Z) be the well–known Maslov class. Then the
map Iµ,L : π2(P,L) → Z is defined by Iµ,L(u) = µ(∂D2). The Maslov index is
invariant under any symplectic isotopy of P .

Definition 2.1 (i) The symplectic manifold (P,ω) is monotone if Iω = αIc1
for some α ≥ 0.

(ii) A Lagrangian sub–manifold L in (P,ω) is monotone if Iω = λIµ,L for
some λ ≥ 0.

For α = 0 and λ = 0 case, the manifold (P,ω) and L are monotone defined by
Floer [3, 5]. The notion of monotone Lagrangian sub-manifolds is introduced
by Oh [16]. The monotonicity is preserved under the exact deformations of L.
By the canonical homomorphism f : π2(P ) → π2(P,L),

Iω(x) = Iω(f(x)), Iµ,L(f(x)) = 2Ic1(x),

for x 6= 0 ∈ π2(P ). If the Lagrangian sub-manifold L is monotone, then (P,ω)
is also a monotone symplectic manifold with 2λ = α. In fact, the constant
λ does not depend on the Lagrangian L, but depends only on the (P,ω) if
Iω|π2(P ) 6= 0.

Definition 2.2 (i) Define σ(L) to be the positive minimal number in the set
Im Iω|π2(P,L) ⊂ R. Define Σ(L) to be the positive generator for the subgroup
[µ|π2(P,L)] = Im Iµ,L in Z.

(ii) A Lagrangian sub–manifold L is called rational if Im Iω|π2(P,L) = σ(L)Z is
a discrete subgroup of R and σ(L) > 0. For a monotone Lagrangian, we have
σ(L) = λΣ(L) for some λ ≥ 0.

Let H : P × R → R be a smooth real valued function and let XH be defined
by ω(XH , ·) = dH . Then the ordinary differential equation

dx

dt
= XH(x(t)), (2.1)

is called a Hamiltonian equation associated with the time–dependent Hamil-
tonian function H , or with the Hamiltonian vector field XH . Equation (2.1)
defines a family φH,t of diffeomorphisms of P such that x(t) = φH,t(x) is the so-
lution of (2.1). The set Dω = {φH,1|H ∈ C∞(P ×R,R)} of all diffeomorphisms
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arising in this way is a subgroup of the group of symplectic diffeomorphisms.
An element in the set Dω of exact diffeomorphisms is called a (time–dependent)
exact isotopy.

For an exact isotopy φ = {φt}0≤t≤1 on (P,ω), we define the space

Ωφ = {z : I → P | z(0) ∈ L, z(1) ∈ φ1(L), [φ−1
t z(t)] = 0 ∈ π1(P,L)}.

Let L be a monotone Lagrangian sub–manifold, and let φ = {φt}0≤t≤1 be an
exact isotopy on (P,ω). If u and v are two maps from [0, 1]× [0, 1] to Ωφ such
that

u(τ, 0), v(τ, 0) ∈ L, u(τ, 1), v(τ, 1) ∈ φ1(L)

u(0, t) = v(0, t) ≡ x, u(1, t) = v(1, t) ≡ y, x, y ∈ L ∩ φ1(L),

then we have

Iω(u) = Iω(v) if and only if µu(x, y) = µv(x, y),

where µu(x, y) = Iµ,L(u) is the Maslov–Viterbo index. In particular, if u and
v are J –holomorphic curves with respect to the almost complex structure J
(may vary with time t) compatible with ω , then

∫

‖∇u‖2
J =

∫

‖∇v‖2
J if and only if Iµ,L(u) = Iµ,L(v).

Note that µu(x, y) is well–defined mod Σ(L). The tangent space TzΩφ of Ωφ

consists of vector fields ξ of P along z which are tangent to L at 0 and to
φ1(L) at 1. Then ω induces a “1–form” on Ωφ :

Da(z)ξ =

∫ 1

0
ω(
dz

dt
, ξ(t))dt. (2.2)

This form is closed in the sense that it can be integrated locally to a real function
a on Ωφ . The term Da(z)ξ vanishes for all ξ if and only if z is a constant
loop, i.e., z(0) is a fixed point of φ1 . The critical point set Zφ of the 1–form
Da is the intersection point set L ∩ φ1(L). A critical point is non–degenerate
if and only if the corresponding intersection is transversal.

For a monotone Lagrangian sub–manifold L, an exact isotopy φ and k > 2/p,
consider the space of Lpk–paths

Pp
k,loc(L, φ;P ) = {u ∈ Lpk,loc(Θ, P ) | u(R × {0}) ⊂ L, u(R × {1}) ⊂ φ(L)},

where Θ = R × [0, 1] = R × iI ⊂ C. Let Sω be the bundle of all J ∈ End(TP )
whose fiber is given by

Sx = {J ∈ End(TxP ) | J2 = −Id and ω(·, J ·) is a Riemannian metric}.
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Let J = C∞([0, 1] × Sω) be the set of time–dependent almost complex struc-
tures. Define

∂Ju(τ, t) =
∂u(τ, t)

∂τ
+ Jt

∂u(τ, t)

∂t
(2.3)

on Pp
k,loc(L, φ;P ). Then the equation ∂Ju = 0 is translational invariant in the

variable τ . Let M be the moduli space MJ(L, φ) = {u : R →∈ Ωφ|
∫

R×I |
∂u
∂τ |

2

< ∞, ∂Ju = 0} of finite actions, and MJ(x, y) = {u ∈ M| limτ→+∞ u =
x, limτ→−∞ u = y; x, y ∈ Zφ}. So the moduli space M is the union of J -
holomorphic curves

⋃

x,y∈L∩φ1(L) MJ (x, y). If L intersects φ1(L) transversely,

then there exists a smooth Banach manifold P(x, y) = Pp
k (x, y) ⊂ Pp

k,loc for each

x, y ∈ Zφ such that (2.3) defines a smooth section ∂J of the smooth Banach
space bundle L over P(x, y) with fibers Lu = Lpk−1(u

∗TP ). So MJ (x, y) is the

zero set of ∂J . The tangent space TuP consists of all elements ξ ∈ Lpk(u
∗(TP ))

so that ξ(τ, 0) ∈ TL and ξ(τ, 1) ∈ T (φ1(L)) for all τ ∈ R. The linearized
operator of ∂Ju, denoted by

Eu = D∂J(u) : TuP → Lu,

is a Fredholm operator for u ∈ MJ(x, y). There is a dense set Jreg(L, φ1(L)) ⊂
J so that if J ∈ Jreg(L, φ1(L)), then Eu is surjective for all u ∈ MJ(x, y).
Moreover the Fredholm index of the linearized operator Eu is the same as the
Maslov index µu(x, y). In particular, the space MJ(x, y) is a smooth manifold
with dimension µu(x, y) for J ∈ Jreg(L, φ1(L)) (see Proposition 2.1 in [3]).

Theorem 2.3 [3, 16] Let L be a monotone Lagrangian sub–manifold in P ,
Σ(L) ≥ 3 and φ = {φt}0≤t≤1 be an exact isotopy such that L intersects φ1(L)
transversely. Then there is a dense subset J∗(L, φ) ⊂ Jreg(L, φ) of J such
that (1) the zero dimensional component of M̂J (x, y) = MJ (x, y)/R is com-
pact and (2) the one dimensional component of M̂J(x

′
, y

′
) = MJ(x

′
, y

′
)/R is

compact up to the splitting of two isolated trajectories for J ∈ J∗(L, φ). Let
C∗(L, φ;P, J) be the free module over Z2 generated by Zφ . Moreover, there
exists a homomorphism

δ : C∗(L, φ;P, J) → C∗(L, φ;P, J) (2.4)

with δ ◦ δ = 0 for J ∈ Jreg(L, φ1(L)). The ZΣ(L)–graded symplectic Floer
cohomology HF ∗(L, φ;P, J) is defined to be the cohomology of the complex
(C∗(L, φ;P, J), δ), and HF ∗(L, φ;P, J) is invariant under the continuation of
(J, φ), denoted by HF ∗(L, φ;P ) with ∗ ∈ ZΣ(L) .

In order to extend the ZΣ(L)–graded symplectic Floer–Oh cohomology to a Z–

graded symplectic Floer cohomology, we make use of the infinite cyclic cover Ω̃∗
φ
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of Ωφ . By (2.2), the functional a on Ωφ is only defined as a : Ωφ → R/σ(L)Z,
for different topology classes in π2(P,L). The symplectic action on Ω̃∗

φ and

the Maslov index function on Z̃∗
φ are well–defined: a : Ω̃∗

φ → R and µ : Z̃∗
φ →

Z. The Z–graded symplectic Floer cohomology is constructed from the lifted
symplectic action and the lifted Maslov index. The functional a on Ωφ and its
lift on Ω̃∗

φ are clearly distinguished from the context.

Lemma 2.4 There exists a universal covering space Ω̃φ of Ωφ with transfor-
mation group π2(P,L).

Proof By theorem 3.1 in [15], there is a universal covering space Ω̃φ of Ωφ

since the space Ωφ has the homotopy type of a CW complex. For [u] ∈ π1(Ωφ),
we have a representative u : I → Ωφ such that there is a homotopy F (τ, t)
of φ−1

t u(τ, t) to a constant path in (P,L) by the definition of Ωφ . Thus we
can reformulate the map u to yield a map u(τ, t) = u(2τ, t) for 0 ≤ τ ≤ 1/2;
u(τ, t) = F (2τ − 1, t) for 1/2 ≤ τ ≤ 1. Such a map u : (D2, ∂D2) → (P,L)
defines an element in π2(P,L). It is easy to check that u → u is a bijective
homomorphism between π1(Ωφ) and π2(P,L) (see also Proposition 2.3 in [3]).
So the result follows.

Now the closed 1–form Da(z) has a function a : Ω̃φ → R which is well–defined
up to a constant. Pick a point z0 ∈ L∩ φ1(L) such that a(z0) = 0 by adding a
constant. For g ∈ π1(Ωφ) = π2(P,L), we have

a(g(x)) = a(x) + deg(g)σ(L), (2.5)

where deg(g) is defined by Iω(g) = deg(g)σ(L). Let Im (a)(Zφ) be the image
of a of Zφ ; modulo σ(L)Z, the set Im (a)(Zφ) is finite. Thus the set RL,φ =
R \ Im (a)(Zφ) consists of the regular values of the symplectic action a on Ω̃φ .
From the map a : Ωφ → R/σ(L)Z, we pullback the universal covering space
R → R/σ(L)Z over Ωφ . Let Ω̃∗

φ be the pullback a∗(R) → Ωφ . The space Ω̃∗
φ

is an infinite cyclic sub–covering space of the covering space Ω̃φ of Ωφ .

Given x ∈ Zφ ⊂ Ωφ , let x(r) ∈ Z̃∗
φ ⊂ Ω̃∗

φ be the unique lift of x such that

a(x(r)) ∈ (r, r + σ(L)). Let µ(r)(x) = µũ(x
(r), z0) ∈ Z for ũ = g ◦ u with

g ∈ π2(P,L) and x(r) = g(x). We define the Z–graded symplectic Floer cochain
group by

C(r)
n (L, φ;P, J) = Z2{x ∈ Zφ | µ(r)(x) = n ∈ Z}. (2.6)

The group C
(r)
n (L, φ;P, J) is a free module over Z2 generated by x ∈ Zφ with

µ(x(r), z0) = n. The grading is independent of the choice of z0 . If z0 is another
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choice of the based point and g(z0) = z0 for some covering transformation g ,
then the corresponding choice of a lift x(r) of x is just g(x(r)) by (2.5). Note
that the Maslov index µ(r)(x) is independent of the choice of the based point
z0 used in the definition of a. The following lemma shows that the lift of the
functional a is compatible with the universal lift of the circle R/σ(L)Z.

Lemma 2.5 The lift of the symplectic action over Ω̃∗
φ is compatible with the

one of the Maslov index: for g ∈ π2(P,L) with deg (g) = n,

a(g(z0)) = nσ(L) if and only if µ(r)(g(z0), z0) = nΣ(L).

Proof Let J be a compatible almost complex structure and ω(·, J ·) be the
corresponding Riemannian metric on P . Denote ∇ be the Levi–Civita connec-
tion of the metric ω(·, J ·). Then TxL is an orthogonal complement of JTxL.
One can represent Jx to be the standard J for suitable orthonormal basis in
TxL. Let h be the parallel transport along the path u(τ) (u(τ, t) for each fixed
t ∈ I ) in Ωφ . Then we get an isometry

hτ,t : TxP → Tu(τ,t)P.

Define Jτ,t = h−1
τ,t ◦Ju(τ,t)◦hτ,t . Then we have a smooth map f : I×I → SO(2m)

such that f−1
τ,t ◦ Jτ,t ◦ fτ,t = Jx . Set

L̃(τ) = h−1
τ,0(Tu(τ,0)L), φ̃1(L)(τ) = h−1

τ,1(Tu(τ,1)φ1(L)).

Thus fτ,0(L̃(τ)) = L(τ) and fτ,1( ˜φ1(L)(τ)) = φ1(L)(τ). The trivialization of
u∗TP by using the parallel transportation {hτ,t} is given by

u∗(TxP ) = I × I × TxP = I × I × Cm.

Then there are two paths of Lagrangian subspaces L̃(τ) and φ̃1(L)(τ) in TxP =
Cm . Note that these two Lagrangian paths intersect transversely at end points
τ = 0 and τ = 1. There is a map fφ1 from the space Ωφ to the space Λ(m) of
pairs of Lagrangian subspaces in Cm defined by

fφ1({u(τ)}) = {L(τ), φ1(L)(τ)}, 0 ≤ τ ≤ 1.

The Lagrangian Grassmannian Λ(m) has a universal covering Λ̃(m) [1]. For the
map fφ1 : Ωφ → Λ(m), there is a map from the CW complex Ωφ to Λ(m) from
the obstruction theory. Hence there exists a corresponding map F between the
covering space Ω̃∗

φ and the universal covering space Λ̃(m). From the choice of
z0 , a(g(z0)) = nσ(L). Note that ug(0) = z0, ug(1) = g(z0), and {ug(τ)}0≤τ≤1

corresponds to an element g ∈ π2(P,L).
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By the definitions of σ(L) and Σ(L), we have deg : π1(Ωφ) → σ(L)Z and
Mas : π1(Λ(m)) ∼= Σ(L)Z. So there is a g1 ∈ π1(Λ(m)) induced by g such
that g1 ◦ F = fφ1 ◦ g . Note that µ(r)(z0, z0) = 0. The following diagram is
commutative:

π1(Ωφ)
π1(fφ)
−−−−→ π1(Λ(m))





y

deg(g)





y

deg(g1)

σ(L)Z
F∗−−−−→ Σ(L)Z.

So Iω(ug) = nσ(L) and Iµ,L(ug) = deg (g1)Σ(L) by the definitions of Σ(L)
and the Maslov index. Thus the result follows from σ(L) = λΣ(L) and the
monotonicity of L.

The index µu(x) depends on the trivialization over I×I , only the relative index
does not depend on the trivialization. So the choice of a single z0 fixes the
shifting in the Z–graded symplectic Floer cochain complex. For g ∈ π2(P,L)
with x(r) = g(x), we have µ(r)(x) = µ(x) + deg g · Σ(L).

Proposition 2.6 (Lemma 2.5 and Proposition 2.4 [3]) If u ∈ P(x, y) for
x, y ∈ Zφ and ũ is any lift of u, then µũ(x

(r), y(r)) = µ(r)(y) − µ(r)(x) =
µ(y(r), z0) − µ(x(r), z0).

Definition 2.7 The Z–graded symplectic Floer coboundary map is defined
by

∂(r) : C
(r)
n−1(L, φ;P, J) → C(r)

n (L, φ;P, J)

∂(r)x =
∑

y∈C
(r)
n (L,φ;P,J)

#M̂J(x, y) · y,

where MJ(x, y) is the union of the components of 1–dimensional moduli space
of J –holomorphic curves, and M̂J(x, y) = MJ(x, y)/R is the zero–dimensional
moduli space modulo τ –translational invariant. The number #M̂J(x, y) counts
the points modulo 2.

Remark The condition Σ(L) ≥ 3, rather than Σ(L) ≥ 2, enters only in
proving that 〈δ ◦ δx, x〉 = 0. For Σ(L) = 2, Oh evaluated a number (mod 2)
of J –holomorphic disks with Maslov index 2 that pass through x ∈ L ⊂ P ,
and verified that the number is always even. Hence 〈δ ◦ δx, x〉 = 0 (mod 2).
In our case, this reflects to understand the two lifts x(r) and g(x(r)) of x with
deg (g) = ±1. Note that x(r) ∈ (r, r+σ(L)) and g(x(r)) ∈ (r+ deg(g)σ(L), r+
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(deg(g)+1)σ(L)). So the Z–graded symplectic coboundary is not well–defined
in this case. We leave it to future study.

The coboundary map ∂(r) only counts part of Floer’s coboundary map in (2.4).
Next task is to verify ∂(r) ◦ ∂(r) = 0 in the following.

Lemma 2.8 Under the same hypothesis in Theorem 2.3, we have ∂(r) ◦ ∂(r)

= 0.

Proof If x ∈ C
(r)
n−1(L, φ;P, J) (µ(x(r), z0) = n − 1), by the definition of ∂(r) ,

then the coefficient of z ∈ C
(r)
n+1(L, φ;P, J) in ∂(r) ◦ ∂(r)(x) is given by

∑

y∈C
(r)
n (L,φ;P,J)

#M̂J(x, y) · #M̂J(y, z). (2.7)

By Proposition 2.6, the boundary of the 1–dimensional manifold M̂J (x, z) =
MJ(x, z)/R corresponds to two isolated trajectories MJ(x, y) × MJ(y, z).
Each term #M̂J(x, y) · #M̂J(y, z) is the number of the 2–cusp trajectories of

M̂J(x, z) with y ∈ C
(r)
n (L, φ;P, J). For any such y , there are J –holomorphic

curves u ∈ MJ(x, y) and v ∈ MJ(y, z). The other end of the corresponding
component of M̂J (x, z) corresponds to the space MJ (x, y

′
) ×MJ(y

′, z) with
u

′
∈ MJ(x, y

′
) and v

′
∈ MJ(y

′, z). Then M̂J(x, z) has an 1–parameter family
of paths from x to z with ends u#v and u

′
#v

′
for appropriate grafting (see [3]

section 4). If we lift u to ũ ∈ M̃J(x
(r), ỹ) the moduli space of J–holomorphic

curves in Ω̃φ with asymptotics x(r) and ỹ , then

1 = Iµ,L̃(ũ) = µ(ỹ, z0) − µ(r)(x) = µ(ỹ, z0) − (n− 1). (2.8)

So µ(ỹ, z0) = n, and ỹ = y(r) is the preferred lift. So µ(r)(y) = µ(ỹ, z0) = n.
Thus ũ ∈ M̃J(x

(r), y(r)). Similarly ṽ ∈ M̃J(y
(r), z(r)). Since u

′
#v

′
is homo-

topic to u#v rel (x(r), z(r)), the lift ũ
′
#ṽ

′
is also a path with ends (x(r), z(r)).

Using the fact of the symplectic action a is non-increasing along any gradient
trajectory ũ

′
, we have

r < a(z(r)) ≤ a(ỹ
′

) ≤ a(x(r)) < r + σ(L). (2.9)

By the uniqueness, we have ỹ
′
= (y

′
)(r) . By (2.8) for u

′
, we have µ(r)((y

′
)(r)) =

µ(r)(x(r)) + 1 = n. So y
′
∈ C

(r)
n (L, φ;P, J). Thus the number of two–cusp

trajectories connecting x(r) and z(r) with index 2 is always even. Hence we
obtain ∂(r) ◦ ∂(r) = 0.
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The complex (C
(r)
n (L, φ;P, J), ∂

(r)
n )n∈Z is indeed a Z–graded symplectic Floer

cochain complex. We call its cohomology to be an Z–graded symplectic Floer

cohomology, denoted by

I
(r)
∗ (L, φ;P, J) = H∗(C

(r)
∗ (L, φ;P, J), ∂(r)), ∗ ∈ Z. (2.10)

By the construction of I
(r)
∗ (L, φ;P, J), if [r, s] ⊂ RL,φ , then I

(r)
∗ (L, φ;P, J) =

I
(s)
∗ (L, φ;P, J). The relation between I

(r)
∗ (L, φ;P, J) and HF ∗(L, φ;P ) will be

discussed in §4.

3 Invariance property of the Z–graded symplectic

Floer cohomology

In this section we show that the Z–graded symplectic Floer cohomology in
(2.10) is invariant under the changes of J and under the exact deformations φ1

of the Lagrangian sub–manifold L.

Let {(Jλ, φλ)}λ∈R be an 1–parameter family which interpolates from (J0, φ0)
to (J1, φ1). The family (Jλ, φλ) is constant in λ outside [0, 1]. We also assume
that φλ1 is exact under the change of λ. Let Jλt = J(λ, t) be a 2-parameter
family of almost complex structures compatible to ω , and φλt = φ(λ, t) with
φ(λ, 0) = Id is the 2–parameter family of exact isotopies contractible to the
identity. Such φλt connecting φ0

t , φ
1
t does exist. Floer [5] discussed the in-

variance of the symplectic Floer cohomology under the change of (J, φ) for
(J0, φ0) C∞–close to (J1, φ1). Let Hλ be the Hamiltonian function generated
by φλ = {φλt }0≤t≤1 . Then the deformed gradient flow of aH is

∂Jλuλ(τ, t) + ∇JH
λ
t (uλ(τ, t)) =

∂uλ
∂τ

+ Jλt
∂uλ
∂t

+ ∇JHt(uλ(τ, t)) = 0, (3.1)

with the moving Lagrangian boundary conditions

uλ(τ, 0) ∈ L, uλ(τ, 1) ∈ φλ1 (L). (3.2)

We define C
(r)
J,L = min{a(x(r))− r, σ(L)+ r−a(x(r))|x ∈ Zφ}. For each x ∈ Zφ ,

there is an open neighborhood Ux in Ωφ such that (1) Ux is evenly covered in

Ω̃∗
φ , (2) for each z ∈ Ux , |a(z) − a(x)| < C

(r)
J,L/8. There are finite sub–cover

{Ux1 , · · · , Uxk
} of Zφ , and by Gromov’s compactness theorem [5] we have ε1 > 0

such that if ‖Da(z)‖L3
1
< ε1 then z ∈

⋃k
i=1 Uxi

. Let ε = min{ε1, C
(r)
L1,L2

/8}.

We set a deformation {J, φ} satisfying the usual perturbation requirements in
[5], and also satisfying

(i) |Hλ
t (z)| < ε/2, (ii) ‖∇JH

λ
t (z)‖L3

1
< ε/2, (3.3)
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for all z ∈ Ωφ . These deformation conditions can be achieved by the density
statement in [5].

Let P1,ε/2 be the set of {J, φ} which satisfies these extra conditions (3.3).

This directly generalizes the J -holomorphic curve equation in the cases of
(J0, φ0) and (J1, φ1). The moduli space MJλ(x, y) of (3.1) and (3.2) has the
same analytic properties as the moduli space MJ (x, y) except for the transla-
tional invariance (see Proposition 3.2 in [3]). Hofer analyzed the compactness
property for a similar moving Lagrangian coboundary condition, Oh [16] deter-
mined that the bubbling–off spheres or disks can not occur in the components
of MJλ(x, y) for the monotone Lagrangian sub–manifold L with Σ(L) ≥ 3.
The index of uλ can be proved to be the same as a topological index for the
moduli space of perturbed J –holomorphic curves. The proof of the invariance
under the changes of (J, φ) is the same as in [3, 5, 16]. It is sufficient for us to
verify that the cochain map is well-defined for the Z–graded symplectic Floer
cochain complexes.

Lemma 3.1 If uλ ∈ MJλ(x0, x1), (Jλt , φ
λ
t ) ∈ P1,ε/2 , and ũλ ∈ P(x̃0, x̃1) is

any lift of uλ , then
a(J1,φ1)(x̃1) < a(J0,φ0)(x̃0) + ε.

Proof Note that the path {uλ(τ)|τ ∈ (−∞, 0)} is a gradient trajectory for
(J0, φ0) and {uλ(τ)|τ ∈ (1,∞)} is a gradient trajectory for (J1, φ1). So

a(J0,φ0)(ũ(0)) ≤ a(J0,φ0)(x̃0), a(J1,φ1)(x̃1) ≤ a(J1,φ1)(ũ(1)). (3.4)

Since uλ ∈ MJλ(x0, x1), by the property of P1,ε/2 , we have

‖∂Jλuλ(τ, t)‖L3
1

= ‖
∂uλ
∂τ

+ Jλt
∂uλ
∂t

‖L3
1

= ‖∇JH
λ
t (uλ(τ, t))‖L3

1

< ε/2.

By the Sobolev embedding L3
1 →֒ L2 ,

Iω(uλ)|Θ×[0,1] = ‖∂Jλuλ‖
2
L2(Θ×[0,1]) − ‖∂Jλuλ‖

2
L2(Θ×[0,1])

≥ −‖∂Jλuλ‖
2
L2(Θ×[0,1])

≥ −ε/2

Thus we obtain the following.

a(J0,φ0)(ũλ(0)) = a(J1,φ1)(x̃1) + Iω(uλ)|Θ×[0,1] (3.5)

> a(J1,φ1)(x̃1) − ε/2.
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a(J0,φ0)(x̃0) ≥ a(J0,φ0)(uλ(0))

= a(J0,φ0)(uλ(0)) +H0(uλ(0))

> (a(J1,φ1)(x̃1) − ε/2) − ε/2,

by (3.3) and (3.5). Then the result follows.

Definition 3.2 For n ∈ Z, define a homomorphism φn01 : C
(r)
n (L, φ0;P, J0) →

C
(r)
n (L, φ1;P, J1) by

φn01(x0) =
∑

x1∈C
(r)
n (L,φ1;P,J1)

#M0
Jλ(x0, x1) · x1,

where M0
Jλ(x0, x1) is a 0–dimensional moduli space of J –holomorphic curves

satisfying (3.1) and (3.2).

We show that the homomorphism φn01 is a cochain map with respect to the
integral lifts.

Lemma 3.3 The homomorphism {φ∗01}∗∈Z is a cochain map:

∂
(r)
n,1 ◦ φ

n
01 = φn01 ◦ ∂

(r)
n,0, n ∈ Z.

Proof For x0 ∈ C
(r)
n (L, φ0;P, J0) and y1 ∈ C

(r)
n+1(L, φ

1;P, J1), the coefficient

of y1 in (∂
(r)
n,1 ◦ φ

n
01 − φn01 ◦ ∂

(r)
n,0)(x0) is the modulo 2 number of the set:

⋃

y0∈C
(r)
n+1(L,φ0;P,J0)

M̂J0(x0, y0) ×M0
Jλ(y0, y1) (3.6)

∐ ⋃

x1∈C
(r)
n (L,φ1;P,J1)

M0
Jλ(x0, x1) × M̂J1(x1, y1).

The ends of the 1–dimensional manifold M1
Jλ(x0, y1) are in one–to–one corre-

spondence with the set

(
⋃

y∈Z
φ0

M̂J0(x0, y) ×M0
Jλ(y, y1)) ∪ (

⋃

x∈Z
φ1

M0
Jλ(x0, x) × M̂J1(x, y1)). (3.7)

For an end u#v of M1
Jλ(x0, y1) corresponding to an element in (3.6), the

other end u
′
#v

′
of the same component corresponds to an element in (3.7) (see

[3] section 4 for the gluing construction on u#v). For u ∈ M0
Jλ(x0, y) and

v ∈ M̂J1(y, y1), the space M1
Jλ(x0, y1) gives a 1-parameter family of paths in
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P(L, φλ;P ) with fixed end points x0 and y1 . The 1–parameter family gives
the homotopy of paths from u#ρv to u

′
#ρv

′
rel end points. The lift of u#ρv

starts at x
(r)
0 and ends at y

(r)
1 , so does the lift of u

′
#ρv

′
. Suppose u

′
lifts to

an element in M0
Jλ(x

(r)
0 , ỹ). By Lemma 3.1, we have

a(J1,φ1)(ỹ) < a(J0,φ0)(x
(r)
0 ) + ε < r + σ(L). (3.8)

Using the fact that trajectory decreases the symplectic action, we obtain

a(J1,φ1)(ỹ) > a(J1,φ1)(y
(r)
1 ) > r. (3.9)

So a(J1,φ1)(ỹ) ∈ (r, r+σ(L)). Inequalities (3.8) and (3.9) give the preferred lift

ỹ = y(r) of y . By Proposition 2.6 (1),

1 = µ(r)(y1) − µ(r)(y) = (n + 1) − µ(r)(y).

So µ(r)(y) = n and y ∈ C
(r)
n (L, φ1;P, J1). This shows that the u

′
#ρv

′
in

(3.7) actually corresponds to an element in (3.6). So the cardinality is always
even.

For (J i, φi) ∈ P1,ε/2 (i = 0, 1, 2), we define a class P2,ε of perturbations con-
sisting of

(Jλ, φλ) =











(J0, φ0) if λ ≤ −T ,

(J1, φ1) if −T + 1 ≤ λ ≤ T − 1,

(J2, φ2) if λ ≥ T ,

for a fixed number T (> 2) with (Jλ, φλ)0≤λ≤1 ∈ P1,ε/2 and (Jλ, φλ)1≤λ≤2 ∈

P1,ε/2 . If both perturbations (Jλ, φλ)0≤λ≤1 ∈ P1,ε/2((J
0, φ0), (J1, φ1)) and

(Jλ, φλ)1≤λ≤2 ∈ P1,ε/2((J
1, φ1), (J2, φ2)), then we can compose (Jλ, φλ)0≤λ≤1

with (Jλ, φλ)1≤λ≤2 to get (Jλ, φλ) ∈ P2,ε((J
0, φ0), (J2, φ2)). Let (Jλ, φλ) =

(Jλ, φλ)0≤λ≤1#T (Jλ, φλ)1≤λ≤2 be the composition. Then for a large fixed T
and each compact set K in MJλ

0≤λ≤1
(x, y) ×MJλ

1≤λ≤2
(y, z), there is a ρT > 0

and for all ρ > ρT a local diffeomorphism

#ρT
: K → M(Jλ,φλ)0≤λ≤1#T,ρT

(Jλ,φλ)1≤λ≤2
(x, z). (3.10)

See Proposition 2d.1 in [5].

Lemma 3.4 For (Jλ, φλ) ∈ P2,ε , and ρ > ρT , we have

φn02 = φn12 ◦ φ
n
01, for n ∈ Z.
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Proof For x0 ∈ C
(r)
n (L, φ0;P, J0), we have

φn02(x0) =
∑

y0∈C
(r)
n (L,φ2;P,J2)

#M0
Jλ(x0, y0) · y0,

where the summation
∑

runs over y0 ∈ C
(r)
n (L, φ2;P, J2). Also we have

φn12 ◦ φ
n
01(x0) =

∑

#(M0
Jλ
0≤λ≤1

(x0, y) ×MJλ
1≤λ≤2

(y, y0)) · y0,

where the summation
∑

runs over y ∈ C
(r)
n (L, φ1;P, J1). The local diffeomor-

phism #ρT
in (3.10) determines the following:

#M0
Jλ(x0, y0) = #(M0

Jλ
0≤λ≤1

(x0, y) ×M0
Jλ
1≤λ≤2

(y, y0)).

All we need to check is that y ∈ C
(r)
n (L, φ1;P, J1). This can be verified by the

same argument in the Lemma 3.3.

For two classes (Jλ, φλ) and (J
λ
, φ

λ
) in P2,ε((J

0, φ0), (J2, φ2)), the following
lemma shows that the induced cochain maps φn02 and φ

n
02 are cochain homotopic

to each other.

Lemma 3.5 If (Jλ, φλ), (J
λ
, φ

λ
) ∈ P2,ε((J

0, φ0), (J2, φ2)) can be smoothly
deformed from one to another by a 1-parameter family (Jλs , φ

λ
s ) of s ∈ [0, 1]:

(Jλs , φ
λ
s ) = (Jλ, φλ) for s ≤ 0, and (Jλs , φ

λ
s ) = (J

λ
, φ

λ
) for s ≥ 1. Then φ∗02

and φ
∗

02 are cochain homotopic to each other.

Proof It suffices to construct a homomorphism

H : C
(r)
∗ (L, φ0;P, J0) → C

(r)
∗ (L, φ2;P, J2),

of degree −1 with the property

φn02 − φ
n
02 = H∂

(r)
n,0 + ∂

(r)
n,2H, for n ∈ Z. (3.11)

Associated to the family (Jλs , φ
λ
s ), there is a moduli space HM(x0, y0) =

∪s∈[0,1]M
0
(Jλ

s ,φ
λ
s )

(x0, y0):

HM(x0, y0) = {(u, s) ∈ M0
(Jλ

s ,φ
λ
s )(x0, y0) × [0, 1]} ⊂ P(L, φλs ;P )(x0, y0) × [0, 1].

The space HM(x0, y0) is the regular zero set of ∂J (Jλ
s ,φ

λ
s ) , and is smooth

manifolds of dimension µ(r)(y0) − µ(r)(x0) + 1. For the case of µ(r)(x0) =
µ(r)(y0) = n, the boundaries of the 1-dimensional manifold HM(x0, y0) of
P(L, φλs ;P )(x0, y0) × [0, 1] consist of
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• M0
(Jλ,φλ)

(x0, y0) × {0} ∪M0

(J
λ
,φ

λ
)
(x0, y0) × {1},

• M
0
(Jλ

s ,φ
λ
s )(x0, y) ×M0

(J2,φ2)(y, y0) for y ∈ C
(r)
n−1(L, φ

2;P, J2),

• M0
(J0,φ0)(x0, x) ×M

0
(Jλ

s ,φ
λ
s )(x, y) for x ∈ C

(r)
n−1(L, φ

0;P, J0).

Note that M
0
(Jλ

s ,φ
λ
s )(x0, y) and M

0
(Jλ

s ,φ
λ
s )(x, y) are moduli spaces of solutions

of (u, s) of J -holomorphic equations lying in virtual dimension −1 (µu =

−1), they can only occur for 0 < s < 1. Define H : C
(r)
n (L, φ0;P, J0) →

C
(r)
n−1(L, φ

2;P, J2) by

H(x0) =
∑

y∈C
(r)
n−1(L,φ2;P,J2)

#M
0
(Jλ

s ,φ
λ
s )(x0, y) · y, (3.12)

for 0 < s < 1. Similar to Lemma 3.3, by checking the corresponding preferred
lifts and the integral Maslov indexes, we get the desired cochain homotopy H
between φn02 and φ

n
02 such that H satisfies (3.11).

By Lemma 3.5, the homomorphism φ∗02 induced from (Jλ, φλ) is the same

homomorphism φ
∗

02 induced from (J
λ
, φ

λ
) on the Z-graded symplectic Floer

cohomology. So the Z-graded symplectic Floer cohomology is invariant under
the continuation of (J, φ). The following is Theorem A (1).

Theorem 3.6 For any continuation (Jλ, φλ) ∈ P1,ε/2 which is regular at the
ends, there exists an isomorphism

φn01 : I(r)
n (L, φ0;P, J0) → I(r)

n (L, φ1;P, J1), for n ∈ Z.

Proof Let (J−λ, φ−λ) be the reversed family of (Jλ, φλ) by setting τ = −τ
′
.

So we can form a family of composition (Jλ, φλ)0≤λ≤1#T (J−λ, φ−λ)1≤λ≤2 in
P2,ε for some fixed T (> 2). By Lemma 3.4,

φ(Jλ,φλ)0≤λ≤1#T (J−λ,φ−λ)1≤λ≤2
= φ∗10 ◦ φ

∗
01.

One can deform (Jλ, φλ)0≤λ≤1#T (J−λ, φ−λ)1≤λ≤2 into the trivial continuation
(J0, φ0) for all τ ∈ R. Then by Lemma 3.5, we have

φ∗10 ◦ φ
∗
01 = φ∗00 = id : I

(r)
∗ (L, φ0;P, J0) → I

(r)
∗ (L, φ0;P, J0).

Similarly, φ∗01 ◦ φ
∗
10 = φ∗11 = id on I

(r)
∗ (L, φ1;P, J1). The result follows.

The Z–graded symplectic Floer cohomology I
(r)
∗ is functorial with respect to

compositions of continuations (Jλ, φλ), and invariant under continuous defor-
mations of (Jλ, φλ) within the set of continuations P1,ε/2 .
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4 The spectral sequence for the symplectic Floer co-

homology

In this section, we show that I
(r)
∗ (L, φ;P ) (the Z–graded symplectic Floer coho-

mology) for r ∈ RL,φ and ∗ ∈ Z determines the ZΣ(L)–graded symplectic Floer
cohomology HF ∗(L, φ;P ). The way to link them together is to filter the Z-
graded symplectic Floer cochain complex. Then by a standard method in alge-
braic topology (see [20]), the filtration gives arise a spectral sequence which con-
verges to the ZΣ(L)–graded symplectic Floer cohomology HF ∗(L, φ;P ). The
Künneth formula (Theorem 4.13) for the spectral sequence is obtained by the
analysis of higher differentials and Maslov indexes.

Definition 4.1 For r ∈ RL,φ, j ∈ ZΣ(L) and n ≡ j ( mod Σ(L)), we define
the free module over Z2 :

F (r)
n Cj(L, φ;P, J) =

∑

k≥0

C
(r)
n+Σ(L)k(L, φ;P, J).

The free module F
(r)
∗ C∗(L, φ;P, J) gives a natural decreasing filtration on the

symplectic Floer cochain groups C∗(L, φ;P, J) (∗ ∈ ZΣ(L)).

There is a finite length decreasing filtration of Cj(L, φ;P, J), j ∈ ZΣ(L) :

· · ·F
(r)
n+Σ(L)Cj(L, φ;P, J) ⊂ F (r)

n Cj(L, φ;P, J) ⊂ · · · ⊂ Cj(L, φ;P, J). (4.1)

Cj(L, φ;P, J) =
⋃

n≡j(mod Σ(L))

F (r)
n Cj(L, φ;P, J). (4.2)

Note that the symplectic action is non–increasing along the gradient trajec-

tories. The coboundary map δ : F
(r)
n Cj(L, φ;P, J) → F

(r)
n+1Cj+1(L, φ;P, J) in

the Theorem 2.3 preserves the filtration in Definition 4.1. Thus the ZΣ(L) -
graded symplectic Floer cochain complex (Cj(L, φ;P, J), δ)j∈ZΣ(L)

has a de-

creasing bounded filtration (F
(r)
n C∗(L, φ;P, J), δ):

↓ ↓ ↓

· · ·F
(r)
n+Σ(L)Cj(L, φ;P, J) ⊂ F

(r)
n Cj(L, φ;P, J) · · · ⊂ Cj(L, φ;P, J)

↓ ∂(r) ↓ ∂(r) ↓ δ

· · ·F
(r)
n+Σ(L)+1Cj+1(L, φ;P, J) ⊂ F

(r)
n+1Cj+1(L, φ;P, J) · · · ⊂ Cj+1(L, φ;P, J)

↓ ↓ ↓
(4.3)
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The cohomology of the vertical cochain subcomplex F
(r)
n C∗(L, φ;P, J) in the

filtration (4.3) is F
(r)
n I

(r)
j (L, φ;P, J).

Lemma 4.2 There is a filtration for the Z–graded symplectic Floer cohomol-

ogy {I
(r)
∗ (L, φ;P, J)}∗∈Z ,

· · ·F
(r)
n+Σ(L)HF

j(L, φ;P, J) ⊂ F (r)
n HF j(L, φ;P, J) ⊂ · · · ⊂ I

(r)
j (L, φ;P, J),

where F
(r)
n HF j(L, φ;P, J) = ker(I

(r)
j (L, φ;P, J) → F

(r)
n−Σ(L)I

(r)
j (L, φ;P, J)).

Proof The results follows from Definition 4.1 and standard results in [20]
Chapter 9.

Theorem 4.3 For Σ(L) ≥ 3, there is a spectral sequence (Ekn,j , d
k) with

E1
n,j(L, φ;P, J) ∼= I(r)

n (L, φ;P, J), n ≡ j (mod Σ(L)),

dk : Ekn,j(L, φ;P, J) → Ekn+Σ(L)k+1,j+1(L, φ;P, J),

and

E∞
n,j(L, φ;P, J) ∼= F (r)

n HF j(L, φ;P, J)/F
(r)
n+Σ(L)HF

j(L, φ;P, J).

In other words the spectral sequence (Ekn,j, d
k) converges to the ZΣ(L) -graded

symplectic Floer cohomology HF ∗(L, φ;P ).

Proof Note that

F (r)
n Cj(L, φ;P, J)/F

(r)
n+Σ(L)Cj(L, φ;P, J) = C(r)

n (L, φ;P, J).

It is well–known from [20] that there exists a spectral sequence (Ekn,j , d
k) with

E1– term given by the cohomology of F
(r)
n Cj(L, φ;P, J)/F

(r)
n+Σ(L)Cj(L, φ;P, J).

So E1
n,j(L, φ;P, J) ∼= I

(r)
n (L, φ;P, J) and E∞

n,j(L, φ;P, J) is isomorphic to the bi-

graded Z2–module associated to the filtration F
(r)
∗ of the Z–graded symplectic

Floer cohomology I
(r)
n (L, φ;P, J). Note that the grading is unusual (jumping

by Σ(L) in each step), we list the terms for Zk∗,∗ and Ek∗,∗ .

Zkn,j(L, φ;P, J) = {x ∈ F (r)
n Cj(L, φ;P, J)|δx ∈ F

(r)
n+1+Σ(L)kCj+1(L, φ;P, J)},

Ekn,j(L, φ;P, J) =

Zkn,j(L, φ;P, J)/{Zk+1
n+Σ(L),j (L, φ;P, J) + δZk−1

n+(k−1)Σ(L)−1,j−1(L, φ;P, J)},
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Z∞
n,j(L, φ;P, J) = {x ∈ F (r)

n Cj(L, φ;P, J)|δx = 0},

E∞
n,j(L, φ;P, J) =

Z∞
n,j(L, φ;P, J)/{Z∞

n+Σ(L),j (L, φ;P, J) + dZ∞
n+(k−1)Σ(L)−1,j−1(L, φ;P, J)}.

Thus dk : Ekn,j(L, φ;P, J) → Ekn+Σ(L)k+1,j+1(L, φ;P, J) is induced from δ .

Since the Lagrangian intersections are transverse, and Zφ = L∩φ1(L) is a finite

set, so the filtration F
(r)
∗ is bounded and complete from (4.2). Thus the spectral

sequence converges to the ZΣ(L)–graded symplectic Floer cohomology.

Remark For monotone Lagrangians L with Σ(L) ≥ 3 and φ ∈ Symp0(P,ω),
the spectral sequence in Theorem 4.3 gives a precise information on E1

∗,∗–term

and all higher differentials dk (see also later lemmae). The spectral sequence
for monotone Lagrangian L with Σ(L) ≥ 2 and φ ∈ Ham(P,ω) C1 -sufficiently
close to Id in Theorem IV of [17] gives a filtration from the Morse index of L.
Our filtration is given by the integral lifting of the Maslov index.

Theorem 4.3 gives Theorem A (2). The following theorem is Theorem B.

Theorem 4.4 For Σ(L) ≥ 3,

(1) there exists an isomorphism

E1
n,j(L, φ

0;P, J0) ∼= E1
n,j(L, φ

1;P, J1),

for any continuation (Jλ, φλ) ∈ P1,ε/2 which is regular at ends.

(2) for k ≥ 1, Ekn,j(L, φ;P, J) is the symplectic invariant under continuous

deformations of (Jλ, φλ) within the set of continuations.

Proof Clearly (2) follows from (1) by the Theorem 1 in [20] page 468. By
Theorem 4.3, there is an isomorphism:

E1
n,j(L, φ

0;P, J0) ∼= I(r)
n (L, φ0;P, J0).

By Theorem 3.6, we have the isomorphism

φn0,1 : I(r)
n (L, φ0;P, J0) → I(r)

n (L, φ1;P, J1),

which is compatible with the filtration. The isomorphism φn0,1 induces an iso-

morphism on the E1 term. So we obtain the result.
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By Theorem 4.4, Ekn,j(L, φ;P, J) = Ekn,j(L, φ;P ), E1
n,j(L, φ;P ) = I

(r)
n (L, φ;P )

are new symplectic invariants provided Σ(L) ≥ 3. All these new symplectic
invariants should contain more information on (P,ω;L, φ). They are finer than
the usual symplectic Floer cohomology HF ∗(L, φ;P )(∗ ∈ ZΣ(L)). In particular,

the minimal k for which Ek(L, φ) = E∞(L, φ) should be meaningful, denoted
by k(L, φ). The number k(L, φ) is certainly a numerical invariant for the
monotone Lagrangian sub–manifold L and φ ∈ Symp0(P ).

Corollary 4.5 For Σ(L) ≥ 3 and j ∈ ZΣ(L) ,
∑

k∈Z

I
(r)
j+Σ(L)k(L, φ;P ) = HF j(L, φ;P )

if and only if all the differentials dk in the spectral sequence (Ekn,j , d
k) are

trivial, if and only if k(L, φ) = 1.

In general,
∑

k∈Z I
(r)
j+Σ(L)k(L, φ;P ) 6= HF j(L, φ;P ) for j ∈ ZΣ(L) . The Z–

graded symplectic Floer cohomology I
(r)
∗ (L, φ;P ) can be thought as an integral

lifting of the ZΣ(L)–graded symplectic Floer cohomology HF ∗(L, φ;P ). From
our construction of the Z–graded symplectic Floer cohomology, we have that

(i) if [r0, r1] ⊂ RL,φ , then E
k,(r0)
∗,∗ (L, φ;P ) = E

k,(r1)
∗,∗ (L, φ;P );

(ii) E
k,(r)
∗+Σ(L),∗(L, φ;P ) = E

k,(r+σ(L))
∗,∗ (L, φ;P ).

Since we work on field coefficients (over Z2 ), we give a description of dk in
terms of generators.

Lemma 4.6 Modulo Ek−1
∗,∗ , the differential dk : Ekn,j → Ekn+kΣ(L)+1,j+1 is

given by

dkx =
∑

−µ(r)(x)+µ(r)(y)=kΣ(L)+1

#M̂J(x, y) · y. (4.4)

The differential dk extends linearly over Ekn,j .

Proof For x ∈ Ekn,j , we have, by definition, that x is survived from all pre-
vious differentials. Since the coefficients are in a field Z2 , there are no torsion

elements. So x ∈ Zkn,j , µ
(r)(x) = n and δx ∈ F

(r)
n+kΣ(L)+1Cj+1(L, φ;P, J). Thus

dkx = δx =
∑

y∈F
(r)
n+kΣ(L)+1

Cj+1(L,φ;P,J)

#M̂J(x, y) · y.

The result follows.
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Lemma 4.7 If µ
(r)
u (x, y) < (p + 1)Σ(L) for any u in 1–dimensional moduli

spaces of J–holomorphic curves with x, y ∈ C
(r)
∗ (L, φ;P, J), then dk = 0 for

k ≥ p+ 1. So the spectral sequence E∗
∗,∗(L, φ;P, J) collapses at least (p+ 1)th

term.

Proof Suppose the contrary. There is x ∈ Ekn,j such that dkx 6= 0 for k ≥
p+ 1. By Lemma 4.6,

∑

−µ(r)(x)+µ(r)(y)=kΣ(L)+1

#M̂J(x, y) · y 6= 0.

So there exist y and u ∈ M̂J(x, y) such that there is a nontrivial J –holomor-

phic curve u with µ
(r)
u (x, y) = kΣ(L) + 1. On the other hand, there exists a

J –holomorphic curve u with µ
(r)
u (x, y) ≥ (p + 1)Σ(L) + 1. Hence the result

follows from the contradiction.

By Lemma 4.7, the lifted symplectic action actually measures the how large the
J –holomorphic curves by the integral lifted Maslov index. If a(x(r))−a(y(r)) <

(p+ 1)σ(L) for all x, y ∈ C
(r)
∗ (L, φ;P, J), then k(L, φ) ≤ (p+ 1).

Proposition 4.8 For any compact monotone Lagrangian sub–manifold L in
(P,ω) with Σ(L) ≥ m+ 1, (m ≥ 2), then

(1) all the differentials dk are trivial for k ≥ 0,

(2) we have the following relation:

∑

k∈Z

I
(r0)
j+Σ(L)k(L, φ;P ) = HF j(L, φ;P ).

Proof For the Z–graded symplectic Floer cochain complex C
(r0)
∗ (L, φs;P, J),

by Proposition 5.4, the Maslov index satisfies the following:

0 < maxµ(r0)(y) − minµ(r0)(x) = µHs(y) − µHs(x) ≤ m.

The result follows from the definition of dk , Σ(L) ≥ m+1 and Corollary 4.5.

For any compact monotone Lagrangian embedding L ⊂ Cm , we have 1 ≤
Σ(L) ≤ m and the inequality is optimal based on Polterovich’s examples.
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Definition 4.9 (1) The associated Poincaré–Laurent polynomial P (Ek, t)
(k ≥ 1) of the spectral sequence is defined as:

P (r)(Ek, t) =
∑

n∈Z

(dimZ2 E
k
n,j)t

n.

(2) The Euler number of the spectral sequence is defined to be the number
χ(Ek∗,∗) = P (r)(Ek,−1).

By Theorem 4.3, P (r)(E1, t) =
∑

n∈Z(dimZ2 I
(r)
n (L, φ;P, J))tn . From Remark

5.b (ii), we have
P (r+σ(L))(Ek, t)tΣ(L) = P (r)(Ek, t). (4.5)

We can compare two Poincaré–Laurent polynomials P (r)(Ek, t) and P (r)(E∞, t)
in the following.

Proposition 4.10 For any monotone Lagrangian L with Σ(L) ≥ 3,

P (r)(E1, t) =
k

∑

i=1

(1 + t−iΣ(L)−1)Qi(t) + P (r)(HF ∗, t),

where k + 1 = k(L, φ) and Qi(t) (i = 1, 2, · · · , k) are the Poincaré–Laurent
polynomials of nonnegative integer coefficients.

Proof Let Z1
n,j = ker{d1 : E1

n,j → E1
n+Σ(L)+1,j+1} and B1

n,j = Im d1 ∩ E1
n,j .

We have two short exact sequences:

0 → Z1
n,j → E1

n,j → B1
n+Σ(L)+1,j+1 → 0, (4.6)

0 → B1
n,j → Z1

n,j → E2
n,j → 0. (4.7)

So the degree Σ(L) + 1 of the differential d1 derives the following.

P (r)(E1, t) = P (r)(E2, t) + (1 + t−Σ(L)−1)P (r)(B1, t). (4.8)

Since the higher differential di has degree iΣ(L) + 1, we can repeat (4.8) for
E2 and so on. Let Qi(t) = P (r)(Bi, t). Note that ⊕E∞ ∼= HF ∗(L, φ;P ) by
Theorem 3.6 and Theorem 4.3. Thus we obtain the desired result.

From the proof of Proposition 4.10, we have

P (r)(El, t) =
k

∑

i=l

(1 + t−iΣ(L)−1)Qi(t) + P (r)(HF ∗, t), (4.9)
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for 1 ≤ l ≤ k . Since Σ(L) is even, so we have

χ(Ek∗,∗) =
∑

n∈Z

(−1)ndimZ2E
k
n,j

=

Σ(L)−1
∑

j=0

(−1)jdimZ2(
⊕

n≡j (mod Σ(L))
Ekn,j).

In particular, by Proposition 4.10,

χ(Ek∗,∗) = χ(E∞
∗,∗) = χ(HF ∗), for all k ≥ 1. (4.10)

For an oriented monotone Lagrangian sub–manifold Li in (Pi, ωi), we have
Iωi

= λIµ,Li
for the same λ ≥ 0. So the product L1 × L2 × · · · × Ls is also

an oriented Lagrangian in (
∏s
i=1 Pi, ω1 ⊕ ω2 · · · ⊕ ωs). For u : (D2, ∂D2) →

(
∏s
i=1 Pi,

∏s
i=1 Li), let pi :

∏s
i=1 Pi → Pi be the projection on the i-th factor

(i = 1, 2, · · · , s). Now we obtain

Iµ⊕···⊕µ,L1×···×Ls(u) =

s
∑

i=1

Iµ,Li
(piu),

which follows from the product symplectic form and the Künneth formula for
the Maslov class in Λ(Cm1) × · · · × Λ(Cms), where Cmi = (pi ◦ u)

∗(TxPi) (see
[1]). Hence we have

Iω1⊕···⊕ωs(u) =

s
∑

i=1

Iωi
(pi ◦ u)

=
s

∑

i=1

λIµ,Li
(pi ◦ u)

= λIµ⊕···⊕µ,L1×···×Ls(u).

So the product Lagrangian L1 × · · · × Ls is also monotone in (
∏s
i=1 Pi, ω1 ⊕

ω2 · · · ⊕ ωs). Note that 〈Σ(L1 × · · · × Ls)〉 = 〈g.c.d(Σ(Li) : 1 ≤ i ≤ s)〉 (as
an ideal in Z) by the additivity of the Maslov index. For simplicity, we will
assume that Σ(Li) = Σ(L) ≥ 3 for each 1 ≤ i ≤ s.

Since Σ(L1×L2) = Σ(L) ≥ 3 and L1×L2 is an oriented monotone Lagrangian,
we use the symplectic diffeomorphism φ1×φ2 ∈ Symp0(P1×P2). In particular,
by Lemma 5.3 and [2] we have

I
(r0)
∗ (L1 × L2, φ1 × φ2;P1 × P2) ∼= H∗+m1+m2(L1 × L2; Z2).

So there is a Künneth formula for the Z–graded symplectic Floer cohomology.

I
(r0)
∗ (L1 × L2, φ1 × φ2;P1 × P2) ∼= I

(r0)
∗ (L1, φ1;P1) ⊗ I

(r0)
∗ (L2, φ2;P2). (4.11)
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The torsion terms are irrelevant in this case due to the field Z2–coefficients. In
terms of the filtration and our spectral sequence, we have

E1
n,j(L1 × L2, φ1 × φ2;P1 × P2) ∼=

⊕

n1+n2=n,j1+j2=j (mod Σ(L))

E1
n1,j1(L1, φ1;P1) ⊗ E1

n2,j2(L2, φ2;P2). (4.12)

Proposition 4.11 For the monotone Lagrangian sub–manifold L1×L2 , there
exists a spectral sequence Ekn,j(L1 × L2, φ1 × φ2;P1 × P2) which converges to
the ZΣ(L)–graded symplectic Floer cohomology HF ∗(L1×L2, φ1×φ2;P1 ×P2)
with

E1
n,j(L1 × L2, φ1 × φ2;P1 × P2) = I

(r0)
∗ (L1 × L2, φ1 × φ2;P1 × P2).

Proof The result follows from the monotonicity of L1 × L2 , Σ(L1 × L2) =
Σ(L) ≥ 3 and Theorem 4.3.

Lemma 4.12 For the spectral sequence Ekn,j(L1 × L2, φ1 × φ2;P1 × P2) in

Proposition 4.11, the higher differential dk is given by

dk|Ek
n1,j1

(L1,φ1;P1)
⊗ 1 ± 1 ⊗ dk|Ek

n2,j2
(L2,φ2;P2)

.

Proof It is true for k = 0 by (4.11). By the definition of dk (see the proof of
Theorem 4.3),

dk : Ekn,j(L1 ×L2, φ1 ×φ2;P1 ×P2) → Ekn+2Nk+1,j+1(L1 ×L2, φ1 ×φ2;P1 ×P2),

the term Ekn,j is generated by cocycles in F
(r,r)
n Cj(L1 × L2, φ1 × φ2;P1 × P2)

(modulo Ek−1
n,j term) since we use the field Z2–coefficients. After modulo Ek−1

∗,∗

we have the higher differential

dk : F (r)
n1
Cj1(L1, φ1;P1) ⊗ F (r)

n2
Cj2(L2, φ2;P2) →

{F
(r)
n1+2Nk+1C

j1+1(L1, φ1;P1) ⊗ F (r)
n2
Cj2(L2, φ2;P2)}

⊕{F (r)
n1
Cj1(L1, φ1;P1) ⊗ F

(r)
n2+2Nk+1C

j2+1(L2, φ2;P2)}.

Note that dk ◦ dk = 0 by the monotonicity and Proposition 4.11. Thus the
result follows from the very definition of dk|Ek(Li,φi;Pi) for i = 1, 2. The sign is
not important since the coefficients are in Z2 .
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In general we can not expect the Künneth formulae for the tensor product of
two spectral sequences due to the torsions (see [12, 20]). For our case with
the field Z2–coefficients, we do have such a Künneth formula for the spectral
sequence.

Theorem 4.13 For the monotone Lagrangian L1 × L2 in (P1 × P2, ω1 ⊕ ω2)
with Iωi

= λIµ,Li
and Σ(Li) = Σ(L) ≥ 3 (i = 1, 2), we have, for k ≥ 1,

Ekn,j(L1 × L2, φ1 × φ2;P1 × P2) ∼=
⊕

n1+n2=n,j1+j2=j (mod Σ(L))

Ekn1,j1(L1, φ1;P1) ⊗ Ekn2,j2(L2, φ2;P2).

Proof The case of k = 1 is the usual Künneth formula for the cohomology
of L1 × L2 (see (4.11 and (4.12). The result follows by induction on k (see
[12, 20]) for the field Z2–coefficients.

Corollary 4.14 (1) For a monotone Lagrangian L ⊂ (P,ω), for k ≥ 1 and
s ≥ 2, Ekn,j(L× L× · · · × L, φ× · · · × φ;P s) ∼=

⊕

n1+···+ns=n,j1+···+js=j (mod Σ(L))

{⊗s
i=1E

k
ni,ji(L, φ;P )}.

(2) The Poincaré–Laurent polynomial for Ekn,j(L×L×· · ·×L, φ×· · ·×φ;P s)
satisfies

P (r)(Ek(L× L× · · · × L, φ× · · · × φ;P s), t) = {P (r)(Ek(L, φ;P ), t)}s.

Proof (1) follows from the induction proof of Theorem 4.13 with Li = L(1 ≤
i ≤ s) and the field Z2–coefficients, and (2) follows from the definition of the
Poincaré–Laurent polynomial and (1).

5 Applications

5.1 Hofer’s energy and Chekanov’s construction

In this subsection, we relate our Z–graded symplectic Floer cohomology with
the one constructed by Chekanov [2]. We also show some results to illustrate
the interactions among the Hofer energy eH(L), the minimal symplectic action
σ(L) and the minimal Maslov number Σ(L).
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Hofer [9] introduced the notion of the disjunction energy or the displacement
energy associated with a subset of symplectic manifold. Hofer’s symplectic
energy measures how large a variation of a (compactly supported) Hamiltonian
function must be in order to push the subset off itself by a time–one map of
corresponding Hamiltonian flow. Hofer showed that the symplectic energy of
every open subset in the standard symplectic vector space is nontrivial. See
[10] for more geometric study of the Hofer energy.

Definition 5.1 Let H be the space of compactly supported functions on
[0, 1]×P . The Hofer symplectic energy of a symplectic diffeomorphism φ1 : P →
P is defined by

E(φ1) = inf{

∫ 1

0
(max
x∈P

H(s, x) − min
x∈P

H(s, x))ds|

φ1 is a time one flow generated by H ∈ H}.

eH(L) = inf{E(φ1) : φ1 ∈ Ham(P ), L ∩ φ1(L) = ∅ empty set}.

Theorem 5.2 [2] If E(φ1) < σ(L), L is rational, and L intersects φ1(L)
transversely, then

#(L ∩ φ1(L)) ≥ SB(L;Z2),

where SB(L;Z2) is the sum of Betti numbers of L with Z2–coefficients.

Remark 5.a (1) Polterovich used Gromov’s figure 8 trick and a refinement of
Gromov’s existence scheme of the J –holomorphic disk to show that eH(L) ≥
σ(L)

2 . Chekanov extends the result to eH(L) ≥ σ(L) which is optimal for
general Lagrangian sub-manifolds (see [2] §1). It is unclear whether Theorem 5.2
remains true for the case of E(φ1) = σ(L).

(2) Sikorav showed that eH(Tm) ≥ σ(Tm). The Theorem 5.2 generalizes
Sikorav’s result to all rational Lagrangian sub–manifolds.

Chekanov [2] used a restricted symplectic Floer cohomology in the study of
Hofer’s symplectic energy of rational Lagrangian sub–manifolds. Denoted by

Ωs = {γ ∈ C∞([0, 1], P )|γ(0) ∈ L, γ(1) ∈ φs(L)},

Ω =
⋃

s∈[0,1]

Ωs ⊂ [0, 1] × C∞([0, 1], P ).

Assume that φs is generic so that D = {s ∈ [0, 1] : φs(L) ∩ L transversely} is
dense in [0, 1]. One may choose the anti–derivative of Das(z)ξ as as : Ωs →
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R/σ(L)Z, and fix a0 with critical value 0. Pick zs ∈ L ∩ φs(L) such that
modulo σ(L)Z,

0 < as(zs) = min{as(x) (mod σ(L)Z)|x ∈ Zφs
} < σ(L). (5.1)

So it is possible to have as(zs) in (5.1) for s ∈ D due to the constant factor for
as . Let r0 6= 0 be sufficiently small positive number in RL,φs

∩ (0, σ(L)), say
0 < r0 <

1
16as(zs). The condition E(φ1) < σ(L) provides that there is a unique

x ∈ Zφs
(the x(r0)) which corresponds to the unique lift in (r0, r0 + σ(L)),

0 < as(x) − as(zs) < σ(L). (5.2)

Under these restrictions, define the free module Cs over Z2 generated by L ∩
φs(L) and the coboundary map ∂s ∈ End(Cs) (see below) such that ∂s ◦∂s = 0
[2]. Thus H∗(Cs, ∂s) is well–defined for every s ∈ [0, 1]. With the unique
liftings of x and y in (r0, r0 + σ(L)), we can identify Chekanov’s restricted
symplectic Floer cochain complex with our Z–graded symplectic Floer cochain
complex.

Lemma 5.3 For r0 as above, C
(r0)
∗ (L, φs;P, J) = Cs . Let MJs(x, y) be the

restricted moduli space of J –holomorphic curves {u ∈ M(L, φs(L))|u∗(ω) =
as(x) − as(y)}. So

∂(r0)x = ∂sx =
∑

#M̂Js(x, y)y.

Proof Note that µu = µ(r0)(y)− µ(r0)(x) = dimMJs(x, y) for u ∈ MJs(x, y).

So y in ∂sx is the element in C
(r0)
n+1(L, φs;P, J); for any u ∈ MJs(x, y) con-

tributing in the coboundary of ∂(r0)x, we have u∗(ω) = as(x) − as(y) by the
Proposition 2.3 in [3]. For the unique lifts in (r0, r0 + σ(L)) of Zφs

, the choice
of as gives arise to the one–to–one correspondence between MJs(x, y) and
MJ(x, y) for µ(r0)(y)−µ(r0)(x) = 1. Therefore the coboundary maps agree on
the Z2–coefficients.

For s sufficiently small, the point x ∈ L ∩ φs(L) is also a critical point of the
Hamiltonian function Hs of φs . The Maslov index is related to the usual Morse
index of the time–independent Hamiltonian H with sufficiently small second
derivatives:

µ(r0)(x) = µH(x) −m. (5.3)

Proposition 5.4 For the r0 as above, we assume that (i) Σ(L) ≥ 3 and
E(φ1) < σ(L), (ii) L is monotone Lagrangian sub–manifold in P , (iii) L inter-
sects φ1(L) transversely. Then there is a natural isomorphism between

I
(r0)
∗ (L, φs;P ) ∼= H∗+m(L;Z2) for ∗ ∈ Z and s ∈ [0, 1] .
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Proof For any s, s
′
∈ [0, 1] sufficiently close, by Theorem 3.6 we have

I
(r0)
∗ (L, φs;P ) ∼= I

(r0)
∗ (L, φs′ ;P ). (5.4)

For s ∈ [0, 1] sufficiently small, we have

I
(r0)
∗ (L, φs;P ) ∼= H∗(Cs, ∂s) ∼= H∗+m(L;Z2). (5.5)

The first isomorphism is given by Lemma 5.3 and the second by Lemma 3 of
[2] and Theorem 2.1 of [19]. Then the result follows by applying (5.4) and
(5.5).

Remark 5.b (i) Proposition 5.4 provides the Arnold conjecture for monotone
Lagrangian sub–manifold with Σ(L) ≥ 3 and E(φ1) < σ(L). Chekanov’s result
does not require the assumptions of the monotonicity of L and Σ(L) ≥ 3.

(ii) There is a natural relation I
(r0+σ(L))
∗ (L, φs;P ) = I

(r0)
∗+Σ(L)(L, φs;P ) for dif-

ferent choices of as and as + σ(L). In fact, for s, s
′
∈ [0, 1],

I
(r0)
∗ (L, φs;P ) ∼= I

(r0)
∗ (L, φs′ ;P ).

For the Lagrangian sub–manifolds L in (Cm, ω0) with the standard symplectic
structure ω0 = −dλ. The 1–form λ is called Liouville form, which has the
corresponding Liouville class [λ|L] ∈ H1(L,R). One of the fundamental results
in [8] is the non–triviality of the Liouville class.

Theorem 5.5 (Gromov [8]) For any compact Lagrangian embedding L in
Cm , the Liouville class [λ|L] 6= 0 ∈ H1(L,R).

Lemma 5.6 If E(φ1) < (p + 1)σ(L), then k(L, φ) ≤ (p + 1) for the spectral
sequence Ekn,j(L, φ;P, J).

Proof By definition of E(φ), we have

a+,H =

∫ 1

0
max
x∈P

H(s, x), a−,H =

∫ 1

0
min
x∈P

H(s, x),

for φ1 a time–one flow generated by H(s, x). For any nontrivial u ∈ M̂J(x, y)
which contributes in dk , we have

Iω(u) = au(x
(r)) − au(y

(r)) ≤ a+,H − a−,H .
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Thus for any x, y ∈ C
(r)
∗ (L, φ;P, J), we have au(x

(r))−au(y
(r)) ≤ a+,H −a−,H .

So

au(x
(r)) − au(y

(r)) ≤ inf
H

(a+,H − a−,H)

= E(φ1)

< (p+ 1)σ(L)

(5.6)

By the monotonicity, λIµ,L̃(u) = Iω(u) < (p + 1)σ(L) (µ(r)(x, y) = Iµ,L̃(u) <
(p+ 1)Σ(L)). By Lemma 4.7, we obtain the desired result.

Remark 5.c Note that k(L, φ) = p + 1, one can not claim that E(φ) <
(p + 1)σ(L). For k ≥ p + 1, the property dk = 0 is the zero (mod 2) of
the 1–dimensional moduli space of J –holomorphic curves. There are possible
pairs u± of nontrivial J –holomorphic curves which have au±(x(r))−au±(y(r)) ≥
(p+ 1)σ(L).

There are four interesting numbers Σ(L), σ(L), eH (L) and k(L, φ) of a mono-
tone Lagrangian manifold L. Both of them intertwine and link with the Z–
graded symplectic Floer cohomology and its derived spectral sequence. It would
be interesting to study further relations among them.

5.2 Internal cup–product structures

For the monotone Lagrangian sub–manifold L in (P,ω) with Σ(L) ≥ 3, we have
obtained an external product structure (cross product) in Theorem 4.13. In this
subsection, we show that there is an internal product structure on the spectral
sequence and the symplectic Floer cohomology of the Lagrangian sub–manifold
L.

By a result of Chekanov [2] and Proposition 5.4, we can identify I
(r)
∗ (L, φ;P ) ∼=

H∗+m(L; Z2). Let a be a cohomology class in Hp(L; Z2). Define a map

a∪ : C(r)
n (L, φ;P, J) → C

(r)
n+p(L, φ;P, J) (5.7)

x 7→
∑

−µ(r)(x)+µ(r)(y)=p

#(MJ(x, y) ∩ i∗(PDL(a))) · y,

where i : L →֒ P is the Lagrangian imbedding, #(MJ (x, y) ∩ i∗(PDL(a))) is
the algebraic number of i∗(PDL(a)) intersecting MJ (x, y), and PDL(a) is the
Poincaré dual of a in L.
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Proposition 5.7 The map a∪ in (5.7) is well–defined for the monotone La-

grangian embedding, and ∂
(r)
n+p ◦ (a∪) = (a∪) ◦ ∂

(r)
n .

Proof Note that i∗(PDL(a)) is a divisor in P where the intersection MJ(x, y)
∩ i∗(PDL(a)) can be made transversally without holomorphic bubblings (see
[3, 5] Theorem 6). In fact, we can apply the similar argument in Proposition
4.1 of [13] to the Z–graded symplectic Floer cohomology of the Lagrangian
L in order to avoid the bubbling issue. Now it suffices to check the map a∪
commutes with the Z–graded differential.

Without holomorphic bubblings, the partial compactification of MJ (x, z) with
only k–tuple holomorphic curves can be described as

MJ(x, z) = ∪(×k−1
i=0 MJ (ci, ci+1)),

the union over all sequence x = c0, c1, · · · , ck = z such that MJ(ci, ci+1) is
nonempty for all 0 ≤ i ≤ k−1. For any sequence c0, c1, · · · , ck ∈ Fix (φ), there
is a gluing map

G : ×k−1
i=0 M̂J(ci, ci+1) × Dk → MJ (x, z),

where Dk = {(λ1, · · · , λk) ∈ [−∞,∞]k : 1 + λi < λi+1, 1 ≤ i ≤ k − 1}.

(1) The image of G is a neighborhood of ×k−1
i=0 M̂J(ci, ci+1) in the compact-

ification with only k–tuple holomorphic curves.

(2) The restriction of G to ×k−1
i=0 M̂J(ci, ci+1)× Int (Dk) is a diffeomorphism

onto its image.

(3) The extension of the gluing map is independent of u1, · · · , uj−1 and
uj+p+1, · · · , uk provided λj−1 = −∞ and λj+p+1 = +∞.

G(u1, · · · , uk,−∞, · · · ,−∞, λj , · · · , λj+p,+∞, · · · ,+∞)

= G(uj , · · · , uj+p, λj , · · · , λj+p).

For x ∈ C
(r)
n (L, φ;P, J) and z ∈ C

(r)
n+p+1(L, φ;P, J), the space K = MJ(x, z)∩

i∗(PD(a)) is a 1–dimensional manifold in Ωφ with p = deg(a). We have

0 =

∫

MJ(x,z)
dPD−1

P (i∗(PDL(a)))

=

∫

∂MJ(x,z)
PD−1

P (i∗(PDL(a)))

= ∂MJ(x, z) ∩ i∗(PDL(a)),
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where PDX stands for the Poincaré dual of the space X . Since G is a lo-
cal diffeomorphism near ∂MJ (x, z), we can integrate PD−1

P (i∗(PDL(a))) (by

changing variables) over ×k−1
i=0 M̂J (ci, ci+1) × Dk . We have

∂(×k−1
i=0 M̂J(ci, ci+1) × Dk) = ×k−1

i=0 M̂J(ci, ci+1) × ∂Dk.

From the definition of Dk , we get ∂(Dk) = Dk−1
+

∐

−Dk−1
− , where Dk−1

− =

{(−∞, λ2, · · · , λk) ∈ Dk} and Dk−1
+ = {(λ1, · · · , λk−1,+∞) ∈ Dk}. Thus

0 =

∫

∂MJ (x,z)
PD−1

P (i∗(PDL(a)))

= 〈∂G−1(×k−1
i=0 M̂J(ci, ci+1) × Dk), PD−1

P (i∗(PDL(a)))〉

= 〈×k−1
i=0 M̂J(ci, ci+1) × ∂(Dk), G∗(PD−1

P (i∗(PDL(a))))〉

= 〈×k−1
i=0 M̂J(ci, ci+1) × Dk−1

+ , G∗(PD−1
P (i∗(PDL(a))))〉

− 〈×k−1
i=0 M̂J (ci, ci+1) × Dk−1

− , G∗(PD−1
P (i∗(PDL(a))))〉.

(5.8)

The image of G is independent of u1 in Dk−1
− and uk in Dk−1

+ respectively.
For λ1 → −∞,

G(×k−1
i=1 M̂J(ci, ci+1) × Dk−1

− ) = MJ(c1, z).

We have the dimension counting as follows from
∑k−1

i=0 (µ(r)(ci) − µ(r)(ci+1)) =
p+ 1,

dimMJ(c1, z) = (p+ 1) − (µ(r)(x) − µ(r)(c1)).

By the transversal of the intersection with i∗(PDL(a)) in Ωφ , the only possible

nontrivial contribution of MJ(c1, z) ∩ i∗(PDL(a)) is from dimMJ(c1, z) = p.
Hence (p + 1) − (µ(r)(x) − µ(r)(c1)) = p if and only if µ(r)(x) − µ(r)(c1) = 1.
Therefore we obtain

〈×k−1
i=0 M̂J(ci, ci+1) × Dk−1

− , G∗(PD−1
P (i∗(PDL(a))))〉

= #M̂1
J(x, c1) · #MJ(c1, z) ∩ i∗(PDL(a)),

this gives the term (a∪) ◦ ∂
(r)
n (x). Similarly for λk → +∞,

〈×k−1
i=0 M̂J(ci, ci+1) × Dk−1

+ , G∗(PD−1
P (i∗(PDL(a))))〉 = ∂

(r)
n+p ◦ (a∪)(x). (5.9)

Hence the result follows.

Now the map a∪ defined in (5.7) induces a map (still denoted by a∪) on the
Z–graded symplectic Floer cohomology by Proposition 5.7,

a∪ : I(r)
n (L, φ;P, J) → I

(r)
n+p(L, φ;P, J). (5.10)
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Since H∗(L; Z2) is a graded algebra with cup product as multiplication, the

H∗(L; Z2)–module structure of I
(r)
∗ (L, φ;P, J) is given by the following com-

mutative diagram:

H∗(L; Z2) ⊗H∗(L; Z2) ⊗ I
(r)
∗ (L, φ;P, J)

1⊗ψ
−→ H∗(L; Z2) ⊗ I

(r)
∗ (L, φ;P, J)





y
∪⊗ 1





y

ψ

H∗(L; Z2) ⊗ I
(r)
∗ (L, φ;P, J)

ψ
−→ I

(r)
∗ (L, φ;P, J)

where ψ : H∗(L; Z2)⊗I
(r)
∗ (L, φ;P, J) → I

(r)
∗ (L, φ;P, J) is given by ψ(a, ·) = a∪·

in (5.10). Thus we have {(a∪) ◦ (b∪)}(x) equals

∑

y∈C
(r)
n+deg(b)

#MJ(x, y)∩i∗(PDL(b))·
∑

z∈C
(r)
n+deg(b)+deg(a)

#MJ(y, z)∩i∗(PDL(a))·z.

Proposition 5.8 If i : L →֒ P induces a surjective map i∗ : H∗(P ; Z2) →

H∗(L; Z2), then the Z–graded symplectic Floer cohomology I
(r)
∗ (φ, P ) has an

H∗(L; Z2)–module structure.

Proof If i∗ : H∗(P ; Z2) → H∗(L; Z2) is surjective, then i∗ ◦PDL ◦ i
∗ = PDP .

Thus i∗(PDL(a∪ b)) = i∗(PDL(i∗(aP ∪ bP ))) = PDP (aP ∪ bP ) for some classes
aP , bP ∈ H∗(P ; Z2). Therefore

#MJ(x, z) ∩ i∗(PDL(a ∪ b)) = 〈PD−1
P (i∗(PDL(a ∪ b))),MJ (x, z)〉

= 〈aP ∪ bP ,MJ (x, z)〉

= 〈D∗(aP × bP ),MJ (x, z)〉

= 〈aP × bP ,D∗MJ(x, z)〉,

(5.11)

where D∗ is the unique chain map up to chain homotopy induced from the
diagonal map D : Ωφ → Ωφ × Ωφ , and H∗(P ; Z2) is viewed as a subring of
H∗(Ωφ; Z2) (see [5] §1c or [13]). By the monotonicity and the energy formula,
for any elements in MJ(x, y) ×MJ(y, z), we have

r < ãJ(x
(r)) ≤ ãJ(y

(r)); ãJ(y
(r)) ≤ ãJ(z

(r)) < r + 2αN.

So by the uniqueness of the lifting y(r) , we have y ∈ C
(r)
∗ (L, φ;P, J). For

µ(r)(y) 6= n+ deg(b), then, by the dimension counting,

〈aP × bP ,MJ(x, y) ×MJ(y, z)〉 = 0.
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Thus we obtain 〈aP × bP ,∪y∈C(r)
n+deg(b)

MJ(x, y) ×MJ(y, z)〉

=
∑

µ(r)(y)=n+deg(b)

〈bP ,MJ (x, y)〉 · 〈aP ,MJ(y, z)〉

=
∑

µ(r)(y)=n+deg(b)

〈PD−1
P (i∗PDL(b)),MJ (x, y)〉 · 〈PD−1

P (i∗PDL(a)),MJ (y, z)〉

=
∑

y∈C
(r)
n+deg(b)

#(MJ (x, y) ∩ i∗(PDL(b))) · #(MJ(y, z) ∩ i∗(PDL(a)))z.

(5.12)

This equals to 〈(a∪) ◦ (b∪)(x), z〉.

One can verify that the module structure is invariant under the compact con-
tinuation (Jλ, φλ) ∈ P1,ε/2 by the standard method in [5, 13]. Note that one
can define the action of H∗(L; Z2) for any monotone Lagrangian sub–manifold
L, but the module structure requires for the special property of the Lagrangian
embedding i : L →֒ P in Proposition 5.8.

Hence we obtain a H∗(L; Z2)–module structure on I
(r)
∗ (L, φ;P ). Now we as-

sociate the internal product structure on the Z–graded symplectic Floer coho-
mology:

I
(r)
n1−m(L, φ;P ) × I

(r)
n2−m(L, φ;P )

∪
→ I

(r)
n1+n2−m(L, φ;P ), (5.13)

as a bilinear form defined by I
(r)
n1−m(L, φ;P ) ∼= Hn1(L; Z2) and (5.10). Note

that the index–shifting makes the compatibility of the usual cup–product of the

cohomology ring on H∗(L; Z2): H
n1(L; Z2) ×Hn2(L; Z2)

∪
→ Hn1+n2(L; Z2).

Corollary 5.9 If i : L →֒ P induces a surjective map i∗ : H∗(P ; Z2) →
H∗(L; Z2) and Σ(L) ≥ 3, then

H∗(L; Z2) → End(I
(r)
∗ (L, φ, P ; Z2))

is an injective homomorphism.

Corollary 5.9 generalizes Theorem 3 of Floer [4] of π2(P,L) = 0 to the case of
monotone Lagrangian sub-manifolds L with Σ(L) ≥ 3 if the intersection L with
φ(L) is transverse, where φ ∈ Symp0(P ) not necessary φ ∈ Ham(P ). Note
that one may combine our construction in §2 - §4 with the one in §3 of [4] for the
non-transverse points in L ∩ φ(L). With the gluing result of trajectories along
those degenerate points in L∩ φ(L), we obtain that for any exact Hamiltonian
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φ on the monotone pair (P,L;ω) with Σ(L) ≥ 3, the number #L ∩ φ(L) of
intersections of φ(L) with L is greater than or equal to the Z2 -cuplength of L
via (5.13) and Corollary 5.9. I.e., a generalization of Theorem 1 of [4] is achieved
for a symplectic manifold (P,ω) and its monotone Lagrangian sub-manifold L
without the hypothesis π2(P,L) = 0.

Lemma 5.10 For the Lagrangian embedding in Proposition 5.8, the map a∪
defined in (5.7) preserves the filtration in Definition 4.1, and dk ◦ (a∪) = (a∪)◦
dk , where dk is the higher differential in the spectral sequence of Theorem 4.3.

Proof Recall F
(r)
n Cj(L, φ, P ;J) =

∑

k≥0C
(r)
n+Σ(L)k(L, φ, P ;J). Thus by our

definition a∪ in (5.7), we have

a∪ :
∑

k≥0

C
(r)
n+Σ(L)k(L, φ, P ;J) →

∑

k≥0

C
(r)
n+Σ(L)k+deg(a)(L, φ, P ;J),

which induces a map a∪ : F
(r)
n Cj(L, φ, P ;J) → F

(r)
n+deg(a)C

ja(L, φ, P ;J) with

ja ≡ j + deg(a) (mod Σ(L)). Thus we obtain a filtration preserving ho-
momorphism with degree deg(a). Element in Ekn,j is a survivor from pre-

vious differentials, and x ∈ Ekn,j is an element in F
(r)
n Cj(L, φ, P, J) with

δx ∈ F
(r)
n+1+Σ(L)kC

j+1(L, φ, P, J). The differential dk (induced from δ) is count-
ing the signed one–dimensional moduli space of J –holomorphic curves from
x ∈ Ekn,j to y ∈ Ekn+1+Σ(L)k,j+1 . The diagram

Ekn,j
dk

−→ Ekn+1+Σ(L)k,j+1

↓ a∪ ↓ a∪

Ekn+deg(a),ja

dk

−→ Ekn+1+Σ(L)k+deg(a),ja+1

(5.14)

is commutative by the same method of the proof in Proposition 5.7.

Theorem 5.11 For the monotone Lagrangian L
i
→֒ P with i∗ : H∗(P ; Z2) →

H∗(L; Z2) surjective and Σ(L) ≥ 3, the spectral sequence Ek∗−m,∗(L, φ;P ) has
an ring structure which is descended from the cohomology ring (H∗(L; Z2),∪).

Proof As we see from the above, there is an internal product structure on
E1

∗−m,∗ : H
n1(L; Z2) × E1

n2−m,j2
(L, φ;P ) =

E1
n1−m,j1(L, φ;P ) ×E1

n2−m,j2(L, φ;P ) → E1
n1+n2−m,j(L, φ;P ), (5.15)
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where E1
n1−m,j1

(L, φ;P ) ∼= Hn1(L; Z2) and j ≡ j1 +j2 +m (mod Σ(L)). Hence
the module structure in Proposition 5.8 shows that the internal product is asso-
ciative through the identifications. Furthermore the module structure descends
to the spectral sequence by Lemma 5.10:

Hn1(L; Z2) × Ekn2−m,j2(L, φ;P )
∪
→ Ekn1+n2−m,j(L, φ;P ).

As a subgroup Ekn1−m,j1
(L, φ;P ) ⊂ Hn1(L; Z2), elements in Ekn1−m,j1

(L, φ;P )

are the survivors which are neither an image of some dk nor the source of the
nontrivial dk due to the Z2–coefficients. Hence they are exactly the cohomology
classes in Hn1(L; Z2). In general, the k -th term Ekn1−m,j1

(L, φ;P ) lies in the

quotient of Ek−1
n1−m,j1

(L, φ;P ) which is not necessary a subgroup of Hn1(L; Z2).
Therefore there is an associate (from the module structure) internal product
structure on Ek∗−m,∗(L, φ;P ):

Ekn1−m,j1(L, φ;P ) ×Ekn2−m,j2(L, φ;P )
∪k→ Ekn1+n2−m,j(L, φ;P ), (5.16)

via the identification of the first factor Ekn1−m,j1
(L, φ;P ) ⊂ Hn1(L; Z2).

In particular, (E∞
∗−m,∗(L, φ;P ),∪∞) = (HF ∗−m(L, φ;P ),∪∞) is an associative

ring on the ZΣ(L)–graded symplectic Floer cohomology which is induced from
the cohomology ring of the imbedded monotone Lagrangian sub–manifold L.
Note that the index shifting (5.16) in the internal product is not the usual one
due to the relation between the Maslov index and the Morse index.

For φ ∈ Symp0(P ) and the monotone Lagrangian embedding i : L →֒ P with
i∗ : H∗(P ; Z2) → H∗(L; Z2) surjective and Σ(L) ≥ 3, we obtain the ring struc-
ture on Ek∗−m,∗(L, φ;P ) for every k ≥ 1. From the quantum effect arisen
from the higher differentials in the spectral sequence in Theorem 4.3, the ring
(HF ∗−m(L, φ;P ),∪∞) can be thought of as the quantum effect of the regu-
lar cohomology ring (H∗(L; Z2),∪) = (E1

∗−m,∗(L, φ;P ),∪1) of the monotone
Lagrangian sub–manifold L with embedding i : L→ P .

Remark There is a general approach for the A∞–structure on the symplectic
Floer cohomology of Lagrangians with Novikov ring coefficients in [7]. The
Am–multiplicative structure is defined by pair–of–pants construction which is
quite a complicated and hard in terms of computation. Our cup–product is
induced from the usual cup-product of H∗(L; Z2) and incorporated with those
higher differentials. Our construction and the cup-product structure have more
algebraic topology techniques in terms of computation.
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