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The intersecting kernels of Heegaard splittings

FENGCHUN LEI
JIE WU

Let V Ug W be a Heegaard splitting for a closed orientable 3—manifold M . The
inclusion-induced homomorphisms 71 (S) — 71 (V) and 71 (S) — 71 (W) are both
surjective. The paper is principally concerned with the kernels K = Ker(;(S) —
71(V)), L = Ker(m{(S) — 7 (W)), their intersection K N L and the quotient
(KN L)/[K, L]. The module (K N L)/[K, L] is of special interest because it is
isomorphic to the second homotopy module 75 (M). There are two main results.

(1) We present an exact sequence of Z(mr;(M))—modules of the form

T? 6
(KNL)/[K,L] = R{x1,...,xg}/J — R{y1.....yg} —> R —>» 7,

where R = Z(m1(M)), J is acyclic R—submodule of R{xy,...,xg}, 7% and 0
are explicitly described morphisms of R—modules and 7' involves Fox derivatives
related to the gluing data of the Heegaard splitting M =V Ug W.

(2) Let K be the intersection kernel for a Heegaard splitting of a connected sum,
and Cq, IC, the intersection kernels of the two summands. We show that there is a
surjection L — KC; * KCy onto the free product with kernel being normally generated
by a single geometrically described element.

57M27, 57TM99, 20F38; 57MO05, 37E30

1 Introduction

Let M =V UgW be a Heegaard splitting, where V' and W are handlebodies of genus g
and S is a closed Riemann surface of genus g with dV =S and dW = .S. Consider an
essential simple closed curve A in S. If A bounds a disk D; in the manifold V' and a
disk D, in W, then by gluing D; and D, together along A, we obtain an embedding of
the 2—sphere S? in the 3—manifold M and so the splitting is reducible. Motivated from
these observations, the purpose of this article is to study the intersecting subgroup of the
kernels of 71 (S) — 71(V) and 71(S) — 71 (W). In other words, we investigate the
(possibly singular) curves on the Riemann surface S that can be extended to (possibly
singular) disks in V' and W, respectively. Note that the intersecting subgroup addressed
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here is the kernel of the splitting homomorphism introduced by Stallings [19] and
studied by others, for example, Jaco [10] and Papkyriakopoulos [17].

The combinatorial problem of determining the intersecting subgroups is related to the
classical Whitehead Asphericity Question in low dimensional topology; see Bogley [4].
Recent development on combinatorial determinations on the general homotopy groups
of spheres in homotopy theory also concerns the intersecting subgroups of free groups
or braid groups; see Berrick, Cohen, Wong and Wu [1], Cohen and Wu [7; 8], Li and
Wu [13] and Wu [20]. In our cases, the intersection is given by an explicit subgroup
of the fundamental group of the Riemann surface of genus g with its image under an
automorphism. The investigation on intersecting subgroups in our special cases might
help for searching the methods for attacking the Whitehead Asphericity Question and
the homotopy groups of spheres.

We first consider the algebraic determination on the intersecting kernel of Heegaard
splittings. Let Vg be the standard handlebody of genus g with 3V, = S, the Riemann
surface of genus g. Given a diffeomorphism ¢: Sg — Sy, the resulting construction
M = Vg U, Vg with equivalence relation generated by x ~ ¢(x) for x € Sy gives a
Heegaard splitting. Clearly any Heegaard splitting of 3—manifolds is given in such a
way. (See Section 2 for details.) Recall that 71 (Sg) admits the standard presentation
with generators ay,...,dg,b;,...,bg and a single relation [ay,b;]---[ag, bg] = 1.
The fundamental group 71 (Vg) is then the free group Fg of rank g with free basis
ai,...,ag.Leti: Sg — Vg be the canonical inclusion. Then ix: 71 (Sg) — m1(Vg)
is the group homomorphism with ix(aj) = a; and ix(bj) =1 for 1 < j < g.
Let KBy = (bl,...,bg)N be the normal closure of by,...,bg in m1(Sg). Then
Ker(ix: m1(Sg) — m1(Vg)) = KBg. Observe that the inclusion of Sy to the second
copy of Vg is given by the composite

% i

Thus the intersecting kernel is given by
KB, Ng; ' (KBy)
and so the algebraic problem is how to determine the intersecting kernel
KBg ¢~ (KBg) = (b1.....0) Y N ((¢7" (b1).....¢7 (b)Y

for any automorphism ¢ of 7 = m(Sg). Since both KB, and ¢_1(KBg) are nor-
mal subgroups of 7, the commutator subgroup [KBg, ¢! (KB, )] is contained in the
subgroup KBz N¢~! (KB, ). Assume that the words ¢! (by),..., ¢~ 1(bg) are given.
Then a set of generators for the commutator subgroup [KBg, ¢ (KB ¢)] can be listed
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and so the algebraic problem is reduced to how to determine the quotient group

(1-1) (KBg N¢~'(KBg))/[KBg, ¢~ ' (KBg)]

which measures how far the intersecting subgroup is from the commutator subgroup.
Observe that the above group is abelian because the commutator subgroup

[KB; N¢ ' (KBg), KB Ng~ ! (KB)] C [KBg, ¢~ ! (KBy)].

Our determination of the group given in Equation (1-1) is as follows. For a ring R, let

n

R{xl,...,xn} I@Rx]' = Ren
j=1

be the direct sum, where Rx; is acopy of R labeled by x;. Foragroup G, let Z(G) be
the group ring of G and let €: Z(G) — Z be the augmentation. Recall that a derivation
d: Z(G) — Z(G) means a linear map such that d(vw) = d(v)e(w) + va(w). Let Fy,
be the free group of rank » with a basis ay, ..., a,. Then there is a unique derivation
0j =0/0aj: Z(Fy) — Z(Fy) such that d;(a;) = §;,j, where §; ; is the Kronecker §.
For a homomorphism 6: Z(F,) — Z(G) and an element w € Z(Fy), let 8? (w) =
6(0; (w)) be the image of d;(w) in the group ring Z(G). If the homomorphism 6 is
clear, we simply write d; (w) for 8]9 (w) as an element in Z(G).

Theorem 1.1 Let M = Vg Uy V, be a Heegaard splitting given by a diffeomorphism
¢: Sg — Sg. Let
m1(Sg) ={ar.....ag,b1,....bg |lar.b1]---[ag. bg] = 1)

be the standard presentation of 71(Sg) and let q: w1(Sg) — m1(Vg) = Fg be the
canonical quotient homomorphism. Then the following hold:

(1) The group m1(M) admits a presentation with generators ay,...,ag and the
relations given by q(¢«(bj)) =1for1 < j <g.

(2) Let R=Z(w1(M)). Then there is an exact sequence of R-modules

(KBg N¢7 1 (KBy))/[KBg. ¢7 ! (KBg)] = Rixy.....xg}/J —r

6
R{)’l,---,J’g} R;’Z’

where J is the R—submodule of R{xy,...,xg} generated by Z‘]g:l (aj —1)x;j,
T? is a morphism of R-modules with T? (x;) = f:l 0; (¢«(bi))yj, and 0
is a morphism of R-modules with 6(y;) =a; — 1.
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By this result, the computation of the group (KBg N¢; ! (KBg))/[KBg, $5 ! (KByg)]
depends on the presentation of the fundamental group (M) induced by the automor-
phism ¢« on 71 (Sg). Consider the Jacobian of the automorphism ¢ :

(0w (@) /0a5) 4y (3(@a(b)/0ay)
(0@(@)) /b)) gy (5 (Bi)/00)) g ),

over Z(m1(M)). Then T is determined by the Z (71 (M))-linear transformation

Rixi,....xg} — R{y1,.... )¢}

(a(¢*(bi)))
daj gxg'

A direct consequence of Theorem 1.1 is to give an algebraic criterion for testing the
irreducibility of Heegaard splittings.

given by the matrix

Corollary 1.2 (Irreducibility criterion of Heegaard splittings) Let M = Vg Uy Vg
be a Heegaard splitting given by a diffeomorphism ¢: Sg — Sg. Let

m1(Sg) =(ar,....ag.by,....bg |[a1,b1] - -[ag. be] = 1)
be the standard presentation of w1 (Sg). Let
T R{xi,....xg}/J — R{y1,....¥g}

be the linear transformation defined as above. Then M is irreducible if and only if T¢
is a monomorphism.

Proof By Brown and Loday [6, Corollary 3.4], we have
75(M) = (KBg N¢; ' (KBy))/[KBg. ¢ ' (KBy)].

According to Milnor [15, Theorem 2] together with the positive solution to Poincaré
conjecture (see Morgan and Tian [16]), M is irreducible if and only if 7,(M) = 0.
The assertion follows directly from Theorem 1.1. |

Our next result concerns the intersecting subgroups of the connected sums of the
Heegaard splittings. For our convenience, we also use (M;V, W;S) to denote a
Heegaard splitting V Ug W for M . For a Heegaard splitting M = (M ; V, W; S), let
K(M) = Ker(ix: 71(S) — m1(V)) N Ker(jx: 71(S) - m1(W)), where i: S — V
and j: § — W are the inclusions. Let M; = (M;; Vi, W;; Si) with i = 1,2 be
two Heegaard splittings. Then there is a natural way to define the connected sum
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M=Mi#ga My = (M;V,W;S) of the splittings M; and M, (See Section 2 for
details). The simple close curve C = S2N S determines an element [C] in 7 (S). Let
G1 * G, denote the free product of the groups G'; and G,. For a subset 4 = {g,} of a
group G, let (A)N or (g4)N denote the normal closure generated by the elements g
in 4.

Theorem 1.3 Let M = (My; Vi, Wyi;S1), My = (My; V,, Wa; S,) be two Hee-
gaard splittings, and M = M #g> My = (M;V, W S) the connected sum of M,
and M. Then there is a short exact sequence of groups

{1} — ([CYY — K(M) — K(M) * K(My) — {1},

where C is the intersecting curve of the 2—sphere S? and the Heegaard surface S .

The article is organized as follows. In Section 2, we review some basic properties of
Heegaard splittings. The proof of Theorem 1.1 is given in Section 3. In Section 4, we
give the proof of Theorem 1.3.

2 Preliminaries

In this section we review some of the definitions and results which will be used in the
paper, and fix some notation.

2.1 Fundamental facts on Heegaard splittings — brief review

Let S, be a closed, connected, oriented surface, and let Diff™ S, (Diff* S, resp.) be
the groups of diffeomorphisms (orientation-preserving diffeomorphisms, resp.) of Sg.
The mapping class group I'y (extended mapping class group '+, resp.) of S ¢ 18 the
group Diff™ Sg (Diff* Sg, resp.) modulo those diffeomorphisms which are isotopic
to the identity.

Let Hy be a handlebody of genus g, and S, the boundary of H, with induced
orientation. The handlebody subgroup Hfgt C Fg,t is the (nonnormal) subgroup of all
mapping classes that have representatives that extend to diffeomorphisms of Hy .

Let Hy = t(Hy) be a diffeomorphic image of H, with 7(x) = x forall x € Sg = dH,.
For an element ¢ € Diff* Sg¢, ¢ defines a 3—manifold M in the following way:
M =HgUg Hy = Hy U Hy/x ~¢(x), forall x € Sg,ie M is obtained by gluing Hg
and Hg together via a diffeomorphism ¢: 0Hg — 0H, . The surface Sg = dHg = 0H,
embedded in M is called a Heegaard surface, and Hg Ug, Hé/, is called a Heegaard
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splitting for M . The Heegaard splitting is also denoted by M = (M ; Hy, Hé’,; Se¢: ).
Clearly, the topological type of M depends only on the mapping class ® of ¢, so we
sometimes use Hg Ug Hé’, to denote the Heegaard splitting.

It is a well-known fact that every closed, connected, orientable 3—manifold can be
obtained from a Heegaard splitting (see for example Scharlemann [18] for a proof).

Heegaard splittings are not unique in general. Suppose M admits Heegaard splittings
Hg Ug, Hy and Hy Ug, H, with defining maps ¢, ¢, € Diff* S,. We say the two
splittings are equivalent if the two splitting surfaces are isotopic, or equivalently, there
exists a diffeomorphism M — M which takes Hg to Hg, Hy to Hg, and so S
to Sg.

Proposition 2.1 The Heegaard splittings (M;Hg,Hé,; S¢:¢) and (M; Vg,Vé; Fg:9)

for M defined by ¢, ¢ € Diff* Sg are equivalent if and only if ¢ is in the double coset
+ + :

HEHE C Diff* Sg.

Proof It is essentially due to Birman [2]. Suppose there exists a diffeomorphism

h: M — M with h(Hg) = Hg, h(Hg,) = Hé,. Let ho = h|Hg, hy = h|Hyg, hy =

hol|dHyg, and A = hy|0H, . In order for /i to be well-defined on dHy = dH,, we have
the following commutative diagram:

0H, 2~ 9H,

g

OHg —*~ 9H,,

Thus ¢poh =hjop,s0 ¢ = (hy)~! o¢oh', where (hl)_l,h/1 € 7—[;, as required.

Conversely, if ¢ is in the double coset ”H;,%”Hi , we can construct a diffeomorphism
from M to M which takes Hy to Hg and Hy to Hy. O

In the category of oriented manifolds and orientation-preserving diffeomorphisms, we
have an analogue of the correspondent description (see Birman [2; 3]).

2.2 Intersecting kernels of Heegaard splittings

From now on, when we do not need to stress the genus of a surface or a handlebody,
we will omit the symbol g.
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Definition 2.2 Let M = (M; H, H'; S;¢$) be a Heegaard splitting for a closed
orientable 3-manifold M. Let i: S < H and i’: S — H’ be the inclusions,
and iy: m1(S) > 7 (H), i}: 71(S) — 71 (H’) the induced homomorphisms. Then
Kerix NKeri, =KerixN¢;, 1 (Keriy) is called the intersecting kernel of the Heegaard
splitting M, and is denoted by K(M).

Clearly K(M) is a (normal) subgroup of 1(S). It is a well-known fact that every
subgroup of m1(S) with finite index is an Fuchsian—group, and every subgroup of
1(S) with infinite index is free (refer to [14, Proposition 7.4]).

Example 2.3 Let M = (S3; H, H{:T) be a genus 1 Heegaard splitting for .S 3. Let
a, b be two essential simple closed curves on the torus 7" such that ¢ bounds a disk
in V', b bounds a disk in W, and @ and b intersect in a single point P, which we
choose as a base point. Then {[a], [b]|} is a basis for the free abelian group 71 (7).
Clearly,

Ker(ix: mi(T) —» m1(V)) ={nla] :n € Z},
Ker(jy: mi(T) —» my(W)) ={n[b]:n € Z}.

Thus K(M) = {0}.

Similarly, for a genus 1 Heegaard splitting M for a lens space L(p,q) and M, for
S2x ST, we have K(M;) = {0} and K(M,) = Z.

Let V be a handlebody of genus n > 2, dV = S, i: S < V the inclusion, and
ix: w1(S)— (V) the induced homomorphism. Let {a;, b;, 1 <i <n} be a canonical
system of oriented simple closed curves on S, that is, {b;, 1 <i <n} is a collection
of pairwise disjoint curves which bound a collection of n pairwise essential disks
in V', the manifold obtained by cutting V' open along the disks is a 3—ball, and
{a;,1 <i <nj} is a collection of pairwise disjoint curves with a; Nb; = @ if i # j
and a; N b; a single point if i = j, for each pair of i, j. Choose a base point P in
S —{a;, b;, 1 <i <n}, and by ambiguity still use [a;], [b;] to denote the path class of
a;,b; in 7;(S, P) =m(P), | <i <n.Then Keriy = ([b;].1 <i <n)", the normal
closure of {[h;],1 <i <n} in 7{(S), and the quotient group 71 (S)/ Kerix is a free
group of rank n with a basis {[¢;],1 <i <n}.

The next proposition shows that for a Heegaard splitting M of genus > 2, K(M) is
never trivial.

Proposition 2.4 Let V Ug W be a Heegaard splitting of genus > 2 for M . Let
i: SV, j: S W betheinclusions and ix: 71 (S)—> w1 (V), j«: 71 (S)—> w1 (W)
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the induced homomorphisms. Then for any « € Keriy, § € Ker jx, we have [, 8] €
K(VUg W), where [, B] is the commutator of & and B in 7r1(S). In the other words,
[Keriy, Ker jx] << K(VUg W).

Proof By ix(2) =1, ix(fa, ]) = isx(@fa™' B71) = ix(@)ix(B)ix(@ Nis(B7") =
ix(B)ix(B)~! = 1. Similarly, j«([a,B]) = 1. Therefore, [, B] € Keris N Ker j, =
K(VUgW). O

Proposition 2.5 Suppose that two Heegaard splittings M| = (M ; Hyg, H&’,; Sgi¢)
and My = (M; Vg, Vy; Fg; ¢) for M defined by ¢, ¢ € Diff* S, are equivalent. Then
there exists a f € H;,t such that f(K(My)) = K(My3). In particular, the intersecting
kernel is an invariant of Heegaard splittings.

Proof Use the notation as before. By assumption, there exist /1, i’ € 7-[;,'[ such that
¢ = hog¢oh’. By definition,
K(Mj) = Keris N¢, ! (Keriy),
K(M;) =Keriy ﬂ(p;l(Keri*).
Thus K(M>) =Keriy Ng, ! (Keriy)
=Kerix N (hopoh'); (Keriy)
=Kerix NI op o1 (Keriy).
Note that i, h' € 7—[;,':, so hy(Keriy) = Keriy, and i, (Keriy) = Keri,. Hence
K(M>y) =Kerix Nh Y op o h ! (Keriy)
= Keriy ﬂhﬁk_l o¢;1(Keri*)
= 17 (W (Keriy) N gy ! (Keriy))
= I’ (Kerix N, ' (Keriy))

Set f = W'~ The conclusion follows. a

3 Algebraic determination on intersecting kernels and the
proof of Theorem 1.1

Let m = m1(Sg). Recall = admits a presentation with generators a;,by,az,bs, ...,

ag,bg and a single relation [ay,b;][az, bs]---[ag,bg] = 1, where the commutator
[a,b]=aba=1b~!. Let KB, be the normal subgroup of 7 generated by by, by, ..., bg
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and let ¢: mw — 7 be an automorphism. Then there is a commutative diagram of short
exact sequences of groups

‘]d)(KBg) — ”/‘ﬁ(KBg) - 7?
A A
| e |
(3-1) KBy ——— 7 - Fay,az, ... ag)

L | L

KBy Np(KBg) — ¢(KByg) > q(¢(KBg)),

where ¢ and g4 are quotient homomorphisms and the top-right square is a push-
out diagram. Since KBy and ¢(KBg) are normal subgroups of 7, the commutator
subgroup [KBg, ¢(KBg)] is a normal subgroup of 7 with

[KBg. ¢ (KBg)] € KBg N (KBy).

Modulo the subgroup [KBg, ¢ (KB )], Diagram (3-1) induces the following commuta-
tive diagram

gy (KBg) ——— 7/¢(KBy) - 7
T qu, push I

KB
[KB ¢(é;(B )] /KBy p KB - Pl )
g g

L ) |

¢(KByg)) ¢(KBg)
KB, $(KBy)] KB o(KBy]  1@KB)-

(3-2)

(KB, N
For any group G, let G = H,(G) denote the abelianization of G .

Proposition 3.1 There is a short splitting exact sequence of groups

(KBg m¢(KBg))/[KBgv‘P(KBg)] — (KBg /[KBgv‘f’(KBg)])ab - %(KBg)ab-

Proof By applying Hopf Exact Sequence to the short exact sequence in the left column
of Diagram (3-2), there is an exact sequence

H>(KBg /[KBg, $(KBy)]) = Ha(q¢(KBg)) - R —

3-3
: H,(KBg /[KBg, ¢(KBg)]) — Hi(q(KBg)) — 0,
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where R is the quotient group of (KBg N¢(KBg))/[KBg, ¢ (KBg)] by the commutator
subgroup
[KBy /[KBy. ¢(KByg)]. (KBg N¢p(KBy))/[KBg. ¢(KBg)]] -
Since [KBg,KBg N¢(KBg))] < [KBg. ¢ (KBg)],
the commutator subgroup [KB, /[KBg. ¢ (KB, )], (KB; N¢(KBg))/[KB, ¢ (KBg)]]

is trivial and so
R = (KBg N¢(KBg))/[KBg, ¢(KBg)].

From the commutative diagram of short exact sequences of groups
KBy —— m — F(ay,...,ag)
= b
¢(KBg) — n —— /¢ (KBy),

the group m/¢(KByg) is isomorphic to F(ay,...,ag) and so n/¢(KBg) is a free
group. It follows that the subgroup ¢4(KBg) is a free group. Thus

H,(q4(KBg)) =0

and so the exact sequence in Equation (3-3) induces a short exact sequence of abelian
groups

(KBg N (KB,))/[KByg, ¢ (KBg)] — H, (KB /[KByg, ¢(KByg)]) —~ Hi (44 (KBy)).
Since ¢4 (KByg) is a free group, H;(q4(KByg)) is a free abelian group. Thus the above
short exact sequence splits off and hence the result. a
Now we are going to determine (KBg /[KBg, qﬁ(KBg)])ab and g4 (KBg)®. Let

N &——» G — G,

be a short exact sequence. Consider the (left) conjugation action of G on N given
by g-x = gxg~! for g € G and x € N. Then N? is a (left) module over the
group algebra Z(G). Observe that g~ 'xg = x mod [N, N] for g,x € N. The
7.(G)-action on N induces a Z(G')—action on N2 . From the short exact sequence
KBy —— 7 — F(aj,...,ag), the abelian group KB";,b is a (left) module over
Z(x). In particular, KBZ,b is a (left) module over Z(¢(KBg)) because KBy is a
subgroup of .

Proposition 3.2 There is an isomorphism of abelian groups

b
(KBg /[KByg. ¢(KBg)])" = Z ®zp(xs,) KB -
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Proof Let p: KBy — (KB ¢ /[KBg, ¢ (KB g)])ab be the quotient map. Since

(KBg /[KBg, ¢(KBy)])™

is abelian, the homomorphism p factors through the quotient group KB;b. For y €
¢(KBg) and x € KBy, the conjugation

yxyl=x

in (KB, /[KBg,¢(KBg)])ab because [y, x] = yxy~!x~! €[KBg, $(KBg)]. Thus the
quotient homomorphism p factors through Z ®zsxB,) KBZ‘,b. Similarly the quotient
homomorphism

ab
KBy —> Z ®z(p(x,)) KB -

factors through the quotient (KB ¢ /[KBg, ¢ (KB g)])ab. The assertion follows. |

Let Fgéb be the free group of rank 2g generated by ay,by,a3,b3,...,ag,bg and let
F g be the free group of rank g generated by a;,a,,...,ag. Let

. ab a
p: F2g — Fy

be the group homomorphism such that p(a;) =a; and p(bj)=1for 1 <j <g. Let
K\ﬁg be the kernel of p. Clearly @g is the normal closure of by,...,bg in Fgéb.

Lemma 3.3 Foreach g, I?Egb is a free module over Z(Fg) with a basis {b1,ba, . .., bg}.

Proof From the short exact sequence,

g a,b

KBy — F, — Fy,
the free group @g has a basis {whjw™! |w € Fg 1= j =g} and hence the result. O
Lemma 3.4 Let J be the sub~Z(Fg)-module of @gb generated by the element
(3-4) (al—l)-bl+(a2—1)-b2+---+(ag—1)-bg.

Then there is an isomorphism of Z(Fg)-modules

71 ab ~ ab
KB /J = KBY.
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Proof Consider the commutative diagram of short exact sequences of groups

. a,b a
KBy — Ff —r F2

.

\
KBgL’HH>Fg.

The group KBy is the quotient group of KB ¢ by the normal closure generated by the
element

C =la1,billaz, by)--+lag, be] = (a1bra; )by (azbray ' )bs! ~--(agbga;1)b;1.
Let C’ be the image of C in IZE?’. Then

C'=(ay-by—b1)+ (az-by—by) +---+ (ag-bg —byg)
=(a—=1)-by+(ar—1)-by+---+(ag—1)-bg

in IZé;,b. Let p: KAE?’ — KB%” be the quotient homomorphism. By the above commuta-
tive diagram of short exact sequences, p is a homomorphism of (right) Z(F’ g)—modules
with
p(C) =0.

It follows that the quotient homomorphism p: I?Iég,b — KBZ,b factors through @Z,b /J.
Let

p: KBY/J —»» KBY
be the resulting homomorphism of (left) Z (Fg)-modules.
Now consider the quotient homomorphism

P KBy o RBY o RBD/J.

Since p (C ) = 0, the group homomorphism p’ factors through the quotient group
KB, = KBg /{C)N . Moreover, since KBab /J is abelian, the resulting homomorphism
KBg — KBab /J factors through the quotlent group KBab which gives the inverse of p.
The proof is ﬁmshed |

Let a; denote the image of @; in 7 under the quotient homomorphism F’ g 7. Smce
the conjugation action of the subgroup ¢(KBg) of 7 on (KBg /[KBg, ¢(KBg)])
trivial, the conjugation action of 7 (KBg /[KBg, ¢ (KB g)]) induces an action of T
and so (KB /[KB, qb(KBg)]) is a module over Z(7).
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Proposition 3.5 As a Z () -module, (KB ¢ /[KBg,¢(KB g)])ab admits a presentation
that is generated by letters by, bs, ..., bg with the single defining relations given by

the equation
g

> @j—1)-b=0.

j=1

Proof Consider the quotient homomorphism Fgéb _ 7. By Lemma 3.3,
KBY = Z(F2) ® Ziby.by. ... bg}.
By Proposition 3.2,
b
(KBg /[KBg. (KBo))™ = Z ® 25k, KB = Z 826 (x5,) KBY

as modules over Z(F¢). Together with Lemma 3.4, (KBg /[KBy, qS(KBg)])ab is the
quotient left Z(Fg)—module of KBZ}’ modulo the following relations:

(1) The action of the subgroup g(¢(KBg)) becomes trivial.
(2) The element C’' = Z}g:l(aj —1)-b; =0.

By taking the first type relations, we obtain

Z ®7(4(6(KB,)) KBY = Z ®74(¢ kB, )) (Z(F) @ Z{by. by ... . bg})
= Z(J/l\’) ®Z{b1,b2, - ,bg}

because 7 = Fy/q(¢(KBg)). The second type relation gives the equation in the
statement and hence the result. O

The following lemma is a well known fact; see Brown [5, Proposition II 5.4]. For
readers’ convenience, we include a proof here.

Lemma 3.6 Let N —— F — G be a short exact sequence of groups such that F
is a free group. Then there is an exact sequence of modules over Z(G)

00— N® —~ Z(G)® F® —~ Z(G) — Z,

where € is the augmentation and Z(G)—action on N*® is induced by the conjugation
action of G on N
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Proof Let /G = Ker(e: Z(G) — Z) be the augmentation ideal. Since F is a free
group, its classifying space BF ~ ¥ X for a pointed set X (as a discrete topological
space), where each nonbasepoint x, € X determines a loop in XX and F = 71 (X X)
has a basis {x, | X nonbasepointin X}. Let V = Z{x, | x, nonbasepoint in X}.
From the short exact sequence of groups

N > F E— G,
there is a principal G -bundle

G <~ BN 2. xx.

Let C4 X =IM([0,1/2]x X - ZX =S'AX) and C_X =IM([1/2,1]x X —
X = S! A X). Then the restricted bundles

G plCix)Lh X and G — pl(C_x) 2 c_x
are trivial bundles because the cones C4+ X and C_X are contractible. It follows that
pNCX)=GxCyiX and p HC_X)=GxC_X

with BN = p~1(CL X)U p~(C_X) and p~1(CL X)N p~1(C_X) =G x X. Thus
there is a cofibre sequence of G —spaces

G~GxCyX — BN — BN/p N (C1X)=(GXxC_X)/(GxX)=GxZX.

By applying the homology to the above cofibre sequence, there is a short exact sequence
of Z(G)-modules

(3-5)  Hi(BN)=N® — H(GxZX)=Z(G)®V —> Hy(G) = IG.

For each nonbasepoint xo € X, the corresponding loop in XX =/, Soll lifts to a
path e [0,1] = BN such that X(O) = *. Then X(l) defines an element in G'. Regard
Xq as an element in F = 71 (X X). By applying the singular chain complexes to the
above cofibre sequence, d(xq) = X — 1, Where Xy is the image of x4 in G under the
quotient homomorphism F — G.

To see that the Z (G )—module structure in Equation (3-5) coincides with the conjugation
action of Z(G) on N®, let K be the kernel of /F — IG. Then K is the (left) ideal

Algebraic € Geometric Topology, Volume 11 (2011)



The intersecting kernels of Heegaard splittings 901

of Z(F) generated by I N . Then there is a commutative diagram

N

Kc—+ Z(F)®V =~ IF —= IG

| |

\ v R
multi

K/(K- V) Z(G) oV —™% IG,

where the rows are exact. Now the composite
IN —— K — K/(K-V)=K/(K-IF)

is an epimorphism as K is the left ideal generated by /N. Moreover the above
composite factors through IN/I?N because I?N = IN -IN C K - IF. Thus there
is a commutative diagram

IN——— K

N
i |

N® ~IN/I?N - K/(K-V).

From Equation (3-5), the resulting homomorphism N — K/(K-V) is an isomorphism.
Now let x € N and y € F. In the group algebra Z(F), write x =1+Xand y=1+y
with X € IN and y € [F. Then, in IF,

yxy t—1=00+x)y -1

= yE(1+y7)
=y-X+yxyL.
Since yx¥y~le K-IF,
we have yxy—l =y-X

in K/(K-V)=K/(K-IF)= N®. It follows that the conjugation action of Z(G)
on N coincides with Z(G)—module structure on N®® =~ K /(K - V') and hence the
result. =
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Proof of Theorem 1.1 (1) Leti: Sg — V, be the canonical inclusion. By Seifert—
van Kampen Theorem, there is a push-out diagram of groups

w1 (Vg) —— m1(M)

(3-6) Ii* I

71(Sg) L% (V)

and hence assertion (1).

(2) Let m = m1(Sg). Observe that the automorphism ¢x: 71 (Sg) — 71(Sg) sends
¢5 1(KBg) and KB, to KB, and ¢«(KBy), respectively. There is an isomorphism

_ _ b
(KBg N¢ ' (KBg))[KBg, ¢ ' KBg] ——+ (KB N (KBg))/[KBg, ¢+ (KBg)]
Consider Diagram (3-1). By applying Lemma 3.6 to the short exact sequence
q(¢+(KBg)) — Fyg —> 7t = (M)
in the right column of Diagram (3-1), there is an exact sequence of Z (71 (M ))—modules
0
0 —— q($+(KBg))™ —— Z(m1(M)) ® (Fg)™ —— Z(m1(M)) —> Z.
Note that the group Fy is the free group with a basis a1, as,...,ag. We have
Z(r1(M)) & (F)™ = Z(mi (M)){y1. ..., yg},

where y; is the image of ¢; in (Fg)ab. By the proof of Lemma 3.6, 8(y;) = a; — 1 as
an element in Z (w1 (M)) for 1 <i < g.

By Proposition 3.1, there is a short exact sequence

(KBg N (KBg))/[KBy, ¢ (KBg)] —— (¢«(KByg)/[KBg, ¢s (KBg)])™
L g(pu(KB))™.

According to Proposition 3.5,

(¢+(KByg)/[KByg, ¢ (KB)))™ = Z (w1 (M)){x1, ..., xg}/J,

where x; is the letter ¢« (b;). By identifying the image g4 (KB 2)™ as a subgroup of
Z(ry (M) R(FE® =Z(my (M)y1,... ¥}, f'(xi) is the image of q(gu(b;))—1 €
I Fg in its quotient group Z (1 (M)) ® (F g,‘)ab. From the fundamental theorem of free
calculus,

£\ g (p(bi
g(@s (b)) —1=) M(aj -1 elF}.

oa;
j=1 /
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Thus [’ is the same as the Z (1 (M ))—morphism
T?: Z(my (M)){xy. ... xg}/J — Z(my(M)){y1.....yg}
with T%(x;) = f.'zl 0 (¢« (bi))yj. The proof is finished. m|

4 Intersecting kernel of the connected sum of Heegaard split-
tings and the proof of Theorem 1.3

A Heegaard splitting M = (M; V,W:S) is reducible if there exist essential disks
DCV and E C W with 0D = 0E.

It is a well-known result by Haken (see Jaco [11]) that any Heegaard splitting of a
reducible 3—manifold is reducible.

Proposition 4.1 A Heegaard splitting M = (M ; V, W S) is reducible if and only if
there exists an essential simple closed curve C in S such that [C] € K(M).

Proof One direction follows from the definition, the other direction follows from
Dehn’s Lemma (refer to Hempel [9] or Jaco [11]). O

Let My = (Mq; Vi, Wi;81), My = (My; V,, Wa; S,) be two Heegaard splittings
with My =V1Ug, Wi, M, =V, Ug, W,. Define the connected sum M;#M;, of M,
and M in a natural way as follows: take a small 3-ball B; in M; such that B;NS; isa
properly embedded disk in B;, i =1,2. Let h: 0B — dB, be ahomeomorphism which
takes the disk Dy = (dB1)NV; to the disk D, = (0B)NV, and E1 = (0B1)NWj to
E; = (0By) N W,. Thus when we set V] =V, — By, W/ =W, - B, S| =V/nW/,
and V) = V>—B,, W, = W, — B,, S’ V,NW,,wehave V =V/Up =p, V;,
W:WIIUEl—EZW andS (Sl BlﬂSl)U(Sz—BzﬂSZ)ZSI#Sz.Thel’l
we have a Heegaard splitting (M # M,; V, W; S), which is called the connected sum
of M and M, and is denoted by M| # M.

Set C = 98] = 05). Then it is clear that [C] € K(M # M,).

Remark The following construction shows that once there exists an essential separat-
ing simple closed curve C C S with [C] € K(M; V, W; S), then there exist infinitely
many such curves in S'.

Construction [12] Use the notation as above. Choose a pair of parallel essential

disks Ay, A in V], suchthat A; NS =0A;NS| =d; and A;ND =03dA;ND =d]
are two arcs in dA;, and 0A; = d; Ud], i = 1,2. Denote dd; = dd] = {p;1, pi2},
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i = 1,2. Similarly, choose a pair of parallel essential disks X1, X, in W, such that
NS, =0%;NS, =e¢ and I; N E = 9d%; N E = e} are two arcs in 0%;, and
0X; =e; Ue;, i = 1,2. Furthermore, assume de; = de; = {p1;, pai}, i = 1,2; see
Figure 1 below.

Figure 1: From C with [C] € K(K;V,W;S) to get C’

Let C' =d; Uey Ud, Uey, then C’ is a simple closed curve on S'. It is easy to see
that C’ is essential and separating on S. Since e and e, are parallel on S/, we can
find a proper disk X’ in V) such that %' = d{ Ue; Ud}, Ue,. Thus C’ bounds a disk
A1 UX'UA, in V. Similarly, C’ also bounds a disk in W. So [C'] € K(M{#M,).
Clearly, C’ and C are not isotopic on F, and there are infinitely many such ways to
construct such curves.

Next we consider how the intersecting kernel of the connected sum of two Heegaard
splittings are related to those of its two factors. Suppose M; = (My; Vi, Wi; S1),
My = (My; Vo, W5; S5), and M # My = (M;V,W;S), where M = M # M,.
Use the notation as before.

Let i1: S1 — Vi, j1: S1 < Wi and ip: Sy — Vi, ja: Sy < W, be inclusions.
Let K = K(M), K1 = K(M;) and K, = K(M;). By contracting the 2—sphere
F =0B; =0B; in M to a point, we get a continuous map f: M — M; VvV M, and
g=fls: S —> S VvS,. Clearly, g«: m1(S) = 71(S1 Vv .S2) = 71(S1) * 11(S>) is
surjective. Now consider p = g«|g: K — m1(S1) * 711(S3).

Lemmad4.2 p=g«|g: K — K;* K, is surjective.
Proof By contracting ¥, U W, in M to a point, we get a continuous onto map
Ji: M — Vi Ug, W which induces an epimorphism f;,: w1(M) — m1(M;). Let

g1 = fils: S — S, and g1,: 711(S) — 71(Sy). Let i: S >V, j: S —> W,
and i1: S1 — Vi, j1: S1 < Wi be inclusions. Then K = Keris N Ker j, and
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Ki =Keriyy NKer ji,. Set g1%, = g14lx: K — 71(S1). We have the commutative
graph as follows:

T (W) <2 7y (8) Lo 7y (V)

lfllw* gl*l lfllv*

w1 (W) 5 7 (S1) =+ (V)
For any o € Keriy, we have ix(a) = 1, 50 i1581,(0) = ix [y (@) =1, g«(a) €
Keriy,, thus g;,.(Keriyx) C Keriy,. Similarly, gy, (Ker jx) C Ker j;,. Therefore
g1+ K =g1.(KerixyNKer ji) = g1, (Kerix) Ngy(Ker jix) CKeriy,NKer ji, = K;.
Hence g1,|x = ¢’: K — K, is well-defined.

We show that g’: K — K is surjective.

Observe that the inclusion S| < S induces an epimorphism 71 (S]) — 71(S1). Note

that the inclusions V. < V; and W/ < W, are homotopy equivalence. Thus there is
1 1 Py €q

a commutative diagram

(V) ~— m1(S]) — w1 (W)
w1 (V1) ~— m1(S1) — 1 (Wy).
It follows that
Ker(1(S]) — 71(S1)) € Ker(;(S)) — 71 (V))) NKer(my (S]) — 71 (W))).

Let K| = Ker(r;(S]) — m1(V{)) NKer(; (S]) — 71(W])). Then, from the above
commutative diagram, one can easily check that

/
K, — K,
is an epimorphism. From the commutative diagram

Vl/ S { Wl/

|1

Ve—DS— W

Ifllv ]flls 1f1|W

Vi+—8 &—— Wy,

where the composites in the columns are inclusions, the epimorphism K| — K admits
a decomposition Ki — K — K. It follows that g’: K — K is an epimorphism.
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Similarly, g” = gs.|lx: K — K, is surjective, where g» = f2|s: S — S,, and
J2: M — V,Ug, W, is a continuous onto map obtained by contracting Vl’ U Wl’ in M
to a point. The assertion follows. |

Proof of Theorem 1.3 By Lemma 4.2, p: K — K % K3 is surjective. To show
{1} — {[CDY — KM) —"= Ky * K, — {1}

is a short exact sequence, it suffices to show the kernel of p is the normal closure of [C]
in 71 (S). Denote the normal closure of [C] in 771 (S) by ([C])"Y . Then by the definition
of g1 8 — 81V Sy, Kergw = ([CYN, and 7, () /([CHN = 71 (S1) * 71(S2).

Forall e eKer p, p(a) =1€ K%K, Cry(S1)*m1(S2) =1 (S)/([CHV, a e ([C]V,
so Kerp C ([C)N.

On the other hand, for all B € ([C])"V, B can be expressed as

B = yilCT" y ' yalCT2p5 " - ymlCT 7

where yp, e (S), np€Z, 1< p<m. Note that [C]eKerisNKer j: = K,s0isf =1
and j«B = 1. Thus B € K. Clearly, p(8) = 1, so B € Kerp, and ([C])V C Kerp.
Hence Ker p = ([C])V.

This completes the proof of Theorem 1.3. a

Example 4.3 Let M = (M V, W:;S) be a Heegaard splitting of genus 2 for M = S3,
L(p,q),or L(p,q)#L(r,s), and let C be a simple closed curve on S so that C
cuts S into two once-punctured tori and C bounds disks in both V and W. As a
direct consequence of Theorem 1.3, we have K(M) = ([C])". If we choose another
simple closed curve C’ on S with the same property, we also have K(M) = ([C'])V.
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